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“All models are wrong but some are useful”
- George Box, 1976
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Abstract

A seal is a commonly used machine element whose function is to prevent
the flow of a fluid from a high to a low pressure region. Metal-to-metal
seals, in particular, are used whenever extreme conditions prevent the
use of less expensive rubber seals. Situations where such extreme condi-
tions may be encountered are found, for example, in oil wells and nuclear
power plants. In such applications, the failure of a metal-to-metal seal
can become catastrophic, as it might mean the leakage of hazardous
fluids to the environment. In order to minimize the risk, it is critical
to understand the mechanisms controlling the seal’s performance and,
if possible, be able to predict capability to prevent leakage on before-
hand. Not surprisingly, the surface topography plays a crucial role here
and therefore requires careful consideration when conducting studies of
this kind. Indeed, it has been shown that even very small details in
the topography (order of micrometres) can have a large effect on the
performance of the whole seal (order of centimetres or larger). Another
complicating factor is the topography’s stochastic nature, which makes
even the identification of the relevant details challenging. Modelling is,
in this context, a desirable approach, as it provides the possibility to
easily zoom in those fine details as well as isolate individual parameters.
Moreover, it can provide for a prediction on the expected leakage.

This work focuses primarily on the development of a model suitable
for studying the mechanisms controlling the performance of metal-to-
metal seals and to enable prediction of leakage. To accomplish this, a
model that follows a two-scale approach is proposed. More precisely,
the small details in the topography are considered in a local problem
connected to a highly resolved local-scale domain, while the component
level features are considered in a global problem allowing for a coarse
grid discretisation of the corresponding global-scale domain. During the
present work it was also found that realistic results can only be obtained
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if the model explicitly considers the surface topography’s stochastic na-
ture. The model was first developed for liquids and was based on the
assumption of incompressible and iso-viscous flow. Further work, with
the objective to enable studies of more complex type of flow situations,
resulted in a versatile transformation translating results for incompress-
ible and iso-viscous to compressible and piezo-viscous fluids and vice
versa. This means that, the flow of gases and other more complex fluids
can be studied by combining the model for the simplistic incompressible
and iso-viscous flow with this newfound transformation.

Using the model developed, the sealing performance of metal-to-
metal seals during load cycling, i.e., by gradually increasing the load
to a certain value and then releasing it again, is studied. The scope of
this study is to assess how the plastic deformation that the metal sur-
faces undergoes during the loading phase can affect the leakage during
unloading. It is shown that this results in a change of the original topog-
raphy that may lead to a better sealing performance during unloading.
The main result obtained is, however, that given the right conditions,
the applied load can be released considerably (even down to half of the
reached before starting the unloading) with only a small increase in leak-
age as a result. This shows the seal’s capability to prevent leakage even
if an unexpected reduction of load occurs and is therefore is a valuable
description of the robustness of the seal.
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Chapter 1

Introduction

This chapter begins by giving the motivation for modelling and studying
metal-to-metal seals. Following this, the importance of surface topogra-
phy is stated and the typical topographies encountered in the context of
metal-to-metal seals are presented. This is followed by a qualitative de-
scription of the flow pattern that one should expect finding in a metal-to-
metal seal and the important concept of critical constriction is presented.
Then, the flow pattern for a specific type of topography, manufactured
by turning, is discussed, which then leads to the formulation of specific
research questions. The chapter is finally closed with an overview of the
rest of the thesis.

1.1 Why is there a need to develop a model for
static metal-to-metal seals?

In a simple manner, a seal can be described as a machine element used
to prevent flow from a high to a low pressure region. This includes both
pressurized chambers, where a high pressure fluid is prevented to es-
cape to the atmosphere, and vacuum chambers, where the atmosphere
is prevented to enter. Often, seals are made of rubber materials, as
they are inexpensive and their capacity to sustain large elastic deforma-
tions makes them good candidates. However, rubbers cannot be used in
extreme thermal or pressure conditions. In such cases, metal-to-metal
seals must be used instead [1, 2]. An example of such application is the
threaded connection between pipe segments in oil wells [3–7], schemat-
ically depicted in Fig. 1.1. Another example of components in which

21



22 Chapter 1. Introduction

Figure 1.1: In a threaded connection, the high pressure fluid in the inner
part of the pipe should not escape to the environment. Because of that, a
metal-to-metal seal is used before the thread. This seal consists of a small
region of highly compressed metal-to-metal contact.
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these conditions can be found are pressure relive valves [8, 9]. Also,
nuclear power plants [2] and refrigeration systems for cryomagnets [10]
have components where metal-to-metal seals are required. Admittedly,
these applications only account for a small fraction of the total use of
seals. However, seals in these applications are under high demands and
a failure to meet them can have serious consequences. Indeed, leakage
can cause severe environmental impact or diminished performance of
a critical system even before catastrophic failure occurs. Therefore, it
is critical to understand their performance and, if possible, predict its
sealing capability before putting them in use. To that end, experimental
work have been carried out focusing on the effect different aspects. For
example, Marie and Lasseux [1] focused on the effect of the applied load
is studied while Nitta et al. [11,12] focused on the contact between sur-
faces. Other researchers have focused on the manufacturing technique
used to produce the surfaces of the seal [13,14], the effect of coatings [7]
or the presence of grease in the seal [4, 6]. It should be noticed, how-
ever, that these studies are relatively scarce and analyse the sealing per-
formance from a large variety of different perspectives. Moreover, the
conditions at which the experiments are carried out can be substantially
different. Because of that, it is complicated to generalize the results [1].

One of the main difficulties to achieve a general understanding of the
performance of metal-to-metal seals is that it is heavily influenced by
the topography of its surfaces, which cannot be controlled nor charac-
terized precisely. This can lead to a high variability in any experimental
study, thus making it difficult to isolate the effect of any single parame-
ter. Moreover, it also makes it almost impossible to predict the leakage
of a given seal based on the experimental results obtained using a dif-
ferent seal or different conditions. Instead, one is forced to test the
specific seal at the required operating conditions in order to ensure its
proper functioning. Any change on the operating conditions or on the
manufacturing process of the seal will require a new set of (expensive)
experiments. To overcome such difficulties, a model that allows quan-
titative prediction of leakage through metal-to-metal seal is desirable.
Unfortunately, not many studies have attempted to build such a model.
Indeed, the only models known to the author which attempts to give a
quantitative prediction are those by Sahlin et al. [15, 16] (although the
focus was on dynamic and not static seals) and the very recent works
by Persson [17] and Zhang et al. [18]. With this in mind one of the
main goals of this work is to create a model to predict quantitatively
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the leakage in metal-to-metal seals.
Before proceeding to a more detailed description of metal-to-metal

seals, an explanation of why there has been little modelling efforts until
quire recently, will be given. One of the main reasons for this, is that
metal-to-metal seals have not attracted the attention of the research
community nor the industry until recently. Indeed, although seals have
been a common machine element for quite some time, they were initially
developed to ensure that operational requirements, such as maintaining
pressure in a vessel, were fulfilled. The total amount of fluid that leaked
to the environment was not considered to be relevant by itself [19]. There
was thus no clear motivation to understand the mechanism of leakage
and predicting it raised even less interest. Due to more strict opera-
tional requirements and environmental concerns, leakage started to be
regarded as an important aspect to consider and seals started to be seen
as a critical component. This also attracted the interest of the research
community to the topic. Despite that, early efforts were focussed on
rubber seals, as they occupy a larger share of the market. Because of
this, metal-to-metal seals were still not given much more attention than
before [19]. It has, therefore, not been until recently that metal-to-metal
seals have attracted sufficient interest.

The problem at hand is a very complex one. Indeed, several diffi-
culties arise in the study of metal-to-metal seals, and this has prevented
many studies to reach the desired depth. The most important difficul-
ties to overcome have been mainly i) establishing accurate models that
provide a solution for the problem using the currently available compu-
tational power, ii) the identification of the truly relevant parameters to
describe the topography and iii) the lack of precise experimental mea-
surements [1]. The first issue is more relevant than it at first may seem.
Indeed, it has been shown that one must describe the surfaces’ topogra-
phy throughout many length-scales in order to understand the leakage
behaviour of any seal [20]. Considering the large range of scales (at the
very least from a fraction of a micrometer to few centimetres) makes
the study computationally challenging even for today’s standards. The
second difficulty relates to the complexity of topography, which has a
stochastic nature. Moreover, several different features, maybe present
at different scales, can play a significant role. Therefore, identifying and
characterizing the relevant features of the topography is a challenge in
itself. The third issue is related to the experimental studies required
to validate the models. Here, the main difficulty is that the expected
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leakage can vary over several orders of magnitude, even when the load
is varied only within usual operating values. Because of this, the experi-
mental equipment must be sensitive over several orders of magnitude in
leakage.

A final comment to be made is that, despite that most of the available
models where developed to study rubber seals, they can bring light to
the performance of metal-to-metal seals. In fact, the model for metal-to-
metal seals presented here is based on the knowledge provided by these
models and, therefore, Chapter 2 is dedicated to reviewing them. De-
spite its importance, plastic deformation is not included in them. The
capacity to undergo significant plastic deformation is, however, an im-
portant characteristic of metal-to-metal seals. Indeed, Kadin et al. [21]
suggested that plastic deformation can lead to a more intimate con-
tact between the surfaces and, subsequently, also to an improved sealing
performance. Although [21] do not study this hypothesis in detail, ex-
perimental evidence supporting this claim can be found in [1, 4]. The
exact way in which plastic deformation affects sealing performance is,
however, not well understood yet. Therefore, a model specific for metal-
to-metal seals, that can account for plasticity, is needed.

1.2 On the surfaces of metal-to-metal seals
In the previous section, the importance of surface topography on the
performance of a metal-to-metal seal was highlighted. In fact, its influ-
ence is so relevant that this work focuses mainly on it. Therefore, this
section is dedicated to the aspects of surface topography that are the
most important for this work.

Metal-to-metal seals can come in several shapes, e.g. tubes, gas-
kets, etc. Despite the different geometries, one can often study static
metal-to-metal seals by considering a simplified situation, as presented
in Fig. 1.2, i.e., two static bodies are in contact under a certain load and
separate a high pressure inlet region and a low pressure outlet region.
The question is then whether the leakage, if occurring, will be sufficiently
small. Assuming that the bodies are not porous, this leakage can only
occur at the interface between the to bodies. It is clear that no leakage
would occur if the two bodies where perfectly smooth so that the sur-
faces would make perfect contact and no open path would form between
the inlet and the outlet. However, such perfect smoothness cannot be
achieved in reality. In fact, even if it would be possible to manufacture
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(a)

Elastoplastic rough solid 

(Transparent) Rigid body 

(b)

Load 

Contact patches 

(c)

Load 

𝑝𝑝𝑖𝑖 > 0 

𝑝𝑝𝑜𝑜 = 0 

𝑄𝑄 

Figure 1.2: In general, the functioning of any metal-to-metal seal can be
explained following the steps presented here. (a) Two surfaces are placed
facing against each other. Here, a smooth rigid vs. a rough elasto-plastic
configuration is used, but a rough elasto-plastic vs. rough elasto-plastic
configuration is also possible. (b) A load is applied between these two
surfaces, leading to contact. This contact is, however, only partial. (c) A
pressure difference is applied between an inlet (pi) and an outlet (po). This
leads to a certain flow, with a total value Q.
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a completely smooth surface, this would lead to strong adhesion that
would cause wear (and thus roughness) due to sliding during mounting
or due to vibrations during operation. Therefore, some level of rough-
ness is unavoidable. As a result, the contact between the two bodies is
not complete and a channel might exist that allows for leakage to occur.
Whether such channel exists or not will depend on the way the surfaces
make contact with each other. Besides material properties, this contact
will depend mainly on the topography of each surface. It thus becomes
clear that the surface topography is one of the most relevant character-
istics of the bodies that form the seal and, therefore, the rest of this
section is dedicated to describe surface topography. It should be noted
that, despite the focus will be given to the topography of one surface,
it is actually the interface formed when two surfaces are in contact that
determines the performance of the seal. In those cases where one surface
is much smoother than the other, this distinction is not too important,
as the topography of the rough surface dominates the contact. In the
case of two rough surfaces, however, one should consider both topogra-
phies when studying the contact. Despite that, the discussion presented
here is still relevant. The description will be limited to those aspects
relevant to the performance of metal-to-metal seals.

Two general characteristics, relevant to the performance of a seal,
are shared by all topographies, i.e., topography has a stochastic and a
multiscale nature, with features ranging from the atomic size to several
centimetres [22]. These two characteristics and their effect on sealing
performance are, in fact, what makes the study of seals so complicated.
Note also that each manufacturing process leads to a different topogra-
phy, which in turn have a different sealing performance, see e.g., [14].
Moreover, even surfaces coming from one type of manufacturing process
may exhibit different stochastic characteristics. It is needless to say that
this complicates any analysis of the influence of surface topography on,
e.g., leakage in seals. A fairly extreme example, presented in the work
by Nakamura and Funabashi [13], can be useful to understand how large
the difference can be for different surface topographies. The study they
performed considered surfaces featuring grooves. The grooves where ori-
ented either parallel or perpendicular to the flow direction. Of course,
the parallel orientation exhibited a much larger leakage than the perpen-
dicular, as the fluid could flow almost unrestricted through the grooves.
This is, indeed, an extreme case, but it highlights that every surface will
have features that are more or less beneficial or detrimental in terms of
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sealing performance. The scope of this work is, however, not to classify
manufacturing processes in terms of the sealing capability of the result-
ing surfaces. Therefore, although the model will be constructed with
the capability to model any surface, the results will be presented mainly
for seals including measured turned surfaces and numerically generated
self-affine fractal topographies. These two are described in the following
sub-sections.

1.2.1 Seals with turned surfaces

A type of surfaces commonly encountered in metal-to-metal seals are
turned surfaces [2,23]. This type of surface is not only easy to manufac-
ture but it also have some advantages in terms of sealing performance,
as shall be discussed in Section 1.4. Because of this, they are commonly
used. Therefore, they are utilized in this work and a description of their
main features is given below.

The turned surfaces used in this work come from measurements. This
means that these surfaces have some features that, although not a direct
result of the turning operation, are common to surfaces used in metal-
to-metal seals. For simplicity, these surfaces will still be referred to as
turned surfaces. The topography exhibits a set components appearing
over a range of length scales. However, the components have features at
overlapping length scales and thus only a qualitative distinction can be
made. This precaution taken, Fig. 1.3 shows the main components that
one can identify in turned surfaces. In order of decreasing scale, these
components of the topography are the out-of-flatness (more generally
referred to as errors of form), the crowning radius, the spiral groove
and the roughness. It is important to bear in mind that each of these
components significantly affects the performance of the seal and that
one must account for all of them to achieve a quantitative prediction of
the leakage through the seal.

Errors of form are, in general, not desirable. However, they are in-
trinsic to any manufacturing process and thus one should always expect
to encounter them. Since a high manufacturing cost is associated with
reducing errors of form, there is nearly always a compromise between
the required tolerance and the cost. It is, therefore, desirable to have a
model or tool with which it is possible to estimate to which extent they
can be present, without affecting the performance more than tolerable.
Form errors, such as out-of-flatness or roundness, are typically described
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Figure 1.3: Schematic representation of the different components of the
topography of the typical contacting surfaces in a metal-to-metal face seal.

via its Fourier series representation, assigning a certain amplitude to ev-
ery order (frequency).

In metal-to-metal seals, one of the surfaces typically exhibits a crow-
ing radius in the radial direction. Its presence has two functions, i.e., to
control the width of the contact and to minimize the effect of a possi-
ble misalignment between the two sealing surfaces. Usually, a relatively
large radius is applied so that the (nominal) contact width does not
become too small.

The spiral groove comes from turning. As will be explained in Sec-
tion 1.4, this feature is a residue from the manufacturing but it is also an
active sealing element. In the reminder of this work, the highest parts
of the grooves will sometimes be referred to as ridges, while the lower
parts will be referred to as valleys.

The small-scale features of the seal topography, not having a struc-
ture as clear as the errors of form, crowning radius or spiral groove,
will be referred to as roughness. These components alone expand over a
large range of scales, as they include all features smaller than the spiral
groove. This roughness can sometimes exhibit the nature of a self-affine
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Figure 1.4: An example of a measured topography corresponding to that
of a typical metal-to-metal seal. The radial and circumferential directions
correspond to the schema in Fig. 1.3.

fractal. Inside the broad term roughness, other features can also be in-
cluded. One example which can have a considerable effect on the sealing
performance, is scratches. Also, it is easy to see that the roughness can
differ in different regions of the surface. This can be caused, e.g., by the
manufacturing process, plastic deformation and/or wear.

An example of a measured topography, where the spiral groove, is
depicted in Fig 1.4. The crack-like patterns seen in the bottom of the
valleys is the residue of a phosphate coating sometimes used to protect
these surfaces from corrosion [7]. This will be, however, left outside the
scope of this work.

1.2.2 Self-affine fractal topography

An example of a self-affine fractal topography is depicted in Fig. 1.5.
The characteristic that defines these topographies is that, they are sta-
tistically equal at all length-scales, except for an scaling factor in the
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Figure 1.5: Example of a self-affine fractal surface with normally distributed
heights. On the right, its power spectrum, C, as a function of the wave-
vector q.

height direction. From this definition, it follows that a self-affine to-
pography is characterized by its power spectrum, C(q), which is of the
form

C(q) = C0

(
q

q0

)−2(1+Hf )
, (1.1)

where q is the wave vector, q = |q|, Hf is the Hurst exponent and
C0 is the value of the power spectrum at the reference wave vector q0.
Note that the topography represented by the power spectrum in (1.1) is
isotropic. Note that this power spectrum implies that the slopes change
as the topography is looked at in more detail. In reality, no perfectly
self-affine surface exists, and (1.1) is only valid over a range of wave num-
bers q, i.e., q0 and q1 in Fig. 1.5. To fully specify the topography, the
power spectrum is usually combined with the assumption of a Gaussian
distribution of heights. The choice of a Gaussian distribution is, how-
ever, not necessary. For instance, as in [24], it is also possible to model
for a non-gaussian surface, by combining the power spectrum with an
unsymmetrical distribution.

From the literature, it is clear that self-affine topography constitute
an important class. Indeed, it has been used extensively as a reference
topography when numerically studying the contact of rough surfaces
[25–31] as well as the leakage of seals [17,20,32–37]. The main advantage
of the use of self-affine fractal topographies is that, while they retain the
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stochastic and multi-scale nature expected from a realistic surface, they
can be easily generated numerically [29, 38, 39] and they are described
with by limited number of parameters (C0, q0, H and the range of
validity of (1.1)). This allows researchers to obtain repeatable results
and to compare these with existing ones. Importantly, convenience is
not the sole reason for the use of these surfaces; it has also been shown
that many real surfaces can be characterized as a self-affine fractal over
a large span of length scales [22,26]. Also, Vallet et al. [32] did also show
that the leakage computed using computer-generated self-affine fractal
topography leads to a results similar to those obtained using measured
surfaces. Moreover, in [40], a self-affine fractal topography have been
used to compare different contact mechanism models. For these reasons,
numerically generated self-affine fractal surfaces are also used in this
work. Note that, when using self-affine generated topographies in this
work, an idealized surface is utilized. Indeed, features like errors of form,
present in any real surface, are disregarded.

1.3 The critical constriction
In order to understand when and why leakage occurs, it is useful to
see what patterns does the fluid forms when percolating. An example
of such pattern is shown in Fig. 1.6. When the separation between
the surfaces is small enough (the case of interest in most seals), the
flow is restricted to meandering channels, connecting the inlet and the
outlet. As identifiable by lighter colour of the flow intensity in Fig. 1.6,
most of the leakage occurs in a few channels. Following along one of
these channels, it is clear that the separation between the surfaces is not
constant. In fact, the cross section of the channel can vary significantly.
As a result, the pressure does not drop in a smooth manner. On the
contrary, the pressure is more or less piece-wise constant, exhibiting
a few sudden large drops. These sudden drops are very localized and
occur when the fluid is forced through a particularly narrow part of the
channel.

Following the previous description of the flow pattern, Persson and
Yang [20] introduced the concept of critical constriction as a simple
means to estimate the leakage. The idea is that, provided that the leak-
age is sufficiently small, the pressure drop occurs (almost) entirely at a
single location of the seal. This location, termed critical constriction,
can be defined as the narrowest constriction present in the largest path
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Figure 1.6: Visualisation of fluid percolating through the gap formed when a
surface with the self-affine topography depicted in Fig.1.5, is pressed against
a rigid flat surface. A pressure difference is applied between the left and
the right sides. The red colour scale corresponds to the flow intensity. The
fluid pressure has been superimposed in a scale from yellow (high pressure)
to blue (low pressure). The grey areas indicate surface contact.
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connecting the inlet and the outlet. Dapp and Müser [37] showed by
means of numerical simulations that this assumption is quite accurate
when the leakage is small enough. It is important to note that the defi-
nition of the critical constriction in [20] and in [37] are slightly different,
mainly due to the inclusion of the concept of magnification in [20], see
Section 2.6. Despite that, the notion of critical constriction will only
be used conceptually in this work and thus this distinction is unimpor-
tant. Another prevention is that, in very large systems, one can think
in arrays of such constrictions, as studied in [20,34,35].

With the goal of understanding critical constrictions, Dapp and
Müser [41] studied the flow through the saddle points created when
a sinusoidal surface is pressed against a flat one. They found that, close
to the critical applied load, Lc, at which flow completely stopped, the
flow was universally proportional to (L− Lc)3.45. The constant of pro-
portionality, however, depended on the exact arrangement of the con-
strictions and thus the previous relation could not be used to predict
leakage. This relation was also observed when studying the leakage
using self-affine fractal surfaces [37].

1.4 On the behaviour of metal-to-metal seals
with turned surfaces

As stated in Section 1.2.1, turned surfaces are commonly used in the
context of metal-to-metal seals. This is both because they are easy to
produce and because their topography has features beneficial in terms
of sealing performance. Understanding what are these features and how
they affect the flow bring light to the functioning of metal-to-metal seals.
This section is thus dedicated to describe these effects. This is done by
first describing the contact pattern formed when a turned surface is faced
against a flat one. Then the focus is shifted to the actual flow pattern.

1.4.1 Contact area morphology

The real contact area is, in general, not uniformly distributed over the
nominal contact area. Instead, it clusters in patterns that are dictated
by the topography of the surface. In the case of a turned surface, the
most notable influence on the morphology of the contact area comes
from the spiral groove. An example of the resulting pattern is depicted
in Fig. 1.8. There, it is apparent that contact area concentrates on thin
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Figure 1.7: Schematic representation of the contact between two rough
surfaces. The inserts highlights that what is seen as perfect contact at one
scale, may exhibit a rough aperture when viewed at a smaller scale.

parallel lines, corresponding to the ridges of the spiral groove. Note
that, in reality, the contact occurs on a line shaped as a spiral [2, 12].
The appearance of parallel lines in Fig. 1.8 is just the result of looking
only at a short lenght in circumferential direction. Without roughness,
the ridges of the spiral groove would make perfect contact with the
counter surface and completely block the flow in the radial direction.
Due to roughness, however, ridges of the spiral will not be in prefect
contact and there will be possibilities for leakage through the aperture
between the rough ridge and the counter surface. Due to the multi-
scale nature of the roughness what may be seen as perfect contact at
one particular scale may in turn exhibit a rough aperture if viewed at
a smaller scale. A schematic representation of this concept is shown in
Fig. 1.7. In a purely elastic contact, this process would follow all the
way down to the atomic scale [42]. Note here that this implies that
a small path connecting the inlet and the outlet can always be found,
implying that complete sealing can never occur. This is, however, not
the case in reality due to the presence of, e.g., plastic deformation and
surface tension. Because of this, only channels larger than a certain size
are of interest and those observed only at finer scales can be neglected.
Furthermore, one usually defines a threshold value under which leakage
is considered to be zero. This threshold can be defined, for instance, by
the accuracy of the measuring device.

Besides the waviness and roughness, there are other features that will
affect the contact pattern. For instance, the ridges located at the centre
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of the crowning will carry more load. The contact area will therefore be
higher in those ridges, in comparison to ridges found at lower regions.
Also, variations in the circumferential direction will be observed due to
out-of-flatness.

In addition to the geometrical properties of the topography, the ma-
terial properties will also influence the contact pattern. For instance,
plastic deformation tends to concentrate the contact while elastic defor-
mation produces a more spread contact due to its long range interac-
tions [28,36].

1.4.2 Flow pattern

Once the contact pattern is understood, the flow pattern imposed by a
turned topography can be addressed. Following the description given by
Geoffroy et al. [2], two modes of flow can be identified depending on the
main direction it takes, i.e. circumferential and radial. Performing di-
mensional analysis, the radial flow was shown to be the most influential
in general [23]. This suggests that it is of high importance to more or
less completely close the channels between the asperities on the ridges
of the spiral groove in order to meet any low leakage requirement [12].
When there are no available path in the radial direction, the flow will ad-
vance in the circumferential direction following the spiral groove. Note
that, although the groove provides little resistance to the flow, its total
length is typically of the order of a few metres, leading to a large resis-
tance and thus small leakage. In real applications, the circumferential
leakage is usually small enough to be neglected. Therefore, it is the
transition regime, in which the radial flow is small but still contributes
to leakage, that is of most interest to study. In these situations, the
flow advances in the circumferential direction as long as the channels
crossing a ridge in the radial direction are not large enough. However,
when a radial channel with a large enough cross-section is encountered,
then the flow advances radially and crosses the ridge. In this way, the
flow proceeds advancing in the grooves and crossing the ridges until
eventually it reaches the outlet and leakage occurs. An example of such
a meandering type of flow pattern, obtained by means of the models
and methods utilized within this thesis, is depicted in Fig. 1.8, where
the turned surface topography depicted in Fig. 1.4 has been used. The
main difference between this flow pattern and the flow pattern visual-
ized in Fig. 1.6, where a self-affine fractal surface was used, is that the
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Figure 1.8: Visualisation of the fluid percolating through the topography
depicted in Fig.1.4 (it has been mirrored) when a pressure difference is
applied in radial direction. The red colour scale corresponds to the flow
intensity (in logarithmic scale). The fluid pressure has been superimposed
in a scale from yellow (high pressure) to blue (low pressure). The grey areas
indicate surface contact, which occurs at the ridges of the spiral groove.

spiral groove more or less exclusively constrains the flow to advance in
either the circumferential or radial direction. When considering the flow
through a fractal surface and a flat one, however, no such restriction
exists. The type of flow imposed by a surface with a turned topography,
as depicted in Fig. 1.8, has been also observed experimentally by Naka-
mura and Funabashi [13]. Focusing at the red colour scale in Fig. 1.8,
which corresponds to the intensity of the flow (going from dark red to
yellow), it can be seen that the fluid only advances radially by crossing
the ridges through a limited amount of channels (those can be identified
by an intense yellow colour). The flow in the circumferential direction
connects the channels crossing the ridges.

To further understand this flow pattern, it is useful to see it in terms
of the critical constriction. In this case, this concept can be understood
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in two ways. In a first approach, one should expect that the pressure
drops occur solely when the flow crosses one or few of the ridges in
contact. In Fig. 1.8 the fluid pressure is depicted in a yellow (high
pressure) to blue (low pressure) scale. As expected one can see how
most of the pressure drop (around 70%) occurs when the fluid crosses
the third ridge (counting from left to right). This can be seen by the
abrupt colour change from brown to blue in the pressure scale. Focussing
only on a single ridge, its crossing can be seen as a seal problem itself.
Therefore, one should expect a single (or few) channels to concentrate all
the flow crossing each ridge. Focusing again on the third ridge, where
most of the pressure drops occurs, the flow intensity in significantly
larger in three of the channels (six if one considers the mirrored part).
The rest of the ridge is providing complete sealing. This behaviour is
also observed for all the other ridges.

As for the contact pattern, features other than the waviness and
roughness will also influence the flow pattern. Indeed, Ledoux et al. [43]
found the influence of errors of form to be significant. This is because
the resulting contact pressure variation concentrates the flow on the
areas where the contact pressure is lowered. Scratches might also play
a significant role. They will have small influence in the flow if they are
orientated in the circumferential direction, as the topography already
offers little resistance in this direction. However, if they are oriented
in the radial direction, and long enough to open channels crossing the
ridges of the spiral grooves, they can increase the flow significantly.

1.5 Research questions

As it follows from the previous text, the overall objective of this work
is to construct a model that quantitatively describes the performance of
metal-to-metal seals. The model will then be used to analyse the effect
of a number of influential features, with the main focus on the effect
of the surfaces topography. To guide the research, however, more spe-
cific research questions have been formulated and addressed in thi work.
These are presented in this section. For the sake of clarity, the research
questions are divided in two groups: one regarding the construction of a
model and the other regarding the performance of seals during loading
and unloading.
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1.5.1 Modelling metal-to-metal seals

As stated in Section. 1.1, there are not many models available in the liter-
ature designed to study static metal-to-metal seals. There are, however,
models applicable to rubber seals. Moreover, there are many models
applicable to the thin film flow situation, occurring in various lubricated
interfaces, such as bearings, cam-mechanisms and gears. In these appli-
cations, both pressure and the rolling and/or sliding motion of the con-
tacting surfaces contributes to the flow. This suggests that these mod-
els could be applied in the conditions relevant for static metal-to-metal
seals. Therefore, the first research question proposed in the framework
of this thesis was

• RQ1: Is it possible to develop a model for metal-to-metal seals,
which outputs quantitative results, by using methods available in
literature?

Chapter 2 is dedicated asses the applicability of these models. Unfortu-
nately, the outcome of this assessment is that it is not possible to utilise
these models for the problem at hand. The results in Papers A and B
are also supporting the arguments given in Chapter 2. Various reasons
for the failure of the discussed models can be given, depending on the
specific model considered. They include not being practical from a point
of view of the computational power they require, not accounting for the
structure present in turned surfaces or failing to capture stochastic na-
ture of the surface topography. The last shortcoming concerns mainly
the models based on a two-scale approach (see Section 2.4 for details),
which where promising otherwise. Therefore, a second research question
was stated,

• RQ2: Is it possible to develop a model for metal-to-metal seals,
such that can output quantitative values, by including the stochas-
tic nature of surface topography in a two-scale method?

This question is addressed in Paper B. Indeed, constructing a model
following that idea is one of the main part of this thesis. The models
developed are presented in Papers B and D and summarized in Chap-
ter 3.

In many of the applications for metal-to-metal seals described in
Section. 1.1, the fluid to be sealed is a gas. Despite that, the models
presented in Papers B and D assume that the fluid is incompressible. Of
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course, this assumption is not realistic when studying the flow of gases
through seals. Therefore, the third research question posed reads:

• RQ3: Is it possible to extend the models for incompressible and
iso-viscous fluid flow, presented in Papers B and D, to include the
flow of compressible fluids?

In Paper E it is shown that it is possible to account for the flow of com-
pressible fluids by transforming the results obtained for incompressible
fluids.

1.5.2 The performance of metal-to-metal seals during load-
ing and unloading

As stated in Section. 1.1, one of the main characteristics of metal-to-
metal seals is that the surfaces can undergo significant plastic defor-
mation. Moreover the benefits of such plastic deformation in loading-
unloading cycles have been hinted. Therefore, it is interesting to un-
derstand how plastic deformation affects the sealing performance under
loading and unloading conditions. The unloading of contacting surfaces,
after having been increasingly loaded to a point in which plastic defor-
mation occurred, is a topic already quite extensively studied, see e.g., the
works in [21, 44, 45]. In those works, however, they study the pure con-
tact mechanics problem and the results are reported in terms of contact
area and average separation. The performance of seals during unload-
ing has not been investigated that thoroughly. Therefore, the following
research question was proposed,

• RQ4: How does a seal perform when it is partially unloaded?

This research question is addressed in Paper C. The domains used when
studying the leakage were, however, too small to ensure that the results
where representative of the performance of a whole seal. Therefore, the
following research question was stated,

• RQ5: Are the effects observed in the study made in Paper C
limited to small domains, or will these effects also be present when
studying the total leakage?

Research question 5 is addressed in Paper D.
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1.6 Overview of the rest of the thesis
The rest of the thesis is organized as follows. In Chapter 2 a literature re-
view of the state-of-the-art in leakage modeling, including models that
would be good candidates for modelling metal-to-metal seal, is given.
Since some of the models presented there constitutes the basis on which
the model developed in this thesis is built, these are presented relatively
thoroughly. Chapter 2 also includes a discussion on the applicability of
the different models presented to the problem and hand and motivates
the need for developing a new model. Chapter 3 is dedicated to present
the main concepts used to build the model (detailed descriptions are to
be found in the appended papers). Chapter 3 also includes a section on
the validation of the model as well as a description of the common results
obtained with it. In Chapter 4, a study on the performance of metal-to-
metal seals, using the model presented in Chapter 3, is presented. The
main focus is given to the performance during loading-unloading cycles.
Chapter 5 is dedicated to extend the model (and thus the applicabil-
ity of the results) to the more general case in which the fluid studied
can be modelled as compressible and piezo-viscous. Finally, Chapter 6
summarizes the main findings of this work and Chapter 7 explores the
limitations of the current work and the possibilities of improvement.





Chapter 2

State-of-the-art in
modelling of leakage

This chapter starts by introducing some of the basic assumptions made
in this work. Then, the relevant models available in the literature (given
the stated assumptions) are presented. These include a deterministic
approach, a two-scale formulation and Persson’s theory. All these three
types of model have been proven useful but also suffer from some limita-
tions that motivate the developing of a new model in this work. These
limitations are also discussed in this chapter. Finally, the chapter is
closed by a short summary, which serves to motivate the need for a new
model.

2.1 Common assumptions

Before considering the state of the art regarding the modelling of leakage
through seals, the problem is restricted by means of applying several
simplifying assumptions. While reasonable and commonly used there
might be cases in which they do not apply. This situations, however,
will be left outside the scope of this thesis. Therefore, all the models
considered in this chapter will follow the assumptions presented here.

The first assumption made is that the pressure exerted by the fluid
causes negligible deformation on the solids. This assumption greatly fa-
cilitates the modelling, as it allows dividing it into two uncoupled parts:
a contact mechanics model and a flow model. While the first intends
to find the deformed gap between the surfaces given a certain applied

43
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load and the material properties of the bodies, the second attempts to
find the total flow through that gap given the properties of the fluid.
This assumption is justified in most cases, as high pressure is required
to deform metallic surfaces. In a metal-to-metal seal, the average con-
tact pressures typically are of the order of 100 MPa, while locally, the
contact pressure may be of the order of 1 GPa. The fluid pressures will,
in general, be much smaller than that.

