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Abstract

Wireless communication systems have become an integral part of many complex systems
in diverse areas of society, for the exchange of data in business and industrial settings.
With the advent of Internet of Things (IoT) and wireless sensor network architectures,
the tighter demands on interoperability between different devices are putting heavy re-
quirements their ability to exchange data wirelessly among them reliably. However, many
environments pose a challenging setting for a wireless communication system to operate
within. Consequently, electromagnetic modeling could be used as a crucial part of the
analysis and design of a wireless communication system in these environments.

In this thesis, means for the electromagnetic modeling of complex materials are con-
sidered. Specifically, the incorporation of dielectrics that exhibit loss, dispersion, and
anisotropic properties into electromagnetic codes is addressed. The work has been exe-
cuted within the partial element equivalent circuit (PEEC) method framework.

First, a PEEC implementation that incorporates dispersive and lossy dielectrics, rep-
resented by equivalent circuit models explicitly included in the PEEC equations, is devel-
oped. This provides a descriptor system form of the PEEC model that includes dielectrics
with permittivities that can be represented as finite sums of Debye and Lorentz permittiv-
ity models and can be integrated by any time integration scheme of choice. Additionally,
the description admits the application of model-order reduction techniques, reducing
the model complexity of a large-scale PEEC model that consists of frequency-dispersive
dielectrics.

Next, the incorporation of anisotropic dielectrics in PEEC simulations is considered.
A PEEC cell for anisotropic dielectrics, with a general permittivity tensor, is derived. It
turns out to be an extension of the standard dielectric PEEC cell for an isotropic dielectric
by adding a voltage-dependent current source in parallel with the excess capacitance of
the dielectric cell. A cross-coupling excess capacitance concept that defines the dependent
current source for the anisotropic PEEC cell is defined and given for orthogonal PEEC
meshes. As a result, the PEEC cell for an anisotropic dielectric is possible to extend
to handle lossy and dispersive anisotropic dielectrics straightforwardly. The developed
PEEC model has been applied to model a patch antenna mounted on an anisotropic sub-
strate. The simulation results are in agreement with other simulation technique results.
Consequently, the anisotropic model permits electromagnetic modeling of structures and
devices that consist of a broader class of materials.

The modeling of dielectrics in different ambient temperature conditions is also con-
sidered for the PEEC analysis of its impact on antennas. Dielectrics with temperature-
dependent permittivity have been modeled with PEEC by standard approaches found in
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the literature. This has proved useful for frequency-domain simulations in PEEC. The
utility has been demonstrated by investigating the impact due to temperature-dependent
dielectrics on printed antennas. These types of investigations could provide valuable in-
formation in the design of printed antennas in harsh environments.

Finally, the problem of designing magneto-dielectric materials that intrinsically pro-
vide distortionless propagation for TEM mode signals is investigated. The frequency-
dependent permittivity and permeability of a slab are related to the per-unit length
(p.u.l.) parameters of a two-conductor transmission line. The p.u.l. parameters are
specified to approximate the Heaviside condition in a specified and finite frequency inter-
val, while simultaneously enforcing that the corresponding permittivity and permeability
represent a passive material. Consequently, the passivity condition ensures the designed
material is possible to realize in practice while the Heaviside condition secures that the
material is distortionless. The design method has been employed to design a passive
material that approximates the Heaviside condition in a narrow frequency interval. Veri-
fication in both time and frequency domains indicates that the designed material closely
resembles a distortionless material in the specified frequency interval. These results in-
dicate that an approximation of the Heaviside condition could be a potential aid in the
design of distortionless materials for bandlimited applications. Further investigations on
design method improvements, limitations on the approximation in terms of both accu-
racy and bandwidth, and the construction of such materials in practice could lead to new
distortionless cable or material designs.
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Chapter 1

Thesis Introduction

1.1 Background

Today, electromagnetic systems and devices play an important role in daily life. They
form the basis of several industrial and business applications. Wireless communication
systems are an integral part of the communication networks used to exchange information
in business, personal and industrial settings, i.e., mobile networks and sensor networks.
Technologies such as the Internet of Things (IoT) and wireless sensor networks (WSNs)
are providing increasing interoperability among different devices, placing heavier require-
ments on their ability to exchange data.

Industrial applications with their ever-increasing interest in extensive control and
monitoring capabilities, have drawn attention to the use of IoT and wireless sensor net-
work technology for monitoring processes and machines. By installing sensors to monitor
machine elements and allowing individual elements to receive and share data regarding
the states of themselves and other elements, the conditions of individual machine elements
and their running conditions can be predicted and controlled. In this way, machine op-
eration and maintenance can be optimized, leading to possible savings and increased
productivity.

Wireless communication for sharing this kind of sensor data is a crucial enabling
technology for the realization of the aforementioned systems. No careful wire routing
considerations and expensive cables are needed, and even inaccessible machine locations,
where cabling would be difficult or unfeasible, can be monitored. However, the reliability
may be worse. Machine environments often pose great challenges for wireless commu-
nication, hampering such a communication system’s operation. The presence of large
amounts of conductive materials in the vicinity of the antennas can potentially alter
their expected behavior considerably, if not properly accounted for. In addition, dirt,
wear debris and moisture together with oils and greases may be present in the vicinity
of the antennas and along the signal propagation path. These materials’ electromagnetic
properties, as characterized by their permittivity ε and permeability µ, will impact the
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4 Thesis Introduction

signals. These properties introduce both loss and dispersion, thereby altering the data
contents of the signals and hampering the communication link performance and quality.

The various materials present in such environments may be present as mixtures of
multiple materials. These mixtures may exhibit properties that considerably differ from
those of their individual constituents [1]. Even directional properties, such as anisotropy,
may be observed in these materials, introducing either interesting behaviors and usages
or degradation.

The ambient conditions of a machine environment can also differ drastically depending
on indoor and outdoor conditions and seasonal variations as well as the current running
conditions of the machines. Because the electromagnetic properties depend on factors
such as temperature and pressure, such quantities should also be considered.

In effect, the aforementioned factors can potentially impact any wireless communica-
tion system. They could render such a system unfeasible for an intended application if
they are not considered during the system design phase. Thus, knowledge of materials’
electromagnetic properties and the ability to accurately analyze their impact on a sys-
tem’s functionality become important. For such an analysis electromagnetic modeling
and simulation can be employed. Such an analysis demands models that fulfill certain
physical requirements and capture the physical phenomena exhibited by the real-world
system. Only then can the simulation be considered reliable and be trusted for the
evaluation of the analyzed system.

In the reverse direction, such models can also be utilized in the design of physically
realizable systems with desired properties, or for choosing suitable components. The
resulting systems may be regarded as engineered systems. For signal propagation appli-
cations, the selection or design of materials that exhibit low loss and dispersion, or that
have characteristics that can be compensated for on the transmitter and receiver sides
in a tractable way would be beneficial.

1.2 Motivation

The characterization of different dielectric, magnetic and magneto-dielectric material
properties in electromagnetic codes is continuously expanding as the prediction of more
advanced material property responses is investigated. This characterization is crucial in
the investigation and analysis of complex material properties and responses and can be
used to acquire new insights into how such materials can be employed in designing new,
or improving current, solutions.

The choice of electromagnetic codes is a highly application specific task. Often, the
code’s ability to handle some specific material property is relevant to such considerations.
However, the field-specific knowledge in certain numerical codes also drives the choices
because of the known availability of such codes in the related fields. The SPICE program
[2] plays such a role in the EMC community, for example.

The partial element equivalent circuit (PEEC) method [3] is now a standard ap-
proach to solve Maxwell’s equations. It is frequently employed in problems concerning
electromagnetic compatibility (EMC), electric interconnect and package (EIP) and also
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antennas [4]. The distinguishing feature of PEEC is that it transforms the electromag-
netic problem at hand into an equivalent circuit, and the currents and potentials in the
structure are determined by using circuit methods. This also means that excitations and
loads can be inserted into a PEEC model as lumped circuit models. Therefore, mixed
field-circuit problems can be straightforwardly handled with the PEEC method, without
any special treatment of the connection between the two problem types. In addition,
solutions in both the time and frequency domains can be obtained using the same circuit
model, without any model modifications.

Initially, the PEEC method was used to handled conductor structures immersed in
a homogeneous and non-dispersive dielectric background. It was later extended [5] to
structures consisting of both conductors and dielectrics. Dispersive and lossy dielectrics
were later incorporated into PEEC simulations as equivalent circuits [6] to perform the
necessary convolutions, or by using recursive convolutions [7], for the modeling of the
polarization currents in the dielectrics. Further extensions have been made to magnetic
materials [8–11], and magneto-dielectric materials [12], thereby approaching the full ca-
pability to handle complex materials.

Due to the PEEC method capabilities mentioned, it appears as a proper choice for
electromagnetic modeling and analysis of the environments mentioned in Sec. 1.1, and
for the prediction of electromagnetic device performance. Such as for antennas, energy
harvesters, and sensors that are supposed to operate in the environment. The large class
of materials that can be modeled with PEEC makes it possible to characterize the en-
vironments realistically. Furthermore, because circuit models of energy harvesters and
sensors often are available, the PEEC method offers the ability to simulate these devices’
operation together with their corresponding antenna system. However, anisotropic di-
electrics have not yet been explicitly considered in PEEC modeling. Therefore, some
dielectric mixtures and artificial dielectrics that may arise in some applications or envi-
ronments are not within the current capabilities of the PEEC method. Nevertheless, to
enable the PEEC modeling of dielectrics that cannot be treated as locally isotropic, such
considerations would be necessary. Because the dielectrics in these environments may
experience differences in temperatures, the investigation of useful models for temperature
dependent permittivity that could be used in PEEC modeling is also of interest.

In addition to the analysis problem, the design and synthesis problem, which is essen-
tially the inverse problem of the analysis problem, is also of interest. As more complex
material properties are analyzed and characterized, one turns to the question of how such
properties can be utilized. Investigations of metamaterials with simultaneously negative
permittivity and permeability are already flourishing [13, 14]. Such metamaterials have
found applications in the field of antenna design and transmission problems.

For signal transmission between two locations, propagation of the TEM-mode waves
in a material is of interest. A condition for providing distortionless propagation of such
signals on a transmission line has long been known, namely, the Heaviside condition [15].
The Heaviside condition sets requirements on the per-unit-length (p.u.l.) parameters of a
transmission line, or equivalently the permittivity and permeability of a medium, within
which such a signal is to travel. If this condition is satisfied, the signal will experience
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only uniform attenuation and a time delay, meaning that the signal waveform will be
preserved during propagation. This property of a medium is obviously beneficial from
a signal transmission point of view, as only linear amplification may be required at the
receiver. However, due to the frequency-dependent nature of any material’s permittivity
and permeability, this condition is not expected to be satisfied at all frequencies. On
the other hand, its enforcement in a finite frequency interval could find uses in some
frequency-modulated systems. To this end, the possibility to approximate the Heaviside
condition in a finite frequency band in order to achieve distortionless propagation of
TEM-mode waves becomes an interesting problem. By designing a material with a
permittivity and permeability that approximate the Heaviside condition, that material
would be intrinsically distortionless in the specified frequency interval, in addition to the
high-frequency limit [16].

In view of the above, a set of research questions summarizing the objectives of this
thesis work have been formulated as follows:

1. Can a non-isotropic PEEC cell be formulated such that general anisotropic dielec-
tric materials can be modeled with the PEEC method?

2. Can the PEEC method be used for modeling environments with dielectric materials
that have temperature dependent permittivities?

3. Is it possible to design physically realizable materials with generally frequency-
dependent permittivity and permeability functions that can support distortionless
TEM-mode propagation in a finite frequency band?

1.3 Related Work

Electromagnetic simulation and modeling is a vast subject, and depending on the in-
tended applications to be analyzed and studied, usually a single approach will not al-
ways be optimal or sufficient. Different approaches fit certain applications better than
others, and it is often a good idea to consider the requirements of the problem in mind
when choosing the most suitable approach. As is pointed out in Sec. 2.7, the different
approaches for solving Maxwell’s equations make use of different formulations thereof,
and consequently, the mathematical tools used to solve the problem differ. For the mod-
eling and simulation of setups consisting of complex materials, that is, materials not
limited to perfect conductors and non-dispersive dielectrics, the formulations are some-
what complicated by the fact that the corresponding constitutive relations that describe
the materials’ responses to the applied fields are not simple scalar multiplications with
the applied fields. Instead, convolutions with the applied fields must be computed, and
if anisotropy is to be modeled, convolutions with tensor quantities have to be considered.
See Sec. 2.2 for a summary of these relations.

Among the available differential methods, the finite-difference time-domain (FDTD)
method [17] and the finite element method [18] are the most common approaches for
electromagnetic time-domain modeling. Both the FDTD methods and the FEM have
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been extensively proven to be capable of handling a multitude of properties associated
with complex media [19].

In FDTD modeling, dispersive media have received considerable attention. Dispersive
dielectrics are usually incorporated by using a recursive convolution scheme [20–23], an
auxiliary differential equation method [24–26] or a z-transform approach [27–30]. How-
ever, other approaches for other FDTD implementations are also available [31, 32]. For
FEM modeling, similar schemes for dispersive media are employed [19, 33], and some
recent schemes are described in [34–36].

Turning to integral equation methods [37–41], especially time domain methods, gen-
erally, dispersive media have received less attention in the context of these methods than
they have in the case of differential methods. However, a couple of schemes for mod-
eling dispersive media in these methods have been reported in the literature in recent
years [42–44]. These seem to provide capabilities similar to those of the differential meth-
ods above in terms of which dispersive dielectric models can be represented. However,
they seem to be mostly applied in scattering computations.

The PEEC method [3] belongs to a subset of integral equation methods. The incor-
poration of dispersive dielectrics into PEEC models was reported in [6]. In particular, an
equivalent circuit representation of dispersive dielectrics can be formulated in the PEEC
method. Therefore, any passive circuit model can be considered valid for describing dis-
persive dielectrics in a PEEC model. However, the PEEC method can also be used in
conjunction with recursive convolution methods to model dispersive dielectrics [6].

Consequently, differential and integral methods share similar capabilities in model-
ing dispersive dielectrics, that exhibit time-invariant, linear and causal behavior in both
the time and frequency domains. However, it should be noted that the introduction of
dispersive media in a differential method should be accompanied by a proper choice of
absorbing boundary conditions (ABC) [45, 46], to ensure the termination of the compu-
tation domain [19]. Such boundary conditions are found in [47–49]. For integral equation
methods, such as the PEEC method, considerations related to absorbing boundary con-
ditions are not needed. Therefore, these methods are well suited for open geometries that
consist of dispersive media.

Turning to the case of anisotropic dielectrics, differential methods have again been
prove amendable to such extensions [19]. The FDTD method in particular has received
considerable attention in this respect [50–54]. Also, boundary conditions specifically
geared toward anisotropic dielectrics are available [55–58]. In addition, the extension to
dispersive anisotropic dielectrics can be treated with differential methods [59–61].

On the other hand, the incorporation of anisotropic dielectrics into the time-domain
integral equation methods appears to have received less attention. Some recent works
regarding frequency-domain integral equation methods can be found in [62, 63]. Conse-
quently, the situation for the PEEC method is similar. However, a recent PEEC model of
magnetized graphene [64] has introduced anisotropy into PEEC modeling. The work re-
ported in [64] indicates that the PEEC method could be suitable for time-domain models
containing anisotropic dielectrics, and allowing the advantages associated with integral
equation methods to be exploited for such problems.
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The interest in analyzing complex materials with non-ideal electromagnetic proper-
ties may be traced to the desire to design devices with improved performance. To do
so, materials with specific electromagnetic properties, geared toward the applications in
mind, must be either engineered or found in nature. Because naturally occurring materi-
als with specific required properties are seldom available, artificial materials ought to be
the next resort. The rapid developments in characterizing and engineering such materials
have further fueled these efforts. This can be seen from the experimental verifications of
double negative media [65,66] and the modeling and design of such materials [67–70].

With regard to signal transmission, distortionless signal transmission through a medium,
cable or PCB trace is highly beneficial. In this case, the term distortionless means that
the transmission link attenuates a signal’s frequency content uniformly and that it ex-
hibits a linear phase response. Consequently, an attenuated and time-delayed replica of
the transmitted signal will arrive on the receiver side.

There exists proposals of distortionless materials that supports signal transfer with
the abovementioned properties. In [71], a wire medium is proposed to support distor-
tionless signal propagation. The results of both simulations and experiments seem to
verify the distortionless properties. In this wire medium, spatial dispersion is responsible
for its distortionless nature. In other design approaches slabs of several materials are
stacked to counteract the dispersive characteristics of the individual slab media, thereby
obtaining a non-distorted waveform at the receiver. Such an attempt can be found in [72].
This approach is very similar to the equalization strategies used in improving the trans-
fer characteristics of standard transmission circuits [73]. For transmission lines, other
approaches [74] have been suggested in which where non-uniform line tapering is em-
ployed to eliminate the distortion along the line. However, this requires the analysis of a
non-uniform transmission line.

More recent approaches [75] have suggested the use of special time waveforms that
can withstand the distortion along a standard transmission line. This approach seems
promising and rather versatile in its application. However, specific time waveforms must
be used, whereas in some applications, arbitrary waveforms may be requested.

Another approach is to employ the Heaviside condition [15], which renders a transmis-
sion line distortionless. For this purpose, the p.u.l. parameters of a two-conductor trans-
mission line are specified such that they fulfill certain ratios. Recently, conditions similar
to the Heaviside condition have been identified for obtaining distortionless propagation
along multiconductor transmission lines [76], stimulating additional practical interest in
this approach. For two-conductor transmission lines, attempts have been made to employ
the Heaviside condition to achieve distortionless propagation [77,78]. Here the matching
of the Heaviside condition is made at DC (low frequencies), and frequency-dependent
parameters will cause the Heaviside condition not to be satisfied at higher frequencies,
except until the high-frequency limit, where the line will asymptotically behave as a dis-
tortionless transmission line [16]. Depending on the frequency-dependence of the line
parameters, there is no way to safely assume that DC matching will ensure distortionless
propagation for the frequencies of interest. Furthermore, in the above works, transmis-
sion lines with frequency-independent p.u.l. parameters are considered. However, such
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lines do not exist in practice because they violate the Kramer-Kronig relations for a line’s
characteristic impedance. Hence, such a matching to the Heaviside condition is not ex-
pected to be valid at all frequencies. Consequently, the line will not provide distortionless
propagation at all frequencies. As a result, for the practical application of the Heaviside
condition there is a need for a means of designing lines that will satisfy this condition in
specifically desired frequency intervals. Such design efforts would require ways to design
a transmission line that approximates the Heaviside condition within a frequency inter-
val. At present, no such means seem to be available in the literature, to the author’s
knowledge. Because the parameters of a transmission line can be associated with the per-
mittivity and permeability of a material slab, for TEM-mode wave propagation within it,
this association can provide an approach to the design of distortionless materials. Such
design methods could potentially yield improved cable designs or material designs for
signal transmission.

1.4 Thesis Outline

This thesis consists of two parts. Part I consists of five chapters. The thesis background
and motivation is given in Chapter 1. In Chapter 2 the fundamental equations gov-
erning the macroscopic electromagnetic phenomena employed in the analysis and design
of electromagnetic systems are outlined. In addition, the fundamental assumptions and
models employed in representing the electromagnetic properties of materials in terms of
their permittivity and permeability, are discussed. Specifically, an emphasis is placed on
general linear, frequency-dispersive materials and their constitutive relations in both the
time and frequency domains. Chapter 3 introduces the PEEC method in some detail.
Emphasis is placed on the incorporation of dielectric materials in PEEC models. Related
to this matter, this thesis addresses the modeling of anisotropic dielectrics in the PEEC
framework, and a basic PEEC cell for an anisotropic dielectric is provided together with
its extension to dispersive anisotropic dielectrics. In relation to the design of artificial
materials, Chapter 4 will briefly address the problem of deriving certain materials that
support distortionless TEM-mode propagation. This problem is approached by attempt-
ing to approximate the Heaviside condition for a two-conductor transmission line in a
finite frequency interval. Finally, Chapter 5 summarizes the contributions of this thesis,
the conclusions drawn, the answers to the research questions and possibilities for future
work.

Part II includes the four papers that this thesis is based on.
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Chapter 2

Electromagnetic Simulation and
the Modeling of Materials’
Electromagnetic Properties

This chapter covers the fundamental framework of any electromagnetic analysis. The
well-known Maxwell’s equations are presented in the notation used in this thesis. Of most
interest in this work are the constitutive relations that must be appended to Maxwell’s
equations, to make them possible to solve. These constitutive relations basically describe
the materials in the considered setting and how they interact with electromagnetic fields.
A general framework for materials with linear, time-invariant and causal behavior is
employed throughout this thesis, and the frequency dispersive and directional properties
are of particular interest. The causal and passive properties of a material are of grat
importance becuase they are expected to be valid for any naturally occurring material.

2.1 Maxwell’s Equations

The basis for the analysis of electromagnetic problems lies in the well-known, and em-
pirically well-justified macroscopic Maxwell’s equations:

11



12
Electromagnetic Simulation and the Modeling of Materials’

Electromagnetic Properties

Differential form Integral form

∇× E = −∂B

∂t

∮

l

E · dl = −
∫

s

∂B

∂t
· ds (2.1a)

∇×H = J +
∂D

∂t

∮

l

H · dl =

∫

s

J +
∂D

∂t
· ds (2.1b)

∇ ·D = ρ

∮

s

D · ds =

∫

v

ρdv (2.1c)

∇ ·B = 0

∮

s

B · ds = 0. (2.1d)

These equations relate the macroscopic electric field E (V/m) and the macroscopic mag-
netic field H (A/m) in space and time with their sources, the current density J (A/m2)
and the charge density ρ (C/m3). The additional fields, the electric flux density D (C/m2)
and the magnetic flux density B (Vs/m2), provide additional unknowns that must be
specified in terms of the electric and magnetic fields to obtain a solvable set of equations
in (2.1a)-(2.1b). These additional relations are the constitutive relations addressed in
Sec. 2.2, and they depend on the medium.

2.2 Constitutive Relations for the Modeling of Ma-

terials in Maxwell’s Equations

As noted in Sec. 2.1, Maxwell’s equations in (2.1a)-(2.1b) are not complete until a set
of constitutive relations has been specified, thus providing a solvable set of equations for
the unknown fields, E and H, that can be solved if the current density J and charge
density ρ are considered to be their sources. These constitutive relations are commonly
referred to as a specification of the properties of the materials present in the space under
consideration.

Throughout this thesis, constitutive relations in the following form be considered:

D = Fe(E,H) (2.2a)

B = Fm(H,E). (2.2b)

The electric flux density D and the magnetic flux density B will be considered to be
functionally related to the electric and magnetic fields through the functional relations
Fe and Fm. Relatedly, two other field quantities, the polarization P (C/m2) and the
magnetization M (A/m), are also defined as follows

P = D− ε0E (2.3a)

M =
1

µ0

B−H. (2.3b)
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These quantities may be viewed as a specification of the bound charges and currents in a
material. Thus, specifying the polarization and magnetization is equivalent to specifying
the constitutive relations for the considered material.

For a vacuum, the constitutive relations are especially simple:

D = ε0E (2.4a)

B = µ0H. (2.4b)

These relations are obviously equivalent to setting the polarization and magnetization
in the material to zero.

When specifying the constitutive relations according to (2.2a)-(2.2b), a couple of
assumptions regarding the functional relations Fe and Fm must be made on physical
grounds [79]. First, both should satisfy causality. Henceforth, the functional relations
will also be assumed to be time-invariant and linear. Both properties are reasonable
assumptions for most materials encountered in practice. Constitutive relations satisfy-
ing causality, linearity and time-invariance thus enable the modeling of a large class of
materials encountered in practice.

2.2.1 Time-domain Constitutive Relations

A general set of constitutive relations, being linear, time-invariant and causal, can be
given in the following form [79]

D(r, t) = ε0

(
ε∞ · E(r, t) +

∫ t

−∞
χee(t− t′) · E(r, t′)dt′ + η0

∫ t

−∞
χem(t− t′) ·H(r, t′)dt′

)

(2.5a)

B(r, t) =
1

c0

(∫ t

−∞
χme(t− t′) · E(t′)dt′ + η0µ∞ ·H(r, t) + η0

∫ t

−∞
χmm(t− t′) ·H(t′)dt′

)
.

(2.5b)

Here, ε∞ and µ∞ are dimensionless dyadics specifying the optical response of a material
to an input field, and χee, χem, χme and χmm are dimensionless dyadics called susceptibil-
ity functions, which constitute the convolution kernels specifying the material’s response
to an input field. The constants c0 and η0 are the speed of light in vacuum and the wave
impedance of vacuum, respectively. These constitutive relations exhibit memory, as the
fields D and B at time t depend on past values of the fields E and H. This memory
effect implies frequency dispersion, which is further elaborated in Sec. 2.2.2.

Depending on the shape of the dyadics in (2.5a)-(2.5b), a material is classified as
being isotropic, anisotropic, bi-isotropic, or bi-anisotropic. In this thesis isotropic and
anisotropic materials will be addressed; thus a classification of these cases is presented
below.

An isotropic material is characterized by a lack of any preferred direction, meaning
that its behavior is invariant with respect to the direction of an applied field. This
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immediately leads to the constraint that all of the dyadics in (2.5a)-(2.5b) must be pro-
portional to the unit dyadic I. An isotropic material, by definition, does not exhibit
any coupling effect between the electric and magnetic fields; therefore, the susceptibil-
ities satisfy χem = χme = 0. Isotropic materials are of practical importance in most
applications. Thus, isotropic constitutive relations are useful for the modeling of most
materials encountered in practice. The constitutive relations for an isotropic dielectric
read as follows

D(r, t) = ε0

(
ε∞E(r, t) +

∫ t

−∞
χee(t− t′)E(r, t′)dt′

)
, (2.6a)

B(r, t) =
1

c0

(
η0µ∞H(r, t) + η0

∫ t

−∞
χmm(t− t′)H(t′)dt′

)
, (2.6b)

and are heavily relied upon in this thesis. In this case, the dyadics are replaced with
scalar quantities.

By contrast, an anisotropic material is characterized by a preferred direction, meaning
that its response to an applied field depends on the field direction. This means that at
least one of the dyadics in (2.5a)-(2.5b) is not proportional to the unit dyadic I. In effect,
the constitutive relations for an anisotropic dielectric are expressed as

D(r, t) = ε0

(
ε∞E(r, t) +

∫ t

−∞
χee(t− t′)E(r, t′)dt′

)
, (2.7a)

B(r, t) =
1

c0

(
η0µ∞H(r, t) + η0

∫ t

−∞
χmm(t− t′)H(t′)dt′

)
. (2.7b)

As in the case of an isotropic material, no coupling effects are imposed by an anisotropic
material, and consequently χem = χme = 0.

2.2.2 Frequency-domain Constitutive Relations

The constitutive relations introduced in Sec. 2.2.1 have counterparts in the frequency
domain through a Fourier transformation of (2.5a)-(2.5b) [80]

E(ω) =

∫ ∞

−∞
E(t)ejωtdt, (2.8)

where j is the imaginary unit, defined as j2 = −1, and ω is the angular frequency variable.
This immediately leads to the conclusion that in general, a material exhibits different
steady-state responses to different steady-state excitations. In shorthand notation, these
relations can be expressed as

D(ω) = ε0

[(
ε∞ +

∫ ∞

0

χee(t)e
jωtdt

)
· E(ω) + η0

∫ ∞

0

χem(t)ejωtdt ·H(ω)

]
(2.9a)

B(ω) =
1

c0

[∫ ∞

0

χme(t)e
jωtdt · E(ω) + η0

(
µ∞ +

∫ ∞

0

χmm(t)ejωtdt

)
·H(ω)

]
. (2.9b)
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In these expressions the following definitions are used:

ε(ω) = ε∞ +

∫ ∞

0

χee(t)e
jωtdt, (2.10a)

µ(ω) = µ∞ +

∫ ∞

0

χmm(t)ejωtdt, (2.10b)

ξ(ω) =

∫ ∞

0

χem(t)ejωtdt, (2.10c)

ζ(ω) =

∫ ∞

0

χme(t)e
jωtdt. (2.10d)

Here, ε and µ are the optical permittivity and the optical permeability, respectively,
representing the immediate response to an applied input field. Note that all the field and
scalar quantities above may, in general, be complex.

