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Abstract 

Assessment of concrete buttress dams today consists of using analytical methods to investigate the sta-

bility in different failure modes. However, they simplify the problem at hand and neglect certain im-

portant features linked to geometry and thus not truthfully appraise the structures real stability.  This 

could be economically costly in assessments of both existing dam structures as this would eventually 

lead to unwarranted rehabilitation. The same can be said for dams under design. 

Kalhovd dam is a concrete buttress dam that has recently undergone assessment where certain sections 

proved unstable in either failure mode. This study focused specifically on a buttress, numbered 49, of 

said dam which was deemed in the assessment to be unstable in the overturning and sliding failure mode. 

The methodology used was to assess and compare stability for different methods of calculation, meaning 

analytical versus numerical analysis. The numerical analysis was performed with two-dimensional finite 

element analyses in a commercial FEM-software called ATENA which focuses on reinforced concrete 

structures. The numerical models made, were then probabilistically analysed by randomizing various 

material parameters to see their effect on stability. Some FEA models discarded the conventional way 

of modelling loads, as required by standards, to more realistically portray load actions on dams based 

on historical measurement. 

Results from this study showed dissimilarity of stability for buttress 49 depending on which method of 

analysis was performed. Analytical methods proved to yield the most conservative results and concluded 

the structure unsafe, while including an accurate representation of the geometry in FEA models im-

proved the stability such that it can be considered stable against load actions stated in guidelines. 

Furthermore, material parameters randomized in the probabilistic analysis substantiated that various 

concrete variables had relatively little effect on structural overall strength in the most common failure 

modes. 

Keywords: ATENA, FREET, SARA, full probabilistic, numerical analysis, Kalhovd dam, FEA, 

FEM 
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1 Introduction 

1.1 Background 

Concrete is a material that deteriorates over time (Anisuddin & Ahmad, 2005), therefore existing struc-

tures need assessment of their structural reliability over their lifespan. Norwegian dams are assessed 

every 15-21 years for their structural safety. The way they are assessed is through analytical methods 

and is done by examining the designs safety against three common failure modes: sliding, overturning, 

and over-stressing. These calculations are simple and quickly done, but also yield very conservative 

results and downsize the stability as they do not include certain important contributing factors such as 

the geometry of the foundation. This can lead to expensive and unnecessary measures of rehabilitation 

of some dams or even rebuilding in extreme cases. 

Finite element method (FEM) is as opposed to the analytical method, a numerical method, where an 

approximate solution is obtained iteratively (numerically for short). The strength of FEM in structural 

mechanics lies within the fact that approximate results can be obtained for a complex problem, that 

sometimes cannot be solved with analytical methods without simplifying, within reasonable time.  The 

fact that geometry can be almost fully regarded in such analysis is of great convenience in some areas. 

Finite element analysis (FEA) is used in the field of dam engineering. However, it is not the governing 

method of analysis when assessing stability of dams in Norway.  

Probabilistic analysis is a way to introduce randomness, within user specified boundaries, of one or more 

variables. This is then of suitable use within analysis of concrete structures as the concrete properties, 

among other, will differ in the structure i.e. not deterministic. In combination with FEM and its afore-

mentioned strengths, the probabilistic non-linear finite element analysis could then be a great tool for 

assessing dams as a more accurate second measure when the structure in question is regarded unstable 

by the analytical method. 

The work done in this thesis is made on a section of an existing dam named Kalhovd dam in Norway 

where assessments deemed it unstable. 

1.2 Aim 

The aim of the thesis is to compare and evaluate different methods of assessing stability for a single 

buttress section and to quantify the importance of including otherwise not considered factors such as 

foundation geometry. It also strives to gauge if a probabilistic approach to finite element modelling of 

concrete buttress dams is favourable to a deterministic one. 

1.3 Goal and objectives 

The goal is to analyse the stability with regards to sliding, overturning, and overstressing with non-linear 

probabilistic finite element analysis and compare it to the conventional methods. 

First objective is to evaluate the safety based with analytical methods. Next is to make a deterministic 

finite element model and evaluate its safety. Then do a non-linear probabilistic model varying deter-

mined parameters. These three methods will then be compared, and their results interpreted.  
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1.4 Limitations 

Only material properties are randomized in the probabilistic analysis. Accidental loads and earthquake 

loads are not regarded in this study. Cohesion between concrete and foundation is not considered. Ge-

ometry of the dam is based on 3D scans and is assumed to be accurate. No bond model between concrete 

and reinforcement is applied. Strain hardening of the reinforcement and ultimate yield strain is ne-

glected. 

1.5 Structure of thesis 

Introduction: Chapter encloses the aim of the report and background leading to the study. 

Buttress dams: Discloses fundamental theory behind buttress dams and their types of failure modes as 

well as how analytical calculations are performed. 

Concrete behaviour: Explains basic concrete behaviour under both uniaxial and biaxial loading. 

Finite element modelling: Describes finite element modelling and constitutive models available for use 

with the finite element software ATENA. 

Probabilistic analysis: Tells about the theory behind probabilistic analysis as well as its different sam-

pling types etc. 

Assumptions, variables, and test setup used in stability evaluations: Shows how the finite element 

analysis was concluded in terms of geometry, material models, load steps etc. 

Results: Contains results of the analytical and numerical analyses. 

Analysis and discussion: Review the results given and compares different methods of analysis. 

Conclusions: Summarizes the discussion and draws conclusions on the results given. 

Future work: Gives examples of possible future research on the subject. 
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2 Buttress dams 

Buttress dams’ structural concept (see Figure 2-1) consists of a continuous upstream face i.e. front plate. 

It has supporting buttresses at regular intervals along the length of the dam. In the front plate are water-

tight contraction joints. These vertical joints are needed to account for the thermal expansion/contraction 

of concrete. (Novak, et al., 2007) An insulation wall is often part of the structure as to insulate part of 

the buttress. 

 

 

Figure 2-1 Buttress dam overview 
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2.1 Loads 

Dams are subjected to different types of loads and most of them are seasonally dependant. Magnitudes 

of these loads asserted on each buttress section will vary depending on height, thickness etc.  Figure 2-2 

shows four common types of loads (not including tailwater pressure) acting on a buttress dam. 

 

 

Figure 2-2 Common loads acting on a buttress dam 

 

2.1.1 Dead load 

Dead load is a term for the vertical force subjected to the structure by its own weight. Its magnitude can 

be described by multiplying density, ρ, with the volume and the gravitational constant, g. 

 

2.1.2 Hydrostatic pressure 

Hydrostatic pressure is exerted by a fluid in a state of equilibrium. This pressure acts perpendicular to 

the adjoining surface. It’s directly dependant on the height of the body of fluid that the pressure is cal-

culated for.  

 

Reservoir dams are subjected to several load cases of hydrostatic pressure, among those are uplift- and 

reservoir pressure. Reservoir pressure is acting on the upstream face of the front plate by the deterred 

water.  

 

Water pressure underneath the structure is called uplift pressure. Norwegian guidelines (Norges 

vassdrags og- energidirektorat, 2005) states that uplift has to be taken into account for every part of the 

dam where normal stresses exist, and the uplift should be linearly abating from the upstream face. How-

ever, a Swedish guideline for designing dams (SVENSK ENERGI, 2011), states that uplift is negligible 

for the buttress if the buttress has a thickness less than 2 m, thus only needing to be considered in the 

front plate.  
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2.1.3 Ice load 

According to Norwegian guidelines concerning design of dams (Norges vassdrags- og energidirektorat, 

2003), the design ice load is between 100-150 kN/m depending on factors such as geographic location, 

consequences of failure, water level variations, and properties of the construction. It should be assumed 

to be situated 250 mm below the highest regulated water level. Its thickness is to be considered as 0,5 

m (Norges vassdrags og- energidirektorat, 2005). 

 

2.1.4 Thermal load 

Although not something considered in assessment with analytical methods, concrete dams are affected 

by temperature, causing parts of the structure to expand or contract. Commonly, the temperature of the 

concrete varies in the structure, e.g. the front plate and buttress, causing stresses in their rigid connection 

as they are restrained from moving independently from each other.  

 

 

2.2 Failure modes 

There are generally three failure modes that are usually taken into account when assessing stability of 

concrete dams. 

 

• Sliding 

• Overturning 

• Overstressing/material failure. 

 

These are theoretical failure modes, and (Malm, 2016) states that dams often fail in a combination of 

the aforementioned failure modes. Overstressing can also be seen as somewhat of a by-product of over-

turning failure as the tipping dam will amount stress concentrations in the heel and toe. 
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2.2.1 Sliding 

The sliding failure mode (see Figure 2-3) refers to when the shear strength of the interface between the 

foundation and dam is reached by the shear stresses. There are three methods to account for the sliding 

stability, sliding resistance method, limit equilibrium method, and the shear friction method. The shear 

friction method, which is used in Norwegian guidelines (Norges vassdrags og- energidirektorat, 2005) 

evaluates stability by determining a safety factor. This safety factor is the quotient of the shear capacity 

over the total horizontal forces, H. The shear capacity (eq 2-1) is derived from the Mohr-Coulomb cri-

terion and is assumed to be equally distributed over the whole sliding plane (Sas, et al., 2013). 

 

𝑺𝑭 =
𝑪∗𝑨+∑𝑽∗𝒕𝒂𝒏𝜽

∑𝑯
     2-1 

 

Cohesion is denoted by C, area of contact surface by A, vertical forces by V, and the friction angle by θ. 

 

 

Figure 2-3 Sliding failure 
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2.2.2 Overturning 

Overturning failure (Figure 2-4) happens when the dam topples around its toe. Overturning stability is 

also depicted by a safety factor (Norges vassdrags og- energidirektorat, 2005). It is the ratio of the sta-

bilizing moment divided by disturbing moment (eq 2-2). The stabilizing moment means the moment 

resisting tipping (such as self-weight of the dam) of the dam around its toe, while disturbing is the 

opposite (ice load for example). 

 

𝑺𝑭 =
𝑴𝑺

𝑴𝑫
       2-2 

 

 

Figure 2-4 Overturning failure 
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2.2.3 Overstressing (material failure) 

Stresses in the dam is investigated in the heel and the toe of the dam as these are parts are the most 

susceptible to stress concentrations. The formula (eq 2-3) used to calculate the stresses is a derivation 

of the formula to determine the normal stresses due to bending. 

 

𝝈 =
𝑽

𝑨
±

𝑽∗𝒆∗𝒚

𝑰
      2-3 

 

Where e is the eccentricity of the centre of volume/area buttress, y is the distance to the toe/heel, and I 

second moment of area for section of the buttress in contact with the foundation. A graphical interpre-

tation of an overstressing failure in the heel and toe can be seen in Figure 2-5. 

 

 

Figure 2-5 Material failure in heel and toe 
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3 Concrete behaviour 

Concrete is a composite quasi-brittle material made from mixing coarse and fine aggregates and bonding 

them with cement powder and water. Its strength in compression is significantly larger than in tension.  

 

3.1 Uniaxial loading 

In uniaxial compressive loading, micro cracks develop in a plane parallel to the loading direction. Under 

tension, the crack propagation starts and spreads in the axis perpendicular to the loading direction. (Sas, 

et al., 2013) Figure 3-1 shows theoretical behaviour of concrete under uniaxial loading for a strain-

controlled test. Note that in the figure, stresses are effective stresses i.e. (in most cases) principal stresses 

(Červenka, et al., 2017). 

 

 

Figure 3-1 Uniaxial stress-strain law for concrete (Červenka, et al., 2017) 

 

Concrete acts linearly elastic up until around 30% of its maximum compressive strength, fc. Above this 

percentage, the response becomes nonlinear inelastic which becomes increasingly apparent as it’s reach-

ing the maximal compressive strength. After reaching fc, its strength in compression drops rapidly as the 

strain increases. This is linked with strain-localization phenomena where the post-peak strain-softening 

behaviour of a localized zone occurs in the concrete, at which the deformation is localized in a finite 

volume/zone where the final failure will eventually happen (Song, et al., 1998).  

 

Under uniaxial tensile loading, concrete acts almost linearly elastic it reaches its maximum tensile 

strength, ft, which is considered in (European Committee for Standardizations, 2004) to be 5-15% of its 

compressive strength. For stresses less than about 60% of ft, the formation of micro-cracks is negligible. 

Above this, micro-cracks appear more frequent. The uniaxial state of stresses usually stops crack prop-

agation less frequently than in the compressive state. Thus, the duration of stable crack propagation is 

shorter than in compression. Tensile failure is characterized by bridging cracks instead of an increasing 
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number of cracks which is true for the case of compression. (Sas, et al., 2013) It can clearly be seen in 

Figure 3-1 that the strength rapidly drops after reaching ft. This is referred to as strain-softening in ten-

sion. 

 

3.2 Biaxial loading 

Rarely concrete happens to fail under compression (called crushing failure). It’s usually the tensile 

stresses in the lateral direction generated from the Poisson’s effect that causes concrete to rupture. When 

concrete is loaded biaxially, the failure plane is then equal to the plane of the highest principal stress, 

which is perpendicular to the plane of the highest principal compressive stress. Concrete has been ob-

served to have increased compressive strength under biaxial compressive loading. The increase is very 

dependent on the ratio of the applied loads in each direction. (Sas, et al., 2013) 

 

For biaxial tensile loading, the strength almost unchanged when comparing to uniaxial loading. The 

work of (Kupfer, et al., 1969) produced a graphical interpretation of concrete under biaxial loading (see 

Figure 3-2). 

 

Figure 3-2 Strength of concrete under biaxial loading (Kupfer, et al., 1969) 
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4 Finite element modelling 

Finite element modelling (FEM) is a tool for engineers to obtain a numerical result in fields of fluid 

mechanics, heat transfer, stress analysis etc. with reasonable approximation where an analytical result 

is difficult or even impossible to achieve. In FEM, the problem e.g. the structure is divided in to smaller 

parts, called elements. The elements are connected at their nodal points. The elements are usually of an 

arbitrary shape such as triangles, rectangles (or cubes in three dimensional problems). The arrangement 

of these elements is called a mesh. The mesh is represented by algebraic equations which need to be 

solved at every nodal point for their unknowns. The nodal points of each solved for element determines 

the spatial variation of the whole element. The entire “structural response” is given by combining the 

results of every element. FEM only gives an approximate solution, but the results can be greatly im-

proved by using more elements to represent the structure. (Cook, et al., 2002) 

 

The finite element analysis conducted in this thesis is done using the commercial finite element program 

“ATENA 2D” by Cervenka consulting which focuses on concrete and reinforced concrete (RC) struc-

tures. 

 

4.1 Interpolation functions 

As previously mentioned, the aim of FEM is to approximate a solution by solving its nodal values from 

an interpolation function (Cook, et al., 2002). ATENA’s interpolation functions act hierarchically. Im-

agine a rectangular plane element with 9 nodal points (see Figure 4-1). 

 

 

Figure 4-1 A quadrilateral plane element with nodal points 1-9 (Červenka, et al., 2017) 
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The interpolation functions of the nodal points 1-4 are always present. Any additional interpolation 

functions for nodal points 5-9 can then be added independently. This ensures bilinear approximation of 

points 5-9 as the points 1-4 are considered to have known values. A visualisation of these functions can 

be seen in Figure 4-2. 

 

 

Figure 4-2 Interpolation functions for a quadrilateral plane element (Červenka, et al., 2017) 

 

 

4.2 Isoparametric formulation 

Isoparametric formulation means that displacement shape functions are used to interpolate element ge-

ometry in terms of the nodal coordinates (Oñate, 2009). Most of ATENA’s elements are made using 

isoparametric formulation with linear and/or quadratic interpolation (Červenka, et al., 2017). The main 

idea behind isoparametric elements is the fact that FEA needs to calculate the area of an element by 

integration. This can be hard and/or time consuming for elements with curvy/uneven shapes (polynomi-

als). This can be solved by using the Gaussian quadrature method which makes it possible to calculate 

area without integrating, which is something that is computationally time consuming. 

 

The isoparametric formulation of elements in ATENA 2D is based on the classic element formulation 

due to its versatility and general approach as it is quite troublesome to have element related problems 

because of material modelling. (Červenka, et al., 2017) 

 

 

4.3 Finite elements 

4.3.1 Plane element models 

Among quadrilateral plane elements, previously shown in 4.1, there are other plane elements to choose 

from such as triangular plane elements. But quadrilateral elements are better in approximation of 

stresses, particularly for what is called the shear locking effect (Oñate, 2009). They are also used as 

standards in ATENA and the other types of elements may not be fully supported in the later versions of 

ATENA. However, triangular elements are better suited for geometrically complex problems (Oñate, 

2009).  
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4.3.2 Truss element model 

Two- and three-dimensional truss elements (see Figure 4-3) with three degrees of freedom, translation 

(in two directions) and rotation can be used in ATENA as a means to model e.g. reinforcement. These 

isoparametric elements are Gauss integrated at one or two nodal points for linear or quadratic interpola-

tion. (Červenka, et al., 2017) 

 

 

 

Figure 4-3 Geometry of a truss 2D and 3D element (Červenka, et al., 2017) 
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4.3.3 Interface element model 

Modelling contact between two adjacent materials which are not in a rigid connection (e.g. concrete 

structure and its foundation) can be done by using an interface model. ATENA’s interface (Figure 4-4) 

model is derived from the two previously discussed models (quadrilateral plane element and the truss 

element) and uses the Mohr-Coulomb criterion with tension cut off. These elements use a linear approx-

imation of the geometry and are defined as a pair of lines (in the two-dimensional case) located on the 

opposite side of the interface. They can share the exact same coordinates in the un-deformed state or be 

separated by a small distance. (Červenka, et al., 2017) 

 

 

Figure 4-4 Types of interfaces elements as modelled in ATENA (Červenka, et al., 2017) 

 

 

The governing equation for the material model has two coefficients, Ktt and Knn, which represents the 

shear and normal stiffness respectively (see Figure 4-5) and these coefficients are defined only for the 

numerical iterative solution. 

