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Figure on the front page: Plots from the probabilistic non-linear assessment of a steel bridge main girder. 

 

Project acronym: Sustainable Bridges 
Project full title: Sustainable Bridges – Assessment for Future Traffic Demands and Longer Lives 
Contract number:  TIP3-CT-2003-001653 
Project start and end date: 2003-12-01 -- 2007-11-30 Duration 48 months 
Document number: Deliverable D4.4 Abbreviation SB-4.4 
Author/s: J. R. Casas, UPC 

D.F. Wisniewski, UMINHO 
J. Cervenka, V. Cervenka, R. Pukl, CERVENKA 
E. Bruwhiler, A. Herwig, EPFL 
G. Holm, M. Olsson, P.E. Bengtsson, SGI 
M. Plos, CHALMERS 

Date of original release: 2007-11-30 
Revision date:  

 

Project co-funded by the European Commission  
within the Sixth Framework Programme (2002-2006) 

Dissemination Level  

PU Public X 
PP Restricted to other programme participants (including the Commission Services)  
RE Restricted to a group specified by the consortium (including the Commission Services)  
CO Confidential, only for members of the consortium (including the Commission Services)  
 



Sustainable Bridges SB-4.4 2007-11-30  3 (4) 
    
 

SUMMARY 

This background document deals with the general basis and criteria adopted in the Guideline 
SB-Resist (2007): “Guideline for load and resistance assessment of railway bridges” with 
reference to the treatment of the safety issues related to load and capacity assessment. As 
the safety approach adopted in the Guideline is based on the concept of Limit States, the 
document also summarizes the probabilistic and reliability approaches adopted in the devel-
opment of the Guideline. The main objective of this background document (and therefore of 
the corresponding chapters of the Guideline where results of this deliverable have been in-
cluded) is to bridge the gap between the most advanced structural assessment techniques 
based on probabilistic methods and the daily practice of bridge evaluators in the railway 
agencies, not specifically trained on them and responsible of the load and resistance as-
sessments. To this end, the background document explains and summarizes the basis of the 
safety assessment using a probabilistic approach, providing simplified methods whenever 
possible and also providing examples of application in order to make the documents more 
readable and understandable.  

 

The present background document is divided in the following deliverables: 

 

D4.4.1 Safety format and required safety levels 

D4.4.2 Probabilistic modelling 

D4.4.3 Probabilistic non-linear analysis 

D4.4.4 Examination of fatigue safety and remaining fatigue life of structural details and 
components in steel of railway bridges using probabilistic methods 

D4.4.5 Long-term behaviour of subsoil below railway embankments – A simplified predic-
tion method of settlements with a probabilistic approach  

 

 

Part D4.4.1 presents the methods and formats today available to check the safety of existing 
railway bridges. According to the format adopted in the Guideline, where a step by step pro-
cedure from the most simple to the most accurate assessment methods is proposed, the 
safety formats are also presented in an increasing level of sophistication and accuracy, from 
the most simple and easy to implement to the most advanced, complicate and accurate. 
Therefore, safety formats are divided into member and structural level and in each of them, 
3 steps are proposed: partial safety factors, simplified probabilistic and full probabilis-
tic. The complete description of the most advanced assessment (probabilistic non-linear 
analysis) and how the practical application is carried out to railway bridges is described in 
part D4.4.3. To facilitate the work of the bridge evaluator, in the background document, two 
simplified probabilistic methods of assessment as well as probabilistic models of resistance 
(Part D4.4.2) have been provided with the corresponding explanatory examples of applica-
tion. This allows to take advantage of the most advanced safety assessment procedures 
(system and non-linear behaviour of the bridge combined with reliability-based assessment), 
but with a simplified format easily understandable and applicable by the practising engineer.    

 

Because fatigue in metallic structures and long-term settlement in the transition zones (em-
bankment) are two of the main concerns when assessing an existing railway bridge, two 
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specific parts (D4.4.4 and D4.4.5) are devoted to such subjects, treated from both, determi-
nistic and probabilistic points of view. The introduction of a probabilistic approach in this two 
subjects is justified as an accurate assessment requires to consider the uncertainties in-
volved in the calculation of amplitude of stress due to rail traffic, the number of cycles of load 
and the soil characteristic involved in the calculation of settlements, as some examples.  

In D4.4.4, a rational procedure is presented for the examination of fatigue safety which, 
again, proceeds by stages using both deterministic and probabilistic methods with increasing 
level of sophistication and accuracy. In this case, the use of probabilistic methods is pro-
posed as they enable the explicit consideration of the scatter of the parameters that influence 
the fatigue strength and the fatigue damaging effect. This will permit a more reliable and ac-
curate predictions of the remaining fatigue life.  

In D4.4.5, the status of the transition zones is the issue when assessing the bridge. For a 
railway embankment on soft soil (like clay, gyttja and peat) the assessment of long-term set-
tlement is important. The principle to achieve this is to study the long-term behaviour of sub-
soil with a probabilistic approach.  

The writing of the different parts as well as the review has been carried out according to what 
is presented in the following table: 

 

Part Responsible Contributors Reviewer 

D4.4.1 Joan Casas, UPC Dawid Wisniewski, UMINHO Jan Cervenka, CER-
VENKA Consulting 

D4.4.2 Joan Casas, UPC  Dawid Wisniewski, 
UMINHO 

D4.4.3 Joan Casas, UPC Dawid Wisniewski, UMINHO 

Jan Cervenka, CERVENKA 
Consulting 

Christian Cremona, 
LCPC 

D4.4.4 Eugen Brühwiler, EPFL Andrin Herwig, EPFL Joan Casas, UPC 

D4.4.5 Göran Holm, SGI  Jan Cervenka, CER-
VENKA Consulting 
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 Summary 

This report contains the main background information related to chapter 3 (Requirements) of 
the “ Guideline for Load and Resistance Assessment of Railway Bridges” [21]. The proposed 
and recommended safety formats and safety levels are presented.  

The safety format refers to the different available methods to check the safety of existing 
structures, from the most simple and easy to implement to the most advanced and accurate. 
The format for safety checking is divided into a component/member level assessment and a 
system/structural level. In the first case, a linear analysis is used, and the inherent redun-
dancy due to the interdependency of the different elements that compose the bridge is not 
considered. In the case of system/structural level assessment, the real response of the struc-
ture is taken into account, and a non-linear model is used in the analysis. Both at member 
and system level, 3 different safety formats have been worked out: partial safety factor (de-
terministic- semiprobabilistic), full probabilistic and simplified probabilistic. At the system 
level, additionally, a global resistance safety factor is introduced.  The main approach of the 
report is the proposal of two simplified probabilistic methods at the system level, which allow:  

1) the adoption of the more advanced reliability-based assessment techniques, but with 
a simplified format that becomes more understandable for the practicing engineer 
with no specific background in probabilistic methods, and  

2) the possibility to take into account the system behaviour without solving a huge num-
ber of non-linear problems.  

The safety level is also considered at the member and the structural level. The proposed 
target reliability levels proposed in different countries and by different international bodies 
(Eurocode, ISO) are presented, jointly with the most significant assumptions. In this way, the 
engineer responsible for the assessment can choose the most suitable safety level for each 
specific case.  

Finally, in the appendix A, a practical example is shown. It consists of a safety assessment of 
the Brunna bridge, a railway bridge in Sweden. It is a continuous reinforced concrete bridge, 
a very representative example of many existing bridges in the European railway network. 
The different safety formats are applied to the bridge, showing their practical application and 
their main advantages and disadvantages. Two cases of evaluation are presented. In the first 
one, the bridge is assumed to be in its original condition. The bridge is rated as safe for all of 
the safety formats applied. However, in the second case, the bridge is assumed to have a 
significant damage. It is shown how for this damaged condition, the most traditional assess-
ment using the partial safety factor method fails, and therefore, the structure is rated as un-
safe. However, the assessment using more advanced safety formats based on probabilistic 
methods shows that the bridge is still sufficiently safe, and may follow into service.  

In summary, an experienced structural engineer can follow the presented example, and ap-
ply the simplified probabilistic models presented here or in the companion background 
document on “Probabilistic Modelling” [6] to an assessment of a railway bridge.  The applica-
tion of the presented methods requires only simple software tools for reliability and/or non-
linear analysis.  
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1 Introduction 

One of the key issues when assessing an existing structure or bridge is to set the required 
minimum safety level. This level should not only guarantee the security of the users and the 
surrounding infrastructure. It should also reflect the future use of the structure (leave as it is, 
strengthen, renew), based on a desired optimum equilibrium between the benefits that the 
bridge is reporting to the overall network, and the maintenance costs. Based on that, and 
having in mind that the specific requirements that an existing bridge should accomplish (ser-
vice-life, etc….) and the specific performance recorded through the years of operation are 
different when compared to a new bridge. It is worth to try to define specific target values of 
reliability for existing bridges, different from those used in the design of new structures and 
normally defined in the respective design codes.  

On the other hand, there are severe economic requirements behind the decision of a 
strengthening or a replacement an existing bridge, compared to the construction of a new 
structure. Very frequently, the assessment procedure relies on the use of more advanced 
analytical models than those used in the design. Only in this way, a reliable and a realistic 
performance of the real bridge can be obtained and consequently, an accurate decision can 
be taken. The use of enhanced theoretical models for the bridge response (non-linear analy-
sis, plastic analysis,…) requires the adoption of safety formats that are completely different 
from those based on the partial safety factors normally used in the design codes.   
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2 Objectives and Scope 

The objectives of this background document are the following: 

1.- To explain the criteria, boundary conditions and requirements adopted in the definition of 
the safety format as appear in the guideline. 

2.- To define the basis and criteria used to set the required safety level as it appears in the 
guideline for existing railway bridge assessment [21]. The safety level is presented in the 
form of a target value of the reliability index for the Ultimate, Serviceability and Fatigue Limit 
States 

3.- To provide a practical example explaining the different steps involved in the bridge as-
sessment using the different safety formats. The example shows the assessment of the 
Brunna bridge, a reinforced concrete bridge in Sweden (see Appendix A). 

 



Sustainable Bridges SB-4.4.1 2007-11-30  7 (71) 
    
 

3 Safety format 

The safety formats, which are commonly used in the bridge engineering for the purpose of 
design or safety assessment, are based on the concept of limit states. In the guideline, the 
same approach will be used. According to Nowak and Collins [1] the limit state is defined as 
the boundary between the desired and undesired performance of the structure and is 
mathematically represented by the so called limit state function or performance function 
Z(x,...). The safety format can be defined as a mathematical approach, which ensures that 
the performance (or limit state) function takes the desired values. 

The adoption of different safety formats may be in parallel with the use of less or more ad-
vanced levels of assessment. In the simplest case, the assessment carried out at a member 
level is enough to ensure the correct performance of the bridge. In this case, the “usual” 
safety format based on the use of partial safety factors and a linear analysis as in the design 
codes, can be of application. However, different safety formats could be necessary when 
assessing a particular bridge, for which the partial safety factors provided by the codes are 
not applicable. In addition, different safety formats could be necessary when assessing the 
bridge at a system/structural level, where more advanced analysis methods are mandatory 
(e.g. non-linear analysis, system reliability analysis, etc.). 

3.1 Component/member level assessment 
The same general principles as provided by current standards for the design of new struc-
tures should be used as the basis for the assessment of an existing bridge. Older codes valid 
in the period when the original structure was designed can be used only as guidance docu-
ments. Because EN (Eurocodes) will be in the next future the standards for the design of 
new bridges in Europe, the safety principles assumed there, seem to be the most appropriate 
basis for the assessment of existing structures and bridges at a “normal” level. The basis of 
structural design is the content of EN-1990 [2]. Therefore, the following items are to be con-
sidered: 

1.- EN 1990 states the use of limit-state design philosophy and the partial safety factor 
method 
2.- EN 1990 introduces the concept of reliability management and gives importance to the 
contribution of quality control (both during design and execution) in reducing risk. The level of 
design supervision and of inspection during execution do not apply to an existing bridge, but 
other concepts as the inspectionability, the level of supervision during the assessment proc-
ess, the level of maintenance or the time interval between consecutive inspections can be of 
application in the reliability management of existing structures. 

3.- In EN 1990, the requirements for reliability are related to the structural members of the 
construction works only, and not to the whole structure.  This also applies if a design is di-
rectly based on probabilistic methods, which is allowed by EN-1990.  

4.- The designer can select different levels of reliability taking into account: 

- the cause and/or mode of attaining a limit state 
- the possible consequences of a failure 
- the public aversion to the failure 
- the expense and procedures necessary to reduce the risk of failure 
- wishes/agreement of client 

 

5.- Some Eurocodes (e.g. prEN 1992-1-1) [3] explicitly mention that the partial safety factor 
method is not applicable to non-linear analysis. 



Sustainable Bridges SB-4.4.1 2007-11-30  8 (71) 
    
 

Partial safety factor method 
According to all above mentioned considerations, it seems reasonable that the principal 
safety format adopted for the assessment at a component level will be the partial safety 
factor method. The general form of the checking equation in the partial safety factor method 
is as follows: 

nnSnnSnSnR SSSR γγγφ ......2211 ++≥                            (1) 

where Rn is the nominal resistance of the section, Sni is the nominal value of i-th action or 
action effect (dead load, live load, etc.), ΦR is the resistance factor (taking into account the 
uncertainty of mechanical and geometrical parameters describing the section resistance as 
well as the uncertainty of the resistance model itself) and γSi is the partial safety factor of load 
i-th (taking to account the uncertainty in the estimation of actions or actions effects). 
 
Full probabilistic methods 
In the absence of calibrated partial safety factors for resistance and actions, direct probabilis-
tic methods should be applied with the target reliability levels defined according to the values 
presented in chapter 4.1. The higher suitability on direct use of reliability methods for bridge 
assessment than in design is because in the last case, a better balance between the re-
placement costs and the continued operation can be done via a risk assessment and a life-
cycle cost analysis. This can be of interest in the following situations: 

- Bridges with significantly different economic consequences than the typical spans consid-
ered in the Standards. 

- Bridges whose live loading characteristics may differ markedly from the descriptions con-
tained in the guideline. 

- Bridge types for which a significant body of field experience has been collected that suggest 
the computed reliability index should incorporate such data. 

- When the risk analysis is the input of a Bridge Management System (BMS). 

The general form of the checking equation (safety format) in the fully probabilistic method is 
as follows: 

tf pp ≤                                 (2) 

where pf is the calculated probability of failure (or limit state violation) and pt is the target  
probability of failure. The target probabilities of failure for various cases are presented in 
point 4.1 of this report and are defined according to social, technical and economical re-
quirements. Very often the probability of failure is expressed by the reliability index β which is 
defined as follows: 

)(1
fp−−= φβ                              (3) 

where Φ-1 is inverse standard normal distribution function and the probability of failure pf is 
defined by the following equation: 

)0( <= Zpp f                              (4) 

In equation (4), Z is the limit state function also known as the performance function defined 
as follows: 

SRZ −=                                (5) 

In equation (5), R is the generalized section resistance and S is the generalized action or 
action effect, which is usually a sum of several actions or actions effects S (as for example 
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dead loads, live loads, etc.). In the case of applying fully probabilistic safety format, the vari-
ables R and S are assumed as random and have to be statistically defined, for instance by 
their probability density function PDF. The method described above can be illustrated as it is 
done in the Fig.1. The probability of failure is the probability of the intersection of S and R. 

 
Fig.1 Statistical analysis of the probability of failure  

 
Simplified probabilistic methods 
As a simplified method, the Mean Load Method (see Canadian [4] and USA [5] Standard) 
can be of application. The reliability index is evaluated as: 

2/122

_

_

)( SR VV
S

RLN

+
=β                            (6) 

_

R = mean value of resistance 
_
S = mean value of total-load effect  

VR  = coefficient of variation of resistance 

VS  = coefficient of variation of total- load effect 

 

In this case, only the mean value and standard deviation of resistance and actions is neces-
sary. The random variables are assumed as long-normally distributed. To this end, in [6] a 
methodology to obtain in an easy way for the evaluator, the statistical parameters (mean and 
standard deviation) of the bridge response in bending and shear in the most common cases 
encountered in railway bridges is studied. 

3.2 System/structural level assessment 
All the safety formats presented in the point 3.1 of this report are applicable to the safety as-
sessment of the structural components and members. However, most bridges consist of a 
system of interconnected components and members. This is important to recognize that the 
failure of one of the component/members of the bridge may or may not mean the collapse of 
the whole structure. Therefore, the reliability of a single component/member may, but do not 
have to be representative for the whole bridge.  

The ability of a structural system, particularly a bridge system, to carry the loads after the 
failure of one of its members is called redundancy. Using different words the redundancy can 
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be defined as the capability of the bridge to sustain the damage of some of its components 
without collapsing. 

Several factors affect the reliability of structural systems. The most important is the composi-
tion type of the system, i.e. whether the system is formed by components in series or in par-
allel or in some mixed form. Another important factor is the level of ductility of the structural 
components. In addition, the correlation between the member capacities and/or the correla-
tion between loads affects the reliability of the system as compared to the reliability of indi-
vidual members. 

The safety formats and the analysis methods required for the system/structural level as-
sessment are significantly more complicated, and they are rarely used in the designing of 
new structures. However, in the assessment of existing bridges the reliability methods for 
structural systems and corresponding safety formats should be used, especially when the 
component/member level checks fail and higher, more accurate levels of assessment are 
foreseen. 

3.2.1 Safety format for systems with known or easily predictable behaviour 
The behaviour of some systems can be easily predicted intuitively without performing com-
plicated analysis. This is usually the case of: some parallel systems, systems in series (the 
weakest link systems) and very simple mixed systems. In some cases the system behaviour 
can be also predictable based on some previous knowledge (results of analysis performed 
for similar structures). In all those cases, the reliability assessment of the structure can be 
performed based just on the results of the component/member level analysis and the appli-
cable safety formats are similar to those described in point 3.1 of this report. 

Partial safety factor method 
Partial safety factor, method described in point 3.1 of this report, could be adopted for the 
safety assessment of bridges treated as a system of structural components. The AASHTO 
LRFD [7] and LRFR [5], outline the format explaining how redundancy and other parameters 
related to global response can be included in the design/assessment process using load fac-
tors modifiers. The basic idea of the AASHTO approach is to use load/resistance factor 
modifiers. The checking equations take one of the following forms: 

nnSnnSnSnRs SSSR γγγφφ ......2211 ++=                       (7) 

or 

)......( 2211 nnSnnSnSnR SSSR γγγηφ ++=                       (8) 

where Φs is the resistance factor relating to the redundancy and ductility of the system and η 
is the load factor modifier related also to the redundancy and ductility of the system. Remain-
ing symbols are the same as in point 3.1.  

A system factor Φs is defined to give a measure of the level of redundancy of a bridge. If Φs 
is less than 1.0, indicates that the bridge has an unacceptable low level of redundancy. In 
this case, the reserve capacity of its main bearing members is 1/Φs times lower compared to 
a bridge with system factor equals to 1.0. A system factor higher than one indicates that the 
level of redundancy is acceptable. Bridge superstructures that have a system factor greater 
than 1.0 may be rewarded by allowing that their live load margin be increased by a factor 
equal to Φs. Applying this rule, all bridges (redundant or non redundant) will satisfy a mini-
mum level of system reliability. 

Ghosn and Moses in NCHRP Report 406 [8] and in NCHRP Report 458 [9] using reliability 
methods define the system redundancy factors Φs for most typical types of highway bridge 
superstructures and substructures. However those factors, being derived for the case of 
highway bridges, are not directly applicable to railway bridges. In fact, the coefficient of varia-
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tion (COV) of live loads in highway bridges is higher than for railway bridges. On the other 
hand, the live load configuration (number of axles, axle spacing, etc.) is very different as well. 
This may lead to the failure of different critical members depending on the distribution of 
loads between axles and may change the redundant behaviour of the structure. The meth-
odology presented in [8,9] to calibrate system factors Φs can be employed for other cases 
and the system factors Φs can be also calibrated for the most typical railway bridges taking 
into account the specific loading patterns.  

 

Full probabilistic method 
Actually, due to the absence of calibrated system partial safety factors of resistance and ac-
tions for typical railway bridges, direct probabilistic methods will have to be applied when 
assessing the bridge or the bridge part at the system level. The general form of the checking 
equation (safety format) in the fully probabilistic method for structural systems is equal to that 
presented in point 3.1 of this report corresponding to the full probabilistic analysis of mem-
bers (see equation (2)). However in this case, the target probability of failure pt has to be 
taken as the value required for structural system and not for the component or member. The 
summary of target probabilities of failure required for the structural systems is presented in 
point 4.2 of this report.  

The other important remark is that in the case of structural systems, the calculated probability 
of failure pf in the checking equation (2) has to be the value corresponding to the system fail-
ure and not to the component or member. However the calculation of the system probability 
of failure pf using analytical methods is difficult or even impossible. For some exceptional 
cases (for some types of series, parallel and mixed systems) exact analytical solutions exist 
in the specialized literature [1,10]. These solutions are based on the probability of failure or 
reliability of the components. 

 
Simplified probabilistic method 
In many cases, when the exact failure probability of the structural system can not be calcu-
lated analytically the upper and lower bounds of failure probability can be estimated. Thus, 
using the upper bound (higher probability of failure) it is possible to check conservatively the 
desired behaviour of the structure using a safety format as described in previous point.  

This is for example the case of continuous bridges with unknown ductility and unknown level 
of possible moment redistribution. When performing an elastic analysis (no redistribution), an 
upper bound of the probability of failure is obtained. The plastic analysis (total redistribution) 
gives us the lower bound of the possible structural response. Having those two extreme val-
ues we can have an idea about the behaviour of the structure and the system safety.  

The methods of assessing the failure probability bounds for some cases of structural sys-
tems can be found in the literature [1,10]. Although they are not presented here, they can be 
used in the bridge assessment procedure. 

3.2.2 Safety format for non-linear analysis  
The safety formats presented in the point 3.2.1 of this report are applicable to the assess-
ment of existing bridges with known or easily predictable system behaviour. However in 
many cases the behaviour of the bridge is unknown and difficult to predict, especially when 
dealing with existing, deteriorated structures. In all those cases the reliability assessment of 
the structure has to be performed based on the results of a non-linear analysis. 

By introducing a nonlinear analysis based on advanced material models, the drawbacks of 
linear analysis are overcome, and the structural resistance can be calculated on a global 
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level for any structure, even for very complicated one or severely deteriorated. This is cer-
tainly a principal improvement, but it also requires several modification of the safety concept. 
The safety formats currently applicable to structural systems which require the use of nonlin-
ear analysis are presented below. 

Partial safety factor method 
This method is a simple extension of the current practice into nonlinear analysis. In this case, 
all material properties are reduced by partial safety factors available in current codes. The 
design structural resistance is calculated based on design input variables. This method satis-
fies the rules of the Eurocode, which requires that a model for the analysis of the structural 
resistance should include all significant effects of behaviour and loading and that the design 
values of material parameters are not exceeded.  However, the following deficiencies may 
arise: 

• Nonlinear analysis is typically a simulation of a loading test including the entire load his-
tory up to the failure, including serviceability and ultimate limit states. In current codes there 
are different partial safety factors for different load stages and failure modes. It is difficult, 
and in some cases impossible, to apply current safety factors according to their definitions in 
nonlinear analysis.  

• A material model based on the design values represents an imaginary, not actual, mate-
rial. A response based on such material does not represent an extreme behaviour with a 
certain probability of failure. An automatic reduction of all parameters may cause much 
weaker material then required by the safety concept. In some theoretical cases, it can be an 
unsafe model. Considering the design values of material properties in nonlinear analysis 
does not guarantee that the target safety, as prescribed and calibrated by standards, is 
achieved. 

Nevertheless, this method is often used in practice, since it is easy to apply and current par-
tial safety factors are available. However, some codes (Eurocode 2) explicitly mention, that 
the partial safety factor method is not applicable to nonlinear analysis.  

The problem can be demonstrated on two extreme cases. Consider first a statically deter-
mined situation of a simply supported beam under uniform loading, where the bending mo-
ment in the mid-section is completely independent of material behaviour. If we use a model 
based on a beam finite element with plane section hypothesis, the nonlinear analysis is for-
mally identical to the current methods (based on elastic assessment of internal forces) and 
the application of partial safety factors is legitimate.  

In a statically indeterminate structure, the actions in sections or material points depend on 
the material behaviour and generally are not proportional to the magnitude of the external 
load. A redistribution of the internal forces due to nonlinear behaviour can produce either 
positive, or negative effects on the local stress state and the resistance. In such cases, the 
application of partial safety factors is not justified. However, experience drawn from current 
practice indicates that the application of partial safety factors to statically indeterminate struc-
tures gives higher safety margins than more rational methods based on probabilistic analysis 
and is therefore on the conservative side.  

 
Method of Ghosn and Moses 
In the already mentioned NCHRP reports [8,9], Ghosn and Moses besides already described 
(point 3.2.1) partial safety factor formats for structural systems with known redundancy factor 
Φs, present also some equivalent system safety approaches. In these documents, they pro-
pose a methodology, which allowed to account for the system effect using the partial safety 
factor method without knowing redundancy factor Φs (see equation (7)). 
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According to their work, a bridge may be considered safe from a system viewpoint if: 

1.- It provides a reasonable safety level against first member failure 

2.- It does not produce large deformations under regular traffic conditions 

3.- It does not reach its ultimate system capacity under extreme loading conditions 

4.- It is able to carry some traffic loads after damage or the loss of a main load-carrying 
member 

As seen, system safety not only concerns the ultimate system capacity, but also the defor-
mation, and the post-damage capacity. Therefore, the following 4 limit sates should be 
checked to insure adequate bridge redundancy and system safety: 

1.- Member failure limit state 
This is the traditional check of individual member safety (see chapter 3.1). 
2.- Serviceability limit state 
This is defined as a maximum live load displacement accounting for the nonlinear behaviour 
of the bridge system.  

3.- Ultimate limit state 
This is the ultimate capacity of the bridge system or the formation of a collapse mechanism.  
4.- Damaged condition limit state 
This is defined as the ultimate capacity of the bridge system after the complete removal of 
one main load-carrying component from the structural model.  
In the proposed safety format the member check has to be performed via one of the appro-
priate codes using for example the partial safety factor method (equation 1) described in the 
point 3.2.1 of this report. In the second step, the system effect has to be taken into account. 
The incorporation of system response to the safety assessment in the mentioned method is 
achieved using the redundancy factor Φred. To define the redundancy factors for any specific 
bridge, several intermediate parameters have to be determined starting with system reverse 
ratios for ultimate, functionality and damage conditions defined as follows: 
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where the LFi are the factors by which the bridge traffic loads (e.g. UIC characteristic train 
load) have to be multiplied to reach the failure state. LF1 is the load factor for which the first 
member fails, LFu is the load factor for which the whole structure fails, LFf is the load factor 
for which the bridge reaches the functionality condition (allowable deformation) and finally 
LFd is the load factor for which the damaged bridge (bridge without one of its main members) 
fails. It have to be noted that LF1 is obtained considering linear behaviour of the bridge (aim-
ing to be consistent with current design and assessment codes) whereas LFu, LFf and LFd 
are obtained considering nonlinear structural behaviour.  

The factor LF1 can be easily calculated using the following formula: 
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where R is the (characteristic) member capacity, D is the (characteristic) dead load effect 
and LTRAIN is the effect of the train load (e.g. characteristic UIC train load). 

The factors LFu, LFf and LFd have to be obtained through a nonlinear analysis. Theoretically, 
the nonlinear analysis has to be performed just two times, once for the intact bridge and sec-
ond time for the bridge without one of its main members which absence is the most critical 
for the bridge safety. However, in practice it could be necessary to perform the analysis of 
the damaged bridge several times in order to find the most critical member.  

The material parameters for the analysis should be taken as the most representative values 
(usually mean values). The dead load should be taken as the best estimate of unfactored 
dead loads (usually characteristic values). The train load can be taken as a representative 
train load without including impact factor (e.g. UIC characteristic train load).  

Having defined the system reserve ratios Ri it is possible to continue calculations and define 
the redundancy ratios defined as follows: 
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where Rutarget, Rftarget, Rdtarget are the target values of the system reserve ratio for ultimate, 
functionality and damaged limit state respectively. The NCHRP reports [8,9] propose the 
target values of system reserve ratios (Rutarget, Rftarget, Rdtarget). However they have been calcu-
lated for highway bridges using loading patterns and statistical characteristics of loads and 
resistance typical for those types of bridges. Due to this fact they should not be directly used 
as the target values in the assessment of existing railway bridges unless calibration for this 
kind of bridges will be performed providing the target values (Rutarget, Rftarget, Rdtarget) for railway 
bridges. Nevertheless, the values indicated in [8,9] and shown in table 1 can be used as 
rough indicators of bridge redundancy in the situation where the system effect is not crucial 
for the global safety of the bridge. They can be used provided, that the coefficient of variation 
(COV) of the railway loading is less than the COV for highway traffic (19%) considered in 
[8,9]. 

 

 Rutarget Rftarget Rdtarget 

Superstructure 1.3 1.1 0.5 

Substructure 1.2 1.2 0.5 

Table 1- Target values of system reserve ratios according to NCHRP reports [8,9]. 

 

Calculated using equation (11), the redundancy ratios give valuable information about the 
system behaviour and redundancy of the bridge. If the redundancy ratios are larger than 1.0, 
the bridge has a sufficient level of redundancy, if not the bridge does not have a sufficient 
level of redundancy. However, it has to be kept in mind that, even when the bridge is non-
redundant, it may still provide a high level of system safety if their members are over-
designed. Also the bridge which is adequately redundant may still be not sufficiently safe 
from the system point of view if its members are not appropriately safe. 

To assess the overall safety of the bridge at the system level the redundancy factor Φred can 
be determined using the following equation: 
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where r1 is the member reserve ratio defined as follows: 
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The member reserve ratio is the ratio between the actual LF1 and required LF1req member 
capacity (LF1req is the factor for which the overload has to be multiplied to reach the required 
member capacity and LF1 is the factor for which the overload has to be multiplied to reach 
the actual member capacity). In the presented formula (equation (13)) the value  Ractual is the 
(characteristic) actual member capacity, Rrequired is the (characteristic) required member ca-
pacity and D is the (characteristic) dead load effect. 

For a member designed on the limit, the member reserve ratio equals 1, for an over-
designed member, the member reserve ratio is bigger than 1 and for under-designed mem-
bers is less than 1.  

The defined redundancy factor Φred gives valuable information about the bridge safety from 
the system point of view. If the redundancy factor Φred is smaller than 1 the bridge can be 
considered as not safe. If the redundancy factor Φred is equal or bigger to 1 the bridge can be 
consider as sufficiently safe. Moreover when the redundancy factor is smaller than 1, the 
bridge configuration has to be changed or the member reserve capacity (R-D) has to be in-
creased by the factor 1/Φred.  On the other hand, if the redundancy factor is bigger than 1, 
then the member reserve capacity (R-D) can be reduced by the factor 1/Φred. In both cases 
the member reserve capacity (R-D) change is defined by the following equation: 
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where R’ is the updated resistance required to satisfy the redundancy criteria proposed in 
[8,9], D’ is the updated dead load corresponding to the member with a resistance R’, R is the 
original resistance in the member, D is the original dead load in the member and Φred is the 
redundancy factor. Moreover, modifying the member reserve capacity (R-D) by the factor 1/ 
Φred , the bridge safety will change approximately to the target value. The value of Φred is, 
therefore, a valuable indicator of the bridge strengthening needs. 

To ensure that minimum level of member safety is maintained Ghosn and Moses recom-
mend to keep  ru, rd and rf always between 0.8 and 1.2 (when calculating Φred) even when the 
performed calculation leads to different values. 

In summary, the practical application of the safety format proposed by Ghosn and Moses 
[8,9] to the capacity assessment of redundant railway bridges requires to perform the follow-
ing steps: 

• Identify the critical members of the bridge. These are the members which failure may be 
critical for the bridge performance (members that can be damaged by an accidental colli-
sion, prestressed concrete members that might loose prestressing due to fatigue or cor-
rosion, steel members prone to fatigue,….) 

• Calculate the required member capacity using partial safety factor method (equation 1) 
and appropriate code (e.g. Eurocode). Assess the actual member capacity. 

• Develop a structural model of the bridge to be used with the finite element package that 
allows static non-linear analysis of structure. Apply the best estimates of material proper-
ties (linear and non-linear behaviour), geometry and dead loads (normally these are the 
mean values). 
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• Identify the loading position (longitudinal and transversal) and the most critical load pat-
terns for the critical member under consideration, this is the rail traffic load model applied 
which produces the most critical loading effects. 

• Calculate member reserve ratio r1= LF1 / LF1req. For this purpose the elastic linear struc-
tural analysis has to be performed with the load pattern as defined in the previous point, 
and the actual LF1 and required LF1req member capacity are obtained. 

• Define, using non-linear analysis, the load factor LFf by which the railway load has to be 
multiplied until a primary member reaches the functionality limit state. Calculate the sys-
tem reserve ratio Rf using equation (9) Calculate the redundancy ratio for functionality 
limit state rf using equation (11).  

• Define, using non-linear analysis, the load factor LFu by which the railway load has to be 
multiplied to reach the ultimate limit state of a member. The ultimate limit state is defined 
as the maximum possible train load that can be applied before the collapse of the struc-
ture. Collapse is defined as the formation of a mechanism or the point at which the bridge 
is subjected to high levels of damage. Calculate the system reserve ratio Ru using equa-
tion (9). Calculate the redundancy ratio for ultimate limit state ru using equation (11).  

• Define, using non-linear analysis, the load factor LFd by which the railway load has to be 
multiplied to reach the damaged condition limit state. For this purpose, a slightly different 
structural model has to be used, namely the model where one of the critical members 
identified in the first point is removed. Calculate the system reserve ratio Rd using equa-
tion (9). Calculate the redundancy ratio for damaged condition limit state rd using equa-
tion (11).  

• Repeat the last step for members whose failure might be critical for the structural integrity 
of the bridge (all members identified in point 1). The final value of rd will be the minimum 
for all critical members. 

• Repeat all the steps (without three first) to cover all critical load patterns. Identify the 
minimum values of redundancy ratios rf, ru and rd. 

• Determine the redundancy factor Φred using equation (12), as the minimum for all load 
patterns. 

• If the value of Φred is less than 1.0, then the bridge may be considered as not safe. If Φred 
is equal or greater than 1.0, then the bridge may be considered as sufficiently safe.  

 

In the appendix A, an example on the practical application to an existing railway bridge is 
presented. The example is developed on a step-by-step approach 

Global resistance safety factor method 
The actual material behaviour can be well represented using the average material properties. 
This approach agrees with the objectives of nonlinear analysis, which can be regarded as a 
simulation of reality. All sophisticated material models and finite element codes are validated 
and tuned to fit the average experimental behaviour. The global safety condition can be then 
written as  

m
d

R

RE
γ

<                              (15) 

where Rm is the structural resistance obtained by nonlinear analysis and based on the mean 
material parameters, γR is the global safety factor of the structural resistance and Ed is the 
factorized load effect as in the case of partial safety factor method.  
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The global resistance safety factor describes the safety of the system on a global level and 
thus covers the uncertainties of basic variables of the structural system. Since the safety is 
related to the average resistance, it can be described as a global central safety factor of the 
resistance. It represents a generally accepted safety margin of resistance of usual structures 
produced according to general standards. It is clear that this covers a very wide and rather 
unspecified range of uncertainties. The safety is not related to specific random properties of 
a given structure or product. It is clear that a practical calibration of the global safety factor is 
more difficult compared with the partial safety factors, which can be related to random varia-
tion of material properties known from tests. 

Due to the above mentioned difficulties the format of the global safety factor is not yet pro-
posed in most codes. For example Eurocode 2 states that the partial safety factor concept is 
not applicable to the nonlinear analysis, but does not propose an alternative format.  

A global safety format is proposed in DIN in Section 8.5. In this approach average material 
parameters are to be considered with the following values for material strength: 

 

1.1yR ykf f=  Steel yield strength 

1.08tR yRf f=  Steel tensile strength for high ductility material 

1.05tR yRf f=  Steel tensile strength for low ductility material 

1.0pR pkf f=  Yield strength of prestressing steel 

0.85cR ckf fα=  For concrete class up to C50/60, where α  is equal to 0.85 for nor-
mal concrete and 0.75 for light concrete 

'0.85cR ck cf fα γ=  For concrete class above C55/67, where ' 1 1
1.1

500

c
ckfγ = ≥

−
 

 

In the above formulas subscript k denotes characteristic material values. With the above 
strength parameters the global safety factor of 1.3Rγ =  is proposed. 

The global safety format is also included in the new code EN 1991-2 for concrete bridges. In 
this proposal Rγ  is also1.3 , but with the assumption of using mean/average material parame-
ters in the nonlinear analysis. For steel and concrete strength the mean values for the analy-
sis are to be calculated using the following formulas: 

 

1.1ym ykf f=%  Steel yield strength 

1.1pm pkf f=%  Prestressing steel yield strength 

1.1 s
cm ck

c

f fγ
γ

=%  Concrete compressive strength, where sγ and cγ are partial safety 
factors for steel and concrete respectively. Typically this means that 
the concrete compressive strength should be calculated as 

0.843cm ckf f=%  
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Another method proposed by Cervenka et. al. [20] determines the global safety factor Rγ  
based on the estimate of the coefficient of variation of the structural resistance. The method 
assumes that random distribution of resistance is according to lognormal distribution. Mean 
and characteristic values of resistance are calculated using corresponding values of material 
parameters: 

( ,...) , ( ,...)m m k kR r f R r f= =  

Where fm , fk  are mean and characteristic values of input material parameters, respectively. 

The coefficient of variation RV  of resistance can be determined using the assumption of the 
log-normal distribution from: 
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Then the global factor of resistance for mean resistance shall be determined from: 

exp( )R R RVγ α β=                           (17) 

where Rα is sensitivity (weight) factor for resistance reliability and β  is reliability index (see 
Section 4.2). 

Typically for 4.7β =  and 0.8Rα = , the global resistance factor equals to: 

exp( 3.76 )R RVγ ≅ −  

Full probabilistic analysis 
Probabilistic analysis is the most conceptually correct method of safety assessment in the 
present state-of-the-art. The basic structural model is generated in the deterministic domain, 
with the mean (central) values of basic variables. A probabilistic domain is formulated in such 
a way that some variables of the model are assumed to be random quantities. They can be 
material properties, dimensions, etc. Based on these input data the system structural re-
sponse can be obtained in a probabilistic form, where the state variables of the response, 
such as ultimate load, deflection or stress state in a point, are described by random variables 
(with the mean, standard deviation and eventually other statistical parameters). The com-
parison of the structural resistance R and action effect S (see Fig.1) defines the safety mar-
gin. The probability of failure Pf is defined as in the equation (4).  

This method allows an assessment of the response under given loading conditions and with 
consideration of the random nature of the basic variables and can be used for a rationally 
based assessment of a global safety. Solution of this problem can be performed numerically 
combining the non-linear structural and statistical analyses.  

The numerical model of a structure is based on a deterministic nonlinear analysis using finite 
element method and the mean values of the basic variables. The probability distribution of 
the response can be obtained by numerical methods based on random sampling. In this 
method, the random variables of samples are generated by statistical methods and a sample 
response is realized by an available nonlinear solver (such as a finite element program). Fi-
nally, the statistical parameters of the response are analyzed using statistical methods.  

The advantage of this approach is that the reliability can be rationally evaluated by failure 
probability or by reliability index. Target values of reliability index in this case are discussed 
in 4.2. Resulting safety margin (global safety factor) is based on actual basic variables, their 
random variation and mechanical relevance. This is a major conceptual improvement com-
paring to the current practice of partial safety factors. 
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Application of this approach to existing railway bridges is shown in the deliverable D4.4.3 
[11].  

Simplified probabilistic analysis 
The fully probabilistic analysis coupled with nonlinear FEM, as presented in the previous 
chapter, is the most accurate method of reliability analysis of structural systems. However, it 
requires huge computational effort even when using advanced reliability techniques. For ex-
ample, the Latin Hypercube, Response Surface, Directional Sampling, and others are 
method especially developed for this type of problems. A detailed information about this topic 
can be found in the deliverable D4.4.3 [11]. Due to the above difficulties, various authors 
[8,12] proposed simplified methods of probabilistic non-linear analysis. The general idea of 
those methods is to use the information from sectional probabilistic analysis and combine 
them with results of deterministic nonlinear analysis of the structural system.  

In [8] and  [9], Ghosn and Moses utilize the simplified probabilistic method for the calibration 
of Φs, which is the resistance factor related to the redundancy and ductility of the system 
(see equation (7)). The method used by them for the calibration is consistent with the USA 
standards [5,7]  and based on the Mean Load Method assumptions. The reliability procedure 
presented by Ghosn and Moses for the calibration of system resistance factors for typical 
highway bridges could be also used for the purpose of the safety assessment of existing 
railway bridges. 

As it was already pointed out they assume that a bridge may be considered safe from a sys-
tem viewpoint if: 

1.- It provides a reasonable safety level against first member failure 

2.- It does not produce large deformations under regular traffic conditions 

3.- It does not reach its ultimate system capacity under extreme loading conditions 

4.- It is able to carry some traffic loads after damage or the loss of a main load-carrying 
member 

Therefore, the following states should be checked to insure adequate bridge redundancy and 
system safety: 

1.- Member failure limit state 
This is the traditional check of individual member safety (see chapter 3.1). The correspond-
ing level of safety may be represented by the reliability index βmember 

2.- Serviceability limit state 
This is defined as a maximum live load displacement accounting for the nonlinear behaviour 
of the bridge system. The value of βserv  is calculated 

3.- Ultimate limit state 
This is the ultimate capacity of the bridge system against the formation of a collapse mecha-
nism. The level of safety is represented by βult 

4.- Damaged condition limit state 
This is defined as the ultimate capacity of the bridge system after the complete removal of 
one main load carrying component from the structural model. The value of βdamage is defined 

The incorporation of system behaviour to the safety assessment in the mentioned method is 
done by the relative reliability indices Δβi, which are defined as the difference between the 
safety indices for the system and the safety index for the member. In order to guarantee the 
bridge safety, the obtained relative reliability indices must be greater than the corresponding 
target values and, at the same time, the member safety has to be ensured too. However this 
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method was proposed for the design of the new structures where the bridge members can be 
designed with appropriate level of safety. In the assessment of existing structures where in 
some cases the member safety may fail the safety requirements, the global system safety 
should be conditioning rather than the member safety. Therefore, the safety format should 
take the form: 

etulttetmembertetultultmemberult argargarg ββββββ =+Δ≥=+Δ  

etservtetmembertetservtservmemberserv argargarg ββββββ =+Δ≥=+Δ             (16) 

etdamagetetmembertetdamagetdamagememberdamage argargarg ββββββ =+Δ≥=+Δ  

The target value of the relative reliability indices proposed by Ghosn and Moses are pre-
sented in the point 4.2 of this report. 