For an isotropic material these relations reduce to

D(r, ω) = ε0ε(ω)E(r, ω) (2.11a)

B(r, ω) = µ0µ(ω)H(r, ω), (2.11b)

where ε(ω) and µ(ω) are corresponding to Fourier transformed versions of (2.6a)-(2.6b).
These are the standard constitutive relations for isotropic materials in the frequency
domain. ε = ε(ω) denotes the relative permittivity function, while µ = µ(ω) is the
relative permeability function. Both quantities represent a complex scalar value at each
angular frequency ω. Therefore, for an isotropic material, its relative permittivity and
permeability functions can generally can be expressed as

ε(ω) = εr(ω)− jεi(ω), (2.12a)

µ(ω) = µr(ω)− jµi(ω), (2.12b)

which are referred to as the complex relative permittivity and permeability of the ma-
terial.

For an anisotropic material, the constitutive relations in the frequency domain assume
the form

D(r, ω) = ε0ε(ω)E(r, ω) (2.13a)

B(r, ω) = µ0µ(ω)H(r, ω). (2.13b)

Here, the relative permittivity and permeability functions are dyadics of the form

ε(ω) =



εxx(ω) εxy(ω) εxz(ω)
εyx(ω) εyy(ω) εyz(ω)
εzx(ω) εzy(ω) εzz(ω),


 (2.14a)

µ(ω) =



µxx(ω) µxy(ω) µxz(ω)
µyx(ω) µyy(ω) µyz(ω)
µzx(ω) µzy(ω) µzz(ω).


 (2.14b)
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Figure 2.1: Debye model susceptibility χ(ω) = ε(ω − 1) with εS = 2 and ε∞ = 1 and Lorentz
model susceptibility χ(ω) = ε(ω− 1) with εS = 2 and ε∞ = 1 for various values of the damping
coefficient δ.

2.3 Dispersion and Loss

In a material, the field quantities will experience damping due to various loss processes,
e.g. absorption loss [81]. In general, also a field’s original frequency spectrum will be
altered differently at each frequency. In effect, the field’s original time waveform will
be distorted compared with the original applied time waveform. This process is called
dispersion, and it is unavoidable in any naturally occurring material.

To model the frequency-dependent complex permittivity and permeability of a ma-
terial, various empirical models are commonly employed. These models are supposed to
describe the material’s permittivity and permeability across a broad frequency bandwidth
of interest. The two most commonly employed complex permittivity models are the De-
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bye and Lorentz models [81]. The Debye permittivity model specifies the permittivity as
follows:

ε(ω) = ε∞ +
εS − ε∞
1 + jωτ

, (2.15)

where εS and ε∞ are the relative static and optical permittivities, respectively. The
relaxation time constant τ specifies the frequency of the loss peak. Correspondingly, the
Lorentz permittivity model predicts

ε(ω) = ε∞ +
(εS − ε∞)ω2

0

ω2
0 + 2jδω − ω2

, (2.16)

where ω0 is the undamped natural angular frequency and δ is the damping factor. The
real and imaginary parts of the Debye and Lorentz models are plotted in Fig. 2.1.

For the broadband modeling of materials, a single Debye or Lorentz model is com-
monly insufficient due to the different field response processes in a material. To account
for this, the Debye and Lorentz models can be linearly combined to represent a complex
relative permittivity (or permeability) function as follows

ε(ω) = ε∞ +

ND∑

k=1

ADk

1 + jτkω
+

NL∑

k=1

ALkω
2
0k

ω2
0k

+ 2jδkω − ω2
. (2.17)

In this expression, ND and NL denotes the number of Debye and Lorentz terms, respec-
tively, τk and ADk are the relaxation time constant and the strength, respectively, of the
k-th Debye term while ω0k , δk and ALk are the resonance frequency, the damping factor
and the strength, respectively, of the k-th Lorentz term. The Debye and Lorentz models,
and linear combinations thereof can also be employed to model the permeability of a
material in a corresponding manner.

2.4 Causality and Passivity

In Sec. 2.2.1, the physical requirement of causality was mentioned. Another physical
property that is expected for any naturally occurring material is passivity [70]. Essen-
tially, passivity refers to the property that a material cannot dissipate more energy than
the amount being supplied to it. This means that it is unable to generate energy. In
general, a passive material will also satisfy the causality condition [82].

The restrictions imposed by passivity on a material’s permittivity and permeability
can be conveniently characterized by considering the permittivity or permeability func-
tions to be defined on a complex frequency plane. This approach can be implemented
by analytically continue ε(ω) from the real frequency axis ω into the complex s-plane,
which is characterized by the complex frequency variable s = σ+ jω, where σ and ω are
real numbers, and exchanging the roles of the jω-axis and the real frequency axis, Im(s),
in accordance with ε(s)|s=jω = ε(ω), where ω is the real frequency variable from before.
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When consideration is restricted to a permittivity function ε(s) that is a rational
function in s, the susceptibility function χe(s) = ε(s) − ε∞ is specified by its zeros and
poles up to a real constant multiplier, suggesting the following general form

χe(s) = ε(s)− ε∞ =

∏Nz
k=1(s− zk)∏Np
k=1(s− pk)

. (2.18)

The Nz zeros, zk, and Np poles, pk, may be scattered in the s-plane, and ε∞ is a positive
real constant, corresponding to the optical permittivity.

In [70], the requirements that ε = ε(s) must satisfy to be a permittivity function of
a passive material are described, and summarized below

• sε(s) is a positive-real function [83] mapping the right-hand plane (RHP) of the
complex s-plane onto itself.

• χe(s) has no poles or zeros on the real frequency axis s = jω, except for possibly a
simple pole at s = 0.

These requirements imply the following.

• All the poles and zeros of χe(s) occur in complex conjugate pairs and are located in
the left-half plane (LHP) of the s-plane, with no poles and zeros on the imaginary
axis, except for possibly a simple pole at s = 0.

• Nz < Np, i.e., the number of zeros is fewer than the number of poles.

Under the assumption that a material is passive, causality is ensured and the Kramers-
Kronig relations [81] relate the real and imaginary parts of ε(s)|s=jω with each other as
follows

εr(ω) = ε∞ +
1

π

∫ ∞

−∞

εi(ω
′)

ω′ − ωdω′ (2.19a)

εi(ω) = − 1

π

∫ ∞

−∞

(εr(ω
′)− ε∞)

ω′ − ω dω′, (2.19b)

where the integrals are, in fact, Cauchy’s principal value integrals. These relations reveal
that the real and imaginary parts are not independent of each other. If one is known at
all frequencies, then the other is also known.

Revisiting the Debye and Lorentz permittivity models their analytical continuations
are

ε(s) = ε∞ +
εS − ε∞
1 + τs

, (2.20a)

ε(s) = ε∞ +
(εS − ε∞)ω2

0

ω2
0 + 2δs+ s2

. (2.20b)
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Figure 2.2: A general dielectric mixture, consisting of a background εb and inclusions of εi, i =
1, · · · , Ni, where Ni = 4.

These models satisfy the properties of a passive medium, meaning that they are causal.
Because the sum of two positive-real functions is also a positive-real function, any lin-
ear combination of Debye and Lorentz terms with non-negative coefficients satisfies the
passivity requirement above. Hence, any rational permittivity function can be expressed
as

ε(s) = ε∞ +

ND∑

k=1

ADk

1 + τks
+

NL∑

k=1

ALkω
2
0k

ω2
0k

+ 2δks+ s2
, (2.21)

where ADk and τk are the strength and relaxation time constant, respectively, of the k-th
Debye term. Similarly, ALk , δk and ω0k are the strength, damping factor and natural
resonance frequency, respectively, of the k-th Lorentz term.

2.5 Electromagnetic Mixtures

Many materials encountered in engineering and nature occur in mixtures of several dif-
ferent materials or phases. Such a mixture may exhibit rather curious electromagnetic
properties compared to each individual material of which it is composed. Such phenom-
ena can have interesting engineering applications in the design of materials with desired
electromagnetic properties [84–86], so-called artificial materials. This kind of material
engineering can be observed in the analysis and synthesis of metamaterials [14,87], that
offer electromagnetic properties not observed in naturally occurring materials.

The general electromagnetic mixing problem may be depicted as in Fig. 2.2. A di-
electric material of electrical permittivity εb serves as a background matrix that hosts a
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set of Ni dielectric materials with electrical permittivities of εi, i = 1, 2, ..., Ni, each of
which is contained in the background matrix at a volume fraction of fi. Attempting to
include this kind of material in an electromagnetic simulation would make the simulation
intractable in most practical cases. In general, the distribution of each dielectric inclu-
sion phase in the background material is not known in full detail, and the length scales
that would need to be resolved in the simulation would be too small to allow reasonable
model sizes. As an alternative, such a dielectric mixture can be treated as a bulk mate-
rial with an effective permittivity εeff [88, 89] which, when the material is observed from
an external perspective (or on a macroscopic scale relative to the mixture dimensions),
yields an equivalent electric field situation. This treatment can be formulated by means
of field averaging, or homogenization, of the internal field in the mixture. For such a
representation to be valid, the inclusion dimensions should be small compared to both
the dimensions of the bulk mixture and the shortest wavelength of the applied electric
field within the bulk mixture [1, 88]. In many cases, these requirements can be satisfied.

Generally, it is not possible, and not even desirable, to include all information about
the mixture when determining its effective permittivity εeff . However, without all details
regarding the mixture, one cannot expect to be able to characterize all of the electro-
magnetic features of the mixture in a mixing model [90]. Two well-known and frequently
used mixing rules for assigning an effective permittivity εeff to a two-phase mixture are
the Maxwell-Garnett mixing rule [1] and the Bruggeman mixing formula [1, 91]

εeff = εb + 3fεb
εi − εb

εi + 2εb − f(εi − εi)
, (2.22)

(1− f)
εb − εeff

εb + 2εeff

+ f
εi − εeff

εi + 2εeff

= 0. (2.23)

Note that when these are applied, the mixture constituents are assumed to be isotropic
and spherical in shape. The inclusion phase εi occupies a volume fraction f of the mixture
in these formulas. In the case of Ni spherical inclusion phases, each with permittivity εi,k
and occupying a volume fraction fk, for k = 0, 1, · · · , Ni, the Maxwell-Garnett formula
becomes

εeff = εb + 3fεb

∑Ni
k=1fk

εi,k−εb
εi,k+2εb

1−∑Ni
k=1fk

εi,k−εb
εi,k+2εb

. (2.24)

However, mixing formulas are available for the case of an anisotropic background material
and/or constituents, and for even more general cases [1, 92].

The inclusions’ shapes can also be accounted for in the mixing rules [88]. For this
purpose, the depolarization factor [93] N is introduced. Depolarization factors can be
calculated for any ellipsoidal inclusions [94], and in general, numerical computations are
resorted to. In this case, one depolarization factor for each principal direction, Nx, Ny

and Nz, for the inclusion must be determined. Their sum is always Nx + Ny + Nz = 1.
Special cases are needle-shaped inclusions, Nx = 0 and Ny = Nz = 1

2
; spherical inclusions,

Nx = Ny = Nz = 1
3
; and disc-shaped inclusions, Nx = 1 and Ny = Nz = 0. For
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ellipsoidal inclusions, their asymmetric shape in the three Cartesian coordinate directions
may lead to an anisotropic mixture permittivity [1, 88], depending on the alignment
of the inclusions. For randomly aligned ellipsoidal inclusions, no preferred direction is
expected, and the mixture is considered isotropic due to averaging. In the Maxwell-
Garnett formalism, an effective permittivity for such a mixture is assigned as follows

εeff = εb + εb

f
3

∑
j=x,y,z

εi−εb
εb+Nj(εi−εb)

1− f
3

∑
j=x,y,z

Nj(εi−εb)
εb+Nj(εi−εb)

. (2.25)

In general, for the aligned case, the k-th component k = x, y, z of the effective
permittivity εeff for a two-phase mixture is

εeff,k = εb + fεb
εi − εb

εb + (1− f)Nk(εi − εb)
, (2.26)

where Nk is the depolarization factor in the k-th direction for the inclusion phase shapes.
The effective permittivity dyadic εeff of a mixture with aligned inclusions is given by

εeff =
∑

j=x,y,z

n̂jn̂jεeff,j. (2.27)

Here, n̂j denotes the unit vector in the j-th direction. From this expression, it is clear
that this type of mixture is anisotropic if the corresponding depolarization factors Nx,
Ny and Nz are not all equal, although the individual components may have isotropic
permittivities.

The Maxwell-Garnett and Bruggeman mixing formulas are consistent even in the
case of complex electrical permittivity quantities [95]. In effect, they can be applied for
lossy and dispersive dielectrics. If the permittivities of the background material and the
inclusion phases are described by the analytic form given in (2.21), it is reasonable to
assume that a similar analytic model can be assumed to describe the mixture permittivity
[89,90]. It is therefore reasonable to assume that a suitable fit of the effective permittivity
function to the form of (2.21) [96, 97] can be achieved based on measured or modeled
effective permittivity data. However, some restrictions apply [1]. The fields must be
able to penetrate a considerable amount of the mixture inclusions, placing a bound on
the highest frequency for this description is valid. In addition, introducing losses will
introduce percolation effects [1, 91], leading to critical thresholds in terms of the volume
fractions of the inclusions at which the mixture’s electrical properties undergo drastic
changes. Both the Maxwell-Garnett and Bruggeman mixing formulas are considered to
predict such phenomena poorly [91].

2.6 Influence of Other Factors’ on Permittivity

A material’s electromagnetic properties depend not only on frequency, leading to dis-
persive behavior, but also on other factors. Two obvious examples of such factors are



22
Electromagnetic Simulation and the Modeling of Materials’

Electromagnetic Properties

temperature and pressure. Because materials may undergo phase transitions as the tem-
perature changes, their electromagnetic can differ significantly at different temperatures.
The same goes for different pressure conditions.

In most practical cases, the temperature variations are not so large that the materi-
als studied in an electromagnetic simulation would undergo any sharp phase transition.
However, for many environments encountered in engineering practice, the temperature
variations may be of a seasonal nature or due to different steady-state conditions. Such
variations could be considered to lead to different ambient temperature conditions and
thus should be accounted for in electromagnetic simulations. Under conditions like these,
the variation of temperature over time should be considered to be so slow that no appre-
ciable difference would be observed over several time instants. For further simplification,
one may consider the temperature to be constant throughout the domain, meaning that a
temperature equilibrium has been reached and no further diffusion processes are ongoing
in the materials in the considered system.

These sorts of temperature conditions are the only ones whose effects are considered
in this thesis, meaning that no modeling of the temperature diffusion in the materi-
als is considered. Only the effects of different ambient temperatures on the materials’
electromagnetic properties. Emphasis is placed on the influence of temperature on the
permittivity of a material. It must be noted that no full treatment of this phenomenon
is given; only a general depiction of the problem and a special case are presented.

In measurements of a material’s permittivity ε, it is observed that the permittivity
is different at different temperatures. This is a well-known phenomenon for water, for
which numerous measurement data of the permittivity are available [98, 99], and also
observed for other biological solids and liquids [100, 101]. Because such materials also
exhibit frequency variations in their permittivities, it is of interest to study the effect of
different temperatures on the permittivity function ε(s), effectively assigning a meaning
to

ε = ε(s, T ), (2.28)

where T is the temperature expressed in either Kelvin or Celsius degrees. Due to the
results regarding the description of any permittivity described in Sec. 2.3, this character-
ization may be viewed as a description in which the locations of the poles and zeros of ε
in the s-plane depend on the temperature, T . At different temperatures, the poles and
zeros will assume different positions in the complex frequency plane. Considering that
most materials should behave fairly smoothly with respect to temperature, at least if the
materials doesn’t change state [102]. Therefore, it is expected that the poles and zeros
should follow continuous trajectories as the temperature varies. Such trajectories would
then, in principle, be possible to observe by determining the permittivities at different
temperatures and deriving a corresponding analytical model at each temperature.

This sort of modeling is commonly employed when studying materials’ dielectric prop-
erties in experimental works [102–104]. For most materials in the radio or microwave
frequency ranges, their permittivities are well-described by finite sums of Debye models,
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as follows

ε(s) = ε∞ +
N∑

i=1

Ai
1 + τis

, (2.29)

where N is the number of Debye poles in the permittivity model and Ai and τi are the
corresponding pole strength and relaxation time constant, respectively, of the i-th Debye
pole. According to the previous discussion and the fact that the A and τ values determine
the locations of the poles and zeros of ε(s), the effect of temperature on the permittivity
may be described as follows

ε(s, T ) = ε∞(T ) +
N∑

i=1

Ai(T )

1 + τi(T )s
. (2.30)

Here, the quantities have been assigned a temperature dependence. This formulation
reflects the fact that the poles and zeros of ε will be different at different temperatures
T . The next step is to assign a reasonable model for the temperature variation of the
parameters.

Several means of describing the temperature variation of the Debye parameters could
be employed. For fitting experimental data to analytical models, several different models
exist [101, 104]. A commonly employed description is the Arrhenius model [104] for the
characterization of the temperature dependence of the time constant

τ(T ) = τ0e
K
T , (2.31)

where K and τ0 are fit parameters, determined from tabulated data or measurements.
To account for the pole strength A(T ), some microscopic description of the static

and high-frequency permittivities may be employed, such as Onsager’s model [103] or
Clausius-Mossotti [1], depending on the medium. Alternatively, a purely experimental
route may be chosen. Such an approach to modeling a temperature-dependent permit-
tivity in FDTD simulations is described in [105]. This scheme has also proven useful
in PEEC modeling, as described in Paper C, where it is employed to analyze printed
antennas covered with dielectrics under various ambient temperature conditions.

2.7 Methods for Solving Maxwell’s Equations

Numerical techniques for solving Maxwell’s equations (2.1) can be broadly classified into
two categories, namely, differential methods and integral methods, depending on the for-
mulation that is used as the basis for the solution. In the differential methods, Maxwell’s
equations are explicitly solved in their differential form. This means that all space must
be discretized, not only the volumes carrying the fields of interest. The model domain
must be truncated, and this truncation must be accounted for when formulating the
boundary conditions at the boundary of this domain such that artificial effects from re-
flections are minimized in the solution. In integral methods, on the other hand, some
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integral equation derived from the original Maxwell’s equations is solved. Because such
an integral equation makes use of the integration of the quantities in the domains with
derived Green’s functions, only those volumes in the domain that actually contain the
sources of the fields must be discretized. Boundary conditions are already incorporated
into the Green’s functions when they are determined for the considered problem. This ap-
proach may enable significant computational savings, depending on the problem. Often,
the solutions to the integral equation are currents in the structures, and postprocessing
is necessary to obtain the electromagnetic fields.

A distinction between time- and frequency-domain simulations is frequently made as
well. Depending on the type of information of interest one or the other may be more
suitable. Frequency-domain solvers will solve algebraic equations in the unknowns, and
large matrix inversions may be involved. These types of problems are often employed in
antenna simulations. Time-domain solvers will solve differential equations instead, and
time integration methods are applied. A time-domain solution can provide frequency-
domain results through the use of Fourier transforms. In many cases, time-domain solvers
can be fast. However, they often suffer from stability problems (e.g. late-time stability
issues), especially for full-wave simulations.

2.7.1 Finite Difference Time Domain Method (FDTD)

The finite-difference time-domain (FDTD) method [17] is a versatile method in EM
modeling that is simple in principle. It is a differential method that involves solving
the differential time-domain Maxwell equations, for the electric field E and the mag-
netic field H by approximating them with finite-difference equations in a specified finite
computational domain. Because it is a differential method, the whole space must be
discretized, which is not practically possible. Normally, the standard Yee scheme [17] is
employed to discretize the computational domain into volume cells and assign the fields
on the surfaces of these cells. Consequently, the computational domain is a truncation
of the whole space, and great care should be taken to handle the boundary conditions
accurately. Therefore, absorbing boundary conditions (ABC) [37, 45] to terminate the
domain are frequently used. Among these ABCs, the perfectly matched layer (PML) [46]
are among the most well known.

When the FDTD method is used, any dielectric and magnetic materials can be in-
corporated into the EM models. The materials can exhibit frequency dispersion [20, 22]
as well as either isotropic, anisotropic [50], bi-isotropic [106] or bi-anisotropic [107] prop-
erties.

As simulation results, the FDTD method returns the electric and magnetic fields
in the computational domain at each discrete spatial location and each time step. In
simulations of circuit devices, or mixed field-circuit problems, the voltages and currents
may be of more interest. In such cases, postprocessing will be required to determine the
voltages and currents in the simulated system. To obtain frequency-domain results, the
time-domain results can be subjected to a Fourier transformation.
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2.7.2 Finite Element Method (FEM)

The finite element method (FEM) [37] is a differential method of solving the differential
Maxwell equations in the time or frequency domain. For the FEM, the general solution
strategy is as follows. The differential problem to be solved is generally

L(u) = f, (2.32)

where L is a differential operator, e.g. the Laplace operator∇2, operating on the unknown
fields u to be solved for and f is a forcing function.

To solve (2.32) in a specified domain using the FEM approach, the computational
domain is discretized into so-called finite elements, or cells. These elements are usually
in the shape of tetrahedrons when a three-dimensional problem is considered. To obtain
a solution for the unknown fields u, they are expanded in known basis functions αi, with
unknown expansion coefficients uei as follows

ue =
∑

∀i
ueiαi. (2.33)

Based on this representation, a functional [37] Fe for the finite element e is formulated
in terms of the unknown coefficients uei . Then, a total functional F for the differential
problem defined in (2.32) is constructed from the functionals for the individual finite
elements as follows

F =
∑

∀e
Fe. (2.34)

In this way, the problem is transformed into a variational problem. To solve this vari-
ational problem, the functional F should be minimized with respect to the unknown
expansion coefficients, uei , ∀e, i. The set of coefficients that minimizes F is considered
to be the solution to the original differential problem in (2.32), and the unknown fields
are obtained from this expansion in these coefficients as follows

u =
∑

∀e
ue. (2.35)

The results obtained from an FEM simulation are the electric and magnetic fields in
the computational domain at each considered time step (or frequency step). To obtain
the currents and voltages in the structures, postprocessing is required.

Because the FEM is a differential method, truncation of the whole space to a finite
computational domain must be performed, just as in the FDTD method. Consequently,
care must be taken in selecting suitable boundary conditions for the problem at hand to
avoid artifacts such as reflections at the boundaries. This is usually done by means of
absorbing boundary conditions.

Due to the FEM’s use of flexible finite element shapes, it offers almost unprecedented
capabilities for modeling very complicated and intricate geometries compared to most
other simulation methods used in electromagnetic modeling.



26
Electromagnetic Simulation and the Modeling of Materials’

Electromagnetic Properties

2.7.3 Method of Moments (MoM)

The method of moments (MoM) [37] is an integral formulation method in which one
wishes to solve for unknown quantities that appear in the integrands of the integral
equation that forms the basis of the problem. The general MoM approach can be de-
scribed as follows.

Consider a linear integral operator L that involves an appropriate Green’s function
G(r, r′) for the considered problem. It is applied to an unknown function u, regarded as
the quantity to be solved for. Consequently, the problem is cast in the form

L(u) = f, (2.36)

where f is an excitation function.
To determine u, it is expanded in known basis functions, αi, i = 1, · · · , N , as follows

u =
N∑

i=1

uiαi, (2.37)

where the ui are constant coefficients, that now constitute the unknowns to be determined
and N is the number of basis functions.

To obtain N equations in terms of the N unknown coefficients, (2.37) i substituted
into (2.36)

N∑

i=1

uiL(αi) = f. (2.38)

An appropriate inner product < x, y > between two functions x and y is defined. Then,
(2.38) is weighted by n suitably chosen weighting functions wj by means of the defined
inner product. This yields

N∑

i=1

ui < L(αi), wj > =< f, wj >, j = 1, · · · , N, (2.39)

and thus, N equations are obtained. These equations can be compactly expressed in
matrix form as

Au = v. (2.40)

The unknowns, u, are obtained by means of an appropriate solution method for linear
systems of equations.

Because the MoM is an integral formulation method, it requires only the discretization
of the volumes that actually support the unknown quantities in the domain. This means
that it is not necessary to discretize the whole space, and problems associated with
truncating the domain, as in differential methods, are avoided. Boundary conditions
are already incorporated into the Green’s function. However, the singularity that is
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commonly present in the Green’s function must be treated in a faithful way when the
coefficient matrix A is constructed.

The typical results obtained from MoM simulations are currents on the system’s
conductors, and the method is commonly applied in the frequency domain. Therefore, it
has found much appreciation in antenna modeling, and for solving scattering problems.

2.7.4 The Partial Element Equivalent Circuit (PEEC) Method

The partial element equivalent circuit (PEEC) method is an integral equation method
that enables the solution of full-wave electromagnetic problems in both the time and
frequency domains. The basis for the PEEC method is the electric field integral equation
(EFIE)

Ei(r, t) =
J(r, t)

σ(r, t)
+
∂A(r, t)

∂t
+∇φ(r, t), (2.41)

where Ei is the incident electric field, J is the current density, A is the magnetic vector
potential, φ is the electric scalar potential and σ is the conductivity at a field point r
at time instant t. The current density J in the conductor or dielectric volumes and the
charge density φ at their surfaces are expanded in terms of pulse basis functions. Then,
a Galerkin weighting procedure is employed, with weight functions equal to the pulse
basis functions, to set up a system of equations in the unknown expansion coefficients.
These equations are interpreted in terms of partial inductances, coefficients of potential
and resistances or capacitances to account for conductor or dielectric volumes, and they
assume the form of Kirchoff’s voltage law (KVL) equations. The conductivity equation
is enforced by using Kirchoff’s current law (KCL), which are combined with the KVL
equations to form a system of equations that describes a lumped-element circuit. As
a result, the original electromagnetic problem is transformed into an equivalent circuit
problem. The solution variables are the currents and potentials in the circuit. If field
solutions are required, postprocessing must be carried out.

Due to the circuit description approach, both time- and frequency-domain simulations
can be performed using the same circuit model without modification. This appraoch also
makes it straightforward to include any devices that can be modeled with lumped-element
circuit models, which is useful in mixed electromagnetic-circuit problems.

Because the PEEC method is an integral method, it is suitable for open problems.
However, care must be taken in the partial element computations because their accuracy
has a direct impact on the model stability [108].

The original PEEC formulation was restricted to orthogonal meshes, meaning that
complex geometries had to be approximated via stair-stepping. However, this can be cir-
cumvented by using a nonorthogonal PEEC formulation [109]. A more detailed treatment
of the PEEC method is found in Chapter 3.
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Chapter 3

The Partial Element Equivalent
Circuit Method

This chapter describes the partial element equivalent circuit (PEEC) model [3] em-
ployed to solve Maxwell’s equations for the currents and potentials in a structure under
investigation. The PEEC method has found many applications in the EMC field and is
expanding into new areas, such as antenna applications and settings ivolving complex
materials. As a result, an increasing number of advanced electromagnetic problems are
approached with the PEEC method.

The first section of this chapter describes the general development of the PEEC
method, and the equivalent circuit form of Maxwell’s equations. In the following sec-
tions, the extension of the PEEC method to handle dielectric materials, dispersive and
lossy dielectrics and anisotropic dielectrics is described in some detail. Finally, the PEEC
equations are given for quasi-static PEEC models of standard conductors, non-dispersive
dielectrics, dispersive and lossy dielectrics, non-dispersive anisotropic dielectrics and dis-
persive and lossy anisotropic dielectrics.

3.1 The PEEC Method

The PEEC method is based on the electric field integral equation (EFIE) [38]. The EFIE
expresses the total electric field at a point r as

E(r, t) = Ei(r, t) + Es(r, t), (3.1)

i.e., as the sum of the incident electric field Ei and the scattered electric field Es. The
scattered electric field can be expressed in terms of a magnetic vector potential A =
A(r, t) and an electric scalar potential φ = φ(r, t), as follows [38]

Es(r, t) = −∂A(r, t)

∂t
−∇φ(r, t). (3.2)

29
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The magnetic vector potential A and the electric scalar potential φ can, in turn, be
expressed in terms of the field sources, namely, the current density J = J(r, t) and the
charge density qT = qT(r, t)

A(r, t) =
µ

4π

∫

v′
G(r, r′)J(r′, t′)dv′, (3.3)

and

φ(r, t) =
1

4πε

∫

v′
G(r, r′)qT(r′, t′)dv′. (3.4)

Here G is the free-space kernel, defined as

G(r, r′) =
1

|r− r′| , (3.5)

and t′ = t − |r−r′|
v

, with v = 1√
µε

, which is the retarded time taking accounting for the

time retardation. In these expressions, J is the current density in the volume v′, and
qT = qF + qB is the total charge density in the volume v′, where qF is the free charge
density and qB is the bound charge, in general.

