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Abstract 

We consider a two-level inventory system with one warehouse and  N  
retailers. Leadtimes (transportation times) are constant and the retailers 
face different Poisson demand processes. All facilities apply continuous 
review installation stock  (R, Q)-policies with different reorder points 
and batch quantities. We present an approximate technique for 
estimating holding and shortage costs for a given set of control 
parameters. The results when applying this technique are compared with 
results obtained by Axsäter (199 lb) and with simulated results. 



1. 	Introduction 

We consider an inventory system with one warehouse and  N  retailers. 
The retailers face stationary and independent Poisson demand processes. 
To replenish their stocks the retailers order batches from the 
warehouse. In response to an order the warehouse releases a batch 
immediately if the required amount is available; in such a case the 
leadtime (transportation time) is constant. The warehouse replenishes its 
stock from an outside supplier. The leadtime for such deliveries is 
constant.  Stockouts  at both echelons are backordered and delivered on a 
first come-first serve basis. All facilities apply continuous review 
installation stock  (R, Q)-policies, i.e. when the inventory level declines 
to or below  R  an order for  Q  units is initialized. 
We consider holding costs both at the warehouse and at the retailers. 
Shortage costs can only occur at the retailers and are proportional to the 
time until delivery. 
The purpose of this paper is to present and evaluate a new simple 
approximate technique for estimating holding and shortage costs for a 
given inventory policy. 

The considered problem has previously been solved for different special 
cases. The simplest such case is when all facilities apply one-for-one 
ordering policies. Approximate solutions have been suggested by 
Sherbrooke (1968) and Graves (1985). Simon (1971) and Axsäter 
(1990) present different exact methods. 

Another special case is when all retailers are identical, i.e. face the same 
demand rates and apply the same policies. Different approximate 
solutions to this problem have been given by Deuermeyer and Schwarz 
(1981) , Moinzadeh and Lee (1986), Lee and Moinzadeh (1987a,  b),  
Svoronos and Zipkin (1988), Axsäter (1991a) and  Samuelsson  (1990). 
Axsäter (1991a) also provides an exact solution. 

In this paper we consider different retailers. An exact solution for the 
case of two retailers is given by Axsäter (1991b). This solution is also 
used as an approximation in case of more than two retailers. In this 



paper we suggest another approximate solution for this problem. We 
compare our results with those obtained by Axsäter (1991b). 

The paper is organized as follows: In Section 2 we give a detailed 
problem formulation. Section 3 contains an analysis of the warehouse. 
The retailers are examined in Section 4. In Section 5 we present our 
results and discuss them. 



2. 	Problem formulation 

We consider an inventory system with one warehouse and  N  retailers. 
The retailers face independent Poisson demand. All facilities use 
inventory policies of the continuous  (R, Q)  type. When the inventory 
level (minus backorders plus outstanding orders) declines to or below  
R,  a batch of size  Q  is ordered. All stockouts are backordered and 
delivered on a first come-first serve basis. The total costs of a certain 
policy are the expected holding and shortage costs. The shortage costs 
are proportional to the time the customer has to wait. No batches can be 
sent from one retailer to another. We also assume that the batch size at 
any retailer is a multiple of the smallest one. We allow partial deliveries 
to a retailer if the whole required amount is not available. Furthermore 
we assume that the warehouse batch size is larger than or equal to the 
largest retailer batch size. The batch size and the initial inventory 
position at the warehouse are furthermore multiples of the smallest 
retailer batch size. 

