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Abstract 

In Space Situational Awareness (SSA), it is crucial to assess the uncertainty related to the 

state vector of resident space objects (RSO). This uncertainty plays a fundamental role in, for 

example, collision risk assessment and re-entry predictions. A realistic characterization of this 

uncertainty is, therefore, necessary.  

 

The most common representation of orbital uncertainty is through a Gaussian (or normal) 

distribution. However, in the absence of new observations, the uncertainty grows over time 

and the Gaussian representation is no longer valid under nonlinear dynamics like space 

mechanics. This study evaluates the time when the uncertainty starts becoming non-Gaussian 

in nature.  

 

Different algorithms for evaluating the normality of a distribution were implemented and 

Monte Carlo tests were performed on them to assess their performance. Also, the distances 

between distributions when they are propagated under linear and nonlinear algorithms were 

computed and compared to the results from the Monte Carlo statistics tests in order to predict 

the time when the Gaussianity of the distribution breaks. Uncertainty propagation using State 

Transition Tensors and Unscented Transform methods were also studied. Among the 

implemented algorithms for evaluating the normality of a distribution, it was found that 

Royston’s method gives the best performance. It was also found that if the Normalized L2 

distance between the linear and non-linear propagated distributions is greater than 95%, then 

uncertainty starts to become non-Gaussian. In the best case scenario of unperturbed two-body 

motion, it is observed that the Gaussianity is preserved for at least three orbital periods in the 

case of Low-Earth and Geostationary orbits when initial uncertainty corresponds to the mean 

precision of the space debris catalog. If the initial variances are reduced, then Gaussianity is 

preserved for a longer period of time. Time for which Gaussian assumption is valid on orbital 

uncertainty is also dependent on the initial mean anomaly. Effect of coordinates 

transformation on Gaussianity validity time is also analyzed by considering uncertainty in 

Cartesian, Keplerian and Poincaré coordinate systems. 

 

This study can therefore be used to improve space debris cataloguing. 
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1. Introduction 

The term Space Situational Awareness (SSA) refers to the ability to view, understand and 

predict the physical location of natural and manmade objects in orbit around the Earth, with 

the objective of avoiding collisions, identifying untracked objects, guaranteeing safety for 

future space missions, etc
[23]

. In recent years, SSA has gained increasing attentions as the 

number of objects in orbit coming from new launches, decommissioned satellites, and debris 

created by collision of objects in orbit continues to grow rapidly. This has posed an ever 

increasing challenge to the cataloguing of space objects because we always need to track new 

objects and predict how their orbits are going to evolve. As shown in Fig. 1
[24]

, approximately 

18,500 objects, generally greater than 5 cm, exist in the public two-line element (TLE) 

catalog maintained by the Joint Space Operations Center (JSpOC) as of February 2018. 

Uncertainties in the knowledge of the state
1
 of a space object are always present due to noise 

and biasing that occur in making the measurement, inaccuracy of the mathematical models 

describing space dynamics and approximations carried out for the benefit of computer storage 

and execution time. In order to predict the evolution of orbits of the space objects, it is 

necessary to study the evolution of the orbital uncertainties related to the space object.  

 

Figure 1
[24]

 – Summary of all objects in Earth orbit officially catalogued by the U.S. 

Space Surveillance Network. “Fragmentation debris” includes satellite breakup debris 

and anomalous event debris, while “mission-related debris” includes all object 

dispensed, separated, or released as part of the planned mission 

                                                      
1
 State of a space object refers to vector elements describing the trajectory of a space object. 



Analysis of the Representation of Orbital Errors and Improvement of their modelling   19/81 

The efficient and accurate representation of uncertainty for orbiting objects under nonlinear 

dynamics is a topic of great interest for space situational awareness. The main reason is that 

the number of Resident Space Objects (RSOs) of interest is significantly greater than the 

number of sensors available for tracking them. Therefore, tracking sensors provide a limited 

number of observations associated with each RSO. With better understanding of uncertainty 

evolution, we can construct tracking methodologies that reduce the number of observations 

required to tighten the uncertainty volume. Also, since the debris objects in different orbital 

regimes are affected by perturbation forces like the higher order gravitational harmonics, sun 

and moon gravitational effects, solar radiation pressure and atmospheric drag, so their orbital 

parameters tend to change continuously, which makes the follow up measurements very 

necessary. Hence, it becomes crucial to determine the orbits with sufficient accuracy to re-

acquire the object a few days later with the help of tracking sensors (see Fig. 2
[12]

). An 

accurate uncertainty quantification technique can be used to efficiently task sensors with 

localization, disambiguation, or collision assessment objectives. 

 

 

Figure 2
[12]

 - Illustration of how the initial Gaussian uncertainty becomes non-Gaussian 

as it propagates forward in time 

Therefore, an accurate representation of orbital uncertainty is important. Generally, it is 

assumed that the uncertainties are uncorrelated and random, and hence can be represented by 

a Gaussian function. However, those parts of the uncertainty space closer to Earth will be 

distorted differently as compared to those parts extending out into space
[10]

. Consequently, the 

representation of uncertainty space deviates from Gaussianity for any significant amount of 
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time. As a result, it becomes crucial to estimate the time interval for which the uncertainty can 

be assumed to be Gaussian. Since the uncertainty is normally present in more than one 

dimension, therefore we consider the representation of uncertainty space to be multivariate 

normal. A multivariate normal (MVN) distribution is a generalization of the one-dimensional 

normal distribution to higher dimensions. An illustration of multivariate normal distribution 

for two dimensions is shown in Fig. 3. If uncertainty is present in more than two dimensions, 

then state-uncertainty region may be represented by ellipsoidal volumes centered on the 

estimated state. 

 

A lot of tests for multivariate normality have been developed and analyzed given a 

distribution of random variables. Henze and Zirkler proposed a class of invariant consistent 

tests for multivariate normality
[9]

. Doornik and Hansen suggested an easy to use multivariate 

version of the omnibus test for normality using skewness and kurtosis
[8]

. Justel, Peña and 

Zamar developed the multivariate Kolmogorov-Smirnov test that provided a general and 

flexible goodness-of-fit (GOF) test, especially for situations when specific tests are yet to be 

developed
[7]

. Royston (1992) provided a multivariate extension of the powerful Shapiro and 

Wilk GOF test for univariate normality
[2,3]

. Romeu and Ozturk provided a new classification 

scheme for the MVN GOF procedures and empirically compared the powers of eight well-

known MVN GOF methods
[5]

. Farrell et al. reviewed a lot of tests for assessing MVN and 

conducted a simulation to find that Henze and Zirkler test possessed good power as compared 

to Royston (1992), and Doornik and Hansen
[6]

.  

 

Figure 3 - Depiction of probability density function of a Multivariate Normal 

Distribution. X and Y are two random variables and their joint density has an elliptical 

distribution. For higher dimensions, the distribution is ellipsoid in shape 
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It is possible to use the multivariate normality tests in determining the time for which the 

representation of uncertainty space can be assumed to be multivariate normal. Flegel et al. 

addressed the issue of uncertainty volume prediction for Earth orbiting objects by assessing 

the case of a circular geostationary object based on two-body motion and using Henze-Zirkler 

test to calculate the timeframe during which the uncertainty volume may be assumed to 

remain Gaussian
[10]

.  

 

Traditional linearized mapping techniques, e.g., the State Transition Matrix (STM), assume 

Gaussianity of distributions over time. The Gaussian probability density function for an N-

dimensional Gaussian random vector,    (   ) is defined as: 

  ( )  
 

√(  )    
   { 

 

 
(   )    (   )} (1) 

where   is the mean vector,   is the covariance matrix,     denotes the determinant of the 

square matrix and     ( ) denotes the exponential function. However, the accuracy of linear 

solution decreases in a highly unstable environment or long-duration propagations. Hence, the 

common uncertainty mapping using linearization and the state transition matrix (STM) no 

longer meets uncertainty propagation requirements. On the other hand, Monte Carlo 

simulations provide the most accurate representation of uncertainty, but are computationally 

expensive and the statistics can be calculated only for a fixed epoch
[15]

. Several methods 

(other than Monte Carlo simulations) have been proposed to incorporate the nonlinearity of 

the dynamics of objects in orbit and to express the non-Gaussianity of the resulting 

probability distribution, like State Transition Tensors (STT), Gaussian Mixture Models 

(GMM), Unscented Transform (UT), etc. All these methods are focused on a mathematical 

perspective to describe the dynamics as precisely as possible. 

 

Luo and Yang reviewed the fundamental issues of the existing linear and nonlinear 

uncertainty propagators and their applications in space related missions
[12]

. Park and Scheeres 

developed an analytic expression of a nonlinear trajectory solution by solving for the higher-

order state transition tensors that describe the localized nonlinear motion about a nominal 

trajectory
[15]

. Fujimoto, Scheeres and Alfriend present a method of analytical nonlinear 

propagation of uncertainty under two-body dynamics and demonstrate that a second-order 

state-transition tensor sufficiently captures the nonlinear effects of propagation
[16]

. In his 

graduate thesis, Park presents a closed-form solution of the STTs in the Cartesian coordinate 

space for the two-body problem to show a practical application and to verify an improvement 
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of accuracy as the order of STT increases
[14]

. DeMars utilizes probability density function 

measures to split a Gaussian distribution into smaller Gaussian distributions, such that a single 

Gaussian distribution can be approximated via a GMM. He also uses these measures to form a 

reduced-component GMM via merging components of the original GMM
[13]

.  

 

This thesis answers the question: In order to predict the uncertainty volume describing an 

object’s state, how long does it take for the uncertainty volume described by the covariance 

matrix to become non-Gaussian in nature? In order to do that, we first implemented some 

statistic tests (like Royston 1992, Henze-Zirkler, Doornik-Hansen, etc.) to check if a data set 

corresponding to a Geostationary Orbit (GEO) is distributed as Multivariate Normal. We 

subsequently performed Monte Carlo simulations on these tests to evaluate their 

performances in detecting departures from Multivariate Normality. Once this is done, we 

selected the best statistic test to evaluate the time when the Monte Carlo representation of 

uncertainty deviates from Gaussianity.  We also implemented linear, UT and STT covariance 

propagation schemes and evaluated the distance between covariances propagated through (i) 

linear and UT, and (ii) linear and STT propagation schemes. We combined the knowledge of 

these distances with the results from the statistic tests to obtain a value of the distance at 

which the uncertainty representation starts diverging from Gaussianity or the linear 

covariance propagation starts becoming inaccurate. Since Monte Carlo simulations are 

computationally expensive, evaluating distances between various covariance propagation 

schemes gives us a computationally efficient method to calculate the timeframe for which 

Gaussian representation of uncertainty is valid.  