Based on this formulation, the EFIE can be written as

E(r, t) = Ei(r, t)− µ

4π

∫

v′
G(r, r′)

∂J(r′, t′)

∂t
dv′ − 1

4πε
∇
∫

v′
G(r, r′)qT(r′, t′)dv′, (3.6)

where the integration volume v′ is taken to be the whole volume containing a non-zero
current density or non-zero charge density.

In addition, it should be noted that the current density and the charge density are
related by the continuity equation

∇ · J(r, t) +
∂qT(r, t)

∂t
= 0, (3.7)

thereby enforcing charge conservation.
For an observation point r on a conductor, the total electric field at that point is

E(r, t) =
J(r, t)

σ
, (3.8)

where σ is the conductor’s conductivity. This is the well-known Ohm’s law. At such
a point r, an expression in terms of the current density J and the charge density qT is
obtained as follows

Ei(r, t) =
J(r, t)

σ
+

µ

4π

∫

v′
G(r, r′)

∂J(r′, t′)

∂t
dv′ +

1

4πε
∇
∫

v′
G(r, r′)qT(r′, t′)dv′. (3.9)

The current density J and the charge density qT are regarded as the unknowns in this
expression, and this is the fundamental equation to be solved with the PEEC method.
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Suppose that the structure under consideration consists only of conductors situated
in a homogeneous environment, with permittivity ε and permeability µ. Also, suppose
that no incident electric field is present throughout the space. To solve for the current
density J and the charge density qT in the structure under consideration, these quantities
are expanded in terms of rectangular pulse basis functions. First, the current density is
expanded as follows

Jγ(r, t) =

Nvγ∑

k=1

Pγk(r)Jγk(t)n̂γ, (3.10)

where γ = x, y, z and indicates the direction of the current density component, n̂γ is a
unit vector in the γ direction, and

Pγk(r) =

{
1, if r ∈ vγk
0, otherwise,

(3.11)

where vγk is the spatial support of the k-th volume cell directed in the γ direction.
Furthermore, Nvγ denotes the total number of volume cells directed in the γ direction,
and Nv = Nvx + Nvy + Nvz is the total number of volume cells. Then, the total current
density J is given by

J(r, t) =
∑

γ=x,y,z

Jγ(r, t). (3.12)

Note that in expression (3.10), it is assumed that the current density is uniform across
the whole volume cell vγk.

The charge density is expanded as follows

qT(r, t) =
Ns∑

k=1

pk(r)qk(t), (3.13)

where Ns is the number of surface cells into which the conductor surfaces are divided,
qk(t) is the value of the k-th surface cell at time t and

pk(r) =

{
1, if r ∈ sk
0, otherwise.

(3.14)

Here, sk is the spatial support of the k-th surface cell in the expansion. Note that each
surface cell carries a constant charge density across its area ak at each time instant t.

To form a system of equations in terms of the unknowns, Jγk and qk, a Galerkin
weighting procedure [38, 110] is employed. Equation (3.9), with the expanded quanti-
ties inserted, is integrated over each volume cell vγm, m = 1, 2, · · · , Nv, into which the
conductor structure is divided, and each resulting equation is divided by the correspond-
ing volume cell’s cross-sectional area aγm with resect to its designated direction γ. By
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following this procedure, the equations below are obtained

0 =
1

aγm

∫

vγm

Jγm(r, t)

σγm
dvγm +

Nvγ∑

k=1

(
µ

4π

[
1

aγm

∫

vγm

∫

v′γk

G(r, r′)dv′kdvγm

]
∂Jγk(t

′
γmγk)

∂t

)

+φ(r2
γm, t)− φ(r1

γm, t), γ = x, y, z, m = 1, 2, · · · , Nvγ, (3.15a)

φ(r, t) =
Ns∑

k=1

qk(t
′
k)

[
1

4πε

∫ ′

sk

G(r, r′)ds′k

]
. (3.15b)

Here, a finite-difference scheme is employed in the last term in the following way

1

aγm

∫

vγm

∂

∂γ
φ(r, t)dvγm = φ(r2

γm)− φ(r1
γm), (3.16)

where riγm is located at the center point of the end face of the volume cell vγm. A similar
Galerkin weighting procedure is applied to (3.15b) by integrating over the surface sl, l =
1, 2, · · · , Ns, and dividing by the surface area al of each surface cell sl l = 1, 2, · · · , Ns,
as follows

φl(t) =
1

4πε

1

al

∫

sl

Ns∑

k=1

∫

s′k

G(r, r′)qk(t
′
k)ds

′
kdsl

=
Ns∑

k=1

Q(t′k)

[
1

4πε

1

al

1

ak

∫

sl

∫

s′k

G(r, r′)ds′kdsl

]
=

Ns∑

k=1

plkQk(t
′
k), (3.17)

where plk are the coefficient of potential [111] between two surface cells sl and sk, defined
as

plk =
1

4πε

1

al

1

ak

∫

sl

∫

s′k

G(r, r′)ds′kdsl, (3.18)

and Qk = akqk is the charge located on surface cell sk. From this formulation it can
be observed that the electric scalar potential terms φ(r1

γm, t) and φ(r2
γm, t) in (3.15a)

can be expressed in terms of the coefficients of potential and the charges on the surface
cells associated with the nodes r1

γm and r2
γm of each volume cell vγm. Equation (3.15a)

indicates a meshing scheme for the PEEC method. The volume and surface PEEC
meshing schemes for a conductor are shown in Fig. 3.1. A γ-directed volume cell vγm is
associated with two nodes, one at each end face, carrying potentials vi(t) = φ(r1

γm, t) and
vj(t) = φ(r2

γm, t), respectively, where i and j indicate the i-th and j-th nodes, respectively,
in the PEEC mesh. For each node i in the mesh, a set of surface cells is associated with it.
The total charge Qi(t) residing on the i-th node’s corresponding surface cells is related to
the node potentials in the structure through a reduced set of coefficients of potential [112]
in a form similar to (3.17). The retarded time variables in (3.15)-(3.17) are given by

t′γk = t− |r− rγk|
v

, (3.19)



3.1. The PEEC Method 33

i j kJγm Jγn

γ

(a) Volume cell discretization

i j kqk ql qs qt

(b) Surface cell discretization

i j kqk qo qt

(c) Reduced surface cell discretization

Figure 3.1: PEEC mesh of a conductor divided into two volume cells and four surface cells.
The reduced surface cell set, associating cells l and s with node j, represents the final surface
cell partition in the PEEC method.

where rγm is the center point of the volume cell vγm, and

t′k = t− |r− rk|
v

, (3.20)

where rk is the center point of the k-th surface cell.
Each of the Nv equations in (3.15a) can be interpreted as a Kirchoff’s voltage law

(KVL) equation of the form

vRγm(t) + vLγm(t) + vcγm(t) = 0. (3.21)

In each of the volume cells a branch current is flowing, defined as

Iγm(t) = aγmJγm(t), γ = x, y, z, m = 1, 2, · · · , Nvγ. (3.22)

The resistive voltage drop is

vRγm(t) = RγmIγm(t), (3.23)

where the resistance is Rγm = lγm
aγmσγm

.

The inductive voltage drop can be expressed as

vLγm(t) =

Nvγ∑

k=1

Lpγmγk
dIγk(t

′
γk)

dt′γk
, (3.24)

where Lpγmγk is the partial inductance [3] between the volume cells vγm and vγk, defined
as

Lγmγk =
µ0

4π

1

aγm

1

aγk

∫

vγm

∫

v′γk

G(r, r′)dvγkdvγm. (3.25)
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The capacitive voltage drop can be expressed as

vcγm(t) =

Nsr∑

k=1

[pγm2kQk(t
′
k)− pγm1kQk(t

′
k)], (3.26)

where Nsr is the total number of surface cells, each associated with a node in the PEEC
model, in the reduced set of surface cells obtained, via a reduction scheme [112] from the
Ns original surface cells in the PEEC mesh of the structure under consideration. Here,
pγm2k denotes the coefficient of potential between the surface associated with the second
of the two nodes of the volume cell vγm and the surface associated with node k in the
PEEC model.

Given the above considerations, Equation (3.21) can be expressed in the form

0 = RγmIγm(t) +

Nvγ∑

k=1

Lpγmγk

dIγk(t
′
γk)

dt′γk
+ v2

γm(t)− v1
γm(t),

γ = x, y, z, m = 1, 2, · · · , Nvγ, (3.27)

where v1
γm and v2

γm denote the nodes of the volume cell vγm. They can be expressed in
the form given in (3.26), as follows

v1
γm(t) =

Nsr∑

k=1

pγm1kQk(t
′
k). (3.28)

This term can be interpreted as consisting of self and mutual capacitive couplings toward
infinity and between all the other surface cells in the geometry, respectively. The potential
v1
γm is between this node and infinity. Consequently, the charges Qi(t) at each node,
i = 1, 2, · · · , Nsr , with node potentials vi(t), can be considered to be stored in a capacitor
with a pseudo-capacitance [113], 1

pii
, where pii is the self coefficient of potential for the

surface belonging to node i. This pseudo-capacitance is connected between node i and
infinity. The mutual couplings in (3.28) can be accounted for by connecting a dependent
current source in parallel with the pseudo-capacitance of the node. By employing the
relation v = PQ between the node potentials and the corresponding charges, where P is
the matrix containing the coefficients of potential, performing differentiation and making
use of the pseudo-capacitance concept, the currents from each node i to ground can be
expressed as

Ii(t) =
1

pii

dvi(t)

dt
−

Nsr∑

k=1,k 6=i

pik
pii
Ik(t

′
k), i = 1, · · · , Nsr . (3.29)

By enforcing the Kirchoff’s current law (KCL), and therefore the continuity equation
at each node i, together with (3.27) and (3.29), a circuit interpretation of the EFIE is
obtained.
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vi
Lpγmγm

−+

M+MD∑
n=1,
n 6=m

Lpγmγn
d
dt
Iγn

Rγmγm vj

Ici

1
pii

∑ni
n=1
n6=i

pin
pii
Icn

Icj

1
pjj

∑ni
n=1
n6=j

pjn
pjj
Icn

Figure 3.2: A conductor PEEC cell, representing a conductor volume vm.

The basic PEEC cell of a conductor volume cell, as identified from (3.27) and the
corresponding considerations, is depicted in Fig. 3.2. Here, the conductor cell’s constitu-
tive relation is taken into account by means of a resistor Rγmγm that models Ohm’s law
in the conductive medium. The magnetic field couplings are accounted for by the self
and mutual partial inductances, Lpγmγn . As outlined above, the electric field couplings
are handled by means of a pseudo-capacitance, 1

pii
, representing the charge stored on the

conductor surface belonging to node i, and the mutual couplings are incorporated by
means of a dependent current source.

3.2 Dielectrics in the PEEC Method

In Sec. 3.1, the basic PEEC model of a general conductor geometry was described. PEEC
models also allow dielectric materials to be added into the geometry to enable the simu-
lation of mixed conductor and dielectric problems [5]. The idea is to replace Ohm’s law,
as the constitutive relation of a conductor, modeled by a resistor, with a suitable con-
stitutive relation for a dielectric. It is intuitively clear that a capacitor’s current-voltage
relation can be used as a model for an ideal dielectric’s constitutive relation.

Consider a dielectric material with a real permittivity ε = ε0εr, where εr is the
dielectric’s relative permittivity and ε0 is the electrical permittivity of vacuum. Ampère’s
law, considered at a point r inside the dielectric material, reads

∇×H(r, t) = Jc(r, t) +
∂D(r, t)

∂t
= Jc(r, t) + ε0εr

∂E(r, t)

∂t
=

Jc(r, t) + ε0(εr − 1)
∂E(r, t)

∂t
+ ε0

∂E(r, t)

∂t
, (3.30)

where the simple scalar constitutive relation between the fields D and E, given in (2.9),
has been used. In the last step, the last term represents the usual displacement current
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in a vacuum. Note that Jc denotes the current density in the material due to conduction.
In turn, it is possible to define a total current density J as follows

J(r, t) = Jc(r, t) + ε0(εr − 1)
∂E(r, t)

∂t
= Jc(r, t) + Jd(r, t), (3.31)

where Jd is the displacement current in the dielectric due to the displacement of bound
charges. In the case of an ideal dielectric, one may set Jc = 0 because no free charges
will be available for the formation of a conduction current.

As in the case of the original form of Maxwell’s equations, except for the redefined total
current density above, in Ampère’s law, the original PEEC approach for the discretization
of the domain in terms of the EFIE can be taken. The EFIE for the total electric field
in the dielectric assumes the following form

E(r, t) = Ei(r, t)− µ

4π

∫

v′
G(r, r′)

∂J(r′, t′)

∂t
dv′ − 1

4πε
∇
∫

v′
G(r, r′)qT(r′, t′)dv′. (3.32)

If the incident electric field Ei = 0 is set to zero, this can be expressed as

0 = E(r, t) +
µ

4π

∫

v′
G(r, r′)

∂J(r′, t′)

∂t
dv′ +

1

4πε
∇
∫

v′
G(r, r′)qT(r′, t′)dv′. (3.33)

By employing a similar meshing strategy as in Sec. 3.1, expanding the electric field E and
the charge density qT in terms of pulse basis functions, and applying the same weighting
procedure, all terms in (3.15) and (3.27) are retained for capturing the electric and
magnetic field couplings. Due to how the current density in a dielectric cell is expanded
in pulse basis function, it follows that the electric field is also constant in the dielectric
cell. The only difference lies in the handling of the voltage drop across the volume cell
and in the terms of the second summation associated with the partial inductances. In
effect, the first term of (3.33) after meshing and weighting reads

1

aγm

∫

vγm

Eγm(r, t)dv = lγmEγm(r, t) = vγm(t), (3.34)

where lγm is the length of the m-th volume cell in the γ direction. This product is a
voltage drop.

As a result, a term in the second summation has the form

1

aγm

µ0

4π

∫

vγm

∫

vγk

G(r, r′)
∂2(ε0(εrγk − 1)Eγk(r

′, t′γmγk))

∂t2
dv′dv =

[
1

aγm

1

aγk

µ0

4π

∫

vγm

∫

vγk

G(r, r′)ddv′dv

]
d

dt

(
ε0
aγk
lγk

(εrγk − 1)
dvγk(t

′
γmγk)

dt

)
=

Lpγmγk

diγk(t
′
γmγk)

dt
. (3.35)
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Figure 3.3: Elementary PEEC cell for a general non-dispersive dielectric, whose permittivity is
modeled by means of an excess capacitance Ce

γk for cell γk.

Here, Lpγmγk is the partial inductance between the volume cells γm and γk, and the
current iγk is given by

iγk(t) = ε0
aγk
lγk

(εrγk − 1)
dvγk(t)

dt
= Ce

γk

dvγk(t)

dt
. (3.36)

This cell current through the volume cell γk may be interpreted as a current through a
capacitor with capacitance Ce

γk. The capacitance is the excess capacitance [5], which is
defined as follows for a dielectric volume cell

Ce
γk = ε0

aγk
lγk

(εrγk − 1), (3.37)

where aγk and lγk are the cross-sectional area and length, respectively, of the consid-
ered dielectric volume cell in its assumed current direction γ and εrγk is the relative
permittivity of the cell.

Eq. (3.36) becomes the constitutive relation for a dielectric PEEC cell, which can be
used to incorporate the electrical properties of the dielectric, in the form of its relative
permittivity εr, into a PEEC model by using the excess capacitance definition for each
dielectric cell in accordance with (3.36). The basic dielectric PEEC cell is depicted in
Fig. 3.3. It is seen that the only difference with respect to the conductor PEEC cell is
that the resistor is exchanged for an excess capacitance.

3.2.1 Dispersive and Lossy Dielectrics

The PEEC modeling of dielectrics using (3.36)-(3.37) relies on the assumption that the
dielectric’s relative permittivity εr has a real constant value, i.e. is independend on
frequency. In that case, dispersion and loss can be neglected. In some cases, this is a
reasonable assumption.
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Figure 3.4: Elementary PEEC cell for a general dispersive dielectric, whose permittivity is
modeled with multiple Debye and Lorentz terms that constituting the cell’s excess admittance
Y e
γk(s).

On the other hand, in practice, any dielectric will be a frequency-dispersive material.
In Sec. 2.2, this situation was summarized, and it was stated that a frequency-dispersive
dielectric is, in general, described by a complex-valued relative permittivity that is a
function of frequency, εr = εr(ω). This means that the dielectric’s relative permittivity
depends on the frequency ω. It is commonly convenient to consider the analytical con-
tinuation of the relative permittivity function into the whole complex frequency plane,
the s-plane with s = σ + jω, where σ, ω are real, denoted by εr = εr(s), such that

εr(ω) = εr(s)
∣∣∣
s=jω

by definition.

Because a PEEC model can be analyzed with the same circuit model in the complex
frequency plane, the Laplace domain, the dielectric cell current given in (3.36) can be
expressed in the Laplace domain as follows

ie(s) = sCeve(s) = Y e(s)ve(s), (3.38)

where s is the Laplace-domain variable and Ce is the excess capacitance, as defined in
(3.37). Notably, this is the admittance representation of a capacitor with capacitance
Ce, the admittance being Y (s) = sCe. Hereby, the excess capacitance concept can be
generalized, allowing it to be a function of the s-domain variable, such that it effectively
becomes a frequency-dependent quantity. This permits an admittance representation of
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the dielectric’s relative permittivity εr(s), which is then expressed as [6]

Y e(s) = sCe(s) = sε0
a

l
(εr(s)− 1), (3.39)

where the relative permittivity of the volume cell, εr, is now a function of s and a and l
are the cell’s cross-sectional area and length, respectively.

The relative permittivity εr is commonly expressed as a rational function in s, as in
(2.18), under the assumption that it is a passive model. It can then expressed as a finite
sum of Debye and Lorentz terms, as in (2.21). As a result, the admittance representation
of the dielectric volume cell’s current-voltage relation can be written as a sum of RC and
RLC admittance terms [6]

Y e(s) = sC∞ +

ND∑

k=1

sCDk

1 + sRDkCDk

+

NL∑

k=1

s
(

1
LLk

)

1
LLk

CLk

+ s
(
RLk

LLk

)
+ s2

, (3.40)

where

C∞ = ε0
a

l
(ε∞ − 1), (3.41)

the ND Debye term parameters are

RDk =
τk

ε0
a
l
ADk

, (3.42)

CDk = ε0
a

l
ADk , (3.43)

and the NL Lorentz term parameters are

RLk =
2δ

ε0
a
l
ALkω

2
0k

, (3.44)

LLk =
1

ε0
a
l
ALkω

2
0k

, (3.45)

CLk = ε0
a

l
ALk . (3.46)

In Fig. 3.4, the dispersive dielectric PEEC cell γk is shown. It consists of a circuit
representation of the excess admittance in accordance with (3.40). This admittance
representation is passive by construction, thereby guaranteeing that such a dielectric
model in the PEEC method are passive. Consequently, these PEEC models of dispersive
and lossy dielectrics are also causal, and thus,all physical requirements are satisfied by
these models.
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3.2.2 Anisotropic Dielectrics

Anisotropic dielectrics are commonly encountered in practice. Most engineered compos-
ite materials may be argued to be anisotropic due to their compositions, which typically
consist of several different inclusion phases. On the whole, however, an isotropic approx-
imation may be sufficient in many practical situations. Nevertheless, many materials are
created by combining a background material with a host phase, which is distributed in
a rather regular fashion. Many metamaterials have s, for example. Even standard PCB
materials, e.g. FR-4, are made of several different materials and will exhibit, at least
slight anisotropy, as reported in some works [114].

Anisotropic materials may also find applications in novel antenna and device designs
[115]. To conduct and aid in such design and synthesis efforts, some means of analyzing
anisotropic materials are needed.

The PEEC method is well suited for many mixed field-circuit problems. Such prob-
lems are encountered in several applications, e.g. printed circuit board designs. In turn,
the PEEC method is capable of analyzing most common printed antenna systems. Due
to this capability , the use of the PEEC method to handle anisotropic dielectric materials
is expected to grow in popularity, especially in EMC applications [116].

In Paper B, the incorporation of anisotropic dielectrics into the PEEC method was
shown to be a straightforward extension of the standard dielectric PEEC cell depicted in
Fig. 3.4. That derivation is summarized below.

To begin the derivation of the anisotropic dielectric PEEC model, a constitutive
relation of the following form is assumed between the electric flux field D and the electric
field E in an anisotropic dielectric

D = ε0εE, (3.47)

where

ε =



εxx εxy εxz
εyx εyy εyz
εzx εzy εzz


 , (3.48)

in which all entries are real scalars. In general Ampère’s law reads

∇×H = Jc +
∂D

∂t
, (3.49)

where Jc is the conduction current density in the medium. Specifically, in an anisotropic
medium this reads as follows

∇×H = Jc + ε0ε ·
∂E

∂t
= J + ε0

∂E

∂t
(ε− I) · ∂E

∂t
, (3.50)

where a total current density J is defined in accordance with

∇×H = Jc + ε0ε ·
∂E

∂t
= J + ε0(ε− I) · ∂E

∂t
. (3.51)
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In an ideal dielectric, one would expect Jc = 0. For a non-ideal case, the conduction
current can be incorporated into the bound current density. The above situation is seen
to be similar to that in the standard dielectric case for an isotropic dielectric.

As an illustration, the x-directed component of the total current density can be ex-
pressed as

Jx = Jc
x − ε0

(
∂Ex(r, t)

∂t
− εxx

∂Ex(r, t)

∂t
− εxy

∂Ey(r, t)

∂t
− εxz

∂Ez(r, t)

∂t

)
. (3.52)

By following the same line of reasoning as in the standard dielectric case, one sees that the
EFIE attains a similar form for an anisotropic dielectric. Similarly, the current density
and charge density are expanded in terms of pulse basis functions, as usual, leading to
the same mesh for the geometry that is employed in the standard PEEC method. The
only differences are found in the terms arising from the magnetic vector potential A for
the anisotropic dielectric volume elements.

Let γ be an anisotropic dielectric cell with an assumed x-directed current. The EFIE
at a location r inside this cell γ contains a term of the form

µ0

4π

∫

vγ

G(r, r′)
∂2

∂t2
(
ε0(εγxx − 1)Ex(r

′, t) + ε0ε
γ
xyEy(r

′, t) + ε0ε
γ
xzEz(r

′, t)
)

dv′. (3.53)

As in the standard PEEC case, the Galerkin weighting procedure will result in an inte-
gration over the volume vγ and a division by the cross-sectional area with respect to the
x direction of the cell γ. After these operations, the following term is obtained

1

aγ

µ0

4π

∫

vγ

∫

vγ

G(r, r′)
∂2

∂t2
(
ε0(εγxx − 1)Ex(r

′, t) + ε0ε
γ
xyEy(r

′, t) + ε0ε
γ
xzEz(r

′, t)
)

dv′dv.

(3.54)

For the present purpose it suffices to consider a single cross-coupling term in (3.54).
The remaining terms are treated in an equivalent way. Therefore, consider the term

1

aγ

µ0

4π

∫

vγ

∫

vγ

G(r, r′)
∂2

∂t2
(
ε0ε

γ
xyEy(r

′, t)
)

dv′dv. (3.55)

This term takes accounts for the cross-coupling between the x- and y-directed electric
field components in the considered volume cell γ.

A difficulty arises here because only an x-directed current density is assumed to be
present in the volume cell γ. No y-directed current density is directly available for the cell
γ in the PEEC model. To handle this difficulty, a y-directed current density associated
with the cell γ will be approximated in terms of the y- and z-directed current densities
in the y- and z-directed volume cells that overlap with the cell γ in the PEEC mesh.
Thus, the electric fields specified in the y-directed volume cells that overlap with the cell
γ will be candidates for representing the y-directed electric field in γ. Due to the pulse
basis expansion of the current density, the electric field in any volume cell is constant
throughout its volume, ultimately leading to a lumped circuit model.
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Figure 3.5: An x-directed cell γ overlapped by a y-directed cell m1, illustrating the fractional
lengths involved in the field averaging process expressed in (3.57).

In each volume cell that overlaps the volume cell γ, the electric field may be different
from the fields in the others. To assign a constant y-directed electric field to the cell
γ, the electric fields in the overlapping y-directed cells are averaged over the volume vγ.
Consequently, the y-directed electric field in cell γ is assigned in accordance with

Eγ
y (t) =

1

vγ

∫

vγ

Ey(r, t)dv =
1

vγ

∑

i

[∫

v
mi
γ

Emi
y (r, t)dv

]
, (3.56)

where i steps through all y-directed cells mi that overlap with the volume vγ and vmiγ is
the overlapping region between cell γ and cell mi. In an overlapping cell mi, the electric
field Emi

y (r, t) = Emi
y (t) is constant throughout the volume vmiγ and has support at all

points r ∈ vmiγ . It is then possible to express the sought field as

Eγ
y (t) =

∑

i

νmiγ Emi
y (t), (3.57)

with

νmiγ =
vmiγ
vγ

, (3.58)

which is a volume fraction factor that accounts for the overlapping of the cells γ and mi.
The anisotropic coupling term can be expressed as follows


 1

aγ

1

aγ

µ0

4π

∫

vγ

∫

vγ

G(r, r′) dv′dv


 d

dt

∑

i

ε0ε
γ
xyaγν

mi
γ

d

dt
Emi
y (t) =

Lpγγ
d

dt

∑

i

ε0ε
γ
xy

aγ
lmiγ

νmiγ

d

dt
vmid (t) = Lpγγ

d

dt

∑

i

Cγmi
xy

d

dt
vmid (t), (3.59)
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Figure 3.6: The anisotropic dielectric PEEC cell, with a controlled current source (indicated by
the dashed box) accounting for the anisotropic response of the dielectric.

where lmiy is the length of the overlapping cell mi in the y direction, and vmid is the voltage
drop across its standard excess capacitance. The coupling capacitance

Cγmi
xy = ε0ε

γ
xy

aγ
lmiγ

νmiγ , (3.60)

describes the effect of the off-diagonal permittivity εγxy on the x-directed electric field
component in cell γ due to the y-directed electric field in cell mi that overlaps with cell
γ.

A top view of the typical overlap situation between an x-directed anisotropic dielectric
cell γ and a y-directed cell mi overlapping with γ is shown in Fig. 3.5. The overlapping
region is highlighted by shading. ni and nj denote the two nodes that are connected by
the volume cell γ.

A completely analogous derivation can be performed for the z-directed overlapping
cells. From this, it is found that the corresponding KVL equation for the anisotropic
dielectric cell γ that describes the corresponding basic PEEC cell is given by

0 = vγd (t) +

M+MD∑

n=1

Lpγn
d

dt
in(t) + Lpγγ

d

dt

[
Cγ
ekγkγ

d

dt
vγd (t) +

M+MD∑

q=M+1

Cγq
ekγkq

d

dt
vqd

]
+ vj − vi.

(3.61)

Here, vγd is the voltage across the excess capacitance Cγ
ekγkγ

= ε0(εγxx−1)aγ
lγ

of the cell γ, in
is the current in the n-th volume cell and Lpγn is the mutual partial inductance between
cells γ and n. Furthermore, Cγq

ekγkq
is the coupling capacitance between the anisotropic

dielectric cell γ, which is directed in the kγ direction, and the q-th anisotropic dielectric
cell directed in the kq-th direction, as defined in (3.60). The index kγ denotes the γ-th
cell’s assumed current direction, and i and j are the two end nodes of the volume cell γ.
These nodes have potentials of vi and vj, respectively. The integers M and MD denote



44 The Partial Element Equivalent Circuit Method

the number of conductor cells and dielectric cells, respectively, in the geometry. Note
that if γ is an isotropic dielectric cell, then coupling coefficients are Cγq

ekγkq
= 0.

The anisotropic dielectric PEEC cell γ is depicted in Fig. 3.6. Note that the dielec-
tric’s anisotropy is accounted for by introducing a dependent current source connected
in parallel with the cell’s excess capacitance.

The above derivation of the anisotropic dielectric PEEC cell was performed under the
quasi-static assumption, neglecting time-retardation effects. However, ithis derivation is
valid even if time retardation is added, thereby introducing time-delayed circuit quantities
(voltages and currents). In a frequency-domain formulation, the retardation is included
in the partial elements. Consequently, the anisotropic dielectric PEEC cell is valid for
both quasi-static and full-wave models.

