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Abstract
Granular materials are very abundant in nature and are often used in industry, where
the dynamics of granular material flow is of relevance in many processes. There are
strong economic and environmental incentives for increased efficiency in handling and
transporting granular materials. Despite being common, the mechanical behaviour of
granular materials remains challenging to predict and a unifying theory describing granular material flow does not exist. If the ambition is an efficient industrial handling of
granular materials, increased knowledge and understanding of their behaviour is of utmost importance. In the present thesis, particle-based numerical methods are used for
modelling granular material flow. In this context, particle-based methods refer to the use
of particles as a discretization unit in numerical methods. Particle-based modelling can
be divided in two main approaches: discrete and continuum. In a discrete approach, each
physical particle in the granular mass is modelled as a discrete particle. Newton’s second
law of motion combined with a contact model governs the behaviour of the granular mass.
In a continuum approach, the granular material is modelled using a constitutive law relating stresses and strains. As a discrete approach, the discrete element method (DEM) is
used and as a continuum approach the smoothed particle hydrodynamics (SPH) method
and the particle finite element method (PFEM) are used. Furthermore, an experimental
methodology able to capture the flow behaviour of granular materials is developed. The
methodology is based on digital image correlation and it is used to obtain the in-plane
velocity field for granular material flow. This thesis covers experimental measurements
and numerical modelling of granular material flow in a number of applications. In paper A, an experimental powder filling rig is used to study the flow of sand. With this
rig, a methodology for obtaining the in-plane velocity field of a granular material flow is
developed. This methodology is applied in paper B, to quantify the flow of a tungsten
carbide powder. The powder is modelled using the SPH method, with good agreement
to experimental results. In paper C, the flow of potassium chloride fertilizers is modelled
using the SPH method, and in Paper D the PFEM is explored for modelling of granular
material flow. The numerical models are validated against experimental results, such
as in-plane velocity field measurements. In paper E, coupled finite element, DEM and
PFEM models are used to model the physical interactions of grinding media, slurry and
mill structure and in a stirred media mill. The findings in the present thesis support the
establishment of particle-based numerical methods for modelling granular material flow
in a number of different applications. Furthermore, a methodology for calibration and
validation of numerical models is developed.

v

vi

Thesis
This is a compilation thesis consisting of a synopsis and the following scientific articles:
Paper A:
S. Larsson, G. Gustafsson, A. Oudich, P. Jonsén and H.-Å. Häggblad. Experimental
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particle finite element method for transient granular material flow: modelling and validation. To be submitted.
Paper E:
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Chapter 1
Introduction
The aim of this introductory chapter is to provide the reader with the objective, background and motivation of the present work, and also the general context which the present
work aims to contribute to.

1.1

Objective and research question

The present work is concerned with the use of particle-based numerical methods for modelling granular material flow. The objective is to develop, improve and evaluate strategies
for modelling granular media and granular material flow at dissimilar loading conditions,
with adequate accuracy and at a tolerable computational cost. Another objective is the
development of experimental approaches for calibrating and validating numerical models
with improved accuracy. On a fundamental level, the aim is to contribute to increasing
the knowledge and understanding of granular material flow and its impact on industrial
processes. The following research question can be formulated: ”How can particle-based
numerical methods be used to model granular material flow, and how can they be calibrated and validated with adequate accuracy?”

1.2

Background and motivation

Granular materials are very abundant in nature and are often used in industry, where
they are the second most used material, only surpassed by water (Richard et al., 2005).
In the chemical industry, it has been estimated that about one-half of the products and
three-quarters of the raw materials are in granular form (Nedderman, 1992). Granular
materials are an important part of the pharmaceutical and agricultural industry, where
e.g. the processing of powders in the manufacture of pills, and the transportation of
grains, seeds and fertilizers are important processes. Or in the powder metallurgy industry, where components are manufactured by compacting granular materials in the form
of metal powder mixtures. Components whose quality is affected to a large extent by the
3
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handling of the loose powders (German, 1994; Zenger and Cai, 1997). Furthermore, granular materials are handled on a large scale in the mining and in the mineral processing
industry. For instance, the Swedish mining company LKAB ships millions of tonnes of
iron ore products annually in granular form (iron ore pellets) from Narvik in Norway and
Luleå in Sweden to customers all over the world. Such quantities of granular materials
entail enormous costs and environmental effects associated with handling and transportation. Granular materials also cause wear and damage to handling and transport systems,
and products in granular form, such as iron ore pellets, degrade during handling and
transportation resulting in a less effective use of natural resources (Gustafsson et al.,
2017). It has been estimated that the industrial handling and processing of granular
materials consumes about 10 % of the energy produced in the world (Duran, 2000).
Thus, there are strong economic and environmental incentives for increased efficiency in
handling and transporting granular materials. Despite their substantial importance in
industry and nature, the mechanical behaviour of granular materials remains challenging
to predict. If the ambition is an efficient industrial handling of granular materials, increased knowledge and understanding of how they behave at different loading conditions
is of the utmost importance. The traditional approach of gaining increased knowledge
and understanding of the mechanical behaviour of materials and for industrial processes
is through experimental investigation. Full-scale or pilot-scale sized experiments on industrial processes where granular materials occur may provide some insight, but are very
expensive and time-consuming, and the possibility of studying how process parameters
affect efficiency is often limited. The development of increasingly accurate and efficient
methods for numerical modelling and simulation has provided powerful tools for the
investigation of the mechanical behaviour of granular materials, and for the study of
industrial processes involving granular materials. However, if a numerical model is to
be used for industrial decision making, it needs to produce trustworthy results. Here,
validation against experimental observations is of major importance. Thus, to establish
a reliable numerical model, experimental techniques are required that can produce data
for model validation.

1.3

Scientific background

The present thesis is concerned with the use of particle methods for modelling granular
material flow. In the context of this work, the term particle methods refer to numerical
methods where particles are used as discretization unit. The term covers discrete methods where particles represent individual grains in the granular material and methods
where the granular material is modeled as a continuum and particles are used as mathematical discretization points. To mathematically model a granular material requires
several assumptions and it is important to understand their implication on the predictive
capability of the model. In this section, a definition of the term granular material is provided together with a review of the properties of granular materials that are of interest
from a modelling perspective. Furthermore, a summary of past and recent development
in the experimental study and numerical modelling of granular materials is presented.

5
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Table 1.1: Classification of granular materials based on the mean particle size, as outlined
by Nedderman (1992).
Particle size
range
0.1 - 1.0
1.0 - 10
10 - 100
0.1 - 3.0
3.0 - 10

1.3.1

Unit
µm
µm
µm
mm
mm

Name of material

Name of individual
component
Ultra-fine powder Ultra-fine particle
Superfine powder Superfine particle
Granular powder Granular particle
Granular solid
Granule
Broken solid
Grain

Definition, classification and behaviour of granular
materials

A granular material can be defined as a material which is composed of a large number of individual particles, regardless of the particle size (Nedderman, 1992). Granular
materials thus span over a wide range of different materials, from powders consisting
of particles of micrometre size, to piles of large rocks. The particle size and shape are
important properties, and granular materials are often classified on this basis. Different
systems of classification exist, depending on the field of engineering. One such system
of classification based on the mean particle size was provided by Richards (1966) and is
shown in Table 1.1 as it was presented by Nedderman (1992). The particle size is often
mentioned as the single most important property and to chose a suitable dimension as
a measure of the particle size is important if the particles are non-spherical. A common
convention is to use the equivalent spherical diameter, which is the diameter of a sphere
of the same volume as the particle. The presence of fines in a granular mass can have a
strong effect on its behaviour, and thus a classification based solely on the mean particle
diameter is an oversimplification. Hence, it is often necessary to also consider the particle
size distribution.
It is common to categorise granular materials as either cohesive or non-cohesive. In a
cohesive granular material, the individual particles have a tendency of sticking together.
The cohesive force between the particles can have various origins, such as: van der
Waals forces, liquid induced (capillary) forces and electrostatic forces. Interparticle forces
usually become increasingly important with decreasing particle size. For particles larger
than around 100 µm, van der Waals forces are subordinate compared to gravitational and
capillary forces (Seville et al., 2000). When determining the mechanical properties of a
dry granular material with particles larger than approximately 100 µm, any interparticle
forces are often neglected and the granular material is assumed to be non-cohesive. In
a non-cohesive granular material, gravity and friction between particles is assumed to
govern the behaviour.
Granular materials have a complex mechanical behaviour, strongly dependent on the
loading conditions. For static and quasi-static loading, contacts between individual particles are well established and the behaviour is similar to that of a solid material. In this
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solid-like state, each particle is in contact with a limited number of neighboring particles
and a stable configuration is obtained through the formation of force chains (Drescher
and de Josselin de Jong, 1972). A force chain consist of a set of particles where the
interparticle contact is dominated by large normal forces. It has been demonstrated that
these sets of particles forms a skeleton responsible for most of the load transmission in the
granular mass (Thornton, 1997). Force chains are short-lived since even a small change
in loading can result in particle rearrangement, which leads to the formation of new
and more stable force chains. When behaving solid-like, the granular material exhibit
strength in compression.
When the loading of a granular material results in a shift from the solid-like state to
a state where contact between individual particles is lost, the so called non-equilibrium
dynamic transition occurs (Sun et al., 2013). At this state, the particles start to roll
and glide, initiating a flow condition where the granular material behaviour is liquid-like.
The initiation of an avalanche is a noteworthy display of this dynamic transition. One
property of granular materials that very much differs from that of ordinary liquids is that
shaking does not necessarily cause mixing. Instead, the shaking of a granular material
causes particles of different size to separate, where the large particles move upwards.
Smaller particles dropping into voids between larger particles and convective flows where
larger grains move upward, but are unable to follow smaller grains in a thinner layer of
downward convective flow are mechanisms that have been attributed to this seemingly
peculiar behaviour (Jaeger et al., 1996).
Strong agitation can result in rapid granular material flow with a behaviour seemingly
similar to that of a dense gas. The behaviour of an ordinary gas is also governed by
the interaction of discrete particles (molecules), but the energy scale of a rapidly flowing granular material is many orders of magnitude larger than that of a gas (Jaeger
et al., 1996). As a result of this difference in energy scales, it is not possible to assign
the classical thermodynamic properties of a gas to a rapidly flowing granular material.
Furthermore, it is not feasible to apply the theory for ideal gases to a gas-like granular
material since the ideal gas law is based on purely elastic collisions between particles. In
a rapidly flowing granular material, energy is dissipated due to inelastic interactions between particles, making energy in the system a dynamic quantity. The macroscopic size
of the particles and the energy dissipation makes granular materials essentially independent of temperature. Despite some similarities, the properties and mechanical behaviour
of granular materials are thus fundamentally different from those of any ordinary solid,
liquid or gas.

1.3.2

Experimental characterisation

Analogue photography has traditionally been used for the experimental study of granular
material flow. The strategy involves tracking of a number of tracer particles flowing
through a system, with the ambition of obtaining displacement measurements. Early
contributions can be found in Michalowski (1984), Pariseau (1969), and Takahashi and
Yanai (1973). Laser speckle methods has their origin in solid mechanics and their first
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application for full-field velocity measurements in fluids was attempted by Barker and
Fourney (1977), Dudderar and Simpkins (1977), and Grousson and Mallick (1977) where
the term laser speckle velocimetry (LSV) was introduced. Particle image velocimetry
(PIV) is as an extension of LSV that was originally developed and applied in the fluid
mechanics community (Adrian, 1984; Pickering and Halliwell, 1984). PIV is an optical
method for accurate velocity measurement based on the simultaneous measurement at
a large number of points. The introduction of digital photography has led to further
advances in optical techniques. Digital particle image velocimetry (DPIV) (Willert and
Gharib, 1991) was presented as a digital complement to analogue LSV and PIV. DPIV
is an optical technique where a cross-correlation method is applied to a series of digital
images to obtain the in-plane velocity field. The DPIV method was originally limited
to the study of slow flows, but the development of high-speed digital cameras alleviated
this limitation. New optical techniques for velocity field measurement are constantly
emerging. A recent development is the spatial filtering velocimetry (SFV) outlined in
Gong et al. (2018) where SFV is used to measure velocity distributions for granular
materials on a conveyor belt and in a rotating drum.
Experimental characterisation of granular material flow has been attempted in a variety
of settings, and one problem that has been studied extensively is the discharge of granular materials from silos and hoppers. Silos and hoppers are frequently used in industries
where storing of granular materials are important, e.g. in the agricultural, pharmaceutical, mining and mineral processing industries. Knowledge and understanding of the
mechanical behaviour of granular materials during discharge from silos is fundamental for
the design of storage and handling systems. The industrial need encouraged much of the
early research in the field, where the contributions of Beverloo et al. (1961), Michalowski
(1984), and Nedderman et al. (1982) are frequently cited. The research topic remains
active, with an increasing number of publications. Sielamowicz et al. (2005) applied the
DPIV method for in-plane measurement of the velocity field of non-cohesive granular
materials during discharge from a laboratory size flat bottom silo. In a similar study
by Albaraki and Antony (2014), DPIV was used for velocity field measurements on the
flow of pharmaceutical granules in a silo with a converging hopper. Highly cited recent
studies include works by Albaraki and Antony (2014), Mankoc et al. (2007), and Uñac
et al. (2012), and the body of research continues to grow with new publications (see e.g.
Börzsönyi et al., 2016; Fullard et al., 2018; Zhou et al., 2017). Although the problem has
been studied extensively, there is still a lack of unifying theories for granular material
flow in silos and hoppers.
Since the early 2000s, the gravitational collapse of granular material columns has received much attention. The simplicity of the experimental setup and the ability to use
it to study complex flow phenomena has made the column collapse experiment a fundamental problem in the field of granular material flow. The experimental setup was
popularized by Lajeunesse et al. (2004) and Lube et al. (2004), where the authors used
cylindrical columns, which produced an axisymmetric granular material flow. These
initial studies were focused on a qualitative description of the granular flow dynamics
observed in the experiments and on development of scaling laws for the deposit mor-
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phology. Both Lajeunesse et al. (2004) and Lube et al. (2004) argued that the initial
aspect ratio of the granular column was the main governing parameter for the flow dynamics and the deposit morphology. However, Lajeunesse et al. (2004) concluded that
the properties of the granular material had an effect for tall and slender columns. Balmforth and Kerswell (2005) studied the collapse of granular columns inside rectangular
channels with results strengthening the conclusion of material dependent flow dynamics.
The authors attempted to theoretically describe the flow in the rectangular channel as
an idealized shallow fluid layer. While some agreement to experiments was obtained for
wide channels the model was unable to accurately predict the flow in narrow channels.
Non-intrusive measurements of the deposit morphology for axisymmetric columns using
a three-dimensional laser scanner were presented in Warnett et al. (2014). The proposed
method provided high accuracy measurements of the deposit morphology and the experimental results further strengthened previous findings of a material dependent flow
dynamics. Velocity field measurements provide further insight into the flow dynamics
and are very useful for validating theoretical models. Xu et al. (2016) used a high-speed
digital camera and particle tracking velocimetry to obtain two-dimensional velocity field
measurements for the collapse of rectangular granular columns. PIV measurements of
the granular column collapse over an erodible bed were presented in a recent publication
by Wu et al. (2018).

1.3.3

Modelling and simulation

Numerical modelling provide insight into the mechanisms of granular material flow that
are difficult or impossible to study experimentally. For numerical modelling of granular
material flow there are two main approaches. The first approach is to use a discrete micromechanical model, where interactions between particles are resolved at the particle length
scale. The second approach is to represent the granular material as a continuum, where
stresses and strains are related with a constitutive model.
The most established discrete approach to model granular materials is to use the
discrete element method (DEM). The DEM was originally developed by Cundall and
Strack (1979) for modelling the mechanical behaviour of granular materials. In the
original DEM, the grains are modelled as rigid and spherical discrete particles. An
overlap is allowed at contact between particles, and the contact forces are obtained with a
contact model relating the overlapping distance and the contact force. The motion of the
individual particles is determined by Newton’s second law of motion which implies that
the sum of forces acting on a particle is equal to its mass multiplied by its acceleration.
With external, boundary and contact forces known, Newton’s second law of motion is
integrated numerically to obtain the velocity and displacement of the particles. Thus, the
motion of the granular mass is governed by the interactions between the discrete particles,
and between the discrete particles and the surrounding structures. An explicit numerical
time integration scheme was used in the original implementation of the DEM and to the
present day it remains the most common approach. Explicit integration requires that
the time step size is kept small enough to ensure numerical stability. However, in some
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recent studies (Radjai and Richefeu, 2009; Samiei et al., 2013; Servin et al., 2014), the
DEM has been implemented using implicit time integration schemes, allowing the use
of a larger time step size with maintained numerical stability. Implementations of the
DEM commonly use spherical particles to model non-spherical real granular particles.
Typically by adding a rolling friction parameter to the model. The use of spherical
particles to represent a granular mass consisting of non-spherical particles requires a
careful and often laborious selection of model parameters.
The DEM has become one of the most popular approaches to model granular material
flow and there are numerous studies available in the literature. The silo and hopper discharge problem has been studied extensively using the DEM, with notable contributions
by Balevičius et al. (2011), using spherical particles and by González-Montellano et al.
(2012) where clustered spherical particles were used. The drawbacks inherent in the
spherical representation of non-spherical grains has led to recent development of extensions of the original DEM. Taking the silo discharge problem as an example, the granular
material has been modelled using elliptical (Liu et al., 2014), superquadratic (Podlozhnyuk et al., 2017) and polyhedral particles (Govender et al., 2018). Since the granular
column collapse problem has become fundamental in the study of granular material flow,
it has attracted the attention of the DEM community with notable publications by Lacaze
et al. (2008), Staron and Hinch (2005), and Zenit (2005).
When using the DEM, the computational cost increases with an increasing number
of discrete elements. Today, the availability of increasingly powerful computational resources has enabled simulation of large systems of granular materials, containing millions
of discrete elements (Gan et al., 2016). This development has led to an increased interest
in using the DEM for modelling industrial problems, for instance in the mineral processing (Beinert et al., 2015; Jonsén et al., 2011; Weerasekara et al., 2013), pharmaceutical
(Hildebrandt et al., 2018) and powder metallurgy (Tsunazawa et al., 2015; Wu and Guo,
2012) industries. Comprehensive reviews of the theoretical developments and industrial
applications of the DEM can be found in Zhu et al. (2008, 2007). Despite the increased
availability of computing resources, the DEM is still impractical for modelling industrial
size-scaled granular material flows, typically involving several billions of particles. To circumvent this problem requires the modelling of the granular material using a continuum
approach.
In a continuum approach, the granular mass is modelled as a continuum and its behaviour is predicted by fundamental laws of physics, namely the conservation of mass,
momentum and energy. When modelling granular materials with a continuum approach,
the length scale is generally larger than the size of and distance between the individual
grains. Thus, it is assumed that the granular material is continuously distributed over
its volume and contacts between individual grains are not modelled explicitly. An early
continuum approach for numerical modelling of granular material flow was to use depthaveraged semi-empirical models (see e.g. Anderson and Jackson, 1992; Pouliquen, 1999;
Savage and Hutter, 1989). Depth-averaged models suffer from a number of shortcomings.
They are only valid for flowing layers that are thin compared to the lateral dimension (Lajeunesse et al., 2005) and since they are derived from measurements performed at steady
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flow conditions, depth-averaged models might not be applicable for thick and transient
granular material flows. Thus, it can be argued that depth-averaged models are of limited
use for modelling the complex dynamics of dense, transient granular material flow.
The finite element method (FEM), dating back to the 1940s (Courant, 1943), is one
of the most notable continuum methods. The FEM has a long tradition in continuum
mechanics and it has been applied to problems in a variety of technical fields, including
modelling of granular material flow. The FEM with a Lagrangian description of motion
is of limited use for modelling granular material flows. This is mainly due to the fact that
for a Lagrangian description, large deformations tend to severely distort the FE-mesh,
resulting in numerical difficulties. The FEM used with an Eulerian description of motion avoids mesh distortions at large deformation, and has been used to model granular
material flow. Elaskar et al. (2000) and Karlsson et al. (1998) used two-dimensional Eulerian FEM implementations to model the flow of granular materials in two-dimensional
plane silos and hoppers. More recently, Zheng and Yu (2015) presented results from
FEM simulations of a three-dimensional quarter model of a silo with axial symmetry.
Although superior to the Lagrangian equivalent for modelling granular material flow, the
FEM with an Eulerian description sufferers from difficulties in predicting free surfaces
and moving boundaries. The arbitrary Lagrangian Eulerian (ALE) method attempt to
overcome the inherent drawbacks of both Lagrangian and Eulerian descriptions. Drawing
on the advantages of pure Lagrangian and pure Eulerian descriptions, the ALE method
was used to model the column collapse in Crosta et al. (2015), and the hopper discharge
in Wang et al. (2013).
Within the continuum-based methods, there exist a number of particle methods, and
they provide an attractive alternative to the above-mentioned numerical methods. Particle methods are commonly classified into two categories, particle methods that use a
background mesh and particle methods that does not use a background mesh. One example of the latter is the the smoothed particle hydrodynamics (SPH) method. The
SPH method is a particle method which was originally developed independently by Gingold and Monaghan (1977) and Lucy (1977) for modelling of astrophysical problems.
The SPH method is a Lagrangian mesh-free method, where the computational domain
is represented by a set of particles. The particles also serve as the frame over which
the field equations are approximated. In the SPH method, no direct connectivity between particles exist. Thus, the method can be used to treat problems involving large
deformation, without suffering from the numerical difficulties inherent in mesh-based
methods. An early use of the SPH method for modelling granular material flow is found
in Bui et al. (2008). The SPH method has become a commonly used approach for modelling granular material flow with a continuously growing number of publications (see
e.g. Gustafsson et al., 2007; Hurley and Andrade, 2017; Jonsén et al., 2012, 2014; Jonsén
et al., 2015; Nguyen et al., 2017; Peng et al., 2016). Despite being seemingly mature,
the SPH method suffers from a number of drawbacks such as tensile instability, a lack
of interpolation consistency, zero-energy modes, difficulties to handle essential boundary conditions and non-physical pressure oscillations. Furthermore, the SPH method
requires a homogeneous and smooth particle distribution to obtain stable and reliable
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results. This becomes particularly important in the evaluation of the pressure field.
In contrast to the SPH method, the material point method (MPM) is a particle method
that use a background mesh. The MPM was developed by Sulsky et al. (1994, 1995) and
it is based on a combined Lagrangian-Eulerian description of motion. In the MPM, the
state variables are traced on Lagrangian material points, while the equations of motion
are integrated on a background computational mesh. The material points can be chosen
independently of the mesh and the connectivity between the material points changes
dynamically during the simulation. The literature contains a number of studies where
the MPM has been used to model granular material flow, for instance to model granular
material column collapse (Dunatunga and Kamrin, 2015; Fern and Soga, 2016) and silo
discharge problems (Wiȩckowski and Kowalska-Kubsik, 2011). The MPM has been shown
to adequately predict granular material flow at varying flow conditions. However, there
are some drawbacks to the method and perhaps the main disadvantage is the treatment
of mass conservation. In the MPM each particle is assigned a fixed mass, which requires
that the number of particles is kept constant throughout the simulation. A consequence
of this is that the distribution of particles might become irregular during the simulation,
limiting the possibility to enhance accuracy by using more particles in certain areas.
The particle finite element method (PFEM) is a Lagrangian particle method, based
on the FEM. The PFEM was originally developed for modelling the fluid dynamics of
fluid-structure interaction and free-surface flow (Idelsohn et al., 2004; Idelsohn et al.,
2003; Oñate et al., 2004). In the PFEM, a Lagrangian description of motion is used
for the nodes in a finite element mesh. The nodes are considered as free particles, that
are allowed to separate from the domain they originally are a part of. The particles are
used to identify the computational domain, and a finite element discretization is utilized
to advance the solution. The particles contain all properties and variables, and the
values of those are projected onto the mesh at each time increment, where the necessary
equations are solved. The PFEM predicts a smooth pressure field, and the non-physical
pressure oscillations typical for the SPH method are avoided. A main advantage of the
PFEM compared to the MPM is that in the PFEM the particles have no fixed mass,
thus conservation of mass is not violated by addition or removal of particles during a
simulation. The first extension of the PFEM to solid mechanics applications was made
by Oliver et al., 2007. Furthermore, the PFEM has been used to model a variety of
granular material flow problems (see e.g. Cante et al., 2014; Dávalos et al., 2015; Larese,
2017; Zhang et al., 2015).

1.4

Scope and limitations

The main concern of the present thesis is the modelling of granular media and granular
material flow. Due to the complex and diverse mechanical behaviour of granular materials
there is, to the authors knowledge, no unifying fundamental theory that can be applied to
model granular material at arbitrary loading. The work within this thesis is not aiming
at developing such a theory, but rather to explore how particle-based numerical methods
can be used for modelling granular material flow. The term flow is here referring either
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to slow flows where a solid-like behaviour is expected, intermediate dense flows where the
behaviour is liquid-like or rapid flows where the granular material has a gas-like behaviour.
In this work, slow and intermediate granular material flows are modelled while rapid flows
are not considered. Furthermore, the granular materials are considered to be dry and are
modelled as non-cohesive. The number of available particle-based numerical methods is
large and in this work their use is limited to three methods: the SPH method, the PFEM
and the DEM. Concerning methods for calibration and validation of numerical models,
this thesis is limited to methods for in-plane velocity field measurements.
The term granular material includes a very large number of materials and this thesis
is limited to the study and modelling of only a few. The materials considered herein
are: sand, tungsten carbide powder, potassium chloride and sintered aluminum oxide.
Regarding mean particle size, these materials are classified according to Table 1.1 as
granular powders and granular solids. The particle shape is both spherical and nonspherical. This selection is by no means exhaustive, but still covers a number of granular
materials of industrial and environmental importance. Sand is a naturally occurring
granular material involved in both natural phenomena and is frequently used in the
construction industry. Tungsten carbide powder is a major constituent in the powder
metallurgy industry. Potassium chloride is an important fertilizer that is handled in large
quantities in the agricultural industry. Aluminum oxide used as a grinding media is an
important component in the mineral processing industry.

Chapter 2
Modelling and experimental
methods

In Chapter 1, a general review of the scientific background was provided. In this chapter, the modelling approaches and experimental methods used in the present thesis are
presented. Even though these are largely covered in the appended papers, this chapter
aims to provide a more consistent and comprehensive description. To be as coherent
as possible, some repetition is inevitable. In terms of models, two approaches for modelling granular material are used: a discrete approach and a continuum approach. As a
discrete approach the discrete element method (DEM) is used. The smoothed particle
hydrodynamics (SPH) method and the particle finite element method (PFEM) are used
as continuum approaches. The purpose of the experimental work is two-fold, both to
develop strategies for obtaining constitutive parameters, and for validating models.