 

The organization of the thesis is as follows: In Chapter 2, a description of different MVN tests 

under different categories is discussed. In Chapter 3, Kolmogorov-Smirnov, Royston, Henze-

Zirkler and Doornik-Hansen were selected for MVN testing and their implementation 

strategies were discussed. Implementation of all the different tests was done using Scilab. 

Orbital mechanics framework was used to compute the Type I and Type II error rates for all 

the MVN tests under different simulation settings. This was done using CelestLab which is a 

Scilab toolbox developed by CNES to be used for trajectory analysis and orbit design for 

space missions. Chapter 4 presents various probability density function measures like distance 

between distributions (L2 and Normalized L2), Likelihood Agreement and Kullback-Leibler 

Divergence. Conversion of the Keplerian State Transition Matrix (STM) to the STM in the 

Cartesian domain is also discussed. The concept of Poincaré orbital elements and various 
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uncertainty propagation schemes like linear propagation, UT and STT are detailed. Lastly, 

Chapter 4 focusses on evaluating the validity time of Gaussian representation in different 

orbits and how it is changed by varying the variances in radial, out-of-plane and along-track 

direction. Comparisons of the performances of different uncertainty propagation methods like 

STT, UT, linear and Monte Carlo is also presented. Effect of variation of initial mean 

anomaly and coordinates transformation on Gaussianity validity time is also analyzed.  
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2. Tests for Multivariate Normality 

Hereafter some useful terms: 

 

Hypothesis: A hypothesis is a speculation or theory based on insufficient evidence that lends 

itself to further testing and experimentation. With further testing, a hypothesis can usually be 

proven true or false.  

 

Null Hypothesis (H0): A null hypothesis is a type of hypothesis used in statistics that 

proposes that no statistical significance exists in a given set of observations. It is presumed to 

be true until statistical evidence nullifies it for an alternative hypothesis. An alternative 

hypothesis is simply the opposite of the null hypothesis. In other words, it is the hypothesis 

that the data comes from the specified distribution (in our case multivariate normal 

distribution). 

 

Null Distribution: In statistical hypothesis testing, the null distribution is the probability 

distribution of the test statistic when the null hypothesis is true. It can also be considered as a 

histogram plot of the test statistic (see Fig. 4). 

 

 

Figure 4 - Null Distribution. The null hypothesis is rejected if the test metric is less than 

the significance level
2
. 

Type I error: A type I error occurs when the null hypothesis (H0) is true, but is rejected (see 

Table 1). In our case, type I error occurs when a multivariate normal (MVN) distributed 

sample is incorrectly identified as being non-MVN distributed
[10]

. 

 

                                                      
2
 Significance Level ( ): It is the probability of rejecting a true null hypothesis.  
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Type II error: A type II error occurs when the null hypothesis is false, but erroneously fails 

to be rejected (see Table 1). In our case, type II error occurs when a non-MVN distributed 

sample is mistakenly identified as being MVN distributed
[10]

. 

 

Table 1: Table of Error Types 

 
Null Hypothesis is 

True False 

Decision about Null 

Hypothesis 

Accept 
Correct Inference 

(True Negative) 

Type II error 

(False Negative) 

Reject 
Type I error 

(False Positive) 

Correct Inference 

(True Positive) 

 

2.1. CATEGORIES 

MVN tests are split into four categories
[10]

: 

 Goodness of fit tests (GOF): The goodness of fit of a statistical model describes how well 

it fits a set of observations. Measures of goodness of fit typically summarize the 

discrepancy between observed values and the values expected under the model in 

question. Such measures can be used in statistical hypothesis testing, e.g. to test for 

normality of residuals, to test whether two samples are drawn from identical 

distributions (e.g. Kolmogorov–Smirnov test), or whether outcome frequencies follow a 

specified distribution (e.g. Pearson's chi-squared test). 

 Consistent and invariant tests (C&I): It has been mathematically shown that the tests 

under this category will, in theory, consistently reject all non-MVN distributions
[10]

.  

 Skewness and kurtosis tests (S&K): In probability theory and statistics, skewness is a 

measure of the asymmetry of the probability distribution of a real-valued random 

variable about its mean. The skewness value can be positive or negative, or undefined 

(see Fig. 5). 

https://en.wikipedia.org/wiki/Probability_theory
https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Random_variable
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Figure 5 - Types of Skewness 

Kurtosis is a measure of whether the data are heavy-tailed or light-tailed relative to a 

normal distribution. The excess kurtosis is defined as kurtosis minus 3 (see Fig. 6). 

Kurtosis can be divided into 3 distinct regimes: 

 Leptokurtic (Kurtosis>3): It contains more outliers than normal distribution. 

Example: Laplace distribution 

 Platykurtic (Kurtosis<3): It contains less outliers than normal distribution. Example: 

Uniform distribution 

 Mesokurtic (Kurtosis=3): It contains same outliers than normal distribution. 

Example: Normal distribution family    

 

 

Figure 6 - Types of Kurtosis: (a) +Kurtosis (Leptokurtic); (b) Normal 

(Mesokurtic); (c) Kurtosis (Platykurtic) 

The histogram is an effective graphical technique for showing both the skewness and 

kurtosis of data set. 

 Graphical and correlational tests (G&C): This category consists of using visual 

procedures to assess multivariate normality. It helps in diagnosing specific departures 

from normality. Example: Chi-square plot and Beta probability plot of squared 

Mahalanobis distance. 

 

https://itl.nist.gov/div898/handbook/eda/section3/histogra.htm
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2.2. COMPARISON 

A comparison of different MVN tests in the categories defined above is summarized in the 

Table 2 below: 

 

Table 2 - Description of various MVN tests under different categories 

TEST 

TYPE 

TEST 

NAME 

ADVANTAGES & 

DISADVANTAGES 

COMMENTS 

GOF Kolmogorov-

Smirnov
[7]

 

 General and flexible GOF test; 

especially in situations when 

specific test are yet to be 

developed. 

 Works only for continuous 

distributions. 

 Less powerful for testing 

normality than Shapiro-Wilk and 

Anderson-Darling
[19]

. 

 Difficult to compute test 

statistic for the case p>2. 

 Approximate Kolmogorov-

Smirnov test statistics, that is 

trivial to compute. 

 Seems to be a promising 

alternative with a very small loss 

of power when n is moderately 

large. 

 J.F. Bercher Python 

implementation for one dimension 

available
3
 

 kstest function available in 

MATLAB for one sample test. 

 Generalized 

Cramer-von 

Mises
[20]

 

 More powerful than the 

multivariate Kolmogorov-

Smirnov and the original 

Cramer-von Mises statistics. 

 Some variants of generalized 

Cramer-von Mises can perform 

very poorly. So care needs to be 

taken while choosing the 

discrepancy and statistic. 

 Works only for continuous 

distributions. 

 

Generalization of Cramer-von 

Mises statistic measure the 

discrepancy between the 

empirical distribution and 

hypothesized distribution not 

only in their joint distribution but 

in all marginal distribution. 

                                                      
3
 https://gist.github.com/jfbercher/3601a9f2595d49e35475 

https://gist.github.com/jfbercher/3601a9f2595d49e35475
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Anderson-

Darling
[19]

 

 Best empirical distribution 

function statistics for detecting 

most departures from normality. 

 Not as good as Shapiro and 

Wilk
[21]

. 

 Tests whether a given sample of 

data is drawn from a given 

probability distribution.  

 Used when a family of 

distributions is being tested. 

 Romeu-

Ozturk
[10]

  

High Type I error rates which in 

some case exceeds 10%. 

_ 

 Royston 

(1992)
[6]

 

 Can be used for MVN testing. 

 Can be used for 3≤n≤5000. 

 Offers good power for small 

sample sizes. 

 Does not achieve nominal 

significance level. 

 Extension of Shapiro and Wilk 

test. 

 Trujillo-Ortiz MATLAB 

implementation available
4
 

 

 Shapiro and 

Wilk
[6]

 

 Omnibus
5
 test for detecting 

departures from univariate 

normality. 

 Doesn’t work well in samples 

with many identical values. 

 Can be used for 3≤n≤50 

 BenSaïda MATLAB 

implementation available
6
 

C&I Henze-

Zirkler
[6]

 

 Relatively powerful for 

detecting departures from MVN, 

especially for n≥75. 

 Recommended if only one test 

has to be used for testing of 

MVN. 

 Consistent and invariant under 

linear transformation of data. 

 Does not perform well for 

small sample sizes. 

 Not useful in detecting reasons 

 Test statistic has a lognormal 

asymptotic distribution. 

 Tested for a number of 

alternative distributions, 

including those with independent 

marginals, mixtures of normal 

distributions, and spherically 

symmetric distributions. 

 β=0.5 produced powerful test 

against alternative distributions 

with heavy tails. 

                                                      
4
 https://in.mathworks.com/matlabcentral/fileexchange/17811-roystest 

5
 Omnibus Test: It is a kind of statistical test designed to detect any of a broad range of departures from a 

specific null hypothesis. 
6
 https://in.mathworks.com/matlabcentral/fileexchange/13964-shapiro-wilk-and-shapiro-francia-normality-

tests?focused=3823443&tab=function 

https://in.mathworks.com/matlabcentral/fileexchange/17811-roystest
https://in.mathworks.com/matlabcentral/fileexchange/13964-shapiro-wilk-and-shapiro-francia-normality-tests?focused=3823443&tab=function
https://in.mathworks.com/matlabcentral/fileexchange/13964-shapiro-wilk-and-shapiro-francia-normality-tests?focused=3823443&tab=function
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for departure from MVN  Based on a distance functional 

between p-variate distributions 

and the standard p-variate normal 

law. 

 Trujillo-Ortiz MATLAB 

implementation available
7
. 

S&K Mardia
[6,22]

  Both the skewness and kurtosis 

tests are simple and informative 

and provide specific information 

about the non-normality of the 

data.  

 Not consistent for testing 

general alternatives. 

 MVN tests based on S&K 

approach do not distinguish well 

between skewed and non-skewed 

distributions. 

 Tests have low power 

 Introduced measures of 

skewness and kurtosis, 

demonstrated that functions of 

these variables were 

asymptotically distributed as chi-

square and standard normal 

respectively, and derived 2 MVN 

tests. 