It is also clear that the formulation can be extended to dispersive and lossy anisotropic
dielectrics through a procedure that is similar to that in the standard dispersive dielectric
case, as described in [6]. In effect, the anisotropic dielectric PEEC model described here
is applicable for general frequency-dispersive anisotropic dielectrics with a frequency-
dependent relative permittivity dyadics, ε = ε(ω), in the frequency domain.

3.2.3 Anisotropic and Dispersive Dielectrics

The aim is now to extend the anisotropic coupling capacitance to allow for a frequency-
dependent permittivity function, as above for the isotropic case. To do this, additional
circuits may be created that are not connected to the PEEC circuit. Instead, they are
each coupled to the PEEC circuit by a voltage-dependent voltage source, connected in
series with an admittance of choice. Specifically, in the non-dispersive case, the admit-
tance is a capacitor with a capacitance of Cγq

kγkq
. The dependent voltage source ensures

that the voltage across the excess capacitance of the q-th cell is also applied across the
admittance. To add the corresponding current produced by the admittance in response
to the applied voltage, a current-dependent current source is connected in parallel to
the excess capacitance of the γ-th cell. This situation is depicted in Fig. 3.7- 3.8. It is
now straightforward to extend the cross-couplings to the frequency-dependent case. The
admittance sCγq

ekγkq
is replaced with an admittance Y γq

ekγkq
as follows

Y γq
ekγkq

(s) = s
aγ
lqkq
νqγε

γ
kγkq

(s) = sCγq
∞kγkq

+

Nγq
D∑

m=1

Y γq
Dkγkq

(s) +

Nγq
L∑

n=1

Y γq
Lkγkq

(s). (3.62)

Here, the permittivity function εγqkγkq(s) has been specified as

εγqkγkq(s) = ε0


εγq∞kγq

+

Nγq
D∑

m=1

Aγqkγkq ,m

1 + sτ γqkγkq ,m
+

Nγq
L∑

n=1

Bγq
kγkq ,n

(ω0γqkγkq,n
)2

s2 + 2sδγqkγkq ,n + (ω0γqkγkq,n
)2


 . (3.63)

The situation is essentially analogous to the standard case. By comparison, it is obvious
that

Cγq
∞kγq

= ε0
aγ
lqkq
νqγε

γq
∞kγkq

. (3.64)



3.2. Dielectrics in the PEEC Method 45

vi
Lpγγ

Iγ

− +

M+MD∑
n=1,
n6=γ

Lpγn
d
dt
In

v
γ
d

Cγ
ekγkγ

Iγan =
∑
q
iγqdkγkq

vj

Ici

1
Pii

∑ni
n=1
n 6=i

Pin
Pii
Icn

Icj

1
Pjj

∑ni
n=1
n 6=j

Pjn
Pjj
Icn

Figure 3.7: The anisotropic and dispersive dielectric PEEC cell, with a controlled current source
(indicated by the dashed box) accounting for the anisotropic response of the dielectric.

−
+

vqd

iγqdkγkq

Cγq
ekγkq

(a) Non-dispersive coupling
circuit

−
+

vqd

iγqdkγkq

Y γq
ekγkq

(s)

(b) Dispersive coupling
circuit

Figure 3.8: Circuit representations of the anisotropic cross-couplings between anisotropic PEEC
cells γ and q: (a) the standard non-dispersive case and (b) the dispersive case.

As before, the admittances Y γq
Dkγkq

(s) and Y γq
Lkγkq

(s) are represented by RC branches and

RLC branches, respectively. These admittances are

Y γq
Dkγkq,m

(s) =
sCγq

Dkγkq,m

1 + sRγq
Dkγkq,m

Cγq
Dkγkq,m

, (3.65a)

Y γq
Lkγkq,n

(s) =

s 1
LγqLkγkq,n

s2 + s
RγqLkγq,n

LγqLkγkq,n
+ 1

LγqLkγkq,n
CγqLkγkq,n

. (3.65b)
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By comparing terms in (3.63) and (3.65), one obtains

Cγq
Dkγkq,m

= ε0
aγ
lqkq
νqγA

γq
kγkq ,m

, (3.66a)

Rγq
Dkγkq,m

=
τ γqkγkq ,m

ε0
aγ
lqkq
νqγA

γq
kγkq ,m

, (3.66b)

LγqLkγkq,n =
1

ε0
aγ
lqkq
νqγB

γq
kγkq ,n

(ω0γqkγkq,n
)2
, (3.66c)

Cγq
Lkγkq,n

= ε0
aγ
lqkq
νqγB

γq
kγkq ,n

, (3.66d)

Rγq
Lkγq,n

=
2δγqkγkq ,n

ε0
aγ
lqkq
νqγB

γq
kγkq ,n

(ω0γqkγkq,n
)2
. (3.66e)

This gives a full characterization of the dispersive and lossy anisotropic dielectric case
as well.

3.3 PEEC Circuit Equations

The circuit equations provided by the PEEC method for modeling a specific system can
be compactly expressed in matrix form. Consider the PEEC cell depicted in Fig. 3.2.

To form the equivalent circuit corresponding to the PEEC equations derived in (3.27),
Kirchoff’s voltage and current laws are enforced along each mesh constituting the basic
PEEC cell mesh and at each cell node. In this case, for a system consisting of conductor
and ideal dielectric cells, the quasi-static time domain PEEC matrix equations read [117]

P−1 dv(t)

dt
−AT i(t) = IS(t), (3.67a)

−Av(t)− Lp
di(t)

dt
−Ri = VS, (3.67b)

where P is the matrix of the coefficients of potential, Lp is the partial inductance matrix,
R is the cell DC resistance matrix (diagonal), A is the connectivity matrix, v is the node
potential vector, i is the cell current vector, VS is the voltage source vector and IS is the
current source vector. The vectors v and i are the solution vectors, while VS and IS are
the excitation vectors. This system of equations describe a PEEC model consisting only
of conductor volumes.

To include both conductor and dielectric volumes, an additional excess capacitance for
each dielectric cell should be added. For this purpose, consider a PEEC model consisting
of Nc conductor cells and Nd dielectric cells corresponding to N = Nc +Nd current cells
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in total. The quasi-static time-domain PEEC equations for this case, with non-dispersive
dielectrics are

P−1 dv(t)

dt
−AT i(t) = IS(t), (3.68a)

−Av(t)− Lp
di(t)

dt
−KrRKT

r i(t)−Φvd(t) = VS(t), (3.68b)

ΦT i(t) = Ce
dvd(t)

dt
. (3.68c)

In these equations, the dielectric cells’ excess capacitances are included through the intro-
duction of the excess capacitance matrix Ce. Both isotropic and anisotropic dielectrics
can be included in these equations. The difference lies in the excess capacitance matrix,
which contains nondiagonal entries, given in (3.60), in the anisotropic case. Here, the
matrices Kr and Φ are selection matrices. They select the conductor and dielectric cells
that correspond to the respective currents in i and excess capacitance voltages in vd,
respectively.

In the case of dispersive dielectrics, the additional time convolutions should be handled
by means of equivalent circuits of permittivity models, as described in Sec. 3.2.1. An
explicit descriptor form representation of this case is provided in Paper A. The general
shape of the quasi-static time-domain form of that system of equations is

P−1 dv(t)

dt
−AT i(t) = IS(t), (3.69a)

−Av(t)− Lp
di(t)

dt
−KrRKT

r i(t)−Φvd(t) = VS(t), (3.69b)

RDCD
dvD(t)

dt
+ vD(t) = KDvd(t), (3.69c)

LL
diL(t)

dt
+ RLiL(t) + vL(t) = KLvd(t), (3.69d)

CL
dvL(t)

dt
= iL(t), (3.69e)

Ce∞
dvd(t)

dt
+ KT

DCD
dvD(t)

dt
+ KT

LCL
dvL(t)

dt
= ΦT i(t). (3.69f)

Here, the new selection matrices KD and KL indicate to which dielectric cell each Debye
and each Lorentz circuit belong. The matrices CD and RD contain all capacitances and
resistances, respectively, due to the Debye circuits, and the matrices LL, CL and RL

contain all inductances, capacitances and resistances, respectively, due to the Lorentz
circuits. The high-frequency behavior of the dielectric cells’ permittivity is captured
by the standard excess capacitance matrix Ce∞ . Notably, each Debye circuit adds an
additional unknown, i.e., the voltage across the Debye capacitance. These unknowns are
collected in the voltage vector vD. Similarly, each Lorentz circuit adds two additional
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unknowns, i.e., the voltage across the Lorentz capacitance and the current through the
Lorentz inductance. These unknowns are collected in the voltage vector vL and current
vector iL, respectively. In turn, these PEEC equations are applicable to a general PEEC
model consisting of conductor volumes and isotropic and dispersive dielectric volumes.
Non-dispersive dielectrics can be included in this formulation, as well. In that case, only
a standard excess capacitance entry is present in the excess capacitance matrix Ce∞ for
the considered dielectric cell. With this formulation, a complete state variable description
of the PEEC model is given. The resulting equations may be solved using any convenient
time integration method for the system, e.g. the forward or backward Euler method.

In the full-wave case, the PEEC equation formulation becomes more complicated,
especially in the time domain, because past values of the cell node potentials v and
cell currents i must be stored and used in each time step calculation [117]. However, the
additional constitutive equations for the representation of the dielectric cells’ constitutive
relations in (3.69f) are still valid in the full-wave case. The reason for this is that the
retardation is apparent only in the electric and magnetic field couplings in the PEEC
model. In effect, the state variable representation of the dielectrics’ dispersive properties
is not affected by the retardation, and nothing needs to be modified in that part of the
system of PEEC equations.

A similar formulation can be derived for dispersive anisotropic dielectrics, as for the
isotropic dielectric case in (3.69f). Any dispersion in the self-term entry in the permit-
tivity ε of an anisotropic dielectric, say εxx, can be handled exactly as in the standard
dispersive case just considered. For dispersion in any cross-term of the permittivity
dyadic, say εxy, only a slight modification of the standard dispersive PEEC equations
is necessary. The necessary considerations have been detailed in Sec. 3.2.1. Formu-
lating the complete PEEC equation system for this dispersive anisotropic case requires
merely the addition of the additional current contributions, due to the cross-coupling,
to each anisotropic cell. In turn, the general quasi-static time-domain PEEC equations
for models consisting of conductors and both non-dispersive and dispersive dielectrics,
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either isotropic or anisotropic, read as follows

P−1 dv(t)

dt
−AT i(t) = IS(t), (3.70a)

−Av(t)− Lp
di(t)

dt
−KrRKT

r i(t)−Φvd(t) = VS(t), (3.70b)

RDCD
dvD(t)

dt
+ vD(t) = KDvd(t), (3.70c)

Ran
D Can

D

dvan
D (t)

dt
+ van

D (t) = Kan
D vd(t), (3.70d)

LL
diL(t)

dt
+ RLiL(t) + vL(t) = KLvd(t), (3.70e)

CL
dvL
dt

= iL, (3.70f)

Lan
L

dian
L (t)

dt
+ Ran

L ian
L (t) + van

L (t) = Kan
L vd(t), (3.70g)

Can
L

dvan
L

dt
= ian

L , (3.70h)

Ce∞
dvd(t)

dt
+ KT

DCD
dvD(t)

dt
+ KT

LCL
dvL(t)

dt

+ (San
∞)TCan

∞Kan
∞

dvd(t)

dt
+ (San

D )TCan
D

dvan
D (t)

dt
+ (San

L )TCan
L

dvan
L (t)

dt
= ΦT i(t). (3.70i)

Here, the cross-coupling capacitances are replaced with Debye and Lorentz circuits. Their
elements are specified as Cij

Dm
and Rij

Dm
and Cij

Ln
, LijLn and Rij

Ln
, respectively, which

correspond to the coupling from the j-th cell to the i-th cell. Note that m = 1, ..., N ij
D

and n = 1, ..., N ij
L , where N ij

D and N ij
L are the number of Debye and Lorentz circuits,

respectively, corresponding to the anisotropic coupling from cell j to cell i. These elements
are placed into the matrices (corresponding to the anisotropic couplings) Can

D , Ran
D , Lan

L ,
Can
L and Ran

L , respectively, which are diagonal matrices with the elements inserted along
their diagonals. Accordingly, additional unknowns are introduced with the anisotropic
couplings: the voltages across the Debye capacitances van

D , the voltages across the Lorentz
capacitances van

L , and the currents through the Lorentz inductors ian
L . The selection

matrices Kan
D and Kan

L are also introduced. Here, these matrices indicate from which
cell each coupling originates. For example, the coupling ij (from j to i) is specified by
inserting a 1 into the j-th column. The column indicates the cell, and the row indicates
which Debye or Lorentz term is considered. In addition to these matrices, the selection
matrices San

D and San
L are also introduced. They indicate to which cell each coupling

belongs. For example, for the coupling ij a 1 should be inserted into the i-th column to
show that the coupling has been added to the i-th cell. Again, the row indicates which
Debye or Lorentz term is considered.
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The optical permittivity response for each dielectric cell is collected in the diagonal
excess capacitance matrix Ce∞ . It is handled in the same manner as for standard di-
electrics. The optical permittivity response for each anisotropic coupling is collected in
the diagonal matrix Can

∞, which contains elements of the form Cij
∞, where j is the cell

from which the coupling originates and i is the cell that receives the corresponding cur-
rent contribution. In conjunction with this matrix, two coupling matrices, Kan

∞ and San
∞,

are introduced. The matrix Kan
∞ indicates from which cell each coupling originates. For

example, the coupling ij (from j to i) is specified by inserting a 1 into the j-th column.
The column indicates the cell, and the row indicates which coupling circuit ij that is
considered. The matrix San

∞ indicates to which cell each coupling belongs. For example,
for the coupling ij a 1 should be inserted into the i-th column to show that the coupling
has been added to the i-th cell. The column indicates the cell, and the row indicates
which coupling circuit ij that is considered.



Chapter 4

Distortionless Propagation along
Transmission Lines and

Magneto-Dielectric Slabs

In this chapter, the condition that ensures that a transmission line supports distortion-
less propagation, known as the Heaviside condition, is reviewed. To relate the Heaviside
condition to 1D propagation in a material slab, a transmission line representation of the
slab will be described and utilized to derive the condition for a distortionless material.
This will provide a relation between the material’s permittivity ε and permeability µ and
the corresponding transmission line model’s per-unit-length (p.u.l.) parameters. The
case of frequency-dependent p.u.l. parameters, or frequency-dependent permittivity and
permeability, is of particular interest because it is the only realistic case. For any real
material, this frequency-dependence is a necessary constraint if the Kramers-Kronig [81]
relations are to be fulfilled for ε and µ. In addition, all materials and structures are
assumed to be passive throughout the chapter. All active implementations are conse-
quently not addressed. Because an active realization exhibits more freedom in its design,
this assumption is merely a way to bound the analysis to the more challenging case of
approximately distortionless passive materials.

4.1 The Material Slab Setup and the Corresponding

Transmission Line Model

Consider a slab extending infinitely in two of the Cartesian coordinate directions and
having a length of l in the z direction. The slab consists of a material with permittivity ε
and permeability µ, both of which are functions of frequency in general. The material to
the left of the slab has a permittivity of ε1 and a permeability of µ1, while the material
to the right has a permittivity of ε2 and a permeability of µ2. Both of these materials
are assumed to extend infinitely towards z → −∞ and z → ∞, respectively. The setup
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E(t, l)E(t, 0)
ε, µ

l

ε1, µ1 ε2, µ2

(a) The material slab setup.

Y ′, Z ′

l

E(t, 0) E(t, l)

z

(b) The transmission line representation.

Figure 4.1: The slab setup and its corresponding transmission line representation for a propagat-
ing TEM-mode wave. The slab has length l, permittivity ε and permeability µ and is illuminated
by an electric field E(t, z) on its left face. The slab is surrounded by materials with permittivities
of ε1 and ε2 and permeabilities of µ1 and µ2.

is graphically depicted in Fig 4.1.
For the considered setup, the transverse electromagnetic (TEM)-mode propagation

of the electric and magnetic fields within the slab is described by the following set of
differential equations [118]

dE(s, z)

dz
= −Z ′(s)H(s, z), (4.1a)

dH(s, z)

dz
= −Y ′(s)E(s, z), (4.1b)

where these differential equations have been Laplace transformed with respect to the time
variable t and s is the Laplace-domain variable. Here, Z ′ and Y ′ are the p.u.l. admittance
and impedance, respectively, of the slab. The p.u.l. impedance and admittance can be
related to the slab material’s permittivity and permeability by setting

Z ′(s) = sµ(s). (4.2a)

Y ′(s) = sε(s), (4.2b)

The slab material is assumed to be passive, and hence, both µ(s) and ε(s) satisfy the
conditions listed in Sec. 2.3.

A transmission line representation of the slab is shown in Fig. 4.1. The secondary
line parameters, namely, the characteristic impedance and propagation constant of the
transmission line, are given by

Z ′c(s) =

√
Z ′(s)

Y ′(s)
=

√
µ(s)

ε(s)
, (4.3a)

γ(s) =
√
Z ′(s)Y ′(s) =

√
µ(s)ε(s). (4.3b)
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It is common to evaluate the relevant quantities only along the real frequency axis
s = jω, where ω is a real variable, and define the p.u.l. parameters for the transmission
line as follows

Z ′(ω) = R′(ω) + jωL′(ω) = jωµ(ω), (4.4a)

Y ′(ω) = G′(ω) + jωC ′(ω) = jωε(ω), (4.4b)

and thus, the secondary line parameters, the characteristic impedance Zc and the prop-
agation constant γ, become

Z ′c(ω) =

√
R′(ω) + jωL′(ω)

G′(ω) + jωC ′(ω)
=

√
L′(ω)

C ′(ω)

√√√√√

(
R′(ω)
L′(ω)

)
+ jω

(
G′(ω)
C′(ω)

)
+ jω

, (4.5a)

γ(ω) = α(ω) + jβ(ω) =
√

(R′(ω) + jωL′(ω))(G′(ω) + jωC ′(ω))

= j
√
L′(ω)C ′(ω)

√(
ω − j 1

2

(
R′(ω)

L′(ω)
+
G′(ω)

C ′(ω)

))2

+
1

4

(
R′(ω)

L′(ω)
+
G′(ω)

C ′(ω)

)2

− R′(ω)G′(ω)

L′(ω)C ′(ω)
. (4.5b)

Here, G′, C ′, R′ and L′ are the p.u.l. conductance, capacitance, resistance and induc-
tance, respectively, and α and β are the attenuation and phase constants, respectively.

If the complex permittivity and permeability are expressed as

ε(ω) = εr(ω)− jεi(ω), (4.6a)

µ(ω) = µr(ω)− jµi(ω), (4.6b)

then the relations among the p.u.l. parameters and the real and imaginary parts of ε
and µ are as follows

G′(ω) = ωεi(ω), (4.7a)

C ′(ω) = εr(ω), (4.7b)

R′(ω) = ωµi(ω), (4.7c)

L′(ω) = µr(ω). (4.7d)

4.2 The Heaviside Condition and Distortionless Prop-

agation

The Heaviside condition [15] requires that the p.u.l. parameters of a transmission line,
characterized by the p.u.l. admittance Y ′ and impedance Z ′ in (4.4), satisfy the relation

G′(ω)

C ′(ω)
=
R′(ω)

L′(ω)
. (4.8)
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If this condition is satisfied for each frequency ω, then the transmission line’s secondary
line parameters reduce to

Z ′c(ω) =

√
L′(ω)

C ′(ω)
, (4.9a)

γ(ω) = α(ω) + jβ(ω) =
√
R′(ω)G′(ω) + jω

√
L′(ω)C ′(ω). (4.9b)

Both, in general, frequency-dependent quantities and thus are not constant.
If the permittivity ε and permeability µ are assumed to be constant, then the p.u.l.

parameters are all independent of the frequency as well. Then, if (4.8) is satisfied, it
is observed that Zc is a constant, as is α, while β is a linear function of ω. The phase
constant β is related to the phase velocity of the line as follows

vp(ω) =
1

dβ(ω)
dω

=
1√

L′(ω)C ′(ω)
, (4.10)

which is constant in the frequency-independent case. This means that each frequency
component propagates with the same velocity along the slab. Consequently, no distortion
occurs. An attenuated and time-delay replica of the input field is retrieved at the other
end of the slab.

On the other hand, if the permittivity and permeability depend on the frequency,
then so do the p.u.l. parameters. In this case, it is generally observed that (4.8) is
not satisfied at each frequency. However, even if (4.8) is satisfied at all frequencies in
this case, the values of the p.u.l. parameters vary with frequency, meaning that both√
R′(ω)G′(ω) and

√
L′(ω)C ′(ω) also vary with frequency. Therefore, the distortionless

condition is violated regardless. Because of this, the Heaviside condition is understood to
only provide distortionless propagation if the transmission line has frequency-independent
p.u.l. parameters.

A conclusion that can be drawn from this is that for distortionless propagation, (4.8)
must be specified as

G′(ω)

C ′(ω)
=
R′(ω)

L′(ω)
= K, ∀ω ∈ [ω1, ω2], (4.11)

in the frequency-dependent case, where K is a real constant and ω1 and ω2 are the lower
and upper frequencies of the interval wherein the distortionless condition should be met.

4.3 Approximation of the Heaviside Condition

In Paper D, a design procedure for the approximation of (4.11) is described and applied
to a test case. For this test case, the described approximation procedure is shown to
actually provide an approximation to (4.11). The approximation procedure in Paper D
are summarized in the following. More details and a numerical example are found in
Paper D.
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First, consider a transmission line with p.u.l. admittance and p.u.l. impedance as in
(4.4) and suppose that I = [ω1, ω2] is the frequency interval in which the transmission line
is supposed to satisfy the Heaviside condition in (4.11). To approximate the Heaviside

condition, each of the quotients G′(ω)
C′(ω)

and R′(ω)
L′(ω)

must be equal to a constant K in the
frequency interval I. Therefore, the p.u.l. impedance and the p.u.l. admittance can
be synthesized individually to provide this constant quotient K on I. To perform this
immittance synthesis, a method due to Yarman [119] is used.

Suppose that the p.u.l. impedance Z ′(ω) is to be constructed, and assume that the
desired constant values of R′(ω) = r′ and L′(ω) = l′ are specified on the frequency
interval I. As a first step, the desired real part of Z ′(ω) is interpolated by an even
rational function of the angular frequency variable ω of the form

R′(ω) =
N(ω)

D(ω)
, (4.12)

where N and D are polynomials. To ensure physical realizability it is required that
R′(ω) ≥ 0, ∀ω. In addition, it is required that D(ω) > 0, ∀ω to ensure that R′(ω) is
finite. The interpolation should provide a real part with R′(ω) ≈ r′, ∀ω ∈ I.

From the real part R′(ω) = N(ω)
D(ω)

of the p.u.l. impedance function Z ′(ω), a corre-

sponding minimal impedance function Z ′m(ω) can be determined

Z ′m(ω) = R′(ω) + jX ′m(ω) (4.13)

with Gewertz’s procedure [120]. Here, X ′m is the minimal reactance function of Z ′.
Because an impedance function can be split into a minimal part and a Foster part

[121], where the Foster part can be added without changing the real part R′ of the
impedance function, the p.u.l. impedance Z ′ can be expressed as follows

Z ′(ω) = Z ′m(ω) + jX ′f (ω) = R′(ω) + j
(
X ′m(ω) +X ′f (ω)

)
, (4.14)

with X ′f being the Foster part of Z ′. In general, the Foster part can be represented in
the form

X ′f (ω) = k∞ω −
k0

ω
+

np∑

l=1

klω

p2
l − ω2

, (4.15)

where k∞ and k0 are the residues corresponding to poles at infinity and at ω = 0, respec-
tively, and k1, k2, · · · , knp are the residues corresponding to the np poles p1, p2, · · · , pnp
on the imaginary axis s = jω in the complex s-plane.

The desired reactance function X ′(ω) = ωl′, ∀ω ∈ I of Z ′ in the frequency interval I
is already specified, and must be fitted by adding a suitable Foster part X ′f to the p.u.l.
impedance function Z ′. Thus, the required Foster reactance function X ′f is as follows

X ′f (ω) = X ′(ω)−X ′m(ω), ∀ω ∈ I. (4.16)
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However, due to the requirements on a physically realizable material in Sec. 2.4, no poles
on the imaginary axis s = jω are allowed and must be excluded from the expression
in (4.15). Therefore, the Foster reactance function that are used to specify the final
reactance function X ′ of Z ′ is

X ′f (ω) = k∞ω −
k0

ω
. (4.17)

Note that the residue k∞ actually specifies the optical permeability of the synthesized
permeability function µ(ω) = Z′(ω)

jω
. Thus, the approximation of the Heaviside condition

depends on the choice of the optical constant. The values of k∞ and k0 may be determined
in the least-square sense in I. Then, the final p.u.l. impedance function Z ′ is expressed
as follows

Z ′(ω) = Z ′m(ω) + j

(
k∞ω −

k0

ω

)
= Z ′m(ω) + jX ′f (ω), (4.18)

and the final constructed permeability function is µ(ω) = Z′(ω)
jω

. An identical procedure
can be followed to construct a desired p.u.l. admittance corresponding to the permittivity
of the material.

From (4.17) and (4.18) it is obvious that the approximation of the Heaviside condition
in the interval I is restricted, and care must be taken in choosing the frequency interval
I and the values of R′, L′ in I to obtain an acceptable approximation.



Chapter 5

Thesis Summary

In this chapter, the thesis contributions for each appended paper, conclusions and
answers to the research questions, and suggestions for future work, are given.

5.1 Contributions

This section summarizes the research publications of which this thesis is composed. For
each publication, the PhD student’s contribution is indicated.

5.1.1 Paper A

Title: A Descriptor Form Implementation of PEEC Models Incorporating Dispersive
and Lossy Dielectrics
Authors: Andreas Hartman, Giulio Antonini, Jonas Ekman, Daniele Romano
Published in: Proceedings of the IEEE, International Symposium on Electromagnetic
Compatibility (EMC), 2016
Summmary: This paper address the formulation of a descriptor form representation
of the PEEC circuit equations for PEEC models containing both conductors and linear
dispersive dielectrics. The representation is based on the admittance equivalent circuit
for multi-Debye and multi-Lorentz permittivity models consisting of parallel-connected
RC and RLC circuits. This approach leads to a rational model for the permittivity
functions of the dielectrics and, in principle, allows any physically realizable permittivity
function to be approximated. The causality and passivity of the permittivity models of
the dielectrics are guaranteed by construction. Explicit expressions for the multi-Debye
and multi-Lorentz admittance circuit model parameters are given. The circuit models of
the permittivity functions are expressed in their admittance form, forming a descriptor
state-space representation of the dielectric part of the PEEC model, and are appended to
the modified nodal analysis (MNA) circuit equations of the standard PEEC MNA model,
thereby forming a complete descriptor system for PEEC models that include dispersive
dielectrics. This descriptor system can be solved using any time integration scheme of
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choice and is well suited for translation into SPICE-like solvers. It is also in a suitable
form for the application of model order reduction (MOR) techniques to further reduce
the PEEC model complexity for large-scale systems. The explicit forms of the MNA
matrices, especially for the dielectric part of the descriptor system equations, make it
simple for a user to construct the complete PEEC equations in an automated manner.
Contribution: The PhD student developed the mathematical description of the descrip-
tor system equations, wrote the paper, handled the submission and peer review process,
and presented the work at the conference.

5.1.2 Paper B

Title: Partial Element Equivalent Circuit Models Including Anisotropic Dielectrics
Authors: Andreas Hartman, Daniele Romano, Giulio Antonini, Jonas Ekman
Published in: IEEE Transactions on Electromagnetic Compatibility, 2018
Summmary: In this paper, the incorporation of anisotropic dielectrics into PEEC mod-
els is addressed. Specifically, a basic PEEC cell for an anisotropic dielectric is derived
and is shown to be an extension of the standard dielectric PEEC cell. The derived
anisotropic dielectric PEEC cell suggests the definition of an additional excess capaci-
tance concept to describe the anisotropic cross-coupling between neighboring PEEC cells
in an anisotropic dielectric. Such a definition is given for orthogonal PEEC meshes in
this paper. A numerical test presented in the paper illustrates that the proposed PEEC
model for anisotropic dielectrics is capable of handling the addressed anisotropy.
Contribution: The PhD student formulated the idea, developed the mathematical for-
mulation and wrote the majority of the paper. The student also handled the revision
process.