2.1

Discrete modelling approach

In the discrete approach, the aim is to model individual physical particles in the granular
material. Their interactions then govern the behaviour of the bulk of material when
it is subjected to external forces. Thus, microscopic mechanisms are what governs the
macroscopic behaviour. Since individual particles are modelled, a discrete approach
require determination of parameters at the particle size-scale, such as the particle size
and shape. Furthermore, a model describing the inter-particle contacts is required. Such
a model is typically based on particle to particle friction and damping as well as contact
stiffness. The feasibility of using a discrete approach is determined by the number of
particles in the system. This has historically been a severe limitation, but since the
availability of increasingly powerful computational resources the approach has become
applicable to large systems involving millions of particles.
13
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Discrete element method

Since its original formulation by Cundall and Strack (1979), the DEM has become widely
used to model granular material flow. The motion of individual particles in a granular
mass can be of two types: translational and rotational. In the DEM, the translational and
rotational motion of a particle i with mass mi and inertia Ii is modelled with Newton’s
second law of motion
mi

dvi X c X nc
=
Fij +
Fik + Fig
dt
j
k

(2.1)

dωi X
=
Mij ,
dt
j

(2.2)

and
Ii

where vi and ωi are the translational and angular velocities of the particle. Contact
forces and torque acting on particle i by particle j are given by Fijc and Mij . Non-contact
forces (e.g. capillary forces) acting on particle i by particle k are given by Fiknc and the
gravitational force is given by Fig . An illustration of some representative forces acting
on a particle is shown in Figure 2.1. The evolution of the particle velocities, locations
and contact forces is obtained by numerical time integration of Equations (2.1) and (2.2).
Particle motion is not only governed by immediate contact with neighboring particles, it
may also be affected by propagation of waves in the granular mass. An explicit scheme
is used for time integration and the time step size is selected so that disturbances are
not allowed to propagate further than to the closest neighboring particles. In an explicit
time integration scheme, the time step size must be small enough to maintain numerical
stability. In the DEM, this criterion is usually met by selecting the time step size as a
fraction of the critical time
pstep. In the original version of the DEM, the critical time
step is given by ∆tc = 2 m/k, where m and k are the particle mass and stiffness,
respectively (Cundall and Strack,p1979). In modern implementations, the critical time
step is typically given by ∆tc = ct m/k, where ct is a used defined constant. Suggestions
for the selection of ct can be found in Malone and Xu (2008).
For modelling granular material flow with the DEM, interparticle contact forces are
commonly modelled by a linear spring and dashpot system. In this approach, the contact
forces are assumed to be linearly dependent on the overlap between particles. The contact
force is given by f c = δk, where δ is the overlap and k is a linear spring stiffness. Contact
energy dissipation is governed by a dashpot model where the damping force is given by
f d = vc, where v is the relative velocity of the contacting particles and c is a damping
coefficient. Interparticle friction is governed by a friction parameter µ. The model is
shown conceptually in Figure 2.2. The DEM is used in Paper E to model the grinding
media in a stirred media mill. In the present work, the contact forces are modelled
with a linear spring and dashpot model, and since the grinding media is non-cohesive,
non-contact forces are not included.

2.1. Discrete modelling approach
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Figure 2.1: Illustration of contact and non-contact forces acting on a particle i from
interaction with particles j and k. In this example, the non-contact force is due to a
capillary force. The normal and tangential force components are denoted by fijn and fijt ,
while mrij is the torque from rolling friction.

Figure 2.2: Conceptual illustration of a linear spring and dashpot model. The interparticle contact and damping forces are governed by spring stiffness k and damping c
coefficients. µ is a friction parameter. Superscript n and t denotes coefficients in the
normal and tangential directions, respectively.

16

Modelling and experimental methods

2.2

Continuum modelling approach

A continuum approach does not require the modelling of individual granular particles.
Instead the granular material is treated as a continuous media and its behaviour is predicted by fundamental laws of physics. These are the conservation of mass, momentum
and energy. Furthermore, a constitutive model is required to obtain a relationship between stress and strain. As it was by pointed out by Duran (2000), a continuum approach
is applicable as long as the number of particles is large enough at the smallest scale of the
flow. With traditional Lagrangian methods, such as the FEM, numerical difficulties arise
when modelling problems involving very large deformation, free surface flow and moving
boundaries. These issues have to be considered when modelling granular material flow.
The numerical difficulties are often related to severe mesh distortion, and therefore a
numerical method circumventing this is desirable, like the SPH method and the PFEM.

2.2.1

Smoothed particle hydrodynamics

The SPH method is a Lagrangian particle method. The method does not require a
mesh, which is probably its main advantage since the numerical difficulties resulting from
mesh distortion are avoided. The SPH method was developed independently by Gingold
and Monaghan (1977) and by Lucy (1977), and it was originally used for simulation
of astrophysical problems. In this section, some features of the SPH method that are
relevant to this work are presented. For a more comprehensive description, the reader is
referred to a textbook by Liu and Liu (2003).
In the SPH method, the computational domain is represented by a set of arbitrarily
distributed particles. The particles carries information of velocity, mass, density, internal
energy and spatial coordinates. As for most numerical methods used in computational
mechanics, the aim is to reduce the fundamental governing equations given as partial
differential equations (PDE:s), to a set of ordinary differential equations (ODE:s). In the
SPH method this is achieved by the following steps:
1. Arbitrary distributed particles are used to represent the problem domain. No connectivity between these particles is required, giving the method its mesh-free nature.
2. The field functions are rewritten into integral functions. In the SPH method, this
step is called the kernel approximation.
3. The integral functions are then approximated using particles. The integrals are
replaced with summations over all corresponding values at neighbouring particles
in a local domain. This step is called the particle approximation.
4. The particle approximation is repeated at every time increment. The particle approximation is thus based on the current particle distribution, giving the method
an adaptive nature.
5. A set of ODE:s with respect to time only is produced by performing the particle
approximation to all terms related to the field functions (the PDE:s).

2.2. Continuum modelling approach
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6. Using an explicit integration algorithm, the set of ODE:s are solved.
7. Other quantities of interest are determined from constitutive relations.
The SPH method is commonly divided into two key steps: the kernel approximation
and the particle approximation.
Kernel approximation
An arbitrary function f can be written in integral form as
Z
f (x) = f (x0 )δ(x − x0 )dx0 ,

(2.3)

Ω

where f is a function of the three-dimensional position vector x, δ(x − x0 ) is the Dirac
delta function and Ω is the volume of the integral containing x. As long as f (x) is defined
and continuous in Ω, the integral representation is exact. The Dirac delta function is
then replaced with a smoothing function W (x − x0 , h), resulting in
Z
< f (x) >= f (x0 )W (x − x0 , h)dx0 ,
(2.4)
Ω

where h is a smoothing length which gives the influence region of the smoothing function. In the SPH literature, the smoothing function W is often referred to as the kernel
function. When the Dirac delta function is replaced with the kernel function the integral representation becomes an approximation, which in Equation (2.4) is marked by the
angle brackets <>. This approximation is called the kernel approximation. The kernel
approximation for the gradient of a function ∇f (x) is given by
Z
< ∇f (x) >= − f (x0 )∇W (x − x0 , h)dx0 .
(2.5)
Ω

From Equation (2.5) it is observed that the kernel approximation transmits the differential operator from the field function to a differential operator acting on the kernel
function. Thus, the values of the function and the derivatives of the kernel function are
used to approximate the derivatives of the field functions. The kernel function should
be chosen so that it is decreasing with increasing distance from the evaluated particle.
Furthermore, it should be an even function that is sufficiently smooth, and it should
satisfy the following conditions:
Z
W (x − x0 , h)dx0 = 1.
(2.6)
Ω

lim W (x − x0 , h) = δ(x − x0 ).

h→∞

(2.7)
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Figure 2.3: Particle approximation inside the support domain S of the kernel function
W for particle i. The radius of S is given by κh, rij is the distance between particles i
and j and Ω is the integration domain.

W (x − x0 , h) = 0 when |x − x0 | > κh.

(2.8)

W (x − x0 , h) ≥ 0 for any x0 .

(2.9)

In Equation (2.8), κ is a constant defining an effective area in two dimensions or a
volume in three dimensions termed as the support domain of the kernel function. An
illustrative example is shown in Figure 2.3. One of the most common kernel functions is
the cubic B-spline function, shown in Figure 2.4. It was first introduced by Monaghan
and Lattanzio (1985), and is given by

2
1 3
2

3 − R + 2R 0 ≤ R < 1
(2.10)
W (R, h) = αd 61 (2 − R)3
1≤R<2


0
R ≥ 2,
where R is the relative distance between two particles i and j located at x and x0 and
separated by the distance rij . R is given by
rij
|x − x0 |
=
.
(2.11)
h
h
Furthermore, αd in Equation (2.10) is a constant which depends on the space dimension.
In one, two and three-dimensional space, αd = 1/h, 15/7πh2 and 3/2πh3 , respectively.
The cubic B-spline function is used as kernel function throughout the present work.
R=

Particle approximation
In the particle approximation, the computational domain is represented by a number of
particles. The integral representations from the kernel approximation are replaced with
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Figure 2.4: The cubic B-spline kernel function W and its first derivative dW/dR, plotted
versus the relative distance R between particles i and j. αd is a constant dependent on
the spatial dimension of the problem.
summations over the particles in the support domain. The support domain of a particle
i is shown in Figure 2.3. Through this procedure, the particle approximation converts
the continuous integral functions into a discrete form. In the particle approximation the
infinitesimal volume dx0 is replaced by the finite volume ∆Vj = mj /ρj at a particle j,
where mj and ρj are the particle mass and density, respectively. The continuous integral
functions are then rewritten in the following discrete form
Z
< f (x) > =

f (x0 )W (x − x0 , h)dx0

Ω

∼
=

N
X

f (xj )W (x − xj , h)∆Vj

j=1

=

N
X
mj
j=1

ρj

f (xj )W (x − xj , h),

(2.12)

where N is the number of particles located in the support domain. Thus, for a function
at particle i, the particle approximation can be written as
< f (xi ) >=

N
X
mj
j=1

where

ρj

f (xj )Wij ,

(2.13)
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Wij = W (xi − xj , h).

(2.14)

In Equation (2.13), it is stated that the function value at a particle i is approximated
by taking the average value of the function of all particles located in the support domain,
weighted with the kernel function. The particle approximation for the gradient of a
function at a particle i is given by
< ∇f (xi ) >= −

N
X
mj
j=1

ρj

f (xj )∇i Wij ,

(2.15)

where
∇i Wij =

xij ∂Wij
xi − xj ∂Wij
=
.
rij
∂rij
rij ∂rij

(2.16)

In Equation (2.16), rij represents the distance between the particles i and j. Equation
(2.15) states that the gradient of a function at a particle i is approximated using the
average of the function values of all particles in the support domain of particle i, weighted
with the gradient of the smoothing function. For more details on the derivation of the
SPH formulations used in the present work, and alternative SPH formulations, the reader
is referred to Liu and Liu (2003). The SPH method is used in Paper B to study the flow
of a tungsten carbide powder in a powder filling application, and in Paper C to model
the flow of a potassium chloride fertilizer.

2.2.2

Particle finite element method

The PFEM is a particle-based numerical method that was developed by a research group
led by Idelsohn and Oñate (Idelsohn et al., 2004; Idelsohn et al., 2003; Oñate et al.,
2004). The PFEM was developed as a Lagrangian method where the nodes in a finite
element mesh are viewed as material particles which movements are traced during the
transient solution. The nodes contain all the information throughout the solution while
the finite element mesh is used to obtain the values of the state variables in the solution
steps. In the PFEM, the mesh works both as the background mesh for integration of
the governing equations, and simultaneously to keep track of free surfaces and contacts.
The perhaps most prominent feature of the PFEM is its inventive method for boundary
recognition based on the alpha-shape method (Edelsbrunner and Mücke, 1994). Another
characteristic component is the mesh generation and re-generation, for which an extended
Delaunay triangulation (Lee and Schachter, 1980) is used.
To determine the boundaries of a set of points using the alpha-shape method, a characteristic spacing h(x) between the points is multiplied by a parameter α. All points
located on an empty sphere with radius αh(x) are considered as boundary points, as
illustrated in Figure 2.5. An example of boundary recognition using the alpha-shape
method is shown in Figure 2.6. The selection of the parameter α is important since the
size and shape of the domain are directly related to it.

2.2. Continuum modelling approach
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Figure 2.5: Empty circles (spheres in a three-dimensional space) where the radius is given
by the alpha-shape parameter α multiplied by the distance between two points h(x).

Figure 2.6: Example of boundary detection using the alpha-shape method. Empty circles
of radius αh(x) define the boundary particles, where α is the alpha-shape parameter and
h(x) is a characteristic particle spacing.
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The PFEM is founded upon an updated Lagrangian formulation where the governing
equations are formulated in the current configuration, and the state variables are assumed
to be known at the last calculated configuration, at time t. The PFEM can be summarized
as the following basic steps (see Figure 2.7):
1. As a starting point, a cloud of particles of infinitesimal size is generated. In Figure
2.7, the cloud at time t = tn is denoted Cn .
2. The alpha-shape method is used to identify the external boundaries defining the
computational domain Vn .
3. The domain is discretized with a finite element mesh Mn , using the cloud of particles
as nodes. The finite element mesh is automatically generated using a Delaunay
triangulation scheme.
4. The governing Lagrangian equations of motion are solved in the domain. In the
solution step, explicit or implicit numerical time integration schemes can be used.
The state variables are computed for the updated configuretion at t = tn+1 . Velocities, pressures and viscous stresses for a fluid domain and displacements, stresses
and strains for a solid.
5. The computed state variables are used to update the position of the mesh nodes,
forming an updated point cloud Cn+1 .
6. Return to step 2 and repeat the process for the next time increment.
Similar to the traditional FEM, the accuracy of the solution in the PFEM depends
on the mesh density and quality. The motion of the particles might result in regions of
increased concentration of particles and consequently regions where the particle spacing
is large. The accuracy of the solution is affected if the distribution of particles become
too irregular. This issue is remedied by allowing the removal and addition of particles.
A geometric criterion based on a characteristic element size and distance between particles governs the addition and removal of particles. In the PFEM, contact between the
deforming material domain and fixed boundaries is detected automatically during the
mesh generation, and no contact search algorithm is required. Penetration of the nodes
of the deforming material into the fixed boundaries is prevented by the incompressibility
condition. More details regarding the automatic contact treatment of the PFEM can be
found in Oñate et al. (2011). In Paper D, the PFEM is used to model the transient flow
of a potassium chloride fertilizer and of beads made of sintered aluminum oxide. The
PFEM is further used in Paper E, to model a slurry in a stirred media mill.

2.2. Continuum modelling approach
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Figure 2.7: The steps used in the PFEM to update a cloud of particles representing the
computational domain from time t = tn to t = tn+1 .

2.2.3

Constitutive models

A constitutive model is a theoretical description of how a material respond to applied
forces. In solid mechanics, this is typically given by a model describing the relation
between stress and strain, while in fluid mechanics this relation is between stress and
strain-rate. In constitutive modelling, it is common to assume that strains can be additively decomposed into elastic, reversible strains and plastic, irreversible strains. For
linear-elastic materials, the stresses in the elastic region are modelled using two independent constant parameters: Young’s modulus and Poisson’s ratio. Outside the elastic
region, the stresses are limited due to plasticity using a yield function. The evolution of
plastic strains is governed by a flow rule and a hardening law. The constitutive modelling of granular materials can be founded upon either stress versus strain or stress
versus strain-rate. In the present thesis, both these options are explored.
A pressure-dependent, elastic-plastic constitutive model, based on the work by Krieg
(1972), is used in Paper C to model a potassium chloride fertilizer. The model is based
on the use of two constant elastic parameters, a pressure-dependent yield function and
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a piecewise linear relation between the pressure and volumetric strain. The constitutive
model is presented in detail in Paper C. In Paper D, two constitutive models based on the
relation between stress and strain-rate are explored for the modelling of the potassium
chloride fertilizer from Paper C and an aluminum oxide grinding media. In these models,
the stresses and strain-rates are linked via a viscosity, which in turn is dependent on the
strain-rate. This modelling framework is analogous to the method typically employed to
model viscous, non-Newtonian fluids. A modification based on the work by Cante et al.
(2011) is introduced, where the viscous fluid model is reinterpreted using the parameters
from a Drucker-Prager (Drucker and Prager, 1952) yield surface with a non-associated
flow rule. This model is further modified by adding a strain-rate dependent residual
strength, following the work of Andrade et al. (2012). For a detailed description, the
reader is referred to Paper D.

2.3

Experimental methods

The main experimental methods of this thesis are the triaxial shear test, and an optical
method for in-plane velocity measurement based on digital image correlation (DIC).

2.3.1

Triaxial shear test

Most constitutive models are formulated using parameters that must be determined experimentally. The uniaxial extension and compression tests are typically used to determine the stress versus strain relationships of metals and concrete, respectively. Common
to these tests is that no lateral stress is applied. For dry granular materials, it is not
feasible to use an unconfined test since a dry granular specimen will collapse without
lateral support. The triaxial shear test is an experimental method for determining the
stress versus strain relationship of granular materials. This is done by testing a granular
material under confined conditions in a triaxial apparatus. In a triaxial test, the granular
specimen is a right cylinder which is covered by a transparent rubber membrane. The
bottom and top of the cylinder are closed with circular metal plates, and the specimen is
sealed with o-rings. The specimen is placed upright in a test chamber, which is then filled
with water and sealed. A hydrostatic state of stress is induced by increasing the surrounding water pressure. With a hydraulic piston the top metal plate is displaced causing
a compression of the specimen, while the water pressure is held constant. A state of shear
stress is obtained from the difference between the stress from the surrounding water and
from the piston. By gradually increasing the displacement of the piston, a shear failure
is achieved. During the test, the force required to displace the piston and the amount
of water in the test chamber are recorded. From these recordings, the deviatoric stress
versus axial strain and the volumetric compression versus pressure relations are found. A
schematic showing a cross section of a triaxial apparatus is presented in Figure 2.8. More
information on the triaxial shear test can be found in textbooks, e.g. in Craig (2004).
In Paper C, a triaxial apparatus based on the principles outlined in Bishop and Wesley
(1975) is used for mechanical characterisation of a potassium chloride fertilizer.
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Figure 2.8: Schematic of a cross section of a triaxial test apparatus. An axial force
F is applied to compress the specimen, while the surrounding water pressure p is held
constant.

2.3.2

Digital image correlation

Digital image correlation (DIC), also referred to as digital speckle photography is an
optical experimental technique used in the present work for in-plane velocity field measurement. DIC is based on the comparison of a series of digital photographs of the
specimen surface, recorded during its deformation. The images are subdivided into small
overlapping sub-images and a cross-correlation procedure is applied to determine the inplane velocity field. The cross-correlation procedure requires that the specimen is covered
with a random surface pattern that enables the recognition and tracing of sub-images.
The cross correlation procedure is outlined in Sjödahl (1994) and a detailed description of
DIC and its application in solid mechanics for displacement and strain field measurement
can be found in Kajberg and Lindkvist (2004). Furthermore, Pan et al. (2009) published
a review on the application of DIC in experimental mechanics for in-plane displacement
and strain measurement.
In the present thesis, the fact that granular materials naturally form random surface
patterns is utilized in the application of DIC for in-plane velocity field measurement. If
the surface texture of the granular material is sufficient, DIC can be used. In Paper
A, an experimental methodology based on DIC is developed for in-plane velocity field
measurement on sand and a tungsten carbide powder. This methodology is used in Paper
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Figure 2.9: Principle of sub-image motion and distortion when digital image correlation
is applied to a granular material flow. A detailed description is provided in Paper A.
B to quantify the flow of a tungsten carbide powder during die filling. Furthermore, DIC
is used in in Papers C and D to measure the in-plane velocity for a potassium chloride
fertilizer and an aluminum oxide grinding media. The motion and distortion of subimages when digital image correlation is applied to a granular material flow is shown
conceptually in Figure 2.9.

Chapter 3
Summary of appended papers

In this chapter, a summary of the findings in Papers A-E is presented in a common
context. The intention is to relate the results of the papers to the overall objectives of
the present work. Furthermore, the authors contribution to each paper is stated.

Paper A
In Paper A, a methodology for experimental study and quantification of granular material
flow is developed. The proposed methodology is based on digital image correlation (DIC)
for in-plane velocity field measurement. Application of DIC requires the surface of the
studied object to have a random surface pattern, which enable the tracing of small
sub-images with a cross-correlation algorithm. Since granular materials naturally form
random surface patterns, DIC can be applied to quantify granular material flow. In
the paper, DIC is used to measure the in-plane velocity field of sand and a tungsten
carbide powder. The measurements are obtained for a die filling experiment, using an inhouse built experimental rig. The paper constitutes the development of an experimental
approach for calibrating and validating numerical models with improved accuracy. The
main result is that DIC can be applied to obtain quantitative measurements of the inplane velocity field for granular material flow.
Author contribution: The present author evaluated the experimental results and wrote
the main part of the paper.

Paper B
In Paper B, the experimental methodology devised in Paper A is used to quantify the flow
of a tungsten carbide powder in a die filling test rig. The DIC technique is successfully
applied to obtain the in-plane velocity field of the powder. Following the experimental
study, a numerical model of the powder filling process is developed. The powder is
27
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modelled using the smoothed particle hydrodynamics (SPH) method and an elasticplastic constitutive model with a pressure sensitive yield surface. The constitutive model
is calibrated using a funnel flow experiment. Two and three-dimensional computational
domains are used to model the die filling. Numerical results are validated against the
in-plane velocity field obtained by DIC, with a reasonable agreement. Furthermore,
the density distribution at the end of the filling process is obtained from the numerical
model. This paper establishes a granular material flow modelling strategy which is used
in a powder metallurgy application. This approach is later used in Paper C to model the
flow of potassium chloride fertilizers.
Author contribution: The present author and co-authors jointly evaluated the experimental results and performed the numerical modelling. The present author wrote the
main part of the paper.

Paper C
In Paper C, granular material flow of two types of potassium chloride is studied experimentally and numerically. Two experimental setups are used: one for collapsing
axisymmetric granular columns and one for silo discharge. The deposit morphology is
extracted from the column collapse and the DIC technique of Paper A is used to obtain
the in-plane velocity field for the silo discharge. The granular materials are modelled
using the SPH method together with a pressure-dependent, elastic-plastic constitutive
model. In this paper, the constitutive model of Paper B is extended to also include
a relationship between pressure and volumetric compressive strain. Parameters for the
constitutive model are determined from triaxial shear testing, and are calibrated by
numerical experiments. The deposit morphology is compared for the granular column
collapse. The mass flow rate and in-plane velocity field are compared for the silo discharge. The numerical results are in good agreement with experiments, and also with
experimental observations reported in the literature. This paper is an extension of the
constitutive model development from Paper B. Furthermore, it demonstrates the ability
and versatility of the experimental methodology devised in Paper A, for calibration and
validation of numerical models of granular material flow at dissimilar loading conditions.
Author contribution: The present author supervised the experiments, evaluated the
experimental results, performed the numerical modelling and wrote the main part of the
paper.

Paper D
In this paper, transient granular material flow of two different materials is modelled
with the particle finite element method (PFEM). As granular materials, a potassium
chloride fertilizer and a sintered aluminum oxide grinding media are considered. The
materials differ mainly regarding particle size and shape. The fertilizer consist of 2.0-
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4.0 mm angular grains while the grinding media consist of 1.2-2.0 mm spheres. The
selection of materials with different particle properties is deliberate since it affects the
flow properties. Thus, giving the possibility to investigate the ability to model granular
materials with different flow properties using the proposed modelling approach. In this
paper, one aim is to take into account strain-rate effects in the constitutive modelling.
Two constitutive models are explored, both accounting for strain-rate effects. In the first
constitutive model, the strain-rate effect enters via a viscosity. The other model is an
extension of the first, but in which the strain-rate effect is added to a parameter governing
the residual strength of the granular material. The PFEM and the two constitutive
models are used to model collapsing rectangular granular columns. For validation, a
series of column collapses are studied experimentally and simulated with the present
numerical approach. The numerical results are compared with experimental observations,
with a good agreement. This paper explores the PFEM as a continuum representation
of granular materials and presents a constitutive modelling strategy where strain-rate
dependent material strength is introduced. The paper is a further extension of the
continuum approach for modelling granular material flow. Furthermore, the approach
from Paper A is used for validation of the proposed models.
Author contribution: The present author performed and supervised the experiments,
evaluated the experimental results, implemented the constitutive models, performed the
numerical modelling and wrote the main part of the paper.

Paper E
In Paper E, an approach for modelling the physical interactions between slurry, grinding
media and mill structure in a stirred media mill is developed. The slurry phase is modelled
with an extension of the PFEM, and two different constitutive models. In the first
constitutive model, the slurry is modelled as a Newtonian fluid and in the second as a
non-Newtonian, shear-thinning fluid. The grinding media is modelled with the discrete
element method (DEM), and the mill structure with the finite element method (FEM).
Interactions between slurry, grinding media and mill structure is modelled by two-way
couplings between the PFEM, the DEM and the FEM models. The model is used to
predict the dynamics of the slurry and grinding media. Furthermore, the power draw
is computed and a strategy for quantification of collision events between the grinding
media particles is presented. Paper E explores the feasibility to use coupled particlebased numerical methods to model the multiphysics of a complex industrial process.
Furthermore, a discrete approach where the DEM is used to model granular material in
the form of a sintered aluminum oxide grinding media is explored.
Author contribution: The present author evaluated the experimental results, performed the numerical modelling and wrote the main part of the paper.
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Chapter 4
Discussion and conclusions
The abundance of granular materials in nature and industry generate strong economic
and environmental incentives for increased efficiency in their handling and transportation.
Due to the complex nature of granular materials, their behaviour remains challenging to
predict. To achieve an efficient industrial handling of granular materials, knowledge of
their behaviour at different loading conditions is of utmost importance. Tools for numerical modelling and simulation has emerged as attractive alternatives to the traditional
approach of experimental investigation. This thesis aims to contribute to the knowledge
and understanding of granular media and granular material flow through the development, improvement and evaluation of particle-based strategies for numerical modelling.
In the present thesis, it is shown that reliable numerical models can be used for inexpensive study of granular material flow at dissimilar flow conditions. In addition to
supplementing and possibly replacing experiments, numerical modelling provides the opportunity to study physical phenomena that are difficult or even impossible to obtain
experimentally. This is demonstrated in Paper B, where the density distribution of a
tungsten carbide powder is obtained numerically, and in Paper E where particle-particle
contact events are quantified in a stirred media mill.
If a numerical model is to be used for industrial decision making, it needs to produce trustworthy results. Thus, model validation is of utmost importance, which brings
the attention back to experimental techniques. For model calibration and validation of
both discrete and continuum-based methods, great emphasis should be placed on experimental characterisation of granular materials under dissimilar loading conditions. An
experimental methodology based on digital image correlation (DIC) for in-plane velocity
field measurement of granular material flow is devised in Paper A. This methodology is
used for validation of the numerical models introduced in Papers B-D. The possibility to
use experimentally measured velocity fields provides a framework for model calibration
and validation with improved accuracy. Besides its usefulness for model validation, the
methodology enables the identification of both global and local flow phenomena. Thus,
it constitutes a tool to increase the knowledge and understanding of granular material
flow.
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The representation of a granular material flow as a continuum is valid as long as the
number of physical granular particles is large enough at the smallest dimension of the
problem. This fact is an important limitation to the use of continuum methods for
modelling granular material flow. In Papers C and D, it is observed experimentally that
in certain settings, the number of physical granular particles becomes low in the flowing
layer. Thus, a continuum representation is questionable and to accurately model such
a situation might call for the use of a discrete approach. It is further observed that
the modelling of granular material flow might require a constitutive model incorporating
strain-rate dependency. In Paper C, some of the discrepancy between experimental and
numerical results is attributed to the use of a strain-rate independent constitutive model.
This issue is addressed in Paper D.
Based on the objectives and research questions formulated in Section 1.1, the following
main conclusions are drawn:
• Particle-based numerical methods are suitable for modelling granular material flow
at dissimilar loading conditions. Depending on the situation, granular material flow
can be accurately modelled using either a discrete or a continuum approach, which
is demonstrated in Papers B-E.
• Couplings between discrete and continuum approaches can be used to model the
complex multiphysics of industrial applications involving granular media. This is
demonstrated in Paper E.
• The methodology based on DIC for in-plane velocity field measurement of granular
material flow constitutes a useful tool for calibration and validation of numerical
models with improved accuracy, as shown in Papers B-D.
• The numerical models of the present thesis can be used to study physical phenomena in processes involving granular materials that are difficult or impossible to
investigate experimentally. This is demonstrated in Paper E, where interparticle
collisions are quantified in a stirred media mill.
• The results of the present thesis contribute to increasing the knowledge and understanding of granular materials, and are of great value for the future development
of modelling strategies for granular material flow.

