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Abstract 

We consider a two-level inventory system with one warehouse and  N  
identical retailers. Leadtimes (transportation times) are constant. The 
retailers face independent Poisson demand processes. Both the 
warehouse and the retailers apply continuous review installation stock  
(R, Q)-policies with different reorder points and batch-quantites. 
We present a new approximate technique for estimating holding and 
shortage costs for a given set of control parameters. The results when 
applying this technique are compared with other approximate techniques 
and also with the exact cost. 
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1. 	Introduction 

We consider an inventory system with one central warehouse and  N  
identical retailers, which are facing stationary and independent Poisson 
demand processes. 
To replenish their stocks the retailers order batches from the 
warehouse. In response to an order, the warehouse releases a batch 
immediately if the required amount is available; in such a case the 
leadtime (transportation time) is constant. If, on the other hand, the 
warehouse is out of stock when an order arrives, this order is 
backordered and there will be an additional delay until the warehouse is 
capable to fulfil this backordered demand. 
The warehouse replenishes its stock from an outside supplier. 
A warehouse order is released immediately from the supplier, i.e. we 
assume that the supplier always has stock on hand.  
Stockouts  at both echelons are backordered and delivered on a first 
come-first serve basis. All facilities apply continuous review installation 
stock  (R, Q)-policies, i.e. when the inventory level declines to  R  an 
order for  Q  units is initialized. 
We consider holding costs both at the warehouse and at the retailers. 
Shortage costs can only occur at the retailers and are proportional to the 
time until delivery. 
The purpose of this paper is to present and evaluate a new simple 
approximate technique for estimating holding and shortage costs for a 
given inventory policy. 

The considered problem has previously been examined by Deuermeyer 
and Schwarz (1981), Moinzadeh and Lee (1986), Lee and Moinzadeh 
(1987a,  b),  Svoronos and Zipkin (1988) and Axsäter (1991a), who also 
provides an exact solution. 

Axsäter suggests in his paper a method where we start by evaluating 
one-for-one ordering policies ((S-1,S)-policies). See Axsäter (1990). 
The solution of this problem is then extended to the more general case 
where the facilities order in batches. 
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Deuermeyer and Schwarz (1981) fit a normal distribution to 
approximations of the mean and variance of the warehouse leadtime 
demand when estimating holding costs and the average delay at the 
warehouse. The leadtime distribution at a retailer is also approximated 
by a normal distribution. When fitting this distribution, the leadtime is 
approximated by its mean i.e. the transportation time plus the average 
delay. 

Lee and Moinzadeh (1987a,  b)  and Moinzadeh and Lee (1986) 
approximate the demand process at the warehouse by a Poisson process. 
They then use different two-moment approximations of the distribution 
of outstanding orders at the retailer. 

Svoronos and Zipkin (1988) estimate the mean and variance of the 
warehouse leadtime demand and then fit a shifted Poisson distribution to 
these parameters. Then they determine approximate values of the mean 
and variance of the retailer leadtime demand and use a negative 
binomial distribution for the retailer leadtime demand. 

In our paper we determine the exact mean of the warehouse leadtime 
demand. The demand at the warehouse is then approximated by a 
Poisson process such that the average leadtime demand is exact. The 
retailer leadtime is approximated by its mean, i.e. the sum of the 
transportation time from the warehouse to the retailer and the average 
delay at the warehouse. 

The paper is organized as follows: In section 2 we give a detailed 
problem formulation. Section 3 contains the analysis of the warehouse. 
The retailers are examined in section 4. Section 5 contains numerical 
results and a discussion. 
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2. 	Problem formulation 

We consider an inventory system with one warehouse and  N  identical 
retailers. The retailers face independent Poisson demand. All facilities 
use inventory policies of the continuous  (R, Q)  type. When the 
inventory level (minus backorders plus outstanding orders) declines to  
R,  a batch of size  Q  is ordered. All stockouts are backordered and 
delayed orders are delivered on a first come-first serve basis. The total 
costs of a certain policy are the expected holding and shortage costs. 
The shortage costs are proportional to the time the customer has to wait. 
No batches can be sent from one retailer to another. 