We introduce the following notation:  

N 	= number of retailers 
= leadtime (transportation time) for a batch to arrive at 

retailer  j  from the warehouse (j=1, 2,...,  N)  
Lo 	= leadtime for a batch to arrive at the warehouse 
Xj 	= demand intensity at retailer  j  (j=1, 2,...,  N) 
R. 	= reorder point for retailer  j  (j=1, 2,...,  N)  
Qj 	= batch size for retailer  j  (j=1, 2,...,  N)  

Qmin 	= smallest retailer batch size 
Qmax 	= largest retailer batch size  

Ro 	= warehouse reorder point (in multiples of the smallest 
retailer batch, Qmin) 

Q0 	= warehouse batch size (in multiples of the smallest retailer 
batch, Qmin)  

h. 	= holding cost per unit and time unit at retailer  j  (j=1, 2,...,  N) 
J  

h0 	= holding cost per unit and time unit at the warehouse 
ßj 	= shortage cost per unit and time unit at retailer  j  (j=1,2,...,N)  
C 	= total holding and shortage costs per time unit 



Cho 	= holding costs per time unit at the warehouse 
Chi 	= holding costs per time unit at retailer  j  (j=1, 2,...,  N)  
Csi 	= shortage costs per time unit at retailer  j  (j=1, 2,...,  N)  
Doi(k) = number of demanded batches from retailer  j  (j=1,2,...,N) at 

the warehouse during its leadtime, given the inventory 
position  Ro-k  (in multiples of the smallest retailer batch, Qmin) 
when ordering, stochastic variable 

U0(k) 	= number of demanded units (in multiples of the smallest retailer 
batch, (Litt) at the warehouse during its leadtime, given the 
inventory position  Ro-k  when ordering, stochastic variable 

La 	= average additional delay for an order from a retailer caused by 
stockouts at the warehouse. We approximate this delay to be 
the same for all retailers. 

Ltj 	= average total leadtime for an order to arrive at retailer  j,  i.e. 
the time from that retailer  j  places an order until the batch is 
delivered, Ltj=Lj+La  (j=1, 2,...,  N)  

The purpose of this paper is to find a simple approximation of the total 
cost per time unit for a given inventory policy, i.e.  

N 	N 

C  = Cho 	Chj 	cs, 
j=1 

(1) 

Our approximation is of the same type as that in Sherbrooke (1968), i.e. 
we shall replace the real stochastic leadtime for orders from retailer  j  
by its mean Ltj. 



3. 	The warehouse 

In our analysis of the warehouse we need to determine the average 
additional delay La  for an order from a retailer caused by stockouts at 
the warehouse. Furthermore we need to determine the holding costs at 
the warehouse. In order to calculate La  and the holding costs at the 
warehouse, we first need to know the inventory level just before 
delivery of a batch to the warehouse, i.e. we need an approximation for 
the demand distribution during the warehouse leadtime. Furthermore 
we need to consider that, since the batches are not equal, the inventory 
level at the warehouse can be less than  Ro  when the warehouse orders. 
For example, consider a situation where the inventory level is R0-1-1, in 
units of Qmin, and one retailer places an order for 4 units. Then the 
inventory level is R0-3 when the warehouse places its order. It is easy to 
see that the inventory positions at the warehouse can take the positions 
[R0,...,R0-Qmax/Qmin+1] when ordering. 

3.1 	The demand process 

We shall approximate the number of orders for batches from a retailer 
to the warehouse, given the inventory position  Ro-k  when ordering, by a 
Poisson distribution with intensity E[D0j(k)]. We will show below how 
to calculate E[D0j(k)]. 
By knowing the number of orders for batches that each retailer will 
place at the warehouse during its leadtime we can determine the number 
of units (i.e. multiples of the smallest retailer batch size) that are 
required from the warehouse during its leadtime. 
We can express the demand for units that the warehouse faces during its 
leadtime as 1/Qmin(alQ i+a2Q2+...+aNQN), where  aj  is the number of 

orders for batches that retailer  j  places at the warehouse during the 
warehouse leadtime. 
We denote the Poisson probabilities 

p(i,X) = exp(-X)Xiii! 	 (2) 



Furthermore we denote the demand distribution during the warehouse 
leadtime by P(i,k), i.e. 