The calculation of the relative safety indices requires the statistical definition (mean and 
standard deviation) of member resistance, system resistance and action effects. The statisti-
cal definitions of member resistance and action effects are the same as in case of ele-
ment/member safety checks. The statistical parameters of the system resistance are defined 
using some simplifications. The mean value of the structure/system resistance is obtained 
via a FEM nonlinear analysis of the structure with all the variables equal to the mean value. 
The coefficient of variation of the system resistance is assumed to be equal to the coefficient 
of variation of the member resistance.  

In the reports [8,9] Ghosn and Moses trying to be consistent with the proposed simplified 
format  (see point 3.2.2 – Method of Ghosn and Moses) define the member reliability index 
as follows: 
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where 1LF  is the mean value of the load factor that will cause the first member failure in the 

bridge assuming elastic analysis. TRAINLL  is the mean value of the maximum expected life-

time live load including dynamic allowance effect. LFV  is the coefficient of variation of 1LF  
while LLV  is the coefficient of variation of the maximum expected live load TRAINLL .  

The mean value of the load factor, 1LF , can be calculated using following formula: 

TRAINL
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=1                             (18) 

where R  is the mean member capacity, D  is the mean dead load effect and TRAINL  is the 
effect of the train load (e.g. characteristic UIC train load) considered in the nonlinear analy-
sis.  
The coefficient of variation LFV  of the load factor LF1 is expressed as follows: 
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where Rσ  is the standard deviation of the member resistance Dσ  is the standard deviation 
of dead load effects and the remaining parameters are as in the above equations. 
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The system reliability index for the ultimate limit state is defined by the equation (20): 
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where uLF  is the mean value of the load factor corresponding to the ultimate limit state (cal-
culated using nonlinear analysis). The remaining parameters are the same as in the previous 
case. 

The system reliability index for the serviceability limit state is defined by the equation (21): 
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where fLF  is the mean value of the load factor corresponding to the serviceability limit state 
(calculated using nonlinear analysis). The remaining parameters are the same as in the pre-
vious cases. 

Finally, the system reliability index for the damaged condition limit state i is defined by the 
equation (22): 
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where dLF  is the mean value of the load factor corresponding to the damaged condition limit 

state (calculated using nonlinear analysis). trainLL  is the mean value of the maximum ex-
pected load (including dynamic allowance effect) corresponding to the lower reference period 
(e.g. period of routine inspection). The remaining parameters are the same as in the previous 
cases. 

Because of lack of data on the coefficient of variation of the bridge system, in the presented 
method is assumed that load factors LFu, LFf and LFd have the same coefficient of variation 
VLF as load factor LF1. Also the bias factor which relates mean values with the nominal val-
ues of LFu, LFf and LFd is assumed to be equal to the bias calculated for LF1. 

The detailed explanation of the procedure which allows to define the load factors LF1, LFu, 
LFf and LFd can be found in point 3.2.2 (Method of Ghosn and Moses) of this report.  

 

Sobrino and Casas [12] proposed another simplified procedure for the assessment of exist-
ing bridges at the structural/system level. The method takes into account the redundancy in 
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bending only in the longitudinal direction (continuous bridges). In their work, they proposed a 
more usual safety format than in the previously described method. They propose to calculate 
the probability of failure of the system (or safety index) and to compare the calculated value 
with the target value for the system. To compute the reliability index they use first order reli-
ability method (FORM). However, any other reliability method can be used as well. In the 
work [12], Sobrino and Casas propose to define the Limit State function Z in bending as fol-
lows for each critical section i situated over intermediate supports or at mid-span: 
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where Mi
R is the ultimate resistance moment of the i-th section of the continuous beam, Me

G 
is the bending moment due to dead loads calculated for the equivalent simply supported 
beam and Me

Q is the maximum bending moment due to traffic loads calculated also for the 
equivalent simply supported beam. The equivalent simply supported beam is defined as the 
simply supported beam with span-length equal to the length of the span where section i-th is 
located. In equation (23), λi is the so-called moment redistribution factor for the i-th section 
defined as follows: 
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=λ ,                        (24) 

 

where Mi
nla, M1

nla, M3
nla and M2

nla are the bending moments at failure obtained in the nonlin-
ear analysis for the critical i-th section under consideration and the sections over the sup-
ports and at mid-span respectively, for the span where i-th section is located. 

According to Sobrino and Casas, for the common continuous bridge structures, the variability 
of the mechanical properties and geometrical uncertainties are such that they do not change 
the failure mode. Also the COV of the moment response for each section is practically con-
stant with the curvature after yielding. Therefore, because in the failure situation the values of 
Mi

nla, M1
nla, M3

nla and M2
nla will be closer to the ultimate values, one may assume that the COV 

of those variables is the same as the COV of the corresponding ultimate bending moment. 
Thus, the procedure is as follows: 

1.- Calculation of the mean values of variables Mi
nla, M1

nla, M3
nla and M2

nla  by means of an 
unique non-linear analysis of the bridge with the mean values of the basic variables 

2.- The coefficient of variation of Mi
nla, M1

nla, M3
nla and M2

nla is assumed to be equal to the 
COV of the ultimate bending moment in those sections. The last can be easily obtained by 
simulation in the respective cross-sections according to the variability in the basic variables 
involved (geometry, concrete and steel strength) 

3.- With the mean value and COV of the variables Mi
nla, M1

nla, M3
nla and M2

nla , and their sub-
stitution in the already defined limit state function (equation (23)), the failure probability (or 
safety index) can be easily computed using one of the relevant reliability methods (FORM, 
SORM,…). In some cases, to get a better approximation to the exact value, a correlation 
should be considered between the value of the non-linear moment and the ultimate moment 
for the same cross-section, as their values are both related to the same basic variables (ge-
ometry, materials). This will be seen in the example in appendix A. Later on, the obtained 
values can be compared with the target values. The target values of the probability of failure 
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(or corresponding reliability indices) for structural systems are presented in point 4.2 of this 
report. 

As can be seen above, the safety format proposed by Sobrino and Casas is quite simple in 
application and sufficiently efficient. It requires only one non-linear analysis to obtain the 
mean value of the structural response. The remaining statistical parameters, namely the co-
efficient of variations, are assumed equal as for the sectional response at ultimate. 
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4 Safety level 

The adoption of the safety level is based on the analysis of the state-of-the art research, 
which is available in the specialised literature as well from existing codes and/or guidelines 
for the assessment of bridges and structures. 

The selection of a safety level is the responsibility of the engineer. It should be based on the 
specific conditions of the bridge under evaluation. The evaluator should have a clear and 
unique indication on how to decide on the different options presented (class, consequences 
of failure, cost of safety measures, etc….). Therefore, despite not giving a unique reference 
value for the safety level, the guideline provides a clear and precise guidance on this issue in 
order to help the end-user to select a right value. 

The cost of failure should be the same for new designs or for existing structures. Since the 
relative marginal costs for increasing capacity is higher in existing structures than for new 
designs, it is logical that the target safety indices will be lower in the assessment than in the 
design. 

The target safety level has been normally based on experience of existing structures that are 
considered safe more than on the optimisation of costs. This can be attributed to the difficul-
ties in assessing some of the inherent economic variables (cost of human life, cost of traffic 
disruption, etc.). In this way, the target beta is based on average betas computed from sam-
ples of past designs. Alternatively, the target beta for assessment can be based on  the av-
erage betas of available criteria, past experience or decisions regarding posting and load 
limits. 

The same global level of safety should be attained at member and system levels. The level 
of redundancy inherent to each particular bridge may be derived from different values of the 
target reliability indices that are used for the assessment of a member/component or for the 
global assessment of the bridge as a whole.  

 

4.1 Component/member level 
As mentioned before, the principles stated in the Eurocodes may be used as a guide be-
cause they are based on failure of structural members. 

Annex B of EN-1990 [2] defines qualitatively 3 consequence classes by considering the con-
sequences of failure and, accordingly to them, 3 reliability classes (RC) as shown in table 2. 

 

Minimum values for β 

ULS Fatigue SLS 

Reliability 
class 

1 year 50 years 1 year 50 years 1 year 50 years 

RC1 5.2 4.3     

RC2 4.7 3.8  1.5 to 3.8 2.9 1.5 

RC3 4.2 3.3     

Table 2.- Reliability classes and recommended minimum values of β according to EN1990 

 

Based on cost-benefit analysis for the public at characteristic and representative but simple 
example structures, the values in table 3 are proposed by JCSS [13] for the case of structural 
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components and systems in the narrow sense. For the serviceability limit state values of β 
between 1 and 2 are recommended. 

 

Relative cost of 
safety measure 

Minor consequences 
of failure 

Moderate conse-
quences of failure 

Large conse-
quences of fail-
ure 

Large (A) 3.1 3.3 3.7 

Normal (B) 3.7 4.2 4.4 

Small (C) 4.2 4.4 4.7 

Table 3.- Target reliability indices related to one year reference period and ultimate limit 
states according to JCSS 

 

The most common design situation (moderate consequences of failure and normal cost of 
safety measure) gives a value close to the one proposed in the EN-1990 (4.7 in table 2, con-
sidering fully independency between different years). 

In table 3, the following definitions apply: 

Minor consequences: Risk to life, given a failure, is small to negligible and economic con-
sequences are small or negligible ( agricultural structures, silos, masts). The cost of failure is 
similar to the cost of construction 

Moderate consequences: Risk to life, given a failure, is medium or economic conse-
quences are considerable (office buildings, industrial buildings, apartment buildings). The 
cost of failure is between 1 and 4 times the cost of construction 

Large consequences: Risk to life, given a failure, is high, or economic consequences are 
significant (main bridges, theatres, hospitals, high rise buildings). The cost of failure is be-
tween 4 and 9 times the cost of construction 

 

Relative cost of safety measures: the normal class (B) should be associated with: 

- medium variabilities of loads and resistances ( 0.1 < COV < 0.3) 
- the increment of construction cost for a small variation of the reliability level is in the 

order of 3 % of the original cost 
- normal design life and normal obsolesce rate (the benefit for unit time due to the exis-

tence of the construction is positive for at least 20 years) 
 

In the ISO/CD 13822:1999 [14], the target reliability mainly depends on the type of limit state 
examined as well as on the consequences of failure. As table 4, shows the target reliability 
index ranges from 2.3 for very low consequences of a structural failure to 4.3 for structures 
whose failure would lead to very high consequences. Thus, for the assessment of railroad 
structures in the ultimate limit state a value of 4.3 would be suitable for most cases. 
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Limit states Target reli-
ability index β 

Reference period 

Serviceability   

reversible 0.0 intended remaining working life 

irreversible 1.5 intended remaining working life 

Fatigue   

inspectable 2.3 intended remaining working life 

not inspectable 3.1 intended remaining working life 

Ultimate   

Very low consequences of failure 2.3 Ls years* 

low consequences of failure 3.1 Ls years* 

medium consequences of failure 3.8 Ls years* 

High consequences of failure 4.3 Ls years* 

  *Ls is a minimum standard period of safety (e.g. 50 years) 

Table 4.- ISO/CD 13822:1999 - Target reliabilities 

 

In ISO 2394:1998 [15], the target reliability index to be chosen for assessment of existing 
structures depends on the consequences of a structural failure as well as the costs of a 
safety measure (see table 5). The following distribution types were used for the derivation of 
the reliability level: 

Resistance: lognormal or Weibull distributions 

Permanent loads: Gaussian distributions 

Time-varying loads: Gumbel extreme value distributions 

 

Relative costs of 
safety measures 

Consequences of failure 

 small some Moderate great 
High 0 1.5 (A)* 2.3 B 3.1 (B)* 

Moderate 1.3 2.3 3.1 3.8 (C)* 

Low 2.3 3.1 3.8 4.3 

    *Notes: 

(A): for SLS, use β = 0 for reversible and β = 1.5 for irre-
versible limit states 

(B): for FLS, use β = 2.3 to β = 3.1 depending on the pos-
sibility of inspection 

(C): for ULS, use β = 3.1, 3.8 and 4.3 

Table 5.- ISO/CD 2394:1998 - Target reliabilities 
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The NKB Report No. 35 [16] gives reliability indices for structural design depending on the 
failure type and consequence. The values recommended for the ultimate limit state for a ref-
erence period of one year are given in Table 6. For the serviceability limit state NKB recom-
mends values of β between 1 and 2. The values presented in Table 6 are also the basis of 
the PIARC report “Reliability Based Assessment of Highway Bridges” [17] and have been 
adopted also adopted in Denmark in the new guideline for probability-based assessment of 
bridges [18]. 

Failure Conse-
quences 

Failure Type 

 ductile w/ extra 
carrying capacity 

ductile w/o extra 
carrying capacity 

brittle 

Less Serious 3.1 3.7 4.2 

Serious 3.7 4.2 4.7 

Very Serious 4.2 4.7 5.2 

Table 6.- NKB Report No.35:1978 - Target reliabilities, ultimate limit state 

 

In Canada, in the code for design of bridges [4], a specific clause for the evaluation of exist-
ing bridges is considered (CAN/CSA-S6-2000: “Canadian Highway Bridge Design Code”. 
Part 14: Evaluation). Different values of the target reliability index for safety assessment of 
bridges are defined based on: the system behaviour, the element behaviour and the inspec-
tion level. The proposed values for all traffic categories except permit controlled (PC) are 
reflected in table 7. In the case of traffic with permit-controlled vehicles, the values in table 7 
may be decreased by 0.5. For structures that could affect the life safety of people or are es-
sential to the local economy, or necessary for the movement of emergency vehicles, a value 
at least 0.25 greater than that given in table 7 shall be used. 
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Inspection level System 

behaviour 

Element 

behaviour 
INSP1 INSP2 INSP3 

S1 E1 

E2 

E3 

4.00 

3.75 

3.50 

3.75 

3.50 

3.25 

3.75 

3.25 

3.00 
S2 E1 

E2 

E3 

3.75 

3.50 

3.25 

3.50 

3.25 

3.00 

3.50 

3.00 

2.75 
S3 E1 

E2 

E3 

3.50 

3.25 

3.00 

3.25 

3.00 

2.75 

3.25 

2.75 

2.50 

Table 7.- Canadian Highway Bridge Design Code. Target reliabilities for evaluation of exist-
ing bridges ( Ultimate Limit State, 1 year) 

 

The system behaviour considers the effect of any existing deterioration and is classified by 
one of the following categories: 

S1: where element failure leads to total collapse. This would include failure of main members 
with no benefit from continuity or multiple load paths, such as a simply supported girder in a 
2-girder system 

S2: where element failure probably will not lead to total collapse. This would include main 
load-carrying members in a multi-girder system, or continuous main members in bending 

S3: where element failure leads to local failure only. This would include decks slabs, string-
ers and bearings in compression. 

 

The element behaviour considers also the effect of any existing deterioration and is classi-
fied into: 

E1: where the element being considered is subject to sudden loss of capacity with little or no 
warning. This might include failure by buckling; concrete in shear and/or torsion with less 
than the minimum reinforcement required; bond (pullout) failure; suspension cables, eyebars, 
bearing stiffeners, over-reinforced concrete beams, connections, concrete beam column 
compression failure or steel in tension at net section 

E2: where the element being considered is subject to sudden failure with little or no warning 
but will retain post-failure capacity. This might include concrete in shear and/or torsion with at 
least the minimum reinforcement required, steel plates in compression with post-buckling 
capacity 

E3: where the element being considered is subject to gradual failure with warning of probable 
failure. This might include steel beams in bending or shear, under-reinforced concrete in 
bending, decks, or steel in tension at gross section 
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The following inspections levels are considered: 

INPS1: where a component is not inspectable. This might include hidden members not ac-
cessible for inspection such as interior webs of voided slabs. This level applies to elements 
that are not inspectable; it is not for bridges that are not inspected. 

INSP2: where inspection is to the satisfaction of the evaluator, with results of each inspection 
recorded and available to the evaluator 

INSP3: where inspection of critical and/or substandard components has been carried out by 
the evaluator and final evaluation calculations account for all information obtained during this 
inspection. 

The value used in the design Code (3.75) corresponds to a bridge with E2,S2 and inspection 
level INSP0 since the bridge can not be inspected until it is built. In this case, the β value is 
0.25 higher than the value for inspection level INSP1. The standard assessed structure will 
correspond to the parameters E2,S2, INSP2 and therefore a value of 3.25 is obtained. Thus, 
this can be considered as the target value of safety to whom the code for assessment is cali-
brated.  

 

In the USA, the design Code (LRFD) [7] was calibrated to β = 3.5 for the strength limit state. 
This value corresponds to the reliability of an individual member not considering the system 
reliability and redundancy and for an ADTT (Average Daily Truck Traffic) of 5000 trucks 
which may be considered as very severe. The assessment code (LRFR) [5] is calibrated to 
a value of  2.5 according to past AASHTO operating level load rating. This lower reliability 
for evaluation is justified on the fact that evaluation is performed for a much shorter exposure 
period ( inspection every 2 to 5 years), consideration of site realities and the economic con-
siderations of rating versus design. It does not take into account the structure redundancy as 
well. In fact, the calibration of load factors was done based on member reliability only, at an 
Operating level of safety for redundant bridges. For the consideration of the redundancy, a 
system factor as explained in 3.2.1 is introduced. As an order of magnitude, a system factor 
equal to 0.85 (maximum redundancy) corresponds to an increase in the reliability index from 
2.5 to 3.5. This is much higher than the allowable increase in the Canadian code ( table 6), 
that is only 0.5. This can be explained by the fact that in the case of Canada, the value for 
the standard bridge (3.25) is already higher compared to the value assumed in the USA 
(2.5).  

The live load factors used in [5] were calibrated to provide a reliability level at least equiva-
lent to the present levels associated with Operating rating levels of safety. The Standard also 
includes adjustment factors on the resistance side to reflect deterioration, inspections and 
system or multiple load paths 
 

In [19], a method to define the safety level required by a given risk is presented. The method 
is based on the following procedure: Starting from a risk situation ( as defined in the design 
code SIA 160), a risk category is defined based on the consequences and costs of failure 
and the level of use and, finally, a target reliability index (between 3.1 and 4.7) is obtained 
according to seven risk categories.  

4.2 System/structure level 
There is just few information in the literature regarding the target safety level of the structural 
systems or the target safety level of the entire bridges. Since most of the codes are still 
member/component orientated most of the research effort was to define the target safety for 
structural members and the system effect was always neglected. However, in the recent Ca-
nadian code [4] and in some recent reports [8,9] some target values are proposed for the 
structural systems or at least for the members considering structural systems effect. 
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From the specific clause for the evaluation of existing bridges of Canadian code [4], it could 
be concluded that the safety of structural system should be higher than the safety of the av-
erage member type. The target safety level expressed by β index, for the failure of the mem-
ber which causes the total collapse of the structure, is fixed at a value between 4.0 and 3.0  
depending of inspection level and ductility (see table 7). The target safety indices for mem-
bers, which failures do not lead to the total collapse of the bridge or members of minor impor-
tance to the global safety, are somehow lower (3.75-2.50). Since in the first case the member 
failure means the system failure (the total collapse) the target safety indexes for the system 
can be taken the same as for target safety indices for members which failure lead to the sys-
tem failure. Concluding, the target safety level for the systems expressed by β indices can be 
assumed as the same as in the first row block (block S1) of the table 7 of this report.  

In the works [8,9], Ghosn and Moses go much further. Besides the definition of target safety 
indexes for the structural systems, they propose the procedure from section 3.2.2 of this re-
port. This approach allows assessing the redundancy of the structure, and it suggests how to 
consider the structural redundancy for the definition of different safety margins concerning 
the behaviour of a bridge as a whole and in the adoption of the corresponding target system 
values of the reliability index. 

According to the results of their work, a bridge superstructure provides adequate levels of 
redundancy if all the following conditions are satisfied: 

1.- The difference between the system reliability index for the ultimate limit state and the reli-
ability index for one member is greater than 0.85 

85.0>−=Δ memberultult βββ  

2.- The difference between the system reliability index for the serviceability limit state and the 
reliability index for one member is greater than 0.25 

25.0>−=Δ memberservserv βββ  

3.- The difference between the system reliability index in damaged conditions and the reli-
ability index for one member is greater than -2.70  

70.2−>−=Δ memberdamagedamage βββ  

Therefore, the target values of relative safety index Δβ at the system level are: 0.85 for the 
ultimate limit state, 0.25 for the serviceability limit state and -2.7 for the damaged limit state. 
This means that the definition of the target values of the reliability level for the system should 
be always related to the target value assumed for the members. If the target value at a 
member level is βmember (defined according to chapter 4.1), the target system reliability in-
dices must be:  

7.2
25.0
85.0

−=
+=
+=

memberdamage

memberser

memberult

ββ
ββ
ββ

 

As an example, if the target reliability index at a member level is set at a value 3.5, then a 
bridge with an adequate redundant design will guarantee at least a value of βult equal to 4.35, 
a βserv equal to 3.75 and βdamage equal to 0.8. These values may be set as the target reliability 
levels at a system level. On the other side, if the reliability index evaluated for a member is 
less than 3.5, this does not automatically send the bridge out of safety. In fact, if the super-
structure presents a high level of redundancy, then even that βmember is less than 3.5, the sys-
tem reliability index may be higher than 4.35, the serviceability higher than 3.75 and the 
damaged value higher than 0.8, and, therefore, the bridge be considered as safe. Following 
the same concept, if the structure is non-redundant it doesn’t mean that it can not be safe 
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enough. However the non-redundant structure must have higher member safety in order to 
satisfy the safety requirements of the structural system. 

The very important comment related to the work of Ghosn and Moses [8] is that the results of 
target relative safety indices Δβ were defined based on the analysis of typical highway multi-
girder bridges assumed to be adequately redundant. Despite this, a generalization can be 
made for other type of bridges, as proposed in [8]. The proposal is based on the same as-
sumption that is used to derive the target values for the calibration of safety factors in most 
design codes. The β values obtained for a set of actual bridges considered as safe by bridge 
engineers and representative of whole bridge population are used to define a target values 
that is finally accepted for all bridges ( this is for instance the case of βtarget = 3.5 used in the 
calibration of the AAHSTO LRFD code). Despite the generalization can be made for other 
types of bridges, some care has to be taken especially in the case of serviceability and dam-
age conditions. This is due to the different deformation limits required for the railway bridges 
and the typical cross section of many railway bridges. The cross-sections composed by two 
to three main longitudinal members (which is the most common section in railway bridges) 
hardly allows for any redistribution in case of complete damage of on of the main bridge 
members.  

Ghosn and Moses [9] defined similar requirements, as in the case of bridge superstructure,  
also for the bridge substructure. The requirements are as follows: 

1.- The difference between the system reliability index for the ultimate limit state and the reli-
ability index for one member is greater than 0.50 

50.01 >−=Δ memberult βββ  

2.- The difference between the system reliability index for the serviceability limit state and the 
reliability index for one member is greater than 0.50 

50.02 >−=Δ memberserv βββ  

3.- The difference between the system reliability index in damaged conditions and the reli-
ability index for one member is greater than -2.00  

00.23 −>−=Δ memberdamage βββ  

Therefore, the target values of relative safety index Δβ at the system level are: 0.50 for the 
ultimate limit state, 0.50 for the serviceability limit state and -2.00 for the damaged limit state. 
If the target value at a member level is βmember (defined according to chapter 4.1), the target 
system reliability indices must be:  

0.2
50.0
50.0

−=
+=
+=

memberdamage

memberser

memberult

ββ
ββ
ββ

 

Following the same methodology as in the case of the superstructure, if the target reliability 
index at a member level is set at a value 3.5, then a bridge substructure with an adequate 
redundant design will guarantee at least a value of βult equal to 4.00, a βserv equal to 4.00 and 
βdamage equal to 1.5. Then these values may be set as the target reliability levels at a system 
level.  

The comment related to the work of Ghosn and Moses [9] is that the results of target relative 
safety indices Δβ were defined based on the analysis of typical highway multi-pier bridge 
bents considered by the engineers as adequately redundant. The generalization can also be 
made for other types of substructures. However, again, some care has to be taken using 
those values for railway bridges substructures which are usually walls, individual columns or 
two columns bents.  
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5 Summary and conclusions 

As reported in the Guideline D4.2 [21], it was agreed in the Sustainable Bridges project that 
the assessment of bridge capacity should be divided into categories according to increasing 
levels of complexity and sophistication. According to that, 2 main levels are considered from 
the point of view of the structural analysis: Level 1-Linear analysis, Level 2- Non linear analy-
sis. As a consequence, the safety formats proposed have to consider such a division. Nor-
mally, linear analysis requires a checking at a member level, whereas non-linear analysis 
accounts for a system level check. Therefore, the requirements for safety have been divided 
split into two main parts: 

- Member level 

- Structural level 

Safety requirements involve the safety format and the target value of safety as well. For this 
reason, both safety format and safety level have been also defined accordingly.   

5.1 Member level 
At this level, 3 formats for safety checking have been identified: 

a) Partial safety factor format 
The checking equation takes the form: 

nnSnnSnSnR SSSR γγγφ ......2211 ++≥                      (25) 

The partial safety factors have to be calibrated according to a required target value for 
safety. This value can be different to the one assumed during design. As a guideline and 
example, table 8 presents some values adopted in different studies. The design values in 
table 8 are proposed for the case of moderate consequences of failure and reference pe-
riod of 1 year 

 

 Canada USA Eurocode JCSS Denmark ISO 

Design 3.75 3.75 4.7 4.2 4.2 4.7 

Assessment 3.25 2.5 - - 4.2 4.7 

Table 8.- Target values of the reliability index at member level for ULS, moderate conse-
quences of failure and reference period of 1 year proposed in different countries and Interna-
tional Bodies 

 

b) Full probabilistic format 
The Limit State function refers to one member only and in a general way, is of the form: 

 

Z = R-S                             (26) 

 

R is the resistance and S the action effect. 

The checking equation is: 

ett argββ >                             (27) 
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etftf PP arg<                            (28) 

Where β (Pf )is the reliability index according to the limit state function defined and in the 
general case ( R and S non normally distributed) can be obtained with available computa-
tional tools (FORM, SORM,…). The values of βtarget can be adopted according to the val-
ues in table 8. 

 

c) Simplified probabilistic format 
In this case, R and S are assumed to be log-normally distributed and the corresponding 
reliability index is evaluated according to:  

2/122

_

_

)( SR VV
S

RLN

+
=β                          (29) 

_
R = mean value of resistance 
_
S = mean value of total-load effect  

VR  = coefficient of variation of resistance 

VS  = coefficient of variation of total- load effect 

 

In this case, only the mean and standard deviation of the random variables are neces-
sary. Again, the checking equation is: 

ett argββ >                             (30) 

5.2 System level 

5.2.1 System with known failure modes 
This includes the bridges whose ultimate behaviour may be represented as a series or paral-
lel system as well as some simple mixed systems. In this case, the safety of the system can 
be evaluated as a function of the safety of the members and therefore what has been ex-
plained in 5.1 is of application with some modifications: 

a) Partial safety factor format 
The checking equation is: 

nnSnnSnSnRs SSSR γγγφφ ......2211 ++=                     (31) 

Therefore, the verification is at the member level, but modified by the factor Φs that ac-
counts the redundancy and ductility of the system. 

The safety factors ΦR and γ are the same as in the previous case (element member a) ) 

The system factor Φs must be obtained through calibration for most representative rail-
way bridges and according to the methodology presented in [8] for the superstructure 
(deck) and in [9] for the substructure. 

b) Full probabilistic format 
The Limit State function refers to the bridge as a whole. The checking equation is: 
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etsystemtsystem argββ >                          (32) 

etfsystemtfsystem PP arg<                          (33) 

The exact value of βsystem or Pfsystem or the corresponding upper and lower bounds can be 
obtained from the values of the member elements [1,10] without the need of advanced 
non-linear analysis 

The values of βsystemtarget can be adopted according to the values in table 9, extracted from 
[4]. INSP refers to the inspection level and E the element behaviour (brittle, ductile) as 
explained in 4.1. 

 

 INSP1 INSP2 INSP3 

E1 
E2 
E3 

4.0 

3.75 

3.50 

3.75 

3.50 

3.25 

3.75 

3.25 

3.0 

Table 9.- Target values of reliability index (ULS, 1 year) at system level according to [4] 

5.2.2 System with un-known failure modes 
In this case, the non-linear analysis of the bridge is required, and 4 different safety formats 
can be defined: 

a) Partial safety factor format 
A non-linear analysis of the bridge is performed using the design values of the variables 
(affected by the safety factor) and obtain the level of safety. Although very easy to apply, 
this method is not allowed in some cases ( see Eurocode 2), because the response does 
not represent an extreme behaviour with a certain probability of failure and in some cases 
can be an unsafe model 

A modification of the proposal can be used as proposed in [8], in the form:  

1≥redφ                                (34) 

where Φred   is the so-called redundancy factor that could be calculated according to the 
method shown in 3.2.2 and [8].  

 

b) Full probabilistic format 
A numerical model of the bridge based on deterministic non-linear analysis is used jointly 
with simulation or random sampling to obtain the probability of failure or the reliability in-
dex of the system, which is compared to the target values (see table 9).  

This is the most accurate method of reliability analysis of structural systems. However, it 
requires a significant computational effort even when using advanced reliability tech-
niques that were specifically developed for non-linear analysis. More information on the 
practical application of this format is available in the background document D4.4.3 [11]. 

c) Simplified probabilistic format 
According to the definition of structural redundancy and the approach proposed in [8] and 
presented in point 3.2.2, the following criteria should be met to get the required safety: 

etulttetmembertetultultmemberult argargarg ββββββ =+Δ≥=+Δ  
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etservtetmembertetservtservmemberserv argargarg ββββββ =+Δ≥=+Δ             (35) 

etdamagetetmembertetdamagetdamagememberdamage argargarg ββββββ =+Δ≥=+Δ  

The values of βult, βser  and βdamage are obtained using the Mean Load Method ( see equa-
tion (29) or (20,21 and 22). The ultimate limit state corresponds to the formation of a col-
lapse mechanism. The serviceability limit state corresponds to the maximum displacement 
due to the live load accounting for the non-linear behaviour of the bridge, and the dam-
aged limit state corresponds to the capacity of the bridge after removal of one main load 
carrying component from the structural model. The mean value of the resistance for each 
one of these limit states is evaluated through a non-linear analysis with the mean values 
of the variables. The coefficient of variation is taken equal to the coefficient of variation of 
the member.  

βmember corresponds to the traditional check of individual member safety (see 5.1 b or 
equation (17)) )and is obtained through an standard linear analysis 

The target values for the relative reliability indexes can be obtained from table 10. The 
target values of the reliability index for the member can be obtained form table 8. 

 Δβult Δβser Δβdamage 

Superstructure 0.85 0.25 -2.70 

Substructure 0.50 0.50 -2.0 

Table 10.- Target values of the relative reliability indices as proposed in [8,9] 

 

In the case of continuous beams in bending, an alternative solution is to use the format: 

ett argββ >                             (36) 

where the reliability index is obtained for the limit state function: 

( )e
Q

e
G

ii
R MMMZ +−= .λ                         (37) 

where Mi
R is the ultimate resistance moment of the i-th section of the continuous beam, 

Me
G is the bending moment due to dead loads calculated for the equivalent simply sup-

ported beam and Me
Q is the maximum bending moment due to traffic loads calculated 

also for the equivalent simply supported beam. The equivalent simply supported beam is 
defined as the simply supported beam with the same span-length as the span where the 
cross-section i-th belongs. λi is the moment redistribution factor for the i-th section. It is a 
normal random variable whose mean and coefficient of variation are obtained as ex-
plained in 3.2.2. 

 

d) Global resistance safety factor format  
The proposed safety format is: 

dRm SR γ>                            (38) 

Rm is the structural resistance obtained with a non-linear analysis and mean values of the 
materials 

Sd is the factorized load effect as in the case of partial safety factor method (see equation 
1) 
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γR is the global safety factor of the structural resistance. Proposed value according to Euro-
code EN 1992-2 for concrete bridges is 1.3 , with the assumption of using the mean/average 
material parameters in the nonlinear analysis based on the following formulas: 

 

1.1ym ykf f=%  Steel yield strength 

1.1pm pkf f=%  Prestressing steel yield strength 

1.1 s
cm ck

c

f fγ
γ

=%  Concrete compressive strength, where sγ and cγ are partial safety 
factors for steel and concrete respectively. Typically this means that 
the concrete compressive strength should be calculated as 

0.843cm ckf f=%  

 

Global safety factor Rγ  can be also calculated based on the estimate of the coefficient of 
variation of the structural resistance as proposed by Cervenka et. al. [20]. This method re-
quires two deterministic non-linear analyses to estimate mean and characteristic values of 
resistance that are calculated using corresponding values of material parameters: 

( ,...) , ( ,...)m m k kR r f R r f= =  

Where fm , fk  are mean and characteristic values of input material parameters, respectively. 

The coefficient of variation RV  of resistance can be determined using the assumption of the 
log-normal distribution from: 

1 ln
1.65

m
R

k

RV
R

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                           (39) 

Then the global factor of resistance for mean resistance shall be determined from: 

exp( )R R RVγ α β=                           (40) 

where Rα is sensitivity (weight) factor for resistance reliability and β  is reliability index (see 
Section 4.2). 

Typically for 4.7β =  and 0.8Rα = , the global resistance factor equals to: 

exp( 3.76 )R RVγ ≅ −  
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Appendix A – Safety assessment of the Brunna Bridge (BV, 
Sweden) 
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A-1  Introduction 

In the following example, several stages of reliability assessment of a reinforced concrete 
railway bridge are presented in order to demonstrate the application of the safety formats 
proposed in the present report. At first, the assessment is carried out for the intact bridge 
using several safety formats proposed. In the second stage, the significant damage of the 
bridge is assumed in such a way that the bridge does not fulfil the safety requirements of the 
legal design code (CEN, 2003). However, the more sophisticated safety formats allow to 
proof that the safety margin present in the structure is higher than the required target value. 

From the survey of the railway bridges in the European network it was concluded that in the 
stock, 23 % of the bridges are concrete, 21 % metallic, 41 % arches and 14 % composite or 
encased beams. However in many countries, where the railway network is younger the con-
crete bridges have the majority in the stock. For example in Sweden, the bridges with con-
crete superstructures make up about 75 % of the railway bridge stock. 

In concrete bridges, only 4 % of the total population of the concrete bridges have spans 
longer than 40 meters. The usual spans are usually shorter than 10-15 m. For such spans 
reinforced concrete slabs and reinforced concrete girder decks composed by two girders with 
a bottom slab are the most common typologies (through bridges). 

Considering the results of the survey it was decided to choose as examples bridges which 
are representative for the railway stock in Europe. In case of concrete structure the choice 
was done on the bridge within Swedish railway network in Brunna (see Figure A-1.1). The 
Swedish Railway Administration (BV) provided all the required data necessary for the analy-
sis. 

 
Figure A-1.1: Brunna Bridge. 
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A-2  Technical Description 

The Brunna Bridge is a reinforced concrete four spans continuous bridge constructed in 
1969. The spans have the following length: 13.5 m, 15.0 m, 13.0 m and 11.0 m. From the 
point of view of the cross-section is a through bridge. The deck is composed by two T shape 
(almost rectangular) girders spaced by approximately 4.0 m and connected by the bottom 0.4 
m thick slab which gives the support for the single rail track. The dept of the girders is equal 
to 1.5 m and the webs are 0.8 m thick. Dimensions of the cross section are presented in Fig-
ure A-2.1. 

 
Figure A-2.1: Brunna Bridge – Cross Section 

The Brunna Bridge is a frame bridge, where the intermediate reinforced concrete circular 
columns (B,C and D) are rigidly connected to the deck and to the footing foundation. The 
lateral supports (A and E) are also composed by circular columns however they are designed 
as double pinned and transfer just the vertical reactions. The bridge has a skew of about 50 
degree. The connection of the deck with the abutment is designed by means of cantilever 
nose with teeth immersed in the embankment. 

According to the design specification the concrete has got a characteristic compressive 
strength of about 28MPa. The characteristic yielding strength of the reinforcing steel is about 
400MPa. 

The reinforcement of the main girders is composed by bars of 25mm diameter. In the middle 
of the spans up to twenty bars are provided, and over the piers there are designed up to 24 
bars. The outline of the longitudinal reinforcement is presented on the Figure A-2.2 

 
Figure A-2.2: Brunna Bridge – Outline of the longitudinal reinforcement (the values in the 
brackets are the vertical reinforcement coordinates counting from the bottom of the girder; in 
case of piers the reinforcement is distributed evenly on the perimeter). 
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A-3  Numerical models 

Two different numerical models of the Brunna Bridge where created for the purpose of the 
structural analysis. The first model was the simple linear elastic 2D FEM model composed by 
standard beam elements. This kind of models is commonly used in the design of the struc-
ture or in the first stage of the safety assessment. Since such models are commonly used by 
engineers and there are no bring any difficulties in the practical application the model is not 
described here in more detail. The second model was the nonlinear 2D FEM model. This 
kind of models is rarely used in the design (except some uncommon structures) and usually 
serves for the assessment of structures or for design of experiments. The nonlinear FEM 
model used in this study is explained in more detail in the following paragraphs. 

Some simplifications were made at the phase of bridge modelling. At first, just one alignment 
of the girders was modelled. This implies that no transverse redistribution of loads between 
two girder alignments is allowed and that the effect of skew is neglected. Also the distribution 
of all the loads between girders was assumed to be fifty-fifty which implies that the random 
eccentricities in the load application are neglected. Second, the long term effects of concrete 
and steel behaviour (creep, shrinkage, ageing, etc.) were neglected. This implies that the 
bending moment distribution due to dead loads is considered equal to the phase of demould-
ing and that the concrete behaviour is considered as for the concrete after 28 days of ageing.  

The non-commercial software Plastd90 was used for modelling the bridge. The software 
considers non-linearity of steel and concrete. This program is based on FEM techniques and 
uses the Timoshenko three nodes beam elements with a layered approach through the 
height (see Figure A-3.1). The methodology used by the program to model the non-linearity 
of concrete and steel, is described elsewhere (Henriques, 1998).  

 
Figure A-3.1: Layered approach 

 

The non-linear FEM model consists of 67 beam elements (see Figure A-3.2). The elements 
representing girders comprise of 15 layers of concrete and 6 layers of reinforcing steel. The 
piers were modelled by elements composed by 10 layers of concrete and 8 layers of mild 
reinforcement. 
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Figure A-3.2: FEM model 

 

The boundary conditions were modelled as follows. The connections of the piers with the 
foundation were considered as fixed. However, the connections between the girders and the 
lateral piers were assumed to be free for rotations and horizontal displacements.  
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A-4  Geometry, mechanical properties and loads 

The values of the most important variables describing geometry and mechanical properties 
of the bridge considered in the analysis are presented in the Table A-4.1. In the table the 
inherent variability of the parameters is also presented. The variability was defined according 
to the data obtained by various authors and presented in the other report (Sustainable 
Bridges, 2005b). Another relatively important variables, like concrete elasticity modulus, con-
crete tensile strength were considered to be correlated with the compression strength of con-
crete as defined by the formulas of the Eurocode 2 (CEN, 2003). The remaining mechanical 
parameters of steel and concrete, which are not presented in the table, were also taken as 
defined by the Eurocode 2.  

The following actions were considered in the analysis (see Figure A-5.1): 

• Gs - Self-weight of the structure; 

• Ga - Additional permanent loads; 

• Q - Live load on the railway track (UIC train load model); 

In the Table A-4.1 the characteristic values and mean values of the dead loads as well as the 
live loads are presented. The inherent variability of each of the loads is showed as it was 
considered in the analysis.  

Table A-4.1: Random variables considered in the analysis 

Random variable Sym-
bol Unit Char. 

value 
Mean 
value COV PDF 

Concrete compressive strength fc MPa 28.00 34.00 0.15 normal 

Reinforcement yield strength fy MPa 400.00 454.00 0.10 normal 

Height of the girder hg m 1.50 1.50 0.02 normal 

Height of the slab hs m 0.40 0.40 0.07 normal 

Reinforcement area AS m2 nominal nominal 0.02 normal 

Self weight of the structure GS kN/m 47.53 47.53 0.08 normal 

Additional dead loads GA kN/m 21.07 21.07 0.10 normal 

Railway traffic load (concentrated) Qc kN/m 64.69 78.13 0.10 normal 

Railway traffic load (distributed) Qd kN/m 31.70 40.00 0.10 normal 

Impact factor I - 1.25 1.25 0.50 normal 

 

The values of railway traffic loads were obtained form the UIC train load model considering 
that the characteristic axis load (250kN) and distributed load (80kN/m) corresponds to the 
98-th percentile of the PDF of the railway load assuming normal distribution. Considering this 
assumption the mean value for the axis loads (207kN) and distributed load (63.4kN/m) were 
obtained. Later due to assumption of the equal distribution of the load between the two gird-
ers and the assumption of the distribution of the concentrated load form the axles through the 
ballast (the distribution length was considered equal to 6.4m) the mean values as presented 
in the Table A-4.1 were obtained. The characteristic values of the railway traffic load (showed 
in the Table A-4.1) were obtained distributing the load for two girders and distributing the 
concentrated load form the axles through the ballast (the distribution length was considered 
equal to 6.4m). 
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A-5  Loading schemes and condition states 

Prior to the safety assessment of the Brunna Bridge some analyses were performed in order 
to choose the loading scheme which could lead to the highest probability of failure. Figure A-
5.1 shows all loading schemes considered. The loading schemes LS1-LS4 corresponds to the 
elastic influence lines of maximum bending moments in the middle of the first, second, third 
and fourth span respectively. However the loading schemes LS5-LS7 corresponds to the 
elastic influence lines of maximum bending moments over first, second and third pier respec-
tively. 

 

 
Figure A-5.1: Loading schemes 

 

In the case of the elastic analysis all the loads where applied simultaneously. In the linear 
elastic analysis two cases were considered: first, loads taken as their mean value and sec-
ond, loads taken as their characteristic value. 