{
𝝉𝟏
𝝉𝟐
𝝈
} = [

𝑲𝒕𝒕 𝟎 𝟎
𝟎 𝑲𝒕𝒕 𝟎
𝟎 𝟎 𝑲𝒏𝒏

] {
∆𝒗𝟏
∆𝒗𝟐
∆𝒖

}     4-1 

 

For two dimensional elements the second row and column in equation 4-1 are omitted. (Červenka, et 

al., 2017) 
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Figure 4-5 Interface material model behaviour in shear (above) and tension (below) (Červenka, 

et al., 2017) 

 

The interface elements have two states, open state (the opposing lines of the element are not in contact) 

and closed state (full contact between the opposing lines). In theory the stiffness should be zero in the 

open state, but this would lead to an indefinite global stiffness. Thus, values for each state needs to be 

defined. According to (Červenka, et al., 2017) the value for the open state shouldn’t be less than one 

thousand of the value in the closed state. 
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4.4 Constitutive material models 

4.4.1 Rankine fracturing model for concrete 

In ATENA, cracks are formed when the principle tensile stresses reach the tensile strength and un-

cracked concrete in tension is assumed to be linear elastic. For cracked concrete, most current material 

models available in ATENA uses the Rankine-fracturing model. It must be solved by iterations as it 

includes a function for softening materials current tensile strength and is dependent on the crack opening 

which in turn is based on a model by (Hordijk, 1991). 

 

The Rankine-fracture model assumes that the stresses are converted into the material directions, which 

in the case of a rotating crack model is in the principal stress direction, and in the fixed crack model 

(4.4.6) is in the principal stress direction at the onset of cracking. The crack opening is the sum of the 

fracturing strain and the current increment of fracturing strain, multiplied by the characteristic length 

(see Figure 4-6 for a visual representation). (Červenka, et al., 2017) This method was proposed by 

(Oliver, 1989) and a study done by (Červenka, et al., 1995) showed this method to be satisfactory with 

low order linear elements.  

 

 

Figure 4-6 Tensile softening and characteristic length (Červenka, et al., 2017) 
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4.4.2 Plasticity model for crushing concrete 

The plasticity model for concrete crushing (for newer material models) uses the three-parameter failure 

model (Figure 4-7) proposed (Menetrey & William, 1995) which is governed by the stress invariants ξ, 

ρ, and θ (also known as the Haigh-Westergaard coordinates). 

 

 

 

 

Figure 4-7 Failure surface according to Menetrey-William. a) Deviatoric sections for differ-

ent values of ξ. b) Meridian sections (Sas, et al., 2013) 

 

 

4.4.3 Fracture-plastic model 

ATENA has a combined fracture plastic model which is a combination between the constitutive fracture 

(tensile) model, discussed in chapter 4.4.1, and the plastic (compressive) model, discussed in chapter 

4.4.3. It uses a return mapping algorithm for the integration of these two constitutive models. This algo-

rithm is based on a recursive substitution as it allows the two models to be formulated separately. The 

benefit of the model is that it can handle cases when both failure surfaces are happening as well as it can 

handle all loading regimes as well physical changes e.g. crack closure. (Červenka, et al., 2017) 

 

4.4.4 Crack band model 

The purpose of the crack band theory is to eliminate problems with the element size effect as well as the 

element orientation effect (which can occur in the crack models, discussed in 4.4.5). The idea is to paint 

the failure plane as a band/region of material. These regions have in reality a definite dimension, but 

these failure regions are independent of structural size as they are assumed to fictitious planes. The 

cracks are assumed to have the direction normal to the maximal principal stresses for tension and com-

pression, and the failure bands are defined as projections of the finite element dimension undergoing 

failure (see Figure 4-8). (Červenka, et al., 2017) 
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Figure 4-8 Localized crack bands of a four-node element (Červenka, et al., 2017) 

 

Angles θ1 and θ2 in Figure 4-8 are used to account for skew elements as they represent the angles be-

tween the normal to the failure plane and the element sides.  

 

Fracture can be described in three separate stages (Figure 4-9). First stage is when the tensile strength 

hasn’t been reached and thus, the concrete remains un-cracked. When the concrete reaches the effective 

tensile strength, crack formation starts in the zone with decreasing tensile stresses due to bridging of 

cracks in the plane. Lastly, the stresses in the plane reaches zero as the crack propagation continues 

unhindered. (Červenka, et al., 2017) 

 

 

Figure 4-9 Stages of concrete cracking due to tension (Červenka, et al., 2017) 

 

The crack width can be calculated as the product of the crack opening strain (the strain in the direction 

normal to the crack after full stress release), εcr, multiplied by the crack band size, Lt.  
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4.4.5 Crack model 

In FEM there are several approaches to formulate cracks. Among these are the discrete crack model and 

the smeared crack model. 

  

The discrete crack model handles cracks by disconnecting adjoining elements at their nodal points. This 

causes imposed restrictions on the crack model based on the geometry of the mesh and the element sizes 

etc. This can be amended to an extent by redefining nodes although, it may be time consuming and 

complex. This model can prove useful in cases involving a few dominant cracks but, is not widely used 

in analyses of reinforced concrete structures. (Sas, et al., 2013) 

 

In the smeared crack model, the cracked concrete is considered a continuum in a defined region within 

the finite element with a degrading elasticity modulus. The method requires neither to be aware of the 

crack direction in advance nor does the user have to change the mesh. This makes the model more of a 

general-purpose model and is widely used for FEM analysis of concrete structures. (Sas, et al., 2013) 

 

Cracked concrete is considered to be orthotropic with one of the axes going along the direction of the 

crack. The smeared crack model can with ease represent the drop of tensile strength as well as shear 

forces across the crack caused by aggregate interlock or dowel action. The disadvantage of the smeared 

crack model is that it relies on the size of finite elements. This can be counteracted by implementing 

fracture energy, Gf. Fracture energy is the energy per area of measure for a fracture process zone to 

evolve into a crack. (Sas, et al., 2013) 

It was documented by (Jendele, et al., 2001) that the smeared crack model based the crack band theory 

proved superior over the discrete crack model for a fairly complex problem. The smeared crack approach 

is according to (de Borst, et al., 2004) better suited (than the discrete approach) at capturing diffuse 

cracking patterns that arise due to heterogeneity of concrete and existence of reinforcement. 
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4.4.6 Fixed cracks and rotating cracks 

Local material axes of the cracked zone coincide with the principal stress at the moment of cracking. If 

these cracks forced to remain fixed during the analysis, the model is using the fixed crack model. In the 

case of the local crack axes being allowed to rotate in the direction of the principal stresses, a rotating 

crack model has been applied. (Sas, et al., 2013) 

 

A graphical representation of the fixed crack model is shown in Figure 4-10.  

 

Figure 4-10 Stress and strain directions in the fixed crack model (Červenka, et al., 2017) 

 

The weak and strong material axes, m1 and m2, respectively are normal and parallel to the crack direction 

and does not necessarily coincide with the directions of principal strain (after cracking has occurred), ε1 

and ε2. This causes the crack faces to experience shear stress, τ. The stresses, σc1 and σc2, are stresses 

normal and parallel and are not considered principal stresses due to the shear stresses. (Červenka, et al., 

2017) 

 

Figure 4-11 visually shows the theory behind rotating cracks. 

 

Figure 4-11 Rotating crack model. Stress and strain directions (Červenka, et al., 2017) 

 

The rotating crack model does not put any restrictions on crack fixation, and thus, cracks can freely 

rotate with the direction of the principal stress. 
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Most material models in ATENA offers the availability to choose between rotating and fixed cracks by 

a parameter value anywhere between zero (being fully rotating cracks) and one (fixed cracks). The pa-

rameter determines at which maximal residual tensile stress level the crack is fixed. This means that the 

crack is considered rotating until the crack opens so much that the tensile softening law is equal to the 

value of the initial tensile strength multiplied by the value of the parameter. (Červenka, et al., 2017) 

 

 

4.4.7 Reinforcement model 

Hot rolled reinforcement steel is an isotropic material with a stress-strain curve as the one observed in 

Figure 4-12.  

 

Figure 4-12 Stress-strain relationship for hot rolled steel in uniaxial tension (Runesson, 

2006) 

 

The curve exhibits clear stages. First, the linear elastic stage up until the yield strain, εy, after which any 

deformation will be plastic. This region of the curve is called the yielding plateau. Then an increase in 

stress capacity can be seen which is called strain hardening. This behaviour continues until the steel 

reaches its ultimate stress/strain. Afterwards, the steel will exhibit strain softening until it finally breaks. 

The yield strain is considered at around 2,5‰ and the ultimate yield, εu, is usually somewhere in-between 

2-3%. This stress-strain relationship is assumed to be the same as for in compression. 
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Steel also shows an increase in strength under biaxial stress (as previously discussed for concrete). This 

yield surface (shown in Figure 4-13) shows a significant increase in strength from biaxial loading for 

both tension and compression.  

 

 

Figure 4-13 Yield surface for steel under biaxial stress (Runesson, 2006) 

 

In ATENA, reinforcement can be modelled either as discrete or smeared. Discrete reinforcement is 

modelled by truss elements and act as reinforcing bars (Červenka, et al., 2017). The smeared reinforce-

ment acts as a part of a composite material where idea is to “blend” the material properties of both steel 

and concrete by their volume/fraction in order to get a combined e.g. tensile strength. The smeared 

reinforcement is best suited for analyses where the deformation is small or where the reinforcement only 

surpasses the yield stress by a small margin (Schwer, 2014). Also, the smeared reinforcement concept 

assumes perfect bond in ATENA (Červenka, et al., 2017). 

 

Four different models can be chosen from in ATENA with different stress-strain laws (i.e. stress-strain 

curves), Linear, Bilinear, Multilinear, and Bilinear with hardening. The linear law assumes linearity with 

no yield limit (yield stress), meaning it is considered an elastic material.  

The bilinear law (seen in Figure 4-13) has a defined yield stress and clear yield plateau with no strain 

hardening or ultimate stress/strain. 

 

 

Figure 4-14 Bilinear law in ATENA (Červenka, et al., 2017) 
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The multilinear law allows the user to define the strain-stress relationship for the reinforcement (see 

Figure 4-15) and can thus somewhat realistically simulate an actual theoretical stress-strain relationship 

for steel. 

 

 

Figure 4-15 Multilinear law in ATENA (Červenka, et al., 2017) 

 

Bilinear with hardening works in the same way as for the bilinear law. The only difference is that the 

user can use strain hardening (in the region of the yield plateau) after the reinforcement has reached 

yield stress by defining ultimate stress and an ultimate strain limit. 

 

 

4.4.8 Bond model 

The principal idea behind RC is that reinforcement supposed to be subjected and carry the tensile stresses 

in the RC member and the concrete the compressive stresses. To achieve this, an adequate bond between 

the reinforcement and the concrete needs to exist so that the steel can be fully utilized. In modern design, 

lengths of reinforcing bars are decided on governing equations seeing to that so called “bond-slip” 

doesn’t occur between the materials (European Committee for Standardizations, 2004). 

 

In FEA there are many various bond models to introduce the possibility of bond-slip behaviour. There 

is often no “best” choice of model as some are empirically developed and some focus on capturing e.g. 

cyclic loading responses more accurately. ATENA provides three choices of bond models to choose 

from, the CEB-FIP model from the 1990’s code, a model based on the work of (Bigaj, 1999), and the 

memory bond model. In the first two, the compressive strength, reinforcement diameter, and reinforce-

ment type governs the bond behaviour (Červenka, et al., 2017). A perfect bond can also be chosen 

meaning that no slip will occur between the concrete and reinforcement.  
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4.5 Solution methods 

As mentioned previously, FEM is a set of equations in every nodal point combined in a global system 

to solve for the unknown degrees of freedom (DOF) in each node. Each nodal point will have a stiffness, 

DOF, and force. The equation  

 

[𝑲]{𝒑} = {𝒇}      4-2 

 

upon which fem is built around, is composed of the stiffness matrix, [K], the set of DOF for each node, 

{p}, and the force vector {f}. One way to find a solution to this equation is to use the inverse of the 

stiffness matrix changing the equation into 

 

{𝒑} = [𝑲]−𝟏{𝒇}      4-3 

 

However, this is time inefficient as the global stiffness matrix is built by combining the element stiffness 

matrices at their adjoining nodal points. Thus, resulting in a majority of zeroes in the global matrix 

(matrices with a majority of zeroes are called sparse) for a problem bigger than just a few elements (as 

each node will only interact with neighbouring nodes).  

 

Solution methods have then been developed to take advantage of the fact that these matrices are sparse 

(most non-zero entries will lie along or near the diagonal of the matrix) and are developed to work 

around having to perform calculations for the zero entries. There are generally two different types of 

solution methods to choose from, direct or iterative solvers.  

 

The way direct solvers work can be deducted from their names, by solving the global matrix system 

directly. Iterative solvers begin by guessing/approximates the solution then solving iteratively until the 

“exact” solution is found, assuming the solution will converge in the number of iterations. Among direct 

solvers are Gaussian elimination and Cholesky decomposition (Sas, et al., 2013). Direct solvers can be 

seen as the easiest way to solve a linear system but, not always the most efficient e.g. for larger stiffness 

matrices or when the matrix is sparse. 

 

There are several iterative solvers e.g. DCG and ICCG which take full advantage of the matrix being 

symmetric, which almost always the case. The most commonly used procedure for these is the conjugate 

gradient method, which is ideally suited for sparse symmetric matrices. (Červenka, et al., 2017) 

 

In non-linear FEA, the relationship between the force- and displacement vector is not linear, and the 

displacement often depends on the previous displacements e.g. plastic material behaviour. Just as for 

the case of linear analysis, the displacement vector is the sought-after variable (from this, stresses, strains 

etc. can be derived). In linear FEM the solution can be calculated directly, whereas in non-linear it 

cannot. To determine a state of equilibrium (i.e. solution) for the internal- and external force, increments 

are added as to make the problem discrete in “time” as well. The concept behind this is to find the total 

displacement, by adding displacement in smaller increments until the equilibrium is reached (to a pre-

scribed tolerance). (Sas, et al., 2013) 

 

The difference in these incremental procedures is the way the incremental displacement vector is deter-

mined.  
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4.5.1 Newton-Raphson 

Newton-Raphson method (NR) is a method finding successively better approximations of the roots for 

a real function by increments. It starts by approximating a value (the closer to the root the better) for the 

variable, x, then approximating the function, f(x), with its function of the tangent line, f’(x), at this value. 

The new intercept will then be a better approximation of the root than the previously used value. Thus, 

implementing this iteratively n-times will most likely result in a satisfactory approximation of the root. 

𝒙𝒏+𝟏 = 𝒙𝒏 −
𝒇(𝒙𝒏)

𝒇′(𝒙𝒏)
      4-4 

 

This method has been implemented in FEA as it can used to find the incremental increase for the dis-

placement vector in non-linear FEM. The equation for non-linearity with incremental step by step anal-

ysis is 

𝑲(𝒑)∆𝒑 = 𝒒 − 𝒇(𝒑)      4-5 

 

Where q is the vector of total applied joint loads, and Δp is the deformation increment caused by the 

load increment, structural deformations prior to the loading increment are denoted by p, and the vector 

of internal joint forces by f(p). Equation 4-5 is nonlinear due to the properties of the internal forces (eq 

4-6) and to the non-linearity in the stiffness matrix (eq 4-7) 

𝒇(𝒌𝒑) ≠ 𝒌𝒇(𝒑)      4-6 

𝑲(𝒑) ≠ 𝑲(𝒑 + ∆𝒑)      4-7 

 

Where, k, is any scalar. Equation 4-5 can be rewritten as  

𝑲(𝒑𝒏−𝟏)∆𝒑𝒏 = 𝒒 − 𝒇(𝒑𝒏)     4-8 

 

And is thus solved for (as the unknowns at increment n-1 has already been solved) 

𝒑𝒏 = 𝒑𝒏−𝟏 + ∆𝒑𝒏      4-9 

 

A graphical representation of NR can be seen in Figure 4-16. 

