
DOCTORA L  T H E S I S

Department of Computer Science, Electrical and Space Engineering
Division of Signals and Systems

Selection of Decentralized Control 
Configuration for Uncertain Systems

Ali Mohammed Hussein Kadhim

ISSN 1402-1544
ISBN 978-91-7790-053-5 (print)
ISBN 978-91-7790-054-2 (pdf)

Luleå University of Technology 2018

A
li M

oham
m

ed H
ussein K

adhim
   Selection of D

ecentralized C
ontrol C

onfiguration for U
ncertain System

s  

Control Engineering 



 



Selection of Decentralized Control
Configuration for Uncertain Systems

Ali Mohammed Hussein Kadhim

Control Engineering Group

Division of Signals and Systems

Department of Computer Science, Electrical and Space Engineering

Luleå University of Technology
Luleå, Sweden

Supervisors:

Wolfgang Birk

Thomas Gustafsson
Miguel Castaño Arranz



Printed by Luleå University of Technology, Graphic Production 2018

ISSN 1402-1544  
ISBN 978-91-7790-053-5 (print)
ISBN 978-91-7790-054-2 (pdf)

Luleå 2018

www.ltu.se



To the memory of my parents
I wish I know a way to your graves! †

†Late in 1980, when I was just two years old, my parents were detained and confiscated of their properties by Saddam

Hussein’s regime. No one knows regarding their destiny afterward, and no one dared to ask. After 2003, when Saddam’s

regime was toppled, documents were found stating that they were accused of political opposition and sentenced to death in

1982. Until now, I do not know where they were buried. My parents’ case is not odd; thousands of people disappeared

during that period, some of which were found later in mass graves.





Abstract

Industrial processes nowadays involve hundreds or more of variables to be maintained within predefined

ranges to achieve the production demands. However, the lack of accurate models and practical tools to

design controllers for such large processes motivate the engineers/practitioners to break the processes

down into smaller subsystems and applying decentralized controllers.

In contrast to the centralized controller, the decentralized controller is favored in large-scale systems

due to its robustness against loop failures as well as being easier to tune and update. Yet, two steps

are required prior to synthesizing these single-input single-output (SISO) controllers that comprise

the decentralized controller. In the first step, a set of manipulated and the controlled variables need

to be selected while the second step deals with pairing these variables to close the SISO control

loops in a manner that limits the interaction between the loops. The latter step, called "input-output

pairing", is usually performed by means of interaction measures (IM) tools using a nominal system

model. Taking model uncertainties into consideration when deciding the pairing selection of the

decentralized controller is necessary since adopting the pairing based on the nominal system model

might be misleading and resulting in poor system performance or instability. It is therefore essential to

have tools indicating the extent to which the pairing based on the nominal model persists against gain

variations due to uncertainties.

The work in this thesis presents a methodology that determines whether the effect of gain uncertainty

would invalidate the selected pairing. This has been done following the definition of the most

established IM tool used in the industry, the relative gain array (RGA), and some of its variants.

Further, a procedure has been developed to automatically obtain the optimal input-output pairing by

formulating the pairing rules of relative interaction array (RIA) method as an assignment problem (AP),

and thus, simplifying the pairing selection for large-scale systems. Thereafter, uncertainty bounds of

the RIA elements are employed to validate the pairing selection under the effect of given variations

of the system gain. Moreover, following the RIA pairing rules, a method is proposed to calculate a

minimum amount of uncertainty that renders a perturbed system for which the pairing, obtained from

the nominal system model, becomes invalid.

In the aforementioned methodologies, a parametric system model is assumed to be known. To

relax this constraint, an approach is therefore proposed and evaluated which identifies the pairing of

the decentralized controller directly from the input-output data. This approach has the advantage of

exempting the user from deriving a complete parametric model of the plant to decide the input-output

pairing, and hence saves the efforts by finding the parameters of the most significant subsystems in a

multivariable system. The frequency response of the system and its covariance, and subsequently the

dynamic RGA (DRGA) and corresponding uncertainty bounds, are estimated from the input-output

data by employing a nonparametric system identification approach.

In short, the work presented in this thesis provides beneficial methodologies for researchers in

academia as well as engineers in industry to predict the influence of the system gain uncertainty on the

pairing selection of decentralized controllers.
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Chapter 1

Introduction

1.1 Background
Currently, smart technologies are utilized in all aspects of human life. Whether it be phones, smart

vehicles [1], homes [2], roads [3] and cites [4], mankind has a tendency to smartify every aspect of

daily life to elevate its current standard of living. On the other hand, to address and solve some of

the challenges facing the world today, such as resource depletion and energy consumption, there is a

tendency to smartify the industrial sector to ensure that production can be simultaneously attractive,

sustainable and profitable [5]. By making use of cyber physical systems (CPSs) and internet of things

(IoT) frameworks, smart factories, based on the Industry 4.0 vision, enable the interchange of data

at low levels between different apparatuses to obtain the desired quality and quantity of products in

more efficient, safe and environmentally friendlier ways [6]. Figure 1.1 shows a schematic diagram of

smart factories designed according to the Industry 4.0 vision, with several parts communicating via

wire or wireless connections. Therefore, alignment of the industrial processes with that direction is

Figure 1.1: Schematic diagram of smart factories designed according to the Industry 4.0 vision.

Adapted with permission from www.thingtrax.com.
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demanded [7]. However, the concept of Industry 4.0 is more applicable to those industries involving

discrete items and hence allows treating each single item based on individual customer requirements.

In contrast, industrial processes, e.g., chemical process plants, must address continuous variables

such as temperature, pressure, flow or concentration; thus, the Industry 4.0 concept can be employed

with consideration of the equipment utilized by plants, such as pumps, valves and heat exchangers.

For example, by deploying wireless sensors all over a plant, the performance and the condition of

equipment can be monitored. Consequently, the plant becomes more productive, reliable and safe, as

the collected data are analyzed to enable taking action in the early stages of any error.

Usually, chemical process plants are realized by segregating them into multi-layers in a hierarchical

manner, generally comprising an optimization layer and a control layer [8]. The optimization layer
provides the optimal set-points to the control layer based on the economic profit/cost and demand.

The control layer in turn sends the commands to the plant’s actuators to bring the outputs as close

as possible to the desired set-points. Furthermore, the control layer is subdivided into a supervisory
control layer and regulatory control layer. In the first layer, an advanced control scheme, such as

model predictive control (MPC), is usually employed to account for any process constraints. In the

regulatory control layer, mostly single-input single-output (SISO) controllers, such as proportional-

integral-derivative (PID) controllers, are utilized to stabilize the process and keep the outputs as close

as possible to the predefined set-points by rejecting the local disturbances [9]. These SISO controllers

constitute a multi-loop controller or a so-called decentralized controller, which is widely used in

such large-scale systems. From the perspective of engineers, a decentralized controller is easy to

understand, design, maintain and upgrade compared to a fully centralized controller. However, before

synthesizing the SISO controllers, two steps need to be performed. The first step is called input-output
selection, where the number, locations and types of sensors/actuators are determined to achieve the

set of objectives determined by the higher layers [10]. In the second step, i.e., input-output pairing
selection, the selected sensors/actuators are paired to close the loops of the SISO controllers in a

manner that reduces the interaction effect between the loops. Loop interaction is further discussed in

the next section.

The mentioned Industry 4.0 paradigm can be integrated within the regulatory control layer, and

the deployed sensors can be used to close the loops of the decentralized controllers. In this scheme,

each SISO controller can receive data from several sensors, and the actuator command is determined

based on the most informative data. In such a vision, the selected outputs can be changed whenever a

better and more reliable data set is available, whereas the inputs are fixed since the actuator most likely

requires a constant power source. Accordingly, the input-output pairing selection step is intended to

be re-performed whenever a new output set is found; thus, an automatic robust input-output pairing
selection is needed.

1.1.1 Understanding Loop Interaction
Multivariable processes, such as those conducted in most industrial plants, are often preferred to be

controlled as if they were made up of single variable processes under a multi-loop controller [11].

This control approach introduces the loop interaction term. Technically, the interaction occurs when

changing one input leads to changes in many outputs due to their interconnection [12]. To clarify the

interaction effect, a 2×2 system under a decentralized controller consisting of two SISO controllers is

considered; see Figure 1.2. In this system, the input-output pairing is assumed to be diagonal since y1

is paired with u1 and y2 with u2 via the SISO1 and SISO2 controllers, respectively.

To make y1 follow a reference r1, SISO1 generates an appropriate signal with a value u1 that
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G11

G21

G22

SISO1

SISO2

r1 y1

y2

u1

r2=0

u2

Figure 1.2: 2× 2 system under decentralized controller. Red: y1 affected by u1 directly. Blue: y2

affected by u1 directly as a consequence of the one-way interaction.

directly affects y1 and y2 through G11 and G21, respectively; see the red and blue dashed lines in Figure

1.2. The interaction effect of u1 on y2 is seen as a disturbance that is eliminated by SISO2. As this

interaction effect dies out in the second loop and never affects y1, it is called a one-way interaction.

G11

G12

G21

G22

SISO1

SISO2

r1 y1

y2

u1

r2=0

u2

Figure 1.3: 2×2 system under a diagonal decentralized controller. Red: y1 affected by u1 directly.

Blue: y1 affected indirectly by u1 by the loop interaction effect.

Now, the scenario is revisited with the presence of G12. To make y1 follow a reference r1, SISO1

generates a signal with value u1 that directly affects y1 through G11, as presented by the red dashed

line in Figure 1.3. Moreover, the change in the value of u1 also affects the output y1 indirectly through

G12, G21 and the feedback loop of the controller SISO2, which defines the loop interaction effect; see

the blue dashed line in Figure 1.3, which illustrates the path of this effect. The loop interaction, in

this sense, is seen as a disturbance to be rejected by the SISO1 controller, and thus a new value of u1

is introduced, which in turn increases the drift of y1 from r1 and starts a new loop interaction effect,

and so on. The loop interaction effect, also known as a two-way interaction, degrades the closed-loop

system performance, or even destabilizes it, if the wrong pairing is selected. Thus, the input-output

pairing is decided such that it limits the effect of the loop interaction in multivariable systems. Physical

insight is helpful to solve the pairing problem in small systems. For example, the closed-loop system

in Figure 1.3 would perform well if the gains of G12 and G21 were negligible. However, for large
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systems, interaction measures (IMs) such as the relative gain array (RGA) are usually utilized to direct

the designer towards a suitable pairing. In the next section, a short survey of the existing IM tools is

presented, with a special emphasis on those that use the relative gains approach. It is worth mentioning

that some of the IM tools never consider the one-way interaction effect, e.g., RGA, while others do,

such as the Gramian-based ones.

1.1.2 Interaction Measures
The relative gain array (RGA) is the most widely used IM for determining the input-output pairs for

the SISO controllers in MIMO systems [13]. It basically measures the change in the gain between one

input and one output when closing the loops between all other inputs and outputs by means of perfect

control [14]. If no large change in the gain occurs, the RGA recommends selecting that input-output as

a pair for a SISO controller. This change is tested for all other input and output combinations to select

the remaining pairs. Having selected all input-output pairs, the MIMO system can be controlled by a

multi-loop SISO (decentralized) controller. Although the pairing selection sounds complicated and

sequential, the RGA solves it smoothly and simultaneously. The RGA was first proposed by Bristol in

the mid-1960s [11] for the steady-state case of linearized multivariable square systems. Because it

yields useful information upon a simple calculation, it has drawn the attention of many researchers,

and several extensions and developments have been proposed for different cases.

Bristol extended the RGA to non-zero frequencies in [15]. In [16], McAvoy showed where the

dynamic RGA (DRGA), rather than the original RGA, is required. He concluded that the DRGA

should be considered when the RGA value changes substantially with the frequency or when the RGA

around the cut-off frequency of a loop is largely different from the steady state. Moreover, he employed

a plot of the magnitude of the DRGA versus the frequency in the band of interest to explain the results

of different pairing decisions in a distillation column example. Determining the control configuration

solely based on the magnitude of the DRGA may lead to select pairings corresponding to the negative

DRGA value, as the magnitude eliminates the sign indication. To circumvent this issue and to consider

the system dynamics in the pairing selection, Xiong proposed the effective RGA (ERGA) [17], which

is an easy and accurate method utilizing both steady-state gain and the corresponding bandwidth (BW)

of the open-loop transfer function. RGA-number [8] can also be used for the same purpose.

Nonlinear and unstable systems have their share of RGA extensions as well. While a linearization

of the systems is usually performed around a specific operating point, followed by pairing selection,

based on the linear RGA rules, an explicit nonlinear RGA (nl-RGA) formula that can be applied directly

to nonlinear systems is derived in [18]. An update to that formula is given in [19], resulting in a general

approach to input-output pairing for linear and nonlinear systems based on the RGA definition. On the

other hand, pairing decisions based on the number of unstable poles are proposed as an RGA extension

for unstable systems [20]. In many cases, a pairing decision based on negative RGA values is found to

be preferable to avoid an unstable closed loop.

In [21], a block relative gain (BRG) that generalizes the RGA concept from pairing a single input

with a single output to a block pairing of inputs with outputs was introduced. The BRG concept

leads to the most promising control structure, which is neither fully decentralized nor fully centralized

and overcomes the performance degradation of a fully decentralized controller in highly interactive

systems. Alternate pairing rules as well as further studies on the BRG concept regarding close-loop

stability, controllability, block diagonal dominance and interaction were presented in [22]. In [23], a

partial relative gain (PRG), where the control configuration is analyzed and selected when the system

is partially under control, was proposed. The key point is that the closure of some control loops
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provides deeper insight regarding the way to pair the remaining open loops. Thus, the PRG could solve

the configuration problem when the RGA fails or renders a control configuration with unsatisfactory

performance.

As the RGA quantifies the loop interaction individually for each control loop, there is no guarantee

that the selected input-output pairs based on the RGA pairing rules yield a minimum overall interaction.

In [24], Zhu addressed the problem of overall interaction reduction by introducing a new steady-state

interaction measure called a relative interaction array (RIA) and new pairing criteria. The RIA provides

a clearer physical interpretation of the loop interaction than the RGA. It expresses the loop interaction in

the form of amplification or attenuation of the interaction-free process [24]. In [25], Fatehi introduced

the normalized RGA (NRGA) to tackle the problems of reducing the overall interaction and removing

the ambiguity of closeness to 1 in the RGA pairing rules. The NRGA values are obtained from the

RGA values via a nonlinear mapping by using the NRGA in the pairing selection.

Following the definition of relative gain in the RGA, a new interaction measure called the relative

normalized gain array (RNGA) was proposed in [26]. The advantage of the RNGA over the RGA is

that it easily considers both the steady-state and the transient information during pairing selection. In

the RNGA scheme, the transient information is obtained in terms of the average residence time, which

is defined for the processes, represented by the first-order plus delay time (FOPDT) model as the time

constant plus the dead time. The RNGA was used later in [27, 28] in the context of tuning the PI/PID

controllers in decentralized, decoupling or sparse configuration.

Moreover, many alternative methods have been proposed to enhance the RGA pairing recommen-

dations. In [29], McAvoy presented a new approach based on designing a proportional output optimal

controller that depends on the state-space system model. It follows that the dynamic RGA (dRGA)

would be defined based on the gain matrix of the designed controller. Although the dRGA method

gives better pairing results than the RGA, it becomes more difficult to calculate, and its interpretation

becomes obscure. In [30], a new pairing method is suggested based on linear quadratic Gaussian

(LQG) control. The key is to design SISO LQG controllers for each input/output pairing; by calculating

the output variance of each control structure, the pairing with the lower output variance is selected.

Other interaction measures that are obtained based on the controllability and observability Gramian

matrices are available, such as the participation matrix (PM) [31], the Hankel interaction index array

(HIIA) [32], the Σ2 interaction measure [33] and the dynamic input-output pairing matrix (DIOPM)

[34]. As those methods do not assume that the system is under a closed-loop control, they quantify

the one-way rather than the two-way interaction as in the RGA-based methods. Also, the designer is

expected to obtain a suggestion for a sparse control configuration by applying those methods, unlike

the RGA, which promotes only a decentralized control configuration. For more details about the

mentioned IMs, we refer the reader to [13, 35, 36].

1.1.3 An Overview of Uncertainty in the System Model
It is a well-known fact that the system model is never perfect and always comes with uncertainty. In

general, the models of the systems are either obtained by physical first principles or by applying system

identification techniques to experimental data sets [37]. Both are susceptible to several uncertainty

sources. For instance, the models obtained from the physical principles might be nonlinear or very

detailed. As it is easier to address simple models, the designer tends to linearize the model around a

specific operating point or neglect some of the system dynamics. Even with a simple linear system

model, the values of the parameters introduce uncertainty, as they are approximated or time dependent,

e.g., changing the spring coefficient with time in a spring-mass system [38]. The situation is no better
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with the identification approach, where the system is described by a mathematical model. Using a noisy

data set, choosing the wrong model order/structure or applying unreliable identification techniques are

among many sources of uncertainty in this approach [39, 40].

To capture the effect of the uncertainty, a real system, here called a perturbed or uncertain system,

is represented either by a nominal model combined with a proper description of the uncertainty sources,

as detailed in [8], or by an estimated nominal model combined with a covariance matrix in the case

where the identification approach is employed.

Needless to say, the effect of the model uncertainty needs to be quantified in the context of the

control configuration selection since using only the nominal system model in deciding the pairing

might be inadequate. In other words, a change can occur in the control configuration selection obtained

based on the nominal system model under the effect of the model uncertainty leading to the degradation

of the performance of the decentralized controller [35]. In this case, interaction measures different

from the ones mentioned above are to be used to indicate the robustness of the control configuration

selection obtained for the nominal model against a predefined amount of uncertainty; see section 1.3.1.

It is worth mentioning that the uncertain systems discussed in Chapter 3 of this thesis are described

by an estimated nominal gain matrix with a covariance matrix. This description is delivered for each

frequency in the range of interest by means of an identification approach. Meanwhile, in Part II,

representation of the uncertain systems by a steady-state gain matrix with additive uncertainty is also

carried out.

1.2 Research Questions
The research conducted in this thesis is shaped by two main topics: first, quantification of the effect

of uncertainty in the system model on the results of the relative gain interaction measures; second,

automation of the control configuration selection in an attempt to simplify the input-output pairing

step, as manually choosing the control configuration in large systems is a tedious and error-prone task.

Influenced by the abovementioned topics, the following research questions are raised:

1. How do we quantify the effect of uncertainty in the system model on the RGA, DRGA and RIA
values?

2. How do we develop an automated technique for selecting a decentralized control configuration
for an uncertain system, i.e., a robust control configuration selection?

3. To what extent can the input-output pairing, obtained from the nominal model, persist under the
effect of model uncertainty?

1.3 Related Work
It becomes clear that the methods mentioned in section 1.1.2 are not able to quantify the effect of the

system model uncertainty on the input-output pairing selection. In the next section, the interaction

measures used to perform the pairing selection for uncertain systems are demonstrated. Moreover, the

works conducted to automate the pairing selection are summarized in the section follows.
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1.3.1 Interaction Measures Utilized with Uncertain Systems

Changes in the RGA values caused by model uncertainty motivated many researchers to bound them

systematically so that one can select the robust control configuration. In [14], the sensitivity of an

element (i, j) in the RGA matrix with respect to the change in the (i, j)−element of the steady-state

gain matrix and to the ( j, i)−element of the inverse of the steady-state gain matrix is discussed. It was

concluded that the systems are practically uncontrollable if the norm of the RGA is large, as they are

too sensitive to model error. In [41], the uncertainty amount in the (i, j)−element of the steady-state

gain matrix, which leads to a change in the sign of the (i, j)−element in the RGA matrix, is derived.

From that, the maximum magnitude of the model uncertainty required for the RGA to change the

sign and make the system lose its integrity is obtained. However, the results in [41], as in [14], are

limited to providing the sensitivity of the (i, j)−element in the RGA matrix only with respect to the

change in the corresponding element in the steady-state gain matrix. The results of [14] are extended

in [42] by deriving an analytical expression of the worst-case RGA bounds as well as the statistical

RGA bounds for both 2×2 and n×n uncertain systems. For the statistical bounds, the variance and

covariance between the gains of the different elements of the plant are assumed to be known. In [43],

the changes in the RGA values due to presence of the system parametric uncertainties are analyzed by

means of geometries. However, the presented result is limited to 2×2 and 3×3 systems. A tighter

bound of the worst-case RGA compared to the one shown in [42] is derived in [44] using the structured

singular value (μ). Necessary and sufficient conditions for the sign change of the RGA values are

also provided. It is shown that the sign changes only if the gain matrix of the uncertain system, or

one of its principal submatrices, becomes singular over the uncertainty set. The drawbacks of the

relative gain variation bound obtained in [44] are noted in [45]. The variation bound is found to be

computationally inefficient for large systems and cannot be used to recommend a proper pairing unless

a sign change occurs [45]. In addition to highlighting these drawbacks, [45] propose a method that

accelerates the computations of the relative gain variation bound, especially for large-scale systems.

Although this method solves the problem of prolonged calculation, the bound obtained becomes loose

as the uncertainty increases. In [46], an optimization approach is used to obtain the worst-case RGA

values for uncertain systems. In [47], a new approach to determining the uncertainty bounds of the

DRGA of an uncertain system with multiplicative uncertainties using geometrical interpretation is

proposed. However, the proposed approach is limited to 2×2 systems.

The RGA is not the only interaction measure that is affected by model uncertainty: the Gramian-

based ones are affected as well. In [48], an upper bound of the variation of HIIA elements is proposed

as a result of introducing system additive uncertainties. However, in [49], the bounds of HIIA are

tightened and translated to the PM under certain conditions. The new bounds, however, are found to

be loose, as they yield negative values for both the HIIA and PM in many cases. Additionally, after

exploring the relation between the PM and the enclosed area under a Nyquist diagram, new bounds

of the PM and HIIA are suggested based on a numerical approximation. The new bounds of the PM

are further explored in [50], and it is suggested to estimate the PM and the uncertainty bounds from

the input-output data by estimating the frequency response function (FRF) of the linear multivariable

systems. The estimation approach is then extended to weakly nonlinear [51, 52, 53] and bilinear

systems [54].
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1.3.2 Automated Control Configuration Selection
Deciding manually the control configuration that best fits the pairing rules of the used IM can be

tedious. For example, in a 6×6 system, there are 6! alternative configurations to select from. Even

after removing all the infeasible or impracticable configurations due to physical constraints, the actual

number of possible configurations is still high, requiring the use of automatic techniques to obtain

the most promising control configuration. Therefore, many methods are proposed to automate the

pairing selection. In that direction, the RGA-number [8] can be seen as an automatic configuration

selection tool based on the RGA matrix. However, the RGA-number needs to be re-calculated for each

possible configuration, which might lead to large computational efforts as the system size increases.

To reduce the computational efforts of finding the optimal pairings for large-scale systems, Kariwala

and Cao [55, 56] employed the branch and bound (BAB) method, using the RGA and the μ-interaction

measure (μ-IM) [57] as the selection criteria. Lower bounds of the RGA-number and the μ-IM are

derived and used to prune the branches of the solution tree that do not lead to the optimal solution. A

systematic algorithm for obtaining the candidate pairings based on the RGA and RIA properties is

proposed by Kookos and Lygeros [58]. The basic idea behind that algorithm is to formulate the problem

of finding the configuration that minimizes the interaction as a mixed integer linear programming
(MILP) problem, which can be a solved using, for example, the BAB method. In a similar manner,

Fatehi [25, 59, 60] formulated the pairing selection as an assignment problem (AP) to automatically

produce the optimal configuration, i.e., the configuration that best fits the normalized RGA (NRGA)

or Gramian-based interaction measure pairing rules. More details will be given in Chapter 4. Also,

the controller structure is determined by means of graph theory and the mixed integer quadratic
programming (MIQP) model with linear constraints in [61, 62], respectively. In [63], a procedure for

reconfiguring the structure of the decentralized controller is proposed. The idea is that by identifying

a system model at every sample time, the RGA matrix is updated accordingly, and a new control

configuration is selected if needed.

1.4 Thesis Outline
This thesis presents a method for automatic control configuration selection, taking into consideration

the effect of model uncertainty. To enable a more comprehensive understanding, other methods for

automatic pairing selection are also discussed. The thesis is divided into two parts. In Part I, Chapter

2 gives the mathematical definitions and the pairing rules of the relative gain IMs used later on for

the automatic pairing methods. For the sake of comparison, pairing selection of the same system is

achieved by employing the mentioned IMs. Chapter 3 summarizes a procedure for calculating the

DRGA values and the DRGA uncertainty bounds by means of a nonparametric identification approach.

The outcomes of Chapter 3 are used in Chapter 4, where the automated control configuration methods

are illustrated, specifically for the method that considers the effect of the uncertainty. Papers by the

author with their summaries are presented in Chapter 5. Some concluding remarks and plans for future

work are given in Chapter 6. Finally, Part II contains five papers that compose this thesis; see Figure

6.1.



Chapter 2

Interaction Measure Based on Relative
Gains

Throughout this chapter, square open-loop stable and nonsingular systems with n inputs/outputs are

assumed. The system’s transfer function matrix is denoted by G(s), and their individual elements, by

Gi j(s), which relates the manipulated variable u j to the controlled variable yi. Moreover, a decentralized

controller C(s) consists of multiple SISO controllers C1(s),C2(s), ...,Cn(s) with an integral action,

such as PI or PID, assumed. It is placed to form a closed-loop system, as shown in Figure 2.1. However,

there are no restrictions regarding the input-output pairing; thus, any output variable yi could be

controlled by any input variable u j, unless otherwise stated. The term multi-loop control system is

usually used to describe such control systems to emphasize the employment of the SISO controllers to

close the loops.
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Figure 2.1: Closed-loop system using decentralized controller.

The goal of this chapter is to define the RGA interaction measure and some of its variants to answer

the following question: How is the transfer function Gi j(s), located between the manipulated variable
u j and the controlled variable yi, affected when all other controlled variables are under multi-loop
control? Figure 2.2 demonstrates this scenario.
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Gi,j(s)
rk

uj yi

ykC j(s)

Gij(s)

k≠i k≠i 

Figure 2.2: Impact of the closed loops on Gi j(s) (the Gi, j(s) and C j(s) are obtained be removing the

(i, j)th element of G(s) and jth row of C(s), respectively).

2.1 RGA Definition and Pairing Selection Rules
The RGA element (λi j(0)) is defined as the ratio of two steady-state gains: the first is between the

input u j and the output yi when no control is applied to the system, while the second is the gain

between the same input and output when all other inputs uk(k = 1, ...,n;k �= j) and all other outputs

yl(l = 1, ...,n; l �= i) are closed under the perfect steady-state control requirement [14]. The definition

is usually expressed mathematically as

λi j(0) =
(δyi/δx j)uk=0,k �= j

(δyi/δx j)yl=0,l �=i
(2.1)

It is found that [14]

(δyi/δx j)uk=0,k �= j = Gi j(0)

and

(δyi/δx j)yl=0,l �=i =
1

[G(0)−1] ji

where [G(0)−1] ji is the ( j, i)th−element of the inverse of the steady-state gain matrix of the system

transfer function G(s). Notice that the definition is independent of the structure of the controller but

valid only under the perfect control condition, which is fulfilled by employing PI or PID controllers.

Reapplying this definition to all other input-output combinations results in the entities of the RGA

matrix. The RGA matrix (Λ(0)) can be calculated using the steady-state gain matrix of the system

transfer function G(s) as

Λ(0) = G(0)×G(0)−T (2.2)

where × is the element-by-element product and −T is the inverse transpose of the matrix. The pairing

selection process does not end here; the rules should be followed in selecting the feasible pairs based

on the previously calculated Λ(0) matrix. The pairing rules are simple and can be summarized by

• select the input-output pairings that correspond to Λ(0) elements closer to 1.

Intuitively, pairing the input and output corresponds to λ , with a magnitude that largely differs

from unity indicating that the gain between these pairs will be strongly changed by closing the

other loops, which is certainly undesirable during controller synthesis. However, the definition of
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closeness to 1 is rather qualitative; in other words, it is not easy to identify which RGA element

(for example, 0.8 or 1.2) more greatly reduces the loop interaction even when they have equal

distances from 1.

• avoid pairing with negative or large Λ(0) elements.

Selecting the pairs corresponding to a negative λ value means that the gain between the manipu-

lated and controlled variables changes its sign upon closing the loops between the remaining

manipulated and controlled variables [64]. This might lead to destabilization of the system, as

was verified in [14], which is referred to as losing the system’s integrity−the ability of a closed
loop system to remain stable under sensor/actuator failure. Moreover, large RGA values indicate

that the system is sensitive to model uncertainties or is ill-conditioned and difficult to control

[14].

The RGA quantifies the loop interaction individually for each control loop; thus, there is no guarantee

that the selected input-output pairing based on the RGA pairing rules yields a minimum overall

interaction. Additionally, an ambiguity might arise during the selection between many alternatives

that satisfy the aforementioned pairing rules [24]. In that direction, an overall interaction measure is

applied [65] as

min∑ |λ k
i j −1|,∀k (2.3)

where λ k
i j denotes the RGA elements corresponding to the kth alternative pairing that satisfies the

pairing rules. However, it exhibits the same closeness to 1 limitation. Also, it cannot avoid the

unfavorable selection of small, positive RGA values.

The RGA has many properties that facilitate its usage, such as the sum of all columns or all rows

being one, the permutation of the rows and columns of the plant gain matrix leading to the same

permutation in the RGA matrix, and its being independent of input-output scaling. The sum property

facilitates the RGA calculation, e.g., for 2× 2 systems, it requires finding only one element of the

RGA matrix to make a decision regarding the promising pairing. The permutation property enables

rearranging the controlled system under a diagonal decentralized controller and simplifies system

analysis. In large-scale systems, extracting the interaction information is made easy by the scaling

independence property. However, the scaling property comes with a drawback: the RGA is insensitive

to the time delay, which might lead to the wrong pairing selection. Here, an example highlighting the

pairing selection perspective following the definition of Λ(0) is given.

Example 2.1
Consider the Wood-Berry distillation column [66]

G(s) =

[
12.8e−s

16.7s+1
−18.9e−3s

21s+1
6.6e−7s

10.9s+1
−19.4e−3s

14.4s+1

]
(2.4)

to be controlled by a decentralized controller. The first step is to calculate the values of Λ(0) to

determine the controller configuration:

G(0) =

[
12.8 −18.9
6.6 −19.4

]
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Thus,

Λ(0) =
[

λ11(0) λ12(0)
λ21(0) λ22(0)

]
= G(0)×G(0)−T =

[
2.0094 −1.0094

−1.0094 2.0094

]
(2.5)

Since the values of λ12(0) and λ21(0) are negative, this result promotes a diagonal controller

configuration by pairing u1 − y1 and u2 − y2 based on the RGA pairing rules.

To assess the stability of a closed-loop system, an additional pairing rule can be applied, represented

by the Niederlinski Index (NI) [24, 48]. It is proven that the closed-loop system suggested in Figure

2.1, with C(s) being re-arranged to obtain a diagonal structure, will be unstable even though each

individual feedback loop is stable when the other n−1 feedback loops are open if the NI is negative

[14]. The NI is calculated by

NI =
det(G(0))

∏n
i Gii(0)

(2.6)

where det(A) denotes the determinant of matrix A. Note that it is required in the NI calculation to

permute the columns and rows of G(0) to obtain a diagonal pairing and that a negative NI is a sufficient
condition for instability. In other words, obtaining a positive NI says nothing about the system stability.

The additional pairing rule can be stated as

• discard the input-output pairings corresponding to NI<0.

Despite a perfect steady-state control condition acquired by involving controllers with integral

action, Bristol [11] emphasized that some of the RGA properties hold for states other than the steady-

state if the integral control action dominates over other processes and control dynamics. Moreover,

other scholars [8, 67] have suggested considering the RGA value of (2.2) around the closed-loop

bandwidth. This trend established by Bristol himself in [15], who considered the magnitude of the

RGA in (2.2) at other frequencies (s = jω) in the range of interest, thus introducing the so-called

dynamic RGA (DRGA). The DRGA elements λ11( jω) and λ12( jω) of the system given in (2.4) are

shown in Figure 2.3.
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Figure 2.3: The magnitude of the DRGA of the G(s) in (2.4). λ11( jω) (black, solid). λ12( jω) (gray,

dash-dotted).
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2.2 RGA-number
Considering only the magnitude of the RGA of (2.2) for the frequencies in the range of interest might

be misleading, e.g., a magnitude of the RGA close to 1 is undesirable if its phase is negative, as is

the case of λ12 for G(s) in (2.4); see Figure 2.3. Thus, to avoid confusion, it is suggested to examine

both the magnitude and phase of the RGA elements as in [8] or to consider the real part of the RGA

results as in [68]. Another approach that could be useful is to compute the so-called RGA-number for

all alternative pairings and then select the pairing with the smallest RGA-number. The RGA-number is

calculated as [8]

RGA-number(s) =‖ Λ(s)−T ‖sum (2.7)

where T is a matrix with a size similar to that of Λ, unity entities correspond to the selected pairings

and zeros otherwise, e.g., T=I corresponds to the diagonal pairing. The sum norm is defined as

‖ A ‖sum= ∑i, j |ai j|. The RGA-number can be seen as an automatic pairing selection that reduces the

effort of inspecting the pairings closer to one. However, it must be re-calculated for each alternative

pairing, resulting in a tedious task for large-scale systems. In the following, the calculation of the

RGA-number for a steady-state case is illustrated by employing system (2.4) from the previous example.

Example 2.2
The value of Λ(0) of the system given in (2.4) is

Λ(0) =
[

2.0094 −1.0094

−1.0094 2.0094

]
There are two possible pairings in 2×2 systems: diagonal and off-diagonal pairings. The RGA-

number for a diagonal pairing is calculated as

RGA-number(0) =‖
[

2.0094 −1.0094

−1.0094 2.0094

]
−
[

1 0

0 1

]
‖sum= 4.0375

while the RGA-number for an off-diagonal pairing is calculated as

RGA-number(0) =
[

2.0094 −1.0094

−1.0094 2.0094

]
−
[

0 1

1 0

]
‖sum= 8.0375

The results promote a selection of the diagonal pairing corresponding to a smaller RGA-number.