P(i,k) = probability that the warehouse faces  i  demands for units 
during its leadtime, given that the inventory position is  Ro-k  when the 
warehouse places its order at its supplier 

The probability for the warehouse to face  i  demands for units of Qmin  is 
obtained as  

N 

P(i,k) = 	E 	p(aj,E[Doi(k)]) ai=0,1,2,... j=1,2,...,N 	(3) 

E 	= 

j = 1 Qmin  

Our next step is to calculate E[Doi(k)]. To do that we look at the 
retailers one by one. 
We know that an order from the warehouse is triggered by an order 
from one out of  N  batches. It is known from  Samuelsson  (1990) that the 
expected number of demanded batches from the retailer that triggered 
the warehouse to place an order can be expressed as follows 

ce Q-1  
X.1-43 	1 E[X] = 	— E E ip(kQi+i,4L0) 

Qj 1c3 
(4) 

The stochastic variable Xi  is the number of demands (batches) that will 
come from retailer  j  if it is the triggering retailer and p(i,i,jLo  ) is the 

Poisson probability for  j  demands at the retailer during the warehouse 
leadtime. If retailer  j  is not the triggering retailer the expected number 
of demands is simply: 



E[Yj] — 
Q.;  

(5) 

Let us now consider one retailer. If this retailer triggers the warehouse 
to order the expected number of demands is given by (4). 
If, on the other hand, this retailer does not trigger the warehouse to 
order the expected number of demands from this retailer is given by 

(5). 
Obviously we also need to know the probability that a certain retailer 
triggers the warehouse to place an order at its supplier. Now let 
be the probability that retailer  j  triggers the warehouse to order and that 
the warehouse inventory level is  Ro-k  when this happens. We obtain 

= 	Qmin  
" 	N  

i=1 

k=0,...,QAmin4 

g(k) =0 
	

k=Qj/Qmin,•• • ,Qmax/Qmin-  1 	j=1,...,N 	(6) 

Further, let 0(k) be the probability that the inventory position at the 
warehouse is  Ro-k  when the warehouse places its order.  

N 

0(k) = 	µj(k) 	k=0,.. • ,Qmax/Qmin-1 	 (7)  

Finally, for a given inventory position we need to know the probability 
that retailer  j  triggers the warehouse to order. Let 9j(k) denote the 
probability that, given the inventory position  Ro-k  at the warehouse 

when the warehouse places its order, retailer  j  triggers the warehouse to 
order. 



9i(k) = 1119--c)  
0(k) 

9j(k) =0 
	

k=Qi/Qmin,•••,QmaxiQmin4  j=1,...,N 	(8) 

Since we now know the probabilities that a certain retailer triggers the 
warehouse to order for every possible inventory position, we can 
calculate E[D0j(k)]. 

4 	— Q-1  E[Doj(k)] = (1-9j(k))XiLo + (r);(k)( 1-0 1  E E ip(mQi+i,41-o)) 
Qi rn.9 

(9) 

Now we approximate the number of demanded batches from retailer  j  
(j=1,2,...,N) during the warehouse leadtime by a Poisson distribution 
with intensity E[Doi(k)]. Note that this intensity is less then the long run 
intensity, see  Samuelsson  (1990). Using this in (3) we can find the 
probability that the warehouse will face  i  demands for units of Qmin  
during its leadtime. 

3.2 	Determining the average expected delay 

We have shown how to approximate the demand process at the 
warehouse. Our next step is to approximate the expected average delay. 
If an order arrives at the warehouse when it is out of stock, there will 
be an additional delay before the batch can be sent to the ordering 
retailer. As pointed out before we want to calculate the expected 
average additional delay and use this plus the transportation time as a 
new total constant leadtime, Ltf----Li+La. Since we assume that the 
warehouse will deliver partial orders whenever the stock on hand is not 
sufficient to cover the whole batch, the average expected delay is for 
parh nnit nf fl. 



From (3) above we know the probabilities, P(i,k), for  i  demands for 
units during the warehouse leadtime, given the inventory position  Ro-k  
when ordering. We do also need to know the expected number of 
demanded units from all retailers during the warehouse leadtime, given 
the inventory position  Ro-k  when ordering. This we denote by E[Uo(k)]. 