 David Graham MATLAB 

implementation available
8
 

 Doornik and 

Hansen
[6]

 

 Better power properties than 

other tests based on S&K. 

 Simple omnibus MVN test. 

 Achieves nominal significance 

level. 

 Not as powerful as Henze 

Zirkler 

 Extension of univariate test 

proposed by Shenton and 

Bowman. 

 For MVN data, the test statistic 

has χ2 asymptotic distribution. 

 Trujillo-Ortiz MATLAB 

implementation available
9
 

G&C Andrew’s 

Graphical 

method
[5]

 

 Serves as conceptual basis for 

subsequent, more analytical 

work. 

 Constrained in the number of 

variables it can handle 

 Each bivariate observation is 

transformed to polar coordinates. 

 Angles are measured with 

respect to a fixed arbitrary line, 

taken as the axis of the abscissa, 

                                                      
7
 https://in.mathworks.com/matlabcentral/fileexchange/17931-hzmvntest 

8
 http://imaging.mrc-cbu.cam.ac.uk/statswiki/FAQ/Rmardia 

9
 https://in.mathworks.com/matlabcentral/fileexchange/17530-dorhanomunortest 

https://in.mathworks.com/matlabcentral/fileexchange/17931-hzmvntest
http://imaging.mrc-cbu.cam.ac.uk/statswiki/FAQ/Rmardia
https://in.mathworks.com/matlabcentral/fileexchange/17530-dorhanomunortest
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and are distributed uniformly on 

(0,2π) 

 Koziol’s 

radius and 

angle 

methods
[5]

 

 No constraints with respect to 

the number of p-variates. 

 Tests of multivariate normality 

based solely on the radii or solely 

on the angle will fail to be 

consistent. 

 Based on Andrew’s informal 

method 

 Involving weak convergence, 

Koziol provided a limiting 

distribution and defined a 

Cramer-von Mises type of 

statistic 

* n=Number of samples, p=Number of dimensions 

 

According to Mecklin and Mundfrom
[1]

, no single test for MVN delivered perfect results and 

it was recommended to employ multiple methods for testing of MVN where possible. Also, 

power of different tests is dependent on the data distribution considered. 
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3. Selected methods for testing MVN 

For the purpose of evaluating MVN of a distribution, Kolmogorov-Smirnov and Royston 

(1992) from goodness-of-fit category, Henze-Zirkler from consistent and invariant category 

and Doornik-Hansen from skewness and kurtosis category were implemented. The choice of 

the significance level is totally arbitrary. A commonly used significance level of 0.05 was 

employed in the implementation of all the tests. This value was first chosen by Fisher
[29]

.  

 

3.1. IMPLEMENTATION: 

3.1.1. KOLMOGOROV-SMIRNOV
[4,7]

 

 The Kolmogorov-Smirnov (K-S) test is used to decide if a sample comes from a population 

with a specific distribution. The K-S test is based on the empirical distribution function 

(ECDF). More specifically, the test compares a known hypothetical probability distribution 

(e.g. the normal distribution) to the distribution generated by our data – ECDF. Given N 

ordered data points Y1, Y2,…, YN, the ECDF is defined as  

     ( )  ⁄  (2) 

where  ( ) is the number of points less than Yi and the Yi are ordered from smallest to largest 

value. This is a step function which increases by 1/N at the value of each ordered data point. 

The hypothesis for the test is: 

         (3) 

where P is the distribution of our sample (i.e. ECDF) and P0 is a MVN distribution. 

 

For applying K-S test to a MVN distributed data, we can make the assumption that if the data 

is MVN distributed along each dimension, then the whole data set can be said to be MVN 

distributed.  

 

The general steps to run the test are: 

 Create an ECDF for the sample data. 

 Specify a MVN distribution with the mean and covariance same as the mean and 

covariance of the sample data. 

 Calculate the K-S statistic using the formula: 
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   (     )     

        
{|  (  )  

 

 
|  |  (  )  

   

 
|} (4) 

where    is the cumulative distribution function of a given continuous law. The K-S 

statistic simply measures the greatest vertical distance between two distributions. 

 The critical value of the test statistic is given by the formula: 

 

   √ 
 

 
  (

 

 
) (5) 

where   is the significance level 

 The null hypotheses is rejected at level   if 

 √     (     )     (6) 

Kolmogorov-Smirnov can also be used in practice for comparison of two independent 

samples, without making any important error in the derived significance level. However, by 

doing so, it will be known if the two samples come from the same distribution, but we won’t 

have any knowledge of the underlying distribution. Formally, the K-S test compares two 

hypotheses:     the data were drawn at random from a given distribution;     the data 

were drawn at random from some other distribution. Thus, even when    is not rejected in 

favor of   ,    need not be true. There are two possibilities: either the number of data points 

is too small to reveal the difference between the true and the hypothetical distribution, or the 

data may not have been selected at random
[4]

.     

 

3.1.2. ROYSTON
[2,3]

 

 The Shapiro and Wilk test has been found to be among the more powerful tests for detecting 

departures from univariate normality. It was originally proposed for sample sizes n between 3 

and 50. Royston extended this test to the multivariate case with 3≤n≤5000.  

3.1.2.1. SHAPIRO AND WILK TEST
[2]

 

Shapiro-Wilk’s W statistic can be divided into two options depending on the kurtosis of the 

sample data: 

 Shapiro-Francia test for leptokurtic samples 

 Shapiro-Wilk test for the platykurtic samples 
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Let X(1)< X(2)<…<X(n) represent an ordered univariate sample,    (          ) denote 

the vector of expected values of standard normal order statistics, and let V be the 

corresponding     covariance matrix where   is the number of samples. 

Therefore, the Shapiro and Wilk test statistic W is given by: 

 

  (∑   ( )

 

   

)

 

∑( ( )   ̅)
 

 

   

⁄  (7) 

where the vector of weights   (       )  are normalized “best linear unbiased” 

coefficients given as
[2] 

 
  [(         ) 

 
 ]      (8) 

The vector a is antisymmetric, that is,        and, for odd n,  [   ]      Also,      , 

so for              
 

 . 

 

      (
  

 
 

  
 
 

) (9) 

where   is the standard normal cumulative distribution function (cdf). 

Shapiro-Francia test: The Shapiro-Francia statistic    is calculated to avoid excessive 

rounding errors for    close to 1 (a potential problem in very large samples). Assuming that 

all the samples are independent from each other and therefore V is an identity matrix, 

 
   [(   ) 

 
 ]  (10) 

Shapiro-Wilk test: Let    [(   ) 
 

 ] . For large sample sizes, Royston points to an 

approximation for    proposed by Shapiro and Wilk. The approximation involves polynomial 

regression analysis of       and           on     
 

  for          to give the 

following equations
[2]

: 

                                      

                       
(11) 

                                          

                       
(12) 

Then normalizing the remaining mi by writing 
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{
 
 

 
 (       

 )

(     
 )

                                 

(       
       

 )

(     
       

 )
                

 (13) 

We have 

 
     

 
    

(14) 

for              (   ) or              (   ) 

 

3.1.2.2. ROYSTON 1992
[2,3]

 

The following steps need to be taken in order to evaluate the Royston’s test statistic in a 

multivariate case: 

 For the jth variate (          where   is the number of dimensions) compute the 

corresponding univariate Shapiro and Wilk test statistic    for the data vector    

(           )
 . 

 Apply the normalizing transformation to each    to determine    [   ]  . This is 

done for an easy computation of the test statistic. The mean,  , standard deviation,  , and 

transformed W, w are estimated as 

  For Shapiro-Wilk W-test,          [30]
: 

       (15) 

     (   ) (16) 

                                           (17) 

      (                             ) (18) 

 For Shapiro-Francia    test,         [30]
: 

       (19) 

     (    ) (20) 

     ( )    (21) 

     ( )      (22) 

                   (23) 

                   (24) 

 Next, compute    {   [ (   )  ]}
 
, where  ( ) denotes the standard normal 

cumulative distribution function
[3]

. 

    will be large when    is large positive (variate j showing signs of non-normality) 
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    will tend to zero for large negative    (no departure from normality) 

      ( ) individually. 

 Then if (         )  is jointly multivariate normal and its components mutually 

independent, then   ∑   
 
    is approximately   ( ). If the   ’s are not independent, 

then      is approximately   ( ), where   is referred to as the equivalent degrees of 

freedom. An estimate of   based on the method of moments is given by 

 ̂   [  (   ) ̅]⁄ , where  ̅ is an estimate of the average correlation among   .  ̅ can 

be computed from an estimate of the transformed correlation matrix given by a class of 

models
[3]

:  

  (   )    [  
 

 
(   ) ]               (25) 

where   is the correlation matrix of the multivariate vector   (         )  and 

          may be functions of n. From maximum likelihood fit, values of     and 

        are found to be satisfactory throughout the chosen range of n. Values of   are 

smoothed as a cubic in       ( ): 

  ( )                                 (26) 

Therefore, an estimate for the average correlation among the    is given by  ̅  

∑∑   (    )⁄ , noting that {   }   
 has (    ) elements. 

All the elements required for the computation of the test statistic have already been defined. 

Since it is known that   or   is approximately distributed as   ( ) or   ( ) respectively, 

hence it is possible to compute the p-value and compare it with a significance level for 

determining the normality of a distribution. The normality hypothesis is rejected if the p-value 

is more than the significance level. 

 

3.1.3. HENZE-ZIRKLER
[9,10]

: 

The basic parameters required to evaluate the Henze-Zirkler test statistic HZ are: 

   ⃗⃗  ⃗ – particles representing the probability density function 

    – particle sample size 

   – dimension of vectors   ⃗⃗  ⃗ (= dimension of sample space) 

Let  ̅  and   be the vector containing the sample means and the sample covariance matrix 

respectively. We assume that    is not concentrated in a (   )-dimensional hyperplane, and 

that      [9]
. This guarantees that the sample covariance matrix  
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is nonsingular with probability one. 