In the case of the nonlinear analysis the loads were imposed to the structure as follows: at 
first the mean self weight of the structure, the mean additional dead loads and mean value of 
the railway traffic load including impact were applied, later the traffic load was incrementally 
increased up to the structure failure.  

Considering, that the present study should be an illustrative example rather than the com-
plete safety check of the complete bridge and considering the results of the analysis per-
formed elsewhere (D4.4.3) it was decided to perform further study just for load scheme LS1, 
which cause failure of the middle span section of the first span. This is the most critical case 
(lowest safety level) 

Considering the load scheme LS1 it was also decided to perform the analysis for the different 
condition states of the bridge. First analysis was carried out for the intact bridge where it was 
assumed that the structure is in perfect condition. The second analysis was performed for the 
bridge with a serious damage where around 50% of the bottom reinforcement of the section 
in the middle of the first span was assumed to be corroded and was removed from the 
model. The situation, where just in one section of the bridge exist so serious damage is of 
course a bit unreal, but it was decided to analyse such a situation to show the potential of the 
probabilistic methods and system level assessment in the case where the standard member 
level assessment using existing codes fails. 
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A-6  Structural analysis 

Linear elastic analysis 
Since it was decided to perform the assessment just for the mid-span section of the first 
span, the results of the structural analysis (bending moments) just for this span are pre-
sented. The bending moments for the middle span section (Sect.2) and the sections over the 
piers (Sect.1, Sect.3) for all the considered loads are resumed in the Table A-6.1. The results 
in the first two rows correspond to the bending moments due to the permanent loads. Since 
the characteristic values of the permanent loads are equal to their mean values the corre-
sponding bending moments are also equal. The last two rows correspond to the bending 
moments due to the mean value and the characteristic value of the railway traffic load re-
spectively. The results were obtained for the load without impact. 

Table A-6.1: Bending moments in the critical sections of the first span (13.5 m). 

Bending moment 
Load Symbol Unit 

Sect.1 Sect.2 Sect.3 

Self weight of the structure * MGs; (MGsk) kNm -481.19 415.60 -853.10 

Additional dead loads * MGa; (MGak) kNm -213.35 184.24 -378.25 

Railway traffic load (mean) MQ kNm 0 955.89 -579.91 

Railway traffic load (characteristic) MQk kNm 0 1163.58 -705.72 

(*) The mean value and the characteristic value are equal for the permanent loads 

 

Table A-6.2 presents the results of the bending moments in the mid-span section (Sect.2) 
obtained for the equivalent simple supported beam. The equivalent simple supported beam 
is defined as the beam with the length equal to the length of the analysed span (13.5 m). The 
results in the first two rows correspond to the bending moments due to the mean values of 
the permanent loads. The last row corresponds to the bending moment due to the mean 
value of the railway traffic load without impact. 

 

Table A-6.2: Bending moments in the equivalent simple supported beam (13.5 m). 

Load Symbol Unit Bending moment – Sect. 2 

Self weight of the structure (mean) Me
Gs kNm 1082.75 

Additional dead loads (mean) Me
Ga kNm 480.04 

Railway traffic load (mean) Me
Q kNm 1245.85 

 

The results of the bending moments presented in the Table A-6.1 are the same for the case 
of the intact bridge and for the damaged bridge. This is due to the fact that in the elastic 
analysis the concrete is assumed uncracked and thus the amount of the reinforcement in the 
section does not influence the redistribution of moments. In the case of the bending moments 
in the equivalent simple supported beam, presented in the Table A-6.2, any redistribution can 
not take place hence the results are also the same for the intact and damaged condition. 
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Nonlinear analysis for Sobrino and Casas method 
The bending moments at failure that were obtained in the non-linear analysis are presented 
in Table A-6.3 for the mid-span section (Sect.2) and the sections over the piers (Sect.1, 
Sect.3) of the first span. The results were obtained considering mean values for all variables 
describing structure geometry and material behaviour (see Table A-4.1). The values of dead 
loads and railway traffic load were also considered as the mean values (as also defined in 
the Table A-4.1). Table A-6.3 presents the results for the intact bridge and for the damaged 
bridge, where significant percentage of the mid-span section reinforcement was removed 
from the model. 

 

Table A-6.3: Bending moments at failure in the critical sections of the first span (13.5 m). 

Bending moment 
Condition state Symbol Unit 

Sect.1 Sect.2 Sect.3 

Intact bridge Mnla kNm -639.76 5751.30 -8073.67

Damaged bridge Mnla kNm -657.30 3010.65 -6321.26

 

Nonlinear analysis for Ghosn and Moses method 
The load factors for the serviceability, ultimate and “theoretical” damaged condition limit state 
obtained for the assessment of the mid-span section of the first span are presented in Table 
A-6.4. According to the procedure developed by Ghosn and Moses, in this case the “theo-
retical” damaged condition corresponds to the placement of an hinge in the numerical model 
in the location of section 2 (mid-span of the first span) or section 3 (pier B in figure A-2.2) 
The results were obtained with a non-linear analysis considering that all the variables de-
scribing structure geometry and material behaviour take their mean value as defined in  Ta-
ble A-4.1. The values of the dead loads were also considered as the mean values (see Table 
A-4.1). However the railway traffic loads were considered as the characteristic values defined 
also in the Table A-4.1. Table A-6.4 presents the results for the intact bridge and for the 
damaged bridge, where significant percentage of the mid-span section reinforcement was 
removed from the model. 

 

Table A-6.4: Load factors for serviceability, ultimate and damaged condition limit state. 

Load Factor 
Condition state Symbol Unit 

LFf LFu LFd* 

Intact bridge LF - 3.93 5.80 1.66 (2.00)

Damaged bridge LF - 2.85 3.43 1.66 (1.26)
(*) The first value corresponds to the situation where the hinge was assumed in the mid-span section. The second 
value (in brackets) corresponds to the situation where the hinge was assumed over the pier B. 

 

In the table, the load factors LFi are the factors by which the bridge traffic loads (UIC charac-
teristic train load) have to be multiplied to reach the failure of the bridge as a system. LFf is 
the load factor for which the bridge reaches the functionality condition (allowable deformation 
considered as L/500 which in the case of 13.5m span is equal to 0.027m), LFu is the load 
factor for which the whole structure fails and finally LFd is the load factor for which the bridge 
with some theoretically assumed damage in one of its main members fails. In the case of a 
simply supported bridge with several beams in the cross-section, the damaged state corre-
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sponds to the removal of the most critical beam. In the present case, where the redundancy 
effect comes from the continuity effect between spans, the damaged condition corresponds 
to the formation of a hinge in the most critical section. The assumed theoretical damage in 
this case was introduced to the model as the hinge in the main girder in the mid-span section 
or in the section over the pier B (see Figure A-2.2) whichever is the most critical to safety. It 
has to be mentioned that the theoretical damage condition is not the same as the “damaged 
bridge”. The “damaged bridge” was the name given for the analysed bridge with some part of 
the mid-span section reinforcement corroded. The name was considered in order to distin-
guish this condition state from the as-built condition state named as “intact bridge”. 
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A-7  Sections resistance 

The bending resistance of the analysed (critical) sections was obtained using the appropriate 
program for the non-linear analysis of a reinforced concrete section subjected to combination 
of forces (bending, shear and axial force). Two already defined condition states were consid-
ered, namely the intact (as build) and damaged (considering reinforcement reduction). First, 
the analyses were carried out for the characteristic values of the concrete compressive 
strength and steel yielding strength and geometry as defined in the Table A-4.1. The ob-
tained results for mid-span section (for intact and damaged condition) are presented in Table 
A-7.1. 

After the deterministic analyses with the characteristic values of the variables, the simula-
tions using Latin Hypercube method were performed to obtain the probabilistic resistance 
model of the sections subjected to bending (see D4.3.3). The analyses were carried out ac-
cording to the following procedure. A set of values of random variables were generated, us-
ing Latin Hypercube sampling method, according to the parameters presented in Table A-
4.1. Later, structural analyses were performed for each combination of generated variables 
(100 simulations) and finally the results were evaluated statistically. 

The results of the performed simulations for all three sections (Sect.2, Sect.1 and Sect.3), 
namely mid-span section and sections over the piers, and for the intact and damaged condi-
tion are presented in Table A-7.1. 

 

Table A-7.1: Ultimate response of mid-span section for characteristic values of variables and 
probabilistic ultimate response of critical sections 

Section Symbol Unit Char. 
value 

Mean 
value COV PDF 

Section over the pier A M1
R kNm - 2228 0.0991 normal 

Mid-span section (intact) M2
R kNm 5164 5772 0.1011 normal 

Mid-span section (damaged) M2
R kNm 2742 3063 0.1030 normal 

Section over the pier B M3
R kNm - 8606 0.0995 normal 

 

In the present study the probabilistic models of the sections resistance in bending were de-
veloped via the Latin Hypercube simulations and using appropriate software for the sectional 
analysis. However, in the standard assessment, the probabilistic model of the resistance of 
the typical railway bridge sections can be assumed according to the information presented in 
the related report (D4.4.2). In this report, it was observed that for standard reinforced con-
crete sections the COV of the ultimate bending resistance is very similar to the COV of steel 
yielding strength. This is explained by the fact that reinforced concrete sections normally fail 
due to steel yielding and other variables do not have significant influence in the ultimate re-
sponse. According to the results presented there, the bias ratio and COV for a reinforced 
concrete rectangular section are 1.15 and 10 % respectively (in the case of a COV for the 
yield strength of 10 % too). For the mid-span section, the values in table A-7.1 give a bias 
ratio of 1.12 for both situations, namely the intact and damaged. Also the values of the COV 
for all the section are very close to the proposed value of 10 % (remember that also in the 
present example COV of yield strength is 10 %). 
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A-8  Safety assessment of the intact bridge 

A-8.1 Member level assessment 
 

Partial safety factor method 
In the first level assessment of the Brunna Bridge the safety of the main girder was verified 
against bending using the partial safety factor method and linear elastic analysis (see point 
3.1). Due to already explained reasons (see point A-5) the verification was only performed  
for the middle span section of the first span considering the load scheme LS1. Since the 
safety to bending failure is considered the checking equation was assumed to be as follows: 

QkQGakGaGskGsRkR IMMMM γγγφ ++≥                   (A-8.1) 

where MRk is the characteristic resistance of the analysed section; MGsk is the characteristic 
value of the bending moment in the analysed section due to the characteristic value of the 
structure self weight; MGak is the bending moment in the analysed section due to the charac-
teristic value of the additional dead loads; MQk is the bending moment in the analysed section 
due to the characteristic value of the railway traffic loads; ΦR is the resistance factor for the 
analysed section; γGs is the partial safety factor for the structure self weight; γGa is the partial 
safety factor for the additional dead loads; γQ is the partial safety factor for the railway traffic 
loads and finally I is the impact factor.  

Considering the partial safety factors defined in the Eurocode, the impact factor as defined in 
the Table A-4.1, the load effects as presented in the Table A-6.1 and the member resistance 
as defined in the Table A-7.1, the checking equation takes the following form: 

58.116325.15.124.18435.16.41535.1516486.0 ⋅⋅+⋅+⋅≥⋅  

which after performing the calculations leads to the following inequality: 

kNmkNm ⋅≥⋅ 29924441  

As it can be seen the safety is verified with a great margin. The high safety margin observed 
could be the effect of the different loads considered and/or the different safety formats for 
which the bridge was designed and the hypothesis and simplifications assumed in the mod-
els of analysis.  

Full probabilistic method 
Despite the bridge passes the first level assessment with significant margin of safety (see 
above), the analysis using more sophisticated safety formats was also performed to show its 
applicability and demonstrate the existing safety reserves in the structure. 

The same section of the bridge as in the previous case was analyzed using fully probabilistic 
method. The safety of the structural member (bridge main girder) was evaluated by means of 
the reliability index β. According to the procedure presented in the report (see point 3.1) the 
limit state function Z (also known as the performance function) was defined at first and later 
the reliability index β for the defined limit state function was calculated using FORM. 

The limit sate function for the verification of the main girder section against bending is: 

)( QGaGsR MIMMMZ ⋅++−=                     (A-8.2) 

where MR is the resistance of the section; MGs is the bending moment in the analysed section 
due to the self weight of the structure; MGa is the bending moment in the analysed section 
due to additional dead loads; MQ is the bending moment in the analysed section due to the 
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railway traffic loads and finally I is the impact factor. All variables in (A-8.2) are assumed as 
random. 

The fully probabilistic analysis requires the complete statistical information about the vari-
ables. In the analyzed case the distribution types and statistical parameters of the impact 
factor were considered as defined in Table A-4.1. The mean value of the load effects was 
considered as presented in Table A-6.1. The distribution types and coefficient of variations of 
the load effects were considered equal to those of the corresponding loads as determined in 
Table A-4.1. The statistical definition of the member resistance was considered as defined in 
Table A-7.1. 

For the defined limit state function, assumed probabilistic models of loads and resistance and 
considering statistical independency of all the variables the FORM analysis (using appropri-
ate software) leads to the reliability index β=6.60. 

Comparing the obtained value of the reliability index β with the target values defined in the 
present report (see point 4.1) it can be concluded that the safety is verified with a significant 
margin. 

Simplified probabilistic methods 
As a simplified method of the probabilistic safety assessment, the Mean Load Method was 
also used to show the simplicity of the probabilistic analysis when all the variables are normal 
or lognormal. In the report just the safety format for the lognormal variables were presented. 
However, in this study the safety format for the normal variables was used to allow direct 
comparison of the obtained results with the results obtained using other safety formats. 

The general form of the formula which allows the determination of the reliability index in the 
case where the random variables (namely the generalized structural resistance and the gen-
eralized action) have normal distribution and are statistically independent is as follows: 

22
SR

SR

σσ
β

+

−
=                           (A-8.3) 

In the equation R and S are the mean values of the generalized resistance and the action 
respectively. σR and σS are the standard deviations of the generalized resistance and the 
action. In the analyzed case the generalized resistance is the section resistance against 
bending and the generalized action is composed by several components (bending moments 
in the section), hence the formula has to take more sophisticated form: 

 

2222

)(

IMQMGaMGsMR

QGaGsR MIMMM

σσσσ
β

+++

⋅++−
=                    (A-8.4) 

 

where MR is the mean value of the resistance of the analysed section against bending; MGs is 
the mean value of the bending moment in the analysed section due to the self weight of the 
structure; MGa is the mean value of the bending moment in the analysed section due to addi-
tional dead loads; IMQ is the mean value of the bending moment in the analysed section due 
to the railway traffic loads including impact; σMR is the standard deviation of the resistance of 
the analysed section against bending; σMGs is the standard deviation of the bending moment 
in the analysed section due to the self weight of the structure; σMGa is the standard deviation 
of the bending moment in the analysed section due to additional dead loads; σIMQ is the 
standard deviation of the bending moment in the analysed section due to the railway traffic 
loads including impact. 
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Considering the statistical definition of the member resistance as defined in the Table A-7.1; 
the mean value of the load effects as presented in the Table A-6.1; the distribution types and 
coefficient of variations equal to those of the corresponding loads as determined in the Table 
A-4.1 and the distribution types and statistical parameters of the impact factor as defined in 
the Table A-4.1 it was possible to perform the calculations. However, it was necessary to 
determine the mean value and the coefficient of variation of the product of the railway traffic 
and the impact factor. The mean value of the bending moment due to the railway traffic load 
including impact was considered to be equal to the product of their mean values. The coeffi-
cient of variation was considered to be equal to 0.14. This value is the effect of the multiplica-
tion of the railway load with a coefficient of variation equal to 10% by the impact factor with a 
coefficient of variation equal to 50%. The following equation shows the performed calcula-
tion: 

60.6
602
3973

)14.095625.1()1.0184()08.0416()10.05772(
95625.11844165772

2222
==

⋅⋅+⋅+⋅+⋅

⋅−−−
=β  

As it can be seen the obtained reliability index β=6.60 is the same as using fully probabilistic 
analysis and FORM. This is due to the fact, that all the variables were assumed to be nor-
mally distributed and the limit state function (equation A-8.2) is linear.  

A-8.2 System level assessment 
Bounds method 
As it was explained in the present report, it is possible in some cases to assess the safety of 
the bridge as a structural system without performing complicated non-linear analysis. The 
estimation of the lower bound due to the elastic analysis (where no redistribution between 
bridge elements is permitted) and the upper bound due to the plastic analysis (where com-
plete redistribution between bridge members is assumed) can give us a rough estimation of 
the behaviour of the structure and the system safety. 

In the analysed example the lower bound (no redistribution of forces) of the safety level was 
already assessed in the point A-8.1 for the case of member analysis. The reliability index 
obtained is equal to β=6.60. The upper bound was obtained with a plastic analysis as pre-
sented below. 

The safety of the mid-span section of the first span against bending was evaluated by means 
of the reliability index β. At first, the appropriate limit state function was defined and later the 
reliability index for the defined limit state function and assumed probabilistic models of the 
variables was calculated using FORM. The limit state function considering a full redistribution 
(plastic analysis) has the following form: 

( )e
Q

e
Ga

e
GsR MIMMMZ ⋅++−= 2.2 λ                      (A-8.5) 

where M2
R is the ultimate resistance moment of the middle span section of the first span, 

Me
Gs is the bending moment due to structure self weight calculated for the equivalent simply 

supported beam, Me
Ga is the bending moment due to additional dead loads calculated for the 

equivalent simply supported beam, Me
Q is the maximum bending moment due to traffic loads 

calculated also for the equivalent simply supported beam and I is the impact factor. The 
equivalent simply supported beam is defined in this case as the simply supported beam with 
the span-length 13.5m equal to the length of the first span of the bridge.  λ2 is the plastic 
moment redistribution factor for the analysed mid-span section. 

In the plastic analysis the assumption is that the redistribution of bending moments between 
the critical sections (sections over the piers and the mid-span section) is complete. Therefore 
all 3 cross-sections (mid-span and over piers) reach the ultimate bending moment (a plastic 
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hinge is formed there). Considering this fact the moment redistribution factor can be defined 
as follows: 

2
31

2
2.

2 R
RR

R

MMM
M

+
+

=λ                         (A-8.6) 

where M1
R, M3

R and M2
R are the ultimate bending resistances of the sections over the sup-

ports and at mid-span (analysed section) respectively, for the first span of the bridge. 

The probabilistic models, for all variables present in the limit state function were considered 
as follows. The distribution types and statistical parameters of the impact factor were consid-
ered as defined in Table A-4.1. The mean value of the load effects in the equivalent simply 
supported beam were considered as presented in the Table A-6.2. The distribution types and 
coefficient of variations of the load effects were considered equal to those of the correspond-
ing loads as determined in Table A-4.1. The statistical definition of the capacity of the critical 
sections was considered as defined in Table A-7.1. 

The FORM analysis performed for the limit state function defined above (considering plastic 
behaviour) and assumed probabilistic models of variables leads to the reliability index 
β=10.00. The FORM analysis was performed considering statistical independency of all the 
variables 

Analysing the results obtained with the elastic and plastic analysis it was concluded that the 
system safety of the Brunna Bridge is very high. The actual reliability index for this structure 
is located somewhere between β=6.60 and β=10.00 which is significantly higher than the 
target values for the structural systems defined in the point 4.2 of the present report. 

 
Method of Sobrino and Casas 
The middle span section of the first span (the same as previously) was also analyzed using 
the simplified probabilistic method applicable for structural systems (continuous beams) and 
named in the report as the Method of Sobrino and Casas. The safety of the bridge main 
girder (considering the redundancy in the longitudinal direction) was evaluated by means of 
the reliability index β. According to the procedure presented in the report (see point 3.2.2) the 
limit state function Z (also known as the performance function) was defined at first and later 
the reliability index β for the defined limit state function was calculated using FORM. The limit 
sate function for the verification of the main girder section against bending is the same as 
defined for the plastic analysis: 

 

( )e
Q

e
Ga

e
GsR MIMMMZ ⋅++−= 2.2 λ                      (A-8.7) 

 

However, in this case λ2 is not the plastic redistribution factor, but the actual redistribution 
factor at the instant of real failure (formation of mechanism) and takes the form:  

2
31

2
2.

2 nla
nlanla

nla

M
MM
M

+
+

=λ                        (A-8.8) 

where M1
nla, M3

nla and M2
nla are the bending moments at failure obtained in the nonlinear 

analysis for the sections over the supports and at mid-span (analysed section) respectively, 
for the first span of the bridge. Due to the randomness in the bending moments at failure, λ2 

is a random variable itself. 
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To perform the reliability analysis using FORM the complete statistical information of all the 
random variables is required. In the analyzed case the distribution types and statistical pa-
rameters of the impact factor were considered as defined in the Table A-4.1. The mean value 
of the load effects in the equivalent simply supported beam were considered as presented in 
the Table A-6.2. The distribution types and coefficient of variations of the load effects were 
considered equal to those of the corresponding loads as determined in Table A-4.1. The sta-
tistical definition of the member resistance was considered as defined in Table A-7.1. The 
mean values of the bending moments at failure for the section over the piers and in the mid-
span were considered as presented in the Table A-6.3. The distribution types for the bending 
moments at failure where assumed to be normal and the coefficients of variation were taken 
equal to the coefficient of variation of the ultimate response of the corresponding sections 
against bending presented in the Table A-7.1. 

For the defined limit state function and assumed probabilistic models of all the random vari-
ables FORM analysis leads to the reliability index β=6.61. The FORM analysis was per-
formed considering statistical independency of all the variables. When the correlation be-
tween the bending moment at failure in the mid-span section M2

nla and ultimate resistance of 
the mid-span section M2

R was assumed the reliability index rise to the values β=7.16 and 
β=9.21 for the correlation coefficients C=0.5 and C=0.99 respectively. The effect of the statis-
tical correlation between these two variables was studied due to significant likelihood of their 
mutual dependency (they are the moments at the same section). 

Comparing the obtained values of the reliability index β with the target values defined in the 
present report (see point 4.2) we can conclude that the structure is safe. Looking back to the 
results obtained in the point A-8.1 of the present study we can also conclude that the safety 
margin assessed in terms of reliability index using system safety check is significantly higher 
than the safety margin assessed using member safety check. 

 
Method of Ghosn and Moses– redundancy factors approach 
The reliability assessment of the Brunna Bridge was also performed using the method pro-
posed by Ghosn and Moses and presented in point 3.2.2 of the report. Since the method is 
quite complicated in the first application the analysis was performed following the sequence 
of the step-by-step methodology proposed in the report (see page 14 of the report). 

1st step 

In the present example only the safety of the mid-span section of the first span was decided 
to be analysed, hence the identification of the critical members of the bridge was simplified to 
the choice of that section. 

2nd step 

Calculation of the required member capacity MRk(required) was performed according to the 
Eurocode and  the partial safety factor method expressed by the following equation: 

R

QkQGakGaGskGs
requiredRk

IMMM
M

φ
γγγ ++

=)(                 (A-8.9) 

where MGsk, MGak and MQk are the bending moments in the analysed section due to the char-
acteristic values of the structure self weight; additional dead loads and the railway traffic 
loads respectively (considered as presented in the Table A-6.1); ΦR is the resistance factor 
for the analysed section (considered equal to 0.86); γGs , γGa and γQ are the partial safety fac-
tor for the structure self weight, the additional dead loads and the railway traffic loads respec-
tively (considered equal to 1.35; 1,35 and 1.50 ) and finally I is the impact factor (considered 
as showed in the Table A-4.1). 
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Performing the following calculations the required member capacity for the mid-span section 
was obtained. 

kNmM requiredRk ⋅==
⋅⋅+⋅+⋅

= 3478
86.0

2992
86.0

58.116325.15.124.18435.16.41535.1
)(  

The actual member capacity of the analysed critical section is shown in Table A-7.1 (5164 
kNm). 

 

3rd step 

The non-linear FEM model of the Brunna Bridge was developed as described in the point A-3 
of this document. The best estimates of material properties, structure geometry and loads 
were used (mostly mean values) as explained in points A-3 and A-4. 

4th step 

In this example only the safety of the mid-span section of the first span was analysed, hence 
the identification of the loading position and the most critical load pattern was simplified to 
the longitudinal positioning of the railway traffic load (UIC train load model) to cause the 
maximum bending moment in the analysed section. The choice of the considered load posi-
tion is explained in the point A-5 of this document. 

5th step 

Calculation of the required member capacity and actual member capacity expressed in terms 
of the load factor by which the characteristic value of the railway load have to be multiplied to 
reach the relevant member capacity was performed according to the following equations: 

Qk

GaGsrequiredRk
required M

MMM
LF

−−
= )(

)(1                 (A-8.10) 

Qk

GaGsRk

M
MMM

LF
−−

=1                      (A-8.11) 

Considering the required and actual member bending resistance as defined in the 2nd step 
and considering the bending moments due to the mean dead loads and characteristic railway 
traffic loads as defined in the Table A-6.1 the following values were obtained: 

47.2
58.1163

24.18460.4153478
)(1 =

−−
=requiredLF  

92.3
58.1163

24.18460.4155164
1 =

−−
=LF  

Continuing calculations the member reserve ratio is obtained as follows: 

59.1
47.2
92.3

)(1

1
1 ===

requiredLF
LFr                    (A-8.12) 

 

6th step 

Calculation of the system reserve ratio for the functionality limit state was performed accord-
ing to the following equation: 
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1LF
LF

R f
f =                           (A-8.13) 

The load factor LFf (for which the bridge reaches the functionality limit state defined as allow-
able deflection - L/500) was obtained via the non-linear analysis (see Table A-6.4). The load 
factor LF1 describing actual member capacity was determined in the 5th step. Performing the 
calculations the following value was obtained: 

00.1
92.3
93.3

==fR  

The redundancy ratio for the functionality limit state was obtained using the following formula: 

)arg( ettf

f
f R

R
r =                          (A-8.14) 

Considering the target value as presented in the report (see point 3.2.2) the redundancy ratio 
was found. 

91.0
10.1
00.1

==fr  

7th step 

Calculation of the system reserve ratio for the ultimate (collapse) limit state was performed 
according to the following equation: 

1LF
LF

R u
u =                           (A-8.15) 

The load factor LFu (for which the bridge reaches the ultimate limit state defined as collapse 
of the structure) was obtained in the non-linear analysis (see Table A-6.4). The load factor 
LF1 describing actual member capacity was determined in the 5th step. Performing the calcu-
lations the following value was obtained: 

48.1
92.3
80.5

==uR  

The redundancy ratio for the ultimate limit state was obtained using the following formula: 

)arg( ettu

u
u R

R
r =                          (A-8.16) 

Considering the target value as presented in the report (see point 3.2.2) the redundancy ratio 
was found. 

14.1
30.1
48.1

==ur  

8th step 

Calculation of the system reserve ratio for the theoretical damaged condition was performed 
according to the following equation: 

1LF
LF

R d
d =                           (A-8.17) 
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The load factor LFd (for theoretical damage condition) was calculated in the non-linear analy-
sis (see Table A-6.4). The assumed theoretical damage in this case was introduced in the 
model as the hinge in the main girder in the mid-span section. The load factor LF1 describing 
actual member capacity was determined in the 5th step. Performing the calculations the fol-
lowing value was obtained: 

42.0
92.3
66.1

==dR  

The redundancy ratio for the damaged condition limit state was obtained using the following 
formula: 

)arg( ettd

d
d R

R
r =                          (A-8.18) 

Considering the target value as presented in the report (see point 3.2.2) the redundancy ratio 
was found. 

84.0
50.0
42.0

==dr  

9th step 

Calculation of the system reserve ratio and the redundancy ratio for the theoretical damaged 
condition was performed also assuming different theoretical damage. The assumed theoreti-
cal damage in this case was introduced in the model as the hinge in the main girder in the 
section over pier B. The load factor LFd obtained in the non-linear analysis for this case is 
also presented in Table A-6.4.  

The following values of the system reserve ratio and the redundancy ratio were obtained: 

51.0
92.3
00.2

==dR  

02.1
50.0
51.0

==dr  

Since the obtained values of those parameters are higher than the values obtained in the 8th 
step, the system reserve ratio and redundancy ratio previously calculated were considered 
as relevant. The analysed two cases of the theoretical damages are likely to be the most 
significant and relevant for the analysed case. Due to this fact the analysis was not repeated 
for any other cases of possible theoretical damages. 

10th step 

The analyses of all possible load patterns was omitted in this example due to the fact, that 
just the safety of the mid-span section was decided to be analyzed. Hence, the minimum 
values of the redundancy ratios rf, ru and rd were considered as those obtained in the 6th, 7th  
and 8th step respectively. 

11th step 

Calculation of the redundancy factor was performed according to the following equation: 

);;min( 111 dfured rrrrrr=φ                      (A-8.19) 

Considering the member reserve ratio and redundancy ratios as calculated above the follow-
ing calculation was performed: 

34.1)336.1;813.1;447.1min()84.059.1;14.159.1;91.059.1min( ==⋅⋅⋅=redφ  
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12th step 

Since the redundancy factor Φred calculated in the previous step is greater than 1, the bridge 
may be considered as safe from the system point of view. The fact that redundancy factor is 
significantly higher than 1 means that the actual safety margin of the bridge is expected to be 
very high. 

 
 
Method of Ghosn and Moses – probabilistic approach 
As it was already mentioned in the report, besides the method to assess the safety by means 
of redundancy factors, Ghosn and Moses proposed a simplified probabilistic method to 
evaluate the bridge system reliability index (see point 3.2.2 of the report). The method re-
quires also the calculation of the required member capacity LF1 and load factors for function-
ality LFf, ultimate LFu and damaged condition LFd limit states. Due to this fact some analo-
gies to the previously presented step-by-sep procedure can be found. Steps 1,3 and 4 are 
performed equally as previously, and in the 5th, 6th, 7th, 8th, 9th and 10th steps the calculations 
and analysis necessary to obtain LF1, LFf, LFu and LFd were performed. After the definition of 
load factors LFi the parameters necessary for the reliability analysis (bias factor and coeffi-
cient of variation) were determined.  

To obtain the bias factor and coefficient of variation, the calculation of the mean value of the 
actual member capacity was first performed according to: 

Qk

GaGsRk

M
MMM

LF
−−

=1                      (A-8.20) 

where RM  is the mean value of the bending resistance; GsM  is the bending moment in the 

analysed section due to the mean value of the structure self weight; GaM  is the bending 
moment due to the mean value of the additional dead loads and MQk is the bending moment 
due to the characteristic value of the railway traffic load without impact. 

Considering the mean member bending resistance as defined in Table A-7.1 and considering 
the bending moments due to the mean dead loads and characteristic railway traffic load as 
defined in Table A-6.1, the following value was obtained: 

 

45.4
58.1163

24.18460.4155772
1 =

−−
=LF  

 

The bias factor for member capacity (expressed in terms of the load factor by which the 
characteristic value of the railway load has to be multiplied to reach the relevant member 
capacity) was obtained according to the following equation: 

1

1

LF
LF

LF =λ                           (A-8.21) 

After considering characteristic member capacity as defined by the equation (A-8.11) and 
mean member capacity as defined above the following value was obtained: 

135.1
92.3
45.4

==LFλ  
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The coefficient of variation of the member capacity was obtained with the following formula: 

 

1

222

LFM
V

Qk

MGaMGsMR
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++
=

σσσ
                   (A-8.22) 

 

where MQk is the characteristic value of the bending moment due to the railway traffic loads 
without impact; σMR is the standard deviation of the resistance against bending; σMGs is the 
standard deviation of the bending moment due to the self weight of the structure; σMGa is the 
standard deviation of the bending moment due to additional dead loads and 1LF  the mean 
value of the member capacity.  

Considering the statistical definition of the member resistance as defined in the Table A-7.1; 
the distribution types and coefficient of variations of loads effects equal to those of the corre-
sponding loads as determined in Table A-4.1, the characteristic value of the railway load ef-
fect as presented in the Table A-6.1 and mean member capacity as defined by the formula 
(A-8.20) it was possible to perform the following calculations: 

 

112.0
45.456.1163

)10.024.184()08.060.415()10.05772( 222

=
⋅

⋅+⋅+⋅
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The member reliability index was calculated according to the equation (A-8.23) appropriate 
for the assumed normal distribution of all the variables (in the report the equation uses log-
normal format considering that all the variables are log-normally distributed).  

 

22

1

LLLF

TRAIN
member

LLLF

σσ
β

+

−
=                      (A-8.23) 

 

where 1LF  is the mean value of the load factor that will cause the first member failure in the 

bridge assuming elastic analysis. TRAINLL  is the mean value of the load factor describing 

maximum expected lifetime live load including dynamic allowance effect. LFσ  is the standard 

deviation of 1LF  while LLσ  is the coefficient of variation of the maximum expected live load 

TRAINLL . 

Considering the mean value of the member capacity defined by the equation (A-8.20), the 
coefficient of variation of the member capacity as defined by the equation (A-8.22), the mean 
value of the maximum expected lifetime live load as the product of the impact factor (as de-
fined in the Table A-4.1) and bias factor (the factor equal to 0.82 relating characteristic value 
of the railway traffic load effects with the mean value of the railway traffic load effects as pre-
sented in the Table A-6.1) it was possible to perform the calculations. However, it was nec-
essary to determine the coefficient of variation of the product of the railway traffic and the 
impact factor. The coefficient of variation was considered to be equal to 0.14. This value is 
the effect of the multiplication of the railway load with a coefficient of variation equal to 10% 
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by the impact factor with a coefficient of variation equal to 50%. The following equation 
shows the calculations: 

 

61.6
518.0
425.3

)14.082.025.11()112.045.4(
82.025.1145.4

22
==

⋅⋅⋅+⋅

⋅⋅−
=memberβ  

 

As it was expected the obtained reliability index describing the member safety is almost 
equal to that obtained in point A-8.1. 

To perform the calculations of the system reliability index for the ultimate, functionality and 
damaged condition limit state the following assumptions were made. First, the mean value of 
the load factors for the ultimate LFu, functionality LFf and damaged condition LFd limit state 
were assumed to be related with characteristic values by the bias factor equal to that ob-
tained for the load factor describing member capacity LF1. Second, the coefficients of varia-
tion of those load factors were also assumed to be equal to the coefficient of variation ob-
tained for the load factor describing member capacity. 

Considering those assumptions, the system reliability index for the serviceability limit state 
(defined as the allowable deformation equal to L/500) was calculated according to:  

 

22
LLLF

TRAINf
serv

LLLF

σσ
β

+

−
=                       (A-8.24) 

 

where fLF  is the mean value of the load factor corresponding to the load level for which the 
deformation of the mid-span section reach the limit defined as L/500=0.027m. The remaining 
parameters are the same as in the previous case. 

Considering the characteristic value of the load factor LFf as defined in Table A-6.4, bias fac-
tor for LFf as defined by the equation (A-8.21) and remaining parameters as in the case of 
the member analysis performed above, the following reliability index for the serviceability limit 
state was obtained: 

 

60.6
519.0
424.3

)14.082.025.11()112.092.3135.1(
82.025.1192.3135.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=servβ  

 

The system reliability index for the ultimate limit state was calculated according to the follow-
ing expression:  

22
LLLF

TRAINu
ult

LLLF

σσ
β

+

−
=                       (A-8.25) 

where uLF  is the mean value of the load factor corresponding to the ultimate limit state. The 
remaining parameters are as previously. 
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Considering the characteristic value of the load factor LFu (see Table A-6.4), and remaining 
parameters as in the previous case, the following reliability index for the ultimate limit state 
was calculated: 

 

40.7
751.0
558.5

)14.082.025.11()112.080.5135.1(
82.025.1180.5135.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=ultβ  

 

The system reliability index for the damage condition limit state was calculated using follow-
ing equation:  

 

22
LLLF

TRAINd
damage

LLLF

σσ
β

+

−
=                      (A-8.26) 

 

where dLF  is the mean value of the load factor corresponding to the damage condition  limit 
state. The remaining parameters are as previously. 

Considering the characteristic value of the load factor LFd (see Table A-6.4), and remaining 
parameters as in the previous case, the reliability index for the damage condition limit state 
was determined as follows: 

 

37.3
255.0
859.0

)14.082.025.11()112.066.1135.1(
82.025.1166.1135.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=damageβ  

 

All reliability indexes are higher than the target values defined in the points A-4.1 and A-4.2 
of the present report. Due to this fact the structure can be considered as safe.  

To check the level of inherent redundancy of the bridge, the relative reliability indexes were 
calculated too using the following equations: 

 

memberultult βββ −=Δ                       (A-8.27) 

memberservserv βββ −=Δ                       (A-8.28) 

memberdamagedamage βββ −=Δ                     (A-8.29) 

 

The values obtained in the calculations are: 

79.061.640.7 =−=Δ ultβ  

01.061.660.6 −=−=Δ servβ  

24.361.637.3 −=−=Δ damageβ  
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Comparing the relative reliability indexes with the target values defined in the point 4.2 of the 
report it was concluded, that the bridge is not very redundant. However the bridge can be 
considered safe due to the fact that the member safety is very high. 

The calculated relative reliability indexes are strictly related to the redundancy factors ob-
tained in the previous chapter.  The relative reliability index for the ultimate limit state is 
slightly lower than the target value, in the same way that the redundancy factor for the ulti-
mate limit state is also very close to the target. The same type of relation can be observed for 
the remaining relative reliability indexes.   

 

 
Full probabilistic method 
The safety assessment of the bridge using fully probabilistic method was performed using 
Latin Hypercube simulation method and non-linear FEM model of the bridge as described in 
the point A-3 of the present document. The detailed description of the performed assessment 
is presented elsewhere (D4.4.3). In this paragraph just the final outcome is showed in order 
to simplify the comparison of the results obtained due to safety checks using several safety 
formats presented. 

The reliability index for the analysed mid-span section of the first span obtained due to prob-
abilistic non-linear analysis was found to be equal to β=9.65. 
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A-9  Safety assessment of the damaged bridge 

A-9.1 Member level assessment 
 

Partial safety factor method 
Following the same sequence of the assessment methodology as in the case of the intact 
bridge, the safety of the damaged main girder of the Brunna Bridge (about 50% of the rein-
forcement of the mid-span section was removed) was verified using partial safety factor 
method. 

Using the checking equation (A-8.1) and considering the partial safety factors defined in the 
Eurocode, the impact factor as defined in the Table A-4.1, the load effects as presented in 
the Table A-6.1 and the member resistance as defined in the Table A-7.1, the following cal-
culations were performed. 

58.116325.15.124.18435.16.41535.1274286.0 ⋅⋅+⋅+⋅≥⋅  

which after performing the calculations leads to the following inequality: 

kNmkNm ⋅≤⋅ 29922358  

As it can be seen using the partial safety factor method and the safety factors as defined in 
the Eurocode the safety of the mid-spans section of the Brunna Bridge main girder is not 
verified. The difference between the required and provided member capacity is quite signifi-
cant (about 25%). Therefore, a repair or strengthening work will be decided based on the 
results of this assessment.  

Full probabilistic method 
Since the bridge does not pass the first level assessment (see above), the analysis using 
more sophisticated safety formats were performed to verify if the bridge is unsafe. 

First, the safety of the damaged bridge member (bridge main girder) was analyzed using fully 
probabilistic method. The reliability index was calculated for the limit state function defined by 
the equation (A-8.2) using FORM. The distribution type and statistical parameters of the im-
pact factor were considered as defined in the Table A-4.1. The mean values of the load ef-
fects were considered as presented in Table A-6.1. The distribution types and coefficient of 
variations of the load effects were taken equal to those of the corresponding loads (see the 
Table A-4.1). The statistical definition of the member resistance was considered as defined in 
Table A-7.1. 

Considering statistical independency of all the variables the reliability index β=3.61 was ob-
tained. Comparing the obtained value of the reliability index β with the target values defined 
in the present report (see point 4.1) it may be concluded that the bridge could be considered 
as safe. However, the safety factor obtained is close to the limits defined by some more lib-
eral recommendations and even below the limits defined by more conservative codes. The 
fact, that the reliability index obtained using FORM is close to the target value and at the 
same time the member safety check using partial safety factor method fails significantly, 
shows that the partial safety factors in the Eurocode were rather calibrated for highway than 
for railway bridges. The coefficient of variation of the traffic load is significantly smaller for 
railway traffic than for highway traffic, this leads to the higher safety of railway bridges when 
considering the same partial safety factor in the checking equation. 
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Simplified probabilistic methods 
The Mean Load Method was also used to assess the safety of the Brunna Bridge main girder 
against bending. Assuming that all variables are normally distributed and statistically inde-
pendent the calculation of the reliability index using the formula (A-8.4) was performed. 

The statistical definition of the member resistance was considered as defined in the Table A-
7.1. The mean values of the load effects were taken as presented in the Table A-6.1 and the 
distribution types and coefficient of variations were assumed to be equal to those of the cor-
responding loads as determined in the Table A-4.1. The distribution types and statistical pa-
rameters of the impact factor were considered as defined in the Table A-4.1. The mean value 
of the bending moment due to the railway traffic load including impact was considered to be 
equal to the product of theirs mean values. The coefficient of variation was considered to be 
equal to 0.14. This value is the effect of the multiplication of the railway load with a coefficient 
of variation equal to 10% by the impact factor with a coefficient of variation equal to 50%. 
The following equation shows the performed calculation: 

61.3
351

1268
)14.095625.1()1.0184()08.0416()10.03063(

95625.11844163063
2222

==
⋅⋅+⋅+⋅+⋅

⋅−−−
=β  

As in the case of intact bridge the obtained reliability index β=3.61 is the same as calculated 
using fully probabilistic analysis and FORM.  

A-9.2 System level assessment 
 

Bounds method 
To estimate roughly the safety of the bridge main girder from the system point of view the 
bounds method was used. In the present example the lower bound was assessed in the 
point A-9.1, where reliability index equal to β=3.61 was obtained.  

The upper bound was estimated due to the plastic analysis according to the equations A-8.5 
and A-8.6 and using FORM. The probabilistic models, assumed in the reliability analysis, of 
all the variables were considered as follows. The distribution types and statistical parameters 
of the impact factor were considered as defined in Table A-4.1. The mean value of the load 
effects in the equivalent simply supported beam were considered as presented in the Table 
A-6.2. The distribution types and coefficient of variations of the load effects were considered 
equal to those of the corresponding loads as determined in the Table A-4.1. The statistical 
definition of the capacity of the critical sections was considered as defined in the Table A-7.1. 

Considering statistical independency of all the variables, for the defined limit state function 
and probabilistic models of variables defined above the reliability index β=9.07 was obtained.  
Analysing the results obtained due to the elastic and plastic analysis it was concluded that 
the system safety of the Brunna Bridge is much higher than the target (see point 4.2 of the 
report). The reliability index for the damaged bridge has to be located somewhere between 
β=3.61 and β=9.07 depending on the level of redistribution of bending moment between the 
critical sections. 