CO 

E[uo(k)] = E P(i,k)i 	 (10) 
i4)  

We assume that the average delay is the same for all retailers. We also 
assume when approximating the average expected delay, and the holding 
costs, that the units will be demanded one-by-one. Note the difference 
when we approximate P(i,k). This means that first we determine P(i,k) 
with (3), then when knowing how many units that were demanded 
during the warehouse leadtime we assume they come one-by-one 
according to a Poisson process. 

We also have to consider the different possible inventory positions as 
described above.This we do by first calculating the average expected 
delay for each of the possible positions, L:(Ro-k), and then take the 
average of them.  

Q. 
Qtrnüi 

La  = 	eooL:(Ro-k) 
1(4) 

First we consider the case when the orderpoint R0-k.0. Since we now 
look upon the demand as a Poisson process it is easy to show that if the 
total number of demands  i  at the warehouse during the leadtime is 
given, the average time from the j:th demand (ji) to the end of the 
leadtime is L0(1-j/(41)). If R0-k+1 	Ro-k+Qo  there are  i-(Ro-k)  units 

in the ordered batch that are delayed and the average delay is 



41_ Iltl_e+1)  + LAi_ ___L)  _ Lo(i-(Ro-k)+1)  
2 41 2 i+1 2(i+1) 

(12) 

If i>R0-k+Qo  all Q0  units in the batch are delayed and the average delay 
is 

L.0._(i _ Ro-k+1)  + 49(1_ Ro-k+Qo)  _ Lo(2i+1-2(R0-k)-Qo)  
2 	i+1 	2 	1+1 	2(i+1)  

Using this we obtain for R0-10 :  

Ro-k-i-Q0 
L(Ro-k) = 1, P(1 • ,k)L°(i-(R(rk)+1) i-(Ro-k)  +  

i=120-k+ 1 	 2(i+1) 	Qo 

00 

+ I, p(i,k)L0(2ii-i_2(R0_k)_Q0)  

i=Ro-k+Q0-1- 1 	 2(i+1) 

Next we consider the case R0-k<0. In this case -(R0-k+1) units are 
delayed already when the order is triggered. This delay is on the 
average 
-(R0-k)/(2E[U0(k)]/L0). These units and the unit triggering the order 
will also have to wait during the leadtime. If now the leadtime demand 
is i5.R0-k+Q0, then these  i  units are delayed on average Lo/2. If i>Ro-
k+Qo  then R0-k+Q0  units associated with the considered batch are 
delayed and the average delay is 

Lo(2i+1-Q0-(R0-k)) 	 (15) 
2(i+1)  

(13)  

(14)  

Consequently we obtain for R0-k<0 



Ro-k+Qo 
L(R04) = (..(Ro_k)Lo  ((Ro-k)+1)(Ro-k)L0)1._  4_ 	p(i  k  

2E[U0(k)] Qo j 	2Qo 

00 

P(i,k)L0(241_Q0-(Ro-k*Ro-k-FQ0)  E  
i=Ro-k+Q0+1 	 2(i+1)Qo  

(16) 

Now using (14) and (16) in (11) we obtain the total expected average 
delay. 

3.3 	Determining the holding costs 

Our next step is to derive expressions for the holding costs per time unit 
at the warehouse. As when we studied the average expected delay we 
have to consider the different possible inventory positions. We do this 
exactly in the same way as in (11). 

We start with the case when R0-10. If the number of demanded units  i  
during the warehouse leadtime is less than or equal to  Ro-k,  the average 
inventory level is (Q0+2(R0-k)-241)/2 during the average time of 
Q0L0/E[U0(k)]. If R0-k<i<R0-k+Q0  the average inventory level is 
(Q0+R 0-k-i+1)/2 during the average time interval(Q0+R 0-k-
i)L0/E[U0(k)]. 