5.1.3 Paper C

Title: PEEC Models of Printed Antennas in Condition Monitoring Applications Covered
by Dielectrics with Temperature-Dependent Permittivity
Authors: Andreas Hartman, Jonas Ekman, Defeng Lang, Daniele Romano, Giulio An-
tonini
Published in: Proceedings of the IEEE, International Symposium on Electromagnetic
Compatibility (EMC Europe), 2018
Summmary: In this paper, the PEEC method is applied in modeling a printed an-
tenna structure covered with a dielectric with a temperature-dependent permittivity in
the frequency domain. The temperature dependence of the permittivity is captured by
a permittivity model based on the Debye permittivity model that accounts for the di-
electric’s ambient temperature. In addition, the dielectric antenna cover is assumed to
be a mixture of several dielectric phases, each having a temperature dependence. The
impact on the antenna’s resonant behavior due to the temperature-dependent nature of
the permittivities of the considered mixtures is studied. It is found that the effect is slight
but may be important in some applications that are sensitive to shifts in the antenna’s
resonance frequency. The temperature-dependent permittivity models used in the paper,
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together with the frequency-domain PEEC method, can be used for any other geometry
of interest as well.
Contribution: The PhD student collaborated in formulating the idea and organizing
the paper structure. The student wrote the paper, was responsible for the submission
and peer review process, and presented the work at the conference.

5.1.4 Paper D

Title: Bandlimited Distortionless Material Design by an Approximation of the Heaviside
Condition
Authors: Andreas Hartman, Giulio Antonini, Jonas Ekman, Maria De Lauretis
Submitted to: IEEE Transactions on Electromagnetic Compatibility, 2018 (Condition-
ally accepted with major revisions)
Summmary: In this paper, the possibility of designing magneto-dielectric materials
with frequency-dependent permittivity and permeability that exhibit the distortionless
property with respect to TEM-mode waves propagating within them is addressed. The
approach proposed in this paper is to make use of the Heaviside condition for a two-
conductor transmission line. A transmission line model analogous to a material slab
is employed to relate the permittivity and permeability of the material to be designed
to the corresponding transmission line model’s per-unit-length parameters. The per-
unit-length parameters are then constructed such that they approximate the Heaviside
condition in a specified finite frequency interval. A method found in the literature for
the construction of the per-unit-length immittances is employed in the design step. The
necessary conditions for the designed permittivity and permeability functions to actually
represent a physically realizable material are discussed, and the implications of these
conditions for the design procedure, in terms of the restrictions placed upon it, are also
pointed out. A constructed numerical example is provided that shows that the design of
such a magneto-dielectric material is indeed possible, and numerical tests validate that
claim. The proposed design procedure indicates that there exist several restrictions on
the permittivity and permeability functions that approximate such a material, that is
approximately satisfying the Heaviside condition. However, this paper does not address
this issue.
Contribution: The PhD student collaborated in formulating the ideas and concepts of
the paper and developed the mathematical framework. The student implemented the
code for the synthesis routines and performed the numerical tests. The student was also
responsible for writing the majority of the paper.
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5.2 Conclusions

In this thesis, a couple of aspects related to electromagnetic modeling with complex
dielectric materials has been treated in the framework of the PEEC method. These three
considered aspects are the frequency dispersion, anisotropy and temperature-dependence
observed in the permittivity of a dielectric material.

For frequency dispersive dielectrics, their permittivities are modeled with equivalent
circuits in the PEEC method. A descriptor state-space implementation of these equiv-
alent circuits is provided, which can be appended to either a quasi-static or a full-wave
PEEC MNA equation formulation, both in the time domain and the frequency domain,
without having to modify the descriptor state-space system representing the dielectrics’
constitutive relations. Because the equivalent circuits are derived from permittivity func-
tions that are comprised of superpositions of Debye and Lorentz models, they guarantee
that the circuit models of the dielectrics employed in the PEEC model are passive. The
final PEEC equations obtained from this development form a descriptor system, which
may be solved by a suitable time-integration method of choice, and in addition, it ad-
mits the application of model order reduction (MOR) techniques, useful for reducing the
computational complexity of a large-scale system.

An anisotropic PEEC cell is provided and used to model nondispersive anisotropic
dielectrics, with arbitrary permittivity tensors, with the PEEC method. The anisotropic
dielectric PEEC cell is shown to be an extension of the standard dielectric PEEC cell
through the introduction of a cross-coupling capacitance concept, accounting for the
coupling among overlapping PEEC cells. Based on this, an anisotropic PEEC cell for
lossy and dispersive anisotropic dielectrics is presented, following a similar development
used in the derivation of the lossy and dispersive isotropic PEEC cell. Also, the descriptor
state-space implementation for lossy and dispersive isotropic dielectrics can be extended
to the lossy and dispersive anisotropic dielectric case, and be appended to the PEEC
MNA equations in the same manner. Consequently, the anisotropic dielectric PEEC cell
constitutes a device for the incorporation of general anisotropic dielectric materials into
PEEC models.

With an employment of temperature-dependent permittivity models that are com-
monly used in other electromagnetic simulation codes, a standard frequency-domain
PEEC solver is demonstrated for the evaluation of a printed patch antenna covered with
a temperature dependent dielectric mixture. The impact due to the dielectric cover and
the mixture constituents’ temperature-dependence on the antenna’s resonance frequency
can be observed. Thus, investigations of the impact due to temperature dependent per-
mittivities on other systems can be performed with the PEEC method using the same
approach.

Finally, a design procedure for magneto-dielectric materials, with frequency-dependent
permittivity and permeability functions, that support distortionless TEM-mode propa-
gation in a finite frequency interval is proposed. To make the material distortionless,
the permittivity and permeability of the material are specified in such a way that they
approximately satisfy the Heaviside condition in the frequency interval. In addition, the
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design procedure ensures that the permittivity and permeability of the material represent
a physically realizable material. Although, the restrictions on the approximation to the
Heaviside condition in a finite frequency interval are not currently known.

5.3 Answers to the Research Questions

The research questions formulated in Chapter 1 can now be answered:

1. Can a non-isotropic PEEC cell be formulated such that general anisotropic dielectric
materials can be modeled with the PEEC method?

An anisotropic PEEC cell for an anisotropic dielectric with an arbitrary permittiv-
ity tensor is derived in Paper B. To account for the local coupling between the electric
field components, in different directions, in an anisotropic dielectric, an averaging is per-
formed among the PEEC cells that have the same direction and overlaps with an observed
anisotropic dielectric PEEC cell to determine the electric field component in the observed
cell’s direction. The averaging is necessary because a PEEC cell only determines an elec-
tric field component in its own assigned direction. A cross-coupling capacitance concept
is introduced to describe the cross-coupling coefficient that specifies the contribution of
the time-derivative of the excess capacitance voltage across an overlapping cell to the
observed anisotropic dielectric cell’s displacement current. This coupling capacitance
depends on the cross-entry term in the permittivity tensor of the observed dielectric be-
tween the overlapping cell’s direction and the observed cell’s direction, the overlapping
factor between the two cells, and the length and cross-sectional area of the two cells.
A numerical verification of the anisotropic dielectric PEEC cell is also found in Paper
B. It is tested for a patch antenna situated above an anisotropic dielectric substrate.
In Sec. 3.2.3, the anisotropic dielectric PEEC cell is extended to the case of a lossy
and dispersive anisotropic dielectric, similarly to how isotropic dielectric PEEC cells are
extended to standard lossy and dispersive dielectric PEEC cells. The same equivalent
circuit models to represent a permittivity that is modeled as a superposition of Debye and
Lorentz models in Paper A are used to model the dispersive entries in the permittivity
tensor of an anisotropic dielectric. Thus, the descriptor state-space model for the dielec-
tric constitutive relations described in Paper A is possible to use for lossy and dispersive
anisotropic dielectrics as well. The extension of the descriptor state-space implementa-
tion in Paper A to lossy and dispersive anisotropic dielectrics is presented in Sec. 3.3, in
the case of a quasi-static PEEC model. In the full-wave case, the same state-space model
for the dielectric constitutive relations can be used. The answer to the first question is
therefore yes.

2. Can the PEEC method be used for modeling environments with dielectric materials
that have temperature dependent permittivities?

This question is addressed in Paper C, where the temperature dependent permittivity
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function of the dielectric materials are modeled by a Debye model that has temperature
dependent parameters, namely, static and optical permittivity constants and relaxation
time constant. Proposed models for these parameters temperature-dependence, found in
the literature, are used to model the permittivity of water. A simple assumed model for
the permittivity of a lubricant is also employed. A mixture of these two materials is used
to cover a printed patch antenna, and the impact on the antenna’s resonance frequency
is investigated versus different temperatures. In Paper C, a standard frequency-domain
PEEC solver is used to perform this evaluation. Therefore, this procedure is applicable
to analyze the impact of temperature dependent permittivity in any other system with
the PEEC method in the frequency domain. Consequently, the answer to this question
is yes for frequency domain simulations.

3. Is it possible to design physically realizable materials with generally frequency-
dependent permittivity and permeability functions that can support distortionless TEM-
mode propagation in a finite frequency band?

To investigate this matter, a material slab with frequency dependent permittivity
and permeability functions is modeled with a corresponding two-conductor transmission
line. The transmission line models the TEM-mode in the slab, and the transmission
line’s p.u.l. parameters are related to the material’s permittivity and permeability. For a
two-conductor transmission line, the Heaviside condition is a well-known condition that
provides a condition on the transmission line’s p.u.l. parameters for it to be distor-
tionless. Therefore, if the p.u.l. parameters of the transmission line model satisfy the
Heaviside condition, then the associated permittivity and permeability functions of the
slab represent a material that is distortionless. Consequently, the slab supports distor-
tionless TEM-mode propagation under such conditions. In Paper D, a procedure for the
approximate enforcement of the Heaviside condition among a transmission line’s p.u.l.
parameters, in a specified finite frequency interval, is provided. The procedure is based
on an immittance modeling procedure, which is adjusted to provide a p.u.l. impedance
and a p.u.l. admittance that, when converted into its corresponding permeability and
permittivity functions, ensures that the determined permittivity and permeability func-
tions represent a physically realizable material. Such a material is numerically designed
and verified both in the time domain and the frequency domain in Paper D, showing that
it is indeed possible to design such a material. However, the design procedure does not
guarantee that the Heaviside condition can be satisfied on an arbitrarily wide frequency
interval. It seems that the approximation has restrictions in terms of the bandwidth and
the choice on the static and optical permittivity and permeability constants. Presently,
the details regarding these restrictions have not been investigated. The answer to this
question is therefore initially affirmative; however, for practical realization and useful-
ness, the design methods must be further improved and analyzed, and general bounds
on the approximation of the Heaviside condition must be investigated.
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5.4 Future Work

Several open topics with regard to the modeling of complex dielectric materials with the
PEEC method exist.

Although an extension to anisotropic materials has been introduced into the PEEC
method and has been successfully applied in the non-dispersive case, there is still a need
to test the formulation with dispersive anisotropic dielectrics. In this thesis, the necessary
models for dispersive anisotropic dielectrics have been presented, but they are yet to be
applied to numerical tests.

Recently, magneto-dielectric materials have been modeled with the PEEC method
[12], demonstrating its ability to handle even more general materials. At the present time,
these magneto-dielectrics have been considered to have isotropic properties. However,
that does not need to be the case. The extension to magneto-dielectrics with anisotropic
properties should be studied as well. The anisotropic dielectric model described herein al-
ready permits the modeling of magneto-dielectric materials with anisotropic permittivity,
together with isotropic permeability. Therefore, a PEEC-based anisotropic permeability
model could be investigated for the most general case of anisotropic materials.

In relation to magneto-dielectric materials, the bi-isotropic and bi-anisotropic materi-
als could be of future interest. To date, the coupling effects between the electric field and
the magnetic field in such a material have not been addressed with the PEEC method, to
the author’s knowledge. Because these coupling effects can be observed in some metama-
terials designed with engineered inclusions, it is believed that materials of this kind, and
their properties, may play a more prominent role in future electromagnetic applications.
Consequently, development efforts to enable PEEC simulations of such materials are of
future interest.

In this thesis, exclusively linear materials have been considered. In most practical
cases, this is not a severe restriction, as most materials subjected to standard excita-
tions will behave, to a close approximation, linearly in response to applied electric and
magnetic fields. However, in some applications, materials that respond nonlinearly to
applied electric and/or magnetic fields are encountered. This means that the response
involves higher-order field terms in the constitutive relations. Consequently, the standard
convolution model for the constitutive relations in Sec. 2 is insufficient. Instead, nonlin-
ear analysis methods are necessary. In effect, electromagnetic simulations with nonlinear
materials are more challenging due to the fact that less analysis and modeling tools are
available for nonlinear systems. However, due to the circuit interpretation of PEEC mod-
els, nonlinear circuit models may be used to model the nonlinear constitutive relations
for a nonlinear dielectric material. Put in another way, a nonlinear circuit admittance
could be synthesized to model the nonlinear behavior of a material’s permittivity, and
nonlinear circuit techniques could applied. There has already been some interest, and
some work has already been done, in simulating nonlinear circuits in conjunction with the
PEEC method [122]. This work could become a first step in investigating the possibilities
of incorporating nonlinear materials into PEEC models.

The representation of the permittivity of dispersive dielectrics in PEEC models that is
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employed throughout this thesis makes use of rational models in the complex frequency
variable s for the permittivity. This is a very versatile modeling approach. However,
in experimental works on characterizing the permittivities of various materials, permit-
tivity models such as the Havriliak-Negami model [123] are typically used for fitting
experimental data. In theory, the Havriliak-Negami permittivity can be regarded as a
distribution of an infinite number of Debye models. However, this is not a viable ap-
proach for time-domain simulations because in the general case, even with truncation, it
would still be necessary to include a large number of Debye models. Such large number
of Debye models would introduce a large number of additional unknowns into the PEEC
equations, significantly increasing the computational complexity of the PEEC model. To
this end, a convolution approach must be taken instead if high accuracy is necessary.
Fast methods of handling these more challenging kinds of convolution kernels seem to
be sparse. Recently, some attempts have been presented in the literature [124] that may
prove interesting to investigate further.

Finally, the inverse problem with respect to simulation and analysis is the design and
synthesis problem. This topic was lightly touched upon in this thesis, in connection with
the design of materials with specifically chosen properties. In this case, the distortionless
property was chosen, in the sense that the material was to be designed in such a way that
it satisfies the Heaviside condition. As discussed, the Heaviside condition is not expected
to be possible to satisfy at all frequencies, not even for all frequencies in a chosen finite
frequency interval. In this respect, the enforcement of the Heaviside condition seems to
share some similarities with the impedance matching problem, which previously has been
investigated by Fano [125]. Therefore, it could be interesting to attempt to determine
actual bounds on the enforcement of the Heaviside condition in a finite frequency interval,
in other words, how well the Heaviside condition can be approximated in a finite frequency
interval. Sum rules [126] are believed to be useful in the derivation of such bounds. With
such bounds available, the possibilities for this approximation approach would be clearer,
and suitable applications could be identified.

However, even at this stage, an approximate enforcement of the Heaviside condition
for a passive material in finite, narrow frequency intervals have already been indicated to
be plausible in Paper D. Consequently, it would be interesting to investigate the actual
realization of such a material in practice and subject it to experimental verifications. It is
believed that electromagnetic mixing rules for permittivity and permeability could pro-
vide valuable insights and applications in the actual synthesis of such materials. Usages
of such materials may be found in cable designs and slab designs.
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dispersive media by using the Möbius transformation technique,” IEEE Transac-
tions on Microwave Theory and Techniques, vol. 50, no. 7, pp. 1689–1695, July
2002.

[30] B. H. Shakibaei, M. J. Shawon, S. Y. Gang, and F. R. M. Adikan, “IIR filter
implementation of dispersive medium using Z-transform,” in 2014 IEEE 5th Inter-
national Conference on Photonics (ICP), Sep. 2014, pp. 211–213.

[31] D. Caratelli, L. Mescia, P. Bia, and O. V. Stukach, “Fractional-calculus-based
FDTD algorithm for ultrawideband electromagnetic characterization of arbitrary
dispersive dielectric materials,” IEEE Transactions on Antennas and Propagation,
vol. 64, no. 8, pp. 3533–3544, Aug 2016.

[32] Y.-Q. Zhang and P.-J. Yang, “An extended Newmark-FDTD method for complex
dispersive media,” International Journal of Antennas and Propagation, vol. 2018,
2018.

[33] D. Jiao and J.-M. Jin, “Time-domain finite-element modeling of dispersive media,”
IEEE Microwave and Wireless Components Letters, vol. 11, no. 5, pp. 220–222,
May 2001.



68 References

[34] S. D. Gedney, J. C. Young, T. C. Kramer, and J. A. Roden, “A discontinuous
Galerkin finite element time-domain method modeling of dispersive media,” IEEE
Transactions on Antennas and Propagation, vol. 60, no. 4, pp. 1969–1977, April
2012.

[35] A. Akbarzadeh-Sharbaf and D. D. Giannacopoulos, “Finite-element time-domain
solution of the vector wave equation in doubly dispersive media using Möbius trans-
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A Descriptor Form Implementation of PEEC Models

Incorporating Dispersive and Lossy Dielectrics

A. Hartman, G. Antonini, D. Romano and J. Ekman

Abstract

With rising frequencies involved in electronics, losses and dispersion exhibited by di-
electrics become important to consider in electromagnetic modeling. The Partial Ele-
ment Equivalent Circuit (PEEC) method is suitable for a mixed electromagnetic and
circuit setting, forming equivalent circuits that can be interconnected with circuit ele-
ments. In this paper, a descriptor form representation of PEEC models incorporating
dispersive and lossy dielectrics is developed. By representing the electrical permittivity
with a Debye-Lorentz model equivalent circuits can be synthesized. The synthesized cir-
cuits for the permittivity are included in the PEEC equations by formulating the circuit
equations for the additional circuit unknowns. This yields an input/output formulation
that can handle an arbitrary number of finite dielectrics and be integrated by any kind
of integration scheme. Furthermore, it offers a straightforward way to incorporate lossy
and dispersive dielectrics into a PEEC solver compared to using recursive convolution.
The proposed descriptor form representation is tested for a setup consisting of three mi-
crostrips over a ground plane, separated by a dielectric substrate. Both the ideal and
the lossy and dispersive case are tested and compared. Furthermore, the proposed for-
mulation is verified against an existing implementation in the frequency-domain. Good
agreement between the proposed formulation and the existing frequency-domain PEEC
formulation is obtained.

1 Introduction

As the frequencies in electronic systems increase, the attention to the involved materials’
dispersive properties rises. To handle this in electromagnetic modeling, the frequency-
dependent properties of dielectric materials are necessary to take into account, to be able
to capture the electromagnetic models’ complete behavior and obtain accurate results.
Without the ability to include those aspects in an electromagnetic model, insight could
be lost and important artifacts, affecting the predictability of the model, could be missed.
Frequency-dispersive and lossy dielectrics, especially linear dispersive, play an integral
part in many electromagnetic settings. This makes it important to be able to model such
materials in an accurate way. But also efficiently, in terms of both implementation and
computational complexity.

For mixed electromagnetic and circuit settings the Partial Element Equivalent Circuit
(PEEC) method lends itself to be well suited [1,2]. It is an integral equation formulation,

81



82 Paper A

based on the electric field integral equation (EFIE). By discretize the integral equation
in such a way that it can be interpreted as a set of Kirchoff’s voltage law equations, the
electromagnetic problem can be formulated as an equivalent circuit model. Kirchoff’s
current law is then applied to enforce charge continuity. Additional external circuits
and elements can then be connected to the equivalent circuit model in a straightforward
manner. One additional strength in formulating the problem as an equivalent circut
model is that the circuits are valid in both the time- and frequency-domain, without any
modifications. They can then be handled by general circuit solver techniques, such as
SPICE [3], instead of relying on solving Maxwell’s equations directly.

As can be expected, ways to incorporate dielectrics, and specifically dispersive and
lossy dielectrics, have been developed for PEEC. First, a finite dielectric model was added
to the PEEC conductor model, adding an excess capacitance to the elementary PEEC
conductor cell [4]. Later, extensions of the excess capacitance concept were made, to
include lossy and dispersive dielectrics [5]. The frequency-dependence in the electrical
permittivity was modeled by the well-known Debye and Lorentz models, accounting for
the highly frequency-dependent responses. It was then found that the excess capacitance
can be represented as a combination of equivalent ciruits for each Debye pole and Lorentz
resonance. The previous implementations have been based on recursive convolution [6],
similar to a FDTD implementation of dispersive and lossy dielectrics [7]. For PEEC,
incorporation of the dielectrics has also been conducted with an equivalent circuit model
approach [8, 9].

In this paper, the PEEC equations for finite, dispersive and lossy dielectrics are
developed in descriptor form. A dielectric’s dispersive and lossy response is described
by a Debye-Lorentz model of its electrical permittivity. In doing that the permittivity
function can be interpreted as an equivalent circuit, representing the excess capacitance.
The original PEEC equations, with the synthesized equivalent circuits added to them,
form a modified set PEEC of equations to be solved. With such a formulation it is
possible to implement the equations by an input/output formulation that can be solved
using any integration scheme. It allows for the implementation of PEEC models with
an arbitrary number of finite dielectrics that can be approximated by Debye-Lorentz
models.

2 Modelling of Dispersive and Lossy Dielectrics

Usually a dielectric response is specified in the frequency domain through the complex
permittivity function, ε(ω) = εr(ω) − jεi(ω). In general the constitutive relations, re-
quired to be added when a vacuum medium is not considered, specifying the relation
between the electric flux and the electric field in the time-domain can be represented as

D = F(E). (1)
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This constitutive relation is valid for a linear and isotropic medium and is generally
described by a convolution operation

D(t) = ε0

[
E(t) +

∫ t

−∞
χ(t− τ)E(τ)dτ

]
, (2)

where χ(t) is the susceptibility function. By Fourier transformation the fields are related
by D(ω) = ε(ω)E(ω) and the permittivity function can be expressed as

ε(ω) = ε0 + ε0

∫ ∞

0

χ(τ)ejωτdτ. (3)

As only a causal response will be considered, the following restrictions, for real frequen-
cies, on the permittivity function do apply

ε(ω) = ε∗(−ω). (4)

These make sure that the susceptibility function, χ(t), is a real quantity and in turn that
the fields, D(t) and E(t), are real.

Broadband data of the electrical permittivity function will be assumed to be available
from here on. Then the permittivity function can be approximated by the well-known
Debye and Lorentz models according to [9]

ε(s) = ε0

[
ε∞ +

ND∑

l=1

εDS,l − εD∞,l
1 + sτl

+

NL∑

m=1

(εLS,m − εL∞,m)ω2
0,m

s2 + 2sδm + ω2
0,m

]
, (5)

where τl is the relaxation constant of the l:th Debye single pole, ω0,m is the angular reso-
nance frequency and δm is the damping factor of the m:th Lorentz resonance. where ε∞
is the optical permittivity of the dielectric, accounting for the high-frequency behavior
above the frequency range of interest. A D in the subscript indicates a quantity corre-
sponding to a Debye single-pole. An L indicates a quantity corresponding to a Lorentz
resonance.

To represent a dielectric described by (5) in a PEEC model, the excess capacitance [4],

Cγ
e (s) =

ε0(εr(s)− 1)aγ
lγ

, (6)

is used. Here εr(s) is the relative permittivity, lγ is the length of the evaluated dielectric
cell and aγ is its cross sectional area. A circuit equivalent of (6) combined with (5) has
been covered in [9]. The equivalent circuit of (6) is described by the excess capacitance
admittance

sCγ
e (s) =

aγ
lγ

(εγ(s)− ε0) = sCγ
∞(s) +

Nγ
D∑

m=1

Y γ
Dm

(s) +

Nγ
L∑

n=1

Y γ
Ln

(s). (7)

The dielectric permittivity, ε(s), is expressed as a Debye-Lorentz model in (5). Inserting
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Figure 1: Elementary PEEC cell for a general dispersive dielectric, with multiple Debye and
Lorentz terms.
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Figure 2: Equivalent circuit for a Debye
medium.
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Figure 3: Equivalent circuit for a Lorentz
medium.

(5) in (7), for each dielectric, yields the corresponding admittances. Here Y γ
Dm

and Y γ
Ln

are the admittances that correspond to the excess capacitance of each relaxation process
and/or resonance for the dielectric PEEC cell γ, γ = 1, ..., nd, where nd is the number of
dielectric cells in the PEEC model. sCγ

∞(s) accounts for the high-frequency behaviour,
up to the highest frequency range of interest. With Cγ

e given in (7) these admittances
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become

sCγ
∞(s) =

Nγ
D∑

m=1

sCγ
D∞,m(s) +

Nγ
L∑

n=1

sCγ
L∞,n(s), (8a)

with

Cγ
D∞,m(s) = ε0

aγ
lγ

(
εγD∞,m − 1

)
, (8b)

Cγ
L∞,n(s) = ε0

aγ
lγ

(
εγL∞,n − 1

)
. (8c)

The additional admittances corresponding to the Debye models are

Y γ
D,m(s) =

sCγ
D,m

1 + sRγ
D,mC

γ
D,m

, (9a)

with

Cγ
D,m = ε0

aγ
lγ

(
εγDS,m − εγD∞,m

)
, (9b)

Rγ
D,m =

τ γm
ε0

aγ
lγ

(
εγDS,m − εγD∞,m

) . (9c)

A similar development for the Lorentz case yields the additional admittances according
to

Y γ
L,n(s) =

s 1
LγL,n

1
LγL,nC

γ
L,n

+ s
RγL,n
LγL,n

+ s2
, (10a)

with

LγL,n =
1

ε0
aγ
lγ

(
εγLS,n − εγL∞,n

) (
ωγ0,n

)2 , (10b)

Cγ
L,n = ε0

aγ
lγ

(
εγLS,n − εγL∞,n

)
, (10c)

Rγ
L,n =

2δγn

ε0
aγ
lγ

(
εγLS,n − εγL∞,n

) (
ωγ0,n

)2 . (10d)

Therefore, as indicated by (7), (9) and (10), the Debye model can be interpreted as a RC
circuit and the Lorentz model interpreted as a RLC circuit, connected in parallel with the
admittance in (8). In 2Figure 2: and 2Figure 3: the excess capacitance in (7) for a Debye
medium and a Lorentz medium, respectively, is depicted as equivalent circuits. This
approach, to include the dielectrics, has the advantage of being applicable in both the time
and frequency domain, without modifications. Previous implementations of the excess
capacitance have been developed based on recursive convolution [5,8,9] and also with an
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equivalent circuit approach [9]. In the next section an equivalent circuit approach will be
taken. A new input/output representation, yielding a descriptor form representation, is
formulated. It incorporates the synthesized equivalent circuits, describing the dielectrics,
into the PEEC equations and avoids the convolution operation. Therefore it offers a less
intrusive way to include lossy and dispersive dielectrics in a PEEC solver.

3 Descriptor form of PEEC models to incorporate

dispersive and lossy dielectrics




P 0nn,ni 0nn,nd 0nn,nD 0nn,nL 0nn,nL 0nn,np
0ni,nn Lp 0ni,nd 0ni,nD 0ni,nL 0ni,nL 0ni,np
0nD,nn 0nD,ni 0nD,nd RDCD 0nD,nL 0nD,nL 0nD,np
0nL,nn 0nL,ni 0nL,nd 0nL,nD RLCL LL 0nL,np
0nL,nn 0nL,ni 0nL,nd 0nL,nD CL 0nL,nL 0nL,np
0nd,nn 0nd,ni (KDCD∞KT

D + KLCL∞KT
L) KDCD KLCL 0nd,nL 0nd,np

0np,nn 0np,ni 0np,nd 0np,nD 0np,nL 0np,nL 0np,np




d

dt




q(t)
i(t)

vd(t)
vD(t)
vL(t)
iL(t)
is(t)




= −




0nn,nn −PAT 0nn,nd 0nn,nD 0nn,nL 0nn,nL PKT

AP R Φ 0ni,nD 0ni,nL 0ni,nL 0ni,np
0nD,nn 0nD,ni −KT

D AD 0nD,nL 0nD,nL 0nD,np
0nL,nn 0nL,ni −KT

L 0nL,nD AL 0nL,nL 0nL,np
0nL,nn 0nL,ni 0nL,nd 0nL,nD 0nL,nL −AL 0nL,np
0nd,nn −ΦT 0nd,nd 0nd,nD 0nd,nL 0nd,nL 0nd,np
−KP 0np,ni 0np,nd 0np,nD 0np,nL 0np,nL 0np,np







q(t)
i(t)

vd(t)
vD(t)
vL(t)
iL(t)
is(t)




+

[
0(nn+ni+nd+nD+2nL), np

−Inp,np

] [
vp(t)

]

(11)

The models for the lossy and dispersive dielectric PEEC cell described above are incorpo-
rated into the PEEC equations by using a MNA formulation [10] of the circuit equations.
In applying this, a descriptor form of the PEEC equations for the dielectric cells can
be developed. In this section the descriptor form will be given, along with how it is
incorporated into the PEEC equations for conductor cells shown.