The inverse     of the covariance matrix must then be found. The test statistic HZ is 

calculated as
[10]

: 
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 (    )
  

 

   

]

 [ (     ) 
 
 ] 

(28) 

Herein    gives the squared Mahalanobis distance of the i
th

 observation to the centroid and 

    gives the Mahalanobis distance between the i
th

 and j
th

 observations: 

     (  ⃗⃗  ⃗    ⃗⃗  ⃗)
 
   (  ⃗⃗  ⃗    ⃗⃗  ⃗) (29) 

    (  ⃗⃗  ⃗    )    (  ⃗⃗  ⃗    ) (30) 

  is given by the following equation: 

 

  
 

√ 
(
 (    )

 
)

 
   

 (31) 

The test statistic HZ is small when the particles are MVN distributed and increases with 

deviation from MVN. The test statistic HZ is approximately log-normally distributed. HZ is 

thus evaluated by comparing where the results fall compared to the log-normal distribution 

with mean  ̂ and standard deviation  ̂ which are defined as: 

 
 ̂      

 
 [  

   

 
 

 (   )  

   
] (32) 

 
 ̂   (     ) 

 
      [  

    

  
 

  (   )  

   
]

   
 

 
 
 [  

    

   
 

 (   )  

   
 ] 

(33) 

with         and    (    )(     ) 

The critical p-quantile (      ) is approximated as: 
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    (   (    )√    (  
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(34) 

Where     is the inverse of the standard normal cumulative distribution function and can be 

calculated using the inverse error function: 

    ( )  √  (     (    ))             (   ) (35) 

The null hypothesis H0 being that the sample is indeed MVN distributed is then tested: 

       (    )            H0 should be rejected 

       (    )            H0 cannot be rejected 

Since the test statistic HZ is undefined if   is singular, it is natural to replace the test statistic 

HZ in this case by its maximum possible value   . 

3.1.4. DOORNIK AND HANSEN
[8]

: 

Doornik and Hansen proposed a simple omnibus MVN test based on measures of skewness 

and kurtosis that is an extension of the univariate test proposed by Shenton and Bowman
[31]

. It 

is the sum of the squares of the standardized sample skewness and kurtosis, which is 

asymptotically distributed as   -variate.  

3.1.4.1. THE UNIVARIATE OMNIBUS TEST 

3.1.4.1.1. Shenton and Bowman
[31]

: 

Let (         ) be a sample of   independent observations on a 1-dimensional random 

variable with mean  ̅ and variance   .  

 
 ̅  

 

 
∑  

 

   

    
 

 
∑(    ̅) 

 

   

 (36) 

Therefore,      . The sample skewness (√  ) and kurtosis (  ) are defined as: 

 √   
  

  
  ⁄

          
  

  
  (37) 

Since the exponent in the summation of skewness is 3, it is also referred to as the third 

standardized central moment for the probability model. Using similar arguments, kurtosis is 

referred as the fourth standardized central moment for the probability model. 
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Bowman and Shenton
[31]

 consider the combined test statistic ( 

 
 denotes ‘asymptotically 

distributed as’): 

 
  

  
 (√  )

 

 
 

 (    ) 

  
 
 

 
    ( ) (38) 

Unsuitable except in very large samples. This is because the statistics √           are not 

independently distributed (although uncorrelated), and the sample kurtosis especially 

approaches normality very slowly. Note that      represents normal distribution. Bowman 

and Shenton proceed to derive a test based on approximating the distribution of √           

assuming independence. They consider    (conditional on        ) as a gamma 

distribution. 

3.1.4.1.2. Doornik and Hansen
[8]

: 

Let    and    denote the transformed skewness and kurtosis, where the transformation creates 

statistics which are much closer to standard normal. Therefore, the transformed skewness and 

kurtosis are independently distributed, hence overcoming the drawbacks of Shenton and 

Bowman.  

 

The transformation for the skewness √    into    is as follows 

 
  

 (         )(   )(   )

(   )(   )(   )(   )
  (39) 

 
      { (   )}

 
   (40) 

 
  

 

{   (√  )}
 
 

  
(41) 

 

  √  {
    

 

(   )(   )

 (   )
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  (42) 

 
       {  (    )

 
 }  (43) 
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The kurtosis    is transformed from a gamma distribution to   , which is then translated into 

standard normal    using the Wilson-Hilferty cubed root transformation
10

: 

   (   )(   )(        )  (44) 

 
  

(   )(   )(   )(         )

  
  (45) 

 
  

(   )(   )(   )(       )

  
  (46) 

 
  

(   )(   )(               )

   
  (47) 

          (48) 

   (       )    (49) 
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} (  )

 
   (50) 

The test statistic is (  

   
 denotes ‘approximately distributed as’): 

      
    

   
 

   
    ( ) (51) 

The advantage of this statistic is that it is easy to implement and requires only tables of    

distribution.  

3.1.4.2. THE MULTIVARIATE OMNIBUS TEST 

Let    (         ) be a     matrix of   observations on a  -dimensional vector with 

sample mean and covariance  ̅ and   respectively and  ̌  (    ̅         ̅).  

 

Steps to compute Doornik-Hansen test statistic: 

 Create a matrix with the reciprocals of the standard deviation on the diagonal: 

        (   
   ⁄

        
   ⁄

)   (52) 

 Form the correlation matrix      . Using the correlation matrix, rather than the 

covariance, makes the test scale invariant. 

                                                      
10

 Wilson-Hilferty transformation: It transforms a chi square variable to standard normal variate so that their 

p-values (statistical significance values) are closely approximated. 

 ( )  

(
 
 
)
  ⁄

 (  (
 
 
) (

 
 
))

√(
 
 
) (

 
 
)

 

where   is the chi-square variable and n is the degrees of freedom of Y. 
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 Using population values of   and  , a multivariate normal can be transformed into 

independent standard normals. Define the     matrix of transformed observations: 

      
   ⁄

    ̌   (53) 

where        (         ) is the matrix with the eigenvalues of   on the diagonal.  

The columns of   are the corresponding eigenvectors, such that        and       .  

Basing the square root of   (  
   ⁄

  ) on the eigenvectors gives invariance to ordering.  

If the rank of   is less than  , some eigenvalues will be zero. In that case, select the 

eigenvectors corresponding to the    non-zero eigenvalues,   say, and create a new data 

matrix        This will be an      matrix. 

 The multivariate statistic is: 

      
      

    
 

   
    (  ) (54) 

where   
  (           ) and   

  (           )  

If the rank of   is less than  , compute    using    and base the tests on    degrees of 

freedom. 

The normality hypothesis is rejected for large values of the test statistic i.e. if the test statistic 

is more than the significance level. 

 

3.2. PERFORMANCE COMPARISON: 

3.2.1. TYPE I ERROR RATE: 

Table 3 summarizes type I error rates for different tests under different simulation settings.  

 

Table 3 - Type I error rates for Kolmogorov-Smirnov (KS), Royston 1992 (R92), Henze-

Zirkler (HZ) and Doornik-Hansen (DH) algorithms for different covariance matrices. 

   represents particle sample sizes and     represents number of Monte Carlo 

simulations 

Case Number     Test                
  

       

  

        

1. Three dimensional 

identity covariance 

matrix 

10 

KS 0 0 0 0 

R92 8.00 4.00 NA NA 

HZ 2.00 6.00 6.00 2.00 

DH 2.00 4.00 8.00 4.00 
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100 

KS 0 0 0 0 

R92 6.00 6.20 NA NA 

HZ 4.60 5.80 5.80 8.00 

DH 4.80 6.80 4.60 4.20 

1000 

KS 0 0 0 0 

R92 7.22 6.32 NA NA 

HZ 4.64 5.50 5.80 4.80 

DH 4.84 5.30 4.76 4.98 

2. Six dimensional 

identity covariance 

matrix 

10 

KS 0 0 0 0 

R92 8.00 4.00 NA NA 

HZ 4.00 8.00 4.00 10.00 

DH 4.00 4.00 6.00 2.00 

100 

KS 0 0 0 0 

R92 6.60 6.60 NA NA 

HZ 4.80 6.20 5.20 5.00 

DH 4.80 8.00 5.40 5.40 

1000 

KS 0 0 0 0 

R92 7.74 7.76 NA NA 

HZ 4.54 5.90 5.60 4.20 

DH 5.08 4.90 5.50 5.24 

3. Six dimensional 

covariance matrix 

with diagonal values 

{                    } 

and zero off-diagonal 

elements 

10 

KS 0 0 0 0 

R92 6.00 8.00 NA NA 

HZ 8.00 8.00 5.00 8.00 

DH 4.00 4.00 4.00 8.00 

100 

KS 0 0 0 0 

R92 6.60 7.40 NA NA 

HZ 6.20 4.60 4.60 3.00 

DH 4.40 4.60 5.00 6.40 

1000 

KS 0 0 0 0 

R92 6.80 7.00 NA NA 

HZ 5.22 4.76 4.90 4.10 

DH 5.16 5.24 4.72 5.00 

 



Analysis of the Representation of Orbital Errors and Improvement of their modelling   42/81 

It can be observed that Kolmogorov-Smirnov performs the best when it comes to detecting 

type I errors. This performance is subsequently followed by Henze-Zirkler, Doornik-Hansen 

and Royston (1992). This can also be verified from the Fig. 7. 

 

Fig. 7 shows the variation of Type I error percentage with the number of Monte-Carlo 

simulations when the number of particles is kept constant at 1000. It can be seen that the 

variation of Type I error rates with the number of Monte-Carlo simulations is different when 

the covariance is not an identity matrix. For larger number of Monte Carlo simulations and 

identity covariance matrix, Doornik-Harsen performs better than Henze-Zirkler. However, 

Henze-Zirkler performs better when the covariance is not an identity matrix and number of 

simulations is large.  

 

 

(a) 

 

(b) 

 

(c) 

Figure 7 - Variation of Type I error rate with the number of Monte Carlo simulations 

for different covariance matrices. Particle sample size has been kept constant at 1000 

and type I error tests are performed for H-Z, D-H and Royston92 algorithms. 
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Fig. 8 shows the variation of Type I error percentage with the number of particles when the 

number of Monte-Carlo simulations is kept constant at 1000. Again, it can be seen that the 

variation of Type I error rates with the number of particles is different when the covariance is 

not an identity matrix. For large number of particles (typically greater than 10
4
), Henze-

Zirkler performs better than Doornik-Hansen and Royston92 tests. 

 

 

(a) 

 

(b) 

 

(c) 

Figure 8 - Variation of Type I error rate with the particle sample size for different 

covariance matrices. Number of Monte Carlo simulations have been kept constant at 

1000 and type I error tests are performed for H-Z, D-H and Royston92 algorithms. 

3.2.2. TYPE II ERROR RATE 

Type II errors were evaluated for a GEO orbit with zero inclination and eccentricity and semi 

major axis of 42165 km. The covariance matrix was constructed from the results of the 

analysis of the TLE catalog as shown in Table 4
[11]

.  