Chapter 5
Outlook
Naturally, the work within the present thesis is delimited in several aspects. To suggest
future lines of research and extensions of the present work, a reasonable first step is
to address the limitations presented in Section 1.4. In the present thesis, all granular
materials are considered to be dry. Wet granular materials are common in nature and
in industrial applications. With a liquid present between and inside the grains, the
mechanical properties change dramatically. Modelling a wet granular material requires
an approach where non-contact forces, such as capillary forces, are considered. The
discrete element method (DEM) employed in Paper E can readily be extended to include
capillary forces.
Availability of increasingly powerful computational resources affects the possibility of
using the DEM to model granular materials. With the DEM, strategies for modelling
non-spherical physical grains can be explored. Modelling the real shapes is desirable
since it result in a more physically correct representation of granular materials. For this
reason, it would also be interesting to investigate the multi-particle finite element method
(MPFEM) modelling strategy outlined by Gustafsson et al. (2013). In the MPFEM, the
physical granular particles are discretised with finite elements and the granular particle
size, shape and material properties are statistically distributed. Thus, non-spherical
particles are readily modelled with the MPFEM.
The transition between solid and liquid-like states in a granular material can be investigated further. A model describing this transition, where a dilatancy parameter is
introduced in the solid-like state was recently proposed by Andrade et al. (2012). To include the dilatancy in the solid-like state would be a logical extension of the constitutive
model used in Paper D.
There has recently been proposed an approach for three-dimensional bulk flow measurements, based on dynamic X-ray radiography (Baker et al., 2018; Guillard et al.,
2017). The application of such a technique opens up new possibilities for calibration and
validation of numerical models for granular material flow.
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Edelsbrunner, H. and E.P. Mücke (1994). Three-dimensional alpha shapes. ACM Transactions on Graphics 13.1, pp. 43–72.
Elaskar, S.A. et al. (2000). A viscoplastic approach to model the flow of granular solids.
International Journal of Solids and Structures 37.15, pp. 2185–2214.
Fern, E.J. and K. Soga (2016). The role of constitutive models in MPM simulations of
granular column collapses. Acta Geotechnica 11.3, pp. 659–678.
Fullard, L.A. et al. (2018). Testing steady and transient velocity scalings in a silo. Advanced Powder Technology 29.2, pp. 310–318.
Gan, J.Q., Z.Y. Zhou, and A.B. Yu (2016). A GPU-based DEM approach for modelling
of particulate systems. Powder Technology 301, pp. 1172–1182.
German, R.M. (1994). Powder Metallurgy Science. 2nd ed. Princeton, USA: Metal Powder
Industries Federation, MPIF.
Gingold, R.A. and J.J. Monaghan (1977). Smoothed particle hydrodynamics: theory and
application to non-spherical stars. Monthly Notices of the Royal Astronomical Society
181.3, pp. 375–389.
Gong, J. et al. (2018). Spatial filtering velocimetry for surface velocity measurement of
granular flow. Powder Technology 324, pp. 76–84.
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material flow using digital speckle photography
Simon Larsson, Gustaf Gustafsson, Aliae Oudich, Pär Jonsén and Hans-Åke Häggblad

Abstract
Granular material flow occurs in many industrial applications, and the characteristics of
such flow is challenging to measure. Therefore, an experimental method that captures
the flow behavior at different loading situations is desired. In this work, experimental
measurements of granular material flow with digital speckle photography (DSP) are carried out. The granular flow process is recorded with a high-speed camera; the image
series are then analyzed using the DSP method. This approach enables field data such
as displacement, velocity, and strain fields to be visualized during the granular material
flow process. Three different scenarios were studied: free surface flow in a fill shoe, flow
without a free surface in a fill shoe, and the rearrangement of material in a cavity. The
results showed that it is possible to obtain field data of the motion of particles for all
three scenarios with the DSP technique. The presented experimental methodology can
be used to capture complex flow behavior of granular material.

1

Introduction

Many industrial materials are classified as granular materials. These granular materials
are used in different industrial applications, with particle sizes ranging from fine particulates used in the pharmaceutical industry to quite coarse granular materials used
for construction and the mining industry. Many naturally occurring materials, such as
sand, grain, soil, and coal, are also classified as granular materials. The characteristics
of granular flow in both industrial applications and in nature remain difficult to predict
due to the highly complex behavior of granular flow. Granular material flow is typically
dependent on both externally applied forces and the internal state of the system.
Understanding of the motion of granular flow is of importance in many industrial applications and processes, for example in milling systems (Jonsén et al., 2015), in granular
material discharge from silos (Gustafsson et al., 2007) and in pharmaceutical tabletting
(Wu, 2008).
In the manufacture of components from powder materials the die filling processes have
been seen to greatly affect the quality of the final product (German, 1994; Zenger and
Cai, 1997). During die filling the powder is transferred into the die from a fill shoe
by moving the fill shoe over the die cavity. In the present study, the granular material
flow behavior during die filling was studied using an experimental powder filling rig.
The experiments were combined with high-speed digital speckle photography equipment
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to capture the granular material flow during the filling process. This method aims to
improve knowledge of the granular material flow behavior and to provide experimental
data for the development and calibration of numerical models. In several previous studies,
photography has been used to track a number of particles as they flowed through a
system in order to obtain displacement measurements (Michalowski, 1984; Pariseau,
1969; Takahashi and Yanai, 1973). More recently Sielamowicz et al. (2005) used the
optical flow technique digital particle image velocimetry to experimentally investigate
the flow field of granular materials in plane hoppers. In a work by Zhao et al. (2011)
metal powder compaction was studied experimentally using digital image correlation.
Experimental work similar to the present study was carried out by Wu et al. (2003),
where powder flow into constrained cavities was studied. In their work, various powders
were studied and die filling was performed either in air or in a vacuum. The filling
process was recorded using a high-speed video camera. It was concluded that the flow
process during the cavity filling was dependent on the powder characteristics, shoe speed,
die geometry, and the presence of air-flow during the filling. In Wu and Cocks (2006),
the flow of powder into a confined space was further studied, both experimentally and
numerically. A model shoe filling system was considered and a high-speed video system
was used to monitor the flow behavior of a powder as it was delivered into a confined
cavity from a moving shoe. In the numerical study, a discrete element model (DEM) was
constructed to simulate the powder flow. A comparison between experimental results
and simulation showed that major features of the powder flow process could be captured
with DEM simulations. A similar study that focused on the powder behavior in the die
during the pressing process was performed by Coube et al. (2005).
Numerical simulation of industrial granular flow has traditionally been performed using
either DEM or the finite element method (FEM). In Tsunazawa et al. (2015) industrial die
filling in arbitrarily shaped dies was simulated using DEM resulting in particle flow that
qualitatively corresponding to experimental results. A coupled DEM and computational
fluid dynamics (CFD) was used by Guo et al. (2011) to study the flow behavior of
granular material mixtures with different particle sizes during die filling in both air and
vacuum. Their coupled DEM/CFD technique was further used in (Wu and Guo, 2012) to
numerically study suction filling, a process widely used in the manufacture of components
from powder materials.
A drawback with DEM is the limitation in modelling the very large number of particles
present in a real industrial granular flow. Problems also arise when using FEM due to the
large deformations causing severe mesh distortion, resulting in convergence issues. The
smoothed particle hydrodynamics (SPH) method and the particle finite element method
(PFEM) are alternative continuum based methods that have been successfully used in
modelling granular flow (Cante et al., 2014; Gustafsson et al., 2007; Gustafsson et al.,
2009).
The purpose of the present study is to develop an experimental methodology for granular material flow. The methodology enables measurements of the motion of free flowing
granular material in the fill shoe, as well as the rearrangement of material in the cavity,
thus providing new insights into the behavior of flowing granular materials. The exper-
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Figure 1: Photograph of the mixture of yellow and black sand used in the experiments.

imental method could be used as a powerful tool to validate the results obtained with
DEM, SPH, and PFEM simulations, providing detailed information of the flow field.

2

Materials and methods

The experimental set-up was intended to mimic granular material transfer from a fill shoe
to a cavity. To capture the granular material flow, an optical measurement instrument
was used.

2.1

Materials

For most of the experiments sand was used as the granular material in this study. The
particle size and shape - as well as the bulk density of a granular material - determine the
mechanical behavior. One common approach used to define the particle size distribution
is to use three values, the d(0.1), d(0.5) and d(0.9). The value d(0.5) represents the
median, or the diameter where half of the population of particles lies below this value.
The values d(0.1) and d(0.9) are the diameters where 10 and 90 % of the population lies
below these values respectively. The particle size distribution for sand was: d(0.1) = 240
µm, d(0.5) = 397 µm and d(0.9) = 638 µm. The apparent density was 1.54 g/cm3 . For
better contrast, the sand used for the experiments was a mixture of yellow and black
sand (Figure 1).
For some experiments an industrial tungsten carbide powder mix was used. The particle size distribution for the powder mix was: d(0.1) = 64 µm, d(0.5) = 110 µm and
d(0.9) = 184 µm. The apparent density was 3.73 g/cm3 .
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Figure 2: Photograph of the experimental equipment used for powder transfer and die
filling.

Figure 3: Schematic of the experimental equipment used for powder transfer and die
filling.
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Die-filling rig

The powder-filling rig consisted of a fill shoe and a die. A photograph of the experimental
rig is presented in Figure 2. The fill shoe had a width of 50 mm, a height of 55 mm and a
depth of 20 mm. The die had a width and depth of 20 mm and a height of 24 mm. Parts
of the rig were made of transparent Plexiglas to enable filming of the filling process. The
shoe was driven by a pneumatic cylinder, which pushed the shoe over a horizontal surface
and over a cavity, thus transferring the granular material into the die. The velocity of
the fill shoe could be controlled by means of the pneumatic cylinder. The velocity range
was between 0-500 mm/s in both forwards and backwards motion. A schematic of the
experimental setup is presented in Figure 3.

2.3

Optical equipment

The fill shoe velocity was measured by a laser transmitter device that used Laser Doppler
velocimetry. The filling process was filmed with a high-speed camera, FASTCAM SA1.1
model 675K-M2, with the possibility to vary parameters such as the shutter speed, frame
rate, and resolution. Shutter speed is the frequency of the recording and the frame rate
is the number of pictures viewed per second. A resolution 1024 × 1024 pixels enables
the frame rate to be set in the interval 50-5400 frames per second (fps). A higher frame
rate can be set with a lower resolution; a resolution of 64 × 16 pixels enables the frame
rate to be set to a maximum of 675,000 fps.

2.4

Characteristics of granular material

Various granular materials with different apparent densities, particle size, particle shape,
and base materials can be used. It is also possible to use a mixture of different granular
materials. Process parameters that can be varied are the shape and size of the cavity
and the fill shoe velocity. Both material and process parameters have been seen to affect
the flow properties of granular materials, (Cante et al., 2011).
A flow meter can be used to characterize granular materials. The flow meter enables a
granular material to flow through a funnel with standardized dimensions. The flow rate
of the granular material can then be measured by pouring a specific mass of granular
material into the funnel and recording the time required for the granular material to exit
the funnel. Two main types of flow meter funnels are commonly used: the Hall funnel
and the Carney funnel. The Carney funnel has a larger orifice and is used for granular
material that does not flow through the Hall funnel.
The Carney funnel, illustrated in Figure 4, with dimensions according to (ASTM B96409, 2009) was used in the present study. Repeated measurements were performed in order
to obtain averaged values for the flow rate.
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(a)

(b)

Figure 4: The Carney flow meter used for flow rate measurement of granular materials.
(a) Standardized dimensions of the Carney flow meter (ASTM B964-09, 2009), and (b)
photograph of the Carney flow meter.

2.5

Experimental procedure for study of granular flow

Granular flow during die filling was studied in the fill shoe and in the cavity separately.
Two different scenarios were identified for the granular material flow process in a fill
shoe: granular material flow with a free surface and granular material flow without a
free surface. The free surface is the surface of the granular material that forms when the
granular material flows from the fill shoe and into the cavity, illustrated in Figure 5.
During the granular material flow experiments, the sequences were filmed from the
side view, and the captured area covered the flow of the granular material from the fill
shoe into the cavity. Parameters identified to affect the shape of the free surface were:
• The amount of powder and the dimensions of the fill shoe. If the amount of powder
was too large and the volume of the fill shoe too small, the powder did not flow
freely into the die and no free surface formed.
• The volume of the die had to be large enough so that the die was not completely
filled before the free surface was formed.
• The fill shoe velocity had to be slow enough to allow the granular material to flow
freely into the die.
• The cavity opening area had to be sufficiently large to allow the granular material
to flow freely into the cavity.
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(a)

(b)

Figure 5: Free surface during granular material flow. (a) Schematic of the free surface that
formed when the granular material flowed from the fill shoe into the die. (b) Photograph
taken with the high-speed camera of the free surface that formed when the granular
material flowed from the fill shoe into the die.

Figure 6: Schematic of the powder transfer process without the formation of a free
surface.

The granular material flow in the fill shoe without the formation of a free surface
was also studied. To avoid the formation of a free surface during the granular material
flow process, a higher fill shoe velocity was used (≥ 250 mm/s). Usually, in an industrial
filling process, the fill shoe is continuously filled with granular material, and thus granular
material flows with no free surface. The granular material flow experiment with no free
surface is illustrated in Figure 6.
For the cavity filling experiment, the effect of both backwards and forwards motion of
the fill shoe was studied. Two possible filling configurations were identified. The first
was when the cavity was empty at the start of the filling and the fill shoe moves forwards
to fill it. The second was when the cavity was already filled and the fill shoe moved
backwards over the cavity. During the backwards motion, the cavity was either partly
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(a)

(b)

Figure 7: Schematic of the experiments with granular material flow in a cavity: (a) cavity
filling experiment with forward-moving fill shoe and (b) cavity filling experiment with
backward-moving fill shoe.
or entirely filled. A fill shoe velocity of 100 mm/s was used for the cavity experiments.
The whole cavity was filmed throughout this process (Figure 7).
The compaction of the entirely filled cavity from backwards motion of the fill shoe
was investigated. For this test, the fill shoe was filled with twice the amount of granular
material that could be filled into the cavity. This experiment was conducted to study the
behavior of the granular material in the cavity when the fill shoe moved backwards with
the same velocity as for the forward motion. A schematic of the experiment is presented
in Figure 7. The objective of this study was to examine the rearrangement of the granular
material in the cavity while the fill shoe moved backwards after a first forward passage.

3

Digital speckle photography

The natural random pattern of the granular material is used to create field data by digital
speckle photography (DSP). DSP is based on the digital image correlation technique.
Digital image correlation (DIC) is an optical experimental method that can be used for
full-field measurements of the motion of a material. During deformation, digital images
are captured of the specimen surface, and by tracing small regions of the image by
a cross-correlation procedure, the point-wise displacement field can be determined. A
random surface pattern is needed in order to use the correlation procedure. The random
pattern enables individual sub-images to be recognized and traced during deformation.
The pattern of each sub-image is then searched for in the next image by the correlation
algorithm, and the new position of the sub-image is the coordinate where the correlation
coefficient is the highest. From this, it is possible to obtain the deformation gradient by
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Figure 8: The sand that was used in the experiments forms a random pattern naturally
that allows its motion to be studied using digital speckle photography (DSP).
means of numerical differentiation. The in-plane deformation gradient is determined for
all spatial points in the grid by performing the correlation procedure step-wise through
the set of digital images. The coordinates of the original sub-images are known, and
thus the entire displacement field can be found. The experiments were recorded with
a high-speed camera. Using digital image correlation multiple times on the high-speed
image series, the displacement field as a function of time can be obtained. From the
displacement field, more information can be evaluated, e.g. strain- and velocity fields as
a function of time. A detailed description of the DIC technique can be found in Sjödahl
(1997, 1994) and in Kajberg and Lindkvist (2004).
The DSP evaluations performed in this work were carried out with the commercial
software Aramis v.6.1 (GOMmbH, 2007). The system works on the principle of DIC,
in which the surface of the studied material is recorded with a high-speed video system
where, in this case, the powder particles work as the speckle pattern undergoing transformation. With the DIC method, the displacement of a point on the specimen can be
found by comparing initial and successive images of the point and performing a crosscorrelation. A full-field measurement is made possible by regarding the entire field of
view.
The studied material has to be covered with a random pattern, as displayed in Figure
8, to enable the software to follow the deformations of the object and to analyze the
variation of the pattern during the process. The image series obtained from the highspeed camera and analyzed with DSP are called stages. Each stage is separated with a
time step ∆t that can be defined by altering the shutter speed of the high-speed camera.
Some stages from the granular material flow in the fill shoe are displayed in Figure 9.
The smallest element on a stage that can be evaluated with DSP is called a facet. A
facet is a rectangular area defined by an amount of n × m pixels; the facet size is defined
by the user. The pattern in Figure 10 allows the specimen to be recognized and split into
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Figure 9: Stages or image series from the powder transfer process captured by the highspeed camera and analyzed with the digital speckle photography (DSP) method.

Figure 10: The studied area of the specimen is divided into a field of overlapping facets.

facets. The facets do not need to be adjacent; they can be overlapped by a user-defined
number of pixels. The size of the overlap is given by the step, and the definition of the
step is illustrated in Figure 10.
The DSP system defines the stages from the image series that are imported into the
software. The first stage (stage 0) is the reference stage. Data in the other stages are
computed by comparison to the reference stage. In the reference stage, the user defines
the area of the material to be studied, which is then split into a grid of overlapping
facets. The grid of overlapping facets is called the facet field. The user then has to
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Figure 11: Granular material motion stages during the granular material flow process.
The facet motion and deformation is shown during the different stages.
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Figure 12: Schematic of the recovery of parts of the data that are lost due to severely
distorted facets.
define the dimensions to agree with the physical system. The deformation of the facets
is then analyzed in comparison to the reference frame, which describe the deformation of
the material. By analyzing the pattern in each facet, the deformation can be followed.
A facet in stage n is compared to its previous state, n-1. The stages of the granular
flow process can be used to illustrate the computational procedure of the software. In
Figure 11, the deformation of a facet over time is displayed. When a facet becomes
highly distorted, that facet will be deleted. However, due to the overlapping of facets,
some information in the lost facet remains in the area where the facets overlap. This is
illustrated in Figure 12.
During the analysis of the deformation, the desired mechanical parameter is computed
in each facet. Then, the average value of a matrix of k × k facets, called the integration
matrix, is calculated. This average value is assigned to the central facet, as illustrated in
Figure 13 where k = 3 is used. Each facet is located in the center of an integration matrix,
except the facets on the boundaries of the specimen. Although it is possible to define the
integration matrix to contain larger numbers of k × k facets, k has to be odd to obtain an
integration matrix with a central facet. If a large integration matrix is used with facets
overlapped with large steps, the central facet will obtain the averaged value of a large
area of the studied specimen. This scenario enables the study of mechanical parameters
on a large scale. If a small scale is desired, the number of facets should be fewer and
the overlap smaller. This will result in a central facet with averaged values from a small
area, and therefore a study on a smaller scale can be conducted. More details about the
material parameters can be obtained with smaller facets and smaller steps between them.
When the computations are done, the evolution of mechanical parameters in each stage
can be displayed. Data of the variation of each mechanical parameter as a function of
time or space or as a function of other mechanical parameters are then available.
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Figure 13: Integration matrix with the size of 3 × 3 facets used to calculate averaged
mechanical parameters.
Table 1: Experimental conditions for DSP measurements of granular material flow in fill
shoe and cavity.

4

Test

Studied area

Material

1
2
3
4
5
6
7
8

Fill shoe
Fill shoe
Fill shoe
Fill shoe
Fill shoe
Fill shoe
Cavity
Fill shoe

Sand
Sand
Sand
Sand
Sand
Sand
Sand
Tungsten carbide
powder

Stage

Fill shoe velocity
[mm/s]
Start
100
Steady state
100
End
100
Steady state
250
Steady state
400
No free surface 400
Rearrangement 100
Steady state
150

Results and discussion

In this section, a selection of experimental results from the granular material flow experiments in fill shoe and cavity are presented. Some general observations of the granular
material flow process are also discussed. A summary of all performed experiments with
experimental conditions, as well as camera and DSP settings, is presented in Tables 1
and 2.
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Table 2: Camera and DSP settings used in the test series.
Test
1
2
3
4
5
6
7
8

4.1

Frame
rate [fps]
4000
4000
4000
5000
4000
5000
5000
2000

Shutter
speed [s]
1/5000
1/5000
1/5000
1/6000
1/5000
1/7000
1/6000
1/9000

Resolution

Facet size
[pixel]
896×752
40×40
896×752
60×20
896×752
60×20
896×640
60×60
1024×752 50×50
896×752
60×60
512×512
60×60
1280×1024 25×25

Step
[pixel]
5
3×1
3×1
2
2
3
6
1

Facet field
172×143
148×582
245×536
348×283
309×270
279×231
76×76
420×268

Flow rate measurement

In order to measure the flow rate, the time it takes for 50 g of granular material to flow
through the Carney flow meter was measured. The flow rate measurement for sand was
repeated five times. The mean flow rate was calculated to 3.10 g/s.

4.2

Digital speckle photography measurements of the fill shoe

The DSP system considers the granular material as a continuum represented by a speckle
pattern. The continuum is subjected to large deformations and distortions that describe
the motion of the particles. The variables of interest in this work were velocity and
displacement. For the granular material flow in the fill shoe, the process was divided into
sequences dependent on the existence of a free surface or not. In the case of granular
material flow with a free surface the sequences were
• The start of the flow process. This corresponds to a transient state when the
granular material starts to flow into the cavity and the free surface starts to form.
• The steady state of the granular material flow. This corresponds to the stage when
the free surface has formed and the granular material flows into the die.
• The end of the filling. This corresponds to the moment when the cavity is completely filled
The results from the granular material flow process with a free surface were selected
from the experiments with a fill shoe velocity of 100 mm/s. The full field velocity of the
studied area is presented for the three stages of the granular material flow process with
a free surface. Figure 14 shows the x -velocity (horizontal) and the y-velocity (vertical)
of the granular material at a fixed time during the three stages of the filling. During
the start of the filling, the vertical velocity occurred mainly close to the cavity as the
velocity of the granular particles close to the cavity was much higher than that of the
particles located far away from the cavity. It could be noticed that the x -velocity and the
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y-velocity during the steady-state stage of the granular material flow in the fill shoe was
significantly higher close to the free surface. The end stage of the filling was dominated
by particle motion close to the free surface. From the high-speed video, a layer of granular
material particles sliding along at the surface over the rest of the powder was noticed.
This avalanche flow has been reported in previous experimental studies of granular flow
during die filling, (Cante et al., 2011). From the DSP data, it was observed that the
particles close to the free surface had a higher velocity than the particles far from the
free surface, both in the x -direction (horizontal) and in the y-direction (vertical). It was
also possible to determine the thickness of this sliding layer of particles by studying the
DSP results. The back wall of the fill shoe subjected the granular material to a mild
compression, possibly explaining the upwards velocity of part of the granular material
far from the free surface, see Figure 14g-14i. It was also seen that granular material far
from the free surface had a rather homogeneous velocity.
The influence of the fill shoe velocity on the granular material flow was studied for three
fill shoe velocities: 100 mm/s, 250 mm/s, and 400 mm/s. The steady-state stage was
selected for comparison, and the velocities in the y-direction (vertical) through sections
in the granular material are presented in Figure 15. All sections were placed at the same
vertical distance from the bottom of the fill shoe. It is noted that the steady-state stage
was less prominent for higher fill shoe velocities. For fill shoe velocities of 250 mm/s and
400 mm/s the steady-state stage was similar to the start stage as the steady-state stage
did not have enough time to form during the passage over the cavity. If the velocity
profiles in Figure 15 are compared, it is observed that the maximum velocity in the ydirection decreased with increasing fill shoe velocity. A fill shoe velocity of 100 mm/s
resulted in a maximum velocity in the y-direction of approximately 760 mm/s and for a
fill shoe velocity of 400 mm/s the maximum velocity in the y-direction was approximately
180 mm/s. This trend can be explained by the fact that the granular material has less
time to flow freely into the cavity when the fill shoe velocity is increased.
For the granular material flow process without a free surface, the steady-state stage
was studied. Due to the high fill shoe velocity, the end stage of the filling did not take
place, i.e., the granular material did not have enough time to flow and fill the cavity
completely. Results for the granular material flow without a free surface were selected
from the experiments with a fill shoe velocity of 400 mm/s. With this fill shoe velocity,
the granular material did not have time to form a free surface during the fill shoe passage
over the cavity. Results from the granular material flow process in the fill shoe with no
free surface are presented in Figure 16. It is noticed that the x -velocity is lower close to
the cavity. This could be explained by assuming that when the fill shoe velocity was high,
the x -velocity of the granular material was disturbed by granular material impacting the
right edge of the cavity during the process.

4.3

Digital speckle photography measurements of the cavity

Flow in the cavity was studied with focus on the second passage. The experiments were
performed with a fill shoe velocity of 100 mm/s. The cavity was almost entirely filled
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 14: Velocity field measurements (fill shoe velocity 100 mm/s) in the fill shoe for
the (a) start, (b) steady state, and (c) end stage of the filling process. Velocity in the
(d-f) x -direction (horizontal) and (g-i) y-direction (vertical).
during the first passage, and therefore, slight compaction of the granular material was
expected for the second passage. For this process, the displacement in the x -direction
(horizontal) and in the y-direction (vertical) were studied, and the results are presented
in Figure 17. A downward motion of the granular material is observed. It is also noticed
that the compaction occurs mainly in the upper part of the cavity.

4.4

Industrial application

Experiments were also performed with uncolored tungsten carbide powder. The main
difference is that the tungsten carbide powder was uncolored, in contrast to the colored
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 15: Sections with velocity profiles in the fill shoe for different velocities: (a)
100 mm/s, (b) 250 mm/s, and (c) 400 mm/s. (d-f) Velocity profiles in the y-direction
(vertical).

(a)

(b)

(c)

Figure 16: (a) Velocity field measurements (fill shoe velocity 400 mm/s) in the fill shoe
during the filling with no free surface, (b) velocity in the x -direction (horizontal), and
(c) velocity in the y-direction (vertical).
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(a)

(b)

(c)

Figure 17: (a) Displacement field measurement (fill shoe velocity 100 mm/s) in the
cavity during the backwards motion of the fill shoe, (b) displacement in the x -direction
(horizontal), and (c) displacement in the y-direction (vertical).