The circuit equations for conductor PEEC cells read

dq(t)

dt
= AT i(t)− ie(t), (12a)

Lp
di(t)

dt
= −APq(t)−Ri(t). (12b)

Here P is the partial coefficients of potential matrix, Lp is the partial inductance matrix
and R holds the partial resistances of the conductor cells. Also, A is the usual connec-
tivity matrix and ie are the external currents. Excitations are assumed to be represented
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by voltage sources only. For this, np voltage sources and a selection matrix, K, are in-
troduced. The voltage sources are connected in parallel with the inductive branch of the
PEEC cells, indicated by K. The transpose of K relates the external currents, ie, and
the source currents, is(t). The relations for the source quantities are

vp(t) = Kv(t), (13a)

ie(t) = KT is(t). (13b)

Next, a general dielectric PEEC cell, depicted in Fig. 1, is considered. It contains
both single-pole Debye and Lorentz equivalent circuits. The Debye and Lorentz equiv-
alent circuits are connected in series with the inductive branch, representing the excess
capacitance admittance (7) of the cell. Let nc and nd denote the total number of con-
ductor and dielectric cells of the system. The number of Debye and Lorentz circuits
are nD and nL, respectively. In addition, the number of cell nodes are nn while ni is
the number of inductive branches. It is noted that the introduction of the Debye and
Lorentz equivalent circuits does not affect the Kirchhoff’s current law equations for the
nn cell nodes (12a).

A descriptor form including the excess capacitance has been described in [11]. Here
an extension, introducing additional unknowns for the states corresponding to the en-
ergy storage elements in the Debye and Lorentz circuits, is developed. Setting up the
KVL and KCL equations for the additional equivalent circuits yields a descriptor form
implementation of PEEC models as well.

For the Debye single-poles the additional states, in the descriptor form, are the volt-
ages across the Debye capacitances. Note that the capacitances, that describes the high-
frequency behavior of the dielectric, share the same voltage, denoted as the voltage across
the excess capacitance. In turn, by including Debye single-poles one additional state for
each added pole is obtained.

`

h

t
w w w

ss

1 2 3

4 5 6

Figure 4: The modeled setup with three coplanar microstrips over a ground plane, separated by
a dielectric substrate.



88 Paper A

The Lorentz case adds two additional states, to the original formulation, for each
added Lorentz resonance. These states are the currents through the inductor and the
voltage across the capacitor, contained in the Lorentz branch. Each static capacitance is
handled in the same manner as in the Debye case.

In summary, one additional state is added for each dielectric cell, that is the excess
capacitance voltage, vdm, for the m-th dielectric cell. These voltages are collected in a
matrix, vd. Each Debye pole adds an additional state. Every Debye capacitance voltage
are stored in vD. By a similar argument, each Lorentz resonance adds two states, the
inductor currents, iL, and the voltage across the capacitances, vL.

To formulate the additional equations for each additional state the procedure outlined
below can be adopted. Kirchoff’s voltage law is applied around each Debye and Lorentz
equivalent circuit. This adds nD + nL additional equations to the system of equations.
For each Lorentz resonance circuit the current-voltage relationship for the capacitor CLm,
of the m-th Lorentz resonance, is considered as an additional equation. In doing this,
nL additional equations are obtained. The remaining nd states are given a corresponding
equation by applying Kirchoff’s current law at the internal node of each dielectric cells’
inductive branch, im.

A set of nd+2nL+nD circuit equations in the same number of states for the dielectric
PEEC cells has been obtained. With a MNA formulation, the total number of unknowns
are nu = nn + ni + nd + nD + 2nL + np. Therefore the PEEC equations with lossy and
dispersive dielectric cells can be written according to

dq(t)

dt
−AT i(t) + ie(t) = 0,

(14a)

Lp
di(t)

dt
+ APq(t) + Φvd(t) = 0,

(14b)

RDCD
dvD(t)

dt
−KT

Dvd(t) + ADvD(t) = 0,

(14c)

RLCL
dvL(t)

dt
+ LL

diL(t)

dt

−KT
Lvd(t) + ALvL(t) = 0,

(14d)

CL
dvL(t)

dt
−ALiL(t) = 0,

(14e)

(KDCD∞KT
D + KLCL∞KT

L)
dvd(t)

dt
−ΦT i(t) + KDCD

dvD(t)

dt
+ KLCL

dvL(t)

dt
= 0.

(14f)
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Table 1: FR-4 Debye model parameters.
εS,k ε∞,k τk[ns]

pole 1 4.7 4.55 1.59
pole 2 4.55 4.40 0.159
pole 3 4.40 4.25 0.0159
pole 4 4.25 4.10 0.00159

A descriptor form representation of the system of equations in (14) is given in (11) with
(13b) used. Here the selection matrices AD, AL, KD and KL have been introduced, and
Φni,nd = [0nd,nc , Ind,nd ]

T . RD and CD are diagonal matrices with the Debye resistances
and capacitances given by (9b)-(9c) along the diagonal. In the same manner, RL, CL

and LL are the Lorentz resistance, capacitance and inductance matrices with the ele-
ments given by (10b)-(10d). AD and AL are identity matrices. KD and KL specifies
which dielectric cell a capacitance, in a Debye or Lorentz branch, belongs to. Each row
corresponds to one dielectric cell.

The system of equations in (11) can be written compactly in the form

C
dx(t)

dt
= −Gx(t) + Bu(t), (15a)

ip(t) = LTx(t), (15b)

with x(t) = [q(t), i(t), vd(t), vD(t), vL(t), iL(t), is(t)]
T and L = B. These equations can

be implemented into a PEEC solver in the same way as the standard PEEC equations
(12a)-(12b). In the next section a numerical example, carried out with the employment
of the developed system formulation (15a)-(15b), is presented.

4 Numerical examples

A numerical example is given, to demonstrate the validity of the proposed descriptor
form representation of PEEC models. Three coplanar microstrips over a ground plane
have been modeled with the proposed system description in (15). Fig. 4 shows the
modeled geometry, with the vertical lines at each conductor end representing ports. The
conductors are of length l = 10 cm, width w = 178µm and thickness t = 35µm. Between
the conductors the spacing is s = 300µm. A h = 800µm thick dielectric layer is chosen
as the substrate between the conductors and the ground plane. The dielectric is modeled
by four Debye terms according to (5) with a static relative permittivity of εS = 4.7 and
an optical relative permittivity of ε∞ = 4.1. The parameters of the dielectric are listed
in Table. 1.

Port 1 is driven by a smooth current pulse with an amplitude of 0.1 A, 100 ps rise
and fall times, and a pulse width of 500 ps. It is terminated in a 10 Ω resistance. The
undriven ports 2− 6 are terminated in 78 Ω resistances.
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(b) Port 3 voltage
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(c) Port 4 voltage
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Figure 5: Transient port voltages v1, v3, v4 and v6 of the modeled setup with three coplanar
microstrips over a ground plane, separated by a dielectric substrate.
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Figure 6: The frequency response for the modeled setup consisting of three coplanar microstrips.
The solid line is calculated with a standard frequency-domain PEEC solver. The dashed line is
calculated with the proposed descriptor form implementation.
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The simulated transient voltages at the near-end ports 1 and 3, and far-end ports
4 and 6 are plotted in Fig. 5. For comparison, port voltages for the case with an ideal
dielectric substrate are plotted as well. That is, neglecting the frequency dependence of
the electrical permittivity. The impact of the lossy and dispersive dielectric is clearly
visible, especially in the crosstalk voltages.

In order to check the correctness of the descriptor form implementation, the frequency
response of the system has been computed using the proposed input/output represen-
tation and a standard PEEC frequency-domain solver incorporating the frequency de-
pendence of the permittivity in the excess capacitance. Fig. 6 shows the magnitude
spectrum of the voltage at port 1, V1, computed using the two approaches. It is seen
that the spectra of the two are clearly overlapping.

5 Conclusions

The aim of this paper is to present a descriptor form of the PEEC method which is
able to incorporate lossy and dispersive dielectrics. The frequency-dependent electrical
permittivity of a finite dielectric is represented by an arbitrary number of Debye and
Lorentz terms which permit to achieve the necessary accuracy in reproducing a physically
consistent behavior. The resulting descriptor form of PEEC models is well suited to be
integrated using any kind of integration scheme and also to be reduced by using state-
of-the-art model order reduction techniques. A numerical example consisting of three
coplanar microstrips, separated from the common groundplane by a dielectric substrate,
is presented. It demonstrates the correctness of the proposed descriptor form formulation
and the impact of the lossy and dispersive dielectric substrate, on both signal integrity
and crosstalk analysis.
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Partial Element Equivalent Circuit Models Including

Anisotropic Dielectrics

A. Hartman, D. Romano, G. Antonini and J. Ekman

Abstract

During recent years anisotropic materials have received an increasing interest and found
important applications in the field of shielding and antennas. The anisotropy may be due
to intrinsic properties, or as a consequence of mixing. Intentionally or not, the anisotropy
impacts the electromagnetic behavior of a system. Therefore, it is desirable to be able
to incorporate the anisotropic effects in an electromagnetic model, to allow design tasks
and analysis. In this paper, the partial element equivalent circuit (PEEC) formulation
is extended to handle non-dispersive linear anisotropic dielectrics. The anisotropic di-
electric PEEC cell is derived and the resulting PEEC equations are developed into a
descriptor system form, which is well-suited for implementation in SPICE-like solvers,
and for reduction by model-order reduction techniques. A verification of the model is
given by a numerical example of a patch antenna situated on an anisotropic substrate and
the results are in good agreement with an FDTD implementation. The proposed PEEC
model is of interest for further work, i.e. in the modeling of setups involving mixtures
of materials, with an orientational alignment, and engineered materials, encountered in
different EMC applications.

1 Introduction

The role of dielectric materials, and their influence in electronic systems is central in
many disciplines. Dielectrics play an important role in any electronic system, such as
printed circuit boards and chips since they constitute the substrate or bulk material.
Ideal dielectrics are natural to start with in an electromagnetic simulation. However,
most materials will exhibit a frequency-dependent response, that cannot be neglected if
broadband models are of interest. Also, in most cases, any material to be modeled are
assumed isotropic, having no directional dependence in regard to the applied field. But,
to obtain even more detailed models, the directional dependencies may be required to
take into consideration as well. This is salient for composite materials, such as multiphase
mixtures, with one or several inclusion phases [1]. If the inclusion phase has non-spherical
shape, the mixture may or may not have a resultant anisotropic response. It is obviously
dependent on the inclusions’ orientations. Such a mixture, with inclusions that exhibit
alignment in certain preferred orientations, has an anisotropic response, even though the
phases in the mixture themselves are isotropic [2]. In printed circuit boards and inte-
grated circuits anisotropic substrate materials are common to encounter. Substrates used
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for printed circuit boards, i.e. FR-4, constituted by a mixture of at least two different
materials, will therefore show some anisotropy. Also, for high-frequency microwave sub-
strate materials anisotropy could be important to consider, as the anisotropy may not
be negligible [3]. Anisotropy is also exploited in shielding through anisotropic magnetic
materials [4] as well as laminated carbon fiber composite (CFC) [5–8]. It also plays a key
role in microstrip antennas [9, 10].

In this work, emphasis will be on the modeling of non-dispersive, linear, anisotropic
dielectric materials through the use of the Partial Element Equivalent Circuit (PEEC)
method [11,12]. The highly attractive property of a PEEC model is the equivalent circuit
which it provides for the electromagnetic problem at hand. This transforms the modeling
problem into the circuit domain, allowing for both time- and frequency-domain analyses
in terms of potentials and currents. Furthermore, external circuits can be connected to
the equivalent circuits in a straightforward manner.

The PEEC formulation has previously demonstrated its suitability in mixed electro-
magnetic and circuit environments [13]. Originally PEEC was formulated for conductor
geometries put in a homogenous background material [12]. Later, evolving to be able to
handle any inhomogeneous conductor-dielectric geometries, with the restriction to non-
dispersive dielectrics [14]. Linear dispersive and lossy dielectrics are possible to handle
as well [15].

Other numerical EM formulations, such as the FDTD, have been applied to model
anisotropic media [16], and been used to analyze metamaterials [17]. In developing the
anisotropic dielectric PEEC model an analog reasoning as in the original development of
the dielectric PEEC model [14] is used. It will be shown that the anisotropic PEEC cell
is an extension of the standard dielectric PEEC cell. It is obtained by adding controlled
sources, taking care of the cross-terms in the permittivity tensor, in parallel with the
standard excess capacitance [14]. The idea of anisotropic PEEC models is not completely
new as a PEEC formulation for handling materials with a non-diagonal resistivity tensor
has been described earlier for zero thickness graphene sheets [18]. However, the model
presented herein is derived from the view of anisotropic dielectrics, described by their
permittivities.

The paper is organized as follows. First, the electric field integral (EFIE) equation in
an anisotropic dielectric medium is described in Section 2. The PEEC model for a single
elementary volume cell of an anisotropic dielectric is derived from the EFIE in Section
3. Next, the PEEC equations for the anisotropic case are developed, from the derived
anisotropic PEEC cell, in a descriptor system form in Section 4. To showcase the validity
and applicability of the model, a numerical example is presented in Section 5. Lastly,
drawn conclusions from the work are given in Section 6.

2 The EFIE in an Anisotropic Dielectric Medium

The derivation follows closely the derivation of the dielectric PEEC in [14]. For a non-
dispersive anisotropic medium however, the electrical permittivity is considered as a
constant second-order tensor. Note that the final result may be extended to the linear
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dispersive case, as described in [15].
To start with, the electric displacement field can be written generally as

D = ε0E + P, (1)

where all field quantities are functions of position r and time t, and P is the electric
polarization density field due to any dipole moments in an observed material. A large
class of materials may be assumed to be linear regarding the relationship between the
electric field E and the electric polarization density P. Therefore, it will be assumed
from here on that in the materials of interest it will be possible to relate these two field
quantities according to

P = ε0χ · E. (2)

Here χ is the electric susceptibility tensor. Note that this relation also imposes that the
material at hand is homogeneous. Later, it will be seen that PEEC is able to handle
inhomogeneous settings by discretizing the domain with different types of material, with
the properties of choice. It is further noticed that a non-dispersive assumption is imposed
by (2). To incorporate dispersion a convolution would be necessary for linear materials.
Inserting (2) into (1) yields the familiar relation for the electric displacement field

D = ε · E, (3)

with ε = ε0 (I + χ) being the electric permittivity tensor, and I is the unity tensor. The
permittivity tensor, ε, is specified according to

ε =



εxx εxy εxz
εyx εyy εyz
εzx εzy εzz


 . (4)

, in the Cartesian coordinate system. Based on Ampere’s law

∇×H = Jc +
∂D

∂t
, (5)

a total current, J, accounting for both the conduction and displacement currents are
introduced according to [14]

J(r, t) = Jc(r, t) + (ε− ε0I) · ∂E(r, t)

∂t
. (6)

The total current J accounts for both the current due to the free-charges, Jc, and the
displacement current. Then Ampere’s law is expressed as

∇×H = J + ε0
∂E

∂t
, (7)

resembling Ampere’s law in a vacuum. Then, in the continuation, the background
medium can be considered as vacuum. For example, the x-component of the current
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density can be expressed as

Jx(r, t) = Jcx(r, t)−
(
ε0
∂Ex(r, t)

∂t
− εxx

∂Ex(r, t)

∂t

−εxy
∂Ey(r, t)

∂t
− εxz

∂Ez(r, t)

∂t

)
. (8)

Thereafter this can be employed in the EFIE, as in sec. 3, which is the equation to be
solved.

The EFIE inside a dielectric, with permittivity ε(r), is given by

Ei(r, t) = E(r, t) +
∂A(r, t)

∂t
+∇φ(r, t). (9)

Here Ei is the applied electric field at the field point r, E is the total electric field in
point r. Further, A and φ are the vector and scalar potentials, respectively. The vector
potential A for a volume v′ at a field point r is given by

A(r, t) =
µ0

4π

∫

v′
K(r, r′)J(r′, td) dv′, (10)

where v′ is the volume of the material in which J is flowing. The scalar potential is
calculated for a volume v′ at a point r as

φ(r, t) =
1

4πε0

∫

v′
K(r, r′)qT (r′, td) dv′. (11)

Here, qT = qF + qB is the total charge at a point in the volume, and qF and qB are the
free and bound charges, respectively. In the above td = t− |r−r′|

c
is the retardation time

between the points in free space. For simplicity, in the following derivation retardation
is neglected, that is td = t. Finally, the kernel K is defined as

K(r, r′) =
1

|r− r′| . (12)

Numerically the EFIE (9) is solved by dividing the conductor and dielectric regions of
the problem domain into rectangular cells. Inside a cell the conduction current, in case
of a conductor cell, or the polarization current, in case of a dielectric cell, is assumed
uniform. The charges are assumed to be located on the surface of the conductors, which
are accounted for by introducing capacitive surface cells. To account for the bound
charges, related to the dielectrics, such capacitive surface cells are employed as well,
to cover the dielectrics. Later it will be seen that the continuity equation is enforced
between the charges and the currents by the use of Kirchoff’s current law. To illustrate,
consider four cells, denoted α, β, γ and σ. Their volumes and surfaces are denoted vα,
vβ, vγ, vσ and sα, sβ, sγ, sσ, respectively. Let α and β be conductor cells, and γ and σ
be dielectric cells. Also, γ is considered to be an internal cell, which is not touching any
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cell representing another type of dielectric, conductor cell or free space. Therefore it does
not support a surface charge. The cell σ is considered an outer cell, thus supporting a
surface charge. From this, setting the applied field Ei = 0 and assume the dielectric cell
γ to be anisotropic and x-directed, together with (6) and (8), the EFIE inside the cell γ
reads

Ex(r, t) +
µ0

4π

∫

v′α

K(r, r′)
∂J cx(r

′, t)

∂t
dv′

+
µ0

4π

∫

v′β

K(r, r′)
∂J cx(r

′, t)

∂t
dv′

+
µ0

4π

∫

v′γ

K(r, r′)
∂2

∂t2

(
εγxxEx(r

′, t) + εγxyEy(r
′, t)

+ εγxzEz(r
′, t)− ε0Ex(r

′, t)

)
dv′

+
µ0

4π

∫

v′σ

K(r, r′)
∂2

∂t2

(
εσxxEx(r

′, t) + εσxyEy(r
′, t)

+ εσxzEz(r
′, t)− ε0Ex(r

′, t)

)
dv′

+
1

4πε0

∫

s′α

∂

∂x
K(r, r′)qT (r′, t)ds′

+
1

4πε0

∫

s′β

∂

∂x
K(r, r′)qT (r′, t)ds′

+
1

4πε0

∫

s′σ

∂

∂x
K(r, r′)qT (r′, t)ds′ = 0. (13)

As no conduction current is present in the ideal dielectric, only the displacement current,
expressed in terms of the electric field within it is used. Also, note the expansion of
the electric displacement field in terms of all three electric field components, in the x-,
y- and z-directions, respectively. It is dependent on the field components in the y- and
z-directions as well. Although the PEEC discretization only assumes an x-directed field
component, it will be necessary to introduce the others through the field components
of the adjacent anisotropic cells, which are overlapping the cell γ. It is straightforward
to realize that at least one coupling in any different direction, compared to the cell’s
own assumed current direction, will generally be required to describe the other field
components contributing to the considered cell’s response to the electric field. For an
orthogonal PEEC formulation this means that a volume formulation requires at most
eight couplings to describe the anisotropic behavior.

From (13) the anisotropic dielectric PEEC model can be developed. Here it will be
developed for a volume formulation, under the general assumption that a full permittivity
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Figure 1: The anisotropic PEEC cell, interpreted from (23) with a controlled current source
(indicated by the dashed box) accounting for the anisotropic response.

tensor is permitted.

3 The PEEC cell for an Anisotropic Dielectric Vol-

ume Cell

In this section the PEEC cell for an anisotropic dielectric volume cell is developed. The
development starts with the EFIE given in (13), and an application of a Galerkin averag-
ing with a choice of the basis and weight functions, for the current density and potential
quantities, as customary in an orthogonal PEEC formulation [12,14]. Terms correspond-
ing to the partial inductance [11] definition are identified and the field in each considered
anisotropic dielectric cell is replaced by an averaged field, with the averaging taken over
the whole cell. Then the anisotropic couplings between neighboring cells are identified
and represented by controlled sources.

To start with, the Galerkin testing procedure makes it possible to interpret the EFIE
as KVL equations. By performing the integrations and use the definition of partial
inductance [11]

Lpαβ =
µ

4π

1

aαaβ

∫

vα

∫

vβ

1

Rαβ

duαduβ. (14)

the anisotropic permittivity coefficients can be identified and defined. Here Rαβ is the
distance between any two points within the cell volumes vα and vβ, and aα and aβ are
the corresponding cross-sectional areas of the volume cells α and β, respectively.

Only the new terms in (13) will be considered. All the others have been covered
in great detail elsewhere, see for instance [12]. The cross-coupling terms due to the
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anisotropy are of the form

µ0

4π

1

aγ

∫

vγ

∫

v′γ

K(r, r′)
∂2

∂t2

(
εγxyEy(r

′, t)

)
dvdv′. (15)

Here a cross-coupling term for the anisotropic coupling between a x- and a y-directed
cell has been chosen. The other cases will be completely analog and handled in the same
manner, so the discussion is only given for this specific case. One difficulty connected to
this is how the integration should be split over the γ-cell. In each cell, separately, the
field is assumed uniform in the cell’s chosen direction. To account for the fact that each
anisotropic PEEC cell will have field components, assigned to them, in the two other
directions, perpendicular to its assigned current direction, the field is divided into parts.
Each part has a support over the region of overlapping between the neighboring cells.
Therefore the field Ey in the cell may be divided as

εγxy
µ0

4π

1

aγ

∫

vγ

∫

v′γ

K(r, r′)
∂2

∂t2

∑

i

Emi
y (r′, t) dv′dv. (16)

Here the index i is leaped through all the cells, mi, that overlaps with the cell γ.
To account for the anisotropic coupling between the different electric field components,

an averaging of the electric field in each cell is used. This average field is employed in
the integration (15), or equivalently, in (16). The average field is defined according to

Eavg ≡
1

V

∫

v

Ey(r, t) dv, (17)

where V = la, with l being the length, along the current direction of the cell, and a being
its cross-sectional area, perpendicular to the current direction, is the volume of the cell.
It is noted that the averaging in (17) can be performed according to

Eavg =
1

V

∫

a

∫

l

Ey(r, t) dlda. (18)

The spatial support of the field in the overlapping between each overlapping cell is only
a fraction of the total volume of the considered cell. Therefore, the averaging can be
performed in sections, one section for each overlapping between cell pairs. Then, as the
average electric field in the γ cell is spatially constant, as the field in each cell is assumed
spatially constant, the field components Emi

y can be taken outside the integration in (16).
Now, noting that the field in the integration is an average field in the cell, according to
(18), Eq. (16) is rewritten as

(
µ0

4π

1

aγ

1

aγ

∫

vγ

∫

v′γ

K(r, r′) dv′dv

)
d

dt

∑

i

εγxyaγν
mi
γ

d

dt
Emi
y (t). (19)

Here the time derivative is split for notational reasons, as will be clear in (21). Volume
fractions, νmiγ , have been introduced due to the averaging of the field in the cell. They are
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Figure 2: A x-directed cell γ overlapped by an y-directed cell m1, illustrating the fractional
lengths involved in the field averaging process (18).

derived from the fact that the averaging requires integrations across fractional lengths
in each dimension, for the field in each overlapping region. The situation is depicted for
the two-dimensional case in Fig. 2. An x-directed cell γ is overlapped by an y-directed
cell m1, as indicated. From the figure it is clear that the integration is carried out for a
part of the volume. The area fraction, introduced as above, is the product νmiγ = δγxδ

γ
y ,

in the two-dimensional case. For the three-dimensional case, the volume fraction is the
product of the three length fractions, δγx , δ

γ
y , δ

γ
z ,

νmiγ = δγxδ
γ
y δ

γ
z . (20)

Here δγz is introduced in an analogue manner. For y-directed cells, in an orthogonal geom-
etry setting, these fractions are chosen as δx = 1

2
, δy = 1

2
and δz = 1, and corresponding

choices for the cases of x- and z-directed cells.
By utilizing the definition of partial inductance (14) and that Emi

y =
v
mi
d

l
mi
y

, where lmiy is

the specified cell’s length in its assumed current direction, and vmid is the potential across
it, the Galerkin averaging over the cell γ in (15) turns out to be

Lpγγ
d

dt

∑

i

Cγmi
xy

d

dt
vmid (t). (21)

Here Lpγγ is the partial self-inductance of the cell γ, vmid is the voltage drop across the
cell mi, and Cγmi

xy is a coupling coefficient between the cell γ and its neighboring, in the
y-direction, cell mi. This coupling coefficient takes into account the off-diagonal permit-
tivity entries in the permittivity tensor (4), and may be interpreted as a capacitance. It
is defined as

Cγmi
xy = εγxy

aγ
lmiy

νmiγ . (22)

It is noted that it is determined by both the considered γ cell’s cross-sectional area aγ
and one of its overlapping neighbor’s, which is y-directed, length lmiy , namely mi. Also



4. PEEC Matrix Model Equations for the Anisotropic Case 103

note that here the denotation mi is considered to be local to the cell γ and in turn only
denotes its neighboring cells, which overlaps with γ.

An analogue development for x- and z-directed anisotropic cells will yield correspond-
ing results. Therefore, the above results are applicable in these instances as well, with
only minor modifications of the indices related to the cell directions.

In summary, the PEEC cell for an anisotropic dielectric media is fully described by
its KVL equation

0 = vmd (t) + vj(t)− vi(t) +

M+MD∑

n=1

Lpmn
d

dt
In(t)

+ Lpmm
d

dt

[
Cm
ekmkm

d

dt
vmd (t) +

M+MD∑

q=M+1

Cmq
ekmkq

d

dt
vqd(t)

]
, (23)

with vmd being the voltage across the standard excess capacitance, Cm
ekmkm

, of the m-
th dielectric cell, directed in the km direction, and In being the polarization current in
the n-th dielectric cell. In turn Cmq

ekmkq
is the coupling capacitance between the m-th

dielectric cell, directed in the km direction, and the q-th cell, directed in the kq direction.
It is defined according to (22). The index km denotes the m-th cell’s assigned current
direction, and i and j are the two end nodes of the m-th dielectric cell. They have the
potentials vi and vj, respectively. In total M conductor PEEC cells and MD dielectric
PEEC cells (isotropic or anisotropic) are assumed. The index q is taken over the whole
set of dielectric cells in the summation.

It should be noted that although the derivation above is given for the case when
retardation effects are neglected it is not a serious restriction. The retardation effect is
included in the partial inductances and the coefficients of potential [14]. This means that
the derived anisotropic formulation is valid for both the quasi-static and the full-wave
cases.

The anisotropic dielectric PEEC cell drawn from (23) is depicted in Fig. 1. The PEEC
cell is based on the standard dielectric PEEC cell, derived in [14], with the addition of
the controlled current source Iman. Here Lpmn are the partial inductances [11] and Pij are
the coefficients of potential [12].

4 PEEC Matrix Model Equations for the Anisotropic

Case

In this section the general PEEC equations for an anisotropic dielectric PEEC model are
developed. This model is based on the conductor PEEC model and the dielectric PEEC
model. To extend it to the anisotropic dielectric case, the excess capacitance concept is
generalized, as shown in section 3. Simply put, the excess capacitance matrix is extended
to contain off-diagonal terms, given as in (22), to account for the anisotropic off-diagonal
terms in the permittivity tensor of an anisotropic dielectric material. An example is
provided to illustrate the implementation.
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(a) The anisotropic dielectric slab, po-
sition in the xy-plane, with length lx,
width ly and thickness d.
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(b) The discretized dielectric slab, with each vol-
ume cell and node indicated. The volume cells
are indicated by the dotted lines.

Figure 3: The anisotropic dielectric slab used to illustrate the generation of the system of
equations.