We obtain for R0-k0  

Ro-k 

Co(Ro-k) = 	P(i,k)h0Q0+2(R0-k)-2i+1  QoLo  
2 	E[Uo(k)] 

Ro-k+Qo 
Q0-1-Ro-k-i+   (Q0-1-Ro-k-01.0)E[Uo(k)]  + 	P(i,k)ho 	 (17) 

i=Ro-k+1 	 2 	E[Uo(k)] 	QoLo 



If Ro-ke and the numbers of demanded units i5R0-k+Q0  the average 
inventory level equals (R0-k+Q0-41)/2 during the average time 
(R0-k+Q0-i)L0/E[U0(k)]. This gives us for Ro-ke 

(20+Ro-k 
C0(R0-k) = 	p(i,k)h0Q0+Ro-k-i+1  (Q0+Ro-k-i)Lo E[Uo(k)] (18) 

2 	E[Uo(k)] 	QoLo i=o  

This gives us in complete analogy with (11)  

Q.  
Qmin 

Cho =  E  9(k)Co(Ro-k) 
kdi 

(19) 



4. 	The retailers 

Our last step is to fmd expressions for holding and shortage costs at the 
retailers. 
The demand process at the retailers is pure Poisson by definition. As 
pointed out before, the leadtime is not constant. But we approximate the 
leadtime to be constant and equal to the transportation time plus the 
average expected delay, LtrLi+La. 

We start with the holding costs when Ri O. In complete analogy with 
(17) we obtain 

Chj =  (E  p(i,XiLti)hiQj+2Rj-241 	+ 
2 	xi  

Qi+Rj-i)2t1  
2 	 Qi 

and when R.i 0 

Chi = 	
Qi+Ri-i  

E  pci,x;Lon;  J J  

	

2 	Xi Qi 

Furthermore we can determine the shortage costs in complete analogy 
with (14) and (16). For R?0 we obtain 

t..+1) 
Csi = E p0,4Loß;L  J J —14+ 

2(i+1) 

Qi+Ri  

(20)  

(21)  

Ri+Qj  



Lti(2i+1-2Ri-Qi)  
p(i,kiLtAi ' A. 

i=Ri+42-1-1 	 2(i+1) 

and when Ri<0 

Ri+Q;  
cs;  = (-R;Lti 	 (Rj+9Ri) Al.  pi  + 

22t,i 	Q 	i4) 	 2Qi 

00 

+ 	p(i, 	
Lt.(241-Qi-Ri)(Ri+Qi)  

XiLti)13i 
20+1)Q i=RJ-1-Qi+1 

Now we have simple formulas for approximating both the holding and 
shortage costs at the retailers and the holding costs at the warehouse. 

(22)  

(23)  



5. 	Numerical results 

We shall consider two examples given by Axsäter (1991b). 

Example 1 	N  = 4, L0 = 3, hp = 1, Qo = 4 

L1  = 2 1.2  = 2 L3  = 2 L4  = 2 

= 1 h2  = 1 h3  = 1 h4  = 1 

= 5  = 5  P3 = 5  ß4 = 5  
A,3  =0.4 	X4  = 0.8 

	

Q1 = 1 	Q2 = 2 	Q3  = 2 	Q4=4 

Table 1  

Example 1. Costs for different warehouse reorder points. From Axsäter (1991b) 

Warehouse 	Total costs 	Holding costs 	Optimal reorder points, holding and shortage 
reorder 	 at the warehouse 	costs at the retailers 
point 	 R1 	R2 	R3 	R4 

0 8.33 0.41 0 1.00 0 1.54 1 2.13 2 3.25 

1 8.11 0.70 0 0.97 0 1.45 1 2.00 2 3.00 

2 8.27 1.12 0 0.94 0 1.39 1 1.93 1 2.89 

Results with Axsäter's method 

Warehouse 	Total costs 	Holding costs 	Optimal reorder points, holding and shortage 
reorder 	 at the warehouse 	costs at the retailers 
point 	 R1 	R2 	R3 	R4 

0 8.34 0.45 0 0.99 0 1.52 1 2.11 2 3.26 

1 8.29 0.78 0 0.97 0 1.47 1 2.03 2 3.04 

2 8.53 1.22 0 0.95 0 1.43 1 1.99 1 2.94 

Simulated results, from Axsäter (1991) 