(a)

(b)

Figure 18: (a) Velocity field measurement (fill shoe velocity 150 mm/s) for experiments
with tungsten carbide powder and (b) velocity in the y-direction (vertical).
sand. It was possible to experimentally measure variables such as displacement and
velocity with the uncolored tungsten carbide powder as well. The DSP system can thus
be used with an uncolored granular material, which still forms a natural speckle pattern.
The velocity in the y-direction (vertical) from one of the experiments (fill shoe velocity
150 mm/s) with tungsten carbide powder is presented in Figure 18.

4.5

General observations

Some general observations during the flow in a fill shoe and in a cavity could be made. It
was observed that the particles located close to the free surface had a somewhat higher
velocity. The particles close to the free surface formed a layer that slid on top of the
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Figure 19: Photograph taken with the high-speed camera that shows the flow of the sand
particles close to the free surface. The particles form a sliding layer.
rest of the powder in the fill shoe. This is illustrated in Figure 19 and agrees well with
observations made by Cante et al. (2011).
Figure 20 shows photographs taken by the high-speed camera during the cavity-filling
process at two different velocities. It can be observed that the lower fill shoe velocity
gave a centered and sparse flow into the cavity. The higher fill shoe velocity resulted in
a slightly denser flow to the right edge of the cavity. The particle motion was governed
by both gravity and the fill shoe motion. The total particle velocity is therefore the sum
of the vertical and horizontal velocities from gravity and the fill shoe motion.
In Figure 21, two photographs taken with the high-speed camera show the particles
in the cavity during the backward motion of the fill shoe with two different fill shoe
velocities. It is observed from the high-speed video that compaction in the cavity occurs
mainly in the vertical direction. After the first passage forward with a fill shoe velocity
of 100 mm/s, the cavity was completely filled while the fill shoe was still passing over the
cavity. During the end of the first passage forward, the remaining granular material in the
fill shoe was already applying a pressure on the granular material in the cavity, resulting
in compaction. During the backwards passage, the remaining granular material applied
pressure to the granular material in the cavity that resulted in additional compaction.
When the velocity of the fill shoe was 400 mm/s the cavity was not completely filled
during the first passage forwards; thus, the filling was completed during the backwards
motion of the fill shoe, with some compaction of the granular material as well.
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(a)

(b)

Figure 20: Photograph of granular material flow in cavity, first passage, at a fill shoe
velocity of (a) 100 mm/s and (b) 400 mm/s.

(a)

(b)

Figure 21: Photographs of granular material flow in cavity, second passage, at a fill shoe
velocity of (a) 100 mm/s and (b) 400 mm/s.
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General discussion

In this work, DSP was successfully used to obtain velocity and displacement field data
for a granular material flow process, both for flow in a fill shoe and for flow into a cavity.
The DSP system used in this work was limited to the study of 2D particle movement.
In a real granular flow process, some particle movement in the third dimension would
also be present. The rapid facet deformation made it impossible to continuously measure
over a long period of time; the facets became too distorted and most of the information
was lost. To measure over a longer period of time, the reference state had to be updated
several times during the measurements. The DSP system was originally designed for
measurement on compact and continuous solids rather than flowing granular material.
For the rapidly flowing granular material in a fill shoe, the loss of information due to facet
distortion limited the time of the study to approximately 3 ms. By splitting the granular
material flow process into three different stages, this issue could be resolved as only a
short time of study is sufficient for each consecutive stage. It has been shown previously
(Zhao et al., 2011) that DSP can be used for study of compaction of powder materials.
In the present study, using the proposed methodology, it was possible to capture all the
flow phenomena in both the fill shoe and in the cavity. Field data was obtained for flow
both with and without a free surface in the fill shoe. It was also possible to obtain field
data for the compaction and rearrangement of granular material in the cavity.
Cante et al. (2011) used alternated layers of light and dark granular material to observe
flow patterns during die filling and to make comparisons with numerical results. The
methodology proposed in the present study provides detailed data of the flow and does
not require the use of alternated layers of granular material. Detailed flow field data
is necessary to study the influence of various process parameters and how they affect
the flow. Besides contributing to the understanding of granular flow, the data obtained
using the presented methodology can also be used to calibrate and improve numerical
simulations of flow of granular material. Trustworthy simulations are of great benefit for
optimization and improvement of various industrial processes where granular flows are
important. Simulation of industrial processes enables evaluation of process parameters
that could be expensive, time consuming or even impossible to study experimentally.
It is possible to obtain better experimental data by using better and more modern
experimental equipment. A better high-speed camera and better light sources could be
used together with the same experimental rig that was used in this work. The choice of
high-speed camera and light source has a significant effect on the experimental full-field
measurements.
Initially it was thought that coloring of the granular material was required to obtain
good enough contrast for the DSP system to work. Later experiments with tungsten
carbide powder proved that if the lighting was sufficient, coloring of the granular material
was not required. This implies that the proposed methodology can be used to study a
wide variety of granular materials commonly used in industry. In this work particle sizes
ranging from 60 µm to 600 µm has been studied at an area of interest of around 20 ×
20 mm.
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Conclusions

In this work, an experimental methodology for the study of granular material flow with
digital speckle photography (DSP) has been presented. The DSP method could be used to
measure field data during the granular material flow process both in fill shoe and in cavity.
DSP measurements can give high-precision field data and identify local phenomena of
flowing granular material. The experimental measures using DSP can be a useful tool
to increase the knowledge of granular material flow and could be used to obtain better
understanding of granular material flow behavior in industrial applications in general and
in powder filling in particular.
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Study of powder filling using experimental and
numerical methods
Simon Larsson, Gustaf Gustafsson, Pär Jonsén and Hans-Åke Häggblad

Abstract
This work covers both experimental measurements and numerical modelling of powder
filling. Experimental measurements with digital speckle photography (DSP) are used
to study powder flow during die filling. DSP measurements are realized by recording
the powder filling process with a high speed video camera. The image series are then
evaluated using an image correlation technique. By this, velocity and strain field data
during the filling process can be visualised. DSP measurements are also supporting the
development of a numerical model of the process. In this work the smoothed particle
hydrodynamics (SPH) method is used to model the powder filling process. The numerical
results are similar compared to the DSP measurements when comparing velocity fields
during powder filling. The SPH model is further used to evaluate the density distribution
after filling. Experimental measurements combined with simulation are powerful tools to
increase the knowledge of the powder filling process.

1

Introduction

Powder metallurgy (PM) is the manufacture of components from powder materials without the powder passing through the molten state. There are three main stages in the
PM process: powder processing, powder compaction and sintering. Powder compaction
is a complicated process as the behaviour of the powder material changes with increasing
density. Manufacturers tend to produce components with more complicated shapes which
demand complex pressing equipment and methods. This implies a better knowledge of
the material response during the PM process. Mechanical properties of powder materials
changes dramatically from the beginning to the end of the compaction phase. Previous
investigations have shown that the powder transfer and die filling processes significantly
affects the quality of the final product (German, 1994; Zenger and Cai, 1997)
In this work an experimental powder filling rig is used to study the powder material
during die filling as part of the process in PM. Powder filling experiments are combined
with advanced dynamic measurements using a digital speckle photography (DSP) equipment to study the powder flow behaviour during the die filling process. The aim of using
the DSP method is to improve the knowledge of the behaviour of flowing powder material during this critical part of the PM process. In this work the meshless particle based
smoothed particle hydrodynamics (SHP) method is used for simulation of powder filling.
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(a)

(b)

Figure 1: Photos of the powder filling test rig. (a) Experimental setup with high speed
video camera in position. (b) Close-up of the 3D printed filling rig, cut in half and with
a glass sheet mounted where the cut was made.
Simulation of the powder filling process makes it possible to study the powder flow behaviour, velocity fields and density distribution during the filling process. It is difficult
to experimentally determine the density distribution of the powder material in the die,
before compaction. Simulation gives the opportunity to study the density distribution at
this stage and results from simulations can be used for optimization of the PM process,
resulting in better PM products.
Results from DSP measurements, including detailed information of the flow fields, support the development of numerical models and provides opportunity to validate numerical
models against experimental results.

2

Experiment

The powder filling experiments were performed using an experimental powder filling rig,
see photos in Figure 1. The experimental setup consists of a die and a fill shoe. To
facilitate filming of the powder filling process the filling rig is cut in half and a glass sheet
is mounted where the cut was made. The fill shoe geometry is made of plastic in a 3Dprinter. An electric linear motor is connected to the fill shoe. The motion of the linear
motor, and thus the motion of the fill shoe, is controlled by a computer program. The
filling process was recorded using a high speed video camera. By varying the placement
of the camera it was possible to study either the fill shoe or the die individually.

2.1

Material

The powder material used in this work is a spherical tungsten carbide (WC) powder, see
Figure 2, with particle size distribution: d(0.1) = 72 µm, d(0.5) = 99 µm and d(0.9) =
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Figure 2: Photo of spherical tungsten carbide powder.

139 µm. WC powder is often used in the PM industry, for instance in the production
of cutting tools where high abrasion resistance and the ability to perform well at high
temperatures are essential properties.

2.2

Digital speckle photography

In this study digital speckle photography (DSP) was used to monitor the powder flow
during the powder filling process. DSP is based on a technique called digital image
correlation which is used repeatedly during the experiment resulting in information about
the powder flow field throughout the experiment. The digital image correlation technique
compares two subsequent images with random patterns, called speckles. The first image is
before deformation and the other one is after deformation. Each image is divided into sub
images, each with a unique pattern due to the randomness of the speckles. The algorithm
searches for the pattern of each sub-image in the subsequent image by a cross-correlation.
The correlation coefficient is highest at a particular coordinate; this coordinate is taken to
be the new position of the original sub-image. The original coordinates of the sub-image
are known and thus it is possible to calculate the displacements between the original
and the subsequent sub-image. The results from the individual sub-images are combined
and thus the entire displacement field can be calculated. The high speed video results
in an image series that the correlation algorithm can be applied to. By carrying out the
correlation multiple times over this series of images the evolution of the displacement
field over time can be calculated. With the displacement field known it is possible to
calculate for instance the velocity fields and the strain fields during the powder filling
process. More information regarding the digital image correlation technique can be found
in for instance Kajberg and Lindkvist (2004). In this work the DSP measurements were
realized using the commercial software Aramis v6.2.0-6 (GOMmbH, 2007).
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Numerical modelling

For numerical modelling of the powder filling process a continuum approach was used with
the mesh free particle based smoothed particle hydrodynamics (SPH) method. Detailed
information about the SPH method can be found in for instance Liu and Liu (2003).
When modelling large deformation a meshless method such as SPH can be advantageous
compared to a mesh based method, such as the finite element method (FEM). When a
mesh based method is used, large deformation is often accompanied with severe mesh
distortion. This can be avoided with the SPH method. The continuum approach makes
it possible to represent a large number of powder particles with much fewer elements.
The numerical simulations were performed using the commercial explicit non-linear
solver LS-Dyna R8.1.0 (LSTC, 2015). The software enables the user to perform coupled
FEM-SPH simulations. In this work FEM is used to represent the structure and SPH to
represent the WC powder. The FEM-SPH coupling is realized via a contact method.

3.1

Modelling and characterisation of metal powder

In this study the WC powder is modelled with a Drucker-Prager material model (Drucker
and Prager, 1952), commonly used to model various granular materials. The DruckerPrager model is an elastic-plastic material model with a pressure dependent yield surface.
One benefit of the model is that it requires few material parameters as input. The required
parameters are bulk density, two elastic parameters and the slope of the yield curve. The
yield function, f , is described by
p
(1)
f (I1 , J2 ) = J2 + kI1 = 0
where I1 is the first stress invariant, J2 is the second deviatoric stress invariant and
k is the slope of the yield curve. The slope of the yield curve can be interpreted as the
internal friction of the powder.
The bulk density of the powder was measured by filling and weighing a small container
of powder. The internal friction coefficient k was determined using data from funnel flow
experiments and inverse modelling.
A funnel flow experimental setup is used to determine the flow properties of powder
materials. The experimental setup consists of a conical container with a circular outlet.
A certain amount of powder is put into the container and the discharge time is measured.
The experimental setup is illustrated in Figure 3.
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Figure 3: Equipment used for funnel flow experiments.

Figure 4: 2D model used for simulation of the powder filling process. The fill rig structure
is represented using FEM and the powder material using SPH.

3.2

Modelling of die filling

2D and 3D models of the powder filling rig were created to simulate the powder filling
process. The powder filling rig structure is represented using FEM and the powder
material using SPH. The coupling between FEM and SPH was realized via a penalty
based contact algorithm. Illustrations of the 2D and the 3D models are presented in
Figure 4 and Figure 5. In the 2D model the powder material is represented using 51 179
SPH elements with 0.25 mm as initial radial distance between SPH elements. In the 3D
model 324 800 SPH elements are used to represent the powder, with 0.5 mm as initial
radial distance between SPH elements.
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Figure 5: 3D model used for simulation of the powder filling process. The fill rig structure
is represented using FEM and the powder material using SPH.

4

Results and discussion

The results from the numerical simulations of the powder filling process were compared
against results from the DSP measurements. In Figure 6 and in Figure 7 the horizontal
and vertical velocity fields are compared at two stages during the powder filling process.
Vertical and horizontal velocity fields compare well against experimental results. In the
2D model a plane strain SPH formulation was used, thus assuming infinite thickness
for the die. This is a simplification but it enables the use of a finer discretization.
Comparing the results from the 2D and the 3D models it is observed that results from
the 2D model corresponds better to the experimental results. This is likely due to the
finer discretization used in the 2D model. With the 3D model it is possible to represent
the geometry of the die and fill shoe more accurately but the drawback is that it requires
a significantly higher number of SPH elements, even though a coarser discretization is
used. The computational time for the 2D model was 10 hours and for the 3D model 11
days. Both simulations were done on a computer cluster with 16 CPU:s.
From the simulations it was possible to study the density distribution in the die when
the filling was completed. The density distribution was simulated using the 2D SPH
model since it corresponded better to experimental results, compared to the 3D model.
A density increase in the bottom of the die to the right and a region of lower density in
the top layer of the die was observed, see Figure 8. Higher density in the bottom right of
the die is expected due to the nature of the filling with the filling rig used in this study.
At start of the filling, powder flows into the die diagonally from left to right. As the fill
shoe moves back over the die after the first passage the powder material is disturbed in
the top layer. This is likely to affect the density distribution in the top layer.
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(a)

(b)

(c)

Figure 6: Velocity in the horizontal direction during powder filling. Results from DSP
measurement in (a), results from the 2D SPH simulation in (b), results from the 3D SPH
simulation in (c).

(a)

(b)

(c)

Figure 7: Velocity in the vertical direction during powder filling. Results from DSP
measurement in (a), results from the 2D SPH simulation in (b), results from the 3D SPH
simulation in (c).

5

Conclusions

In this study experimental measurement on the powder filling process using DSP has been
carried out. The DSP method was successfully used to measure field data of the powder
flow during the filling. Flow field measurements are valuable for validation of numerical
models. A numerical model of the powder filling process was developed. In the numerical
model the SPH method was used and the WC material behaviour was described with a
Drucker-Prager material model. Material parameters for the Drucker-Prager model were
determined by inverse modelling.
DSP measurements and simulation of the powder filling process gave similar results
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Figure 8: Density distribution after filling, from 2D SPH simulation.
when the velocity fields were compared. Using the SPH model, the density distribution
was calculated at the end of the die filling process. This gives insight in this critical
stage of the PM process. The combination of experimental measurement using DSP and
simulation using the SPH method is a powerful tool for increasing the knowledge of the
powder filling process. More knowledge of the process gives wider opportunities in future
improvement of the industrial powder filling process.
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Experimental and numerical study of potassium
chloride flow using smoothed particle hydrodynamics
Simon Larsson, Gustaf Gustafsson, Hans-Åke Häggblad and Pär Jonsén

Abstract
Materials in granular form are widely used in industry and in the society as a whole.
Granular materials can have various behaviours and properties. An accurate prediction
of their flow behaviour is important to avoid handling and transportation issues. In this
study, the flow behaviour of dry potassium chloride (KCl) in granular form was investigated experimentally and simulated numerically. The aim was to develop numerical tools
to predict the flow of KCl in transportation and handling systems and granular material
flow in various industrial applications. Two experimental setups were used to quantify
the flow of KCl. In the first setup, the collapse of an axisymmetric granular column was
investigated. In the second setup, digital image correlation was used to obtain velocity
field measurements of KCl during the discharge of a flat-bottomed silo. The two experiments were represented numerically using two-dimensional computational domains. The
smoothed particle hydrodynamics method was used for the simulations, and a pressuredependent, elastic-plastic constitutive model was used to describe the granular materials.
The numerical results were compared to the experimental observations, and an adequate
qualitative and quantitative agreement was found for the granular column collapse and
the silo discharge. Overall, the simulated flow patterns showed adequate agreement with
the experimental results obtained in this study and with the observations reported in the
literature. The experimental measurements, in combination with the numerical simulations, presented in this study adds to the knowledge of granular material flow prediction.
The results of this study highlights the potential of numerical simulation as a powerful
tool to increase the knowledge of granular material handling operations.

1

Introduction

Potassium chloride (KCl) is a natural potassic fertilizer that is essential for the agricultural industry globally. KCl originates from potassium-rich minerals formed from
evaporated seawater. The most important source for KCl is sylvinite ore, which contains
a mixture of KCl and sodium chloride (NaCl). Ore deposits are typically mined in underground mines, and the ore is then processed to separate the KCl from the unwanted
constituents. The separated KCl is then prepared for use as a fertilizer. It is screened
and delivered to the end user as a granular material with a uniform particle size (British
Geological Survey, 2011). After production, the KCl is subjected to a number of transportation and handling systems. Knowledge of the handling of KCl becomes important
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to ensure efficient transportation. Efficient loading and unloading operations result in
shorter dwell times, which generate economic benefits. To study and optimize the transportation and handling systems, knowledge of the flow behaviour of granular materials is
required. The scope of this study was to develop experimental and numerical techniques
to predict the flow of KCl.
A granular material can be defined as any material composed of a large number of
individual particles, regardless of the particle size (Nedderman, 1992). Thus, granular
materials include a wide range of materials, from powders composed of fine particles to
conglomerations of large rocks. Depending on the conditions, the granular material may
behave as a solid, liquid, or gas (Jaeger et al., 1996). Quasi-static conditions typically
result in behaviour similar to that of a solid, while granular material flow is similar to
that of a liquid, and conditions of strong agitation result in a gaslike behaviour.
Granular materials are commonly used in industries, and the dynamic flow behaviour
of granular materials is relevant in many processes. The complex behaviour of granular
materials is poorly understood, and a unified theory for the mechanical behaviour of
granular materials does not exist. Numerous experimental and numerical studies of
granular materials can be found in the literature, and this area of research continues
to attract attention. The collapse of granular columns under the influence of gravity
was initially studied experimentally by Lube et al. (2004, 2005) and simultaneously by
Lajeunesse et al. (2004, 2005). Their work revealed that the shape of the final granular
material deposit was primarily dependent on the initial aspect ratio between the height
and radius of the column. Furthermore, a centred and conically shaped static region
was present during the collapse of the column for all investigated aspect ratios. In
addition, the discharge dynamics of granular materials from silos and hoppers has been
studied extensively. Silos and hoppers are widely used in the mining, pharmaceutical, and
agricultural industries, where storing and handling of granular materials is important.
Although granular material flow during the discharge of silos and hoppers has been
studied experimentally by numerous researchers (see e.g. Albaraki and Antony, 2014;
Chen et al., 2007; Mankoc et al., 2007; Michalowski, 1984; Nedderman et al., 1982;
Pariseau, 1969; Tüzün et al., 1982), there is still a lack of unifying theories for granular
material flow in silos and hoppers (Yang and Hsiau, 2001).
Granular material flow has traditionally been studied using analogue photography,
where displacement was measured by tracking sample particles flowing through a system
(see e.g. Michalowski, 1984; Pariseau, 1969; Takahashi and Yanai, 1973). The continued
development of numerical methods for the simulation of granular material flow requires
improved experimental methods and methods for high-accuracy field measurements of
granular material flow. Flow field measurements are essential for the calibration and
validation of numerical models. These are fundamental steps in the evaluation of the
accuracy of numerical simulations. The introduction of digital photography has led to the
development of optical techniques, such as the digital particle image velocimetry (DPIV)
method (Willert and Gharib, 1991). The DPIV method enables field measurements
by using a cross-correlation method on a series of digital images. This technique was
applied by Sielamowicz et al. (2005) for field measurements of granular material flow
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during the discharge from plane hoppers. Digital image correlation (DIC) is an optical
experimental technique that has been used extensively for the displacement and strain
field measurement of materials subjected to large strains (Kajberg and Lindkvist, 2004;
Pan et al., 2009). The DIC technique is based on the comparison of a series of digital
photographs of a specimen surface recorded during deformation. Similar to the DPIV
technique, a cross-correlation procedure is applied to determine the in-plane displacement
field. In Larsson et al. (2016), the DIC technique was used to study and characterise
granular material flow through field measurements.
For the numerical study of granular material flow, there are two main approaches.
The first is to use a discrete micro-mechanical approach. In the discrete element method
(DEM), originally formulated by Cundall and Strack (1979), each grain in the granular
material is modelled with a corresponding discrete, usually spherical, particle. The particles are considered to be rigid; however, a small overlap is allowed at contact between
particles. A contact law that relates the overlap to the contact force is applied, and the
motion of the granular mass is governed by Newton’s second law of motion. In the literature, a number of variations of granular column collapses have been simulated with the
DEM. Initially, the collapse of granular columns was simulated using two-dimensional
implementations of the DEM (see e.g. Lacaze et al., 2008; Staron and Hinch, 2007, 2005;
Zenit, 2005). Recently, three-dimensional implementations of the DEM have been used
to simulate the collapse of prismatic (see e.g. Girolami et al., 2012; Utili et al., 2015)
and cylindrical granular columns (Kermani et al., 2015). In the literature, there are
numerous studies where the discharge of granular material from silos and hoppers was
modelled using three-dimensional implementations of the DEM, see Balevičius et al.,
2011 and González-Montellano et al. (2012, 2011). The research groups used the DEM
with spherical particles. Recently, implementations of the DEM with additional particle
shapes have attracted attention. In Liu et al. (2014), flat-bottom hopper discharge was
simulated using ellipsoidal particles.
The literature contains promising results from discrete methods to simulate granular
material flow; however, for the simulation of field-scale events, the use of discrete methods
is impractical. The computational cost increases with an increasing number of particles,
and this is a drawback of the discrete approach. It is common to use size scaling, where
the size of the DEM particles is increased while the problem domain remains at the
same size. This could reduce the required number of particles to a computationally
feasible level; however, it then becomes necessary to assess how accurately the model
represents the physical problem. The values of the parameters required for discrete
modelling of granular materials are difficult to obtain. A numerical calibration of the
micro-mechanical parameters, such as the contact stiffness, contact damping, and sliding
and rolling coefficients of friction, is required to represent the experimentally measured
macro-mechanical behaviour of the granular material.
The second main approach to model granular materials is to use a continuum approach.
Modelling of granular materials with a continuum approach does not require the modelling of individual particles and their interactions. Conversely, the granular material is
treated as a continuous substance, and a constitutive law relating the stresses and strains
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is used to represent the macro-mechanical properties. The macro-mechanical properties
can be directly obtained through laboratory tests. A major advantage of using a continuum approach is that the problem can be discretized using a length scale larger than the
size of the individual particles. Thus, a large number of particles can be treated without
excessive computational cost. The finite element method (FEM) has a long tradition in
the continuum mechanics field, see for instance Zienkiewicz et al. (2013) for a detailed
description. The FEM has been used to simulate problems from a variety of technical
disciplines, including the simulation of granular material flow. The FEM can be used
with a Eulerian or a Lagrangian description of motion. For a Eulerian description, the
analysis is performed with a stationary mesh; thus, mesh distortion is avoided in large
deformations. However, there are drawbacks, including difficulties in handling free surfaces and moving boundaries. In Elaskar et al. (2000), Karlsson et al. (1998), and Wu
et al. (2007) and Zheng and Yu (2015), the FEM with a Eulerian approach was used to
simulate granular material flow. A Lagrangian description of motion, where the mesh
moves with the material, facilitates the modelling of free surfaces and moving boundaries. However, for large deformations, the mesh may become distorted, resulting in
numerical difficulties. There are additional methods where combinations of Eulerian and
Lagrangian descriptions are used to include the advantages from both methods. These
methods were applied in the studies by Crosta et al. (2015, 2009), where the column
collapse was simulated, and by Wang et al. (2013) for simulating granular material flow
during hopper discharge.
In addition to the FEM, there are a number of other continuum-based methods that
have been applied to model granular material flow. The particle finite element method
(PFEM) was originally developed for modelling fluid flow and fluid structure interaction
(Idelsohn et al., 2004; Idelsohn et al., 2003). The PFEM has been used to model processes
from a variety of engineering disciplines, including granular material flow (see e.g. Cante
et al., 2014; Dávalos et al., 2015; Zhang et al., 2013; Zhang et al., 2014). The smoothed
particle hydrodynamics (SPH) method is a Lagrangian mesh-free method, where particles
are used to represent the computational domain. In the SPH-method, connectivity between the individual particles is not required. Because it is a mesh-free method, the SPH
method can be used to treat large deformation while avoiding the numerical difficulties
due to mesh distortion that are associated with mesh-based methods. In the literature,
the SPH method has been used to model granular material flow during the collapse of
granular columns (see e.g. Chen and Qiu, 2012; Ikari and Gotoh, 2016; Minatti and Paris,
2015; Peng et al., 2015, 2016) and silo discharge (Gustafsson et al., 2007).
In this study, the flow of two types of KCl with various particle sizes and shapes
was experimentally and numerically studied. Two cases, which featured different flow
mechanisms, were investigated: the axisymmetric granular column collapse and the discharge of granular material from a flat-bottom silo. The results obtained from the experimental investigations were used for the calibration and validation of the numerical
simulations. The granular column collapse and the silo discharge were simulated using two-dimensional implementations of the SPH method. The granular materials were
modelled with a pressure-dependent, elastic-plastic constitutive model. Using the exper-
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imental results obtained in this study and the experimental results from the literature
(Lajeunesse et al., 2005; Lube et al., 2004), a quantitative comparison of the simulated
and experimental results was performed. A deposit morphology was obtained from the
granular column collapse, and detailed velocity field measurements were performed for
the silo discharge. The experimental results enhanced the knowledge of granular material
behaviour under different loading conditions and made it possible to assess the results of
the numerical simulations.

2

Materials and experimental procedures

Two granular materials were studied using two experimental setups: the granular column
collapse and the granular material flow during silo discharge. The experiments were
recorded using a high-speed digital camera, and the recorded images were processed with
DIC to obtain two-dimensional velocity field measurements.

2.1

Materials

The granular materials used in this study were KCl fertilizers, commonly known as muriate of potash (MOP). MOP denotes mixtures of KCl, at 95 % or greater purity, and
NaCl, which are adequate for agricultural use (U.S. Geological Survey, 2010). Two types
of dry MOP were studied: crystalline and granular. Optical light microscope images of
the granular and crystalline MOP are shown in Figure 1. The apparent density and particle size and shape affect the mechanical behaviour of a granular material. The particle
size for the granular MOP was in the range of 2.0−4.0 mm, and the apparent density
was 1.00 g/cm3 . A common method used to classify the particle size distribution for
granular materials is to determine the d(0.1), d(0.5), and d(0.9) values, which represent
the diameters when 10, 50, and 90 % of the particle population are below these values,
respectively. The particle size of crystalline MOP was analysed using a Malvern Mastersizer 3000 laser diffraction instrument. The particle size distribution for the crystalline
MOP was: d(0.1) = 147 µm, d(0.5) = 551 µm and d(0.9) = 1382 µm. The apparent
density was 1.11 g/cm3 .