2.3 RIA and Pairing Selection Rules
In a multi-loop control system with controller C(s) has a diagonal structure, a change in u j(s) in

an arbitrary (yi −u j) pair, where i, j ∈ {1,2, ...,n}, would influence the output yi(s) directly via the

interaction-free process (Gi j) and indirectly as a response of the other loops to that change via the loop

interaction effect [69], see Figure 2.2. For 2×2 systems, please revisit Figure 1.3 and regard the red

and blue lines as direct and indirect effects, respectively. Therefore, the response of yi to the change in

u j can be expressed as

yi(s) = Gi j(s)u j(s)+
n

∑
l=1,l �= j

Gil(s)ul(s) (2.8)
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where

ul(s) =
Cl(s)Gl j(s)u j(s)
1+Cl(s)Gll(s)

+
n

∑
k=1,k �= j,l

Cl(s)Glk(s)uk(s)
1+Cl(s)Gll(s)

(2.9)

By successive substitutions in (2.9), one can express all inputs ul(s) in terms of u j(s); subsequently,

yi(s) can be written as

yi(s) = Gi j(s)u j(s)+ai j(s)u j(s) (2.10)

where ai j(s), the absolute interaction, represents the additional dynamics in the (yi−u j) loop resulting

from other loops, also known as hidden loops [69]. Moreover, the perturbation of other outputs caused

by u j(s) can be written as

ym(s) =
Gm j(s)u j(s)

1+Cm(s)Gmm(s)
+

n

∑
l=1,l �= j

Gml(s)ul(s)
1+Cm(s)Gmm(s)

,∀m ∈ {1,2, ...n}\i (2.11)

where ul(s) follows the definition in (2.9). Thus, substitutions are required to define the perturbation

on ym(s) solely in terms of u j(s) as

ym(s) = dm j(s)u j(s) (2.12)

Thus, executing the abovementioned expressions for a 2×2 system, such as the one shown in Figure

1.3, a11(s) and d21(s) are found to be

a11(s) =−C2(s)G12(s)G21(s)
1+C2(s)G22(s)

and d21(s) =
G21(s)

1+C2(s)G22(s)

while a22(s) and d12(s) are

a22(s) =−C1(s)G12(s)G21(s)
1+C1(s)G11(s)

and d12(s) =
G12(s)

1+C1(s)G11(s)

Defining the relative interaction as [24]

φi j(s) =
ai j(s)
Gi j(s)

(2.13)

the response of yi in (2.10) is rewritten as [35]

yi(s) = Gi j(s)[1+φi j(s)]u j(s) (2.14)

where the term [1+φi j(s)] measures the amplification or the attenuation in Gi j(s) due to the effect of

the loop interaction.

For a steady-state case with a multi-loop control system having integrity against any single-loop

failure and Ci(s),∀i ∈ {1,2, ..n} containing an integral action, ai j is defined by [24]

ai j(0) =
1

[G−1(0)] ji
−Gi j(0) (2.15)

Hence, from (2.13) and (2.15), RIA element φi j is expressed as

φi j(0) =
1

Gi j(0)[G−1(0)] ji
−1 =

1

λi j(0)
−1 (2.16)
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and the RIA matrix can be written as

Φ(0) =
1

G(0)× (G−1(0))T −1 =
1

Λ(0)
−1 (2.17)

where the division and multiplication are performed on an element-by-element basis. The expressions

of disturbance, dm j(0), are set to zeros as

dm j(0) = 0,∀m ∈ {1,2, ...n}\i

To reduce the effect of the loop interaction on Gi j, the term [1+φi j] should be kept as close as possible

to 1, leading to the first pairing rule:

• select the input-output pairing corresponding to a |Φ(0)| value closer to zero.
Similar to the RGA, the closeness of the RIA to zero is a qualitative measure. However, unlike

the RGA, following the RIA, a definite decision can be made by selecting that with the minimum

change in Gi j. For example, by considering elements of λ having the same distance to 1 as 0.8

and 1.2, the decision based on the RIA favors the pairing corresponding to 1.2 since it renders a

change in the gain of 16.67% following (2.16) and (2.14) and excludes the pairing corresponding

to 0.8 since it amplifies the gain by 25%. Moreover, this rule eliminates the selection of the

pairing corresponding to the small RGA elements, as they come with large interactions following

(2.16). This is an advantage of pairing rules of the RIA over those of the RGA, as the latter do

not set a restriction regarding the effect of selecting pairs corresponding to small RGA values.

The second rule, that is, the the stability rule, is as follows:

• discard the input-output pairings corresponding to NI<0.

Similar to the connection between the system stability and integrity via RGA elements [14], a

connection is established via RIA elements in [24] as

(φii(0)+1)NI(i) = NI,∀i ∈ 1,2, ...,n (2.18)

where NI(i) denotes the NI of the subsystem of G(0) with the ith−row and ith−column having

been removed. Regarding the stability condition involving the NI index, having NI(i) > 0

provides a necessary stability condition for the system after removing the corresponding ith row

and column, leading to system integrity against ith−loop failure, which defines the following

pairing rule, i.e., the integrity rule, as

• avoid the input-output pairing corresponding to φi j(0)<−1.

This rule can also be interpreted the other way around−by assuming that the system possesses

integrity against single-loop failure, i.e., NI(i) > 0 in the definition of the RIA, selecting the

pairing corresponding to φi j(0)>−1 leads to satisfying the necessary stability condition NI > 0

[24].

Due to sensitivity to model uncertainties, the values of φi j elements close to −1 should be

avoided in the pairing according to the robustness rule, which states the following:

• avoid the input-output pairing corresponding to φi j(0) values close to −1.
The aforementioned stability, integrity and robustness rules assess the loops individually; thus,

ambiguity might still arise when choosing between many alternative pairings that satisfy them.

Therefore, an overall loop interaction rule can be expressed as follows:
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• select the input-output pairing with min∑ |φi j(0)
r|,

where φ r
i j represents the pairing elements corresponding to the rth possible pairing that satisfies

the stability, integrity and robustness pairing rules.

In the following, a pairing selection based on the calculation of the RIA and its pairing rules for a

steady-state case are illustrated using the same system, (2.4), of the first example.

Example 2.3
Consider Λ(0) of the system given in (2.4) as

Λ(0) =
[

2.0094 −1.0094

−1.0094 2.0094

]
Following (2.17), the RIA matrix is calculated as

Φ(0) =

[−0.5023 −1.9907

−1.9907 −0.5023

]
The off-diagonal pairing does not satisfy the stability (NIo f f−diagonal = −0.9907) nor the integrity
conditions. However, the diagonal pairing satisfies the stability (NIdiagonal = 0.4977), integrity and

robustness rules. Since no other alternative exists, there is no need to test the satisfaction of the overall
loop interaction rule.

2.4 Normalized RGA (NRGA) and Pairing Selection Rules
The normalized RGA (NRGA) was proposed in [25, 59, 70] to remove the ambiguity regarding

closeness to 1 in the RGA pairing rules. According to those studies, the NRGA is obtained by means of

nonlinear mapping of the RGA values (λ ) from the subspaces [0,1] and [1,+∞] to the [0,1] subspace,

while the values of the RGA in the subspace [−∞,0] are set to zero. In that way, the designer has the

ability to select the type of function that defines closeness. The nonlinear mapping can be characterized

by the function [59]

f (λ ) =

⎧⎨
⎩

0 λ ≤ 0

fl(λ ) 0 < λ ≤ 1

fu(λ ) 1 < λ
(2.19)

where fl : [0,1]→ [0,1] is an ascending function and fu : [1,∞]→ [0,1] is a descending function with

boundary conditions

fl(0) = 0, fl(1) = 1, fu(1) = 1 and lim
λ→+∞

fu(λ ) = 0.

The pairing rules of the NRGA (ΦN) are summarized as follows:

• select the input-output pairing with large φNi j.

• avoid the pairing corresponding to φNi j with a zero value.

• the selected pairs should satisfy NI > 0.

Similar to the case of the RIA, r pairing alternatives might satisfy the pairing rules. Thus, the

selected pairing should fulfill the following additional overall pairing measure:
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• select the input-output pairing with ψ = max∑φ r
Ni j.

Following Xiong [17], Fatehi [25, 59] suggested considering the RGA value at the crossover frequency

(λ (ωc)) for both fl and fh functions while using the RGA value at steady-state (λ (0)) to set the NRGA

values to zero. In the following, pairing selection following the NRGA concept for a steady-state case

is conducted using the system (2.4) from the first example.

Example 2.4
For the system in (2.4), Λ(0) is

Λ(0) =
[

2.0094 −1.0094

−1.0094 2.0094

]
The following NRGA matrix

ΦN(0) =

[
0.777 0

0 0.777

]
is obtained by employing the following function (also depicted in Figure 2.4)

f (λ (0)) =

⎧⎨
⎩

0 λ (0)≤ 0

λ (0) 0 < λ (0)≤ 1

e
1−λ (0)

4 1 < λ (0)
(2.20)
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Figure 2.4: Normalization function for the NRGA in (2.20).

The result clearly promotes the selection of the diagonal pairing following the NRGA paring rules.

All the presented interaction measure methods suggested the selection of the diagonal pairing. This

is somewhat expected since the other alternative (off-diagonal pairing) leads to destabilization of the

closed-loop system.
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To validate this pairing decision, two SISO controllers

C11(s) = 0.1395
(16.7s+1

16.7s

)
and C22(s) =−0.0778

(14.4s+1

14.4s

)
are designed based on only the diagonal elements of G(s) in (2.4). The parameters of the PI controllers

are tuned following the lambda method, where the parameter lambda is set to be half the time constant

of the corresponding element in G(s). The outputs of the multi-loop control system of Figure 2.5

show some sluggishness in their responses to the step references, as shown in Figure 2.6, compared

to the system with no interaction, i.e., G12 = G21 = 0. The interaction effect is obvious in the figure,

by which y2 and y1 are disturbed as a result of changes in r1 and r2 at t = 10 min and t = 150 min,

respectively.
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Figure 2.5: Schematic diagram of the system given in (2.4) under a diagonal decentralized controller.
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Figure 2.6: Responses of the system given in (2.4) under a diagonal decentralized controller to the

step references at t = 10 min and t = 150 min. Step references (light gray, solid). System outputs with

interaction (gray, dash-dotted) and without interaction, i.e., G12 = G21 = 0 (black, dashed).
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On the other hand, two SISO controllers

C12(s) =−0.0823
(21s+1

21s

)
and C21(s) = 0.1327

(10.9s+1

10.9s

)
are designed based on G12(s) and G21(s), respectively, to examine the process of controlling G(s) of

(2.4) under off-diagonal decentralized control, as shown in Figure 2.7. However, as expected from

the stability and integrity rules for the off-diagonal pairing, the multi-loop control system becomes

unstable even though the individual loops are stable, i.e., G11 = G22 = 0; see Figure 2.8.
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Figure 2.7: Schematic diagram of the system given in (2.4) under an off-diagonal decentralized

controller.
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Figure 2.8: Responses of the system given in (2.4) under a off-diagonal decentralized controller to the

step references at t = 10 min and t = 150 min. Step references (light gray, solid). System outputs with

interaction (gray, dash-dotted) and without interaction, i.e., G11 = G22 = 0 (black, dashed).





Chapter 3

DRGA using Nonparametric
Identification Approach

To reduce the effort needed to identify a parametric model for a complete multivariable system that

can be used in the DRGA calculations, a nonparametric model of the system frequency response can

be utilized. In this approach, the DRGA can be easily obtained from (2.2) once the system frequency

response matrix (FRM) is estimated. Thus, from the experimental data, the configuration of the

controller can be decided, and for its synthesis, a parametric model of only the effective subsystems

can be derived.

3.1 Estimating the Frequency Response Matrix of Linear Sys-
tems using Random Excitation

For the linear system shown in Figure 3.1, which is excited by random excitation, the input-output

Discrete Fourier Transform (DFT) spectra, U(k) and Y (k), of N samples of the input u(t) and the noisy

output y(t) signals are related, at DFT frequency k, as follows [40]:

Y (k) = G(ωk)U(k)+TG(ωk)+H(ωk)E(k)+TH(ωk) (3.1)

where ωk = 2πk fs/N and fs = 1/Ts, with Ts being the sampling time. G(ωk) and H(ωk) are the

frequency response matrices of the linear system and the noise filter at DFT frequency k, respectively.

The term H(ωk)E(k) is usually denoted as V (k). Due to the nonperiodic nature of the excitation

signal, a leakage error arises, which is represented by TG(ωk) and TH(ωk) for the system and noise,

respectively, at DFT frequency k [40].

Here, the spectral analysis (SA) is illustrated to estimate, nonparametrically, the frequency response

matrix (Ĝ) and its covariance matrix (Cov(Ĝ)), which will be used to find the DRGA and its uncertainty

bounds.

3.1.1 Spectral Analysis Method
In the spectral analysis (SA) method, two complementary approaches are followed to reduce the

leakage effect. First, the data are divided into M blocks (sub-records), followed by being averaged into
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G

H

+ 
u(t) yo(t)

y(t)

e(t)

v(t)

Figure 3.1: Linear system with known input u(t) and noisy output y(t).

a single estimate with a lower sensitivity to noise. Second, the data are treated using something other

than a rectangular window before the DFT spectra are calculated. For the general linear n×n system

depicted in Figure 3.1, Ĝ at DFT frequency k can be estimated as [40]

Ĝ(ωk) = ŜYU(k)Ŝ−1
UU(k) (3.2)

where ŜYU and ŜUU are the estimated cross and auto-power spectra, respectively. They can be calculated

as [71]

ŜYU(k) =
1

M

M

∑
s=1

⎡
⎢⎣Y [1,s](k)

...

Y [n,s](k)

⎤
⎥⎦[U [1,s]

(k) · · · U [n,s]
(k)
]

(3.3)

and

ŜUU(k) =
1

M

M

∑
s=1

⎡
⎢⎣U [1,s](k)

...

U [n,s](k)

⎤
⎥⎦[U [1,s]

(k) · · · U [n,s]
(k)
]

(3.4)

where X [p,q](k) is the DFT of the pth input or output of block q at DFT frequency k. The covariance of

the noise V at DFT frequency k can be estimated as [71]

ĈV (k) =
M

M−n
(ŜYY (k)− ŜYU(k)Ŝ−1

UU(k)Ŝ
H
YU(k)) (3.5)

with H denoting the Hermitian (complex conjugate) transpose of the matrix. The covariance of Ĝ at

frequency ωk is obtained as

Cov(vec(Ĝ(ωk)))≈ 1

M
Ŝ−1

UU(k)⊗ĈV (k) (3.6)

where ⊗ is the Kronecker product and (vec) puts the columns of the matrix on top of each other.

It is worth mentioning that reducing the leakage effect by dividing the data into M blocks renders a

lower frequency resolution and introduces a trade-off between the leakage elimination and frequency

resolution from one side and the noise suppression from the other [40].
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3.2 RGA for Uncertain Systems: Statistical Approach
Interesting results based on the statistical approach were presented by Chen and Seborg in [42]. In

that work, a closed form of the variance of Λ elements was derived, and the result was summarized for

n×n systems as follows:

Suppose that the estimated gain matrix at the steady-state is obtained by

Ĝ(0) =

⎡
⎢⎣Ĝ11(0) Ĝ12(0) · · · Ĝ1n(0)

...
...

. . .
...

Ĝn1(0) Ĝn2(0) · · · Ĝnn(0)

⎤
⎥⎦ (3.7)

and the λi j(0) calculated using (2.2) by employing Ĝ(0) is denoted by λ̂i j(0). Consequently, the λi j(0)
obtained from gains in the region close to the estimated Ĝ(0) can be approximated using the first-order

Taylor series expansion as (the argument (0) has been dropped for the sake of simplicity)

λi j ≈ λ̂i j +
n

∑
k=1

n

∑
l=1

(
∂λi j

∂Gkl
)Ĝ (Gkl − Ĝkl) (3.8)

where
∂λi j
∂Gi j

is calculated according to Ĝ and is given as in (3.9) [42], where Gi j,kl denotes the submatrix

of G, with rows i and k and columns j and l having been removed.

∂λi j

∂Gkl
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λi j(1−λi j)
Gi j

i = k and j = l

−λi jλkl
Gkl

i = k or j = l

(−1)i+ j+k+lGi jdet(Gi j,kl)
det(G) − λi jλkl

Gkl
i �= k and j �= l

(3.9)

After further mathematical manipulations, the variance of λi j can be approximated as

σ2
λi j

= E[(λi j − λ̂i j)
2]

≈ (λi j,G)Ĝ Cov(vec(Ĝ))(λi j,G)
T
Ĝ (3.10)

where E is the expectation operator,

λi j,G =
[

∂λi j
∂G11

∂λi j
∂G12

· · · ∂λi j
∂Gnn

]
(3.11)

and

Cov(vec(Ĝ)) = E([vec(G)−vec(Ĝ)][vec(G)−vec(Ĝ)]T ) (3.12)

Knowing the variance of the RGA element (σ2
λi j
), the uncertainty bounds of the RGA elements are

determined as

λ̂i j ±3σλi j (3.13)
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Consequently, provided that the gain and covariance matrices are estimated following the nonparametric

identification approach in (3.2) and (3.6), respectively, Λ and its uncertainty bounds can be directly

found from the input-output data for any frequency in the range of interest. As a result, the input-output

pairing can be obtained without the need to know the parametric system model. The procedure is

illustrated in algorithm form in the following section.

3.3 Algorithm for DRGA Calculation
After estimating the frequency response matrix of the linear system and its covariance, the information

is used to calculate the DRGA matrix (Λ̂) and its uncertainty bounds at each frequency ωk in the band

of interest. The corresponding procedure is summarized in Algorithm 1.

Algorithm 1 Calculation of the DRGA and its uncertainty bounds in the frequency band of interest for

an n×n system

procedure DRGA CALCULATION

Input: DFT spectra of input-output measurements.

for each frequency ωk ∈ frequency band of interest do
Estimate Ĝ(ωk) using (3.2).

Output1: Calculate the DRGA matrix by substituting Ĝ(ωk) in (2.2) as

Λ̂(ωk) = Ĝ(ωk)× Ĝ(ωk)
−T

Estimate Cov(vec(Ĝ(ωk))) using (3.6).

for each (i, j) pair ∈ n×n do
Calculate λi j,G(ωk) using (3.2), (3.9) and (3.11).

Calculate the variance of λ̂i j by means of (3.10) as

σ2
λi j
(ωk)≈ (λi j,G(ωk))Ĝ Cov(vec(Ĝ(ωk)))(λi j,G(ωk))

T
Ĝ

Output2: Calculate the uncertainty bounds of the DRGA elements following (3.13) as

λ̂i j( jωk)±3σλi j(ωk)

end for
end for

end procedure

Example 3.1
Consider the linear system shown in Figure 3.1 with [35]

G(s) =

⎡
⎢⎣

−2e−s

10s+1
1.5e−s

s+1
e−s

s+1
1.5e−s

s+1
e−s

s+1
−2e−s

10s+1
e−s

s+1
−2e−s

10s+1
1.5e−s

s+1

⎤
⎥⎦ and H(s) =

⎡
⎣ 1

4s+1
1

4s+1
1

4s+1

⎤
⎦ (3.14)
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The goal is to calculate the DRGA and its uncertainty bounds for each frequency k by estimat-

ing nonparametrically the frequency response matrix of the system (Ĝ) and its covariance matrix

(Cov(vec(Ĝ))). To do so, the system is excited by random excitation signals u(t) of N (0,1) for

N = 10000 samples with sampling time Ts = 1 sec. The system outputs are disturbed by filtered noise

v(t) as outputs of H(s) after being excited by signals e(t) of N (0,1) to simulate the measurement

noise. The DFTs of the excitation signals u(t) and the outputs y(t) are used in the estimation procedure,

as shown in Algorithm 1, with M = 20 and a Hanning window being used. The real part of the DRGA

and its uncertainty bounds for the frequency range [0 ∼ 0.07Hz] are depicted in Figure 3.2. The figure

also depicts the exact DRGA obtained for the system transfer function G(s) given in (3.14).
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Figure 3.2: Real value of Λ̂ and its uncertainty bounds (±3σΛ) calculated by the SA method. Λ̂ (gray,

solid). Λ (black, dash-dotted). Λ̂±3σΛ (light gray, solid).

For comparison and analysis purposes, the matrices of the estimated gain (Ĝ), exact RGA (Λ),
calculated RGA (Λ̂) and its uncertainty bounds (Λp and Λp) at steady-state are obtained as

Ĝ(0) =

⎡
⎣−1.9330 1.5285 0.9911

1.5337 1.0081 −2.0143

1.0369 −2.0197 1.4808

⎤
⎦ (3.15)

Λ(0) =

⎡
⎣−0.9302 1.1860 0.7442

1.1860 0.7442 −0.9302

0.7442 −0.9302 1.1860

⎤
⎦ (3.16)
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Λ̂(0) =

⎡
⎣−0.8596 1.1506 0.7090

1.1295 0.6771 −0.8066

0.7301 −0.8277 1.0976

⎤
⎦ (3.17)

Λp(0) =

⎡
⎣−1.1449 0.8909 0.5398

0.8678 0.5138 −1.0156

0.5453 −1.0582 0.9250

⎤
⎦ (3.18)

and

Λp(0) =

⎡
⎣−0.5742 1.4103 0.8782

1.3912 0.8404 −0.5976

0.9149 −0.5972 1.2703

⎤
⎦ (3.19)

Since Λ(0) is assumed to be unknown as a result of the system G(s) being subjected to disturbance

noise, the input-output pairing selection is to be chosen based on Λ̂(0). Thus, there are two candidate

pairings that fulfill the RGA pairing rules. The candidate pairings are

1st pairing : (y1 −u2,y2 −u1,y3 −u3)

and

2nd pairing : (y1 −u3,y2 −u2,y3 −u1).

Basing the selection on the RGA pairing rules, the 1st pairing is favorable over the 2nd one, as it is

seen to be closer to 1. However, the selection might become uncertain if the user intends to take into

consideration the RGA uncertainty bounds for achieving a robust pairing selection. Nevertheless,

considering the pairing around the frequency 0.04 Hz and beyond, the 1st pairing becomes preferable

since the values of λp13,λp22 and λp31 are much lower than 0.5. Finally, one can conclude the

following:

1. It can be argued that since the RGA does not require more than the steady-state gains, which

are obtained from step tests, the calculation of the DRGA by means of the SA method, which

requires rather complicated tests and computations, might seem impractical. In fact, the RGA

can lead to incorrect suggestions if we seek the pairing at frequencies other than the steady-state

one [13].

2. The calculated DRGA and its uncertainty bounds need to be enhanced to facilitate robust pairing

selection. In that direction, reducing the leakage effect caused by the nonperiodic nature of the

excitation signals in the SA method can be useful. This can be done by increasing the M blocks

used in the averaging process, which leads to smoothing of the power spectra estimation and

reduction of the estimated gain covariance. However, this comes with a drawback of reducing the

frequency resolution by a factor M [72, 73]. Alternatively, use of the LPA method or utilization

of a periodic rather than random excitation signal has been suggested [74, 75].

3. Selecting the best candidate among many alternatives is a cumbersome task in terms of closeness

to 1 and because of taking the uncertainty bounds into consideration. Consequently, an automated

pairing selection technique is needed to tackle both issues, especially when it comes to large-scale

systems. These techniques are discussed in more detail in the next chapter. More importantly, if

the suggested technique makes use of the outputs of Algorithm 1, the user is kept from having to

develop a full parametric system model.



Chapter 4

Automatic Control Configuration
Selection

Formulating the input-output pairing selection as an optimization problem has the advantage of

automatically yielding the control configuration that minimizes the interaction effect as well as fulfills

other requirements, such as integrity and stability conditions. This direction facilitates the pairing

selection step, especially for large-scale systems; therefore, it has received much attention from many

researchers, as shown in the related works section (1.3.2). The goal of this chapter is to briefly describe

some available approaches that suggest, via optimization, a proper input-output pairing. However,

we here confine ourselves to the approaches that follow the relative gain criterion and employ linear
programming (LP) techniques.

4.1 Control Configuration Selection as a Mixed Integer
(Non)linear Programming Problem

As the RGA is the most widely used interaction measure tool in industry, efforts have been made to

formulate its selection procedure as an optimization problem. However, as previously mentioned, there

is no overall interaction rule in the RGA criteria; thus, the RIA overall loop interaction rule (in terms

of the RGA) is employed in [58] as

min
n

∑
i=1

n

∑
j=1

| 1

λi j
−1| (4.1)

where the constraints are to limit the selection based on the RGA pairing rules. The formulation

of the optimization problem (4.1) is regarded as mixed integer nonlinear programming (MINLP).

Nevertheless, the MINLP algorithms usually result in non-convex optimization problems, and thus

the global optimality of the selected pairing cannot be guaranteed [76, 55]. For that reason, it is more

convenient to convert the problem in (4.1) to a mixed integer linear programming (MILP) and solve it

using techniques such as the branch and bound method. In that context, the overall interaction rule of

the RIA or the RGA-number is used to determine the optimal pairing selection instead of the RGA, as

in [58] and [77, 55], respectively. In the following, the pairing selection based on the RGA-number
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terminology and involving the branch and bound method is briefly described. Later, the RIA pairing

rules will be presented as an assignment problem rather than a MILP and will be solved using LP

techniques that facilitate finding the solution to the optimization problem.

4.1.1 RGA-number with Branch and Bound Method
The implementation of the branch and bound (BAB) method requires a solution tree containing all

the possible pairing alternatives. Figure 4.1 shows the tree of the pairing selection for a 3×3 system

(n = 3). The tree has (n+ 1) levels, including the empty root node of level 0. For level i, which

Root

Level 1

Level 3

Level 2

1 2 3

2

2

2

2

1

1

1

1

3

3

3

3

Level 0

Figure 4.1: Solution tree for selecting pairings for a system with 3 outputs and 3 inputs.

corresponds to the ith−output (yi), the labels of the nodes at that level represent the possible inputs

with which yi could be paired, e.g., in Figure 4.1, the leftmost branch of the tree represents the diagonal

pairing selection (y1 −u1,y2 −u2,y3 −u3), while the adjacent branch with nodes 1, 3 and 2 represents

the pairing selection (y1 − u1,y2 − u3,y3 − u2). Therefore, the tree has n! branches representing all

possible pairing alternatives. Via a suitable permutation to the columns of the system gain matrix

such that the corresponding pairing elements designated by each branch in the solution tree are placed

diagonally, the RGA−number for all alternative pairings can be calculated, and the pairing rendering

the minimum RGA−number value can be selected. If Pn denotes a set of indexes comprising all the

alternative pairings represented by the solution tree branches, the optimization problem can be written

as

min
P∈Pn

J(GP( jω)) (4.2)

subject to [Λ(GP( jω))]ii > 0; i = 1,2, ...,n

where J(GP( jω)) =‖ Λ(GP( jω))− I ‖sum and GP is the system gain matrix, in which the columns

have been permuted according to the P element that belongs to Pn. To fulfill the integrity requirement,

constraints are introduced such that the selected pairing elements correspond to positive RGA values.

However, the BAB method gains its efficiency by pruning branches of the solution tree that cannot

lead to the optimal pairing. For the tree in Figure 4.1, if a partially assigned pairing of (y1 − u1)
corresponding to node 1 is chosen, two alternatives are possible regarding the pairing assignment

to be completed, i.e., (y1 − u1,{y2 − u2,y3 − u3}) or (y1 − u1,{y2 − u3,y3 − u2}). Notice that the
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pairs corresponding to y2 and y3 are enclosed in brackets, emphasizing that they are candidate pairs

(c-pair), unlike (y1 −u1), which is a fixed pair (f-pair). Let those alternatives be contained in a set

S ⊂ P3. A lower bound of the RGA−number over all elements of P ∈ S is calculated and denoted as

J(GP), where ( jω) is dropped for simplicity. Now, if B is a known upper bound of Joptimal(GP) and

J(GP) > B, then it follows that J(GP) > Joptimal(GP) and that S cannot contain the optimal pairing.

As a result, none of the alternative pairings in S need to be evaluated, and node 1 can be pruned. It is

worth mentioning that whenever a complete pairing assignment with an RGA−number lower than B
occurs, the bound B is updated.

Based on the above, the key to applying the BAB approach in pairing selection is to derive a tight

lower bound of the RGA− number over the set of all alternatives that can be reached from a node

representing a partially assigned pairing, e.g., node 1 in the previous discussion. This lower bound can

be derived starting from [55]

‖ Λ(G)− I ‖sum=‖ Λ(G) ‖sum +trace(|Λ(G)−1nn|− |Λ(G|) (4.3)

where | · | represents element-by-element absolute values and 1nn is an n× n matrix of 1′s. Let

M = |Λ(G)−1nn|− |Λ(G)| and MP = |ΛP(G)−1nn|− |ΛP(G)| be partitioned as

MP =

[
M11 M12

M21 M22

]
(4.4)

where M11 ∈ R f× f and M22 ∈ Rc×c correspond to the cardinality of the fixed and candidate pairings (f-
and c-pairs), respectively. Then, the lower bound is

min
P∈S

‖ Λp(G)− I ‖sum≥‖ Λp(G) ‖+trace(M11)+max
( c

∑
i=1

ri,
c

∑
j=1

t j

)
(4.5)

where r and t are c−dimensional vectors with elements

ri = min
j
[M22]i j and t j = min

i
[M22]i j (4.6)

Example 4.1
Consider the following steady-state gain matrix of the system (3.14) and its corresponding RGA matrix:

G(0) =

⎡
⎣−2 1.5 1

1.5 1 −2

1 −2 1.5

⎤
⎦ and Λ(0) =

⎡
⎣−0.93 1.186 0.744

1.186 0.744 −0.93

0.744 −0.93 1.186

⎤
⎦ (4.7)

Finding the optimal input-output pairing using the RGA− number via the BAB method involves 6

possible alternatives, as depicted in the tree solution shown in Figure 4.1. First, the bound B needs to be

defined; here, it is considered to be equal to the RGA−number of the first complete assigned pairing.

Starting with the pairing alternatives represented by the two leftmost branches in the solution tree,

these alternatives are involved in a partial assignment of (y1 −u1) (node 1 in level 1) corresponding

to a negative RGA value (λ11(0) = −0.93). Thus, they do not satisfy the constraints of the (4.2),

leading to them being pruned. The RGA−number of the pairing (y1 −u2,y2 −u1,y3 −u3) (5.5814) is

set as the initial value of B, while the pairing (y1 −u2,y2 −u3,y3 −u2) is pruned since it is engaged

in the pair (y2 − u3) that has λ23(0) < 0. The lower bound of the remaining possible alternatives
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Figure 4.2: Solution tree for selecting pairings for the system given in (3.14). The shaded areas

represent the pruned branches.

(y1 − u3,{y2 − u1,y3 − u2}) and (y1 − u3,{y2 − u2,y3 − u1}) following (4.5) is 6.6047 > B; hence,

those alternatives are also pruned, and no further investigation is needed. As a result, the optimal

pairing is (y1 −u2,y2 −u1,y3 −u3), as concluded in Figure 4.2.

By deriving lower bounds similar to the one in (4.5) for the RGA−number, the BAB approach

can be used for other RGA variants. Moreover, the BAB method can be employed for multi-objective

functions in which the pairing satisfying the combined objective functions is to be selected as shown in

[56], where the proposed selection process is based on the RGA−number and μ−interaction measure

[57]. Also, by replacing the scaler B with a set of q−elements, one can achieve q sub-optimal solutions,

and pruning is performed with respect to the maximum value in the set. Finally, the BAB method

employs LP techniques at each node until integer solutions are found. For this reason, formulating

the input-output pairing as an assignment problem is found to be more efficient, as the LP techniques

solve the pairing problem only once.

4.2 Control Configuration Selection as an Assignment Prob-
lem

The assignment problem (AP) is a special type of transportation problem (TP). While the TP involves

finding the minimum cost of transporting products from several manufactures to several consumers,

the output of the AP is the assigning of one manufacturer to one and only one consumer so that

the transportation cost is minimized. With (Ci j) being the cost of conveying a single product from
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manufacturer (i = 1, ..,n) to consumer ( j = 1, ..,n), the AP is represented mathematically [78] as

min
n

∑
i=1

n

∑
j=1

Ci jxi j (4.8)

subject to
n

∑
j=1

xi j = 1 for i = 1, · · · ,n

and
n

∑
i=1

xi j = 1 for j = 1, · · · ,n

where xi j = 0 or 1 for all i and j

In the above, the condition one and only one is represented in the first and second constraints.

Analogous to the AP is the control configuration selection, in which the designer aims to select the

input-output pairs (assigning one input to one and only one output) that minimize the effect of the loop

interaction, which is equivalent to the cost in the TP terminology.

The AP belongs to a linear programming (LP) optimization problem that can be solved by utilizing

simplex-based techniques, such as the push-pull algorithm, or methods such as the Hungarian and

stepping-stone approaches [78, 79]. In the following sections, the optimal control configuration

is obtained by following the NRGA and RIA criteria and employing the Hungarian and push-pull

methods, respectively. Special care is given to the push-pull algorithm, as it not only provides a

solution to the AP but also gives enough information to determine the perturbation set over which the

optimal solution is preserved [79]. For instance, with the diagonal pairing being the optimal one for a

nominal system G, the designer needs to know to what extent this pairing is still the optimal pairing

for the uncertain system G+δG.

4.2.1 NRGA with Hungarian Algorithm
The pairing selection following the NRGA rules, except for the NI requirement, can be interpreted as a

conditional assignment problem. When the optimal pairing is obtained, one can verify whether the NI
requirement is met. If it is not fulfilled, another optimal solution, if any is available, or suboptimal

solutions should be examined [59]. Determination of the optimal pairing can be performed by defining

a parameter α as

α = max
i, j

φNi j (4.9)

and a matrix Θ with non-negative elements as

Θ = {θi j|θ = α −φNi j} (4.10)

Thus, maximizing ψ in the overall interaction measure (see the NRGA pairing rules) is similar to

minimizing the function

χPk = ∑
pi j∈Pk

θi j (4.11)

where P is the set of all possible pairings. The Hungarian algorithm is employed to obtain the optimal

solution to (4.11); hence, the optimal pairing is selected. The Hungarian algorithm produces zero

elements by adding or subtracting constants from the rows and columns of the cost matrix. In the case

where there are enough zeros to complete the assignment by selecting one and only one zero in each
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row and column, the optimal solution corresponding to the selected zeros will be obtained. Otherwise,

a procedure involving the introduction of more zeros should be conducted to complete the assignment.