4.1 PEEC Equations

First, the circuit equations for conductor PEEC cells [12] are derived with Kirchoff’s laws
and read [19]

P−1 dv(t)

dt
= AT i(t)− ie(t), (24a)

Lp
di(t)

dt
= −Av(t)−Ri(t). (24b)

Here P is the coefficients of potential matrix, Lp is the partial inductance matrix and R
is the resistances of the PEEC volume branches. As usual, A is the connectivity matrix.
Analogous with [19] the circuit is excited by external sources by defining port voltages vp
through a selection matrix K, which selects node potentials v. From that, the external
currents ie are defined according to

vp(t) = Kv(t), (25a)

ie(t) = KT is(t), (25b)

where is are the voltage source currents, with defined directions ingoing on the positive
terminal. The quantities of interest, for solving the system of equations, are i and v,
which are the branch currents and node voltages, respectively, of the electromagnetic
problem of interest.

Equation (24) forms the basis for the anisotropic model. But first, the PEEC equa-
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tions for a model consisting of isotropic dielectric cells read

P−1 dv(t)

dt
−AT i(t) + ie(t) = 0, (26a)

−Av(t)− Lp
di(t)

dt
− vd(t) = 0, (26b)

i(t)−Ce
dvd(t)

dt
= 0, (26c)

where Ce is the excess capacitance matrix, and vd is the voltages across the dielectric
cells in the setup. The difference between the two systems, (24) and (26), lies in the
constitutive relation for the voltage across the cells. Conductor cells are characterized by
the resistance, R, and the voltage drop across it. On the other hand, the dielectric cells
are characterized by the excess capacitance, Ce, and the voltages across these.

With the two models set, the dielectric model can be extended to include anisotropic
properties of the dielectric as well. The developed theory in section 3, and especially
equation (23), reveals how such an extension can be handled. The factors of the coupling
terms in

irmrn = Cmn
ermrn

d

dt
vnd , (27)

where rn represents the current direction for the n-th PEEC cell and Cmn
ermrn

is the coupling
capacitance, describing the anisotropic coupling between the m-th and n-th PEEC cells.
The expression in Eq. (27) is interpreted as a current, irmrn that is flowing through the
partial self-inductance of the m-th dielectric PEEC cell.

From this, the additional current terms are added to the PEEC equations. The PEEC
equations for anisotropic dielectric cells read

P−1 dv(t)

dt
−AT i(t) + ie(t) = 0 (28a)

−Av(t)− Lp
di(t)

dt
− vd(t) = 0 (28b)

i(t)−Ce,an
dvd(t)

dt
= 0. (28c)

Here the difference lies in that the excess capacitance matrix Ce,an contains non-diagonal
terms, according to (22), which takes into account the additional current terms.

From the three types of systems of equations, one for each type of PEEC cell, in
(24), (26) and (28), a complete descriptor system can be put together for PEEC models
incorporating anisotropic dielectrics. Note especially that (26) is just a special case of
(28), when the dielectric is not exhibiting any anisotropy. Then (28) reduces to the case
in (26), with a diagonal excess capacitance matrix.
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4.2 Implementation Example

To clearly highlight the structure of the system of equations (28) and illustrate how the
different matrices are being constructed, a small example is given. For this, consider a
thin rectangular dielectric slab as shown in Fig. 3(a). As it is considered thin, it will be
assumed to be possible to model with a two dimensional discretization in the xy-plane. It
is chosen lx m long and ly m wide, and a necessary small thickness of dm. The dielectric
is assumed anisotropic, described by the permittivity tensor

ε =

[
εxx εxy
εyx εyy

]
. (29)

All entries εrirj , rk = x, y, are assumed constant; that is, the dielectric is non-dispersive.
Note that no z-component of the electric field will be present in the model.

An orthogonal discretization of the slab is employed, using two volume cells in the
x- and y-directions, respectively. That ends up with four nodes, one in each corner.
The complete discretization and the corresponding PEEC model is shown in Fig. 3(b)
and Fig. 4. To avoid cluttering the presentation, only the inductive branches are shown
in the equivalent circuit model and the mutual inductive couplings are omitted. Note
carefully the overlapping of the x- and y-directed cells, as it plays an important role in the
anisotropic PEEC model. Each volume cell is assigned a length li, in its assigned current
direction, and an area ai, the cross-sectional area along the length. It is noted that each
cell corresponds to a standard dielectric PEEC cell, featuring an excess capacitance.

n3 n4

n1 n2
Lp11

I1 C1
exx

I1
an

Lp22

I2

C2
exx

I2
an

Lp33

I3

C3
eyy I3

an

Lp44

I4

C4
eyyI4

an

Figure 4: The PEEC model of the dielectric slab. Only the partial self inductance branches are
shown, for clarity.
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However, an additional controlled current source is inserted, I ian. It accounts for the
anisotropic cross-couplings between the neighboring cells.

Based on (28) the matrices are constructed according to our geometry. Specifically,
focus will be put on the matrix Ce. To begin with, the solution vector is

x =
[
v i vd

]T
. (30)

For the current example, these vectors are

v =
[
v1 v2 v3 v4

]T
, (31)

i =
[
i1 i2 i3 i4

]T
, (32)

vd =
[
v1
d v2

d v3
d v4

d

]T
. (33)

Here vi, i = 1, 2, 3, 4, are the node voltages for the nodes ni, i = 1, 2, 3, 4, while ii,
i = 1, 2, 3, 4, are the branch currents, and vid, i = 1, 2, 3, 4, are the voltages across the

y

x

x

z

w1

`3

Copper
w1

w2
w3

w4

`2

`1

Substrate
port

port
τ

td
τ

Figure 5: Configuration of the patch antenna, w1 = 3.891, w2 = 1.946, w3 = 2.334, w4 = 7.78,
`1 = 12, `2 = 16, `3 = 4, td = 0.795 and τ = 0.05 (all dimensions are in mm).
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excess capacitances Ci
ekiki

, i = 1, 2, 3, 4, with ki = x, y, z. In this example the interest-

ing part is the constitutive relation for the inductive branch current in the anisotropic
PEEC cells (28). The only change lies in an excess capacitance matrix, Ce, with addi-
tional off-diagonal entries. This accounts for the off-diagonal permittivity entries in the
permittivity tensor (29). Then the excess-capacitance matrix for the example is

Ce =




C1
exx 0 C13

exy C14
exy

0 C2
exx C23

exy C24
exy

C31
eyx C32

eyx C3
eyy 0

C41
eyx C42

eyx 0 C4
eyy


 . (34)

The non-diagonal entries are the cross-coupling capacitances, Cij
ekikj

, given by (22). Note

carefully that a volume fraction of overlapping, νji , between two neighboring cells is
required. That is, these entries are determined by the i-th cell’s permittivity, its geometry
details and overlapping with neighboring cells.

It is noted that the proposed PEEC model, incorporating anisotropic dielectrics,
requires the same computational resources as the standard one because the excess ca-
pacitance matrix maintains, for a given mesh, the same size as in the standard case.
The computation of the off-diagonal terms is negligible, being linear with the number of
elementary anisotropic dielectric volumes.

5 Numerical Examples

In this section a numerical example will be presented, to show the validity of the developed
PEEC formulation for anisotropic dielectrics. To do this, a patch antenna fed by a
microstrip line is considered. The patch dimensions are 12 mm ×16 mm. To feed the
patch antenna, a microstrip line of length 12 mm and width 2.3346 mm is used. An
anisotropic dielectric substrate is sandwiched between the ground plane and the patch
and the feeding line. All conductors have a thickness of 50 µm.

The antenna and the port location are shown in Fig. 5. The setup is simulated
using the proposed PEEC formulation and the results are compared with the results
obtained by using a commercial FDTD implementation, Remcom’s XFdtd, which can
handle anisotropic dielectrics. Similar setups have been analyzed in [10, 20] to demon-
strate their FDTD implementations incorporating anisotropic dielectrics. The PEEC
simulations have been performed by using an uniform mesh, resulting in 10027 nodes
and 36858 inductive branches, among which 19974 are in the dielectric substrate.

The following relative permittivity tensor entries are considered for the dielectric
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substrate:

εxx = ε1 cos2 θ + ε2 sin2 θ, (35a)

εyy = ε1, (35b)

εzz = ε1 sin2 θ + ε2 cos2 θ, (35c)

εxz = εzx = (ε1 − ε2) sin θ cos θ, (35d)

εxy = εyx = εyz = εzy = 0, (35e)

where θ is the angle, in radians, between the optical axis and the x-direction. The
optical axis lies in the xz-plane. The material parameters in (35) are set to ε1 = 2.31
and ε2 = 2.19, and three values on the angle θ are considered, θ = 0, π

4
, π

2
.

The scattering parameter S11 for the case θ = 0 in (35) is shown in Fig. 6(a), in which
PEEC θ = 0 denotes the proposed method and XFdtd θ = 0 denotes the results, for the
same configuration, obtained by using Remcom XFdtd. Similarly, Figs. 6(b) and 6(c)
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Figure 6: Scattering parameter S11 for the antenna setup.
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show the scattering parameter S11 for the cases θ = π
4

and θ = π
2
, respectively, in (35). In

the figures PEEC θ = π/4 and PEEC θ = π/2 denote the proposed method and XFdtd
θ = π/4 and XFdtd θ = π/2 denote the results obtained by using Remcom XFdtd.

By following the IEEE Standard P1597 [21] that suggests to use the feature validation
technique (FSV) [22, 23] for quantitative data comparison, one obtains the following
values for the FSV figure of merits: GRADE = 2 and SPREAD = 2, in all the three
cases, θ = 0, π

4
, π

2
, confirming a good matching of the results.

Finally, in order to better appreciate the effect of the anisotropy, Fig. 6(d) shows the
results obtained by the proposed method for the cases θ = 0, π

4
, π

2
in (35), denoted as

PEEC θ = 0, PEEC θ = π/4 and PEEC θ = π/2, respectively.

6 Conclusions

This work has presented a PEEC model incorporating anisotropic dielectrics. By pro-
ceeding from the electric field integral equation, the PEEC equations that incorporates
anisotropic dielectrics have been derived and the standard dielectric PEEC cell has been
extended to the anisotropic case, which can be translated into a circuit environment and
be incorporated into SPICE-like solvers. Furthermore, the resulting circuit is cast in
descriptor form, which is well suited to be synthesized in a circuit netlist as well as to be
reduced by resorting to model order reduction techniques. The accuracy of the proposed
model has been verified by a comparison with a FDTD implementation and referring to
the IEEE Standard P1597 to quantify the goodness of the matching.
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PEEC Models of Printed Antennas in Condition

Monitoring Applications Covered by Dielectrics with

Temperature-Dependent Permittivity

A. Hartman, D. Romano, D. Lang, J. Ekman and G. Antonini

Abstract

In wireless condition monitoring systems the antenna serves as a critical part of the
data transmission link. A condition monitoring application usually pose a challenging
environment for an antenna system, as they are often found in harsh machine environ-
ments. As conventional antennas usually are designed for free-space operation and for
some design temperature range, the presence of additional materials and their tempera-
ture variation are commonly not accounted for. In this paper an attempt to highlight the
impact of materials’ temperature-dependence, in their electrical properties, on printed
antenna characteristics is presented. Partial element equivalent circuit models of a com-
mon printed antenna design are developed. By incorporating temperature-dependent
permittivity models of pure water, and a mixture of an industrial lubricant and water,
the impact on the antenna’s resonant behavior is demonstrated. The numerical examples
highlight that the temperature variation in the permittivity of materials surrounding the
printed antenna may impact the antenna characteristics enough to be considered in the
design, if a degradation in performance is not an option.

1 Introduction

In wireless communication systems, antennas play a central role in the system. By con-
stituting the structure for receiving and transmitting the electromagnetic energy carried
by the electromagnetic fields, its design is of crucial importance for the communication
system’s operation. The antenna design is highly influenced by the environmental factors
in its operational setting. In harsh machine environments it may be difficult to mount the
antennas at locations that are fully protected from contaminants in the surroundings. For
machine environments, such contaminants could be different mixtures of dust and dirt
particles, lubricants and water. In addition the temperature in such environments could
often rise far above standard room temperature during running conditions. As material
properties differ at different temperatures, the impact of a change of temperature in the
environment is a potential factor to take into account. Therefore, in deploying an an-
tenna design in such a harsh machine environment, taking the effect of the contaminants
accumulating on the antenna may not be enough to properly account for their impact.
Also the temperature difference between different ambient and running conditions may
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impact the final antenna performance. In the worst case, the antenna properties could be
differing from the designed ones on such a scale that the communication system doesn’t
operate as anticipated. Condition monitoring systems in machines with limited power
and energy budget, could suffer severely due to such deviations.

To study the impact of additional dielectrics in the vicinity of an antenna, usually
a dielectric layer is mounted on top of the printed antenna structure [1]. However, the
temperature impact is usually not studied in any detail. Naturally, results in [1] could
be employed to study the temperature effect of a dielectric layer above a printed an-
tenna structure, if a model for the permittivity, versus both frequency and temperature,
is available. In works such as [2, 3], the effect on the antenna characteristic of a di-
electric layer above the printed antenna structure is investigated. That the dielectric
layer’s presence and thickness variation shifts the resonance frequency of the antenna is
established. However, such investigations doesn’t provide any indications on the severity
and how the temperature impacts the printed antenna structure’s characteristic, as no
temperature dependence is included. Works that do investigate the temperature’s im-
pact on printed antenna structure’s characteristics are mostly focused on the antenna’s
substrate’s temperature-dependence. Such studies include [4, 5], in which the impact of
the antenna substrate’s temperature-dependent permittivity is specifically observed on
the antenna’s resonance frequency. These results indicates that a dielectric layer above
a printed antenna structure may also influence the antenna characteristic, in term of
temperature variations in its permittivity, to such a degree that the characteristics go
beyond acceptable for energy-constrained system applications.

Therefore, in this paper some numerical examples regarding the impact on the char-
acteristic of a printed antenna structure, loaded with a layer of some dielectric material
that exhibits changes in its electrical permittivity due to temperature changes, are an-
alyzed. The permittivity is therefore dependent on both frequency and temperature in
this work. For the numerical examples shown, the direct temperature impact on the
antenna characteristics will be observable.

The paper is organized as follows. Section 2 describes the permittivity models that
is used to model the dielectrics in the antenna models to be investigated. In section 5,
the partial element equivalent circuit method (PEEC) is outlined, used to analyze the
electromagnetic setups numerically. Two cases of an antenna structure are studied in
section 6. Both involve a dielectric layer, with a temperature-dependent permittivity,
placed above the antenna, and the impact on the antenna’s resonance behavior is studied
in each case.

2 The Permittivity Model and Means to Model Temperature-

Dependent Permittivity

To describe a dielectric material’s effect on the electric field, the concept of permittivity,
ε, is commonly employed. It specify the relation between the electric flux, ~D and electric
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field ~E by a functional relation, commonly specified according to

~D(~r, ω) = ε(ω) ~E(~r, ω), (1)

where ~r is the position vector and ω is the angular frequency.
Standard, empirical permittivity models are usually employed in fitting and interpret-

ing experimental permittivity data. The Debye model is probably the most well-known,
and also highly useful and general

ε(ω) = ε0

(
ε∞ +

εS − ε∞
1 + jωτ

)
. (2)

Here εS is the static permittivity of the media, ε∞ is the optical permittivity and τ the
relaxation time. From a practical viewpoint, most materials’, encountered in practice,
permittivity may be approximated to an acceptable degree by employing a finite sum of
Debye terms, according to

ε(ω) = ε∞ +

ND∑

i=1

Ai
1 + jωτi

, (3)

where ND is the number of Debye terms, Ai and τi are the ith residue and relaxation
time constant, respectively. For present purposes, the single Debye model in (2) will be
enough.

3 Temperature-dependent Permittivity

As seen in (1), the permittivity is usually considered as a function of frequency. However,
a dielectric’s permittivity is usually also considered dependent on environmental factors,
such as temperature and pressure. From here on, an additional temperature-dependence
will be assumed. To describe the temperature-dependence of a material’s permittivity,
the parameters in the relaxation model (2) are assumed to depend on temperature. One
suggestion for how to model a temperature-dependent medium’s permittivity has been
given in [6]. It is employed in this work to model the isothermal temperature-dependence,
and therefore recapped below.

In most cases, the temperature-dependence on the optical limit is negligible [6]. But
both the static permittivity and relaxation time, are assumed dependent on the tem-
perature. The relaxation time constant’s temperature-dependence is described by an
Arrhenius process [6, 7]

τ(T ) = τ0 exp−
K
kT , (4)

where τ0 and K are two model parameters, that may be considered as fitting parameters,
and k is Boltzmann’s constant. Those may be determined from measurement data.

For the static permittivity εS(T ), it is first noted that if enough knowledge of the
material is available, it would be possible to specify the static permittivity according to
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some microscopic model, such as the Clausius-Mossotti or Onsager model. In [6], the
Onsager model has been proposed for use according to

3(εS − ε∞)(2εS + ε∞)

εS(ε∞ + 2)2
T = A0 exp−

U
kT , (5)

withA0 = N0
p2
m

3ε0k
,

where N0 is a medium constant, pm is the molecular dipole moment and U is the potential
energy of a dipole. To determine the static permittivity at a certain temperature T , the
procedure described in [6] is followed. The model parametersN0, U , and pm may generally
be determined from measured data.

4 Dielectric Mixing Rules

In many applications, materials appear in mixtures with each other. In harsh machine
environments, such mixtures are often constituted by lubricants and water, dirt, wear
debris and similar. For this work, the dielectric properties of such mixtures, and their
simultaneous temperature-dependence are of interest. Mixtures consisting of two phases
are considered, with both phases being assumed non-magnetic. Therefore, only the per-
mittivity of the mixtures must be determined. One may use phenomenological expres-
sions for the permittivity, which should be able to capture the macroscopic behavior of
the mixtures encountered in the aforementioned antenna design problems. Several mix-
ing models are proposed throughout the literature. One of the most commonly employed
mixing models are the Maxwell-Garnett approximation (MGA) [8]. The Maxwell-Garnett
approximation is

εeff = εb + 3fεb
εi − εb

εi + 2εb − f(εi − εb)
, (6)

where εb is the permittivity of the background phase, εi is the permittivity of the inclusion
phase, f is the volume fraction of the inclusion phase in the mixture and εeff is the effective
permittivity of the mixture. In the following, the MGA will be employed to determine
the permittivity of dielectric mixtures, surrounding the printed antenna structure under
investigation.

5 The PEEC Method

To make an investigation of the impact of the temperature-varying permittivity of a layer
above a printed antenna, the electromagnetic problem is solved by a numerical technique,
the PEEC method. The PEEC method is based on a mixed potential integral equation
formulation (MPIE), and ends up with formulating and solving an electric field integral
equation (EFIE) [9] in the form

~Ei(~r, ω) = ~E(~r, ω) + jω ~A(~r, ω) +∇φ(~r, ω), (7)
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where ~Ei is the incident field at a field point ~r and ~E is the local electric field. ~A is the
magnetic vector potential, while φ is the electric scalar potential.

For the incorporation of dielectric materials in PEEC, Ampéres law is interpreted
according to [10]

∇× ~H = ~J + ε0(εr − 1)jω ~E + jωε0
~E, (8)

with the position and frequency dependencies of the field quantities suppressed for no-
tational reasons. The presence of the dielectric is therefore taken into account by the
additional current term ε0(εr − 1)jω ~E(~r, ω), being an excess polarization current. This
can be employed to define an excess capacitance Cγ

e of a volume cell γ as [10]

Cγ
e =

aγ
lγ
ε0(εr − 1), (9)

where aγ and lγ are the cross-sectional area and length, respectively, of the volume cell
γ. Here εγr is the relative permittivity of the volume cell γ.

By expanding the current density ~J and charge density φ by pulse basis functions,
employing a finite difference approximation for the gradient operator and applying a
Galerkin weighting approach to these equations, one obtains a system of circuit equations
for the expansion coefficients that may be interpreted as a system of KVL equations,
involving currents in cells and potential at the nodes in the geometry. By enforcing
the continuity equation as KCL for the obtained current and potential representation,
a circuit model can be developed, in terms of the concepts of partial inductance and
coefficients of potential, according to the standard PEEC method [9,11]. For the dielectric
case, an additional constitutive element, the excess capacitance in (9), of the dielectric
cells are employed [10,12].

The resulting matrix equations, obtained from (7), becomes [13]

Vs (ω) = AΦ (ω) + RI (ω) + jωLpI(ω) + Vd(ω) (10)

Is (ω) = jωP−1Φ (ω) + GleΦ(ω)−AT I (ω) (11)

ΓdI(ω) = jωCe(ω)Vd(ω), (12)

where A is the connectivity matrix of the R, Lp and Ce(ω) network, Vs(ω) is a voltage
source due to external field excitations and Vd contains the voltage across the excess
capacitance in each dielectric cell. Γd is a selection matrix employed for selecting Nd

dielectric volume cells, respectively, from the N total number of volume cells. Further, R
is the diagonal resistance matrix, Lp is the partial inductance matrix, P being the coeffi-
cient of potential matrix and Ce(ω) is the diagonal excess capacitance matrix, calculated
according to (9) for each dielectric cell. Lastly, Gle is representing the memory-less
lumped element matrix.

6 Numerical Examples

To illustrate the effect of different ambient temperatures on the antenna performance
a setup consisting of a patch antenna covered with a dielectric layer is considered.
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Figure 1: Configuration of the patch antenna, w1 = 3.891, w2 = 1.946, w3 = 2.334, w4 = 7.78,
`1 = 12, `2 = 16, `3 = 4, td = 0.795 and τ = 0.05 (all dimensions are in mm).

Figure 2: Water layer cover above the antenna. The thickness is 0.5mm.

The antenna setup employed is shown in Fig. 1-2. A patch antenna with dimensions
12 mm× 16 mm is investigated. It is situated above a ground plane, and all dimensions
are indicated in Fig. 1. The ground plane and the antenna are separated by a dielectric
substrate with a relative permittivity of εsubstrate = 2.31 and of thickness td = 0.795 mm.
To feed the antenna a transmission line of length 12 mm and width 2.3346 mm is used.
All the conductors have a thickness of τ = 50µm.

To test the impact of the temperature on the permittivity on the antenna performance,
a dielectric layer is put on top of the antenna, as depicted in Fig. 1. The dielectric layer
is employed to model a surrounding in the vicinity of the antenna with certain dielectric
properties, and its permittivity is assumed to depend on both frequency and temperature,
as discussed in section 2. In this case, the thickness of the dielectric layer is chosen as
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Figure 3: Relative permittivity of the water layer versus frequency at 27◦C and 60◦C.

0.5 mm.
In the following, two different examples of this geometry will be investigated numer-

ically, employing the PEEC method as described in section 5. Each of the examples has
a specific dielectric layer, with a certain prescribed permittivity. By investigating two
such cases it is hoped that a number of observations on how the temperature-variation
of a dielectric layer above a printed antenna may impact the antenna performance.

6.1 Example 1: Antenna covered with water

In this first example, the dielectric layer placed above the antenna is chosen to be pure
water. As well-prescribed permittivity models of water is available, also in terms of its
temperature dependence, it is well-suited for incorporation in the simulations according
to the procedure discussed in section 3. The permittivity of the water is assumed to
be described by a Debye model, according to (2). The necessary model parameters
required to describe the Arrhenius processes, assumed for the relaxation constant, τ(T ),
in (4) and dipole density N(T ), together with k, ε∞ and pm to determine the static
permittivity εS(T ) at each temperature, T , are set to τ0 = 6.27e− 15 s, U = 2.88e− 21 J,
K = 2.96e − 20 J, N0 = 1186.78 and ε∞ = 5.5. These model parameters are drawn
from [6]. The real and imaginary relative permittivity for the water is plotted in Fig. 3
for the two temperatures 27 (room temperature) and 60 degrees Celsius, respectively. It
is obvious that the static permittivity εS is significantly impacted by the temperature.
Also, a difference in the absorption loss component is seen, and this is due to the shift
of the loss peak towards higher frequency, as the temperature increases. Specifically, the
loss in the material is expected to be higher at room temperature compared to in the
high-temperature setting.

To investigate the impact on the antenna performance, the S11-parameter is calcu-
lated for the antenna structure, by employing the PEEC method. One simulation is
executed for each temperature of interest. The two results for the antenna structure’s
reflection coefficient are shown in Fig. 4. A shift in the antenna’s resonant frequency is
observed. This shift is seen to be upwards, which is anticipated as the effective permit-
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Figure 4: |S11| for the antenna structure covered by a water layer, at 27◦C and 60◦C.
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Figure 5: Predicted real relative permittivity of a mixture of an industrial lubricant and water
at two different temperatures, 27 and 60 degree Celsius. The percentage water of the mixture
is 3%. The change of the lubricant’s permittivity is assumed to be linearly decreasing by 20%
between 27 and 60 degree Celsius.

tivity surrounding the antenna is lower in the 60 degree Celsius case. Simultaneously,
the damping in the resonance is different in the two cases. At higher temperature, the
damping is significantly lower. This may be traced to the lower imaginary component of
the permittivity of water in the high-temperature case, which indicates a lower absorp-
tion loss. In numbers, the observed shift is about 100 MHz between the 27 and 60 degree
Celsius cases.

6.2 Example 2: Antenna covered by a lubricant and water mix-
ture

In this next example, the water is replaced by a dielectric mixture consisting of a typical
industrial lubricant and water. To model this mixture in the simulation, the MGA mixing
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Figure 6: Predicted real relative permittivity of a mixture of an industrial lubricant and water
at two different temperatures, 27 and 60 degree Celsius. The percentage water of the mixture is
3%. The lubricant is assumed to be invariant to the temperature in this case.

Frequency(GHz)
1 2 3 4 5 6 7 8 9 10

ε
r
(r
ea
l
p
a
rt
)

0

1

2

3

27◦C
60◦C

Figure 7: Predicted real relative permittivity of a mixture of an industrial lubricant and water
at two different temperatures. The percentage water of the mixture is 10%. The change of the
lubricant’s permittivity is assumed to be linearly decreasing by 20% between 27 and 60 degree
Celsius.

model discussed in section 4 is used. The water is modeled as in the first example, with
the same temperature dependence. The lubricant’s relative permittivity is assumed to
be 2 in the frequency range under consideration. As the temperature variation of the
lubricant is unknown for the frequency range under consideration, an approximation of
the relative permittivity change versus temperature is resorted to. To this end, a 20%
variation in the relative permittivity is assumed in the range 27− 60◦C of the lubricant.
The result of mixing the lubricant and water by applying (6), with both phases showing
the assumed temperature changes is indicated in Fig. 5. Here the fraction of water is
chosen to 3%. It is noted that the impact of the temperature is fairly small in this case,
although it is possible to distinguish between the two cases. Note that the contribution
to the imaginary part is solely due to the water in the mixture.
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Figure 8: Predicted real relative permittivity of a mixture of an industrial lubricant and water
at two different temperatures. The percentage water of the mixture is 10%. The lubricant is
assumed to be invariant to the temperature in this case.

To study the impact of each dielectric’s contribution to the mixture’s permittivity,
in terms of temperature variation, the lubricant’s assumed temperature-dependence is
excluded in the mixing model. The results are shown in Fig. 6. It is noted that the
contribution of the water to the effective permittivity is very small, even though its
individual variation in the permittivity is fairly large, as seen in Fig. 1. Effectively, no
change in the mixture’s permittivity is expected if the lubricant is almost invariant to the
ambient temperature. In the predicted model that is due to the Maxwell-Garnett mixing
rule, and how it emphasizes the background phase. But also due to the small percentage
of water in the mixture. On the other hand, the contribution from the lubricant would
be of much larger significance, if present, as has been seen. According to the approximate
and assumed results shown in Fig. 5, a change in the permittivity due to the lubricant
may be observed, depending on its temperature variation in the permittivity. Therefore
it may be of interest to analyze the impact, due to this mixture, on the antenna setup
considered.

Also, to illustrate the temperature impact in highly humid settings, a similar analysis
as given above is performed with a volume fraction for water set to 10% in the mixing
model. The resulting permittivity of the mixture is depicted in Fig. 7- 8 for a percentage
change in permittivity of 20% and 0%, respectively. In this case, the impact on the
mixture’s permittivity due to the water is more pronounced, as expected. Therefore,
these sort of settings would be expected to exhibit a larger influence on the antenna
performance.

Due to the observations made from the approximate models of the mixture described
above, by employing mixing rules, a study of the impact on the considered antenna setup
due to this lubricant-water mixture is made. The antenna setup is simulated with the
mixture, consisting of 3% water and with the lubricant exhibiting temperature variation
of 20% between 27 and 60 degrees Celsius, and the S11 results are plotted in Fig. 9.
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Figure 9: |S11| for the antenna structure covered by a layer consisting of an industrial lubricant
and water, at 27◦C and 60◦C.