2.2

Material characterisation

The triaxial shear test is an experimental method for determining the material strength
of granular materials (Craig, 2004). The triaxial apparatus used in this study was based
on the principles presented by Bishop and Wesley (1975). For the triaxial shear test
performed in this study, the granular specimen was a cylinder covered by a latex membrane. The bottom and top of the cylinder were closed by circular metal plates, and the
specimen was sealed with O-rings. The specimen was placed upright in a test chamber.
The test chamber was then filled with water and sealed. A hydrostatic state of stress
was induced in the specimen by increasing the surrounding water pressure. A hydraulic
piston was then used to displace the top metal plate and compress the specimen. The
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(a)

(b)

Figure 1: Optical light microscope images of (a) granular MOP and (b) crystalline MOP.

Figure 2: Schematic of the triaxial apparatus used in this study.

hydrostatic pressure was held constant. The difference between the stress applied to the
surface of the cylinder and the stress applied in the axial direction caused shear stress
to develop in the specimen. By gradually increasing the axial stress, a shear failure was
achieved. The force required to displace the hydraulic piston was recorded, and the volume change of the specimen was measured by recording the change of the amount of
water in the test chamber during the test. A schematic of the triaxial apparatus used in
this study is shown in Figure 2.
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Figure 3: Schematic of the experimental setup and procedure used in the granular axisymmetric column collapse, initial column, and conceptual deposit profile.

2.3

Axisymmetric granular column collapse

In this experiment, the axisymmetric collapse of a granular column was studied. The
experimental setup was based on the setups used by Lajeunesse et al. (2004) and Lube et
al. (2004) for collapse of axisymmetric columns of granular materials. A schematic of the
experimental setup and procedure is shown in Figure 3. A cylinder with an inner radius
of ri = 86 mm was placed on a smooth and horizontal wooden surface. The cylinder
was then partly filled with granular material, forming a column with a radius of ri and a
height of hi . The granular material was carefully poured into the cylinder, and the top
surface was flattened. The cylinder was then quickly removed vertically with a lifting
system. This allowed the column of granular material to collapse under the influence of
gravity. The relationship between the initial height hi and the initial radius ri was used
to express the aspect ratio a = hi /ri of the granular column. The aspect ratio was varied
using different amounts of granular material in the experiments, thus creating a different
hi . A high speed digital camera was used to record the experiments. Using a MATLAB
script, the digital images were processed to extract the final height h∞ , runout radius
r∞ , and deposit profile as a function of the radial distance from the axis of symmetry.
The final height, runout radius, and conceptual deposit profile are shown in Figure 3.

2.4

Granular material flow during silo discharge

A rectangular and flat-bottom silo model (Figure 4) was built to study the flow of granular
material during discharge for varied opening widths. The aim of this experimental study
was to obtain velocity field measurements and the mass flow rate during discharge. The
silo had the following internal dimensions: a width of 200 mm, a maximum fill height
of 600 mm, and an out-of-plane depth of 150 mm. The opening was a rectangular slot
through the out-of-plane depth with a variable width. The majority of the silo parts were
made of transparent polycarbonate, except for the front and back side walls that were
made of tempered glass to avoid scratching from repeated experiments. For transparent
materials, the motion of the granular particles could be traced during discharge. The silo
was filled by pouring granular material from above. Then, the top surface was levelled
after it was filled to the desired height. Repeated discharge experiments were performed
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Figure 4: Illustration of the model silo used for the experimental study of granular
material flow during silo discharge.
for varied opening widths. The transient mass flow rate was measured with a load cell,
and the experiments were recorded with a high speed digital camera. The recorded digital
images were processed using a commercial DIC software (GOMmbH, 2007). The DIC
method for field measurements of granular material flow, in Larsson et al. (2016), was
used to obtain the velocity field during discharge. The DIC technique was based on the
comparison of a series of digital photographs of the specimen surface recorded during
deformation. The images were subdivided into small overlapping sub-images, and the inplane displacement field was determined by applying a cross-correlation procedure. The
cross-correlation procedure required that the object was covered with a random surface
pattern for recognition and tracking of the sub-images. Granular materials form natural
random surface patterns, and if the surface texture of the granular material was sufficient,
the DIC technique could be used to measure the in-plane displacement field.

2.5

Static coefficient of friction estimation

The static coefficient of friction µ was estimated using the Coulomb approach
Fx
Fn
where the parameter Fx is the tangential force measured during sliding and Fn is the
normal force applied. To estimate µ between a sample material and the granular material,
a horizontal surface was coated with the granular material. A piece of the sample material
with mass m was placed on the coated horizontal surface. The inclination of the surface
was increased until the sample began to slide. The angle θ of the surface when sliding
µ=
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Figure 5: Free body diagram of the test procedure used to estimate the static coefficient
of friction µ. A sample material with mass m slides down an incline with slope θ under
the influence of gravity g.
began was measured. Using the notations from the free body diagram in Figure 5 and
noting that the component of gravity force (mg · sin θ), where g is the acceleration of
gravity, was equal to the frictional force (µ · mg · cos θ) when sliding was initiated, µ was
calculated as
µ = tan θ

2.6

High speed video system

The experiments were recorded using a Redlake MotionPro X3, high-speed digital camera.
The parameters such as the shutter speed, frame rate, and resolution were carefully
selected to obtain adequate image quality. The length of time during which the digital
image sensor was exposed to light was determined by setting the shutter speed. The
frame rate provided the number of images recorded each second. The granular column
collapse experiments were recorded with the high-speed camera set to 600 images per
second at a resolution of 1280 x 1024 pixels and a shutter speed of 0.25 ms. The camera
was aligned in the horizontal direction to enable recording from a side view. For the silo
discharge experiments, different camera settings were used depending on the particle size
of the tested material. A resolution of 812 x 604 pixels and a shutter speed of 1 ms were
used for the granular MOP. For the crystalline MOP, a resolution of 896 x 624 pixels
and a shutter speed of 0.35 ms were used. Images were acquired at a rate of 150 images
per second for both materials. Adequate lighting was required to obtain high quality
images. Therefore, two Dedocool floodlights with 250-W lamps were used to illuminate
the filmed area.

3

Numerical modelling

Two-dimensional computational domains were used to represent the granular column
collapse and the silo discharge. The granular column collapse was modelled as a twodimensional axisymmetric problem, and the silo discharge was modelled as a two-dim-
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ensional plane deformation problem. The SPH method in the non-linear FE software
LS-DYNA (LSTC, 2016) was used for the simulations, and the granular materials were
modelled using a pressure-dependent, elastic-plastic constitutive model.

3.1

Smoothed particle hydrodynamics

The smoothed particle hydrodynamics (SPH) method, developed independently by Gingold and Monaghan (1977) and Lucy (1977), is a Lagrangian mesh-free method where
particles are used to represent the problem domain. In addition, the particles serve as
the frame over which the field equations are approximated. To each particle, a mass, a
momentum and an energy is associated. The SPH method is an adaptive Lagrangian
method. Therefore, the field equations are approximated based on the current configuration of the particles at each time step. Mesh distortion resulting from large deformations
is avoided since the SPH method is a mesh-free method, where direct connectivity between particles does not exist. A detailed description of the SPH method and how it was
formulated for modelling granular materials is available in Jonsén et al. (2012) and Liu
and Liu (2003).

3.2

Constitutive model

Most granular materials exhibit failure properties where the hydrostatic stress has a
strong influence. In this study, a pressure-dependent, elastic-plastic constitutive model
based on the study by Krieg (1972) was used. In this model, the elastic material response
was assumed to be linear, and it was described by a constant shear modulus G and a
constant bulk modulus K. Because of the plasticity, the stresses were limited by a yield
function given by

1/2
f (p, q) = q − 3(a0 + a1 p + a2 p2 )

(1)

where
1
p = − tr(σ) ;
3

r
q=

3
tr(s2 )
2

(2)

in which σ is the Cauchy stress tensor and s is the deviatoric stress tensor. The three parameters a0 , a1 and a2 are the yield function parameters, determined from experiments.
The relationship between the pressure p and compressive volumetric strain −εv was described as a piecewise linear relationship, as shown in Figure 6. A permanent volumetric
compression could be obtained by using the bulk modulus as an unloading modulus in
the relationship between the pressure and compressive volumetric strain. Furthermore,
a hydrostatic tension cut-off value can be set in the model. When the hydrostatic stress
drops below the cut-off value, the hydrostatic stress is set to the cut-off value, and the
deviatoric stress tensor is set to zero.
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Figure 6: Illustration of the pressure p as a function of compressive volumetric strain
−εv . The unloading from point A to B is elastic with a slope given by the bulk modulus
K.

3.3

Granular column collapse and silo discharge

A two-dimensional computational model was used for the granular column collapse. The
granular material was modelled using an axisymmetric SPH formulation. The cylinder
wall was represented with a rigid FEM formulation, and the bottom surface was modelled
as a rigid wall. The contact between the granular material, cylinder wall, and bottom
surface was realised using a penalty-based contact algorithm. A detailed description of
the contact treatment can be found in the LS-DYNA user manual (LSTC, 2016). The
static coefficient of friction µ between the granular material, cylinder wall, and rigid
surface under the cylinder was 0.6. The column collapse model is shown in Figure 7a,
where the axis of symmetry is illustrated with a dash-dot line. The model dimensions
were based on the cylinder used in the experiments. The radius of the cylinder ri was
86 mm, and the filling height hi was varied in the simulations to match the experimental
filling heights. The initial distance between the SPH particles was 1.0 mm, and the
number of SPH particles was between 880 and 75856 depending on hi .
The simulation of the silo discharge was realised using a two-dimensional representation
where the granular material was modelled with a plane strain SPH formulation. The silo
structure was modelled using a rigid FEM, and the contact between SPH and FEM was
treated in the same way as in the column collapse simulation. The dimensions of the
modelled silo were the same as for the experimental silo: a width of 200 mm, a filling
height of 320 mm, and a variable opening width. The two-dimensional model used in the
silo discharge simulation is shown in Figure 7b. The initial distance between the SPH
particles was set to 1.25 mm, and the total number of SPH particles in the model was
41796.
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(a)

(b)

Figure 7: Computational models for the (a) two-dimensional axisymmetric column collapse simulation and the (b) two-dimensional plane strain silo discharge simulation. To
illustrate the initial setup of the SPH particles, every fourth particle is shown in the
image.

4

Experimental and numerical results and discussion

A triaxial test apparatus was used to characterise the granular materials. The collapse of
granular columns and the discharge from a flat-bottom silo were studied experimentally
and simulated using the SPH method. The numerically obtained results were compared
to the experimental results from the literature and to the experimental results obtained
in this study.

4.1

Material characterisation

Triaxial shear tests were performed at different levels of hydrostatic pressure: 30, 100, and
250 kPa. The hydrostatic pressure was maintained at these values until the hydrostatic
pressure in the specimen was in equilibrium with the surrounding water pressure. Then,
axial deformation was applied at a constant rate of 0.1 mm/min. Representative stress–
strain curves from the tests are shown in Figure 8a. The point of failure was the point
of maximum deviatoric stress. In Figure 8a, the influence of the hydrostatic pressure
on the failure properties is shown as an increased deviatoric stress at failure for an
increased hydrostatic pressure. An increased hydrostatic pressure also resulted in an
increased axial strain at failure. The volumetric compressive strain as a function of
the hydrostatic pressure was obtained from the triaxial tests, as shown in Figure 8b.
The granular and crystalline MOP exhibited volumetric compression with an increased
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(a)
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(b)

Figure 8: Representative stress–strain curves obtained from the triaxial shear tests. Image (a) shows the deviatoric stress q versus the axial strain εa for three levels of hydrostatic pressure: 30, 100 and 250 kPa. Image (b) shows the pressure p versus volumetric
compressive strain −εv for granular and crystalline MOP.
hydrostatic pressure, and the majority of the compression occurred at lower pressures.
Initially, both granular materials demonstrated a similar trend; however, for an increased
hydrostatic pressure, the volumetric compression was higher for the granular MOP. A
possible explanation for this is that the granular MOP, owing to its larger particles,
initially has more voids than that of the crystalline MOP.

4.2

Axisymmetric granular column collapse

From the column collapse experiments, the collapse was axisymmetric for the granular
and crystalline MOP. A range of aspect ratios were tested, and the collapses for the low
and high aspect ratios are shown in Figures 9 and 10. Lube et al. (2004) performed
similar experiments on collapsing granular columns with a variety of fine-grained granular materials. Their results suggested that there were different flow regimes that were
dependent on the initial aspect ratio of the granular column. Two different flow regimes
were identified for the low and high aspect ratios. Their measured final heights h∞ and
runout radii r∞ , normalized using the initial radius ri , were related to the aspect ratio a
as expressed in Equations (3) and (4).
(
a<1
a,
h∞
(3)
=
ri
0.88a1/6 ,
1.7 < a < 10
(
a < 1.7
1.24a,
r∞ − ri
(4)
=
ri
1.6a1/2 ,
a > 1.7
Lube et al. (2004) suggested that for lower aspect ratios (a < 1.7), the free surface of
the column could be divided into a static axisymmetric inner zone and a flowing outer
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 9: Granular column collapse experiments with low aspect ratios (a < 1.7), where
(a) through (c) show the granular MOP with a = 0.64, and (d) through (f) show the
crystalline MOP withpa = 0.59. The photographs were taken at: t̄ = 0, t̄ = 2.0, and
t̄ = 4.0, where t̄ = t/ hi /g is time normalized using the initial height of the column hi
and the acceleration of gravity g.

zone. The experimental results obtained in this study were consistent with these results,
as shown in Figure 9, where the undisturbed inner and flowing outer zones are visible.
For the high aspect ratio regime (a > 1.7), the free surface of the cylinder began to flow
immediately when the cylinder was removed, as shown in Figure 10. The experimental
results for the high aspect ratios were also consistent with the results reported in Lube et
al. (2004). The vertical speed of the cylinder was 0.5 m/s for all experiments performed
in this study. Lube et al. (2004) reported vertical cylinder speeds of 2 m/s in their
experiments. For the simulations in this study, these two speeds were used for comparison
with the respective experiments.
The granular column collapse problem was simulated to determine the yield function
parameters in Equation (1). For the simulation of the lab-scale experiments of this study,
the fact that the confining pressures were relatively low was used to support certain sim-
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(a)

(d)

(b)

(e)

(c)

(f)
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Figure 10: Granular column collapse experiments with high aspect ratios (a > 1.7),
where (a) through (c) show the granular MOP with a = 1.92, and (d) through (f) show
the crystalline MOP p
with a = 1.9. The photographs were taken at: t̄ = 0, t̄ = 2.0, and
t̄ = 4.0, where t̄ = t/ hi /g is time normalized using the initial height of the column hi
and the acceleration of gravity g.

plifications of the yield function. For the flow at the lower confining pressures, a linearised
version of the yield function in Equation (1) was used to predict the material behaviour.
Furthermore, the granular materials in this study were considered dry and non-cohesive.
These two assumptions were realized by setting the parameters a0 and a1 in Equation (1)
equal to zero. The remaining yield function parameter a2 was determined by performing
several simulations, where a2 was varied to match the deposit morphology of the experimental and simulated granular column collapse. Thus, the yield function parameters
that were used in the remainder of this study were determined. The parameters used for
the granular and crystalline MOPs are listed in Table 1. The elastic material parameters
that were used for the two granular materials were the shear modulus G = 7 MPa and
bulk modulus K = 15 MPa. These values of the elastic parameters are commonly used
for dry granular materials with similar properties as the KCl used in this study. For
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Table 1: Apparent density ρ and yield function
parameters used for the simulation of the granular and crystalline MOP.
a0
a1
a2
ρ
[g/cm3 ] [Pa2 ] [Pa] [-]
1.00
0
0
0.5
MOP, granular
MOP, crystalline 1.11
0
0
0.4
Material

Note: MOP = Muriate of potash.

industrial applications, the confining pressures may be higher than the pressures of the
lab-scale experiments considered in this study. To accurately represent the flow at elevated pressures, the full capacity of the non-linear constitutive model could be utilized
by determining the parameters a0 and a1 . However, this was not evaluated in this study.
To investigate if the two flow regimes defined by Lube et al. (2004) could be captured
in the numerical simulations, the experiments with low and high aspect ratios in Figures
9 and 10 were simulated. The simulated column collapses are shown in Figures 11 and 13.
The flow regimes were in agreement with the experimental results reported by Lube et al.
(2004) and the experimental results in this study. For low aspect ratios, the granular
column partially collapsed, as shown in Figure 9. The material close to the moving
cylinder formed a flowing region that was separated from the inner axisymmetric static
region. This was consistent with the observations made by Lube et al. (2004). At the
end of the collapse, the slope of the collapsed portion of the column in Figure 9 displayed
a slope angle that decreased with an increasing distance from the centre. Thus, a slightly
concave collapsed upper surface was formed. The decreasing slope angle was also observed
in the simulations, as shown in Figure 11. The effect of the wall friction between the
cylinder wall and the granular material when the cylinder was removed is shown in
Figures 9b and 9e, for the low aspect ratio collapses. The effect of the wall friction
was included in the simulations, as shown in Figures 11b and 11e. In Figure 12, the
experimental and simulated normalized deposit profiles were compared. The simulated
profiles were similar to the experimental results for the granular and crystalline MOP.
Furthermore, from Figure 12b, the experimental profile was not perfectly axisymmetric.
The right-hand side of the profile was more concave for the crystalline MOP than that of
the granular MOP. However, the collapse was essentially axisymmetric for both granular
materials.
For a collapsing granular column with a higher initial aspect ratio, the static region
did not extend to the top surface, as shown in Figure 10, where a ≈ 1.9. Instead, the
granular material close to the top surface began to collapse immediately as the cylinder
was removed. The collapse behaviour was well represented in the simulations (Figure
13), where two regions were observed: a collapsing material close to the surface and an
axisymmetric static region in the centre. The presence of an inner static region for the
higher aspect ratios was in agreement with observations made by Lube et al. (2004),
where an inner static region was reported for all investigated aspect ratios. Furthermore,
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Figure 11: Granular column collapse simulations with low aspect ratios (a < 1.7), where
(a) through (c) show the granular MOP with a = 0.64, and (d) through (f) show the
crystalline MOP
p with a = 0.59. The snapshots were taken at: t̄ = 0, t̄ = 2.0, and t̄ = 4.0,
where t̄ = t/ hi /g is time normalized using the initial height of the column hi and the
acceleration of gravity g.

the effect of the wall friction in the experiments is shown in Figures 10b and 10e as well
as in the simulations in Figures 13b and 13e.
To obtain a quantitative comparison with the experimental results, simulations were
performed for a range of aspect
p ratios. The numerical simulations were terminated at
the normalized time t̄ = t/ hi /g = 4.0. The runout radius r∞ and the final height
h∞ were recorded for all simulations and were normalized using the initial radius ri of
the column. r∞ was obtained by identifying the radial distance to the particle furthest
from the cylinder’s axis of symmetry. In Figure 15, the normalized h∞ and r∞ from the
simulations were compared to the experimental results obtained by Lube et al. (2004).
The simulated h∞ corresponded well to the experimental results in the low (a < 1.7)
and high (a > 1.7) aspect ratio regions. For the simulated results, the granular and
crystalline MOPs contained the same relationship between the normalized quantities h∞
and r∞ and the aspect ratio a. For the normalized h∞ , the relationship was similar to
that of the experimental observations given by Equation (3). For the normalized r∞ , the
simulated results diverged from the experimental observations, as shown in Figure 15b.
For a < 1.7, the relationship was similar to the trend given by Equation (4); however,
the simulated results were shifted upward. For the high aspect ratios (a > 1.7), the
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(a)

(b)

Figure 12: Comparison of the experimental and simulated deposit profiles for low initial
aspect ratios a. In the figure, the height h and radius r are normalized using the initial
radius ri . Image (a) shows the granular MOP with a = 0.62. Image (b) shows the
crystalline MOP with a = 0.58.
simulated normalized r∞ were larger than that of the experimental results. This may
demonstrate a flaw in the method used for extracting r∞ from the simulations, where
r∞ was determined from the radial distance to the particle located farthest from the
cylinder’s axis of symmetry. The continuum-based SPH method can represent a granular
material with the condition that the number of particles is large enough (Duran, 2000).
In the outermost region, where the granular material flow was minimal, the number of
particles used to represent the thickness of the flowing layer was low. Because of the
low number of particles in this region, the SPH method will have difficulties to properly
represent a granular material. In addition, the deviation between the experimental and
simulated results for a > 1.7 could be because the constitutive model did not consider
the strain rate effects. Based on the literature, the granular materials may exhibit strainrate-dependent material strength. Typically, a granular material exhibits an increased
material strength for an increased shear strain rate (Andrade et al., 2012; Jop et al.,
2006).
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Figure 13: Granular column collapse simulations with high aspect ratios (a > 1.7), where
(a) through (c) show the granular MOP with a = 1.92, and (d) through (f) show the
crystalline MOP
p with a = 1.9. The snapshots were taken at: t̄ = 0, t̄ = 2.0, and t̄ = 4.0,
where t̄ = t/ hi /g.
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(a)

(b)

Figure 14: Comparison of the experimental and simulated deposit profiles for high initial
aspect ratios a. In the figure, the height h and radius r were normalized using the initial
radius ri . Image (a) shows the granular MOP with a = 2.05. Image (b) shows the
crystalline MOP with a = 2.05.
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(a)

(b)

Figure 15: (a) Normalized final height as a function of the aspect ratio, and (b) normalized
runout radius as a function of the aspect ratio. In the figure, the final height h∞ and
runout radius r∞ were normalized using the initial radius ri .
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Figure 16: Experimentally measured times t required for the silo discharge with varying
opening widths d. For the experiments with the crystalline MOP, the initial mass was
10 kg, and for the granular MOP, the initial mass was 8 kg.

4.3

Granular material flow during silo discharge

The discharge of the granular and crystalline MOP from a silo, with dimensions according
to Section 2.4, was studied experimentally. In Figure 16, the times required for a complete
discharge of 8 kg of granular MOP and 10 kg of crystalline MOP are shown for different
opening widths. In Figure 16, the discharge times were lower for the crystalline MOP
than that of the granular MOP. This result was seen for all opening widths, even though
the initial mass was 2 kg more for the crystalline MOP than that for the granular MOP.
Thus, the flowability during silo discharge was greater for the crystalline MOP than that
of the granular MOP.
The discharge of the crystalline MOP was studied experimentally and was simulated
using the SPH method. A filling height of 320 mm and opening widths of 20 mm and
30 mm were used. The discharge was recorded with a high-speed digital camera, and
the vertical velocity field was obtained from the digital images by the DIC technique.
The silo discharge was simulated using a two-dimensional, plane strain SPH model. The
material and simulation parameters used for the simulation of the silo discharge are listed
in Table 1. In Figure 17, the digital images and the experimental and simulated vertical
velocity fields are shown for the opening width of 20 mm. Figure 17 shows three stages
of the discharge corresponding to the times of t = 0, t = 3.65 s, and t = 6.4 s.
In general, the experimental and simulated flow patterns were similar at the three
stages. When the remaining mass in the silo, estimated from Figure 17, was compared
for the different stages, the experimental discharge was somewhat faster compared to
the simulated discharge. However, the opposite result was shown when the velocity
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fields were compared. The simulated velocity had a higher magnitude than that of the
experimental. The DIC measurements provided the velocity field at the glass boundary,
and the velocity field was thus affected by the surface friction between the glass and
granular material. The simulated velocity field was obtained from a plane strain model;
therefore, it would be comparable to the velocity field in an interior in-plane slice of the
silo. Thus, the simulated velocity field appeared to have a higher magnitude than that
of the measured, even though the experimental discharge was slightly faster.
To compare the mass flow rate during discharge, the mass remaining in the silo versus
the time was compared for the experimental and simulated discharge. The experimental
and simulated results for the two opening widths of d = 20 mm and d = 30 mm were
compared, as shown in Figure 18. The simulated flow rate for d = 20 mm was similar
to that of the experimental, and for d = 30 mm, the simulated flow rate was slightly
higher than that of the measured. A load cell was used to measure the mass of the
material in the silo versus the time. It was difficult to determine whether the flow rate
measured with this procedure was accurate, owing to the dynamic effects during the
discharge. Some granular material may also be within the silo and not contributing
to the load because the material is in free fall. In Figure 18, the dynamic effects are
shown as fluctuations during the discharge. Gravity-driven flows in silos are typically
accompanied by dynamic loads, resulting in cyclic or pulsating flows. This phenomenon
is often referred to as silo-quaking, and it has been attributed to the frictional and
cohesive properties of the granular materials, the changes in the material density during
the flow, and the dynamics of the silo system and the boundary-wall friction (Tejchman
and Gudehus, 1993; Wensrich, 2002).
When the experimental and simulated results were compared in Figure 18, the simulated and experimental trends were similar throughout the majority of the discharge.
The simulated and experimental mass flow rates were in agreement, and the prediction
was more accurate for the smaller opening.
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(a)

(d)

(g)

(b)

(e)

(h)

(c)

(f)

(i)

Figure 17: Comparison between the experimental and simulated flow during silo discharge
of the crystalline MOP. The opening width was 20 mm, and the filling height was 320
mm. Images (a) through (c) show the digital photos taken at t = 0, t = 3.65 s, and t =
6.4 s. Images (d) through (f) show the vertical velocity field evaluated using DIC. Images
(g) through (h) show the vertical velocity field obtained from the SPH simulation.
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Figure 18: Mass in the silo m versus the time t during the discharge of the crystalline
MOP. A comparison of the experimental and simulated results for the two silo opening
widths, d = 20 mm and d = 30 mm, was performed.

5

Conclusions

In this study, the flows of two types of KCl were studied experimentally and numerically.
Two experimental setups were used: the axisymmetric collapse of a granular column and
the discharge of granular material from a flat-bottom silo. The deposit morphology was
obtained from the granular column collapse, and detailed field measurements from the
silo discharge were obtained from the DIC technique. The experimental results enhanced
the knowledge of the complex dynamics of granular material flow and provided a basis
for the evaluation of numerical simulations. The SPH method and a linearised, pressuredependent, elastic-plastic constitutive model were used successfully for the simulation
of dry KCl for the column collapse and silo discharge. Thus, further insight into the
dynamics of granular material flow was provided. The results from the simulations were
in agreement with the experimental observations reported in the literature and with
the experimental results in this study. The experimentally observed flow regimes for
collapsing granular columns with varying aspect ratios were adequately predicted in the
SPH simulations. Furthermore, adequate quantitative agreement with the experimental
results was obtained for the deposit morphology. The experimental and simulated vertical
velocity fields and mass flow rates were compared for the silo discharge and were in
agreement. In conclusion, the numerical method presented in this study adequately
predicted the flow of dry KCl for dissimilar flow conditions at low confining pressures.
The numerical method could be used for the simulation of granular material flow in
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various industrial applications. Thus, the numerical method constitutes an efficient tool
for increasing the knowledge of granular material handling operations, and the results
presented in this study create opportunities for further research in the area.
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Abstract
The prediction of transient granular material flow is of fundamental industrial importance. The potential of using numerical methods in system design for increasing the
operating efficiency of industrial processes involving granular material flow is huge. In
the present study, a numerical tool for modelling dense transient granular material flow
is presented and validated against experiments. The granular materials are modelled as
continuous materials using two different constitutive models. The choice of constitutive
models is made with the aim to predict the mechanical behaviour of a granular material during the transition from stationary to flowing and back to stationary state. The
particle finite element method (PFEM) is employed as a numerical tool to simulate the
transient granular material flow. Use of the PFEM enables a robust treatment of large
deformations and free surfaces. The numerical model accurately reproduce the experimental observations in the fundamental problem of collapsing rectangular columns of
granular material. The model prediction of the in-plane velocity field during the collapse
qualitatively agrees with experiments. Furthermore, the model is validated by a comparison to the experimentally measured end state of the collapse. In conclusion, the PFEM
model accurately predicts the granular material flow dynamics in the column collapse
and constitutes a robust numerical tool for modelling transient granular material flow at
dissimilar flow conditions.