The second assumption concerns the contact mechanics model. It
is assumed that the contact area is small compared to the shape of
the bodies. Therefore, the stresses are not critically dependent on the
shape of the bodies nor on how are they supported [46]. Moreover, it
is assumed that the slopes of the topography features, i.e., protrusions
such as asperities and ridges and cavities like dimples and valleys, are
small. These two assumptions combined, allow treating the bodies as
semi-infinite half spaces. In turn, this allows for consideration of the
deformation of the surfaces only, thus reducing the dimensionality of
the problem. These assumptions are, in general, quite reasonable, as
in most topographies, the scale of height is much smaller than the rel-
evant wavelengths, thus leading to small slopes. As an example, this is
apparent looking at the topographies in Fig. 1.5 and 1.4.

A third assumption is made regarding the flow model. This as-
sumption is known as the thin film approximation or the lubrication
approximation. More specifically, it is assumed that the thickness of the
fluid film (i.e., of the gap between the surfaces) is much smaller than
the size of relevant topological features. Notice that, given that partial
contact exist between the surfaces, this assumption is equivalent to the
small-slope approximation made for the contact mechanics model. It is
important to clarify also that one should not compare the film thickness
with a dimension typical of the component but with a length scale of
the smallest topological features, i.e., those included on the roughness.
This is because complex situations might arise when the amplitude and
length scale of the roughness are similar. In general, any relevant wave-
length should be at least of one order of magnitude larger than the film
thickness to make the assumption valid [47].

Regarding the fluid it is assumed that it can be described as a contin-
uum. This, of course, puts a limit on how small leakage can be modelled
accurately with the developed model. In general, however, this limit is
smaller than the range of interest in this work. Regarding the fluid
properties, it is assumed that it can be fully described by its density
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and viscosity, i.e., the effect of properties such as surface tension are
neglected. Moreover, in the models discussed in this chapter, and in
the one presented in Chapter 3 (with results in Chapter 4), the fluid is
assumed to be Newtonian, incompressible and iso-viscous. The latter
two assumptions are removed in Chapter 5.

Finally, only static conditions will be considered. This means that
the applied load is static and that the loading-unloading analysis herein
is made in a quasi-static manner. Also, it means that the flow considered
is fully developed.

With these assumptions in mind, the rest of this chapter reviews
different methods available in the literature that can be used to study
metal-to-metal seals and discusses why they were not seen appropriate
to achieve the goals of this work.

2.2 The deterministic approach

The models that add no assumption besides the ones presented in Sec-
tion 2.1 are referred to as deterministic. Based on fewer assumptions
than the other models developed herein, the deterministic one will be
used as a benchmark for the other ones. This approach is used in Pa-
per A, and has been also used by other researchers, e.g. [36, 37,41].

The model presented in Chapter 3 builds on the theory developed
by some of the available deterministic models. Therefore, these will be
described in this section. As stated in Section 2.1, fluid-solid interaction
is neglected, which allows treating the contact mechanics and the fluid
flow problems separately. The contact mechanics model here presented
is usually referred to as Boundary Element Model (BEM). This is an
accurate and widely used model, used to study both elastic [28,40,48,49]
and elasto-plastic bodies [15,50,51] but it is not the only option. Indeed,
[36, 37, 41] use a method called Green’s Function Molecular Dynamics
but this method will, however, not be considered here. Regarding the
fluid flow model, the thin film approximation allows using Reynold’s
equation.

2.2.1 The contact mechanics model (BEM)

When constructing the contact mechanics model, the goal is the follow-
ing: given the gap, g, between two unreformed surfaces and an applied
load W pushing one against the other, find the shape of the deformed
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gap h. This gap will have the form

h = g + ue + up + g00, (2.1)

where ue and up are the elastic and plastic components of the deforma-
tion and g00 indicates a rigid body separation. According to 2.1, all that
is needed needed is to find the elastic and plastic deformations. In the
presentation below the pure elastic problem is first considered and then
the model is expanded to include plastic deformation also.

The elastic model is based on the Boussinessq solution, which gives
an analytical expression for the elastic deformation, ue, caused by a
point load, P , applied to a semi-infinite body. A thorough derivation
of this solution, also applicable to more general cases where friction
is included, can be found in [46]. Here only the main result for the
frictionless contact is reproduced, i.e.,

ue (x1, x2) = 2
(
1− ν2)
πE

P√
x2

1 + x2
2

, (2.2)

where E and ν are the elastic modulus and Poisson’s ratio of the body
and (x1, x2) are the coordinates describing the points on its surface. It
can be noticed in (2.2) that the elastic deformation has a singularity at
the point at which load is applied, caused by the fact that the load is
applied at a point. This is, of course, not realistic, but the singularity is
removed when a pressure distribution is applied instead of a point load,
which is always the case when two bodies are in contact. In fact, the way
in which the pressure distribution is discretised removes the singularity.

Now, in order to use (2.2) numerically, the surface must be dis-
cretised. To do so, a rectangular mesh is used, with elements of size
∆x1 × ∆x2 centred around the discrete points

(
x1i, x2j

)
. It is further

assumed that the pressure is constant, with value pij inside every such
element. The total deformation caused by a constant pressure acting
in one such rectangular element can be obtained by considering the de-
formation caused by a continuous distribution of point loads, given by
(2.2). The solution to the resulting integral was given by Love [52]. For
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a unitary pressure, it reads:

urect (x1, x2,∆x1,∆x2)πE/
(
1− ν2

)
=

(x2 + ∆x2) log

(x1 + ∆x1) +
√

(x2 + ∆x2)2 + (x1 + ∆x1)2

(x1 −∆x1) +
√

(x2 + ∆x2)2 + (x1 −∆x1)2

+

(x2 −∆x2) log

(x1 −∆x1) +
√

(x2 −∆x2)2 + (x1 −∆x1)2

(x1 + ∆x1) +
√

(x2 −∆x2)2 + (x1 + ∆x1)2

+

(x1 + ∆x1) log

(x2 + ∆x2) +
√

(x1 + ∆x1)2 + (x2 + ∆x2)2

(x2 −∆x2) +
√

(x1 + ∆x1)2 + (x2 −∆x2)2

+

(x1 −∆x1) log

(x2 −∆x2) +
√

(x1 −∆x1)2 + (x2 −∆x2)2

(x2 + ∆x2) +
√

(x1 −∆x1)2 + (x2 + ∆x2)2

 . (2.3)

Using this result, the total deformation caused by any (discrete) pressure
distribution can be computing by adding the contribution of all elements.
By defining

(KCM )|i−k||j−l| =
πE

1− ν2urect (|x1,i − x1,k| , |x2,j − x2,l| ,∆x1,∆x2) , (2.4)

the resulting elastic deformation, ueij , at a point
(
x1i, x2j

)
, can be writ-

ten as

ueij = 1− ν2

πE

N∑
k=1

M∑
l=1

(KCM )|i−k||j−l|pkl, i = 1...N, j = 1...M, (2.5)

where M and N are the number of grid points in each direction. In the
case when two elastic bodies are in contact, both of them experience the
same contact pressure and deforms accordingly. In this case the total
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deformation equals the sum them, i.e.,

ueij = ue1ij + ue2ij =

1
πE∗

N∑
k=1

M∑
l=1

(KCM )|i−k||j−l|pkl, i = 1...N, j = 1...M, (2.6)

where the equivalent elastic modulus, E∗, is defined as

1
E∗

= 1− ν2
1

E1
+ 1− ν2

2
E2

. (2.7)

In the previous equation, the sub-index i = 1, 2 refer to the two bodies
in contact. It can be deduced from 2.6 that the contact between any
two elastic bodies can be though of as being equivalent to the contact
of an elastic body against a rigid one. This equivalence will often be
used in this work. Computing the elastic deformation by using (2.6) has
a complexity M2 × N2 and thus is not desired. Fortunately, (2.6) can
be identified as a discrete convolution. For a periodic distribution, the
discrete convolution theorem can therefore be applied to compute the
deformation, i.e.,

ueij = F−1{F{ 1
piE∗

KCM}F{pij}}, (2.8)

where F and F−1 represent the discrete Fourier transform (DFT) and
its inverse, respectively. This form of computing ueij has complexity of
only M logM × N logN and is therefore much more suitable for large
M and N values. It shall be noticed that this transformation is done
with no loss of numerical accuracy [53]. For the interested reader, this
method is known in the literature as the DC-FFT method, which can
be adapted easily so that it can be used to compute the deformation of
a non-periodic pressure distribution.

In a contact mechanics, the pressure distribution is unknown, given
the applied load, material properties and the geometry of the contact-
ing bodies. A common way to find the pressure distribution is to use a
variational principle, which minimises the total complementary poten-
tial energy, see e.g. [50, 54]. In discrete form, the total complementary
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potential energy V ∗, can be stated as

V ∗ = 1
2

N∑
i=1

M∑
j=1

pijueij +
N∑
i=1

M∑
j=1

pijgij , (2.9)

where g is the initial gap. Minimizing this expression, given the con-
straint pij > 0, leads to the solution of the contact problem. Only an
extra constraint needs to be added to ensure that load supported by the
pressure distribution equals the load W applied to the system, i.e.,

W = ∆x1∆x2

N∑
i=1

M∑
j=1

pij . (2.10)

Due to the pressure-deformation relationship (2.6), the discrete rep-
resentation of the total complementary energy (2.9) is is of quadratic
form and

(∇V ∗)ij = ueij − gij , (2.11)

which means that the complementary energy is minimised when the
separation at the contact points is zero. More specifically, one can write

h (x1, x2) > 0, p (x1, x2) = 0, (x1, x2) /∈ Ωc, (2.12a)
h (x1, x2) = 0, p (x1, x2) > 0, (x1, x2) ∈ Ωc, (2.12b)

where h is the deformed gap, given by (2.1). These conditions are actu-
ally used to terminate the iterations.

Having a complete model for elastically deformed bodies, plastic de-
formation is added in the following (simplified) manner: once a point
in the surface experience a pressure equal to the hardness of the softer
material, H, it ’floats at the contact plane’, i.e., it remains in contact
under the pressure H causing elastic deflection on its surroundings. The
plastic deformation is then computed as the distance necessary to en-
sure that the considered point remains on the contact plane, i.e., up =
−g − g00 − ue. Of course, this approach requires knowing where the
contact plane is. This is computed by using only the points which are
in contact but deform solely elastically (i.e. have a pressure p < H).
Note that here the hardness has units of pressure and can be estimated
as defined by Tabor, i.e., H = 2.8σY , where σY is yield limit [46].
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2.2.2 The fluid flow model (Reynolds’ equation)

The deformed gap (h) between two bodies subjected to a certain load
(W ) can be obtained from the contact mechanics model. Now, the
fluid flow model is used to compute the amount of fluid that would leak
through that gap if a pressure drop ∆p was applied between an inlet and
an outlet. In order to achieve this goal, Reynolds’ equation is used. This
equation was first derived by Osborne Reynolds [55] as a simplification
of the Navier-Stokes equations. For this, it is assumed that the flow is
laminar and that inertia and body forces have a negligible effect. A part
from this, the main assumption is the thin film approximation described
in Section 2.1. In addition, it is here assumed that the fluid is Newto-
nian, iso-viscous and incompressible (see Chapter 5 for an extension of
the model where the last two assumptions are dropped). Under these
conditions, Reynolds’ equation reads

∇ ·
(
h3∇pf

)
= 0, (2.13)

where pf is the fluid pressure. Although not complicated, this equation
will not be derived here. The interested reader is instead referred to,
e.g. [56]. The two key steps in the derivation are the following: first, a
dimensional analysis done using the thin film approximation simplifies
the momentum equations so that the velocity profile can be found as a
function of ∇pf . Then, mass conservation is used to obtain (2.13). It
is thus clear that Reynolds’ equation is essentially a mass conservation
equation. This observation will be important in Chapter 3.

Once (2.13) is solved for the fluid pressure, the total flow, Q, through
a domain Ω, can be computed as

Q = 1
12η

1
L1

∫
Ω
h3 (x1, x2) ∂pf (x1, x2)

∂x1
dΩ. (2.14)

Notice that integration has been carried out over the whole domain
Ω instead of over the outlet boundaries. Given the periodic boundary
conditions in x2-direction, mass conservation imposes that the mean flow
in x1-direction is preserved. Therefore, (2.14) is equivalent to integration
over the outlet only, i.e.,

Q = 1
12η

∫
out

h3 (L1, x2) ∂pf (x1, x2)
∂x1

∣∣∣∣
x1=L1

dx2. (2.15)
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However, since the pressure drop is expected to occur only in a small
number of critical constrictions, the pressure gradient near the outlet is
expected to be close to zero. The numerical errors are therefore expected
to be smaller when (2.14) is used to compute the total flow instead of
using (2.15).

2.3 Limitations of the deterministic approach
The previous section may give the impression that the model presented
there would be perfectly suitable to answer the research questions posed
in the beginning of the thesis. Indeed, similar models were successfully
used in [16, 36, 57, 58], indicating that the set of equations provided
herein leads to a valid prediction for leakage. Despite that, it can be
argued that using this approach is not feasible if real seals are to be
modelled without using super-computers. The main reason for this is
that, as described in Section 1.2, the contacting surfaces in seals can have
features from the centimetre level (such as errors of form) down to the
atomic level (roughness). Therefore, deterministic models must always
make a compromise between the size of the domain considered and the
resolution at which the discretisation is made. The natural question to
ask in this case, is whether it is possible to study the leakage through a
domain large enough to consider the largest features at a resolution high
enough to resolve the smallest details affecting the flow. In this section,
it will be argued that this is often not the case. The results presented
in Paper A will be used to aid in the discussion.

First, consider how large the domain should be. The example pre-
sented in Paper A can be used to estimate that. The relevant figures
are reproduced in Fig. 2.1. In that paper, the leakage through two
turned surfaces was studied. In the study, three configurations where
only their relative position was changed, where considered. These three
configurations are depicted in Fig. 2.1. What is relevant for the present
discussion is that configurations 1 and 3 are equivalent, in the sense that
the contact occurs at the ridges in both of them. In fact, they could be
interpreted statistically as either two measurements of the same (larger)
surface or as an error of positioning. Irrespectively of the interpretation,
the model should predict a similar permeability for both configurations,
provided that the domains are large enough. Only when the domains
are too small to be representative would the permeability be significantly
different in the two configurations. Following this reasoning, it is clear
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Figure 2.1: Three figures reproduced from Paper A. To the left, three con-
figurations studied, in which two turned surfaces are facing each other, are
illustrated schematically. The only difference is the relative position be-
tween the two surfaces. In the top right corner, the permeabilities obtained
as a function of the applied load, for each of the three configurations. In
the bottom right corner, a mesh convergence study of the permeability for
Configuration 1.
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from the results depicted in Fig. 2.1. that the size of the domain needs
to be larger in order to obtain representative results. Note, however,
that the domains considered are already of size 0.5 mm×2.5 mm. It is
clear that the domain required must, in this particular case, have a size
of several millimetres. Can a coarse enough discretisation be used then?
The answer to this question is given by the mesh convergence study
presented in Fig. 2.1, which shows that a discretisation of the order of
the micron is needed. It can be seen from this small estimation that
a prediction of the leakage through a seal similar to the one that was
considered in Paper A, would require to discretise the surfaces with, at
least, ten millions nodes and take weeks to compute, if enough memory
is available. Note that the dimensions of the seal studied in Paper A
are typical for metal-to-metal seals, implying that similar requirements
apply for many other cases as well. This means that a deterministic
approach requires more computational power than what in practice can
be utilised for simulations of leakage in seals. In the rest of this chapter,
we will discuss some of the well-established alternatives in the literature.

2.4 Two-scale modelling

In the previous section, it was discussed that a deterministic solution
of the problem is infeasible, since the resolution necessary to resolve
the small-scale features in combination with the domain size needed
to represent the large-scale features of the seal, renders a grid with so
many nodes that is not practically considerable with the computational
power available today. This difficulty is common of many problems
and suggests that the problem can be addressed by the application of a
two-scale approach. A two-scale view of the fluid flow model starts by
thinking of the gap as being composed of two parts, i.e.,

h = h0 + h1. (2.16)

The first part, h0, includes only the large-scale variations of the gap
and thus a coarse grid is sufficient to resolve these. The second com-
ponent, h1, describes the small-scale variations of the gap and thus a
very dense grid is required. Fortunately, the small-scale variations can
be represented on a much smaller domain than the domain required for
the large-scale variations. The component h1 is regarded as a function
of a fast variable, y = x/ε, where ε is a small number. In other words,
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the variations in h1(y) occur at a length scale much smaller than the
domain size, in which the variations in h0(x) occur. The two-scale ap-
proach separates the problem into two problems defined at two different
scales, each of which having a domain associated, i.e., the local-scale do-
main ω and the global-scale domain Ω. In the local-scale domain (ω), h0

can be considered constant and the variations in h1 can be captured by
solved the associated local-scale problem. The local-scale problem can
be solved with (reasonably) high resolution, since the domain is small.
The results are then averaged in correction factors, which in lubrication
science are referred to as flow factors. In this work, these correction
factor are related to flow resistance and they will, therefore, be referred
to as permeability. Using the permeabilities obtained by averaging, after
solving the local-scale problem, the global-scale problem can be solved.
In this work, a global-scale domain as large as the seal itself is used.
However, as only variations in h0, that are much longer than the varia-
tions in h1, must be captures, the global-scaled domain is only resolved
coarsely.

The previous description is fairly general and can be implemented
in many different ways. In the case of Reynolds’ equation the first at-
tempts to build such a model are the ones by Christensen [59], Elrod [60]
and Patir and Cheng [61]. Since then, several other authors have utilised
and improved this type of models. An important improvement was made
when the homogenisation technique was introduced. The method was
developed for partial differential equations (PDE) with rapidly oscillat-
ing coefficients and is therefore applicable to the Reynolds’ equation,
in which the roughness results in oscillating coefficients. Homogeni-
sation is a well-known technique mathematically [62–64] and it thus
brought mathematical rigorousness to the two-scale formulations pre-
sented in [59–61]. Examples of the application of homogenisation in
lubrication science are [65,66]. Due to its particular importance for this
thesis work, it will be explained in more detail in Section 2.4.1.

Another tool available for the construction of two-scale models is
the heterogeneous multi-scale method (HMM), see e.g. [67]. Although
not yet commonly used in the lubrication field, it exhibits some advan-
tages, coming from its flexibility, that were identified as useful for this
thesis work. A review of the HMM technique and the application to
the problem at hand is, therefore, presented in Section 2.4.2. It should
be noted that, in the literature, one can find works where the flow fac-
tors are computed either numerically or analytically. Some examples
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of the latter approach can be found in [68–70]. To derive the analyti-
cal expressions, however, these works make the approximations that the
separation between the surfaces is large as compared to the topogra-
phy. This situation is uninteresting in the case of seals. Therefore, only
numerically computed permeabilities will be discussed in this work.

The type of two-scale modelling described above, concerns only the
fluid flow. One can, however, include also the contact mechanics by
solving the deformation at the global scale by assuming smooth surfaces.
Then, the permeability can be computed as a function of mean applied
pressure at the local-scale domain. An example of such approach can be
found in [15,16].

2.4.1 Homogenisation

The homogenisation technique, as applied to Reynolds’ equation is pre-
sented in this section. More precisely, a presentation of a multi-scale
expansion approach will be given here, albeit only in a summarised
manner. A more detailed description can be found in e.g. [71]. The
multi-scale expansion approach is fairly intuitive but not as rigorous as
the two-scale convergence technique presented in e.g. [65, 72].

The method starts by expanding the fluid pressure pf in the small
parameter ε, i.e.,

pf (x) = p0 (x, y) + εp1 (x, y) + ε2p2 (x, y) + ... (2.17)

where the components p0, p1, ... are assumed to be y-periodic. Since
y = x/ε, the gradient operator expands as

∇ = ∇x + 1
ε
∇y, (2.18)

where the sub-index indicates the variable used for differentiation. The
method then proceeds by introducing (2.17) and (2.18) into (2.13) and
grouping the terms of the same order in ε. This leads to that p0 = p0(x)
and the global-scale problem becomes

∇ · (A0 (x)∇p0 (x)) = 0, (2.19)

where A0 (x) is a matrix in which the coefficients aij are the correction
factors, here permeabilities, containing the information about the local-
scale in an average sense. The matrix A0 will, therefore, hereafter be
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referred to as the permeability matrix. To compute the permeabilities
aij , the following y-periodic local-scale problems must be solved,

∇y ·
(
h3∇yν1

)
= ∇y · (e1h) , (2.20)

∇y ·
(
h3∇yν2

)
= ∇y · (e2h) . (2.21)

The operator ∇y indicates that the derivatives are taken with respect
to the fast variable y and the vectors ei compose the basis in R2, i.e.,
e1 = (1, 0)T and e2 = (0, 1)T .

Once the local problems are solved, the permeabilities can be com-
puted as

a11(x) = 1
|ω|

∫
ω
h3(x, y)

(
1 + ∂ν1

∂y1

)
dy, (2.22)

a12(x) = 1
|ω|

∫
ω
h3(x, y)∂ν2

∂y1
dy, (2.23)

a21(x) = 1
|ω|

∫
ω
h3(x, y)∂ν1

∂y2
dy, (2.24)

a22(x) = 1
|ω|

∫
ω
h3(x, y)

(
1 + ∂ν2

∂y2

)
dy, (2.25)

where |ω| is the size of the local-scale domain.

It can be noted that, although h1 is y-periodic, the gap h in (2.20)
and (2.21) (and thus A0) will still vary with x due to the contribution of
h0, which constitutes the coupling between the local- and the global-scale
problems. Remember, however, that the variations in h0 occur at a much
larger scale and that i, therefore, can be taken as a constant when solving
the local-scale problems on the local-scale domain ω. A decoupling of
the two problems can be achieved by computing the permeabilities for
various values of h0 and then expressig them as functions of h0, i.e.,
aij = aij

(
h0(x)

)
. By doing that, A0 can be computed before addressing

the global-scale problem.

Due to the stochastic nature of topography, different realisations
and representations of the local-scale domain, will result in different
permeabilities aij . For this reason, a typical procedure is to compute
the permeabilities for a number of realisations and define A0 as the
average between them. With this final precaution taken, the global-scale
problem can be readily addressed by using (2.19). Once this equation is
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solved for p0, the total homogenised flow rate, QH , can be computed as

QH = 1
12η

1
L1

∫
Ω

(
a11

∂p0
∂x1

+ a12
∂p0
∂x2

)
dx. (2.26)

For more details in this regard, the reader is referred to [16].

2.4.2 HMM

The heterogeneous multi-scale method is a fairly general framework
available to construct two-scale models, see [67] for details. Although, if
applied to the Reynolds equation, it can lead to the same result as the
homogenisation technique [73], it is more flexible in its application. In
particular, it does not require periodicity in the rapidly oscillating part
of the roughness, h1, which will be useful to construct the model pre-
sented in Chapter 3. Since homogenisation usually provides a rigorous
and useful tool, the HMM is not widely spread in the lubrication mod-
elling. It has, however, recently been used successfully to construct a
two-scale model for the combined solution of both the contact mechanics
and the flow problem [74].

In order to construct a model following the HMM framework, there
are two steps to be taken, these are, i) a global-scale model is to be con-
structed with unknown parameters, that shall include the information
obtained from the local-scale model and ii) the local-scale model is to be
defined so that the unknown parameters in the global-scale model can be
obtained. In order to construct the global-scale model, some knowledge
of the problem (and even of its solution) is required. For example, in
order to construct a global-scale model for the fluid flow through thin
gaps, one can use the fact that Reynolds’ equation is a mass conserva-
tion law. More precisely, the global-scale model can be constructed by
imposing that the mass flow is conserved at each point of the global-
scale grid. Then, the flow between two points can be modelled as being
proportional to the pressure drop. The proportionality constant (i.e.,
the permeability) can then be identified as the unknown parameter to
be found from the local-scale model. This local-scale model is usually
easier to construct than the global-scale model, as it is based on a more
fundamental representation of the reality. Following the example of the
thin film flow, Reynolds’ equation itself can be used as the local-scale
model. When constructing the local-scale model, however, one must be
careful to define the boundary conditions in a manner that ensures the
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local-scale model is consistent with the global-scale model and that the
required parameters can be computed. In the case of fluid flow through
thin gaps, consistency means that the pressure drop over the local-scale
domain is equal to the pressure gradient in the global-scale problem.
Following this approach, a two-scale model can be built. Unlike in ho-
mogenisation, it is not assumed that the permeabilities vary smoothly
following variations in h0. Instead, it can vary significantly between two
adjacent global-scale points with equal h0. As explained in Chapter 3,
this can be exploited to construct a two-scale model that overcomes the
limitations of classical ones.

2.5 Limitations of the two-scale approach
The two-scale models presented in the previous section are widely utilised.
Indeed, in many of the works referenced to in the previous section, they
have been implemented successfully to solve a variety of problems. In
this section, however, it will be claimed that the already available mod-
els cannot be directly applied to study leakage in seals. Note that this
is not to say that those researchers were not right in implementing such
models. Instead, it is only argued that the nature of the flow through
seas is such that it does not allow for the direct application of them.

Obviously, in order to successfully apply two-scale models as pre-
sented in the previous sections, two requirements are fundamental, i.e.,
i) that there exist a scale separation and ii) that the local-scale gap h1

can be thought as constant throughout the global-scale domain. From
the results in Paper A and the second requirement, it follows that the
local-scale domain should be as large as the full domain. Otherwise,
converged values of the permeability matrix cannot be obtained. If one
lets the local-scale domain to be that large, however, it is clear that
there exist no scale separation, thus violating the first requirement. It
should be noticed that the trick of averaging the permeability values
coming from different local-scale domains to avoid spatial variation of
A0 does not help here. For this approach to work, these variations must
be small. Otherwise, the resulting permeability matrix is meaningless.
In Chapter 3 it will be shown that the variation one encounters between
different local-scale domains is enormous, see Fig. 3.4 and the discussion
around it.

It is clear that the mathematical assumptions needed for the con-
struction of a two-scale model based on homogenisation, fail. It is,
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however, instructive to discuss why this failure occurs from a physical
point of view as well. Consider a seal similar to the one depicted in
Fig. 1.3. If the topography is not considered, such seal can be thought
of as being axisymmetric, thus the flow would occur in the radial di-
rection only. Also, if the topography is considered but the permeability
is taken as constant, the problem would still be axisymmetric and the
flow would still occur in radial direction only. As seen in Fig. 1.8, the
flow through the turned topography of a seal is far from being purely
radial. Failure to capture the flow pattern correctly is what ultimately
makes impossible to compute the leakage correctly. Note that the large
circumferential component of the flow originates from the variations in
permeability. Therefore, erasing them also erases the circumferential
flow. Another reason why averaging of permeabilities cannot produce
the right leakage is that, upon averaging, the largest permeabilities will
dominate. This is in contradiction with, the critical constriction concept,
which suggests that areas with large permeability should have little or no
influence in reality. Therefore, the average used in a direct application
of two-scale techniques greatly overestimates the leakage. Figure 2.2
depicts flow predictions obtained from a deterministic approach (con-
tinuous red line), the classical two-scale approach (dashed black lines)
and the two-scale approach presented in Chapter 3 (continuous black
line). Fig. 2.2a and Fig. 2.2b correspond to a turned and a sand-blasted
topography, respectively. The deterministic solution is used as refer-
ence and it is clear that the classical two-scale solutions (for the three
different local-scale domain sizes) overestimates the leakage. The load
influences greatly the size of the discrepancies between the solutions.
This is because, at low loads, the total flow is large and thus variation
between local-scale domains is small, while at high loads the lower total
flow results in larger variation between local-scale domains. The sand-
blasted surface shows, however, a smaller influence of load. Figure 2.2,
also shows that the size of the local scale domain significantly influences
the accuracy of the classical two-scale predictions, confirming that larger
local-scale domains are needed. The results presented in the figure also
give credibility to the two-scale approach presented in Chapter 3.

From the previous discussion, one should not conclude that two-
scale approaches are altogether inapplicable. Indeed, it can be seen that
they could be applied if the requirement that the local-scale gap h1

is constant throughout the global-scale domain could be relaxed. The
model presented in Chapter 3 is constructed under this idea.
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Figure 2.2: Figure taken from Paper B showing a comparison of two dif-
ferent two-scale approaches with the deterministic one. The red line is the
solution obtained using a deterministic approach and thus shall be taken
as reference. In dashed lines, the results from a two-scale approach as
presented in Section 2.4 is shown. The solid lines correspond to the ones
obtained with the model presented in Chapter 3. In the legend, Ly refers
to the width of the local-scale domains ω. In (a), the results correspond to
a turned topography. In (b), to a sandblasted one. The topographies used
are depicted in Fig. B.3.

2.6 Persson’s theory

The two models presented previously focus heavily on the numerical as-
pect of the problem. Also, the two-scale approach can be seen as an
extension to the deterministic one, introduced to solve some of the short
comings of the later. In fact, the model developed in this work (pre-
sented in Chapter 3) can be seen as the next step on that chain. In
contrast, Persson’s theory follows a different direction as it tries to push
the analytical approach as far as possible. In order to do this, additional
assumptions need to be introduced. In return, the solution can be ob-
tained much faster and there is no trade off with resolution. The theory
was first developed to study contact mechanics and thus much more lit-
erature can be found on that aspect of the theory. In fact, descriptions of
the theory can be found by Persson [42,75], but also by other researchers
such as Manners and Greenwood [76] and Dapp et al. [77]. The latter
two also include a critical review on the assumptions made by the theory.
The theory also compares with numerical results [28, 40]. Interestingly,
it has been shown by Müser [78] to be a first order approximation of a
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more rigorous theory. Persson’s theory is of interests in the context of
this project because it was subsequently extended to make it applicable
for the study of leakage [20, 79, 80]. In this case, good agreement has
been found between the theory and experimental investigations [79,80].
The good agreement, together with its semi-analytical nature, makes it
a very appealing approach for studying leakage in seals and an overview
is, therefore, given here. The overview presents the main concepts and
results in aid the discussion in Section 2.7. The interested reader is
referred to the previously mentioned references for more details.

In Persson’s contact mechanics theory a probability density function
(PDF) for the contact pressure is constructed from the knowledge of the
power spectrum of the heights of the topography. To do so, Persson
introduces the concept of magnification, which works in the following
manner. One starts at the lowest magnification considered, which is
such that the surface appears to be perfectly smooth. Increasing the
magnification is then equivalent with zooming in. As the magnification
is increased, more and more rough features are observed. Now, since
the surface appears to be perfectly smooth at the lowest magnification,
the contact pressure must be constant. If, from this starting point, one
starts increasing the magnification, new roughness will appear. Thus,
the contact pressure will not be seen as constant any more. Following
this procedure, the more the magnification is increased, the larger the
pressure variation will be. Eventually, non-contact spots will also start
to appear and grow. Putting this argument on a mathematical form
can leads (under some assumptions) to a diffusion-like equation. The
solution of this equation gives the probability Pr of the pressure pc as
a function of the magnification ζ, viz.

Pr (pc, ζ) =
1√

2π∆p2
c

[
exp

(
−(pc − p̄c)2

2∆p2
c(ζ)

)
− exp

(
−(pc + p̄c)2

2∆p2
c(ζ)

)]
, (2.27)

where p̄c is the nominal contact pressure and ∆pc is the variance of the
pressure and can be found in a closed form as a function of the power
spectrum of the surface. The first term in (2.27) indicates a Gaussian
probability distribution of pressures while the second accounts for the
non-contact regions. A delta function is, in fact, added at pc = 0 to
incorporate the non-contact area. The fraction of real contact area, Ar,
can then be readily obtained by finding the probability of pc > 0, i.e.,
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by integrating (2.27) over all positive values of pc. This leads to

Ar (ζ) = erf
(

p̄c√
2∆pc(ζ)

)
, (2.28)

where erf denotes the error function. It is worth noting that (2.27) can
be derived exactly for case of full contact. One can start by obtaining
the pressure needed to fully flatten a sinusoidally shaped surface. This
can be done in 2D following the approach by Westergaard [81] and in
3D as by Johnson [82]. The result is that (2.27) is valid if the surface
considered has a normal distribution in heights. Indirectly, this shows
that the height distribution of surfaces analysed by this theory need to be
Gaussian (the reader is directed to [76] for a more thorough discussion for
the requirement of Gausiannity). Notice that, in (2.27), the topography
is only included in ∆p via its (isotropic) power spectra. Since the power
spectrum does not contain information about the height distribution, a
Gaussian distribution of hight is assumed by default. Knowing the PDF
of pressure and the contact area is, however, not sufficient to compute the
leakage. The PDF of the gap is also needed. The theory was extended
to include this by Persson in [83], see also [84].

The contact mechanics theory presented above was developed for
elastic deformation only. In order to include plasticity, two options have
been proposed. In [85], the diffusion equation is solved limiting the
maximum pressure to a certain hardness limit. In [17], an approach
that modified the roughness (by changing its power spectrum) was taken
instead.

Once the PDF for the separation is known, the leakage can be com-
puted using two different approaches. One approach was presented by
Persson and Yang [20]. It is based on the critical constriction concept,
which was presented and discussed in Section 1.3. If the height of the
critical constriction is denoted hcrit, the leakage (Q) is then,

Q = h3
crit

12η ∆pf , (2.29)

since all the pressure drop (∆pf ) occurs at the critical constriction. Note
that (2.29) assumes that the width and lengths of the constriction are
equal. This means that all one needs to know is the size of the crit-
ical constriction, over which the main pressure drop occurs. For this
purpose, one can use knowledge of how the contact area changes as



2.6. Persson’s theory 63

the magnification at which the contact is looked at with increases, de-
scribed in (2.28). One starts by assuming that percolation occurs when
contact area is smaller than a certain critical values. An approximation
of this critical value of the contact area, can be obtained from perco-
lation theory [86]. For example, for an isotropic surface, this value is
around 0.4, varying slightly depending on the exact idealisation of the
geometry. Now, since the contact area decreases as the magnification at
which the contact is looked at with increases, the will be a critical mag-
nification at which the contact area will have exactly the critical value.
The width and length of the critical constriction can then be assumed
to be equal to the typical wavelength of that critical magnification. In
order to compute the height, hcrit, one can notice that the part of the
surface in which the critical constriction is was in contact at a magnifi-
cation slightly slower than the critical one. Therefore, one can compute
its height by averaging the separation of those regions that are not in
contact at the critical magnification but where in contact at a slightly
lower one. Knowing the dimensions of the critical constriction, it is triv-
ial to compute the flow. An extension of this concept, in which more
information provide by percolation theory, rather than only the size of
the critical constriction, can be found in [34, 35]. There, it is assumed
that the flow passes through a set of critical channels.