Warehouse 	Total costs 	Holding costs 	Optimal reorder points, holding and shortage 
reorder 	 at the warehouse 	costs at the retailers 
point 	 R1 	R2 	R3 	R4 

0 8.51 0.48 0 1.00 0 1.58 1 2.14 2 3.31 

1 8.15 0.83 0 0.95 0 1.44 1 1.94 2 2.99 

2 8.41 1.30 0 0.93 0 1.39 1 1.89 1 2.90 

Results with our approximation 



Example 2 	N  = 3, L0  =5, h0=2, Q0  =5 

L1=1 	L2 = 1 	L3 = 1 
hl = 1 	h2 = 1 	h3 = 1 

13i= 5 	P2 = 5 	P3= 5  
i= O.2 X2 = 0.3 2t3 = 1.0 

Q1= 2  Q2=2  Q3=6  

Table 2 

Example 2. Costs for different warehouse reorder points. From Axsäter (1991b) 

Warehouse Total costs Holding costs 	Optimal reorder points, holding and shortage costs 
reorder 	 at the warehouse at the retailers 
point 	 R1 	R2 	R3 

-1 9.29 0.60 0 1.72 1 2.15 3 4.82 

0 8.99 1.20 0 1.53 0 1.91 2 4.35 

1 8.99 2.12 0 1.48 0 1.72 1 3.68 

2 9.47 3.36 -1 1.40 0 1.55 0 3.17 

Results with Axsäter's method 

Warehouse Total costs Holding costs 	Optimal reorder points, holding and shortage costs 
reorder 	 at the warehouse 	at the retailers 
point 	 R1 	R2 	R3 

-1 9.30 0.61 0 1.72 1 2.15 3 4.82 

0 9.00 1.22 0 1.53 0 1.91 2 4.34 

1 8.99 2.14 0 1.46 0 1.70 1 3.69 

2 9.50 3.37 -1 1.40 0 1.54 0 3.18 

Simulated results, from Axsäter (1991) 

Warehouse Total costs Holding costs 	Optimal reorder points, holding and shortage costs 
reorder 	 at the warehouse 	at the retailers 
point 	 R1 	R2 	R3 

-1 8.71 0.99 0 1.67 1 1.95 3 4.10 

0 8.71 1.80 0 1.43 0 1.77 2 3.71 

1 9.13 2.89 0 1.35 0 1.48 1 3.41 

2 9.94 4.24 -I 1.09 0 1.37 0 3.24 

Results with our approximation 



As can bee seen from Table 1 and 2, our method gives a reasonably 
good approximation of both shortage and holding costs, although not as 
good as Axsäter's method. The errors are considerably larger in 
example 2. 
Our results differ most from the simulated results when we approximate 
the holding costs at the warehouse. If we study our approximations for 
the holding costs at the warehouse, we note two important sources of 
error. The first is when we approximate the distribution of the number 
of demands during the warehouse leadtime. We calculate exactly the 
expected number of orders that retailer  j  (j=1,2,...,N) will place at the 
warehouse during the warehouse leadtime, E[Doi(k)]. Then we 
approximate the process of incoming orders from retailer  j  by a Poisson 
distribution with intensity E[Doj(k)]. This would have been correct if 
retailer  j  with probability 1/Q placed an order every time retailer  j  
faced a demand. Since the retailer instead places an order at the 
warehouse for every Qi:th demand, we get an error in our distribution. 

Our second important source of error comes from that the retailers 
order in batches of different size, while we in a sense approximate the 
demands for units to come one-by-one like a Poisson process. 
These two approximations leads to an error when estimating the holding 
costs and the average expected delay at the warehouse. 

If we look upon the retailers, we use the average expected delay plus the 
transportation time as a new constant leadtime. First, this average 
leadtime is only an approximation, second, since the holding and 
shortage costs are not linear functions of the leadtime we get an error 
by using a constant leadtime. 

The main advantage of our method is its simplicity. As it seems it would 
be computationally feasible also in a practical case. 
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