 

 

Figure 4-16 Standard Newton-Raphson method (Červenka, et al., 2017) 
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A modified version of NR has been developed, simply called the modified Newton-Raphson method 

(mNR). The difference compared to the standard NR is when the stiffness matrix is evaluated. In mNR 

the stiffness matrix is only updated in the first iteration of the current step whereas in NR the stiffness 

is updated each iteration (Červenka, et al., 2017). This effectively means that the prediction of the in-

cremental displacement at each iteration in standard NR is based on the previous iteration where in mNR 

the incremental displacement is decided upon the stiffness matrix from the first iteration (see Figure 

4-17). 

 

 

Figure 4-17 Modified Newton-Raphson (Červenka, et al., 2017) 

 

Notice the difference in the slope of the tangent in Figure 4-16 and Figure 4-17. In the standard NR the 

tangent slope change for every iteration whereas in mNR, the slope is constant. In summary of the func-

tional difference in these methods is that mNR need more iterations per step, whereas NR needs to 

decompose the stiffness matrix at each iteration which is computationally time consuming. (Sas, et al., 

2013) 

 

The Standard NR method has a quadratic convergence characteristic meaning that it reaches equilibrium 

with only a few iterations. However, this can’t be guaranteed if the stiffness matrix is incorrect and can 

lead to divergence problems if the initial prediction is far from the solution. (Sas, et al., 2013) 

 

The mNR method can sometimes converge where standard NR can’t. Thus, it is often recommended to 

start the analysis by using NR then later e.g. near extreme points, use mNR to avoid divergence. 

(Červenka, et al., 2017) 

 

The weakness of both NR and mNR is that they perform poorly if the structure has a buckling behaviour 

(Vasios, 2015). The reason for this is that during snap-back behaviour, NR must prescribe negative 

displacement under displacement control, and if using load control during snap-through behaviour, ex-

treme points will have more than one unique solution. The difference between load- and displacement 

control is which one, force or displacement, to iteratively increase to reach a solution (equilibrium) with 

the other.  
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It should be said that displacement control in NR and mNR has a higher chance to converge during 

extreme points than force control, as it effectively can overcome the peak at which force control should 

fail and should only fail during snap-back behaviour. Thus, displacement control can be used to capture 

some post peak behaviour of a structure. 

  

 

4.5.2 Arc length 

The arc length (AL) method, also called the modified RIKS-method, is also a solving method for non-

linear analysis problems. It has become a popular method and is considered to be robust and computa-

tionally efficient and is now well established for geometrical non-linearity as well as material non-line-

arity. Part of its popularity stems from the fact that it can ensure good results in cases where NR methods 

fail. (Červenka, et al., 2017) 

 

The basis of the method is to observe the complete load-displacement relationship instead of applying a 

constant loading increment as for in NR. Thus, this method corrects both the loading as well as the 

displacement at the end of the step. The most common way to accomplish this is to establish the length 

of the loading vector and displacement changes within the step. (Červenka, et al., 2017) 

 

An additional degree of freedom needs to be introduced meaning that the problem has n degrees of 

displacement freedom and one associated with the loading level (often denoted as λ) (Červenka, et al., 

2017). The governing equation for arc length can be described as (Foster, 1992)  

𝑲(𝒑)𝒑 = 𝝀𝒇      4-10 

 

The arc length method is possibly the easiest explained by graphical representation (Figure 4-18) of an 

iteration showing how the algorithm corrects the load increment, λ, as well as the incremental displace-

ment, p. 

 

 

Figure 4-18 An arc length method iteration. λ denotes the load increment, and a is the displace-

ment. The radius of the circle is characterized by the prescribed incremental length, Δl, and the 

increment size is defined by the intersection of the equilibrium curve and the fictitious circle. 

(Vasios, 2015) 
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It should be stated that the arc length method will have two solutions for every iteration (as a circle will 

intersect a curve/function at two points). Thus, the algorithm needs to choose the “right” set of solution, 

otherwise choosing the “wrong” solution would mean moving backwards to a previously calculated 

point. According to (Vasios, 2015) there is no solution for this that works for all applications and this 

type of failure to “evolve forward” can be encountered even in popular commercial FEM programs when 

using the arc length method. 

 

 

4.5.3 Line search 

The line search concept was adopted in FEA as a means to accelerate towards a solution and can be used 

within NR, mNR, and AL. It was introduced in the AL method as a technique to avoid numerical prob-

lems due to concrete cracking as it was found that when highly non-linear material relationships are 

used (i.e. concrete), convergence might not be achieved in a suitable number of iterations unless some 

acceleration technique is used. (Foster, 1992) 

 

In ATENA the line search method has been implemented through the use of a new DOF denoted by η. 

The purpose of this variable is to accelerate (in “well-behaved” load displacement relationships) or 

dampen (in cases of oscillation near e.g. extreme points) the speed of the analysis on the load-displace-

ment relationship, and the main idea is to minimize the work of the forces that are out-of-balance in the 

displacement increment. (Červenka, et al., 2017) 
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5 Probabilistic analysis 

Different practical reliability assessment methods have been developed for decades and are governing 

in design codes today. The argument behind these methods is to take into consideration of the arbitrary 

nature of uncertain parameters in the evaluation of failure probability. The structures considered can be 

in use, under construction, as well as be in the design phase.  

 

 

5.1 Reliability methods 

Reliability methods have in Eurocode (Annex C) been categorized (Figure 5-1) in two different catego-

ries, deterministic and probabilistic (European committee for standardization, 2002). 

 

 

Figure 5-1 Overview of reliability methods (European committee for standardization, 2002) 

 

 

5.1.1 Deterministic methods 

Eurocode is primarily based on method a, deterministic methods (European committee for 

standardization, 2002) which are founded of empirical or historical methods to govern structural design. 

The method treats the problem in a global fashion and barely offers any case specific adaptations or 

special conditions. A quantification of reliability of the structure is impossible and comparisons between 

different states (e.g. material degradation) and other structures are difficult. Assessment of existing and 

degrading structures with this method is unreliable and unsatisfying. (Strauss, et al., 2009) 

 

5.1.2 First order reliability method (FORM) 

FORM uses the first term of a Taylor series to approximate the limit state function (to be described in 

chapter 5.3). The design parameters used need to have a specific mean value and standard deviation. An 

analytical solution of the probability of failure, pf, can be obtained. However, a satisfactory quantitative 

estimation of failure probabilities or structural reliability is hardly achieved by this method. (Strauss, et 

al., 2009) 
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5.1.3 Full probabilistic 

This method describes parameters completely by their full statistical characterization. An analytical so-

lution for the limit state function is mostly impossible, especially for complex problems where a solution 

only can be obtained by simulating the distribution of the input parameters. (Strauss, et al., 2009) 

 

Structural engineering deals with very small probabilities of failure and thus, good approximation of the 

“tails” of the limit state function is needed. This can be achieved by a high number of simulations or 

advanced simulation methods. This method allows for quantitative estimations of the reliability and 

failure probability of a structure and is also highly adaptable and can be a tool in assessing existing 

structures as well as developing standards. (Strauss, et al., 2009) 

 

5.1.4 Semi-probabilistic methods 

Many previous national and international specifications for structural design (i.e. design codes) based 

on a deterministic concept have been replaced by semi-probabilistic concept (Marek & Brozzetti, 2001). 

In the development of the new design methods in e.g. Eurocodes, semi-probabilistic methods have been 

used in proofing. Based on probabilistic evaluations, the design formulas and criteria will be retrofitted 

so that an acceptable level of reliability is achieved with the expression. The determined expression 

using a single parameter has to be statistically strengthened by e.g. material codes and is only applicable 

within the considered probabilistic boundaries. (Strauss, et al., 2009) 

 

 

5.2 Concept of structural reliability 

Generally, structural design implies proportioning the structure so that it fulfils criteria such as safety, 

serviceability, and durability under the action of its assumed loads, meaning that it should be design so 

that it has a higher strength (i.e. resistance) than the effect caused by the loads. A graphical representa-

tion of the probability of failure related to the load, S, and the resistance, R, can be seen in Figure 5-2 

where the terms fR(r) and fS(s) represents the probability density functions for resistance and loads, re-

spectively. The position of the curves corresponds to the mean values, μS and μR. SN and RN, represent 

the deterministic (nominal) values used in a conventional safety factor approach. The grey area where 

the curves overlap is the measure of the probability of failure. (Novák, et al., 2002) 

 

 

Figure 5-2 Schematic representation of failure probability based on probability density func-

tions (Novák, et al., 2002) 
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5.3 Limit state function 

The variable, Z, represents the safety margin (or response) and was introduced in the classical concept 

of structural reliability theory as a function of basic random variables, Xn. This yields a formulation 

𝒁 = 𝒈(𝑿) = 𝒈(𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … , 𝑿𝒏)     5-1 

 

where, g(x), in probabilistic finite element (PFEM) is the computational model (finite element model) 

which represents the relationship elements of vector X and is called the limit state. Elements of vector 

X can be geometrical, material, loads etc. uncertainties in random fields or random variables. (Novák, 

et al., 2002) The structure can be considered safe if  

𝒈(𝑿) = 𝒈(𝑿𝟏, 𝑿𝟐, 𝑿𝟑, … , 𝑿𝒏) ≥ 𝟎     5-2 

 

 

5.4 Reliability index 

In PFEM analysis, one of the problems encountered is to determine the structures safety as no set design 

rules exists to rely on. There are attempts to put together such codes e.g. (Joint Committee on Structural 

safety, 2001) and (Johansson & Westberg Wilde, 2016), but no regulations of which to follow has been 

decided on. A common way in reliability analysis for PFEM is to determine structural reliability by 

employing a reliability index β. (Cornell, 1969) advised to use the distance from where the limit state 

function is expected to lie to where the actual limit state function lies mathematically expressed by 

 

𝜷 =
𝝁𝒁

𝝈𝒛
       5-3 

 

Where μZ represents the mean value for the standard deviation of Z and σZ is the standard deviation. 

Figure 5-3 shows how a derivation of the reliability index can be used to determine the safety margin 

from the mean value of μZ to the failure region Pf. 

 

 

Figure 5-3 Safety margin of failure from the standard deviation. (Novák, et al., 2002) 
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5.5 Random variable and random fields 

Random variable (RV) and random fields (RF) are two different choices of modelling which the user 

must decide upon in PFEM.  

 

With RV, the parameter value randomized, Xn, through a (most suited) probability density function (i.e. 

probability distribution), is used as the new deterministic value for the material model (Havlásek & Pukl, 

2015). This means that if e.g. the compressive strength of concrete, fc, was randomly generated to 35 

MPa, this value is used in every finite element of the same material model in the probabilistic simulation. 

 

Using the previously example of concrete compressive strength to describe random fields. In RF, the 

material models fc will not have a constant value, instead will randomly vary in space, meaning that the 

compressive strength can differ between the finite elements of the same material model. Values in a 

random field are often spatially correlated implying that material properties of adjacent elements might 

not differ as much as elements further apart. FREET, which is ATENA’s probabilistic module, does not 

use probability density function in random fields, instead relies on the coefficient of variance (CoV) and 

correlation lengths (“rapidness” of change for material properties in each dimension) to create the fields. 

(Havlásek & Pukl, 2015) 

 

 

5.6 Latin hypercube sampling 

Latin Hypercube Sampling (LHS) is a type of Monte Carlo (MC) simulation which uses stratification 

of the probability distribution. Crude MC sampling (see Figure 5-4) generates a predefined sample, n, 

of random values ranging between 0-1, where each random value is to be transformed with the inverse 

cumulative distribution function (CDF) generating, the previously talked about, Xn. It generates each 

value completely independent of previous values.  

 

 

 

 

Figure 5-4 Standard Monte Carlo sampling where no constraint is set for the pseudo-random 

(Novák, et al., 2002) 
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The problem with the complete randomness in MC is that for few simulations (small values of n), the 

generated samples will most likely not provide an accurate description of the distribution as the com-

puted sample mean will deviate too much from the distributions mean. The aim of LHS is solve this by 

spreading the samples more evenly across the possible values by dividing the input distribution in par-

titions with the size n-1 (Figure 5-5). (Novák, et al., 2002) 

 

 

Figure 5-5 Partitioning technique of the variable domains used in Latin Hypercube Sampling 

(Novák, et al., 2002) 

 

Every interval must be used and only once during the simulation (Novák, et al., 2002). 

 

 

5.7 Correlation matrix 

FREET offers the user a possibility to include correlation between the random variables (i.e. material 

properties, geometry, load magnitude etc.). This can be favourable for the analysis as it is known that 

e.g. compressive strength of concrete is strongly linked to its young’s modulus. Thus, it could be useful 

to include a correlation between these values as a means to keep the results of the analysis within rea-

sonable bounds. 

 

In FREET, correlation is introduced through a correlation matrix, consisting of values from 0-1, prede-

fined by the user. This matrix must be symmetric and should be positive definite. 
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6 Assumptions, variables, and test setup used in stability 
evaluations 

To successfully evaluate the stability of a buttress dam as to produce results that can support the thesis’ 

aim, results must be produced for each method of analysis: analytical calculations, deterministic FEA, 

and probabilistic FEA. 

 

Buttress/pillar geometry will be based on the existing buttress numbered 49 of Kalhovd dam. 

 

Five finite element models of buttress 49 were created in ATENA.  

 

First model, based on the same assumptions made in analytical assessment and similar to recommenda-

tions from (Malm, 2016), acts as a means to compare the analytical methods with FEA.  

 

Second model introduced a more realistic geometry of the foundation, based on CAD models made from 

a point cloud of the model, as well as reinforcement in the buttress. This and its following models will 

also be subjected to thermal loads in addition to ice load, hydrostatic pressure, and self-weight. This 

model allows the comparison of considering foundation geometry versus a flat surface. 

 

The third model is identical to the second model with the only difference being it has rock bolts between 

the front plate and the foundation to see the rock bolts effect on stability. 

 

Models four and five are replicas of model three with the variation being the placement of the ice load. 

In model four, the ice load is placed at two thirds of the height stipulated in (Norges vassdrags og- 

energidirektorat, 2005). The fifth model has an ice load placement of one third of this height. The dis-

regard of the Norwegian standards for this positional change of ice load is justified by measurements of 

the reservoir water level at Kalhovd during 2015-2016 (Appendix A). Combined the with the model 

created by Norut (Appendix C), predicting ice load magnitudes based on temperatures, indicates that 

water levels are at their yearly lowest during the months when this load is fully developed. 

 

The probabilistic analysis will be made on models 3-5 and material parameters are going to be random-

ized. 

 

 

6.1 Kalhovd dam and buttress 49 

Kalhovd dam is located west of Norway’s capital Oslo. It was assessed by Norconsult in 2016 and was 

determined with analytical methods that some of the buttress sections are not stable in either of the 

failure modes when considering the sought-after ratio of resistance over loads being minimum 1,4. 

 

Blueprints for Kalhovd dam exist but, those found are not pillar specific meaning that exact geometry 

for individual buttresses cannot be determined from the drawings. However, a point cloud made from 

laser scans of the dam has been constructed by Skanska Survey and is workable in various CAD-pro-

grams which was of help when modelling the foundation geometry. This point cloud has been processed 

so that it can be imported to the program TruView to measure parts of the structure in pictures taken 

during the laser scanning, meaning that uncertain dimensions (not included in the blueprints) can more 

accurately be modelled. 

 

Blueprints state that buttresses thickness increases with 30 mm per vertical meter and the front plate 

increases with 22 mm per vertical meter. The buttresses have a centre spacing of 5 m. 
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Material parameters have been previously investigated by (Stangvik, 2017) and they were used in both 

the analytical calculations and the FE-modelling. 

 

Buttress 49 was shown in the assessment by Norconsult to be unstable in the overturning failure mode 

(safety factor was calculated to 1,22) as well as in sliding (safety factor being 1,25). The crest of Kalhovd 

dam is situated at height of 1086,9 m above sea level and buttress 49 is roughly 6 m tall from the crest 

to the upstream foundation.  

 

 

6.2 Analytical methods 

Stability/safety of pillar 49 of Kalhovd dam will firstly be analysed through analytical methods. Three 

failure modes will be regarded as to follow NVE (Norwegian water resources and energy directorate) 

guidelines. These are overturning, sliding, and overstressing. Geometry (asperities) of the foundation 

will not be accounted for as this is not usually regarded for in analytical methods. The method of calcu-

lation for sliding will be done with the shear friction method and no cohesion will be considered. 

 

Material parameters used in the calculations can be seen in Table 6-1 and they are the mean values based 

on tests made (Stangvik, 2017). 

Table 6-1 Concrete material parameters used in analytical calculations 

Variable  Properties Magnitude Units 

ρ Density 23,093 kN/m3 

φ Friction coefficient 0,73457 - 

fc Compressive strength 51,5 MPa 

ft Tensile strength 4 MPa 

 

Assumed geometry in the analytical calculations can be seen Figure 6-1. 