A simplified explanation of the Hungarian algorithm can be found in [60]. Recall that the NRGA

function assigns zeros to the elements corresponding to the negative RGA; therefore, by applying the

Hungarian algorithm to (4.11), those elements might be confused with the produced zeros. To avoid

this situation, a value of

β ≥
n

∑
1=1

n

∑
j=1

φNi j (4.12)

is added to the elements of matrix Θ that correspond to the negative RGA, rendering a matrix denoted

by Θm. Consequently, assuming that there is at least one complete pairing in the set P that does

not contain such elements, application of the Hungarian algorithm to Θm would exclude any pairing

involving these elements; hence, the optimal pairing is obtained.

Example 4.2
Consider the steady-state gain matrix of the system (3.14)

G(0) =

⎡
⎣−2 1.5 1

1.5 1 −2

1 −2 1.5

⎤
⎦

The NRGA matrix is obtained using (2.20) as

ΦN =

⎡
⎣ 0 0.9546 0.7442

0.9546 0.7442 0

0.7442 0 0.9546

⎤
⎦ (4.13)

From (4.9), it follows that α = 0.9546 and that Θ is

Θ =

⎡
⎣0.9546 0 0.2104

0 0.2104 0.9546

0.2104 0.9546 0

⎤
⎦ (4.14)

Observing (4.13), three elements have a zero value. Thus, β = 5 (from (4.12)) is added to the

corresponding elements in (4.14), rendering Θm as

Θm =

⎡
⎣5.9546 0 0.2104

0 0.2104 5.9546

0.2104 5.9546 0

⎤
⎦ (4.15)

For this example, Θm contains one zero element in each row and column. Thus, applying the Hungarian

algorithm will result in the input-output pairing (y1 − u2,y2 −u1,y3 −u3) being an optimal pairing.

Moreover, with NI = 1.5926), no further searching for another optimal or sub-optimal solution is

required.
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4.2.2 RIA with Push-Pull Algorithm
The push-pull algorithm is a simplex-type algorithm that consists of an initialization phase as well as

push and pull iterative phases [79, 80, 81]. In the initialization phase, an initial tableau with some basic

variables (BVs) is generated. The BVs are members of the basic variable set (BVS), which represents

the solution to the AP given in (4.8). Throughout the push phase, the BVS in the initial tableau is

continuously filled with basic variables while being pushed towards the optimum corner. However, the

feasibility may not be preserved in the push phase (RHS < 0); in such a case, the pull phase pulls back

the BVS to the feasible corner [79]. Eventually, the push-pull algorithm provides the optimal solution

of (4.8) (i.e., BVS), including the information necessary to calculate the perturbation set (θ ) from the

final tableau. The perturbation set (θ ) is determined as a function of the change in the cost Ci j (Ći j) in

the AP given in (4.8) as

θ = {Ći j|CN −CB.[A]≥ 0} (4.16)

where CB is a row vector comprising the new costs corresponding to the basic variable set (BVS), while

CN is a row vector comprising the new costs corresponding to the non-basic variables (non-BVs). [A],

on the other hand, denotes a matrix/vector obtained from the final tableau of the push-pull algorithm.

To preserve the optimal solution of (4.8) for the perturbed case, the change in the costs has to satisfy

the perturbation set (θ ).

As the elements of the RIA matrix are analogous to Ci j in (4.8), the overall loop interaction pairing

rule can be rewritten as

min
xi j

n

∑
i=1

n

∑
j=1

|φi j|xi j (4.17)

subject to
n

∑
j=1

xi j = 1 for i = 1, · · · ,n

and
n

∑
i=1

xi j = 1 for j = 1, · · · ,n

where xi j =

{
0 for all i, j correspond to φi j /∈ Ω
{0,1} otherwise

where Ω = {φi j : φPi j >−1} and φPi j is the lower bound of the perturbed (i, j)−element in the RIA

matrix. The push-pull algorithm is used to assign values of 1 to the xi j in (4.17) that correspond to |φi j|,
which leads to minimizing the overall loop interaction as well as satisfying the integrity condition. φPi j
is considered here rather than φi j of the RIA pairing rules to satisfy the integrity condition for the case

of perturbed systems. Given the uncertainty bounds of the RGA element, the uncertainty bounds of the

perturbed RIA element are determined by employing (2.16) as

φPi j︷ ︸︸ ︷
1

λPi j
−1 ≤ φPi j ≤ 1

λPi j
−1︸ ︷︷ ︸

φPi j

(4.18)

However, due to the singularity of (4.18) as λPi j crosses zero, the φPi j uncertainty bounds are defined

over the union of two sets as

(−∞,φPi j]∪ [φPi j,∞) (4.19)
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The importance of utilizing the push-pull algorithm to solve (4.17) lies in providing, in addition

to the optimal control configuration selection, the perturbation set (θ) within which the control

configuration preserves its optimality. Subsequently, the influence of the system uncertainties on the

selected pairing can easily be investigated. Having the perturbation set (θ ) as a function of the change

in the absolute values of the RIA elements, the term ΔΦ = |ΦP|− |Φ| needs to be defined. Since the

elements of ΦP are bounded as shown in (4.18), the elements of ΔΦ will also be bounded as

Δφi j ≤ Δφi j ≤ Δφi j (4.20)

where

Δφi j =

⎧⎪⎨
⎪⎩
−|φi j| if φPi j ≥ 0 and φPi j ≤ 0

min(|φPi j|, |φPi j|)−|φi j| otherwise

(4.21)

and

Δφi j = max(|φPi j|, |φPi j|)−|φi j| everywhere (4.22)

As this approach is intended to address uncertain systems, the outcomes of Algorithm 1 in Chapter 3

are used here to select the optimal pairing based on the estimated gain matrix (Ĝ(0)), and the influence

of the uncertainty effect is investigated.

Example 4.3
Consider the estimated gain matrix of the system (3.14) at steady-state:

Ĝ(0) =

⎡
⎣−1.9330 1.5285 0.9911

1.5337 1.0081 −2.0143

1.0369 −2.0197 1.4808

⎤
⎦ (4.23)

with the RIA matrix following (2.17):

Φ̂(0) =

⎡
⎣−2.1634 −0.1309 0.4105

−0.1146 0.4769 −2.2398

0.3697 −2.2081 −0.0880

⎤
⎦ (4.24)

Given the uncertainty bounds of Λ(0) in (3.18) and (3.19), the uncertainty bounds of Φ(0) are obtained

from (4.18) as

ΦP(0) =

⎡
⎣−2.7415 −0.2909 0.1388

−0.2812 0.1899 −2.6734

0.0930 −2.6745 −0.2128

⎤
⎦ and ΦP(0) =

⎡
⎣−1.8734 0.1225 0.8526

0.1524 0.9462 −1.9846

0.8339 −1.9450 0.0811

⎤
⎦

(4.25)

By applying the push-pull algorithm to |Φ̂(0)|, the output of the push phase is as shown in Table

4.1. Since all the RHS elements are non-negative, there is no need to perform the pull phase. Thus, the

optimum configuration selection corresponds to BVs x12, x21, and x33 in Table 4.1, the final tableau;

accordingly, the optimal input-output pairing is (y1 − u2,y2 − u1,y3 − u3). It is worth mentioning

that since φP11, φP23 and φP32 have values < −1, columns x11, x23, and x32 are eliminated before



4.2. CONTROL CONFIGURATION SELECTION AS AN ASSIGNMENT PROBLEM 37

Table 4.1: Final tableau

BVS x22 RHS
x12 1 1

x21 1 1

x33 1 1

x13 -1 0

x31 -1 0

performing the push phase. Moreover, the information provided by the final tableau in Table 4.1 will

be used to determine the perturbation set. Following (4.16), the perturbation set is readily obtained

after defining CB, CA and A as

CB =
[|φ̂12|+Δφ12 |φ̂21|+Δφ21 |φ̂33|+Δφ33 |φ̂13|+Δφ13 |φ̂31|+Δφ31

]
=
[
0.1309+Δφ12 0.1146+Δφ21 0.0880+Δφ33 0.4105+Δφ13 0.3697+Δφ31

]
CN =

[|φ̂22|+Δφ22

]
=
[
0.4769+Δφ22

]
and

A = [1 1 1 −1 −1]T

Thus, the perturbation set is calculated as

θ = {Δφ |CN −CB.[A]≥ 0}
= Δφ13 −Δφ12 −Δφ21 +Δφ22 +Δφ31 −Δφ33 +0.9226 ≥ 0 (4.26)

The perturbation set reveals that the interaction cost of the optimal pairing is lower (by 0.9224) than

the cost of the alternative pairing (y1 −u3,y2 −u2,y3 −u1) that corresponds to the positive Δφi j terms.

As a result, the selected pairing is expected to preserve the optimality under the effect of uncertainty if

the perturbation set of (4.26) is satisfied by the bounds of ΔΦ, which are calculated based on (4.20) as

−0.1309 ≤ Δφ12 ≤ 0.1601

−0.2718 ≤ Δφ13 ≤ 0.4421

−0.1146 ≤ Δφ21 ≤ 0.1665

−0.2870 ≤ Δφ22 ≤ 0.4694

−0.2767 ≤ Δφ31 ≤ 0.4642

and

−0.0889 ≤ Δφ33 ≤ 0.1238

To do so, all possible combinations of the bounds of the ΔΦ elements need to be substituted in (4.26),

and the optimality is preserved only if a non-negative result to (4.26) is obtained. To account for all
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possible combinations, a binary style counter is used; hence, 64 resulting combinations (c = 26 = 64

for lower and upper bounds) will be checked. These combinations are arranged as

c1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.1309

−0.2718

−0.1146

−0.2870

−0.2767

−0.0889

⎤
⎥⎥⎥⎥⎥⎥⎦ , c2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.1601

−0.2718

−0.1146

−0.2870

−0.2767

−0.0889

⎤
⎥⎥⎥⎥⎥⎥⎦ , · · · ,c64 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.1601

0.4421

0.1665

0.4694

0.4642

0.1238

⎤
⎥⎥⎥⎥⎥⎥⎦ (4.27)

Notice that this step requires performing only simple mathematical operations and does not involve

any optimization procedure. However, some of these combinations, such as

c10 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.1309

−0.2718

0.1665

−0.2870

−0.2767

0.1238

⎤
⎥⎥⎥⎥⎥⎥⎦ , c34 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.1601

−0.2718

−0.1146

−0.2870

−0.2767

0.1238

⎤
⎥⎥⎥⎥⎥⎥⎦ and c42 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.1601

−0.2718

0.1665

−0.2870

−0.2767

0.1238

⎤
⎥⎥⎥⎥⎥⎥⎦ (4.28)

do not satisfy the perturbation set. Thus, the input-output pairing (y1 −u2,y2 −u1,y3 −u3) is subject

to losing its optimality under the effect of uncertainty. To support this claim, one can check the

pairing suggestion obtained based on ΦP(0) values in (4.25). There, the off-diagonal pairing clearly

represents the optimal pairing since |φP13|+ |φP22|+ |φP31| < |φP12|+ |φP21|+ |φP33|. In this case,

further investigation is required, such as a study on using more reliable identification schemes, as

suggested in Chapter 3, or on using less conservative uncertainty bounds of the RIA elements than the

one given by (4.18). At this point, the following observations can be made:

1. It is more efficient to formulate the input-output pairing selection as an AP rather than a MILP,

as algorithms such as the Hungarian or push-pull ones process the optimization problem only

once, in contrast to the BAB method. However, conducting the pairing selection following the

multi-pairing criterion is facilitated using the BAB method, as previously mentioned.

2. The push-pull algorithm outperforms the Hungarian algorithm, as it provides the perturbation set

in addition to the optimal pairing solution. The perturbation set is essential in the analysis of the

robustness of the pairing selection. Moreover, it provides direct and easily extracted information

regarding the next best or the so-called sub-optimal input-output pairing(s). For instance, in the

given example, there is only one next best pairing with a cost (0.9224) higher than that of the

optimal pairing. Hence, if for any reason, the optimal pairing cannot be applied, the user can

easily obtain a list of the next best pairings (in ascending order) for the perturbation set based

on the minimum constants. Though the Hungarian algorithm can also provide the sub-optimal

pairings, it requires repeating the procedure of producing zeros [60].

3. The RGA−number and NRGA automated pairing selection approaches can be extended straight-

forwardly to frequencies other than the steady-state frequency [55, 59]. However, in [82], where

the automated pairing selection following the RIA criteria is introduced, the authors limited the

approach to the steady-state case to satisfy the perfect steady-state control condition of the RGA

and RIA definitions. Nevertheless, following those scholars who considered the RGA definition
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to be valid up to the closed-loop bandwidth, the approach is also straightforwardly applicable up

to that frequency. To obtain precise results, the use of Φ(s) in (2.13) rather than Φ(0) in (2.16)

is suggested, though obtaining Φ(s) requires rather complex derivations.
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The idea in this paper is to use the nonparametric model for the system frequency response to estimate

the DRGA for weakly nonlinear systems. Accordingly, the DRGA and its uncertainty bounds can

be found directly from the input-output data. In this paper, the contribution of system nonlinearities

to the uncertainty bounds of the estimated DRGA is investigated. Meanwhile, the estimated DRGA

is obtained by means of the best linear approximation of the nonlinear system. Since using random

excitation, as shown in Chapter 3, makes it difficult to distinguish between the nonlinear distortions

and the measurement noise, multisine excitation is used instead. This, in return, requires a longer

experimental time, which may limit some applications. The obtained results are compared to results of

the nonlinear RGA (Λnl−RGA) proposed in [19].
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A as well as in the approach involving random excitation. The local polynomial approximation method
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experimental time when applying multisine excitation. A quadruple tank, as a weakly nonlinear system,

is used as a case study. The DRGA estimation results for a real and a simulation case are compared.
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This work is an enhancement of the work presented in [45]. Uncertainty bounds for the RGA values

are proposed for a system with gains of known uncertainty bounds. The proposed bounds are relatively

tight, easy to calculate, and easy to extend to large-scale systems and are applicable for any frequency.

Finally, to avoid input-output pairing that corresponds to a negative RGA value, an easy method for

predicting the level of uncertainty that causes a sign change in the RGA is proposed. This method is

applicable only to special uncertainty cases.

Paper D: Automated Control Configuration Selection Considering Sys-
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Published as

A. M. H. Kadhim, M. Castaño Arranz and W. Birk, "Automated Control Configuration Selection

Considering System Uncertainties," Industrial & Engineering Chemistry Research, 2017, 56 (12), pp
3347–3359.

Summary

This paper proposes an automated pairing approach for the configuration selection of decentralized

controllers, which considers system uncertainties. Following the RIA pairing rules, the optimal

control configuration, i.e., the configuration that best fits the pairing rules, is obtained automatically by

formulating the control configuration selection problem as an assignment problem (AP). Employing

the push-pull algorithm to solve this AP renders the optimal pairing as well as the perturbation set

over which the optimality is preserved. Also, uncertainty bounds of the RIA elements for a given

amount of gains uncertainty are derived to enable testing of any possible violation of the optimality

conditions. However, any other uncertainty bounds can be easily integrated in the proposed approach

if better bounds are found. For instance, the RIA uncertainty bounds can be calculated using the RGA

uncertainty bounds obtained in Paper A, B or C by employing (4.18).
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A novel method for calculating the minimum gain perturbation that would revoke the input-output

pairing obtained based on the nominal system model is proposed in this paper. The method is built

around RIA terminology and also uses the upper linear fractional transform (LFT) framework with the

structured singular value (μ) definition in the calculation. Moreover, a robust stability condition is

applied to check whether the calculated gain perturbation would destabilize the closed-loop system

based on the nominal system model. It is worth mentioning that the outcomes are obtained using

only the information of the plant dc-gains and assuming the existence of an integral action in the

decentralized controller for the stability analysis. Combining the mentioned outcomes with the

practitioners’ knowledge about the system uncertainty provides useful guidelines to deal with the

controlling problem in hand.
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Summary

The idea of using a nonparametric model for the system frequency response to estimate the DRGA*

values is first investigated in this paper. A random excitation signal, which is widely used in the

identification field, is employed to estimate the frequency response of linear systems from which the

DRGA is estimated. The uncertainty bounds of the DRGA in this paper are calculated using Monte

Carlo principles. Although the uncertainty bounds obtained in this way are tighter than those obtained

by applying (3.13), the Monte Carlo principles introduce a repetitive situation that may not be suitable

for some applications. Finally, to reduce the leakage effect arising from the nonperiodic nature of

the random signal, the input-output data are divided into sub-records, and the frequency response

is averaged over these sub-records. Although the data division proves to be efficient in limiting the

leakage effect, it has a drawback of reducing the frequency resolution.

*The RGA values are obtained from the estimated DRGA values at the steady state.



44 CHAPTER 5. LIST OF PAPERS

This paper was not included in the thesis since its updated versions, Papers A and B, are included
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This paper discusses the guided and automatic control configuration selection in large-scale complex

systems. Due to the trend of an increased level of automation and connectedness, which is promoted

by the Industry 4.0 strategy and supported by technologies related to cyber physical systems and

the industrial internet of things, selecting appropriate control strategies becomes increasingly impor-

tant and complex. This is especially important because control strategies will limit the achievable

performance of a process system, and there are trade-offs between the complexity of the control

strategies, the achievable performance, the vulnerability and the maintainability. The paper reviews

the state-of-the-art methodologies that support practitioners in making decisions regarding control

strategies, with two main approaches being considered: a guided one and a fully automatic one. It

is shown how both approaches can be conducted, and examples are used to clarify the selection process.

This paper is not appended because the contribution of the author is minor, also it includes the

Gramian-based interaction measures, which are out of the scope of this thesis.
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A. M. H. Kadhim, W. Birk and T. Gustafsson, " Evaluation of Vehicle Tracking for Traffic Moni-

toring Based on Road Surface Mounted Magnetic Sensors," in 3rd IFAC Symposium on Telematics
Applications, November 2013. Seoul, Korea, pp. 13-18.

Summary

This work was part of the iRoad project. The aim of this work was to evaluate a vehicle tracking

scheme for monitoring traffic on roads. Vehicle positions, velocities and magnetic moments were

estimated from data collected by means of two 3-axes magnetic sensors. A potential misalignment

of the sensors due to placement errors was also addressed and discussed. Although the work is not

related to the research direction presented in this thesis, it had a great influence on the research and

real data processing skills of the author.
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Conclusions and Future work

6.1 Conclusions
Industrial processes often benefit from the decentralized control strategy, for which control configura-

tion selection is a necessity. Keeping in mind that these processes are usually performed on a large

scale and that their model comes with uncertainties, the pairing decision becomes somewhat difficult

to make. The work in this thesis tackled this problem in two stages. In the first stage, the effect of

model uncertainty on the interaction measures was quantified. In the second, a technique was designed

to automatically select the optimal configuration of a decentralized controller based on the nominal

system model, taking into consideration the quantified effect of the uncertainty from the first stage.

Thus, a practitioner will be provided with a suggested control configuration that is robust against the
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Figure 6.1: The relation among the appended papers and how they form the big picture of the research

conducted in this thesis. Notice that the first round box inside the shaded area and Paper D require

only one information flow, e.g. from input-output data one can obtain the optimal control configuration

and its robustness analysis.

given uncertainty in an automated way. The proposed methodology offers many advantages, e.g., it

allows using input-output data sets or the practitioner’s previous knowledge about the model uncer-

tainty in the quantification stage. Also, employing the nonparametric identification approach exempts

the practitioner from choosing a model order or structure, which simplifies the quantification stage.

Moreover, the identification approach employed in this work can be easily extended to systems under
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closed-loop control. In this way, it is possible to investigate the pairing selection for unstable systems in

which closed-loop control is necessary to stabilize them before designing the controller that will result

in achieving the required performance. Furthermore, after having selected the control configuration

based on the nominal system model, it is of interest to predict to what extent this selection remains

valid against imposed uncertainty. The prediction is made based on calculating the limit of the model

uncertainty that might invalidate the selected configuration. Also, a robust stability condition is applied

to check if the predicted uncertainty amount is large enough to destabilize the closed-loop system.

With this information in hand, the practitioner can compare his or her knowledge about the system

uncertainty and take a course of action if the system uncertainty exceeds the determined limit. Figure

6.1 shows an overview of this work and how the appended papers are connected to each other. From

the available input-output data, one can achieve the optimal configuration selection and robustness

analysis via the methods presented in Papers A and D or B and D depending on the excitation signals

used. Instead, if the steady-state information of the nominal system gain and the uncertainty bounds

are known from the start, the same outputs can be obtained via the methods proposed in Papers C and

D or via Paper D. Finally, in addition to determining the control configuration by using the nominal

system gain as the input information, additional information regarding the validity of this selection can

be obtained via the method proposed in Paper E.

A number of remaining challenges were identified that need to be addressed. The quantification

stage basically determines the uncertainty bounds of the IMs caused by the effect of the system model

uncertainty. These bounds are, in general, conservative in the sense that even when they indicate a

need to change the selected pairing, the current pairing obtained based on the nominal system model

might still be applicable for that perturbed system. Thus, tighter bounds need to be proposed. Also, the

uncertainty limit that might invalidate the control configuration selection or destabilize the closed-loop

system is evaluated only at steady-state and not extended to other frequencies in the range of interest.

These limitations and more are discussed in the Future Work section.

At the beginning of this thesis, a number of research questions were posed. These questions have

been addressed in the following ways:

1. How do we quantify the effect of the uncertainty in the system model on the RGA, DRGA and
RIA values?
To quantify the effect of the mode uncertainty on those IMs, it is necessary for the user to have

either an input-output data set obtained from the real system or some information regarding the

model uncertainty. If a data set is available, Papers A and B answer the question. More specif-

ically, Papers A and B employ the statistical framework needed to determine the uncertainty

bounds of the DRGA. In the other case, where some information regarding the model uncertainty

is available, Papers C and D provide the uncertainty bounds of the RGA and RIA, respectively.

2. How do we develop an automated technique for selecting a decentralized control configuration
for an uncertain system, i.e., a robust control configuration selection?
Paper D answers this question by employing the push-pull algorithm. The algorithm automat-

ically provides the optimal pairing as well as the perturbation set in which the optimality is

preserved. The robustness of the selected control configuration against the model uncertainty

can then be verified based on the perturbation set and any of the IMs uncertainty bounds given

in Papers A, B, C and D; see Figure 6.1.

3. To what extent can the input-output pairing, obtained from the nominal model, persist under the
effect of model uncertainty?
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The answer to this question can be found in Paper E. There, the minimum amount of perturbed

uncertainty that might lead to invalidation of the selected configuration is determined by means

of the structured singular value (μ) definition.

6.2 Future Work
During this research, new ideas emerged, which were in many ways inspired by the work of other

researchers. Moreover, new challenges were discovered, which leads to directions for future work:

1. The method of estimating the DRGA in Paper B is planned to be applied for systems under

feedback control to facilitate the pairing selection for unstable systems. Also, it is planned

to consider estimating the DRGA for cases when some measured data is lost. Such situation

often occurs in industrial plants due to faulty sensors or bad communication links. The DRGA

can be found by estimating the frequency response matrix (FRM) from those data using the

nonparametric identification approach framework proposed in [83].

2. The RIA uncertainty bounds obtained in Paper D by employing the Taylor series expansion are

conservative. Thus, to achieve a more accurate robustness analysis, tighter bounds are required.

Two alternative approaches can be investigated.

• The approach proposed in [44] for formulating the RGA in LFT form can be applied to

the RIA to enable calculation of the worst-case value of the perturbed RIA. This approach

is derived based on solid theoretical ground and offers tighter results. However, it has

some limitations, such as giving only the upper bounds of the perturbed RIA and its results

depending on the calculation of the structured singular value (μ), which might become

costly, especially for large-scale systems.

• Interval matrices are widely used in robust stability analysis utilizing Kharitonov’s Theorem

[84, 85]. Inspired by this, the system gain matrix of the perturbed system at steady-state

(GP(0)) can be expressed as an interval matrix. By employing the interval matrices algebra,

the uncertainty bounds of the RGA and RIA can be obtained. However, finding the inverse

of the interval matrix is not an easy task and usually renders an interval containing the

inverses of all matrices from the given interval matrix [86].

3. It is known that feedback controller needs to be effective in terms of, e.g. tracking performance,

over the closed-loop bandwidth. As the effectiveness of the decentralized controller is closely

related to the pairing selection, it is desired to predict to what extent this selection holds against

the model uncertainty over those frequencies. Therefore, the outcome of Paper E is planned to

be extended to the frequencies in the range of interest. This extension would require dealing with

Φ(s) rather than Φ(0) which increases the calculation complexity as the controllers dynamics

are involved, see section 2.3 in Chapter 2.
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Relative Gain Array of Weakly Nonlinear Systems
using a Nonparametric Identification Approach

Ali M. H. Kadhim, Miguel Castaño, Wolfgang Birk and Thomas Gustafsson

Abstract:
This article presents a procedure to estimate the relative gain array (RGA) matrix for weakly nonlinear

systems by means of nonparametric identification of the frequency response matrix (FRM). Specifically,

the best linear approximation of nonlinear systems and the covariance of the nonlinear distortions are

used in the relative gain array estimation. For the estimation neither process model nor model structure

need to be known which is an advantage over methods that require accurate knowledge of a parametric

process model. The proposed approach is compared with the original RGA and a nonlinear RGA

calculation using the well-known quadruple tank process as a case.

1 Introduction
The decentralized controller is preferable for multivariable systems due to its simple design, maintain

and upgrade [1]. A crucial step in the design of a decentralized controller is identifying the promising

input-output pairing or selection in a systematic manner.

Since 1960s, and because of its beneficial properties [2], the relative gain array (RGA) has

drawn a great attention as an input-output selection tool in the design of decentralized controller for

multivariable systems. Since then, many extensions upon the original version have been produced [3].

However, the extension to employ it for nonlinear systems has only recently received attention in [4]

and [5]. For nonlinear systems, a linearization is usually performed around a specific operating point

followed by pairing selection based on the linear RGA techniques. While an explicit nonlinear RGA

formula applied directly to the nonlinear systems models is derived in [4], an update to that formula is

given in [5] resulting in a general approach to input-output pairing for linear and nonlinear systems

based on relative gain definition.

On the other hand, a statistical approach is utilized in [6] to quantify the uncertainty in the RGA

results. This uncertainty is a reflection of the uncertainty of the model which may appear in reality in

different forms such as plant/model mismatch, changes in physical parameter values or by linearizing

a nonlinear system around specific operating point. In the present work, the source of the uncertainty

in the RGA estimation is assumed to be the system nonlinearity.

Generally, a system parametric model is used to calculate the RGA in both linear and nonlinear

systems. System parametric models are usually obtained from either first principles or system identifi-

cation [7]. In both ways, the choice of the model structure and model order has a great influence on the

quality of the system representation and, consequently, on the RGA results. In [8], a nonparametric

frequency response identification, using a random excitation, was used to estimate the RGA results of

linear systems based on the input-output measurements. However, this approach does not depend on

choosing model structure nor model order and, hence, their influence on RGA calculation is reduced.

Moreover, a Monte-Carlo technique was used to quantify the uncertainty in the RGA matrix.
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Although random excitation signal is very popular in the identification process, using it in iden-

tifying nonlinear systems would complicate the separation of nonlinear distortion from disturbing

measurement and process noise. On the other hand, using a multisine excitation signal would simplify

the noise separation as well as improve the signal-to-noise ratio (SNR) [9]. The approach in [8] has

been extended to weakly nonlinear systems in this article employing the technique presented in [9].

The aim of this work is to employ the nonparametric identification approach in the estimation of

RGA matrix for weakly nonlinear systems when a parametric model of the system is not available.

The proposed approach is limited to the weakly nonlinear systems. The nonparametric identification,

using properly designed multisine excitation signals, can easily deliver both the frequency response

of the best linear approximation of the nonlinear systems and the covariance matrix of the nonlinear

distortions. The proposed approach uses these information to estimate the RGA taking the nonlinear

distortion effect into account. For weakly nonlinear systems, the proposed method has advantages over

both nonlinear and linear RGA methods. Mainly, It simplifies the RGA estimation since there is no

need to select model order nor structure to describe the system in the nonparametric approach while

nonlinear RGA methods depend on accurate knowledge of the parametric models which is not always

the case. It also accounts for the nonlinear contribution by considering the variance effect in RGA

estimation compared with the linear RGA method in which system linearized models are used.

The article is laid out as follows: The Preliminaries section provides a definition of RGA, RGA

pairing rules and nonlinear RGA for affine nonlinear systems. A nonparametric identification approach

of multivariable systems in presence of nonlinear distortion and the uncertainty effect on the RGA

results are highlighted in respective subsections 3.1 and 3.2 of Theory. The section is then closed by

the procedure of performing the proposed approach. An illustration employing the quadruple tank

process is presented in the Case Study section. Finally, some conclusions and future development

tracks are given.

2 Preliminaries

2.1 Definition of RGA and Pairing Rules
The relative gain array elements (λi j) are defined as the opened-loop gain between input u j and output

yi when all other loops are opened divided by the closed-loop gain between the same input and output

when all other loops are closed under perfect control assumption [2]. Provided that the nominal

steady-state gain matrix G of the systems is given, the RGA results can easily be obtained by applying

Λ = G×G−T (1)

where × denotes element-by-element product and −T is the inverse transpose of the matrix. Despite

the fact that RGA is essentially derived for steady-state gain [10], (1) is applicable for any frequency

in the range of interest [11].

For input-output pairing, there are rules to be followed [3]:

• Select the input-output pairings that correspond to the RGA elements closer to 1.

• Avoid pairing with negative or large RGA elements.



3. THEORY 61

2.2 Nonlinear RGA of Nonlinear Affine Systems
In [5], a nonlinear RGA (Λnl−RGA) is derived for nonlinear affine systems. The method is extended

then to the linear systems rendering a general approach to the input-output pairing for both linear

and nonlinear multivariable systems. Moreover, it takes into consideration the systems dynamics on

the pairing decisions. The derivation of Λnl−RGA is based on relative gain definition and input-output

linearization approach (exact input-output linearization [12]).

The Λnl−RGA for the affine system

ẋ = f(x)+∑m
j=1 g j(x)u j

y1 = h1(x)
...

ym = hm(x)

(2)

where f(x), g(x) and h(x) are infinitely differentiable functions, is given by

Λnl−RGA ≈ R×R−T (3)

where

R =

⎡
⎢⎢⎢⎢⎣

Lg1(x)
Lr−1

f(x)
h1(x) · · · Lgm(x)

Lr−1
f(x)

h1(x)

Lg1(x)
Lr−1

f(x)
h2(x) · · · Lgm(x)

Lr−1
f(x)

h2(x)
...

...

Lg1(x)
Lr−1

f(x)
hm(x) · · · Lgm(x)

Lr−1
f(x)

hm(x)

⎤
⎥⎥⎥⎥⎦ (4)

, r ≤ n is the maximum value of vector relative degree from yi to ui for i, j = 1, · · · ,m and Lr−1
f(x)

h(x) is

the (r−1) times Lie Derivative of h(x) with respect to f(x) [5][3]. The pairing rule of Λnl−RGA are

considered the same as the rules of Λ after assigning a largest relative degree to r in the R calculation.

Although this method does not linearize the nonlinear systems themselves around specific operating

point, some terms of the Lie Derivative are neglected during the calculations of R to reduce the

computational cost. The terms neglecting results to an approximate result of Λnl−RGA [5][3]. Moreover,

it requires an accurate knowledge of the systems models and their derivatives which are not always

possible.

3 Theory
The contribution of this work is to combine different statistical tools to propose an approach that

simplifies the estimation of RGA for weakly nonlinear systems. This section describes these tools

followed by a procedure to perform the proposed approach.

3.1 Nonparametric Identification in the Presence of Nonlinear Distortions
Estimating a frequency response function (FRF) using nonparametric identification gives valuable

information about system dynamics. Measurement quality, systems nonlinearity and parametric model

complexity selection are easily extracted from nonparametric approach. Therefore, the nonparametric

identification is used as an intermediate step towards the parametric identification [13]. Since the

RGA calculation with (1) is a function of system responses for different frequencies, employing the



62 PAPER A

nonparametric identification approach is suggested rather than the parametric approach. That would

simplify the RGA calculation and reduce the efforts of identifying the whole multivariable system.

Although most systems in reality are nonlinear, identifying real systems using linear dynamics

models has proven to be very efficient if the nonlinear distortions are not dominating over the linear

contribution in the system response [14]. Systems for which the above condition holds in a predefined

operating range are also referred to as weakly nonlinear systems [15]. For the best linear approximation

concept of weakly nonlinear systems, the output of the dynamic nonlinear systems y0(t) with an output

noise nv(t) can be written as

y(t) = y0(t)+nv(t) = GBLA(q)u0(t)+ ys(t)+nv(t) (5)

where q is shift operator and ys(t) is the difference between the output of the nonlinear system and the

best linear approximation GBLA of the nonlinear system [13].

Since this work focuses only on nonlinear contributions in RGA result, nv in (5) has been set to

zero and by measuring large enough data samples (N), the frequency domain representation of (5) can

be written as

Y (k) = Y0(k) = GBLA(ωk)U0(k)+Ys(k) (6)

where ωk =
2πk
N fs, and fs is the sample frequency.

Using the multisine excitation, which is defined as

u0(t) =
1√
N

N
2 −1

∑
k=−N

2 +1

Uke j(2πk t
N +φk) (7)

with amplitude U−k = Uk and randomly chosen phases φ−k = φk such that E{e jφk = 0}, the non-

parametric estimation of GBLA(ωk) and the variance of the nonlinear distortions (σ2
Ys

) can easily be

calculated [13]. To do so, at least M×nu experiments after transient period are needed for nu inputs

and ny outputs multivariable systems. Consequently, for each block m of nu sub-experiments, the input

and the output measurements are arranged into matrices U[m]
0 ∈ Cnu×nu and Y[m] ∈ Cny×nu then (6) can

be reformulated as

Ĝ[m](ωk) = Y[m](k)U[m]
0 (k)−1

= GBLA(ωk)+Y[m]
s (k)U[m]

0 (k)−1 (8)

At this point two important issues should be considered. Firstly, the excitation signal U[m]
0 (k) in (8)

should be chosen properly to avoid bad condition; secondly, since ys(t) behaves like a deterministic

component to the same u0(t) realization, quantifying Ys requires the realization of the excitation signal

to be changed not only from input to input but also between sub-experiments. To solve both issues, a

full orthogonal random phase multisine excitation is used as follows

U[m]
0 =

⎡
⎢⎣ U1ke j(φ1k+α1k) · · · U1ke j(φ1k+αnuk)

...
. . .