 
Method of Sobrino and Casas 
In order to assess the system safety more precisely but still in relatively simple way the 
Method of Sobrino and Casas was used. The safety of the bridge main girder was evaluated 
(using FORM) by means of the reliability index β according to the limit state function defined 
by the equations A-8.7 and A-8.8. 
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In the analyzed case (damaged bridge) the distribution types and statistical parameters of 
the impact factor were considered as defined in the Table A-4.1. The mean value of the load 
effects in the equivalent simply supported beam were considered as presented in the Table 
A-6.2. The distribution types and coefficient of variations of the load effects were considered 
equal to those of the corresponding loads (see Table A-4.1). The statistical definition of the 
member resistance was considered as defined in the Table A-7.1. The mean values of the 
bending moments at failure for the section over the piers and in the mid-span were consid-
ered as presented in the Table A-6.3. The distribution types for the bending moments at fail-
ure were assumed to have normal distribution and the coefficient of variation were taken 
equal to the coefficient of variation of the ultimate response of the corresponding sections 
against bending (see Table A-7.1). 

Considering statistical independency of all the variables and performing FORM analysis on 
the defined limit state function the reliability index β=4.67 was obtained. When the correlation 
between the bending moment at failure in the mid-span section M2

nla and ultimate resistance 
of the mid-span section M2

R was assumed the reliability index took values β=5.28 and 
β=6.84 for the correlation coefficient C=0.5 and C=0.99 respectively. 

The comparative analysis of the obtained reliability index β with the target values leads to the 
conclusion that the structure is sufficiently safe. Comparing the results with those obtained 
using member level safety formats we can conclude that the analysed structure shows sig-
nificant safety margin due to inherent redundancy and ductility which allows significant redis-
tribution of bending moments between the critical sections. 

 
Method of Ghosn and Moses-redundancy factor approach 
To be consistent with the sequence used in the assessment of the “intact bridge” the reliabil-
ity assessment of the Brunna Bridge after assuming some damage of the mid-span section 
was also performed using step-by-step method proposed by Ghosn and Moses. 

1st step 

The same as for “intact bridge” just the safety of the mid-span section of the first span was 
decided to by analysed, hence the identification of the critical members of the bridge was 
simplified to the choice of that section. 

2nd step 

Calculation of the required member capacity MRk(required) was performed according to the par-
tial safety factor method expressed by equation (A-8.9). Performing the following calculations 
the required member capacity for the mid-span section was obtained. 

kNmM requiredRk ⋅==
⋅⋅+⋅+⋅

= 3478
86.0

2992
86.0

58.116325.15.124.18435.16.41535.1
)(  

The actual member capacity of the analysed critical section was assumed to be as presented 
in the Table A-7.1. 

3rd step 

The non-linear FEM model of the Brunna Bridge was developed as described in the point A-3 
of this document. The best estimates of material properties, structure geometry and loads 
were used (mostly mean values) as explained in points A-3 and A-4. The general outline of 
the reinforcement was assumed to be as presented on the figure A-2.2. However in the finite 
element located in the middle of the first span the 50% of the bottom reinforcement was re-
moved. 
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4th step 

Due to the same reasons as for the “intact bridge” just one section of the bridge was ana-
lysed. The identification of the loading position and the most critical load pattern was omitted 
and the same longitudinal position of the railway traffic load (UIC train load model) as previ-
ously was assumed. 

5th step 

Calculation of the required member capacity and actual member capacity was performed 
according to the equations (A-8.10) and (A-8-11). Considering the required and actual mem-
ber bending resistance as defined in the 2nd step and considering the bending moments due 
to the mean dead loads and characteristic railway traffic loads as defined in the Table A-6.1 
the following values were obtained: 

47.2
58.1163

24.18460.4153478
)(1 =

−−
=requiredLF  

84.1
58.1163

24.18460.4152742
1 =

−−
=LF  

Continuing calculations the member reserve ratio defined by the equation (A-8.12) was de-
termined. 

75.0
47.2
84.1

1 ==r  

6th step 

Calculation of the system reserve ratio for the functionality limit state was performed accord-
ing to the equation (A-8.13). The load factor LFf was taken as showed in the Table A-6.4. 
The load factor LF1 describing actual member capacity was determined in the 5th step. Per-
forming the calculations the following value was obtained: 

55.1
84.1
85.2

==fR  

The redundancy ratio for the functionality limit state was obtained using the equation (A-
8.14). Considering the target value as presented in the report (see point 3.2.2) the redun-
dancy ratio was found. 

41.1
10.1
55.1

==fr  

7th step 

Calculation of the system reserve ratio for the ultimate limit state was performed using for-
mula (A-8.15). The load factor LFu was considered as defined in the Table A-6.4. The load 
factor LF1 describing actual member capacity was determined in the 5th step. Performing the 
calculations the following value was obtained: 

86.1
84.1
43.3

==uR  

The redundancy ratio for the ultimate limit state was obtained using the equation (A-8.16). 
Considering the target value as presented in the report (see point 3.2.2) the redundancy ratio 
was found. 

43.1
30.1
86.1

==ur  
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8th step 

Calculation of the system reserve ratio for the theoretical damaged condition was performed 
according to formula (A-8.17).  

The load factor LFu was defined due to the non-linear analysis (see Table A-6.4). The as-
sumed theoretical damage in this case was introduced to the model as the hinge in the main 
girder in the mid-span section. The load factor LF1 describing actual member capacity was 
determined in the 5th step. Performing the calculations the following value was obtained: 

90.0
84.1
66.1

==dR  

The redundancy ratio for the damaged condition limit state was obtained using formula (A-
8.18). Considering the target value as presented in the report (see point 3.2.2) the redun-
dancy ratio was found. 

80.1
50.0
90.0

==dr  

9th step 

Calculation of the system reserve ratio and the redundancy ratio for the theoretical damaged 
condition was performed also assuming different theoretical damage. The assumed theoreti-
cal damage in this case was introduced to the model as the hinge in the main girder in the 
section over the pier B. The load factor LFu obtained due to the non-linear analysis for this 
case is also presented in the Table A-6.4.  

The following values of the system reserve ratio and the redundancy ratio were obtained: 

68.0
84.1
26.1

==dR  

36.1
50.0
68.0

==dr  

Since the obtained values of those parameters are lower then the values obtained in the 8th 
step, the system reserve ratio and redundancy ratio calculated here were considered as 
relevant. Due to the same reasons as in case of the “intact bridge” the analysis were not re-
peated for any other cases of possible theoretical damages. 

10th step 

The analyses of the all possible load patterns was omitted in this study due to the fact, that 
just the safety of the mid-span section was decided to be analyzed. Hence, the minimum 
values of the redundancy ratios rf, ru and rd were considered as those obtained in the 6th, 7th  
and 9th step respectively. 

11th step 

Calculation of the redundancy factor was performed according to the equation (A-8.19). Con-
sidering the member reserve ratio and redundancy ratios as calculated above the following 
calculation were performed: 

02.1)020.1;073.1;058.1min()36.175.0;43.175.0;41.175.0min( ==⋅⋅⋅=redφ  

12th step 

Since the redundancy factor Φred calculated in the previous step is greater than 1, the bridge 
may be considered as safe from the system point of view despite the fact, that the member 
check fails and the member reserve ratio is significantly smaller than 1. 
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Method of Ghosn and Moses – probabilistic approach 
The probabilistic version of Ghosn and Moses method was also used to assess the safety 
and redundancy of the damaged bridge.  

Considering the mean member bending resistance as defined in the Table A-7.1, the bend-
ing moments due to the mean dead loads and characteristic railway traffic load as defined in 
Table A-6.1 and using equation (A-8.20) the following value of the mean member capacity 
was obtained: 

12.2
58.1163

24.18460.4153063
1 =

−−
=LF  

The bias factor for member capacity was calculated using equation (A-8.21).The mean 
member capacity was considered as defined above. However the characteristic member 
capacity was assumed as calculated in the previous method. The obtained value of the bias 
factor is: 

152.1
85.1
12.2

==LFλ  

The coefficient of variation of the member capacity was obtained with (A-8.22). The statistical 
definition of the member resistance was considered as defined in the Table A-7.1; the distri-
bution types and coefficient of variations of loads effects were taken equal to those of the 
corresponding loads as determined in the Table A-4.1, the mean value of the railway load 
effect was assumed in the calculations as presented in Table A-6.1 and, finally, mean mem-
ber capacity as defined above. The performed calculations are presented below: 

 

125.0
12.256.1163

)10.024.184()08.060.415()10.03063( 222

=
⋅

⋅+⋅+⋅
=LFV  

 

The member reliability index was calculated according to the formula (A-8.23). The mean 
value of the member capacity and the coefficient of variation of the member capacity were 
considered as calculated above. The mean value of the maximum expected lifetime live load 
was taken as the product of the impact factor and bias factor. The coefficient of variation was 
considered to be equal to 0.14. The following equation shows the performed calculations: 

64.3
301.0
095.1

)14.082.025.11()125.012.2(
82.025.1112.2

22
==

⋅⋅⋅+⋅

⋅⋅−
=memberβ  

As in the case of the “intact bridge” the reliability index describing the member safety ob-
tained in the calculation is almost equal to the reliability index obtained in A-9.1. 

The calculations of the system reliability index for the ultimate, functionality and damaged 
condition limit state the were performed considering that the bias factor and the coefficient of 
variation obtained for the load factor LF1 are the same for the load factors LFf, LFu and LFd. 

The system reliability index for the serviceability limit state (defined as the allowable defor-
mation equal to L/500) was calculated according to the formula (A-8.24) considering the 
characteristic value of the load factor LFf as defined in the Table A-6.4, bias factor for LFf as 
defined for LF1 and remaining parameters as in the case of the member analysis performed 
above. The reliability index for the serviceability limit state was obtained as presented below: 
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19.5
435.0
258.2

)14.082.025.11()125.085.2152.1(
82.025.1185.2152.1

22
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⋅⋅⋅+⋅⋅

⋅⋅−⋅
=servβ  

 

he system reliability index for the ultimate limit state was calculated using expression (A-8-
25) where the characteristic value of the load factor LFu was taken as shown in Table A-6.4 
and the remaining parameters were considered as previously. 

69.5
514.0
926.2

)14.082.025.11()125.043.3152.1(
82.025.1143.3152.1

22
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⋅⋅⋅+⋅⋅

⋅⋅−⋅
=ultβ  

 

The system reliability index for the damage condition limit state was calculated using equa-
tion (A-8-26). In the calculation the characteristic value of the load factor LFd was considered 
as in the Table A-6.4 and remaining parameters were assumed as in the previous case. 

 

85.1
231.0
427.0

)14.082.025.11()125.026.1152.1(
82.025.1126.1152.1

22
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⋅⋅⋅+⋅⋅

⋅⋅−⋅
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All the obtained reliability indexes are higher than the target values defined in the points A-
4.1 and A-4.2 of the present report. Due to this fact the structure can be considered as safe.  

The inherent level of redundancy of the bridge expressed by the relative reliability indexes 
was assessed using equations (A-8.27, A-8.28, A-8.29). The results are: 

05.264.369.5 =−=Δ ultβ  

55.164.319.5 =−=Δ servβ  

79.164.385.1 −=−=Δ damageβ  

The comparison of the relative reliability indexes with the target values shows that the bridge 
is sufficiently redundant in the serviceability, ultimate and damage condition limit state. The 
bridge was considered safe due to the fact that the member safety is very high even after 
damage of the mid-span reinforcement. 

 
Full probabilistic method 
The safety assessment of the Brunna Bridge using was also performed using fully probabilis-
tic method, in the same way as in the case of the “intact bridge” The reliability index obtained 
due to the analysis was found equal to β=6.48. The detailed results of that analysis are 
showed in the related document (D4.4.3).  
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A-10  Conclusions  

The evaluation of the Brunna Bridge using several safety formats proposed in the report 
shows that the structure has sufficient safety margin against the considered load level (UIC 
train load) for the intact condition state. For the damaged condition state the assessment 
using partial safety factor method fails and the structure appears to be unsafe. However the 
assessment using more advanced safety formats shows, that the bridge is still sufficiently 
safe. Table A-10.1 summarizes the results of the safety assessment of the Brunna Bridge 
using several safety formats appropriate for the member and system level checks. The re-
sults for intact as well as for the damaged condition are showed. 

 

Table A-10.1: Results of the assessment of the Brunna Bridge 

Result of the safety assessment   
Safety format 

Intact bridge Damaged bridge 

Partial safety factor method safe unsafe 

Fully probabilistic method (FORM) β = 6.60 β = 3.61 

M
em

be
r 

Mean Load Method β = 6.60 β = 3.61 

Method of Ghosn and Moses – red. fact. safe safe 

Bounds method 6.60 ≤ β ≤ 10.00 3.61 ≤ β ≤9.07 

Method of Sobrino and Casas  β=6.61 (7.16;9.21)* β=4.67 (5.28;6.84)* 

Method of Ghosn and Moses – prob.  β = 7.40 β = 5.69 

S
ys

te
m

 

Fully probabilistic method (L-H + FORM) β = 9.65 β = 6.48 
(*) Values in brackets were obtained considering correlations between M2

nla and u M2
R C=0.5 and C=0.99 respec-

tively. 

 

Most of the presented safety formats require some knowledge about structural reliability the-
ory. The safety format named as Ghosn and Moses method does not require any as it only 
uses a deterministic procedure. Also the Mean Load Method is relatively simple and for 
available probabilistic models of loads and resistances (see D 4.4.2) it can be easily applied 
for the safety assessment of the existing railway bridges. Remaining methods are more 
complicated and require knowledge about structural reliability. However following the pre-
sented examples, using appropriate software and considering the probabilistic models of 
variables as presented in the relevant report (D4.4.2) the assessment of a railway bridge 
should be straightforward for an experienced structural engineer. 
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This report is one of the deliverables from the Integrated Research Project “Sustainable Bridges - Assessment for 
Future Traffic Demands and Longer Lives” funded by the European Commission within 6th Framework Pro-
gramme. The Project aims to help European railways to meet increasing transportation demands, which can only 
be accommodated on the existing railway network by allowing the passage of heavier freight trains and faster 
passenger trains. This requires that the existing bridges within the network have to be upgraded without causing 
unnecessary disruption to the carriage of goods and passengers, and without compromising the safety and econ-
omy of the railways. 

A consortium, consisting of 32 partners drawn from railway bridge owners, consultants, contractors, research 
institutes and universities, has carried out the Project, which has a gross budget of more than 10 million Euros. 
The European Commission has provided substantial funding, with the balancing funding has been coming from 
the Project partners. Skanska Sverige AB has provided the overall co-ordination of the Project, whilst Luleå Tech-
nical University has undertaken the scientific leadership. 

The Project has developed improved procedures and methods for inspection, testing, monitoring and condition 
assessment, of railway bridges. Furthermore, it has developed advanced methodologies for assessing the safe 
carrying capacity of bridges and better engineering solutions for repair and strengthening of bridges that are found 
to be in need of attention.  

 

The authors of this report have used their best endeavours to ensure that the information presented here is of the 
highest quality. However, no liability can be accepted by the authors for any loss caused by its use. 
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Summary 

The reliability-based assessment methods have shown their high potentiality in the load ca-
pacity evaluation of existing bridges. Several applications to real bridges showed their advan-
tages when compared to standard methods of assessment. However, the general application 
of such methodology to the majority of bridge assessments, remains still unsolved. One of 
the main difficulties encountered is the development of accurate probabilistic models of re-
sponse. This, in fact, may become cumbersome for the practical evaluator engineer as it 
comprises sophisticated models of sectional response (in bending and/or shear) and an im-
portant volume of calculations. For this reason, the present report presents a simple method-
ology to derive complete probabilistic response models of bending and shear for reinforced, 
prestressed concrete and steel bridges. The method is based on the calculation of the mean 
value and the coefficient of variation of the sectional response (ultimate bending moment, 
ultimate shear strength). To obtain these values, the assessing engineer only has to calcu-
late the nominal value of this response, using the most traditional and simple methods avail-
able in the current Codes and select the bias ratio (ratio of mean to nominal value) and the 
coefficient of variation from the figures and tables provided in the report, according to the 
bridge characteristics (amount of prestressing, amount of reinforcement, variability of con-
crete and steel,…..). The bias ratio and coefficient of variation have been obtained through a 
simulation process where the statistical definition of the basic variables has been derived 
according to the data available in the literature and also obtained within the work developed 
in the Sustainable Bridges project.  

The cross-sections that are worked out in the present report are the most representative of 
the concrete and steel bridges more frequently encountered in the European railway net-
work. This has been achieved thanks to the survey carried out among 5 railway administra-
tions (Finland, France, Germany, Sweden, United Kingdom) participating in the present pro-
ject. Based on the stock of bridges present in those Agencies, the examples shown in the 
present study have been selected. According to the failure criteria and the corresponding 
limit states that may be defined for masonry arches, the possibility of simple probabilistic 
models for those bridges would be also of interest. However, due to the present lack of data 
concerning the variables of geometry and materials in masonry, the present study is only 
dealing with concrete and steel bridges.  

The complete work comprises the bending and shear response of bridges at the Ultimate 
Limit State.  

For bending, the Code used to obtain the nominal value of the ultimate bending moment is 
the Eurocode.  The results show that the bias ratio for bending moment ranges from 1.05 to 
1.15 for concrete elements and around 1.10 for steel members. Also, in general, the coeffi-
cient of variation of the ultimate bending moment is very close to the coefficient of variation of 
the reinforcing steel for reinforced cross-sections, to that of prestressing steel for post-
tensioned cross-sections and to that of structural steel for steel plate girder sections. In gen-
eral, the theoretical distribution function is of the Normal (Gaussian) type. 

For shear, in the case of reinforced concrete members with shear reinforcement a bias ratio 
of 1.20 and a coefficient of variation equal to that of the reinforcing steel used for shear resis-
tance can be assumed. In the case of postensioned members with rectangular and T-shape 
cross sections, a bias ratio of 1.05 and a coefficient of variation of 12 % can be used. The 
theoretical distribution functions can be assumed as Normal. For all cases analysed of shear 
in concrete elements, the obtained results are applicable to failure in shear due to the rupture 
of the reinforcing steel and never because of the excessive compression in the concrete di-
agonal strut. Also, when both longitudinal and transversal reinforcing is disposed the failure 
of the shear reinforcement occurs first.  
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1 Introduction 

The assessment of a component or member of a bridge using a probabilistic approach can 
be in most of the cases based on the following equation: 

 

                                              G = R – S                                                                     (1.1) 

 

Where G is the limit state function of the limit state in consideration, R is the member resis-
tance and S is the load effect (dead load, live load, environmental load,…). Both R and S are 
random variables. In order to obtain the probability of failure or reliability index β associated 
to this limit state, it is necessary to know the statistical distribution of both R and S.  

As an example, in the ULS of failure by bending of a reinforced concrete element, R is the 
ultimate bending moment of the cross-section. How the statistical distribution of the ultimate 
bending moment can be defined?  Of course, the ultimate bending moment (UBM) is de-
pendent of many other random variables that are called basic variables. Some of these 
variables are of a geometrical nature (cross-section depth, member width,….) and others of 
mechanical origin ( concrete compressive strength, yielding stress of the reinforcement,….). 
The method to obtain the statistical distribution of UBM is to define an explicit relationship 
between it and the corresponding basic variables, based on the mechanics of structures. 
Once this mathematic relationship is defined and the statistical definition of the basic vari-
ables is known, the UBM can be evaluated by a simulation process. Besides the uncertainty 
in strength and geometry, also the uncertainty associated to the approximate method of 
analysis (idealized stress and strain distribution model, constitutive laws for materials, etc…) 
must be considered.  The realization of a significant number of simulations allows the defini-
tion of the histogram and afterwards a theoretical statistical distribution (Normal, Lognormal, 
Gumbel,…..) can be fitted to the resulting histogram obtaining the final probabilistic model for 
the member resistance.  

It is clear that the above commented process is cumbersome and requires mathematical and 
computational tools and knowledge not normally available to or used by the “standard” bridge 
evaluator. However, what a standard bridge evaluator is able to easily calculate is the nomi-
nal value of such resistance. This is the ultimate bending moment obtained using the char-
acteristic values of the basic variables and the method of calculation available in the design 
code or the assessment code (if available). If we provide to this evaluator the so-called bias 
ratio of the variable ( the ratio between the mean and the nominal values), the coefficient of 
variation (the ratio between the standard deviation and the mean value), and the type of 
distribution (Normal, lognormal,….), then a complete definition of the random variable “ulti-
mate bending moment” for the calculation of the reliability index is achieved using only the 
calculated nominal value. 



Sustainable Bridges SB-4.4.2 2007-11-30  7 (92) 
    
 

2 Objectives  

The main objective of the present activity is to define a set of probabilistic models for the 
bridge response that may be used in the assessment of an existing bridge at a compo-
nent/member level. To this end, the following objectives are pursued: 

1.- The probabilistic models must be simple enough to allow the bridge evaluator their easy 
application  

2.- The models should be accurate enough to guarantee that the adopted decision based on 
their application is not challenging the safety or functionality of the bridge 

3.- The models should be suitable for the most common bridge types encountered in the 
European railway network  and for the most common assessment processes ( bending and 
shear) 

According to the failure criteria and the corresponding limit states that may be defined for the 
masonry arches [20,21], the possibility of simple probabilistic models will be also of interest. 
However, due to the lack of data concerning the variables of geometry and materials in ma-
sonry, the present study is only dealing with concrete and steel bridges.  
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3 Methodology 

The basis of the method is the determination of the bias factors, coefficients of variation 
and distribution type for the response of bridge components. The response is measured in 
terms of bending moment, shear capacity, torsion,…. depending on the limit state in consid-
eration. The most common limit states (bending and shear) and bridge elements within the 
European railway network will be considered. For each one of the identified limit states and 
elements, the following steps will be worked out: 

 

1.- Definition of the limit state function. Identification of the resisting part R 

2.- Definition of the relationship between R and the basic variables 

3.- Process of simulation (N simulations) 

4.- Fitting of a theoretical distribution to the N values of R obtained in the simulation. Calcula-
tion of mean value and coefficient of variation 

 

The simulation method can be either the crude Monte-Carlo or other importance sampling 
methods available. In the case of concrete elements, the Latin Hypercube Sampling (LHS) 
method [10] has been used with 50 or 100 simulations depending on the particular case. For 
the steel cross-sections, crude Monte-Carlo was used with a total of 10,000 samples.  
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4 Survey of bridges in the network 

To develop a set of probabilistic models that may be applied to a high number of practical 
evaluations, the first step is to define the limit states and the type of bridge components more 
frequently encountered in the network. Some of them seem already evident, i.e., ultimate 
bending of reinforced/prestressed concrete girders, shear resistance of rein-
forced/prestressed concrete bridges, ultimate bending of steel beams, resistance of riveted 
elements of steel bridges. However, the final list of elements to be investigated was based 
on: 

1.- The survey developed within WP1 regarding the bridge stock in the railway lines across 
Europe 

2.- The contacts and discussion with the railway owners group present in the project (NR, 
DB, SNCF, BV, RHK, PLK) that will help to identify the most common type of resistance 
members in the bridge stock 

A questionnaire (see annex A-1) was sent to the railway administrations in the WP2 and the 
responses were received from 5 of them.( see annex A-1). The summary of the responses is 
presented is presented in table 1. 

 

Table 1.- Summary of responses from railway administrations to questionnaire and types of 
cross-section of bridges by material and span-length 

Railway  owner Topic 

NR BV SNCF DB RHK 

Not inclusion of 
composite and 

encased beams 

OK OK OK OK OK 

No iron bridges OK OK OK OK OK 

Only concrete 
bridges L < 40 m 

OK OK OK OK OK 

Concrete 
bridges < 10 m 

Reinforced 
precast 
slabs; 

No cast in 
situ slabs or 

frames 

Reinforced 
concrete 

slabs, 
frames and 

troughs 

No answer Reinforced 
concrete 
slabs and 

frames 

Reinforced 
concrete 

slabs, 
frames and 

troughs 

Concrete 
bridges 

10m < L < 40 m 

Reinforced 
and 

prestressed 
precast 
slabs 

Reinforced  
slabs and 
troughs;  

Reinforced 
and 

prestressed 
beams with 
upper slab; 

Few box 
girder 

No answer Prestressed 
concrete 

slabs; 
Reinforced 

and 
prestressed 
beams with 
upper slab;  

Few box 
girder 

Cast in situ 
reinforced 

and 
prestressed 
single-span 

and con-
tinuous 
slabs;  

Few box 
girder 

Only metallic OK No. Raise 
the limit to 

OK OK No. Raise 
the limit to 
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bridges < 40 m 60 m to in-
clude more 

trough 
bridges 

60 m to in-
clude truss 

bridges 

Metallic bridges 
< 10 m 

Plate gird-
ers “semi 

trough” and 
trough 

bridges;  
Plate gird-
ers under 
the track 

Simply sup-
ported 4-

beam type  

Similar to 
NR;  

2 additional 
bridge types

Plate gird-
ers trough 
bridges;  

Plate gird-
ers under 
the track 

Plate gird-
ers riveted 
or welded 

Metallic bridges 

10m < L < 40 m 

Truss or 
lattice 

bridges 

Plate gird-
ers trough 
bridges;  

Plate gird-
ers under 
the track 

Truss 
bridges 

Plate gird-
ers trough 
bridges;  

Plate gird-
ers under 
the track;  

Truss 
bridges 

Plate gird-
ers (spans < 

30 m);  
Truss 

bridges 
(spans >  30 

m) 

Only arches < 
10 m 

OK OK OK OK OK 

Type of arch 
bridge 

Multi ring 
brick;  

Few stone 

Granite 
stone 

Stone;  
Not circular 

Brick;  
Few stone 

Granite 
stone 

 

According to the results, the following decisions were taken:  

1.- No composite, encased beams and iron bridges considered in the study 

2.- Analysis of cast in situ concrete bridges and not slab on precast I-beam bridges 

3.- In concrete bridges, the most used cross-section for short and medium spans are through 
bridges, with two (or more) rectangular prestressed/reinforced rectangular beams in longitu-
dinal direction with a bottom reinforced concrete slab connecting the main longitudinal gird-
ers. Also the postensioned massive slabs and the T-shape reinforced girders are quite nu-
merous. The first are used in continuous beams with span length around 20 m and the sec-
ond for short-spans up to 10 m  

4.- Box-girder cross sections are not considered in the study 

5.- In steel bridges, the most used solution for short and medium span bridges is again the 
through bridge. In this case, the main longitudinal girders and transverse beams are made up 
of steel plates welded or bolted (plate girder solution). 

According to that, it was decided to analyse the following sections:  

1.- Postensioned concrete rectangular beams (span length around 20 m) 

2.- Postensioned concrete massive slabs (span length around 20 m) 

3.- Reinforced T beams (maximum span length 15 m) 

4.- Reinforced rectangular beams ( maximum span length 15 m ) 

5.- Steel plate girder (span length around 30 m) 
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5 Definition of the basic variables 

The statistical definition (mean value, coefficient of variation and distribution type) of the ba-
sic variables is based on the tests and surveys available in the literature. The information 
available in the literature was complemented with data provided from the railway owners par-
ticipating in the project.  

 

5.1 Concrete 

5.1.1 Dimensions 
The geometrical variables of concrete elements have been defined on the basis of the works 
reported in [1-2]. The statistical parameters of geometrical variability are normally derived 
with data from buildings.  However, the construction of bridges is subjected to higher quality 
controls and more advanced construction techniques. Thus higher construction quality is 
normally achieved and therefore statistical models for bridges may differ from those of build-
ings. For this reason, the data reported in [1-2] has been up-dated based on the information 
collected in [3], obtained from the gathered data in the survey of concrete bridges. In this 
way, specific data for concrete bridges is obtained. Because of the specific quality controls 
and tolerances involved, the data is divided between precast elements (prestressed girders) 
and cast in situ bridges (tables 2 and 3) 

Table 2.- Geometrical variability in cast in-situ bridges 

Variable Nominal 
value (cm) 

Bias ratio Standard de-
viation (cm) 

Coefficient of 
variation (%) 

Distribu-
tion 

Horizontal di-
mension 

All range 1.0 0.3 0- 1 Normal 

Vertical dimen-
sion 

< 25 

25< X < 60 

> 60 

0.95-1.03 

1.0 

1.03 

0.3-1.2 

0.8-1.8 

2.0 

2-7 

2-7 

2 

Normal 

Diameter of 
voids 

< 90 

> 90 

0.99 

0.97 

3.0 

1.0 

3.5 

0.8 

Normal 

Depth of top 
reinforce-
ment(**) 

3 (H < 25) 

3 (H > 25) 

1.2 

1.4 

1.2 

0.7-1.5 

24 

15-30 

Lognormal

Depth of bottom 
reinfor. (**) 

All range 1.0 0.6-1.2 (*) Normal 

Separation of 
shear stirrups 

All range 1.0 (*) 2  Lognormal

Depth of 
prestressing (**) 

All range 0.98-1.0 1.63 (*) Normal 

(*) Depends on nominal values, H = Height of the cross-section 

(**) Depth of top and bottom reinforcement from the top surface. Depth of prestressing from the most far surface 

 



Sustainable Bridges SB-4.4.2 2007-11-30  12 (92) 
    
 

Table 3.- Geometrical variability in precast beams 

Variable Nominal 
value (cm) 

Bias ratio Standard de-
viation (cm) 

Coefficient of 
variation (%) 

Distribu-
tion 

Horizontal 
dimension 

< 25 

25< X < 60 

1.0 

1.0 

0.2-0.5 

0.2-1.2 

0.3-0.7 

0.3-4.0 

Normal 

Vertical di-
mension 

< 25 

25< X< 60 

0.94-1.025 

0.94-1.025 

1.0 

0.2-0.5 

2.5 

0.3-1.0 

Normal 

 

The values in table 2 correspond to slab and box-girder cast in situ bridges and upper slab of 
precast girder bridges. Concerning the vertical dimensions, the lowest values of COV (2 %) 
in table 1 correspond to the thickness of top and bottom flanges in box-girder bridges. The 
largest values (7 %) apply to the thickness of slab deck over precast beams and cross-
section depth of slab bridges. 

The values in table 3 are more representative of precast “in situ” beams than of beams pre-
cast in the factory. Many existing precast girder bridges were built with this technique when 
transportation facilities were more difficult than today. This explains the high values of the 
coefficient of variation for some dimensions. 

5.1.2 Mechanical properties 
The bias ratio (λ) and coefficient of variation (COV) for the compressive strength are taken as 
1.10 and from 5 % to 15 % respectively, representing different levels of concrete homogene-
ity and quality. This values correspond to concretes with compressive strength greater than 
20 MPa [3,4]. The characteristic compressive strength in the case of reinforced members is 
30 MPa and 35 MPa in the case of prestressed elements. Despite in some cases the flexural 
response of concrete bridges failing by rupture of steel is very little influenced by the strength 
of concrete [5] it was decided to perform different analysis with different values of the coeffi-
cient of variation of the compressive concrete strength (5, 10 and 15 %) to see the sensitivity 
of the results to this variable. The coefficient of variation of the Young ´s modulus is assumed 
to be 8 % [4]. In both cases a normal distribution is used. 

5.2 Reinforcing steel 

5.2.1 Dimensions 
The area of reinforcing bars is modelled as a normal variable with bias ratio equal to 1.0 and 
coefficient of variation 2 % [3] 

5.2.2 Mechanical properties 
Table 4.- Variability in mechanical properties of reinforcing steel 

Variable Nominal 
value (MPa) 

Bias ratio Coefficient of 
variation (%) 

Distribution 

Yield stress 510 1.15 5-15 Lognormal 

Ultimate strength 550 1.15 5-15 Lognormal 

Young modulus 210000 1.0 2 Lognormal 

Maximum strain (%) 14 1.6 13 Normal 
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The values are presented in table 4 based on data presented in [3,6]. The wide range of 
variability of the coefficient of variation of yielding stress wants to take into account the differ-
ent steel qualities and fabrication methods used in the past. Old bridges may have low qual-
ity reinforcing steel. 

5.3 Prestressing steel 

5.3.1 Dimensions 
The area of prestressing strands is modelled by a normal distribution with a bias ratio of 1.0 
and coefficient of variation of 1.2 % 

5.3.2 Mechanical properties 
The yield stress (corresponding to a 0.2 % of permanent deformation), ultimate strength, 
elasticity modulus and maximum strain are shown in table 5 [3,5,7]. References 3 and 5 have 
examined Spanish steels, whereas reference 7 was focused on European steels. The wide 
range of variability of the coefficient of variation of yielding stress wants to take into account 
the different steel qualities and fabrication methods used in the past. Old bridges may have 
low quality prestressing steel. 

Table 5.- Variability in mechanical properties of prestressing steel 

Variable Nominal 
value (MPa) 

Bias ratio Coefficient of 
variation (%) 

Distribution 

Yield stress 1670 1.05 1-6 Lognormal 

Ultimate strength 1860 1.05 1-6 Lognormal 

Young modulus 190000 1.0 1.8 Lognormal 

Maximum strain (%) 3.5 - 4 Normal 

5.4 Structural steel 

5.4.1 Dimensions 
According to the conclusions of chapter 4, the cross sections considered in the analysis are 
built up of steel plates (plate girders). Therefore the basic variables are taken as the width 
and thickness of such plates. The mean values are assumed equal to the nominal values. In 
order to cover all possible situations present in old steel bridges, the COV of the width can 
range from 1 to 3 % and the COV of the plate thickness from 1 to 5 % [11]. 

5.4.2 Mechanical properties 
Yield stress for carbon steel plates (the most common used in steel bridges) can be as-
sumed as a lognormal variable with bias ratio equal to 1.10 and coefficient of variation be-
tween 2 and 12 % [12]. The lower values correspond to high steel qualities and same profile 
and production firm, whereas the highest are representative of low steel qualities and differ-
ent profiles and production firms.  

The ultimate strength for normal steel is about 50 % higher than the yield strength. For low-
alloyed steel and tempered steel, the coefficients are 40 and 10 % respectively. 

The coefficient of variation of the Young modulus and Poisson ratio are taken equal to 3 %.   
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5.5 Modelling error 
Besides the uncertainty in the geometry and materials, we have also to take into considera-
tion the random variable “model error” (η). This is a variable that relates the actual values of 
the response (obtained for instance in a test) with the values deduced with the analyti-
cal/numerical models of response.  

ltheoretica

erimental

R
Rexp=η  

Because in chapter 6 the results apply to the bias ratio and the coefficient of variation of the 
response using analytical/numerical models for the response, afterwards the error existing in 
such models should be considered. Therefore, the mean value of the response will be:   

nmeanmean RR λη=  

where λ is the bias ratio obtained in chapter 6 and Rn is the nominal value of resistance. The 
coefficient of variation of the response will be: 

2
122 )( RtR COVCOVCOV += η  

being Rt the theoretical resistance as derived in chapter 6 

 

The proposed values for the mean and COV of the error modelling variable for bridge mem-
bers in bending and shear are presented in table 5a. This values are obtained from the avail-
able literature on the subject [15,16,17,18,19].  

Table 5a.- Mean value and coefficient of variation of the random variable “model error” for 
bridge elements.  

Type of structure η Mean COV 

Bending 1.02 0.06 

Shear – with steel 1.07 0.10 

Reinforced and prestressed 
concrete 

Shear – no steel 1.20 0.10 

Bending 1.02 0.06 Non-composite steel girders 

Shear 1.02 0.07 
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6 Results 

The results from the research will be the statistical definition (bias ratio (λ), coefficient of 
variation (COV) and type of distribution) of the most commonly used response variables in 
the assessment of railway bridges: concrete members in bending and shear and steel mem-
bers in bending.  

6.1 Concrete members in bending 

6.1.1 Model for concrete elements in bending 
The probabilistic ultimate response of the concrete sections in bending has been obtained 
using the software SINASIEN2 [8,9]. The model of response considered does not take into 
account the tensile strength of concrete in the resistance as well as the tension stiffening 
effect in cracked cross-sections. The randomness of the basic variables is considered using 
a simulation process based on the Latin Hypercube Sampling method [10].  

Due to the variability in the geometrical dimensions of cast in situ concrete members as indi-
cated in table 2, and to see the sensitivity of the results to those variables, it was decided to 
carry out two separate analysis: one in the case of a very good execution ( low levels of vari-
ability in table 2) and a second case simulating a poor execution ( highest level of variability 
in table 2). Therefore, the 2 extreme cases of geometry (G1, G2) as presented in table 6 
were analysed. However, the results for the 2 extreme cases of geometry showed very simi-
lar and therefore it the following, only the results corresponding to G2 are presented.  

Table 6.- Definition of variability in geometrical dimensions for concrete elements 

 G1 G2 

Horizontal dimensions Deterministic │Mean-Nominal │= 1 cm 

Vertical dimensions (cm) x<25 25<x<60 x >60 X<25 25<x<60 x>60 

Bias ratio 1.03 1.0 1.03 0.95 1.0 1.03 

σ (cm) 0.3 0.8 2.0 1.2 1.8 2.0 

 

COV (%) 2 2 2 7 7 2 

 

The stress-strain relationships used for concrete, reinforcing and prestressing steel are 
shown in figures 1 to 4. In the case of concrete and reinforcing steel, the same relationships 
are used both for the simulation and for the calculation of the nominal value of the ultimate 
bending moment. In the case of prestressing steel, a more accurate law is used for simula-
tion (figure 3) than the used for the calculation of the nominal value (figure 4). The failure is 
reached either if the maximum strain in the most compressed concrete fibre is greater than 
0.35 % or the maximum strain in the most tensioned steel bar of prestressing strand exceeds 
the limit of 1 %. The stress-strain relationships as defined in the Eurocode 2 with the charac-
teristic values of concrete and steel strengths and failure criteria have been assumed in the 
calculation of the nominal value of the response. Therefore, the nominal value, used as ref-
erence for the calculation of the bias ratio, is the one obtained using the Eurocode. 
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Figure 1.- Stress-strain diagram for concrete as defined in Eurocode 2(simulation and nomi-
nal value) 

 
Figure 2.- Stress-strain diagram for reinforcing steel as defined in Eurocode 2 (simulation 
and nominal value) 

 
Figure 3.- Stress-strain diagram for prestressing steel used in the simulation 

 

 



Sustainable Bridges SB-4.4.2 2007-11-30  17 (92) 
    
 

 
Figure 4.- Stress-strain diagram for prestressing steel as defined in Eurocode 2 used in the 
calculation of the nominal value of ultimate bending moment 

 

According to chapter 4, the following sections were analysed:  

1.- Postensioned rectangular beams 

2.- Postensioned massive slabs 

3.- Reinforced T beams 

4.- Reinforced rectangular beams 

6.1.2 Postensioned rectangular beams 
The geometry of the cross-section is presented in figure 5. The cases presented in table 7 
were analysed, with H=1.0, 1.3 and 1.8 m. The cases considered are selected to represent 
the range of cross-sections and amounts of prestressing present in the railway bridges of the 
European network.   

 
Figure 5.- Cross-section of postensioned rectangular element 
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Table 7.- Definition of nominal geometry for prestressed rectangular cross-section 

SECTION Width B 
(m) 

Depth H 
(m) 

As (cm2) d (m) Ap (cm2) dp (m) 

VRP1030 30 
VRP1040 40 
VRP1050 

0.8 1.0 12.1 0.97 

50 

0.9 

VRP1330 30 
VRP1350 50 
VRP1370 

0.8 1.3 12.1 1.27 

70 

1.2 

VRP1870 70 
VRP1890 90 
VRP18110 

0.8 1.8 12.1 1.77 

110 

1.7 

 

The results of the simulation are shown in the histograms in figure 6. In the left, the histo-
gram of cracking moment is shown and in the right the ultimate bending moment is pre-
sented. 

 
Figure 6.- Histogram of Cracking (left) and ultimate (right) bending moments 

According to figure 6, a Normal distribution can be assumed for the variable ultimate bending 
moment. This is also confirmed by the Kolmogorov-Smirnoff test. 

The COV of ultimate bending moment as a function of COV of yield strength of prestressing 
steel (fp ) was obtained for different values of the coefficient of variation of the concrete com-
pressive strength (h5= 5 %, h10= 10 %, h15= 15 %) and yield strength of reinforcing steel 
(a5= 5 %, a10= 10 %, a15=15%). In figures 7 to 9, the results for H= 1.0 m with different 
amounts of prestressing are presented. 
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Postensioned rectangular beam
 (h=1.0 m ; Ap=30 cm2; As/Ap=0.4;Ap/Ac=0.003) 
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Figure 7.- COV of ultimate bending moment as a function of COV of prestressing, reinforcing 
and concrete strength (VRP1030)    

 

 

Postensioned rectangular beam
(h=1.0 m; Ap=40 cm2; As/Ap=0.3; Ap/Ac=0.005) 
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Figure 8.- Results for section VRP1040 
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Postensioned rectangular beam 
(h=1.0 m; Ap=50 cm2; As/Ap=0.25; Ap/Ac=0.006) 

1,00

2,00

3,00

4,00

5,00

6,00

7,00

0 1 2 3 4 5 6 7
fp Cov (%)

M
ul

t C
ov

 (%
)

h15+a5
h15+a10
h15+a15
h10+a5
h10+a10
h10+a15
h5+a5
h5+a10
h5+a15

 
Figure 9.- Results for section VRP1050 

 
As seen in figures 7 to 9, the increase in the amount of prestressing steel produces the fol-
lowing effects: 
 
1.- Separation of the curves corresponding to different values of COV of concrete strength 
2.- Approximation of the curves corresponding to different values of COV of reinforcing 
strength 
3.- Decrease in the slope of the curves  
4.- The variability of concrete strength becomes more important in the COV of the ultimate 
bending moment, whereas the variability of reinforcing and prestressing steel strength be-
comes less significant and almost negligible 

 
The abovementioned effects are even more pronounced as the cross-section depth in-
creases. In fact, this is clearly seen in figures 10 to 12 for cross-section depth equal to 1.3 m 
and figures 13 to 15 for cross-section depth equal to 1.8 m 
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Postensioned rectangular beam

(h=1.3 m; Ap=30 cm2; As/Ap=0.4; Ap/Ac=0.003) 
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Figure 10.- Results for section VRP1330 
 

Postensioned rectangular beam
(h=1.3 m; Ap=50 cm2; As/Ap=0.25) 
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Figure 11- Results for section VRP1350 
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Postensioned rectangular beam
(h=1.3 m; Ap=70 cm2; As/Ap=0.17; Ap/Ac=0.007) 
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Figure 12.- Results for section VRP1370 

 
Postensioned rectangular beam

(h=1.8 m; Ap=70 cm2; As/Ap=0.17; Ap/Ac=0.005) 
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Figure 13.- Results for section VRP1870 
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Postensioned rectangular beam
(h=1.8 m; Ap=90 cm2; As/Ap=0.14, Ap/Ac=0.006) 
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Figure 14.- Results for section VRP1890 
 

Postensioned rectangular beam
( h=1.8 m; Ap=110 cm2; As/Ap=0.11, Ap/Ac=0.007) 
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Figure 15.- Results for section VRP18110 
 
Regarding the bias ratio, in figure 16 are presented the results for H = 1.3 m and ratio of rein-
forcing to prestressing steel equal to 0.4. As it can be seen, the variation of the bias factor as 
a function of the COV of the steel and concrete is completely negligible. The same conclu-
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sion can be drawn from the rest of the cross-sections analysed and the two sets of geometri-
cal imperfections as presented in table 6.  