 

 

Figure 6-1 Assumed geometry for analytical calculations 
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6.3 Geometrical FE-models 

With regards to constructing a theoretical model of a real structure, the geometry decided upon in the 

model might not coincide with the real-world case to a complete extent. But, having used auxiliaries 

that measures in a point cloud made of the dam, the models can be to a high extent considered being 

geometrically accurate. A three-dimensional CAD-model of the buttress (excluding the front plate) 

made from the point cloud can be seen in Figure 6-2. 

 

 

Figure 6-2 CAD-model of pillar 49 made from point cloud 

 

 

Part of the foundation was modelled so that boundary conditions wouldn’t be defined directly on the 

dam, as this produces over-stiff behaviour and sliding along the interface can’t occur (Malm, 2016). An 

interface material must also be introduced, else the dam will be in rigid connection with the foundation 

and sliding will be impossible. 

 

As it was decided that only a few numbers of nodal supports were to be used, the available ones will 

have large reactions (i.e. forces). Applying these supports directly on the foundation could then cause 

stress concentrations to build up around the supports and eventually crack the foundation. The founda-

tion will then be covered by a one-meter thick linear elastic material (see Table 6-4). A load plate, made 

of the same linear elastic material, upon where the ice load was placed was implemented for the same 

reason. 

 

In the real structure, part of the front plate is embedded in the foundation. Due to not finding reliable 

information about the size or depth of this section an estimation of its size and geometry was made. 

However, early models including this as part of the front plate had convergence issues. Therefore, this 

segment neglected and modelled as part of the foundation and the interface was placed in the connection 

between this and the rest of the front plate. 
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The foundation geometry differed depending on the side of the pillar (Figure 6-3). Thus, the interface 

was averaged in the models which include the asperities. The surface was also somewhat smoothened 

as to not cause stress concentrations in small tips and edges. 

 

 

Figure 6-3 Foundation geometry difference between the faces of the buttress 
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6.3.1 Model 1 

Following subchapters contains figures of CAD-models imported in ATENA. The concrete dam struc-

ture is drawn in white. The green lines show the interface (as modelled). Foundation is shown in purple 

and was sized in accordance with (Malm, 2016). The linear elastic material covering the foundation is 

1 m thick and the load plate width is 0,5 m (Norges vassdrags og- energidirektorat, 2005). The white 

horizontal lines (spaced by one meter) in the buttress were made to account for thickness increase in the 

buttress (see 6.1). Concrete with reduced density can be seen in red (discussed later in 6.5). 

 

As a first measure, it was tested if FEA would produce similar results that coincide with results given 

by the analytical methods. Thus, a constructed (geometrical) CAD-model which used the same assump-

tions as for in the analytical calculations (smoot foundation and no rock bolts or reinforcement) was 

created in ATENA. The CAD-model imported in ATENA can be seen in Figure 6-4. 

 

 

Figure 6-4 CAD-model imported to ATENA (model 1) 
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6.3.2 Model 2 

In model two (Figure 6-5), a more realistic foundation geometry was introduced based on a CAD-model 

made from a point cloud made by Skanska Survey.  

 

 

Figure 6-5 CAD-model imported to ATENA (model 2) 

 

In Figure 6-5, a vertical line close to the toe dividing the buttress can be seen. It is situated where the 

frost wall is originally supposed to be but including the frost wall in the model as a thin rectangular 

region with a large contrast in thickness compared to the buttress lead to convergence issues in the 

analysis for preliminary tests. Thus, this line was implemented to divide the future macro-elements in 

ATENA, as a means to more accurately model thermal loads. 
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Reinforcement based on blueprints of Kalhovd dam was also included. The reinforcement bars locations 

can be seen in red in Figure 6-6. 

 

 

Figure 6-6 Reinforcement bar (red) placement in model 2 
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6.3.3 Model 3 

Model 3 uses the exact same geometry as in model 2 (6.3.2). Thus, see Figure 6-5 for geometrical model. 

However, this model includes a rock bolt (drawn in green) between the foundation and the front plate 

(see Figure 6-7). 

 

 

Figure 6-7 Reinforcement (red) and rock bolt (green) placement in model 3 
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6.3.4 Model 4 

This model had the position of the ice load lowered to two thirds of what is prescribed in (Norges 

vassdrags og- energidirektorat, 2005). Geometry can be seen in Figure 6-8. It uses the same reinforce-

ment and rock bolt placement as in model 3 (see Figure 6-7) 

 

 

Figure 6-8 CAD-model imported to ATENA (model 4) 
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6.3.5 Model 5 

The load plate for the ice load was further lowered in regard to the front plate for this model (Figure 

6-9). Same reinforcement and rock bolt placements are used (see Figure 6-7). 

 

 

 

Figure 6-9 CAD-model imported to ATENA (model 5) 
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6.4 FE material models 

Material models created were: foundation model, interface model, linear elastic material model, and a 

concrete model with reduced density to account for uplift pressure. The idea behind a second concrete 

material model with reduced density is due to it being supposed to account for uplift pressure (explained 

in chapter 6.5). 

 

Concrete uses the “non-linear cementitious 2” constitutive material model available in ATENA. This 

model uses the fracture-plastic model (chapter 4.4.3), the fracture model implements the orthotropic 

smeared crack formulation (chapter 4.4.5) and the crack band model (chapter 4.4.4). Fixed cracks were 

chosen (chapter 4.4.6). It employs the Rankine failure criterion. The hardening/softening plasticity 

model is based on the Menetréy-William failure surface (chapter 4.4.2). 

 

Quadrilateral plane elements (chapter 4.3.1) where chosen as elements. The material properties used for 

concrete is shown in Table 6-2 below. Ultimate compressive strength, modulus of elasticity, tensile 

strength, and density were based on (Stangvik, 2017). 

 

The coefficient of thermal expansion, α, is highly dependent on the aggregates (Zhou, et al., 2014). 

Because the aggregate size and type used for Kalhovd was not known and thus the coefficient of thermal 

expansion was based on recommendations in (European Committee for Standardizations, 2004). The 

ATENA default aggregate size of 0,02 m was used.  

Table 6-2 Concrete material model 

”Concrete” material model 

Variable Properties Magnitude Units 

fcu Ultimate compressive strength -51,5 MPa 

E Modulus of elasticity 24940 GPa 

ν Poisson's ratio 0,2 - 

ft Tensile strength 4 MPa 

fc Compressive strength -43,78 MPa 

Gf Fracture energy 8,31E-05 MN/m 

εd Plastic strain at strength fc -2,05E+03 - 

wd Critical compressive displacement -0,0005 m 

ρ Density 2,31E-02 MN/m3 

α Coefficient of thermal expansion 1,0E-05 1/K 
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The foundation material model was also created with “non-linear cementitious 2”. The ultimate strength, 

modulus of elasticity, and tensile strength used is based on (Stangvik, 2017). The density was set to zero 

as it would not influence the dam’s stability. Quadrilateral elements where chosen as elements. Table 

6-3 containing the material properties is seen below. 

Table 6-3 Foundation material model 

“Foundation” material model 

Variable Properties Magnitude Units 

fcu Ultimate compressive strength -108,375 MPa 

E Modulus of elasticity 46,54 GPa 

ν Poisson's ratio 0,2 - 

ft Tensile strength 10,4 MPa 

fc Compressive strength -92,14 MPa 

Gf Fracture energy 1,36E-04 MN/m 

εd Plastic strain at strength fc 2,05E-03 - 

wd Critical compressive displacement -0,00005 m 

ρ Density 0 MN/m3 

 

To create the linear elastic material, a material model called “Plane strain elastic isotropic” was used 

(Table 6-4). Density was for this material model was also set as zero. Quadrilateral plane elements were 

used as elements for material model. 

Table 6-4 Linear elastic material model 

”Linear elastic material” material model 

Variable Properties Magnitude Units 

E Modulus of elasticity 200 GPa 

ν Poisson's ratio 0,3 - 

ρ Density 0 MN/m^3 

 

The interface was created with the “2D interface” model (Table 6-5). It uses an interface element model 

(chapter 4.3.3) and the stiffness’s were taken from (Sas, et al., 2013) and friction coefficient from 

(Stangvik, 2017). As no cohesion or tensile strength is considered in the analytical calculations, these 

values will be kept as low as possible (within reasonable bounds) due to recommendations in (Červenka, 

et al., 2017) stating that these should have a non-zero value. 

Table 6-5 Interface material model 

”Interface” material model 

Variable Properties Magnitude Units 

Knn Normal stiffnes 2,00E+06 MN/m3 

Ktt Tangential stiffnes 9,31E+06 MN/m3 

ft Tensile strength 1,00E-03 MPa 

C Cohesion 1,00E-03 MPa 

φ Friction coefficient 0,818 - 

Knn
min Minimal normal stiffnes 2,00E+04 MN/m3 

Ktt
min Minimal tangential stiffnes 9,31E+03 MN/m3 
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This concrete model (Table 6-6) is the same as the previous model (Table 6-2) with the only difference 

being the density. 

Table 6-6 Deterministic material parameters for the concrete with reduced density to account 

for uplift pressure 

“Concrete (accounting for uplift)” material model 

Variable Properties Magnitude Units 

fcu Ultimate compressive strength -51,5 MPa 

E Modulus of elasticity 24940 GPa 

ν Poisson's ratio 0,2 - 

ft Tensile strength 4 MPa 

fc Compressive strength -43,78 MPa 

Gf Fracture energy 8,31E-05 MN/m 

εd Plastic strain at strength fc -2,05E+03 - 

wd Critical compressive displacement -0,0005 m 

ρ Density 1,30E-02 MN/m3 

α Coefficient of thermal expansion 1,0E-05 1/K 

 

The reinforcement is discrete and uses the truss element model (chapter 4.3.2). The yield stress of the 

reinforcement conforms to (Norges vassdrags og- energidirektorat, 2005). Reinforcement bars were 

chosen to not be active in compression. 

Table 6-7 Reinforcement material parameters 

Reinforcement 

Variable Properties Magnitude Units 

σy Yield limit 180 MPa 

E Modulus of elasticity 200 GPa 
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6.5 FE load cases and load steps 

The loads used will be of the same magnitude as for in the analytical method (meaning design loads 

according to NVE). The different types of loads that act on the structure are divided into load cases 

(LC’s). 

 

For supports, nodal supports where chosen. The reasoning behind this is that results (supports reactions) 

are needed to be extracted from them to create the load displacement diagrams. The supports are referred 

to as LC 1. 

 

Self-weight was introduced as LC 2 with a load type called “body force” in ATENA. 

 

Hydrostatic pressure on the dam caused by the upstream reservoir water is modelled as a quadrilateral 

force, starting at the bottom of the load plate and increasing in magnitude (perpendicular to the front 

plate) downwards as it reaches the foundation.  

 

In ATENA, a force can’t be applied between two adjoining elements. Thus, another way of implement-

ing the load from uplift (acting where the front plate meets the foundation) was needed. In (Sas, et al., 

2013) and (Eltervaag, 2013) the uplift force was modelled by reducing the concrete density in parts of 

the front plate. Just reducing the density of the concrete will not fully account for uplift. Therefore, the 

vertical force (component) from the hydrostatic pressure (from the upstream water) was removed where 

the uplift force is reacting. The residual force from the uplift force (as the upstream vertical component 

wasn’t sufficient) was taken from the concrete density (see Table 6-6) in the front plate where the force 

is acting. Thus, the uplift pressure and hydrostatic pressure from the reservoir is in the same load case, 

namely LC 3. A calculation of this can be seen in Appendix B. 

 

Ice load is modelled as a point load on the middle of the load plates in each of the models. The design 

ice load stated in NVE (500 kN in this case) was given LC 4. 

 

Thermal load (introduced in models 2-5) was based of interpolated daily temperatures in Kalhovd dam 

made by Norut. Thermal load is modelled as individual macro-elements temperature change. The largest 

temperature change (of -15 K) in elements were modelled where there is no protection from shifting 

temperature. An intermediate temperature change was decided in macro-elements inside the dam and in 

the foundation. The lowest change was in the front plate below where the ice load is situated. Thermal 

load was given LC 5. 

 

Models 2-5 were to be tested until either loss of function or structural failure was reached. Predictions 

of ice load magnitude at Kalhovd dam during 2017-2018 have been made by Norut based on a model 

evaluated in (Petrich, et al., 2015). It was predicted that the magnitude might reach upwards of 200 

kN/m (Appendix C). The minimum required ice load to account for according to NVE guidelines is half 

of this value. This discrepancy gives rationale to apply the ice load until failure as this can be seen as a 

random parameter. In LC 6, ice load was reintroduced as prescribed displacement as to run the analysis 

in displacement control due to its advantage to capture peak and post-peak behaviour (chapter 4.5.1). 

 

Load steps used in the analysis of each model will be shown in tables in following subchapters. Due to 

the supports being modelled as a load case, LC 1 has to be included in every step. The step multiplier 

can be seen as the ratio of the modelled load added each step.  
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6.5.1 Model 1 

This model implements load cases 1-4. Support placement is shown in Figure 6-10. The supports restrain 

the foundation to move in the vertical and horizontal directions. 

 

 

Figure 6-10 Placement of the supports for model 1 (LC1) 

 

The combined load case for the hydrostatic pressure and uplift force can be seen in Figure 3-1. 

 

 

Figure 6-11 Modelled hydrostatic water pressure [MN/m] for model 1 (LC 3) 
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Placement of ice load and its magnitude is shown in Figure 6-12. 

 

 

Figure 6-12 Ice load magnitude [MN] and placement for model 1 (LC 4) 

 

The load step order for analysis of model 1 can be seen in Table 6-8.  

Table 6-8 Load steps for the FE-model based on analytical assumptions 

Step number  LC’s Step multiplier 

1-5 1 & 2 0,2 

6-10 1 & 3 0,2 

11-30 1 & 4 0,05 
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6.5.2 Model 2 and 3 

Model 2 and 3 are being subjected to the exact same loads (the only difference is that rock bolts are 

included in model 3). Load cases used for these models are LC 1-6. Support placement (LC 1), hydro-

static pressure (LC 3), and the ice load (LC 4) placement and magnitude is the same as for model 1 (see 

Figure 6-10, Figure 6-11, and Figure 6-12 ). 

 

The thermal load introduced in these models can be seen in Figure 6-13. 

 

 

Figure 6-13 Individual macro-element temperature change [K] for models 2 and 3 (LC5) 
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The ice load being reintroduced as prescribed displacement is shown in Figure 6-14. 

 

 

Figure 6-14 Ice load modelled as prescribed displacement [m] for model 2 and 3 (LC 6) 

 

The steps of this analysis and in which order they are applied can be seen in Table 6-9. During the 

analysis it will sometimes reach convergence issues related to its load step length. Decreasing the mag-

nitude of the step can help the solver converge again. Therefore, the step lengths shown in the table 

below might be different for each individual probabilistic simulation. The magnitude of each load was 

however identical for every simulation. It should be mentioned that the only steps 1-15 are design load 

in accordance with NVE guidelines as the rest of the load steps are applied to test the stability of the 

structure in its ultimate limit state. 

Table 6-9 Load step order and magnitude for model 2 and 3 

Step number  Load cases Step length 

1-5 1 & 2 0,2 

6-10 1 & 3 0,2 

11-15 1 & 4 0,2 

16-20 1 & 5 0,2 

21-80 1 & 6 0,2 
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6.5.3 Model 4 

Load cases used for this model are LC 1-6. Support placement (LC 1) is the same as for model 1 (see 

Figure 6-10). Combined hydrostatic pressure and uplift (LC 3) for model 4 is shown in Figure 6-15. 

 

 

Figure 6-15 Modelled hydrostatic water pressure [MN/m] for model 4 (LC 3) 

 

Ice load placement can be seen in Figure 6-16. 

 

 

Figure 6-16 Ice load magnitude [MN] and placement for model 4 (LC 4) 
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The modelling of thermal load is displayed in Figure 6-17. 

 

 

Figure 6-17 Individual macro-element temperature change [K] for model 4 (LC5) 

 

The prescribed displacement in LC 6 is applied in the same node as for LC 4 (see Figure 6-16). Load 

steps in the analysis of model 4 are shown in Table 6-10. 

Table 6-10 Load steps for model 4 

Step number  Load cases Step length 

1-5 1 & 2 0,2 

6-10 1 & 3 0,2 

11-15 1 & 4 0,2 

16-20 1 & 5 0,2 

21-120 1 & 6 0,05 
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6.5.4 Model 5 

Support placement (LC 1) is the same as for model 1 (see Figure 6-10). Load case 3 for model 5 is 

displayed in Figure 6-18. 

 

 

Figure 6-18 Modelled hydrostatic water pressure [MN/m] for model 5 (LC 3) 

 

Placement of ice load in load case 4 can observed in Figure 6-19 

 

 

Figure 6-19 Ice load magnitude [MN] and placement for model 5 (LC 4) 
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Figure 6-20 shows thermal load for model 5. 