...

Unuke j(φnuk+α1k) · · · Unuke j(φnuk+αnuk)

⎤
⎥⎦ (9)

where α is uniform distribution in [0,2π) [9].
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Finally, by averaging over the M experiments, the ĜBLA(ωk) is expressed as

ĜBLA(ωk) =
1

M

M

∑
m=1

Ĝ[m](ωk) (10)

and the nonlinear distortion σ̂2
Ysi j

(k), where i = 1, ..,ny and j = 1, ..,nu, is obtained by [16]

σ̂2
Ysi j

(k) =
1

M(M−1)

M

∑
m=1

|Ĝ[m]
i j (ωk)− ĜBLAi j(ωk)| (11)

3.2 Uncertainty Effect on RGA Results
Since the system models are never perfect, extensive research efforts were exerted to quantify the

uncertainty effect on RGA results. As previously mentioned, the source of the uncertainty in RGA

results in this article is considered to be caused by the system nonlinearity.

The most important result based on statistical approach was proposed by Chen and Seborg in [6].

In that work, a closed form of the variance of Λ elements is derived and the result is summarized as

follows: for 2×2 systems, where the estimated gains and the covariance matrices at steady-state or at

any other frequency are obtained by

Ĝ(ωk) =

[
Ĝ11(ωk) Ĝ12(ωk)

Ĝ21(ωk) Ĝ22(ωk)

]
(12)

and

Cov(Gi j(ωk),Gmn(ωk)) (13)

the estimated λ̂i j(ωk) can be calculated using (1). Consequently, the variance of λi j (σ2
λi j
(ωk)) can be

approximated using the first order of Taylor’s series expansion as

λi j ≈ λi j |Ĝ +
2

∑
k=1

2

∑
l=1

(
∂λi j

∂Gkl
)Ĝ(Gkl − Ĝkl) (14)

It is worth mentioning that ωk is dropped from the equations seeking simplicity.

Using λ̂i j = λi j |Ĝ with further mathematical manipulations, the variance of λi j can be approxima-

tion as

σ2
λi j

= E[(λi j − λ̂i j)
2]

≈
2

∑
k=1

2

∑
l=1

2

∑
m=1

2

∑
n=1

(
∂λi j

∂Gkl
)Ĝ(

∂λi j

∂Gmn
)ĜCov(Gkl,Gmn) (15)

where
∂λi j
∂Gi j

is obtained from [2] as

∂λi j

∂Gi j
=

(1−λi j)(λi j)

Gi j
(16)
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3.3 Proposed Approach and Procedure
In order to employ the expressions obtained in the subsections 3.1 and 3.2 to estimate RGA for weakly

nonlinear systems, the procedure of the proposed method is as follows

1. Design excitation signals as in (9) using a proper U1k, ..,Unuk. Choose M ≥ 2 which is required

in order to be able to quantify the nonlinear distortion (σ̂2
Ys

). Larger M yield better performance.

2. Estimate ĜBLA(ωk) using (8) and (10).

3. Estimate the covariance of the nonlinear distortion by means of (11). The covariance of the

nonlinear distortion matrix for the 2×2 case looks like

Cov(Ys(k)) =

[
σ̂2

Ys11
(k) σ̂2

Ys12
(k)

σ̂2
Ys21

(k) σ̂2
Ys22

(k)

]
(17)

4. Estimate Λ for each ωk by substituting ĜBLA(ωk) in (1) as

Λ̂(ωk) = ĜBLA(ωk)× ĜBLA(ωk)
−T (18)

5. Estimate the variance of λi j (σ2
λi j

) for each ωk by means of (16) and (15) after substituting ĜBLA,

Λ̂ and the estimated Cov(Ys(k)) from (17), σ2
λi j

in the 2×2 case found as follows

σ2
λi j

≈
2

∑
k=1

2

∑
l=1

2

∑
m=1

2

∑
n=1

(
∂λi j

∂Gkl
)ĜBLA

(
∂λi j

∂Gmn
)ĜBLA

Cov(Ys(k)) (19)

Further notes
• In the case where the measurement noise nv is not equal to zero, the given procedure still works

if an adjustment is made on the calculations of subsection 3.1. Basically, the designed excitation

signals should be repeated over many periods with an extra mean and variance calculation over

the periods. Full details can be found in [13] and [17].

• M is suggest to be at least 7 experiments if these measurements is to be used later on in some

parametric identification, see [13][17].

• Regarding the expression in (15) of subsection 3.2, a general formula of σ2
λ for n×n systems

can be found in [6].

4 Case Study
The quadruple tank process given in [18] is an affine nonlinear system and it behaves like a weakly

nonlinear system for certain installation parameters [19]. Thus, it is employed to compare the result of

Λ which is obtained by linearizing the system around the operating point, Λnl−RGA with the results of

the proposed approach.
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The quadruple tank model based on mass balance and Bernoulli’s law is given by [18]

ḣ1 =− a1
A1

√
2gh1 +

a3
A1

√
2gh3 +

γ1k1

A1
u1

ḣ2 =− a2
A2

√
2gh2 +

a4
A2

√
2gh4 +

γ2k2

A2
u2

ḣ3 =− a3
A3

√
2gh3 +

(1−γ2)k1

A3
u2

ḣ4 =− a4
A4

√
2gh4 +

(1−γ1)k1

A4
u1

(20)

where the water heights of the 1st and 2nd tanks (h1 and h2) are considered as the system outputs. γ1

and γ2 are valves positions splitting the water between tanks 1 and 4 and tanks 2 and 3, respectively.

The description of the model parameters are tabulated in Table 1 while the working operating points

are presented in Table 2.

Parameter Values Description
A1, A3 28 cm2 Cross section area of tanks 1 and 3

A2, A4 32 cm2 Cross section area of tanks 2 and 4

a1, a3 0.071 cm2 Area of the hole of tank 1 and 3

a2, a4 0.057 cm2 Area of the hole of tank 2 and 4

g 981 cm/s2 Gravity acceleration

k1, k2 2.9 cm3/V s Flow to volt unit of pump 1 and 2

Table 1: Parameter values and description for quadruple tank.

Heights h1 h2 h3 h4

Value 12 cm 12.4 cm 7.4 cm 8.7 cm

Table 2: Operating points for the quadruple tank process.

For a quadruple tanks process, the linear RGA pairing conditions are given in [18] by substituting

the linearized model of (20) around the working point in (1). The conditions for diagonal and

off-diagonal input-output pairing are

1 < γ1 + γ2 < 2 (21)

and

0 < γ1 + γ2 < 1 (22)

respectively. Based on (4) and (3), where r = 2, Λnl−RGA of the quadruple tank (20) is given in [5] as

Λnl−RGA =

⎡
⎢⎣

1

1− (1−γ1)(1−γ2)
γ1γ2

√
h1h2
h3h4

1

1− γ1γ2
(1−γ1)(1−γ2)

√
h3h4
h1h2

1

1− γ1γ2
(1−γ1)(1−γ2)

√
h3h4
h1h2

1

1− (1−γ1)(1−γ2)
γ1γ2

√
h1h2
h3h4

⎤
⎥⎦

=

[
α 1−α

1−α α

]
(23)

Accordingly, two cases can be considered regarding valves positions γ1 and γ2
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1. Diagonal input-output pairing if α > 1−α yields γ1 + γ2 is bounded as

1+ γ1γ2(1−
√

h3h4

h1h2
)< γ1 + γ2 <

min(1+ γ1γ2(1+

√
h3h4

h1h2
),2) (24)

2. Off-diagonal input-output pairing if α < 1−α yields the γ1 + γ2 is bounded as

0 < γ1 + γ2 < 1+ γ1γ2(1−
√

h3h4

h1h2
) (25)

Although the linear RGA pairing conditions (21) and (22) seem compatible with Λnl−RGA conditions

(24) and (25), the off-diagonal pairing given in (25) shows an additional condition caused by system

nonlinearity.

In the following, the results of Λ, Λnl−RGA and the proposed approach for two different valves

positions are discussed.

position 1: γ1 = 0.48 and γ2 = 0.45:
In this case, according to (22), Λ recommends an off-diagonal pairing since 0 < γ1 + γ2 = 0.93 < 1.

While Λnl−RGA, as 0.8782 < γ1 + γ2 = 0.93 < 1.5538, recommends a diagonal input-output pairing

based on (24).

In order to apply the proposed approach, excitation signals are designed to excite the odd frequencies

within [ fmin, fmax] frequency band where fmin = 38×10−4 and fmax = 37×10−3 are normalized to

the Nyquist frequency ( fs/2) . This frequency band is selected to contain the cross-over frequencies

of the process. In practice, an estimation of the cross-over frequency of a system can be empirically

obtained from the rise time observed as a response to step change. To perform the proposed approach

given in subsection 3.3 of Theory, preliminary design parameters are selected to be fs = 53×10−3 Hz,

M = 3, N = 529 and rms values of U1k =U2k and equal to 0.7 V which are imposed on D.C signals

with values of 3.15 V (in order to derive the system to the operation points given in Table (2)).

The results of nonparametric models of the quadruple tanks and Λ̂ of the proposed approach are

shown in Figures (1) and (2), respectively.

The results of Figure (2) explain the reason behind the different recommendations of Λ and Λnl−RGA.

They clearly show that the difference comes from taking the system dynamics into consideration in the

Λnl−RGA calculations while Λ depends on the steady-state only. The results of the proposed approach

illustrate that the off-diagonal pairing is recommended at the steady-state while the diagonal pairing

should be considered with frequency changing.

position 2: γ1 = 0.63 and γ2 = 0.64:
In this case, Λ recommends a diagonal pairing selection based on (21) as 1 < γ1 + γ2 = 1.27 < 2.

Moreover, Λnl−RGA promotes diagonal input-output pairing according to (24) since 0.8782 < γ1+γ2 =
1.27 < 1.5538. Using the procedure described in the Theory subsection 3.3 for the same excitation

signals used in the previous case, the results of nonparametric model of the quadruple tank process and
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Figure 1: Uncertainty regions of the nonparametric models of quadruple tank in position 1.
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Figure 2: Λ̂ results with uncertainty region of position 1. Blue: Λ̂ based on ĜBLA. Gray: Λ̂±3σΛ.

Λ̂ for position 2 are depicted in Figures (3) and (4), respectively. It is clearly shown form Figure (4)

that the proposed approach recommends the diagonal pairing selection for a wide range of frequencies

which is consistent with the results of both Λ and Λnl−RGA.
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Figure 3: Uncertainty regions of the nonparametric models of quadruple tank in position 2.
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Figure 4: Λ̂ results with uncertainty region of position 2. Blue: Λ̂ based on ĜBLA. Gray: Λ̂±3σΛ.

The following observations can be made

• The proposed approach renders the same results of Λnl−RGA for both positions in question.

Moreover, it allows the user to observe the input-output pairing recommendation at any frequency

range of interest, for instance, in the case when the user intends to design a controller that works

at high frequency range.
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• If Λ̂±3σΛ at a specific frequency is unbounded, redoing the procedure with more realizations

M is suggested. If Λ̂±3σΛ is still unbounded, no pairing in that frequency is recommended.

• The proposed approach is dedicated to quantify the nonlinear distortion in the RGA (thus nv
set to zero). However, it can easily modified to account for measurement noise while neither

original Λ nor Λnl−RGA takes into consideration the measurement noise effect.

• It is believed that the proposed method simplifies the RGA estimation for weakly nonlinear

systems of which the parametric models are unknown. However, there still exist some constraints

in reality that should be taken into account such as applying the excitation signals to all inputs

simultaneously or the long time measurements required for high frequency resolution. On the

other hand, many plants have a well known model in which using the parametric model would

simplify the RGA calculation.

5 Conclusion
The relative gain array matrix for weakly nonlinear systems is estimated by means of nonparametric

identification of systems frequency response matrix (FRM). Since there is no need to select a model

order or structure in the nonparametric identification approach, the proposed approach simplifies the

RGA calculation over methods that depend on accurate knowledge of the model which is not always

available.

Although, the best linear approximation technique is used to approximate the nonlinear systems, the

approach still account for the nonlinearty effect caused by nonlinear distortions in the RGA estimation.

The case study has shown that the proposed approach performs equally well as the Λnl−RGA
approach, but has several advantages. First of all, the user may freely choose the frequency range of

interest. Further, the proposed approach can consider the effect of measurement noise on the pairing

decision and finally, pairing decision can be taken with higher confidence as the uncertainty effect can

be considered.

A drawback of the method is the number of measurements that are needed. It is anticipated that this

issue can be circumvented by means of local polynomial approach. Moreover, the proposed approach

need to be extended to strongly nonlinear systems. These aspects are planned as future work.
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Dynamic Relative Gain Array Estimation using
Local Polynomial Approximation Approach.

Ali M. H. Kadhim, Wolfgang Birk and Miguel Castaño Arranz

Abstract: This article presents a procedure that utilizes the local polynomial approximation approach

in the estimation of the Dynamic Relative Gain Array (DRGA) matrix and its uncertainty bounds for

weakly nonlinear systems. This procedure offers enhanced frequency resolution and noise reduction

when random excitation is used. It also allows separation of nonlinear distortions with shorter

measuring time when multisine excitation is imposed. The procedure is illustrated using the well-

known quadruple tank process as a case study in simulation and in real life. Besides, a comparison

with the pairing results of the static RGA, nonlinear RGA and DRGA based on linearized quadruple

tank model for different simulation cases is performed.

1 Introduction
Decentralized controllers are usually preferred in controlling industrial plants, as their design would

eventually reduce to designing single-input single output (SISO) controllers. The individual controllers

are also easier to maintain and update than the multivariable ones [1]. It is also well-known that the

choice of the inputs and outputs pairs affects the achievable performance of the decentralized control

system, which makes the selection of input-output pairs a crucial design step. A systematic and reliable

procedure for the selection of the pairs is therefore needed in order to achieve the desired performance

goals for a decentralized control system. Therefore, efforts to develop pairing techniques have been

carried on since the pioneer work of Bristol on the Relative Gain Array (RGA) in 1966 [2]. The RGA

provides a method to select the input-output pairs for multi-loop SISO controllers by means of the

steady-state gain matrix of the square linear systems.

Later on, many extensions were developed such as the Dynamic Relative Gain Array (DRGA)

proposed by Witcher in [3] where the transfer function rather than the steady-state gain matrix was

used. A comprehensive study on the extensions and variants can be found in [4]. Since all real

systems are nonlinear to some extent, RGA is still adapted in addressing the pairing selection for those

systems. On the one hand, the original RGA formula, is applied on the linearized parametric model

around a specified operating point. On the other hand, nonlinear RGA formula, applied directly to

the nonlinear systems models, is derived in [5] and updated in [6] resulting in a general approach to

input-output pairing for linear and nonlinear systems following the relative gain definition. However,

such approaches are limited to systems with accurately known models.

Aiming at taking the system dynamics into consideration in the input-output pairing decision,

DRGA rather than RGA values are usually used. The common procedure to calculate DRGA values

for systems with unknown model is to use a parametric model obtained from system identification

techniques. Therefore, the user needs to decide on a model structure and model order, and subsequently

to calculate the Frequency Response Matrix (FRM). Eventually, the DRGA values are obtained over a

frequency range of interest. The wrong choice of the model structure and/or the model order has an
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influence on the quality of the system representation [7] and consequently on the DRGA calculated

values. Besides, other sources such as changes in the operating point or parameters values introduce

uncertainties to the RGA/DRGA values. To quantify these uncertainties, an analytical expression of the

worst-case RGA as well as statistical RGA bounds for 2×2 and n×n uncertain systems are derived

in [8]. A tighter bound of the worst-case RGA using the structured singular value is proposed in [9].

However, for large systems, this bound is computationally expensive and a simpler-calculated bound

was proposed by [10]. The results of [8], [9] and [10] can straightforwardly be extended to the DRGA.

In previous work, [11] and [12], the authors have investigated an approach that seems obvious

yet was not thoroughly discussed before which requires less user interaction and efforts in estimating

RGA and DRGA. The approach employs a nonparametric system identification method to estimate

the system Frequency Response Matrix (FRM) from input-output data and then calculates RGA and

DRGA. Consequently, from the experimental data, the controller configuration can be directly decided.

Such an approach reduces the uncertainties arising from incorrect user decisions by avoiding the

parametric model identification. In [11], both RGA and DRGA of linear systems are first determined

using random excitation signal. Following the approach defined in [13], data is divided into sub-records

and the frequency response is averaged over these sub-records to reduce the effect of the leakage

that result from the nonperiodic nature of the random signal. Although the data division proved to

be efficient in limiting the leakage effect, it has a drawback of reducing the frequency resolution of

the result. However, a multisine rather than random excitation signal is used to determine DRGA of

weakly nonlinear systems in [12]. The uncertainties of the DRGA values are then obtained following

the derivation in [8]. The multisine excitation simplifies the distinction between the nonlinear distortion

and the output noise which is difficult to achieve using random excitation [13] as well as it improves the

signal to noise ratio (SNR) [14]. Unfortunately, this comes with the cost of requiring long experimental

time for multi-input multi-output (MIMO) systems.

This work aims to overcome the shortcomings represented by the low frequency resolution in [11]

and the long experiment running time in [12] while preserving the advantages of using the nonpara-

metric identification approach in DRGA calculation. To achieve this for weakly nonlinear systems,

the Local Polynomial Approximation Method (LPA) and the Local Polynomial Approximation-Fast

Method (LPA-FM) introduced in [13] are employed with both random and multisine excitation signals,

respectively. This results in estimating the best linear approximation (GBLA) and its covarience caused

by the output noise and the nonlinear distortion. Hence, DRGA values and their uncertainty bounds

can be directly calculated using the estimated frequency response and the estimated covariance of

the GBLA. To make the decision more robust against the uncertainty sources, i.e the noise and the

nonlinear distortions, the uncertainty bound of the DRGA are taken into considerations. The proposed

procedure is applied on a case study of a quadruple tank process in simulation and on real plant to

discuss the applicability of the different nonparametric identification techniques in the input-output

pairing selection area.

The article is structured so that a brief definition of the RGA, DRGA, the pairing rules and the

uncertainty in DRGA values are given in the following Preliminaries section. Theoretical background

and the algorithm of applying the proposed procedure are given in sections 3 and 4, respectively. The

advantages of implementing the proposed approach in simulation and on real plant are discussed from

two prospectives in two separate sections. Enhancing the frequency resolution and reducing the noise

effect are discussed in section 5 whereas section 6 deals with the separation of the nonlinear distortions.

Finally, conclusions are drawn and future work directions are given in the last section.
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2 Preliminaries

2.1 Definition of RGA, DRGA and Pairing Rules
The Relative Gain Array (RGA) elements (λi j) are defined as the gain between input u j and output yi
when all other loops are opened divided by the gain between the same input and output when all other

loops are closed under perfect control assumption [15]. Provided that the steady-state gain matrix G(0)
of the systems is given, the RGA values can easily be obtained by applying

Λ(0) = G(0)×G(0)−T (1)

where × denotes an element-by-element product and −T is the inverse transpose of the matrix. Despite

the fact that RGA is essentially proposed at steady-state [2], (1) is usually used for any frequency in

the range of interest [3] and hence it can be referred to as Dynamic Relative Gain Array (DRGA).

For input-output pairing, there are rules to be followed [4]:

1. Choose the input-output pairs that correspond to the RGA elements close to 1.

2. Avoid pairing with negative or large RGA elements.

2.2 Uncertainty in the DRGA Results
Since the system models are never perfect, research efforts are exerted to quantify the uncertainty

effect on the RGA results. The most important result was proposed by Chen and Seborg in [8] based

on statistical approach. In that work, a closed form of the variance of RGA elements, denoted by σ2
λi j

,

was derived. An extension of the result to frequency ω is stated in the following lemma

Lemma. For 2×2 system, where the nominal gains G̃(ω) and the covariance matrices Cov(G(ω)) at

frequency ω are given and E denotes the expectation operator, the σ2
λi j
(ω) can be approximated as in

(2)

where
∂λi j(ω)
∂Gi j(ω) is calculated as [15]

∂λi j(ω)

∂Gi j(ω)
=

(1−λi j(ω))λi j(ω)

Gi j(ω)
(3)

3 Theoretical Background
The definition of the weakly nonlinear system as well as an overview of the identification methods

(Spectral Analysis and Local Polynomial Approximation) are given in this section.

σ2
λi j
(ω) = E[(λi j(ω)− λ̃i j(ω))2]≈

2

∑
k=1

2

∑
l=1

2

∑
m=1

2

∑
n=1

(
∂λi j(ω)

∂Gkl(ω)

)
G̃

(
∂λi j(ω)

∂Gmn(ω)

)
G̃

Cov(G(ω)) (2)
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3.1 Weakly Nonlinear Systems
This study considers the class of nonlinear systems where the outputs can be well approximated by

volterra series including hard nonlinear systems such as saturation, clipping and dead zone [16].

Definition. The weakly nonlinear system is defined as the nonlinear system where the coefficients

of the first-order kernels of the volterra series dominate over the coefficients of the higher order kernels

[17].

Following the definition, a weakly nonlinear system can be described by a linear model since

the linear contribution in the output is dominating the nonlinear distortions. The disturbed output of

weakly nonlinear systems, excited by a class of Gaussian excitation (Gaussian noise, periodic Gaussian

noise, random phase multisine), can be approximated in least square sense by an output of a linear

model as [18]

y(t) = gBLA ∗u(t)+ ys(t)+ v(t) (4)

where ∗ is the convolution product, v(t) is the filtered output noise, gBLA is the impulse response of

the best linear approximation GBLA and ys(t) represents the portion of the nonlinear output that is not

captured by the linear model GBLA, see Figures 1 and 2. The GBLA is defined as a linear system whose

Nonlinear
System

H

+ 
u(t) yo(t)

y(t)

e(t)

v(t)

Figure 1: Nonlinear system.

GBLA

H

+ 
u(t) yo(t)

y(t)

e(t)

v(t)

+ 

ys(t)

Figure 2: Best linear approximation of the weakly nonlinear system.
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output is as close as possible, in the mean square error sense, to the output of the nonlinear system

[16].

3.2 Spectral Analysis Method (SA)
For the system shown in Figure 2, the input-output Discrete Fourier Transform (DFT) spectra U(k),
Y (k) are related in DFT frequency k as follows [13]

Y (k) = GBLA(ωk)U(k)+Ys(k)+TG(ωk) (5)

+H(ωk)E(k)+TH(ωk)

where ωk = 2πk fs/N and fs = 1/Ts with Ts being the sampling time. GBLA(ωk) and H(ωk) are the

frequency response matrices of the best linear approximation of the system and the noise at DFT line

k, respectively. The term H(ωk)E(k) is usually abbreviated by V (k). Moreover, for the same DFT

line k, TG(ωk) and TH(ωk) represent the leakage error for system and noise respectively, while Ys(k)
represents the nonlinear distortion in frequency response measurement.

For general nonlinear ny ×nu system depicted in Figure 1, ĜBLA at DFT line k can be estimated as

[13]

ĜBLA(ωk) = ŜYU(k)Ŝ−1
UU(k) (6)

where ŜYU and ŜUU are the estimated cross and auto-power spectra, respectively. To reduce the leakage

effect, the collected data is divided into M blocks (sub-records) then averaged in the estimation of ŜYU
and ŜUU at line k [19].

The covariance of the noise V at line k can be estimated as [19]

ĈV (k) =
M

M−nu
(ŜYY (k)− ŜYU(k)Ŝ−1

UU(k)Ŝ
H
YU(k)) (7)

with q = M−nu the number of the degrees of freedom (do f ) and H denotes a Hermitian transpose of

the matrix. Hence, the covariance of the ĜBLA is obtained as

Cov(vec(ĜBLA(ωk)))≈ 1

M
Ŝ−1

UU(k)⊗ĈV (k) (8)

where ⊗ is the Kronecker product and (vec) puts the columns of the matrix on top of each other.

As the random excitation is used, there is no easy way to distinguish the nonlinear distortion ys(t)
at the output measurement from the noise v(t) in Figure 2 [16]. Thus, the estimated noise covariance

(ĈV ) in (7) accounts for both nonlinear and noise distortions. It is worth mentioning that reducing the

leakage effect by dividing the data to M blocks renders a lower frequency resolution and introduces a

trade-off situation. To overcome this shortcoming, Local Polynomial Approximation method is to be

utilized.

3.3 Local Polynomial Approximation Method (LPA)
The basic idea of LPA is using Taylor series expansion to approximate GBLA(ωk±r) and T (ωk±r) in

(5) for r = 0,1, ..,n by a low order polynomial at DFT frequency k where T (ωk±r) is the summation

of TG(ωk±r) and TH(ωk±r). The coefficients of the polynomial are estimated from the DFT of the

input-output data via linear least square fit. Such an approximation is valid since GBLA(ω) and T (ω)
are considered to be smooth transfer functions having continuous derivative up to any order [13]. The
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result is the estimation of ĜBLA(ωk) and T̂ (ωk) at DFT line k, whilst the noise covariance at line k can

be estimated from the residual of the least square fit. The estimated noise covariance comprises the

effect of both the nonlinear and the noise distortions since a random excitation signals is used here.

The estimation sequence is repeated for DFT frequency k+1 to estimate ĜBLA(ωk+1), T̂ (ωk+1)
and ĈV (k+1) as well as all frequencies in the band of interest [18]. The procedure is summarized

from [13] as follows

Rewriting (5) after approximating GBLA(ωk+r) and T (ωk+r) by polynomial of order R at DFT

frequency k, it can be expressed in the form

Y (k+ r) = (GBLA(ωk)+
R

∑
s=1

gs(k)rs)U(k+ r)+T (ωk)

+
R

∑
s=1

ts(k)rs +V (k+ r)

= ΘK(k+ r)+V (k+ r)

(9)

where Θ is the ny × (R+1)(nu +1) matrix of unknown complex parameters

Θ =
[
GBLA(ωk) g1(k) g2(k) · · · gR(k)

T (ωk) t1(k) t2 · · · tR(k)
] (10)

and K(k+ r) is the (R+ 1)(nu + 1)× 1 input data vector. Notice that, the contribution of Ys(k+ r)
has been included in the V (k + r) since the random excitation signals are used. Redoing (9) for

r =−n,−n+1, · · · ,0, · · · ,n−1,n results in

Yn = ΘKn +Vn (11)

where Yn, Kn and Vn sizes are ny × (2n+1), (R+1)(nu +1)× (2n+1) and ny × (2n+1), respectively.

If 2n+1 ≥ (R+1)(nu +1), Θ can be estimated from (11) using least square method as

Θ̂ = YnKH
n (KnKH

n )−1 (12)

The noise covariance can be estimated form the residual of the fitting as

V̂n = Yn − Θ̂Kn (13)

ĈV (k) =
1

q
V̂nV̂ H

n (14)

where q = (2n+1− (R+1)(nu +1)) is the number of do f of V̂ H
n .

Then, ĜBLA and its covariance matrix at DFT frequency k can be estimated as [13]

ĜBLA(ωk) = Θ̂
[

Inu

0

]
(15)

which selects the first nu columns of Θ̂ matrix, and

Cov(vec(ĜBLA(ωk)))≈ SHS⊗ĈV (k) (16)

where S = KH
n (KnKH

n )−1

[
Inu

0

]
.
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4 Algorithm of the Proposed Procedure
The procedure of estimating DRGA and its uncertainty bounds for weakly nonlinear systems can be

summarized as in Algorithm 2. Notice that, in order to track the occurrences of the sign change in

DRGA values, the pairing decision is to be made based on the real part of the estimated DRGA in

frequency ω . Notice that this algorithm does not apply for the separation of nonlinear distortions from

the output noise which will be discussed later.

Algorithm 2 Estimation of the DRGA and its uncertainty bounds in the frequency band of interest

procedure
Input: DFT spectra of input-output measurements using random excitations.

for each frequency ωk ∈ frequency band of interest do
Estimate ĜBLA(ωk) using (6) for SA method or using (15) for LPA method.

Estimate Cov(ĜBLA(ωk)) using (8) for SA method or using (16) for LPA method.

Estimate the DRGA values by substituting ĜBLA(ωk) in (1) as

Λ̂(ωk) = ĜBLA(ωk)× ĜBLA(ωk)
−T (17)

Estimate the variance of λ̂i j by means of (2) after substituting ĜBLA, Λ̂ and Cov(ĜBLA). For

2×2 system σ2
λi j

is found as

σ2
λi j
(ωk)≈

2

∑
k=1

2

∑
l=1

2

∑
m=1

2

∑
n=1

(
∂λi j(ωk)

∂Gkl(ωk)

)
ĜBLA

(
∂λi j(ωk)

∂Gmn(ωk)

)
ĜBLA

Cov(ĜBLA(ωk)) (18)

end for
end procedure

5 Enhancing Frequency Resolution and Reducing Noise Ef-
fect

In this section, LPA method is applied both in simulation and real life quadruple tank plant subject to

random excitation. For comparison purposes SA method is applied in the simulation study.

5.1 Simulation Study
The quadruple tank process working around a specified operating point is employed to illustrate the

DRGA calculation procedure since it behaves as a weakly nonlinear system when subject to Gaussian

excitation [20]. To give a comprehensive understanding, the results of the estimated DRGA (Λ̂) are

compared to the results obtained by the nonlinear RGA (Λnl−RGA) and with both RGA (Λ(0)) and

DRGA (Λ) based on a linearized transfer function (Glin) of the physical model around a selected

operating point.

The quadruple tank physical model based on mass balance and Bernoulli’s principle is given by
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[21]

ḣ1 =− a1
A1

√
2gh1 +

γ1k1

A1
u1

ḣ2 =− a2
A2

√
2gh2 +

γ2k2

A2
u2

ḣ3 =− a3
A3

√
2gh3 +

a1
A3

√
2gh1 +

(1−γ2)k2

A3
u2

ḣ4 =− a4
A4

√
2gh4 +

a2
A4

√
2gh2 +

(1−γ1)k1

A4
u1

(19)

where the water heights of the 3rd and 4th tanks (h3 and h4) are considered as the system outputs. γ1

and γ2 are valves openings splitting the water between tanks 1 and 4 and tanks 2 and 3, respectively

as shown schematically in Figure 3. u1 and u2 are the input voltages driving the pumps 1 and 2

respectively. The description and the values of the parameters* used in the simulation are tabulated in

Table 1.

By manipulating the splitting valves openings, different scenarios can be achieved such as minimum

phase, non-minimum phase, ill-conditioned, lower and upper triangular plants. In the following

subsections, estimation of the DRGA for the mentioned scenarios is presented with a special focus on

the minimum-phase case.

Figure 3: A sketch of the quadruple tank process.

Minimum-phase case

To achieve the minimum-phase case, the splitting valves γ1 and γ2 are chosen to be 80% opened [21].

The presented operating point for this case in Table 2 renders a linearized transfer function (Glin) as

Glin =

[
2.516

5000s2+142.27s+1
0.473

63.45s+1
0.585
75s+1

1.761
7347.5s2+172.81s+1

]
(20)

*The parameters values are estimated based on the real quadruple tank process depicted in Figure 6.
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Table 1: Parameters values and description for quadruple tank process.

Parameter Values Description

A1,..,4 28 cm2 Cross section area of tank 1, 2, 3 and 4

a1 0.074 cm2 Area of the hole of tank 1

a2 0.058 cm2 Area of the hole of tank 2

a3 0.089 cm2 Area of the hole of tank 3

a4 0.075 cm2 Area of the hole of tank 4

g 981 cm/s2 Gravity acceleration

k1 0.31 cm3/V s Flow to volt unit of pump 1

k2 0.23 cm3/V s Flow to volt unit of pump 2

kc3 3.84 V/cm Constant of the level sensor of tank 3

kc4 3.48 V/cm Constant of the level sensor of tank 4

Table 2: Water levels in the quadruple tank for the selected operating point.

h1 (cm) h2 (cm) h3 (cm) h4 (cm)

7.5 6.5 7 6.5

In this case, the diagonal pairing is suggested to control the water levels h3 and h4 [21]. This pairing

selection is quite intuitive since pumps 1 and 2 pump more water into tanks 1 and 2 respectively, thus

controlling levels h3 and h4 through tanks 1 and 2 is preferable. The diagonal pairing suggestion

is confirmed by Λ(0) values obtained using an expression that relates (λ11(0)) element in the Λ(0)
matrix to the valves positions by [21]

λ11(0) =
γ1γ2

γ1 + γ2 −1
(21)

Thus, λ11(0) will be equal to 1.066 which promotes the diagonal pairing according to the RGA

pairing rules. Based on the pairing rules of Λnl−RGA [6], the diagonal pairing is also suggested since

λ11nl−RGA = 1.118.

Excitation Signals

Gaussian random excitation signals N (0,10) are generated with N = 5000 samples and a sampling

frequency fs = 1 Hz. After the simulated tank levels reach the operating point, the excitation signals

are superimposed on u1 and u2. The outputs of the simulation, h3 and h4, are disturbed by filtered

random Gaussian noise N (0,0.2) to simulate the measurement noise. Both the excitation signals and

the responded noisy outputs are used to estimate the DRGA (Λ̂) and its uncertainty bounds by means

of SA and LPA methods.

Spectral Analysis Method

In order to reduce the leakage in the estimated results, the collected data are divided into M blocks

followed by averaging them to a single estimate. Selecting a suitable M is a trade-off between the

leakage elimination and the frequency resolution from one side and the noise suppression from the other
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[13]. Therefore, M should be selected as small as possible as well as it should satisfy the condition

q = M−nu ≥ ny [13]. Thus, M is selected to be 4 since both nu and ny are equal to 2. Therefore, the

frequency resolution decreased from fs/N to M fs/N. Moreover, to suppress the leakage effect on the

DFT spectra, windows other than rectangular window are usually applied to the time domain, such as

Hanning, diff or half-sine windows. In [18], the system and the noise leakage error of diff and half-sine

windows are shown to be greater than Hanning window, while the interpolation error of Hanning is

greater than that in diff and half-sine windows. The results of [22] show that diff window is optimal in

the estimation of the frequency response function which motivates its usage in the current simulations.