We introduce the following notation:  

N 	= number of retailers 
Lr 	= leadtime (transportation time) for a batch to arrive at a 

retailer from the warehouse  
Lo 	= leadtime for a batch to arrive at the warehouse 
A.1. 	= demand intensity at each retailer 
Rr 	= retailer reorder point 
Qr 	= retailer batch size  
Ro 	= warehouse reorder point (in units of retailer batches) 
(20 	= warehouse batch size (in units of retailer batches) 
hr 	= holding cost per unit and time unit at a retailer 

ho 	= holding cost per unit and time unit at the warehouse 
ß 	= shortage cost per unit and time unit at a retailer  
C 	= total holding and shortage costs per time unit 

Ch0 	= holding costs per time unit at the warehouse 
Chi. 	= holding costs per time unit at a retailer 
Csr 	= shortage costs per time unit at a retailer 
Do 	= number of demands at the warehouse during its leadtime, 

stochastic variable 
La 	= average additional delay for an order from a retailer caused 

by stockouts at the warehouse. We approximate this delay to 
be the same for all retailers. 
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Lt 	= average total leadtime for an order to arrive at the retailer, 
i.e. the time from that the retailer places an order until the 
batch is delivered, Lt=1.1.+La  

The purpose of this paper to find a simple approximation of the total 
costs per time unit for a given inventory policy, i.e.  

C  = Cho + NChr  i-  NCsi. 	 (1) 



1 	Analysis of the warehouse 

In our analysis of the warehouse, we need to determine the average 
additional delay for an order from a retailer caused by stockouts at the 
warehouse. Furthermore we need to determine the holding costs at the 
warehouse. 

3.1 The additional delay 

If an order from a retailer arrives at the warehouse when it is out of 
stock, there will be an additional delay before the batch can be sent to 
the ordering retailer. 
Recall that we want to calculate the average additional delay and use this 
plus the transportation time from the warehouse to a retailer as a new 
total constant leadtime, Lt. 

In order to calculate Lt  we shall first determine the average number of 
demands that the warehouse faces during its leadtime. In Svoronos and 
Zipkin (1988) the expected value of Do  is approximated by 

E[D0] = Ir1•11-0/Qr  (2) 

Deuermeyer and Schwarz (1981) are using another approximation of 
E[D0]: 

E[Do] = XrNLo/Qr  + (1-Qr)/2Q, 	 (3) 

We shall determine the exact value of E[D0] and use this when 
determining the additional delay at the warehouse. 
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If we analyse the situation, we know that an order from the warehouse 
is triggered by an order from one out of  N  retailers. Let us assume that 
retailer number 1 was the retailer that forced the warehouse to place an 
order at its supplier. Then we also know that retailer number 1 must 
face exactly  Q,  additional demands until it places its next order at the 
warehouse. For the other N-1 retailers (retailers 2,3,...,N) it is well 
known (Svoronos and Zipkin (1988)) that the inventory positions at 
each of these retailers are uniformly distributed over [R,+1 , 
R,+2,...,R,+Qr]. 

Let us denote the stochastic number of orders that one of retailers 
2,...,N will place at the warehouse during the warehouse leadtime by  Y.  
Further, we denote by  X  the stochastic number of orders that retailer 1 
will place at the warehouse during the same time. 
Consider first one of retailers 2,...,N. Assume that there are  j  demands 
at the retailer. We can express  j  as  

j = iQr+k  (4)  

where  i  and  k  are integers. Since the initial inventory position is 
uniformly distributed over [Rr+ 1 ,Rr+2,...,Rr+Qr] the probability for  i  
orders is (Qr-k)/Qr  and the probability for 41 orders is k/Q,. The 
average number of orders for a given  j  is then i(Q„-k)/Q,+(i+l)k/Q, = 
i+k/Q, = j/Q,. Consequently we obtain E[Y] as 

E[Y] =_L jp(j,4L0) _ 241,9  
Qr j=0 	 Qr (5)  

where p(j,X,L0) is the Poisson probability for  j  demands at the retailer 
during the warehouse leadtime, i.e. p(P.,L0) = exp(-4.L0)(4L0)i/j!. 
The expected number of orders that retailers 2,...,N will place at the 
warehouse during the warehouse leadtime is (N-1 )E[Y]. 
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The next step is to find the average number of orders that retailer 
number 1 will place at the warehouse during the same time. We know 
that this retailer must face exactly  Q,  demands until a new order is 
placed, 2Q, demands for two orders etc. 