An alternative approach, used in, e.g. [80] is based on Bruggeman’s
effective-medium theory. This theory is built by assuming that the rough
interface between the surfaces can be replaced by an effective medium,
described by an effective permeability, keff . Now, looking at one single
point, it has a certain separation. This separation is treated as an inclu-
sion and its effect on the effective permeability is assessed. This process
is then repeated for all points, thus leading to [80]

1 =
∫
P (h) 2keff

keff + k(h)dh, (2.30)

where P (h) is the PDF of the gap and k(h) is the permeability corre-
sponding to a constant gap of value h. This equation can then be solved
numerically to obtain keff which, when multiplied by the pressure drop,
leads to the leakage. Note that, in (2.30), the only input is the PDF of
the gap. The actual spatial distribution of the gap is thus not necessary.
This method can therefore be easily combined with Perssons’ contact
mechanics theory to obtain the effective permeability. Note, however,
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that the error can be expected to be large when the flow is controlled by
a critical constriction. This is because, in this case, the spatial distribu-
tion does become relevant, as the only gap values relevant are those at
the critical constriction. This lack of accuracy has actually been hinted
in comparison with experiments [80].

2.7 Limitations of Persson’s theory
As stated previously, Persson’s theory for leakage through (elastic) seals
compares well both with numerical [36] and experimental studies [79,80].
Therefore, the validity of Persson’s theory in general will not be ques-
tioned here. Its applicability to study the leakage through plastically
deformed turned surfaces will, however, be discussed.

Consider first the contact mechanics model, as some doubts can be
cast over its applicability. First of all, a plastically deformed turned
surface does not exhibit a Gaussian height distribution. Secondly, rep-
resenting the surface only by its power spectra, may complicate consid-
ering cases where roughness varies spatially, as one can expect from a
turned surface (at least after plastic deformation). As discussed in [17],
this may be, however, not too problematic. Thirdly, it can be argued
that Persson’s theory may complicate an analysis of damaged surfaces,
e.g., a surface with scratches.

Also, some difficulties might arise when attempting to compute the
leakage by either approach. Consider first the critical constriction ap-
proach. More precisely, the problem arises when attempting to find the
critical magnification at which the critical constriction can be seen. In
Persson’s theory, this is done by assuming that percolation occurs at a
given value of contact area. However, in order to obtain that value one
needs to know how the contact area is distributed. In fact, to come to
the conclusion that the value is approximately 0.4 as in [20], one must
assume that contact spots are not correlated. This might be a suffi-
ciently good approximation for purely elastic conditions and for certain
classies of isotropic surfaces. However, both the shape of the topogra-
phy of a turned surface and the plastic deformation tend to cluster the
contact regions. Moreover, the way in which plastic deformation and
topography tend to cluster the contact area is different, making it com-
plicated to predict the critical contact area on beforehand. Note that
this argument also applies to the different statistical quantities required
in the more complete approach considered in [34,35].
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(a) (b)

Figure 2.3: Two different ways to spatially distribute a region with large
separation (in white) and small separations, including contact (in black).
In (a), the typical situation that arises in turned surfaces, where the large
separation is found in the valleys. In (b), randomly distributed. Note that,
although the white area occupies the 80% of the total area, the latter
distribution allows for percolation while the former blocks the flow.

Given that the approach based on the critical constriction seems not
to be applicable, can one use Bruggeman’s effective medium theory in-
stead? It has been argued in the previous section, that it might not be
as accurate when the pressure drop occurs mainly at the critical con-
striction (or at an array of few critical constrictions). However, if this
is not the case, then the leakage is usually so large than the seal has
failed. Also, it is questionable that the theory can accommodate such
structured situation, as it only accounts for the PDF of separations and
not on its spatial distribution. The importance of the spatial distribu-
tion is highlighted in Fig. 2.3. The majority of the non-contact area is
situated in the valleys where the separation is large. This is depicted in
Fig. 2.3a, where white colour indicates large separation and black colour
indicates low or zero separation. Despite the white area accounting for
around 80% of the nominal area, it is not important as the black area
will dominate the leakage. If, however, the white area is assumed to
be randomly distributed as in Fig. 2.3b, percolation theory shows that
a path will always be found connecting the inlet and the outlet. It
will thus dominate the leakage. It seems, therefore, that Bruggeman’s
effective-medium theory cannot be applied in this case either. Note also
that, since anisotropy is restricted only to the waviness and does not
affect roughness, this issue cannot be fixed as in [69], where the surface
is considered to be anisotropic.
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Because of the previous reasons, it was concluded that the objectives
of this thesis cannot be achieved by following a modelling approach fol-
lowing Persson’s theory. Instead, a fully numerical approach is required,
despite the associated computational cost.



Chapter 3

A two-scale stochastic
model for metal-to-metal
seals

In this chapter, the model developed is presented in a summarized man-
ner. First, the need for a new model is motivated. Followed by that, the
underlying two-scale model is presented. Then, the local-scale permeabil-
ity is described as a random variable and the stochastic two-scale model
is presented. Following that, a discussion is given on the validation of
the model. Finally, the chapter is closed by giving an example of the
results one can obtain from the model.

3.1 The need for a new model

In Chapter 2, a critical review of state-of-the-art models for the study of
seals has been presented. It has been argued that, despite their numerous
merits, they need to be further developed to become applicable to study
the leakage through metal-to-metal seals. This motivates the need for a
new model, which is presented in this chapter. In particular, it has been
argued that Persson’s semi-analytical theory fails to capture the strong
effect of the structure of the surface topography in the case of turned
surfaces. This motivates the use of a numerical approach. In this line,
a deterministic model has been presented. This captures all features
thought to be relevant. However, it is not feasible from a computational
point of view. A common solution to this problem is to use a two-

67
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scale model, which has also been presented. It was argued, however,
that these fail to capture the complex flow pattern that appears is a
seal. Therefore, it cannot be directly use either. However, it has been
pointed out that this deficiency could be avoided if the two-scale model
is capable of describing spatial variation of the local-scale permeability.
Therefore, the model developed in this work, and presented in the rest
of this chapter, develops a two-scale approach with this consideration
in mind. This is accomplished by considering the stochastic nature of
local-scale permeability explicitly, hence the name two-scale stochastic
model.

3.2 The two-scale model

As suggested by its name, the stochastic two-scale model adds an stochas-
tic element to a two-scale model. However, before adding the stochastic
part, the underlying two-scale model is presented. In Section 2.5 it
was stated that large variations should be expected in the permeabil-
ities of neighbouring local-scale domains. Unfortunately, due to this
large variation between neighbouring local-scale domains, the periodic-
ity assumption often used in homogenisation theory cannot be made.
A less rigorous approach can, however, be used instead. In this work,
an heterogeneous multi-scale method (HMM) [67] is used to build a
two-scale model. Note that even though the resulting equations in both
approaches are the same, as discussed in Section B.2.3, one cannot claim
that homogenisation theory has been used in this case.

The starting point, when constructing an HMM model, is a surface
measurement, which is discretised using a fine grid, depicted in grey
in Fig. 3.1. This grid has a resolution as fine as needed to capture all
the necessary details of the surface topography. The next step is to
super-impose a coarser grid, depicted with red dots in Fig. 3.1. This is
the global-scale imposed to capture the large-scale variations in the flow
problem. This grid thus discretizes the global-scale domain Ω, which
is of similar size as the whole seal. Following the HMM, a global-scale
model is constructed by demanding mass conservation at each point,
i.e.,

−ji−1/2,j + ji+1/2,j − ji,j−1/2 + ji,j+1/2 = 0, (3.1)

where the different jk,l, depicted as red arrows in Fig. 3.1, correspond
to the flow between two neighbouring global-scale points. The fact that
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Figure 3.1: Representation of the three grids used in the presented model.
In grey, the finest grid, with which the small-scale details are captured.
The red dots represent the global-scale grid that captures the large-scale
variation in the flow problem. The intermediate black grid is used in the
global-scale contact mechanics model. Two local-scale domains, ω1 i+1/2,j
and ω2 i,j+1/2, where permeability is computed, are depicted in orange and
green, respectively. The red arrows illustrate the global-scale components
of the flow jk,l in (3.1).
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Reynold’s equation expresses, in essence, mass conservation, justifies
constructing the global-scale model in this way. Now, in order to com-
pute the flow between two global-scale points, the well-known theory
behind Darcy’s law stating that it is proportional to the pressure dif-
ference between those two point is used. By following the notation
introduced in (3.1), the horizontal flow leaving the point (X1i, X2j) can
be expressed as

ji+1/2,j = 1
η
k1
i+1/2,j

(
pf i+1,j − pf i,j

)
, (3.2)

where k1
i+1/2,j represents the permeability in X1-direction between the

global scale points Xi,j and Xi+1,j . In (3.2) and thus in (3.1) both the
fluid pressure and the permeabilities are unknown. However, once the
permeabilities have been obtained by solving the local-scale model, the
fluid pressure (pf i,j) can be found by solving (3.1). Once this is known,
the total flow can be simply computed as

Q = 1
η

∑
∂oΩ

k1
i+1/2,j

(
pf i+1,j − pf i,j

)
, (3.3)

where ∂oΩ indicates the part of the boundary regarded as the outlet. In
order to obtain the permeability k1

i+1/2,j , a local scale domain ω1 i+1/2,j
(depicted in orange in Fig. 3.1) is defined. Similarly, the other per-
meabilities can be obtained by solving the local-scale problems on the
corresponding local-scale domains, i.e., k2

i,j+1/2 would be computed on
the local-scale domain ω2 i,j+1/2, depicted in green in Fig. 3.1. The
local-scale model will be presented in Section 3.2.1. Of course, the per-
meability depends on the nominal contact pressure, p̄c acting at the
topography on the local-scale domain (or on the average separation, h̄,
the surfaces are not in contact). Therefore, a two-scale contact me-
chanics model, which can provide for this information is also needed.
The model developed for this purpose during this work is presented in
Section 3.2.2.

Before presenting the local-scale model for permeability and the
global-scale contact mechanics model, an overview of the two-scale model
will be given. As previously explained, when knowing the permeabili-
ties, (3.1) can be solved for the fluid pressure. The red arrows in Fig. 3.2
correspond to the global-scale flow components, which can be obtained
using (3.2) after the local-scale problems have been solved to obtain the
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permeabilities and then having solved (3.1) to obtain the fluid pressure.
Each of the arrows in Fig 3.2 is thus summarizing the solution of the
corresponding local-scale flow problem, as depicted in the insert. These
flow problems depend, of course, on the applied load. Again, the global-
scale contact mechanics model provides for a pressure distribution in the
global scale. This pressure is then applied to the corresponding local-
scale domain in order to obtain the corresponding local-scale contact
pressure distribution and deformed gap. It is this deformed gap that is
used to compute the permeability.

3.2.1 A local-scale sealing model

The objective of the local-scale model is to obtain the permeabilities
needed to compute the global-scale flow. This is done by applying the
deterministic model presented in Chapter 2 to the local-scale domains
ω. First the topography is loaded with an applied load p̄c and then
the local-scale flow problem is solved using a unitary pressure drop.
That model was, however, developed for the study of the loading case
only. Therefore, a minor adaptation was added to allow for the study of
unloading also. This is adaptation is presented and discussed in Papers C
and D, so only the main concept will be discussed here.

The contact mechanics model used has the property that it leads to
complete shake-down after the first loading. Therefore, any subsequent
loading or unloading of the seal will follow the same path. This, of
course, is not physically exact. However, it is probably a sufficiently
good approximation, see e.g., [87]. Given this property of the contact
mechanics model used, a model to the unloading performance of a seal
can be constructed in the following manner. First, simulate the loading
up to a certain desired load. Then, subtract the plastic deformation
from the original topography. Finally, simulate again the loading of the
modified surface. Since the second loading is equal to the first unloading,
this procedure allows studying loading and unloading of seals.

It must be clear that the results obtained when studying the per-
formance of seals ta a local at local scale sizes must be analysed with
caution. As discussed in Section 2.5, the behaviour can vary greatly if
the topography of two different (but yet close) locations of the surface
are used for the study. In this case, one must, therefore, be careful when
drawing conclusions about the performance of the seal in quantitative
terms. Rather, one should use the local-scale performance to build a
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Figure 3.2: A schematic presentation of the flow situation (left) and the
contact pressure variation (right) at both the global scale and the local
scale, depicted in the inserts. In the left figure, the red arrows represent
the direction and magnitude of the flow and the yellow to blue colormap
represents the fluid pressure (pf ) at each node of the global-scale domain.
Similarly, the pattern coloured in red in the insert depicts the local scale
flow, whilst the corresponding fluid pressure distribution is represented by
the colormap in yellow and blue. In the right figure, the nominal contact
pressure (p̄c) over each element of the global-scale domain is depicted by the
yellow to blue colormap. The insert shows the contact pressure distribution
(pc) at the local-scale domain.
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global-scale model that can provide understanding on the performance
of the seal as a whole.

3.2.2 A global-scale contact mechanics model

The objective of the global-scale contact mechanics model is determine
the nominal contact pressure, p̄c, and the average separation, h̄, used
when solving the local-scale problems to obtain the permeabilities. For
this purpose, a third grid is constructed (depicted in black in Fig. 3.1),
which is coarser than the original one but still finer than the global scale
one. The measured topography is then represented in this grid. In order
to obtain a good representation, the topography is first filtered. In this
grid, the contact mechanics problem is computed in the same manner
as presented in Section 2.2.1. Once the results are obtained, the nom-
inal contact pressure (p̄c) can be computed by averaging the contact
pressures inside the local-scale domains ω. The average separation is
computed in a similar manner. This nominal contact pressure (or av-
erage separation) is then used as an input to compute the local-scale
deformed gap and, from that, the permeability.

3.2.3 Capturing the flow pattern

In Section 2.5, it was stated that the problem with classical two-scale
models was their failure in capturing the correct flow pattern. In this
section, an assessment of the present two-scale model’s ability to capture
the flow pattern is given. The flow pattern obtained with the present
model is compared to the deterministic one, see Fig. 3.3. It shows that
the two-scale model developed in this work is able to quite successfully
capture the flow pattern qualitatively. As a result, the predicted flow is
also quantitatively in good agreement to the deterministic prediction, as
can be observed in Fig. 2.2a. In order to asses when the present model is
to be used instead of classical two-scale approaches, the flow is depicted
in Fig. 3.3 at two different applied loads, 25 MPa and 200 MPa. Note in
Fig. 2.2a, that the classical two-scale approach (dashed line) gives good
result for the low-load case while it greatly overestimates the flow in
the high-load case. This difference can be explained by looking at the
different flow patterns. At the higher loads, the flow patterns shown in
Fig. 3.3c and Fig. 3.3d, crosses the ridges only at a very few small paths.
On the rest of the ridge, the flow is almost completely blocked. There-
fore, averaging the flow does not work. Instead, as seen in Fig. 3.3d, the
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Figure 3.3: Flow through the gap depicted in Fig. 1.4. Figures (a) and (b)
correspond to an applied load of 25 MPa and (c) and (d) to an applied
load of 200 MPa. Figures (a) and (c) show the flux computed using the
deterministic model and (b) and (d) the flux as computed by the two-
scale model developed in this work. The red arrows are proportional to the
global-scale flux while the colourmap corresponds to the (normalised) fluid
pressure.

current two-scale model predicts that the fluid flows over the ridges in
the same manner as the deterministic one does. The case corresponding
to the lower load, also shows that the fluid crosses the ridges through a
few number of channels. However, these are larger and more frequently
observed than in the high load case. This results in global-scale flows
that, although fairly different, are of the same order of magnitude. Be-
cause of that, taking the average is meaningful. Therefore, the classical
approach gives a better approximation in this case.
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3.3 The stochastic element

In the previous section, a two-scale model has been presented that can
accurately capture the flow pattern and thus the total flow. It has,
however a big drawback. That is, a different local-scale problem must
be solved to obtain the permeability between each pair of global-scale
points. This rapidly leads to around a thousand local-scale problems to
be solved, which is not practical. To remedy this problem, a stochastic
element is introduced, in which the permeability is treated as a random
variable, described by an associated probability distribution. To clarify
this point, it can be instructive to look at a set of curves, in Fig. 3.4,
representing different local-scale realisations of the permeability during
loading. As anticipated, the spread is enormous. However, some per-
meabilities are very likely, i.e., many local-scale domains exhibit similar
load-permeability relationship. This suggests that the local-scale per-
meability can be seen as a random variable, described by a particular
(maybe yet not known and classified) probability distribution. Note
that it is the whole load-permeability relationship that is treated as a
random variable and not simply the permeability at a given pressure.
The stochastic element of the present two-scale model thus refers to the
construction of a probability distribution for the permeability, obtained
by solving a set of local-scale problems for a range of nominal contact
pressures and separations. Then, when the global-scale model requires
the permeability at a given point, a random sample can be generated
form that distribution instead of solving the corresponding local-scale
problem.

The previous idea is the main concept introduced to develop the
model. It can, however, be implemented in various ways. In this work,
the base of the implementation is the two-scale model presented in Sec-
tion 3.2. The following section is thus dedicated to explain how stochas-
tic element is included to the two-scale formulation.

3.4 The two-scale stochastic model

The two-scale stochastic model is based in the two-scale model presented
in Section 3.2. This means that, at the global-scale, (3.1) is solved for
the fluid pressure. In order to do that, a spatial distribution of perme-
abilities is needed. This distribution is based, of course, on the results
obtained from a certain number of local-scale domains. Once these are
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Figure 3.4: Local-scale permeability as a function of the nominal contact
pressure. Each curve correspond to a unique (local-scale) topography, ex-
tracted from the fractal topography presented in Fig. 1.5
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available, the variation of permeability can come from two sources: the
spatial variation of nominal contact pressure and separation, and the
variability present between different local-scale domains. The variation
of nominal contact pressure and separation is obtained from the global-
scale contact mechanics model presented in Section 3.2.2. Based on this
contact pressure and separation, a random value for the permeability
is then generated. This can be done in different manners. In fact, Pa-
pers B and D use different approaches. In Paper B, it was assumed that
the permeability could be described as a log-normal distribution, with
the parameters varying according to the contact pressure and separation.
Thus, the nominal contact pressures provides the parameters from a log-
normal distribution and a value for the permeability can be generated
from this distribution. In Paper D, however, no probability distribution
was assumed. Instead the permeability was assigned by choosing at ran-
dom one of the pre-computed ones. Of course, this approach needs a
larger number of realisations of permeabilities for different topographies
in order to obtain good results. It has the advantage, however, that
no error is made in assuming a certain (incorrect) distribution and that
loading-unloading cycles can be simulated without treating each load
independently.

Because of its stochastic nature, the total leakage will naturally be
different for different permeability distributions. In order to estimate
the uncertainty in the total leakage prediction one must, therefore, solve
(3.1) for a number of permeability distributions. Once (3.1) has been
solved sufficiently many times, the results in terms of leakage can be
summarized by giving the mean value and a 95% confidence interval.
The latter is computed by defining the interval that leaves 2.5% of the
computed cases above and below it. Note that the uncertainty computed
in this manner does have a physical interpretation. Indeed, the global-
scale variation comes solely from the local-scale variation, which depends
only on the given topography. Therefore, this variation should also be
expected between two samples manufactured using the same process.
Worth noticing is that the uncertainty computed in this manner refers
only to the variability introduced by the stochastic nature of the surface
topography. Other contributions, such as the uncertainty in the input
parameters, are not included.
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3.5 Validation of the two-scale stochastic model

Before discussing the results in Chapter 4, the model must be validated.
It is important to notice that, since the model relies heavily on previous
research, some of its parts are already validated. For instance, high
level of credibility can be given to the local-scale model. Indeed, it
uses methods widely used in the literature and follows the work in [15,
16], which already included validation. Also, the two-scale flow model
has been object of careful convergence analysis [71, 88, 89] and so it
can also be trusted. A component that needs validation is the two-
scale contact mechanics model. The assumptions under which the model
is constructed are discussed in Appendix A of Paper D. The results
presented justify the correctness of the model. Finally, the results of the
two-scale model are compared against a deterministic solution in order
to ensure that the coupling between the different physics and scales is
done correctly. Also, convergence analysis is performed to ensure that
the different numerical parameters such as the local-scale cell size are
correctly chosen. The results of this comparison are shown in Paper B
for the loading case and in Paper D for both loading and unloading. In
both cases the results are in support of the validity of the model. Due to
its importance, Fig. 3.5, taken from Paper D, is reproduced here. It can
be seen how the solution given by the deterministic model falls in the
credible interval given by the two-scale stochastic model, which supports
the trustworthiness of the latter.

3.6 Typical results and novel capabilities

In order to conclude this chapter, a example of the results obtained from
the model is given. Some global-scale results are depicted in Fig. 3.6. In
Fig. 3.6a, the leak rate as a function of load for three different global-
scale domain sizes is given together with the corresponding confidence
interval. In Fig. 3.6b, the histogram summarizing the leak rate of differ-
ent realisations is given. In general, the same trends observed with the
deterministic model are obtained, see e.g., Fig. 2.1. However, the con-
fidence interval shows that the variation between different realisations
is reasonably small and that it decreases with increasing global-scale
domain size. Therefore, quantitative predictions can be made with the
two-scale stochastic model.

The model also allows for studying features that cannot be addressed
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Figure 3.5: Comparison between the deterministic (red dots) and the two-
scale model (blue lines). The solid line indicates the mean value as obtained
by the model while the dashed lines indicate the maximum and minimum
values of the confidence interval. To the left the comparison depicted used
a turned topography and to the right, a fractal one. The reader is referred
to Paper D for more details.
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Figure 3.6: (a) Leak rate, Q, per unit width as computed with the two-
scale stochastic model, where to global domain size has been increased. In
dashed line, the corresponding 95% confidence interval. The topography
used correspond to the turned topography presented in Fig. 1.4. The global-
scale domain size is indicated as radial direction × circumferential direction.
(b) Histogram summarizing the leak rate obtained in different realisations
at a load of 200 MPa. The leak rate has been normalised by its mean value.
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by simply solving a deterministic case. For example, the errors of form
can easily be included in the global-scale domain. These tend to reduce
the applied load at certain locations, allowing a the leakage to occur
there. Therefore, they can have a large influence on the performance of
the seal [43] and should thus be considered in order to obtain a good
prediction for the total leakage. The model also allows to characterise
the expected variation in the total leakage. As seen in Fig. 3.6b, it can
be described by means of a normal distribution in some cases. However,
the distribution tends to become skewed as the expected value of the
leakage decreases or the uncertainty increases. As expected, a significant
reduction in variation was observed as the circumferential size of the
domain was increased. In practice, this means that seals with smaller
circumference can be expected to have larger variability and thus should
be designed accordingly. Additionally, a clear reduction of the leak rate
was observed when the domain was extended in radial direction.



Chapter 4

The performance of
metal-to-metal seals

In this chapter, the model presented in the previous one is used to study
the performance of metal-to-metal seals. First, the sealing performance
is seen from a perspective of the local-scale permeability. Then, the
global-scale performance is considered. It turns out that the local- and
global-scale sealing performances are similar due to the locality associated
with leakage. Finally, a discussion is included regarding the relationship
between real contact area, average separation and leakage.

4.1 The local-scale permeability during loading
and unloading

In order to understand the performance of seals during a loading and
unloading cycle, it is convenient to start by studying the local-scale
permeability. This is because, although the local-scale results presented
are not converged in terms of domain size, they can be studied in greater
detail. Four different topographies are utilised for the study presented in
this section. When faced against a flat surface, these lead to the initial
gaps depicted in Fig. 4.1. Three of the topographies, (a)-(c) in Fig. 4.1,
are computer generated self-affine fractal surfaces, with different Hurst
exponents. The three topographies are generated using the same seed,
thus the variation coming from different random realisations is avoided.
Also, their heights are normalised so that the three surfaces have the
same Sa value. Thus, the surfaces differs only because of the different

81
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Hurst exponent, which mainly affects the high frequency components. A
smaller Hurst exponent leads to a smaller decay of the amplitudes with
increasing frequency. As a results, the rms slope of the surfaces increases.
This is a key difference, as the slopes greatly influence the amount of
plastic deformation. The higher the slopes, the more plastic deformation
is to be expected. In order to generalise the results and to facilitate
future use of them, they are presented in a non-dimensional form. In
particular, the gap, domain size, contact pressure and permeability are
scaled as hnd = h/hr, xnd = x/xr, pnd = p/pr and Knd = K/h3

r ,
respectively. The r-subscripted reference parameters are defined as

xr = L1, hr = Sa, pr = πE∗Sa
L1

, (4.1)

where L1 is the domain size in x1-direction, E∗ is the equivalent elastic
modulus, given by (2.7), and Sa is average surface roughness parameter,
defined as

Sa = 1
mn

n∑
i=1

m∑
j=1
|gij − ḡ| , (4.2)

where g is the initial, undeformed, gap between the contacting surfaces.
The only physical property left to be defined is the non-dimensional
hardness, which is taken as Hnd = 5. These computer generated fractal
surfaces are chosen since, by varying the Hurst exponent, it is easy to
exemplify the different possible performances that might arise due to the
different rms slope, as described in this section. However, the parameters
used to generate them are not necessarily motivated in terms of a type
of surface topography which is commonly encountered in metal-to-metal
seals. A fourth, turned surface was therefore considered in order to
ensure that the conclusion drawn are relevant to the application at hand.
The topography of this surface is depicted in Fig. 4.1d. In this case, the
problem was solved in dimensions, taking the as material properties
E1 = E2 =210 GPa, ν1 = ν2 = 0.3 and H =2.75 GPa.

Using the four topographies previously presented, the local-scale
sealing performance of metal-to-metal seals is studied. This study starts
by following, in Section 4.1.1, the evolution of the contact and the flow
under loading and unloading conditions. After this, in Section 4.1.2, a
more general discussion is given.
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Figure 4.1: The initial gaps used to compute the results in Section. 4.1.
These correspond to facing a rough surface against a flat one. The to-
pographies in (a)-(c) correspond to computer generated fractal surfaces
with different Hurst exponent, Hf = 0.3 (a), Hf = 0.5 (b) and Hf = 0.8
(c), and a measured turned surface (d).
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4.1.1 Two examples of loading-unloading curves

In order to understand the local-scale performance in seals, it is instruc-
tive to look at how separation, contact and flow evolve as the seal’s
topography is loaded and unloaded. With this objective, two topogra-
phies are selected, i.e., the fractal surfaces with Hf = 0.3 and Hf = 0.8.
The study performed begins with loading them up to a relatively high
load, but without reaching the percolation threshold, and subsequently
unloading down to a zero load. As mentioned previously, the main differ-
ence between these two surfaces is the amplitudes of the high frequency
components. This difference is made apparent in Fig. 4.2. The extent of
the plastic deformation should be larger for a surface with higher slopes
of its high frequency components. This can be observed in Fig. 4.2b and
Fig. 4.2d, where the topographies resulting from this loading-unloading
cycle are depicted. It is apparent that, due to the larger slopes in its
high frequency content, the topography with Hf = 0.3 has undergone
much heavier plastic deformation than the topography with Hf = 0.8.
As a result, the topography with Hf = 0.3, which was initially much
rougher, is smoother after the loading-unloading cycle. Of course, this
applies only on those regions where plastic deformation has occurred.
As a result, the topography with Hf = 0.3 will present a much closer
contact than the topography with Hf = 0.8, at low loads during a sec-
ond loading. At the same time, however, it will also become much stiffer
with increasing load.

After these initial considerations, a description follows of the sealing
performance of the topography with Hf = 0.3 during loading and un-
loading. Later, a comparison with the performance of the topography
with Hf = 0.8 will be given. The results describing the performance of
the topography with Hf = 0.3 are summarised in Fig. 4.3 and Fig. 4.4.
Fig. 4.3a shows the permeability for a range of applied loads, during
both loading and unloading. Six different loads (b)-(g) are highlighted
in red on that curve to track the evolution of the permeability. The con-
tact area and deformed gap corresponding to those highlighted points
are shown in the subfigures (b)-(g) of Fig. 4.3. The flow pattern cor-
responding to the same six loads are depicted in subfigures (b)-(g) of
Fig. 4.4. Fig. 4.4a depicts the evolution of the fraction of real contact
area, Ar, and the average separation, h̄.

Now, by looking at Fig. 4.4a it is clear that the contact area is small
and the separation is relatively large at the lowest highlighted load (b).
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(a) (b)

(c) (d)

Figure 4.2: Surface topography before loading (a and c) and after loading
and fully unloading (b and d). The topographies used are the computer
generated fractal surfaces with Hurst exponent Hf = 0.3 (a and b) and
Hf = 0.8 (c and d).
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Figure 4.3: In (a), the evolution of (dimensionless) permeability during
loading and unloading, for the initial gap presented in Fig. 4.1a. Subfigures
(b)-(g) show the separation between the surfaces at the loads (b)-(g) high-
lighted in (a). The colour scale is the same as in Fig. 4.1a and the grey
areas indicate contact between the surfaces.
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Figure 4.4: In (a) the fraction of real contact area and (dimensionless)
average separation between the surfaces, for the initial gap presented in
Fig. 4.1a. Subfigures (b)-(g) show the flow at the loads (b)-(g) highlighted
in (a). The red scale is proportional to the total flow (a different scale is
used for each subfigure). Where the flow is nearly zero, the fluid pressure
has been superimposed in a scale from yellow (high) to blue (low). The
grey areas indicate contact between the surfaces.
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Figure 4.5: In (a), the evolution of (dimensionless) permeability during
loading and unloading, for the initial gap presented in Fig. 4.1c. Subfig-
ures (b)-(g) show the separation between the surfaces at the loads (b)-(g)
highlighted in (a). The colour scale is the same as in Fig. 4.1cand the grey
areas indicate contact between the surfaces
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Figure 4.6: In (a) the fraction of real contact area and (dimensionless)
average separation between the surfaces, for the initial gap presented in
Fig. 4.1c. Subfigures (b)-(g) show the flow at the loads (b)-(g) highlighted
in (a). The red scale is proportional to the total flow (a different scale is
used for each subfigure). Where the flow is nearly zero, the fluid pressure
has been superimposed in a scale from yellow (high) to blue (low). The
grey areas indicate contact between the surfaces.
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Therefore, the fluid is allowed to flow fairly freely and, as Fig. 4.3a
shows, the permeability is fairly high. Note that at this relatively small
load, most of the contact area undergoes plastic deformation. This can
be seen in Fig. 4.4a, where the contact area exhibit a linear increase
with pressure, with a slope given by the hardness. As load increases, so
does the contact area. Under the load at (c), the flow becomes clearly
channelised, and there is only a few paths available for the fluid to
percolate. Eventually, at (d), the pressure drop occurs only at one or
two critical constrictions, which completely control the leakage. Some
other smaller channels also exists, but their contribution is fairly small.
After this the unloading starts. At the initial stage of unloading, at (e),
the area has not decreased so much as compared to (d), especially in the
vicinity of the critical constriction. The lowered load is, instead, met by
a reduction of the contact pressure. Due to the plastic deformation, the
gap in places where now contact is lost is still small. Therefore, the size
of the critical constriction does not increase significantly and thus neither
does the permeability. Even when the load is significantly reduced, at
(f), the size of the critical constriction remains relatively unchanged.
Note that, at this point, the contact area has decreased significantly,
albeit not around the critical constriction. Eventually, at (g), a dramatic
reduction of contact area far away from the critical constriction occurs.
This leads to the creation of a new path, much larger than the former
critical constriction. This new path opens rapidly with further decrease
in load and thus permeability increases quickly. This can be explained
in terms of the elastic recovery of linger wavelengths, which creates a
region with low contact pressure

Fig. 4.5 and Fig. 4.6 show the sealing performance of the surface with
Hf = 0.8, in the same way as presented for the case with Hf = 0.3. As
shown in Fig. 4.6a, the contact regions undergoes plastic deformation in
this case to, even though the rms slope of the high frequency components
is significantly smaller when Hf = 0.8 instead of Hf = 0.3. In fact,
the load-contact area relationship for the case with Hf = 0.8 is almost
exactly the same as for the case with Hf = 0.3. During loading (b)-
(d), the sealing performance is, in some sense, similar, i.e., the flow is
first channelised and eventually only a couple of critical constrictions
are controlling the flow. Despite that, some differences can be observed.
Indeed, with less pronounced high-frequency content, the gap, and thus
the contact should be expected to be smoother. This smoother gap
would then direct the flow into fewer (but larger) channels than the
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topography with Hf = 0.3 would. At the same time, however, the
elastic deformation is here much more relevant, due to the lesser plastic
deformation. As stated in Section 1.4.1 and in references [28, 36], this
should cause the opposite effect, i.e., it should spread the flow towards a
larger number of smaller channels. As made evident when comparing the
flows depicted in Fig. 4.4 and Fig. 4.6, the former has a larger influence
in this particular case, thus leading to a smooth gap and fewer but
larger channels. Note also, that these two competing effects also lead to
a significant change in the distribution of the contact area, which even
leads to a change of the location of the critical constriction. Focusing
now on the unloading behaviour (e)-(g), the differences between the two
cases are more pronounced. In the case of Hf = 0.8, the area around
the critical constriction experience much less plastic deformation than
in the case when Hf = 0.3. Therefore, the elastic recovery results in a
more or less constant growth of the size of the critical constriction as the
load is reduced. This is related to the steady increase in permeability, as
seen in Fig. 4.5a. Eventually, at (g), the fluids flows fairly freely. Note
that the flow was still channelised, under this load, in the case with
Hf = 0.3. Note also that this large difference in sealing performance
during unloading is not reflected in either the amount of real contact
area or average separation, seen by comparing Fig. 4.4a and Fig. 4.6a.
A discussion on this topic will be given in Section 4.3.

4.1.2 General trends

After having followed two loading-unloading cycles, the local-scale per-
formance is discussed here a bit more generally. Note, however, that the
results taken from Paper C that are presented in this section, are still
limited to a small number of surfaces. Thus, a completely general char-
acterisation is still not possible. In this section, the relevant features
one can observe in it are discussed. Before that, however, a clarifica-
tion is made regarding the large variability observed between different
local-scale domains, see Fig. 3.4 and the discussion around it. Despite
the large variability observed in the quantitative results, the qualitative
trends do not vary as much. Therefore, the discussion presented here
is still is rather general. Continuing from this point, Fig. 4.7 shows
the loading-unloading performance obtained using the initial separa-
tions presented in Fig. 4.1. More precisely, Fig. 4.7 shows the evolution
of permeability during loading and the unloading performance is shown
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starting at different maximum loads.
The evolution of permeability during loading is first discussed. It

is remarkable that the loading curves look qualitatively the same as
those obtained in [37] using a purely elastic material model, despite the
consideration of the elasto-plastic nature of the material in the present
model. Three distinct regions can be seen in these curves. At very
low loads, a rapid decay of permeability is observed. As load increases,
the relation turns exponential. This is seen as a straight line in Fig. 4.7.
Finally, just before the percolation threshold, a power law relation could
be fitted. The power law behaviour corresponds to the loads at which
the pressure drop occurs entirely at a single critical constriction and it
matches the results shown in [41] for saddle points and also observed
in [37] for fractal surfaces under elastic deformation. The exponential
behaviour has also been observed in numerous studies, see e.g. [20,36,79].
In this region, the flow occurs in a channelised manner, as discussed in
Section 1.3 and also seen in Fig. 4.4c and Fig. 4.6c. Finally, the large
drop at low loads occurs as the flow transitions from a quite unrestricted
flow, characteristic of cases where the surfaces are fully separated, to the
channelised flow as in Fig. 4.4c.