Following Algorithm 2, the FRM of GBLA and its covariance are estimated (see Figure 4a) and then

used in the estimation of the real parts of λ̂11 and the ±3σλ11
uncertainty bounds (see Figure 4b). The

real parts of λ11 calculated from the linearized parametric model (20) are also illustrated in Figure 4b.

The pairing suggestion of λ̂11 coincides with λ11(0) and λ11nl−RGA for the low frequencies with

recommendation of the diagonal pairing while it shows completely different suggestion in frequencies

higher than 0.008 Hz promoting an off-diagonal pairing. That behaviour is physically explainable since

opening the splitting valves by 80% (γ1 = γ2 = 0.8) means more water flow goes to the upper tanks

which allows easier controlling of water levels in the lower tanks using diagonal pairing. Even when

involving the upper tanks dynamics such pairing gives an acceptable performance with slow references

changes such as step changes. On the other hand, when the references frequency increases, it is easier

for the levels of the lower tanks to keep tracking of the references through the direct water pumping

even with the small splitting valve opening (1− γ1 = 1− γ2 = 0.2). In other words, avoiding the upper

tanks dynamics with frequency increasing motivates off-diagonal pairing. This pairing suggestion is

also confirmed by λ11 obtained by the linearized parametric model, see Figure 4b. Moreover, although

the value of λ̂11, (0.6) promotes diagonal pairing around 0.006 Hz, the lower bound of the uncertainty

bounds, [0.44 0.76], reveals that a highly interaction effect is expected. Therefore, neither diagonal nor

off-diagonal pairing can be suggested for that frequency range and a sparse or centralized controllers

would be preferred.

Local Polynomial Approximation Method

To maintain the frequency resolution as fs/N and reduce the interpolation and leakage errors on both

the estimated FRM of GBLA and its covariance, LPA method is used. In order to make a fair comparison

with SA results, the order of the polynomial (R) is selected to be 2 (lowest order possible) and the do f
(q) is selected to be 2 (equal to that in the SA case). The LPA method is applied to the same collected

data used in the simulation of the SA method.

Figure 5a clearly shows the enhanced results of LPA method over SA method. The leakage and

the noise reduction of this method can be noticed from the results of the variances of ĜBLA shown in

Figure 5a compared to Figure 4a. More reduction in those variances can be achieved using LPA by

increasing the degree of freedom, while increasing the degree of freedom in the SA results is reducing

the frequency resolution in returns. Beside the higher resolution of the λ̂11, the uncertainty bounds are

reduced significantly.

Despite the fact that the same pairing decisions are obtained based on λ̂11 values of both LPA and

SA methods for low and high frequencies, the user can take more confident pairing decision based

on LPA results since the uncertainty bounds are significantly reduced, see Figure 5b. For example,

utilizing a diagonal decentralized controller for a closed-loop bandwidth around 0.0012 Hz, the system

would be mistaken to suffer performance degradation due to the uncertainty bounds of λ̂11, [0.62 1.55],

indicating largely interactive system in the SA results. Whereas the system is almost decoupled at that
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(a) Estimated FRM of GBLA using SA of the simulated case with random

excitation.
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Figure 4: Simulation results of ĜBLA and λ̂11 using SA method.



84 PAPER B

10−3 10−2
−40

−30

−20

−10

0

10
M

ag
. G

11

10−3 10−2
−40

−30

−20

−10

0

10

M
ag

. G
12

10−3 10−2
−40

−30

−20

−10

0

10

M
ag

. G
21

f (Hz)
10−3 10−2

−40

−30

−20

−10

0

10

M
ag

. G
22

f (Hz)

(a) Estimated FRM of GBLA using LPA of the simulated case with random

excitation.
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Figure 5: Simulation results of ĜBLA and λ̂11 using LPA method.
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frequency based on the uncertainty bounds of λ̂11, [1 1.06], in the LPA method.

Other Simulation Cases

Non-minimum phase, lower triangular, upper triangular and ill-conditioned plant (with condition

number value of 26) cases are also simulated in order to verify the results of the proposed procedure.

These cases are easily achieved by changing the opening of the splitting valves γ1 and γ2. Combinations

of splitting valves opening, the values of RGA (λ11(0)), λ11nl−RGA and λ̂11 with the standard deviation

(σλ11
) are tabulated in Table 3. Values of λ̂11 and σλ11

are obtained using LPA method with both R and

do f equal to 2 for frequency ( f ) 0.0002 Hz, 0.0014 Hz and 0.007 Hz.

Table 3: Pairing suggestions of different plant cases based on different methods

Plant Case Opening λ11 values for different methods
γ1 γ2 λ11(0) λ11nl−RGA (λ̂11,σλ11

)
f = 0.0002 Hz f = 0.0014 Hz f = 0.007 Hz

Non-minimum 0.2 0.2 -0.066 -0.038 (-0.09,0.02) (-0.04,0.002) (0.004,0.001)

Lower triangular 0.75 1 1 1 (1,0.01) (0.99,0.05) (1.02,0.03)

Upper triangular 1 0.75 1 1 (0.99,0.07) (1,0.02) (1.03,0.2)

Ill-conditioned 0.52 0.52 6.76 -2.271 (3.4,0.9) (0.41,0.07) (0.108,0.009)

Non-minimum case
The negative or close to zero values of λ11 for different frequencies of the proposed procedure coincide

with the other methods and the intuition of having off-diagonal pairing. 80% of the amount of the

water is pumped directly to the lower tanks from the opposite sources, i.e. most the water of the tank 3

and 4 come from pump 2 and 1, respectively (see Figure 3).

Triangular cases
The diagonal pairing is inevitable for the triangular cases [4], the λ11 values for the different methods

are equal or close to 1. From Figure 3, in the lower triangular case, tank 3 receives the water only from

pump 1 hence h3 can only be manipulated through that pump. Similarly, tank 4 in the upper triangular

case receives the water from only pump 2 suggesting the diagonal pairing for all frequencies which

confirms the results of λ̂11.

Ill-conditioned case
The pairing suggestions of the ill-conditioned case are quite different for the different pairing methods.

On the one hand, RGA suggests diagonal pairing with an indication of difficult controlling since λ11(0)

value is much higher than 1. On the other hand, nonlinear RGA suggests off-diagonal pairing based

on λ11nl−RGA value (-2.271). Both pairing suggestions appear in the result of the proposed method

which favours the diagonal pairing for the frequencies close to the steady-state and off-diagonal for the

middle and higher frequencies. The selection is similar to that of the minimum case yet it suggests the
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off-diagonal pairing in lower frequency (0.0014 Hz) since the opening of the direct splitting valves

toward the lower tanks (1− γ1 = 1− γ2 = 0.48) are bigger than that in the minimum phase case (0.2).

Moreover, the difference in the suggestions of the nonlinear RGA and RGA is a result of considering

or neglecting the system dynamics, respectively. Finally, the high standard deviation in the estimated

DRGA results is expected since the plant in the ill-conditioned case is sensitive to the noise and

nonlinear distortion uncertainties.

5.2 Real Life Study

In order to apply the proposed procedure on real plant, a real quadruple tank process shown in Figure 6

in the minimum-phase case is employed. u1 and u2 were applied to drive the pumps to operate at 60%

Figure 6: The quadruple tank process in the Control Engineering Group lab.

of their power until the equilibrium operating point was reached. With 80% opening of γ1 and γ2, the

water levels in the tanks at that operating point are depicted in Table 2. Thereafter, the same random

excitation inputs used in the simulation cases were applied. The random excitations are designed to be

changed each 5Ts (Ts = 1/ fs) to allow the quadruple tank to respond to that change.

The LPA method is utilized in the estimation of DRGA with the values of polynomial order (R)

and do f (q) are selected to be 3 and 18, respectively. The real parts of λ̂11, λ̂11 ±3σλ11
uncertainty

bounds and the real part of λ11 obtained from the linearized model (20) are illustrated in Figure 9a.

The figure shows that the real parts of λ̂11 and λ11 suggest the same pairing decision (diagonal pairing)

up to a frequency 0.006 Hz. For higher frequencies, discrepancy occurs between the results of the

real plant and its model due to the negligence of the dynamics of some system parts such as pumps

and sensors. As discussed for the model, a good performance is still expected when using a diagonal

decentralized controller around a closed-loop bandwidth of 0.0012 Hz since the uncertainty bounds of

λ̂11, [0.995 1.24], show a plant with low interaction.
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6 Separation of Nonlinear Distortions
Separation of nonlinear distortions ys(t) and noise v(t) is possible when a nonlinear system such as

that shown in Figure 1 is excited by the multisine signal

u(t) =
1√
N

N
2 −1

∑
k=−N

2 +1

Uke j(2πk t
N +φk) (22)

with amplitude U−k =Uk and randomly chosen phases φ−k = φk such that E{e jφk = 0}. It follows that

the DFT spectra of the input-output relation are as [13]

Y (k) = GBLA(ωk)U(k)+Ys(k)+V (k)+TH(ωk) (23)

The noise covariance (CV ) can be estimated over P periods of the same u(t) realization knowing

that ys(t) is uncorrelated with, yet dependent on u(t) and does not change over these periods. Besides,

measuring the system outputs for M different u(t) realizations allows estimating the covariance of the

nonlinear distortion (CYs) since ys(t) changes from one realization to the other [13].

Distinction between ys(t) and the noise v(t) for multivariable ny × nu system requires at least

M×nu experiments with P periods after the transient. Hence, in order to quantify Ys, the realization of

excitation signal needs to be changed not only from input to input but also between the sub-experiments.

For that purpose, excitation signal known as full orthogonal random phase multisine is used that is

represented by

U[m,p] =

⎡
⎢⎣ U1ke j(φ1k+α1k) · · · U1ke j(φ1k+αnuk)

...
. . .

...

Unuke j(φnuk+α1k) · · · Unuke j(φnuk+αnuk)

⎤
⎥⎦ (24)

for m = 1, ..,M where M ≥ 2 and p = 1, ..,P where P ≥ 2 with α being uniformly distributed over

[0,2π) [14][23]. However, this signal prolongs the measuring time and it is more convenient to use an

alternative approach as discussed in the following section.

Local Polynomial Approximation-Fast Method (LPA-FM)
This method has an advantage of using only one experiment with periods P ≥ 2, thus only one column

of (24) is needed rather than the M×nu experiments. Two estimation phases are employed to estimate

the frequency response of GBLA, the noise and the nonlinear distortion covariance matrices. The first

phase is used to nonparametrically suppress the noise leakage error TH ; while the second phase is

employed to estimate the frequency response of the GBLA, the sample total noise and the nonlinear

distortion covariances. The two phases basically follow the same principle of the LPA method. For

curtailment purposes, the procedure of this method is skipped here and can be found in Chapter 7,

Section 7.3 in [18].

6.1 Simulation and Real Life Studies
Multisine excitations are used in order to sort out the uncertainty in the DRGA values caused by the

nonlinear distortions and output noise. Multisine excitations with RMS = 10 are designed to excite

the odd DFT lines fs
N , 3 fs

N , 5 fs
N , 7 fs

N ....., 2499 fs
N with N = 5000 and fs = 1Hz. Two periods of these
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excitations (P = 2) are superimposed on u1 and u2 after the tank levels in simulation and real for the

minimum-phase case reach the operating points in Table 2. In the simulation, the outputs h3 and h4 are

disturbed by filtered random Gaussian noise N (0,0.5) to simulate the measurement noise. Both the

excitation signals and the noisy outputs are used to estimate the DRGA and its uncertainty bounds

by means of LPA-FM. The multisine excitation signals constitute one column of the excitation signal

given in (24) which reduces the experiment time significantly compared to the methods used in [12].

Applying LPA-FM on the simulated data, the FRM of the GBLA in addition to both the sample noise

covariance (CV ) and the covariance of the nonlinear distortions (CYs) are estimated, see Figure 7. The
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Figure 7: Estimated FRM of GBLA using LPA-FM of the simulated case with multisine excitation.

Black: FRM of ĜBLA. Gray: Variances caused by noise. light Gray (-+): Variances caused by nonlinear

distortions. dark Gray (-·): FRM of Glin.

figure shows that the linear contribution is dominating the distortion caused by the nonlinearity at this

operating points; therefore, it is sufficient to consider the linear model in the pairing decision for this

case. Thereafter, DRGA and its bounds of uncertainties caused by noise and nonlinear distortions

shown in Figure 8 are estimated by means of (17) and (18), by exploiting CYs and CV respectively in the

Algorithm 2. The do f is selected to be 4 in this method which satisfies the condition do f ≥ nu +ny.

The pairing suggestion coincides with the minimum-phase case using LPA method as it suggests the

diagonal pairing at the low frequencies and off-diagonal pairing at the high frequencies.

Although LPA-FM gives the user the privilege of distinguishing between the noise and the nonlinear

contributions in the estimation, it needs twice as long experiment times (at least P ≥ 2) compared to

the LPA method using random excitation which might be impractical for some applications. Thus,

the user needs to compromise between the importance of sorting out of the nonlinear distortion or

conducting the experiment for a shorter time.

For the real plant, DRGA and its uncertainty bounds caused by the noise and the nonlinear

distortions are estimated after the FRM of the GBLA, the sample noise covariance (CV ) and the

covariance of the nonlinear distortions (CYs) have been estimated using LPA-FM method with do f
equal to 7. The results depicted Figure 9b suggest similar pairing decision to result obtained using

random excitation in Figure 9a. However, the values of λ̂11 and its uncertainty bounds are not identical,
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Figure 8: Real parts of λ̂11 and ±3σλ11
bounds using LPM-FM of the simulated case with multisine

excitation. Black: λ̂11. Gray (- -): λ̂11 ± 3σλ11
uncertainty bounds caused by noise. light Gray:
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uncertainty bounds caused by nonlinear distortions. dark Gray (-·): λ11 calculated based

on Glin.

since GBLA depends on the amplitude distribution and the power spectrum of the excitation signal [13].

Again, around a closed-loop bandwidth of 0.0012 Hz the system is expected to show good performance

under a diagonal decentralized controller.

7 Conclusion and Future Work
In this paper a procedure to estimate the DRGA and its uncertainty bounds for weakly nonlinear

systems using local polynomial approach is presented. The procedure allows the user to decide

on the controller configuration without the need to rely on a parametric model. Local Polynomial

Approximation (LPA) method was found to enhance DRGA estimation results compared to the Spectral

Analysis (SA) method when the random excitations are imposed. Moreover, if the nonlinear distortions

are to be estimated individually, Local Polynomial Approximation-Fast Method (LPA-FM) was found

to shorten the experiment time using multisine excitation. Furthermore, in contrast to nonlinear RGA

and DRGA based on the linearized model, estimated DRGA does not require an accurate system

model for pairing decisions. Moreover, the estimation approach delivers the uncertainty bounds caused

by the nonlinearities distortions and the measurement noise. The uncertainty bounds are useful to

predict the magnitude of the interactions in specific frequencies. As for the practicality, even though

RGA (Λ(0)) can be estimated easily using step response, it does not take the system dynamics into

considerations and might lead to incorrect suggestions for the pairing decision as was shown in the

case studies. Moreover, the step tests have to be applied sequentially for the MIMO systems which

renders high costs in time and manpower whereas the excitation signals are applied simultaneously in

the proposed procedure. Indeed, the nonparametric approach has its own difficulties to get informative

results, still it is a very useful option to start with.
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case with random excitation. Black: λ̂11. light Gray: λ̂11 ±3σλ11

uncertainty bounds. dark Gray (-·): λ11 calculated based on Glin.

Bold vertical line: indicates 0.0012 Hz.
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Figure 9: Real life results using LPA and LPA-FM methods.
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Towards more robust pairing decision, DRGA and its uncertainty bounds obtained by the proposed

method can be utilized in future work to develop an algorithm for automatic configuration selection.
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Relative Gain Array Variation for Norm Bounded
Uncertain Systems.

Ali M. H. Kadhim, Wolfgang Birk and Thomas Gustafsson

Abstract: This article proposes computationally tractable, easy to expand and tight relative gain

variation bound for uncertain systems. The proposed bound is a further development of previous

work, which is summarized and discussed. Using several examples, the new method is compared with

previous results and the advantages are highlighted. The prediction of sign changes in relative gain

array elements due to uncertainties is important for pairing decisions. Based on the proposed bound,

a method for the prediction of the uncertainty levels which render sign changes is suggested. The

prediction method is currently limited to certain classes of systems. In this prediction method neither

prior knowledge of the uncertainty nor numerous calculations are needed.

1 Introduction
The control of multivariable systems (MIMO) is more complex than the control of single-input single-

output systems (SISO) due to the cross couplings, which render interaction in the closed loop system.

It is a well-known and well studied fact that systems with strong cross-couplings are difficult to control

with a decentralized control scheme, namely multi-loop SISO controllers [1].

Usually, there is a trade-off between complexity of the controller and the performance that can be

achieved using the controller. Essentially, a full MIMO controller will allow for optimal performance

while being the most complex solution both from a design and maintainability perspective. On the

other end of the scale there is the fully decentralized controller which may only provide sufficient

performance while being most simplistic and easiest to both design and maintain [2].

For the selection of an appropriate control configuration, research efforts have been going on since

the 1960s, starting with the work of Bristol on the relative gain array (RGA) [3]. The RGA provides

a tool to select input-output pairs for multi-loop SISO controllers. Considering RGA utilities and

properties, it has great attention and many extensions upon the original version have been produced

[4]. However the effect of model uncertainty on the RGA is only recently being addressed. The

model uncertainty appears in reality in different forms such as plant/model mismatch, changes in

operating points or changes in physical parameter values. Such uncertainties affect the RGA, which

are usually derived from a nominal model, may lead to incorrect pairing decisions. An expression

for the sensitivity of the relative gains to the changes in the corresponding process gains is derived

in [5]. There, an upper bound for integral controllability as a function of RGA matrix norm is also

derived. In [6], analytical expression of the worst-case RGA as well as a statistical RGA bound for

both uncertain 2×2 and n×n systems are derived. A possible sign change in the first RGA matrix

element for 2×2 systems is considered in [6], which may limit the recommendation of having one

pairing decision. A tighter bound of the worst-case RGA is derived in [7]. Using the structured singular

value (μ), the worst-case relative gain is defined as an upper bounded. Since the exact calculation of μ
is computationally tedious, the well-known D-scaling method was used as an alternative way to find
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an upper bound on μ . In [7], a necessary and sufficient conditions of the relative gain sign change is

also provided. It shows that the sign changes only if the gain matrix of the uncertain system, or one of

its principal submatrices, becomes singular over the uncertainty set. However, this variation bound

is found to be computationally inefficient for large and complex systems and can not recommend a

proper pairing unless a sign change occurs [8]. Besides addressing these drawbacks, [8] has proposed

a method which accelerates the computations of the relative gain variation bound specially for large

scale systems. Although this method solves the calculation problem, the obtained bound becomes

loose with the increase of uncertainty. In [9], provided that the lower and upper bounds of uncertainty

of process gains are known, a worst-case RGA bound is obtained by means of an optimization method.

Although the proposed variation bound in [8] is meant to overcome the disadvantages of the method

given in [7], it becomes loose with increased uncertainty. In this article a tighter and more robust bound

compared to the one given in [8] is derived. Moreover, an easy method to calculate the uncertainty

level which renders a relative gain sign change is proposed, as well. In spite of the conservatism of the

proposed sign change prediction method, neither prior knowledge of the uncertainty nor numerous

calculations are needed, compared to [6] and [7], respectively.

The article is laid out as follows: The first three subsections of Theory summarise the previous

works followed by a subsection in which the proposed bound is derived. In Comparative Study, three

examples are used to compare the different methods. Thereafter, the proposed method to calculate the

amount of the uncertainty enough to predict a sign change in relative gain is discussed in the section

Relative Gain Array Sign Change. Finally, some conclusions and an outlook to future work is given.

2 Theory
The relative gain array elements (λi j) are defined as the open-loop gain between input u j and output yi
when all other loops are opened divided by the closed-loop gain between the same input and output

when all other loops are closed under perfect control assumption [5].

Provided that the nominal steady state gain matrix G of the systems is given, the RGA results can

easily be obtained by applying

Λn = G⊗G−T (1)

where ⊗ denotes element-by-element product and −T is the inverse transpose of the matrix. In the

sequel, the RGA which is subscripted as (Λn) denotes the RGA based on the nominal gain values.

Similarly, the RGA based on the perturbed gain values is subscripted as (Λp).

In order for the reader to have a comprehensive view of the contribution in this work, a brief

introduction and assessments for previously proposed methods are given to be used later in comparison.

2.1 The Worst-Case RGA Bound:
Since RGA has a property of " Any row or column sums to one" [3], the promising input-output pairing

for 2×2 systems can be obtained directly from λn11
as follows

Suppose a steady state gain matrix is given as

G =

[
G11 G12

G21 G22

]
then the corresponding RGA matrix is found by applying (1) resulting in
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Λn =

[
λn11

1−λn11

1−λn11
λn11

]
with

λn11
=

1

1−κ
(2)

κ =
G12G21

G11G22
(3)

where κ is referred to as the interaction quotient.

In [6], Chen and Seborg derived the worst-case variation of relative gain in an uncertain 2× 2

system based on the steady state gains. Thereof, the steady state gains are assumed to be varying within

known uncertainties ranges ±Δ around the nominal gains G. As a result, λp11
is bounded as follows

1

1−κ l ≤ λp11
≤ 1

1−κh (4)

where

κ l = min
(G12 ±Δ12)(G21 ±Δ21)

(G11 ±Δ11)(G22 ±Δ22)
(5)

κh = max
(G12 ±Δ12)(G21 ±Δ21)

(G11 ±Δ11)(G22 ±Δ22)
(6)

Note that (4) is valid if κ = 1 is not in the range [κ l,κh]. Otherwise, the sign of λp11
changes when

κ = 1 and the uncertainty bound for λp11
is given by

−∞ ≤ λp11
≤ 1

1−κh and
1

1−κ l ≤ λp11
≤ ∞ (7)

In such a case no clear pairing decision can be found since different signs of λp11
are expected.

The bound obtained here is conservative, that is even when the lower bound of the relative gain

is negative, the actual value over the uncertainty set may still be positive [7]. These straightforward

results are dedicated for 2×2 systems. However, when generalised to n×n systems, based on partial

derivative of Λ’s with respect to G, more complicated forms of relative gain variation are obtained and

the sign detection feature is no longer valid.

2.2 The Worst-Case RGA Bound for Norm Bounded Uncertain Systems:
Since the bound derived in [6] is conservative, a tight bound, in the sense that there exists an uncertain

plant achieves that bound, is proposed by Kariwala and Skogestad in [7]. Moreover, necessary and

sufficient conditions for relative gain sign change are derived.

Suppose the perturbed plant Gp with additive norm-bounded uncertainty is defined by

Gp = G+Δ (8)

where Δ =WΔTV and σ(ΔT )≤ 1.
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Figure 1: Signal representation of λpii for uncertain system described in (8)

Hence, the perturbed RGA (Λp) is defined by

Λp = Gp ⊗G−T
p = (G+Δ)⊗ (G+Δ)−T (9)

In (9), Gp was assumed to be nonsingular over the uncertainty set, otherwise integral control could not

be possible. By defining ei as a unit column vector with the ith element equals to 1 and the remaining

elements equal to 0, the diagonal elements of the perturbed RGA (λpii) in (9) can be written as

λpii = eT
i (G+WΔTV )Ei(G+WΔTV )−1ei (10)

= eT
i (G+WΔTV )Ei(I +G−1WΔTV )−1G−1ei (11)

where Ei = eieT
i . Accordingly, y= λpiiu can be represented by signal diagram as shown in Figure 1

and λpii is expressed as an upper linear fractional transformation (LFT) form as follows

λpii = Fu(M, Δ̄) = M22 +M21Δ̄(I −M11Δ̄)−1M12 (12)

where

M =

[
M11 M12

M21 M22

]
=

⎡
⎣ 0 −V EiG−1W V EiG−1ei

0 −V G−1W V G−1ei

eT
i W −eT

i GEiG−1W eT
i GEiG−1ei

⎤
⎦ (13)

and

Δ̄ =

[
ΔT 0

0 ΔT

]
Since Gp was assumed nonsingular over the uncertainty set, (I−M11Δ̄) is also assumed nonsingular.

Thus, the magnitude of the worst-case of λpii can be found by finding the largest positive scalar γ
which satisfies

μΔ̃

[
M11 M12

γM21 γM22

]
≤ 1 (14)

where

Δ̃ =

[
Δ̄ 0

0 δ

]
and |δ | ≤ 1 with M being partitioned according to (13), then the magnitude of the worst-case of λpii is

upper bounded by the reciprocal of γ . This can be written as

maxGp
| λpii |≤ γ−1 (15)
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where Gp belongs to the uncertainty set.

A bisection algorithm is usually used to find the value of γ by solving (14) after replacing the

inequality to equality. The bound introduced by (15) can be found for any (λpi j) by means of RGA

permutation property [3][7].

Furthermore, necessary and sufficient conditions for the relative gain sign change are given in [7].

It shows that λpii changes sign if and only if there is an uncertainty (Δ) such that Gp in (8) or one of

its principals submatrices becomes singular over the uncertainty set. In sum, the relative gain sign

change is associated to finding an uncertainty (Δ) that satisfies these conditions over the uncertainty

set. Usually, finding such (Δ) is not a trivial task.

Although the bound in [7] seems tighter than the one given in [6], it does not give enough pairing

information unless a sign change in the relative gain occurs. That is due to the lower bound variation

being indeterminate, as it will be discussed in Example 3. It was also found that, for large scale

systems, this bound is computationally costly [8].

2.3 Simplified Bound Calculation:
To overcome the problem of computational complexity in the previous bound, an alternative structure

to represent λpii is proposed by Moaveni and Sedigh in [8] as depicted in Figure 2.

 
++

u y

 

 

Figure 2: An alternative representation of λpii

Figure 2 clearly shows that

δii = λpii −λnii (16)

which yields that

δii = eT
i (G+Δ)Ei(G+Δ)−1ei − eT

i GEiG−1ei (17)

as a result, the upper bound of ‖δii‖ and the variation of the relative gain can be calculated after some

manipulations on (17) as follows

δii = eT
i G{G−1ΔEi −EiG−1Δ}(G+Δ)−1ei (18)

By using the 2-norm and applying norm properties, ‖δii‖ can be written as

‖ δii ‖=‖ eT
i G{G−1ΔEi −EiG−1Δ}(G+Δ)−1ei ‖ (19)

= σ(eT
i G{G−1ΔEi −EiG−1Δ}(G+Δ)−1ei) (20)
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and

‖ δii ‖≤ σ(eT
i G){σ(G−1ΔEi −EiG−1Δ)}

σ(G+Δ)
(21)

if σ(Δ)< σ(G) then (21) can be written as

‖ δii ‖≤ σ(eT
i G){σ(G−1ΔEi)+σ(EiG−1Δ)}

σ(G)−σ(Δ)
(22)

Finally, the upper bound of ‖δii‖ and the relative gain variation are given by

‖ δii ‖≤ 2σ(eT
i G)σ(EiG−1)σ(Δ)
σ(G)−σ(Δ)

= δ upper
ii (23)

λnii −δ upper
ii ≤ λpii ≤ λnii +δ upper

ii (24)

Although the bound obtained by (24) reduces the computational effort in (15), its result becomes

loose with increased uncertainty. Therefore, pairing results based on Λn are suggested to be valid

if there is no overlapping between variation bounds of the same row and the same column in Λp.

Otherwise, the uncertainty may affect the pairing decision [8]. The bound given by (24) is easily

extended to any other (i, j) elements in the RGA matrix by applying E j = e jeT
j instead of Ei in (23).

Among the shortcomings that have been discovered around this method, the bound can only be used

when σ(Δ) < σ(G) and it does not take into account the structure of uncertainty which leads to

conservativeness [10]. Moreover, in the derivation, the transition from (22) to (23) does not hold for

some cases, see the Appendix. Thus, the bound obtained by (24) may not be applicable then.

2.4 The Proposed Bound:
In order to find tighter bound which is not similarly sensitive, one can start out from (18) as follows.

Here (ηii) is used instead of (δii), to distinguish the proposed bound from the formerly defined one.

The norm of the difference between the nominal and perturbed RGA element ‖ λpii −λnii ‖ is written

as

‖ ηii ‖=‖ eT
i G{G−1ΔEi −EiG−1Δ}(G+Δ)−1ei ‖ (25)

= σ(eT
i G{G−1ΔEi −EiG−1Δ}(G+Δ)−1ei) (26)

Using the multiplication induced norm property , ‖ ηii ‖ is written as

‖ ηii ‖≤ σ(eT
i G)σ({G−1ΔEi −EiG−1Δ})σ((G+Δ)−1)σ(ei) (27)

Utilizing σ(A−1) = 1�σ(A) and σ(A)+σ(B)≤ σ(A+B), and for σ(Δ)< σ(G), ‖ ηii ‖ can be

expressed by

‖ ηii ‖≤ σ(eT
i G)

σ({G−1ΔEi −EiG−1Δ})
σ(G)−σ(Δ)

σ(ei) (28)
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Since ei is a unit column vector, then σ(ei) = σ(ei) and by employing σ(A)σ(B)≤ σ(AB), ‖ ηii ‖
can be written as

‖ ηii ‖ ≤ σ(eT
i G)

σ({G−1ΔEi −EiG−1Δ})
σ(G)−σ(Δ)

σ(ei) (29)

≤ σ(eT
i G)

σ({G−1ΔEi −EiG−1Δ}ei)

σ(G)−σ(Δ)
(30)

≤ σ(eT
i G)

σ{G−1ΔEiei −EiG−1Δei}
σ(G)−σ(Δ)

(31)

Keeping in mind that Eiei = ei, the upper bound is expressed as

‖ ηii ‖≤ σ(eT
i G)

σ(G−1 −EiG−1)

σ(G)−σ(Δ)
σ(Δei) = ηupper

ii (32)

and the relative gain variation is bounded by

λnii −ηupper
ii ≤ λpii ≤ λnii +ηupper

ii (33)

In addition, since E jei = 0 the upper bound of the off-diagonal elements in the perturbed RGA matrix

will be

‖ ηi j ‖≤ σ(eT
i G)

σ(E jG−1)

σ(G)−σ(Δ)
σ(Δei) = ηupper

i j (34)

and the relative gain variation is bounded by

λni j −ηupper
i j ≤ λpi j ≤ λni j +ηupper

i j (35)

The tightness of the bounds proposed in (33) and (35) over that in (24) is confirmed by the examples

provided in the next sections and a mathematical proof for the off-diagonal elements is given in the

Appendix.

3 Comparative Study
In this section three examples are illustrated. The first example is used as a comparison between the

described methods. Extending the proposed bound to a 3×3 system is shown in the second example.

In the third example, the necessity of the lower bound in pairing decision is discussed.

Example 1: 2×2 case taken from [6]:
In [6], the following 2×2 case is used to discuss the RGA variation bounds

G(s) =

[
12.8e−s

16.7s+1
−18.9e−3s

21s+1
6.6e−7s

10.9s+1
−19.4e−3s

14.4s+1

]
(36)

The corresponding nominal RGA obtained by applying (1) is

Λn =

[
2.01 −1.01

−1.01 2.01

]
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Assume the uncertainty bound for the steady state gains is given by

|Δi j| ≤ α|Gi j| (37)

- Applying Chen and Seborg variation bound given in 2.1: The bound of perturbed relative gain (λp11
)

and (κ) obtained for different values of (α) by applying (4) through (6) are tabulated in Table (1)

Table 1: Results of λp11
and κ given in subsection 2.1 for different values of α

α κ’s bound λp11
’s bound

0.005 [0.4924 0.5125] [1.97 2.0512]

0.01 [0.4826 0.5228] [1.9329 2.0957]

0.05 [0.4112 0.6137] [1.6984 2.5884]

The results of λp11
recommend a diagonal pairing multi-loop controller for all α values.

- Applying Kariwala and Skogestad variation bound given in 2.2: In order to use the result of (15)

on the system given by (36), the uncertainty (Δ) given by (37) represented as the standard uncertainty

form in (8) where

ΔT = diag(δi j) (38)

where

|δi j| ≤ 1

and

W =

[|G11| |G12| 0 0

0 0 |G21| |G22|
]

(39)

and

V = α
[

1 0 1 0

0 1 0 1

]T

(40)

Using the same (α) values in (15) give the results tabulated in Table(2). The results are almost

similar to upper bounds obtained by Chen and Seborg method. Since this method does not provide a

lower bound for relative gain variations, a pairing recommendation is not obvious. The user has to

consider the worst case bound for λp11
in combination with the nominal λn11

in order to take a pairing

decision.

Table 2: Results of λp11
given in subsection 2.2 for different values of α

α maxGp
| λp11

|≤
0.005 2.0515

0.01 2.0962

0.05 2.5886

- Applying Moaveni and Sedigh variation bound given in 2.3: For the same system, by using the

same uncertainty representations in (38) through (40) and the same (α) values, the upper bound of

‖δii‖ and the relative gain variation from (23) and (24) are presented in Table (3).
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Table 3: Results of δ upper
11 and λp11

variation bound given in subsection 2.3 for different values of α

α δ upper
11 λp11

’s bound

0.005 0.388 [1.62 2.3982]

0.01 0.8090 [1.2004 2.8184]

0.05 5.9785 [-3.9691 7.9879]

The results show that this method is fairly accurate for small uncertainties and becomes loose with

larger uncertainties. The diagonal pairing recommendation is still valid for α = 0.005 and 0.01 while

a change in pairing for α = 0.05 is expected due to the overlapping of the value intervals between

rows and columns of Λp.

- Applying the proposed bound given in 2.4: Once more, for the same system, (α) values and the

uncertainty representations in (38) through (40), the results of (32) and (33) are summarized in Table

(4).

Table 4: Results of proposed bound of λp11
for different values of α

α ηupper
11 λp11

’s bound

0.005 0.0490 [1.9604 2.0583]

0.01 0.1019 [1.9075 2.1113]

0.05 0.7529 [1.2565 2.7622]

The variation bound of λp11
obtained from the proposed method is tighter than those resulted

from the method given in subsection 2.3 for both α = 0.005 and 0.01 and still gives clear decision

for α = 0.05. As a result, a diagonal pairing multi-loop controller is also recommended for these

uncertainty values.