 

 

 

Figure 6-20 Individual macro-element temperature change [K] for model 5 (LC5) 

 

LC 6 is applied in the same node as for LC 4 (see Figure 6-19). Load step order and multipliers are the 

same as for model 4 (see Table 6-10). 
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6.6 FE meshes 

 

6.6.1 Model 1 

The element size in the macro elements adjoined at the interface has a higher density of elements than 

the rest of the structure. This is because of the mesh’s influence on the interface leading to more accurate 

results with a finer mesh. Preliminary tests showed that the concrete easily withstood the load it was to 

be subjected to. Thus, refined mesh was only needed close to the interface. The foundation has a rela-

tively course mesh as it is not of particular interest. 

 

 

Figure 6-21 Mesh for model 1 
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6.6.2 Models 2-5 

A mesh sensitivity analysis on model 3 was made with the purpose to save computational time for the 

multiple models planned to be run in the probabilistic analysis. Six different meshes where tested. They 

were evaluated based on the displacement and horizontal reactions at the step where the analyses reached 

divergence. From what seen in Table 6-11 mesh 4 proved that it could run the longest without diverging 

but, it was also the analysis which took by far the longest time (not taking into account the extra load 

steps it had to calculate for). The mesh that was chosen was mesh 5 as it had the second most rapid 

analysis time and its results were considered within reasonable margins of mesh 4. 

Table 6-11 Variance in horizontal displacement and horizontal reactions for tested meshes 

Mesh Number of nodes 

Number of el-

ements 

Variance in total hori-

zontal reactions from 

best performing mesh 

Variance in horizontal 

displacement from best 

performing mesh 

1 9149 6895 3,41% 4,54% 

2 13968 11390 5,09% 6,42% 

3 20340 16908 1,68% 1,77% 

4 19490 16044 0,00% 0,00% 

5 14509 11764 3,40% 3,71% 

6 16768 13700 3,39% 3,71% 

 

A figure of mesh 5 can be seen in Figure 6-22.  

 

 

Figure 6-22 Mesh 5 used in the analyses of models 2-5 

 

The same mesh size is used in models 4 and 5 regardless of the change in the macro elements in the 

front plate.  
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6.7 Solvers 

The solution method used for every FE-analysis was the Newton-Raphson method (chapter 4.5.1). Early 

on in models 2-5, standard NR was used and in cases of divergence of the solver, the modified NR was 

implemented as it is better suited to find a solution. Solver break criteria chosen in the analyses of FE-

models 1-5 can be seen in Table 6-12.  

Table 6-12 Analysis break criteria 

  Break immediately  Break after step 

Displacement error multiple 10000 10 

Residual error multiple 10000 10 

Absolute residual multiple 10000 10 

Energy error multiple  1000000 100 

 

 

6.7.1 Model 1 

For model 1, Newton-Raphson was implemented with 40 iterations. It used line search (chapter 4.5.3) 

and the stiffness matrix is updated each iteration. 

 

6.7.2 Models 2-5 

Standard Newton-Raphson used 80 iterations and line search with iterations. The modified Newton-

Raphson (100 iterations as well as line search with iterations) was used in cases of convergence issues 

that could not be solved by changing the step magnitude. 
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6.8 Monitoring points 

All nine supports in each model had a monitoring point to measure its reaction. The models also had a 

monitoring point at the furthest right edge of the front plate to measure horizontal displacement, with 

which to create load displacement diagrams. They also had a monitoring point at their respective load 

plate to measure external force (ice load) in model 1, and displacement in models 2-5 of the joint to get 

a sense of the amount of prescribed displacement. The monitoring points in model 1 can be seen in Table 

6-13. 

Table 6-13 Monitoring points for model 1 

Monitor number  Monitor name Monitor type Measured direction 

1 H1 Support reaction Component 1 (Horizontal) 

2 H2 Support reaction Component 1 (Horizontal) 

3 H3 Support reaction Component 1 (Horizontal) 

4 H4 Support reaction Component 1 (Horizontal) 

5 H5 Support reaction Component 1 (Horizontal) 

6 H6 Support reaction Component 1 (Horizontal) 

7 V1 Support reaction Component 2 (Vertical) 

8 V2 Support reaction Component 2 (Vertical) 

9 V3 Support reaction Component 2 (Vertical) 

10 Displacement Displacement Component 1 (Horizontal) 

11 Ice load External force Component 1 (Horizontal) 

 

Their locations in model 1 can be seen in Figure 6-23. 

 

 

Figure 6-23 Monitoring point locations in model 1 

 

The monitoring point types and placement for the remaining models are the same as in Figure 6-23 and 

Table 6-13 except for monitoring 11 which measures displacement at each model’s load plate.  
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6.9 Probabilistic analysis of models 3-5 

The probabilistic analysis is done in ATENA where the randomization is done in its probabilistic mod-

ule, FREET. This module offers the user the possibility to use random fields or random variable (chapter 

5.5). Various probability distribution functions (PDF’s) can be utilized e.g. lognormal, normal, Weibull 

etc. The user can also choose which material parameters to vary. 

 

The randomization process works by importing a model from ATENA into FREET. The (default) mean 

value of each variable (chosen to be randomized) will be the deterministic value used in model imported 

from ATENA. The user can then set PDF’s (only for random variable type of analysis) for each variable 

and either prescribes a standard deviation or a COV (the standard deviation divided by the mean value). 

Statistical correlation can then be imposed in the correlation matrix (chapter 5.7). Sampling type (chap-

ter 5.6) and the number of simulations (models with randomized variables) to be created is then decided. 

 

FREET can also be used to post-process the analysis of the simulations as it can show a sensitivity 

analysis of each variables effect on the measured values in the monitoring points as well as reliability 

analysis of each monitoring point based on Cornell’s beta (chapter 5.4). 

 

Models 3-5 are the models which were used in the probabilistic analysis, meaning that models with 

different ice load height were tested. All three of them used the same deterministic (mean) material 

values for their parameters (see chapter 6.4). There were 16 simulations (i.e. models) created with ran-

domized material parameters from each model (resulting in 48 randomized samples created). 

 

The load types, order of load steps, mesh, solver, monitoring points etc. remain the same for each model 

as described in their respective chapters. 

 

6.9.1 Parameters randomized 

It was decided that random variable would be used as one can argue that it gives a wider range of results 

when compared to random fields due to the random variable (material parameter in this case) being set 

for every nodal point. Concrete material properties and yield stress of the reinforcement was randomized 

and their distributions and COV’s can be seen in Table 6-14. 

Table 6-14 Randomized parameters with the probability distribution functions, mean values, 

and coefficients of variance 

Variable Properties Units Distribution Mean CoV 

E Modulus of elasticity MPa Lognormal 24940 0,15 

ft Tensile strength MPa Weibull 4 0,18 

fc Compressive strength MPa Lognormal -43,78 0,1 

Gf Fracture energy MN/m Weibull 8,31E-05 0,2 

σy Yield stress of reinforcement MPa Lognormal 180 0,05 

 

 

The compressive strength of concrete is assumed to have a lognormal distribution as recommended by 

(Johansson & Westberg Wilde, 2016) and studies by (Silvestri, et al., 2008) to support this claim. Since 

the relationship between the compressive strength of concrete and its modulus of elasticity is highly 

correlated (Noguchi & Nemati, 2007) this PDF was assumed for the modulus of elasticity as well. 

 

It was recommended by Radomír Pukl of Červenka consulting that a Weibull probability distribution 

function should be used for tensile properties of concrete. Consequently, this PDF was used for the 

tensile strength as well as the fracture energy. 
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A lognormal distribution function was chosen for the yield stress of the reinforcement. 

 

The COVs were based on (Joint Committee on Structural safety, 2001), (Strauss, et al., 2009), and 

(Havlásek & Pukl, 2017). 

 

6.9.2 Material property correlation 

The correlation matrix used can be seen in Table 6-15 below. As concrete compression strength is de-

fined as a negative value, the correlation factor must be negative as well. Otherwise a negative correla-

tion will be imposed, meaning in this case that a larger value for compressive strength will correlate to 

a lower value for the modulus of elasticity. 

Table 6-15 Correlation matrix used 

 E ft fc Gf 

E 1 0.6 -0.9 0.5 

ft 0.6 1 -0.6 0.9 

fc -0.9 -0.6 1 -0.6 

Gf 0.5 0.9 -0.6 1 

 

Correlation matrix was set up in accordance with (Havlásek & Pukl, 2015). 

 

6.9.3 Sampling type and number of simulations 

The decided sampling technique was random Latin Hypercube Sampling (chapter 5.6). Due to time 

constraints the sample size was set to 16 simulations per model.  
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7 Results 

7.1 Analytical methods 

The analytical calculations can be seen in Appendix D. The calculated normal stresses in the heel and 

toe from the analytical calculations can be seen in table Table 7-1 below. 

Table 7-1 Vertical normal stresses in heel and toe from analytical methods  

Overstressing 

Location Magnitude Unit 

Heel 96,4 KPa 

Toe -291,3 KPa 

 

The ratio for overturning is shown in equation 7-1. 

 

𝑺𝑭 =
𝑴𝑺

𝑴𝑫
= 𝟏, 𝟐𝟗𝟗      7-1 

 

The safety factor for sliding is shown in equation 7-2. 

 

𝑺𝑭 =
𝑪∗𝑨+∑𝑽∗𝒕𝒂𝒏𝜽

∑𝑯
= 𝟎, 𝟕𝟓𝟒     7-2 

 

It should be reminded that no cohesion was considered in the shear friction method. 

 

It can be seen in Appendix D that the structure reaches sliding failure at about 250 kN added ice load 

(out of the 500 kN that is the design load in this case). 
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7.2 Deterministic numerical analysis 

 

7.2.1 Model 1 

In this chapter are the results of the FE-model described in chapter 6.3.1. Figure 7-1 shows the horizontal 

displacement measured by the monitoring point “Displacement” plotted against the sum of the horizon-

tal reactions from monitoring points H1-H6.  

 

 

Figure 7-1 Displacement [m] of monitoring point ”Displacement” versus the sum of horizontal 

reactions [MN] for supports H1-H6. 
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The stresses in the vertical direction for the finished analysis can be seen in Figure 7-2.  

 

 

Figure 7-2 Normal vertical stresses [MPa] at last load step 

 

 

 

The horizontal and vertical displacement for the whole structure at the last load step (design load ap-

plied) can be seen in Figure 7-3. 

    

 

Figure 7-3 Displacement [m] at last step: Horizontal direction (left), vertical direction (right) 

 

The interface displacement in the vertical direction after applying the design load is seen in Figure 7-4. 

Interface horizontal displacement in the step before (step 10) and after (step 30) ice load is applied can 

be seen in Figure 7-6 and Figure 7-6. 
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Figure 7-4 Interface vertical displacement [m] after design load is applied 

 

 

 

 

 

Figure 7-5 Interface horizontal displacement [m] step before ice load is applied 

 

 

 

Figure 7-6 Interface horizontal displacement [m] after design load is applied 
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The shear stresses of the interface at the step before the ice load is introduced are seen in Figure 7-7 and 

at the last load step in Figure 7-8. 

 

 

Figure 7-7 Interface shear stress [MPa] in the step before ice load is applied 

 

 

 

 

Figure 7-8 Interface shear stress [MPa] after ice load has been applied 
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7.2.2 Model 2 

This chapter contains the results from the model created in chapter 6.3.2. The analysis was stopped at 

an applied displacement of 1,0 cm. The horizontal design load according to NVE is almost 1,2 MN. A 

load displacement diagram is shown in Figure 7-9.  

 

 

Figure 7-9 Displacement [m] of monitoring point "displacement" plotted against the horizon-

tal reactions [MN] of supports H1-H6 for model 2 

 

 

Figure 7-10 shows interface shear stress after the design load has been applied.  

 

 

Figure 7-10 Interface shear stress [MPa] at design load 
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Displacement in the vertical and horizontal directions resembling overturning of the structure at the 

design load is seen in Figure 7-11. 

 

 

Figure 7-11 Displacement [m] after applying design load: Horizontal direction (left), vertical 

direction (right) 

 

Vertical displacement at last load step is shown in Figure 7-12. 

 

 

Figure 7-12 Vertical displacement at final load step [m] 
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Principal minimum strains and stresses for the last calculated load step is seen in Figure 7-13. 

 

 

Figure 7-13 Principal minimum strains [-] at final load step (left). Principal (minimum) 

stresses [MPa] at last load step (right) 

 

 

The individual element displacement vectors (indicating overturning behaviour) at the final load step 

are seen in Figure 7-14. 

 

 

Figure 7-14 Individual element displacement vectors directions at final load step 
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7.2.3 Model 3 

This chapter contains the results from the model created in chapter 6.3.3. The analysis was stopped at 

an applied displacement of 1,0 cm. The horizontal design load according to NVE is almost 1,2 MN. The 

model’s displacement diagram is shown in Figure 7-15  

 

 

Figure 7-15 Displacement [m] of monitoring point "displacement" plotted against the horizon-

tal reactions [MN] of supports H1-H6 for model 3 

 

Figure 7-16 show the shear stress of the interface at the design load. 

 

 

Figure 7-16 Interface shear stress [MPa] at design load (model 3) 
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Horizontal and vertical displacement for the structure after applying the design load is shown in Figure 

7-17. 

 

 

Figure 7-17 Displacement [m] for step at design load applied for model 3: Horizontal direction 

(left), vertical direction (right) 

 

Vertical displacement at last load step can be seen in Figure 7-18. 

 

 

Figure 7-18 Vertical displacement [m] at the final load step for model 3 
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Principal strains and stresses at last load step are shown in Figure 7-19. 

 

 

Figure 7-19 Principal minimum strains [-] at final load step (left). Principal (minimum) 

stresses [MPa] at last load step (right) 

 

Cracks and (exaggerated) displacement of the structure at last load step are seen in Figure 7-20. 

 

 

Figure 7-20 Cracks in structure at final load step 
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7.2.4 Model 4 

This chapter contains the results from the model created in chapter 6.3.4. The analysis was stopped at 

an applied displacement of 0,5 cm. There is no design load for this case as NVE states that the water 

level should be almost at the crest. But, considering the hydrostatic water pressure and the conventional 

ice load of 100 kN/m, the required resisted load would be ca 0,8 MN. Load-displacement diagram for 

model 4 can be seen in Figure 7-21. 

 

 

Figure 7-21 Displacement [m] of monitoring point "displacement" plotted against the horizon-

tal reactions [MN] of supports H1-H6 for model 4 
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Both horizontal and vertical displacement after applying the design load for model 4 can be seen in 

Figure 7-22. 

 

 

Figure 7-22 Displacement [m] at design load for model 4: Horizontal direction (left), vertical 

direction (right) 

 

Principal strains at the last load step are pictured in Figure 7-23. 

 

 

Figure 7-23 Principal strains at last load step for model 4: Maximum (left). Minimum (right) 
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Figure 7-24 depicts the displacements at the final load step for model 4. 

 

 

Figure 7-24 Displacement [m] at last load step for model 4: Horizontal direction (left), vertical 

direction (right) 

 

Cracks in model 4 can be studied in Figure 7-25. 

 

 

Figure 7-25 Cracks at final load step for model 4 
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7.2.5 Model 5 

This chapter contains the results from the model created in chapter 6.3.5. The analysis was stopped at 

an applied displacement of 0,5 cm. As previously explained in chapter 7.2.4, there is no design load at 

this water level. However, the required load resisted at this water stage would be roughly 0,55 MN.  

Figure 7-26 graphically show the load displacement curve for model 5. 

 

 

Figure 7-26 Displacement [m] of monitoring point "displacement" plotted against the horizon-

tal reactions [MN] of supports H1-H6 for model 5 

 

Horizontal and vertical displacement at design load can be seen in Figure 7-27. 

 

 

Figure 7-27 Displacement [m] at design load for model 5: Horizontal direction (left), vertical 

direction (right) 
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The principal maximum strains for the last load step is shown in Figure 7-28. 

 

 

Figure 7-28 Principal strains [-] at last load step for model 5:  

 

 

Displacement at the last load step is displayed in Figure 7-29. 

 

 

Figure 7-29 Displacement [m] at last load step for model 5: Horizontal direction (left), vertical 

direction (right) 
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Cracking of the buttress section at the last load step is presented in Figure 7-30. 

 

 

Figure 7-30 Cracks at final load step for model 5 
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7.2.6 Combined load-displacement diagrams for deterministic models 

The combined load-displacement diagram for the deterministic FE-models is can be visually interpreted 

in Figure 7-31. 

 

 

Figure 7-31 Combined load displacement diagrams for deterministic models 
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7.3 Probabilistic analysis 

The probabilistic analysis was only done for the models 3-5 which includes the more realistic geometry 

of the foundation as well as rock bolts and reinforcement. Thermal load is also being applied. The pre-

defined varying factor of these models is the height placement of the ice load on the front plate.  

 

7.3.1 Model 3 

Correlations between material variables given from the simulated annealing are shown in orange in 

Table 7-2 and the prescribed correlation in green. 