The unloading curves are somewhat more interesting, a larger qual-
itative variation is observed, depending on the amount of plasticity.
Looking at the case with lesser plastic deformation among the fractal
topographies, i.e., the case with Hurst exponent Hf = 0.8 in Fig. 4.7c,
it can be seen how the unloading curves qualitatively resemble those for
the loading. A smaller permeability is, however, still exhibited, as plas-
tic deformation brought the surfaces closer together. In the case with
Hf = 0.3, depicted in Fig. 4.7a, however, the behaviour is significantly
different. In that case, it is possible to remove a substantial amount
of the load before an significant increase in permeability occurs. For
instance if the surface is loaded up to p̄c = 1.6pr, the load can then be
reduced down to approximately p̄c = 0.8pr, before a significant increase
in permeability occurs. Below p̄c = 0.8pr, the permeability increases
rapidly when the permeability is reduced further. The case Hf = 0.5,
depicted in Fig. 4.7b is an intermediate case. Indeed, one should ex-
pect a continuous transition between the fully elastic case and the fully
plastic with a decrease in Hf . Ultimately, the reason for the sealing
performance of the surface with Hf = 0.3 was found to be related to
how plasticity affects differently the different wavelength components of
the surface. Longer wavelengths will tend to deform elastically. How-
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Figure 4.7: Permeability during loading-unloading cycles as obtained using
different computer generated fractal topographies, withHf = 0.3 (a),Hf =
0.5 (b) and Hf = 0.8 (c), and the turned surface (d). The resulting
initial gaps are shown in Fig. 4.1. The unloading curves correspond to
topographies which have been loaded with a maximum load as indicated by
the intersection with the loading curve. The absence of such intersection
indicates zero permeability is observed at the loads not plotted. In this
cases, the maximum load is indicated by a number. The red line correspond
to the prediction of the pressure at which the rapid increase of permeability
occurs, using the method described in Paper C and the original topography,
h1. The green dashed line correspond to the prediction made using the
unloaded topography. No prediction is given in (c), since one cannot identify
two separate zones in the unloading curves.
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ever, they are also less stiff and become more flattened at lower loads.
Therefore, at higher loads, the shorter wavelengths governs the sealing
behaviour. If the shorter wavelengths experience a sufficient amount
of plastic deformation, they will be completely flattened. Because of
that, they will not recover as load decreases and thus permeability will
exhibit a less rapid increase during loading. When the load decreases
below a certain value, however, those longer wavelengths that deformed
elastically start to recover and thus the gap between the surfaces, and
thus permeability increases rapidly. This theory was used to predict
with certain accuracy the position of the point were the rapid increase
of permeability started.

Before finishing the discussion regarding the local-scale permeabil-
ity, two additional comments must be made. The first comment relates
to the relevance of the results presented. The computer generated, ran-
dom, fractal surfaces were chosen to illustrate how the long range elastic
deformation of the long wavelengths and how the plastic deformation of
the high frequency components affects the sealing performance and no
justification is given regarding which real surface they could represent.
This was the reason for performing the study was also on a measured
turned surface, see Fig. 4.1d. The results are presented in Fig. 4.7d and
it is clear that the performance observed nor the fractal surfaces is ap-
parent also for the more realistic measured turned surface topography.
The second comment pertains to the sealing performance’s variations
with the Hurst exponent of the fractal surfaces. It is evident from the
results in Fig. 4.7 that the shape of the unloading curves is only weakly
dependent on the maximum load reached before unloading, despite the
obvious effect on the absolute value of permeability. Instead, the shape
depend mostly on the surface itself. This can, perhaps, be more easily
understood by thinking in terms of a plasticity index of an individual
asperity. Following this line of thought, one can see that whether an as-
perity deforms elastically or plastically is solely controlled by E∗, H and
its slope. From this reasoning it follows that the trend observed with
decreasing Hurst exponent is related to the increase of the slopes in the
surface connected to it. Further work should, however, be performed to
clarify this point and capture subtle effects that each parameter might
have.
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Figure 4.8: In (a), the turned topography used to compute leakage. In (b),
the leakage (normalised by viscosity and pressure drop) as a function of
external applied load.

4.2 The global-scale leakage during loading and
unloading

An example of the global-scale sealing performance during loading and
unloading is presented in Fig. 4.8. A larger part of the measurement
of the turned topography depicted in Fig. 4.1d, was considered to this
end. The material properties used to compute these results are the
same as in Section 4.7. Indeed, the only physical difference is the size
of the surface depicted in Fig. 4.8a, which in this case is 100 times
larger than the local-scale one in Fig. 4.1d. Qualitatively, it looks quite
similar to the local-scale behaviour seen in Fig. 4.7. At this point, this
should not come as a surprise. Indeed, in Section 4.1 it was argued
that the leakage behaviour is a very localised phenomena, at least at
sufficiently large loads. This means that there is some localised region,
or an array of regions as suggested in [20, 35], that is governing the
global-scale performance. Therefore, performance in the global scale
mimics that in the local scale. It is important to note, however, that this
does not render the global-scale computations useless. For a qualitative
understanding of the behaviour of a seal one can, indeed, restrict the
analysis to the local scale only. However, as shown by the analysis
in Section 2.3, quantitative prediction of leakage requires a very large
domain. In other words, the domain must be large enough to include
a set of statistically representative critical constrictions, governing the
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global-scale performance.

4.3 A comment on the real contact area and the
average separation

Before closing this chapter about the performance of metal-to-metal
seals, a discussion will be given regarding real contact area and aver-
age separation and their relations to permeability and leakage. This is
done because these parameters are generally used to describe the con-
tact of surfaces and thus its relationship with permeability and leakage
is interesting. The discussion mainly regards the results in Paper A and
C.

Due to plastic deformation, the real contact area (Ar), during load-
ing, increases linearly with load, following to very good approximation
Ar = p̄c/H, see Fig. 4.4a and 4.4a. Similar results where also presented
in both Paper A (see Fig. A.5) and Paper C (see Fig. C.2) as well as is
works by other researchers, e.g., [90]. This linear relation can thus be
regarded as being a general trend, common to a large class of surface
topographies. However, even when it seems viable to assume a general
(linear) load-real contact area relationship, the same cannot be done for
the load-leakage relationship. This is made very clear by visual inspec-
tion of the results, in terms of permeability, for the randomly generated
surfaces, presented in Fig. 4.3a and Fig. 4.5a. A similar conclusion can
be reached by comparing Fig. A.5 and Fig. A.7, in Paper A. Another
relevant aspect is the amount of area needed to prevent percolation.
In [20] it was found that a real contact area of around 40% is needed
for the percolation to cease for for fractal isotropic surfaces undergoing
elastic deformation. In comparison, only about 10% real contact area is
sufficient to prevent leakage with the turned surface in Fig. 4.8a.

Regarding the average separation, a similar conclusion to the afore-
mentioned one regarding the real contact area, can be drawn by com-
paring Fig. A.8 and Fig. A.7, which suggests that average separation
is, in general, not a good predictor for leakage. In fact, the case with
highest leakage is also that with smaller average separation. Here it
is the relative positioning between the measured surfaces, which gen-
erates three different initial gaps, that is the main factor affecting the
permeability-load relationship.

A similar conclusion can be drawn by studying the permeability dur-
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ing unloading. Indeed, while the permeability can be decided into two
clearly distinct regions, the evolution of the real contact area as well
as the average separation exhibit the same behaviour throughout the
unloading action.

In view of this, one can conclude that, in general, evolution with
load for the real contact area and for the average separation behave
in a different way than permeability. The reason for this difference is
that the former two quantities are defined as averages over the whole
surface. Therefore changes far from the critical constriction, where lesser
amount of contact and deformation can be expected, affect them. On
the contrary, permeability is a very localised phenomena and thus it is
the highly loaded regions that influence the most.





Chapter 5

Extension of the theory to
compressible and
piezo-viscous fluids

In this chapter it is shown that the two-scale stochastic model presented
in the Chapter 3, can be extended to explain the flow of compressible
and piezo-viscous fluids. This is realised by introducing a transforma-
tion that, when applied to the non-linear Reynolds equation, correspond-
ing to the compressible and piezo-viscous case, results in a linear form
equivalent to the one for the incompressible and iso-viscous flow. This
transformation is presented in Paper E.

Up to this point, the fluid has been considered to be incompress-
ible and iso-viscous, which is applicable to the flow of various kinds of
fluids under a wide range of conditions. This assumption simplifies the
problem greatly, as the flow can be described using a linear model. This
has been a critical component during the development of the two-scale
stochastic model. Indeed, the global-scale flow (j) has been defined as

j = Kδp/η, (5.1)

where the permeability, K, is a function solely of the deformed gap be-
tween the surfaces. This allows for to solve the local-scale problems
and generate permeability distributions for a range of nominal contact
pressure p̄c, and average separation, h̄, and thus solving the local- and
global-scale problems in a decoupled manner. Notice also that, since the
nominal contact pressure and the average separation are not indepen-
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dent, the permeability can be seen as a function of only one variable.
This makes this approach feasible in terms of computational time.

Unfortunately, the assumption of incompressibility cannot be made
in cases where the fluid to be sealed is a gas. When the fluid considered
is compressible and/or piezo-viscous, the form of Reynold’s equation,
according to [91], that applies can be stated as

∇ ·
(
ρ(p)
η(p)h

3∇pf
)

= 0, (5.2)

as both density (ρ) and viscosity (η) vary with pressure. Note that
the piezo-viscous modelling of a fluid (i.e., a model that accounts for
variations in viscosity with increase in pressure) may not be necessary
in the case of many gases. However, the piezo-viscous fluid accepts
the same treatment as the compressible fluid and can thus be added for
generality. The main difficulty that arises in these two cases is that (2.13)
is no longer linear. This implies that, if the flow is defined as before,
the permeability will no longer be independent of the fluid pressure.
Following this path would still possible, although the solution would
come at a very high computational cost. In order to decouple the local-
and global-scale problems, one would need to compute the permeability
for a range of p̄c (or h̄), for a number of maximum nominal contact
pressure and for a number of fluid pressures. Moreover, this needs to be
done for loading an unloading and a number of cells, in order to have an
idea on how permeability is varying from one domain to another. The
model would then become unpractical to use. Luckily, there is a better
solution. This alternative approach is the topic of Paper E.

The approach taken in Paper E is to apply a change of variables that
maps the pressure p to a new variable u, i.e.,

u = F (p)− F (po)
F (pi)− F (po)

, (5.3)

where pi and po are the inlet and outlet pressure, respectively and F (p)
is a function defined as

F (p) = ηo
ρo

∫ p

0

ρ(p′)
η(p′)dp

′. (5.4)

Applying this change to (5.2) leads to a linear equation in the new
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variable u, i.e.,
∇ ·

(
h3∇u

)
= 0, (5.5)

which is of the same form as the Reynolds equation , (2.13) for incom-
pressible and iso-viscous fluids. This means that the model presented in
Chapter 3 can be used to solve the problem in terms of u. Then, the
change of variables can be reverted to obtain p. In fact, this approach
is very general and it can be applied to any of the models presented in
Chapter 2. This also means that the results in Chapter 4 can readily
be extended to this more complex case. As an example, Fig. 5.1 gives a
taste on how the compressibility affects the flow by comparing the flow
of an incompressible fluid and an ideal gas. An ideal gas is assumed
as in this case a simple analytic formula for p(u) can be found. In the
incompressible case, the volumetric flow crossing each ridge is constant.
Indeed, it must be so as it is proportional to the mass flow. Due to
the expansion at lower pressures, however, the ideal gas flow increases
as pressure is reduced. Note that in Fig. 5.1, the scale of the flow is
completely different, as the compressible flow is much larger than the
incompressible one. The expansion of the gas volume also affects the
pressure drop significantly. At lower pressures, the volume is larger and
thus the resistance to flow is also larger. This is why the pressure drop
shifts closer to the outlet in the compressible case.

Quite often, one is not interested in the shape of the flow, but simply
wants to predict leakage. In this sense, a relevant result derived from
the change of variables presented in Paper E, is that the total leakage
can be computed by using a Darcy-like law,

Q = K
ρo
ηo

∆F, (5.6)

where ρo and ηo are the density and viscosity of the fluid at the outlet
pressure. It is important to stress that the permeability (K) defined
here is solely a function of the gap and can thus be computed from the
solution of the flow of an incompressible, iso-viscous fluid. It can be
defined as

K = Q0
∆p

η

ρ
, (5.7)

whereQ0 is the total leakage that occurs when an incompressible and iso-
viscous fluid (with density ρ and viscosity η) flows driven by a pressure
drop ∆p. The term ∆F in (5.6) can be regarded as a generalised pressure
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Figure 5.1: Visualisation of the fluid flow through the topography depicted
in Fig. 1.4. The topography has been mirrored, so that the flow is symmetric
around the white line. On the upper part, the flow corresponds to an
incompressible fluid while on the lower part it corresponds to an ideal gas.
The quantity depicted in the red scale is proportional to the logarithm of
the volumetric flow (different scales have been used for the incompressible
fluid and the ideal gas). Where the flow is small, the fluid pressure has been
superimposed in a scale from yellow (high pressure) to blue (low pressure).
The grey areas indicate surface contact. The pressure gradient is applied in
radial direction.
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drop and is defined as ∆F = F (pi) − F (po), where the function F is
defined in (5.3). It is clear that, by setting ρ(p) = ρo and η(p) = ηo,
∆F becomes simply ∆p, hence the description of ∆F as a generalised
pressure drop.

Using (5.3), the flow of any compressible or piezo-viscous fluid can be
studied. Table E.1 lists some typical compressibility and piezo-viscosity
models together with their corresponding change of variables (p(u)) and
generalised pressure drop (∆F ). Note that this is not an exhaustive
list and that (5.3) can be integrated numerically in case an analytical
expression for ∆F cannot be found. As an example, the flow of nitrogen
through a fixed gap (defined as having a permeabilityK = 0.01 µm3) has
been computed assuming three different fluid models, see Fig. 5.2. These
include an incompressible and iso-viscous model, an ideal gas model, and
a real gas model, where numerical data is obtained from the NIST data
base [92]. Using the first model the total leakage increases linearly with
∆p. It is clear that this is far from the expected gas leakage. In the
case of an ideal gas model, the total leakage scales quadratically with
the pressure drop. Obviously, this scaling is much closer to the real
gas model than the incompressible and iso-viscous model is, although
it is not perfect. The difference between the real and the ideal gas
models occurs because the ideal gas model neglects the slight increase
in viscosity that occurs at high pressures. In any case, the objective of
Fig. 5.2 is not to compare the effect of different flow models but to show
the versatility of the approach proposed in this work.
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Figure 5.2: Total flow of nitrogen as a function of the pressure drop assum-
ing three different fluid models. For the incompresible, isoviscous model,
ρ = ρo and η = ηo has been used. For the ideal gas model, ρ = p/RT and
η = ηo. For the numerical data, both density and viscosity are expresed as
function of pressure with the values obtained from the data base of thermo-
physical properties of fluids provided by the National Instituted of Standards
and Technology (U.S.) [92]. In all three cases, the temperature is constant
at T=293.15 Kelvin, po = 0.1 MPa, which leads to ρo = 1.15 kg/m3 and
ηo = 17.6 µPa s. The permeability is fixed at K = 0.01 µm3



Chapter 6

Concluding remarks

What has been achieved in terms of modelling metal-to-metal seals? An
in terms of sealing performance? This thesis contributions to modelling
and simulations of metal-to-metal seals can be found in the answers to
the questions posed in Section 1.5. In this chapter, the research ques-
tions, and their answers, are divided into a modelling contribution part
and a sealing performance contribution part, which are presented in the
two sections below.

6.1 Modelling of metal-to-metal seals
• RQ1: Is it possible to develop a model for metal-to-metal seals,
which outputs quantitative results, by using methods available in
literature?

The answer to this question is found in Chapter 2. The main difficulty
to overcome was found to be the wide range of length scales that needs
to be considered. It was concluded that a direct deterministic approach
is not feasible and it was shown that a two-scale approach can provide
a viable alternative. It was also noted that, especially under high loads,
the stochastic nature of the topography induces large variations in the
local-scale permeability. This issue becomes more and more influential
closer to the percolation threshold, where the leakage becomes a very
localised phenomena. In such cases, neglecting the stochastic nature
of local-scale permeability leads to a significant overestimation of the
total leakage. Therefore, the classical type of two-scale models could
not be used without modification either. Moreover, from the survey and
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analysis presented in Section 2.6 and 2.7, semi-analytical approaches
such as Perssons’ theory was found not to be applicable, due to the
structure of the turned surface topography typical for metal-to-metal
seals.

• RQ2: Is it possible to develop a model for metal-to-metal seals,
such that can output quantitative values, by including the stochastic
nature of surface topography in a two-scale method?

This question is addressed in Chapter 3. Indeed, the main modelling
result of this thesis is the development of a stochastic two-scale model
for the study of leakage through metal-to-metal seals. By explicitly
considering the stochastic nature of the local-scale permeability, this
model is capable of capturing the flow pattern correctly and, from that,
enabling quantitative prediction of leakage.

• RQ3: Is it possible to extend the models for incompressible and
iso-viscous fluid flow, presented in Papers B and D, to include the
flow of compressible fluids?

This question is addressed in Chapter 5. There, the two-scale stochastic
model, which was built for incompressible and iso-viscous fluids, was
generalised to compressible and piezo-viscous ones. The generalisation
was applied by making a change of variables in Reynold’s equation.
Because of this, it can be used to estimate the leakage of any kind of
fluid rheology, for which the underlying assumptions for the Reynolds,
equation are valid.

6.2 Performance of metal-to-metal seals
• RQ4: How does a seal perform when it is partially unloaded?

The main result obtained in this work regarding the performance of
metal-to-metal seals is that regards the unloading performance. The
analysis showed that the load can, in the right circumstances, be re-
duced as much a to half of the load at which the unloading started,
before a significant increase in leakage is observed. More generally, it
has been shown that plastic deformation can have a beneficial effect.
Indeed, even when plastic deformation is not large enough to induce the
previously described quite remarkable unloading effect, the leakage dur-
ing unloading can still be much smaller than that seen during loading.
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Finally, it was also noticed that commonly studied parameters such as
real contact area or average separation are not suitable indicators when
attempting to predict the leakage in metal-to-metal seals.

• RQ5: Are the effects observed in the study made in Paper C lim-
ited to small domains, or will these effects also be present when
studying the total leakage?

It was found that the local-scale behaviour is also seen at the global
scale. The reason for that is that leakage is controlled by very localised
features, so called critical constrictions. Therefore, the global-scale leak-
age is governed by the local-scale permeability and the same behaviour
is observed.





Chapter 7

Current limitations and
future work

In this chapter, the limitations of this work are presented with the aim of
aiding future research. The limitations identified regard three different
topics, i.e., the implementation of the stochastic two-scale model, the
study of the effect of plastic deformation and the modelling of different
types of fluids.

7.1 The stochastic two-scale model

From a modelling point of view, the most pressing work that needs to
be carried out is a complete validation. In papers B and D, an intensive
work has been done to ensure that the assumptions made are reasonable.
Moreover, the two-scale formulation used has been validated against
large deterministic solutions. A validation against experimental result
has, however, not been yet conducted.

A second point that deserves attention in the current model is the
computational effort it requires. The main issue here arises because of
large number of local-scale domains that need to be considered in or-
der to obtain a representative variability of the local-scale permeability.
In addition, a number of unloading curves must be computed. Due to
this, the total computational effort required limits the possibility of per-
forming large parametric studies. One of the main contributions to the
computational burden is that the stochastic description of the local-scale
behaviour has been implemented in a brute force manner. For instance,
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in Paper D a large amount of realisations of the local-scale permeabil-
ity was used to capture variability. The computational efforts would be
significantly reduced, if it would be possible to fit a distribution for the
variability of the permeability using fewer realisations. A deeper under-
standing and characterisation of the stochastic nature of roughness and
how permeability is affected is thus desirable. Such a characterisation
would provide for the definition of a meaningful probability distribution
for the variability of the permeability, which in turn would reduce the
number of local-scale realisations needed.

7.2 Effect of plastic deformation

Concerning the effect of plastic deformation on the performance of seals
during loading and unloading, validation is, again, the most pressing
limitation of this work. Some experimental evidence, see [1, 4], exists
suggesting a large effect of plastic deformation, leading to a reduced leak-
age during unloading. The results presented in this work are, indeed,
consistent with those experimental results. Despite that, the results
presented here are much more detailed in nature, indicating a rather
complex unloading performance. The experimental works in [1, 4] did
not focus on unloading and thus the results are not complete enough to
be used to justify the results presented here. Therefore additional exper-
imental work is needed. A complementary alternative to experimental
work would be to compare the contact mechanics results presented here
with full FEM elasto-plastic simulations. This would allow for assessing
whether the results presented here come from the simple way plasticity
is modelled, by mean so BEM, as described in Section 2.2.1

Also, and as pointed out in Section 4.1, further characterisation is
needed to fully comprehend the loading-unloading performance of seals
and how the different relevant parameters (e.g. hardness, rms slopes,
etc.) govern it.

Finally, it is not unusual that plasticity in seals is modified by the
application of a soft coating. Together with the stiffness of the substrate,
supporting high loads, the coating gives the conformability required to
achieve the desired sealing performance. Such study would require to
further develop the model, however.
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7.3 Fluid Modelling
The model presented in this work can be applied to study the flow of
fluids that might be compressible and/or piezo-viscous. This includes a
large amount of possible situations but do not cover all of them. Four
missing cases have been identified here, i.e., i) Non-Newtonian fluids,
although this might not be critical as shear-stresses might not be too
high [41]. ii) Gases at very low pressure, where rarefaction effects might
be relevant. In such a case slip-flow or even non continuous fluid repre-
sentation should be considered. iii) Liquids with large surface tension,
where capillary effects are dominant. In this work, we have in essence
assumed that a fully developed flow exists. This might, however, be
prevented by surface tension. iv) Greases are sometimes used in seals as
they might improve sealing performance [6], due to blockage of possible
percolating channels. To get a better understanding of seals in general,
these situations should be further investigated. In practice, however,
only one (or neither) of them will be relevant for a given application.
Therefore, the development of the model should be driven by the appli-
cation it is intended to be used for.
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Abstract
Surfaces in a typical seal exhibit both waviness and roughness. The
influence of the interaction between these two scales on the leakage be-
haviour is expected to be relevant. Therefore, a model, which can study
it, is developed here. The model is composed of state-of-the-art mod-
els for the contact mechanics between rough metal surfaces and for the
liquid flow through the rough aperture in-between them. Correlation
between percentage real contact area and actual contact topology and
leak rate was confirmed through numerical analysis. Small changes in
relative position between the contacting surfaces showed large devia-
tion in leak rate. The validity of the model was justified by comparing
results from numerical simulations using the model and experimental
results found in literature qualitatively.

Key words
Seal, Thin film lubrication, Contact mechanics, Surface topography
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A.1 Introduction

Static metal-to-metal seals are typically installed whenever the condi-
tions in terms of temperature and pressure are so severe that the com-
monly used rubber seals cannot be used. This includes space industry,
cryogenic applications and nuclear power among others [1]. Despite the
importance of these applications, little work is found regarding these
seals; both because of the intrinsic complexity of the components and
because more focus was placed on rubber seals [19].

The complexity of metal-to-metal seals comes from its topography,
which usually has a structure as given by a turning process; this is, with
a spiral groove covering the whole seal face surface and roughness in
smaller scales [2]. Such topography is depicted schematically in Fig. A.1.
Making an analogy with a 2-D profile, the bottom part of the groove
can be referred as valleys and its upper parts as peaks. If such a surface
is placed into contact with a flat smooth surface, the contact will occur
solely on the peaks and the contact will form a spiral pattern. Because of
the roughness at smaller scales, this pattern will not be continuous, but
rather the contact will be supported only by the asperities present on the
peaks. This second contact distribution was experimentally observed by
Nitta et al. [12] and allows connecting the valleys in radial direction.
One could actually see the contact as occurring in two separated scales:
a first scale on the top of the peaks and a smaller one on the top of the
asperities. It is also important to consider that the turning process does
not leave a regular groove, but rather an irregular distribution of peaks
and valleys and errors of form. It has already been shown that these
deviations are relevant in the prediction of leak rate [43].

The previously defined topography imposes a very particular flow
pattern in form of meanders, as was observed by Nakamura and Fun-
abashi [13]. The pressure gradient leading the flow is in radial direction,
perpendicular to the spiral groove, and, therefore, this will be a pre-
ferred direction for the flow. However, due to the contact distribution,
the flow has less restriction to flow in circumferential direction, following
the spiral groove. Therefore, whenever the path in the radial direction
becomes too constricted, the flow will advance in the circumferential
direction until a sufficiently large opening in radial direction is encoun-
tered. However, the preferred direction of the flow will still be radial,
since it is the direction of the pressure drop, and the flow will only
advance in the circumferential direction when the radial flow is too re-
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Figure A.1: Schematic of a typical topography encountered in a metal-to-
metal seal, with the two main directions indicated. In bright, a width of
about 0.5 mm is marked, assuming a seal diameter of 30 mm. The area
marked also show the relative size of the domain utilized in this work (see
Fig. A.3) in comparison with the full size of the seal

stricted, as pointed out by Robbe-Valloire and Prat [23]. This is also
the explanation for the meandering flow pattern observed experimentally
in [13].

Therefore, whenever the path in radial direction becomes too tough,
the flow will advance in the circumferential direction until an easier path
in radial direction is found. However, the preferred direction of the flow
will still be radial, since it is the direction of the pressure drop, and
the flow will only advance in circumferential direction when the radial
flow is not allowed [23]. The described flow pattern creates, indeed, the
meanders observed experimentally.

Capturing the behaviour defined previously in a numerical model
is complicated because it might require, in general, a large and dense
grid. Therefore, the studies found in literature attempting to model
metal-to-metal seals are scarce and tend to simplify greatly the surface
topography. Since the complexity appears because of the combination of
the spiral groove and the roughness on top of it, one usually finds works
where either the roughness or the groove are not fully considered. In the
first type of approach, the works of Geoffroy and Prat [2] and of Robbe-
Valloire and Prat [23] are relevant because they could distinguish the
flow mode according to its main direction and give insight in the order
of magnitude of the leakage of each mode. Ledoux et al. [43] also used
a simple representation of the groove to state that the low-frequency
surface defects can affect the leakage performance significantly. From
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the second type of analysis work is found which is not restricted to
metal-to-metal seals, as the particular structure of the topography is no
longer relevant. Also, these models are have reached a more detailed
description of reality. As an example, Vallet et al. [32] computed the
deformation of a fractal surfaces when elastically compressed under a
certain load and computed the flow through the resultant aperture by
means of the Reynolds equation. Also, Sahlin et al. [15, 16] presented a
model where the contact was treated as elastic-perfectly plastic and the
flow was computed in a smaller cell using the homogenization technique.
That model showed good agreement with experimental results. A dif-
ferent approach was taken by Persson and Yang [20], who exploited the
fractal nature and isotropy of many surfaces to develop a semi-analytical
model for such surfaces. According to their multi-scale representation of
roughness, the channels in radial direction (and thus the leakage) should
never disappear. In practice, however, those must be of a certain size
to allow significant percolation. Also, at some point the circumferential
flow will be more significant than the one through the small channels in
axial direction.

In order to achieve a deeper understanding of the seals, however, both
the groove and the roughness must be accounted for at the same time,
as it can be deduced from the experimental work done by Nakamura
and Funabashi [13] and Nitta et al. [12] that the interaction between
the two is relevant to determine the flow. The work by Marie et al. [93]
is an early attempt to fully consider the problem, but the roughness
representation was not sufficient to study its effects fully. More over,
the consideration of two equally rough counter surfaces introduces new
features that must be understood.

The purpose of this work is, therefore, to develop a model capable of
predicting the leak rate accounting for both spiral groove and roughness.
The topography is therefore defined by measurements taken of both
counter-surfaces, which allows including a realistic representation of all
scales (down to a manageable one). This is accomplished by adapting
pre-existing models, see [15, 16], that can account for roughness so that
they can be utilized to study also the effects imposed by the groove.
Notice here that no pre-existent knowledge is pre-imposed in the model
definition; this information is rather used to qualitatively validate the
model results.

In Section A.2 the model developed is presented and in Section A.3
the model is utilized to describe the flow through two equally rough sur-
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faces. This includes both a comparison of the results given by the model
with previous experimental work and introduction of new insights.

A.2 Leakage model

The model presented follows a structure similar to previous works, e.g.
[15, 93]. This structure solves the problem in two stages. First the
two surfaces are placed in contact under certain load and the contact
mechanics theory is used to compute their deformation and obtain the
gap left between them. In a second step, the flow through this gap is
computed to obtain the leakage. These two problems are decoupled in
this structure. This decoupling is justified by the small typical values
of fluid pressure (up to few MPa) as compared to the contact pressures
(up to few GPa), which allows neglecting the surface deformation due
to fluid pressure.

Before going in detail with the solution, however, the solution domain
is defined.

A.2.1 Specification of the solution domain

The criteria used to define the solution domain is to be the smallest
possible such that it can account for the structure of the topography.
This is necessary for computational reasons.

A significant length in radial direction is required in order ot account
properly for the irregularities in peaks and valleys, as they appear at
very long wavelength and a relatively large amount of peaks shall be
considered at the same time. The reason that prevents the decoupling
of different peaks is that the amount of contact carried by a certain
peak depends on the neighbour peaks. Indeed, if one peak is between
two higher ones, it will be difficult for it to engage in contact with the
other surface. Moreover, this kind of seals can have a radius of curvature
to concentrate the contact region. Therefore, the full length of the seal
usually needs to be considered.

In order to choose the length in circumferential direction, it is as-
sumed that the flow is mainly radial. Of course, at very low leak rates,
the circumferential flow should be taken in account. But one must con-
siderer that, while the pressure drop in the seal occurs in few millimetres
in radial direction, it would occur along few meters in circumferential
direction, making it negligible for most applications. More care must
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be taken to capture the meanders, which can become significantly large
as flow in radial direction is more and more restricted. In this study,
this length has been enforced by computational limitation. It is realized
that, at the smallest leak-rates, meanders might not be accounted for
properly.

Because of the usage of periodic boundary conditions in circumfer-
ential behaviour, the surface has been mirrored in that direction. The
reason for that is that an unrealistic topography would be created on
the boundary otherwise and, as it will be seen later on, this could have
a significant effect.

The narrow cell selected allows presenting the domain in Cartesian
coordinates instead of polar ones, this is,

Ω = {(x, y) ∈ R2 | 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly}, (A.1)

where x stands for radial direction and y stands for circumferential di-
rection. Also, the spiral groove appears as a (irregular) sinusoidal wave
with alternating peaks and valleys instead of a connected grove.

A.2.2 Contact mechanics

The deformation of the topography is computed following the model
presented by Sahlin et al. [15]. A summary is given in this section for
the sake of completeness. The reader is referred to their article for more
details and an algorithm for implementation.

The deformed aperture, h, in the seal is defined as the gap between
the two surfaces when they are compressed under a certain load. There-
fore, it determines the volume and the geometry through which the fluid
can percolate. It can be expressed as

h = ĥ1 + h1 + u− g00, (A.2)

where ĥ1 represents the average separation of the two surfaces when
zero load is applied, h1 the geometry of the unloaded aperture, u the
local displacement (or deformation of the topography) and g00 is the
rigid-body movement of the bodies.

In order to determine the deformation u from a given pressure dis-
tribution, one can split it between an elastic and a plastic contribution.
The elastic deformation at a point (x, y) is obtained by superpositioning
the contributions caused by the pressures acting at all other points (s, t).
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This is computed via the convolution

ue(x, y) =
∫ ∞
−∞

∫ ∞
−∞

Kcm (x− s, y − t) pd (s, t) dsdt, (A.3)

which is the convolution product between the contact pressure, pd, and
the convolution kernel, Kcm, which is defined, under the frictionless
elastic half-space assumption, as

Kcm (x− s, y − t) = 2
πE′

1√
(x− s)2 + (y − t)2

. (A.4)

where, E′ is the composite elastic modulus expressed as

1
E′

= 1− ν1
E1

+ 1− ν2
E2

, (A.5)

being Ei and νi the Young’s modulus and the Poisson’s ratio for each
surface.

The plastic contribution of u is defined as ideally plastic, this is, once
the softer material starts to yield, it is allowed to float, contributing to
the elastic deformation with a pressure equal to the hardness.

In order to compute the pressure distribution, one adds the following
complementary system:

h(x, y) > 0, pd(x, y) = 0, (x, y) /∈ Ωc (A.6)
h(x, y) = 0, pd(x, y) > 0, (x, y) ∈ Ωc (A.7)

0 ≤ pd(x, y) ≤ H, (x, y) ∈ Ω (A.8)

where yc defines the contact region and H the hardness of the softer
surface.

Finally, the pressure distribution must satisfy

W = 1
An

∫
Ω
pd (x, y) dxdy, (A.9)

where W is the nominal load (N/m2), An the nominal contact area and
Ω the domain considered.

In order to obtain the deformed aperture (h) as well as the contact
pressure (pd) the system (A.3) to (A.5) and (A.9) are solved iteratively
(in the same way as suggested in [15]) until the conditions (A.6) to (A.8)
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are satisfied.
In order to obtain the deformed aperture, h, it is solved iteratively

together with the contact pressure, pd, until conditions (A.6) to (A.8)
are fulfilled. Moreover, the contact pressure is adapted in each iteration
so that condition (A.9) is obeyed.

In accordance to the leakage computation, the surface is set to be
periodic in circumferential direction and finite in radial direction. This
is also in accordance with actual seals, where the length in circumferen-
tial direction is much longer than the considered domain while the hole
length is considered in axial direction.