7 Conclusions

In this paper, the impact of the temperature variation of the permittivity of dielectrics
situated above a printed antenna structure has been investigated. The structure was
simulated by using the PEEC method, by considering pure water and a dielectric mixture
of an assumed industrial lubricant and water. It was found that a temperature variation
does shift the resonance frequency of the antenna structure. However, the influence’s
severity was found different for the two considered examples.

In the case of the lubricant and water mixture, the frequency shift was found neg-
ligible, due to the small permittivity variation versus temperature. In the case of pure
water, the impact on the antenna’s resonance frequency is much more pronounced, which
indicates that the temperature do have an impact on the antenna performance in this
case. The differences may be traced to the difference in the dielectric contrast, compared
to free space, in the two investigated cases. Therefore, the numerical results provided
indicates that if materials with large dielectric contrasts, compared to free space, and
exhibiting notable temperature variation, in a span of temperatures, are present in the
vicinity of a similar antenna structure, as investigated in this work, accounting for shift-
ing temperatures in the antenna environment may be required. On the other hand, in
cases with dielectrics showing small dielectric contrasts, in respect to free space, should
not pose any significant alternations of the antenna characteristic in shifting temperature
conditions. Seemingly, even if the temperature variation is several tenth percents in a
certain temperature range.
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Bandlimited Distortionless Material Design by an

Approximation of the Heaviside Condition

A. Hartman, G. Antonini, J. Ekman and M. De Lauretis

Abstract

The distortionless propagation of signals in a medium offers a way to preserve the sig-
nal integrity. There exists a condition for distortionless propagation on a transmission
line known as the Heaviside condition. This paper proposes the use of the Heaviside
condition to characterize and design magneto-dielectric materials that provide distor-
tionless propagation in a specified finite frequency band. Plane wave propagation in
a magneto-dielectric material is modeled by a transmission line model, thereby assum-
ing TEM mode propagation. Then, the Heaviside condition is employed to derive the
frequency-dependent permittivity and permeability functions of the material in rational
form, so they satisfy the condition in a specified frequency interval. A procedure to de-
sign such materials is described. A numerical example of the design process is provided
and an illustration of the effectiveness of modeled material in fulfilling the Heaviside con-
dition in a specified frequency interval both in the time and frequency domains is given,
indicating the validity of the approximation. The design procedure are as such a suit-
able preliminary design guide for deriving a realizable description of a magneto-dielectric,
exhibiting the distortionless property in the desired frequency interval, with certain spec-
ified requirements put on the loss, or the permeability and permittivity values satisfied.
The obtained results may initiate further investigations into the bandwidth restrictions
of the approximation, on closed-form design solutions, and the practical realization of
such materials.

1 Introduction

Signal distortion is a crucial obstacle in any communication system. From short range
transmission between two points within a PCB network to mid- and long-range transmis-
sion between antennas and along cables or optical fibers, the distortion of a transmitted
signal is to be kept at an acceptable level for the considered application. The signal
distortion is understood to be in the terms of frequency dispersion of a signal’s spectral
content. A consequence of removing distortion is that a time-delayed and attenuated
replica of the source signal arrives at the receiver side. Obviously, the removal of distor-
tion is highly beneficial for a transmission link.

The transmission of signals along cables, PCB tracks, optical fibers and slabs can be
modeled by transmission lines, assuming that only the transverse electromagnetic (TEM)
mode is present. For transmission lines, a condition for distortionless propagation exists,
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known as the Heaviside condition [1]. This condition imposes a relation among the per
unit length (p.u.l.) parameters of the transmission line. It has been employed in choosing
discrete loading coils along telephone lines to improve signal transmission. A more recent
application involved adding shunt resistors to approach the condition in on-chip appli-
cations [2]. However, due to restrictions based on practical dimensions, manufacturing
and material properties, the condition is commonly not fulfilled in practice. Recently,
the Heaviside condition for transmission lines has received a renewed interest [3]. Indeed,
in [3], it has been shown that any transmission line approaches a behavior such that the
Heaviside condition is fulfilled in the high frequency limit, where the reactive behavior
of the line becomes dominant. Thus propagating voltages and currents are attenuated,
but not distorted in this limit. At lower frequencies a transmission line’s fulfillment with
the Heaviside condition is less obvious.

As a consequence, other means to achieve distortionless propagation have been em-
ployed for transmission line structures. Equalizing strategies are one approach, in which
network equalizers [4–6] are used to compensate for the dispersion of the line at the
transmitter and receiver sides. This may be considered a post-processing activity, and
it is also application-specific. The equalizer must be modified as soon as any change in
the line is performed, such as lengthening it. Another technique is to take advantage
of specific waveforms, with frequency content that withstand the dispersion along the
line [7]. This will require pre-processing as well, and the technique depend on the specific
line being used. Tapering of the line in such a way that dispersion is compensated has
also been studied by some authors [8]. However, this requires non-uniform line models,
which add complexity.

Considering the transmission line analogue [9, 10] of a slab, one can relate its elec-
tromagnetic properties, the electrical permittivity, ε, and magnetic permeability, µ, with
its corresponding transmission line representation p.u.l. parameters. This suggests that
the Heaviside condition could be used in the design of magneto-dielectric materials that
exhibit distortionless propagation of plane waves, not only in the high-frequency limit,
but also in lower finite frequency intervals. Such a material would be distortionless, in the
considered frequency interval, intrinsically. Any length of the line would remain distor-
tionless, for any signal excitation, for TEM mode propagation. However, as any naturally
occurring material possesses a frequency-dependent permittivity and permeability, it is
not expected that the Heaviside condition can be met across all frequencies.

In this paper, it is shown that it is possible to design physically realizable, passive
magneto-dielectric materials that satisfy an approximation to the Heaviside condition in
a finite frequency interval. The result of such a design is the permittivity, ε, and perme-
ability, µ, functions, given as rational functions, which fulfill the necessary conditions to
realize a passive material.

The paper is organized as follows. In Sec 2, the transmission line analogue for a slab
is reviewed, and the Heaviside condition is given. The necessary requirements for the
permittivity and permeability functions of a realizable and passive material are listed
in Sec. 3. These requirements constitute a check that is used to judge if a distortion-
less material has been successfully designed. Sec 4 contains a description of the method
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used to design a distortionless material in this work, based on a design procedure by
Yarman [11]. The procedure relies on necessary and sufficient realizability conditions for
network immittances. In Sec. 5 a distortionless material is designed, and a numerical ex-
ample illustrates the procedure. The example illustrates the approximated distortionless
property, which is verified in both the frequency and time domains. Lastly, conclusions
are given in Sec. 6.

2 Transmission Line Representation of a Slab and

The Heaviside condition

For the analysis of a plane wave propagating through a material slab, it is assumed
that the TEM mode is dominant; thus, transmission line theory [12] is employed. The
extension to higher-order modes can be obtained in a straightforward manner. Plane
wave TEM propagation is governed by a two-conductor transmission line, described in
terms of partial differential equations that relate its electric, E, and magnetic, H, fields
according to [10]

dE(s, x)

dx
= −Z ′(s)H(s, x), (1a)

dH(s, x)

dx
= −Y ′(s)E(s, x). (1b)

Here, s is the Laplace domain variable, x is the position along the line, and Z ′ and Y ′

are the per-unit-length impedance and admittance, respectively. For a material slab with
electrical permittivity ε and magnetic permeability µ, which in general are assumed to
be lossy and dispersive, one sets [9, 10]

Y ′(s) = sε(s), (2a)

Z ′(s) = sµ(s). (2b)

It is to be observed that ohmic losses are easily included in the complex permittivity
ε(s), by adding a conductivity term. The characteristic impedance Zc and propagation
constant γ of the equivalent transmission line are defined according to

Zc(s) =

√
Z ′(s)

Y ′(s)
, (3a)

γ(s) =
√
Z ′(s)Y ′(s), (3b)
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2.1 Heaviside Condition and Distortionless Propagation Along
a Transmission Line with Frequency-Independent PUL Pa-
rameters

Consider a transmission line with frequency-independent per-unit-length parameters,
evaluated along the real frequency axis, s = jω, in the complex frequency plane. The
p.u.l. impedance and admittance of the transmission line can be expressed according to

Z ′(ω) = R′ + jωL′, (4a)

Y ′(ω) = G′ + jωC ′, (4b)

where ω is angular frequency, and R′, L′, G′ and C ′ are the p.u.l. resistance, inductance,
conductance and capacitance, respectively.

Heaviside found that a distortionless line fulfills the condition

R′

ωL′
=

G′

ωC ′
, (5)

known as the Heaviside condition. The condition imposes a relation between the quotients
of the real and imaginary parts of the p.u.l. impedance and admittance at each frequency.
Specifically, the ratios of the per-unit-length parameters must be equal to a specified
constant, K.

With the Heaviside condition satisfied, the line’s characteristic impedance and prop-
agation constant in (3a)-(3b), evaluated along the real frequency axis, s = jω, reduce to

Zc(ω) =

√
L′

C ′
, (6a)

γ(ω) = α + jβ =
√
R′G′ + jω

√
L′C ′, (6b)

where α is the attenuation constant, and β is the phase constant. Because the per-unit-
length parameters are frequency-independent, the attenuation and the phase velocity, v =

1√
L′C′ , of each frequency component are constants. Additionally, the line characteristic

impedance is constant and real for all frequencies.

2.2 Heaviside Condition for Slabs with Frequency-Dependent
Permittivity and Permeability

Consider a slab with permittivity ε(s) and permeability µ(s), such that both are lossy
and dispersive. Under the dominant TEM mode assumption, the transmission line rep-
resentation of the slab has a p.u.l. impedance and admittance of

Z ′(ω) = [sµ(s)]

∣∣∣∣
s=jω

= R′(ω) + jωL′(ω), (7a)

Y ′(ω) = [sε(s)]

∣∣∣∣
s=jω

= G′(ω) + jωC ′(ω), (7b)
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taken along the real frequency axis, s = jω. Here the per-unit-length parameters,
the characteristic impedance, Zc(ω), and propagation constant, γ(ω), are frequency-
dependent.

Define the two quotients

KZ′(ω) =
R′(ω)

L′(ω)
, (8a)

KY ′(ω) =
G′(ω)

C ′(ω)
, (8b)

which are frequency-dependent. Consider a frequency interval I ⊂ [0,∞) in which the
material should be distortionless, which is similar to the frequency-independent trans-
mission line satisfying the Heaviside condition in (5). This is asserted if the Heaviside
condition (5) is satisfied across I, which imposes a condition on the quotients (8a) - (8b)
according to

K = KZ′(ω) = KY ′(ω), ∀ω ∈ I, (9)

where K is a specified real constant. This suggests that it is possible to approximate the
condition (5) in I with

R′(ω)

ωL′(ω)
=

G′(ω)

ωC ′(ω)
, ∀ω ∈ I. (10)

3 Permittivity and Permeability Properties of Pas-

sive Materials

Consider a material slab with electrical permittivity, ε(s) and magnetic permeability,
µ(s), whose corresponding p.u.l. impedance and admittance are as in (2a)-(2). For
the present purposes ε(s) and µ(s) are assumed to be rational functions of the complex
frequency variable s. Therefore, ε(s) can be assigned the general form

ε(s) = ε∞ +
(s− z1) · · · (s− znz)
(s− p1) · · · (s− pnp)

= ε∞ + χe(s), (11)

where ε∞ is the high-frequency permittivity value, zi, i = 1, 2, · · ·nz are the zeros of the
electric susceptibility, χe(s), and pi, i = 1, 2, · · ·np are its poles. A corresponding form
can be assigned to µ(s).

As the materials met in practice are passive, the discussion is limited to passive
materials [13]. A passive, physically realizable material with rational ε(s) must satisfy
the following properties [13]:

1. sε(s) is a positive-real function [14], mapping the right-half plane (RHP) of the
complex s-plane, to itself.
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2. All the poles and zeros of χe(s) = ε(s)− ε∞ occur in complex-conjugate pairs and
are located in the left-half plane (LHP) of the complex s-plane, with no poles or
zeros on the imaginary axis, except for the possibility of a simple pole at the origin
(s = 0). This simple pole at s = 0 allows the material to have a DC conductivity.

Analogous requirements can be placed on µ(s).

4 Design Procedure for a Material to Approximate

the Heaviside condition

In this section, a procedure for designing a material with ε(s) and µ(s) chosen to approx-
imately satisfy the Heaviside condition in a frequency interval I ⊂ [0,∞) is described. It
will be illustrated in Sec 5 that such a material can be obtained, approximately satisfying
the Heaviside condition in I.

The aim is to derive the permittivity and permeability of the material that satisfy the
realizability conditions in Sec. 3 and approximately satisfy (5) in a specified frequency
interval I ⊂ [0,∞). The parameters R′(ω), L′(ω), G′(ω) and C ′(ω), which are related
to ε(ω) and µ(ω) according to (2a)-(2), are to be set so that condition (9) is satisfied.
In the following, the design will focus on the impedance, Z ′(s) = sε(s), and admittance,
Y ′(s) = sµ(s), rather than on ε(s) and µ(s).

First, it is necessary to determine a quotient value, K, across I. This value may
be specified directly or specified according to the desired p.u.l. immittance parameters
across I. Then, the remaining p.u.l. immitance parameters should be determined such
that the condition (9) is met.

As ε(ω) and µ(ω) are frequency-dependent, both will yield frequency-dependent per-
unit-length immittance parameters over I. To clarify the design procedure below, it
will be assumed that either ε(ω) or µ(ω) is frequency-independent across I. Note that
this is not a restriction as the aim is to make sure that both become nearly frequency-
independent in I. The other one is designed following the same procedure.

4.1 Design Procedure Overview

In this section, the general realization procedure is summarized by the steps below:

1. Suppose that either R′(ω) and L′(ω), or G′(ω) and C ′(ω) are specified in such a
way that

K =
R′(ω)

L′(ω)
, ∀ω ∈ I, (12a)

or

K =
G′(ω)

C ′(ω)
, ∀ω ∈ I, (12b)

where the frequency interval is specified as I ⊂ [0,∞).
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2. As K is known, one has to enforce the condition that the other quotient is equal
to K for all ω ∈ F . Therefore, one should then specify a desired R′(jω) or L′(ω)

(G′(ω)) or (C ′(ω)) according to R′(ω) = KL′(ω) (G′(ω) = KC ′(ω)) or L′(ω) = R′(ω)
K

(C ′(ω) = G′(ω)
K

), for all ω ∈ I.

3. Next, the immittance Z ′(ω) = R′(ω) + jωL′(ω), for all ω ∈ I (Y ′(ω) = G′(ω) +
jωC ′(ω), for all ω ∈ I), is realized. One must ensure that the resulting immittance
provides a permeability (permittivity) that fulfills the requirements stated in Sec. 3.
In this derivation, an immittance modeling technique described by Yarman [11] is
utilized, which is summarized in the following section.

4.2 Immittance Modeling Procedure for the Realization of a
Heaviside Material

Based on the discussion in Sec. 4.1 an immittance function Z ′(ω) or Y ′(ω) is specified for
all ω ∈ I. From this function, one should find a positive-real immittance function F (s)
such that F (ω) = Z ′(ω), ∀ω ∈ I. Note that the assumptions for F (s) only concern its
behavior at ω = 0 and ω →∞. Initially, the immittance function is specified according to
F (ω) = R′(ω)+ jX ′(ω), ∀ω ∈ I, where R′(ω) and X ′(ω) are the real and imaginary parts
of F (s) evaluated along s = jω, respectively. The steps of the procedure are then [11]:

1. Interpolate the real part R′(ω) by assuming that it can be written according to

R′(ω) =
N(ω)

D(ω)
, (13)

where one imposes the natural restrictions that R′(ω) ≥ 0, ∀ω ∈ R and R′(ω) =
R′(−ω). In addition, D(ω) > 0, ∀ω ∈ R should be enforced to ensure that the
real part of the immittance is a non-negative function and finite. Here both N and
D are polynomials in the angular frequency variable ω. There are several ways to
perform such an interpolation. In [11,15], a review of this problem and interpolation
techniques are described and summarized.

2. When R′(ω) = N(ω)
D(ω)

has been obtained by performing Step 1, the corresponding

minimal immittance function, Fm(s), denoted as the minimal function in the fol-
lowing, is determined and given by

Fm(jω) = R′m(ω) + jX ′m(ω), (14)

where R′m(ω) = R′(ω) by construction. To obtain the minimal immittance function,
Fm(s), the Gewertz procedure [16] or Bode’s procedure [17] could be employed.

3. Due to the fact that any immittance function can be divided into a minimal and a
Foster part [18], the immittance function can be split according to

F (s) = Fm(s) + Ff (s), (15)
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where Ff (s) is the Foster part.

Accordingly, the minimal part of the immittance Fm(jω) = R′(ω) + jX ′m(ω) is
already set and cannot be changed, in order to preserve the real part of the final
immittance function F (s). However, by adding a Foster part Ff (s), one can set the

reactance X ′(jω) ≈ ωR′(ω)
K

, ∀ω ∈ I. This is achieved by specifying

X ′f (jω) = X ′(jω)−X ′m(jω), ∀ω ∈ I. (16)

Normalized Frequency
0 1 2 3 4 5

R
r
(!

)
! s!

1
"

0

1000

2000

3000

4000

5000

(a)

Normalized Frequency
0.89 0.9 0.91 0.92 0.93

R
r
(!

)
(s
!

1
)

290

295

300

305

310

(b)

Figure 1: (a) Interpolated real part of the specified relative resistance value. (b) Interpolated
real part of the specified relative resistance in the specified frequency interval Inormalized. The
red circles indicate the desired real part in the considered frequency interval.
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Figure 2: (a) Minimal relative susceptance function computed from the interpolated real part of
the specified relative resistance. (b) The computed minimal relative susceptance function in the
specified frequency interval Inormalized. The red circles indicate the desired minimal susceptance
part in the considered frequency interval.
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Figure 3: Required Foster part, Xrf , in the interval Inormalized.

4. By assigning the Foster part the general form

X ′f (ω) = k∞ω −
k0

ω
+

np∑

l=1

klω

p2
l − ω2

, (17)

where pl are poles on the imaginary axis, k0, k∞ and kl are their corresponding
residues and np is the number of poles used, and the reactance should be fitted
according to the desired Foster data in (16).

The Foster part only contains poles on the imaginary axis, which is not allowed, if
the material is to be physically realizable, according to the requirements in Sec. 3.
Therefore, the permissible form for the Foster function is

X ′f (ω) = k∞ω −
k0

ω
. (18)

With this form it is possible to solve for the residues k∞ and k0, i.e., in the least
squares sense in I.

5. Adding the Foster part (17) to the minimal immittance function (14) yields the
final immittance function

F (s) = k∞s+
k0

s
+ Fm(s) = Fm(s) + Ff (s), (19)

and the corresponding permeability or permittivity

µ(s) =
F (s)

s

(
ε(s) =

F (s)

s

)
. (20)

As there are only two free parameters in adjusting the Foster part in Step 3 and due to
the behavior of the assumed Foster part (18), a restriction on the width of the interval
I, wherein the Heaviside condition approximately can be satisfied, is expected.
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5 Numerical Example

In this section, an example design of a material that approximately satisfies the Heaviside
condition in a prescribed frequency interval I ⊂ [0,∞) will be demonstrated. It will be
compared to a case when the Heaviside condition is not fulfilled.

Consider a material that is supposed to be distortionless in a small band around
the frequency 100 MHz, where I = [2π · 97 · 106, 2π · 103 · 106] rad/s. To simplify the
design, in the following the design will be carried out in normalized frequency, with
the normalization constant set as ωmax = 2π · 110 · 106 rad/s, meaning that Inormalized =
[0.882, 0.936]. It is assumed that the material already has a complex relative electric
permittivity of εr = ε′r − j σ

ε0ω
= 4− j 16.6·108

ω
, and Y ′(ω) = jωε0εr(ω) = G′(ω) + jωC ′(ω),

per definition. In the design procedure, a relative impedance, Zr(ω) = jωµr(ω) = Rr(ω)+
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Figure 4: (a) Obtained relative reactance of the relative impedance function Zr(s) by adding the
Foster part Zrf (s). (b) Obtained relative reactance of the relative impedance function Zr(s) by
adding the Foster part Zrf (s) in the specified interval Inormalized. The red circles indicate the
desired reactance in the considered frequency interval.
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Figure 5: Real (a) and (b) imaginary parts of the relative permeability, µr, of the designed
Heaviside material.
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jωLr(ω) is employed. Then, the true p.u.l. impedance of the slab is determined by
Z ′(ω) = µ0Zr(ω) = R′(ω) + jωL′(ω).

According to the specified εr, the value of K = σ
ε′r

= 414787500 is already specified
according to the ratio between the real relative permittivity of the medium and its con-
ductivity. Due to the frequency scaling, the relative ratio that should be used during the
design is Kr = K

ωmax
= 0.6. In Inormalized the material should exhibit a relative permeability

value of 500, so set Lr(ω) = 500, ∀ω ∈ Inormalized. Then Rr(ω) = 300 s−1, ∀ω ∈ Inormalized,
as it is not independent.

By following the design procedure in Sec 4, the real part, Rr(ω), of the relative
impedance Zr(ω) is interpolated by using three data points in the interval Inormalized.
The resulting real part is depicted in Fig. 1. In the plot, the red circles indicate the
desired value that the real part should attain in the interval I. In this case, that value is
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Figure 6: Pole-zero plot of the permeability function µr(s) derived for the Heaviside material.
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300. It is noted that Zr(ω) = 0 is enforced at ω = 0.
Next, the minimal part of the relative impedance Zr(s) is computed from its real part,

Rr(ω), by following Gewertz procedure. The imaginary part, Xrm of the minimal relative
impedance function Zrm(s) is plotted in Fig. 2. Note that the imaginary part data is not
consistent with what is required, indicated by the red circles. Therefore, a Foster part,
Zrf (s) must be added to approximate the Heaviside condition. The Foster part required
is indicated in Fig. 3. The Foster data representation (18) is used, and k∞ and k0 are
solved for in the least squares sense for the indicated Foster data points in the interval
Inormalized of Fig. 3. In Fig. 4 the resulting relative susceptance Xr(ω) = Im(Zr(ω)) =
Xrm(ω)+Xrf (ω) is plotted. Here a much improved fit to the desired relative susceptance
data is obtained, indicating that an acceptable approximation of the Heaviside condition
should be possible.

The corresponding relative permeability, µr, is obtained by µr(s) = Zr(s)
s

. Then, the
relative permeability, µr(s), is scaled in frequency by the normalization factor ωmax to
obtain the desired Heaviside characteristic in the frequency interval I. Its real and imag-
inary parts are shown in Fig. 5. In Fig. 6, the pole-zero locations are shown for µr. The
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Figure 8: The source waveform of a modulated Gaussian pulse with 3 dB bandwidth of 6 MHz
and center frequency of 100MHz.
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Figure 9: The slab setup for the numerical example, of length l and characteristic imepdance
Zc. Face 1 and face 2 are terminated in the impedances Z1 and Z2, respectively.
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Figure 10: (a) Real part of the characteristic impedance Zc. (b) Real part of the characteristic
impedance Zc in the frequency interval I. The red circles indicate the desired real characteristic
impedance in I.
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Figure 11: (a) Imaginary part of the characteristic impedance Zc. (b) Imaginary part of the
characteristic impedance Zc in the frequency interval I. The red circles indicate the desired
imaginary characteristic impedance in I.

per-unit-length impedance of the material is then obtained as Z ′(s) = sµ0µr(s). For an
indication of how well the material approximately satisfies the Heaviside condition in I,
the quotients G′(ω)

ωC′(ω)
and R′(ω)

ωL′(ω)
are compared in Fig. 7. It is seen that in the frequency in-

terval I the quotients behave similarly, as desired, indicating that the Heaviside condition
is approximately fulfilled in I.

To obtain an understanding of the effectiveness of the material compared to a trans-
mission line that satisfy the corresponding Heaviside condition at all frequencies, the
attenuation constant α, phase constant β and the characteristic impedance Zc are cal-
culated for the material. Plots of the real and imaginary parts of the characteristic
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Figure 12: (a) The attenuation constant α. (b) The attenuation constant α in the frequency
interval I. The red circles indicate the desired attentuation constant in I.
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Figure 13: (a) The phase constant β. (b) The phase constant β in the frequency interval I.
The red circles indicate the desired phase constant in I.

impedance and propagation constant are shown in Figs. 10-13. The attenuation is clearly
flat across the interval I, and the phase constant is nearly linear in frequency. The char-
acteristic impedance is noted to have a small imaginary part across I, with an almost
constant real part, indicating that it is nearly real and constant. These results resemble
the properties of a distortionless transmission line, satisfying the Heaviside condition.

For further verification of the distortionless property of the material in I, a Gaussian
pulse modulated at 100 MHz with a 6 MHz bandwidth is used as a temporal waveform for
a plane wave normally incident on the slab. This temporal waveform is shown in Fig. 8,
and the slab setup is depicted in Fig. 9. The material slab has a length of l = 10 cm
and is terminated with slabs on either side of it with a characteristic impedance of
Z1 = Z2 = 4212 Ω. For comparison, the same waveform is considered for a plane wave
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Figure 14: Face 1 (a) and face 2 (b) electric field strengths of the examined slab. Ideal line cor-
responds to results of the true distortionless line, valid across all frequencies. The approximated
one corresponds to the modeled slab, approximating the Heaviside condition in the frequency
interval I.
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Figure 15: Face 1 (a) and face 2 (b) electric field strengths of the examined slab. Ideal line cor-
responds to results of the true distortionless line, valid across all frequencies. The approximated
one corresponds to the modeled slab, approximating the Heaviside condition in the frequency
interval I. In this case, the Gaussian pulse’s is modulated to 200MHz, which is outside of the
frequency band of interest for the approximation of the Heaviside condition.

incident on an ideal material slab, that exhibits no frequency dispersion and satisfies the
Heaviside condition with the same Heaviside quotient (5), K

ω
, as the modeled material,

in I. If the waveforms at each face of the slab, match each other to a high degree, the
distortionless property is closely approximated by the material, in I. The comparison is
shown in Fig. 14. It is observed that the fields at the two slab faces clearly overlap.

For a comparsion with the case when the waveform’s frequency content falls outside
the frequency interval, I, of interest, within which the Heaviside condition is approxi-
mated, a Gaussian pulse modulated at 200 MHz with the same bandwidth of 6 MHz is
also considered with the same slab, terminated with the same characteristic impedance
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of 4212 Ω. The corresponding results are shown in Fig. 15 at the two faces. It is evident
that the mismatch between the line terminations and the characteristic impedance affects
the port voltages considerably. A dispersive impact on the propagating wave is noted at
face 2, and the one-way delay time differs for the ideal and approximated cases.

6 Conclusions

In this work, a procedure for designing magneto-dielectric materials, represented by a
frequency-dependent electric permittivity, ε, and magnetic permeability, µ, that approx-
imately satisfy the Heaviside condition in a specified finite frequency interval is provided.
The procedure is versatile enough to allow for the design of a physically realizable pas-
sive material. A numerical example, in which the procedure is applied to design such
a material in a narrow frequency interval, has been given. The example illustrates that
the Heaviside condition is well approximated, in this case, in the frequency interval of
interest, and the distortionless property of the material is verified in both the time and
frequency domains.

The given conditions can be employed as a guide for designing magneto-dielectrics
with specific requirements for permittivity and/or permeability, while enabling the dis-
tortionless TEM mode propagation in a specified frequency band. By enforcing the
Heaviside condition, the distortionless property becomes an inherent property of the ma-
terial, regardless of its length. However, due to the required relations between the p.u.l.
parameters o the material, reasonable choices must be made in order to keep the per-
mittivity and permeability values within practical bounds. Therefore, one may have to
accept a high loss in order to satisfy a requirement on another desired quantity (i.e. real
permeability or permittivity). It is up to the designer to make such choices, according to
the available design means.

No conditions on bandwidth limitations of the approximation have been provided.
Future investigations on equiripple and piecewise linear characterizations of the problem
could provide further insights on this matter.

Lastly, no attempts to describe a process to actually fabricate a material like this
have been made. The means of fabricating such a material may be aided by electromag-
netic mixing formulas, or similar, which are expected to be necessary for the practical
realization of these kinds of materials. Further investigations into this matter would be
required.
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