 



Analysis of the Representation of Orbital Errors and Improvement of their modelling   44/81 

Table 4 - Variances in the radial (  ), along-track (  ) and out-of-plane (  ) directions 

computed from the TLE catalog of the epoch 2008-Jan-01 

ID Orbit Regime Averaged    [km] Averaged    [km] Averaged    [km] 

“a” LEO 0.102 0.471 0.126 

“b” GTO 1.960 3.897 1.808 

“c” GEO 0.359 0.432 0.086 

 

However, the TLE catalog gives variances only in position (radial, along-track and out-of-

plane directions). Variances in velocity directions are assumed to be:         where    is 

the variance in position dimensions and   is the mean motion. Using the covariance matrix 

and the initial state, a MVN distributed data was created and propagated using Kepler’s 

equations. 

 

Table 5 - Type II error rates for K-S, R92, H-Z and D-H algorithms when the initial 

MVN distributed data was propagated to 100 orbits. Other definitions can be found in 

Table 2. 

    Test                                     

10 

KS 78 8 0 0 0 

R92 0 0 0 0 NA 

HZ 48 0 0 0 0 

DH 90 70 34 0 0 

100 

KS 66 8.6 0 0 0 

R92 0.8 0 0 0 NA 

HZ 50.6 1.2 0 0 0 

DH 91.2 72.2 28.4 0 0 

1000 

KS 70 9.4 0 0 0 

R92 0.2 0 0 0 NA 

HZ 49.2 1.6 0 0 0 

DH 93.82 70.12 24.76 0 0 

 

 

From Table 5, it can be observed that Royston (1992) performs the best when it comes to 

detecting type II errors. This performance is subsequently followed by Henze-Zirkler, 

Kolmogorov-Smirnov and Doornik-Hansen. Also, it can be observed that if we use enough 
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sample particles (     ) for the representation of uncertainty, then there will be no type II 

errors. 

 

Table 6 - Type II error rates for R92, H-Z and D-H algorithms when the initial MVN 

distributed data propagates forward in orbit. Number of orbits propagated is denoted 

by   . Number of Monte Carlo simulations           Other definitions can be found 

in Table 3. 

   Test                                    

25 

R92 93.9 74.6 0.2 0.1 0 

HZ 97.4 48.8 50.4 43.2 4.8 

DH 95.2 86.1 92.3 92.7 25.5 

KS 100.0 99.7 70.3 74.2 98.9 

50 

R92 94.6 48.2 0 0 0 

HZ 95.1 0.7 0.9 1.1 0 

DH 94.1 45.8 71 68.6 0.2 

KS 99.9 97.5 8.2 9.1 92 

 

Table 6 below shows the variation of Type II error as a MVN distributed data propagates 

forward in the orbit. Type II error occurs when a non MVN distributed sample is tested as 

MVN distributed. From Table 6, it can be observed that this error decreases for longer 

propagation time (except in the case of Kolmogorov-Smirnov). This can be interpreted as that 

the distribution deviates from Gaussianity for longer propagation times. 

 

Therefore, it can be concluded that Kolmogorov-Smirnov performs the best for evaluating 

Type I errors while Royston (1992) has the best performance in detecting Type II errors. The 

performance of different statistical tests (except Kolmogorov-Smirnov) in evaluating Type I 

error rates depends on the number of particles, number of Monte Carlo simulations and also 

on the shape of the covariance matrix. All the statistical tests give good performance in 

evaluating Type II error rates if the particle sample size is greater than or equal to 1000. As a 

MVN distributed sample propagates forward in orbit, Type II error rate generally decreases 

and the sample starts deviating from Gaussianity. 
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4. Estimating validity time of Gaussian representation 

4.1. UNCERTAINTY PROPAGATION METHODS 

If an initial state and its associated uncertainty is known, then the intent of uncertainty 

propagation is to predict the future states and their statistical properties. During covariance 

propagation, only the mean and covariance matrix needs to be propagated. A summary of 

different uncertainty propagation methods is provided in Fig. 9
[12]

. 

 

 

Figure 9
[12]

: Illustration of different uncertainty propagation methods. 

Out of all the different propagation methods illustrated in Fig. 9, Monte Carlo simulation, 

Linear method, Unscented Transformation, State Transition Tensors, Gaussian Mixture 

Model and Coordinate Transformations have been explored in this thesis. 

4.1.1. MONTE CARLO SIMULATION 

Monte Carlo simulation is a non-linear, non-Gaussian propagation of orbit state uncertainty. It 

is a sampling based method. In this method, a set of Monte Carlo sample points is drawn from 

the initial distribution, and each sample is propagated through the full nonlinear dynamical 

system. These samples serve as a set of data points representing the true distribution.  

 

Initial state uncertainties are modeled by attaching a covariance matrix to the initial state. 

Covariance matrix describes the random fluctuation that will develop around the initial state. 

By sampling these random fluctuations, a perturbed initial state can be constructed by using a 
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Gaussian random number generator with zero mean and covariance matrix attached with 

initial state. The perturbed initial state is then propagated from initial time,    to a final time, 

   using equations of motion. By repeating this process   times, we can generate final states. 

 

The computation cost of Monte Carlo simulation scales linearly with respect to the sample 

count and number of dimensions.  

 

4.1.2. LINEAR PROPAGATION 

Linear covariance techniques are designed to produce the same statistical results as Monte 

Carlo simulations for a short period of time without doing hundreds or thousands of 

simulations.  

Given the initial mean  (  ) and covariance matrix  (  ), the linear propagation of mean 

and covariance matrix are obtained as
[12]

: 

  ( )   (    ) (  ) (55) 

  ( )   (    ) (  ) 
 (    ) (56) 

where  (    ) is the state transition matrix (STM). State transition matrix provides a way to 

progress any given state vector for a given time step. 

STM is computed as partials of the state vector. The orbital elements transition matrix (state 

transition matrix for Keplerian orbital elements) is given by
[17]

: 

 
  (    )  (

  ( )

  (  )
)
   

 (57) 

where   (           ) denotes the vector of orbital elements and   is semi-major axis,   

is eccentricity of the orbit,   is inclination,   is the periapsis argument,   is the right 

ascension of the ascending node,   is the mean anomaly.  

Considering the simple two-body problem for Earth-orbiting objects where the motion is 

governed by only the central gravitational force, the orbital elements at time   are the same as 

those at time    with the exception of the mean anomaly that changes by 

  ( )   (  )   (    ) (58) 

where   is the mean motion given by   √
 

   is a function of the semi-major axis   and   is 

the standard gravitational parameter. Therefore, in the matrix form, the Keplerian orbital 

element STM can be simplified as 
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where  
  ( )

  (  )
  

 

 

 

 
(    ) that describes the effect of small changes in semi-major axis at 

time    on the mean anomaly  ( ) at time  . 

However, it is also possible to express the state transition matrix in Cartesian elements 

(position and velocity) from the above expression: 

 
 (    )  (

  ( )

  (  )
)  (

  ( )

  ( )
)  (

  ( )

  (  )
)  (

  (  )

  (  )
)

 (
  ( )

  ( )
)    (    ) (

  (  )

  (  )
)
  

 
(60) 

where  (  )  ( (  )  (  ))
  is the Cartesian state vector at some specified epoch   ,  (  ) 

denotes the position vector and  (  ) the velocity vector at that time   , and   ( )   ( )⁄  is 

the vector of position and velocity partials with respect to the Keplerian orbital elements. It 

should be noted that the use of orbital elements in the above factorization introduces an 

artificial singularity at zero eccentricity and zero inclination. To avoid this singularity, it is 

advised to either use very small values of eccentricity and inclination in order to have results 

close to the desired ones, or use equinoctial elements and the associated partial derivatives.  

4.1.3. UNSCENTED TRANSFORM (UT)
[28]

 

It is a nonlinear covariance propagation. It is based on the proposition that the distribution of 

a state is easier to approximate than it is to consider arbitrarily high order terms in the Taylor 

series expansion of nonlinear equations. 

 

Given the initial mean  (  ) and covariance matrix  (  ), we generate    (  is the 

dimensionality of the problem) sigma points with an associated weight in the form:
[12] 

    (  )⁄    (  )   (  )  √               (  )   (  )  √      

Where,  (  )      
  and      is the k

th
 column of    (  goes from   to  ). 
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We can then propagate all the sigma points through the nonlinear dynamics, and do the 

unscented transform back from the propagated sigma-points,   ( ). Thus, we obtain the 

propagated mean  (  ) and covariance matrix  (  )
[12]

: 

 
 (  )  ∑     ( )

  

   
 (61) 

 
 (  )  ∑   [  ( )   ( )][  ( )   ( )] 

  

   
 (62) 

Unscented transformation is computationally more appealing in evaluating integrals in higher 

dimensions, because the number of points grows only linearly with the number of dimensions. 

However, this comes with a loss in accuracy, hence the need for a larger number of points to 

capture additional information.  

4.1.4. STATE TRANSITION TENSORS (STT) 

State Transition Tensors (STTs) are effectively a higher-order extension of the commonly 

used State Transition Matrix (STM). In fact, the STM is just the first order STT. The 

implementation of the state transition tensors takes into account nonlinearities in the 

propagation of the statistical moments (mean and covariance) in order to better describe the 

uncertainty.  

 

The solution to a dynamic system evolution can be described through its solution flow,  : 

  ( )   (       ) (63) 

where   is the state vector,    is the initial state at time   ,   must satisfy the following 

conditions: 

   

  
  (   (       )) (64) 

where   are the equations of motion and 

  (        )     (65) 

State transition tensors are partial matrices of this solution flow with respect to the initial 

conditions
[14]

: 

 
          

 
    

    

      

  (66) 

where    {       }  subscripts kj denote the kjth component of the state vector, p represents 

the order of the differentiation.  
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Taylor series expansion of the solution function around the nominal state gives the state 

deviation,    as: 

 
   ( )  ∑

 

  
          

    

        

 

 

   

 (67) 

where the subscripts indicate the component of each tensor,   is the order of the expansion, 

and   is the STT of order p. For    , the equation simplifies to  

    ( )       
    

    ( )  [ ]    (68) 

Hence, it can be observed that STM describes the first term of the Taylor expansion of our 

dynamical system. 

Using the STT notation, the current state mean and covariance matrix are given by 
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(70) 

As an example, for the case where     with zero initial mean, the mean and covariance 

matrix become functions of the initial covariance matrix P
0
, that is

[15]
,  
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Considering this fact, updating future measurements with respect to the mean trajectory will 

provide more accurate information about the true trajectory, and thus, faster convergence of 

the estimation process may be obtained. This also provides more precise predictions of where 

the true trajectory is.  