Postensioned rectangular beam
(h=1.3 m; Ap=30 cm2; As/Ap=0.4) 
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Figure 16.-  Variation of λ as a function of COV of reinforcing and prestressing steel an con-
crete for cross-section VRP1330 

 
The bias ratio is only dependent on the cross-section depth and amount of prestressing. The 
summary of results is presented in table 8. 
 
Table 8.- Bias ratio λ as a function of the cross-section depth (H) and the area of prestress-
ing steel (Ap). 

Prestressing steel area (cm2) 
H (m) 

30 40 50 70 90 100 110 

1.0 1.09 1.06 1.03 - - - - 

1.3 1.10 - 1.07 1.02 - - - 

1.8 - - - 1.06 1.03 - 1.00 

 
From the results obtained in the analysed sections, the following conclusions were available: 
 
1.- The influence of bridge dimensions variability for the normal range of values (see table 6) 
is almost negligible either for the final values of the bias ratio and the coefficient of variation 
of the ultimate bending moment. 
 
2.- The bias ratio of the ultimate bending moment can be expressed only as a function of the 
ratio of the area of prestressing steel to concrete ( Ap/Ac), as presented in table 9. 
 
Table 9.- Bias ratio as a function of the ratio of prestressing steel to concrete area 

Ap/ Ac (%)  
0.3 0.5 0.6 0.7 

Bias Ratio 1.10 1.06 1.03 1.0 
 



Sustainable Bridges SB-4.4.2 2007-11-30  25 (92) 
    
 

3.- In the case of the coefficient of variation it seems that the only sensitivity variable is again 
the ratio Ap/Ac. For a same value of this ratio, the cross-section depth and amount of rein-
forcing steel do not show any influence ( see figures 8, 11 and 13). For values of the ratio  

%4.0<
c

p

A
A

 ( Ap = area of prestressing steel, Ac= area of concrete), the influence of the co-

efficient of variation of reinforcing steel and concrete on the coefficient of variation of the ul-
timate bending moment is negligible, and the values of 3 % for COV of prestressing steel of 2 
%, and 5 % for COV of prestressing steel of 5 % can be deduced for the COV of ultimate 
bending moment. A linear interpolation can be used for values between 2 and 5 % 

For values  %7.0%4.0 <<
c

p

A
A

, the influence of prestressing and reinforcing steel is negligi-

ble and the COV of ultimate bending moment is only dependent on the COV of the concrete 
strength. The values can be taken as presented in table 10. 
 
Table 10.- Relation between COV of ultimate bending moment and concrete variability 

COV of concrete compressive 
strength (%) 

COV of ultimate bending mo-
ment (%) 

15 6 
10 4 
5 3 

6.1.3 Postensioned massive slabs 
The cross-section drawn in figure 17 was chosen for the analysis. It is representative of con-
tinuous concrete bridges with a main span of 20 to 25 m. The mid-span section and the sec-
tion over piers are analysed. In this case, the geometry and amount of prestressing steel are 
kept constant and only the amount of reinforcing steel is variable (see table 11). 

Figure 17.- Cross-section geometry of postensioned massive slab 

 

The same amount of reinforcing steel (As) is disposed in the top and bottom of the slab (Total 
amount = 2 As )  

 

Mid-span section (CL) 
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Figure 18.- Prestressing and reinforcement in mid-span section 

 

 

Section over piers (SP) 

 
Figure 19.- Prestressing and reinforcement in section over piers 

The cases analysed are presented in table 11. In all cases, the variability in geometry con-
sidered is the G2 (see table 6). The only difference between the sections at mid-span and 
over piers is the prestressing force because of the differences in the prestressing losses.  

Table 11.-  Nominal values of geometry in postensioned massive slab  

SECTION Width B 
(m) 

Depth H 
(m) As (cm2) d (m) Ap (cm2) dp (m) 

LMP54CL 54.2 
LMP120CL 120.6 
LMP235CL 

12.0 1.0 

235.6 

0.97 151.2 0.9 

LMP54SP 54.2 
LMP120SP 120.6 
LMP235SP 

12.0 1.0 

235.6 

0.97 154 0.9 

 

Results (mid-span section) 
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Massive postensioned slab, mid-span
(As = 54.2 cm2; As/Ap= 0.4)  
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Figure 20.- COV of the ultimate bending moment as function of variability of reinforcing and 
prestressing steel and concrete  

As it can be deduced from figure 20, the influence of the variability of compressive concrete 
strength is negligible. This is because the width of the cross-section is very high and there-
fore, any change in the compressive strength has only an slight modification of the height of 
the compressive block of stresses in the concrete. Due to that, in the next figures only the 
case of concrete variability of 15 % is presented. 

Massive postensioned slab, mid-span
(As = 54.2 cm2; As/Ap=0.4) 
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Figure 21.- COV of ultimate bending moment as function of COV of reinforcing and 
prestressing steel (section LMP54CL) 
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In figure 21, the influence of reinforcing steel is also almost negligible. 

Massive postensioned slab, mid-span
(As = 120.6 cm2;  As/Ap=0.8) 
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Figure 22.- Results for cross-section LMP120CL 

Massive postensioned slab, mid-span
(As=235 cm2; As/Ap=1.55) 
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Figure 23.- Results of cross-section LMP235CL. 

 

Results (section over pier) 
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Postensioned massive slab, pier
(As = 54.2 cm2; As/Ap=0.4)  
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Figure 24.-.COV of ultimate bending moment as function of reinforcing and prestressing 
steel variability in section LMP54SP. 

Postensioned massive slab, Pier
(As=235 cm2; As/Ap=1.55)  
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Figure 25.- Results for section LMP235SP. 

In both cases (section over pier and mid-span), the following tendencies can be observed: 

1.- Separation of the curves for different COV of reinforcing steel as the amount of rein-
forcing steel increases. The influence of the reinforcing steel in the response becomes 
more evident 

2.- Decrease in the slope of the curves as the amount of reinforcing steel increases. The 
influence of the variability of the prestressing steel is less pronounced 
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In figure 26, we can see the influence of the different parameters on the bias ratio  λ.  In all 
cases, for different amounts of reinforcing and sections at mid-span and over piers, the 
bias ratio 1.11 was obtained. 

Postensioned massive slab, mid-span
(As = 54.2 cm2; As/Ap=0.4)  
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Figure 26.- Bias ratio in section LMP54CL. 

From the results obtained, we can conclude: 

1.- The bias ratio for postensioned massive slabs can be taken as equal to 1.11 

2.- For ratio As/Ap < 1.2, the COV of the ultimate bending moment can be taken as 5 %, in-
dependent of variability of concrete, reinforcing and prestressing steel. 

3.- For ratio As/Ap > 1.2, the COV of the ultimate bending moment is only dependent on the 
COV of the reinforcing steel strength as presented in table 12. 

Table 12.- COV of ultimate bending moment in postensioned massive slabs as a function of 
COV of reinforcing steel 

COV of reinforcing steel (%) COV of ultimate bending moment (%) 

5 4 

10 5 

15 6 

6.1.4 Reinforced T-section 
The geometry analysed is presented in figure 27. It is representative of simply supported 
concrete railway bridges with span lengths in the range from 5 to 15 m. 
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Figure 27.- Definition of cross-section of T-beam 

 

The nominal values of the geometrical variables in the cases simulated are shown in table 13 

 

Table 13.- Definition of geometry in reinforced T-beam  

SECTION B (m) 
Depth H 
(m) 

Flange 
width  

h (m) 

Web thick-
ness (m) As (cm2) d (m) 

VT80 2.0 0.8 0.25 0.3 90.2 0.75 

VT100 1.5 1.0 0.25 0.4 67.7 0.95 

VT150 1.5 1.5 0.25 0.4 67.7 1.45 

 

In this case, the results show a negligible sensitivity of the COV of the ultimate bending mo-
ment to the variability in geometry and concrete compressive strength. The influence of rein-
forcing steel is presented in figure 28 for the 3 described cross-sections. 
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Reinforced T-beam 
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Figure 28.- COV of ultimate bending moment in sections VT80,VT100 and VT150 as function 
of COV of reinforcing steel strength 

 

Figure 29 shows the behaviour of bias ratio λ for the 3 cross-sections. 
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Figure 29.- Bias Ratio of ultimate bending in reinforced concrete T-beams 
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The results are summarized in table 14. 

Table 14.- Values of λ  and COV  of ultimate bending moment in sections VT80, VT100 and 
VT150 as function of COV of strength of reinforcing steel. 

VT80 VT100 VT150 COV (%)            
Steel λ COV  (%) λ COV  (%) λ COV  (%) 

5 5.77 5.57 5.38 

7 7.50 7.34 7.19 

9 9.30 9.17 9.06 

11 11.16 11.05 10.95 

13 13.04 12.94 12.86 

15 

1.15 

14.93 

1.15 

14.85 

1.15 

14.78 

 

From table 14, it may be concluded that the COV of the ultimate bending moment can be 
taken equal to the COV of the strength of the reinforcement and the bias ratio equal to 1.15. 

6.1.5 Reinforced rectangular section 
The cross-section representative of this type is presented in figure 30. This cross-section is 
widely used for bridge with spans from 5 to 15 m. 

 
Figure 30.- Definition of cross-section of reinforced rectangular element 

 

The cases analysed are those shown in table 15. 

 

Table 15.- Definition of geometry in reinforced rectangular cross-sections. 

SECTION Width B (m) Depth H (m) As (cm2) d (m) 

VR120 0.4 1.2 39.3 1.15 

VR140 0.4 1.4 58.9 1.35 

VR180 0.8 1.8 78.6 1.75 
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Figure 31 and table 16 show the results obtained in this case. The same conclusions as in 
the case of the reinforced T-beam can be drawn. 

Reinforced concrete rectangular beam 
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Figure 31.- COV of ultimate bending moment in sections VR120, VR140 and VR180 as func-
tion of COV of reinforcing steel 

Table 16.- Values of λ and COV  of ultimate bending moment in sections VR120, VR140 and 
VR180. 

VR120 VR140 VR180 COV (%)            
Steel λ COV  (%) λ COV  (%) λ COV  (%) 

5 5.48 5.42 5.34 

7 7.27 7.21 7.16 

9 9.12 9.08 9.03 

11 11.00 10.97 10.93 

13 12.91 12.87 12.87 

15 

1.15 

14.83 

1.15 

14.77 

1.15 

14.79 

6.2 Concrete members in shear 

6.2.1 Model of concrete in shear 
The probabilistic ultimate response of the concrete sections in shear has been obtained us-
ing the software RESPONSE 2000 [13]. The model of response is based on the Modified 
Compression Field Theory [14]. The main features of the model are presented in figure 32. 
The randomness of the basic variables is considered using a simulation process based on 
the Latin Hypercube Sampling method [10].  
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Figure 32.- Main assumptions in the Modified Compression Field model for shear 

 

An example of the definition of the geometry and stress-strain relationships for materials in 
the case of a rectangular prestressed section is shown in figure 33. 

 

 
Figure 33.- Input of material and geometrical properties in RESPONSE 2000  
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The software provides the maximum shear capacity as well as the stress and strain in differ-
ent parts of the cross-section. The failure is due to excessive compressive stress in the con-
crete or yielding of the reinforcement (either longitudinal or transverse). 

The nominal values of the shear response were calculated using 3 different codes or stan-
dards. The reason for that are the important existing differences between the available re-
sponse models used in different countries that lead to important variations in the nominal 
values depending on the code used. The codes used were the Eurocode (EN), the Spanish 
Code (EHE) and the Portuguese Code (REBAP). In the annex A-2 are presented the models 
for the calculation of the shear resistance (nominal values) according to those Codes. The 
selection of these Codes is based on the fact that they present different assumptions and 
simplifications regarding the contribution of concrete and longitudinal reinforcing steel in the 
shear resistance. Eurocode does not consider those contributions at all, whereas the Span-
ish Code considers both. In a mid position, the Portuguese Code only takes into account the 
contribution of concrete. In addition, the nominal values were also determined using the 
software “RESPONSE 2000” and Modified Compression Field Theory. They were calculated 
considering nominal values of the basic variables. The results of the corresponding bias ra-
tios are represented in the figures. 

3 cross-section types were analyzed: 

- Reinforced concrete rectangular cross-section with shear reinforcement 

- Reinforced concrete rectangular cross-section without shear reinforcement 

- Prestressed concrete rectangular cross-section with shear reinforcement 

In all cases, the coefficient of variation of the cross-section dimensions was taken 2 % and 
the bias ratio equal to 1.0 

6.2.2 Reinforced rectangular cross-section with shear reinforcement 
The cross-section presented in figure 34 was analyzed as representative of reinforced con-
crete bridges in the railway network 

 
Figure 34.- Definition of cross-section (dimensions in mm) 

The coefficient of variation of the concrete strength is 15 % and the bias ratio 1.10 (Log-
normal distribution) 

The following possibilities were examined: 

- Longitudinal reinforcement (top and bottom): 5Ø20, 10Ø25 

- Transverse reinforcement: 4Ø16, 8Ø16 

- Stirrup separation: 30 cm, 60 cm  

- Coefficient of variation of steel strength: 5, 10 and 15 % 
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The combination of the above values gives a total o 24 different cross-sections. The results 
for these different cases are summarized in the following figures. In figures 35 to 38 are 
shown the results for the Bias Factor of the ultimate shear response for different amounts of 
longitudinal and transverse reinforcement as a function of the COV of the reinforcing steel 
strength. 
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Figure 35.- Bias ratio of ultimate shear response according to different Codes and Modified 
Compression Field Theory 

 

Reinforced concrete rectangular beam
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Figure 36.- Bias ratio of ultimate shear response according to different Codes and Modified 
Compression Field Theory 
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Reinforced concrete rectangular beam
Along=10@25  (49.09cm2); Atrans=4@16  (8.04cm2) 
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Figure 37.- Bias ratio of ultimate shear response according to different Codes and Modified 
Compression Field Theory 
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Figure 38.- Bias ratio of ultimate shear response according to different Codes and Modified 
Compression Field Theory 

 

As seen in figures 35 to 38, the bias ratio is completely independent of the variability of the 
reinforcing steel. Also, the bias ratio is very much dependent on the Code used for the calcu-
lation of the nominal value. This is due to the different assumptions and simplifications 
adopted in those Codes. In the case of using the MCFT and the software “RESPONSE 2000” 
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to calculate the nominal resistance, the obtained bias ratio is very similar to the bias ratio of 
the strength of the reinforcing steel of the transversal reinforcement (1.15 in the present 
study). 

The next figure shows the proposed bias factor according to the simplified models in the  
Codes analysed as a function of the amount of longitudinal in tension (Al) and transversal 
(At/s, being s the stirrups separation) reinforcing steel. Ac is the area of concrete. 
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Figure 39.- Bias ratio as a function of longitudinal reinforcement in tension, transverse rein-
forcement and Design Code. 

 

As presented in figure 39, the bias ratio is very much dependent on the Code used for the 
calculation of shear resistance. This is because the calculations are much different. In fact 
the Eurocode does not take into account the collaboration of concrete and longitudinal steel 
in the shear resistance. The Portuguese Code (REBAP) takes into account the contribution 
of concrete but not of longitudinal reinforcing steel and, finally, the Spanish Code (EHE) con-
siders both the contribution of concrete and longitudinal steel (see appendix A-2). 
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Figure 40.- COV of ultimate shear 

In figures 40 to 43 are the results corresponding to the coefficient of variation of the ultimate 
shear response as a function of the COV of reinforcing steel for different amounts or rein-
forcement 
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Figure 41.- COV of ultimate shear 
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Figure 42.- COV of ultimate shear 
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Figure 43.- COV of ultimate shear 

 

According to these results, we can conclude that, provided that failure is due to rupture of the 
stirrups as was the case in all sections reported, the coefficient of variation of the shear resis-
tance can be taken equal to the coefficient of variation of the reinforcing steel strength. In fact 
there are small discrepancies to this rule for high values of the COV (close to 15 % ), but this 
is not the normal case, as the COV of reinforcing steel is in most of the cases below 10 %. 
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6.2.3 Reinforced rectangular cross-section without shear reinforcement 
The geometry of the cross-section and concrete properties are the same as presented in 
6.2.2. The following possibilities were examined: 

- Longitudinal reinforcement (top and bottom): 5Ø20, 10Ø25 

- Coefficient of variation of steel strength: 5, 10 and 15 % 

- Coefficient of variation of concrete strength: 5, 10 and 15 % 

The results on bias factor are summarized in figures 44 and 45 for the two amounts of longi-
tudinal reinforcement and using different design Codes and the software “RESPONSE 2000” 
(MCFT) 

Analogous values were obtained when the COV of concrete strength was varied from 5 to 15 
%. From the above results, it is obvious that for low amounts of longitudinal reinforcing steel 
in tension (Al/Ac = 0.14 %), the Eurocode and the Spanish Code greatly underestimate the 
contribution of the longitudinal steel in tension and the concrete in the shear strength. This 
underestimation is less appreciated for higher amounts of longitudinal reinforcing steel in 
tension (Al/Ac = 0.42 %). REBAP gives the same values in both cases as it does not con-
sider the contribution of the longitudinal steel in tension. For this reason the corresponding 
bias ratio (1.71) is quite high. From the results, we may conclude that for sections without 
shear reinforcement the best procedure is to evaluate the nominal value of shear strength 
according to REBAP and use a bias ratio of 1.71 in all cases.  In the case of using a more 
advanced model (RESPONSE 2000 software), the bias factor is equal to 1.0 in all cases. 
The results concerning the COV of shear resistance are shown in figures 46 and 47. 
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Figure 44.- Bias factor of shear strength as a function of COV of longitudinal steel 
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Reinforced concrete rectangular beam
Along=10@25  (49.09cm2)
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Figure 45.- Bias factor of shear strength as a function of COV of longitudinal steel 
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Figure 46.- COV of shear strength as a function of COV of steel strength 

 

As can be seen in figure 46, the COV of shear resistance is almost independent of the COV 
of reinforcing steel strength and in the analysed cases has a constant value around 7 %. For 
this reason, it was also investigated the variation of the COV of shear resistance as a func-
tion of the variability in compressive strength of the concrete as shown in figure 47. 
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Figure 47.- COV of shear strength as a function of COV of concrete strength 

We may conclude that in concrete sections without shear reinforcement, the variability in the 
shear response is more affected by the variability in concrete strength than by the variability 
of the longitudinal reinforcing steel. As it has been investigated, the variability in the shear 
response of concrete section without shear reinforcement is very similar to the variability of 
concrete tensile strength. In the analysed cases presented here, the tensile strength was 
assumed to be perfectly correlated to the compressive strength of concrete and it was calcu-
lated according to the following equation:  

fct = 0.45 x fc0.4  

Therefore, the variability in the shear response obtained from simulations has been lower 
than the variability in the compressive strength assumed (e.g. considering COV for concrete 
compressive strength equal to 15%, the COV of the concrete tensile strength calculated ac-
cording to the equation used is around 7%) . When the concrete tensile strength would be 
considered as a separate variable with its own distribution parameters the results of the 
shear response would be different. Considering the fact that the variability of concrete tensile 
strength is usually bigger than the variability of concrete compressive strength, the variability 
of the shear response of concrete members without shear reinforcement should be consid-
ered in the range of 10-20% and, in any case, similar to the variability of the concrete tensile 
strength. 

6.2.4 Prestressed rectangular cross-section with shear reinforcement 
The cross-section analyzed is shown in figure 48. 

 
Figure 48.- Definition of prestressed cross-section. 
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The area of prestressing steel is in all cases 50 cm2 and is assumed as a deterministic value, 
the longitudinal reinforcement is 6Ø16 (top and bottom) and the shear reinforcement 4Ø16. 
The distance between stirrups is 30 cm and 3 cases with different coefficient of variation of 
the reinforcing steel strength ( 5, 10 and 15 %) were studied. The coefficient of variation of 
the strength of prestressing steel is 5 % and for concrete 15 %. 

The slope of the prestressing tendon is 0 (horizontal tendon) and the tension in the perma-
nent state in the prestressing steel 1000 MPa. The value of the concomitant moment with the 
shear is 3580 kNm abd corresponds to the moment causing the decompression of the upper 
fibre of the section. 

The results are presented in the following figures. The value of θ (angle between the horizon-
tal and the diagonal strut ) adopted in the case of the calculation of the nominal value using 
the Eurocode is the value obtained with the RESPONSE 2000 software (cotg θ = 1.73), since 
the Eurocode does not give any guidance on how to obtain this value. In this case, EHE 
gives the closest value to the mean value and very similar to the results obtained with the 
more advanced model (see figure 49). 
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Prestressed concrete rectangular beam
Along=6@16  (12.06cm2); Atrans=4@16  (8.04cm2); Ape=50cm2
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Figure 49.- Bias factor of ultimate shear as a function of COV of prestressing steel strength 
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Figure 50.- COV of ultimate shear as a function of COV of reinforcing steel strength 
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Figure 51.- COV of ultimate shear as a function of COV of prestressing steel strength.(The 
COV of reinforcing steel is taken as 15 %). 

It is concluded that the variability in shear response is independent on the variability of the 
prestressing steel. Having in mind that in this case, very few cases have been analyzed, the 
proposal according to the few results available is to use a value of the COV of shear re-
sponse equal to 7 %. More simulations with varying values of the amount of prestressing and 
the inclination of the prestressing tendon would be required for the adoption of a final value 
with higher reliability.  

6.2.5 General observations 
As it can bee seen in previous paragraphs, the bias factor relating the nominal value of the 
shear resistance (calculated according to the method presented in one of the design codes) 
with its mean value (obtained from the simulations performed using Latin Hypercube Method 
and Modified Compression Field Theory) takes values in the range of 0.7-4.6. This big scat-
ter is explained by the fact that the mathematical shear models present in the design codes 
and used in this study for the calculation of the nominal values are too much simplified and 
very conservative in most of the cases. Nevertheless, such scattered and at the same time 
high values might look unreliable and cause the lack of confidence. Therefore, whenever it is 
required and possible, the mean and nominal values of the shear resistance should be de-
fined according to Modified Compression Field Theory (e.g. using Response 2000) and con-
sidering all the variables as their mean or nominal values. The coefficient of variations can be 
assumed as presented in previous paragraphs.  

6.3 Steel members in bending 
Two members (mean longitudinal and cross beams) of the Malarstrand bridge (24 m span, 
continuous) in Sweden are considered in the analysis. This type of cross-section (plate gird-
ers built up of steel plates) is quite representative of existing railway steel bridges as ex-
plained in chapter 4. According to the drawings provided by Banverket, the longitudinal 
beams are composed of steel plates with different dimensions as shown in figure 52. The 
unions are by welding. The steel is quality St44s according to the Swedish Code, equivalent 
to S235J defined in Eurocode 3. The characteristic value of the yield strength is assumed 
equal to 260 MPa.    
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Figure 52.- Cross-section of longitudinal beam VAT275 (Dimensions in mm ). 

 

The cross-beam geometry is presented in figure 53. 

 
Figure 53.- Cross-section of transverse beam VAT87(Dimensions in mm)  

 
Results 
In this case, a pure Monte Carlo simulation was used (10000 samples). The histograms of 
elastic and plastic moments are presented in figure 54. 

 

 

 



Sustainable Bridges SB-4.4.2 2007-11-30  49 (92) 
    
 

 

 
Figure 54.- Histograms of elastic (left ) and plastic (right) bending moments in section 
VAP275 

The Kolgomorov-Smirnoff test shows that the best fit is provided by a Lognormal function.  

In the following, the COV of the bending response is presented. The variability in the geome-
try is considered in the width of the plates ( G1= 1 %, G2= 3 %) and in their thickness (e1= 1 
%, e3= 3 % and e5= 5 %). The variability in the steel strength ranges from 5 to 15 %. 
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Figure 55.- COV of elastic moment as function of COV of geometry and strength for cross-
section VAP275. 
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Figure 56.- COV of plastic moment as function of COV of geometry and strength for cross-
section VAP275 
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Figure 57.- COV of elastic moment as function of COV of geometry and strength for cross-
section VAT87 
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Figure 58.- COV of plastic moment as function of COV of geometry and strength for cross-
section VAT87 

The results show a linear behaviour between the COV of the response in bending (elastic 
and plastic moments) as a function of the COV of the steel strength. There are not relevant 
differences between the results for the elastic and the plastic moments and for the cross-
section depth. The variability in geometry has a higher effect in the metallic cross sections 
than in the concrete ones. As in the case of concrete, the COV of the response to bending 
have a convergence trend as the COV of the steel strength increases. This is due to the fact 
that the COV of steel becomes more important than the variability in geometry. The larger 
influence of the geometry in the case of steel beams is explained by the fact that the whole 
cross-section is working.  

The value obtained for the bias ratio is 1.10 in all cases analysed. Looking at figures 55 to 
58, it may be concluded that the COV of the response is equal to the COV of the steel 
strength in the cases of small variability in the geometry. In the cases with higher variability in 
geometry, an slight increment of 1 to 2 % is seen. The influence of variability in geometry 
becomes less evident for COV of steel strength higher than 12 %. Therefore, the values pre-
sented in table 17 are proposed. 

Table 17.- Values of the variability of the response to bending in steel plate beams 

COV of bending response (%) COV of plate 
width (%) 

COV of plate thick-
ness (%) COVfy < 12 % COVfy > 12 % 

1 COVfy COVfy 

3 COVfy COVfy 

1 

5 COVfy + 1 COVfy + 1 

1 COVfy + 1 COVfy + 1 

3 COVfy + 1 COVfy + 1 

3 

5 COVfy + 2 COVfy + 1 

    COV values in percentage  
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7 Conclusions  

In the present report, the study of the probabilistic response to bending and shear of the 
most representative cross-section types found in the concrete and steel railway bridges 
across the European network has been carried out. From the results shown in the different 
chapters of the report, the following conclusions can be summarized 

7.1 Concrete members 
All the cross-sections analysed had a ductile failure, failing by excessive deformation in ten-
sion of the reinforcing or prestressing steel. Therefore, the results presented below are not of 
application in the case of members failing by compression in concrete.  

7.1.1 Response to bending 
 
Postensioned rectangular sections 
1.- The theoretical distribution is of the Normal type 

2.- The bias ratio of the ultimate bending moment is a function of the ratio of the area of 
prestressing steel to concrete ( Ap/Ac), as presented in table 18. 
 
Table 18.-  Bias ratio as a function of the ratio of prestressing steel to concrete area 

Ap/ Ac (%)  
0.3 0.5 0.6 0.7 

Bias Ratio 1.10 1.06 1.03 1.0 
 
3.- The coefficient of variation is only dependant on the ratio Ap/Ac. For values of the ratio  

%4.0<
c

p

A
A

 ( Ap = area of prestressing steel, Ac= area of concrete), the influence of the co-

efficient of variation of reinforcing steel and concrete on the coefficient of variation of the ul-
timate bending moment is negligible, and the values of 3 % for COV of prestressing steel of 2 
%, and 5 % for COV of prestressing steel of 5 % can be used for the COV of ultimate bend-
ing moment. A linear interpolation can be used for values between 2 and 5 % 

For values  %7.0%4.0 <<
c

p

A
A

, the COV of ultimate bending moment is only dependent on 

the COV of the concrete strength as presented in table 19. 
 
Table 19.- Relation between COV of ultimate bending moment and concrete variability 

COV of concrete compressive 
strength (%) 

COV of ultimate bending mo-
ment (%) 

15 6 
10 4 
5 3 

 

Postensioned massive slabs 
1.- The theoretical distribution is of the Normal type 

2.- The bias ratio can be taken as equal to 1.11 
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3.- For ratio As/Ap < 1.2 (As= area of reinforcing steel, Ap = area of prestressing steel), the 
COV of the ultimate bending moment can be taken as 5 %, independent of variability of con-
crete, reinforcing and prestressing steel. 

4.- For ratio As/Ap > 1.2, the COV of the ultimate bending moment is only dependent on the 
COV of the reinforcing steel strength as presented in table 20. 

Table 20.- COV of ultimate bending moment in postensioned massive slabs as a function of 
COV of reinforcing steel 

COV of reinforcing steel (%) COV of ultimate bending moment (%) 

5 4 

10 5 

15 6 

 

Reinforced T-shape and rectangular elements 
1.- The theoretical distribution is of the Normal type 

2.- The bias ratio is equal to 1.15 

3.- The COV of the ultimate bending moment is equal to the COV of the yielding strength of 
the reinforcement 

4.- Due to the lack of influence of concrete properties in the results obtained, the conclusions 
drawn for rectangular and T-shape sections can be also extended to the case of reinforced 
concrete slabs. 

7.1.2 Response to shear 
The following notice is of highly importance when applying the conclusions described below:   

- In all cases analyzed, the failure in shear was due to the rupture of the reinforcing steel and 
never because of the excessive compression on the concrete diagonal strut. 

- In all cases analyzed, when both longitudinal and transversal reinforcing is disposed the 
failure of the shear reinforcement occurs first.  

Therefore, the conclusions presented can not be applied to cross-sections failing in shear 
due to compression of the concrete or to the cases where the longitudinal reinforcement fails 
due to shear before the rupture of the reinforcing stirrups. 

Reinforced rectangular sections with shear reinforcement 
1.- The theoretical distribution is of the Normal type 

2.- The bias ratio is highly dependant on the assumptions made for the calculation of the 
nominal value of the shear response and the amount of longitudinal and transversal rein-
forcement. The values presented in figure 59 can be used. The values EN apply when the 
Eurocode is used and the contribution of concrete and longitudinal reinforcement is not con-
sidered. The values REBAP take into account the contribution of the concrete and the values 
EHE take into consideration both the contribution of concrete and longitudinal reinforcing 
steel. 
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Figure 59.- Bias ratio as a function of amount of transversal reinforcement (At/s) and longitu-
dinal reinforcement in tension (Al/Ac). ( s= stirrup separation, Ac = area of cross-section) 

3.- When using the Modified Compression Field Theory (MCFT) through software RE-
SPONSE 2000 for the calculation of the nominal value of shear resistance, the bias ratio can 
be assumed as equal to the bias ratio of the strength of the reinforcing steel of stirrups.  

4.- The coefficient of variation is the same as the coefficient of variation of the yielding 
strength of transverse reinforcing steel 

Reinforced rectangular sections without shear reinforcement 
1.- The theoretical distribution is of the Normal type 

2.- The mean value of the shear resistance is calculated as follows: 

kbdVult 71.1
_
=  

b is the section width and d is the effective cross-section depth. k can be obtained from table 
21 depending on the concrete quality. 

compressive 
strength (MPa) 

25 30 35 40 45 50 55 

k (MPa) 0.65 0.75 0.85 0.9 1.0 1.1 1.15 

Table 21.- Relationship between k and concrete strength 

3.- In the case of using the MCFT(RESPONSE 2000 software) for the calculation of the 

nominal resistance, the bias ratio can be taken as 1.0 

4.- The coefficient of variation of the shear resistance is similar to the coefficient of variation 

of the concrete tensile strength (around 10-20 %) 
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Prestressed rectangular sections with shear reinforcement 

1.- The theoretical distribution is of the Normal type 

2.- The bias ratio is equal to 1.05 using the proposal of EHE, where both the contribution of 

concrete and steel are considered in the resistance of tension forces due to shear. The val-

ues obtained with the EHE simplified model are very close to the values obtained with more 

advanced models (MCFT using RESPONSE 2000). 

3.- The COV of the shear resistance is 7 % 

 

7.2 Steel members 
Only the response to bending has been analysed in the case of steel members composed of 
steel plates.  

1.- The theoretical distribution for both elastic and plastic moments is the Lognormal 

2.- The bias ratio is 1.10, equal to the bias ratio assumed for steel strength 

3.-  The coefficient of variation depends on the variability of steel strength and geometry as 
presented in table 22. 

Table 22.- Values of the variability of the response to bending in steel beams 

COV of bending response (%) COV of plate 
width (%) 

COV of plate thick-
ness (%) COVfy < 12 % COVfy > 12 % 

1 COVfy COVfy 

3 COVfy COVfy 

1 

5 COVfy + 1 COVfy + 1 

1 COVfy + 1 COVfy + 1 

3 COVfy + 1 COVfy + 1 

3 

5 COVfy + 2 COVfy + 1 
COV values in percentage . COVfy = coefficient of variation of steel strength 
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Appendix A 

A-1  Questionnaire sent to Railway Administrations within the Pro-
ject 
 

The following letter was sent to the Railway Administrations: 

 

“Dear ………., 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 
WP4-G-R-02). In order to get the maximum information with the available resources allo-
cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models. 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames. For spans from 10 to 40 
meters, they are prestressed girders with upper slab, prestressed box-girder and rein-
forced T-beams. I do not include reinforced or prestressed slabs in the study, because I 
remember from your comments in one of the meetings  that they practically do not exist in 
the network 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 

7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 
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Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

 

1.- Reinforced concrete T-beams with span less than 15 m 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

4.- Wrought iron bridge with span less than 40 m 

5.- Steel bridge bridge with span less than 40 m 

6.- Arch bridge with span less than 10 m 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material 
strength,…..)” 
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A-2  Responses to the questionnaire 
 

A-2.1  Response from BV (Sweden) 
 

 BV - Comments from Sweden. See also the separate document with examples of 
common cross-sections for Swedish railway bridges. 

 

Dear ….., 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 
WP4-G-R-02). In order to get the maximum information with the available resources allo-
cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study 

 

 BV – We agree. Composite steel-concrete bridges are becoming increasingly impor-
tant, but most of these bridges are quite new. 

 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges 

 

 BV - We agree. It is almost certain that all of the metallic railway bridges in Sweden are 
steel. 

 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models. 

 

 BV - We agree.  

 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames. For spans from 10 to 40 
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meters, they are prestressed girders with upper slab, prestressed box-girder and rein-
forced T-beams. I do not include reinforced or prestressed slabs in the study, because I 
remember from your comments in one of the meetings  that they practically do not exist in 
the network 

 

 BV - Bridges with concrete superstructures make up about 75 % of the railway bridge 
stock in Sweden and have and average age of about 30 years. Most of the newer railway 
bridges that have single spans of less than 10 m are reinforced concrete frames with slab or 
trough cross-sections. Older bridges with short spans are however mostly simply supported 
slabs or troughs. These types of bridges are either cast in place or often in the case of the 
frame bridges cast on site and slid into place. Slabs are common for shorter spans but we 
probably do not have more than few slabs that exceed 20 m. I have included some examples 
in the separate document. None of the example of slabs that I found were pre-stressed. In-
cluding reinforced slabs in the study would benefit us, however. Concrete bridges with larger 
spans normally have girders and those with spans over 20-30 m are normally pre-stressed.  

 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

 

 BV – The “standard” through truss railway bridges in Sweden have spans up to ap-
proximately 70 meters. The number of bridges of this kind with spans over 40 m is significant 
in itself, but if one compares investment cost instead of number then the significance will be 
much greater. It would benefit us if the limit in the study was raised to 60 m. 

 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 

 

 BV – Bridges with steel superstructures make up about 20 % of the railway bridge stock 
and have an average age of about 60 years. Older steel bridges in Sweden (until perhaps 
the 1980s) do not have ballast. The sleepers are normally connected directly to the girders or 
rail bearers. Newer bridges (from the 1990s) are normally either steel trough (half-through) 
bridges with shorter spans or composite bridges with steel plate-girders and reinforced con-
crete decks or troughs with longer spans. Trusses have been and are still used for larger 
spans, up to about 70 m. Until the 1960s 4-beam cross-sections were used for very short 
spans ( 5 m), but corrugated steel pipe has dominated since then where steel has been 
used. Rivets were used until the 1950s but were phased out as welding became more com-
mon.  

 

7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 

 



Sustainable Bridges SB-4.4.2 2007-11-30  62 (92) 
    
 

 BV – With the exception of 1 or 2 bridges, all of the 115 (3 % of stock) masonry arch 
railway bridges in Sweden have spans of less than 10 m and are composed of quarried 
stone, normally crystalline rock commonly referred to as granite. 

 

Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

 

1.- Reinforced concrete T-beams with span less than 15 m 

 BV - Slabs and troughs dominate for shorter spans. For somewhat longer spans see 
Bridge over Ljusnan and Bridge over Tuna River in the separate document. Are these 
T-beams or concrete slabs on rectangular girders? 

 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

 BV - See separate document (Bridge over E20). 

 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

 BV - See 1.  

 

4.- Wrought iron bridge with span less than 40 m 

 BV - None. 

 

5.- Steel bridge bridge with span less than 40 m 

 BV - See Steel Bridges in the separate document. 

 

6.- Arch bridge with span less than 10 m 

 

 BV - See Masonry Arch Bridges in the separate document. 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material strength). 
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Examples of some common railway bridge types in Sweden 
 
Concrete bridges 
 

  
1950s, 2-5 m spans, RC simply supported slab (drawing no 2447-15) 

 

  
1995, 4,4 m span, RC frame (Kvistgårds Road, no 3937, 574102-2) 

 

  
1970, 21,5 m span, RC frame (Salsmästare Street, no 4934, B9147-1) 

 

  
1994, 20 m span, RC continuous slab (Bridge over Genevads River NSP, no 4144, 524004/022) 
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1999, 19,5 m span, RC continuous slab (Söderleden, no 4994, 524329-101) 

 

 

  
1950s, 5 m span, RC simply supported trough (drawing no 2447-4) 

 

 

 
1961, 17,5 m span, RC trough frame (Bridge over Kvisslan River, no 1586, B1297-1) 
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1969, 15 m span, Continuous RC trough (Bridge in Brunna, no 3416, B9078-1) 

 

 

  
1989, 14 m span, Continuous RC trough (Bridge over Solna Road, no , 509480-101) 

 

 

  
1987, 28 m span, RC continuous beam (Bridge over Tuna River, no 3428, 509497-1) 
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1988, 35 m span, Pre-stressed continuous beam (Bridge over Ljusnan, no 2460, 513877-20) 

 

  
1994, 39 m span, Pre-stressed continuous box-girder (Bridge over E20, no 4252, 556602-25) 

 

  
2005, 15-45 m, RC and pre-stressed examples (Botnia Line) 

 

 
 



Sustainable Bridges SB-4.4.2 2007-11-30  67 (92) 
    
 

Composite bridges 
 

  
1993, 40 m span, Continuous composite plate girder RC trough (Bridge over Iggesund River, 
no 2479, 574064-1) 

 

  
1999, 28,5 m span, Simply supported composite steel plate girder and RC trough (Toke-
backa Bridge over Säve River, no 572, B378-13) 

 

  
2005, 27-45 m, Continuous composite steel box-girder and RC trough (Botnia Line) 

 



Sustainable Bridges SB-4.4.2 2007-11-30  68 (92) 
    
 

Steel bridges 

  
1921, 52 m span, simply supported through truss (Motala River, no 122, B184) 

 

  
1938, 21 m span, (Kinda Canal, no 158, B3404) 
 

  
1951, 16 m span, Simply supported plate girder (Bridge over Hagge River, no 2978, B5011-
5) 
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1954, 24 m span, continuous half-through plate girder (Bridge over South Mälarstrand, no 
11, B1209) 

 

 
1900, 3,5 m span, Simply supported 4-beam type (Bridge over Kvarn Creek, no 3404, 
B6452-1) 

 

  
1982, 24 m span, Simply supported 4-beam type (Bridge over Stång River, no 4342, B197-
102) 

 

  
1993, 20 m span, Simply supported steel trough (Bridge over Mellansundet, no 3509, 
513833-21) 
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1995, 21,5 m span, Steel trough (Bridge over En River in Rättvik, no 3441, B6494) 

 

Masonry arch bridges 
 

 
1863 & 1918, 2,9 m span, Stone arch (Bjännesby Bridge, no 1186, B266-1) 

 

 
1900, 8 m span, Stone arch (Bridge over Stång River, no 159, B3405-1) 

 

 
1921, 6 m span, Stone arch with mortar jointing (Solberga Bridge, no 1175, B227-1) 
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A-2.2  Response from DB (Germany) 
 

Please find below our initial comments (in blue) on your questions.  These are based on 
Deutsche Bahn stock only.  

 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 
WP4-G-R-02). In order to get the maximum information with the available resources allo-
cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study.  

 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges.  

 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models.  

 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames.  

 

We agree with the reinforced concrete frames, they represent about 50% of the bridges 
within this span range. Followed by reinforced girders with a solid slab:  

(see examples below).    

 
  b 

hk 
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For spans from 10 to 40 meters, they are prestressed girders with upper slab, 
prestressed box-girder and reinforced T-beams. I do not include reinforced or prestressed 
slabs in the study, because I remember from your comments in one of the meetings  that 
they practically do not exist in the network 

The majority of the German concrete bridges in this span range are prestressed girders with 
a solid slab (see again examples above).    

But there is also a large number of frames in this span range. We separate rigid frames and 
portals. 

This group is followed by solid slabs of reinforced concrete. 

An underpart take the T-beams (both reinforced and prestessed) which only have a portion 
of 6% in this span range. 

 
Also the number box girder bridges in Germany is very small, it is a amount smaller than 1% 
in the entire network. 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 

In our network a forth of the steel bridges smaller than 10m is of plate girders forming a 
through bridges either with two rails or only one rail. Two girders usually carry one track.  

And another third are plate girders under the track with different type of constructions for the 
track: either up-lying steel plate as track support or with an open running track, where the 
sleepers might work as cross beams.  

The bridges between 10 and 40m span essentially split into two types. The majority is once 
more plate girders, which are build as through bridges. Again, about a third are plate girders 
under the track. About 10% are truss bridges in different kinds: with mainly down-lying and 
up-lying track slab but also as tied arches. 