A.2.3 Leakage computation

In order to compute the leakage, one needs to compute the flow through
the aperture h in the whole domain. The thin film assumption is em-
ployed here and, therefore, the pressure distribution is computed using
the Reynolds equation. For an incompressible and Newtonian fluid, the
Reynolds equation governing the flow through the deformed aperture in
a static metal-to-metal seal reads

∇ ·
(
h3∇pf

)
= 0, (A.10)

where pF is here the fluid pressure. The boundary conditions in the
y-direction are specified to be periodic and in the x-direction, they are
specified as

pf (0, y) = ∆pf (A.11)
pf (Lx, y) = 0 (A.12)

where ∆pf is the pressure drop over the seal. The flow problem can then
be written in non-dimensional form by setting p = pf/∆pf , which has
the effect to decouple the pressure flow computation from the pressure
drop applied in the seal.

Once pressure distribution pf is obtained, the leakage per unit width
in radial direction for the studied domain can be computed as

Qr = ∆pf
η
K, (A.13)
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where
K = 1

Ly

1
Lx

1
12

∫
Ω
h3 ∂p

∂x
dxdy (A.14)

is defined to account for the cell-dependent contribution to leakage and
can be interpreted as a permeability. Since it has been assumed that
flow occurs only in radial direction, and assuming that Qr is constant
over the perimeter, the total leak rate of a seal can be computed as

Q = πD∆pf
η

K, (A.15)

where D is the (mean) diameter of the seal. Notice here that the leak
rate is expressed in a form equivalent to the Darcy’s law, in accordance
with the experimental work done by Marie and Lasseux [1].

A.3 Results and discussion

The leakage through the contact between two surfaces has been studied.
Both surfaces have a clearly defined waviness (coming from the spiral
groove) of 0.15 mm period and a Sa of 1.8 and 1.6 µm respectively,
which means that the waviness in both surface are comparable. The
width of the domain considered is approximately 0.5 × 2.6 mm. This
corresponds to a length comparable to the full seal length in radial di-
rection and a narrow strip in circumferential direction. An idea of the
relative dimensions is given in Fig. A.1. The leakage has been computed
for three different configurations, which are obtained by varying the rel-
ative position in the radial direction of the surfaces, as shown schematic
in Fig. A.2. The change in the relative distance between Configuration
1 to 2, and from 2 to 3 is about 70 µm, which corresponds approxi-
mately to half of the waviness period. Figure A.3, shows the profile of
the unloaded aperture for the three configurations. One can see that the
waviness is not as clearly defined in the Configuration 2. This is because
in Configuration 1 and 3 the waves are (approximately) in phase while
they are (approximately) in counter-phase in Configuration 2.

Initially, the behaviour of the seals according to the simulations is
described and compared to experimental results in order to qualitatively
validate the model and to observe differences between the rough-smooth
configuration typically studied and the rough-rough one considered in
this work. The material properties used for these sections correspond
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Configuration 1 

Configuration 2 

Configuration 3 

Figure A.2: Schematic view of the three Configurations considered. They
are obtained by translating the lower surface a distance corresponding to
half a wavelength. In Configurations 1 and 3 peaks face each other, while
in Configuration 2 peaks of one surfaces face valleys of the other and thus
the average separation between them is reduced
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Figure A.3: The unloaded aperture (in µm) for Configurations 1 to 3 (from
top to bottom)

to steel, described by E = 206 GPa, ν = 0.3, H = 2.75 GPa. Later,
H is varied to show the potential of this model to further investigate
metal-to-metal seals. Before discussing the results, however, a comment
on the resolution used is made.

A.3.1 Surface topography and resolution

The spacial resolution, which is the level of detail, in the x and y-
directions, at which the surface is measured is of high importance due
to the multi-scale nature of the surfaces. Indeed, the topography infor-
mation spans over a wide range of scales, from macroscopic ones to the
atomic scale [20]. This, in turn, implies that every time the resolution
is increased new features and potential percolating channels might ap-
pear. These will, however, be smaller than channels observed already
at a smaller resolution and might become negligible. The resolution re-
quired must therefore be decided based on the smallest value of the leak
rate that is to be computed.

The surface measurements are performed by optical interferometry,
with a separation between measurements, Dx, of 0.89µm in both di-
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Figure A.4: Mesh convergence study, utilizing the aperture corresponding
to Configuration 1.

rections. The measurable leak rate at such resolution is sufficient for
the comparison performed in this study, see, e.g. Fig. A.7. However,
we must ensure that no significant channels would appear if a higher
magnification would be considered. In order to study this, the aperture
corresponding to Configuration 1 is coarsened to Dx = 1.78µm and to
Dx = 3.56µm. The results are shown in Fig.A.4. It can be observed
that the difference between Dx = 1.78µm and Dx = 0.89µm is already
small as compared the differences observed between different configura-
tions (see, e.g. Fig. A.7). The resolution utilized (Dx = 0.89µm) is,
therefore, sufficient.

A.3.2 Real area of contact

Before studying the leak rate as a function of nominal load (W ), the real
contact area distribution is first addressed. This is relevant because the
contact area represents the main impediment to the flow.

The percentage of real contact area, Ar, is virtually the same for
all three configurations, see Fig. A.5. This is because the percentage of
plastically deformed area, Arp is almost as high as the percentage of real
contact area. Because of this, the real area of contact cannot be used to
explain any differences in the leak rate.

It is, however, clearly shown in Fig. A.6 that the distribution of
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Figure A.5: Variation in the percentage of real area of contact, Ar, with
nominal load for the three configurations studied, solid line. Dashed line
represents percentage of contact area which has deformed plastically, Arp.
In all the cases, it represents more than a 90% of the real contact area

the contact area is different for each of the three configurations. Mea-
surements of the real contact area between a turned surface and a much
smoother one presented by Nitta et al. [12] and Nitta and Matsuzaki [11]
show that the contact pattern forms striations in the circumferential di-
rection. Moreover, the contact inside the striations is supported by
asperities, which may lead to the channels through which the fluid can
percolate in radial direction. The distribution of contact pattern ob-
tained shows that this trend is also maintained in all three configurations
for the contact between two rough surfaces. It is worth noticing that
this distribution is also found in Configuration 2, where the peaks were
placed in counter phase, making the spiral groove to appear less clearly
in the unloaded aperture. The difference in the distribution lays in how
spread the contact is. While in Configurations 1 and 3 the lines are
cohesive, in Configuration 2 the contact is spread over a wider striation.

A.3.3 Leakage

Since leak rate, Q, is proportional to permeability,K, according to (E.1),
it is equivalent to study the variations in K as in Q.

In Fig. A.7, the variation of the logarithm of K with nominal load
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Figure A.6: Real contact area distribution (in black) for the three configu-
rations shown in Fig. A.3. The real contact area is distributed over lines,
which are more defined as the waviness is more clearly observed in the
unloaded aperture

is depicted. It can be deduced that there is, approximately, a power
law relationship between K and W . These two general trends are in
good agreement with the experimental work performed by Marie and
Lasseux [1]. Indeed, the leak rate they obtain is proportional to the
pressure drop over a large range of nominal loads. Also, the experimental
relation between the nominal pressure and the leak rate follows nearly a
power law. The actual numerical values for permeability they obtain are
smaller than those presented in this work. This is, however, attributed
to the smaller gap they had compared to the one considered in this work.
The reason for the gap to be larger is this work is the usage of two rough
surface instead of the rough-smooth configuration they use and the fact
that the surface used in this work are rougher.

The variability shown here is much higher than the one observed
experimentally, e.g., [1, 12]. The variability is so high in the simula-
tions because the contact distribution is also different. As the contact
is concentrated over a small number of peaks, and in the peaks over a
thinner line, the leak rate can decrease faster as the load increases. The
differences in contact concentration between Configurations 1 and 2 are
clear but not as much between 2 and 3, while the difference in leak rate
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Figure A.7: Permeability for the three configurations studied

is comparable (at high loads). The reason for that is that, because the
leak rate is strongly governed by the strongest restriction, there exist a
small area which has a strong influence on the leak rate. Therefore, any
small differences in such area can lead to great variations in leak rate. It
is worth noticing that Configuration 3 gives the better result here, but
might not be the desired one in sensitive applications. Because of the
high concentration of contact area, the leak rate would be very sensitive
to damage (e.g. a scratch) in that region. If that would occur, it would
be difficult to achieve a small leak rate. The other two are, therefore,
more robust.

This hypothesis is consistent with the observed fact that the pre-
dicted variability increases as the leak rate decreases. As the contact
pressure increases (and thus the leak rate reduces), the number of avail-
able channels and their size are reduced and therefore there is a poorer
average.

The reason why the variability observed experimentally is smaller is
thought to be that the actual seals are much larger than the domain
studied. Therefore, the different conditions observed in the studied do-
mains are averaged, leading to a overall smaller variability. A reliable
result should, therefore, come from an average of the results obtained
by computing over several measurements spread over the seal circum-
ference. Also, a circumferential displacement can allow the flow to find
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a more suitable region to advance in radial direction. One must real-
ize, however, that the peaks are quite flat in circumferential direction,
which indicates that a large distance would probably be needed to ob-
serve relevant differences. Therefore, a much larger domain would also
be needed, which has been found to be not practical to solve in the
current computers.

The benefit of this contact distribution (and thus of the surface to-
pography) is shown when the values for real contact area are compared
to those given for isotropic surfaces. According to the percolation the-
ory, the contact area needed to achieve sealing in an isotropic surface is
around 40% [20], while in the studied surfaces with only around 10%,
sealing is already achieved. One should notice that this is of special
relevance in metal seals, as the load needed to achieve the actual small
values is already high.

Also, isotropic surfaces exhibit a very close relation between the
permeability and the area of contact, which allows developing semi-
analytical models [20]. It can be seen from these results that this is not
the case with these surfaces. Or, at least, one would require a very large
area to observe this correlation.

The structure of the topography has also another effect that may
seem counter-intuitive. As seen in Fig. A.8, the average interfacial sep-
aration between surfaces is the smallest for Configuration 2 and the
largest for Configuration 3. This is, the closer the surfaces are, the
larger the leak rate. The reason for this is that the configurations where
peaks are in phase, favourable for sealing, have also a higher separation
between the surfaces. Furthermore, the average separation is mainly
dependant on the larger gaps, this is, the bottom of the spiral groove.
The leak rate is, however, governed by the narrowest constriction which
needs to be crossed (the critical constriction in Persson’s theory [20]).
This narrowest constriction is defined by the roughness at the contact
lines and, therefore it is independent of the groove depth. Therefore,
the average separation is a bad predictor for leak rate.

A.3.4 Influence of hardness

As said before, the percentage of asperities that deform plastically is very
high (more than 90%), which makes it possible to make the following
assumption,

Ar
An
≈ W

H
. (A.16)



A.3. Results and discussion 133

W (MPa)
0 100 200 300 400

a
.i
.s
.(
µ
m
)

2

3

4

5

6

7
Configuration 1
Configuration 2
Configuration 3

Figure A.8: Average interfacial separation, a.i.s. for the three configurations
studied. The order shows that the higher the separation, the smaller the
leak rate

One would think, therefore, that the permeability vs. nominal load
curves could be collapsed into a K vs. W/H master curve. However,
despite this is good for low loads, it is a poor approximation at higher
loads. To exemplify this, the permeability has been computed for Config-
uration 1 assuming three different hardness, H = 5 GPa, H = 2.75 GPa
and H = 1 GPa. The results for this are shown in Fig. A.9. One can
observe that higher hardness presents higher leakage and requires higher
W/H values to achieve sealing. The contact distributions for the three
cases are shown in Fig. A.10 for a constant value of W/H. As expected,
the contact patterns are very similar. A close look, however, reveals that
the contact area is more spread when the hardness is higher. This, in
turn, explains why higher W/H are needed to achieve sealing.

The reason why this occurs can be explained by the long range
elastic coupling between the asperities. This is shown schematically in
Fig. A.11. At equalW/H, the actual load carried by each asperity when
it starts to deform plastically is higher when the hardness is higher. This
makes the elastic deformation of these asperities (and the surrounding
ones) more significant. This higher deformation allows other asperities
to engage in contact and thus it spreads the contact area. This larger
spread leaves more channels between the contact striations and, there-
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Figure A.9: Permeability for Configuration 1 for three values of hardness
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Figure A.10: Real contact area distribution (in black) for Configuration 1
and three different hardnesses: 5, 2.75 and 1 GPa from top to bottom.
The contact becomes more spread as the hardness of the surface increases.
W/H = 0.06 for the three cases
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Figure A.11: Schematics of the mechanism of spreading of real contact area
at increased plastic limit. Having the solid line as a reference, the dashed
line represents a surface with higher plasticity limit. Because at the same
Ar the peak on the right supports higher load, it deforms more and thus
allow the surface to approach and the peak on the left to engage contact

fore, the permeability is increased. As explained in the previous section,
a more robust seal is obtained if contact area is more spread. Therefore,
one could argue that, although a higher load is needed, a more reliable
seal is obtained if the hardness of the surfaces is increased.

To further comprehend the previous statement, one must realize that
while a perfectly plastic model implies the equality in (A.16) the reverse
is not true. This becomes clear if one considers a surface with relatively
sharp asperities, with a small enough radius so that most of them will
deform plastically, as it is the case for the surfaces considered in this
work. In such a case, equality in (A.16) holds. However, the long range
elastic deformation will still determine, if it is large enough, which as-
perities will engage in contact and how much will those flow. As shown
previously, this elastic deformation will lead to different gap and thus
to different permeability. Following this reasoning, one can see that at
low W/H values, the elastic deformation can be neglected and thus a
perfectly plastic assumption would be acceptable. Elastic deformation
is said to be negligible because while being different in the three cases
(different W ), the gap is still the same.
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A final comment is given to the relation of H, W and E′. Observing
the contact mechanics model, one can notice that it can be set in non-
dimensional form with a common reference value for these three quan-
tities. If taking, for example, the non-dimensional pressure P = p/E′,
then the equations (A.3) to (A.9) will result in one unique solution for
any given combination of the non-dimensional parameters H∗ = H/E′

and W ∗ = W/E′.
A final comment is given to the relation of H, W and E′. Observing

the contact mechanics model, one can notice that it can be set in non-
dimensional form with a common reference value for these three quan-
tities. If taking, for example, the non-dimensional pressure P = p/E′,
the equations governing the contact mechanical model, (A.2) to (A.9)
can preserve the same form by introducing the parameters H∗ = H/E′

and W ∗ = W/E′. This implies that by changing E′, the opposite effect
will be obtained as when changing H.

A.4 Concluding remarks
This works presents a model that can be utilized to study the leakage
through metal-to-metal seals accounting for both the waviness of the
spiral groove and the surface roughness.

By utilising the model to conduct numerical simulations of contacts
between surfaces with real, measured topographies, some insight on the
leakage behaviour has been obtained. The role of real contact area and
average interfacial separation has been shown to be different than for
isotropic surfaces, because of the particular contact topology arising due
to the waviness of the spiral groove in this case. The percentage of real
contact area is correlated to the leak rate. However, it is not sufficient
since its distribution and the formation of channels and restrictions plays
an even more relevant role. In general, the more real contact area and
the more concentrated it is, the better the sealing performance becomes.
Average interfacial separation has proven to be completely uncorrelated
to leak rate. This is because the average interfacial separation is gov-
erned by waviness of the spiral groove, while the leak rate is more related
to the distribution of the local surface roughness on the contact along
the contact lines caused by the waviness. A parametric study varying
the hardness of the softer surface was also performed. The study showed
that, due to large percentage plastic deformation, a perfect plastic model
(W=H) gives a good estimate of the leakage at low loads. For higher
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loads, it was found that the long range elastic coupling cannot be ne-
glected and that an elastic-plastic model is required to predict the flow.

The main drawback of the model is the large variability observed in
the results obtained. This is thought to come from a physical feature,
i.e. the relative position of the contacting surfaces, but it is also thought
that it is enhanced by the model due to the limited width of the domain
studied.

A qualitative comparison with experimental results found in liter-
ature show good agreement which suggests that the model provides a
good platform for further developments.
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Abstract
Seal surface topography typically consists of global scale geometric fea-
tures as well as local scale roughness details and homogenization ap-
proaches are therefore readily applied. The advantage with homoge-
nization is that it originates from a scale separation idea, implying that
global scale features can be resolved with a relatively coarse mesh while
a highly resolved computational domain can be applied to represent the
local scale features. In a seal, the pressure driven fluid typically follows
a tortuous pattern as it percolates through the rough aperture between
the sealing surfaces. The aperture cross section geometry belongs to
the local scale but due to the geometry of the meanders, which grow
when the flow decreases, the local domain size may need to be larger
than what is feasible for a numerical solution to be attainable. To this
end, a model allowing feasibly sized local domains, for really small flow
rates, is developed. Realisation was made possible by coupling the two
scales with a stochastic element. Results from numerical experiments,
show that the present model is in better agreement with the direct deter-
ministic one than the conventional homogenization type of model, both
quantitatively in terms flow rate and qualitatively in reflecting the flow
pattern.

Keywords
Reynolds equation, Two-Scales, Stochastic, Contact Mechanics, Seals
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B.1 Introduction

Pressure driven flow through preamble structures such as the percolation
of fluids in static seals, see e.g., [1,2,20] and the flow through fractured
porous media, in e.g., [94, 95], is a problem that has been addressed in
many works before. The numerical solution of this problem is, however,
complicated due to its multi-scale nature. Indeed, the flow domain is
usually of the order of millimetres or even larger while the level of detail
necessary to resolve the narrowest, still influential, constrictions may
require nanometre order resolution [79]. Since large domains resolved
with a high level of detail are often required, the multi-scale nature of
the flow problem prevents the usage of deterministic solutions.

Among other solutions, the problem associated with the flow through
the gap between two rough surfaces this problem has repeatedly been
commonly addressed in the lubrication field by separating the problem
into two scales, i.e., a global scale covering the full seal domain and
a local scale accounting for the roughness details. This type of scale
separation was employed Christensen [59], who presented a stochastic
two-scale approach, Elrod [60], who applied a perturbation technique
and by Patir and Cheng [61] who presented a statistical approach and
derived so called flow factors, to model the roughness effect on the fluid
flow between two rough surfaces and to link the two scales together.
This concept has been further developed by others, see [71, 72, 96, 97]
for instance. Of particular interest is the homogenization technique,
which provides a solid mathematical foundation to this approach, see
e.g. [66]. An application to the mixed lubrication problem, including a
study on leakage, can be found in the two-part paper by Sahlin et al. [15,
16]. In the aforementioned lubrication theory based work, the contact
mechanics model has not been treated as a two-scale approach, instead,
a periodic roughness description has been adopted [16]. An exception
to that is [74], where the elastohydrodynamic lubrication problem is
formulated by means of separation into two scales. Two-scale approaches
have turned out to be applicable in many applications, however, as the
gap becomes thinner the flow becomes smaller and the local scale model
requires larger and larger domains to produce a converged value for the
flow factors. This makes the two-scale approach lose its effectiveness.

The percolation problem has been also a common issue between those
studying the flow through porous media. This problem is essentially
equal to the one describing the pressure driven flow through the gap
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between two stationary rough surfaces. In this field, it is not uncommon
to find stochastic representations of permeability or the porous media
itself, see, e.g., [98–102]. Generally, however, the probability distribution
of the permeability is an input to the model and is not computed from
actual pore-scale measurements. A model for the flow through a porous
media that is similar to the model presented here, can be found in [103].
In that work the flow through a fabric pattern is investigated and the
permeability distribution is generated stochastically by considering the
results of CFD analysis over different fabric configurations.

The stochastic approach applied in porous media flow modelling is
also seen as beneficial in the study of small flows between rough surfaces.
A reason for this is given in the work by Dapp and Müser [37], where it
is shown that the local scale pressure drop, at very low flow rates, occurs
over one very small constriction only. This implies that the local flow
will depend on the geometry of such constrictions and that the total flow
can only be described in a statistical manner, because of the resolution
requirement.

The idea behind this work is to describe the stochastic element by
means of a two-scale formulation similar to those presented previously.
This is done using the framework of Heterogeneous Multiscale Method
(HMM) [104]. The main novelty of this work is that it permits to es-
timate the uncertainty of the results due to the random nature of the
topography. Another advantage with the present model is that it is pos-
sible to restrict the size of the local domain and still obtain a converged
solution. Moreover, it is shown that this approach predicts a more re-
alistic flow pattern compared to the flow patterns obtained by utilising
conventional two-scale models for similar local domain size.

B.2 Method
The problem to be solved is the one that governs the flow through two
surfaces which are compressed against each other. As said previously,
the multi-scale nature of the problem prevents the usage of a deter-
ministic solution to such problem. Therefore, a two-scale approach is
utilized.

In order to compute the flow rate and the flow pattern, it is first
necessary to compute the deformed shape of the gap between the two
surfaces (contact mechanics problem). The deformed gap is due to fluid
pressure and asperity contact. In this case we consider the fluid pressure
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contribution to be small and it is therefore neglected. This permits sepa-
rating the problem into two smaller problems that can be solved sequen-
tially: compute the deformed gap and compute the flow rate through
that gap.

In the following, the method utilized in this work is presented. First
an introduction to the HMM framework, used to develop the model, is
given. After that the two-scale stochastic model is introduced. This in-
cludes the theory behind the two-scale formulation of the flow model and
the contact mechanics problem and the introduction of the stochastic el-
ement. Also, an overview of the solution procedure is given. Finally, the
two-scale flow formulation presented on this work is compared against
the well-established homogenization technique.

B.2.1 Heterogeneous Multiscale Method

The Heterogeneous Multiscale Method (HMM) is a general framework
utilized to build two-scale models [104] which is flexible in the sense
that global and local scale models do not need to be of the same na-
ture. This will allow us introducing the stochastic element in a more
natural way than the more rigid multi-scale homogenization technique,
this is, without the imposition of periodicity in roughness. Under the
HMM framework, the model is constructed in to steps: (i) definition
of a global scale model, which will include some parameter or variable
containing the information of the local scale model, and (ii) definition
of a local scale model that permits finding those variables or parame-
ters. The first step is crucial as a wrong definition of the global scale
method can lead to a wrong specification of the local scale constraints.
Although it can be derived from the local scale data, it is better to utilize
previous (experimental or theoretical) knowledge about the global scale
behaviour. The local scale model is usually easier to identify, as one
can utilize a more fundamental representation of the reality. However,
one must be careful on the selection of boundary conditions for the local
scale problem and the data processing utilized to transfer information
to the global scale. In particular, the boundary conditions in the local
scale model must be specified so that the solution is consistent with the
global scale model. One should understand by consistent that the local
scale should be constructed so that the global scale can be seen as a
coarse representation of it.
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B.2.2 The two-scale stochastic model

In this section the two-scale stochastic model developed is presented.
We start by introducing the two-scales methods for both the flow model
and the contact mechanics problem. After this, the stochastic element is
introduced in the two-scale formulation. Finally, the solution procedure
is outlined.

B.2.2.1 The two-scale flow model

Before presenting the two-scale formulation, we introduce the determin-
istic flow model. In this work, we consider the rectangular domain

Ωs := {x|0 < x1 < L1, 0 < x2 < L2}, (B.1)

covering the full seal area. In this domain, the gap between the two
rough surfaces, hε(x), is resolved at a high level of detail. The subscript
ε indicates that the gap oscillates rapidly due to the roughness, thus
imposing a high resolution in the representation of the domain. In order
to solve the fluid pressure distribution through the gap, the lubrication
approximation is utilized. Therefore, the well-known Reynolds equation
can be used. For an iso-viscous incompressible fluid and with no relative
motion between the surfaces, this equation can be written as

∇ ·
(
hε(x)3∇pε(x)

)
= 0, (B.2)

where pε is the fluid pressure, which will oscillate rapidly in accordance
to hε. The problem is completed by posing the boundary conditions. In
order to obtain a pressure driven flow, a pressure drop, ∆p, is enforced in
x1-direction by setting Dirichlet boundary conditions. In x2-direction,
periodic boundary conditions are imposed. Once the fluid pressure dis-
tribution is known, the total leak rate can be computed by integrating
the mass flow over the domain Ωs. In accordance with the Reynolds
equation, this is,

Qd = 1
12η

1
L1

∫
Ωs

hε(x)3∂pε(x)
∂x1

dx, (B.3)

were η is the viscosity of the fluid.
As stated previously, it often becomes too computationally expensive

to resolve the roughness at the global scale. Provided that the period of
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the oscillations is sufficiently small, one can separate the problem into
two scales: one considering the detail of the oscillations (local scale) and
the other accounting for the slow variations in the whole domain (global
scale). Following the HMM framework, we start by presenting the global
scale model. Then we will present the local scale one.

The global scale is solved in a domain Ωc, which is a coarse represen-
tation of Ωs. Since the Reynolds equation is a mass-conservation law, it
is natural to define the global scale model also as a mass conservation
law. Following a finite volume formulation, this can be posed as

−j0
i−1/2,j + j0

i+1/2,j − j
0
i,j−1/2 + j0

i,j+1/2 = 0, (B.4)

where j0 are the global scale fluxes and (i, j) identify any point of the
global scale. For each grid point, the fluxes must therefore be esti-
mated from the solutions of the local scale model. We will show that, in
agreement with Darcy’s law, the flux is proportional to the local pres-
sure drop, δp, and we will refer to these constants as permeability, K.
Therefore, (B.4) can be rewritten as

−K1
i−1/2,jδp

1
i−1/2,j +K1

i+1/2,jδp
1
i+1/2,j

−K2
i,j−1/2δp

2
i,j−1/2 +K2

i,j+1/2δp
2
i,j+1/2 = 0, (B.5)

where
K1
i+1/2,j =

[
K11
i+1/2,j K12

i+1/2,j

]T
,

K2
i,j+1/2 =

[
K21
i,j+1/2 K22

i,j+1/2

]T
,

δp1
i+1/2,j =

[
δp11
i+1/2,j δp12

i+1/2,j

]
and

δp2
i,j+1/2 =

[
δp21
i,j+1/2 δp22

i,j+1/2

]
.

Here the first superscript indicates the direction of the corresponding
flux and the second one the direction of the local pressure drop. Notice
that, in order to express the flux in m3/s and the permeability in m3,
(B.4) is scaled by the (constant) viscosity. Together with the boundary
conditions, posed equally to those in the deterministic problem, (B.4)
permits computing the global scale fluid pressure. The total leak rate is
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then
Q2s = 1

η

∑
∂oΩc

K11
i+1/2,jδp

11
i+1/2,j , (B.6)

where ∂oΩc is the part of the boundary of Ωc regarded as an outlet.

In the global scale model, the permeabilities are the parameters con-
taining the local scale information. We, therefore, define the local scale
in order to compute them. Let us start by deriving the fluxes in (B.4).
As an example, consider j0

i+1/2,j ; the others can be defined analogously.
In order to do so, we define a local domain between the neigboor global
scale points,

ω = {x|X1 i,j < x1 < X1 i+1,j , X2 i,j−1/2 < x2 < X2 i,j+1/2}, (B.7)

which has a size ∆x1 ×∆x2. Similarly as in the deterministic formula-
tion, we solve the fluid pressure distribution by means of the Reynolds
equation, (B.2). We, however, need to pose the boundary conditions
in a way that the local scale model is consistent with the global scale
one. In order to see which conditions must be fulfilled, we assume that
the global scale component of pε, p0, varies linearly between the points
global scale points, i.e.,

p0(x) = P 0
i,j+

P 0
i+1,j − P 0

i,j

∆x1
(x1 −X1 i,j)

+
P 0
i+1/2,j−1/2 − P

0
i+1/2,j+1/2

∆x2
(x2 −X2 i,j) , (B.8)

where the capital letters refer to the discrete representation in the global
scale. In order for it to be consistent, the local scale solution should be
in agreement with the above representation. Therefore, it should satisfy

〈
∂pε
∂x1

〉
=
δp11
i+1/2,j
∆x1

,

〈
∂pε
∂x2

〉
=
δp12
i+1/2,j
∆x2

, (B.9)

where
δp11
i+1/2,j = P 0

i+1,j − P 0
i,j ,

δp12
i+1/2,j = P 0

i+1/2,j+1/2 − P
0
i+1/2,j−1/2

and 〈·〉 indicates average over the local domain. Other conditions over
the mean value of pε could be introduced, but the flux would not be af-
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fected. Several boundary conditions can be posed so that the constraint
(B.9) is satisfied. Among them, the one providing better results is the
near periodic condition, i.e., periodicity of pε − p0 [105].

The boundary condition selected, however, introduces an unwanted
coupling between the global and the local scale. In order to remove this
coupling, we start by defining pε = p1

ε + p2
ε , with p1

ε , near periodic in
x1-direction and periodic in x2-direction, and p2

ε , defined analogously.
Furthermore, we define the non-dimensional variables

y1 = (x−Xi,j) /∆x1,

y2 = (x−Xi,j) /∆x2,

p1 = p1
ε/δp

11
i+1/2,j

and
p2 = p2

ε/δp
12
i+1/2,j .

Therefore, (B.2) can be written in ω as

δp11
i+1/2,j
∆x1

∇ ·
(
hε(y1)3∇p1(y1)

)
+
δp12
i+1/2,j

2∆x2
∇ ·

(
hε(y2)3∇p2(y2)

)
= 0. (B.10)

We can now find a solution by setting the two terms equal to zero inde-
pendently and thus obtain two problems, both of which are independent
from the global scale, i.e.,

∇ ·
(
hε(y1)3∇p1(y1)

)
= 0, p1(y)− y1

1 periodic, (B.11a)

∇ ·
(
hε(y2)3∇p2(y2)

)
= 0, p2(y)− y2

2 periodic. (B.11b)

It can be seen that the solution obtained by combining this two prob-
lems satisfies the condition (B.9). Once the local problems are solved,
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we can compute the local flux, i.e.,

j0
i+1/2,j = 1

12η∆x1

∫
ω
hε(x)3∂pε(x)

∂x1
dx =

δp11
i+1/2,j
12η

∫
ω
hε(y1)3∂p

1(y1)
∂y1

1
dy1+

δp12
i+1/2,j
12η

∆x2
∆x1

∫
ω
hε(y2)3∂p

2(y2)
∂y2

1
dy2, (B.12)

We can now identify the local and the global scale contribution to the
flux. By defining the permeability, K as the local scale contribution, we
can write

j0
i+1/2,j
η

= K11
i+1/2,jδp

1
i+1/2,j +K12

i+1/2,jδp
2
i+1/2,j , (B.13)

which leads to the global scale model (B.4).

B.2.2.2 The two-scale contact mechanics model

The fluid flows through the gaps, hε, between the contacting surfaces.
This gap depends on the applied load. The flow defined previously is
solved on a clearance between the surfaces, hε, which varies depending
on the applied load. Therefore, the deformed shape of the gap must be
computed before the flow problem can be assessed. In order to do so,
an model based on the one presented in [15], is utilized. The equations
governing this method can be posed as

hε(x) = h1(x) + u(x) + g00, (B.14a)

u(x) = 1
E∗

∫
Ωs

pc(x)√
(x1 − x′1)2 + (x2 − x′2)2

dx′ =

=
∫

Ωs

k(x− x′)pc(x)dx′, (B.14b)

pc(x) · hε(x) = 0, 0 ≤ pc(c) ≤ H, 0 ≤ hε(x), (B.14c)

W = 1
AΩs

∫∫
Ωs

pc (x) dxdy, (B.14d)

where the clearance, hε, is defined as the original (no pressure) gap, h0,
plus the deformation, u, caused due to the contact pressure, pc, and
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a rigid body movement, g00. The deformation, u, is computed by the
convolution of a coefficients kernel, k, and the contact pressure, pc. This
can be seen as adding the deformation caused by the pressure at all
points. The equivalent Young modulus, E∗, is defined as

E∗ =
(

1− ν2
1

E1
+ 1− ν2

2
E2

)−1

, (B.15)

where E and ν are the Young modulus and Poisson ratio of each surface.
Equation (B.14c) establishes a complementarity relation between hε and
pc, meaning that when there is contact, the clearance is zero and when
there is no contact, the pressure is zero. Finally (B.14d) imposes that
the average contact pressure is equal to a given total load, W . A perfect
plasticity condition is defined by imposing pc ≤ H, where H is the
hardness of the softer material. This problem can solved by using the
algorithm presented in [15], modified to account for the non-periodicity
in x1-direction (see, e.g. [106]).

In the same way as in the fluid computation, the computational
time for the contact mechanics problem rises as the domain size grows.
Therefore, a two-scale solution is also desired. In order to justify the
two-scale formulation of this problem we need to justify that (i) it is
a correct approximation to use a coarser representation of the surface
to capture the global scale trends in the contact mechanics results and
(ii) that it is a correct approximation to compute contact mechanics
problem in the local cells by using the nominal pressure pnom = Wlocal

as the only information from the global scale

We start by justifying the point (i). The goal is to show that the
utilization of a coarse representation of h0 gives as a result a coarse
representations of hε and pc. To do so, we apply a Gaussian filter, g, to
(B.14a), (B.14b), (B.14c) and (B.14d). We define

f̂(ξ) =
∫
f(x)e−2πixξdx, (B.16)
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as the Fourier transform of a function f(x). The equations then read

Ĥ(ξ) = ĝ(ξ) · ĥε(ξ) = ĝ(ξ) ·
(
ĥ0(ξ) + û(ξ) + ĝ00(ξ)

)
=

= Ĥ0(ξ) + Û(ξ) + Ĝ00(ξ), (B.17a)
Û(ξ) = ĝ(ξ) · û(ξ) = k̂(ξ) · ĝ(ξ) · p̂c(ξ) = k̂(ξ) · P̂c(ξ), (B.17b)

W = 1
An

∫∫
Ωs

Ĝ(ξ) · p̂c(ξ)dx = 1
An

∫∫
Ωs

P̂c(ξ) (x) dx, (B.17c)

where the capital letters identify the filtered functions. In order to ob-
tain (B.17c), the property of the filter to maintain the mean value has
been used. Equation (B.14c) has not been added because it does not
hold exactly for the coarsened problem. If one think on the comple-
mentarity condition and how the filter works, one can see that it holds
approximately provided that the coarsening do not alter the geometry at
the global scale. Regarding the plastic limit, the pressure are expected
to be lower, and in a more spread area due to the filtering. There-
fore, there should be less plastic deformation. This, however, should not
significantly affect the result.

Unlike the flow case, where each local cell corresponds to one point
in the global scale, this is not the case in this coarse representation. In
order to obtain the nominal pressure, pnom, of a local cell, the global
scale result should be averaged over a region of equivalent size.

We now discuss about the correctness of the second statement, (ii).
I has been shown that the elastic deformation caused by pressure is a
long range effect and it cannot be neglected [28]. However, the require-
ment here is smaller. The deformation on the local domain needs to be
computed only up to a constant (g00). Therefore, by assuming that the
elastic deformation caused by pressures far-away from the local domain
has a constant value over the considered domain, the local scale contact
mechanics problem can be solved independently from the global domain.