1

Introduction

A common aspect of various industrial processes and natural phenomena is the flow
behaviour of dense granular materials. The lack of comprehensive theoretical models
results in a low operating efficiency of industrial processes including dense granular material flow. A granular material is composed of a large number of individual particles of
arbitrary size and shape. Although the individual particles may be of relatively simple
geometrical shape, granular materials features a wide range of complex behaviours. The
mechanical behaviour of a granular material is strongly dependent on the loading conditions. For quasi-static loading conditions, the behaviour is solid-like, while the behaviour
of a flowing granular material typically is liquid-like (Jaeger et al., 1996). The study of
granular material flow is of importance in many industries, such as, the mining industry, the pharmaceutical industry and the agricultural industry. Numerical modelling and
121
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simulation provide insight into mechanisms of granular material flow that are difficult
or impossible to study experimentally. High-quality numerical simulations of granular
material flow are of great industrial interest, and such simulations require an adequate
constitutive model and numerical method, but also high accuracy experimental data.
An early approach for numerical simulation of granular material flow was to use depthaveraged semi-empirical models (see e.g. Anderson and Jackson, 1992; Pouliquen, 1999;
Savage and Hutter, 1989). Depth-averaged models suffer from a number of shortcomings.
They are only valid for flowing layers that are thin compared to the lateral dimension.
Furthermore, the depth-averaged equations are derived from measurements performed at
steady flow conditions. Thus, depth-averaged models might not be applicable for thick
and transient granular material flows, which severely limits their usefulness (Lajeunesse
et al., 2005). Predicting the complex dynamics of dense, transient granular material flow
puts higher demands on the computational model. Typically, granular material flow is
modelled either at the particle scale, or at the continuum scale. The discrete element
method (DEM), originally formulated by Cundall and Strack (1979), is a method that
has been widely used to model granular material flow in various industrial processes.
In the DEM, each particle in the granular material mass is represented using a discrete
particle. The motion of the discrete particles is determined by Newton’s second law of
motion, and the motion of the granular material mass is governed by the motion and
interactions between the individual discrete particles. In the DEM, a small overlap is
allowed at the contact between particles. The overlap is related to contact forces via a
force-displacement law. The time integration of Newton’s equations typically proceed in
an explicit manner. Explicit integration requires that the time step size is kept low to
ensure numerical stability. However, in some recent studies (Radjai and Richefeu, 2009;
Samiei et al., 2013; Servin et al., 2014), the DEM has been implemented using implicit
time integration schemes, allowing for much larger time steps. Implementations of the
DEM commonly use spherical particles to represent non-spherical real granular particles.
To accurately represent a non-spherical particle with a spherical particle requires careful
selection of contact parameters. When using the DEM, the computational cost increases
with an increasing number of particles. Today, the availability of increasingly powerful
computational resources has enabled simulation of large systems of granular materials,
containing millions of particles (Gan et al., 2016). However, the DEM is still impractical
for the simulation of industrial size-scaled granular material flows, typically involving
several billions of particles.
In a continuum approach, the granular mass is modelled as a continuum and its behaviour is predicted by fundamental laws of physics, namely the conservation of mass,
momentum and energy. By this, the modelling of individual particles is avoided. Traditionally, when the continuum approach has been used for modelling of solid-like granular
material behaviour, strain-rate independent plasticity models, originating from MohrColoumb plasticity, has been used (see e.g. Andrade and Ellison, 2008; Desai and Siriwardane, 1984; Manzari and Dafalias, 1997; Pestana and Whittle, 1999). In the literature
(Midi, 2004), it has been shown that the mechanical behaviour of granular materials is
strain-rate independent in the quasi-static regime, and strain-rate dependent in the flow
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regime. In Andrade et al. (2012), a strain-rate dependent constitutive model for granular
materials was formulated. The strain-rate dependency was included by postulating a
material strength that evolve with the strain-rate.
When modelling fluid-like granular material behaviour, the focus has mainly been on
the prediction of the steady state flow regime. A visco-plastic rheology model, based on
the use of a dimensionless inertia number was used by Jop et al. (2006) and Pouliquen
et al. (2006) to model dense granular material flow. Promising results were obtained for
flows on inclined planes, and for the flow when a granular material was poured on top of
a pile. However, the visco-plastic rheology approach is limited to flows where the inertial
number is low, corresponding to relatively slow granular material flows. Furthermore, the
solid-like granular material behaviour at quasi-static loading can not be captured, and
no hysteresis is included. No inclusion of hysteresis means that an event where part of
the granular material is static, while some other part of it is flowing, cannot be predicted
correctly.
Modelling and simulation of the behaviour of granular materials with a continuum
approach requires, besides the selection of an adequate constitutive model, the choice
of a robust and efficient numerical method. The finite element method (FEM) is a
numerical method with a long tradition that has been used for numerical modelling in
a wide range of technical fields (see e.g. Zienkiewicz et al., 2013). The FEM with a
Lagrangian description of motion is of limited use for the modelling of granular material
flows. This is mainly due to the fact that for a Lagrangian description, large deformations
tend to severely distort the FE-mesh, resulting in numerical difficulties. Advantages
and disadvantages of using the FEM for the numerical simulation of forming processes
involving large strains is discussed thoroughly in Rodrı́guez et al. (2018). The FEM used
with an Eulerian description of motion avoids mesh distortions at large deformation, and
has been used to model granular material flow (see e.g. Elaskar et al., 2000; Karlsson et
al., 1998; Wu et al., 2007). However, the FEM with an Eulerian description sufferers from
difficulties in predicting free surfaces and moving boundaries. The arbitrary Lagrangian
Eulerian (ALE) method attempt to overcome the inherent drawbacks of both Lagrangian
and Eulerian descriptions. Drawing on the advantages of pure Lagrangian and pure
Eulerian descriptions the ALE method was used to model granular material flow by
Crosta et al. (2015, 2009) and Wang et al. (2013).
There exist a number of particle methods within the continuum approach, and they
provide an attractive alternative to the above-mentioned numerical methods, for the
modelling of granular materials. Particle methods are commonly classified into two categories, particle methods that use a background mesh and particle methods that does
not use a background mesh. One example of the latter is the the smoothed particle
hydrodynamics (SPH) method. The SPH-method is a standard particle method which
was originally developed for the simulation of astrophysical problems (Gingold and Monaghan, 1977; Lucy, 1977). The SPH-method is a Lagrangian mesh-free method, where
the computational domain is represented by a set of particles. The particles also serve as
the frame over which the field equations are approximated. In the SPH-method, no direct
connectivity between particles exist. Thus, the method can be used to treat problems

124

Paper D

involving large deformation, without suffering from the numerical difficulties inherent in
mesh-based methods. An early use of the SPH method for modelling granular material
flow was presented by Bui et al. (2008). And since then, the SPH-method has become a
commonly used approach for modelling granular material flow (see e.g. Gustafsson et al.,
2007; Hurley and Andrade, 2017; Jonsén et al., 2012, 2014; Jonsén et al., 2015; Larsson
et al., 2017; Nguyen et al., 2017; Peng et al., 2016). Despite being seemingly mature,
the SPH-method suffers from a number of drawbacks such as tensile instability, a lack
of interpolation consistency, zero-energy modes, difficulties to handle essential boundary conditions and non-physical pressure oscillations. Furthermore, the SPH-method
requires a homogeneous and smooth particle distribution to obtain stable and reliable
results. This becomes particularly important in the evaluation of the pressure field.
In contrast to the SPH-method, the material point method (MPM) is a particle method
that use a background mesh. The MPM was developed by (Sulsky et al., 1994, 1995) and
it is based on a combined Lagrangian-Eulerian description of motion. In the MPM, the
state variables are traced on Lagrangian material points, while the equations of motion
are integrated on a background computational mesh. The material points can be chosen
independently of the mesh and the connectivity between the material points changes
dynamically during the simulation. The literature contains a number of studies where the
MPM has been used to model granular material flow, for instance to model the popular
granular material column collapse (Dunatunga and Kamrin, 2015; Fern and Soga, 2016;
Mast et al., 2014; Solowski and Sloan, 2015) and silo discharge problems (Wiȩckowski
and Kowalska-Kubsik, 2011). The MPM, combined with appropriate constitutive models,
has been shown to adequately predict granular material flow at varying flow conditions.
However, there are some disadvantages to the method and perhaps the main disadvantage
is the treatment of mass conservation. In the MPM each particle is assigned a fixed mass,
which requires that the number of particles is kept constant throughout the simulation.
A consequence of this is that the distribution of particles might become irregular during
the simulation, limiting the possibility to enhance accuracy by using more particles in
certain areas.
The particle finite element method (PFEM) is another mesh-based particle method, it
is a Lagrangian particle method based on the FEM. The PFEM was initially developed
for solving fluid dynamics problems in the context of fluid-structure interaction and freesurface flow (Idelsohn et al., 2004; Idelsohn et al., 2003; Oñate et al., 2004). The first
extension of the PFEM to solid mechanics applications was made by Oliver et al. (2007).
Furthermore, the PFEM has been used to model a variety of granular material flow
problems (see e.g. Cante et al., 2014; Dávalos et al., 2015; Larese, 2017; Zhang et al.,
2015). In the PFEM, a Lagrangian description of motion is used for the nodes in a finite
element mesh. The nodes are considered as free particles, that are allowed to separate
from the domain they originally are a part of. A cloud of particles is used to identify
the computational domain, and a finite element discretization is utilized to advance the
solution by a time increment. The particles contain all properties and variables, and the
values of those are projected onto the mesh at each time increment, where the necessary
equations are solved. The PFEM predicts a smooth pressure field, and the non-physical
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pressure oscillations typical for the SPH-method are avoided. A main advantage of the
PFEM compared to the MPM is that in the PFEM the particles have no fixed mass,
thus conservation of mass is not violated if particles are added or removed during the
simulation.
The aim of the present study was to obtain a robust numerical tool for the simulation
of granular material flow at dissimilar flow conditions. Transient granular material flow
was modelled by the PFEM and the strain-rate dependent constitutive model of Andrade
et al. (2012). To assess the capability of the proposed modelling framework, a set of
numerical simulations of the fundamental problem of collapsing rectangular columns of
granular material were performed. The model was validated by comparing results from
the simulations with experimental measurements.

2

Materials and experimental study

In the present study, the flow dynamics of two granular materials was investigated experimentally. The main purpose of the experimental study was to obtain qualitative and
quantitative measures of the flow of the granular materials, to be used for the calibration
and validation of the proposed numerical model.

2.1

Materials

The first granular material used in the present study was a potassium chloride (KCl)
fertilizer, commonly known as muriate of potash (MOP). MOP denotes mixtures of
KCl, at 95% or greater purity, and NaCl, which are adequate for agricultural use (U.S.
Geological Survey, 2010). The particle size for the granular MOP was in the range of
2.0−4.0 mm, the particle shape was angular, the particle density was 1.99 g/cm3 and
the bulk density was 1.00 g/cm3 . The second granular material was a sintered aluminum
oxide (Al2 O3 ) used as a grinding media in liquid fine grinding in stirred media mills. The
particle shape of the Al2 O3 was spherical and the particle size was in the range 1.2−2.0
mm. The particle density was 3.41 g/cm3 and the bulk density was 2.13 g/cm3 . Optical
light microscope images of the two granular materials are shown in Figure 1 and it is
observed that the granular materials have very different particle shapes. The particle
shape of a granular material affects its flow behaviour (Balmforth and Kerswell, 2005;
Wu and Cocks, 2006). Granular materials with different particle shapes were chosen
deliberately to investigate the ability to model granular materials with different bulk
flow properties using the proposed numerical model.

2.2

Experimental setup and procedure

The study of the transient material flows that occur during the collapse of columns of
granular materials has been the focus in a number of studies. The collapse of axisymmetric granular material columns was studied experimentally by Lajeunesse et al. (2004) and
Lube et al. (2004). The rectangular channel column collapse was studied by Balmforth
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(a)

(b)

Figure 1: Optical light microscope images of (a) granular potassium chloride (KCl) fertilizer and (b) sintered aluminum oxide (Al2 O3 ) grinding media.
and Kerswell (2005) and Lube et al. (2005). The granular column collapse problem includes the kinematics of granular materials on different stages. Initially the material is at
rest in its container, it then undergoes acceleration during the collapse and deceleration
when the material comes to rest. Thus, the granular material column collapse experiment provides a good foundation for evaluating a numerical model of transient granular
material flows.
A schematic of the experimental setup used in the present study is shown in Figure
2. The experimental setup was designed as a 50 mm wide, 590 mm long and 230 mm
high closed rectangular channel. The front panel was made of hardened glass with a
thickness of 4 mm. The other panels of the channel were made of steel with a thickness
of 6 mm. The bottom of the channel was open, allowing it to be placed on surfaces made
of different materials, with different surface properties. For all experiments in the present
study, a smooth and horizontal bottom surface made of steel was used. A 6 mm thick
steel door was used to confine the granular materials in a reservoir prior to the collapse.
The position of the door could be varied, enabling the study of a wide range of initial
shapes of the granular mass. The design of the experimental setup used in the present
study was based on the setups used for rectangular channel column collapse experiments
in Balmforth and Kerswell (2005) and Lajeunesse et al. (2005).
The experimental procedure consisted in an initial positioning of the door, and thus
selecting a length li of the reservoir. The reservoir was then partly filled by carefully
pouring a granular material mass to a height hi . Thus, forming a rectangular column of
granular material with a length of li , a height of hi and a width of 50 mm. The top surface
of the granular material was evened out by hand. The door was then quickly removed
vertically via a weight, rope and pulley system (Figure 2). The use of a weight, rope and
pulley system made it possible to remove the door in a reproducible manner, keeping the
vertical speed of the door constant for all the experiments. When the door was removed,
the granular mass collapsed under the influence of gravity and spread horizontally in the
channel until it came to a rest, forming a deposit profile. A conceptual initial setup and
final deposit profile is shown in Figure 3.
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Figure 2: Schematic of the experimental setup used for the granular material column
collapse experiments.

Figure 3: Illustration of the initial setup and the final deposit profile for the column
collapse experiment.
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The ratio between the initial height hi and length li was used to express the aspect
ratio ai = hi /li of the granular mass. The aspect ratio was varied by either using
different amounts of granular material for a fixed door position and thus varying hi , or
by repositioning the door and thus varying li . This procedure enabled the investigation
of the collapse of columns of different mass but with the same aspect ratio. In total, 17
experiments were carried out for each granular material and the experimental parameters
are presented in Table 1. The experiments were recorded with a high-speed digital
camera. A MATLAB script was used to process the digital images to extract the final
height h∞ , the final length l∞ and the granular material deposit profile. For the KCl,
l∞ was defined as the horizontal position where the grains remained in contact with the
rest of the granular mass. Thus, individual grains that had separated from the mass
were not considered. For the Al2 O3 , l∞ was defined as the horizontal position where
the granular material layer ceased to have at least two grains in thickness. Furthermore,
the digital images were processed using a commercial digital image correlation (DIC)
software (GOMmbH, 2007). The methodology described in Larsson et al. (2016) was
used to obtain the in-plane velocity field. In short, the DIC technique is based on the
comparison of a series of digital images that are divided into overlapping sub-images. The
in-plane velocity field is determined by applying a cross-correlation algorithm, which
requires that the object to be traced is covered with a random surface pattern. The
correlation algorithm is then able to trace the motion of the sub-images, and thus the
velocity field can be obtained. The granular materials that were used in the present
study form a natural random surface pattern and with a sufficient surface texture, the
DIC technique could be used to obtain the in-plane velocity field. A more detailed
description of the DIC and its application to quantify granular material flows can be
found in Larsson et al. (2016).

2.3

Data acquisition

To record the experiments, a Redlake MotionPro X3 high-speed digital camera was used.
During the recording, the granular materials were illuminated using two Dedocool floodlights equipped with 250 W lamps. The experiments were recorded with the high-speed
camera set to capture 1000 images per second, at a resolution of 1280 × 720 pixels and
with a shutter speed of 0.25 ms.

3

Numerical modelling and simulation

A granular material is a discrete media. However, in the present study the modelling of
granular materials was based on the assumption that a granular material can be represented as a continuous media. The assumption of using a continuum representation of
discrete media is valid as long as the number of particles in the granular mass is large
enough (Duran, 2000). In the present study, two-dimensional computational domains
were used to represent the granular materials. The PFEM, implemented in a MATLAB program was used and the granular materials were modelled using two different
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Table 1: Initial length li and height hi , aspect ratio ai = hi /li and mass
in the series of column collapse experiments for KCl and Al2 O3 .
Material
Test
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18∗
19∗

li
[mm]
100
59
39
30
60
10
100
50
30
50
20
10
20
20
60
90
40
72
22

KCl
hi
ai
Mass
[mm]
[g]
73
0.73 400
127 2.15 400
200 5.13 418
157 5.23 250
95
1.58 300
96
9.60
44
83
0.83 440
152 3.04 400
92
3.07 148
104 2.08 270
124 6.20 130
63
6.30
33
158 7.90 165
169 8.45 180
61
1.02 190
107 1.19 510
162 4.05 340
60
0.83 230
115 5.23 130

li
[mm]
99
59
39
30
60
90
10
110
40
20
30
20
10
20
20
10
70
80
21

Al2 O3
hi
ai
Mass
[mm]
[g]
74
0.75 800
127 2.15 800
192 4.92 800
132 4.40 400
83
1.38 500
124 1.38 1166
97
9.70
96
66
0.60 750
98
2.45 400
49
2.45
96
98
3.27 300
121 6.05 250
60
5.95
58
151 7.55 300
161 8.05 330
81
8.05
81
70
1.00 500
48
0.60 400
92
4.38 200

∗ Tests

recorded with the high-speed camera and processed using digital
image correlation.

constitutive models.

3.1

Governing equations

According to Newton’s second law of motion, the material rate of change of the linear
momentum of a body is equal to the resultant of the applied forces. Thus, the equation
of motion of a continuum body is given by the balance of linear momentum, which can
be expressed in a Lagrangian description as
ρ

Dvi ∂σij
−
− bi = 0,
Dt
∂xj

(1)

where vi and bi are the velocity and body force components, ρ is the density, xj are the
i
material point positions, σij is the Cauchy stress tensor and Dv
is the material derivative
Dt
of the velocity field
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∂vi
∂vi
Dvi
=
+ vj
.
Dt
∂t
∂xj

(2)

The Cauchy stress tensor can be split into a mean stress component σ0 = 31 tr(σij ) and
a deviatoric component sij according to
σij = sij + σ0 δij ,

(3)

where δij is the Kronecker delta. Furthermore, it is assumed that the mass of a continuum
body is conserved, and that it is a continuous function of volume. The conservation of
mass can be stated as
−

1 Dσ0
+ εV = 0,
κ Dt

(4)

0
is the material derivative of the mean stress and
where κ is the elastic bulk modulus, Dσ
Dt
εV is the volumetric strain rate. The volumetric strain rate is defined as the trace of the
rate of deformation tensor dij , which is given by


1 ∂vi
∂vj
dij =
+
.
(5)
2 ∂xj ∂xi

3.2

Constitutive models

Modelling a granular material as a continuum requires a constitutive model where the
stresses in the material are related to some measure of deformation. Constitutive models
may be dependent or independent of the strain-rate and in the present study, two strainrate dependent constitutive models were evaluated and compared.
Flow formulation
The first constitutive model is based on a constitutive relation for the flow of plastic and
visco-plastic solids. It was originally outlined by Zienkiewicz and Godbole (1974) and
was specialized by Cante et al. (2011) to a Drucker-Prager yield surface (Drucker and
Prager, 1952), with a non-associated flow rule.
For large deformation, under plastic or visco-plastic conditions, elastic deformations
can be neglected. A constitutive model linking the stresses and strain-rates, where the
viscosity is dependent on the current strain-rates, can be formulated using the analogy
with a viscous non-Newtonian incompressible fluid. The constitutive relation for an
incompressible viscous fluid can be expressed as
σij = σ0 δij + 2µε̇ij ,

(6)

where µ is the viscosity and ε̇ij is the strain rate tensor. Equation (6) can be rewritten
using the split of the Cauchy stress tensor from Equation (3)
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ε̇ij =

1
sij ,
2µ
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(7)

and following the definition of Perzyna non-associated visco-plasticity (Saabye Ottosen
and Ristinmaa, 2005) Equation (7) can be written as
ε̇ij =

1
∂G
,
hF i
µp
∂σij

(8)

where µp is a ’pseudo-viscosity’, F = F (σij ) = 0 is a plastic yield surface and G = G(σij )
is a plastic potential function. The use of Macaulay brackets in Equation (8) means that
hF i = F if F > 0 and hF i = 0 if F ≤ 0, thus ensuring no development of plastic flow if
the stress state is inside the yield surface. If the viscosity parameter µp → 0, it implies
that hF i → 0 in order for ε̇ij to be a finite quantity. Thus, ε̇ij → λ̇∂G/∂σij where λ̇ is
the plastic multiplier. In other words, the visco-plastic relation in Equation (8) reduces
to rate independent plasticity theory when µp → 0.
Cante et al. (2011) specialized the Perzyna relationship to the Drucker-Prager yield
surface (see Figure 4), which has the following functional form
r
3
F =
||sij || + b1 σ0 − b2 .
(9)
2
The parameter b1 controls the influence of the mean stress on the yield limit, and it can
be interpreted as the internal coefficient of friction of a granular material. The parameter
b2 corresponds to the yield strength of the material under pure shear, and in the context
of granular materials it can be interpreted as the granular material cohesion.
In the present study, the flow rule assigned to the Drucker-Prager yield surface is
non-associated and consists of a purely deviatoric strain-rate, it can be expressed as
∂G
= sij .
∂σij

(10)

The material flows at F ≥ 0 and from Equations (8) to (10) the following expression can
be obtained
6ε̄˙ij µ2 + 2µ(b1 σ0 − b2 ) − µ̄ = 0,

(11)

q

where ε̄˙ij = 23 ||dev(ε̇ij )|| is the effective strain-rate. For ideal plasticity µ̄ → 0 and the
viscosity can be written as
µ=

b 2 − b 1 σ0
.
3ε̄˙ij

(12)

Thus, a relationship between the deviatoric stresses and the strain-rate has been obtained.
Using the above results, this expression can be written in its final form as
sij = 2µε̇ij .

(13)
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Figure 4: Drucker-Prager yield surface with a non-associated flow rule.
Flow formulation with strain-rate dependent residual strength
The second constitutive model used in the present study is based on a strain-rate dependent plasticity model introduced by Andrade et al. (2012). Considering the DruckerPrager yield surface outlined in the previous section, the parameter b1 is interpreted
as the frictional resistance of the granular material. Andrade et al. (2012) proposed a
frictional resistance that is dependent on the dilatancy β and on a residual resistance µ̄
b1 = β + µ̄.

(14)

The dilantancy is considered to be a function of the deviatoric shear strain εs , and its
evolution is given by


εs
εs
β(εs ) = β ∗ ∗ exp 1 − ∗ ,
(15)
εs
εs
where β ∗ is the maximum dilatancy and ε∗s is the corresponding deviatoric shear strain.
Following the form outlined by Jop et al., 2006, the evolution of the residual resistance
is a function of the deviatoric shear strain-rate ε̇s , and it is given by
µ̄(ε̇s ) = µ̄l +

µ̄u − µ̄l
,
1 + ε̇∗s /ε̇s

(16)

where µ̄l and µ̄u are the lower and upper bounds for the residual resistance. The lower
and upper bounds are represented by ε̇s → 0 and ε̇s → ∞ respectively. The parameter
ε̇∗s is a characteristic deviatoric shear strain-rate at which the residual resistance is µ̄ =
1/2(µ̄l + µ̄u ). Thus, the frictional resistance b1 is dependent on both the deviatoric shear
strain and the deviatoric shear strain-rate. The evolution of the frictional resistance is
given by
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Figure 5: Evolution of the residual strength µ̄ as a function of the deviatoric strain rate
ε̇ and the characteristic deviatoric strain-rate ε̇∗s .

b1 (εs , ε̇s ) = β(εs ) + µ̄(ε̇s ).

(17)

The role of the dilatancy is to couple the deviatoric and volumetric components of
deformation, it describes the volume change of a material under shear deformation. The
dilatancy is important for the mechanical behaviour of granular materials at quasi-static
loading. Which is in contrast to other materials, such as metals which are non-dilative.
Dilatancy is important for granular materials in the solid-like state but it can be neglected
in the fluid-like state. In most granular material flows, the variation of the volumetric
fraction is small (Forterre and Pouliquen, 2008) and if the granular material is considered
as incompressible, the dilatancy and frictional equations are decoupled. Thus, the incompressible assumption greatly simplifies the constitutive model. In the present study,
the granular materials were modelled as quasi-incompressible. Thus, the effect of the
dilatancy was not included and the evolution of the frictional resistance is given by
b1 (ε̇s ) = µ̄(ε̇s ).

(18)

The conceptual evolution of the residual strength as a function of ε̇s and ε̇∗s is shown
in Figure 5.

3.3

The particle finite element method

The PFEM is a particle based numerical method where a background mesh is used and
on which the FEM is used to solve the governing equations. The PFEM is founded
upon modelling using an updated Lagrangian formulation. In the updated Lagrangian
formulation, the equations are formulated in the current configuration, and the variables
are assumed to be known at the last calculated configuration, at time t. The new variables
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are sought at the updated configuration, at time t + ∆t. As outlined by Rodrı́guez et al.
(2017), the PFEM can be divided into the following basic steps:
1. The computational domain is defined by a set of particles of infinitesimal size.
2. A finite element mesh is generated, using the set of particles as nodes. The finite
element mesh is obtained using a Delaunay triangulation (Lee and Schachter, 1980).
3. The alpha-shape method (Edelsbrunner and Mücke, 1994; Xu and Harada, 2003)
is used to identify the external boundaries onto which the boundary conditions are
imposed.
4. The non-linear governing equations are solved for displacement, velocity and pressure at every node of the mesh.
5. Computed velocities and pressures are used to update the position of the particles.
6. Return to step 2 and repeat for the next time increment.
Thus, the PFEM can be interpreted as an updated Lagrangian approach, where the
FEM is used to solve the incremental problem. In the PFEM, the mesh works as the
background mesh for integration of the differential equations, and simultaneously the
mesh is used to keep track of free surfaces and contacts. Similar to the standard FEM,
the accuracy of the solution in the PFEM depends on the mesh density and quality.
In a Lagrangian description of motion, the particles in the finite element mesh also
represent material particles. Thus, the particles will move with the flow of the material.
The motion of the particles might result in regions of increased concentration of particles and consequently regions where the particle spacing is large. The accuracy of the
solution is affected if the distribution of particles become too irregular. In the present implementation of the PFEM, this issue is addressed by allowing the removal and addition
of particles. A geometric criterion based on a characteristic element size and distance
between particles governs the addition and removal of particles. In the PFEM, contact
between the deforming material domain and fixed boundaries is detected automatically
during the mesh generation, and no contact search algorithm is required. Penetration
of the nodes of the deforming material into the fixed boundaries is prevented by the
incompressibility condition. More details regarding the automatic contact treatment of
the PFEM can be found in Oñate et al. (2011).