Table 7-2 Correlation given through simulation with LHS random for model 3 

  E ft fc Gf 

E 1 0,6 -0,9 0,5 

ft 0,60046 1 -0,6 0,9 

fc -0,89806 -0,60937 1 -0,6 

Gf 0,49862 0,89649 -0,60382 1 

 

The resulting 16 parameters through the randomization are shown in Table 7-3. Values below the deter-

ministic value (mean) are shown in orange, and values above in green. 

Table 7-3 Material parameter values given through randomization for probabilistic analysis of 

model 3 

Simulation E [MPa] ft [MPa] fc [MPa] Gf [MN/m3] σy [MPa] 

1 19191 2,3974 -38,032 5,14E-05 176,23 

2 20131 3,5832 -34,007 7,36E-05 189,57 

3 21259 3,4938 -42,636 7,57E-05 201,77 

4 21776 4,4127 -39,888 8,34E-05 167,68 

5 22699 3,2201 -39,767 6,74E-05 181,99 

6 23351 4,6669 -43,989 9,73E-05 177,92 

7 23794 3,8601 -44,652 8,94E-05 171,56 

8 24289 3,9888 -40,859 7,81E-05 186,1 

9 25183 4,1154 -43,166 8,11E-05 174,57 

10 25579 2,9481 -41,638 6,30E-05 173,62 

11 26322 5,0447 -45,77 1,11E-04 184,21 

12 26560 3,7658 -45,182 8,66E-05 181,15 

13 27757 4,1914 -48,112 9,21E-05 164,78 

14 29015 5,4716 -47,343 1,08E-04 179,64 

15 30809 4,6035 -51,409 1,02E-04 192,8 

16 31456 4,3588 -49,461 7,01E-05 184,37 

Deterministic 24940 4 -43,78 8,31E-05 180 

 

 

A combined diagram for the load displacement for every simulation is presented in Figure 7-32. 
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Figure 7-32 Load-displacement diagram of probabilistic simulations of model 3 
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Horizontal displacement monitor sensitivity (measured variable correlation to random parameter value) 

to each material parameter randomized can be seen in Table 7-4. 

 

Table 7-4 Sensitivity of horizontal displacement monitor in regard to individual parameters 

randomized 

Variable Properties Sensitivity (positive) Sensitivity (negative) 

fc Compressive strength 0,64118 - 

Gf Fracture energy - -0,64118 

E Modulus of elasticity - -0,59412 

ft Tensile strength - -0,55588 

σy Yield stress of reinforcement - -0,50882 
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7.3.2 Model 4 

Ultimate correlations between individual parameters are shown in orange in Table 7-2 and the prescribed 

correlation in green. 

Table 7-5 Correlation given through simulation with LHS random for model 4 

  E ft fc Gf 

E 1 0.6 -0.9 0.5 

ft 0.60586 1 -0.6 0.9 

fc -0.901 -0.60171 1 -0.6 

Gf 0.50065 0.90547 -0.60536 1 

 

Resulting parameters from the randomization of model 4 are shown in Table 7-6. Values below the 

deterministic value (mean) are shown in orange, and values above in green. 

Table 7-6 Material parameter values given through randomization for probabilistic analysis of 

model 4 

Simulation E [MPa] Ft [MPa] Fc [MPa] Gf [MN/m3] σy [MPa] 

1 17470 2,374 -36,508 5,57E-05 176,72 

2 20278 3,827 -40,584 7,26E-05 194,9 

3 21002 4,5967 -41,162 9,75E-05 163,82 

4 22192 3,9367 -37,831 7,72E-05 189,82 

5 22431 3,4178 -42,434 8,38E-05 169,18 

6 23312 4,0309 -43,313 8,98E-05 182,99 

7 23977 3,2127 -38,906 5,91E-05 177,88 

8 24276 4,4555 -41,537 8,61E-05 171,93 

9 25041 3,6714 -44,732 7,91E-05 185,21 

10 25373 3,1106 -46,351 6,86E-05 181,34 

11 26327 4,3162 -43,836 8,08E-05 179,35 

12 26683 4,8212 -48,8 1,07E-04 187,76 

13 28028 4,1691 -45,683 9,25E-05 190,79 

14 29081 3,6262 -47,579 6,58E-05 172,11 

15 30243 5,1389 -48,972 1,09E-04 179,93 

16 32661 4,9424 -52,761 9,90E-05 175,38 

Deterministic 24940 4 -43,78 8,31E-05 180 

 

 

Load-displacement diagrams for every simulation are given in Figure 7-33. 
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Figure 7-33 Load-displacement diagram of probabilistic simulations of model 4 
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Sensitivity of horizontal displacement monitor with respect to randomized parameters is given in Table 

7-7. 

Table 7-7 Sensitivity of horizontal displacement monitor regarding individual parameters ran-

domized 

Variable Properties Sensitivity (positive) Sensitivity (negative) 

Gf Fracture energy - -0,38529 

σy Yield stress of reinforcement - -0,32647 

ft Tensile strength - -0,27059 

E Modulus of elasticity 0,14412 - 

fc Compressive strength 0,076471 - 
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7.3.3 Model 5 

Final correlations between parameters form model 5 are shown in orange in Table 7-8 and the sought-

after correlation in green. 

Table 7-8 Correlation given through simulation with LHS random for model 5 

  E ft fc Gf 

E 1 0.6 -0.9 0.5 

ft 0.61067 1 -0.6 0.9 

fc -0.89879 -0.59718 1 -0.6 

Gf 0.4971 0.89796 -0.59605 1 

  

Given material values for their associated simulation can be viewed in Table 7-9. Values below the 

deterministic value (mean) are shown in orange, and values above in green. 

Table 7-9 Material parameter values given through randomization for probabilistic analysis of 

model 5 

Simulation E [MPa] Ft [MPa] Fc [MPa] Gf [MN/m3] σy [MPa] 

1 18959 2,9794 -34,87 5,86E-05 170,21 

2 20009 3,2329 -39,213 7,27E-05 179,86 

3 21154 4,498 -41,704 9,53E-05 167,25 

4 21941 4,306 -38,43 7,85E-05 194,62 

5 22563 3,7687 -42,611 9,30E-05 173,92 

6 23426 3,5122 -40,778 6,89E-05 182,43 

7 24052 4,0659 -39,966 8,17E-05 186,41 

8 24115 4,5884 -45,396 1,07E-04 183,49 

9 25157 4,1648 -46,813 8,40E-05 191,85 

10 25420 2,7334 -42,979 5,43E-05 177,97 

11 26036 3,9584 -43,674 9,12E-05 185,57 

12 27109 3,7626 -49,699 7,71E-05 176,55 

13 27600 3,3769 -45,911 6,72E-05 179,59 

14 28252 4,8914 -44,266 8,78E-05 164,29 

15 29868 4,7627 -48,066 9,90E-05 190,28 

16 34854 5,6348 -55,055 1,16E-04 173,69 

Deterministic 24940 4 -43,78 8,31E-05 180 

 

 

A combined diagram for the load displacement for every simulation is presented in Figure 7-34.
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Figure 7-34 Load-displacement diagram of probabilistic simulations of model 5 
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Sensitivity of horizontal displacement monitors for individual randomized parameter values are given 

in Table 7-10 

Table 7-10 Sensitivity of horizontal displacement monitor for model 5 regarding individual pa-

rameters randomized 

Variable Properties Sensitivity (positive) Sensitivity (negative) 

fc Compressive strength - 0,67941 

E Modulus of elasticity 0,67353 - 

ft Tensile strength 0,40588 - 

Gf Fracture energy 0,31471 - 

σy Yield stress of reinforcement - 0,22353 
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8 Analysis and discussion 

8.1 Comparison between the analytical calculations and model 1 

The difficulty when comparing FEM with analytical models is that in analytical calculations there is a 

defined limit where the structure can be considered stable. Whereas in FEA, it is up to the user’s judge-

ment to define the safety/stability of the structure based on the results. It can also be difficult to pinpoint 

the time of failure during the FEA (if failure is considered to have been reached). 

 

When analysing the results of the normal stresses (in vertical direction) in Figure 7-2, the buttress dam 

shows no signs of failing through material failure (overstressing in the heel and toe). As previously 

explained in chapter 3.2, cracking will occur when the principal stresses reach the compressive or tensile 

strength of the concrete. The value for the tensile strength was set to 4 MPa and the compressive strength 

ca -44 MPa, principal stresses in the heel and toe were only 9,17 KPa and -4.44 MPa, respectively. 

 

Looking at the displacement in the vertical direction, the dam exhibited somewhat of a tipping/overturn-

ing behaviour. The vertical displacement in the heel is although negligible as the maximum translations 

were only 0,021 mm as seen in Figure 7-3. But, since the dam was also sliding in the horizontal direction 

(downwards along the slope of the foundation), the vertical displacement in the toe should be added. 

This brings an effective displacement in the heel of 0,34 mm.  

 

Comparing the stresses in the interface in Figure 7-7 and Figure 7-8, it is clear that by the end of applying 

the design load, only a small portion of the interface actually experience shear stresses. This is linked to 

the previously discussed vertical displacement causing a small gap between the dam and the foundation 

because of the rigidity of the structure. As there is no contact between the opposing nodal points in the 

element model, no shear stresses will develop, leaving only a fraction of the interface to resist sliding. 

 

 

Figure 8-1 Load displacement for the steps where ice load is applied 

 

In Figure 8-1, where the horizontal reactions are plotted against the displacement for the steps where ice 

load is applied, it can clearly be seen that the displacement accelerates with the same increment of ap-

plied force. At some point the curve seems to become almost linear. Linearity symbolizes in this case 

that the structure is in a form of “equilibrium”.  
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This equilibrium is when the force necessary to cause the whole structure to slide along its interface will 

be less or equal to the force it takes to increase tipping of the structure. As the contact surface between 

the buttress and the foundation is lessened every step when applying destabilizing moment, the structure 

will reach a point when the capacity of the interface will be exceeded. Thus, the structure will stop 

overturning and start to slide instead.  

 

This behaviour can’t be seen during the previous load steps where the hydrostatic pressure from the 

reservoir water is applied (which have a higher horizontal resultant magnitude than the ice load). This 

is because the disturbing moment from this load is much smaller as the horizontal resultant lies closer 

to the foundation meaning that the interface will resist most of this force. This can be seen in Figure 7-5 

where displacement of the interface near the toe is negligible before the ice load is added.  

 

With this in mind, the structure is failing in combined sliding and overturning failure mode and as pre-

viously mentioned in chapter 2.2, these modes are only theoretical and often occur in unison with each 

other, which is true in this case. 

 

The results from the analytical calculations showed that the structure had insufficient safety in neither 

sliding nor overturning. It was also calculated that a magnitude of about 250 kN for the ice load would 

be enough to cause the structure to fail by sliding. As the ice load was applied in increments of 25 kN 

for each load step this is reached at step 20, which is at a displacement of 1,48 mm in Figure 8-1. In the 

FE-model the curve linearity seems to take form a bit later on in between a displacement of 2,6-3,1 mm. 

 

As for the stresses in the dam, the analytical calculations only consider the stresses in the heel and in the 

toe of the dam. These are also not principal stresses, only normal stresses in the vertical direction. These 

calculations take no consideration to horizontal or shear stresses and the model is considered to be in 

rigid connection with the foundation. These stresses (Table 7-1) do not really conform to the stresses 

measured in FE-model. The stresses shown in Figure 7-2 are only the normal stresses in the vertical 

direction. The principal stresses measured were larger in both the toe and heel by quite a big margin (ca 

27% for the toe and ca 500% in the heel). 

 

It should be said that it is not completely fair to compare these tests in a single failure mode because in 

the analytical calculations the whole interface is considered to be under a uniform stress distribution 

along the whole interface, which is not the case in the FE-model. To achieve this, boundary conditions 

that keep the structure from lifting are necessary to be introduced.  

 

The same can be said for the overturning failure mode as the analytical calculations consider the struc-

ture to be rigidly connected to the foundation, rotating around its centroid. 

 

However, by both methods of analysis the structure failed to resist the loads enforced by NVE. 
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8.2 Comparison between models 1 and 2 

 

In the second FE-model, the more realistic foundation was introduced as well as thermal loads (applied 

after the design load). Figure 8-2 shows the load-displacement curves for both models. 

 

 
 

Figure 8-2 Horizontal reactions vs horizontal displacement for model 1 and model 2 

 

One can directly see that the structure withstood a much higher load when taking the foundation geom-

etry into account. Vertical displacement of the heel shown in Figure 7-11 is still too low to consider the 

structure having failed in overturning as its displacement is about 0,235 mm and no noteworthy sliding 

is shown. This in turn means that including a more appropriate and realistic foundation in the analysis 

lead the structure to endure a significant larger load and caused the dam section to withstand the imposed 

design requirements as stated by Norwegian guidelines. 

 

The biggest difference between the results is that foundation asperities have negated sliding to occur for 

the steps with design load causing a higher measured reaction (i.e. resisted load). Instead the structure 

must partly overturn (considerably more than in model 1) before being allowed to slide. Sliding still 

occurs but, is minimal due to the interlocking between the structure and foundation. 

 

The plateau for model 2 happening at almost 1,2 MN measured reactions is due to the thermal load 

causing the whole structure to contract in the direction of the toe as these macro-elements had the highest 

temperature change. 

 

As the support reactions reaches 1,4 MN in Figure 8-2 the curve starts flattening out horizontally. At 

this point the structure begins to rapidly overturn. Sliding is not contributing (as in the previous model) 

to this plateau as shown in Figure 8-3. 
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Figure 8-3 Vertical displacement [m] of the structure and interface horizontal displacement: 

Before plateau (upper), after plateau (Lower) 

 

It can clearly be seen in the figure that the horizontal displacement of the interface has barely increased 

(especially in the toe) while the structural vertical displacement of the heel has almost tripled. Whether 

the structure has failed (in overturning) at this point can be argued. Nonetheless, measured reactions are 

barely increasing from this point towards the end of the analysis. A worthy reminder is that if the struc-

ture is considered not to have failed at this point, the actual resisted force is higher than what the diagram 

states as it was created with the horizontal reactions and not forces applied. 

 

It was previously mentioned that barely any cracks could be seen (only miniscule cracks in the concrete 

adjoining the load plate for model 2) for any of the models. The stress concentration however was much 

larger in the toe for model 2 (although not enough to cause cracking) as can be seen in Figure 7-13. 

 

By the end of the analysis for model 2 the vertical displacement (Figure 7-12) of the heel is about 8,3 

mm (considering the negative displacement of the toe) with a horizontal displacement at the toe of 2,5 

mm. Still the question if the structure lost its functionality is debateable.  
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8.3 Comparison between models 2 and 3 

Variation between model 2 and 3 is that in the latter, a rock bolt is utilized. Figure 8-4 displays both 

models load-displacement curves. 

 

 

Figure 8-4 Horizontal reactions vs horizontal displacement for model 2 and model 3 

 

The effect of including rock bolts for the geometrically and materially identical FE-model is clearly 

visible in the graph. Virtually the same behaviour is shown between the models for the applied design 

loads. Model 2 exhibited a considerably lower vertical displacement (in the heel) than model 1 after the 

design load had been applied (Figure 7-17). The figure shows a mostly negative vertical displacement 

of the structure at this step due to self-weight and the vertical component of the hydrostatic pressure 

from the reservoir. Figure 8-5 show that the rock bolts has some plastic deformation but has not fully 

reached yielding at this point.  

 

 

Figure 8-5 Rock bolt principal strain (left) and plastic strain (right) at design load for model 3 
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The rock bolt properties are based on Norwegian design norms stating that the accounted for yield stress 

should not be higher than 180 MPa. This is a rather low value for yield limits of structural steel. Alt-

hough, reasoning behind this low value could possibly be attributed to bond slip. Behaviour of the bond 

would depend on fastening method, embedment length etc. and possible creep (depending on the fas-

tening method) would also need to be accounted for. Assessing stability with this conservative value of 

yield stress becomes quite rationale with the design working life of dam structures in mind. However, 

in best case scenarios, a higher yield stress would be achieved and in turn a higher structural resistance. 

 

Cracking in buttress for the concrete adjoining the foundation could be seen for model 3 (Figure 8-6). 

These cracks appeared after applying the thermal load and the largest crack (right of door opening) width 

was 0,11 mm. This crack slightly propagated vertically later on in the analysis, but its width was still 

kept below any humanly visible limit. 

 

 

Figure 8-6 Cracks due to the thermal load for model 3 

 

The principal stress in the toe in the last load step for model 3 (Figure 7-19) is about 6,5 MPa higher 

than that of model 2. This can be credited to the fact that the connection between foundation and struc-

ture is more rigid thus more prone to displace around its gravitational centre (as assumed in analytical 

calculations of stresses in heel and toe). These stresses in model 3 were still unable to cause cracking of 

the toe. 
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8.4 Comparison between models 3 and 4 

This model had its ice load lowered in terms of height placement on the front plate (see Figure 6-8). 

Material properties and other geometries are kept the same as for in model 3. Only an extra applied 

displacement of 0,5 cm was imposed on model 4 (in contrast to 1,0 cm for model 3). Figure 8-7 compares 

load-displacement curves for model 3 and 4. 