In order to asses the validity of this assumption one should notice
that, according to the St. Vennant’s principle, the contribution of the
distant regions is smooth. Then, by assuming that the local cell is rea-
sonably away from the boundaries, similar deformation can be assumed
in all directions, leading to a flat overall deformation. Although crude,
it is an adequate first approximation. The assumption of flat deforma-
tion is clearly not adequate if one refers to the deformation on points
near the cell boundaries caused by pressures in points neighbouring the
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local cell. In such close points, however, it is a reasonable claim that
the roughness is similar to the one on the cell. Therefore, a periodic
roughness assumption is also reasonable.

B.2.2.3 The stochastic approach

In the previous sections, a two-scale model has been developed. The
stochastic element has not, however, been introduced yet. Indeed, fol-
lowing the presented procedure, four cell problems (two for each direc-
tion) must be solved for each grid node in the global scale. Moreover,
the results can be sensitive to the measurement used for the computa-
tions. Because the surface topography is a random process, two different
measurements of the same surface (or two equivalent ones) are expected
to give different results. It is, therefore, of greater interest to obtain the
results as a confidence interval rather than a given value.

If one now takes a look to the permeabilities computed one notices
that they can be modelled as a random variable following a log-normal
distribution. This distribution is, however, rather broad. Moreover, it
is expected to see some spatial correlation between the different perme-
abilities, caused by fluctuations in the global scale. Therefore a reference
parameter, either average interfacial separation, h̄, or nominal pressure,
pnom, is taken from the global scale contact mechanics computation and
the permeabilities are fitted to different log-normal distributions as a
function of these parameters. These distributions have more narrow
permeability range and, therefore, are more meaningful.

Following this approach, the global scale is therefore not constructed
by solving the local problem on each coarse grid point but by assigning
randomly a permeability value. In order to ensure sufficient accuracy,
numerous realizations of the global scale are computed following a Monte
Carlo approach. The output is, therefore, given as a probability distri-
bution instead of a single value.

It is worth noticing that modelling a gap between two rough surfaces
by randomly assign permeabilities from a log-normal distribution (or
other similar distributions) is a common practice in the porous media
literature, e.g. [98, 107]. With the present approach, the parameters
for such distribution are no longer obtained experimentally but from
modelling the problem at the local scale.
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B.2.2.4 Solution procedure

A flow chart of the solution procedure for the model is depicted in
Fig. B.1. In the following, a more detailed description is given. Both
scales are effectively separated during the computations and therefore
they are treated separately here also. For clarity, the different domains
considered are represented in Fig. B.2

We start by considering the local scale solution procedure. In order
to solve the local problems, the whole measured domain is divided in a
set of local cells of size ∆x1×∆x2. For the following numerical analysis,
these cells are mirrored in order to obtain a periodic roughness. We
notice that this implies that the permeabilities K12 and K21 will be
zero (see [108] for a justification). However, even without mirroring,
these are expected to be small in most cases, also in the surface textures
used in this work, see Fig. B.3 (this should be reconsidered the model
is applied to surfaces with different textures). The solution procedure is
then as follows:

1. The deformed gap in the local domain is computed for a range
of nominal pressures pnom, as described in Section B.2.2.2. It is
advised to compute the deformation for a very small nominal pres-
sure, which shall serve as a zero value during the interpolation.

2. The fluid pressure distribution is computed by (B.11) and the per-
meability is computed according to (B.12). This is done for the
range of nominal pressures previously computed and for a speci-
fied range of average interfacial separations h̄. A combination of
Dirichlet boundary condition in the direction of the pressure drop
and Neumann boundary conditions in the transverse direction is
used instead of the near periodic condition. The reason for this
is that this combination is easier to implement and yet equivalent
(see [108] for details).

3. The distribution of permeabilities for the given set of cells, and for
each reference parameter (pnom or h̄) are fitted to a log-normal dis-
tribution. The set of cells should be large enough in order to obtain
a good estimate for the parameters of the log-normal distribution.
A random selection of cells is desired to increase robustness against
any possible spacial variation of permeability.

Once the permeabilities are obtained from the local scale, the global
scale model is implemented in the following steps:
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Figure B.1: Flow chart of the proposed algorithm, indicating the steps and
the domains to be utilized.
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Local scale domain, x1-direction 
Local scale domain, x2-direction 

Global scale domain 

Measurement domain Repetition of the 
measurement domain 

Figure B.2: Representation of the different domains utilized in the imple-
mentation of the model.

1. A measurement of the topography is used as the input. This mea-
surement domain, Ω, is filtered by using a Gaussian filter and
re-sampled to a coarser grid.

2. The contact mechanics problem is solved using the coarse repre-
sentation of the measurement as input.

3. The resulting pressure and interfacial separation distribution is
further coarsened by averaging over domains of the same size of the
local scale cells. This results in a nominal pressure and an average
interfacial separation distribution. It is important to select the
same size as of the local cells since the permeability distributions
might depend on the size.

4. The global domain is covered by repetition of the nominal pres-
sure and average interfacial separation distributions. A global scale
variation might be included in the form of a nominal pressure or
average interfacial separation global scale variation. In order to
achieve this, the extended domain is obtained for a range of global
nominal pressure or average interfacial separation. The global
scale is then obtained by interpolating these extended distribu-
tions in accordance to the global scale trend.

5. Permeabilities are assigned to each point in the global scale. To do
so, the parameters of a log-normal distribution are first assigned
to each point by interpolation based on the reference parameter
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(pnom or h̄). Then a permeability value is generated using that
distribution.

6. The global scale fluid pressure distribution is computed by means
of (B.4) and the total leak rate is computed by means of (B.6).

7. Points 5 and 6 are repeated until good estimates for the leak rate
and its variance are achieved. If the leak rate does not follow a
normal distribution, the 95% confidence interval can be computed
by performing a large enough number of realizations so that 95% of
them have a leak rate which consistently falls inside a fixed range.

It is important to notice that there will be cells with zero local perme-
ability, occurring when there is no available path connecting the inlet
and the outlet in the local domain. Those cells cannot be included in the
log-normal distribution. Instead, the fraction of cells with zero perme-
ability is stored. Then a number of cells corresponding to this fraction
is set to zero in the global scale.

The reference parameter should be chosen between the nominal pres-
sure and the average interfacial separation as the one that better cor-
relates with the permeability. For example, for the turned surface with
the topographies depicted in Fig. B.3, permeabilities in x1-direction cor-
relate well with nominal pressure (except for when contact is lost) while
the one in x2-direction correlate better with the average interfacial sep-
aration.

B.2.3 An average permeability approach

Most of the most successful two-scale models for fluid flow are based on
the homogenization technique. Therefore we benchmark our flow model
to it. We first notice that the proposed boundary conditions make the
problem equivalent to that of standard homogenization. Indeed, by
making the change of variables χ1 = p1 + y1

1 and χ2 = p2 + y2
2, the local

problems read

∇ ·
(
h3
ε∇χ1

)
= ∂h3

ε

y1
1
, χ1 periodic, (B.18a)

∇ ·
(
h3
ε∇χ2

)
= ∂h3

ε

y2
1
, χ2 periodic, (B.18b)
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and the flux reads

j0
i+1/2,j = δp11

i+1/2,j
1

12∆x1

∫
ω
h3
ε

(
∂χ1

∂y1
1
− 1

)
dy1+

δp12
i+1/2,j

1
12∆x2

∫
ω
h3
ε

∂χ2

∂y2
1
dy2, (B.19)

which is equivalent to the homogenized results by reinterpreting the
flow factors a11 and a21 as the local permeabilities K11 and K21, see,
e.g. [71]. We notice that this resemblance was already studied in [108]
and that a more rigorous derivation of the consistency between the HMM
formulation and the standard homogenization is given in [73] for the
more general time-dependent case.

The main difference lies then in the assumptions regarding the lo-
cal scale roughness. In homogenization it is assumed to be periodic,
therefore, it is natural to assume that the flow factors (or permeability)
are constant or vary smoothly in the global scale or, at least, in sub-
domains of the global scale much larger than the global scale size. One
then obtain the values by averaging several cell realizations. Hereafter,
we will refer to this procedure as the averaged permeability approach. In
contrast, the periodic boundaries in the given approach represent only
a consistent way to couple the two scales. This allows accounting natu-
rally for spacial variation of permeability. We have used this feature to
introduce a stochastic representation of the surface in Section B.2.2.3.

In the average permeability approach, the pressure driven flow prob-
lem considered will lead to a constant pressure gradient in x1-direction
and a zero pressure gradient in x2-direction. The total leak rate, QH , is
therefore

QH = ∆p
η
K̄H

L2
L1
, (B.20)

where K̄H is the average permeability in x1-direction.

B.3 Results
The performance of the model is shown in two steps. First, the two-scale
model is validated against a deterministic solution. Then, an example
of its usage, the model is applied to a test case.

In both cases, two different topographies are utilized, as shown in
Fig. B.3. Topography 1 is highly anisotropic and corresponds to a turned
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surface. Topography 2 has been sand-blasted to obtain a more isotropic
surface (although still with a clear anisotropic component). These to-
pographies have also been chosen in order to obtain two clearly differ-
ent total flow rates. The leakage studied is the one occurring between
these two surfaces and a flat surface. The boundary conditions posed
in the global scale (and in the deterministic solution) are periodic in
x2-direction and Dirichlet in x1-direction, in order to impose a pressure
drop ∆p. The topography utilised is mirrored in x2-direction in order
to avoid a jump in topography when applying the periodic boundaries.

The material, assumed to be linear elastic-perfectly plastic, is de-
scribed by the parameters E1 = E2 = 206 GPa, ν1 = ν2 = 0.3 and
H = 2.75 GPa. The leak rate is computed by (B.3), (B.6) or (B.20),
depending on the methodology. In the presented results, however, it is
scaled by the factor η/∆p. The Gaussian filter used for coarsening have
a cut-off length 0.01 times the total length of the measurement and the
filtered surface is re-sampled to a sixteenth of the previous number of
points. The original lateral resolution for the contact mechanics (both
for the deterministic and the local scale cells) is of 0.896 µm, which
corresponds to a grid size of 600× 1440 nodes for the topographies pre-
sented in Fig. B.3. The tolerance for the load is set to 1 ·10−3% and the
one for the contact plane is set to 10−10 m (see points 4 and 8 of the
algorithm presented in [15] for reference).

B.3.1 Two-scale model validation

In order to do the validation the measured domain Ω is separated into
a set of local cells, ω. The size of the local cells in x1-direction, ∆x1 is
taken so that each cell corresponds to one wavelength of the main fre-
quency in Topography 1 (see Fig. B.3). In order to facilitate comparison,
the same sizes have been also used for Topography 2. This means that
the measurement domain is divided into six cells, each of which with
a length of 0.21 mm. In order to verify convergence with the domain
size, three widths in x2-direction, ∆x2, are taken. These are 0.18, 0.09
and 0.045 mm respectively, giving 6, 12 and 24 local scale cells on that
direction. A typical two-scale formulation require the local domain to
be at least an order of magnitude smaller that the global domain [109],
which is not fulfilled in the present validation. This is because of the
restriction on the measurement domain size. We notice, however, that
the error obtain when using a larger domain is expected to be smaller.
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Figure B.3: The topographies used in the studies performed in this work:
(a) Topography 1, corresponding to a turned surface and (b) Topography 2,
corresponding to a sand-blasted surface.
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Figure B.4: Comparison of the leak rate between the deterministic solu-
tion (red) and the two-scale approaches utilizing (a) Topography 1 and (b)
Topography 2. The results of the present model are given in solid line
while the ones coming from the averaged permeability approach, described
in Section B.2.3, are depicted with a dashed line.

Therefore, the validation can be directly extended to the more common
situation where the two-scale separation is more clear.

The three techniques presented in Section B.2.2 and B.2.3 are com-
pared. In all three cases, the contact mechanics model described in
Section B.2.2.2 is utilized to compute the deformed gap. The deter-
ministic approach for contact mechanics is used to compute the deter-
ministic flow, while the two-scale contact mechanics approach is utilize
for the other two techniques. The results for a range of total load W
and for the three different widths ∆x2 are depicted in Fig. B.4. The
present two-scale model gives a solution that is in good agreement with
the deterministic one for both tested topographies, specially for the two
wider local cells. The average permeability approach predicts generally
a higher leak rate. Although it could be acceptable for Topography 2
when using the higher width, this is not true for Topography 1. More-
over, for a given cell size, the present two-scale model gives significantly
better accuracy. The error between the present two-scale formulation
and the deterministic solution, defined as

|Q2s −Qd| /Qd, (B.21)

is depicted in Fig. B.5. It can be observed that reasonable values are ob-
tained for the two wider widths (maximum error for Topography 1 using
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Figure B.5: Error between the solutions of the present two-scale model and
the deterministic solution, utilizing (a) Topography 1 and (b) Topography 2
. Black solid lines show the results with the full two-scale model while the
blue dashed lines show the results computed using the deterministic solution
of the contact mechanics problem.

cells of width 0.18 and 0.09 mm is 7% and 11% respectively and 5.5%
and 19% for Topography 2 and the same widths). In order to identify the
main source of error, the error between the deterministic solution and
the solution with the present two-scale fluid model utilizing the deter-
ministic computation for the gap as the flow domain is also depicted. For
Topography 1, it can be seen that it is much smaller, which identifies the
two-scales contact mechanics model as the main source of error for this
case. For Topography 2, however, this is not the case. The reason given
is that due to the cell selection made for Topography 1, the boundary
conditions in the flow model are particularly well-suited, as the pressure
becomes nearly constant at the edges of the domain due to the larger
gap. This is, however, not the case for Topography 2. Thus, it be-
comes clear that the error and its main source is topography dependant.
Despite that, given a careful choice of domain size, a sufficiently good
approximation can always be made. The average permeability approach
based on the homogenization technique has been proven to produce good
results for similar pressure driven conditions [16]. The discrepancy ob-
served in this work is, therefore, attributed to the small size of the local
cells, which makes them not representative of the topography. This is
further enhanced when the leak rate is reduced. In order to see why the
local scale cells are not representative when using the average permeabil-
ity approach but are representative in the present two scale formulation,
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one can analyse the flow pattern. The flow pattern obtained using To-
pography 1, in terms of deterministic flux, is depicted in Fig. B.6a for
a high total load W , i.e., for a small leak rate. It can be seen that the
fluid follows a particular pattern through the gap. Whenever a path is
available, it advances in x1-direction, which is the direction of the pres-
sure gradient. When this is not possible, or when the path is too small,
the flow advances in x2-direction until a large path is found and flow in
x1-direction is possible again. Furthermore, the advance in x2-direction
is as large as the half of the width of Ω, which is the maximum value
due to the surface has been mirrored. In fact, one should expect even
larger advances in this direction when computing over a larger domain.
This implies that a representative cell for the average permeability ap-
proach would need to be at least as large as Ω for it to be possible to
capture the flow pattern correctly. In the present two-scale formulation,
however, the heterogeneity in the permeability distribution can enforce
such flows in x2-direction even when using small local cells. This can
be seen in Fig. B.6b, where it can be observed that the flow pattern is
satisfactorily captured by the present two-scales approach. Another fun-
damental difference of the two approaches lies on how much large values
of permeability affect the total leak rate. In the average permeability
approach the cells with high permeability will increase the average per-
meability and therefore significantly affect the total leak rate. In the
present two-scale formulation, the leak rate is controlled by the narrow-
est constriction that must be crossed. This is, in fact, a more correct
representation of the problem, see [37] Therefore, the influence of the
high permeability values is not as large as in the average permeability
approach. This is also the explanation for the observed differences in the
leak rate prediction shown in Fig. B.4. In Fig. B.7, a similar compar-
ison, using Topography 2, is depicted. The present two-scale approach
captures, again the correct flow pattern. In this case, however, the flow
in x2-direction is much less important (although significant enough to
affect the results) and the constrictions are more evenly spread. This, in
turn, explains why the average permeability approach does not deviate
as much as in the previous case.

It is important to emphasize that the average permeability approach
only predicts a too hight leak rate when it is small, i.e. at high total
load. Otherwise, the variation in the permeabilities are not expected to
be large and the flow perpendicular to the direction of the pressure drop
is expected to be less important. In those cases, the average permeability
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Figure B.6: Comparison of the flow pattern for the deterministic and the
present two-scale method for the pressure driven flow (with unitary pressure
drop) through the gap obtained by applying to Topography 1 a total load
W of 200 MPa. (a) Absolute value of deterministic flux, in logarithmic
scale. (b) Pressure distribution and flux computed by the present two-
scales method. The size and direction of the red arrows corresponds to the
flux. Cells of width 0.18 mm have been used.
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Figure B.7: Comparison of the flow pattern for the deterministic and the
present two-scale method for the pressure driven flow (with unitary pressure
drop) through the gap obtained by applying to Topography 2 a total load
W of 200 MPa. (a) Absolute value of deterministic flux, in logarithmic
scale. (b) Pressure distribution and flux computed by the present two-
scales method. The size and direction of the red arrows corresponds to the
flux. Cells of width 0.18 mm have been used.
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approach can be considered a good approximation. This can be seen in
Fig. B.4, where the prediction from the average permeability approach is
close to the deterministic one at the lowest total load and the deviation
observed when using Topography 2, which exhibits a higher leakage, is
smaller.

B.3.2 Two-scale Stochastic model

Once having validated the two-scale part of the model, we show in this
Section the performance of the model by applying it to a case example.
The measurement domain utilized for this is the same as in the previous
Section.

Let’s start by considering the local scale results. Having computed
the permeabilities for the set of local cells, these values must be fitted to
log-normal distributions. In order to decide which reference parameter
to use, we study the correlation between the permeability and the two
reference parameters (nominal pressure and average interfacial separa-
tion). These relations are shown in Fig. B.8. Focussing first on the corre-
lation between average interfacial separation and permeability, one can
observe that the permeabilities in the x2-direction can be approximated
by K ≈ h̄3. The same trend is followed by permeabilities in x1-direction
when there is no contact and the separation is large. This approximation
will be used for simplicity when obtaining the permeability distributions
in the global scale. When the nominal pressure increases, the perme-
ability in x1-direction is reduced significantly (notice here that a large
number of cells have zero permeability at high nominal pressures), while
the average interfacial separation remains nearly constant. Therefore,
we use the nominal pressure instead of average interfacial separation as
the reference parameter. As seen in Fig. B.8, there is a large spread in
the correlation between permeability and nominal pressure, but one can
clearly observe a trend in both mean value (decreasing) and spread (in-
creasing) of permeability. The percentage of cells with zero permeability
also increases with increasing nominal pressure. In order to describe the
permeability in the x1-direction log-normal distributions are fitted for
each value of the nominal pressure.

The log-normal distributions relating permeability and nominal pres-
sure and the approximation K ≈ h̄3 are used to build the permeability
distributions and the global scale leak rate is computed. An example of a
permeability distribution is shown in Fig. B.9 and the resulting flow pat-



B.3. Results 165

(a)

h̄3 (m3)
10-18 10-16 10-14 10-12

K
(m

3
)

10-24

10-20

10-16

10-12

(b)

pnom (MPa)
0 200 400 600

K
(m

3
)

10-24

10-21

10-18

10-15

(c)

h̄3 (m3)
10-18 10-16 10-14 10-12

K
(m

3
)

10-18

10-16

10-14

10-12

(d)

pnom (MPa)
0 200 400 600

K
(m

3
)

10-20

10-18

10-16

10-14

Figure B.8: Permeability vs the two reference parameters (average interfa-
cial separation, h̄ and nominal pressure, pnom). (a) and (b), permeabilities
corresponding to Topography 1, with a cell width of 0.09 mm. (c) and (d),
permeabilities corresponding to Topography 2, with a cell width of 0.18 mm.
Permeabilities in x1-direction are depicted in red and those in x2-direction
in blue. The black dashed line depicted in (a) and (c) corresponds to the
equality k = h̄3. The cells with zero permeability are not depicted.
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Figure B.9: Example of one realization of the permeability distributions in
both directions. (a) and (b) correspond to Topography 1 while (c) and
(d) correspond to Topography 2. The global scale domain four times the
size of the measurement domain, see Fig. B.2 for measurement domain
specification.

tern for a unitary pressure drop in x1-direction is depicted in Fig. B.10.
It can be seen in Fig. B.10a how the flow advances in x2-direction until
an easy path is found in x1-direction. For the case of Topography 2, see
Fig. B.10b, the leakage is much higher, resulting in a less important flow
in x2-direction. One could define this flow as advancing in x1-direction
until a blockage is found, then doing a small shift in x2-direction to
avoid it and continue in x1-direction. One can think on these flow pat-
terns, particularly the one corresponding to Topography 1, similarly to
the description given by Persson and Yang [20], where the flow domain
is described as a network of paths with critical constrictions randomly
located. In the present model, however, no assumption on either the
distribution or the size of the paths and the constrictions needs to be
imposed.

The leak rate is computed for several permeability distribution real-
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Figure B.10: Example of a flow pattern, corresponding to the realizations
depicted in Fig. B.9. (a) corresponds to Topography 1 and (b) to To-
pography 2. The size and direction of the red arrows corresponds to the
flux.

izations. When a sufficient number of realizations have been computed,
the leak rate can be described statistically. The probability distribution
for the leak rate for three global domain sizes can be seen in Fig. B.11a
for Topography 1 and in Fig. B.11c for Topography 2. The results for
Topography 1 have been computed using cells of width 0.09 mm, result-
ing on global domains of 12× 48, 12× 384 and 96× 384 local cells in x1
and x2-directions respectively. Cells of width 0.18 mm have been used
for Topography 2. When the leak rate is high, or when the global scale
domain is large compared to the local domain size, the distribution tends
to be normal. However, as either of the leak rate or the global scale do-
main become smaller, the variance of the leak rate distribution increases
and it becomes skewed. If a normal distribution can be assumed for the
leak rate, it can be characterized by using only the mean value and the
standard deviation of that distribution. In the more general case where
the distribution is not known, a 95% confidence interval for the leak rate
can be computed, as shown in Fig. B.11b and B.11d. Without knowing
the distribution, this interval is obtained by performing a large number
of computations until 95% of the computed leak rates fall consistently
inside a fixed range. Some general trends can be observed with increase
of global scale domain. As it is increased in x2-direction, a reduction
of variability of the leak rate is observed. Both the reduction of vari-
ability and the tendency to become normal when increasing the size in
x2-direction are expected results since the effect of extreme values will
be smaller and all realizations will be more similar due to the presence
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of more local cells. It is also noticeable that the leak rate per unit width
is slightly increased in the case of Topography 1. This is because of the
larger domain allow areas with high permeability to appear more often
in the realizations. This effect is not observed in Topography 2 because
its larger leakage allows for a better averaging even at the smallest do-
main. An increase of the global domain in x1-direction has the opposite
effect and mean leak rate is reduced. The reason for this is that the
fluid must cover a longer distance and a narrower constriction is more
likely to be encountered. One should expected the leak rate per unit
width to converge to a certain value as the size of the domain in x1
and x2-directions increases. It is noticeable, however, that convergence
with size in x1-direction is far from being reached even at realistic seal
dimensions.

B.4 Concluding Remarks
In pressure driven flows, as the leak rate decreases, the fluid follows a
pattern which becomes wide in the direction transverse to the pressure
gradient. This obliges utilizing a large local domain in the common
two-scale formulations. However, the required size of the local domain
can become too large and approach the global domain, which makes not
possible to perform a scale separation of the flow. In order to avoid
this problem, a two-scale model based on the HMM framework has been
developed. This model does not assume periodic repetition of the to-
pography and, therefore, can capture this wide flow pattern via local
variation of permeability. This allows utilizing much smaller local scale
domains. It has been shown that in this way a two-scales model which
captures correctly the flow pattern can be developed.

Moreover, the presented two-scale formulation permits the construc-
tion of the local scale by considering the local permeabilities a random
variable. This feature allows including the inherent uncertainty coming
from the surface topography in the model and estimating the uncertainty
on the leak rate due to this cause.

In the case study presented, it has been shown that smaller global
scale domains, as well as smaller leak rates, lead to more uncertainty
on the predicted leak rate. It has also been shown that, even for rela-
tively large global domains, the leak rate per unit width is dependant
on the domain size. This has been explained as an effect of the random
construction of the permeability distributions.



B.4. Concluding Remarks 169

(a)

Normalized leak rate
0 2 4 6

F
re
q
u
en

cy
(%

)

0

10

20

30
2.5× 4 mm
2.5× 34 mm
20× 34 mm

(b)

Total load W (MPa)
0 50 100 150 200

L
ea
k
ra
te

(m
2
)

10-18

10-17

10-16

10-15

10-14

2.5× 4 mm
2.5× 34 mm
20× 34 mm

(c)

Normalized leak rate
0.8 1 1.2 1.4

F
re
q
u
en

cy
(%

)

0

10

20

30
2.5× 4 mm
2.5× 34 mm
20× 34 mm

(d)

Total load W (MPa)
0 50 100 150 200

L
ea
k
ra
te

(m
2
)

10-14

10-13

10-12

10-11 2.5× 4 mm
2.5× 34 mm
20× 34 mm

Figure B.11: (a) Histogram of the leak rate obtained using Topography 1,
normalized by its mean value, for three global domain size. The size is
indicated as x1-direction × x2-direction. (b) Total flow per unit width as
computed with the developed model using Topography 1 and with differ-
ent global domain size. In dashed line, the corresponding 95% confidence
interval. (c) and (d) present the same results as (a) and (b) obtained using
Topography 2.
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Abstract
This study considers flow through the gap left between two surfaces
during unloading, i.e. when an applied load is gradually reduced after
loading to a state where plastic deformation occurred. In particular,
the permeability of the gap is studied. It was found that, a substantial
reduction of the applied load is required before the permeability starts
to increase significantly. The explanation for this phenomenon is given
by the combination of components with different wavelengths, present in
the surface. Components with long wavelengths deform elastically and
those with shorter may deform also plastically. We found that plastic
deformation acts to maintain the permeability nearly constant at the
beginning of the unloading and elastic spring-back is the responsible for
the rapid increase at lower loads. This principle constitutes a basis for
the strategy that was developed in order to predict the load, at which
the rapid increase of permeability starts.

Keywords
Reynolds equation, Loading-Unloading, Contact Mechanics, Seals, Per-
colation, Fractal Surface, Spectral Analysis



174 Paper C. On the flow through plastically deformed surfaces

C.1 Introduction

The study of pressure driven flows through the gap between two con-
tacting roughs surfaces is of interest due to its applicability, for example,
in metal-to-metal seals. Being metallic, these seals have potentially the
capability of undergoing significant plastic deformation. If carefully de-
signed, this capability can be made advantageous for the sealing perfor-
mance. For example, it has been suggested that a preload at load higher
than the operation load can be beneficial for the performance of the seal
because the average separation is reduced [21]. The work by Murtagian
et al. [4] seems to give experimental support to that idea. Therefore,
the study of the evolution of the gap between two surfaces during a load
cycle can provide valuable insight to the design of this type of seals.

The loading and unloading of rough surfaces including plastic de-
formation is a common topic of study because of their applications in
the study of micro-switches, running in of roller element bearings and
cams, etc. [110]. The asperity based approach introduced by Greenwood
and Williamson [111] is commonly used in these studies. Jones [44] con-
sidered a statistical representation of the surfaces with columnar and
spheric representation of the asperities and Kadin et al. [21] improved the
spheric representation by using a more complex elasto-perfectly plastic
asperity representation. Jamari and Schipper considered a deterministic
contact of elliptical asperities and thus could reconstruct the resulting
profile. Zhao et al. [45] introduced also strain hardening in a deter-
ministic representation of the asperities. The previous works require
expressions that characterize the behaviour of the spherical asperities.
Therefore (and also due to its interest in other fields), great effort has
been dedicated to the study of the loading and unloading of a ball against
a flat, see, e.g. [46, 112, 113] Other researchers have used FEM analysis
to study the unloading of deterministic surfaces, such as Pei et al. [27]
and Liu et al. [90]. Also of interest in this regard is the experimental
study made by Ovcharenko et al. [114].

All the studies presented previously focused on the study of the stiff-
ness curve or the contact area, and lead to an extensive knowledge,
useful in many applications. Because of the plastic deformation during
loading, the two surfaces are closer during unloading than they were
during loading [21], and the contact becomes stiffer for subsequent load-
ings [45]. It was also shown by Liu et al. [90] that, due to plasticity,
the contact area follows a linear trend with the applied load during the



C.1. Introduction 175

first loading. It was also shown, however, that the contact area is higher
during unloading because the mean pressure in the asperities is smaller.
Moreover, it has been shown that a smaller number of asperities is in
contact during unloading [21]. The two seemingly contradictory state-
ments where explained in [27] by the clustering of small asperities into
larger ones during plastic deformation. Generally, the higher the plastic
deformation (due to higher load or higher plasticity index), the more
acute the previous effects are [21]. It has also been shown that, pro-
vided that no-slip condition and no hardening are present, no plastic
deformation occur after the first loading and the reloading (and all suc-
cessive load cycles) follow the same path as the first unloading [27,115].
In the experimental work by Ovcharenko et al. [114], it was shown that
relatively small difference occurred after the first loading (up to 10%
in contact area) in reality in materials with small hardening behaviour.
Moreover, numerical work has shown that, the general trends relating
real contact area, average separation and load are similar in this case,
even when the actual values might vary, see e.g., [116,117].

In the studies previously mentioned, information about the structure
and shape of the gap between the surfaces is lacking. This can, how-
ever, be critical for applications like seals. For instance, Pérez-Ràfols
et al. [118] showed that leakage was not dependant on average separa-
tion nor contact area, but on the specific structure of the gap. Dapp et
al. [36] showed that knowing the distribution of gap heights can suffice
to predict the flow far away from the percolation threshold. However,
as one approaches it, even this becomes insufficient in a general case. A
strong reason for this difficulty can be found in the work by Dapp and
Müser [37], who showed that most of the pressure drop occurred at very
small constrictions. Therefore, the largely studied parameters resulting
from an average over the surface (such as mean separation and ratio of
real contact area) cannot explain the flow. Therefore, in this work, the
permeability of the gap formed by two surfaces when loading and un-
loading them is studied. To the knowledge of the authors, no such study
is available in the literature. Again, it is found in the present study that
the stiffness curve and the contact area fail to explain the variations in
permeability. Therefore, an explanation by means of spectral analysis
of the gap will be given.

When studying the contact mechanics of a topography from a Fourier
transform perspective, the surfaces are seen as a summation of several
sinusoidal waves. Therefore, the study of the deformation of sinusoidal
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waves becomes of importance. The starting point for this analysis is
the analytical Westergaard solution for elastic deformation of a two-
dimensional sinusoidal wave with a given wavelength and amplitude [81].
After that, several researchers have extended the study to more general
cases, usually including numerical analysis. Gao et al. [119] developed an
elastic-perfectly plastic solution for the same problem and separated the
loading conditions into different elastic and plastic regimes. Liu [120],
Manners [121] and Sun et al. [122] further extended it by considering
more sophisticated plasticity models. Extensive work has also been made
to generalize those results to three-dimensional surfaces. For instance,
Johnson [82] presented an analytical solution for the pressure required
to flatten such a surface. Although no other exact analytical solution
exists, fitted curves relating the average separation and the contact area
with the applied load can be found in [123] and [124]. A more detailed
analysis was performed by Yastrevob et al. [125], who studied the con-
tact area evolution, giving a special focus to the percolation threshold.
Also of relevance are the work on multiscale sinusoidal surfaces (with
a Weierstrass profile) performed by Clavarella et al. [126] (elastic) and
Gao and Bower [127] (elastic-plastic), as they are closer to real surfaces.
The scale separation they used, however, does not apply to this work.

In the rest of the paper, the methodology utilized to study the be-
haviour of the gap during loading and unloading will first be presented.
Then the results for the loading and unloading of the gap between two
surfaces will be presented and discussed in terms of separation, contact
area and permeability. Finally, an explanation of the permeability be-
haviour during unloading will be given and this will be used to make
predictions on it.

C.2 Method
The analysis of the evolution of the shape of gap between two surfaces
during their loading and unloading will be carried out by studying the
variation due a change in the applied load of three main parameters:
average separation between the surfaces, fraction of real area in contact
and permeability. The main focus will be given to the permeability,
which will be related to the shape of the gap.

In order to obtain the aforementioned parameters, the problem to be
studied can be posed as follows: two surfaces, with an initial gap h1, are
pressed against each other under an applied load W . A pressure drop,
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∆P , is then applied to drive the fluid flow between an inlet and an outlet.
When solving this problem, it will be assumed that the deformation of
the surfaces caused by the pressure of the fluid can be neglected. This
allows the problem to be separated into two steps: (1) the deformed gap
is computed and (2) the permeability is computed by solving the flow
through the domain defined by the gap obtained.

In the following, the contact mechanics model will first be described.
Then, the different treatment of the loading and unloading will be dis-
cussed. After that, the flow model utilized to compute the permeability
will be presented. Finally, the test samples will be shown. During the
rest of this work, the domain

Ω = {(x1, x2) ∈ R2 | 0 ≤ x1 ≤ L1, 0 ≤ x2 ≤ L2}, (C.1)

will be utilized as the solution domain.

C.2.1 The contact mechanics model

The model used to study the loading of the surfaces was already pre-
sented in [15], therefore, only a brief summary is given here.

This model is based on the Boussinesq-Cerruti half-space assump-
tion. Plasticity is described as perfect plasticity. This assumption
greatly simplifies the problem and, according to the results presented
in [116,117], should not affect the main trends presented in the results,
although the actual values might vary.

The initial gap, h1 defines the situation where two surfaces are just
about to engage in contact. If the surfaces are forced closer by applying
a certain total load W , the deformed gap, h, will be

h (x1, x2) = h1 (x1, x2) + g00 + u (x1, x2) , (C.2)

where g00 is the rigid body separation of the two bodies in contact and u
is the elastic-perfectly plastic deformation. According to the Bussinesq-
Cerruti theory see, e.g. [46], the elastic component of the deformation
can be written as

ue (x1, x2) = 1
πE∗

∫ ∞
−∞

∫ ∞
−∞

p(x̄, ȳ)dx̄1dx̄2√
(x1 − x̄1)2 + (x2 − x̄2)2

, (C.3)

which indicates that the deformation in a certain point is the result of
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adding the deformation caused by the pressures distributed in all other
points. In (C.3), p is the contact pressure and E′ is the composite elastic
modulus, defined as

1
E∗

= 1− ν2
1

E1
+ 1− ν2

2
E2

, (C.4)

where Ei and νi are the elastic modulus and poison ratio corresponding
to the material of each surface. Because of the perfectly plastic assump-
tion, the plastic component of the deformation, up, is computed as the
value such that, when plasticity occurs in a point, the given point lays on
the contact plane. Now, the deformed gap, h, must follow the following
relationships with respect with the contact pressure, p:

h (x1, x2) > 0, p (x1, x2) = 0, (x1, x2) ∈ Ωc, (C.5)
h (x1, x2) = 0, p (x1, x2) > 0, (x1, x2) /∈ Ωc, (C.6)

0 ≤ p (x1, x2) ≤ H, (x1, x2) ∈ Ω, (C.7)

where H is defined as the hardness of the softer surface and Ωc is defined
as the region of Ω in which the surfaces are in contact. Finally, the
contact pressure must add up to the to total load, this is,

W = 1
An

∫
Ω
p (x1, x2) dx1dx2, (C.8)

where An is the nominal contact area.
The solution of the previous model is obtained by use of the varia-

tional principal and the DC-FFT method, see [15] for details. Note that
the usage of this method implies that periodicity of the topography is
assumed.