This gives us the probability Pk  for  k  orders as: 

Pk = P(kQr,41,0) + + p(kQr+Qr- 1 )1-13 	 (6) 

and 

00 

E[x] = E kPk = 
k) 

Q,1 
= E E kP((Qr+i,414) = 

ka j=0 

00 Qr4 
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(7) 

The expected number of demands at the warehouse during its leadtime 
can consequently be expressed as: 

E[Dol = (N-1)E[Y] + E[X] 	 (8)  
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If we insert (5) and (7) in (8) we get: 



E[Dcd = 	4 I%--21L 1 00 Qr-1  •  
p(  

Qr 
	

Qr  I
L 4  JK2ri-J,44) 

We shall now use E[Do] when calculating the average additional delay at 
the warehouse. Hereby we shall approximate the process of incoming 
orders by a Poisson process with intensity E[D0]/L0. By doing so the 
Poisson process gives the correct average number of orders during the 
leadtime E[D0]. Note, however that this intensity is less than the long 
run average demand. 

Let us first consider the case when the orderpoint R0 0. It is easy to 
show that if the total number of demands  i  at the warehouse during the 
leadtime is given, the average time from the j:th demand  (j_‹)  to the end 
of the leadtime is L0(1-j/(41)). If R0+15_i5_R0+Q0  there are  i-R0  units in 
the ordered batch that are delayed and the average delay is  

Lo  (i_R0+1)  +  Lo  (1  i  ) _ Lo(i-R0+1)  
2 	i+1 	2 	i+1 	2(i+1) (10) 

If i>R0+Q0  all Q0  units in the batch are delayed and the average delay is  

Lo  (1_R0+1)  ±  Lo  (1_ Ro+Q0)  _ Lo(241-2R0-Q0)  
2 	i+1 	2 	i+1 	2(i+1)  

Using this we obtain the average delay La  for R0_0 as:  

Rm-Q0 
La  = E P(i,E[Do]) 14i 	-R°4.1) i 	-R° -1- 

i=R0+1 	 2(i+1) Qo 

— 
1 

+. E P(i,E[D0])4(  
2i+-2R0-Qo)  

1=R04-(20+1 	 2(i+1) 	 (12) 
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Next we consider the case when R0<0. We assume that Ro+Qo O, 
though. In this case -(R0+1) units are delayed already when the order is 
triggered. This delay is on the average -R0/(2E[D0]/L0). These units and 
the unit triggering the order will also have to wait during the leadtime. 
If the leadtime demand is iRo+Q0, then these  i  units are delayed on 
average L0/2. If i>Ro+Qo  then Ro+Qo  units associated with the 
considered batch are delayed and the average delay is 

Lo(Ro+Qo+1)  +1_0(1.. Ro+.Qo+1)  _ Lo(2i+l-Q0-Ro)  
2(i+1) 	 1+1 	2(i+1)  

Consequently we obtain for R0<0 

Ro+Qo 
La = (-RoLo + (Ro+1)R01-0)  1  + E P(1,E[Do]) OL

2Qo 2E[Dol 	Qo 

00 

+ 	p(i,E[D0]) Lo(2i+l-Q0-Ro)(Ro+Qo)  
i=Ro+Q0+1 	 2(i+1 )Q0  

Now we know the additional expected delay, La, by (12) and (14). When 
determining expressions for holding and shortage costs at the retailers, 
we shall use Lt=La+Lr  as a total fixed leadtime. 