Example 2: Extension to 3×3 cases
Consider the following system

G(s) =

⎡
⎢⎢⎣

−10(s+0.4)
(s+4)(s+1)

0.5
s+1

−1
s+1

2
s+2

20(s−0.4)
(s+4)(s+2)

1
s+1

−2.1
s+3

3
s+3

30(s+0.4)
(s+4)(s+3)

⎤
⎥⎥⎦

The nominal RGA can be derived to

Λn =

⎡
⎣ 2.857 −1.285 −0.571

−2.857 3.238 0.619

1 −0.952 0.952

⎤
⎦

Assume the uncertainty Δ is defined by

Δ = 0.002×
⎡
⎣ 1 −1 1

−1 −1 1

1 1 1

⎤
⎦⊗G(0)
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The variation of the relative gains obtained by the bounds given by (34) and (35) are

Λp =

⎡
⎣ [ 2.72 , 2.99 ] [−1.41,−1.15] [−0.62,−0.52]
[−2.98,−2.73] [ 3.10 , 3.36 ] [ 0.57 , 0.67 ]
[ 0.87 , 1.13 ] [−1.08,−0.82] [ 0.77 , 1.13 ]

⎤
⎦

Based on these results, a diagonal pairing in multi-loop controller is recommended for the assumed

uncertainty.

Example 3: Lower bound necessity in pairing decision
In order to discuss the necessity of the lower bound in the pairing decision, consider the system with

the following steady state gain matrix

G(s) =
[

12.8 −18

−6.6 −19

]
The nominal RGA matrix is given by

Λn =

[
0.6718 0.3282

0.3282 0.6718

]
If the system is disturbed by the uncertainty

Δ = 0.25

[
0.1|G11| 0

|G12| |G22|
]

the worst-case magnitude of λp11
given by (15) is 0.772. In such a case, the result gives the impression

that the perturbation reduces the interaction between the nominal system components and promotes

the design of a diagonal controller. However, the fact is that the pairing decision is not clear since

the lower bound is not defined. In other words, other possible uncertainty combinations may increase

the interaction between the system components and promote the design of an off diagonal controller.

Consequently, defining the lower bound would significantly reduce the ambiguity caused by the

misinterpretation of uncertainty effect. The proposed bound returns a value of λp11
between 0.499

and 0.843 for the same uncertainty which clarifies both the strengthening and weakening effect of

uncertainty on the interaction between the system components.

4 RGA Sign Changes
In order to achieve a closed loop system with integrity, pairing with the negative the RGA matrix

elements has to be avoided [11]. Theorem 2.4 in [4] concludes the relation between integrity and

RGA. It states that a proper plant which is operated in closed loop by an integral diagonal controller

with positive gain would have at least one of the following when paired with λi j(0)< 0

• it is unstable.

• the loop corresponding to λi j(0)< 0 is unstable when all other loops are opened.

• the plant is unstable when that loop is removed.
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It is needless to say, checking if the uncertainty effect would yield pairing with negative values is very

important. In that regard, solving (33) for zero would give an insight on the minimum uncertainty

which is required to drift Λn to zero. Thus, any further increases of the uncertainties would yield

pairing with negative values. Although this method is conservative, it provides valuable information

with simple calculations which makes it favourable over the sign checking in both [6] and [7]. The

same procedure can be followed for i j-elements in (35).

Consider special case where σ(Δ) = σ(Δei), the derivation is as follows

Let

λnii −ηupper
ii = 0 (41)

then

λnii = σ(eT
i G)

σ(G−1 −EiG−1)

σ(G)−σ(Δlimit)
σ(Δlimit) (42)

thus, σ(Δlimit) can be calculated as

σ(Δlimit) =
σ(G)λnii

σ(eT
i G)σ(G−1 −EiG−1)+λnii

(43)

Revisiting Example 1 where the uncertainties given by (37) are confined for i = 1,2 and j = 1,

a sign change for λp11
is expected based on the method given in [6] since the range of κ contains 1.

The sign change is detected at α > 0.3313 with a corresponding σ(Δ) of 4.771. On the other hand,

the proposed method predicts a sign change for σ(Δ)> σ(Δlimit) = 1.749 and the corresponding (α)

is 0.1214. The antecedent results show clearly that the proposed sign change detection method is

conservative compared to that given in [6] but there is no need for prior knowledge of the uncertainty

as well as it is applicable to systems larger than 2×2.

For general cases where σ(Δei)≤ σ(Δ) a σ(Δlimit) which is defined by (43) will be bounded by,

see the Appendix,

σ(Δelim
i )≤ σ(Δlimit)≤ σ(Δlim) (44)

results in a misleading amount of uncertainty for a sign change making this method limited to special

cases where σ(Δ) = σ(Δei).

5 Conclusion
Since it is impossible to have perfect model, the uncertainties may affect RGA results leading to

incorrect decisions. Previously, different methods are proposed to quantify the relative gain variation

caused by the uncertainties. However, the variation bounds obtained were not easy to extend beyond

2×2 problems, computationally intractable or loose with increased uncertainty. A new variation

bound has been proposed in this article that has the advantages over the bounds of other methods.

It is easily expandable to n×n, computationally tractable and more robust compared with Chen and

Seborg, Kariwala and Skogestad and Moaveni and Sedigh methods, respectively. Examples were given

concluding the proposed method advantages. Moreover, an easy method to calculate the uncertainty

amount which is enough to expect a possible relative gain sign change is also proposed. In spite of the

conservativeness and limitation of the proposed sign change detection method, neither prior knowledge

of uncertainty nor numerous calculation are needed compared to the sign change detection methods

proposed in Chen and Seborg and Kariwala and Skogestad, respectively. More investigations to reduce
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the conservativeness and to generalised the sign change detection method are planned for future work.

Appendix

Inconsistency of the bound given in subsection 2.3

In order to discuss the inconsistency of the bound obtained by means of (23), consider the system

given in [4] as

G(s) =

[
5

4s+1
0.5e−5s

(2s+1)(15s+1)
−4e−6s

20s+1
1

3s+1

]

Assuming the system is perturbed by

Δ =

[
0.3375 0.0220

0.4737 0.4805

]
Although the condition σ(Δ) = 0.7252 < σ(G) = 1.0925 is satisfied, the result of (22) for that

case is equal to 7.740 which is larger than the results of (23) for the same case (3.169), leading to an

inconsistency. Due to that inconsistency, a mathematical comparison with the proposed bound in the

diagonal elements is not possible to derive.

Proof of the tighter bound for off-diagonal elements
Combining

σ(E jG−1)< 2σ(E jG−1)

with

σ(Δei)≤ σ(Δ)

yields that the variation bound obtained by means of (34) is tighter than the one obtained by means of

(23) for (i, j) elements.

Proof the σ(Δlimit) bound for general cases
Solving

λnii −ηupper
ii = 0

for the general case, gives

λnii = σ(eT
i G)

σ(G−1 −EiG−1)

σ(G)−σ(Δlim)
σ(Δelim

i )

which can be written as

λniiσ(G) = σ(eT
i G)σ(G−1 −EiG−1)σ(Δelim

i )+λniiσ(Δlim) (45)

In order to derive the upper bound, and recalling that σ(Δelim
i )≤ σ(Δlim), a substitution of σ(Δlim)

instead of σ(Δelim
i ) in (45) gives
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λniiσ(G)≤ σ(eT
i G)σ(G−1 −EiG−1)σ(Δlim)+λniiσ(Δlim)

which yields the upper bound as

σ(Δlimit) =
σ(G)λnii

σ(eT
i G)σ(G−1 −EiG−1)+λnii

≤ σ(Δlim)

In order to derive the lower bound, a substitution of σ(Δelim
i ) instead of σ(Δlim) in (45) gives

λniiσ(G)≥ σ(eT
i G)σ(G−1 −EiG−1)σ(Δelim

i )+λniiσ(Δelim
i )

and the lower bound is given by

σ(Δelim
i )≤ σ(Δlimit) =

σ(G)λnii

σ(eT
i G)σ(G−1 −EiG−1)+λnii

Combining both bounds results in

σ(Δelim
i )≤ σ(Δlimit)≤ σ(Δlim)

which completes the proof.
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Automated Control Configuration Selection
Considering System Uncertaintyies

Ali M. H. Kadhim, Miguel Castaño Arranz and Wolfgang Birk

Abstract: This paper proposes an automated pairing approach for configuration selection of decentral-

ized controllers which considers system uncertainties. Following the relative interaction array (RIA)

pairing rules, the optimal control configuration, i.e. the configuration that fits best the pairing rules, is

obtained automatically by formulating the control configuration selection problem as an assignment

problem (AP). In this AP, the associated costs related to each input-output pairing are given by the RIA

coefficients. The push-pull algorithm is used to solve the AP for the nominal system and to obtain the

set of costs for which the resulting configuration remains optimal, also called the perturbation set. The

introduction of uncertainty bounds on the RIA-based costs enables the testing of the possible violation

of the optimality conditions. Examples to illustrate the proposed approach for a 3×3 system and a

4×4 gasifier plant are given.

Keywords: Uncertain and multivariable systems, RIA uncertainty bounds, assignment problem, auto-

matic optimal control configuration selection.

1 Introduction
Robustness against loop failures and simple design/upgrade are among features which favor the widely

spread use of decentralized control strategies in chemical processes such as distillation column [1], pulp

mill process [2], waste water treatment plant [3], etc. An essential step in the design of decentralized

control systems is finding the pairings of controlled and manipulated variables which lead to minimal

loop interaction. This step is referred to as "input-output pairing" which is a possible approach for

resolving the control configuration selection (CCS) problem.

It is well known that large scale systems are hierarchically structured into optimization and control

layers [4]. The control layer is further decomposed into supervisory control (slow layer) where advance

control like for example model predictive control is frequently used, and regulatory control (fast

layer) where classical controllers like for example PID are employed [5]. Selecting the best control

configuration in a manual fashion among many available controlled and manipulated variables, in

the supervisory and regulatory control layer, is a tedious and error-prone task. Moreover, neglecting

the inherent uncertainty of system models in the configuration selection and base the selection solely

on a nominal model might be inadequate. Uncertainties of the system model come from different

sources such as parameter variation of the models due to nonlinearities or variations in the operating

conditions, or neglecting system dynamics for the simplification of models, among others [4]. The

work in this paper provides an approach to automate the input-output pairing while taking the effect of

system model uncertainties into account.

An approach to select control configurations is the use of interaction measures (IM) and their

associated pairing rules. The first IMs date back to 1960’s when Rijnsdorp introduced the Interaction
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Quotient [6] and Bristol introduced the relative gain array (RGA) [7]. Since then, many adaptations of

the RGA as well as other IMs have been introduced to resolve the CCS problem for a larger class of

systems [8]. Moreover, uncertainty bounds for the RGA in the presence of model uncertainty where

introduced by Chen and Seborg [9]. Later, tighter bounds [10] as well as more simplistic alternative

bounds were proposed. [11, 12]

It is shown, to avoid performance degradation [13] or even instability [14] of the systems under

a decentralized controller, the configuration has to be selected in a manner that minimizes the loop

interaction. Using the RGA pairing rules there is no guarantee that the selected configuration yields a

minimum level of overall interaction since the RGA quantifies the interaction for each control loop

individually [15]. Zhu addressed the problem of overall interaction reduction by introducing a new

steady-state measure tool called relative interaction array (RIA) along with new pairing criteria [16],

which actually relates to the above mention interaction quotient. The new pairing rules also offer

necessary conditions to satisfy closed-loop stability, integrity and robustness. Therefore, a decision has

been made to base the optimal configuration selection on the pairing that fits the RIA pairing rules best.

The RGA-number [4] can be seen as an automatic configuration selection tool based on the

RGA matrix. However, the RGA-number needs to be re-calculated for each possible configuration,

which might lead to large computational efforts as the size of the system increases. To reduce the

computational efforts of finding the optimal pairings for large-scale systems, Kariwala and Cao [17, 18]

proposed the branch and bound (BAB) approach in which the RGA and the μ-interaction measure

(μ-IM) are used as selection criteria. There, lower bounds of the RGA-number and the μ-IM are

derived and used in pruning the branches of the solution tree that do not lead to optimal solution. A

systematic algorithm to obtain candidate pairings based on RGA and RIA properties was proposed

by Kookos and Lygeros [19]. The basic idea behind that algorithm is formulating the problem of

finding the configuration that minimizes the interaction as a mixed integer linear programming (MILP)

problem. In a similar manner, Fatehi formulated the configuration selection problem as an assignment

problem (AP)[20] leading to a method for automatic pairing selection. In this AP, the costs associated

to the assignment of the pairings is given by a pairing measure called normalised RGA (NRGA). The

NRGA is obtained by means of a nonlinear map which maps the RGA values on the [0,1] subspace

[20]. Yet the literature lacks bridging the automated configuration selection with the effect of system

uncertainties.

In addition to the methods based on relative gains, there are other families of CCS tools. These

include i) the gramian-based IMs, ii) methods using optimization techniques [21], iii) methods for

plant-wide control [22], or iv) methods for the reconfiguration of control systems [23]. Perhaps, the

most relevant family to survey in relation to the IMs based on relatives gains are the gramian-based IM.

The gramian-based IMs can be used to design sparse configurations and use models with frequency-

domain information. The gramin-based IMs have received increasing attention since the introduction

of the participation matrix (PM) by M. Salgado [24] and the posterior introduction of HIIA [25] and Σ2

[26]. A compelling aspect of these IMs, is that gramians are the subject of a large volume of literature,

and advances on gramians are likely to have a straightforward application on CCS, like the use of the

cross-gramian matrix for bilinear systems[27]. The gramian-based IMs compress frequency domain

data in a single measure, and therefore it is traditional to restrict the range of frequencies of interest with

e.g. the use of pref-filters[26]. A traditional alternative to the filters is the straightforward use of the

frequency limited gramians defined in 1990 and which form part of the MATLAB since 2006. The use

of either filters [26, 28] or the frequency-limited gramians [29] are equivalent alternatives with the use

of perfect filters [30]. Additionally, there are a number of studies on bounds of gramian-based IMs from

uncertain models or directly from process data, including bounds on PM[31, 32, 33, 34, 35], HIIA[31]



2. CONCEPTUAL OVERVIEW 113

and Σ2[36, 34, 35]. These bounds can be considered in the decision making using an algorithm for

automatic CCS [35].

In this article an approach for automated control configuration selection considering the system

uncertainties is proposed. It excludes the configurations that lead to loss of stability and integrity before

looking for the optimal configuration among the rest. Basically, the optimal control configuration is

achieved from the nominal system at steady-state using AP algorithm, namely the Push-Pull algorithm

following the RIA pairing rules. The Push-Pull algorithm also provides information to determine the

perturbation set within which the optimality of the configuration is preserved. A verification step is

to be performed to demonstrate whether the optimal configuration is still the optimum one for the

uncertain system or not. Due to RIA stability and integrity requirements, the push-pull algorithm

might indicate that there is no feasible decentralized configuration which can stabilize the process with

integrity. This method will extend the capabilities of the software tool ProMoVis [37] which currently

depends on the manual pairing selection by the user.

The structure of the paper is as follows. First, conceptual overview of the proposed approach

is given in Section 2 followed by a brief description for the RIA and its pairing rules in Section 3.

In Section 4, the relationship between the CCS and the AP, the perturbation set and the automated

configuration selection are stated. The uncertainty bounds of the RIA are derived in Section 5. In

Section 6 the change in the absolute RIA is formulated as a polytopic model and the proposed approach

is presented as an algorithm in Section 7. Illustration of the proposed approach using examples is given

in Section 8. The article is closed with conclusions and suggested future work in Section 9.

2 Conceptual Overview
In the proposed approach, the optimal configuration selection is achieved automatically using the

push-pull algorithm according to the RIA pairing rule of minimizing the overall interaction. However,

the RIA elements with lower uncertainty bounds not satisfying the requirements for the stability

and integrity are removed before performing the push-pull algorithm. Thus, the optimal control

configuration in this article is understood as the configuration that minimizes the overall interaction

as well as fulfils the stability and integrity requirements based on the RIA definition. The pairing

based on the RIA criteria is adopted here since it does not only offer a comprehensive solution for

the configuration selection but also fits the AP terminology without modification. Then, utilizing a

perturbation set, the proposed approach verifies whether the optimal configuration selection is still

optimum under particular system uncertainties or if a change is expected. The perturbation set is

determined using information obtained as a by-product of the push-pull algorithm.

The following phases summarize the core of the proposed approach:

(i) Obtaining the optimal configuration selection automatically based on the nominal system at

steady-state and the uncertainty bounds of the RIA elements using the push-pull algorithm.

However, by removing the pairs that might lead to lose stability and integrity, there is a chance the

push-pull algorithm gives no solution. Such a case means that there is no feasible configuration

and thus no decentralized controller can satisfy the stability and integrity requirements for the

uncertain system (see Section 4 and Section 5).

(ii) Obtaining the perturbation set for which the optimal configuration based on the nominal system

is still the optimum for uncertain system. The push-pull algorithm provides information to
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produce the halfspace equations from which the perturbation set is determined (see subsection

4.2).

(iii) Calculating the uncertainty bounds of the absolute RIA caused by the uncertainty in the system

gains. The information provided by RIA uncertainty bounds is to be used in the verification

phase (see the details in Section 5).

(iv) Verifying whether the calculated uncertainty bounds of the absolute RIA obtained in (iii) satisfy

the perturbation set determined in (ii). If so, the optimal configuration selection obtained in (i) is

optimum for the perturbed system; otherwise it still satisfies the stability and integrity conditions

for the perturbed system but does not minimize the overall interaction (see Section 6 for the

details).

It is worth mentioning that the push-pull algorithm in (i) is performed only once on the RIA

matrix obtained from the nominal system in order to find the optimal pairing, if there is any. In

addition, the difference between the absolute nominal and perturbed RIA values is written in a

polytopic form to simplify the verification process in (iv). Using simple mathematical operations,

the vertices of the polytope are checked for satisfying the perturbation set and a conclusion can

be drawn regarding the preservation of the pairing optimality.

3 RIA and Its Pairing Rules
Consider a multivariable transfer function G(s) with input vector u ∈ C n and output vector y ∈ C n

under decentralized control. For a single-input-single-output (SISO) control loop connecting the pair

(yi −u j), a change in u j would influence yi directly through the elementary transfer function (gi j) and

indirectly through the possible loop interaction [15]. Therefore, the response of yi to the change can be

expressed as

yi(s) = [gi j(s)+ai j(s)]u j(s) (1)

where ai j, the absolute interaction, represents the effect of the other control loops on the (yi −u j) pair

due to loop interaction [15].

Defining the relative interaction [16] as

φi j(s) =
ai j(s)
gi j(s)

(2)

the response of yi in (1) is written [8] as

yi(s) = gi j(s)[1+φi j(s)]u j(s) = g̃i j(s)u j(s) (3)

where the term [1+φi j(s)] measures the amplification or attenuation in the gi j due to loop interaction

effect. Following the determination of ai j using the signal-flow graph technique, φi j can be obtained

[15]. The steady-state ai j(0) [16] is defined as (seeking simplicity, the (0) of the steady-state is dropped

and will only be used where needed)

ai j =
1

[G−1] ji
−gi j (4)

under the following assumptions
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1. the closed-loop system has integrity against any single-loop failure, and

2. each controller contains an integral action in each control loops.

Hence, from (2) and (4), the RIA matrix (Φ) is calculated in terms of its i j-elements as

[Φ]i j =
1

gi j[G−1] ji
−1 =

1

[Λ]i j
−1 (5)

where Λ is the RGA matrix calculated by

Λ = G× (G−1)T (6)

with × and T denote element-by-element multiplication and matrix transpose, respectively.

Finally, RIA pairing rules state that [16] the input-output variables should be paired so that

(a) Niederlinski Index (NI)> 0 (stability rule).

(b) φi j >−1 (integrity rule).

(c) avoiding φi j close to −1 (robustness rule), and

(d) min ∑ |φ k
i j| (overall interaction rule).

where φ k
i j represents the pairing elements corresponding to the kth possible pairing that satisfies the first

three rules. Notice that, the stability condition (NI > 0) is fulfilled by avoiding pairs corresponding

to φi j ≤ −1 [16]. Thus, in order to satisfy stability and integrity conditions, pairs corresponding to

φi j ≤−1 have to be avoided. In short, the RIA pairing rules identify the optimal pairing as the one that

minimizes the sum of the |Φ| elements among pairing candidates that satisfy stability, integrity and

robust conditions.

Direct extension of (4), (5) and the pairing rules to frequencies other than the steady-state seems a

straightforward approach, but has not been proven to be valid for the RIA. One of the basic assumptions

for the RIA and also the RGA is the perfect control condition, which in turn might lead to inaccuracies.

[15, 16] Thus, the proposed approach is only applied in steady-state case.

4 Assignment Problem, Push-Pull Algorithm and Automated
Control Configuration Selection

In this section a description of the AP is introduced and the reason for choosing the push-pull algorithm

to solve the AP is explained. Later, the formulation of the CCS problem as an AP is given.

4.1 The Assignment Problems
The assignment problem (AP) is a special type of the transportation problem (TP). The TP deals with

finding the minimum cost of transporting products from several manufactures to several consumers

whereas the output of the AP is assigning one manufacturer to one and only one consumer so that
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the transportation cost is minimized. With (ci j) being the cost of conveying a single product from

manufacturer (i = 1, ..,n) to consumer ( j = 1, ..,n), the AP is represented mathematically [38] as

min
n

∑
i=1

n

∑
j=1

ci jxi j (7)

subject to
n

∑
j=1

xi j = 1 for i = 1, · · · ,n

and
n

∑
i=1

xi j = 1 for j = 1, · · · ,n

where xi j = 0 or 1 for all i and j

In the above, the one and only one condition is represented in the first and second constraints.

The control configuration selection is analogous to the AP, in the sense that the designer aims at

selecting the input-output pairs (assigning one input to one and only one output) that minimizes the

effect of the loop interaction, equivalent to the cost in the TP terminology.

4.2 Push-Pull Algorithm and Perturbation Set
Although the AP is a special type of linear programming (LP) optimization problem which is usually

solved by utilizing the Simplex algorithm [38], methods such as Stepping-Stone and Hungarian

algorithm are widely used to get the optimal solution [39]. The sensitivity analysis is used to investigate

the effect of changing ci j in (7) on that optimal solution. However, Stepping-Stone and Hungarian

algorithms do not provide useful information to perform the sensitivity analysis for the AP due to an

inherent degenerated optimal solution (degenerated when right-hand-side (RHS) = 0)[39]. In that

direction, Adlakha and Arsham proposed the push-pull algorithm which provides a solution to the AP

and enough information to determine the perturbation set for which the optimal solution is preserved

[39].

For a thorough understanding of the push-pull algorithm, the reader is referred to the work

of Adlakha et al.[39] and Arsham et al.[40, 41] In general, the push-pull algorithm is a Simplex

type algorithm that consists of an Initialization phase as well as push and pull iterative phases. In the

Initialization phase an initial tableau with some basic variables (BV) is generated. The BV are members

of the basic variable set (BVS), which represents the solution of the AP given in (7). Throughout the

push phase, the BVS in the initial tableau is being contentiously filled with basic variables while being

pushed towards the optimum corner. However, the feasibility may not be preserved in the push phase

(RHS < 0), in such a case, the pull phase pulls back the BVS to the feasible corner [39]. Eventually,

the push-pull algorithm provides the optimal solution of (7) (i.e. BVS) including the information

necessary for calculating the perturbation set (θ ) from the final tableau. The perturbation set (θ ) is

determined as a function of the change in the cost ci j (ći j) in the AP given in (7) as

θ = {ći j|CN −CB.[A]≥ 0} (8)

where CB is a row vector comprising the new costs corresponding to the basic variables set (BVS) while

CN is a row vector comprising the new costs corresponding to the non-basic variables (non-BV). [A],

on the other hand, denotes a matrix/vector obtained from the final tableau of the push-pull algorithm.

To preserve the optimal solution of (7) for the perturbed case, the change in the costs has to satisfy the

perturbation set (θ ).
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4.3 RIA-Based Automated Configuration

Since xi j are either zeros or ones for the AP as in (7), |φ k
i j| in RIA pairing rule (d) given in Section 3, is

analogue to the ci j in (7). Thus, pairing rule (d) can be rewritten as

min
xi j

n

∑
i=1

n

∑
j=1

|φi j|xi j (9)

subject to
n

∑
j=1

xi j = 1 for i = 1, · · · ,n

and
n

∑
i=1

xi j = 1 for j = 1, · · · ,n

where xi j =

{
0 for all i, j correspond to φi j /∈ Ω
{0,1} otherwise

where Ω = {φi j : φi j >−1}.

Notice that, the n′s in (9) represent the system size rather than the number of the manufacturers

and consumers in (7).

The push-pull algorithm is hence used to assign values of 1 to the xi j in (9) that correspond to the

optimal |φi j| that would lead to the minimization of the overall loop interaction. Moreover, the closed-

loop stability and integrity conditions in the respective rules (a) and (b) is to be fulfilled by removing

the pairs corresponding to the φi j ≤ −1 from the initial tableau before performing the push-pull

algorithm. Thus, the automated optimal configuration selection satisfies the stability condition by

default in contrast to the approach presented by Fatehi [20] which proposes switching to the suboptimal

pairing if the optimal one does not satisfy the stability condition. As for rule (c), it is satisfied since the

pairs corresponding to the φi j close to zero will be selected while performing the push-pull algorithm.

However, removing the pairs corresponding to the φi j ≤ −1 from the initial tableau is valid for the

unperturbed systems. For perturbed systems GP, removing the pairs correspond to the perturbed RIA

(φPi j) with lower bounds ≤−1 has to be considered. The uncertainty bounds of the RIA elements are

derived in the next section.

5 RIA Uncertainty Bounds
Many sources lead to model uncertainties such as process perturbations, linear approximations around

specific operating points, or neglecting higher order dynamics. Chen and Seborg [9] had revealed

the importance of considering model uncertainties in the pairing selection. Prior to the application of

the introduced automatic pairing method in Section 4, it is required to derive the uncertainty bounds

on the RIA caused by the uncertainties of the system gains. These bounds are used to: i) satisfy the

closed-loop stability and integrity requirements for uncertain systems following pairing rules (a) and

(b), by removing from the feasibility set those pairings that correspond to RIA elements having lower

bound ≤ −1. ii) check if the optimality of the configuration obtained with the automatic pairing is

preserved for perturbed system.

Using Taylor’s series expansion and by truncating after the first-order term, the perturbed i j−element
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in RIA matrix (φPi j) can be approximated as

φPi j ≈ φi j +
n

∑
k=1

n

∑
l=1

(
∂φi j

∂gkl

)
G
(δgkl) (10)

where φi j is the i j−element in RIA calculated based on the nominal system G, δgkl is the difference

between the perturbed and nominal kl−element of G and
∂φi j
∂gkl

is given as in (11) (see the full derivation

in the Appendix).

∂φi j

∂gkl
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−φi j
gi j

i = k and j = l

(φi j+1)
(φkl+1)gkl

i = k or j = l

(
− (−1)i+ j+k+lgi jdet(Gi j,kl)(φi j+1)

det(G) + 1
(φkl+1)gkl

)
(φi j +1) i �= k and j �= l

(11)

Taking the absolute value of both sides, (10) is re-written as

|φPi j −φi j|=|
n

∑
k=1

n

∑
l=1

(
∂φi j

∂gkl

)
G
(δgkl) | (12)

Using the fact |a+b| ≤ |a|+ |b|, (12) can be written as

|φPi j −φi j| ≤
n

∑
k=1

n

∑
l=1

|
(

∂φi j

∂gkl

)
G
(δgkl) | (13)

The uncertainty bounds of the perturbed RIA elements (φPi j) can be found by applying |a| ≤ b ⇔
−b ≤ a ≤ b on (13) as

φPi j︷ ︸︸ ︷
φi j −

n

∑
k=1

n

∑
l=1

|
(

∂φi j

∂gkl

)
G
(δgkl) | ≤ φPi j ≤ φi j +

n

∑
k=1

n

∑
l=1

|
(

∂φi j

∂gkl

)
G
(δgkl) |︸ ︷︷ ︸

φPi j

(14)

Accordingly, (9) has been adjusted for the perturbed systems as

min
xi j

n

∑
i=1

n

∑
j=1

|φi j|xi j (15)

subject to
n

∑
j=1

xi j = 1 for i = 1, · · · ,n

and
n

∑
i=1

xi j = 1 for j = 1, · · · ,n

where xi j =

{
0 for all i, j correspond to φi j /∈ ΩP

{0,1} otherwise
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where ΩP = {φi j : φPi j >−1}.

Since rule (d) involves the absolute RIA values, the bounds of |φPi j| have to be engaged in the

optimality verification. The uncertainty bounds of |φPi j| are derived using the definition of the absolute

function as in (18) after rewriting (14) in an affine parameter-dependent model as

φPi j = φi j +δφi j (16)

where δφi j is bounded as

δφi j︷ ︸︸ ︷
−

n

∑
k=1

n

∑
l=1

|
(

∂φi j

∂gkl

)
G
(δgkl) | ≤ δφi j ≤

n

∑
k=1

n

∑
l=1

|
(

∂φi j

∂gkl

)
G
(δgkl) |︸ ︷︷ ︸

δφi j

(17)

⎧⎪⎨
⎪⎩

0 ≤ |φPi j| ≤ max(|φi j +δφi j|, |φi j +δφi j|) if φi j +δφi j ≥ 0 and φi j +δφi j ≤ 0

min(|φi j +δφi j|, |φi j +δφi j|)≤ |φPi j| ≤ max(|φi j +δφi j|, |φi j +δφi j|) otherwise

(18)

Notice that (14) will be used to satisfy the pairing rules (a) and (b) for the uncertain systems by

avoiding the pairs correspond to φPi j ≤ −1 while the upcoming equations (21) and (22) which are

derived from (18) are the ones to be used to verify the validly of the optimal configuration obtained

from the nominal system (G) under the effect of the uncertainty.

The uncertainty bounds of φPi j given by (14), following the Chen and Seborg [9] approach, are

rather conservative. For curious readers, an alternative method to calculate the uncertainty bounds of

RIA elements (φi j), rather than (14), is discussed in the Appendix.

However, the proposed approach is designed such that it does not depend on specific uncertainty

bounds for the RIA. In that sense better bounds could be easily integrated instead of the currently used

ones.

6 The Polytopic Model and the Model Vertices
As seen from (8), the perturbation set (θ ) is a function of the change in the cost (ći j). Notice that, the

transportation individual costs (ci j’s) in the AP given in (7) are usually either increased or decreased

by a certain amount and it rarely happens that all of them are changed at the same time unless there is

a market crises. Thus, verifying the preservation of the optimal solution of (7) is rather easy in the

marketing field. On the contrary, a change in a single system gain (gi j) will affect all elements of the

RIA matrix and produce an uncertainty bound around each of them as one can see from (14). As a

result, an efficient way is needed to account for the effect of the change in the system gains on the

absolute RIA elements and to simplify the verification of whether the change in the absolute RIA

elements (|φPi j|− |φi j|) satisfies the perturbation set (θ ).

Therefore, the change in the absolute RIA matrix, |ΦP|− |Φ|, is chosen to be written in an affine

parameter-dependent model which can be easily represented by a polytopic model [42]. Since the
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polytopic model of the change in the absolute RIA matrix and the halfspaces of the perturbation set (θ )

constitute two convex sets, it is convenient to draw a conclusion about the preservation of the pairing

optimality by checking whether the vertices of the polytopic model satisfy the perturbation set. More

specifically, if all possible vertices satisfy the perturbation set (θ ), the optimal configuration obtained

from the nominal system is still the optimal for the uncertain system. Otherwise, the optimality of the

configuration for the uncertain system is not guaranteed.

The affine parameter-dependent model of the change of the absolute of RIA can be written after

taking the absolute, generalizing and adding (−|Φ|) to both sides of (16) as

|ΦP|− |Φ|=
n

∑
i=1

n

∑
j=1

Pi jSi j (19)

and Pi j is bounded as

Pi j ≤ Pi j ≤ Pi j (20)

where Pi j and Pi j are given in (21) and (22), respectively.

Pi j =

⎧⎪⎨
⎪⎩
−|φi j| if φi j +δφi j ≥ 0 and φi j +δφi j ≤ 0

min(|φi j +δφi j|, |φi j +δφi j|)−|φi j| otherwise

(21)

Pi j = max(|φi j +δφi j|, |φi j +δφi j|)−|φi j| everywhere (22)

In (19), Si j is an n×n matrix with (i j)-element equals to 1 and all other elements equal to 0, for

example S11 and S21 in a 3×3 system would look like

S11 =

⎡
⎣1 0 0

0 0 0

0 0 0

⎤
⎦ , S21 =

⎡
⎣0 0 0

1 0 0

0 0 0

⎤
⎦

The matrix Si j is imposed to make the sides of (19) consistent as the left side is written in a matrix

form while the right side is expressed by the P′s of the (i j)-elements.

To aggregate all the possible vertices (v1,v2, · · · ,v2n×n) of the model (19) resulted from the variations

of Pi j for i, j = 1,2, ...,n, a binary counter style is employed since each Pi j is bounded by a low and a

high value, i.e Pi j and Pi j.

Thus, the vertices (v1,v2, · · · ,v2n×n) are written as

v1 =

⎡
⎢⎢⎢⎢⎢⎣

P11

P12

P13
...

Pnn

⎤
⎥⎥⎥⎥⎥⎦ , v2 =

⎡
⎢⎢⎢⎢⎢⎣

P11

P12

P13
...

Pnn

⎤
⎥⎥⎥⎥⎥⎦ , · · · ,v2n×n =

⎡
⎢⎢⎢⎢⎢⎣

P11

P12

P13
...

Pnn

⎤
⎥⎥⎥⎥⎥⎦ (23)
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However, the number of vertices is reduced by the number of omitted φi j correspond to φPi j ≤ −1.

Thus, the user has to check 2
(n×n)−nφPi j≤−1

vertices, where nφPi j≤−1 denotes the number of the omitted

φi j.

7 Algorithm of the Proposed Approach
An algorithm that summarizes the approach and its prerequisites is given as follows and demonstrated

by a flowchart as shown in Figure 1.