C.2.2 Loading and unloading

The loading of the surface can be readily accounted for with the pre-
sented model, by imputing the original topography as h1. Therefore,
comment is only needed for the unloading case.

In accordance to the perfect plasticity assumption, no extra plastic
deformation will be present during the unloading. Moreover, successive
loadings and unloadings will follow the same path. Since all the elastic
component of the deformation will recover when all the load is removed,
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the unloaded gap, hu, will be

h1u (x1, x2) = h1 (x1, x2)− up (x1, x2) , (C.9)

where up is the plastic deformation accumulated at the maximum load
reached before starting unloading. Now, because the first unloading and
the subsequent loading are equivalent, one can study the loading of two
surfaces with an initial gap h1u, which will lead to the same result as the
study of the unloading of h. Although the same algorithm for elastic-
perfectly plastic contact is employed, no plastic deformation is to be
expected in this case.

C.2.3 The flow model

As stated previously, the goal of this paper is to analyse how the un-
loading affects the flow through the gap between the deformed surfaces.
In order to asses this problem it is of use to define the permeability,
which is a parameter that describes the gap’s resistance to fluid flow.
According to Darcy’s law, the permeability can be defined as

K = Q
η

∆P , (C.10)

where η the viscosity of the (Newtonian) fluid, ∆P the fluid pressure
drop and Q is the total flow. For simplicity, flow only in x1-direction
will be considered. Direct extension to the concept can be done in x2-
direction.

In order to find a value for K, the Reynolds equation [55] is solved.
For an isoviscous, incompressible flow between stationary surfaces pressed
against each other with a certain load, the Reynolds equation may be
stated as

∇ ·
(
h (x1, x2)3∇pf (x1, x2)

)
= 0, (C.11)

where pf (x1, x2) is the fluid pressure. The equation is solved by apply-
ing periodic boundary conditions in x2-direction the following boundary
conditions in x1-direction

pf (0, x2) = ∆P = 1, (C.12)
pf (L1, x2) = 0, (C.13)

where the pressure drop has been set to one in order to obtain the total
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flow per unit pressure drop. Once (C.11) has been solved for the fluid
pressure distribution, pf , the total flow per unit width can be obtained
by integrating the flux in the x1-direction, this is,

Q

∆P = 1
L1L2

1
12η

∫
Ω
h (x1, x2)3 ∂pf (x1, x2)

∂x1
dx1dx2. (C.14)

Notice that, since the pressure drop is expected to occur almost com-
pletely in a critical constriction, the pressure drop at the outlet of the
domain can be expected to be negligible. Computing the total flow as
the amount that leaves the outlet would therefore lead to large numerical
error. Therefore, an average over the whole domain is utilized in (D.11).
By combining (D.11) and (C.10), the permeability can be stated as

K = 1
L1L2

1
12

∫
Ω
h (x1, x2)3 ∂pf (x1, x2)

∂x1
dx1dx2. (C.15)

C.2.4 Test cases

Four topographies have been utilized in this work, all of which are shown
in Fig. C.1. The first three correspond to three fractal surfaces with
Hurst exponents, Hf , 0.3, 0.5 and 0.8. The fourth one corresponds to
a measurement of a turned surface, selected to test whether the main
results described for the fractal surfaces do apply to surfaces commonly
used in seal applications. In all four cases, the initial gap studied is the
one between the topography and a flat. Notice that the fractal surfaces
have been mirrored in both directions in order to avoid edge effects
arising from the periodicity boundary condition. The turned surface
has only been mirrored in x2 direction because no contact is expected in
the regions near x1 = 0 and x1 = L1. The fractal surfaces are chosen to
have different contributions of the short wavelength components. The
one with Hf = 0.3 has the most influence whereas the one with Hf = 0.8
the least. Because of this, more plastic deformation is expected to be
found in the surface with Hf = 0.3. In order to generalize the results as
much as possible, the three fractal surfaces are non-dimensionalized by
setting hnd = h/hr, x1,nd = x1/xr and pnd = p/pr, where

hr = Sa, xr = L1, pr = πE∗Sa

L1
, (C.16)
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Figure C.1: The four topographies utilized in this work: fractal surfaces
with Hf = 0.3 (a), Hf = 0.5 (b) and Hf = 0.8 (c), and a turned surface
(d).
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where Sa is defined as

Sa = 1
nm

n∑
i=1

m∑
j=1

∣∣∣(h1)ij − h̄1
∣∣∣ , (C.17)

where h̄1 is the mean value of h1 and the surface is discretized in a grid of
size n×m. All other variables are non-dimensionalized according to their
dimensions. Note that this implies that the three fractal topographies
are defined over a square of size 1 and have Sa = 1. The turned surface
has been kept in the original dimensional form.

The material properties selected for this study are E1 = E2 =
210 GPa, ν1 = ν2 = 0.3 and H = 2.75 GPa, which correspond to a
steel-steel contact. The fractal topographies have been discretized to
a grid size of 512 × 512 points. A grid of 400 × 220 was used for the
turned surface. For the contact mechanics algorithm, 10−3% has been
used as the tolerance for the load balance and 10−10 m as the one for
the contact plain (see points 4 and 8 of the algorithm presented in [15]).
When solving the flow problem, (C.11), a finer grid is used (the number
of points is multiplied by four in each direction) in order to properly
describe the flow through the smaller channels.

C.3 Results and Discussion

Figure C.2 shows the relationship between the average separation be-
tween the surfaces, h̄, and the ratio of real contact area, Ar, with the
total load, W , for different loading-unloading cycles. These relation-
ships are qualitatively equal to those observed in literature, both for
spherical and rough surfaces in contact, see e.g. [21, 44, 128]. As shown
in the introduction, a good description of these curves is available in
the literature, therefore, nothing will be added except for stating the
agreement between this work and the ones found in literature. The re-
lationship between permeability and contact load, shown in Fig. C.3,
presents, however, an interesting behaviour. The curves correspond-
ing to the fractal topography with Hf = 0.3 show two clearly distinct
regions during unloading, specially when the unloading occurs after a
sufficiently large maximum load. In the beginning of the unloading, the
permeability remains relatively constant. However, after a well-defined
total load, the permeability increases rapidly with further reduction of
load. The load at which this occurs will be refereed to as the shoulder
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Figure C.2: Ratio of real contact area and average surface separation vs.
total load. The unloading curves correspond to topographies that have
been loaded with a maximum total load as indicated by the intersection
with the loading curve. The topographies utilized are, from top to bottom,
the fractal surfaces with Hf = 0.3, Hf = 0.5 and Hf = 0.8, and the turned
surface
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of the unloading curve, occurring at a total load Wsh. This behaviour
can clearly not be explained using the average separation nor the ratio
of real contact area, since neither of these quantities show any special
behaviour near Wsh.

The previously described effect does occur in the fractal surface with
Hf = 0.5, although in a less clear manner. By less clear, it is here to be
understood that the slope difference between the two regions is smaller
and that the location of the shoulder, Wsh, is somewhat undefined. The
fractal surface with Hf = 0.8, in its turn, does not exhibit this be-
haviour. Instead, a continuous increase in the slope of the permeability
is observed. Interestingly enough, the turned surface does show a clear
shoulder.

Before proceeding with a further discussion of the results, a claim
is made on the potential advantage of the aforementioned behaviour of
the permeability. If a well-defined seal surface (i.e. one which exhibits a
shoulder) is loaded with a load Wmax > Wsh, there will be a loss of load
(due to, e.g. stress relaxation), Wmax −Wsh which will not produce an
large increase of permeability, if any. The advantages of this designing
tool is obvious, specially owing to the fact that this behaviour has been
observed in the measured turned surface as well.

In order to deepen the understanding of this behaviour, two attempts
will be made in this section. First, an explanation for the existence of the
shoulder in the curve relating the permeability with the total load during
unloading will be given. This will be justified by analysing the response
of components of different wavelength present in the topography. Then,
this explanation will be used to predict the location of the shoulder,
Wsh.

C.3.1 A theory of the presence of the shoulder based on
spectral analysis

As discussed previously, the unloading of the contact will follow the same
path as any further loading of it. For convenience, the explanation of
the presence of a shoulder will be given considering the second loading
instead of the unloading. Notice that neither the average separation
nor the percentage of real contact area can be used to explain the be-
haviour of the permeability, as both are smooth aroundWsh. Therefore,
a different approach must be taken.

Consider first a gap consistent of a one-dimensional sinusoidal wave.
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Figure C.3: Permeability during loading-unloading cycles as obtained using
the fractal topographies with Hf = 0.3 (a), Hf = 0.5 (b) and Hf =
0.8 (c), and the turned surface (d). The unloading curves correspond to
topographies which have been loaded with a maximum load as indicated by
the intersection with the loading curve. The absence of such intersection
indicates zero permeability is observed at the loads not plotted. In this
cases, the maximum load is indicated by a number. The red line correspond
to the prediction of the shoulder using the original topography, h1. The
green dashed line correspond to the prediction made using the unloaded
topography, h1,u. No prediction is given in (c) because no shoulder can be
identified there.
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According to Westergaard [81], the complete closure of such gap (or
flattening of the topography), given the same assumptions as considered
in this work, will be achieved when the pressure is, at least,

p = πE∗∆
λ

(1 + cos (2πx/λ)) , (C.18)

where ∆ is the amplitude of the sinusoidal gap and λ its wavelength.
According to (C.18), the higher ∆/λ, the higher pressure is needed to
achieve complete flattening. In general, one shall say that, because of
this, waves with a shorter wavelength will be harder to flatten. Notice
here that ∆ could counteract this effect, but it usually decreases slower
than λ in most topographies. A common example of this behaviour is
found is self-affine fractal surfaces, for which ∆/λ ∝ λHf (see e.g. [22])
and thus shorter wavelengths are harder to flatten than the long ones.
If the gap is now considered as a summation of these sinusoidal waves
(i.e., if it is studied by means of Fourier analysis of it), a difference of
behaviour between components with short and long wavelengths shall be
observed. The components of the gap with long wavelength will flatten
with low maximum loads and thus mostly elastically. In contrast, those
with short wavelength will either not flatten at all (if the load is not
sufficient) or will deform plastically. Because of this, a smoother surface
will be obtained when fully unloading it. A comparison between the
original surface and the surface after unloading is depicted for the fractal
topography with Hf = 0.3 in Fig. C.4, showing the aforementioned
smoothing.

When loading again the smoother surface, the components with long
wavelength, which deformed mainly elastically, will again start to deform
elastically, and thus the gap will start closing and the permeability will
decrease. At some point, however, these components will flatten com-
pletely. On the contrary, the components with short wavelength are not
expected to be present, as they were plastically deformed during the first
loading. Of course, one shall expect finding components with a middle
value of wavelength, which probably will not flatten neither elastically
nor plastically and thus will continue to deform throughout the whole
second loading. These, however, are not expected to govern the leakage,
as they do not have a sufficiently short wavelength to constitute the
geometry of the critical constriction nor a low enough one to affect the
overall pressure distribution. Moreover, if a component could not flatten
during the first load, it is not expected to do so in the second either.
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(a) (b)

Figure C.4: Topography of the fractal surface with Hf = 0.3. Comparison
between the initial topography (a) and the topography when unloading after
having been load at a maximum load ofW = 1.8 E∗ (b). A clear smoothing
of the topography can be observed. Note that only one repetition of the
mirrored surface is depicted.

Therefore, the shoulder can identified as the load at which the compo-
nents with long wavelength flatten. The previously described concept
is demonstrated in Fig. C.5. There it can be seen how the components
with long wavelength are flattening with an increase of W , while those
with short wavelength, mostly seen at x1,nd < 0.25, remain unchanged.

Being the shoulder a result of the combined action of elastic and plas-
tic deformation of components of different wavelengths, one shall expect
it to fully disappear in the elastic contact. Therefore, a transition be-
tween a sharp shoulder and the elastic case can be expected as the plastic
deformation loses relevance. This is, indeed, what can be observed in
Fig. C.3, where the shoulder becomes less sharp when moving from the
surfaces having Hf = 0.3 to the one having Hf = 0.5 and even disap-
pears at Hf = 0.8. As discussed previously, a lower Hf implies a larger
content of short wavelength components and thus a larger amount of
plastic deformation. According to this assertion, only the right balance
between elastic and plastic deformation should lead to this behaviour.

A comment must be here said about the locality of the plastic defor-
mations. In has been shown that, for sufficiently large W , the pressure
drop occurs almost entirely at one single location, which is called the
critical constriction [37]. Therefore one might expect the plastic de-
formation in the vicinity of this critical constriction to be particularly
relevant. In reality, the critical constriction is not necessarily the same
during loading as during unloading due to the change of geometry caused
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Figure C.5: Gap during unloading for different loads, where hmin{x2},nd is
defined as the minimum of h over lines with constant x1,nd and the subscript
nd indicates that the results are presented in non-dimensional form. The
topography utilized corresponds to the fractal surface with Hf = 0.3, which
had been loaded to a maximum of W = 1.22 E∗. One can observe how
the components with long wavelength grow in amplitude while those with
short wavelength remain unchanged. Note that only one repetition of the
mirrored surface is depicted.

by plastic deformation (it is not so in the studied surfaces). Neverthe-
less, it is fair to expect that the location in which the critical constriction
occurs during loading is quasi-critical during unloading and vice-versa.
Therefore, one can still say that the most relevant plastic deformation
occurs in the vicinity of the quasi-critical constrictions. Plastic deforma-
tion can be thus regarded as a local phenomenon for the purposes of this
work. Despite that, the different wave components will be considered
disregarding their locality. This can only be done under the assumption
that components of short wavelength are homogeneous throughout the
surface. Note also that this locality can explain why neither the av-
erage separation nor the total area present a behaviour similar to the
one exhibited by the permeability. Those variables are averaged over
the whole surface and thus the local values near the critical constriction
have little effect. In fact, one can notice that the largest waves might not
flatten completely when the load is such that the percolation threshold
is reached. Thus, average separation and total contact area, which are
averaged over the whole surface, are likely to follow a trend governed
by those waves. This, in turn, also explains the similarity observed be-
tween the results presented in this paper and those regarding the contact
between a sphere and a flat, e.g., Etsion et al. [128].
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C.3.2 Prediction of Wsh

The theory given in the previous section for the existence of the shoulder
is here utilized to attempt to predict it. This shall serve to strengthen
the theory presented. Also, it can add usefulness to the presented results.
In this section the concept used to build such a prediction will first be
presented. After, a more detailed description of the procedure will be
given.

The prediction is based on separating the surface into components
with different wavelengths (based on Fourier analysis). Of those com-
ponents, the focus is placed to the ones that are expected to deform
elastically. The shoulder is then identified as the load at which these
components have been unloaded to a point where they can no longer
provide sealing. Note that components deforming plastically must not
be considered as they will not recover their deformation during unload-
ing. Of course, each elastically deformed component will stop providing
sealing at different loads, depending on its wavelength and amplitude.
Therefore, the shoulder can be defined as the minimum load at which
all elastically deforming wave components are still providing sealing.

In order to materialize the previous concept into an algorithm ca-
pable of predicting the shoulder, let us consider the following (discrete)
representation of a surface

h =
n∑
i=1

m∑
j=1

hsin,ij (x1, x2, λ1,i, λ2,j , Aij) , (C.19)

where
hsin,ij = δ +Aij sin

(
2π x1
λ1,i

)
sin
(

2π x2
λ2,j

)
, (C.20)

where δ is a constant, A is the amplitude and λ1 and λ2 are the wave-
lengths in x1- and x2-directions. The parameters Aij , λ1,i, λ2,j can be
obtained via Fourier transformation of h, while δ is somewhat undefined
but does not alter the calculation (δ = 0 is used).

Now, in order to apply the proposed approach, it is necessary to
know the load, pseal, at which each wave component hsin,ij provides
sealing. We also define pmax as the maximum contact pressure seen by
the wave component when it is loaded with a mean pressure pseal. We
will use that value to identify which components can offer sealing while
deforming purely elastically. Since no expression for pseal is available
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in literature, curve fitting is utilized in this work. For that, surfaces
are constructed having only one component (i.e. h ≡ hsin). Also, the
following non-dimensionalization is done,

X = x

λ1
, H = h

A
, P = p

p∗3d
, (C.21)

where p∗3d is defined as the pressure at which full contact occurs, i.e.
p∗3d = 0.5AE∗

√
α2 + β2 [124], where α = 2π/λ1 and β = 2π/λ2. No-

tice that the sub-indexes i, j have been dropped to mark that a sur-
face with only one component is now being studied. By performing
dimensional analysis of the contact problem and the initial geometry
defined in (C.20), it can be realized that the non-dimensional sealing
load Pseal = pseal/p

∗
3d is only dependant on λ̄ = λ1/λ2. After perform-

ing computations for several values of λ̄, it was found that this relation
can be described as

Pseal = C1λ̄
±1 + C2

λ̄±1 + C3
, (C.22)

where C1 = 0.06, C2 = 1.25 and C3 = 4.44. The plus sign shall be used
for λ̄ < 1 and the minus sign for λ̄ > 1. The goodness of the fitting is
shown in Fig. C.6a. The maximum error for the cases analysed is 2.6 %.
It shall be noticed that the percolation limit for λ̄ = 1 is in agreement
with the results presented in [125]. Similarly, the maximum pressure
reached is described as

Pmax = C4
√
Pseal, (C.23)

where C4 = 2.37. The fitting is shown in Fig. C.6b and the maximum
error is of 0.8 %

Now, by using (C.22) and (C.23) together with (C.21):, each compo-
nent of the surface, hsin,ij can be assigned a pressure at which it provides
sealing, pseal,ij and a maximum pressure observed at this load, pmax,ij .
As said previously, the shoulder is defined as the minimum pressure at
which all the elastically deforming components are providing sealing,
i.e.,

Wsh = max
pmax,ij<H

{pseal,ij}. (C.24)

The predictions are depicted in Fig. C.3 with a red line. It can be noticed
that the error can be relatively large (around 20% for the fractal topog-
raphy with Hf = 0.3). A first source of error comes from considering
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Figure C.6: Fitting of expressions for Pseal and Pmax, as defined by (C.22)
and (C.23). Maximum error is 2.6 % and 0.8 % respectively.

that all waves deform either purely plastically or purely elastically. In
reality, however, some wave components will deform in an elastic-plastic
manner. The amplitude of these wave components once the elastic de-
formation has been recovered will then be smaller than it was originally.
Because of that Wsh, is overestimated by considering the original to-
pography. In order to estimate how large this overestimation is, the
shoulder is computed using the amplitudes corresponding to the plasti-
cally deformed surface, i.e., h1u. The result is depicted in Fig. C.3 as a
green dashed line. The result is now closer to the actual shoulder, being
the difference for the fractal topography with Hf = 0.3 around 10%.
Noticeably, the error caused by using the original topography is much
smaller when predicting the shoulder for the turned surface. The reason
given for that is that fractal surfaces have a more continuous distribu-
tion of wave components and thus more components are expected to lay
in the intermediate region where elastic-plastic deformation occurs. Be-
sides the error coming from disregarding the elastic-plastic deformation
of some wave components, another source of error can come from the
omission of the relative phase angle between the different components
present in the topography. A variation in the relative phase angles can
significantly modify the shape of the topography and thus its behaviour.
Because of that, one can expect to obtain a different value ofWsh for sur-
faces with similar wave components but different relative phase angles.
Such difference would not be captured by the approach presented in this
work. Nevertheless, the prediction is found to be sufficiently accurate
given the commonly high variability in the permeability computed using
different measurements of the same surface.
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In the case of the turned topography, an additional clarification must
be given. If load at which the shoulder occurs is calculated using the
Fourier transform of the whole surface, the computed value is 400 MPa,
which is much higher thanWsh (and even than the load needed to achieve
full sealing). The reason for this is that the topography is different in
two areas. In the lower part (left in Fig. C.1d) it has a structure such
that it needs a large load for sealing to be achieved. In the higher area,
however, the topography is much more suitable for sealing. Because
Wsh is computed as a maxima, it will refer only to the lower part of the
topography. However, sealing is provided by the higher part and thus the
overestimation. In order to avoid this false prediction, the load at which
the shoulder occurs has been computed considering only the higher part
of the topography. The results obtained by this latter prediction are the
ones depicted in Fig. C.3d.

The accuracy obtained by the prediction of the shoulder leads to
the conclusion that the hypothesis presented in the previous section is
correct. The prediction by considering the whole surface, however, must
be done carefully, as only the representative parts must be taken into
consideration.

C.4 Concluding remarks
A model that allows studying the loading and unloading of the contact
between rough surfaces deterministically has been presented. The results
obtained confirm the well-established conclusions that the ratio of real
contact area and the average surfaces separation follow a trend similar
to that observed in a sphere to flat contact and that those cannot be
used to successfully predict the permeability.

The behaviour of the permeability showed an important character-
istic, with potential importance in seal design, provided that the plas-
tic deformation is relevant. This is, for a range of load for which the
permeability is relatively constant appeared and a sudden increase was
observed below a certain load.

The characteristic mentioned before has been explained as being the
result of a combination of components with long wavelength, deforming
elastically and components with short wavelength, deforming plastically.
Strength to the previous argument has been given by the observation
that a reduction in the amount of plastic deformation enhances this
effect. The previous description has been used to predict the location of
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the load at which the permeability starts increasing. A good prediction
has been accomplished with relative success.
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Abstract
During operation, the mating surfaces of a metal-to-metal seal typically
undergo significant plastic deformation, which in turn can have benefi-
cial effect on its performance. In previous studies it has, for instance,
been shown that plastic deformation can provide for better sealing dur-
ing unloading. Those studies did, however, only consider flow through
unrealistically small domains. Therefore it is possible that this might
be a size effect, which would not be apparent in a real situation with
a much larger domain. In this paper, we develop a model which can
handle real-sized seal domains at the same time as fine details of the
surface topography. More precisely, we construct a two-scale model, in
which the global scale represents the seal domain and where the influ-
ence of the fine details at the local scale are represented by a stochastic
element. By means of this stochastic two-scale model, we show that
the beneficial effect associated with the plastic deformation persists also
when real-sized seal domains are considered.

Keywords
Two-scale modelling, Stochastic, Contact Mechanics, Reynolds equation,
Seals, Load cycle
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D.1 Introduction

The metal-to-metal seal is an example of an application in which the per-
formance is highly influenced by the evolution of the surface topography
and, in particular, by the plastic deformation occurring during loading
cycles. In [21], Kadin et al. presented numerical simulation results show-
ing that plastic deformation leads to a more intimate contact between
the surfaces and this may improve the sealing performance. Experimen-
tal evidence supporting this can be found in the results by Murtagian et
al. [4]. Despite this, little is known about the mechanism through which
plastic deformation affects the leakage. Therefore, a study of the effect
of plastic deformation on sealing performance was undertaken by the
present authors in [129]. That study lead to an interesting observation:
after loading the seal up to a certain applied load, one could reduce sub-
stantially the applied load without observing any significant increase in
leakage. This is relevant to the robustness of the metal-to-metal seal,
as it gives an indication of the amount of load a seal can loose before
it fails. The main limitation of the work in [129], is that it considers
unrealistically small domains.

In this work we attempt to answer the question: will this behaviour
still be prevalent when a domain large enough to cover the size of a
realistic seal is considered? To this end, we extend the model presented
by Pérez-Ràfols et al. in [130] to allow for studying the contact me-
chanics and leakage of seals during unloading as well. As in [130], the
present model couples a classical two-scale type of formulation with an
explicit consideration to the stochastic nature of the roughness at the
local scale. A novelty is a stochastic construction for the permeability,
which considers the complete loading-unloading cycle.

The rest of the paper is organized as follows. First, a fully determin-
istic model (in opposition to a two-scale model) is introduced to serve as
a reference. Then, the two-scale model is presented in Section D.3 and
its accuracy is evaluated in Appendix D.7. In Section 4, the two-scale
stochastic model is presented and in Section D.5 the model is used to
answer the question posed.

D.2 The deterministic model

A deterministic model is used to asses the accuracy and validity of the
outcome of the stochastic two-scale model, which is the main develop-
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ment in this paper. This deterministic model is based on the one pre-
sented in [15] and later in [129]. It is, therefore, only briefly summarized
here.

In this work, we assume that the deformation caused by fluid-structure
interaction is small as compared to the deformation caused by direct me-
chanical contact between the two surfaces. It follows from this assump-
tion that it is possible to separate the model into two distinct physics,
i.e.,

1. A contact mechanics model, to determine the elasto-plastic defor-
mation due to a total applied load W , and the elastic spring back
when releasing the load

2. A fluid flow model, to compute the amount of fluid that flows
through the rough aperture between the two deformed surfaces
obtained from the contact mechanics model for a given a pressure
drop driving the flow.

In what follows of this section, we present the contact mechanics
model, then we explain how unloading is modelled and finally we present
the fluid flow model. The same rectangular solution domain, Ω, defined
as

Ω := {x|0 < x1 < L1, 0 < x2 < L2}. (D.1)

will be used when comparing the different models. For the discretisation
of the deterministic model, a uniform rectangular mesh with N1 × N2
elements of size ∆x1 × ∆x2 is adopted. The coordinate for the node(
x1o, x2p

)
is thus given by x1o = o∆x1 and x2p = p∆x2, with ∆x1 =

L1/(N1 − 1) and ∆x2 = L2/(N2 − 1).

D.2.1 The contact mechanics model

The contact mechanics model utilized here is the same as the one pre-
sented in [15]. Therefore, only a summary of the model will be given.
The model assumes that the behaviour of the surface can be described
by a half-space in which friction is neglected. We can thus utilize the
Boussinesq solution to model the relation between the contact pressure
and the elastic deformation. Moreover, a linear elastic perfectly plastic
material model is adopted. More precisely, when the contact pressure at
a certain point excedes the hardness of the softer material, H, the point
floats at the surface and the pressure remains equal to the hardness. The
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hardness of the material is taken as 2.8 times the yield limit, see [46].
The desired output for the contact mechanics model (in the context of
this work) is the gap between the deformed surfaces, h, defined as

h (x) = h1 (x) + g00 + ue (x) + up (x) , (D.2)

where g00 is the rigid body separation, h1 is the undeformed gap between
the contacting surfaces and ue and up are the elastic- and plastic defor-
mations, respectively. According to the Bussinesq solution, the elastic
part of the deformation (ue) is computed from the contact pressure, pc,
as

ue (x) = 1
E∗

∫
Ω

pc(x′)√
(x1 − x′1)2 + (x2 − x′2)2

dx′, (D.3)

where E∗ is the reduced elastic modulus, defined as

E∗ =
(

1− ν2
1

E1
+ 1− ν2

2
E2

)−1

. (D.4)

Here E1, E2, ν1 and ν2 are the elastic modulus and Poisson ratios of
the contacting surfaces. Since contact is defined by h = 0 and 0 <
pc ≤ H and since h > 0 and pc = 0 where there is no contact, we
adopt the following Kuhn-Tucker complementary condition to model
the mechanical contact between the surfaces.

h (x) > 0, pc (x) = 0, x ∈ Ωc,

h (x) = 0, 0 < pc (x) ≤ H, x /∈ Ωc,
(D.5)

where Ωc is the part of Ω where both surfaces are in contact. Also, since
we want to obtain the deformed gap, h, for different nominal contact
pressures, W , we impose

W = 1
An

∫
Ω
pc (x) dx, (D.6)

where An is the nominal contact area.

As in [15], the complementarity problem, (D.5), is numerically solved
employing the variational principle, formulated for the total complemen-
tary potential energy and by using DC-FFT method to accelerate the
computation of the convolution in (D.3).



D.2. The deterministic model 201

D.2.2 Loading and unloading

From the way plasticity is implemented, it follows that the predicted
unloading of the seal is equal to any subsequent reloading, all the way
up to the load where the unloading previously started. This is obvious
from the fact that p ≤ H and that unloading will only reduce the pres-
sure. Note that, although being a result of our simple way of treating
plastic deformation, this behaviour is actually not far from reality, as
observed in [87]. This observation allows us to use (D.5) for both load-
ing and unloading. During loading, the original gap (h1) is used when
defining the deformed gap (h) in (D.2). For the unloading, up is set to
umaxp , which is the plastic deformation occurred at the at the maximum
load reached before unloading started. Notice that despite plasticity is
included in the model, no extra plastic deformation besides umaxp will
occur during unloading. The same will then apply to any subsequent
reloading up to the maximum load reached during the previous loading
cycle.

D.2.3 The fluid flow model

In this section, we present the model for the flow through the rough
aperture between the deformed surfaces (h). This is a Reynolds equation
based model that can be applied to study the flow situations for which
the classical thin film assumptions are valid. If the fluid is Newtonian,
incompressible and iso-viscous, it can be expressed as

∇ ·
(
h3∇pf

)
= 0, (D.7)

where pf is the fluid pressure. For convenience in the later derivation,
pf is considered dimensionless (the pressure is scaled by the pressure
drop, ∆P , between the inlet and the outlet of the seal). This particular
form of the Reynolds equation is solved together with periodic boundary
conditions in x2-direction and unitary pressure drop in x1-direction, i.e.,

pf (x1, 0) = pf (x1, L2) , (D.8)
pf (0, x2) = 1, (D.9)
pf (L1, x2) = 0. (D.10)

Note that the unitary pressure drop comes from the non-dimensionalization
of pf . In order to obtain the solution for a particular case, one simply
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needs to scale the non-dimensional pressure, pf with ∆P .
Once (D.7) has been solved for the fluid pressure, pf , the leakage,

Qd, can be computed. In general, the leakage equals the mass flow
integrated over the outlet boundary. However, due to the periodicity
imposed in x2-direction, the leakage can also be evaluated as the mass
flow integrated over the whole domain, i.e.,

Qd = 1
L1

∆P
12η

∫
Ω
h3∂pf
∂x1

dx. (D.11)

This turns out to be a better option for the numerical evaluation since
the pressure gradient at the boundary is close to zero and the numeri-
cal error would thus be greater if the integration would be carried out
over the outlet boundary only. In (D.11), η is the (constant) dynamic
viscosity of the fluid.

D.3 The two-scale model
The two-scale model presented in this work is based on the same ideas
as the model presented in [130]. Therefore detailed explanations will
only be given when the two models differ from each other.

When presenting the two-scale model, we will follow the same struc-
ture we used to present the deterministic model. This means that we will
first present the two-scale formulation of the contact mechanics model,
then we will discuss the particularities of the modelling of loading and
unloading when two scales are considered and finally we will present the
two-scale formulation of the flow model. A schematic illustration of the
outcome of a numerical simulation, obtained by means of the suggested
two-scale model, the two-scale model is shown in Fig. D.1.

D.3.1 The two-scale contact mechanics model

The two-scale contact mechanics model is built upon two main assump-
tions, i.e., i) that using a low-pass filtered surface as an input for the
deterministic contact mechanics model permits obtaining a (sufficiently
accurate) coarse representation of the global-scale distributions of con-
tact pressure and average separation, and ii) that the local and global
scales can be coupled by approximating the nominal contact pressure
and average separation at the local-scale by the global scale pressure p̄c
and separation h̄. The latter assumption requires that the deformation
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Figure D.1: A schematic presentation of the flow situation (left) and the
contact pressure variation (right) at both the global scale and the local
scale, depicted in the inserts. In the left figure, the red arrows represent the
direction and magnitude of the flow and the yellow to blue colormap repre-
sents the fluid pressure (pf ) at each node of the global domain. Similarly,
the pattern coloured in red in the insert depicts the local scale flow, whilst
the corresponding fluid pressure distribution is represented by the colormap
in yellow and blue. In the right figure, the nominal contact pressure (p̄c)
over each element of the global-scale domain is depicted by the yellow to
blue colormap. The insert shows the contact pressure distribution (pc) at
the local scale.
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caused by the pressure in the surrounding area only have a marginal
influence on the shape of the local-scale topography. In [130] these two
assumptions were justified by applying a Gaussian filter to the equations
governing the contact mechanics problem and by invoking St. Vennant’s
principle. In this work, a numerical justification of the two-scale contact
mechanics model is given in Appendix D.7.

Based on the two previous assumptions, the two-scale contact me-
chanics model can be built following the steps, summarized in Fig. D.2.
We start with a large measurement large measurement, which has been
processed to avoid any artefact coming from the measurement. The
height data is represented on a fine grid with N1 ×N2 elements of size
∆x1 × ∆x2 (the grey grid on Fig. D.12). This height data is then fil-
tered using a low-pass filter with a sharp cutoff at a frequency ωc. Once
filtered, this height data is interpolated onto a coarser grid, with grid
nodes (X̃1k, X̃2l), where X̃1k = k∆X̃1 and X̃2l = l∆X̃2 (see black grid
in Fig. D.12). We here define a coarsening factor c = ∆X̃1/∆x1 =
∆X̃2/∆x2. The coarser grid has thus N1/c × N2/c elements. We can
now choose ωc = 2π/(8∆X̃) =(2π/(8c∆x)). According to previous stud-
ies [30], this choice permits obtaining meaningful output from the con-
tact mechanics model.

The deterministic contact mechanics model is used to obtain coarse
grid representation of the contact pressure p̃c = p̃c

(
X̃1k, X̃2l

)
and the

separation h̃ = h̃
(
X̃1k, X̃2l

)
. Then, these coarse representation of con-

tact pressure and separation are use to obtain representations on an even
coarser grid (X1i, X2j), where X1i = i∆X1 and X2j = j∆X2 (see red
grid in Fig. D.2). This is done by assigning to each point (X1i, X2j) a
nominal pressure, p̄c, which is the average of the pressures, p̃c at the sur-
rounding nodes (X̃1k, X̃2l). Similarly, an average separation h̄ is defined.
More precisely, the average is done over the local-scale domains ω1

i+1/2,j
and ω2

i,j+1/2, around each pair of points [(X1i, X2j), (X1i+1, X2j)] and
[(X1i, X2j), (X1i, X2j+1)], respectively,

ω1
i+1/2,j = {x|X1i < x1 < X1i+1, X2j−1/2 < x2 < X2j+1/2},

ω2
i,j+1/2 = {x|X1i−1/2 < x1 < X1i+1/2, X2j < x2 < X2j+1}.