3.4

Simulation procedures

The column collapse experiment was simulated using a two-dimensional plane deformation implementation of the PFEM. The granular material mass was represented using
particles which were initially arranged in a regular rectangular pattern. The bottom
surface and the left wall were modelled as stationary particles. The initial particle disposition and the location of the fixed particles used as boundaries is conceptually illustrated in Figure 6. Throughout the present study, a stabilized linear triangular mixed
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Figure 6: Conceptual illustration of the particle discretization of the domain in the
two-dimensional plane deformation column collapse simulation. The initial particle disposition is regular and rectangular. In the figure, the fixed particles used to represent
the bottom surface and left wall are shown in a darker shade.
velocity-pressure finite element formulation was used to solve the Lagrangian equations
(Dohrmann and Bochev, 2004). A fully implicit scheme was used for the time integration where the time step size was a function of the maximum velocity and the minimum
distance between the particles. A maximum allowed value of the time step was set to
∆t = 1.0 × 10−4 s and a convergence criteria of 10−4 was used.
In the literature (see e.g. Lajeunesse et al., 2005; Lube et al., 2005), the time evolution
of the flow front in the column collapse is commonly described p
using a characteristic
time scale based on the free-fall time of the granular column τc = hi /g. In the present
study, the simulations were terminated at the normalized time t̄ = t/τc = 4.0, at which
the flow front propagation was assumed to have ceased for the investigated range of
aspect ratios. In a comprehensive experimental study of the collapse of granular columns
along a horizontal channel, Lube et al. (2005) derived a t̄ = 3.3. Thus, the assumption
of a ceased flow front at t̄ = 4.0 is considered adequate and conservative. Since the
granular materials in the present study were assumed to be dry and cohesionless, the
constitutive model parameter b2 , described in Section 3.2, was kept at a very small
positive value (b2 = 10−6 Pa) in all the simulations. Since the granular materials were
considered as incompressible, the choice of bulk modulus is arbitrary. The value of the
bulk modulus was set to κ = 2.2 GPa, which corresponds to the bulk modulus of water.
The computational time for the column collapse simulations on a 2.60 GHz Intel Xeon
processor was between 5 and 160 minutes, depending on the size of the computational
domain.

4

Results and discussion

In the following section, the experimental and numerical results are presented and discussed. The flow dynamics of the rectangular column collapse was investigated for a range
of initial aspect ratios. The PFEM was used with two different constitutive models to
simulate the experiments, using a two-dimensional plane deformation formulation. The
numerical mesh convergence was studied and the constitutive models were calibrated by
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inverse modelling. The constitutive models were then evaluated and validated by comparing the numerical and experimental results for column collapses over a wide range of
initial aspect ratios.

4.1

Experimental observations

The flow dynamics of the granular column collapse was studied experimentally for the two
granular materials. A series of representative examples showing how the flow dynamics
varied with the aspect ratio ai are shown in Figures 7 and 8. When the value of ai was
low (Figure 7) the flow was contained in the top surface layer, and most of the granular
mass was stationary during the collapse. The final deposit profile at low values of ai had
a characteristic truncated cone shape, where a large part of the granular mass remained
undisturbed during the collapse. Increasing the value of ai resulted in a larger proportion
of the granular mass being disturbed during the collapse, and the final deposit profile
converged to become increasingly more cone shaped.
It is noted from Figures 7 and 8 that the two granular materials resulted in final deposit
profiles of different shapes, for similar values of ai . The KCl resulted in a lower value of l∞
compared to that of the Al2 O3 , for both the low and the high ai . Both granular materials
resulted in similar values of h∞ for the low ai experiment, while h∞ was larger for the
KCl than that of the Al2 O3 for high ai . Thus, the properties of the granular materials
had an effect on the flow dynamics and on the shape of the deposit profiles. The angular
shape of the grains of the KCl yields a higher internal friction compared to the spherical
grains of the Al2 O3 . Thus, the Al2 O3 flows more easily than the KCl. These observations
are in line with the results of previous studies (Balmforth and Kerswell, 2005; Lajeunesse
et al., 2004), where it was reported that the flow and spreading dynamics were mainly
dependent on the value of ai , but also on the internal friction of the granular materials.

4.2

Mesh convergence study

The mesh convergence of the current implementation of the PFEM was studied by running a test problem and varying the initial distance between the particles. For this, the
rectangular granular column collapse problem with an initial height hi = 240 mm and
initial length li = 24 mm was chosen. The selected dimensions corresponded to ai = 10.
A high aspect ratio was selected to produce a case with large deformations and large
pressure and velocity gradients. Three initial particle distances were selected: 1.5 mm,
0.75 mm and 0.375 mm, resulting in models containing approximately 3500, 12100 and
44800 particles, respectively. For the mesh convergence study, the flow formulation constitutive model was used with b1 = 1.0 and b2 = 10−6 Pa. The bulk density was set to
1.00 g/cm3 . To evaluate the mesh size dependency, the final deposit profile was extracted
and compared for the three models. In Figure 9 the final deposit profiles are compared,
showing that they are barely distinguishable. Thus, an initial particle distance of 1.5 mm
was considered adequate and was used throughout the present study.
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(a)

(c)

(b)

(d)

Figure 7: Photos of the initial configuration and final deposit of the rectangular channel
column collapse experiments with low aspect ratios. (a) and (b) show test no. 1 for the
KCl with ai = 0.73 and li = 100 mm. (c) and (d) show test no. 1 for the Al2 O3 with
ai = 0.75 and li = 99 mm.

(a)

(c)

(b)

(d)

Figure 8: Photos of the initial configuration and final deposit of the rectangular channel
column collapse experiments with high aspect ratios. (a) and (b) show test no. 3 for the
KCl with ai = 5.13 and li = 39 mm. (c) and (d) show test no. 3 for the Al2 O3 with
ai = 4.92 and li = 39 mm.
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Figure 9: Mesh size dependency of the final deposit profile extracted from the simulated
rectangular column collapse with ai = 10 and li = 24 mm.

4.3

Constitutive model parameter calibration

The calibration of the constitutive model parameters was conducted in two steps, using
the rectangular column collapse experiments. In the first step, the parameter b1 was
calibrated using a low aspect ratio experiment, with ai = 0.73 for the KCl and ai =
0.75 for the Al2 O3 . Experimental and simulated final deposit profiles were compared
for different values of b1 , see Figure 10. In addition to comparing the shape of the
deposit profile, the experimentally and numerically obtained values of h∞ and l∞ were
also compared. From these comparisons, the value of b1 that resulted in the most accurate
prediction of the experimentally obtained h∞ and l∞ was obtained for the KCl (b1 = 1.13)
and for the Al2 O3 (b1 = 0.83).
The flow formulation constitutive model was then used with the obtained values of b1 to
simulate two additional experiments with increasingly larger aspect ratios. Experiments
where ai = 2.15 and ai = 5.13 for the KCl and ai = 2.15 and ai = 4.92 for the Al2 O3 were
considered. Increasing the value of ai resulted in increasing strain-rates during the column
collapse, as shown in Figure 11. The value of b1 obtained through the initial calibration
failed to predict h∞ and l∞ for the experiments with larger ai , for both the KCl and for
the Al2 O3 . For the KCl, h∞ was overpredicted while l∞ was underpredicted for increasing
values of ai , indicating that a b1 = 1.13 overpredicted the material strength at increasing
strain-rates. For the Al2 O3 it was the other way around, h∞ was underpredicted while l∞
was overpredicted for increasing values of ai , indicating that a b1 = 0.83 underpredicted
the material strength at increasing strain-rates.
Thus, to accurately model the rectangular column collapse at increasing values of ai
required a constitutive model able to account for the strain-rate dependent material
strength. The strain-rate dependent model of the present study requires the definition
of some additional parameters governing the evolution of the residual resistance µ̄. As
presented in Section 3.2, these parameters are the lower and upper bounds of µ̄ (µ̄l and
µ̄u ) and the equivalent deviatoric shear strain-rate ε̇∗s .
In the literature (see e.g. Andrade et al., 2012; Jop et al., 2006; Liang and He, 2014),
the identification of model parameters corresponding to µ̄l and µ̄u has been discussed.
The proposed relationships between the quasi-static material strength and the material
strength at high strain-rates varies depending on the granular material and the type of
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(a)

(b)

Figure 10: Comparison of experimental and simulated final deposit profiles from the
rectangular column collapse, for the calibration of the constitutive parameter b1 . In (a)
test no. 3 for the KCl with ai = 0.73 and in (b) test no. 3 for the Al2 O3 with ai = 0.75.
flow considered. It is thus difficult to know this relationship a priori for arbitrary granular
materials and flow conditions. In the present study, the choice of relationship between µ̄l
and µ̄u was based on experimental observations from the column collapses. For the KCl,
the value of µ̄l was set to be equal to the previously obtained value of b1 = 1.13, while
the value of µ̄u was set to 0.9 × b1 . Thus, the residual resistance was set to decrease with
increasing strain-rate. For the Al2 O3 , the value of µ̄l was set equal to b1 = 0.83 and the
value of µ̄u was set to 1.1 × b1 . Thus, µ̄ was set to increase with increasing strain-rate.
The remaining model parameter ε̇∗s governs the transition between µ̄l and µ̄u with
increasing strain-rate, shown conceptually in Figure 5. The value of ε̇∗s was obtained
using three column collapse experiments, where ai was varied between 0.73 − 5.13 for
the KCl and between 0.75 − 4.92 for the Al2 O3 . The same procedure that was used
to calibrate b1 was employed to calibrate ε̇∗s . The shape of the final deposit and the
values of h∞ and l∞ were compared for different values of ε̇∗s . The best match to the
experimentally obtained h∞ and l∞ was obtained with ε̇∗s = 25 for the KCl and ε̇∗s = 10
for the Al2 O3 . In Figure 12, the shape of the deposits obtained experimentally and with
the two constitutive models of the present work are shown for the KCl and the Al2 O3 . It
is observed from Figure 12 that for both the KCl and the Al2 O3 , the strain-rate dependent
residual strength model is able to better predict the values of h∞ and l∞ , compared to
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(a)

(b)

Figure 11: Snapshots showing simulated strain-rates during the column collapse for the
KCl. In (a) for test no. 1 with ai = 0.73 and li = 100 mm and in (b) for test no. 3 with
ai = 5.13 and li = 39 mm. Both (a) and (b) show the strain-rate at the normalized time
t̄ = 1.4 and with the constitutive parameter b1 = 1.13.

the flow formulation model.
The discrepancy between the experimental and the simulated deposit profiles in Figure
12 is slight for the Al2 O3 but more prominent for the KCl. A possible explanation is
that the assumption of using a continuum representation of a discrete media might be
questionable in the case of KCl. To accurately model a discrete media as a continuum
requires that the number of particles is large enough (Duran, 2000). The size and the
angular shape of the grains of the KCl, and the length scale of the experiments of the
present study causes the flowing layer of grains to be thin in comparison to the grain size
in some of the experiments. Furthermore, the shape of the grains of the KCl might result
in some dilatation during the column collapse, thus resulting in a slight volume increase.
The dilatation is typically small for a granular material in the fluid-like state (Forterre
and Pouliquen, 2008) and it is typically neglected. In the present study the granular
materials are modelled as incompressible, thus any dilatation is not taken into account.
It must also be noted that when using the PFEM, the remeshing method may cause a
slight variation of the volume of the computational domain. To prevent this, the choice
of the value of the alpha-shape parameter should be carefully considered. Throughout
the present study, the value of the alpha-shape parameter was set to 1.2.
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(a)

(b)

Figure 12: Comparison of experimental and simulated final deposit profiles of the granular
mass, for high aspect ratios. In (a) test no. 3 for the KCl with ai = 5.13 and li = 39 mm
and in (b) test no. 3 for the Al2 O3 with ai = 4.92 and li = 39 mm.

4.4

Model validation

To validate the proposed numerical model, a number of column collapses with varying ai
were simulated and compared to experimental results. In total, the 17 cases from Table
1 were simulated for each granular material, where ai was varied between 0.73 − 9.60 for
the KCl and between 0.60 − 9.70 for the Al2 O3 . Experimental and simulated values of l∞
and h∞ are presented in Tables 2 and 3. The experimentally measured h∞ and l∞ were
normalized with respect to the initial length li and was plotted as a function of ai , using a
logarithmic scale on both the horizontal and the vertical axis, as shown in Figures 13 and
14. A non-linear least squares method was used to fit the experimental data to a singleterm power series model. In Figures 13 and 14, the power-law fit to the experimental
data is plotted together with its 95 % confidence level prediction bounds. The normalized
h∞ and l∞ obtained from the simulations were plotted together with the experimental
results, as shown in Figures 13 and 14. When comparing the experimental and numerical
h∞ and l∞ it is observed that the strain-rate dependent residual strength constitutive
model is able to accurately predict the column collapse at the investigated range of ai ,
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for both the KCl and the Al2 O3 . The simulated normalized h∞ and l∞ are within the
95 % confidence level prediction bounds of the experiments. An error percentage for
simulated l∞ and h∞ compared to experimental results was calculated and the median
of the error percentage was determined, excluding the tests used for calibration of ε̇∗s , see
Tables 2 and 3. For the KCl, comparing the median percentage errors, the most accurate
prediction was obtained for the constitutive model without strain-rate dependent residual
strength. For the Al2 O3 , the strain-rate dependent residual strength model resulted in a
more accurate prediction of l∞ , while for h∞ a similar accuracy was obtained for both
constitutive models. The best model predictions resulted in median percentage errors
less than 5, for both granular materials.
To further compare the experimentally observed flow dynamics to the PFEM simulations, the horizontal and vertical velocity fields were extracted from the column collapse
experiment using DIC, as described in Section 2.2. In Figure 15 and 16 the horizontal and
vertical velocity fields are compared for the Al2 O3 with ai = 0.60 and li = 80 mm, and
for the KCl with ai = 0.83 and li = 72 mm. Compared to the experimentally measured
velocities, the proposed strain-rate dependent residual strength model was able to predict
the flow dynamics of the column collapse accurately. Furthermore, the time evolution of
the column height during the collapse was measured experimentally from the high-speed
recording of test no. 19, for both the KCl and the Al2 O3 . The test was simulated and the
time evolution is compared in Figure 17. The PFEM model resulted in a slight underprediction of the time it takes for the column to settle, with a more accurate prediction
for the Al2 O3 compared to that of the KCl. A possible reason for the underprediction is
that the vertical removal of the door is not included in the simulation. The finite time
required to remove the door in the experiments might affect the flow dynamics, causing
a lower vertical velocity of the top layer of the column during the collapse, compared to
a collapse where the door is not included.
In the present implementation of the PFEM, friction between granular materials and
surrounding structures is not treated explicitly. This is due to the use of the incompressibility condition to model the interaction between the deforming domain and the
fixed boundaries. Thus, the granular material strength governs the flow at the interface
between granular mass and fixed boundaries. The use of a simplified contact treatment
is given some validity from an experimental study by Lube et al. (2004), where column
collapses of a number of different granular materials were conducted on three different
surfaces: a smooth wooden surface, a smooth plastic surface and a rough surface made
of sand paper. The authors found that the shape of the deposits was not significantly
affected by the surface properties. It was suggested that a possible explanation for the
independence of surface friction was the development of a dynamic interface a few particles from the base surface, separating the flow between stationary and moving granular
material.
It should be noted that regardless of the choice of numerical model for the transient granular material flow, validation has to be performed to ensure reliable model
predictions. The accurate DIC measurements of the granular material flow dynamics
provided a foundation to assess the validity of the proposed PFEM model. In this work,
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(a)

(b)

Figure 13: Comparison of experimental and simulated normalized final height h∞ as a
function of the initial aspect ratio ai from the rectangular column collapse. In (a) for
the KCl and in (b) for the Al2 O3 . In the plot is also included a single-term power series
model fit to the experimental results, with its 95 % confidence level prediction bounds.
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(a)

(b)

Figure 14: Comparison of experimental and simulated normalized final length l∞ as a
function of the initial aspect ratio ai from the rectangular column collapse. In (a) for
the KCl and in (b) for the Al2 O3 . In the plot is also included a single-term power series
model fit to the experimental results, with its 95 % confidence level prediction bounds.
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Table 2: Experimental and simulated final length l∞ and height h∞ from the series of column collapse experiments for KCl. Tests 1−3 were used for calibration
and tests 4−17 for validation.
PFEM

Experiment
Test ai
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

0.73
2.15
5.13
5.23
1.58
9.60
0.83
3.04
3.07
2.08
6.20
6.30
7.90
8.45
1.02
1.19
4.05

l∞

h∞

l∞

%error

h∞ %error

[mm] [mm] [mm]
[mm]
196
72
195
0.5
72
228
80
219
3.9
84
254
77
236
7.1
81
193
60
185
4.1
60
177
72
181
2.3
74
85
22
83
2.4
23
204
81
202
1.0
81
222
78
235
5.9
80
150
44
130 13.3
46
190
65
181
4.7
66
147
40
136
7.5
42
75
19
69
8.0
20
154
46
163
5.8
45
171
49
164
4.1
47
142
54
136
4.2
59
225
97
227
0.9
100
240
69
216 10.0
74

Median %∗error
∗ Calculated

4.5

PFEM with µ̄(ε̇s )
l∞

%error

h∞ %error

0
5.0
5.2
0
2.8
4.5
0
2.6
4.5
1.5
5.0
5.3
2.2
4.1
9.3
3.1
7.2

[mm]
[mm]
198
1.0
72
225
1.3
83
256
0.8
77
60
8.8
210
192
8.5
67
96
12.9
22
218
6.9
81
251 13.1
72
146
2.7
43
199
4.7
62
149
1.4
39
73
2.7
19
178 15.6
41
182
6.4
43
143
0.7
57
247
9.8
92
235
2.1
65

0
3.8
0
10.0
6.9
0
0
7.7
2.3
4.6
2.5
0
10.9
12.2
5.6
5.2
5.8

3.6

6.6

5.4

from tests 4−17.

a two-dimensional PFEM model was applied and validated for the fundamental problem
of collapsing rectangular columns. The model can be extended to a three-dimensional
model and can readily be applied to other geometries.
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Table 3: Experimental and simulated final length l∞ and height h∞ from the
series of column collapse experiments for Al2 O3 . Tests 1−3 were used for calibration and tests 4−17 for validation.
PFEM

Experiment
Test ai
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

0.73
2.15
5.13
5.23
1.58
9.60
0.83
3.04
3.07
2.08
6.20
6.30
7.90
8.45
1.02
1.19
4.05

l∞

h∞

l∞

%error

h∞ %error

[mm] [mm] [mm]
[mm]
243
72
245
0.8
72
290
67
307
5.9
66
327
63
353
8.0
60
220
44
247 12.3
43
214
55
218
1.9
56
313
87
345 10.2
85
120
17
125
4.2
18
240
64
240
0
65
215
47
213
0.9
46
100
22
106
6.0
23
193
38
202
4.7
38
183
32
195
6.6
31
87
16
88
1.1
15
223
35
239
7.2
33
225
37
240
6.7
34
96
17
115 19.8
17
201
57
208
3.5
59

Median %∗error
∗ Calculated

from tests 4−17.

5.3

PFEM with µ̄(ε̇s )
l∞

%error

h∞ %error

0
1.5
4.8
2.3
1.8
2.3
5.9
1.6
2.1
4.5
0
3.1
6.3
5.7
8.1
0
4.4

[mm]
[mm]
236
2.9
72
290
0
66
324
0.9
60
236
7.3
44
211
1.4
57
315
0.6
87
122
1.7
19
224
6.7
65
206
4.2
47
89
11.0
23
187
3.1
39
184
0.5
33
92
5.7
16
215
3.6
34
224
0.4
36
110 14.6
18
192
4.5
59

0
1.5
4.8
0
3.6
0
11.8
1.6
0
4.5
2.6
3.1
0
2.9
2.7
5.9
4.4

2.7

3.9

2.8
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(a)

(b)

(c)

(d)

Figure 15: Comparison of the in-plane velocity fields during the column collapse for
the Al2 O3 . Measured using DIC (left column) and simulated using the PFEM with the
strain-rate dependent residual strength constitutive model (right column). The horizontal
component of the velocity is compared in (a)-(b) and the vertical component is compared
in (c)-(d). Results are from test no. 18 with ai = 0.60 and li = 80 mm. The results are
compared at the normalized time t̄ = 1.8.
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(a)

(b)

(c)

(d)

Figure 16: Comparison of the in-plane velocity fields during the column collapse for
the KCl. Measured using DIC (left column) and simulated using the PFEM with the
strain-rate dependent residual strength constitutive model (right column). The horizontal
component of the velocity is compared in (a)-(b) and the vertical component is compared
in (c)-(d). Results are from test no. 18 with ai = 0.83 and li = 72 mm. The results are
compared at the normalized time t̄ = 1.4.
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(a)

(b)

Figure 17: Comparison of experimental and simulated time evolution of column height
during the collapse. Results are from test no. 19 and the simulations were performed
using the strain-rate dependent residual strength constitutive model. In (a) for the Al2 O3
with ai = 4.38 and li = 21 mm and in (b) for the KCL with ai = 5.23 and li = 22 mm.
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Conclusions

The particle finite element method (PFEM) is used to model the transient granular material flow of a collapsing rectangular column. An experimental setup for quantification
of the flow dynamics of the collapsing column is designed. The experimental results are
used to calibrate and validate the proposed numerical model. A conclusion from the
experimental study is that the granular material flow dynamics is dependent on both the
initial aspect ratio of the granular mass and on the internal friction of the granular material. It is also concluded that the flow dynamics of the column collapse can be quantified
by measuring the in-plane velocity field using digital image correlation. A numerical
model, where the PFEM is used with two strain-rate dependent constitutive models is
evaluated and compared both qualitatively and quantitatively to experimental results.
It is concluded that the PFEM model of the present study accurately predicts the flow
dynamics of the column collapse for two granular materials with different material properties and over a range of aspect ratios. By validation it is shown that the strain-rate
dependent residual strength constitutive model is the most accurate for the Al2 O3 . In
general, the best model prediction is obtained for the Al2 O3 , while some discrepancy
between experimental and simulated results is observed for the KCl. One possible cause
of the discrepancy is that the length scale of the granular material flow is too small for
the KCl to accurately model it as a continuum. The proposed strain-rate dependent
residual strength constitutive model requires the calibration of only three parameters,
the lower and upper bounds of the residual resistance µ̄l and µ̄u , and the equivalent
deviatoric shear strain-rate parameter ε̇∗s . The number of parameters of the proposed
model is low compared to other numerical methods commonly used for the simulation of
granular material flow, such as the DEM. In conclusion, the proposed PFEM model is a
robust numerical tool that is useful for modelling transient granular material flow.
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Abstract
Wet comminution is an important process in the mineral processing industry. Modelling of wet comminution in stirred media mills requires the simultaneous modelling of
grinding media, a moving internal stirrer, and slurry. In the present study, a novel approach for modelling the physical interactions between slurry, grinding media and mill
structure in a stirred media mill is presented. The slurry is modelled with the particle
finite element method (PFEM). The grinding media is modelled using the discrete element method (DEM) and the mill structure is modelled using the finite element method
(FEM). The interactions between slurry, grinding media and mill structure are modelled by two-way couplings between the PFEM, the DEM and the FEM models. The
coupled model of the present study is used to predict the motion of slurry and grinding media, and to calculate the power draw during wet comminution in a pilot scale
horizontal stirred media mill. Furthermore, the model is used to compare a Newtonian
and a non-Newtonian model of the slurry, where the non-Newtonian model is used to
capture experimentally observed shear-thinning. The coupled PFEM-DEM-FEM model
preserves the robustness and efficiency of each of the methods and it gives the possibility
to use large time increments for the fluid, greatly reducing the computational expense.
The coupled model of the present work provide information on the complex dynamics
of slurry and grinding media. The numerical model is shown to be a useful tool for
increasing the knowledge and understanding of wet comminution in stirred media mills.