The algorithm of the proposed approach

Input. The steady-state gain matrix of the nominal system G(s) and the system uncertainty δG.

step 1. Calculate RIA (Φ) using G(0) by (5).

step 2. Calculate the lower uncertainty bound of the perturbed RIA elements (φPi j)

by (14) for i, j = 1,2, ...,n.

step 3. Perform the push-pull algorithm on |Φ| after omitting all φi j correspond to φPi j ≤−1,

if no solution exists

then Output1 no decentralized controller stabilizes the uncertain system (GP) exists.

else do
step 4. Obtain the optimal configuration selection for the nominal system G.

step 5. Determine the perturbation set (θ ) by (8).

step 6. Calculate Pi j and Pi j for i, j = 1,2, ...,n (except for those correspond to φPi j ≤−1)

through (21) and (22).

step 7. Formulate the vertices as in (23).

step 8. Verify whether the vertices in (23) satisfy the perturbation set (θ ) determined from step 5,

if all vertices satisfy the perturbation set (θ )

then Output2 the optimal configuration selection obtained in step 4 is still optimum

for the perturbed system (GP).

else Output3 the configuration obtained in step 4 satisfies the stability and integrity

conditions for GP but minimizing the overall interaction is not guaranteed.

8 Examples
The proposed approach is elucidated in this section by means of two examples. The first deals with

the approach’s Output1 and Output2 while in the second, a steady-state gain matrix of ALSTOM

gasifier plant is used to discuss Output3.

8.1 Example 1
Consider the following nominal system given by

G(s) =

⎡
⎣ −2

10s+1
1.5
s+1

1
s+1

1.5
s+1

1
s+1

−2
10s+1

1
s+1

−2
10s+1

1.5
2s+1

⎤
⎦ (24)
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G(0)
and δG

s1. Calculate Φ by (5)

s2. Calculate φPi j
bounds by (14)

s3. Perform push-pull

algorithm on |Φ|−ΦP ≤−1

solution

exists

s4. Obtain the

optimal pairing

s5. Determine pertur-

bation set (θ ) by (8)

s6. Calculate Pi j and

Pi j by (21) and (22)

s7. Formulate the ver-

tices (v’s) as in (23)

s8.All v’s

satisfy θ

Output2 Output3Output1

YESNO

No

Yes

Figure 1: Flowchart of the proposed approach where the trapezoidal blocks refer to the input and

outputs information and s is an abbreviation for step. Output1 refers to no decentralized controller

stabilizes GP exists. Output2 refers to the optimal configuration selection obtained in step 4 is still

optimum for GP. Output3 refers to the configuration obtained in step 4 satisfies the stability and

integrity conditions for GP but minimizing the overall interaction is not guaranteed.



8. EXAMPLES 123

and an additive uncertainty is given by

|δG| ≤ α|G(0)| (25)

with α = 0.01.

Applying step 1, the Φ matrix is obtained as

Φ =

⎛
⎝−2.0750 −0.1569 0.3437

−0.1569 0.3438 −2.0750

0.3437 −2.0750 −0.1569

⎞
⎠

The lower uncertainty bound of the perturbed RIA elements are calculated as in step 2 using (14). The

lower uncertainty bound values (φPi j) are aggregated in the following matrix

ΦP =

⎛
⎝−2.2253 −0.2287 0.2282

−0.2287 0.2282 −2.1924

0.2282 −2.1924 −0.2118

⎞
⎠

As one can notice, φP11, φP23 and φP32 have values <−1 and thus the configurations that involve any

pair corresponds to φ11, φ23 or φ32 are to be removed in step 3 by eliminating the columns x11, x23

and x32 from the initial tableau. In that way, by applying the push-pull algorithm on |Φ|, the user is

seeking the configuration which minimizes the loop interaction effect among only the configurations

that satisfy the stability and integrity conditions. Not surprisingly, a solution to the push-pull algorithm

in this case is expected to exist since 2 configurations are left after removing the ones which may lead

to lose stability and integrity.

The output of the push phase is shown in Table 1. Since all the RHS elements are non negative,

Table 1: Final tableau

BVS x22 RHS
x12 1 1

x21 1 1

x33 1 1

x13 -1 0

x31 -1 0

there is no need to perform the pull phase. Thus, the optimum configuration selection corresponds

to BV x12, x21 and x33 in the final tableau, congruous to y1 − u2, y2 − u1 and y3 − u3. Both x13 and

x31 are neglected since they are associated with zeros in the RHS and thus step 4 is done. However,

the configuration selection satisfies to the pairing rules for the nominal system G given in (24) and

remaining algorithm steps of the proposed approach need to be performed to validate this configuration

for the perturbed system. Thereafter, the information provided by the push-pull algorithm is used

to determine the perturbation set (θ ) on which the optimal configuration obtained from the nominal

system G is still valid. The perturbation set is defined[39] as

θ = {Pi j|CN −CB.[A]≥ 0} (26)
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where CB is a row vector with elements equal to |φi j|+Pi j correspond to the BVS and CN is similar to

CB except with the elements correspond to the non-BV while [A] denotes the matrix/vector obtained

from the final tableau. Particularly, for this example

CB = [|φ12|+P12, |φ21|+P21, |φ33|+P33, |φ13|+P13, |φ31|+P31]

CN = [|φ22|+P22]

and

A = [1 1 1 −1 −1]T

thus, the perturbation set (θ ) is obtained as

θ = {Pi j|P13 −P12 −P21 +P22 +P31 −P33 +0.5606 ≥ 0} (27)

Keep in mind that Pi j in (27) are bounded sets according to (20) rather than certain values as of ći j in (8)

in the marketing field. Furthermore, there are two zeros in the RHS of Table 1 therefore the degenerated

phase has to be performed to modify the perturbation set (θ ) [39]. Fortunately, the perturbation sets

provided from the degenerated phase coincide with (27) and thus no modification is needed and step 5
of the proposed approach is completed.

Step 6 of the proposed approach is to calculate the bounds of the P’s employing (21) and (22)

except for those correspond to φPi j ≤−1. The bounds are to be used to determine the vertices to be

utilized in the verification process. Thus, for

GP = G(0)+δG (28)

the bounds of the P’s are found as

−0.071 ≤ P12 ≤ 0.071

−0.115 ≤ P13 ≤ 0.115

−0.071 ≤ P21 ≤ 0.071

−0.115 ≤ P22 ≤ 0.115

−0.115 ≤ P31 ≤ 0.115

and

−0.054 ≤ P33 ≤ 0.054

Following step 7, the (2(3×3)−3 = 64) vertices are formulated as

v1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.071

−0.115

−0.071

−0.115

−0.115

−0.054

⎤
⎥⎥⎥⎥⎥⎥⎦ , v2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.071

−0.115

−0.071

−0.115

−0.115

−0.054

⎤
⎥⎥⎥⎥⎥⎥⎦ , · · · ,v64 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.071

0.115

0.071

0.115

0.115

0.054

⎤
⎥⎥⎥⎥⎥⎥⎦ (29)

Step 8 of the proposed approach is checking whether the vertices given in (29) satisfy the perturbation

set condition given in (27). Since all the vertices satisfy the perturbation set, the optimality of the

configuration selection obtained from the nominal model (24) in step 4 is still valid for the uncertain

system defined by (28).
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Figure 2: The closed-loop of the perturbed system and the decentralized controller based on the optimal

configuration selection.
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Figure 3: The closed-loop of the perturbed system and the decentralized controller based on the

off-diagonal pairing.

To validate the optimal pairing decision obtained from the above, two decentralized controllers,

each consists of 3 IMC’s controllers, are employed. The input and output variables of the perturbed

system defined by G(s)+δG are paired based on the optimal configuration and on the off-diagonal

pairing (which is the remaining configuration after removing the ones which may lead to lose stability

and integrity) as shown in Figure 2 and Figure 3, respectively.

The C’s and K’s IMC controllers are selected based on the nominal system [43] given in (24) as

C1 =
g−1

21

2s
,C2 =

g−1
12

2s
and C3 =

g−1
33

2s

where

g21 = g12 =
1.5

(s+1)
and g33 =

1.5

(2s+1)

while

K1 =
g−1

31

2s
,K2 =

g−1
22

2s
and K3 =

g−1
13

2s
with

g31 = g22 = g13 =
1

(s+1)

Figures 4 and 5 show the responses of the interaction-free, nominal and perturbed systems under the

optimal and the off-diagonal pairing respectively, for the set-point changes in the references r1, r2 and

r3 at 10, 60 and 110 sec. The perturbed systems are simulated by selecting 100 uniformly distributed
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Figure 4: Set-point change responses of the interaction-free, nominal system and perturbed systems

under optimal pairing. Dashed: the reference signals. Dash-dotted: response of the interaction-free

system. Solid: response of the nominal system given in (24). Shade-line: responses of 100 perturbed

systems.
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Figure 5: Set-point change responses of the interaction-free, nominal system and perturbed systems

under off-diagonal pairing. Dashed: the reference signals. Dash-dotted: response of the interaction-free

system. Solid: response of the nominal system given in (24). Shade-line: responses of 100 perturbed

systems.
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random values of δG that satisfy (25) and adding each to the nominal system gains of (24). By

plotting the responses of the interaction-free system, the effect of the interaction on the responses

under the used configurations could easily be observed. It is worth noting that the responses of the

perturbed systems are closely around the response of nominal system under the optimal configuration

as can be seen from the enlarged sample region in Figure 4.

The integral square error (ISE) of ei = yi − ri expressed by

J =
n

∑
i=1

∫ tend

0
e2

i dt

with tend=150 sec and n=3 is used as a control performance indication. The J values of the responses of

the closed-loop systems for the different cases are depicted in the Table 2. Notice that, the interaction-

free systems under both configurations have the same J value which is quite expected from their

responses in Figure 4 and Figure 5. Moreover, as δG in (25) is bounded, the J appears as an interval,

[Jmin Jmax], in the uncertain systems cases. The J values of the nominal and uncertain systems under

Table 2: ISE for the different closed-loop cases

System Configuration J
interaction-free optimal/off-diagonal 3.152

nominal optimal 4.201

uncertain optimal [4.048 4.359]

nominal off-diagonal 16.316

uncertain off-diagonal [14.058 19.877]

the optimal configuration selection compared to the values under the off-diagonal pairing confirm the

result of the proposed approach which states that the optimal configuration of the nominal system is

still optimal for the systems perturbed by (25).

To give a glimpse on the case where the push-pull algorithm gives no solution, α = 0.3 in (25)

with the same nominal system are processed. In this case, ΦP is obtained as

ΦP =

⎛
⎝−6.584 −2.312 −3.120

−2.312 −3.120 −5.597

−3.120 −5.597 −1.806

⎞
⎠

As all the values are <−1 then all possible pairs violate the stability and integrity conditions and no

pair can be suggested. Technically, there will be no enough data to formulate the initial tableau of

the push-pull algorithm since all φi j correspond to the φPi j ≤−1 are to be removed at early stages of

the algorithm. Consequently, the push-pull algorithm will give no answer. To motivate the instability

concern that might occur, the simulation of the system under the optimal configuration selection

in Figure 2 is re-performed for the new α and the results are presented in Figure 6. The results

show satisfactory, sluggish as well as unstable perturbed systems responses. Obviously, the unstable

responses draw the attention of the user for how they can be avoid. Suggesting no decentralized

controller in the early stage of the proposed approach guides the user to look for other alternatives such

as sparse or centralized controllers.
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Figure 6: Set-point change responses of the nominal system and the new perturbed systems. Dashed:

the reference signals. Solid: response of the nominal system given in (24). Shade-line: responses of

new 100 perturbed systems.

8.2 Example 2
Consider a steady-state gain matrix of ALSTOM gasifier plant[44] given as

G(0) =

⎡
⎢⎢⎣

0.0385 −0.0427 0.0444 −0.0474

−0.1115 −0.0297 0.0770 −0.0142

0.0327 0.8630 0.0477 0.5019

0.0088 0.1284 −0.1101 −0.2834

⎤
⎥⎥⎦ (30)

and consider the plant to be subject to an additive uncertainty given by

|δG| ≤ α|G(0)| (31)

with α = 0.135.

The Φ is obtained by employing step 1 as

Φ =

⎛
⎜⎜⎝

2.0244 −19.5242 0.8513 4.4266

0.5023 −40.236 1.9544 45.8123

98.952 0.1361 23.329 13.559

−193.38 4.0186 11.459 0.378

⎞
⎟⎟⎠

Preforming step 2 gives the lower uncertainty bound values (ΦP) as in the following matrix

ΦP =

⎛
⎜⎜⎝

0.7412 −47.5653 −0.5290 −1.3845

−0.1557 −81.0691 −0.1485 −0.8622

−6.0296 −0.3017 6.7447 −8.8358

−501.2177 0.0665 −6.3258 0.1565

⎞
⎟⎟⎠
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Consequently, any pair correspond to φ12, φ14, φ22, φ31, φ34, φ41 and φ43 are to be remove during

the push-pull algorithm since their values are < −1. The optimal configuration selection and the

perturbation set are obtained after performing the push-pull as in step 3. The final tableau is depicted in

Table 3. The optimal configuration selection is (y1−u3), (y2−u1), (y3−u2) and (y4−u4) corresponds

Table 3: Final tableau

BVS x23 x24 RHS
x13 1 1 1

x21 1 1 1

x32 0 1 1

x44 0 1 1

x42 0 -1 0

x11 -1 -1 0

x33 0 -1 0

to the BVS in the final tableau excluding x42, x11 and x33 that have value of zero in the RHS column

and thus step 4 is completed. The perturbation set (θ ) including the output of the degenerated phase is

given by

θ = {Pi j|P11 −P13 −P21 +P23 +2.6351 ≥ 0

P11 −P13 −P21 +P24 −P32 +P33 +P42 −P44 +73.327 ≥ 0

P24 −P23 −P32 +P33 +P42 −P44 +70.691 ≥ 0}
(32)

Obtaining the perturbation set (θ ) ends step 5 of the proposed approach. In step 6, the bounds in (21)

and (22) are calculated to formulate the vertices of the polytopic model as in step 7. For the uncertain

system

GP = G(0)+δG (33)

the uncertainty bounds of the P’s (except for those associated to φPi j ≤−1) are found as

−1.293 ≤ P11 ≤ 1.293

−4.426 ≤ P13 ≤ 5.8111

−0.502 ≤ P21 ≤ 0.657

−1.954 ≤ P23 ≤ 2.102

−45.812 ≤ P24 ≤ 46.674

−0.136 ≤ P32 ≤ 0.437

−16.584 ≤ P33 ≤ 16.584

−3.952 ≤ P42 ≤ 3.952

and

−0.221 ≤ P44 ≤ 0.221



130 PAPER D

The verification process, step 8, reveals that there are many among the (2(4×4)−7 = 512) vertices

do not satisfy the perturbation set (θ ). For example the vertices

v159 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1.293

5.811

−0.502

−1.954

46.674

0.437

16.584

3.952

−0.221

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, v470 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.293

5.811

0.657

−1.954

46.674

−0.136

16.584

−3.952

0.221

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and v478 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.293

5.811

0.657

−1.954

46.674

0.437

16.584

−3.952

0.221

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(34)

do not satisfy the inequality

P11 −P13 −P21 +P23 +2.6351 ≥ 0

Therefore, the optimality of the configuration selection obtained from the nominal system G given

by (30) is not guaranteed with respect to the perturbed system GP given by (33). To conclude, the

configuration obtained based on the nominal system satisfies the closed-loop stability and integrity

requirements but not minimize the loop interaction of the perturbed system.

For more thorough discussion, a particular uncertain system which belongs to the uncertainty set

defined by (33) is considered as

GP1 = G(0)+δG1

where

δG1 = 0.135|G(0)|×

⎡
⎢⎢⎣

1 1 −1 1

1 1 1 −1

1 −1 −1 1

−1 1 1 −1

⎤
⎥⎥⎦

with × denoting element-by-element multiplication. The RIA matrix of the uncertain system (GP1),

which is given by

ΦP1 =

⎛
⎜⎜⎝

1.1187 −29.8732 1.2286 7.7772

0.9413 −40.8102 1.0474 45.369

62.9303 0.2411 28.2304 5.9247

−363.0956 2.9367 33.9005 0.3887

⎞
⎟⎟⎠

shows that the pairs (y1 − u3) and (y2 − u1) obtained based on the nominal system (30) should be

replaced by (y1 −u1) and (y2 −u3), respectively. In other words, using φ11 and φ23 in ΦP1 results in a

less value for the summation in pairing rule (d) than φ13 and φ21. Therefore, the optimal configuration

selection for the uncertain system (GP1) is (y1 −u1), (y2 −u3), (y3 −u2) and (y4 −u4) rather than the

previous configuration obtained based on the nominal system. In order to confirm and compare this

result with a different approach, the optimal pairing of nominal system (G(0)) and GP1 are analyzed

following the BAB method[18]. The application of the method could confirm the new optimal pairing

for GP1. Nevertheless, the conditions of the closed-loop stability and integrity of the uncertain system

(GP1) under previous configuration are fulfilled since φP13, φP21, φP32 and φP44 are not close to or

≤−1.
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In short, the previous configuration obtained from the nominal model G satisfies closed-loop

stability and integrity requirements of the uncertain system (GP1) but does not minimize the loop

interaction effect. This result coincides with the prediction of the proposed approach based on lower

uncertainty bounds analysis and vertices verification.

9 Conclusion and Future Work

An approach for automated control configuration selection considering the system uncertainties is

proposed. The optimal configuration based on the nominal system is obtained systematically by

formulating the overall interaction rule of the RIA as an assignment problem and solving it using the

push-pull algorithm. That has been done after removing any pair that does not satisfy the stability

and integrity conditions utilizing the uncertainty bound of the RIA elements. The proposed approach

employs both the perturbation set and the uncertainty bounds of the absolute RIA elements to verify

whether the obtained optimal configuration is still optimum under presence of a specific perturbation

or a change is expected. The approach has been validated by simulation examples for a 3×3 system

and the 4×4 ALSTOM gasifier plant, respectively.

The presented approach offers a novel tool to suggest a control configuration for a system subject

to perturbation, yet there are some shortcomings that should be addressed. Despite the fact that the

push-pull algorithm solves the optimization problem only once, the number of vertices increases

relatively with the system size leading to a prolonged time in the validation process for large systems.

Besides, the uncertainty bounds of the RIA elements need to be tightened to overcome the possible

conservatism in the pairing decision in real world applications. However, the proposed algorithm is

independent on those bounds in the sense that whenever new bounds are found, they can be directly

integrated.

The proposed approach assures the pairing optimality preservation if all model vertices satisfy the

perturbation set. A systematic procedure to be developed investigating the effect of the vertices out of

perturbation set to assure the optimality change occurrence. Moreover, knowing the amount of the

uncertain gains δG which causes a change in the optimal pairing and knowing the new optimal pairing

for the uncertain system are also of importance. Therefore, more elaboration on the proposed approach

in that direction is planned as future work.

Appendix

Deriving the expression of ∂φi j
∂gkl

The variation of φi j (∂φi j) with respect to only gi j (∂gi j) is given by Zhu [16]. Thus, generalization

of the φi j variation with respect to variation of all other g′s is essential for calculating the uncertainty

bounds in (14). Employing (5), a relation between φi j and gkl can be found to derive the term
∂φi j
∂gkl

. Nevertheless, going in that direction is obviously tedious. Instead, the chain rule and the

expressions
∂λi j
∂gkl

by Chen and Seborg [9] are used to derive the expressions of
∂φi j
∂gkl

where λi j denotes

the (i j)−element in the RGA matrix.
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The derivation steps are as follows; utilizing the chain rule,
∂φi j
∂gkl

can be written as

∂φi j

∂gkl
=

∂φi j

∂λi j
· ∂λi j

∂gkl
(35)

From (5), a relation between φi j and λi j is expressed [16] as

φi j =
1

λi j
−1 (36)

then
∂φi j

∂λi j
=− 1

λ 2
i j

(37)

Since
∂λi j
∂gkl

is given[9] as in (38),

∂λi j

∂gkl
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λi j(1−λi j)
gi j

i = k and j = l

−λi jλkl
gkl

i = k or j = l

(−1)i+ j+k+lgi jdet(Gi j,kl)
det(G) − λi jλkl

gkl
i �= k and j �= l

(38)

where Gi j,kl means the submatrix of G with rows i and k and columns j and l are removed,

the
∂φi j
∂gkl

can be written as in (39).

∂φi j

∂gkl
=

∂φi j

∂λi j
· ∂λi j

∂gkl
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− (1−λi j)
λi jgi j

i = k and j = l

λkl
λi jgkl

i = k or j = l

− (−1)i+ j+k+lgi jdet(Gi j,kl)

λ 2
i jdet(G)

+ λkl
λi jgkl

i �= k and j �= l

(39)

Finally, a substitution of

λi j =
1

φi j +1

(rearranged from (36)) in (39) is performed to obtain the final expressions of
∂φi j
∂gkl

as in (11)
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Alternative uncertainty bounds of φPi j

Following the approach introduced by Chen and Seborg [9], the uncertainty bounds of the perturbed

RGA elements (λPi j) can be written as

λPi j︷ ︸︸ ︷
λi j −

n

∑
k=1

n

∑
l=1

|
(

∂λi j

∂gkl

)
G
(δgkl) | ≤ λPi j ≤ λi j +

n

∑
k=1

n

∑
l=1

|
(

∂λi j

∂gkl

)
G
(δgkl) |︸ ︷︷ ︸

λPi j

(40)

where λi j is the i j-element in RGA calculated based on the nominal system G and
∂λi j
∂gkl

is defined in

(38).

Employing (5), the uncertainty bounds of φPi j can be calculated as

φPi j︷ ︸︸ ︷
1

λPi j
−1 ≤ φPi j ≤ 1

λPi j
−1︸ ︷︷ ︸

φPi j

(41)

However, due to the singularity of (41) as the λPi j crosses zero, the φPi j uncertainty bounds will be

defined over the union of two sets as

(−∞,φPi j]∪ [φPi j,∞) (42)

As the λPi j shifts towards zero from the right, the φPi j approaches ∞. Similarly, the φPi j approaches

−∞ when the λPi j shifts towards zero from the left.

For example, consider a steady-state gain matrix of a binary distillation column [45] given as

G(0) =

⎡
⎣ 0.66 −0.61 −0.0049

1.11 −2.36 −0.012

−33.68 46.2 0.87

⎤
⎦ (43)

The RGA and the RIA are calculated based on G(0) as

Λ =

⎡
⎣ 1.9454 −0.6737 −0.2718

−0.6643 1.8991 −0.2348

−0.2811 −0.2254 1.5065

⎤
⎦ ,Φ =

⎡
⎣−0.4860 −2.4844 −4.6794

−2.5053 −0.4734 −5.2598

−4.5573 −5.4361 −0.3362

⎤
⎦

The uncertain ty bounds of the RGA caused by an additive uncertainty |δG| ≤ 0.1|G(0)| are given (40)

as

ΛP =

⎡
⎣ 1.2097 ≤ λ11 ≤ 2.6812 −1.2644 ≤ λ12 ≤−0.0829 −0.7450 ≤ λ13 ≤ 0.2015

−1.2534 ≤ λ21 ≤−0.0753 1.0061 ≤ λ22 ≤ 2.7921 −0.5464 ≤ λ23 ≤ 0.0769

−0.7606 ≤ λ31 ≤ 0.1984 −0.5361 ≤ λ32 ≤ 0.0853 1.2013 ≤ λ33 ≤ 1.8118

⎤
⎦
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By applying (41) and (42), the uncertainty bounds of ΦP are obtained as

ΦP =

⎡
⎣ −0.6270 ≤ φ11 ≤−0.1734 −13.0668 ≤ φ12 ≤−1.7909 φP13

−14.2791 ≤ φ21 ≤−1.7979 −0.6418 ≤ φ22 ≤−0.0061 φP23

φP31 φP32 −0.4481 ≤ φ33 ≤−0.1676

⎤
⎦

where

φP13 ∈ (−∞,−2.3422]∪ [3.9633,∞)

φP23 ∈ (−∞,−2.8302]∪ [12.008,∞)

φP31 ∈ (−∞,−2.3147]∪ [4.0403,∞)

and

φP32 ∈ (−∞,−2.8653]∪ [10.7291,∞)

However, those elements should be avoided since they enclose possible values of φPi j <−1.

The input-output pairings for the decentralized control are selected automatically taking the system

uncertainties into consideration.
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Abstract:
This paper proposes a method to determine the minimum uncertainty perturbing the nominal system

gains for which a decentralized control configuration is invalid. The outset for the method is that a

decentralized control configuration is selected based on the nominal system model using the relative

interaction array (RIA) methodology. Thereafter for the uncertain system, the minimum relative

uncertainty parameter (αmin) which invalidates the current control configuration decision is determined.

This αmin is also used in the context of robust stability analysis to test whether the determined

uncertainty would destabilize the system. Combing those information with the practitioner’s knowledge

about the system uncertainty provides a powerful tool to deal with the controlling problem in hand.

Examples to illustrate the proposed method for a 2×2 distillation column and a 5×5 stock-preparation

process are given.

1 Introduction
Interaction measures (IMs) are widely used for control configuration selection (CCS) since the 1960s,

when the celebrated relative gain array (RGA) was proposed by Bristol [1]. Ever since, decentralized

controllers are often the first hand choice for control of industrial processes, despite the progress that

has been made in the design and deployment of multivariable control strategies [2]. This is especially

true for the chemical industry sector, due to the interaction nature processes such as distillation columns

[3] and wastewater treatment plants [4] are often subject of investigation. Decentralized controller

also called multi-loop controller as it consists of multi single-input-single-output (SISO) controllers,

is usually appreciated for the simplicity in design, implementation and tuning, and are commonly

apprehended as being robustness against loop failures.

The selection of sensor-actuator pairings for closing SISO loops targeting low loop interaction is

known as the input-output pairing problem. It is well known that poor pairings may lead to significant

performance degradation [5] or even system instability [6], which motivates the need for design tools

such as the interaction measures (IMs). The existing IMs include the relative gain array (RGA) [1] and

its variants, as well as many other methods [7, 8, 9]. Aided by pairing rules, the RGA has been used

extensively for CCS since it characterizes the closed-loop interaction and integrity properties in square

multivaraible systems using only the steady-state gain.

Most of the available IMs require the use of estimated linear process models, which are inherently

uncertain due to the presence of e.g. nonlinearities, sensor noise, process disturbances or time varying-

aspects such as actuator wear [10]. The inherent model uncertainty motivates the study of robust

control strategies, which for the input-output problem led to the study of RGA bounds using different

approaches such as statistical [11], geometrical [12, 13], optimization-based [14] or based on the

traditional robust control framework [15, 16, 17]. In these previous approaches, the configuration is
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first decided based on the RGA values derived from the nominal gains. Then, the validity of the selected

configuration for different gain variations is judged based on generated RGA bounds. However, for

new gain variations, the RGA bounds have to be recalculated and the configuration revalidated. As a

result, the user has to determine the tolerable uncertainty in a tedious iteration. The effect of the model

uncertainty was not investigated on the control configuration selection of decentralized controller only

but also on other aspects such as its integrity, as reported in [18, 19, 20, 21, 22].

The main contribution and novelty of this paper is to address this challenge and to propose a

method that directly reveals the minimum gain perturbation of nominal system gains such that the

input-output pairing decision becomes invalid. In other words, the method predicts to what extent

the control configuration of the nominal system model holds valid against imposed uncertainty. The

prediction is made by calculating the minimum relative uncertainty of the perturbation that might

invalidate the selected configuration. With this information in hand, the practitioner can compare their

knowledge about the system uncertainty and can take a course of action if the system uncertainty

exceeds the predicted limit.

The proposed method uses the RGA variant known as relative interaction array (RIA), since the

RIA provides an overall measure of loop interaction [23], which is closer to linear. Representing the

RIA of the perturbed system as an upper linear fractional transform (LFT) and using the structured

singular value (μ) facilitate the calculation of a relative uncertainty parameter αmin that characterizes

the uncertainty invalidating the configuration obtained based on the nominal model. Moreover, αmin has

been connected with the robust stability condition in order to check whether the predicted uncertainty

amount would destabilize the system as well.

The article is organized as follows. The preliminaries on the RIA are given in Section 2. Then the

notation and the problem description are introduced in Section 3. The proposed method is derived

in section Section 4, where also step-by-step instructions are given. Integrating the outcome of

the proposed method in the context of robust stability analysis is discussed in Section 5. Finally,

conclusions and future outlook are given in Section 6. The appendix includes a new derivation for the

calculation of the RIA for perturbed systems using LFT which is necessary for the proposed method.

2 RIA Preliminaries

It is well known that in the RGA approach, the interaction has been evaluated by the distance of its

elements from one, but the closeness of RGA elements to one is rather qualitative. Also, ambiguity

of input-output pairing based on RGA may arise when several alternatives satisfy the RGA pairing

rules [24]. This problem has been addressed since the 90’s and a number of solutions to identify a

particular pairing which results in minimum interaction have been introduced [23, 24, 25]. Zhu in 1996

introduced RIA as an IM which provides better measure of interaction in comparison with RGA [23].

Zhu showed that RIA provides information about closed-loop stability, integrity and robustness as

well as suggests the optimal input-output pairing by introducing the overall interaction measure. Now,

an n× n linear multivariable system G(s) with steady-state gain matrix G(0) is considered. Using

the loop decomposition approach [26] a decentralized control system is decomposed into equivalent

SISO loops with explicit loop interaction effect. By assuming that the closed-loop system has integrity

against loop failure and that each SISO controller fulfills the perfect control condition, the (i j)-element

of the RIA matrix (Φ) can be calculated as [23] (for the sake of simplicity, (0) of the steady-state is
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dropped here and to be used whenever necessary)

φi j =
1

Gi j[G−1] ji
−1 =

1

λi j
−1 (1)

where λi j is the (i j)-element of the RGA matrix (Λ). The RGA matrix is calculated using the nominal

system steady-state gain matrix G as

Λ = G× (G−1)T (2)

with × and T denote element-by-element multiplication and matrix transpose, respectively.

Finally, the RIA pairing rules state that the input-output pairing is selected such that

(a) Niederlinski Index (NI)> 0, where NI = det(G)
Πn

i=1(Gii)
(stability rule);

(b) φi j >−1 (integrity rule);

(c) φi j close to −1 is avoided (robustness rule);

(d) min ∑ |φ r
i j| (overall interaction rule);

where φ r
i j represents the pairing elements corresponding to the rth possible configuration that satisfies

the first three rules [23]. The configuration that satisfies the above mentioned pairing rules is henceforth

denoted as the optimal configuration. It is worth mentioning that the proposed method is based on

pairing rule (d) as will be shown in Section 4.

3 Notation and Problem Definition
In this article, the perturbed (i j)-element of the steady-state gain matrix Gp of the n× n perturbed

system Gp(s) is written as

[Gp]i j = Gi j +α ·δi j · |Gi j|, |δi j| ≤ 1, α ∈ R+ (3)

where (i, j) ∈ [1,n] and Gi j is the (i j)-element of the steady-state gain matrix G of the nominal model

of the system G(s).
The problem can now be defined as follows: Determining the maximum relative uncertainty

parameter α such that the optimal control configuration for any perturbed plant Gp is the same as

for the nominal G. While this definition clearly sets the validity region for a control configuration,

the solution to this problem is complex. Instead, it is more feasible to determine the minimum value

of α , denoted αmin, for which there exists a perturbed plant Gp such that the optimal configuration

can either not be decided or is different than the one for the nominal G. As a result, αmin provides

a characterization of the validity region, but is not included in it. The uncertainty representation of

(3) is adopted in order to give a more realistic solution to the problem since α represents a relative

magnitude to absolute Gi j.

However, in order to facilitate the derivations, Gp is to be written in an additive norm-bounded

description as

Gp = G+WΔV : σ̄(Δ)≤ 1 (4)
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where the weighting matrices W and V = α · V́ are to be selected in such a way that each perturbed

(i j)-element in Gp matrix is as (3). Moreover, it is essential that Δ is formulated as a structured

uncertainty block where the diagonal elements are the δ ′s of the perturbed elements. Hence, for a

system with a single perturbed element, Δ = δ . In this context, the unknown α will be accompanied

with Δ where it can be understood as a scaling factor to the normalized Δ, σ̄(Δ)≤ 1.

Hence, based on the RIA pairing rules, the problem can now be interpreted in the following

way. Obtaining the minimum α by equalizing the sum of the RIA elements, corresponding to the

configuration given by the nominal model G, with the sum of the RIA elements, corresponding to any

other configurations. Therefore, there will be as many α ′s as there are alternative configurations, and

obviously, αmin is the minimum α in the set of α ′s. As a consequence, the calculation of αmin requires

writing the RIA elements based on Gp in terms of a linear fractional transform (LFT) form and to

apply the structured singular value (μ) framework.

To conclude, the decentralized controller based on the optimal configuration for G is not recom-

mended for uncertain system Gp with a perturbation level resultant from a value equals or exceeds

αmin when σ̄(Δ) = 1.

4 Method
First, the concept of the proposed method will be introduced using a 2× 2 system. Thereafter the

method is stated for general n×n systems and the steps of the method will be summarized at the end

of the section.

4.1 Determining αmin for a 2×2 system
Consider a steady-state gain matrix Gp of 2×2 system is written as in (4). Obviously, there are two

potential decentralized configurations which are either the diagonal pairing (y1 −u1,y2 −u2) or the

off-diagonal pairing (y1 − u2,y2 − u1). It is now assumed that the diagonal pairing is the optimal

configuration in accordance to the nominal G with the RIA methodology as outlines above. The basic

idea is now to calculate the minimum value for α of (3) before a Gp shifting the optimal configuration

decision to an off-diagonal pairing. Essentially, this means the diagonal pairing obtained from the

nominal G becomes invalid for that specific Gp. Since only one alternative configuration is available in

the 2×2 case, the sought value of α is the αmin.

According to the above assumption and to the pairing rule (d), the following inequality is true

|φ12|+ |φ21|> |φ11|+ |φ22| (5)

where the φ ′s are to be obtained from (1).