3.2 Holding costs 

Next we shall derive an expression for the holding costs per time unit at 
the warehouse. We start with the case  Ro :).  If the number of demands  
i  during the leadtime is less than or equal to  Ro  the average inventory 
level for items in an ordered batch will be (Q0+2R0-2i+1)/2 during the 
average time of QoLo/E[Do]. 
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If R0<i<R0+Qo  the average inventory level is (Q0+R0-i+1)/2 during the 
average time interval (Q0+R0-i)L0/E[D0]. We obtain for R0 0:  

Ro Q0+2R0-2i4-1 Q0I-0  Ch0 = ( E P(i,E[DoDho 
2 	E[Doi 

R3-1-Q0 
+ E p(i,E[Do])ho Q0+Ro-i+1  (Q0+R0-04

) 
 E[Do]  

2 	E[Do] 	QoLo 	(15)  

if R0<0 and the numbers of orders ii1Z0-1-Q0, the average inventory level 
equals (R0+Q0-41)12 during the average time (R0+Q0-i)L0/E[Do]. 
This gives us for R0<0: 

Qo+Ro 
Cho =  E  p(i,E[Do])ho Q°+R°4+1 (Q°±Rcri)4 EfD°1  2 E[D0] Q01.0 (16) 
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4. 	Holding and shortage costs at the retailers 

The last step in our solution process is to find the holding and shortage 
costs at the retailers. We use the same technique as when evaluating the 
delay and the holding costs at the warehouse. 
If we compare with the situation at the warehouse, we note one 
important difference; at the warehouse the leadtime when ordering 
from its supplier is constant. At a retailer, we have a fixed 
transportation time from the warehouse to the retailer, but there may 
also be an additional delay before a batch can sent to the retailer due to 
stockouts at the warehouse. Therefore the total time from that the 
retailer places an order until it receives the batch from the warehouse is 
stochastic. As pointed out before we disregard this and use as an 
approximation a constant leadtime equal to the average leadtime that we 
have determined as 

Lt  = Li. + La 	 (17) 

As when we were dealing with the warehouse we have two different 
cases, when  R,  is negative and not. 

We start with the holding costs when 	In complete analogy with 
(15) we obtain:  

R, 
Chr  = (E p(i,xit)hr  Qr+2Rr-241 Q +  

2 	)Lr  

Rff-Qr 

E 
P(i,24Lt)h, Q+R„4+1  Q_,+R„-i)  2t,„  

2 74. Q i=R:+1  (18) 
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If Re<0 we get according to (16): 



Qr+12, 

Chr = E p(i,A.,14)h, Qr+Rri+1  Qr+Rr-i  Ar  
i4) 	 2 	4 Qr  (19) 

Furthermore we can determine the shortage costs in complete analogy 
with (12) and (14). For Rr?_0 we obtain 

Rr+Q, 
Csr  = E p(i,,Ltv, Lt(i-Rr+1) i-Rr xr  4.  

i=R1+1 	 20+1) (1. . 

— 
+ 	E 	P0,41,t)13(Lt(241-2Rr-Qr)) 4 

i=Rr+Qr+ 1 	 2(i+1) 

and for Rr<0 

Cgr  = (-RrLt + 
(Rr+1)Rr  \  _i'%  Rr+v9r 	 L  i  

24 	I  Qi
.v + 2, P(i,XrLt)I3 —t— 	4 + 

i4:1 	 2Q, 

.0 
+ 	I 	p(i,2414)13 Lt(2i+l-Qr-Rr)(Rr+Qr)  

i=izr+Qt+1 	 2(i+1)Q, 

Now we have simple formulas for approximating both the holding and 
shortage costs at the retailers and the holding costs at the warehouse. 
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5. 	Numerical results 

Svoronos and Zipkin (1988) have suggested 32 test problems. These 
problems were constructed by taking all possible combinations of the 
following values of the parameters  Q„  Q0,  N,  Ä„  and ß.  

Q,  = 1 or 4 
	

N  = 4 or 32 
Xr 	= 0.1 or 1 
	

Qo = 1 or 4 
ß 	= 5 or 20  

Table 1. Problem description and optimal policies, from Svoronos and Zipldn (1988). 