 

 

Figure 8-7 Horizontal reactions vs horizontal displacement for model 3 and model 4 

 

Having a lower placement of the ice load on the front plate increases the load carrying capacity even 

more. Due to the load positions not being as dominantly in favour of overturning and a lower magnitude 

of hydrostatic pressure, this increase follows. 

 

The plateau seen due to the thermal loads in models 2 and 3 is not as prominent in model 4. This is due 

to a greater portion of the front plate having a large temperature difference in model 4 causing the struc-

ture to contract more to the centre of the buttress (instead of the toe in models 2 and 3). 

 

Model 4 showed a higher vertical displacement in comparison with model 3 for the same prescribed 

displacement at the load plate. Same can be said for the horizontal displacement except this discrepancy 

was larger. Naturally, this is a product of a lowered height of the ice load and application of prescribed 

displacement, causing higher global deformations. 

 

Cracking in the bottom left of the doorway is indicative of interlocking with the foundation (Figure 

7-25). This means that the structure is not completely displacing in an overturning fashion and instead 

a little more horizontally. This paves the way for a larger chance of material failure happening, especially 

around the doorway. It is also supported by the principal stresses/strains which are more distributed in 

the buttress for model 4 and shows larger concentrations in areas around the doorway instead of just at 

the toe. 
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There were still very little cracks and crack propagation in model 4 and the cracks that appeared had the 

same positions as for model 3, they were however smaller in model 4. 

 

8.5 Comparison between models 4 and 5 

The ice load was placed even lower in model 5 compared to model 4. This new height is at 1/3 of the 

height stated in the guidelines. The same amount of prescribed displacement (0,5 cm) was applied in 

this model as in model 4. Their load-displacement curves can be compared in Figure 8-8. 

 

 

Figure 8-8 Horizontal reactions vs horizontal displacement for model 4 and model 5 

 

The recurring increase in load carrying capacity is shown here as well. Model 5 however showed a lesser 

increase in displacement in the heel than what could be seen comparing model 3 and 4. 

 

Thermal loading of model 5 had a very large impact on the horizontal displacement as an even larger 

part of the front plate (than previous models 2,3, and 4) was under a high temperature change. This 

caused a negative displacement in the graph as the dam section was contracting more in the direction of 

the heel (than model 4). 

 

Very prevalent cracking started appearing early on in the analysis during the application of the pre-

scribed displacement. Majority of cracks appeared in the doorway as this is considered a weak point of 

the buttress. Vertical cracks in Figure 7-30 are caused by interlocking with the foundation asperities and 

the horizontal by tensile stresses. Due to the high strength of the concrete, crack propagation was not as 

developed, largest crack width was only 1,7 mm around the doorway. 

 

The horizontal displacement in this model at the last load step is higher than that of model 4. This is 

because of ice load being modelled lower on the dam. As the ice load was increased (beyond what is 

stated in the guidelines), stresses are building up in the doorway until cracking occurs due to interlocking 

with the foundation. The continuation of applying this load at this point, forces the structure to slide at 

the interface by the toe while the areas around the doorway are cracking. However, it should be said that 

this behaviour was only reached with a totally unrealistic ice load magnitude. 
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8.6 Probabilistic analysis of model 3 

This chapter will analyse the results made from the simulations of the probabilistic analysis of model 3 

which had randomized material parameters. Except the five varying parameters, the simulations are 

identical.  

 

Firstly, it should be mentioned that all of the simulations were exhibiting the same behaviour as the 

deterministic analysis of model 3 and the failure mode (overturning) did not differ. However, a small 

diversity in crack patterns was detected. The greatest difference of this could be seen in simulations 1 

and 14 (Figure 8-9). 

 

 

Figure 8-9 Cracks at last load step for simulation 1 (left) and simulation 14 (right) 

 

All cracks in simulation 1, except the horizontal in the doorway, appeared subsequently of the thermal 

load. They are in both simulations still less than 0,1 mm wide.  

 

Looking at how the load-displacement diagrams for each model behaved in Figure 7-32, the simulations 

exhibit a marginal difference in horizontal displacement before they plateau due to thermal loading. This 

is strongly correlated to its modulus of elasticity as they are almost completely in order regarding this 

parameter. There were although virtually no quantifiable dissimilarity in displacement (0,25 mm) for 

the highest and lowest value with the considerable contrast of modulus of elasticity (ca 12,25 GPa). The 

curves then start to branch out mostly keeping the same formation as before thermal loading just to later 

converge again as overturning becomes more prominent. 

 

The sensitivity analysis in FREET shown in Table 7-4 showed a positive sensitivity for the compressive 

strength of concrete and a negative for the rest of the randomized parameters. A positive sensitivity 

mean that the measured value grows with increasing parameter value, while a negative sensitivity has 

an inverse effect on the measured value (meaning in this case larger horizontal displacement values are 

given with lower values for corresponding parameter). The magnitude of the sensitivity value is how 

directly correlated the random parameter is to the measured value. As stated, the compressive strength 

gave a positive sensitivity but, is in reality negative as the compressive strength is defined as a negative 

variable in ATENA. Thus, simulations with high compressive strength likely had a low horizontal dis-

placement (as shown in Figure 8-10). 
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Figure 8-10 Compressive strength of concrete (upper line) with corresponding measured hor-

izontal displacement of monitoring point (lower line) for simulations (mean values in blue) 

 

Surprisingly the sensitivity of horizontal displacement in the measuring point is almost equally depend-

ant on every variable randomized. Although a noteworthy mention is that correlation between variables 

was imposed. This will have an impact on the sensitivity as a governing randomized parameter will 

either be an “appendage” or an “outset” for another parameter (or parameters) in the Latin Hyper Cube 

Sampling. A pure sensitivity analysis should instead have no correlated variables (and more simulations 

than the 16 used in this case) to yield more realistically accurate results. So, the reader will have to keep 

in mind that heavily correlated parameters will have relatively close sensitivities (e.g. compressive 

strength and modulus of elasticity), although one of them might not have any significant importance. 

 

The variation in load carrying capacity for the simulations are about 0,1 MN (ranging between ca 1,9-

2,0 MN), which is relatively low considering the spread of parameter values given. Although, this sug-

gests that subpar material parameters for model 3 would not affect the load carrying capacity by much 

nor would they cause the predominant failure mode to change into a material failure mode. Thus, the 

governing structural stability of this particular buttress (with this load setup) is to a greater extent de-

pendant on the geometry, or another deterministic parameter not randomized. 

 

Simulations with a higher rigidity (i.e. modulus of elasticity) showed to have higher stress concentra-

tions in the toe, which probably can be credited to the fact that structural deformations are less prone in 

the toe which leads to smaller distribution of stress in affected area (shown in Figure 8-11).  

 

 



 

99 

 

Figure 8-11 Principal maximum stresses [MPa] at last load step for simulation 1 (above) and 

simulation 16 (below) 

 

Yield stress of the rock bolt did not have an as large impact on stresses in the toe for simulations with a 

smaller value of the modulus of elasticity as for the opposite and is most likely due to the previously 

shown property of distributing the stresses more evenly. 
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8.7 Probabilistic analysis of model 4 

The simulations behaved in the same manner as the deterministic analysis of model 4. No material fail-

ure was reached before analysis end or any significant cracking. However, looking at load-displacement 

diagrams in Figure 7-33, simulation 7 experienced an extreme drop in horizontal reactions at before 

accelerated overturning happened. Cause of this is due to rapid crack propagation/widening. Cracks 

appear in load-displacement diagrams as notches for displacement-controlled analysis’ (Malm, 2016). 

Although they have to rapidly develop or widen to make an as significant dip as for simulation 7. 

 

The crack causing this fall for its curve, can be seen in the bottom right corner of the doorway in the 

buttress (Figure 8-12). 

 

 

Figure 8-12 Cracks of simulation 7 and principal strains [-] at an applied displacement of 1mm 

 

 

This area was noticed in the deterministic analysis to be sensitive to tensile strains. As this simulation 

was randomly dealt values for tensile properties below the mean, it is thus not coincidental that this 

crack appeared. 

 

Simulation 1 had even worse tensile properties than simulation 7. The same cracking could be seen there 

as well but its cracks were spreading more evenly across earlier load steps and not as swiftly as in 

previously mentioned simulation. This crack continuously grew during the rest of the analysis in both 

models. 

 

Every simulation in this probabilistic analysis showed a dip in their curves caused by the same crack in 

the bottom right corner of the door. In other simulations than 1 and 7, the crack was not as prominent 

and mostly stopped spreading after forming. 

 

Worth noticing is that the principal stresses in the toe were rather similar for every simulation except 

for 1, as it could displace more in the toe due to the previously mentioned crack. Principal minimum 

stresses at the last load step for simulation 2 and 16 are shown in Figure 8-13. 
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Figure 8-13 Principal minimum stresses [MPa] at toe for last load step: Simulation 2 (left) and 

16 (right) 

  

They all show nearly the same small vertical displacement as their deterministic counterpart at both 

design load and analysis end.  

 

Difference in ultimate load bearing capacity is about 0,15 MN as shown in Figure 7-33. Looking at 

support monitor sensitivity (Table 8-1) it shows that load carrying capacity of the simulations reliant on 

yield stress of the rock bolts (and reinforcement) and the fracture energy of the concrete. 

Table 8-1 Support monitors parameter sensitivity for probabilistic analysis of model 4 

Support monitor Most sensitive parameter Sensitivity (Positive) 

H1 Gf 0,74706 

H2 Gf 0,71471 

H3 σy 0,85 

H4 σy 0,93824 

H5 σy 0,94412 

H6 Gf 0,53235 

 

The sensitivity of the horizontal displacement Table 7-7 is varying moderately from the previous anal-

ysis where the parameters had roughly the same impact on the horizontal displacement. Most sensitive 

parameter for this analysis was the fracture energy and the yield stress of rock bolts. It is shown in the 

simulations that appearance of the crack in the bottom right of the doorway allowed a horizontal dis-

placement of the area around toe, which would indicate some sliding of the interface close to the toe. 

Simulations with a larger crack width had a larger correlating horizontal toe displacement and thus, 

parameters governing tensile capacity of the structure would have an impact on global horizontal dis-

placement of the structure causing this sensitivity. With rock bolt yield stress being the second most 

sensitive parameter indicates that the structure is still having a noticeable overturning failure mode. 
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8.8 Probabilistic analysis of model 5 

Change in crack patterns and overall notable crack development could be seen in the probabilistic anal-

ysis of model 5. First of it can be said that simulations 5, 7, and 11 showed very similar crack patterns 

as the deterministic model (see Figure 8-14). 

 

 

Figure 8-14 Cracking pattern of simulation 7 at last load step 

 

It is clearly presented that the cracking happens due to interlocking with the foundation as the ice load 

is forcing the structure to displace more horizontally than in just pure overturning as for in model 3 (8.3). 

 

For simulations 1 and 10 with low tensile properties cracks appeared in the bottom left of the doorway 

(Figure 8-15) 

 

 

 

Figure 8-15 Cracking pattern of simulation 1 at the final load step 

 

Principal stresses and strains are located more in the areas around the doorway and their locations are 

unique for most models. All of them nevertheless share the same largest strain location which is at the 

bottom right of the doorway.  

The failure mode is no longer strictly overturning. It was neither in the deterministic model but more 

prominent here with material parameters having lower values. 
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Looking at the combined load-displacement graphs presented in Figure 7-34. They all have plenty of 

the previously talked about “notches” in their respective curves. The largest crack width of ca 2,6 mm 

could be seen in model 1 at the last load step. It is hard to determine a maximum load carrying capacity 

for any of the simulations as considerable cracking is constantly happening (in partly un-reinforced 

areas) while the load displacement curve does not become strictly horizontal. But, for most simulations, 

a capacity of 2,5 MN is obtainable without the structure having experienced any critical amount of 

degradation due to cracking. 

 

Using the same methodology as in the previous chapter, the governing parameters for the support reac-

tions are the tensile strength and the yield stress of the rock bolts and reinforcement (Table 8-2) 

 

Table 8-2 Support monitors parameter sensitivity for probabilistic analysis of model 5 

Support monitor Most sensitive parameter Sensitivity (positive) 

H1 ft 0,62941 

H2 ft 0,62941 

H3 σy 0,85588 

H4 σy 0,9 

H5 σy 0,92059 

H6 ft 0,66765 

 

The horizontal displacement monitors parameter sensitivity (Table 7-10) show that the horizontal dis-

placement monitor is mostly governed by the modulus of elasticity and the compressive strength. As 

previously mentioned, the compressive strength has (in reality) a negative sensitivity as the value is 

increasing negatively. Simulations of model 5 with a high modulus of elasticity and compressive 

strength had a more dominant overturning failure mode (rather than material failure in the doorway). 

Failing in an overturning fashion yields a higher horizontal displacement than what is caused by crack 

openings around the doorway and thus, higher sensitivity. It is most likely the modulus of elasticity that 

has the impact as this would result in a structure less prone to structural deformations and in theory lead 

to a larger rotation around the toe. Their resistance in overturning for these simulations was then mostly 

ruled by the yield stress of the rock bolts.  
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9 Conclusions 

Buttress section 49 of Kalhovd dam has been deemed unstable using conventional methods of calcula-

tion. However, certain key factors for stability are neglected and the methods in general conservatively 

undermine structural safety. 

 

Results from finite element analysis demonstrated a large increase in load carrying capacity for the 

structure when asperities of the foundation were taken into consideration. Addition of rock bolts with 

relatively low strength also showed a quite significant increase of stability in overturning of buttress 49. 

But, just including asperities in the model resulted in the structure being able to resist the design load, 

which is arguably very conservatively placed. The failure mode, from what had been a combined over-

turning-sliding failure of the structure when modelled with a flat foundation, changed to a dominant 

overturning failure as interlocking between foundation and buttress mostly restrained sliding. 

 

Interlocking was the largest factor contributing to the stability in this analysis. The interlocking effect 

was achieved by the two large asperities of the foundation. As previously mentioned, the surface was 

mostly smoothened to negate possible stress concentrations caused by smaller asperities (partly due to 

the size of the mesh in comparison with the size of these small asperities), and therefore the significance 

of these micro-asperities is left unevaluated. These micro-asperities would presumably add even further 

to the stability of the structure. 

 

The position of the macro-asperities is also something that is overlooked in this thesis. The asperity 

located closer to the toe of the buttress would most likely be of larger importance than the one situated 

closer to the heel. This is due to it being situated more in the direction of the destabilizing force resultant. 

It should also cause less shear and tensile stresses to the structure rather than the one nearer the heel. 

 

Furthermore, as loads where modelled more in line with reality in terms of reservoir water level during 

months when ice is forming, the stability increased with each increment of lowered reservoir water level 

height. Assuming water level height at Kalhovd during these months are reoccurring every year with 

what is displayed in Appendix A, buttress 49 would rarely be subjected to any major loads caused by 

ice. If for some reason the water stage would greater one year, the load placement would more accurately 

be portrayed with what is assumed in model 4 or 5. 

 

The probabilistic finite element analysis conducted on models 3-5, to investigate if a material failure 

could be reached before instability in overturning or sliding, showed that the structure wouldn’t reach 

material failure (before instability in other failure modes) even with subpar parameter values. The dis-

parity between load capacity of simulations with varying concrete and reinforcement parameters was 

also less than expected. 

 

Sensitivity of horizontal displacement at a nodal point regarding material parameters was identified and 

was useful in determining these parameters effect on structural stability, as some parameters proved to 

a larger extent more important than others in this regard. Investigating and understanding certain gov-

erning parameters effect and sensitivity on an assessed structure can lead to more cost-efficient design 

or rehabilitation measures if needed. 

 

The probability of failure in the probabilistic analysis of models 3-5 was not reported as cornel’s betas 

for each model was absurdly high resulting in a close to zero failure probability. It is based on the 

variance between the values measured at monitoring points for each simulation, then fitted in a proba-

bility distribution function. As the discrepancies of measurements at monitoring were very small, cor-

responding betas will be very large, leading to a small statistical probability of failure according to 

FREET. However, it is unreasonable to state that the failure probability is as low as FREET declares 

since it is ignorant of structural condition or acceptable deformations. 
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To conclude this study, it was shown that using analytical methods of calculations does not provide 

satisfactory results for stability of the buttress as it was deemed unfit for service, whereas using a more 

realistic approach in modelling to assess the problem conveyed the opposite. The probabilistic approach 

to dam assessment was beneficial in this case as it showed that buttress 49 is stable to its expected load 

actions, even with worse material parameters than reported from destructive tests. 

 

The governing method of analysis of dams in standards are analytical with a partial safety factor system. 

As structural design has become very reliant on finite element modelling as a design tool this practice 

can appear unprogressive. Just using finite element analysis as some form of second measure of analysis 

to the partial safety factor system, severely undermines the potential of FEA and probabilistic analysis. 