In order to maintain the diagonal configuration as the optimal pairing for Gp(s), the sum of φ ′s
correspond to the diagonal configuration has to be always less than the sum of the φ ′s correspond to

the off-diagonal configuration, and thus the inequality

|φp12|+ |φp21|− |φp11|− |φp22|> 0 (6)

is satisfied. Notice that φ ′s in (6) are quantified based on Gp unlike those of (5) which are quantified

based on G.
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Following pairing rule (d), if (>) in (6), under the uncertainty effect, changes to (<) it would

promote the off-diagonal configuration and the diagonal one is no longer valid. Thus, the value of α
that changes (6) to

|φp12|+ |φp21|− |φp11|− |φp22|= 0 (7)

represents the minimum α just before Gp in (4) returns an off-diagonal configuration and invalidates

the diagonal one.

Provided that, φpi j is represented as an upper-LFT as (See the details in the Appendix)

φpi j = Fu(Mi j,α · Δ̄) (8)

where

Mi j =

[
Mi j

11 Mi j
12

Mi j
21 Mi j

22

]

=

⎡
⎢⎢⎢⎣

−V́ E jG−1EiW
λi j

V́ E jG−1(−W +
EiGE jG−1W

λi j
)

V́ E jG−1ei
λi j

−V́ G−1EiW
λi j

V́ G−1(−W +
EiGE jG−1W

λi j
) V́ G−1ei

λi j
−eT

i W
λi j

eT
i GE jG−1W

λi j
φi j

⎤
⎥⎥⎥⎦ (9)

and

Δ̄ =

[
Δ 0

0 Δ

]
(10)

with ei is the unit column vector with i-th element being 1 and the remaining elements being 0 and

Ei = eieT
i . Similarly, e j and E j are defined corresponding to j-th element.

Then, (7) can be rewritten as

−|Fu(M11,α · Δ̄)|+ |Fu(M12,α · Δ̄)|+ |Fu(M21,α · Δ̄)|− |Fu(M22,α · Δ̄)|= 0 (11)

Since the addition and subtraction operations of the LFT’s result in another LFT [27], (11) is

written as an augmented LFT as follows (See the Appendix for the details)

FuAug(MAug,α · Δ̃) = 0 (12)

where

MAug =

[
M11Aug M12Aug

M21Aug M22Aug

]

=

⎡
⎢⎢⎢⎢⎣

M11
11 0 0 0 M11

12

0 M12
11 0 0 M12

12

0 0 M21
11 0 M21

12

0 0 0 M22
11 M22

12

−M11
21 M12

21 M21
21 −M22

21 −|φ11|+ |φ12|+ |φ21|− |φ22|

⎤
⎥⎥⎥⎥⎦ (13)

and

Δ̃ =

⎡
⎢⎢⎣

Δ̄ 0 0 0

0 Δ̄ 0 0

0 0 Δ̄ 0

0 0 0 Δ̄

⎤
⎥⎥⎦ (14)
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The α · Δ̃ that satisfies (12) is the same α · Δ̃ that satisfies

(FuAug(MAug,α · Δ̃))−1 = Fuinv(N,α · Δ̃) = ∞ (15)

where [28]

N =

[
N11 N12

N21 N22

]

=

[
M11Aug −M12AugM−1

22Aug
M21Aug M12AugM−1

22Aug

−M−1
22Aug

M21Aug M−1
22Aug

]
(16)

This step is adopted in the calculation of αmin in order to fit the definition of the structured singular

value (μ).

Consequently, Fuinv(N,α · Δ̃) can be written as (the · is dropped for simplicity)

Fuinv(N,αΔ̃) = N22 +N21αΔ̃(I −N11αΔ̃)−1N12 (17)

and the αΔ̃ that satisfies (15) is the αΔ̃ that makes (I −N11αΔ̃) singular as shown from (17). In other

words, finding μΔ̃(N11)
−1 as

μΔ̃(N11)
−1 = (minα : det(I −αN11Δ̃) = 0 for structured Δ̃, σ̄(Δ̃)≤ 1) (18)

gives the minimum value of α with σ̄(Δ̃) = 1[10] that satisfies (15) and subsequently (12).

From the block structure of Δ̃ in (14) and applying the properties of the largest singular value of

block diagonal matrices [10] yields

σ̄(Δ̃) = σ̄(Δ̄) = σ̄(Δ) (19)

Hence μΔ̃(N11)
−1 characterizes the amount of the gain uncertainty tolerated before the off-diagonal

configuration becomes valid.

Since for the studied case, the off-diagonal paring is the only alternative configuration, μΔ̃(N11)
−1

in (18) is equal to αmin. Subsequently, the decentralized controller with diagonal configuration is not

recommended for uncertain system with value equals to or exceeds αmin, provided that σ̄(Δ) = 1.

4.2 Generalization for n×n Systems
Now we consider a general n×n uncertain system with steady-state gain matrix Gp written as in (4),

where G is the nominal steady-state gain matrix, W and V are weighting matrices selected such that

each of the perturbed elements is in accordance with (3) and Δ is a structured uncertainty block.

In general, there will be n! possible control configurations including the optimal one. Therefore,

the proposed method needs to be repeated k = n!−1 times in order to determine αmin that invalidates

the optimal configuration. Defining the alternative configurations manually for large-scale systems is

tedious, hence the approach proposed by Kadhim et al. [29] can be used to recover the alternatives

automatically.

As an example, suppose that the RIA values obtained from G and the pairing rules show that

the diagonal pairing (y1 −u1,y2 −u2, · · · ,yn −un) is the optimal configuration. The minimum value

of α which would change the pairing decision to the first out of the k alternative pairings will
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be denoted α1. Let’s say, the first examined alternative pairing is the anti-diagonal configuration

(y1 −un,y2 −un−1, · · · ,yn −u1) then α1 satisfies

φ ’s of the diagonal pairing︷ ︸︸ ︷
−|φp11|− |φp22|− · · ·− |φpnn| +|φp1n|+ |φp2n−1|+ · · · |φpn1|︸ ︷︷ ︸

φ ’s of the off-diagonal pairing (1st alternative)

= 0 (20)

By representing the φ ′
ps as LFT’s using (9), (20) can be written as an augmented LFT as

FuAug(MAug,α · Δ̃) = 0 (21)

where

MAug =

[
M11Aug M12Aug

M21Aug M22Aug

]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11
11 0 0 0 0 0 0 0 M11

12

0 M22
11 0 0 0 0 0 0 M22

12
...

...
. . .

...
...

...
...

...
...

0 0 0 Mnn
11 0 0 0 0 Mnn

12

0 0 0 0 M1n
11 0 0 0 M1n

12

0 0 0 0 0 M2n−1
11 0 0 M1n

12
...

...
...

...
...

...
. . .

...
...

0 0 0 0 0 0 0 Mn1
11 Mn1

12

−M11
21 −M22

21 · · · −Mnn
21 M1n

21 M2n−1
21 · · · Mn1

21 −|φ11| · · ·− |φnn|+ |φ1n| · · ·+ |φn1|

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

and

Δ̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Δ̄ 0 0 0 0 0 0 0

0 Δ̄ 0 0 0 0 0 0
...

...
. . .

...
...

...
...

...

0 0 0 0 Δ̄ 0 0 0
...

...
...

...
...

. . .
...

...

0 0 0 0 0 0 0 Δ̄

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(23)

Thereafter, α1 is obtained using the definition of μ as in (18) after calculating N11 through (16).

Repeating these steps for the remaining (n!−2) alternative configurations, the remaining (α2 . . .αk)
will be obtained.

Eventually, the optimal configuration is judged based on the uncertainty corresponding to the

smallest α as

αmin = min(α1,α2, · · · ,αk) (24)

For a general n×n system the procedure can now be summarized as follows in Table 1

In many cases and based on a prior knowledge of the studied plant, the practitioner may discard

many configurations from the k = n!− 1 alternatives as they might be infeasible [3], e.g. actuator

that has no influence on a specific variable. Thus, the optimal configuration, in such cases, is to be

compared with less number of alternative configurations when obtain αmin as will be seen later.
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Table 1: Steps of the proposed method

Description

step 1. Select the weighted matrices W and V = α ·V́ such that

the Gp is formulated as in (4).

step 2. Calculate RIA (Φ) using G through (1).

step 3. Decide the optimal pairing based on the RIA pairing rules

and define the possible k alternative pairings.

for i = 1 → k do
step 4. Using (9), calculate Mi j that correspond to the φi j of the

optimal and the ith alternative pairing.

step 5. Form the augmented matrix MAug similar to what is shown in (22).

step 6. Calculate the matrix N11 as in (16).

step 7. Find the value of αi by calculating μΔ̃(N11)
−1 as in (18).

end for
step 8. Find the αmin as in (24).

Example 1. Wood-Berry distillation column
In this example αmin is found for two cases; first: when one element in the gain matrix is susceptible to

change and hence the result of the proposed method can be validated against a mathematical derived

expression. The second case is for all elements of the gain matrix changing independently. The

nominal steady-state gain matrix of this process is given as [30]

G =

[
12.8 −18.9
6.6 −19.4

]
(25)

Case 1:

The uncertainty is defined only in G11 where it is described as

[Gp]11 = G11 +α ·δ · |G11|, |δ | ≤ 1

step 1 involves selecting the weighting matrices, thus W and V are selected as

W =

[|G11| 0

0 0

]
=

[
12.8 0

0 0

]
, V = α

[
1 0

0 1

]
︸ ︷︷ ︸

V́

with

Δ = δ

step 2: The RIA is calculated as

Φ =

[−0.5023 −1.9907

−1.9907 −0.5023

]
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step 3: Following the RIA pairing rules, the optimal configuration of this system is the diagonal

pairing (y1 −u1,y2 −u2). More specifically, the stability, integrity and robustness rules are fulfilled

by selecting the diagonal configuration as NIdiagonal = 0.4977 > 0 and φ11 = φ22 = −0.5023 > −1

while the stability and integrity rules are not fulfilled with the off-diagonal pairing as NIo f f−diagonal =
−0.9907 < 0 and φ12 = φ21 =−1.9907 <−1. Thus, the alternative configuration, k = 1, in this case

is the off-diagonal pairing.

Then M11, M12, M21 and M22 are calculated as in step 4 to form the augmented MAug according to

step 5. Steps 6 and 7 result in α1 equals to 0.4977. As k = 1, step 8 gives αmin = α1 = 0.4977.

In the case when a single gain element in 2×2 systems is susceptible to change, αmin is mathemat-

ically tractable (see the derivation in the Appendix) and is equal to

αmin ·δ =

√
φ11

φ12
−1 =−0.4977 (26)

where it is observed that δ =−1 invalidates the optimal pairing. The value obtained from (26) confirms

the value of αmin of the proposed method. Thus, when substituting αmin in V , W and Δ = δ =−1 in

Gp as

Gp = G+WΔV =

[
6.4299 −18.9

6.6 −19.4

]
the perturbed RIA matrix (Φp) becomes

Φp =

[−1 −1

−1 −1

]
(27)

which promotes neither the diagonal nor the off-diagonal configuration. In this article, such matrix is

referred to as boundary RIA matrix. Any increment beyond αmin = 0.4977 the off-diagonal pairing is

promoted, provided that δ =−1.

Case 2:

The uncertainty is defined in all the elements of the steady-state gain matrix as

[Gp]i j = Gi j +α ·δi j · |Gi j|, |δi j| ≤ 1

where i, j = 1,2. In order to calculate the value of α that invalidates the diagonal configuration, the

weighting matrices W and V are defined following step 1 as

W =

[|G11| |G12| 0 0

0 0 |G21| |G22|
]
=

[
12.8 18.9 0 0

0 0 6.6 19.4

]
,

V = α
[

1 0 1 0

0 1 0 1

]T

︸ ︷︷ ︸
V́

with

Δ = diag(δ11,δ12,δ21,δ22)

The results of steps 2 and 3 are the same as in the previous case since they depend on G in (25)
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Applying the remaining steps, αmin is calculated to be αmin = 0.1704. In order to confirm this

result, the perturbed system Gp is obtained by inserting the value of αmin in V , and substituting V , W ,

when δ11,δ12 =−1 and δ21,δ22 = 1 being the worst-case.

Gp = G+WΔV =

[
10.6183 −22.1214

7.7249 −16.0934

]
This specific Gp renders the boundary RIA matrix as in (27), which invalidates the diagonal configura-

tion. The result of αmin obtained in this case is aligned with the result shown by Chen and Seborg[11]

and Kariwala et al. [15]. However, there this result is reached in a reversed approach by tracking the

effect of several given values of α on the configuration selection. In such way, it is computationally

inefficient to check different α’s before finding the minimum value that invalidates the configuration

of the nominal model.

In conclusion, the user needs to be aware that the optimal configuration is going to be revoked

under the effect of uncertainty quantified by αmin, when the worst-case of Δ occurs.

5 Robust Stability (RS) Analysis with αmin

Let K(s) be a decentralized controller with integral action in each channel that stabilizes the nominal

system G(s). Robust stability can be analyzed by rearranging the closed loop system with K(s) and

Gp(s) into the MΔ-structure where M also comprises G(s) and the weighting matrices, see [10]. With

Gp(s) formulated in a norm-bound additive uncertainty form

Gp(s) = G(s)+WΔV (s) : σ(Δ( jω))≤ 1,∀ω,

M(s) is obtained as (see [10])

M(s) =V (s)M0(s)W (s) (28)

where

M0(s) = K(s)(I +G(s)K(s))−1 (29)

The robust stability condition states that, the MΔ-structure (where Δ is diagonal perturbations) is stable

for all allowed perturbations with σ(Δ)≤ 1,∀ω , if and only if [10]

μΔ(M( jω))< 1,∀ω (30)

However, assuming G(0) is invertible and K(0)G(0) in (29) is significantly larger than I, preferably

tending towards infinity, M0(0) approximately equals G(0)−1. Consequently M(0) is defined as

M(0) =V (0)G(0)−1W (0) (31)

and thus the controller K(s) is able to stabilize the perturbed system Gp(s) only if

μΔ(M(0)) = μ(α ·V́ (0)G(0)−1W (0))< 1,ω = 0 (32)

Fulfilling (32) provides a necessary condition for robust stability, otherwise it is a sufficient condition

for instability. Moreover, verifying (32) requires only the information of the steady-state gain matrix of

the nominal system G(s) to be known. This is a very appealing result when limited plant information
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is available, as one can test a necessary condition for robust stability using only the plant dc-gains.

This test assumes the existence of integral action in the decentralized controller, and no knowledge

of the controller parameters. Violating (32) at αmin, means that the there is a perturbed system which

destabilizes the closed loop system designed based on the nominal system model. In other words, if

μΔ(αmin · V́ (0)G(0)−1W (0)), abbreviated to RSαmin , is larger than 1, any uncertainty with α ≥ αmin
would revoke the selected control configuration and destabilize the closed loop system. On the other

hand, if RSαmin < 1, the user is assured that any Gp(0) corresponds to α <αmin would neither invalidate

the control configuration nor would it destabilize the closed loop system at ω = 0. Moreover, it can be

inferred that the Gp(0) corresponding to α invalidates the pairing but in itself is not large enough to

destabilize the system, instead the user would expect a performance degradation. Such case requires a

calculation of RSα . Figure 1 shows a flowchart indicating the effect of uncertainty corresponding to

α on the control configuration selection and system stability. The outcomes from flowchart help the

practitioner in making a decision of how to tackle the control problem in hand.

αmin , α 

 

   

 

 

 

YES NO

YES YES

NO

YES

NO

NO

NO

YES

NONO

YES

Output1

Output2

Output3

YES

Figure 1: A flowchart of the possible outcomes at steady-state for the uncertainty corresponding to

a given α . Output1: Gp is not large enough to invalidate the configuration of decentralized control

or destabilize the system. Output2: Gp might invalidate the control configuration but it would not

destabilize the system. Output3: Gp might be large enough to both revoke the control configuration

as well as destabilize the system. Notice that, both Output1 and Output2 are obtained based on the

necessary condition for robust stability while the sufficient condition gives Output3.

Output1 indicates that the corresponding Gp(0) is not large enough to invalidate the configuration

of decentralized control or the necessary condition of the robust stability. Output2 indicates that the
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Gp(0) might invalidate the control configuration but it would fulfill the necessary condition of robust

stability. Finally, Output3 tells that the uncertainty corresponding to α is just large enough to both

revoke the control configuration as well as destabilize the closed loop system. These outputs add more

insight to the controlling problem in hand if they are combined with practitioners’ knowledge about the

uncertainty of the plant in question. For example, if the practitioner knows that the system uncertainty

exceeds the uncertainty represented by αmin and RSαmin ≥ 1, thus there exist a perturbed Gp(0) for

which the closed loop system becomes unstable under decentralized control with integral action based

on the nominal system. In this case it is advised to investigate different controlling strategies than the

decentralized control such as decoupling, sparse or full multivariable control. It is worth mentioning

that even though Output1 tells that the configuration of the decentralized controller holds valid, it

tells nothing about the control performance. It is expected in this case that as α approaches αmin more

performance degradation occurs due to larger interaction effect, see Example 2.

Example 2. Stock preparation plant
In the stock preparation section of pulp & paper mills, the pulp is refined in to improve important

properties which relate to the strength of the paper web and the facility to dry it [31]. The transfer

function of the stock-preparation process in SCA Obbola AB, Sweden is [32]

G(s) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2.8961
5.8279s2+2.965s+1

−0.5431
2.971s+1

−0.8799
0.9247s+1 0 0

0 1.536
42.33s+1

0.4055
20.05s+1 0 0

0 0.3522
18.85s+1

1.898
29.66s+1 0 0

0 0 0 0.2484
4.505s+1

−0.0198
2.097s+1

0 0 0 −0.0425
4.749s+1

0.202
2.018s+1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(33)

From G(s), it is shown that u1 could only control y1 so the pair (y1 −u1) will keep being coupled

despite the perturbation. This result can be anticipated directly from RIA matrix as will be shown later.

For that reason, the change in G11,G12 and G13 will be excluded from the analysis since it does not

affect selecting (y1 −u1) as a pair. With the perturbed elements are defined as

[Gp]i j = Gi j +α ·δi j · |Gi j|, |δi j| ≤ 1

where i, j correspond to the shaded elements in (33), following step 1, the steady-state gain matrix Gp
of the perturbed system Gp(s) is written as

Gp = G+WΔV (34)

with

G =

⎡
⎢⎢⎢⎢⎣

2.8961 −0.5431 −0.8799 0 0

0 1.536 0.4055 0 0

0 0.3522 1.898 0 0

0 0 0 0.2484 −0.0198

0 0 0 −0.0425 0.202

⎤
⎥⎥⎥⎥⎦
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W =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0

|G22| |G23| 0 0 0 0 0 0

0 0 |G32| |G33| 0 0 0 0

0 0 0 0 |G44| |G45| 0 0

0 0 0 0 0 0 |G54| |G55|

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0

1.536 0.4055 0 0 0 0 0 0

0 0 0.3522 1.898 0 0 0 0

0 0 0 0 0.2484 0.0198 0 0

0 0 0 0 0 0 0.0425 0.202

⎤
⎥⎥⎥⎥⎦ (35)

V = α

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0

1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 1

⎤
⎥⎥⎥⎥⎦

T

︸ ︷︷ ︸
V́

(36)

and Δ = diag(δ22,δ23,δ32,δ33,δ44,δ45,δ54,δ55).
step 2: The RIA is calculated as

Φ =

⎡
⎢⎢⎢⎢⎣

0 ∞ ∞ ∞ ∞
∞ −0.0490 −20.4074 ∞ ∞
∞ −20.4074 −0.0490 ∞ ∞
∞ ∞ ∞ −0.0167 −59.7793

∞ ∞ ∞ −59.7793 −0.0167

⎤
⎥⎥⎥⎥⎦

It can be noticed from the RIA matrix that the pair (y1 −u1) is fixed, which confirms our previous

analysis. Additionally, following (1), the ∞ values in the elements of the RIA matrix that correspond to

the Gi j = 0 means that u j does not influence yi and the pair (yi −u j) is to be discarded. As a result,

the number of the possible configurations for this particular plant is reduced tremendously below 5!.

Moreover, in order to find the possible configurations two separated blocks are observed in the RIA

matrix beside the fixed pair. The observed blocks can be treated as two separate 2×2 systems and

consequently for this specific stock-preparation system only 4 possible configurations are available.

Applying the RIA pairing rules as in step 3, the diagonal configuration (y1−u1,y2−u2,y3−u3,y4−
u4,y5−u5) is selected to be the optimal pairing since it satisfies the stability (NIdiagonal = 0.9351 > 0),
integrity and robustness conditions (see the corresponding φ ′

i js in the RIA matrix) while all other

configurations do not fulfill the integrity condition (see the corresponding φ ′
i js in the RIA matrix). The

3 alternative configurations are (k = 3)

1st alter. : y1 −u1,y2 −u3,y3 −u2,y4 −u4,y5 −u5,

2nd alter. : y1 −u1,y2 −u2,y3 −u3,y4 −u5,y5 −u2,

3ed alter. : y1 −u1,y2 −u3,y3 −u2,y4 −u5,y5 −u4.

and thus there are three α ′s to be found.

Finding α1 implicitly means that the sum of the φ ′s that correspond to the diagonal configuration is

equal to the sum of φ ′s that correspond to the 1st alternative configuration. Therefore, step 4 requires
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calculating M22, M33, M23 and M32 (since M11, M44 and M55 are the same in both configurations and

will cancel out each other). By following steps 5-7, α1 is found to be equal to 0.6375. By substituting

α1 in V and Δ with δ22 = δ33 = δ45 = −1 and δ23 = δ32 = δ44 = δ54 = δ55 = 1, Gp1 obtained from

(34) gives boundary RIA matrix as

Φp1 =

⎡
⎢⎢⎢⎢⎣

0 ∞ ∞ ∞ ∞
∞ −1 −1 ∞ ∞
∞ −1 −1 ∞ ∞
∞ ∞ ∞ −0.0037 −269.3871

∞ ∞ ∞ −269.3871 −0.0037

⎤
⎥⎥⎥⎥⎦

which promotes neither selecting the diagonal configuration nor the 1st alternative.

Finding α2 through a second run, k = 2, an equalization is assumed between the optimal config-

uration and the 2nd alternative, thus step 4 requires calculating M44, M55, M45 and M54 (since M11,

M22 and M33 are same in both configurations and hence will cancel out each other). Thereafter, steps
5-7 return α2 as 0.7707. Gp2 obtained from (34) by substituting α2 in V and Δ with δ22 = 1 and

δ33 = δ45 = δ23 = δ32 = δ44 = δ54 = δ55 =−1, results in a boundary RIA matrix as

Φp2 =

⎡
⎢⎢⎢⎢⎣

0 ∞ ∞ ∞ ∞
∞ −0.0063 −157.608 ∞ ∞
∞ −157.608 −0.0063 ∞ ∞
∞ ∞ ∞ −1 −1

∞ ∞ ∞ −1 −1

⎤
⎥⎥⎥⎥⎦

which neither favour selecting the diagonal configuration nor the 2nd alternative.

Finding α3: Provided that the worst-case Δ occurs, δ22 = δ33 = δ45 = δ44 = δ54 = δ55 =−1 and

δ23 = δ32 = 1, and since α1 < α2, thus any value greater than α2 will shift the optimal configuration

to the 3rd alternative. As a result, there is no need to perform a new run as α3 is any value greater that

α2, i.e. α1 < α2 < α3, as will be shown further in the example.

Three values of α are obtained; α1 = 0.6375, α2 = 0.7707 and α3 > α2. Finally, as in step 8, the

αmin is the smallest value among the obtained α ′s as

αmin = min(α1,α2,α3) = 0.6375

In conclusion, the user has to be aware that when σ̄(Δ) = 1, the uncertainty corresponds to αmin =
0.6375 may invalidate the selection of the diagonal configuration and thus a decentralized controller

with diagonal pairing is not recommended for that uncertainty amount. Moreover, performing (32)

reveals that RSαmin = 1 which means that there exists a perturbation with σ̄(Δ) = 1 which is just large

enough to destabilize the system. Based on these outcomes, it can be inferred that the uncertainty

amount corresponds to α < αmin would neither invalidate the control configuration nor would violate

the necessary condition for robust stability. While the one with α ≥ αmin would revoke the selected

control configuration and violate the necessary condition for robust stability. Notice that, this analysis

is obtained even before knowing the parameters of the integral decentralized controller.

In order to confirm this result, a decentralized controller consists of five SISO PI controllers in

diagonal configuration with parameters depicted in Table 2 is applied on the nominal system described

by (33)

The step responses of y1, · · · ,y5 of the multivariable system depicted in Figure 2 show very

satisfactory agreement with the responses of the diagonal elements Gii with i = 1, · · · ,5 without any

interaction.
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Table 2: PI controller parameters (Kp +
Ki
s ) of the diagonal controller

Controller Kp Ki
C1 0.277 0.0927

C2 0.679 0.0481

C3 0.549 0.0556

C4 4.2 2.8

C5 5.16 7.67

Thereafter, the same decentralized controller is applied on a specific perturbed system Gp as

described by (34) with α = 0.5875 < α1 and worst-case Δ. The step responses depicted in Figure 2

(first column) show, on the one hand, sluggish yet stable responses for both y2 and y3. On the other

hand, the responses of y4 and y5 have changed compared to the responses of the nominal system in

(33) but they are still acceptable. Thus, the decentralized controller with the diagonal configuration

could handle that amount of uncertainty which coincides with the obtained results since α < α1.

Another perturbed system Gp is defined based on (34) with α greater than α1 but less than

α2, α1 < α = 0.6875 < α2, and worst-case Δ. The step responses of the new Gp under the same

decentralized controller are depicted in Figure 2 (second column). In one hand, the responses show

that y2 and y3 become unstable which confirm the indication of the robust stability analysis. On the

other hand, the responses of y4 and y5 become sluggish yet they are still stable which coincides with

the outcomes as the pairs (y2 −u2,y3 −u3) are not valid for this uncertain system Gp in contrast to the

pairs (y4 −u4,y5 −u5). In fact, this analysis is very useful, it tells that the decentralized controller can

handle controlling the outputs y1,y4 and y5 for this amount of uncertainty but might not be suitable for

controlling y2 and y3. Thus, it might be required to control y2 and y3 by means of decoupled, spares or

2×2 multivariable controller.

Lastly, a perturbed system Gp is defined following (34) with α greater than α2 as α1 < α2 < α =
0.8207 and worst-case Δ. Again, the step responses of the perturbed system Gp are observed under

the same decentralized controller. The responses depicted in Figure 2 (third column) show that the

responses of all outputs, except y1, become unstable. This result is predicted in the previous analysis as

the perturbed system Gp with α greater than α2 may lead to invalidating the diagonal pairing selection

as well as destabilizing the system.

In short, the decentralized controller may not be able to handle an uncertainty quantified by

αmin = 0.6375 provided that worst-case Δ occurs.

6 Conclusions
Following the RIA methodology, the article presented a method to quantify the uncertainty amount in

the uncertain system Gp that leads to invalidating the optimal control configuration obtained from the

nominal model G. At worst-case uncertainty, the minimum value of the relative uncertainty parameter

α (αmin) that indicates the configuration change, is calculated using the structure singular value μ .

Hence, the proposed method provides a valuable tool informing the user to which extent the selected

decentralized control configuration is recommended under the effect of uncertainty.

Two examples were used to illustrate the proposed method outcome. The value of αmin obtained in

the examples rendered an RIA matrix that did not favor any configuration (boundary matrix) indicating

a state where the configuration based on the nominal model has just been invalidated. A mathematical
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Figure 2: Step response of full nominal system G, the diagonal elements of G (without interaction)

and Gp systems for different α . Blue: responses of the SISO diagonal systems. Red: responses of the

full nominal system. Black: responses of Gp. First column: Gp corresponds to α = 0.5875. Second

column: Gp corresponds to α = 0.6875. Third column: Gp corresponds to α = 0.8207. Notice that

the time scales of the plots are not identical.
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expression limited to 2×2 system when a change occurred in only one element is used to confirm

the value of αmin obtained for a similar case in the distillation column example. The calculated αmin
has been employed in the context of robust stability analysis where more insight can be obtained for

the controlling problem in hand. This step is performed to analyze the robustness of a decentralized

controller for 5×5 stock preparation plant.

The method presented here is not limited to system size and it can be extended to large-scale

systems. However, for such systems the number of alternative configurations is expected to be very

high and finding αmin manually seems to be inefficient. By automating the selection of the weighting

matrices W and V , the proposed method can be made fully automated. This step is planned as a

future work. Moreover, the achieved outcomes are confined to the steady-state case. Extending these

outcomes for other frequencies than the steady-state is also planned as future work.

Appendix

RIA for perturbed systems
The RIA for the uncertain system is formulated as an upper-LFT following the robust control framework.

This upper-LFT form of the RIA is itself of interest to the research community as it allows to to quantify

the effect of gain uncertainty on the RIA.

Consider a perturbed system Gp(s) with a steady-state gain matrix Gp written as

Gp = G+WΔV : σ̄(Δ)≤ 1 (37)

where G in the steady-state gain matrix of the nominal model of the system G(s), W and V are

weighting matrices and Δ is a structured uncertainty block.

The perturbed RIA element φpi j can be written aided by (1) as

φpi j =
1−λpi j

λpi j
(38)

where λpi j is the (i j)-perturbed RGA element. By assuming the existence of G−1
p , the λpi j in (39)

λpi j = [Gp]i j[Gp
−1] ji (39)

is written employing (37) as [15]

λpi j = eT
i (G+WΔV )e jeT

j (G+WΔV )−1ei (40)

where ei is the unit column vector with i-th element being 1 and the remaining elements being 0 and

same definition is applied for e j with respect to j-th element.

With some manipulations, λpi j is rewritten as [15]

λpi j = eT
i (G+WΔV )e jeT

j (I +G−1WΔV )−1G−1ei (41)

where the term (I +G−1WΔV )−1G−1 is considered as an inverse additive uncertainty representation

for G−1. After representing λpi j in (41), the inner dotted area in Figure 3, the φpi j in (38) can be

formulated as a signal-based representation, y = φpi ju. The term (1−λpi j) in (38) is obtained by
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Figure 3: Signal-based representation of perturbed relative interaction element φpi j

adding a unity feed-forward path to the (−λpi j). Thereafter, the φpi j is achieved by introducing a

positive unity feedback around the term (1−λpi j) as shown in Figure 3.

Analyzing φpi j signal-based representation shown in Figure 3 gives the following relationships

(notice that Ei = eieT
i and E j = e jeT

j )

[
yT

Δ vT
Δ y

]T
= Mi j [uT

Δ ψT
Δ u

]T
(42)[

uT
Δ ψT

Δ
]T

= Δ̄
[
yT

Δ vT
Δ
]T

(43)

where

Mi j =

[
Mi j

11 Mi j
12

Mi j
21 Mi j

22

]

=

⎡
⎢⎢⎢⎣

−V E jG−1EiW
λi j

V E jG−1(−W +
EiGE jG−1W

λi j
)

V E jG−1ei
λi j

−V G−1EiW
λi j

V G−1(−W +
EiGE jG−1W

λi j
) V G−1ei

λi j
−eT

i W
λi j

eT
i GE jG−1W

λi j
φi j

⎤
⎥⎥⎥⎦ (44)

and

Δ̄ =

[
Δ 0

0 Δ

]
(45)

Combining (44) and (45), the φpi j in Figure 3 can form as an upper-LFT as shown in Figure 4 and

hence φpi j can be written as [10]

φpi j = Fu(Mi j, Δ̄)

= Mi j
22 +Mi j

21Δ̄(I −Mi j
11Δ̄)−1Mi j

12 (46)
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Figure 4: Representation of perturbed relative gain element (φpi j) as an upper-LFT

Addition and subtraction of LFT’s

Suppose two upper LFT’s, Fu(A,Δ1) and Fu(B,Δ2), the addition and subtraction operations Fu(A,Δ1)±
Fu(B,Δ2) as in Figure 5 renders another LFT as shown below. We can write

AA

∆1∆1

u

yA

BB

∆2∆2

yB

y
 

Figure 5: AdditionSubtraction of two upper-LFT

yΔ1
= A11uΔ1

+A12u
yA = A21uΔ1

+A22u
uΔ1

= Δ1 yΔ1

and

yΔ2
= B11uΔ2

+B12u
yB = B21uΔ2

+B22u
uΔ2

= Δ2 yΔ2
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The addition and subtraction of the two LFT’s (y) is written as

y = yA ± yB

=
[
A21 ±B21

][uΔ1

uΔ2

]
+(A22 ±B22)u (47)

and thus, the result can be formulated as a new LFT as

⎡
⎣yΔ1

yΔ2

y

⎤
⎦=

M︷ ︸︸ ︷⎡
⎣ A11 0 A12

0 B11 B12

A21 ±B21 A22 ±B22

⎤
⎦
⎡
⎣uΔ1

uΔ2

u

⎤
⎦

and [
uΔ1

uΔ2

]
=

[
Δ1 0

0 Δ2

][
yΔ1

yΔ2

]
(48)

Determining αmin for 2×2 system when single element is changing
Consider a 2×2 system with nominal steady-state gain matrix G as

G =

[
G11 G12

G21 G22

]
The RIA matrix Φ can be defined following the RGA definition for 2×2 systems [8] and (1) as

Φ =

[
φ11 φ12

φ21 φ22

]
where

φ11 = φ22 =−G12G21

G11G22
, and φ12 = φ21 =−G11G22

G12G21
(49)

Suppose that, the diagonal configuration is the optimal configuration thus the following inequality

is true

|φ12|+ |φ21|> |φ11|+ |φ22|
following to the pairing rule (d).

Let’s assume a perturbed system as

Gp =

[
G11 +α ·δ ·G11 G12

G21 G22

]

where |δ | ≤ 1. Thus, φp11 and φp22 can be written following to (49) as

φp11 = φp22 =− G12G21

G11(1+α ·δ )G22
=

φ11

(1+α ·δ ) (50)

Similarly

φp12 = φp21 = φ12(1+α ·δ ) (51)
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In order to find αmin that invalidates the diagonal pairing, the above inequality has to be equality as

2|φp21|−2|φp11|= 0

Substituting (50) and (51) in the equality, gives

2φ12(1+αmin ·δ )−2
φ11

(1+αmin ·δ ) = 0

Notice that, the Φ elements in 2×2 case have the same sign and thus remove the absolute will not

effect the result. After short manipulations, the following result is obtained

αmin ·δ =

√
φ11

φ12
−1 (52)

With assumption that |δ |= 1 for the worst-case uncertainty, (26) is obtained.
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