The Taylor series expansion of the state deviation x about some reference trajectory is given 

as 

 
  ( )  ∑

 

  

 

   

          
   

     

  (73) 

Since by about second-order, the STT approximation is close enough to the full dynamics, the 

above Taylor series expansion can be simplified to 

 
  ( )       

   

  
 

 
        

   

    

  (74) 

All the methods described in this chapter have higher computation efficiency than Monte 

Carlo simulations. However, their representation of uncertainty may not be as accurate as 

Monte Carlo representations. 

 

State Transiton Tensor expressed in Poincaré Elements 

 ( )  ( ( )  ( )  ( )  ( )  ( )  ( )) are the Poincaré orbit elements. The Poincaré orbit 

elements are the nonsingular canonical counterpart to the equinoctial orbit elements. Their 

main advantage is that the variables can be naturally grouped into coordinate-momenta 

symplectic pairs. Furthermore, they are defined and nonsingular even for circular and zero-

inclination orbits. With respect to the classical orbital elements
[16] 

  √                    

       (   )             √  (  √    )    (   ) 

                    √  √    (      )      

where   is the standard gravitational parameter and  ,  ,  ,  ,  , and   are the standard 

Keplerian elements. 

The state transition tensor for Poincaré orbit elements simplifies to 

           

 {
[(  )   (   )      ] [(  )   ]⁄                       

             
          

 
(75) 
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where         is the time duration of the propagation. 

 

4.1.5. GAUSSIAN MIXTURE MODEL (GMM) 

The main idea of GMM approach is to approximate an arbitrary PDF by a finite sum of 

weighted Gaussian density functions, where the weights of different components of a GMM 

are determined by numerical optimization techniques (see Fig. 10). It may require the 

propagation of many terms to achieve the adequate accuracy. 

 

Figure 10 - Propagation of initial Gaussian uncertainties over long periods results them 

in taking a banana-shape which can be approximated by a Gaussian Mixture Model. 

A simple GMM method is to transform an initial Gaussian mixture/distribution into a final 

Gaussian mixture without changing its weights i.e. an initial Gaussian mixture/distribution is 

split into weighted Gaussian mixtures
[13]

. However, in order to split the initial Gaussian 

mixture/distribution, we should determine when the nonlinearity becomes significant. This 

can be done in two ways: 

 Measuring the NL2 distance between the Linear Propagation and UT uncertainty 

propagation methods. If the value of NL2 crosses a threshold distance, then we can 

perform the splitting of the initial Gaussian mixture/distribution.   

 Evaluating Type II Error Rate using Monte Carlo propagation. The point of time when 

the Type II error rate becomes zero signifies that the mixture/distribution is no longer 

Gaussian in nature. 
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4.2. DISTANCES BETWEEN TWO DISTRIBUTIONS 

In order to compute the time when the uncertainty volume starts to become non-Gaussian in 

nature, we can calculate the time when the covariance propagated through linear models and 

the covariance propagated through nonlinear models starts diverging. That is going to give us 

the time frame when the nonlinearity of the dynamics of space objects starts becoming 

significant. Since Monte Carlo simulations require a lot of computational power, setting a 

threshold distance between covariances propagated through linear and nonlinear dynamics 

gives us a computationally efficient method to calculate the time when the Gaussian 

assumption on the uncertainty becomes invalid.   

4.2.1. DENSITY POWER DIVERGENCE 

To develop a measure of distance between two pdfs, first consider the density power 

divergence (DPD) given by
[26] 

 
    (     )  ∫ {  

   ( )  (  
 

 
)   ( )  

 ( )

 
 

 
  

   ( )}     

(76) 

where   is the control parameter of the DPD and   ( ) and   ( ) are the input pdfs for 

which the DPD is computed. Density based minimum divergence method are the methods 

which estimate the parameter through minimizing a data based estimate of some appropriate 

divergence between the assumed model density and the “true” density underlying the data. 

The parameter alpha in the equation controls the trade-off between efficiency and robustness 

of the minimum density power divergence estimator. 

 

    (     ) is defined to be the Kullback-Leibler divergence
[26]

, 

 
  (     )     

   
  (     )  ∫  ( )    

  ( )

  ( )
   (77) 

In the case where    , it is seen that the DPD becomes  

 
  (     )  ∫(  ( )    ( ))

 
   (78) 

which is simply the L2 distance between the surfaces described by the two pdfs. 
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4.2.2. APPLICATION TO GAUSSIAN DISTRIBUTIONS 

Let   ( ) and   ( ) be Gaussian PDFs with arbitrary means    and    and standard 

deviations    and    

  ( )  
 

√    
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Simplifying the exponential term, 
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(80) 

This is again a quadratic in  , and so Eq. (79) is a Gaussian function. The product of two 

Gaussian PDFs is proportional to a Gaussian PDF with a mean that is half the coefficient of   

in Eq. (80) and a standard deviation that is the square root of half of the denominator i.e. 
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  and     
  

   
 
   

   
 

  
    

  

i.e. the variance    
  is half the harmonic mean of the individual variances   

  and   
 , and 

the mean     is the sum of the individual means    and    weighted by their variances. 
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Substituting back into Eq. (79) gives 
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Therefore, the product of two Gaussian PDFs    ( ) and   ( ) is a scaled Gaussian PDF 

 
  ( )  ( )  

   

√     

   [ 
(      )

 

    
 

] 
(82) 

where the scaling factor   is itself a Gaussian PDF on both    and    with standard deviation 

√  
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(83) 

This result can be extended to multivariate Gaussian PDFs. If two multivariate Gaussian 

PDFs with means   ,   , non-singular covariance matrices       and same dimension   

are multiplied together, then the resultant product is a scaled multivariate Gaussian PDF given 

by
[25]

: 

   (       )  (       )

  (           )  (       ) (84) 

where  

      (  
       

    ) (85) 

    (  
     

  )   (86) 

  (           )
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(87) 

Fig. 11 provides an illustration of this for the case when the product is calculated between two 

univariate Gaussian PDFs.  
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Figure 11 : The product of two Gaussian PDFs is proportional to a Gaussian PDF with 

mean and covariance given by equations (85) and (86) respectively. 

L2 distance between two multivariate Gaussian distributions is defined as 

  (     )  ∫(  (       )    (       ))
 

  

 ∫  
 (       )   ∫  

 (       )  

  ∫  (       )  (       )   

All the three terms in the above equation appear as integrals of the product of two Gaussians. 

After simplification, the final result for the L2 distance between two Gaussian PDFs is given 

as 

   (     )   (           )   (           )

   (           ) (88) 

It is also called Euclidean distance. The L2 distance reaches its minimum value of zero in the 

case where the two pdfs are identical and its maximum value when the overlap between the 

pdfs is zero everywhere
[27]

. The L2 distance offers a completely closed-form expression of the 

distance. An advantage of computing L2 distance between probability density functions is that 

it can be computed explicitly with Gaussian mixtures and it is also more robust to outliers. 

Additive regularization terms can be added to L2 distance to constrain its estimation
[32]

.  

 

Normalized L2 distance (NL2): The triangle inequality property of the L2 distance can be 

utilized to define the normalized L2 distance between two multivariate Gaussian distributions 

to be  

 
   (     )    

  (           )

 (           )   (           )
 

(89) 

NL2 varies between 0 and 1. As was the case with the L2 distance, the NL2 distance offers a 

completely closed-form expression of the distance between two Gaussian PDFs. Because of 

the normalization operation, NL2 distance gains a greater value than L2 and emphasizes the 

difference between two distributions.  
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Likelihood agreement L, describes the amount of overlap between the two densities (see 

Fig. 12) and therefore will be larger for pdfs that are in greater agreement with one another
[13]

. 

  (     )    (        ) (90) 

 

Figure 12: Two normal distributions with different means (M1 and M2) and standard 

deviations (SD1 and SD2) 

It is also called the overlapping coefficient. Any difference between means is considered 

“statistically significant”. However, before drawing substantive conclusions from a 

“significant” result, it is wise to discover how much the distributions overlap. This can be 

done with the help of likelihood agreement. 

 

Kullback-Leibler divergence KL between two multivariate Gaussians is given by
[18]
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(91) 

The logarithm in the last term must be taken to base e since all terms apart from the last are 

base-e algorithms. The equation gives a result measured in nats
11

. A Kullback-Leibler 

divergence of 0 indicates that we can expect similar, if not the same, behavior of two different 

distributions. As the Kullback-Leibler divergence increases, it indicates that the two 

distributions behave in such a different manner that the expectation given the first distribution 

approaches zero. 

                                                      
11

 A nat is worth      . 
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In this thesis, NL2 distance is selected to compute the distance between two Gaussian pdfs. 

This is because  

i. It is scale-invariant; hence it provides a more intuitive interpretation of the distance 

between two Gaussian pdfs.   

ii. Its minimum and maximum values are fixed irrespective of the underlying 

characteristics of the Gaussian distribution. Hence, it is known that there’s something 

wrong in the implementation if the NL2 distance doesn’t lie in the range (0,1). Also, it 

becomes easier to set a threshold distance between two distributions. 

 

4.3. RESULTS 

4.3.1. LINEAR, UT AND MC PROPAGATION METHODS:  

All the simulations were performed for 1000 particles and a time step of 1/5 of the orbital 

period unless specified otherwise. The initial state is defined in Keplerian elements for a GEO 

object. This is done because it is easier to define the STM for Keplerian elements and then use 

it to calculate the STM for Cartesian elements. As discussed in section 4.1.1, artificial 

singularities are introduced if eccentricity is set to zero (because argument of perigee becomes 

undefined) and if inclination is set to zero (because right ascension of ascending node 

becomes undefined). Therefore, we only consider cases with very small values of eccentricity 

and inclination.  A Gaussian error centered at the initial state expressed in Cartesian elements 

is assumed with variances in radial, out-of-plane and along-track direction as indicated in 

Table 4. Variances in velocity directions are assumed to be:         where    is the 

variance in position dimensions and   is the mean motion.  

 

The simulation result shown in Fig. 13 was obtained for a semi-major axis of 42165 km, 

eccentricity of 0.00001 and inclination of 0.05°. All the other Keplerian elements were set to 

zero. It can be seen that the Normlized L2 distance between the pdfs propagated through UT 

and linear methods increases monotonically as the uncertainty propagates forward in time.  
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Figure 13 - Variation of NL2 distance with time. NL2 distance is calculated between 

covariances propagated through linear method and UT when eccentricity of the orbit is 

very small. 