(D.12)

For clarity, these two domains are depicted in Fig. D.3. The reason for
the particular choice of domains will be apparent in Section D.3.3 when
discussing the two-scale flow model.
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Figure D.2: Flow chart of the algorithm. On the left, the part corresponding
to the computations on the local scale. On the right, the global scale contact
mechanics part, described in Section. D.3.1. The yellow boxes correspond
to intermediate outputs.
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Figure D.3: Representation the different domains and grids used in the
contact mechanics model. The grey lines, with nodes (x1m, x2n) represent
the grid in which the height data is measured. The global-scale contact
mechanics problem is solved on the black grid, with nodes

(
X̃1k, X̃2l

)
.

Finally, the red grid, with nodes
(
X1i, X2j

)
, is where the global-scale flow

problem is solved. The domains ω1
i+1/2,j and ω

2
i,j+1/2, presented in (D.12),

are also depicted. The values of p̄c and h̄ are also averaged over these
domains.
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We can now solve the problem at the local scale using these domains
following the procedure summarized in Fig. D.2. The contact mechan-
ics model can be used to obtain the local-scale distributions of h and
pc on the local-scale domains ω1

i+1/2,j and ω2
i,j+1/2. The inputs to the

local-scale problems are the material parameters Ei, νi and H, the unde-
formed gap between the contacting surfaces h1. In order to decouple the
solutions on the global and local scale, we solve for h and pc for a wide
range of nominal pressures p̄c, corresponding to a wide range of separa-
tions h̄. Then, the results for the particular value of p̄c obtained from
the global scale solution, the result can be obtained via interpolation.

D.3.2 Loading and unloading in the two-scales model

The plastic deformation at both the local and global scales is accounted
for in the same way as in the deterministic model (i.e. as described
in Section D.2.2). However, since the plastic deformation is consid-
ered only point-wise, i.e., by assuming that for each point for which
pc (x) = H “float” to the contact surface, one can argue that the model
only considers plastic deformations at frequencies of the order of ∆x
only. This implies that the plastic deformation predicted to occur at the
global scale, in the two-scale model, will have another (lower) frequency
than the plastic deformation predicted by the deterministic model. To-
gether with the high frequency contribution to plastic deformation tak-
ing place at the local scale, one can argue that the two-scale model
represents a more realistic plastic behaviour than the deterministic one.
Nevertheless, we show in Appendix D.7.1 that the plastic deformation is
small at the global-scale, which means that the results coming from the
deterministic- and the two-scale model are comparable. Note that this is
an implicit requirement for using the deterministic model as a reference
representation of the contact mechanics in metal-to-metal seals.

D.3.3 The two-scale flow model

The two-scale flow model is constructed following the Heterogeneous
Multi-scale Method (HMM) approach. In [104], a comprehensive review
of the method is given and in [74, 131] it is applied to a related fluid
flow problem including fluid structure interaction. The construction is
based on the fundamental fact that the Reynolds equation is a mass flow
continuity equation. Accordingly, in a discrete form, the global scale
flow is described by imposing mass balance at each global-scale point
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(X1i, X2j) (see the red grid in Fig. D.3). Indeed, let j1
i+1/2,j represent

the flow in X1-direction (as indicated by the super-script) between the
global-scale points (X1i, X2j) and (X1i+1, X2j) and define other flows
analogously. Mass balance at (X1i, X2j) can then be expressed as

−j1
i−1/2,j + j1

i+1/2,j − j
2
i,j−1/2 + j2

i,j+1/2 = 0. (D.13)

According to Darcy’s law, the flow ji+1/2,j is given by as

ji+1/2,j = 1
η
k1
i+1/2,jδp

1
f i+1/2,j , (D.14)

where k1
i+1/2,j is the permeability of the gap h on ω1

i+1/2,j in the X1-
direction and

δp1
f i+1/2,j = pf i+1,j − pf i,j (D.15)

is the corresponding pressure difference. The other flows are computed
in a similar manner.

Now, in order to obtain the permeability, we use the fluid flow model
at the corresponding local-scale domain. Therefore, we solve Reynolds
equation (D.7) imposing a unitary pressure drop in the direction in which
the permeability is computed and periodic boundaries in the direction
perpendicular to it. This requires mirroring the local-scale representa-
tion of h. The choice of boundary conditions is not trivial, as it must
be consistent with the definition of the global-scale model. For a more
detailed discussion of the actual choice, the reader is referred to [130].
Once the Reynolds equation is solved, the permeability, k1

i+1/2,j , can be
computed as

k1
i+1/2,j = 1

12∆X1

∫
ω1

i+1/2,j

h3∂pf
∂x1

dx. (D.16)

Those readers more familiar with porous media literature will probably
notice that the permeability presented here has units of m3 instead of
m2. This is because of the use of Reynolds equation, which simplifies
the problem by integrating over the thin dimension. Once permeability
is computed for all global-scale points, (D.13) can be solved for pf i,j and
then the leakage Q2s, which equals the total flow over the global-scale’s
domain’s outlet boundary ∂Ωo, can be computed as

Q2s = 1
η

∑
∂Ωo

k1
i+1/2,jδp

1
f i+1/2,j . (D.17)
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Note here that we have neglected the leakage in x1-direction caused by
a pressure drop in x2-direction. For the specific surfaces studied in this
work, this addition to the leakage is known to be small and this is an
acceptable approximation.

D.4 The two-scale stochastic model

Once the two-scale model has been defined, we can use it to build a
two-scale stochastic model that can be used to cover larger domains.
Conceptually, the model is the same as the one presented in [130]. In this
work we extend it to be able to asses seal performance during unloading.

In the two-scale model presented previously, the global domain is
discretized into cells and the local-scale model is used to compute the
permeability for each of those cells. However as any other roughness
related parameter, the permeability exhibits the properties of a random
variable, following a given distribution. In principle, this implies that
any value of permeability is possible. However, in reality only a certain
range of values have a reasonably high probability of occurring and we
can make use of this fact when constructing a random permeability map
based on data from a limited number of local-scale cells.

We will now describe the procedure followed here to obtain the total
flow Q2s, by means of the two-scale stochastic model. First, we generate
random permeability maps ki in the X1- and X2-directions. Then we
solve (D.13) for the pressure pf i,j and finally we can compute Q2s by
means of (D.17). In order to generate these permeability maps, we start
by computing the pressure and separation distributions (p̃c and h̃) corre-
sponding to the coarsened surface hight data, i.e., using the grid points
(X̃1k, X̃2l). The coarse grid pressure and separation distributions are
then further coarsened into the points

(
X1i, X2j

)
, and we obtain maps

for nominal pressure (p̄c) and average surface separation (h̄). These
maps can then be extended to cover the whole global-scale domain, rep-
resenting the full seal. This is done by extending the domain Ω by
repetition. At this stage, long wavelength pressure variations, originat-
ing from e.g., out of flatness or out of roundness, can be added. Notice
here that even when the pressure distribution is more or less constant at
the global scale, the leakage through an extended domain can be differ-
ent from the collective leakage through the individual domains that the
extended one has been generated from. In [130], it was shown that the
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flow paths through an extended domain, may cover larger distances in
the circumferential direction that what would be permitted by a smaller
sized domain. Once the maps for p̄c and h̄ have been generated, they
will be used to construct the random permeability maps.

In [130], the permeability maps were constructed by describing the
permeability, k, as a log-normal distributed random variable, with the
parameters of the distribution being dependent on p̄c (or h̄). There
are two reasons for this not being appropriate in this case. The first
one is that the larger number of local-scale cells for this study, revealed
that a log-normal distribution is not adequate to describe the variability
of k. Note that the log-normal distribution was also ruled out in a
recent related work [132], by Waseem et al. The second one relates to
the aim of this work. With the pressure study, we investigate leakage
and contact mechanics during unloading and it is therefore necessary
that the permeability at a give location and load is correlated with the
permeability at the same location but at all loads within the cycle. That
is, we want to simulate random realisations of load cycles and not of
separate load cases, which was the case in previous study [130]. Doing
otherwise might hide relevant information of the unloading process.

In the rest of this section we will describe the behaviour of local-
scale cells and how we apply this description to the construction of the
permeability maps.

D.4.1 Local-scale behaviour and permeability map

Figure D.4, depicts loading-unloading cycles computed for four differ-
ent local-scale cells, selected at random. The results presented in the
figure show the variability of the local-scale cells’ loading-unloading be-
haviour. For instance, if we compare the blue (solid) and the purple
(dotted) curves, we see a similar response at the initial stage of unload-
ing but that the difference become larger as the unloading proceeds. The
yellow (dashed) and orange (dot-dashed) depict a behaviour conceptu-
ally different than the blue and the purple, as they both exhibit zero
permeability before the loading reaches 900 MPa.

Given the large variability of the local-scale cells’ loading-unloading
behaviour, it is clear that the permeability for every load in the loading-
unloading cycle must be correlated with the permeability associated with
all the other loads in the cycle. Otherwise, the resulting realisation
would not show a physically representative behaviour.
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Figure D.4: Loading- (rightmost part of each curve) and unloading cycles
for four local-scale cells selected at random. All cells have been loaded to
a maximum nominal pressure of 900 MPa and subsequently unloaded. The
absence of line indicates zero permeability.

In order to achieve the desired correlation, one would ideally describe
the loading-unloading cycle at a local-scale level by means of a mathe-
matical expression, and include the random variability of the parameters
included in that expression. Unfortunately, there is no such expression
available for the surfaces considered in this work, and developing one
with physical meaning would be a matter of another study. Instead,
the authors suggest a methodology related to the derivative of ki with
respect to p̄c (or h̄). An overview of these methodology is depicted in
Fig. D.5.

In the following, the process for constructing the permeability maps
for the loading part of the cycle will be detailed. The permeability map
for the highest load in the loading cycle is randomised from an empiri-
cal cumulative density function, obtained from the local-scale results for
different values of p̄c (or h̄). With this as a starting point, the perme-
ability increases when the load reduces (or as the separation increases).
This increase in permeability follows the derivative of ki for a randomly
chosen local-scale cell. In D.7.1 we justify why this approach gives a
more robust solution than starting at a low load. We found that, for
higher loads, the relation between ki and p̄c captures this increase better
than the relation between ki and h̄. As seen in Fig. D.6, this is because,
at higher loads, a very small change in h results in a large change in
ki and thus any error in h would change the results significantly. How-
ever, when the load approaches zero, the relation between ki and h̄ is
the preferred one. Here we choose p̄c = 0.01H as a transition point for
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Figure D.5: Flow chart of the algorithm for the stochastic realizations de-
scribed in Section. D.4. The yellow boxes correspond to intermediate out-
puts.
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Figure D.6: Permeability in x1-direction as a function of the average sep-
aration (left) and nominal contact pressure (right). The solid black line in
the left represents the asymptote h̄3/12

switching between the two relations. Numerically, it is more efficient
to use the relation between log

(
ki
)
and p̄c (or h̄) when calculating the

derivative. The trapezoidal integration rule is then used to obtain the
permeability increase for a given reduction of p̄c or increase of h̄. In the
case when the randomised permeability value at the highest load is zero,
we cannot directly follow this procedure. Instead, we select the value of
p̄c at which the permeability of the chosen local-scale cell first becomes
positive as the starting point.

The permeability maps for the unloading part of the cycle are com-
puted following the same procedure. When computing the unloading
starting at a load W u, we start from the permeability map computed
during the loading part at the loadW = W u. From there, the unloading
curve is computed in the same manner as the loading part.

A final comment is made for when the separation is large. In such a
case the permeability approaches the asymptote h̄3/12. This is shown in
Fig. D.6. In order to avoid unnecessary computations, it is convenient
to set a threshold h̄0 above which the permeability is not computed
randomly but defined as ki = h̄3/12 instead. According to the results
presented in Fig. D.6, one can safely choose h̄0 =5 µm, at least for the
surfaces used in this study.

D.5 Results and discussion

The main goal of this work is to assess whether the beneficial effect
associated with the plastic deformation, observed in [129], persists also
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Figure D.7: The unreformed gap, h1, used for the evaluation of the two-
scale model. On the left, corresponding to a turned surface (measured)
against a flat one and on the right a self-affine fractal surface (generated)
against a flat one.

when real-sized seal domains are considered. That is, the zone of more
or less constant leakage, from the point when the unloading started, can
be maintained during the release of a substantial part of the applied
load. To test this hypothesis, we consider two different combinations of
surfaces resulting in the two undeformed gaps (h1), depicted in Fig. D.7.
The topography depicted on the left, is the gap between a measured
turned surface contacting a flat one and the topography to the right,
is a computer generated self-affine fractal surface, also contacting a flat
one. After measuring the turned surface, a sample consisting of 2000×
2000 points is selected. It is then low-passed filtered by truncation in
the frequency domain. The reason to impose this low-pass filter is to
ensure that even the shortest wavelength components are well resolved
numerically. More precisely, as in [30], we truncate frequencies higher
than 1/ (8∆x), resulting in 8 elements resolving the shortest wavelength.
In order to avoid problems caused by the periodic boundary conditions
imposed in x2-direction, we mirror the filtered topography.

The (periodic) self-affine fractal surface is generated using the algo-
rithm described in [29]. It has a size 1 mm×1 mm, represented in a grid
of size 212 × 212. It has an rms height of 1 µm, a lower cutoff frequency
of 10/L and a higher cutoff frequency of 1/ (8∆x). Note that ∆x is
different for the two surfaces.

The material properties used are E1 = E2 = 206 GPa, ν1 = ν2 = 0.3
and H = 2.75 GPa. For the contact mechanics algorithm, we use a
tolerance for the load balance of 10−3% and a tolerance for the contact
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plane of 10−10 m, see [15] for details. For the turned surface, we choose a
local cell size of 132∆x×132∆x and a coarsening factor c = 4. The local-
scale cell size in the x1-direction is chosen to match (approximately) the
turning grooves seen in Fig. D.7, and then this size is also used in the
x2-direction. For the fractal surface, the chosen local-scale cell size is
128∆x×128∆x. The reader can find a justification of the validity of the
model and of the particular choices for the cell size and the coarsening
factor in Appendix D.7.

In order to assess the influence of the seal size, we construct several
domains of size L1 × nL2 (where L2 is the size of the sampled surface
in x2-direction). Notice that no extension in x1-direction is done, as
the measured size is already large enough to be considered realistic.
Figure D.8, shows the leakage, Q2s, for different domain sizes during
loading and unloading. In all cases the leakage is computed assuming
unitary pressure drop and viscosity. It can be noticed how the mean
value of the leakage does not change significantly when the domain size
in x2-direction increases. On the other hand, the uncertainty reduces
and this is consistent with the observation made in [130] for the loading
case.

In Fig. D.8, the loading and several unloading curves are also shown.
These results confirm the hypothesis that a zone of more or less constant
leakage exists also when real-sized seal domains are considered. In [129],
some of the cases studied presented a much more clear transition at
which the rapid leakage increase starts. Despite that the results are
consistent with the general trends observed. An explanation for this
behaviour can be made using the concept of the critical constriction.
That is, at sufficiently small total leakage, the pressure drop occurs over
a small number of critical constrictions. Because of this, the leakage
at high loads is controlled by local features regardless of the size of the
domain.

D.6 Concluding remarks
The model presented by Perez-Rafols et al. in [130] was extended to al-
low for studying the contact mechanics and leakage of seals during load-
ing and unloading. The present model couples a classical two-scale type
of formulation with an explicit consideration to the stochastic nature of
the roughness at the local scale. A novelty is a stochastic construction
for the permeability with considers the complete loading-unloading cy-
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Figure D.8: Leakage per unit length in x2-direction. On the left, leakage
for different domain of sizes L1×nL2. Solid lines represent the mean value
of 500 realisations while the dashed lines correspond to the 95% confidence
interval. On the right, the mean value corresponding to n = 4 for loading
and various unloading curves. The results in the upper part correspond to
the turned surface and the ones in the lower part to the self-affine fractal
surface.
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cle. We have assessed the validity of the model and we conclude that
it can provide for trustworthy predictions of leakage during loading and
unloading of metal-to-metal seals. Due to its two-scale stochastic na-
ture, it is applicable for studying real-sized seal domains, returning the
solution in reasonable times.

The presented model was used to test the hypothesis whether a zone
of more or less constant leakage, which starts at the beginning of the
unloading and persists during a substantial release of the load, can be
observed. The results presented in this work supports this hypothesis,
which arose while studying the loading-unloading behaviour for small
(local) seal domains in [129].

Acknowledgements
The authors are grateful to Shell Global Solutions BV for permission
to publish and we wish to acknowledge both Shell Global Solutions BV
and the Swedish Research Council (VR) for financing this work.

D.7 Justification of the two-scale model
In this appendix we revisit the comparison between the two-scale model
and the deterministic one, which was carried out in [130]. There are
two reasons for doing this. The first one is that we want to extend it
to consider the unloading behaviour, since it has been shown that the
unloading part behaves differently than the loading part. The second one
is to specifically test the validity of the assumptions in Section D.3.1, on
which the two-scale contact mechanics model was built upon. In order
to justify the feasibility of the two-scale model, we use the undeformed
gaps depicted in in Fig. D.7 and we use the input parameters we declared
in Section D.5. We start by justifying the two-scale contact mechanics
model and then we compare the output of the two-scale model with that
of the deterministic model. The two-scale fluid flow model has been
justified previously, see e.g. [71, 88, 89], and is therefore not elaborated
upon here.

D.7.1 Justification of the two-scale contact mechanics model

In order to justify the two-scale contact mechanics model, we study
how the two assumptions affect the solution in terms of pressure and
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separation. The applicability of the first one is tested by computing the
pressure- and separation distribution in the grid points (X̃1k, X̃2l), using
different amount of coarsening, i.e., coarsening factors c = 2, 8 and 16,
and comparing the results with the uncoarsened case (coarsening factor
c = 1). Both the undeformed gaps shown in Fig. D.7 are used. For all the
cases, the pressure and separation for the turned surface, was averaged
for local-scale cells of size 132∆x× 132∆x. Correspondingly, a cell size
of 128∆x×128∆x was used for the self-affine fractal surface. The results
of this study are presented in Fig. D.9, where we depict the difference
between the results, in terms of p̄c and h̄, obtained for c = 1 and the
results obtained for the other coarsening factors. This is done for the
whole set of local-scale for both the turned and the fractal surface and for
six different loads during loading and unloading. It can be observed how
the difference between the predictions increase when the undeformed
gap is coarsened. Coarsening changes the ration between plastic and
elastic deformation and this can have a substantial difference in the
pressure distribution. Therefore, by reducing the coarsening factor, we
can achieve a better prediction of p̄c. This, however, requires a higher
computational cost. An improvement on this prediction could also be
achieved if a larger size of cell size would be used. Because of load
balance, a higher pressure in one location must be compensated by a
lower in another one. The larger the cell size becomes, the possibility
is higher that these fluctuations lie in the same cell. A good balance is
found when a coarsening factor of 4 is chosen, for which the majority
of cells shows a difference smaller than 20%. Moreover, the insert in
Fig. D.9 shows that the larger differences occur at the cells with smaller
nominal pressure. It is likely that these cells have a minor influence on
the total leakage. Note that this is the reason why better results are
obtained if the permeability curves are computed from the maximum
load, as described in Section D.4.1.

The differences in the average separation are, in general, higher. This
is because the filter causes a reduction (larger with higher coarsening
factor) of the higher asperities and thus the average separation is heavily
affected. For the case c = 4 the difference is below 40% for the majority
of the cells in the turned surface and below 10% for the majority of cells
in the fractal surface. Since the total leakage is most affected by those
cells with higher load and we only use h̄ to obtain the permeability of
those cells with lower load, this seemingly high difference is acceptable
anyhow.
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Figure D.9: Difference between the case with coarsening factor c = 1 and
each of the coarsening factors chosen for the comparison. The results corre-
sponding to the turned surface are depicted in the upper part and the ones
corresponding to the fractal surface are depicted in the lower part. To the
left, the difference is defined in terms of contact pressure and to the right
in terms of separation. In both cases the difference is normalized by the
value corresponding to c = 1. The solid lines correspond to the difference
during loading while the dashed lines correspond to unloading. The amount
of cells represent the relative amount of cells exhibiting a difference smaller
than the one marked by the curve. For example, for the turned surface and
c = 8, approximately 50% of the cells show a difference in p̄c smaller than
20%, both for the loading and the unloading. The insert shows, for c = 4,
the correlation between the difference and the nominal load, p̄c seen by each
cell.
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Figure D.10: Normalized deviation of the deformation from being constant.
The curves indicates the amount of cells with a deviation smaller than a
given value. The solid line represents loading while the dashed line depicts
the deviation during unloading. The results for the turned topography are
shown in the left and the ones for the fractal one in the right.

We will now address the validity of the second assumption. In order
for the deformation caused by pressures in the surrounding area to have
a negligible effect on the shape of the local-scale topography, it must
be more or less constant over the cell. To test this, we use the solution
of the deterministic model. From this solution we can extract, for each
cell, the deformation caused by pressures outside it and study how much
it deviates from being constant. Figure D.10 shows the results of this
analysis, where the deviation from being constant is presented as the
standard deviation normalized by the mean value of the total elastic
deformation in the cell. For both the surfaces, the majority of the cells
show less than 5% deviation. The deviation was also found to be higher
for cells with small nominal pressure. This is because the average defor-
mation on that cell is small. These results supports the validity of the
assumption. In our opinion this is in support of the second assumption.

D.7.2 Comparison with the deterministic model

At this point, we have guaranteed that the assumptions made to con-
struct the two-scale contact mechanics model are reasonable and intro-
duce no artefact. Similarly, the assumptions concerning the two-scale
fluid flow model have been evaluated elsewhere [71,88,89]. What is left
to ensure, however, is that the full two-scale stochastic model give a suf-
ficiently accurate result. To do so, the leakage predicted by the two-scale
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Figure D.11: Comparison between the deterministic (red dots) and the two-
scale model (blue lines). The solid line indicates the mean value as obtained
by the model while the dashed lines indicate the maximum and minimum
values of the confidence interval. To the left the comparison is depicted for
the turned topography and to the right for the fractal one.

stochastic model is compared to the one obtained using the determin-
istic model, for the parameters specified in Section D.5, see Fig. D.11.
One can see that the error introduced by the two-scale stochastic model
is, at most, of the same order of magnitude as the uncertainty caused
by the random nature of the topography. We conclude that the present
model is sufficiently accurate to carry out the study presented in this
work.
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Abstract
In this paper we study flow through thin porous media as in, e.g. seals or
fractures. It is often useful to know the permeability of such systems. In
the context of incompressible and iso-viscous fluids, the permeability is
the constant of proportionality relating the total flow through the media
to the pressure drop. In this work we show that it is also relevant to
define a constant permeability when compressible and/or piezo-viscous
fluids are considered. More precisely, we show that the corresponding
nonlinear equation describing the flow of any compressible and piezo-
viscous fluid, can be transformed into a single linear equation. Indeed,
this linear equation is the same as the one describing the flow of an
incompressible and iso-viscous fluid. By this transformation, the total
flow can be expressed as the product of the permeability and a nonlinear
function of pressure, which represents a generalized pressure drop.

Keywords
Reynolds equation, Thin film flow, Compressible fluid, Piezo-viscous
fluid
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E.1 Introduction

Leakage of seals has interested several researchers, both experimentally
and numerically [1,20,32,36,130,133]. The function of a seal is to prevent
the fluid flow through the rough aperture between the sealing surfaces.
More generally, the leakage problem can be seen as a special problem
regarding flow through thin porous media, see Chapter 4 in [134] or [47].
When studying leakage numerically or analytically, most studies have
focused on the case where the fluid’s density and viscosity are constant.
In this case, the problem becomes linear and several simplifications can
be done to study the problem. Figure. E.1, schematically depicts the
flow domain Ω for a typical seal. The fluid flows through this domain
from the inlet boundary, Γi to the outlet boundary, Γo, driven by a
pressure difference ∆p = pi − po, where pi and po are the pressures at
the inlet and outlet boundaries, respectively. This pressure difference
gives rise to the total mass flow, Q (across the outlet boundary Γo).
For incompressible and iso-viscous fluids, this total mass flow can be
modelled with Darcy’s law:

Q = K
ρ∆p
η
, (E.1)

where ρ and η are the density and dynamic viscosity of the fluid. The
proportionality constant K is here referred to as the permeability of the
seal and only depends on the gap between the contacting rough surfaces.
Note that, once the permeability is known, it is possible to compute the
total mass flow, Q, for all possible values of the pressure drop, density
and viscosity.

As pressure increases, however, one can no longer consider density
nor viscosity as constant. Furthermore, it has been shown in the field of
lubrication that a complex rheology must be used in order to obtain re-
alistic results, see, e.g. [133,135]. If density and viscosity are allowed to
depend on pressure, the flow problem becomes nonlinear. In this work
we show that the nonlinear problem can be transformed into a linear one.
The same technique has recently been utilised in [135, 136], considering
cavitation in hydrodynamic lubrication. In our case, this transformation
allows us to formulate a generalized Darcy’s law, in which the perme-
ability is the same as in (E.1) and depends only on the topography of
the rough aperture between the surfaces and the global geometry of the
seal. The nonlinearity now appears as a generalized pressure drop which
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Figure E.1: Schematic representation of the fluid flow domain of a seal, Ω,
and its boundary, Γ. It includes an inlet Γi, at a pressure pi, an outlet Γo,
at a pressure po, and the boundary of the contact patches, Γc. In the upper
part a more realistic contact pattern is depicted.

includes information regarding the dependency of viscosity and density
with pressure. This formulation has the advantage that the leakage, Q,
for all types of Newtonian, compressible and piezo-viscous fluids, may
be computed via the solution of a single linear problem, (E.3).

E.2 Problem definition

Taking as a reference the example presented in Fig. E.1, let us now
formulate the problem in a general manner.

In this work we assume that the thin film approximation holds. Fur-
thermore, we assume the flow to be isothermal and that density and
viscosity only depend on pressure. Under these assumptions, the pres-
sure in the fluid, p, can be modelled by the following nonlinear problem:

∇ ·
(
h3ρ(p)
12η(p)∇p

)
= 0 in Ω, (E.2a)

p = pi on Γi, (E.2b)
p = po on Γo, (E.2c)

h3∇p · nΓ = 0 on Γc, (E.2d)
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where h is the gap between the surfaces, ρ(p) is the density of the fluid,
η(p) is its viscosity and nΓ is the unit vector normal to the boundary.
In (E.2), Γc is the boundary of the contact patches. It is important to
clarify that the geometry depicted in Fig. E.1 only serves as an example.
What is critical for the result presented is that the pressure pi at the
boundary Γi is constant and similarly the pressure po at the boundary
Γo. At the rest of the boundaries, Γc, zero flux should be specified. Why
these restrictions on the boundary conditions are critical will be made
apparent in Section E.4.

In some papers, other types of flow domains are studied. For exam-
ple in [36] a rectangular domain with periodic boundary conditions is
considered. The analysis presented here can be applied to this case as
well.

E.3 The linear problem and the definition of
permeability

The permeability in (E.1) can be defined by solving a linear problem, in
which we assume ρ = 1, η = 1, pi = 1 and po = 0. Note that the latter
two can be thought of as expressing the pressure in a nondimensional
form. Thus, the linear problem can be formulated as

∇ ·
(
h3∇p

)
= 0 in Ω, (E.3a)

p = 1 on Γi, (E.3b)
p = 0 on Γo, (E.3c)

h3∇p · nΓc = 0 on Γc. (E.3d)

Once (E.3) is solved, then the permeability can be computed as

K =
∫

Γo

h3

12∇p · nΓo ds, (E.4)

where s parametrizes Γo. This reference problem can be in itself a hard
one to solve. Indeed, many efforts have been directed in the litera-
ture to solve it more efficiently. The interested reader is referred to,
e.g., [109, 137] for a two-scale approach based on homogenization, [130]
for a stochastic two-scale approach, [20] for an approximation based
on the concept of critical constriction and [80] for an approach based on
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Bruggeman’s effective-medium theory. In this work, we will assume that
a solution of this problem is known, either directly or by using some of
the previously mentioned methods, and that the permeability is known.
Based on that, we will investigate what can we say about the solution
of (E.2).

E.4 Transformation of the nonlinear problem

Let us write the viscosity and pressure appearing in the nonlinear prob-
lem (E.2) as η = ηofη(p) and ρ = ρofρ(p), respectively. The constants
ηo and ρo are reference values, taken at the outlet pressure. In this
case, the mass flow (keeping the thin film approximation in mind) can
be expressed as

q = h3 ρofρ(p)
12ηofη(p)

∇p = h3 ρo
12ηo

f(p)∇p. (E.5)

Whenever the function f(p) is not a constant, the problem (E.2) is
nonlinear. However, by a change of variables it can be transformed into
a linear problem. Indeed, define a function F (p) such that dF (p)/dp =
f(p). Using this function, we introduce a new variable u in the following
way:

u = c1F (p) + c2. (E.6)

The gradient of this variable is now

∇u = c1
dF (p)
dp
∇p = c1f(p)∇p, (E.7)

where c1 and c2 are constants. This allows us to rewrite the mass flow
in (E.5) as

q = h3 ρo
12ηoc1

∇u. (E.8)

We point out here that, in order to perform the change of variables
from p to u, we must require that the inverse function, F−1, exists. This
is, however, always the case, as both density and viscosity are always
positive and thus dF/dp = f(p) = fρ(p)/fη(p) > 0. Moreover, the
constants c1 and c2 are chosen to obtain the same boundary conditions
as in the linear problem (E.3). This leads to c1 = 1/ (F (pi)− F (po))
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and c2 = −F (po)/ (F (pi)− F (po)). Hence,

u = F (p)− F (po)
F (pi)− F (po)

(E.9)

and, accordingly,

p = F−1 ((F (pi)− F (po))u+ F (po)) . (E.10)

From (E.8), it follows that the zero flux condition in (E.3d) is equiva-
lently expressed in terms of p and u. We note also that it is apparent
from (E.9) that periodicity in p implies periodicity in u and vice-versa.
We therefore have that u solves the following linear problem

∇ ·
(
h3∇u

)
= 0 in Ω, (E.11a)

u = 1 on Γi, (E.11b)
u = 0 on Γo, (E.11c)

h3∇u · nΓc = 0 on Γc. (E.11d)

Note that this is exactly the same linear problem as in (E.3), which
described pressure for fluids with constant viscosity and density. Thus,
once the solution of the linear problem (E.11) has been found it can be
used to compute the total mass flow (Q) for any type of fluid by means
of the transformation (E.9) and (E.10). More precisely,

Q =
∫

Γo

q · nΓo ds = K
ρo
ηo

∆F, (E.12)

where K is defined as in (E.4). Note that the only difference between
this equations and (E.1) is that the pressure drop (∆p) is replaced by
the nonlinear expression

∆F = F (pi)− F (po), (E.13)

which can be thought of as a generalized pressure drop. For constant
density and viscosity, f(p) = 1 and thus ∆F = ∆p and (E.12) becomes
equal to (E.1).
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E.5 Solution procedure

Summing up, we have derived the following solution procedure to com-
pute the total mass flow (Q) and the associated pressure distribution,
one should perform the following steps:

1. Solve the linear problem (E.11) for u and obtain the permeability
(K).

2. Compute F (p), analytically if possible, numerically otherwise.

3. Compute the pressure distribution using (E.10).

4. Compute the total mass flow (Q) using (E.12).

In Table E.1, we have listed some frequently used pressure-density
and pressure-viscosity relations for which an analytical form of F (p) can
be obtained. Note that, even in cases when it is not possible to obtain a
closed-form expression for F (p), one can still numerically integrate f(p)
to obtain F (p). Note also that, since η/ρ is the kinematic viscosity of
the fluid, a constitutive equation relating it to the pressure can also be
utilized. The procedure presented in this work can therefore be applied
to any Newtonian compressible and piezo-viscous fluid.

E.6 Application example: flow through saddle
points

Even though it is not the main focus of this work, we will consider
the result in [41] to demonstrate the applicability of the generalized
expression for the mass flow, presented in (E.12). The authors of [41]
study how the total flow, of an incompressible and iso-viscous fluid,
through a sinusoidal gap evolves as the load closing it increases. They
found out that a saddle point forms over which the entire pressure drop
occurs. Although in [41] adhesion was also considered, here we focus
only on the basic, adhesion-free case. In that work, it was concluded
that, close to the percolation threshold, permeability follows a power
law with the applied load L, i.e.,

K ∝ (L− Lc)β , (E.14)



232 Paper E. On compressible and piezo-viscous flow

Table E.1: Overview of results for different fluid models.
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where Lc is the applied load at the percolation threshold and β is an
empirical exponent which they found to be 3.45. This power law was
shown to be valid also for gaps formed when a self-affine fractal surface
contacts a flat one, near the percolation threshold [37]. Let us consider
the situation that would occur if the incompressible and iso-viscous fluid
is replaced by a compressible and/or piezo-visocus one. We realise that
this would result in a quite complex flow situation, with the localised
pressure drop implying substantial changes in both the density and the
viscosity of the fluid around the saddle point. However, having either
an analytical, semi-empirical or fully empirical description of F (p), as
presented in Section E.5, we can easily use (E.12) to compute the total
flow in this situation, i.e.,

Q = K
ρo
ηo

∆F ∝ (L− Lc)β∆F. (E.15)

Indeed, have shown how the present result can be utilised to generalise
the results presented in [41] and [37] to be applicable to the flow of
compressible and/or piezo-viscous fluids. In particular, we have shown
that, in this case, the total flow also follows a power law with the applied
load.

E.7 Concluding remarks

In this work, we present a generalized version of Darcy’s law. In par-
ticular, we show that the leakage of a wide range of fluids can be ex-
pressed by a Darcy type law where the pressure drop is replaced by
a nonlinear generalised pressure drop. The mass flow for these fluids
can be obtained from the solution of a single linear problem (i.e. the
original Reynolds problem, assuming no pressure dependence of den-
sity or viscosity) and the knowledge of the integral of ρ(p)/η(p). The
results presented herein can be applied to extend previous results. Ex-
amples of previous work addressing incompressible and isoviscous fluid
flow through thin gaps, which could be generalised by means of the
present findings are [1, 20, 32, 36, 37, 41, 130, 133]. In particular, we have
shown how the present can be used to generalise the results in [37].
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