1

Introduction

In the mineral processing industry, the cost of comminution constitutes a large fraction
of the total operating cost (Wills and Napier-Munn, 2006). Most of the comminution in
the mineral processing industry is done using tumbling mills, due to their capacity to
handle large material flows. A major drawback with tumbling mills is their low energy
efficiency (Wills and Napier-Munn, 2006). Much of the energy is absorbed in low-impact
contacts that do not break particles. A potential alternative to the use of tumbling mills
is stirred media mills, which features a significantly higher energy efficiency compared to
that of tumbling mills. Stirred media mills are increasingly used for fine and ultra-fine
grinding of ores, ceramic materials, pigments, chemical products, microorganisms and
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other materials. A stirred media mill works by reducing the product particle size inside
a bed of grinding media. The grinding media consists of a granular mass of small bodies
which are typically made of glass, steel or ceramic materials. The density of the grinding
media usually varies between 2.0–7.8 g/cm3 and their size is commonly between 0.1–10
mm. The grinding chamber is filled up to 85 % of its volume with grinding media (Kwade
and Schwedes, 2007).
In principle, the operation of a stirred media mill consists of the pumping of a slurry
through a grinding chamber. The slurry is a mixture of a fluid and the material to be
ground. Inside the grinding chamber is a shaft with agitator elements attached to it.
Rotation of the shaft brings the grinding media and the slurry into motion, resulting
in a large number of contacts between the grinding media which in turn results in the
size reduction of the product. At the end of the grinding chamber, the slurry leaves the
stirred media mill while the grinding media is kept inside the mill by a screen cartridge.
An important property of the comminution in stirred media mills is that the contacts
between grinding media bodies cause the number of stress events per unit time and unit
volume to be very high. It was noted by Kwade and Schwedes (2007) that the operating
parameters of communition in stirred media mills, and the properties of the material to
be ground have a strong effect on the resulting product quality. It has been shown in
the literature (see e.g. Blecher et al., 1996; Kwade et al., 1996; Kwade and Schwedes,
2002) that a stress model can be applied to evaluate the comminution in stirred media
mills. The stress models relate the comminution result to the frequency and intensity of
stressing events.
Wet comminution in stirred media mills is a technology that is not completely understood. To further the knowledge and understanding of the operation of stirred media
mills, modelling and simulation are powerful tools. Modelling and simulation allow for
investigation of phenomena that can be difficult or impossible to study experimentally.
Furthermore, a reliable numerical model can be used for the development of new, or optimisation of existing stirred media mills. Numerical prediction of the dynamics involved
in the transient motion of the grinding media and the slurry is a complex problem that
requires robust and efficient computational methods.
The motion of the grinding media during comminution can be modelled either at the
particle scale or at the continuum scale. Originally formulated by Cundall and Strack
(1979), the discrete element method (DEM) is a computational method that has been
widely used to simulate the motion of various granular materials. In the DEM, each
physical particle in the granular mass is modelled with a discrete particle. The motion
of the granular mass is governed by the interactions between the discrete particles, and
between the discrete particles and the surrounding structures. In the DEM, the motion
of the individual particles is determined by Newton’s second law of motion, the sum
of forces acting on a particle is equal to its mass multiplied by its acceleration. When
using the DEM, the computational cost increase with the number of particles in the
model. Increased availability of computational resources has allowed for the simulation
of large systems of granular materials, containing several millions of particles (Gan et
al., 2016). The DEM can be coupled with other numerical methods. For instance, the
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mill structure can be modelled with the finite element method (FEM), and a coupled
DEM-FEM model can be used to simulate the interaction between the grinding media
and the mill structure. Modelling the grinding media with the DEM enables a detailed
study of important aspects of comminution, such as the grinding media motion and size
distribution and the impact forces between the grinding media bodies. In the literature,
the earlier uses of the DEM for the modelling of comminution in stirred media mills
focused mainly on the motion of the grinding media, without considering the influence
of the slurry. Cleary et al. (2006a) and Sinnott et al. (2006) used the DEM for the
analysis of dry comminution in pilot scale-sized vertical stirred media mills. The authors
focused on the study of grinding media flow patterns and energy absorption rates and
distributions. Furthermore, the authors presented stress and wear calculations on the
mill structure, and an investigation of the mixing and transport of the grinding media.
Yang et al. (2006) used the DEM to study grinding media flow patterns, flow velocities,
force fields and the power draw in a lab-scale sized horizontal stirred media mill. A
coupled DEM-FEM model was used by Jonsén et al. (2011) to simulate the motion of
the grinding media in a tumbling mill. From the simulations, the authors calculated the
stresses and strain, mechanical waves and the structural response of the tumbling mill
structure.
The modelling of wet comminution requires some numerical treatment of the mix of
feed material and fluid. Due to the small particle size of feed material, it is not feasible to model larger quantities of slurry using the DEM. Instead, it is modeled as a
continuum, and its motion is predicted using some continuum-based numerical method.
A continuum-based numerical method that is frequently used in the literature is the
smoothed particle hydrodynamics (SPH) method. The SPH method was originally developed independently by Gingold and Monaghan (1977) and Lucy (1977) and it is a
Lagrangian mesh-free method, where the computational domain is represented by a set
of particles. The particles also serve as the frame over which the field equations are
approximated. In the SPH method, no direct connectivity between the particles exist.
Thus, the method can be used to simulate events involving large deformation, without
suffering from the numerical difficulties related to severe mesh distortion, inherent in Lagrangian mesh-based methods such as the FEM. A coupled SPH-FEM model was used
by Jonsén et al. (2012) to study the grinding media and its interaction with the mill
structure in a tumbling mill process. Early studies using coupled SPH-DEM models for
simulation of grinding media and slurry can be found in Cleary et al. (2006b) and Gao
and Herbst (2009). Sinnott et al. (2011) used a coupled SPH-DEM model to study the
slurry distribution and transport in a tower mill. A coupled SPH-DEM-FEM model was
used by Jonsén et al. (2014) to study the flow of the slurry and the motion of the grinding
media in a ball mill, and their interaction with the mill structure. In Jonsén et al. (2015),
this modeling approach was validated against experimentally measured driving torque in
a lab-size ball mill. Despite obtaining a good fit to experimental results, the authors
noted that the SPH method has major issues regarding efficiency and stability.
An alternative to the SPH method is to use computational fluid dynamics (CFD).
Jayasundara et al. (2011) used a coupled CFD-DEM approach to investigate the motion
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of the grinding media and fluid flow in a horizontal stirred media mill. Similar studies
using coupled CFD-DEM models were performed by Beinert et al. (2015) and Beinert
et al. (2014), where the authors also included an extended study of contacts, with the
aim to quantify the contacts occurring during wet comminution in stirred media mills.
In a recent work by Jonsén et al. (2019), coupled particle finite element method (PFEM),
FEM and DEM models were used to model a wet tumbling ball mill process. The authors
performed a validation by comparing numerical results with experimentally measured
driving torque from an instrumented lab-size ball mill. Numerical and experimental
results were found to be in good agreement and the authors pointed out that the PFEM
model resulted in greatly reduced computational time compared to that of a SPH model.
This paper presents a numerical investigation of the motion of grinding media and
slurry in a wet stirred media mill. The mill structure is modelled using the FEM, the
grinding media using the DEM and the slurry using the PFEM. In the original PFEM
developed by Idelsohn et al. (2004) and Oñate et al. (2004), a fully Lagrangian description
of motion is used while in the present study, an arbitrary Lagrangian Eulerian (ALE)
approach with an automatic volume mesh generation is used (Pin et al., 2007). The aim
of the present study is to investigate the feasibility of using the proposed approach to
simulate the operation of a high speed, wet stirred media mill.

2

Materials

The grinding media in the present study are beads of a sintered aluminum oxide (Al2 O3 ).
The bead shape is spherical with a size in the range 1.2–2.0 mm. The bead density is
3.41 g/cm3 and the bulk density 2.13 g/cm3 . An optical light microscope image of the
grinding media is shown in Figure 1a. The feed material is a dolomite powder. Dolomite
is a material commonly used in the chemical-technical and in the construction industries.
The particle size distribution of powders can be represented using the d10 , d50 and d90
values, which represent the particle sizes when 10, 50 and 90 % of the particle population
are below these values, respectively. The particle size distribution of the dolomite powder
was determined using a CILAS 1064 laser diffraction instrument, resulting in d10 = 0.9
µm, d50 = 9.4 µm and d90 = 39.1 µm. The mean particle diameter was 15.0 µm. A
scanning electron microscope (JEOL JSM-IT300) image of the dolomite powder is shown
in Figure 1b. The particle density 2.87 g/cm3 was measured with a helium pycnometer
(micromeritics Accupyc II 1340). The dolomite powder was mixed with water to a
concentration of solids by weight Cw =78.1 %, resulting in a slurry density of 2.035 g/cm3 .

3

Modelling and simulation

In this section, the numerical methods used for the simulations in the present study
are reviewed. Numerical models used for the grinding media, the slurry and the mill
structure are presented. This is followed by a description of the coupling schemes and
the simulation procedures.
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(a)

(b)

Figure 1: Optical light microscope image of the sintered aluminum oxide (Al2 O3 ) grinding
beads (a) and scanning electron microscope image of the dolomite powder (b).
In the present study, the grinding media is modelled with the DEM, the slurry with
the PFEM and the mill structure with the FEM. The particle size of the feed material
in the slurry is below 70 µm, and to model the individual particles of feed material in
the quantities of the present work is not feasible using the DEM. Instead, the slurry
is modelled as a continuous fluid where its behaviour is governed by the Navier-Stokes
equations. The grinding media is modelled under the assumption of no breakage of
attrition during the comminution. This assumption is justified by the short duration
of the simulations. To model the wet-operated stirred media mill, a three-dimensional
coupled PFEM-DEM-FEM model is used. The computational model is implemented and
solved in the non-linear multi-physics code LS-DYNA, version R11.0.0 (LSTC, 2016),
using 32–64 cores with 2.6 GHz CPUs with 2 × 128 GB local memory.

3.1

Discrete element method

In the DEM, the translational and rotational motion of a particle i with mass mi and
inertia Ii is governed by Newton’s second law of motion Cundall and Strack (1979)
mi

dvi X c
=
Fij + Fig
dt
j

(1)

dωi X
=
Mij ,
dt
j

(2)

and
Ii

where vi and ωi are the translational and angular velocities of the particle. Contact
forces and torque acting on particle i by particle j are given by Fijc and Mij , and the
gravitational force is given by Fig . The evolution of the particle velocities, locations
and contact forces is obtained by numerical time integration of Equations (1) and (2).
Typically, the time integration proceed in an explicit manner. However, in some recent
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studies (see e.g. Radjai and Richefeu, 2009; Samiei et al., 2013; Servin et al., 2014),
implicit time integration schemes has been used.

3.2

Incompressible fluid dynamics

In the present study, fluids are modelled based on the incompressible hypothesis. The
incompressible hypothesis is valid if the Mach number M is less than 0.3. M is defined
in as M=V/a, where V represents the velocity of the fluid flow relative to a fixed object,
and a is the speed of sound in the fluid. A wide range of industrial applications meet
the condition M < 0.3, including the wet-operating stirred media mill modelled in the
present study. An equation of state (EOS) is traditionally required to determine the
hydrostatic behaviour of a material by calculating the hydrostatic pressure as a function
of the density. With the incompressible hypothesis the density is constant and thus no
definition of an EOS is required.
Governing equations
The continuity equation (conservation of mass) states that for a steady state process, the
mass flow rate into a system equals the mass flow rate out of the system. The continuity
equation is given by
∂
∂ρ
+
(ρui ) = 0,
(3)
∂t ∂xi
where ρ is the fluid density, t is time, ui are the velocity components and the index i
refer to the space coordinates xi . If the flow is approximated as incompressible, ρ is not
a function of time or space. Thus ∂ρ/∂t ∼
= 0 and ρ can be taken outside the partial
derivative. Thus Equation (3) is reduced to a volume continuity equation
∂ui
= 0.
∂xi
The conservation of linear momentum is given by the Navier-Stokes equations


∂ui
∂ui
∂σij
ρ
+ uj
=
+ ρfi ,
∂t
∂xj
∂xj

(4)

(5)

where σij is the total stress tensor and fi are the components of external volume forces.
The total stress tensor is given by


2 ∂ul
∂ui ∂uj
σij = −pδij + µ
+
−
δij ,
(6)
∂xj
∂xi
3 ∂xl
where p is the hydrostatic pressure, µ is the fluid dynamic viscosity and δij is the Kronecker delta
(
0 if i 6= j
δij =
(7)
1 if i = j.
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In a nearly incompressible flow we have
∂ui
∂ui

,
∂xi
∂xj

(8)

and thus the last term inside the parenthesis in Equation (6) can be neglected and
Equation (6) can be written as


∂ui ∂uj
σij ≈ −pδij + µ
+
.
(9)
∂xj
∂xi
By this procedure, the term ∂σij /∂xj in Equation (5) can be reduced to


∂σij
∂p
∂
∂ui
≈−
δij + µ
.
∂xj
∂xj
∂xj ∂xj

(10)

With this simplification of the viscous term in the momentum equations, the Eulerian
form of the governing system of equations for incompressible Newtonian fluids is obtained


∂ui
∂ui
∂p
∂ 2 ui
+ uj
=−
+µ
+ ρfi ,
(11)
ρ
∂t
∂xj
∂xi
∂xj ∂xj
∂ui
= 0.
∂xi

(12)

To complete the governing equations requires an appropriate definition of the boundary
and initial conditions. The boundary conditions are defined either as Dirichlet boundary
conditions, where the value of the solution is prescribed on the boundary, or as Neuman
boundary conditions, where the derivative of the solution is prescribed on the boundary.
Initial conditions are imposed by prescribing the velocity ui (xi , t) and the pressure p(xi , t)
at the initial time t = 0
ui (xi , 0) = u0i (xi ),

(13)

p(xi , 0) = p0 (xi ).

(14)

Time integration
In the present study, the time integration of the Navier-Stokes equations is performed
using the fractional step method, originally outlined independently by Chorin (1968) and
Témam (1969). A main feature of the fractional step method is that pressure and velocity
are uncoupled, resulting in four linear systems of equations, three for the momentum
equations and one for the continuity equation. The fractional step method computes
the velocity in three main steps. In the first step, a predictor velocity that does not
satisfy the incompressibility condition is computed. In the second step, the predictor
velocity is projected onto a space of divergence free vector fields. A flow velocity field
where the divergence is zero is equivalent to an incompressible flow velocity field. The
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projection results in a Poisson equation of pressure. The computed pressure is then
used to correct the velocity, resulting in a divergence free velocity. In the third step, the
corrected velocity is used to move the particles to a new position. Convergence is obtained
when the final position of the particles is stationary, within some error margin. For an
in-depth description of the fractional step method applied to the numerical solution of
incompressible flow problems, the reader is referred to Brown et al. (2001) and Codina
(2001).

3.3

Fluid structure interaction

In the present study, the fluid structure interaction (FSI) between slurry and mill structure and between slurry and grinding media is modelled using a partitioned (or staggered)
approach. In a partitioned approach, the fluid and solid equations are uncoupled, allowing
the use of different computational codes for the fluid and the solid domains, respectively.
A major advantage of this method is that codes that are specifically designed for fluids
or solids can be used simultaneously in the computational domain. A loosely coupled
scheme for FSI is used. In a loosely coupled scheme, only one solution of either field is
required per time step. Thus, there is no requirement of convergence of the fluid and
solid variables at the interface. This is advantageous in terms of computational efficiency
since it avoids the iterative step required for convergence. The loosely coupled scheme
is suitable in cases where the solid density is much greater than that of the fluid (Baek
and Karniadakis, 2012; Sotiropoulos and Yang, 2014).
PFEM-FEM coupling
A feature of the current modelling approach is that the description of motion is dependent
on the problem conditions. The description of motion is Eulerian for problems without
FSI. Thus, for such problems the mesh remains fixed in space. In a FSI problem, the
boundaries between the solid and the fluid are Lagrangian and are allowed to deform with
the structure. In the present study, an arbitrary Lagrangian Eulerian (ALE) approach is
used for FSI problems. Using the ALE formulation for FSI problems allows for a robust
and accurate imposition of solid boundary conditions on the fluid. The ALE description of motion requires some reformulation of the governing equations for incompressible
Newtonian fluids (Equations (11) and (12)), resulting in

ρ

∂ui
∂ui
+ (uj − vj )
∂t
∂xj


=−

∂p
∂ 2 ui
+µ
+ ρfi ,
∂xi
∂xj ∂xj

∂ui
= 0,
∂xi
where vj is the velocity of the moving reference frame (LSTC, 2014).

(15)

(16)
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PFEM-DEM coupling
The interaction between the slurry and the grinding media is modelled as a two-way
coupling between the PFEM and DEM models. A partitioned approach with a loose
coupling scheme is used. A loose coupling scheme is required since the DEM code use
explicit time integration and the PFEM code use implicit time integration. The explicit
scheme is conditionally stable and requires small time steps for numerical stability. The
implicit scheme is unconditionally stable and allows the use of larger time steps, without
suffering from stability issues. In the two-way coupling, the grinding media affects the
fluid by adding the mass and velocity of the DEM particles to the volume forces in the
governing equations for the fluid. In the other direction, the fluid flow over the DEM
particles result in a drag force on the DEM particles. This force is computed by assuming
a potential flow around a sphere for each DEM particle, and using the drag force equation
of a sphere
vf2 Aρf Cd
,
(17)
2
where vf is the fluid velocity, A = πr2 is the projected area of a sphere with radius r, ρf
is the fluid density and Cd is the drag coefficient. The drag coefficient is a dimensionless
quantity that depends on the shape of the object and the flow conditions around it. The
drag coefficient is typically dependent on the Reynolds number. In the present work, a
constant value of Cd is assumed. This assumption is based on the findings in Reddy and
Joshi (2008), where CFD was used to study the drag coefficient for flows through packed
beds.
fd =

3.4

Modelling non-Newtonian viscosity

The rheological behaviour of the dolomite slurry was investigated experimentally. It was
observed that the shear stress was not linearly related to the shear-rate. Thus, the slurry
is a non-Newtonian fluid and since the relationship between shear stress an shear-rate is
nonlinear, the dynamic viscosity is dependent on the shear-rate. The behaviour of the
slurry was like that of a shear-thinning (pseudoplastic) fluid. In a shear-thinning fluid,
the dynamic viscosity µ is reduced as the shear-rate γ̇ increases. In the present study, a
viscosity model originally formulated by Cross (1965) is used. The relationship between
viscosity and shear rate is given by
µ = µ∞ +

µ0 − µ∞
,
1 + (λγ̇)n

(18)

where µ0 is the zero shear-rate viscosity, µ∞ is the infinite shear-rate viscosity, n is a
dimensionless constant governing the deviation from a Newtonian fluid and λ is a time
constant.
In the present study, different cases are considered where the fluid in the stirred media
mill is either water or a dolomite slurry. Water is modelled as a Newtonian fluid, with
parameters according to Table 1. The slurry is modelled either as a Newtonian fluid or as
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Figure 2: Viscosity as a function of shear-rate. Viscosity measured with a rotational
rheometer and fitted non-Newtonian viscosity model (Cross, 1965).
Table 1: Fluid model parameters used for water and dolomite slurry.
Fluid
Water
Slurry
Slurry

Viscosity model
Newtonian
Newtonian
Non-Newtonian∗

ρ (g/cm3 )
1.00
2.035
2.035

µ (Pa·s)
1.052 × 10−3
2.008
-

µ0 (Pa·s)
430.3

µ∞ (Pa·s)
0.7836

λ (s)
132.1

n (-)
0.597

∗ The

non-Newtonian viscosity model is a model for shear-thinning fluids formulated by
Cross (1965).

a non-Newtonian shear-thinning fluid. A measured viscosity and shear-rate relationship
(Figure 2) is used to obtain the viscosity of the slurry. For the Newtonian model of
the slurry, the mean value of the measured viscosity versus shear-rate is used. For the
non-Newtonian model, a non-linear least squares method was used to fit the model to
the experimental points, as shown in Figure 2. The model parameters obtained from the
fit are presented in Table 1.

3.5

Simulation procedures

The simulations in the present study were performed on a geometrically simplified pilotscale sized stirred media mill (Drais PMH 5 TEX), shown in Figure 3, with a cylindrical
chamber with a constant inner diameter. Inside the chamber, there is a centrally located
agitator in the form of a cylindrical shaft with a constant diameter and fitted with seven
discs. Each disc has six holes, equally spaced along the perimeter of the discs. Six
of the seven discs are placed 40 mm apart from each other, and the seventh disc is
placed 64 mm from the sixth disc. Some relevant dimensions of the mill are summarized
in Table 2. Depending on the fill ratio, the mill is filled with approximately 300,000–
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Figure 3: Schematic showing cross sections of the geometrically simplified stirred media
mill.
600,000 mono-sized spherical discrete particles with a diameter of 2 mm. In Table 3, the
DEM parameters used in the simulations are listed. The sliding friction coefficients were
obtained experimentally and since the grinding beads are spherical, a low value of the
rolling friction coefficient was assumed. The Young’s modulus of Al2 O3 is in the order
of 300 GPa. In the present study, the DEM solver uses explicit time integration and the
time step size is thus proportional to the Young’s modulus of the particles. To reduce
the computational time, the Young’s modulus is set to a value three orders of magnitude
smaller than the real value. In the literature (Lommen et al., 2014; Yan et al., 2015),
it has been shown that values of the Young’s modulus in the range 107 –1011 Pa has a
negligible effect on the bulk flow behaviour. The fluid in the mill is modelled either
as a Newtonian or as a non-Newtonian fluid using the PFEM in the ICFD module in
LS-DYNA. The boundary conditions for the fluid are an inlet flow of 1.5 l/min and an
outlet with a prescribed pressure set to zero, as shown in Figure 4. The inlet is circular
with a diameter of 20 mm. The two outlets have the shape of a combined rectangle and
two semicircles, each outlet has a surface area of 957 mm2 . A no-slip boundary condition
is assumed between the mill structure and the fluid. The mill structure is discretized
using FEM shell elements and the material is assumed to be rigid. The effect of gravity
is included as a body load, acting in the vertical direction on both the grinding media
and the fluid. The simulations are set up by prescribing a rotational velocity to the
agitator. The agitator is accelerated from 0 to 250 rpm in 0.5 seconds and is then kept
at a constant 250 rpm for the remaining time of the simulation, see Figure 5.
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Table 2: Dimensions of the stirred media mill.
Value (mm)
Dimension
149
Chamber diameter
Chamber length
415
Shaft diameter
50
Disc diameter
121
Disc thickness
12
Disc hole diameter
23
Gap between disc 1 − 6 40
Gap between disc 6 − 7 64

Figure 4: Stirred media mill model showing the locations of inlet and outlet boundary
conditions.
Table 3: Physical properties for the DEM model of the grinding media.
Property
Particle diameter (mm)
Particle density (g/cm3 )
Young’s modulus (MPa)
Poisson’s ratio
DE-DE frict. coeff., sliding
DE-DE frict. coeff., rolling
DE-FE frict. coeff., sliding
DE-FE frict. coeff., rolling
Damping coefficient
Fill ratio / nr. of particles

Value
2
3.41
300
0.21
0.11
0.01
0.5
0.01
0.5
0.4 / 299000
0.6 / 448000
0.8 / 597000

4. Results and discussion
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Figure 5: Prescribed rotational speed of the agitator.

4

Results and discussion

A number of simulations were set up to investigate the ability of the coupled PFEMDEM-FEM model to reproduce comminution in the stirred media mill. Initially, the
mesh convergence of the PFEM model was investigated. In the subsequent simulations,
the dynamics of the fluid and grinding media and the performance of the stirred media
mill were investigated for different operational conditions.

4.1

Mesh convergence study

For the mesh convergence study, a Newtonian fluid with density ρ = 1.0 g/cm3 and a
dynamic viscosity µ = 1.052 mPa·s was chosen. These values correspond to the properties of water at 18◦ C. The fluid volume in the stirred media mill was discretized with an
increasing number of elements, and the simulations were run until a steady state driving
torque on the agitator was obtained. To evaluate the mesh size dependency, the accumulated rotational kinetic energy of the agitator was extracted at the end of the simulations.
The accumulated rotational kinetic energy and the total CPU time required to run the
simulations are shown in Figure 6, for an increasing number of elements. Compared to
the most resolved model (≈ 6.9 million elements), the third level of refinement (≈ 1.2
million elements) resulted in a kinetic energy difference less than 0.4 %, while the CPU
time was reduced by more than 95 %. Thus, the third level of refinement was selected
and used throughout the remainder of the present study.

4.2

Power consumption and grinding media dynamics

A driving torque τ is required to maintain the rotational velocity of the agitator during
the operation of the stirred media mill. The interactions between the fluid, grinding
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Figure 6: Mesh convergence study and CPU time required to run the simulations for an
increasing number of elements. The accumulated rotational kinetic energy of the agitator
and the CPU time are shown as functions of the number of elements in the model.

media and mill structure results in loads on the agitator and the driving torque will
vary with these loads to keep the rotational velocity constant. The power output P
is given by the scalar product of τ and the angular velocity of the agitator ω. Thus,
the performance of the stirred media mill can be evaluated by comparing P for varying
fluid and grinding media properties and operational conditions. In Figure 7, the power
draw versus time is illustrated for varying operational parameters. Figure 7a shows the
power draw for a dry case where only the grinding media is included. The power draw is
presented for three fill rates: 40, 60 and 80 %. A clear correlation between power draw
and fill rate is observed. Figure 7b shows the same results but for a model where only the
slurry phase is considered. When comparing the Newtonian and non-Newtonian slurry
models it is observed that the non-Newtonian model results in a lower power draw at
increased rotational speed. This result is attributed to the shear-thinning properties of
the non-Newtonian slurry. Increasing the rotational speed results in higher shear-rates
and thus lower viscosity compared to that of the Newtonian model. Lower viscosity
implies reduced resistance for the stirrer, resulting in a lower power draw. In Figure 7c,
the power draw versus time is shown for a model where both grinding media and nonNewtonian slurry are considered. The power draw from this model is higher compared
to the dry model and the model where only the slurry is included. The power draw is
an important parameter for stirred media mill comminution. Experimental measurement
of the power consumption would provide an excellent opportunity for validation of the
proposed numerical modelling strategy.
The numerical model was used to study the distribution and velocity of the grinding
media, which is shown in Figure 8, for a case where the slurry is modelled as a nonNewtonian fluid and the grinding media fill ratio is 60 %. Using the same model settings,
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(a)

(b)

(c)

Figure 7: Calculated power draw from the stirred media mill model. In (a) for a dry case
where no slurry phase is included, in (b) for a model where only the slurry is included
and in (c) for a coupled model including a non-Newtonian slurry and the grinding media.

an abrasive wear distribution was calculated on the agitator and shaft, this result is
shown in Figure 9. The wear was calculated with an implementation of Archard’s wear
law (Archard, 1953). With the proposed numerical model, the grinding media and slurry
dynamics, as well as abrasive wear distribution can be investigated for a wide range of
material and operating parameters. Thus, the model constitutes an efficient tool useful
for the design of stirred media mills.

174

Paper E

Figure 8: Grinding media distribution and velocity shown in a clipped section from the
stirred media mill model. The results are shown at a time t = 2 s, for a case where
the slurry is modelled as a non-Newtonian fluid and the grinding media fill ratio is 60
%. The velocity distribution is colour coded, where blue represents stationary or slow
moving particles and red represents fast moving particles with a velocity of 1.3 m/s or
higher.

Figure 9: Abrasive wear distribution on the stirred media mill agitator discs and shaft
for a case where the slurry is modelled as a non-Newtonian fluid and the grinding media
fill ratio is 60 %. The wear distribution is calculated using Archard’s wear law. The
results are shown at a time t = 2 s, red represents areas of increased wear.
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(a)

(b)

Figure 10: Contact energy spectra illustrating the frequency of the normal component of
particle-particle collisional energies. In (a) for a dry model where no slurry is included
and in (b) for a coupled model including a non-Newtonian slurry and the grinding media.

4.3

Contact energy spectra

The contact energy dissipation associated with grinding media interactions was calculated
from the stirred media mill model. Each particle-particle contact event is associated with
an energy dissipation. To quantify the individual particle collisions during the motion
of the agitator, a contact energy spectra was calculated. The calculation of energies
associated with particle-particle collisions was based on a strategy outlined by Beinert
et al. (2015). The energy spectra illustrates the frequency distribution of the normal
component of contact energies, see Figure 10. In Figure 10a, the normal contact energy
frequency distribution is shown for a model with grinding media and no slurry phase,
and the same results are shown in Figure 10b with a slurry phase included. Results
are presented for grinding media fill rates of 40, 60 and 80 %. It is observed that an
increased fill rate results in fewer low energy collisions. Furthermore, the model where
slurry is included generally results in more frequent low energy collisions compared to
the model with no slurry. In the contact energy spectras, a lower contact energy cut-off
value of 10−15 J was used. A quantification of grinding media contact events provide
an opportunity to investigate how changes in stirred media mill design and operational
parameters affect the distribution of collisional energies. Thus, the energy efficiency
can be improved by shifting the energy spectra to more useful contact events. The
present work is focused on horizontal stirred media mills but the strategy for contact
quantification is generic and can readily be applied to any mill geometry.
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Conclusions

A novel approach to model the interactions between slurry, grinding media and mill
structure in a stirred media mill has been developed. The approach is based on two-way
couplings between PFEM, DEM and FEM models. The PFEM was used to model the
slurry, the DEM to model the grinding media and the FEM to model the mill structure.
The slurry was modelled both as a Newtonian fluid with constant viscosity and as a nonNewtonian fluid with viscosity dependent on the shear-rate. The presented computational
model was used to quantify the dynamics of the grinding media, the power draw and
the particle-particle contact energy distribution. In conclusion, the proposed numerical
approach is capable of representing the interactions between slurry, grinding media and
mill structure in a stirred media mill. The model developed in the present study can be
use to investigate how varying slurry and grinding media properties as well as operational
parameters affects the efficiency of a stirred media mill. Finally, it is concluded that the
numerical model of the present work is a powerful tool for increasing the knowledge and
understanding of wet comminution in stirred media mills.
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