 

hk 
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7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 

The majority of arch bridges are of brick construction. The bricks will be of varying quality. 
Very few bridges will be built of machine made bricks and even less with high strength bricks. 
There are a few stone bridges also, they would normally use locally quarried stone with a 
lime mortar for jointing.  Material quality would vary from site to site and we do believe that in 
most cases the jointing of lime mortar would be responsible for the bearing behaviour and 
capacity of the construction. 

 

Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

 

1.- Reinforced concrete T-beams with span less than 15 m 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

4.- Wrought iron bridge with span less than 40 m 

5.- Steel bridge bridge with span less than 40 m 

6.- Arch bridge with span less than 10 m 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material strength). 

 

A-2.3  Response from NR (United Kingdom) 
 

Please find below my initial comments (in blue) on your questions.  These are based on 
Network Rail stock only.  I will try to get further data for you from the other railways. 

 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 
WP4-G-R-02). In order to get the maximum information with the available resources allo-
cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
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propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study 

I agree with this. 

 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges 

I agree with this. 

 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models. 

I agree with this. 

 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames. For spans from 10 to 40 
meters, they are prestressed girders with upper slab, prestressed box-girder and rein-
forced T-beams. I do not include reinforced or prestressed slabs in the study, because I 
remember from your comments in one of the meetings  that they practically do not exist in 
the network 

 

In the UK there are very few RC “T” beam or RC portal frame bridges carrying the railway 
(there are quite a lot of “pre stressed inverted T” beam bridges carrying roads over the rail-
way but these are not included in the SB project).  The majority of UK concrete bridges are 
built of solid (we don’t generally have box beams in the conventional meaning of the term) 
rectangular (about 600mm wide and 400mm deep) reinforced or pre-stressed beams laid 
closely butting up to each other (and usually transversely stressed together) to form a flat 
deck to carry the ballast and track.  As you say, slabs are very rare, because of the difficulty 
of casting them off site and then transporting them into position or the time taken to cast 
them in place.  Segmental post-tensioned construction is also very rare. 

 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

I agree with what you are saying. 

 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 

In my view the majority of these relatively short span bridges will be built up plate girders (“I” 
shape), either riveted (say pre 1960) or welded.  The typical construction is a “through” or 
“semi through” design of relatively deep main girders (usually 2 per track, shared as neces-
sary with adjacent tracks) [i.e. three girders on a two track bridge, with the centre girder be-
ing of heavier construction that the outer ones], cross girders (probably at about 2m centres) 
and rail bearers (under each rail); in some cases these “infill” members may be rolled sec-
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tions.  Most UK longer span metallic bridges are truss or lattice types, also with built up plate 
or rolled cross girders and rail bearers forming the floor support. 

In almost all cases the floor material will be either metallic plates (about 12mm thick) or tim-
ber planks (about 150mm thick) supporting ballast, sleepers and rails, or longitudinal timber 
baulks (normally about 300mm square) over each rail bearer supporting a rail with non-
structural timber decking filling the space between the baulks.  In some less frequent cases 
the baulk timbers are designed to span between adjacent cross girders without any rail bear-
ers being provided.  Concrete slab decks are unusual, mainly due to the time needed to con-
struct such things in place. 

In some cases main girders have been provided directly below the rails, supporting either 
timber decking (and hence the ballast and track) or longitudinal baulk timbers.  For this type 
of construction, a relatively weak outer girder is normally provided to carry a handrail and 
provide end support to the decking.  The floor material for this type of construction would 
usually be timber planking, although metallic deck plates could be provided. 

For very short spans (say up to about 3 m) longitudinally spanning pressed or built up metal-
lic troughing (similar in cross section to sheet piling) can provide the only structural members, 
directly supporting the ballast and track, whilst in other cases built up “open topped square” 
troughs are provided, with the rails carried by a timber baulk laid inside the trough. 

 

7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 

The majority of arch bridges are of multi ring brick construction.  The most usual type will 
have 5 rings of brickwork.  The bricks will be of varying quality; most early bridges had hand 
made bricks fired on site from clay excavated from the railway cuttings nearby.  Very few 
bridges will be built of machine made bricks and even less with high strength bricks.  In most 
cases a lime mortar would be used for the original construction. 

Stone bridges would normally use locally quarried stone, again with a lime mortar for jointing.  
Again, material quality would vary from site to site and possibly even within an individual 
bridge. 

Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

I am trying to track down some “generic” cross sections to help illustrate the designs that I 
have attempted to describe in words above and will let you have them if I can find them.  
Below, by way of introduction, is a figure that I have stolen from a paper recently submitted 
for publication by Surrey University on a fatigue study that Network Rail is sponsoring, which 
shows a typical “half through” built up riveted metallic bridge with a span of about 10m; the 
floor has been omitted for clarity. 
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Until we have more details from other railways I will not attempt to track down actual draw-
ings, since the UK types described above may not be typical. 

With regard to arch bridges (which are likely to more universal), you will probably be able to 
get good typical details of RENFE bridges from your colleague Pere Roca as a result of the 
SMArTNet meeting held in Madrid in 2003 or, more generally, from the various arch confer-
ences held since the 1990s.  You should also be aware that the UIC Masonry Arch Bridge 
project with which we are co-operating is looking at reliability based assessment for masonry 
arch bridges.  Since there is a real possibility of duplication of effort, you should ask Jens to 
approach Zoltan Orban for up to date information on what is currently under way. 

 

1.- Reinforced concrete T-beams with span less than 15 m 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

4.- Wrought iron bridge with span less than 40 m 

5.- Steel bridge bridge with span less than 40 m 

6.- Arch bridge with span less than 10 m 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material strength). 

 

A-2.4  Response from SNCF (France) 
 

 

Dear ……, 

 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 



Sustainable Bridges SB-4.4.2 2007-11-30  77 (92) 
    
 

WP4-G-R-02). In order to get the maximum information with the available resources allo-
cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study 

 

SNCF – we also agree. Will encased beams be treated after ?  

 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges 

 

SNCF – we also agree 

 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models. 

 

SNCF – we also agree 

 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames. For spans from 10 to 40 
meters, they are prestressed girders with upper slab, prestressed box-girder and rein-
forced T-beams. I do not include reinforced or prestressed slabs in the study, because I 
remember from your comments in one of the meetings  that they practically do not exist in 
the network 

 

 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

 

SNCF – we also agree with this 

 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 
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SNCF – we have also such types of metallic bridges. But we have some different bridges like 
the two types described on the drawing and a photograph sent by a separated mail (too big 
files).  

 

7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 

 

SNCF – we have mainly stone arch bridges; All arches are not circular. 

 

Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

 

SNCF  - see drawing and photograph sent by a separated mail for items 4 and 5 

 

1.- Reinforced concrete T-beams with span less than 15 m 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

4.- Wrought iron bridge with span less than 40 m 

5.- Steel bridge bridge with span less than 40 m 

6.- Arch bridge with span less than 10 m 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material strength). 

 

A-2.5  Response from RHK (Finland) 
 

 

 Comments from Finland. 

 

Dear……, 

 

As you know, in the framework of WP4 (subgroup on safety and probability models), I am 
carrying out an study on the simplified probabilistic models for the response of railway 
bridges, trying to get easy rules and criteria to probabilistically characterize the response of 
bridges based on the deterministic analysis to whom evaluation engineers are used to ( 
WP4-G-R-02). In order to get the maximum information with the available resources allo-
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cated in the project, I want to concentrate in the bridges where major population is present in 
the European railway stock. To this end, I have looked again to the results of the survey that 
you performed within WP1. Looking to them, I have arrived to the following conclusions that I 
would like to share with you and get your comments and suggestions from you and also from 
other railway managers included in WP2: 

 

1.- From the data of the survey, it seems that in the stock, 23 % of the bridges are concrete, 
21 % metallic, 41 % arches and 14 % composite or encased beams. As a consequence, I 
propose to concentrate on concrete, metallic and arch bridges and (by the moment) not in-
clude composite and encased beams in the study 

 

 In Finland 71 % of railway bridges are concrete (reinforced or prestressed) 18 % are 
metallic, the rest are stone arches, pipes or small concrete covered iron bars.  The proposal 
is OK.  

 

2.- Within the group of metallic bridges, 3 % are cast iron, 25 % wrought iron and 53 % steel. 
Therefore, I propose not include in the study the cast iron bridges 

 

 Most of the metallic railway bridges in Finland are steel.  The proposal is OK. 

 

3.- In concrete bridges, only 4 % of them have more than 40 meters span. Therefore I sug-
gest to not include spans longer than 40 meters. The magnitude of these bridges may justify 
an specific reliability-based evaluation and not to use simplified models. 

 

 We agree with this also. 

 

4.- In concrete bridges, and for spans less than 40 meters, I assume (and I would like again 
your confirmation on this ) that for spans up to 10 m the most used bridge types are the rein-
forced concrete T-beams and the reinforced concrete frames. For spans from 10 to 40 
meters, they are prestressed girders with upper slab, prestressed box-girder and rein-
forced T-beams. I do not include reinforced or prestressed slabs in the study, because I 
remember from your comments in one of the meetings  that they practically do not exist in 
the network 

 

 In Finland most of the smaller bridges (spans up to 10 m) are reinforced concrete 
frames or concrete slabs / groined girders that are transported to the site and lifted into place 
in short 6-10 hour traffic breaks.  

Railway bridges (spans 10…30 m) in Finland are mainly built by casting at site and slid into 
place during short traffic breaks (4-12 hours).  These bridges are mostly reinforced or 
prestressed single-span slabs and continuous slabs.  In 2004 a prestressed trough bridge 
span of 51,2 m was slid onto new piled substructure during a 24 hour traffic break.  

This building method has been used for 20 years already and the number of slab bridges is 
significant in Finland.   
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For this reason why we strongly would prefer slab bridges to be included in the study. 
Longer concrete bridges (spans >30 m) are more rare in Finland and the type varies very 
much, but we do have a few prestressed box-girders.  

 

5.- In metallic bridges, only 11 % of them have more than 40 m. Therefore I suggest to not 
include spans longer than 40 meters. The magnitude of these bridges may justify an specific 
reliability-based evaluation and not to use simplified models. 

 

 I agree that long-spanned bridges could be left out of the study, but I would like see the 
limit to be raised from 40 meters to 60 meters.  Truss bridges are typically 40-60 meters and 
if we limit the span-length to 40 meters, it would not cover very many trusses.   

 

6.- I do not have any idea on the most used bridge types for metallic spans less than 10 m 
and from 10 to 40 m. Are they truss bridges, metallic girders with upper concrete slab,….? 
Your input in this item is essential 

 

 In Finland we mainly (95 %) have ballastless steel bridges.  The wooden sleepers are 
fastened directly either to the main or secondary girders.  Because of this mechanical fasten-
ing, we have limited the train speeds on ballastless bridges to 140-160 km/h.  It would be 
interesting to get knowledge of allowable speeds on these structures from this study. 

Our steel bridge types vary as follows: spans >30 m are truss bridges, spans of 10-30 m are 
steel plate girders(“I” shape), either riveted (say pre 1960) or welded.  On some of these 
bridges the rail is on top of the girders and on some the rails are between the main girders on 
secondary girders. 

Steel girders with concrete slab has been used only at about 5 bridge sites, where traffic has 
allowed the construction of concrete slabs onto the steel girders.  Usually the old steel gird-
ers have been replaced with new ones as well.    

 

7.- In arch bridges, 75 % have span less than 10 meters. Therefore I suggest to concentrate 
the study in this case. I need also to know which are the most used types for this range of 
spans (less than 10 meters). 

 In Finland we do not have any brick bridge structures.  Our arches are of granite stone.  
The amount of stone bridges is 106, which is 3,3 % of the Finnish Railway bridge stock.  

 

Besides the above questions, I will very much appreciate if you could provide me with a real 
example (drawings mainly, available in your data base or the data base of any other member 
of WP2) representative of the following bridge types: 

1.- Reinforced concrete T-beams with span less than 15 m 

2.- Prestressed concrete box-girder with span-length between 25 and 40 m. 

3.- Upper concrete slab on prestressed girders with span-length between 10 and 30 m 

4.- Wrought iron bridge with span less than 40 m 

5.- Steel bridge bridge with span less than 40 m 



Sustainable Bridges SB-4.4.2 2007-11-30  81 (92) 
    
 

6.- Arch bridge with span less than 10 m 

 

I will use these real bridges as the basis for defining a larger number of bridges to carry out 
the proposed study. The final objective is to define a series of charts where the mean value 
and the coefficient of variation of the section response will be obtained from relevant data 
gathered during the bridge inspection (variability in geometry, variability in material strength) 

 

 I have enclosed (App 1) typical cross-sections as follows: 

1. Reinforced concrete T-beams with span less than 15 m; we have very little of these ele-
ment T-beams, we only have groined girders, that we have installed to old abutments to 
replace ballastless steel girders (Picture 10). 

2. Prestressed concrete box-girder with span-length between 25 and 40 m.  We have only a 
few prestressed box-girders (Picture 4). 

3. Upper concrete slab on prestressed girders with span-length between 10 and 30 m.  We 
have very little slabs that are jointed mechanically on to prestressed girders, but we do 
have single casted bridges or this type (Picture 5). 

4. Wrought iron bridge with span less than 40 m we do not have. 
5. Steel bridge bridge with span less than 40 m. (See pictures 6-9) 
6. Arch bridge with span less than 10 m (Picture 11). 
7. Typical concrete slabs (pictures 1-3) 
 
 



Sustainable Bridges SB-4.4.2 2007-11-30  82 (92) 
    
 

 



Sustainable Bridges SB-4.4.2 2007-11-30  83 (92) 
    
 

 



Sustainable Bridges SB-4.4.2 2007-11-30  84 (92) 
    
 

 



Sustainable Bridges SB-4.4.2 2007-11-30  85 (92) 
    
 

Appendix B: Nominal values of shear resistance by differ-
ent Codes 

B-1  Nominal values according to Eurocode (EN1992) 

B-1.1  Sections without shear reinforcement 
 

The shear resistance is: 

( )[ ] dbkfkCV wcpckcRdcRd σρ 1
3/1

1,, 100 +=        (1) 

with a minimum value: 

( ) dbkV wcpcRd συ 1min, +=        (2) 

Where: 

0,22001 ≤+=
d

k
  d in mm       (3) 

[ ]MPaf
A

N
cd

c

Ed
cd 2,0≤=σ

       (4) 

02,01 ≤=
db

A

w

slρ
       (5) 

ρ1 – ratio of longitudinal reinforcement in tension 

Asl – area of longitudinal reinforcement extended ≥ (l bd+d) in the considered cross-section 

(see figure 1) 

 

 

Figure 1.- Defintion of Asl 
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d – effective cross-section depth [mm] 

bw- cross-section width [mm] 

fck – characteristic concrete compressive strength [MPa] 

NEd – axial force due to external loads or prestressing [N] (NEd>0 for compression)  

Ac- cross-section area [mm2] 

VRd,c -  shear strength [N] 

The values of  CRd,c, υmin and k1 should be taken according to the National Annex. The rec-

ommended values are CRd,c equal to 
cγ
18,0

 , k1 = 0,15 and υmin according to the expression: 

2/12/3
min 035,0 ckfk=υ . 

 

B-1.2  Sections with shear reinforcement 
The response model is based on the figure 

 

A- reinforcement in compression    

B- Strut  

C- reinforcement in tension   

D- shear reinforcement 

where: 
α – angle between shear reinforcement and reinforcement in tension 

θ – angle between compressed concrete struts and reinforcing in tension 

Ftd – Design value of tension force in the longitudinal reinforcement 

Fcd – Design value of the compression in concrete in longitudinal direction   

bw –  minimum width between compression and tension zones 

z – approximate value 0,9d  

with the following limitation for angle θ: 
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1≤cot θ≤2,5      (6) 

In the case of vertical stirrups,  VRd, is the minimum of: 

  
θcot, swd

sw
sRd fz

s
A

V =
       (7) 

  θθ
υα
tancotmax, +

= cdwc
Rd

fzb
V

       (8) 

where: 

Asw – area of reinforcing steel in shear 

S – distance between stirrups 

fywd –design value of yielding stress 

υ – factor accounting for the cracking in the concrete struts 

The recommended value for  αc   is: 

1 for non-prestressed structures 

(1+σcp/fcd)          for           0 < σcp≤ 0,25 fcd  

1,25                   for   0,25fcd < σcp≤ 0,5 fcd 

2,5 (1-σcp/fcd)     for    0,5 fcd< σcp≤ 1,0 fcd  

⎥⎦
⎤

⎢⎣
⎡ −=

250
16,0 ckf

υ    (fck e σck  in MPa)      (9) 

The additional shear force, Ftd, in the longitudinal reinforcement due to shear force, VEd, is 

estimated as: 

)cot(cot5,0 αθ −=Δ Edtd VF     (10) 

MEd/z+Ftd should be lower than MEd,max/z. 
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B-2  REBAP (Portuguese Code) 
 

According to article 53º of “ Regulamento de Estruturas de Betão Armado e Pré-Esforçado 

(REBAP)”, the following requirements for shear design are prescribed: 

Article 53º-. Shear forces 

53.1.- The design value of the shear resistance of member in axial or biaxial bending ( 

beams, slabs, columns) should be calculated on the basis of the Mörsch theory with the up-

dated corrections.  

The design value of the shear response is: 

wdcdrd VVV +=        (1) 

with: 

Vcd- correction term of the Mörsch theory 

Vwd- contribution of the reinforcement according to Mörsch theory.  

53.2.- The value Vcd is obtained by: 

dbV wcd ××= 1τ        (2) 

where: 

τ1- shear stress as shown in table 1  

bw- Section width. If this is not constant, is the minimum width at a distance of 0.75 times the 

section depth from the longitudinal reinforcement in tension 

d- effective cross-section depth  

 

Table 1.- Values of τ1 (MPa) as a function of the concrete class 

 

 

53.3.- The value Vwd is obtained as: 

( ) αα sincot19,0 gf
S

AswdV sydwd +=
       (3) 

where: 
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d- effective cross-section depth 

Asw- Steel area in shear 

S- spacing of shear reinforcement 

fsyd- design value of steel strength  

α – angle between the shear reinforcement and the longitudinal axis of the member  

53.4. The design value of the shear resistance should accomplish:  

dbV wrd ××≤ 2τ        (4) 

where τ2 is shown in table 2.  

 

Table 2.- Values of τ2 (in MPa) 
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B-3   EHE (Spanish Code) 
The following design guidelines are stated in the EHE Code: 

Article 44. Ultimate limit state of shear 

44.2.2. Effective shear force 

The effective design shear force is calculated as: 

cdpddrd VVVV ++=        (1) 

where: 

Vd – design shear force due to external loads 

Vpd- design shear force due to prestressing  

Vcd- design value of shear due to Resal effect in variable cross-section elements  

44.2.3. Design equations 

1urd VV ≤
       (2) 

2urd VV ≤        (3) 

where 

Vrd – effective shear force 

Vu1- ultimate shear strength by compression in the web 

Vu2 – ultimate shear strength by tension in the web 

Equation 2 should be checked at the end of the support and not in the centre. 

Eq uation 3 should be checked at a certain distance from the direct support.  

44.2.3.2. Calculation of Vu2 

44.2.3.2.1. Elements without shear reinforcement 

( )[ ] dbfV cdcku 0
3/1

12 15,010012,0 σρξ −=        (4) 

fck – characteristic value of concrete compressive strength [N/mm2] 

d – effective cross-section depth [mm] 

b0 – minimum cross-section width [mm] 

σcd- effective tensile stress in the cross-section (tension has a positive value) 
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c

d
cd A

N
=σ

       (5) 

Nd – design value of the axial load (tension is positive) including prestressing 

Ac – Area of cross-section 

d
2001+=ξ

  (d in mm)       (6) 

02,0
0

1 p
db

fyd
f

ApAs yp+
=ρ

       (7) 

ρ1 – geometric ratio of steel (reinforcing or bonded prestressing) in tension anchored at a 

distance equal or greater than d from the cross-section under study 

Ap – Area of prestresing steel  

Asl – Area of reinforcing steel 

d – effective cross-section depth 

bw- minimum cross-section width [mm] 

fyp – yielding stress of prestressing steel 

fyd- yielding stress of longitudinal reinforcing steel 

44.2.3.2.2. Elements with shear reinforcement 

sucuu VVV +=2        (8) 

Vsu- contribution of shear reinforcement 

dysu fAggsenzV ,)cot(cot ααθαα Σ+=        (9) 

where: 

Aα – Area per unit length of reinforcing steel with an inclination angle α relative to the longitu-

dinal axis of the element  

fyα,d  - design strength of Aα 

z – mechanical arm, that can be estimated as z=0,9d 

Vcu  - contribution of concrete in the shear strength 
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( )[ ] βσρξ dbfV cdckcu 0
3/1

1 15,010010,0 −=      (10) 

with fck in N/mm2, and: 

1cot2
1cot2
−
−

=
eg

g
θ
θβ

    if  0,5 ≤ cotg θ ≤ cotgθe     (11) 

 2cot
2cot

−
−

=
eg

g
θ
θβ

     if  cotgθe ≤ cotg θ ≤ 2,0     (12) 

θe – angle of inclination of shear cracks, obtained as: 

( )
25,0
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,,
2

〈〉
⎪⎭

⎪
⎬
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−

++−
= and

f

ff
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ydmct

ydxdydxdmctmct

e σ

σσσσ
θ

     (13) 

fct,m – mean value of the tensile concrete strength (assumed as positive)  

σxd and σyd – design values of the normal stress in the center of gravity of the section, in the 

direction of the element and the shear force Vd respectively. σxd e σyd are obtained from the 

design values of the actions, including prestressing, according to the Elasiticy Theory and 

assuming non-cracked concrete. Tension is taken as positive.  

In the normal case σyd=0, then the expresión for cotg θe takes the form: 

mct

xd
e f

g
,

1cot
σ

θ −=                           (14) 

The normal case of reinforced concrete elements in axial or biaxial bending with shear rein-

forcement placed with  α=90º  and θ=θe=45º, and neglecting the favourable effect of com-

pression, the contribution of concrete in the shear strength is:   

dbfV ckcu 0
3/1

1 )100(10,0 ρξ=                        (15) 

and the contribution of the reinforcing steel:   

dfAV dysu 90,0,9090=                          (16) 
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This report is one of the deliverables from the Integrated Research Project “Sustainable Bridges - Assessment for 
Future Traffic Demands and Longer Lives” funded by the European Commission within 6th Framework Pro-
gramme. The Project aims to help European railways to meet increasing transportation demands, which can only 
be accommodated on the existing railway network by allowing the passage of heavier freight trains and faster 
passenger trains. This requires that the existing bridges within the network have to be upgraded without causing 
unnecessary disruption to the carriage of goods and passengers, and without compromising the safety and econ-
omy of the railways. 

A consortium, consisting of 32 partners drawn from railway bridge owners, consultants, contractors, research 
institutes and universities, has carried out the Project, which has a gross budget of more than 10 million Euros. 
The European Commission has provided substantial funding, with the balancing funding has been coming from 
the Project partners. Skanska Sverige AB has provided the overall co-ordination of the Project, whilst Luleå Tech-
nical University has undertaken the scientific leadership. 

The Project has developed improved procedures and methods for inspection, testing, monitoring and condition 
assessment, of railway bridges. Furthermore, it has developed advanced methodologies for assessing the safe 
carrying capacity of bridges and better engineering solutions for repair and strengthening of bridges that are found 
to be in need of attention.  

 

The authors of this report have used their best endeavours to ensure that the information presented here is of the 
highest quality. However, no liability can be accepted by the authors for any loss caused by its use. 
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Summary 

The existing methods and available software to perform the probabilistic non-linear analysis 
of structures and bridges are presented in this report. The objective is to find the reliability of 
the bridge against collapse taking into account the non-linear behaviour that the structure 
exhibits at advanced levels of load as it is the case when dealing with failure. In the first part, 
the non-linear models of analysis are shown, and the second part is devoted to the methods 
of reliability analysis applicable to non-linear finite element analysis (Monte Carlo simulation, 
response surface method and sensitivity based analysis). The practical application of the 
probabilistic non-linear analysis is demonstrated via two examples. First example shows the 
assessment of an existing  concrete bridge and the second shows the assessment of an ex-
isting steel bridge.  

In Appendix A, one of the available methods of reliability analysis (Latin Hypercube method) 
is presented in more detail. This method is used in the software for the stochastic non-linear 
analysis, SARA Studio, developed by Cervenka Consulting. The architecture of this software 
is also briefly described. 

In Appendix B is shown the probabilistic non-linear analysis of the Brunna bridge, a continu-
ous reinforced concrete bridge in Sweden. The results show that the bridge has sufficient 
safety margin in the considered load level (UIC train load) for the intact condition as well for 
the case of a significant damage consisting on the reduction of reinforcing steel in one of the 
cross-sections because of corrosion. The comparison of the results of the probabilistic non-
linear analysis with the results of a member level assessment considering linear-elastic be-
haviour (traditional assessment method) shows the potential of the first method in the capac-
ity evaluation of existing concrete railway bridges. 

Appendix C shows the application of a fully probabilistic non-linear approach to a metallic 
bridge. The results show that the bridge has sufficient safety margin for the considered traffic 
load (UIC train). The example also investigates a possible increase of the traffic load. It com-
pares results from the fully probabilistic approach, with simplified probabilistic approach of 
Sobrino & Casas, Ghosn & Moses and with standard design. The example shows that the 
highest increase in the traffic load is provided by the full probabilistic approach, followed by 
the simplified and standard approaches. However, in this case, being a metallic bridge, the 
difference of results from the full probabilistic analysis and the simplified analysis considering 
complete redistribution of internal forces is not as significant as in the case of the concrete 
bridge. The example also shows the importance in the results of the assumption of the statis-
tical distribution of the random variables involved.  
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1 Introduction 

According to the step by step level procedure adopted for the capacity assessment in the 
Guideline (SB-Resistance (2007)), if the use of simple models, generally based on the linear 
elastic theory, provides enough level of safety and leaves the bridge into full operation, then 
no more action is foreseen. However in many situations, if the linear analysis does not give a 
positive result in the way that safety level is less than required and therefore the bridge has 
to be strengthened or replaced, then the use of more advanced methods and mainly of non-
linear models is mandatory before any maintenance/repair action is taken.  

If the use of a deterministic analysis jointly with a linear elastic model is the lowest level in 
complexity in the assessment of safety, on the other side, the combination of probabilistic 
methods and nonlinear models define the highest level. We can say that is the most powerful 
tool available in the load capacity assessment of existing structures, as it reflects in the best 
way the actual behaviour of the structure in advanced load states, as well it takes into ac-
count the possible sources of uncertainty in the physic variables involved. However, this 
powerful tool has also a clear disadvantage. This is the high complexity of the method. For 
this reason, it is hardly available or understandable by the average practising engineer and is 
only used by experts. It becomes also evident that from the more simple methods (where the 
practising engineer feels comfortable) up to the most complex model there is a range of pos-
sibilities to deal with. For this reason, it seems necessary to have an overview of the open 
possibilities. 

The main objective of this report is to explain and summarize the most common methods 
related to the probabilistic nonlinear analysis of structures in general and bridges in particular 
and to show their main capabilities and disadvantages. It is of main interest to show to the 
reader how these methods work and can be applied to the real bridge assessment practice. 
For this reason, 2 examples of application to railway bridges (one concrete and one steel) 
are also shown. Some software available to carry out the probabilistic nonlinear analysis is 
also presented, just as a matter of example, and not trying to be exhaustive. One of the 
methods applicable to probabilistic non-linear analysis is fully explained in the appendixes.  
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2 Nonlinear Analysis 

2.1 Introduction 
The safety assessment of existing bridges requires, in the process of structural analysis, the 
utilization of the most appropriate models allowing to describe the real behaviour under cer-
tain load condition. For particular cases very simple models can be used. However in many 
other situations, as explained in the introduction, where the load or other conditions (corro-
sion, deterioration, etc.) may lead to the excursion of the structure into the nonlinear behav-
iour in situations close to failure, more advanced theoretical models are needed.  

Nonlinear analysis using finite element method is the most appropriate method than can be 
used to describe the behaviour of the structure in the most abnormal situations, namely ex-
cessive loading, cracking, buckling, etc.  

Several reasons can be pointed out to justify the significant computational effort necessary 
for using the nonlinear approach in the structural analysis. The most important can be stated 
as follows (CEB, 1995) 

• Non-linear analysis is the best tool to correctly describe the structural response. 

• Taking advantage of the redistribution of the internal forces and moments, it is possi-
ble to exploit the reserves of strength which very frequently exist in the certain part of 
structure. 

• Allows evaluation of residual bearing capacity of damaged structure and allows inter-
pretation of a collapse. 

• Clearly reveals the risk of brittle failure. 

Clearly there are also some disadvantages in the nonlinear analysis as for instance impossi-
bility of applying the superposition principle and need to consider all combination of loads 
separately. However, this can be overcome by choosing the most relevant combinations due 
to approximate linear analysis. Another disadvantage is a more sophisticated input data re-
quired due to necessity of modelling the real material behaviour after passing the yielding 
point, cracking, crushing, etc. 
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2.2 Sources of nonlinearity 
Several sources of nonlinear behaviour can be distinguished. Their importance could be dif-
ferent from structure to structure and, in many cases, some of them can be neglected. How-
ever, it is engineers’ responsibility to dealt with all them and decide about their importance in 
each specific circumstance.  

One of the most important is so called geometric nonlinearity, especially in steel and slender 
concrete structures. The effects of geometric nonlinearity give rise to the secondary mo-
ments, which are caused by the axial force acting either through the lateral displacement of 
the member relative to its chord or through the relative displacement of the two ends of the 
member, and the finite rigid body deformation with small to moderate rotation of a member. 

The second important source of nonlinearity of structural elements is material nonlinearity. 
Material nonlinearity arises when cracking, crushing or yielding occurs or if the stress-strain 
behaviour exhibits a nonlinear constitutive relationship. 

The third source of nonlinearity is related to the flexibility of connections. Usually, engineers 
consider connections as fully restrained or perfectly pinned in order to simplify the analysis. 
However, in the real structures such connections almost do not exist. Those theoretical con-
nections can be just considered as an upper and lower bound of the real case which is the 
partially restrained connection with certain rigidity and nonlinearity. 

The fourth common source of nonlinearity is related to the support condition. Structures are 
supported on foundations. For analysis purposes, the support conditions are usually ideal-
ized as fixed, pinned or rolled. In reality, they are usually not perfectly fixed or pinned and 
their rigidity or flexibility may change the load effects in terms of location and magnitude.  
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2.3 Available software for nonlinear analysis 
During last decades extensive work was done to apply the best known models describing 
behaviour of materials, structural elements etc. into numerical finite element code. This work 
has led to the development of several numerical subroutines and programs. The most known 
commercial software for nonlinear analysis of structures and their main features are pre-
sented in the Table 2-1. Obviously other commercial and not commercial software, which are 
not included in the Table 2.1., can be also used for the purpose of the nonlinear analysis of 
railway bridges. The aim of including this table was to give some guidance for engineers, 
who are not familiar with any nonlinear FEM code, rather then to favour any of the available 
software. 

Table 2-1: Nonlinear FEM software and their main features. 

Features related to nonlinear modelling 
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ATENA yes yes yes yes yes yes 

DIANA yes yes yes yes yes yes 

ABAQUS yes yes yes yes yes yes 

ANSYS yes yes yes yes yes yes 

NASTRAN yes ? ? yes ? yes 

PERMAS yes ? ? yes ? yes 

SOLVIA yes yes yes ? yes ? 

LUSAS yes yes yes yes yes yes 

TDV yes yes ? yes yes ? 
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2.4 Theoretical models used in nonlinear analysis of structures  
To obtain the realistic results from the numerical simulation of the structure it is very impor-
tant to use appropriate theoretical models describing material behaviour (yielding, cracking, 
creep, shrinkage, relaxation, etc) and the behaviour of the interfaces between several mate-
rials forming the structure or structural elements (bonding, tension-stiffening, etc.). In the 
literature several better or less good theoretical models describing each of the possible phe-
nomena can be found. The most important theoretical models related to the non-linear mod-
elling of concrete structures are described in the related report SB4.5 Concrete (2007). Non-
linear models available for masonry arches are also described in SB4.7.4 Masonry (2007). 
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2.5 Special issues related to nonlinear modelling of railway 
bridges 

Bridges among the many others structures are one of the most specific, mainly due to their 
significant size, crucial importance for the society, complicated construction method, etc. The 
numerical modelling of bridges has also some particularities. In this point some special is-
sues related to the nonlinear modelling of railway bridges are presented. 

Railway bridges are subjected to many different loads, that act simultaneously on the bridge 
and that vary in intensity, positions and directions. For example, the traffic load position can 
vary along the bridge and, and in case of multiple tracks, also in transversal direction. In lin-
ear analysis, the critical load combination is found using superposition of load cases. In non-
linear analysis this is not possible. Often, the critical load combinations checked through the 
non-linear analysis must be found using linear analysis. However, load combinations or traf-
fic load positions that are not critical according to the linear analysis can become critical 
when the non-linear response is taken into account. Consequently, such cases are important 
to identify. One example is sections with insufficient reinforcement anchorage or splicing in 
concrete bridges; these sections become weaker than adjacent sections only when the non-
linear response is taken into account. 

For many railway bridges the construction methodology and the load history is important and 
must be taken into account in more advanced analysis. The construction sequence, the add-
ing of loads and the long term effects, like creep, relaxation and shrinkage, may have a great 
influence on the distribution of internal forces and moments in the bridge. 

When modelling a complex structure like a bridge, a proper level of detailing must be chosen 
for the model. Often, structural finite elements, like beams, shells and trusses, are used. Dif-
ferent material models can be used and the interaction between different construction mate-
rials can be modelled to different levels of accuracy. Depending on the model detailing, there 
are often failure mechanisms that cannot be reflected in the non-linear analysis. For exam-
ple, shear failures “out of the element plane” cannot occur if structural type elements are 
used. For reinforced concrete, anchorage failure cannot occur if a proper interface model 
between the reinforcement and surrounding concrete is not included. It is important that the 
analyst is aware of the limitation of her/his model, and that failures modes not reflected in the 
analysis are checked. If necessary, the model must be refined in critical parts so that the 
failure mechanisms are reflected.  

There are many uncertainties when modelling a complex structure like a bridge. Conse-
quently, when performing advanced analysis for bridge assessment, it becomes very impor-
tant to determine the input data to the model carefully. This includes the bridge geometry, 
material properties, internal connections, boundary conditions, bridge specific loads and load 
history etc. It is also important to include the bridge condition with respect to damage and 
deterioration. Consequently, inspections and measurements should be made to determine 
these properties as far as possible. However, properties like boundary conditions and con-
nection stiffness are difficult to determine as input data parameters. Here, the bridge model 
can be updated or verified based on field measurements on the complete bridge instead.  

When performing non-linear analysis for bridge assessment, it is important to distinguish 
between ultimate and service limit states. In ultimate limit state, redistributions due to non-
linear effects are essential and included in the analysis. However, if the train travelling over 
the bridge is not included in the analysis, and only static analysis for certain traffic load posi-
tions are performed, extensive plastic redistributions should be avoided. 
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3 Reliability analysis 

3.1 Introduction 
In everyday practice bridge engineers have to deal with uncertainties. The sources of uncer-
tainty are various. Most of them are related to the uncertain mechanical parameters of con-
structional materials, uncertain geometry of the structure and uncertain loads. The models 
describing behaviour of the structure or the structural element are also uncertain.  

The most rational way to deal with this problem is to treat all the uncertain parameters as 
random (described by their probability distribution function PDF) and perform reliability 
analysis which is basically a probabilistic analysis of the assurance of system performance. 

3.2 Basics of reliability analysis 
Engineers are responsible for proportioning the elements of the structure in such a way that 
satisfy the design criteria related to performance, safety, serviceability or durability under 
various demands. In most of the engineering problems, those demands can be brought into 
the form of so-called limit state function g(X), where X represents the vector of random vari-
ables, which describe both the problem and the requirements for a particular problem. Viola-
tion of the limit state function can be defined by the following expression (failure condition): 

g(X) < 0 

The probability of limit state violation (probability of failure) can be written as follows: 

Pf = P{g(X) < 0} 

Knowing already the probability of failure we can defined the reliability (probability of the 
complement of the adverse event): 

R = 1 – Pf 

However more common reliability measure is the generalized reliability index defined as fol-
lows: 

β = -Φ-1(Pf) 

In some engineering problems the function g(X) is a simple explicit form function of inde-
pendent random variables that can be described by a normal probability distribution function. 
In such cases the probability of violation of the limit state can be easily calculated by analyti-
cal methods. However, more often the variables X are not normal and some correlation be-
tween them exists. Therefore the probability of failure can not be calculated using explicit 
methods and more advanced techniques have to be applied as Monte Carlo simulations or 
reliability methods ( first order reliability methods FORM or second order reliability methods 
SORM). The principles of reliability analysis for the cases where g(X) is an explicit form func-
tion are presented widely in the related literature (Melchers 1999, Nowak & Collins 2000). 

For the most realistic structures and critical situations (for instance when nonlinearity ap-
pears in the stages close to failure), the response function g(X) is not available in an explicit 
form. The limit state function has to be computed through a numerical procedure such as 
finite element analysis including nonlinearities.  This brings another level of complexity to the 
reliability analysis.  

In the last decades, many computational approaches were proposed to overcome this prob-
lem and to allow performing reliability analysis for the implicit performance function (e.g. 
available only due to nonlinear FEM). These can be broadly divided into three categories, 
based on their essential philosophy (Haldar & Mahadevan 2000a): Monte Carlo simulation 
(including efficient sampling method and variance reduction techniques), the response sur-
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face approach and a sensitivity based analysis (including stochastic finite element method). 
All those methods are briefly described in the following points. 

3.3 Methods of reliability analysis applicable to nonlinear FEM 

3.3.1 Monte Carlo simulation 
The most intuitive and probably the most commonly used method of structural reliability 
analysis is the Monte Carlo simulation technique. Using this technique it is possible to calcu-
late the probability of failure or limit state violation for explicit and implicit limit state function 
g(x) without knowing the analytical techniques and with just little background in probability 
and statistics.  

As the name implies, Monte Carlo simulation technique involves ‘sampling’ at ‘random’ to 
simulate artificially a large number of experiments and to observe the results. The availability 
of personal computers and software makes the process very simple even for a significant 
number of simulations (trials, runs) which are required to obtain reliable results. 

The Monte Carlo simulation method allows to evaluate even very complicated problems de-
fined by complicated implicit functions as long as an algorithm (a black box such as a com-
mercial nonlinear finite element program) is available to compute the structural response, 
given the values of the input variables. The method can easily evaluate g(X) for each deter-
ministic analysis and therefore compute the failure probability after performing several de-
terministic analyses.  

The simplest Monte Carlo simulation technique, sometimes called ‘crude’ Monte Carlo can 
be described by six essential steps described in more detail in Haldar & Mahadevan 2000b: 

• Defining the problem in terms of all the random variables. 

• Quantifying the probabilistic characteristics of all random variables in terms of their 
probability density functions and correlation corresponding parameters. 

• Generating values of these random variables. 

• Evaluating the problem deterministically for each set of realizations of all the random 
variables, or simply numerical experimentation. 

• Extracting probabilistic information from N such realizations. 

• Determining the accuracy and efficiency of simulation. 
The concept behind simulation is very simple, but its application in engineering reliability 
analysis and its acceptance as an alternative reliability evaluation method depends mainly on 
the efficiency of the simulation. Since the ‘crude’ Monte Carlo simulation requires significant 
number of runs, if the deterministic analysis is time consuming (as in the case of nonlinear 
models with numerous finite elements) the Monte Carlo simulation may be impractical. 

To achieve efficiency, the number of simulation cycles needs to be greatly reduced. More 
advanced simulation techniques as efficient or importance sampling (e.g. Latin Hypercube) 
or directional sampling technique (Melchers, 1999) are used, based on the same principles 
as crew Monte Carlo method. However, due to some modifications, which allow reducing the 
variance of the error of the estimated output variable without disturbing the mean value and 
without increasing the sample size, the efficiency of those methods greatly increase. In the 
Appendix A the more detailed description of the Latin Hypercube method as applied in SARA 
Studio is presented. 

The efficiency of the Monte Carlo simulation method (including all its variations) in the reli-
ability assessment of bridges using nonlinear FEM models has been proved by several au-
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thors (Strauss et al. 2004, Henriques & Figueiras 2002, Biondini et al. 2004a, Wisniewski et 
al. 2004).  

3.3.2 Response Surface Method 
The second method of structural reliability analysis applicable to non-linear FEM is the re-
sponse surface method. Using this technique it is possible to construct the polynomial 
closed-form approximation (first order or second order) for implicit limit state function g(x) 
through a few selected deterministic analyses and regression analysis of the results. The 
approximate closed-form expression thus obtained is then used to search for the design 
point, and the failure probability is computed using first order (FORM) or second order 
(SORM) reliability methods. The Monte Carlo simulation may also be used within the closed 
form approximation to estimate the failure probability. Clearly, the polynomial function needs 
to represent the structural response most accurately in the area around the design point with 
lower accuracy elsewhere. Provided the approximating surface fits the point responses rea-
sonably well, a fairy good estimate of structural failure probability would be expected  

The implementation of the response surface concept may proceed along the following steps 
(Haldar & Mahadevan 2000b): 

• Selecting sets of values of the random variables to evaluate the performance function 
g(X). 

• Evaluating the performance function g(X) using the deterministic analysis for all the 
sets of the values of the random variables selected in step 1. 

• Constructing a first-order or second-order (or higher) model using regression analysis 
with the data collected in step 2. 

• Using either FORM/SORM or Monte Carlo simulation with the closed form expression 
developed in step 3 to estimate the probability of failure or limit state violation. 

The selection of the sets of the random variables could be preceded by the elimination of the 
variables which variability is not important, so, in further analysis can be considered as de-
terministic. After this pre-selection, which could reduce the size of the problem significantly, 
the selection of characteristic values (samples) has to be performed. Usually three or four 
values of each variable are used. If two values are used they are commonly selected as a 
low and a high value (e.g., μ ± kσ, where μ is the mean value, σ is the standard deviation 
and k is an integer). If three values are used they are commonly selected as a low, medium 
and a high value (e.g., μ - kσ, μ , and μ + kσ). In the case of the incorporation of the re-
sponse surface method to the nonlinear finite element analysis three or more values should 
be used to construct regression model of higher order which allows to better capture the 
possible nonlinearity of the performance function. Also some more advanced methods can 
be employed as for example based on the iterative process, the method of adaptive adjusting 
(Rajashekhar & Ellingwood, 1993) or DARS, Directional Adaptive Response Surface sam-
pling (Waarts, 2000). 