From Fig. 14, it can be seen that the variation of NL2 with time has almost sinusoidal peaks, 

when the eccentricity is not negligible. At integer number of orbits, we observe a maximum, 

which then drops for 40% of the time in the next orbit before rising again.  

 

Figure 14 - Variation of NL2 distance with time. NL2 distance is calculated between 

covariances propagated through Linear Propagation and UT in orbit “c” (see Table 4) 

with orbital parameters                                        

   and a time step of 1/50th of the orbital period. 
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(a) 
 

 

(b) 

 

(c) 
 

 

(d) 

Figure 15 - Temporal variation of Type II error rate computed by the Henze-Zirkler 

algorithm shown in green and the NL2 distance between covariances propagated 

through UT and Linear Propagation shown in blue. Orbit parameters in Keplerian 

format (a,e,i,ω,Ω,M) are described in the title of the plots. 

The plots in Fig. 15 describe the variation with time of Type II error rate computed by the 

Henze-Zirkler algorithm and the NL2 distance between UT and linear uncertainty 

propagation. The Type II error rate has been normalized to a range 0 to 1. However, from the 

plots of the orbit propagated through different propagation schemes, it can be observed that 

the Gaussianity breaks at a much later instant of time than as predicted by Henze-Zirkler 

algorithm. In other words, Henze-Zirkler is underestimating the time when the 

Gaussianity breaks. 
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(a) 

 

(b) 

 

(c) 

 

(d) 
 

 

(e) 

 

(f) 

Figure 16 - Temporal variation of Type II error rate computed by the Royston 

algorithm shown in green and the NL2 distance between covariances propagated 

through UT and Linear Propagation in orbit “c” (see Table 4) shown in blue. Other 

definitions can be found in Figure 15. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 17 - Temporal variation of Type II error rate computed by the Royston 

algorithm shown in green and the NL2 distance between covariances propagated 

through UT and Linear Propagation in orbit “a” (see Table 4) shown in blue. Other 

definitions can be found in Figure 15. 

A high correlation between the NL2 distance and the Royston (1992) Type II errors can 

be observed from Figures 16, 17 and 18. The moment when linear and UT propagation starts 

diverging by more than 96% or NL2 approaches 1 (>0.96), Gaussianity breaks according to 

the Monte Carlo simulations as well. It can be said that the Royston (1992) gives better results 

than the Henze-Zirkler algorithm for Type II errors. 
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(a) 

 

(b) 

Figure 18 - Temporal variation of Type II error rate computed by the Royston 

algorithm shown in green and the NL2 distance between covariances propagated 

through UT and Linear Propagation in orbit “b” (see Table 4) shown in blue. Other 

definitions can be found in Figure 15. 

It can also be observed that the validity time of a Gaussian representation of uncertainty 

is dependent on the shape of the orbit. For an unperturbed two-body dynamics, 

conservation of mechanical energy yields: 

 
   

  

 
(
       

       
) 

(92) 

where   is the satellite’s velocity,   is the gravitational constant,   is the mass of Earth,   is 

the semi-major axis,   is the eccentricity and   is the eccentric anomaly. Therefore, for a 

larger semi-major axis, velocity of the satellite will be lower, and hence the dynamics will be 

weaker. As a result, it will take longer time for the nonlinear nature of the dynamics to 

become significant and uncertainty characteristics to become non-Gaussian. Hence, larger 

semi-major axis results in longer time for validity of Gaussianity. By similar argument, 

for an orbit with a higher eccentricity, velocity of the satellite at perigee will be higher and 

that at the apogee will be lower. Hence, Gaussianity will break sooner at the perigee of the 

orbit due to the strong appearance of the nonlinear terms. Therefore, if the eccentricity is 

lower, then Gaussianity is valid for a longer time. This can be verified from the plots in 

Figures 16, 17 and 18. Also, for lower eccentricity, the peaks in the temporal variation of the 

NL2 distance are damped. This is quite expected because the difference in the velocities at 

perigee and apogee will be smaller, hence the difference in the effect of the dynamics on 

uncertainty characteristics at various points in the orbit will be smaller.  

 



Analysis of the Representation of Orbital Errors and Improvement of their modelling   64/81 

 

(a) 
 

 

(b) 
 

 

(c) 
 

 

(d) 

 

(e) 
 

Figure 19 - Variation of validity time for Gaussian representation of uncertainty with 

the size of initial variances. In the left column, initial variances are doubled whereas in 

the right column the initial variances are halved as compared to the variance in the top 

figure. Other definitions can be found in Figure 15. 
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From Figures 16, 17 and 18, it can be observed that the Gaussian representation of orbital 

uncertainties becomes invalid after just one orbital period in Geostationary Transfer Orbits 

(GTO) if simple two-body dynamics is considered without perturbation forces. In the case of 

Low Earth Orbit (LEO) orbit, Gaussianity breaks at the earliest after three orbital 

propagations whereas for GEO orbits, it takes four orbits for nonlinearity to become 

significant. However, these values are only significant if we assume that the nonlinear effects 

in the uncertainty can be well represented by Unscented Transformation. 

 

Fig. 19 shows the difference in the validity time of the Gaussian representation with the 

variation in variance. Fig. 19(a) represents the validity time of the Gaussian representation 

when the variances are taken from TLE catalog precision
[11]

 as shown in Table 4. It can be 

observed that for a smaller initial variance, Gaussianity remains intact for a longer time. 

This is quite expected because if the covariance is small in size, then it takes more time for 

the uncertainty space to get distorted in a way that it can be no longer be represented as a 

Gaussian function. 

 

In all the simulations above, initial mean anomaly was considered to be 0° i.e. propagation of 

uncertainty was commenced from perigee of the orbit. However, changing the initial mean 

anomaly changes the initial point in the orbit from which we start the uncertainty propagation 

process. Hence, we should expect the Gaussianity to break at a later time if we do not start the 

uncertainty propagation process from perigee of the orbit. It can be observed from Fig. 20, 

that as the initial mean anomaly is increased from 0° to 180°, the NL2 curve seems to shift at 

right. This is because it takes a longer time for nonlinear terms to appear at the perigee of the 

orbit. As a result, Gaussianity validity time for uncertainty representation increases as we 

increase our initial mean anomaly from 0° to 180°. 

 

However, if we increase our initial mean anomaly from 180° till 360°, it can be observed that 

the NL2 distance curve starts shifting on left. This indicates the fact that nonlinear terms 

appear sooner now. Nonlinear effect of dynamics is stronger at points in the orbit closer to 

perigee. Therefore, as the initial point of uncertainty propagation approaches closer to perigee, 

nonlinear terms appear sooner in the dynamics of the space object, and Gaussianity validity 

time of uncertainty representation decreases.     
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Figure 20 – Effect of initial mean anomaly on NL2 distance between Linear and UT 

propagation 
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4.3.2. STT PROPAGATION METHODS:  

We used Poincaré orbit elements for characterizing uncertainty using STT propagation 

method under two-body dynamics.  

We considered one example in which the classical and Poincaré orbital elements of the truth 

orbit is given as follows
[16]

: 

                                

                               

The orbit period is 1.6121 hrs. For this analysis, only the       subspace is considered, 

where   denotes state deviation from the reference because only   dynamically evolves in the 

two-body problem, and its rate is a function of  . The initial Gaussian uncertainty is zero-

mean, and the initial covariance matrix is  

[ ]  [
  

    

     
 ]  [            

            ] 

The corresponding 1-   uncertainty in the semi-major axis direction is 20 km and in the mean 

longitude direction is 0.01°.  

 

The results from the STT propagation were compared with the results from the Linear 

Propagation, UT and MC propagation methods for uncertainty. For all the simulations, 10
4
 

points distributed to be consistent with the initial Gaussian uncertainty are generated and 

propagated using the complete two-body dynamics.  

 

 

 

(a) 
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(b) 

 

(c) 
 

 

(d) 

 

(e) 
 

Figure 21 - (a) Representation of initial Gaussian uncertainty. This is propagated for (b) 

5, (c) 10, (d) 15 and (e) 20 orbit periods using 1st order STT (Linear Propagation), 2nd 

order STT, UT and Monte Carlo (MC) methods. The δL-δl plane is rotated so that the 

axes of the plot correspond to the principal axis directions of the linearly propagated 

ellipse. Points from the Monte Carlo run represent the complete nonlinear dynamics. 

The edges of the initial 3-σ covariance ellipse are propagated with 2nd order STTs. 

We successfully reproduced the results generated by Fujimoto et al.
[16]

 by showing that the 

second-order STT approximation is close enough to the full dynamics propagated by the 

Monte Carlo method as illustrated in Fig. 21. Also, the covariance is best predicted by the 

STT method, followed by UT and Linear Propagation methods. If we carefully look at the 

axes of the plots, we can observe that the uncertainty as well as the nonlinearity in the 

uncertainty grows as the propagation time is made longer.  
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4.3.3. COORDINATES TRANSFORMATION  

A number of methods for nonlinear uncertainty propagation used for space situational 

awareness (SSA) exploit orbital-element-based representations of orbital-state uncertainty in 

order to mitigate the departure from Gaussianity and thereby improve performance. 

Kinematic properties of a space object can be defined in terms of an element set (e.g., 

inclination, eccentricity, mean anomaly, etc.). Abstractly, changing positions and velocities 

for an element set is simply a one-to-one reparametrization of state space, and represents no 

fundamental difference. Changing the coordinate set in which the space object state is 

expressed can have an effect on the length of the time the Gaussian assumption remains valid. 

Orbit element sets such as Keplerian elements, Poincaré elements and Equinoctial elements 

absorb some of the non-linearity of orbital motion and therefore, the uncertainty distribution 

expressed in these sets can be assumed to be Gaussian for longer propagation periods. 

However, the equations of motion for all element sets are nonlinear and therefore, the 

Gaussian assumption is always an approximation. The Gaussian assumption in all coordinate 

sets degrades with increasing initial state uncertainty and propagation time. However, a 

scenario that is properly Gaussian in one representation may not be so in another 

representation. 