Probl.  
number 

X., N  ß  Q  Qo  RO  Rr 

1 0.1 4 20.00 1 1 -1 0 
2 0.1 4 20.00 1 4 -1 0 
3 0.1 4 20.00 4 1 -1 0 
4 0.1 4 20.00 4 4 -1 -1 
5 0.1 4 5.00 1 1 0 -1 
6 0.1 4 5.00 1 4 -1 -1 
7 0.1 4 5.00 4 1 -1 -1 
8 0.1 4 5.00 4 4 -2 -1 

9 0.1 32 20.00 1 1 3 0 
10 0.1 32 20.00 1 4 1 0 
11 0.1 32 20.00 4 1 1 -1 
12 0.1 32 20.00 4 4 0 -1 
13 0.1 32 5.00 1 1 4 -1 
14 0.1 32 5.00 1 4 3 -1 
15 0.1 32 5.00 4 1 -1 -1 
16 0.1 32 5.00 4 4 -2 -1 

17 1.0 4 20.00 1 1 4 2 
18 1.0 4 20.00 1 4 2 2 
19 1.0 4 20.00 4 1 0 2 
20 1.0 4 20.00 4 4 -1 2 
21 1.0 4 5.00 1 1 3 1 
22 1.0 4 5.00 1 4 2 1 
23 1.0 4 5.00 4 1 -1 1 
24 1.0 4 5.00 4 4 -1 0 

25 1.0 32 20.00 1 1 31 2 
26 1.0 32 20.00 1 4 30 2 
27 1.0 32 20.00 4 1 8 1 
28 1.0 32 20.00 4 4 6 1 
29 1.0 32 5.00 1 1 30 1 
30 1.0 32 5.00 1 4 29 1 
31 1.0 32 5.00 4 1 7 0 
32 1.0 32 5.00 4 4 5 0 
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In table 2 our results are compared to those obtained when applying 
other methods. The results when applying the methods by Svoronos and 
Zipkin (1988), Deuermeyer and Schwarz (1981) and Lee and 
Moinzadeh (1987a,b) are from Svoronos and Zipkin (1988). The 
results when applying the approximate method by Axsäter and the exact 
costs are from 
Axsäter (1991a). 

Table 2. Exact and approximate average total cost per time unit. Our results are 
denoted by S, SAX stands for Axsäter,  D  & S for Deuermeyer and Schwarz, L & M 
for Lee and Moinzadeh and S & Z for Svoronos and Zipkin. The relative deviation is 
from the exact cost. 

Problem 
number 

SAX 
exact 

SAX appr.  
cost 

rel. 
dev. 

D  &S  
cost 

rel.  
dev. 

1 4.77 4.77 0.00 18.58 2.90 
2 5.45 5.45 0.00 11.44 1.10 
3 9.62 9.62 0.00 20.96 1.18 
4 14.03 14.02 0.00 30.39 1.17 
5 3.02 3.02 0.00 16.46 4.45 
6 3.82 3.82 0.00 17.38 3.55 
7 6.52 6.52 0.00 16.00 1.45 
8 11.03 10.87 -0.01 17.37 0.57 

9 33.80 33.80 0.00 62.88 0.86 
10 34.10 34.10 0.00 66.52 0.96 
11 68.53 68.57 0.00 160.42 1.34 
12 71.08 71.10 0.00 165.17 1.32 
13 18.85 18.85 0.00 118.28 5.27 
14 19.30 19.30 0.00 118.68 5.15 
15 52.16 53.16 0.00 86.16 0.65 
16 53.89 53.85 0.00 85.07 0.58 

17 12.02 12.02 0.00 13.99 0.16 
18 12.38 12.38 0.00 15.02 0.21 
19 16.11 16.12 0.00 18.53 0.15 
20 18.57 18.62 0.00 20.22 0.09 
21 8.13 8.13 0.00 12.60 0.55 
22 8.44 8.44 0.00 12.55 0.49 
23 11.14 11.14 0.00 19.49 0.75 
24 13.95 14.03 0.01 19.40 0.39 

25 84.42 84.42 0.00 95.68 0.13 
26 84.52 84.52 0.00 95.41 0.13 
27 111.70 111.81 0.00 131.06 0.17 
28 112.74 112.88 0.00 134.67 0.19 
29 55.95 55.95 0.00 81.16 0.45 
30 56.03 56.03 0.00 80.87 0.44 
31 78.72 79.30 0.01 102.22 0.30 
32 79.45 79.93 0.01 104.94 0.32 
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Problem 
number 

L & M  
cost 

rel.  
dev. 