Although the response surface method is quite practical and effective in common situations, 
in the case of highly nonlinear performance functions, even using higher order regression 
models and adaptive adjusting or DARS, could be inadequate in some cases. Also, as a gen-
eral rule, the closed-form expression, defined in the previously described procedure, is valid 
only within the range of the values considered for the random variables and the extrapolation 
beyond the range may not be accurate.  

The application of the response surface method in the reliability assessment of bridges using 
nonlinear FEM models is not so common as the application of Monte Carlo simulations but 
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some interesting practical applications are available (Henriques 1998, Ghosn et al. 1994, Liu 
et al. 2001).  

3.3.3 Sensitivity based analysis and probabilistic FEM 
The third approach of structural reliability analysis applicable to non-linear FEM is the 
method based on the sensitivity analysis. In this method, the sensitivity of the structural re-
sponse to the input variables is computed and used in FORM or SORM methods. The fun-
damental concept of the FORM and SORM method, the search for the design point or check-
ing point, requires only the value and gradient of the limit state function at each iteration. The 
value of the performance function is available from deterministic structural analysis. The gra-
dient is computed using sensitivity analysis.  

Since the performance function is implicit (can be obtained just due to structural analysis by 
finite element method) the gradient can not be computed analytically by the numerical differ-
entiation of the performance function. However, several approximate methods exist which 
allow to compute the gradient of the performance function, namely: finite difference method, 
iterative perturbation method and classical perturbation method. The two first are suitable in 
the context of nonlinear structural analysis, where the solution for structural response is ob-
tained through an iterative process.  

The finite difference approach (Haldar & Mahadevan 2000b) can be used in case of utiliza-
tion of commercial programs where there is no possibility to enter the source code. It is 
based on a very simple idea, namely that the simplest numerical approximation of the deriva-
tive of the function Z=g(X) can be assessed by increase of the parameters X of the function 
by a very small amount (close to zero) and measuring the change in the value of the function 
Z. The disadvantage of the finite deference method in the context of a finite element analysis 
is that it can be quite time consuming. 

The iterative perturbation method is the most suitable method applicable to the computation 
of the derivatives when the performance function is defined by nonlinear FEM. Several per-
turbation methods are discussed in the literature (Haldar & Mahadevan 2000b). 

One approach is based on the observation of the structure geometry changes due to increas-
ing loads. It involves the necessity of changing the stiffness matrix at each iteration, which 
leads to significant computational effort in case of more advanced models composed by sig-
nificant number of finite elements. In those cases the better strategy is to keep the stiffness 
matrix unchanged in all the iterations and to manipulate other quantities, as for example, 
especially defined residual force vector. 

Once the derivatives of the performance function with the respect to the random variables 
are computed and the value of the performance function is defined g(X) (due to deterministic 
analysis of the structure), this information can be used directly in the FORM or SORM lead-
ing ultimately to the estimation of reliability. Some additional information about the presented 
concepts can be find elsewhere (Liu & Der Kiureghian, 1989, Teigen et al. 1991a, Val et al., 
1996, Val et al., 1997, Haldar & Mahadevan 2000b). 

The sensitivity based reliability analysis approach is more elegant and, in general, more effi-
cient than the Monte Carlo simulation or response surface methods. It uses the information 
about actual value and the actual gradient of the performance function at each iteration of the 
search for the checking point and uses an optimization scheme to converge to the minimum 
distance point. For many practical problems, this method has usually converged to the mini-
mum distance point within 10 to 20 iterations. 

Although, there are not many works showing the application of these methods to the reliabil-
ity analysis of bridges, the applications of sensitivity based analysis and probabilistic nonlin-
ear FEM to more generic structures are quite common (Teigen et al. 1991b, Eibl, 1995, Vis-
mann & Zilch, 1995, Val et al., 1996, Val et al., 1997).  
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3.3.4 Other methods 
Despite the methods described above are the most commonly used in the reliability assess-
ment coupled with the nonlinear analysis, some mutations of those methods and some new 
versions do exist. The general concepts remind the same, but the new methods of interpola-
tion and optimization are introduced.  

For example in the case of the response surface method with all its variants, instead of using 
regression analysis trying to approximate the performance function by a polynomial, the in-
terpolation could be obtained by Splines or Kriging interpolation method (Schueremans & 
Van Gemert 2005, Kaymaz 2005). The use of the Neural Networks and Genetic Algorithms 
as the tool for optimization is also very promising (Schueremans & Van Gemert 2005, Deng 
et al. 2005, Wang & Ghosn 2005) 

Despite the applications of these methods to the nonlinear finite element analysis is still  sub-
ject of research, some interesting applications to the structural analysis of bridges can be 
already found (Biondini et al., 2004b). 
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3.4 Available software for reliability analysis 
During the last decades, several research programs related to the applications of the reliabil-
ity theory to structural engineering have led to the development of integrated software (Pel-
lissetti & Schueller 2006). Some of the software which allows the combination of the finite 
element analysis with the probabilistic algorithms are presented in the Table 3-1. Obviously 
other commercial and not commercial software, which are not included in the Table 3.1., can 
be also used for the purpose of the reliability analysis of railway bridges when nonlinear FEM 
models are used. The aim of including this table was to give some guidance for engineers, 
who are not familiar with any reliability tools for nonlinear FEM, rather then to favour any of 
the available software. 
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Table 3-1: Reliability analysis software and their possibilities. 

Reliability Analysis Method including 
all subgroups Reliability Analysis 

Software Monte 
Carlo 

FORM, 
SORM 

Response 
Surface 

Interaction with FEM Software Sensitivity Reference 

ANSYS yes  yes ANSYS yes Reh et al. 2006 

CalREL yes yes  FEAP yes Der Kiureghian et al. 2006 

COSSAN yes   FE_RV yes Schueller & Pradlwarter 2006 

FERUM yes yes  FERUM, FEDEAS  Der Kiureghian et al. 2006 

NESSUS yes yes yes NASA_GRC, ABAQUS, ANSYS, 
NASTRAN yes Thacker et al. 2006 

PERMAS-
RA/STRUREL yes yes yes PERMAS yes Gollwitzer et al. 2006 

OpenSees yes yes  OpenSees yes Der Kiureghian et al. 2006 

PHIMECA yes yes  ANSYS, ABAQUS, etc. yes Lemaire & Pendola 2006 

PROBAB yes yes yes DIANA  see http://www.dianausers.nl 

PROBAN yes yes yes Available yes Tvedt 2006 

PROFES yes yes yes ANSYS, NASTRAN yes Wu et al. 2006 

SARA yes   ATENA yes 
see Appendix A, 

www.cervenka.cz 

UNIPASS yes yes yes NASTRAN, etc. yes Lin & Khalessi 2006 
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3.5 Special issues related to the probabilistic nonlinear analysis 
of railway bridges 

One of the most important issues in the reliability assessment is the adequate modelling of 
the variables. The fact that some variables are considered deterministic or random could 
have significant influence on the output. The reduction of the number of the random variables 
(and considering them as deterministic) diminishes significantly the computation effort. This 
is desired especially in the case of complex structures and large numerical models. From the 
other side, assuming some variable as deterministic when it has significant influence for the 
variability of the results could lead to erroneous results which is of course undesirable. There 
is an engineering duty to decide which variables are significant and which have minor impor-
tance in any particular analysed case. The one possible way to make the selection of random 
variables is to use some previous knowledge. Another possible approach is to perform 
screening procedures, also known as pre-sensitivity analysis (Lo, 1989, Val et al., 1997). 
This analysis allows identifying the importance of several parameters prior to the simulations. 
This helps to select variables for random simulation and could reduce the time necessary for 
the analysis.  

The distribution type and distribution parameters assumed in analysis (for variables consid-
ered random) could also have an important influence on the results. Due to this fact the reli-
able statistical data of the actual properties of materials and geometrical tolerances charac-
teristic for the analysed structure are crucial to the trustworthy assessment. Legal codes and 
Standards do not provide such data so far. However in the pre-standard Probabilistic Model 
Code (JCSS, 2000) the most important parameters for standard random variables necessary 
for design and assessment of structures can be found. Also in the related reports (SB4.4.2 
(2007) and SB4.3 Dynamic (2007)) the probabilistic models of resistance parameters and 
loads can be found.  

When assessing the safety of any structure using reliability methods, it is necessary to com-
pare the computed probability of failure or related safety index β to the target value suitable 
for the considered limit state and the particular structure type. The target values of the reli-
ability index as well as suitable safety formats for the assessment of existing railway bridges 
using probabilistic non-linear analysis can be found in the related report (SB4.4.1 (2007)). 

An important task in the structural reliability analysis, especially when dealing with the exist-
ing railway bridges, is to determine the significance of random variables. In many situations it 
is crucial to know how each of the random variables influences a response function of the 
specific problem. Having this knowledge it is possible to upgrade the assessment by reduc-
ing the modelling uncertainty of the related variable. This for example is possible by collect-
ing (due to monitoring or testing) new more reliable data about the related variable. 

There are several approaches of sensitivity analysis. In the case of the Monte Carlo simula-
tion technique the simplest and relatively robust is the technique of sensitivity analysis based 
on the nonparametric rank-order statistical correlation (Novák et al. 1993). In the case of re-
maining methods the sensitivity factors are calculated directly from the coordinates defining 
the vector connecting origin of the transformed hyperspace with the design point of the fail-
ure surface (Nowak & Collins 2000, Melchers, 1999). 
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4 Examples 

4.1 Probabilistic analysis of a reinforced concrete railway bridge 
(Brunna Bridge, BV-Sweden) 

 

In the appendix B, the probabilistic nonlinear analysis of a reinforced concrete railway bridge 
is presented in order to demonstrate the applicability of one of the reliability methods appli-
cable for non-linear FEM presented in the previous chapters. Due to its simplicity and the 
applicability within any available FEM codes, the Latin Hypercube simulation method was 
used in the study.  The conclusions show the potential of the combination of non-linear 
analysis and reliability methods in the safety evaluation of concrete bridges both in original 
and damaged conditions.  
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4.2 Probabilistic analysis of a steel railway bridge (Malarstrand 
Bridge, BV Sweden) 

 

In this example, the reliability of the main load-bearing members of the Malarstrand steel 
bridge is analyzed using the modern probability simulation methods combined with the ad-
vanced nonlinear solution of the structure. With the aim of being just an illustrative example, 
this study concentrates only in the response of the main beams. For clarity of the example, it 
does not consider the beam or web buckling, which is of course and important effect that 
normally has to be considered in a steel bridge assessment. Consideration of buckling, how-
ever, will not change the qualitative meaning of the results, but of course the possible load 
factors for traffic increase will be different (i.e. lower). Again, besides the response of the 
main beams, it should be taken into account that the most critical issue can be the fatigue 
related aspects in the connections. A complete ductility of the steel has been considered, 
allowing to the full development of plastic hinges in the critical sections. This of course, can 
be also a non-conservative approach as in old steels and metals the capacity of development 
of plastic hinges must be considered low. 

The necessary nonlinear analyses are calculated with ATENA FE package 
(www.cervenka.cz). The probabilistic nonlinear calculations in this program are facilitated by 
SARA studio. This studio uses the probabilistic module FREET for the necessary statistical 
calculations (see appendix A).  
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5 Conclusions  

This reports provides and overview of the existing methods and available software to perform 
the probabilistic nonlinear analysis of structures. Nonlinear analysis of concrete bridges is 
also treated in more detail in other background documents (SB4.5 Concrete (2007)). With the 
available knowledge on nonlinear behaviour of structures and using reliability-based tech-
niques it is shown that many computational tools are available to carry out an accurate ca-
pacity assessment of the structure in advanced stages of loading or deterioration leading to 
nonlinear behaviour. The two examples presented in appendices B and C give an overview 
of the practical application of such methods to real railway bridges. 
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A.1 Introduction 

Numerous research studies have been recently published in reliability-based maintenance 
management of large engineering structures as bridges (Frangopol 2000, Enevoldsen 2001, 
Casas et al. 2002, Eichinger 2002). Cervenka Consulting has been a principal investigator in 
a recently completed international project which applied nonlinear stochastic analysis to 
maintenance management of bridge structures (Bergmeister et. al. 2003). This technical 
document summarizes some of the results from this project that are applicable to mainte-
nance issues of railroad bridges. In the Sustainable Bridges project these results will be ex-
tended to three-dimensional analysis and other structural types such as for instance steel 
and masonry arch bridges.  

An objective assessment of safety and reliability of the structures should be based on realis-
tic structural analysis. Therefore, advanced solution methods for structural analysis, such as 
nonlinear finite element simulation, should be employed in combination with a probabilistic 
approach.  

However, usual stochastic techniques like the crude Monte Carlo method need a large num-
ber of samples (hundreds of thousands) in order to obtain acceptable results, which is in 
strong contradiction to the demanding nonlinear finite element analysis used for each sam-
ple. Therefore, special procedures should be employed for the probabilistic simulation, which 
could satisfactorily estimate stochastic parameters for reliability assessment using only small 
numbers of samples (tens). Furthermore, a system for reliability assessment should be sup-
ported with a user-friendly interactive graphical environment in order to support the user dur-
ing the whole demanding task - the nonlinear stochastic analysis of concrete structures. 

The properties of many physical systems and/or the input to these systems exhibit complex 
random fluctuations that cannot be captured and characterized completely by deterministic 
models. Probabilistic models are needed to quantify the uncertainties of these properties, to 
develop realistic representations of output and failure state of the system and to obtain ra-
tional and safe designs. Software ATENA (Červenka & Pukl 2002) represents an efficient 
tool for nonlinear analysis of reinforced concrete structures taking into account recent theo-
retical achievements of fracture mechanics. It enables a realistic modelling of the structure, 
an estimation of failure load, including also the post-peak behaviour using state of art nu-
merical methods of fracture mechanics. However, until 2002, ATENA software was purely 
deterministic, it means that all geometrical, material and load parameters of a computational 
model had to be fixed to deterministic values. Generally, material, geometrical and load pa-
rameters of nonlinear fracture mechanics models are rather uncertain (random) and model-
ling of these uncertainties of computational model in a probabilistic way is therefore highly 
desirable.  

The achievements of material science and modelling of concrete would be less important if 
they did not contribute to everyday design practice and structural reliability. The more com-
plicated a computational model of a structure is the more difficult is the application of reliabil-
ity analysis at almost every level. Linear elastic analysis enables simple reliability calcula-
tions – the last consistent reliability approach in the design was the allowed stress method. 
Recent development introduced significant inconsistencies: Eurocode 2 (1991) demands a 
nonlinear analysis using first mean values and second design values of material parameters. 
No real guarantee and information on safety can be obtained using the partial safety concept 
as accepted in present design codes. The approach generally fails if the internal forces en-
tering safety margin (failure criteria) are not proportional to the load level, as is in case of 
complex nonlinear problems. The more complex (statically indeterminate) the structure is, 
the less satisfying the inconsistent approach of partial safety factors is. This is a quite well-
known problem and there is only one straightforward solution: the implementation of safety 
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factors to the results of statistical nonlinear analysis (failure load, stresses, deflections) not to 
input parameters. The general trend is toward a consistent reliability assessment as recom-
mended by Eurocode 1 (CEN 1993).  

The important phenomenon in quasi-brittle materials is the size effect. The history of descrip-
tion of size effect can be seen as a history of two fundamentally different approaches – de-
terministic and statistical explanations. First explanation was definitely statistical – it dates 
back to the pioneering work of Weibull (1939) and many others, mainly mathematicians. The 
phenomenon that larger specimens will usually fracture under relatively smaller applied loads 
was at that time associated with the statistical theory of extreme values. Then most re-
searchers focused on the energetic basis of size effect and the main achievements were 
purely deterministic, see e.g. the book of Bažant & Planas (1998) as an extensive source of 
information. There are two basic features of size effect phenomena: deterministic and statis-
tical. Researchers used different theories, from early works e.g. Shinozuka (1972), Mihashi & 
Izumi (1977), Mazars (1982) considering uncertainties involved in concrete fracture. Re-
cently, there are attempts to combine last decade’s achievements of both fracture mechanics 
and reliability engineering e.g. Carmeliet (1994), Carmeliet & Hens (1994), Gutiérez & de 
Borst (1999), Bažant & Novák (2000a) and others.  

The arguments mentioned above represent the basis for the need to combine efficient reli-
ability techniques with present knowledge in the field of nonlinear fracture mechanics. Re-
markable developments in computer hardware make the numerical simulation of Monte Carlo 
type of complex nonlinear responses possible. The reasons for complex reliability treatment 
of nonlinear fracture mechanics problems can be summarised as follows: 

 

• Modelling of uncertainties (material, load and environment) in classical statistical 
sense as random variables or random processes (fields).  

• Possibility to use statistical information from real measurements.  

• Inconsistency of design to achieve safety using partial safety factors – fundamental 
problem. 

• Size effect phenomena. 

 

Efficient methods for numerical analysis of reinforced concrete structures have been the ob-
jective of much research during the last few decades, and the main difficulty has been how to 
best capture material non-linearity. The aim is to model the complete response of a structure 
including the crack propagation in the pre-peak, peak and post-peak states. A form of frac-
ture mechanics that can be applied to such kind of fracture analysis has been developed 
during the last three decades. Recently, commercial finite element programs, using the crack 
band approach, have become available for this purpose. These tools, however, remain at the 
deterministic level. On the other hand, the design practice in industry provides motivation 
mainly for efficient implementation of existing simple material models, solution strategies, 
discretization and interpretation of results. These topics will naturally remain as the priorities 
for commercial software developers. But exceptions are nowadays appearing - the interdisci-
plinary field of stochastic fracture mechanics is now finally infringed on by some advanced 
software developers, e.g. those of ATENA or DIANA (Waarts 2001).  

The classical reliability theory introduced the form of a response variable (deflection, stress, 
ultimate capacity, crack width etc.) or safety margin (in case that the function expresses fail-
ure condition) as the function of basic random variables n21 X,.....,X,X=X   
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( )n21 X...,,X,XgR =    

 

where g(.) represents the functional relationship between elements of vector X (computa-
tional model). Elements of vector X are geometrical and material parameters, loads, envi-
ronmental factors, etc., generally uncertainties (random variables or random fields). These 
quantities can be naturally also statistically correlated. 

The primary goal of the statistical analysis is the estimation of basic statistical parameters of 
the response variable R, e.g. mean values and variances. Also a histogram and an empirical 
cumulative probability distribution function are always valuable information. It can easily be 
done by Monte Carlo simulation, by repetitive calculations of the computational model g(.).  

The aim of FREET-ATENA basic statistical reliability nonlinear analysis is to obtain an esti-
mation of the structural response statistics (stresses, deflections, failure load etc.) or/and the 
sensitivity analysis and the estimation of reliability. The probabilistic procedure can be basi-
cally itemised as follows:  

 

• Uncertainties are modelled as random variables described by their probability distri-
bution functions (PDF). The optimal case is if all random parameters are measured 
and real data exist. Then a statistical assessment of this experimental data (e.g. data 
on strength of concrete or loading) should be performed resulting in the selection of 
the most appropriate PDF (e.g. Gaussian, lognormal, Weibull, etc.). The result of this 
step is the set of input parameters for ATENA computational model – random vari-
ables described by mean value, variance and other statistical parameters (generally 
by PDF). 

• Random input parameters are generated according to their PDF using Monte Carlo 
type simulation (Latin Hypercube Sampling). 

• Generated realisations of random parameters are then used as inputs for ATENA 
computational model. The complex nonlinear solution is performed and results (re-
sponse variables) are saved. 

• Previous two steps are repeated N-times (N is the number of simulations used). At 
the end of the whole simulation process the resulting set of structural responses is 
statistically evaluated. The results are: Mean value, variance, and coefficient of 
skewness, histograms, empirical cumulative probability density function of structural 
response. 

 

Fundamental techniques needed to fulfil the aim mentioned above are implemented into the 
probabilistic module of FREET and described in following text. SARA software integrates the 
most advanced methods of nonlinear mechanics with appropriate reliability procedures into a 
complex and versatile software system, which is ready to be used for practical applications. It 
can be employed in stochastic analysis of structures, sensitivity studies, optimization of struc-
tures, lifetime and degradation analysis, reliability assessment as well as identification of 
computer models with the real structures based on monitoring data (Bergmeister et. al. 
2002). 
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A.2 Nonlinear Deterministic Fracture Analysis – Software 
ATENA 

ATENA software is well established for realistic simulation of damage and failure of concrete 
and reinforced concrete structures in a deterministic way (Červenka 2000, 2002). The consti-
tutive relation in a material point (constitutive model) plays the most crucial role in the finite 
element analysis and decides how the structural model represents reality. Since concrete is 
a complex material with strongly non-linear response even under service load conditions, 
special constitutive models for the finite element analysis of concrete structures are em-
ployed (Červenka et al. 2001). 

The efficient solution of engineering problems in ATENA is supported by a user-friendly 
graphical environment (GUE). Native ATENA GUE is available for 2D and rotationally sym-
metrical problems. It supports the user during pre- and postprocessing and enables real-time 
graphical tracing and control during the analysis. Preprocessing includes an automatic mesh-
ing procedure, which generates Q10, isoparametric quadrilateral and triangular elements. 
Reinforcement can be treated in form of reinforcing bars, prestressing cables or as smeared 
reinforcement given by reinforcement ratio and direction. Special tools are available for dif-
ferent types of reinforcement, such as, normal bars, pre-stressing cables, external cables, 
bars with bond-slip etc. An important feature is that reinforcement elements are fully inde-
pendent of the finite element mesh.  

The graphical postprocessing can show cracks in concrete with their thickness, shear and 
residual normal stresses. A user-defined crack filter is available for obtaining of realistic crack 
patterns. Other important values (strains, stresses, deflections, forces, reactions etc.) can be 
represented graphically as rendered areas, isoareas, and isolines, in form of vector or tensor 
arrow fields. All values can be also obtained in well-arranged numerical form.  

The interactive solution control window enables graphical as well as numerical monitoring of 
the actual task, and supports user interventions during the analysis (user interrupt, restart). 
For the 3D interactive solution control and postprocessing a graphical console AtenaWin is 
available. ATENA enables to load the structure with various actions: body forces, nodal or 
linear forces, supports, prescribed deformations, temperature, shrinkage, pre-stressing. 
These loading cases are combined into load steps, which are solved utilizing advanced solu-
tion methods: Newton-Raphson, modified Newton-Raphson or arc-length. Secant, tangential 
or elastic material stiffness can be employed in particular models. The line-search method 
with optional parameters accelerates the convergence of solutions, which is controlled by 
energy-based and residual-based criteria.  

The implementation of ATENA into SARA system required some modifications to support the 
communication between both programs and repeated analysis of ramdomly generated sam-
ples. This was enabled by the flexible programming architecture of ATENA system, which 
supersedes usual finite element packages. ATENA works under Microsoft Windows operat-
ing system and its code is written in Microsoft Visual C++. It utilizes MFC (Microsoft Founda-
tion Class) and ATL (Active Templates Libraries) libraries ensuring high productivity in code 
development and high compatibility with other third-party PC-based software. The code has 
object-oriented architecture and is created in hierarchical manner (Figure A-1) and each 
software layer has its own DLL library (Dynamically Linked Libraries). Code and associated 
data are arranged in objects together in i.e. C++ classes. ATENA analytical core consists of 
several DLLs and a few control programs (Červenka et al. 2001).  
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Figure A-1: Layered structure of ATENA 



Sustainable Bridges SB-4.4.3 2007-11-30  31 (87) 
    
 

A.3 Statistical, Sensitivity and Reliability Analysis – Soft-
ware FREET 

The multi-purpose probabilistic software for statistical, sensitivity and reliability analysis of 
engineering problems FREET (Feasible Reliability Engineering Efficient Tool) is based on 
efficient reliability techniques. In general, it is designed in the form suitable for relatively easy 
assessment of any user-defined computational problem written in C++ or FORTRAN pro-
gramming languages, but it is focused especially on the computationally demanding prob-
lems, which do not allow to perform thousands of samples (Novák et al. 2002, 2003). 

A special type of numerical probabilistic simulation called Latin Hypercube Sampling (LHS) 
makes it possible to use only a small number of Monte Carlo simulations. This technique, 
originally proposed by McKay et al. (1979), appeared to be a useful reliability technique until 
present days. LHS is a special type of Monte Carlo numerical simulation, which uses the 
stratification of the theoretical probability distribution function of input random variables. The 
LHS is very efficient for the estimation of the first two or three statistical moments of struc-
tural response. It requires a relatively small number of simulations – repetitive calculations of 
the structural response resulting from adopted computational model (tens or hundreds). The 
utilization of LHS strategy in reliability analysis can be rather broad and it is not restricted just 
to the estimation of statistical parameters of structural response (Ayyub & Lai 1989, Novák et 
al. 1998). 

 

 
 

Figure A-2: LHS - division of cumulative probability distribution function into layers 

 

There are generally two stages of LHS:  

• Samples for each variable are strategically chosen to represent the variables 
distribution function; 
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• Samples are reordered to match required statistical correlation among vari-
ables. 

The cumulative probability distribution functions (CPDF) for all random variables are divided 
into N equivalent intervals (N is the number of simulations); centroids of intervals are then 
used in the simulation process. This means that the range of the probability distribution func-
tion Φ(Xi) of each random variable Xk is divided into N intervals of equal probability 1/N, see 
Figure A-1. The representative parameters of variables are selected randomly based on ran-
dom permutations of integers 1, 2, ..., j, …, N. Every interval of each variable must be used 
only once during the simulation. Such a table of random permutations has the dimension 

nN × , an example for 10N =  and 6n =  (n is the number of random variables) is pre-
sented in Table A-1.  

n 
N 

1 2 3 4 5 6 

1 9 1 10 4 1 1 

2 4 5 3 7 10 2 

3 8 3 9 10 8 5 

4 6 2 8 9 3 10 

5 10 4 4 8 9 6 

6 7 10 5 1 2 4 

7 5 9 6 5 4 7 

8 2 6 7 2 6 3 

9 1 7 1 6 7 8 

10 3 8 2 3 5 9 

 

Table A-1: Example of table of random permutations 

 

It should be noticed that this approach gives samples with a mean close to the desired one 
while the sample variances might be significantly different. In order to better simulate vari-
ables to capture correctly means and variances, the random mean of each section should be 
chosen (Huntington & Lyrintzis 1998). 

Statistical correlation among input random variables can be considered. There are two prob-
lems concerning statistical correlation related to LHS: First, during sampling undesired corre-
lation can be introduced between random variables especially in case of a very small number 
of simulations, where the number of interval combination is rather limited. The second task is 
to introduce prescribed a statistical correlation between random variables defined by a pre-
scribed correlation matrix. A stochastic optimization technique called Simulated Annealing 
(Laarhoven & Waarts 1987, Otten & Ginneken 1989) is utilized in FREET in order to adjust 
random samples in such a way that the resulting correlation matrix is as close as possible to 
the target (user-defined) correlation matrix.  

The imposition of a prescribed correlation matrix into the sampling scheme can be under-
stood as an optimization problem: The difference between prescribed K and generated S 
correlation matrices should be as small as possible. A suitable measure of quality of overall 
statistical properties can be introduced, e.g. the maximal difference of correlation coefficients 
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between matrices Emax or a norm, which takes into account deviations of all correlation coef-
ficients: 

j,ij,i
Nji1

max KSE max
v

−=
≤≤≤

, ( )∑ ∑
−

= +=
−=

1N

1i

N

1ij
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v v
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The norm E has to be minimized from the point of view of definition of an optimization prob-
lem: the objective function is E and the design variables are related to ordering in the sam-
pling scheme (Table A-1). It is well known that deterministic optimization techniques and 
simple stochastic optimization approaches can very often fail to find the global minimum. 
Such a technique fails in some local minimum and then there is no chance to escape from it 
and to find the global minimum. It can be intuitively predicted that in the problem at hand the 
problem with multiple local minima is definitely faced. Therefore, the stochastic optimization 
method has to be used, which works with some probability of escaping from local minimum. 
The simplest form is the two-member evolution strategy, which works in two steps: mutation 
and selection.  

Step 1 (mutation): In generation a new arrangement of random permutations matrix X is ob-
tained using random changes of ranks, one change is applied for one random variable. Gen-
eration should be performed randomly. Objective function (norm E) can be then calculated 
using newly obtained correlation matrix - it is usually called “offspring”. The norm E calcu-
lated using former arrangement is called “parent”. 

Step 2 (selection): The selection chooses the best norm between the “parent” and the “off-
spring” to survive: For the new generation (permutation table arrangement) the best individ-
ual (table arrangement) has to give a value of objective function (norm E) smaller than be-
fore. 

Such approach has been intensively tested using numbers of examples. It was observed that 
the method in most cases could not capture the global minimum. It failed in a local minimum 
and there was no chance to escape from it, as only an improvement of the norm E resulted in 
acceptance of the “offspring”.  

The step “Selection” can be improved by the Simulated Annealing approach (SA), a tech-
nique, which is very robust concerning the starting point (initial arrangement of permutations 
table). The SA is an optimization algorithm based on randomization techniques and incorpo-
rates aspects of iterative improvement algorithms. Probability of acceptance is based on the 
Boltzmann probability distribution:  
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                          (A.2) 

 

where ΔE is the difference of the norms E before and after random change. This probability 
distribution expresses the concept when a system in thermal equilibrium at temperature T 
has its energy probabilistically distributed among all different energy states ΔE. The Boltz-
mann constant kb relates temperature and energy of the system. Even at low temperatures, 
there is a chance (although very small) of a system being locally in a high energy state. 
Therefore, there is a corresponding possibility for the system to move from a local energy 
minimum in favor of finding a better minimum (escape from local minimum). There are two 
alternatives in step 2 (mutation). Firstly, a new arrangement (offspring) results in a decrease 
of the norm E. Naturally the offspring is accepted for the new generation. Secondly, the off-
spring does not decrease the norm E. Such an offspring is accepted with some probability. 
This probability changes as temperature changes. As the result, there is a much higher 
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probability that the global minimum is found in comparison to deterministic methods and sim-
ple evolution strategies.  

In our casethe Boltzmann constant kb can be considered to be one. In classical applications 
of SA approach for optimization there is the problem of how to set the initial temperature. 
Usually it should be considered heuristically. But the problem at hand is constrained: Accept-
able elements of the correlation matrix are always from the interval <-1; 1>. Based on this 
fact the maximum of the norm can be estimated using prescribed and hypothetically “most 
remote” unit correlation coefficients (plus or minus). This approach represents a significant 
advantage. The heuristic estimation of initial temperature is neglected; the estimation can be 
performed without the guess of the user and the “trial and error” procedure. The initial tem-
perature has to be decreased step by step, e.g. using the reduction factor fT after a constant 
number of iterations (e.g. thousand) Ti+1 =Ti * fT. The simple case is to use e.g. fT = 0.95, note 
that more sophisticated cooling schedules are known in SA-theory (Otten & Ginneken, 1989, 
Laarhoven & Waarts, 1987). 

In order to illustrate the efficiency of the proposed technique, consider an example of correla-
tion matrix, which corresponds to the properties of concrete. They are described by 7 random 
variables. A parametric study of this example with emphasis on influence of number of simu-
lations is given in (Vořechovský et al. 2002). It can be seen that as number of simulations 
increases, correlation matrix is closer to the target. Using standard PC correlating with SA 
took about one second. Figure A-2 shows the decrease of the norm E during SA-process. 
Such a figure is typical for the process and should be monitored.  

 

 

 
Figure A-2: The norm E (error) vs. number of random changes (rank switches) 

 

This newly developed technique used in FREET is robust, efficient and very fast and has 
several advantages in comparison with former techniques (Vořechovský et al. 2002, Voře-
chovský & Novák 2002, 2003). Note that the approach allows also to work with non-positive 
definite matrix on input, which can be the result of lack of knowledge of the user. This tech-
nique generates samples as close as possible to a positive definite matrix (mathematically 
and physically correct). 

An important task in the structural reliability analysis is to determine the significance of ran-
dom variables - how they influence a response function of a specific problem. There are 
many different approaches of sensitivity analysis; a summary of present methods is given in 
(Novák et al. 1993). A sensitivity analysis can answer the question of what variables are the 
most important. In this way the dominating and non-dominating random variables can be 
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distinguished. The technique of sensitivity analysis based on nonparametric rank-order sta-
tistical correlation appeared to be suitable within the framework of Latin Hypercube Sam-
pling. It uses the Spearman correlation coefficient or Kendall’s tau. This technique is distribu-
tion free and quite robust. The so-called "Parallel Co-ordinates Representation" (Wegman 
1990) in the FREET graphical user environment gives an insight into the statistical structure 
of the relationship between random input variables and response output variables. 

As a measure of non-parametric correlation the statistic called Kendall’s tau is used. It util-
ises only the relative ordering of ranks: higher in rank, lower in rank, or the same in rank, i.e. 
the weak property of data. Thus, Kendall’s tau can be considered as a very robust strategy. 
For a detailed description of calculation (see Novák et al. 1993), here we present only a 
symbolic formula. As mentioned above Kendall’s tau is the function of ranks qji (the rank of a 
representative value of the random variable Xi in an ordered sample of N simulated values 
used in the j-th simulation which is equivalent to the integers in the table of random permuta-
tions in the LHS method) and pj (the rank in an ordered sample of the response variable ob-
tained by the j-th run of the simulation process): 

 

( ) N,,2,1j,,pqττ jjii K== .                     (A.3) 

 

In this way the correlation coefficients τi ∈<-1, 1> can easily be obtained and compared for 
an arbitrary random variable. The greater the absolute value of τi for a variable Xi , the 
greater the influence of this variable on the structural response. An advantage of this ap-
proach is the fact that a sensitivity measure for all random variables can be obtained directly 
within one simulation analysis. The rank-order statistical correlation can be expressed also 
by the Spearman correlation coefficient 
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where di is the difference of the order of the components in ordered sample. It gives similar 
results as Kendall’s tau. 

The non-parametric sensitivity can illustratively be shown by the Parallel Co-ordinates Rep-
resentation (Wegman 1990), which can clearly demonstrate the positive or negative influ-
ence of a basic random variable (Novák et al. 1998). Pairs of orders (basic input variable vs. 
response variable) are plotted in parallel co-ordinates. This is shown in Figure A-3.  

 

 
 

Figure A-3: Parallel co-ordinates representations 
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Cornell´s reliability index can be calculated in FREET from the limit state (performance) func-
tion under the assumption of a normal probability distribution for both structural resistance 
and acting load. The reliability index is estimated from mean value and standard deviation of 
the limit state function. The histogram of the safety margin as specified in the limit state func-
tion definition can be visualized. Curve fitting of the most suitable mathematical model of 
probability distribution is also utilized for better prediction of the theoretical failure probability.  

The program FREET is equipped with a user-friendly graphical environment, which enables 
comfortable input of stochastic parameters as well as illustrative interpretation of results. 
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A.4 Stochastic Nonlinear Analysis – SARA Studio  

The programs FREET and ATENA are integrated in the software package SARA (Structural 
Analysis and Reliability Assessment) in order to allow for a probabilistic nonlinear analysis of 
concrete structures (Bergmeister et al. 2002). An interactive graphical shell SARA Studio 
was developed in order to assure a well-arranged data exchange and management as well 
as control of both mentioned programs and additional supporting tools. The whole process of 
the nonlinear stochastic simulation is controlled by the user with commands and interfaces 
available in SARA Studio. 

The material properties and other input parameters used in the ATENA deterministic analysis 
are firstly defined. These values are exported to FREET, where they will be used as mean 
values for random distributions of the corresponding variables. Further stochastic parameters 
(variance, type of the probability density function) for selected variables are defined directly 
in FREET. The randomness of input variables reflects uncertainties and randomness of the 
input values regarding material properties, geometry of the structure, prestressing etc. An 
integrated database of stochastic parameters for various structural and material properties 
(concrete, reinforcing steel, prestressing, geometrical imperfections) is available in order to 
support the user in preparing of the stochastic input data. Correlation between random input 
variables can be introduced in form of the correlation matrix. The number of samples is se-
lected according to the complexity of the problem to be solved and the required quality of 
expected results. Already a small number of simulations (samples) can give a reasonable 
estimation of the stochastic parameters of the structural response and reliability index predic-
tion.  

In the next step, sets of input parameters for the required number of samples are generated 
by FREET. SARA Studio prepares input data for the multiple analysis using ATENA. The 
single samples are consequently solved in ATENA under SARA Studio control. Selected 
results from the structural response from ATENA solution (ultimate load, deflection, maxi-
mum crack width etc.) are collected. Finally, obtained results are transferred to FREET and 
evaluated in form of histograms of structural response and sensitivity plots. Thus, the reliabil-
ity index can be assessed.  

The whole procedure can be itemized as follows: 

1) Deterministic model of the structure is prepared and checked within ATENA. 
2) Uncertainties and randomness of the input parameters are modelled as random vari-

ables described by their probability density functions (PDF). The result of this step is 
the set of input parameters for the ATENA computational model – random variables 
described by mean value, variance and other statistical parameters (generally by 
PDF). 

3) Random input parameters are generated according to their PDF using Latin Hyper-
cube sampling. Statistical correlation among the parameters is imposed using Simu-
lated Annealing. 

4) The generated samples of random parameters are used as inputs for the ATENA 
computational model. The complex nonlinear solution is performed and selected re-
sults (structural response) are saved. 

5) The previous two steps are repeated for all samples.  
6) The resulting set of structural responses from the whole simulation process is statisti-

cally evaluated. The results are: histogram, mean value, variance, coefficient of 
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skewness, empirical cumulative probability density function of the structural response 
as well as a sensitivity evaluation and an estimation of the reliability index. 
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A.5 Conclusions  

People rely on the professional care and expertise of those involved in the planning, design, 
analysis, detailing, construction, and maintenance of structures. Every structure is exposed 
to a variety of hazards from the natural and man made environments and from human activ-
ity and intervention. So people occupied with the above-mentioned fields, have an enormous 
responsibility. One of the objectives for Sustainable Bridges project is to create guidelines 
and instruments that should enable the engineer and designer to get a realistic probabilistic-
based assessment of a structure. 

The proposed approach is based on the 2D/3D non-linear analysis program ATENA devel-
oped by Cervenka Consulting. This FEM program is adapted to a probabilistic analysis con-
cept. The necessary handling and treatment of the statistical data of structures – loading and 
resistance in general - needs special sampling methods. The examination and the inclusion 
of these methods in the existing non-linear analysis program are main parts of the project. 
Thus, in the course of the project the multi-purpose probabilistic software package FREET is 
used for statistical, sensitivity and reliability analysis of engineering problems. Furthermore, 
the programs FREET and ATENA are integrated into the stochastic nonlinear analysis pro-
gram SARA Studio that allows for a probabilistic nonlinear analysis of concrete structures 
and the determination of the reliability of the structure.  
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Appendix B – Probabilistic nonlinear analysis of the 
Brunna Bridge 
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B.1 Introduction 

In the following example the probabilistic nonlinear analysis of a reinforced concrete railway 
bridge is presented in order to demonstrate the applicability of one of the reliability methods 
applicable for non-linear FEM presented in the present report. Due to its simplicity and the 
applicability within any available FEM codes, the Latin Hypercube simulation method was 
used in this study.  The numerical nonlinear model of the bridge was developed within the 
non-commercial FEM code Plastd90 (Henriques, 1998).   

From the survey of the railway bridges in the European network it was concluded that in the 
stock, 23 % of the bridges are concrete, 21 % metallic, 41 % arches and 14 % composite or 
encased beams. However in many countries, where the railway network is younger the con-
crete bridges have the majority in the stock. For example in Sweden bridges with concrete 
superstructures make up about 75 % of the railway bridge stock. 

In concrete bridges, only 4 % of the total population of the concrete bridges have spans 
longer than 40 meters. The usual spans are usually shorter than 10-15 m. For such spans 
the most common typologies are reinforced concrete slabs and reinforced concrete girder 
decks composed by two girders with a bottom slab (through bridges). 

Considering the results of the survey it was decided to choose as examples bridges which 
are representative for the railway stock in Europe. In case of concrete structure the choice 
was done on the bridge within Swedish railway network in Brunna (see Figure B-1). The 
Swedish Railway Administration (BV) provided all the required data necessary for the analy-
sis. 

 

 
Figure B-1: Brunna Bridge. 
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B.2 Technical Description 

The Brunna Bridge is a reinforced concrete four spans continuous bridge constructed in 
1969. The spans have the following length: 13.5 m, 15.0 m, 13.0 m and 11.0 m. The deck is 
composed by two T shape (almost rectangular) girders spaced by approximately 4.0 m and 
connected by the bottom 0.4 m thick slab which gives the support for the single rail track. 
The depth of the girders is equal to 1.5 m and the webs are 0.8 m thick. Dimensions of the 
cross section are presented in Figure B-2.  

 
Figure B-2: Brunna Bridge – Cross Section 

The Brunna Bridge is a frame bridge, where the intermediate reinforced concrete circular 
columns (B,C and D) are rigidly connected to the deck and to the footing foundation. The 
lateral supports (A and E) are also composed by circular columns however they are designed 
as double pinned and transfer just the vertical reactions. The bridge has a skew of about 50 
degree. The connection of the deck with the abutment is designed by means of cantilever 
nose with teeth immersed in the embankment. 

According to the design specification the concrete has got a characteristic compressive 
strength of about 28MPa. The characteristic yielding strength of the reinforcing steel is about 
400MPa. 

The longitudinal reinforcement of the main girders is composed by bars of 25mm diameter. In 
the middle of the spans are provided up to twenty bars and over the piers there are designed 
up to 24 bars. The outline of the longitudinal reinforcement is presented in Figure B-3 

 
Figure B-3: Brunna Bridge – Outline of the longitudinal reinforcement (the values into brack-
ets are the vertical reinforcement coordinates counting from the bottom of the girder; in case 
of piers the reinforcement is distributed evenly on the perimeter). 
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B.3 Numerical model 

Some simplifications were made at the phase of bridge modelling. At first, just one alignment 
of the girders was modelled. This implies that no transverse redistribution of loads between 
two girder alignments is allowed and that the effect of skew is neglected. Also the distribution 
of all the loads between girders was assumed to be fifty-fifty which implies that the random 
eccentricities in the load application are neglected. Second, the long term effects of concrete 
and steel behaviour (creep, shrinkage, ageing, etc.) were neglected. This implies that the 
bending moment distribution due to dead loads is considered equal to the phase of demould-
ing and that the concrete behaviour is considered as for the concrete after 28 days of ageing.  