 

If one coordinate system x relates to another coordinate system y by 

   ( )  

then the covariance in coordinate system x can be transformed to coordinate system y using a 

similarity transformation, that is, 

        
  (93) 

where 

 
  (

  

  
) 

(94) 

is the linearized Jacobian evaluated at the nominal state. 
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Figure 22 : The figure on the left shows NL2 distance variation with time when 

uncertainty is expressed and propagated in Cartesian coordinate system. Other 

definitions can be found in Fig. 15. The figures on the right depict uncertainty in X-Y 

position plane at different propagation times. The blue ellipse represents the covariance 

propagated through Linear Propagation, the black ellipse represents the covariance 

propagated through Unscented Transform and the red points represent the sampled 

uncertainty points propagated through Monte Carlo simulation. 

Ellipsoids in Cartesian system are initially aligned with the linear geometry, however, as 

uncertainty grows with time, we know the true state will follow the curved orbit. That 

discrepancy represents a nonlinearity in raw position-velocity coordinates. This issue may be 

addressed by taking Keplerian or Poincaré elements set coordinates rather than Cartesian. 

 

Fig. 22 illustrates uncertainty propagation in GEO orbit when uncertainty has been expressed 

in Cartesian elements. Representation of uncertainty has been analyzed in X-Y position plane 

because inclination is very close to 0°. Therefore, the orbital plane and uncertainty 

propagation in the orbit can be visualized with a sufficient accuracy in X-Y position plane. 
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From Fig. 22, it can be observed that the Monte Carlo uncertainty representation starts 

diverging from Gaussianity after 2.5 orbital periods. This is the point of time when the NL2 

distance between Linear propagation and Unscented Transform crosses the value of 0.9. This 

can be confirmed from the plots on the right side of Fig. 22 where the difference between the 

size of covariance ellipse propagated through Linear method and Unscented Transform is 

clearly visible. By the time four orbits have been completed, uncertainty representation 

completely becomes non-Gaussian. Therefore, we can conclude that nonlinear effects of the 

space dynamics starts becoming significant when the uncertainty has been propagated for 

more than 2.5 orbits in Cartesian system. Hence, Gaussian representation of uncertainty holds 

only for 2.5 orbital periods. 

 

Fig. 23 illustrates uncertainty propagation in Keplerian system. In this figure, semimajor axis 

– mean anomaly plane has been utilized to visualize when the uncertainty representation starts 

diverging from Gaussianity. The reason for choosing this plane is that the mean anomaly is 

the only Keplerian element which is changing with propagation time and therefore, 

uncertainty is expected to increase in the mean anomaly direction as propagation time 

increases. Also, the change in mean anomaly is dependent on semi-major axis as shown in Eq. 

(59). From the plots on the right side of Fig. 23, it can be observed that the uncertainty is 

growing in the mean-anomaly direction and so are the axis limits of the mean anomaly used 

for uncertainty representation. It can also be observed that Gaussian representation of 

uncertainty starts becoming invalid at a much later propagation instant of 1000 orbits, which 

is around 300 times of Gaussianity validity time in Cartesian system. Therefore, the 

Gaussianity of uncertainty representation is preserved for a much longer time when 

uncertainty propagation is done in Keplerian coordinates. However, NL2 distance between 

uncertainty propagations through Linear and Nonlinear methods is just 0.5 when uncertainty 

starts diverging from Gaussianity.     
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Figure 23 : The figure on the left shows NL2 distance variation with time when 

uncertainty is expressed and propagated in Keplerian coordinate system. The blue line 

represents the NL2 distance variation between uncertainty propagated through second 

order STT and Linear method while the green line shows the NL2 variation between 

uncertainty propagation using Unscented Transform and Linear Method. Other 

definitions can be found in Fig. 15. The figures on the right depict uncertainty in 

semimajor axis – mean anomaly plane at different propagation times. The blue ellipse 

represents the covariance propagated through Linear Propagation, the green ellipse 

represents the covariance propagated through Unscented Transform, the black ellipse 

represents the covariance propagated through State Transition Tensors, the black 

points represents the edges of the initial 3-σ covariance ellipse propagated with 2nd 

order STTs and the red points represent the sampled uncertainty points propagated 

through Monte Carlo simulation. 
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Figure 24 : The figure on the left shows NL2 distance variation with time when 

uncertainty is expressed and propagated in Poincaré coordinate system. Other 

definitions can be found in Fig. 15. The figures on the right depict uncertainty in   –   

plane at different propagation times. Other definitions can be found in Fig. 23. The   –   

plane is rotated so that the axes of the plot correspond to the principal axis directions of 

the linearly propagated ellipse. 

Fig. 24 shows uncertainty propagation in Poincaré element space.  Uncertainty propagation 

has been analyzed in   –   subspace because these axis correspond to semi-major axis and 

mean anomaly elements respectively, which are the only two elements in Keplerian space 

affecting the uncertainty propagation process. It can be seen from the plots in Fig. 24 that 

uncertainty representation starts taking a banana-shape after 200 orbits. Therefore, 

Gaussianity is valid for about 200 orbits in Poincaré elements, which is about 100 times larger 

than the Gaussianity validity time in Cartesian space. However, the NL2 distance between 

uncertainties propagated through Linear and Nonlinear methods is just 0.1 when the 

uncertainty starts diverging from Gaussianity.  
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Therefore, to conclude, linear assumption on uncertainty propagation holds for a longer time 

if the uncertainties are expressed and propagated in Keplerian or Poincaré elements rather 

than Cartesian elements. Hence, coordinates transformation has an effect on Gaussianity 

validity time for uncertainty representation. The reason Gaussian assumption is valid for a 

longer time in Keplerian space as compared to other coordinate spaces may be because the 

uncertainties have been propagated under the assumption of two-body dynamics with only the 

Keplerian force. Also, it can be observed that the variation of NL2 distance with propagation 

time is not sinusoidal when uncertainties are propagated in Keplerian or Poincaré domain. 

Therefore, the shape of the orbit has no effect on the way nonlinear terms appear in the 

equations of motion in Keplerian and Poincaré domain.   
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5. Conclusion 

In this thesis, the initial representation of uncertainty was assumed to be a Multivariate 

Normal Distribution. However, Gaussian assumption on orbital uncertainty becomes invalid 

when the uncertainty is propagated for a long duration. Since nonlinear uncertainty 

propagation methods require higher computational power than the linear propagation 

methods, hence, it becomes crucial to estimate the time when the Gaussianity of the 

uncertainty breaks for achieving an optimal computation efficiency.  

 

The uncertainty was propagated in the orbit under two body dynamics and the statistic tests 

were performed on the propagated distribution to evaluate the time when the Gaussian 

representation becomes invalid. Statistical tests for Multivariate Normality can be split into 

four categories: (i) goodness-of-fit, (ii) consistent and invariant, (iii) skewness and kurtosis, 

and (iv) graphical and correlational tests. A comparison of different statistical tests from each 

category was done.  

 

Kolmogorov-Smirnov and Royston (1992) tests from goodness-of-fit, Henze-Zirkler test from 

consistent and invariant and Doornik-Hansen test from skewness and kurtosis categories were 

selected for implementation and their performances were compared on the basis of the Type I 

and Type II error rates. It was found that Kolmogorov-Smirnov performs the best for 

evaluating Type I errors while Royston (1992) has the best performance in detecting Type II 

errors. The performance of different statistical tests depends on the number of particles, 

number of Monte Carlo simulations and also on the shape of the covariance matrix. Since 

most of the statistical tests give a zero Type II error rate if sufficient particles (generally 

greater than 1000) are used for uncertainty representation and the uncertainty has been 

propagated long enough to become non-Gaussian in nature, therefore, it can be considered a 

good measure for detecting departures from normality of a distribution.  

 

The results from the statistic tests were utilized to set a threshold distance when the linear 

propagation of uncertainty becomes invalid. Simulation results show that Type II error rate 

from Royston’s statistical test is highly consistent with the results from the Monte Carlo 

propagation and thus can be used in evaluating the time when the uncertainty becomes non-

Gaussian.  
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Different uncertainty propagation methods like linear and nonlinear (Unscented Transform 

and State Transition Tensors) were implemented and Normalized L2 distance between 

covariance distributions propagated under linear and nonlinear dynamics was evaluated. The 

results from the statistical tests were combined with the knowledge of the Normalized L2 

distance. It was found that the Gaussian assumption on the uncertainty representation 

becomes invalid if the Normalized L2 distance between covariances propagated under linear 

and nonlinear dynamics is greater than 0.95. This value of the Normalized L2 distance can be 

used in splitting a Gaussian distribution into a Gaussian Mixture Model for a more accurate 

representation of the orbital uncertainty.  

 

It was observed that the shape of the orbit and initial covariance matrix affects the timeframe 

in which orbital uncertainties can be accurately represented by a Gaussian distribution. 

Dynamics is weaker when an orbit has a larger semi-major axis or a lower eccentricity. 

Hence, it takes a longer time for the non-linear components of the dynamics to have an effect 

on the uncertainty representation and therefore, to break the assumption of Gaussianity. If the 

initial covariances are high in value, then the initial Gaussian uncertainty volume will be 

bigger. Hence, it will take less time for the nonlinear dynamical environment to make the 

uncertainty non-Gaussian thereby, reducing the Gaussianity validity time. It was also found 

that State Transition Tensors provide the most accurate representation of uncertainty among 

all the methods considered.  

 

Time for which Gaussian representation of orbital uncertainty is valid is also dependent upon 

the initial mean anomaly. As the initial mean anomaly is increased from 0° to 180°, 

Gaussianity validity time increases and if the initial mean anomaly is increased from 180° to 

360° Gaussianity validity time starts decreasing. This is probably due to the fact that 

nonlinear effect of dynamics is stronger near perigee and therefore, Gaussianity is valid for a 

longer time if uncertainty propagation process is started from a point which is away from 

perigee.  

 

The effect of coordinate transformations on Gaussian assumption of orbital uncertainty is 

analyzed. It has been observed that Gaussianity is valid for a longer time in Keplerian or 

Poincaré coordinate systems as compared to Cartesian coordinate system. This is because 

these coordinate systems absorb the dominant terms in the nonlinear dynamics, thereby 

preserving the linear or Gaussian assumption for a longer time. It was also observed that if 
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uncertainty is expressed and propagated in Keplerian coordinate system, then the Gaussianity 

assumption is valid for the longest time. This is probably because the uncertainties in this 

thesis were propagated under the assumption that only Keplerian force is present.  

 

Future work is needed to analyze the effect of perturbation forces (like solar radiation 

pressure, atmospheric drag, effects due to nonspherical gravity field, third body perturbations, 

etc.). Further efforts can also be made to evaluate the performances of the statistical tests in 

different coordinate systems.  
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