S & Z  
cost 

rel.  
dev. 

S  
cost 

rel.  
dev. 

1 4.77 0.00 4.77 0.00 4.77 0.00 
2 5.49 0.01 5.45 0.00 5.38 -0.01 
3 15.76 0.64 9.62 0.00 9.62 0.00 
4 17.89 0.28 14.02 0.00 14.09 0.00 
5 3.02 0.00 3.02 0.00 3.02 0.00 
6 3.91 0.02 3.82 0.00 3.82 0.00 
7 8.24 0.26 6.52 0.00 6.52 0.00 
8 11.27 0.02 11.27 0.02 10.52 -0.05 

9 33.68 0.00 33.80 0.00 33.68 0.00 
10 33.88 -0.01 34.10 0.00 33.88 -0.01 
11 95.01 0.39 68.53 0.00 68.61 0.00 
12 98.18 0.38 71.08 0.00 71.13 0.00 
13 18.85 0.00 18.85 0.00 18.85 0.00 
14 19.30 0.00 19.30 0.00 19.30 0.00 
15 65.95 0.26 52.16 0.00 52.16 0.00 
16 66.82 0.24 53.89 0.00 53.69 0.00 

17 12.19 0.01 12.00 0.00 11.74 -0.02 
18 12.67 0.02 12.36 0.00 11.85 -0.04 
19 34.73 1.16 15.77 -0.02 16.19 0.00 
20 36.86 0.98 18.21 -0.02 18.34 -0.01 
21 8.45 0.04 8.13 0.00 7.89 -0.03 
22 8.68 0.03 8.44 0.00 8.20 -0.03 
23 23.02 1.07 11.14 0.00 11.14 0.00 
24 23.52 0.69 13.72 -0.02 14.01 0.00 

25 83.79 -0.01 84.40 0.00 83.79 -0.01 
26 83.92 -0.01 84.49 0.00 83.92 -0.01 
27 289.99 1.60 111.67 0.00 112.28 0.01 
28 296.40 1.63 112.55 0.00 112.59 0.00 
29 55.97 0.00 55.95 0.00 55.56 -0.01 
30 55.66 -0.01 56.03 0.00 55.66 -0.01 
31 147.80 0.88 78.63 0.00 79.27 0.01 
32 150.19 0.89 79.28 0.00 79.54 0.00 

As we can see from table 2 our approximation is quite good. Our results 
are not as good as those of Axsäter (1991a) and Svoronos and Zipkin 
(1988) but very close and far better than those obtained with the other 
methods. 
Since our approximation and the approximation of Svoronos and Zipkin 
have many similarities, it is of interest to compare these two methods. 
The approximation of Svoronos and Zipkin is a two-parameter 
approximation, i.e. they use both the mean and the variance of the 
number of demands that the warehouse faces during its leadtime (Do). 
They approximate the mean and variance of the warehouse leadtime 
demand and fit it to a shifted Poisson distribution. 
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In our approximation we use the mean of the leadtime demand (Do) 
divided by the leadtime as the intensity in a Poisson demand process. In 
our approximation we are using the exact mean of the leadtime demand. 
To determine the retailer leadtime demand Svoronos and Zipkin fit the 
approximate mean and variance to a negative binomial distribution. 
In our approximation we simply calculate the mean delay at the 
warehouse (La) and use this mean plus the transportation time from the 
warehouse to the retailer (Li) as a new total constant leadtime (Li). 
Given this the number of demands at the retailer during its leadtime, 
has a Poisson distribution. 
It is obvious that compared to Svoronos and Zipkin (1988), our 
approximation is much easier to use and it is therefore interesting to 
note that our results are nearly as good. 
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Appendix  C  
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