The disparity between the results in this thesis using analytical, deterministic, and probabilistic analysis 

gives reason to question if relying on an analytical approach to conclude stability for existing dam struc-

tures is the right methodology to use.  
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10 Future work 

A three-dimensional study for a buttress dam in ultimate limit state could be a topic worth investigating, 

as elements (mostly in the buttress) will be permitted to displace in another direction. Another subject 

worth examining is the influence and behaviour of concrete buttress dams when including cohesion in 

the interface. Also, the effect of the location of macro-asperities would be an interesting subject matter. 
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Vertical forces

Buttress sections area:

Buttress section thicknesses:
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Moment from each section (summation for similar thicknesses)

Figure shows moment arms from toe
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�✛✱✪ ✘✶✳✰✱✪✲✝ ✭✏☞✭✟✭ ✔ ✳✰✱✪✲✖ ☞✏✑✍✎✑ ✔ ✑✟✏✑✑✟ ✳✙✓ ✔

�✛✱✫ ✘✶✶✳✰✱✫✲✝ ✞✏✍✍☞✞ ✔ ✳✰✱✫✲✖ ✌✏✍✟✭✣ ✔ ✳✰✱✫✲✪ ✟✏✍✞✑✣ ✔ ✟✟✑✏✭✌✞ ✳✙✓ ✔

�✛✱✬ ✶✶✶✶✳✰✱✬✲✝ ✞✏✑✣✌✑ ✔ ✳✰✱✬✲✖ ✭✏✭✟✞✎ ✔ ✳✰✱✬✲✪ ☞✏✎☞✟★ ✔ ✳✰✱✬✲✫ ✟✏✞✣✑✌ ✔ ✳✰✱✬✲✬ ✍✏✌✎ ✔

✘✛✱✬ ✟✭✣✏✍✑✑ ✳✙✓ ✔

�✛✱✮ ✘✶✶✶✳✰✱✮✲✝ ✣✏✞☞✭★ ✔ ✳✰✱✮✲✖ ✭✏✑✎✣✞ ✔ ✳✰✱✮✲✪ ✟✏✞✣✑✌ ✔ ✳✰✱✮✲✫ ✍✏✌✎ ✔ ☞✍✭✏✞✑✎ ✳✙✓ ✔

�✛✱✯ ✘✶✶✳✰✱✯✲✝ ✌✏✑✟✑✟ ✔ ✳✰✱✯✲✖ ☞✏✞✌✎ ✔ ✳✰✱✯✲✪ ✍✏✟☞ ✔ ✟✌✞✏✟✞✑ ✳✙✓ ✔

�✛✹✺ ✘✶✶✳✰✹✺✲✝ ✞✏✭✟✞✣ ✔ ✳✰✹✺✲✖ ☞✏✎★✎ ✔ ✳✰✹✺✲✪ ☞✏✍★✞✌ ✔ ✴✵ ✳✟✏✑✑☞ ✟✍
✕ ✷✸ ✳✙✓ ✔

�✛✱✻ ✘✳✰✱✻ ☞✏✍★ ✔ ★✟✏✎☞ ✳✙✓ ✔

Center of gravity in horizontal direction (from toe):

�✗✽ ✘✒✒✒✒✒✒✒✒✒✒✒✒✒✒✒✒
✶✶✶✶✶✶✶✶✛✱✝ ✛✱✖ ✛✱✪ ✛✱✫ ✛✱✬ ✛✱✮ ✛✱✯ ✛✹✺ ✛✱✻

✰✺✦✼✹

✭✏✍✑ ✔

Vector components from self weight:

�✾✺✦✼✹✲✿✦❀✱ ✘✳✰✺✦✼✹ ❁❂❃ ❄❄✭ ✠✆✄❅❅ ✣✌★✏✟✎✑ ✙✓

�✾✺✦✼✹✲❆❇❀✥ ✘✳✰✺✦✼✹ ❃❈❉ ❄❄✭ ✠✆✄❅❅ ✭✭✏✣☞✑ ✙✓



Cross-sectional area of water on slab:

�❊❋ ✘✒✒✒✒✒✒

✳✤
✴

●
✵

✒✒✒✒
✤

❍■❉✴✵✁✂✄☎✆✝✷✸

✷

❏
✸

☞
✟✟✏✌✑✌ ✔

✚

Vertical weight of water on slab:

✘✠✧ ✞ ✔

✘✄ ✎✏★✟ ✒✒
✙✓

✔
✕

�✾✿❋❋ ✘✳✳❊❋ ✠✧ ✄ ✞✞✑✏★✣✣ ✙✓

Uplift force:

Uplift force only needs be calculated as acting on the frontplate for dams with a buttress 
thickness of 2 m or less (RIDAS, 2012). The factor η can be conservatively be set to 1 
(Leliavsky, 1958. Butler, 1981). 

�❑ ✟✏✍

✘✄ ✎✏★✟ ✒✒
✙✓

✔
✕

�✩▲▼✱ ✍✏✞✟☞✎✣ ✔

✘✤ ✞✏✌ ✔

✘✠✧ ✞ ✔

�✾▲▼ ✘✳✳✳✳❑ ✄ ✩▲▼✱ ✤ ✠✧ ✟✌✌✏✌✞☞ ✙✓



Horizontal forces

Hydrostatic water pressure (perpendicular to the surface):

�✜❆❋▼ ✘✳✳✳✒
✟

☞
✄ ✤

✚
✠✧ ✣★★✏✎✍✑ ✙✓

Horizontal resultant:

�✜❆❀ ✘✳✜❆❋▼ ❃❈❉ ✴✵✁✂✄☎✆✝✷✸ ✞✌✞✏✌★✟ ✙✓

Ice load:

�✜✥☛✦ ✟✍✍ ✒✒
✙✓

✔

The resultant force from the ice acted upon each buttress is then:

✘✠✧ ✞ ✔

�✜✥✼ ✘✳✜✥☛✦ ✠✧ ✞✍✍ ✙✓



Moment arms of forces

The moment arms are calculated from toe (furthest right on the bottom of the 
dam):

Vertical and horizontal components moment arms (from the self weight):

�◆✺✦✼✹✲✿✦❀✱ ✘✗✽ ✭✏✍✑ ✔

�◆✺✦✼✹✲❆❇❀✥ ✍✏✌✟✑✌✣ ✔

Moment arm for the vertical water pressure:

�◆❋❋ ✣✏✌✑ ✔



Moment arm for the uplift force (Wup):

�◆▲▼ ✑✏✞✟ ✔

Moment arm for the horizontal water pressure (Phr):

�◆❆❀ ✘✒
✟

✌
✤ ✟✏✑✣✑ ✔

Moment arm for the ice load (Pil):

Assume the thickness of the ice to be a half meter thick:

�◆✥✼ ✞✏✞✞ ✔

Moment (stabilizing)

�✛✺✦✼✹✲✿✦❀✱ ✘✳◆✺✦✼✹✲✿✦❀✱ ✾✺✦✼✹✲✿✦❀✱
✴✵ ✳☞✏✞✎★ ✟✍

✕ ✷✸ ✳✙✓ ✔

�✛❋❋ ✘✳◆❋❋ ✾✿❋❋
✴✵ ✳✌✏✞✞✭ ✟✍

✕ ✷✸ ✳✙✓ ✔

Total amount of stabilizing moment:

�✛✺✱ ✘✶✛✺✦✼✹✲✿✦❀✱ ✛❋❋
✴✵ ✳✣✏✟✞✟ ✟✍

✕ ✷✸ ✳✙✓ ✔

Moment (disturbing)

Moment from uplift force:

�✛▲▼ ✘✳✾▲▼ ◆▲▼
✴✵ ✳✟✏✍✍✟ ✟✍

✕ ✷✸ ✳✙✓ ✔

Moment from horizontal water pressure:

�✛❆❀ ✘✳✜❆❀ ◆❆❀ ✎✭✞✏★✭✟ ✳✙✓ ✔

Moment from ice load:

�✛✥✼ ✘✳✜✥✼ ◆✥✼
✴✵ ✳☞✏✑✑✞ ✟✍

✕ ✷✸ ✳✙✓ ✔

Moment from horizontal normal component from self weight:

�✛✺✦✼✹✲❆❇❀✥ ✘✳✾✺✦✼✹✲❆❇❀✥ ◆✺✦✼✹✲❆❇❀✥ ✟✭✏✟✣✌ ✳✙✓ ✔

Total amount of disturbing moment:

�✛✻✱ ✘✶✶✶✛▲▼ ✛❆❀ ✛✥✼ ✛✺✦✼✹✲❆❇❀✥
✴✵ ✳✭✏✑✌✣ ✟✍

✕ ✷✸ ✳✙✓ ✔



Stability analysis of buttress dam

Surface area that resists shear failure:

�❊ ✘✶✳✍✏✞✟✭✭☞ ✔ ✠✧ ✳✑✏☞✑☞✍✟ ✔ ✩✯ ✣✏✍✣✌ ✔
✚

The cohesion factor is as previously stated:

✘✗ ✍ ✒✒
✙✓

✔
✚

The friction coefficient:

✘✢ ✌✣✏✌ ✠✆✄

Sum of vertical forces:

�❖✺▲P ✘◗✶✾✺✦✼✹✲✿✦❀✱ ✾✿❋❋ ✾▲▼
✴✵ ✳✟✏✍✣✌ ✟✍

✕ ✷✸ ✙✓

Sum of horizontal forces:

✘✜❆❀ ✞✌✞✏✌★✟ ✙✓

✘✜✥✼ ✞✍✍ ✙✓

�❘✺▲P ✘✶✜❆❀ ✜✥✼
✴✵ ✳✟✏✍✌✞ ✟✍

✕ ✷✸ ✙✓



The equation for the shear friction method (sliding) is as follows:

�❙❚❯ ✘✒✒✒✒✒✒✒
✶✳✗ ❊ ✳❖✺▲P ❍■❉❄❄✢❅❅

❘✺▲P

✍✏✑✞✭

Overturning stability

�❙ ✘✒✒
✛✺✱

✛✻✱

✟✏☞✎✎

Stress analysis

The centroid of the dam (x-direction):

✘✗✽ ✭✏✍✑ ✔

Sum of vertical forces excluding uplift force:

�❖✺▲P✦▲▼ ✘✶✾✿❋❋ ✾✺✦✼✹✲✿✦❀✱
✴✵ ✳✟✏✟✎✣ ✟✍

✕ ✷✸ ✙✓

The action of the resultant from toe (not taking uplift force into account in 
accordance with P. Novak, A.I.B Moffat, C. Nalluri and R. Narayanan, 2007):

�❱ ✘✒✒✒✒
◗✛✺✱ ✛✻✱

❖✺▲P✦▲▼

✟✏✟★✌ ✔

Eccentricity:

�✆ ✘■❲❃✴✵ ◗✗✽ ❱✷✸ ☞✏★★✑ ✔

Distance from centroid to heel:

�❳ ✘◗✑✏✑✣✭✌ ✔ ✗✽ ✌✏✣✎✭ ✔

�❨✱✹✺❆ ✍✏✞✟✭✭☞ ✔

�❨▼❆ ✑✏☞✑☞✍✟ ✔



Volume of the buttress:

�❖❩☎✱✝✲✝ ✘✳✴✵ ✶✟✏✟✟✣✍ ✔
✚

✍✏✌★★✍ ✔
✚ ✷✸ ✩✝ ✍✏✭✞✟ ✔

✕

�❖❩☎✱✝✲✖ ✘✳✍✏☞✎✎ ✔
✚

✩✝ ✍✏✍✎ ✔
✕

�❖❩☎✱✝✲✪ ✘✳✍✏✭✟✌✎ ✔
✚

✩✝ ✍✏✟☞✭ ✔
✕

�❖❩☎✱✖✲✝ ✘✳✍✏✌★✍✣ ✔
✚

✩✖ ✍✏✟☞✣ ✔
✕

�❖❩☎✱✖✲✖ ✘✳✟✏✑✎✞ ✔
✚

✩✖ ✍✏✞✎☞ ✔
✕

�❖❩☎✱✪✲✝ ✘✳✍✏✌★✍✣ ✔
✚

✩✪ ✍✏✟✌✑ ✔
✕

�❖❩☎✱✪✲✖ ✘✳☞✏✞✎✍✌ ✔
✚

✩✪ ✍✏✎✌✌ ✔
✕

�❖❩☎✱✫✲✝ ✘✳✍✏✌★✍✣ ✔
✚

✩✫ ✍✏✟✭★ ✔
✕

�❖❩☎✱✫✲✖ ✘✳✌✏✣✌✞✌ ✔
✚

✩✫ ✟✏✭✟★ ✔
✕

�❖❩☎✱✫✲✪ ✘✳✍✏✟✣✣✎ ✔
✚

✩✫ ✍✏✍✣✞ ✔
✕

�❖❩☎✱✬✲✝ ✘✳✍✏✌★✍✣ ✔
✚

✩✬ ✍✏✟✣ ✔
✕

�❖❩☎✱✬✲✖ ✘✳☞✏✟★★✟ ✔
✚

✩✬ ✍✏✎✟✎ ✔
✕

�❖❩☎✱✬✲✪ ✘✳✍✏☞☞✎✑ ✔
✚

✩✬ ✍✏✍✎✣ ✔
✕

�❖❩☎✱✬✲✫ ✘✳✟✏✞✑✞☞ ✔
✚

✩✬ ✍✏✣✣☞ ✔
✕

�❖❩☎✱✬✲✬ ✘✳✍✏✟✣✣✎ ✔
✚

✩✬ ✍✏✍✑ ✔
✕

�❖❩☎✱✮✲✝ ✘✳✍✏✌★✍✣ ✔
✚

✩✮ ✍✏✟✑✟ ✔
✕

�❖❩☎✱✮✲✖ ✘✳☞✏✎✭✎✌ ✔
✚

✩✮ ✟✏✌☞✑ ✔
✕

�❖❩☎✱✮✲✪ ✘✳✟✏✎✍✎ ✔
✚

✩✮ ✍✏★✞✎ ✔
✕

�❖❩☎✱✮✲✫ ✘✳✍✏✟✣✣✎ ✔
✚

✩✮ ✍✏✍✑✞ ✔
✕

�❖❩☎✱✯✲✝ ✘✳✟✏✎★✎✑ ✔
✚

✩✯ ✍✏✎✞✞ ✔
✕

�❖❩☎✱✯✲✖ ✘✳✟✏★★✑☞ ✔
✚

✩✯ ✍✏✎✍✣ ✔
✕

�❖❩☎✱✯✲✪ ✘✳✍✏✍✭★★ ✔
✚

✩✯ ✍✏✍☞✌ ✔
✕

�❖❩☎✺▲P ✶✶✶✶✶✶✶✶✶❖❩☎✱✝✲✝ ❖❩☎✱✝✲✖ ❖❩☎✱✝✲✪ ❖❩☎✱✖✲✝ ❖❩☎✱✖✲✖ ❖❩☎✱✪✲✝ ❖❩☎✱✪✲✖ ❖❩☎✱✫✲✝ ❖❩☎✱✫✲✖ ❖❩☎✱✫✲✪

�❖❩☎✺▲P ✶✶✶✶✶✶✶✶❖❩☎✺▲P ❖❩☎✱✬✲✝ ❖❩☎✱✬✲✖ ❖❩☎✱✬✲✪ ❖❩☎✱✬✲✫ ❖❩☎✱✬✲✬ ❖❩☎✱✮✲✝ ❖❩☎✱✮✲✖ ❖❩☎✱✮✲✪

�❖❩☎✺▲P ✘✶✶✶✶❖❩☎✺▲P ❖❩☎✱✮✲✫ ❖❩☎✱✯✲✝ ❖❩☎✱✯✲✖ ❖❩☎✱✯✲✪ ✟✍✏✌✍★ ✔
✕



Area of the buttress:

�❊✱✝✲✝ ✘✴✵ ✶✟✏✟✟✣✍ ✔
✚

✍✏✌★★✍ ✔
✚ ✷✸ ✟✏✞✍✭ ✔

✚

�❊✱✝✲✖ ✘✍✏☞✎✎ ✔
✚

✍✏☞✎✎ ✔
✚

�❊✱✝✲✪ ✘✍✏✭✟✌✎ ✔
✚

✍✏✭✟✭ ✔
✚

�❊✱✖✲✝ ✘✍✏✌★✍✣ ✔
✚

✍✏✌★✟ ✔
✚

�❊✱✖✲✖ ✘✟✏✑✎✞ ✔
✚

✟✏✑✎✞ ✔
✚

�❊✱✪✲✝ ✘✍✏✌★✍✣ ✔
✚

✍✏✌★✟ ✔
✚

�❊✱✪✲✖ ✘☞✏✞✎✍✌ ✔
✚

☞✏✞✎ ✔
✚

�❊✱✫✲✝ ✘✍✏✌★✍✣ ✔
✚
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Average thickness of the buttress:
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✍✏✭✍✣ ✔



Moment of inertia:
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Stresses at the heel:
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Compressive stress at toe:
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At which horizontal load sliding failure should occur:

�❘✹❬✥✼✲✺✼✥✻✥❵❭ ✘✶✜❆❀ ✒
✟
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Sliding should occur when ca 250 kN of the design ice load is applied.
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