The non-commercial software Plastd90 was used for modelling the bridge. The software 
considers non-linearity of steel and concrete. This program is based on FEM techniques and 
uses the Timoshenko three nodes beam elements with a layered approach through the 
height (see Figure B-4). The methodology used by the program to model the non-linearity of 
concrete and steel, is described elsewhere (Henriques, 1998). The strain-stress relationships 
for concrete and reinforcing steel are taken according to the Model Code CEB-FIP 1990. 

 
Figure B-4: Layered approach 

 

The non-linear FEM model consists of 67 beam elements (see Figure B-5). The elements 
representing girders comprise of 15 layers of concrete and 6 layers of reinforcing steel. The 
piers were modelled by elements composed by 10 layers of concrete and 8 layers of mild 
reinforcement. 
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Figure B-5: FEM model 

 

The boundary conditions were modelled as follows. Since the lateral piers (A and E see Fig-
ure B-3) were designed as double pinned in the numerical model they were neglected and 
substituted by the simple supports which transfer just the vertical reactions. Due to the fact 
that the intermediate reinforced concrete circular columns (B,C and D see Figure B-3) were 
rigidly connected to the deck and to the footing, in the model the connection of pier with deck 
and foundation were considered as fixed. 

The following actions were considered in the analysis (see Figure B-6): 

• G - Self-weight of the structure; 

• GA - Additional permanent loads; 

• QT - Live load on the railway track including impact (UIC train load model); 
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B.4 Deterministic nonlinear analysis 

B4.1 Loading schemes and condition states 
Prior to the probabilistic numerical simulations of the studied bridge some deterministic 
analyses were performed considering all variables as their mean values. The objective of 
those analyses was to choose the loading approach which could lead to the highest probabil-
ity of failure. Figure B-6 shows all loading schemes considered. The loading schemes LS1-
LS4 corresponds to the elastic influence lines of maximum bending moments in the middle of 
the first, second, third and fourth span respectively. However the loading schemes LS5-LS7 
corresponds to the elastic influence lines of maximum bending moments over first, second 
and third pier respectively. 

 
Figure B-6: Loading schemes 

 

The loads were imposed to the structure as follows: at first the mean value of the self weight 
of the structure, the mean value of the additional dead loads and the mean value of the rail-
way traffic load including impact were applied, later the traffic load was incrementally in-
creased up to failure. The failure in this analysis was defined as the state of the deformation 
of the finite element for which the equilibrium between the applied loads and the internal 
state of stresses can not be reached. This happens when the concrete crushes (maximum 
strain of 0.35 %) or the steel reach the deformation limit (in this case considered a maximum 
deformation of 2.5 %). The factors by which the mean railway traffic load has to be multiplied 
to cause the bridge failure for each of the seven load schemes (named as “load factors”) are 
presented in the Table B-1.  

Table B-1: Load factors for different scheme of loading 

Loading scheme LS1 LS2 LS3 LS4 LS5 LS6 LS7 

Load factor 5.7 6.9 6.2 5.7 5.7 6.6 6.8 

 

From the table it is possible to conclude that considering the mean values of all variables the 
worst loading approach is due to scheme LS1, LS4 and LS5. In real bridge assessment all 
those three cases should be studied in detail and even load case LS3 should be analysed. 
However, in this example it was decided to perform further study just for load schemes LS1, 
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which cause failure of the middle span section of the first span. This decision can be ex-
plained by the fact that the presented example aims to show methodology of probabilistic 
non-linear analysis rather then show complete bridge assessment. 

Considering the load scheme LS1 it was also decided to perform analysis for two different 
condition state of the bridge. First analysis was carried out for the intact bridge where it was 
assumed that the structure is in perfect condition. However the second analysis was per-
formed for the bridge with a serious damage, where around 50% of the bottom reinforcement 
of the section in the middle of the first span was assumed to be corroded and was removed 
from the model. The situation, where just in one section of the bridge exists so serious dam-
age is, of course, a bit unreal, but it was decided to analyse such a situation to show the po-
tential of the probabilistic nonlinear analysis in the case where the standard assessment us-
ing existing codes (partial safety format and linear analysis) fails. The results of the elastic 
analysis and the safety check according to the several safety formats are presented in the 
corresponding report (SB4.4.1 (2007)).  

B4.2 Results of analysis for the intact bridge 
Some results of the deterministic failure analysis of the intact bridge are presented below. In 
Figure B-7, the load-displacement curve for load scheme LS1 is shown. Analyzing the re-
sponses obtained in the analysis we can see that the structure presents a ductile behaviour 
and a very high level of safety (load factor close to 6) although the non-linear behaviour 
starts at a load factor close to 2. 
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Figure B-7: Load-displacement curve for undamaged bridge. The displacements correspond 
to the displacements of the middle span section of the first span. 

 

The vertical deflection of the structure prior to the failure is presented in Figure B-8. The de-
formation corresponds to the load scheme LS1. Figure B-9 shows the crack pattern for the 
load scheme LS1. The graphic also corresponds to the situation prior to collapse. The distri-
bution of the principal stresses in concrete and zones of steel yielding for loading scheme 
LS1 is presented in Figure B-10. As in previous cases, diagram was obtained for the stage of 
the structure prior to failure. 
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Figure B-8: Deformation of the structure prior to the failure for the load scheme LS1 (deforma-
tion amplification factor equal to 25). 

 

 
Figure B-9: Crack patterns prior to the failure for the load scheme LS1.  

 

 
Figure B-10. Principal stresses in concrete (compression in red) and zones of steel yielding 
(blue marks) prior to the failure for the load scheme LS1. 

B4.3 Results of analysis for the damaged bridge 
Some results of the deterministic failure analysis of the damaged bridge are presented be-
low. In Figure B-11 the load-displacement curve for load scheme LS1 is showed. Analyzing 
the response obtained in the analysis we can see that the structure still presents ductile be-
haviour. However ductility and ultimate capacity in this case are significantly reduced com-
pared to the intact bridge. 

The deformation of the structure prior to failure is presented in Figure B-12. Figure B-13 
shows the crack patterns for the load scheme LS1. The graphic corresponds also to the situa-
tion prior to collapse. The distributions of the principal stresses in concrete and zones of steel 
yielding are presented in Figure B-14. As in previous cases, the diagram was obtained for 
the stage of the structure prior to the failure. 
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Figure B-11: Load-displacement curve for damaged bridge. The displacement corresponds 
to the displacement of the middle span section of the first span. 

 
Figure B-12: Deformation of the structure prior to the failure (deformation amplification factor 
equal to 25). 

 
Figure B-13: Crack patterns prior to the failure.  

 
Figure B-14. Principal stresses in concrete (compression in red) and zones of steel yielding 
(blue marks) prior to the failure. 
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B.5 Probabilistic nonlinear analysis 

B5.1 Variability of parameters 
Trying to reduce the time of simulations the pre-selection of the variables to be considered as 
random was performed considering some previous knowledge and engineering judgement. 
In the analysed example the pre-selection allowed to eliminate all the variables that describe 
the geometry and material properties of the pier. Also the variability of elasticity modulus and 
ultimate strain of the reinforcing steel of the girder were considered to be insignificant and 
negligible. Other variables, like concrete elasticity modulus and concrete tensile strength 
have a low importance and in the analysis there were considered as perfectly correlated with 
the compressive strength of concrete as defined by the formulas in Eurocode 2 (CEN, 2003). 
The girder effective depth in the analyses was considered to be perfectly correlated to the 
height of the girder in such a way that the relative position of the reinforcement regarding to 
the girder surface (concrete cover of each reinforcement layer) was assumed to be constant. 

The statistical models of the compressive strength of concrete, the yielding strength of steel, 
the girder geometry and the area of reinforcement assumed in the analysis are presented in 
Table B-2.  Also the statistical models of the dead loads, the railway traffic loads and the im-
pact as considered in the study are presented in Table B-2. As it can be noticed, for purpose 
of simplicity all the random variables were assumed to have normal (Gaussian) distribution. 
The parameters of all the random variables were defined according to the data obtained by 
various authors and presented in the other report (SB4.4.2 (2007)).  

The values of railway traffic loads were obtained from the UIC train load model considering 
that the characteristic axle load (250kN) and distributed load (80kN/m) corresponds to the 
98-th percentile of the PDF of the railway load assuming normal distribution. Considering this 
assumption the mean value for the axle loads (207kN) and distributed load (63.4kN/m) were 
obtained. Later due to the assumption of equal distribution of the load between the two gird-
ers and the assumption of the distribution of the concentrated load form the axles through the 
ballast (the distribution length was considered equal to 6.4m) the values as presented in the 
Table B-2 were obtained. 

 

Table B-2: Definition of random variables considered in the analysis 

Random variable Symbol Unit Mean COV PDF 

Concrete compressive strength fc MPa 34.00 0.15 normal 

Reinforcement yield strength fy MPa 454.00 0.10 normal 

Height of the girder hg m 1.50 0.02 normal 

Height of the slab hs m 0.40 0.07 normal 

Reinforcement area AS m2 nominal 0.02 normal 

Self weight G kN/m 47.53 0.08 normal 

Additional dead load GA kN/m 21.07 0.10 normal 

Railway traffic load (concentrated) Q kN/m 64.69 0.10 normal 

Railway traffic load (distributed) q kN/m 31.70 0.10 normal 

Impact factor I - 1.25 0.50 normal 
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B5.2 Results of the analysis 
The safety assessment of the intact bridge and damaged bridge (50% loss of reinforcement 
at mid-span section of the first span) were performed according to the following methodol-
ogy. At first a set of values of random variables were generated, using Latin Hypercube 
sampling method (see Appendix A), according to the parameters presented in Table B-2. 
Later, structural analyses were performed for each combination of generated variables (100 
simulations). Finally the results were evaluated statistically and the reliability indices β were 
calculated using the Mean Load Method. In the simulations the railway traffic loads and im-
pact were considered as deterministic. Their variability was decided to be considered in the 
further calculation of the reliability index β.  

 

a) Intact bridge. 
 

b) Damaged bridge. 
 

Figure B-15: Histogram of calculated load factor (safety margin) for the load scheme LS1. 

Figure B-15a and B-15b presents the histogram of the calculated load factor (factor by which 
the railway traffic loads have to be multiplied to cause the bridge failure) for the intact and 
damaged bridge respectively considering load scheme LS1. The normal curve plotted in the 
diagrams were determined based on mean values and standard deviations of the results 
obtained from simulation. In the presented example the plots show a very good fit of the ob-
tained results with the normal distribution which is also confirmed by the Kolmogorov Smir-
noff nonparametric test.  

The reliability index β for the intact and damaged bridge was calculated using Mean Load 
Method. The equation determining β using Mean Load Method can take one of two forms 
depending on the distribution type considered. In this case the random variables (namely the 
generalized structural resistance and the generalized action) where considered to have nor-
mal distribution, hence the following equation was used: 

22
SR

SR

σσ
β

+

−
=                          (B-1) 

In equation (B-1) R and S are the mean values of the generalized resistance and the action 
respectively. σR and σS are the standard deviations of the generalized resistance and the 
action. In the present case, the load factors obtained by simulation using Latin Hypercube 
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method (see Figure B-15) were considered to be the generalized resistance. The load factors 
which correspond to the real loads on the bridge were considered to be the generalized ac-
tion. In this case, due to the fact that during the simulations the loads were applied as their 
mean value including impact and later incremented (by multiplying the mean load by the load 
factor) to reach the structure failure, the mean value of the generalized action takes unit 
value. The standard deviation of the generalized action was considered to be equal to 0.14. 
This value is the effect of the multiplication of the railway load with a coefficient of variation 
equal to 10% by the impact factor with a coefficient of variation equal to 50%. Table B-3 re-
sumes the calculation of the reliability index β for the load case LS1. 

Table B-3: Calculation of the reliability index 

Resistance R Action S Safety margin R-S Condition 
state 

Load 
sche
me Mean St. Dev. Mean St. Dev. Mean St. Dev. 

Reliabil-
ity index 

β 

Intact LS1 5.576 0.453 1 0.14 4.576 0.474 9.65 

Damaged LS1 3.286 0.324 1 0.14 2.286 0.353 6.48 

 

The values of the reliability index are in accordance with the values of the load factor ob-
tained in the deterministic analysis.  

B5.3 Sensitivity analysis 
The sensitivity of the analysed structural response to the basic variables was evaluated after 
numerical simulation. This was made to define the variables with the biggest influence on the 
output. This influence was assessed in terms of linear correlation between the results (safety 
margin expressed by the load factor obtained due to the simulation) and each of the random 
variables. Figure B-16 shows the results of this analysis. As it can be seen, the steel yielding 
strength is the most influencing variable. The geometry of the girder and the reinforcement 
area also show some importance. The concrete compressive strength has significant impact 
on the results for the case of the intact bridge but loose its influence in the case of damaged 
bridge. The remaining variables show negligible influence on the results. However, in the 
damaged condition the importance of the dead load is becoming more significant since the 
safety margin reduces significantly. In this analysis the importance of the live loads was not 
assessed, despite it can be expected to have a great influence. 
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Figure B-16: Results of the sensitivity analysis. 
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B.6 Conclusions  

The presented probabilistic methodology coupled with non-linear analysis seems to be ade-
quate and efficient tool for failure analysis and safety assessment of existing railway bridges 
where the redistribution of forces and the system effect are crucial. The evaluation of the 
Brunna Bridge using probabilistic non-linear analysis shows, that the structure has sufficient 
safety margin in the considered load level (UIC train load) for the intact condition state as 
well as for the case of a significant damage. The comparison of these results with the results 
obtained using a member level assessment and assuming linear-elastic behaviour (see 
SB4.4.1 (2007)) shows the potentiality of the probabilistic non-linear analysis in the capacity 
assessment of the existing concrete railway bridges. 
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Appendix C – Probabilistic nonlinear analysis of the Malar-
strand Steel Bridge 
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C.1 Introduction and Objectives 

The purpose of this analysis was to predict the reliability of the main load-bearing members 
of the Malarstrand steel bridge by the modern probability simulation methods combined with 
the advanced nonlinear solution of the structure. This study concentrates only on the re-
sponse of the main beams both in bending and shear. For clarity of the example, it also does 
not consider the beam or web buckling, which is of course and important effect that normally 
has to be considered in a steel bridge design. Consideration of buckling, however, will not 
change the qualitative meaning of the results, but of course the possible load factors for traf-
fic increase will be different (i.e. lower). 

C1.1 Model of the bridge 
The bridge is a continuous beam with 2 spans (left span 16,491m and right span 24,123m 
long) with a total length of 41.315 m and cross-section depth 2.75 m (see figures C-1 and C-
2). The cross-section consists of two flanges made from the steel plate 600x38mm and a 
web from two plates 175x35mm and one plate 2324x20mm. Also stays from 14mm plate in 
the area of supports were modeled (figure C-2).  

 

 
 

Figure C-1: Geometry of the main girder. Dimensions are in mm. 
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Figure C-2: Bridge Gross-section and the dimension of the main beam. Dimensions are in 
mm.  

  

The final element mesh consists of 400mm rectangular elements in the web area and smaller 
triangular ones in the area of flanges and stays (Figure C-3). 

 Material characteristics of the used steel correspond to Siemens-Martin steel of old 
bridges taken.  
 

  

 
Figure C-3: Model of the beam 

 

The statistical properties of the material as considered in the analysis are shown in ta-
ble C-1 

 

 

 

16,491m 24,123m 

2,75m 
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Table C-1: Statistical properties of Material and load variables (whole bridge, 2 beams) 

Variable Units Distribution Mean COV 

Steel Yielding MPa Lognormal 282 0.0695 

Steel Hardening MPa Lognormal 135 0.102 

Steel Elastic Modulus MPa Normal 210000 0.02 

Impact Factor - Normal 0.25 0.5 

Poisson’s Ratio - Deterministic 0.3 - 

Load – locomotive kN/m Gumbell Max. EV1 129 0.1 

Load – tenders kN/m Gumbell Max. EV1 63.4 0.1 

Self Weight+ perma-
nent loads kN/m Normal 46.0 0.1 

Corr.=1 

Corr.=0,8

Corr.=0,4
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C.2 Loading 

Three types of uniformly distributed load were taken into account (self weight of the bridge 
and 2 train loads. The load of the locomotive (6,4m long) was situated near the centre of the 
longer span (26,3m from the beginning of the beam - causing maximal deflection – Figure C-
4) when assessing the bending reliability and near the middle support (18,1m from the be-
ginning – Figure C-5) when assessing the shear reliability. The load of the tenders was 
placed to the rest of the structure. The bridge has two tracks and two load-bearing members 
and so the load from one track is distributed to the corresponding beam. These two random 
variables were treated as fully statistically dependent (c. of correlation = 1). Loading was also 
affected by an impact coefficient which was also a random variable (Table C-1).  

The function: (locomotive+tender load) * (1 + imp. coeff.) + self weight + permanent 
load was generated (using LHS-median method with 100000 samples) and fitted as Log-
normal 3 parameter distribution function with these parameters: μ=207,3kN/m; COV=0,113; 
β=8,89 (see Figures C6-C9). 
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Figure C-4: Load configuration – bending mode [MN/m] 
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Figure C-5: Load configuration – shear mode [MN/m] 
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Figure C-6: Load from 2 locomotives – distribution [kN/m] 
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Figure C-7: Impact factor distribution [-] 
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Figure C-8: Self Weight + permanent load – distribution [kN/m] 
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Figure C-9: Load random variable – final value [kN/m] 
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C.3 Solution and Results (full probabilistic approach) 

Solution of the problem was performed by the SARA Studio which cooperates with FREET 
and ATENA 2D programs. FREET works with statistical data and generates inputs for SARA 
Studio and after that a number of solutions are computed in ATENA 2D (see appendix A). 

 In our analysis we solved this limit state function: G = Resistance – Load. The approach of 
getting the probability distribution of the loading variable was described above.  

The resistance of the beam is defined as the maximal load (in the bending or shear 
configuration) that can be carried by the beam. Therefore, the process of analysis is to in-
crease the live load added to the self-weight and permanent loads until a failure in the mean 
beams is reached. As an example, in figures C-10 to C-14 are shown the results of the 
analysis corresponding to the mean values of the material properties. 

Random variables of material characteristics (Table C-1) were put into FREET and 
using LHS-median method, 64 groups of input samples were generated. Then, 64 solutions 
were performed in ATENA 2D and the distribution function of resistance was obtained (fig-
ures C-15 to C-18). With this, the limit state function in bending (figure C-19) and shear (fig-
ure C-20) were obtained. The reliability index was finally obtained as presented in table C-2. 
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Figure C-10: Response of the beam – (mean properties of the variables. Statistical distribu-
tion as in table C-1) 
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 Step 14, Steel Bridge - longitudinal section
 Scalars:rendering, Basic material, in nodes, Stress, Sigma xx, <-2.808E+02;2.942E+02>[MPa]
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2 942E+02  

Figure C-11: Stress σxx – bending mode [MPa] (mean properties; resistance = 0,759MN/m) 

 

 
 Step 14, Steel Bridge - longitudinal section
 Scalars:rendering, Basic material, in nodes, Stress, Tau xy, <-1.480E+02;1.319E+02>[MPa]
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Figure C-12: Stress τxy – bending mode [MPa] (mean properties; resistance = 0,759MN/m) 

 

 

 
 Step 14, Steel Bridge - longitudinal section
 Scalars:rendering, Basic material, in nodes, Stress, Sigma xx, <-2.740E+02;2.999E+02>[MPa]
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Figure C-13: Stress σxx – shear mode [MPa] (mean properties; resistance = 0,869MN/m) 
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 Step 14, Steel Bridge - longitudinal section
 Scalars:rendering, Basic material, in nodes, Stress, Tau xy, <-1.502E+02;1.284E+02>[MPa]
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Figure C-14: Stress τxy – shear mode [MPa] (mean properties; resistance = 0,869MN/m) 

 

 

 

 
Figure C-15: Resistance - Displacement diagram – 64 realizations (bending mode) 
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Figure C-16. Resistance - Displacement diagram – 64 realizations (shear mode) 

 

 

 
Figure C-17: Resistance vs. Load (bending mode) [MN/m] 
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Figure C-18: Resistance vs. Load (shear mode) [MN/m] 
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Figure C-19: Limit state function (bending mode) [MN/m]. Basic variables as presented in 
table C-1. 
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Limit State Function 1
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Figure C-20: Limit state function (shear mode) [MN/m]. Basic variables as presented in table 
C-1. 

 

Table C-2: Limit state functions 

 Type of LSF 
Mean 

[MN/m] 
COV Reliability index - β 

Bending mode Logistic 0.6139 0.0990 10.1 

Bending mode All normal 0.6139 0.0976 10.2 

Shear mode Gamma (2 par) 0.743 0.0887 11.28 

 

The main statistical characteristics of the limit state functions in bending and shear are pre-
sented in table C-2. The reliability of the main beam undergoing bending and shear load is 
given by the calculated values of the reliability index (βbending=10,1 and βshear=11,28). These 
values are to be compared with the Eurocode value of 4.7. The bridge clearly shows to be 
very reliable, and the above reliability indices corresponds to the probability of failure: 
pf,bending=2.72x10-24 and pf,shear= 8.41x10-30. 

In order to compare the results for the bending failure mode of the full probabilistic non-linear 
analysis with other simplified methods (see chapter C.4), also the result assuming a normal 
distribution for all random basic variables, instead of the values in table C-1, was calculated. 
In figures C-21 and C-22 are shown the new structural resistance and limit state function. 
The parameters of the limit state function and reliability index are also displayed in table C-2. 
In this case, the assumption of Gaussian distribution for all variables produces a minimum 
change in the final value of the reliability index as seen from table C-2. 
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Figure C-21: Structural resistance (bending mode) [MN/m], normal distribution used for all 
parameters. 

 

 
Figure C-22: Limit state function (bending mode) [MN/m], normal distribution used for all pa-
rameters. 
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C.4 Comparison with Simplified Probabilistic Approaches 

The results corresponding to the bending mode failure obtained with the probabilistic non-
linear analysis will be compared with the values from other simplified methods as proposed 
in the background document SB4.4.1 (2007) and included in the Guideline (SB-Resist 2007), 
in order to see the accuracy of such simplified methods in the case of a bridge which re-
sponse is highly ductile and therefore a high redistribution capacity is expected. 

C4.1 Linear elastic analysis 
The first simplification considered is to use a linear approach to calculate the internal forces 
instead of the non-linear analysis, but still assuming that the resistance of the cross-section 
corresponds to the plastic moment.  Then the following limit state function is considered: 

 

)( QGR MIMMZ ⋅+−=  

 

and the FORM algorithm is used to calculate the reliability index. All variables are considered 
as independent 

 

Table C-3.- General input values for simplified probabilistic analysis (per beam) 

Parameter Distribution Charact. Mean COV 

MR – plastic resistance of the critical 
cross-section 

Lognormal 26.58 MNm 29.24 MNm 0.07 

MG - elastic moment  from dead load Normal 1.08 MNm 1.08 MNm 0.1 

MQ - elastic moment  from traffic 
load, without impact factor 

Gumbell 
Max. EV1 

5.68 MNm 4.65 MNm 0.1 

I impact factor Normal 0.25 0.25 0.5 

Using the input values of the variables as presented in table C-3, a reliability index of 7.55 is 
obtained. When assuming that all variables are normally distributed, the corresponding result 
is 10.13 

 

C4.2 Mean Load Method 
Assuming elastic behaviour of the bridge (linear analysis) and all variables as normally dis-
tributed, the calculations of the reliability index were also performed using the Mean Load 
Method. 
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C4.3 Method of Sobrino and Casas 
In this case the following limit state function is considered: 

 
i i
R eZ M M= − ;  ( )i i e e

e G QM M Mλ= + ;  (1 )e e
Q QM I M= + %              (C.1) 

 

where I is the impact factor. The stochastic properties of the impact factor are described in 
table C-1. The meaning of other symbols is described in the background document SB4.4.1 
(2007) and figures C-23 and C-24, and the input values are shown in table C-4. The coeffi-
cient iλ is the effect of moment redistribution, and is calculated as: 
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Figure C-23: Elastic moments from structural self weight plus permanent loads (per beam) 
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Figure C-24: Elastic moments due to live load (per beam) 

 

Figure C-25 shows the results at failure when increasing the live load. Failure is considered 
when the bending mode in the most loaded cross-section reaches the cross-section resis-
tance. Two cases are considered for the resistance of the cross-section. In the first, the resis-
tance is obtained assuming that only the most external fiber of the section reaches the yield-
ing point (elastic moment). In the second case, the whole cross-section is working at the 
yielding point (plastic moment). 

e
GM  = 1.7 MNm 

e
QM%  = 6.8 MNm 
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 Step 14, Steel Bridge - longitudinal section
 Scalars:iso-areas + cuts, Basic material, in nodes, Stress, Sigma xx, <-3.044E+02;3.187E+02>[MPa]
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Figure C-25: Moment distribution from nonlinear analysis at ultimate 

 

Table C-4: Input values for simplified probabilistic analysis (per beam) 

Parameter Distribution Mean COV 
i
RM - resistance of the critical cross-

section  

Lognormal 23.4 MNm 
(elastic) 

29.24 MNm 

(plastic) 

0.07 

e
GM -elastic moment  from dead 

load in equivalent simply supported 
beam 

Normal 1.7 MNm 0.1 

e
QM% -elastic moment  from traffic 

load in equivalent simply supported 
beam, without impact factor 

Gumbell Max. EV1 6.8 MNm 0.1 

1
nlaM - left moment at the critical 

span obtained in non-linear analysis 
(see figure C-25) 

Lognormal 28.83 MNm 0.0695 

2i
nla nlaM M≅ - mid/critical moment at 

the critical span obtained in non-
linear analysis (see figure C-25) 

Lognormal 29.24 MNm 0.0695 

3
nlaM - right moment at the critical 

span obtained in non-linear analysis 

Lognormal 0 MNm 0 

I impact factor Normal 0.25 0.5 
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The value of λ obtained with the mean values of the variables is 0.67. This is a value very 
close to the value corresponding to a perfect plastic behavior ( 2/3). This verifies the quasi 
plastic behavior of the present bridge and of other metallic bridges where the base material 
presents a sufficient grade of ductility. 

Mr
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Figure C-26: Statistics of the limit state function Z .  

 
# Result name Classes Mean Std COV Cornell - ß Cornell - pf CF - Distribution CF - pf CF - SL Nf/Ntot COV pf

1 Z1 60 16.514 1.9696 0.11927 8.3843 2.551e-017 6Beta 0 0.74822 0 ***

2 Z2 60 16.51 1.969 0.11926 8.3847 2.542e-017 6Gamma (2 par) 0 0.73863 0 ***

3 Me 60 6.8902 0.99702 0.1447 6.9108 2.4094e-012 6Gamma (2 par) 0 0.74896 0 ***

4 Mr 60 23.4 1.7017 0.072724 13.751 2.5225e-043 6Lognormal (2 par) 0 0.99681 0 ***

5 Z 60 16.51 1.969 0.11926 8.3847 2.542e-017 6Gamma (2 par) 0 0.73863 0 ***  
 

According to the parameters of the limit state function presented in figure C-26, a reliability 
index of 8.4 is obtained for bending. This value is obtained with a resistance of 23.4 MNm as 
indicated in table C-4, which corresponds to the ultimate bending moment considering the 
failure of the cross-section when the most stressed fibre reaches the yielding stress. Consid-
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ering the plastic moment ( all the cross-section working at the yielding limit), a value of 29.24 
MNm is obtained for the resistance of the cross-section. Repeating the analysis for this value 
of the resistance a reliability index of 7.5 is finally obtained. 

The analysis has been performed considering statistical independency of all the variables. 
When the correlation between the bending moment at failure in the mid-span section M2

nla 
and ultimate resistance of the mid-span section M2

R was assumed the reliability index rise to 
the values 7.69 and 7.86 for the correlation coefficients C=0.5 and C=0.99 respectively. The 
effect of the statistical correlation between these two variables was studied due to significant 
likelihood of their mutual dependency (they are the moments at the same section). However, 
when the correlations between the bending moment at failure in the mid-span section M2

nla, 
the ultimate resistance of the mid-span section M2

R and the ultimate resistance of the section 
over the pier M3

R have been assumed, the reliability index took values 7.59 and 7.64 for the 
correlation coefficients C=0.5 and C=0.99 respectively. The effect of the statistical correlation 
between these three variables has been studied due to significant likelihood of their mutual 
dependency (two of them are the moments at the same section and two of them are the ulti-
mate resistances of different sections of the same girder). 

For comparison with the other methods, assuming that all the variables are normally distrib-
uted (instead of the distribution type in table C-4), and statistically independent the reliability 
index has been found to be equal to 10.09. When correlations of 0.5 and 0.99 have been 
considered (between the bending moment at failure in the mid-span section M2

nla and ulti-
mate resistance of the mid-span section M2

R), the reliability index rises respectively to 10.67 
and 12.78. However, when the correlations between the bending moment at failure in the 
mid-span section M2

nla, the ultimate resistance of the mid-span section M2
R and the ultimate 

resistance of the section over the pier M3
R have been assumed, the reliability index took val-

ues 10.08 and 10.18 for the correlation coefficients C=0.5 and C=0.99 respectively. 

 

C4.4 Plastic analysis (Bound´s method) 
In this case, the same limit state function C.1 is of application, but with a different value for 
λ2, that represents a full-redistribution of internal forces (all critical-sections working at the 
plastic moment) up to the formation of a hinged-mechanism: 
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=λ                         (C.3) 

 

Therefore, the value obtained with this method is the upper-bound value for the reliability 
index. FORM analysis leads to the reliability index equal to 7.89. This value has been ob-
tained assuming that all the variables are statistically independent and considering statistics 
and distribution types as presented in Table C-4. However, when the correlation between the 
ultimate resistance of the mid-span section M2

R and ultimate resistance of the section over 
the central support M3

R has been taken into account the reliability index decrease to the val-
ues 7.77 and 7.66 for the correlation coefficients C=0.5 and C=0.99 respectively. The effect 
of the statistical correlation between these two variables has been studied due to significant 
likelihood of their mutual dependency (they are the resistances of the different sections of the 
same girder). 

When assuming that all the variables are normally distributed and statistically independent 
the reliability index has been found to be equal to 13.02. However, when the correlation be-
tween the ultimate resistance of the mid-span section M2

R and ultimate resistance of the sec-
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tion over the central support M3
R has been taken into account the reliability index decrease to 

the values 11.36 and 10.23 for the correlation coefficients C=0.5 and C=0.99 respectively.  

C4.5 Method of Ghosn and Moses- redundancy factors approach 
The reliability assessment of the Malarstrand Bridge was also performed using the method 
proposed by Ghosn and Moses and presented in SB4.4.1 (2007). Since the method is quite 
complicated in the first application, the analysis was performed following the sequence of the 
step-by-step methodology proposed in the background document (see SB4.4.1 (2007)). 

1st step 

In the present example only the safety of the mid-span section of the second span was de-
cided to be analysed, hence the identification of the critical members of the bridge was sim-
plified to the choice of that section. 

2nd step 

Calculation of the required member capacity MRk(required) was performed according to the 
Eurocode and using the partial safety factor method expressed by the following equation: 

 

R

QkQGkG
requiredRk

IMM
M

φ
γγ +

=)(                      (C.4) 

 

where MGk,and MQk are the bending moments in the analysed section due to the characteris-
tic values of the permanent loads and the railway traffic loads respectively (considered as 
presented in Table C-3); ΦR is the resistance factor for the analysed section (considered 
equal to 1/1.10=0.91); γG  and γQ are the partial safety factor for the permanent loads and the 
railway traffic loads respectively (considered equal to 1.35 and 1.50 ) and finally I is the im-
pact factor (considered as showed in table C-3). 

Performing the following calculations the required member capacity for the mid-span section 
was obtained. 

 

MNmM requiredRk ⋅==
⋅⋅+⋅

= 31.13
91.0
11.12

91.0
68.525.15.108.135.1

)(  

 

The actual member capacity of the analysed critical section is shown in C-3 (26.58 MNm). 

 

3rd step 

The non-linear FEM model of the bridge was developed as described above with the mean 
values of material properties. 

4th step 

In this example only the safety of the mid-span section of the second span was analysed, 
hence the identification of the loading position and the most critical load pattern was simpli-
fied to the longitudinal positioning of the railway traffic load (UIC train load model) to cause 
the maximum bending moment in the analysed section.  

5th step 
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Calculation of the required member capacity and actual member capacity expressed in terms 
of the load factor by which the characteristic value of the railway load have to be multiplied to 
reach the relevant member capacity was performed according to the following equations: 

Qk

GrequiredRk
required M

MM
LF

−
= )(

)(1                      (C.5) 

Qk

GRk

M
MM

LF
−

=1                          (C.6) 

Considering the required and actual member bending resistance as defined in the 2nd step 
and considering the bending moments due to the mean dead loads and characteristic railway 
traffic loads as defined in the Table C-3, the following values were obtained: 

15.2
68.5

08.131.13
)(1 =

−
=requiredLF  

49.4
68.5

08.158.26
1 =

−
=LF  

Continuing calculations the member reserve ratio is obtained as follows: 

09.2
15.2
49.4

)(1

1
1 ===

requiredLF
LFr                      (C.7) 

 

6th step 

Calculation of the system reserve ratio for the functionality limit state was performed accord-
ing to the following equation: 

1LF
LF

R f
f =                             (C.8) 

The load factor LFf=3.72 (for which the bridge reaches the functionality limit state defined as 
allowable deflection - L/500) was obtained via the non-linear analysis. The load factor LF1 
describing actual member capacity was determined in the 5th step. Performing the calcula-
tions the following value was obtained: 

83.0
49.4
72.3

==fR  

The redundancy ratio for the functionality limit state was obtained using the following formula: 

)arg( ettf

f
f R

R
r =                            (C.7) 

Considering the target value as presented in SB4.4.1 (2007) and the Guideline, the redun-
dancy ratio was found. 

75.0
10.1
83.0

==fr  

7th step 

Calculation of the system reserve ratio for the ultimate (collapse) limit state was performed 
according to the following equation: 
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1LF
LF

R u
u =                             (C.8) 

The load factor LFu=5.89 (for which the bridge reaches the ultimate limit state defined as col-
lapse of the structure) was obtained in the non-linear analysis. The load factor LF1 describing 
actual member capacity was determined in the 5th step. Performing the calculations the fol-
lowing value was obtained: 

31.1
49.4
89.5

==uR  

The redundancy ratio for the ultimate limit state was obtained using the following formula: 

)arg( ettu

u
u R

R
r =                            (C.9) 

Considering the target value as presented in SB4.4.1 (2007), the redundancy ratio was 
found. 

01.1
30.1
31.1

==ur  

8th step 

Calculation of the system reserve ratio for the theoretical damaged condition was performed 
according to the following equation: 

1LF
LF

R d
d =                            (C.10) 

The load factor LFd=5.11 (for theoretical damage condition) was calculated in the non-linear 
analysis. The assumed theoretical damage in this case was introduced in the model as a 
hinge in the main girder in the mid-span section. The load factor LF1 describing actual mem-
ber capacity was determined in the 5th step. Performing the calculations the following value 
was obtained: 

14.1
49.4
11.5

==dR  

The redundancy ratio for the damaged condition limit state was obtained using the following 
formula: 

)arg( ettd

d
d R

R
r =                           (C.11) 

Considering the target value as presented in SB4.4.1 (2007), the redundancy ratio was 
found. 

28.2
50.0
14.1

==dr  

9th step 

Calculation of the system reserve ratio and the redundancy ratio for the theoretical damaged 
condition was performed also assuming a different theoretical damage. The assumed theo-
retical damage in this case was introduced in the model as a hinge in the main girder in the 
section over pier.  
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Since the obtained values are higher than the values obtained in the 8th step, the system 
reserve ratio and redundancy ratio previously calculated were considered as relevant. The 
analysed two cases of the theoretical damages are likely to be the most significant and rele-
vant for the analysed case. Due to this fact the analysis was not repeated for any other cases 
of possible theoretical damages. 

 

10th step 

The analyses of all possible load patterns was omitted in this example due to the fact, that 
just the safety of the mid-span section was decided to be analyzed. Hence, the minimum 
values of the redundancy ratios rf, ru and rd were considered as those obtained in the 6th, 7th  
and 8th step respectively. 

11th step 

Calculation of the redundancy factor was performed according to the following equation: 

);;min( 111 dfured rrrrrr=φ                       (C.12) 

Considering the member reserve ratio and redundancy ratios as calculated above the follow-
ing calculation was performed: 

568.1)765.4;111.2;568.1min()28.209.2;01.109.2;75.009.2min( ==⋅⋅⋅=redφ  

12th step 

Since the redundancy factor Φred calculated in the previous step is greater than 1, the bridge 
may be considered as safe from the system point of view. The fact that redundancy factor is 
significantly higher than 1 means that the actual safety margin of the bridge is expected to be 
very high. 

 

C4.6 Method of Ghosn and Moses- probabilistic approach 
Besides the method to assess the safety by means of redundancy factors, Ghosn and Moses 
proposed a simplified probabilistic method to evaluate the bridge system reliability index (see 
SB4.4.1 (2007)). The method requires also the calculation of the required member capacity 
LF1 and load factors for functionality LFf, ultimate LFu and damaged condition LFd limit states. 
Due to this fact some analogies to the previously presented step-by-sep procedure can be 
found. Steps 1,3 and 4 are performed equally as previously, and in the 5th, 6th, 7th, 8th, 9th and 
10th steps the calculations and analysis necessary to obtain LF1, LFf, LFu and LFd were per-
formed. After the definition of load factors LFi the parameters necessary for the reliability 
analysis (bias factor and coefficient of variation) were determined.  

To obtain the bias factor and coefficient of variation, the calculation of the mean value of the 
actual member capacity was first performed according to: 

1
Rk G

Qk

M MLF
M
−

=                          (C.13) 

where RM  is the mean value of the bending resistance; GM  is the bending moment due to 
the mean value of the dead loads and MQk is the bending moment due to the characteristic 
value of the railway traffic load without impact. 
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Considering the mean member bending resistance and the bending moments due to the 
mean dead loads and characteristic railway traffic load as defined in Table C-3, the following 
value was obtained: 

96.4
68.5

08.124.29
1 =

−
=LF  

The bias factor for member capacity (expressed in terms of the load factor by which the 
characteristic value of the railway load has to be multiplied to reach the relevant member 
capacity) was obtained according to the following equation: 

1

1

LF
LF

LF =λ                              (C.14) 

After considering characteristic member capacity as defined by the equation (C.6) and mean 
member capacity as defined above the following value was obtained: 

10.1
49.4
96.4

==LFλ  

The coefficient of variation of the member capacity was obtained with the following formula: 

2 2

1

MR MG
LF

Qk

V
M LF
σ σ+

=
⋅

                         (C.15) 

where MQk is the characteristic value of the bending moment due to the railway traffic loads 
without impact; σMR is the standard deviation of the resistance against bending; σMG is the 
standard deviation of the bending moment due to the dead and 1LF  the mean value of the 
member capacity.  

Considering the statistical definition of the member resistance, the distribution types and co-
efficient of variations of loads effects equal to those of the corresponding loads, the charac-
teristic value of the railway load effect and the mean member capacity as defined in Table C-
3, it was possible to perform the following calculations: 

 

073.0
96.468.5

)10.008.1()07.024.29( 22

=
⋅

⋅+⋅
=LFV  

 

The member reliability index was calculated according to the equation (C.16) appropriate for 
the assumed normal distribution of all the variables. 

  

22

1

LLLF

TRAIN
member

LLLF

σσ
β

+

−
=                         (C.16) 

 

where 1LF  is the mean value of the load factor that will cause the first member failure in the 

bridge assuming elastic analysis. TRAINLL  is the mean value of the load factor describing 

maximum expected lifetime live load including dynamic allowance effect. LFσ  is the standard 
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deviation of 1LF  while LLσ  is the coefficient of variation of the maximum expected live load 

TRAINLL . 

Considering the mean value of the member capacity defined by the equation (C.13), the co-
efficient of variation of the member capacity as defined by the equation (C.15), the mean 
value of the maximum expected lifetime live load as the product of the impact factor and bias 
factor (the factor equal to 0.82 relating characteristic value of the railway traffic load effects 
(4.65 MNm) with the mean value of the railway traffic load effects (5.68 MNm) as presented 
in the Table C-3) it was possible to perform the calculations. However, it was necessary to 
determine the coefficient of variation of the product of the railway traffic and the impact fac-
tor. The coefficient of variation was considered to be equal to 0.14. This value is the effect of 
the multiplication of the railway load with a coefficient of variation equal to 10% by the impact 
factor with a coefficient of variation equal to 50%. The following equation shows the calcula-
tions: 

11.10
389.0
935.3

)14.082.025.11()073.096.4(
82.025.1196.4

22
==

⋅⋅⋅+⋅

⋅⋅−
=memberβ  

As it was expected the obtained reliability index describing the member safety is almost 
equal to that obtained by those obtained by the Mean Load Method and the elastic analysis.  

To perform the calculations of the system reliability index for the ultimate, functionality and 
damaged condition limit state the following assumptions were made. First, the mean value of 
the load factors for the ultimate LFu, functionality LFf and damaged condition LFd limit state 
were assumed to be related with characteristic values by the bias factor equal to that ob-
tained for the load factor describing member capacity LF1. Second, the coefficients of varia-
tion of those load factors were also assumed to be equal to the coefficient of variation ob-
tained for the load factor describing member capacity. 

Considering those assumptions, the system reliability index for the serviceability limit state 
(defined as the allowable deformation equal to L/500) was calculated according to:  

26.9
331.0
067.3

)14.082.025.11()073.072.310.1(
82.025.1172.310.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=servβ  

The system reliability index for the ultimate limit state is calculated according to the following 
expression:  

22
LLLF

TRAINu
ult

LLLF

σσ
β

+

−
=                          (C.17) 

where uLF  is the mean value of the load factor corresponding to the ultimate limit state. The 
remaining parameters are as previously. 

Considering the characteristic value of the load factor LFu and remaining parameters as in 
the previous case, the following reliability index for the ultimate limit state was calculated: 

04.11
494.0
454.5

)14.082.025.11()073.089.510.1(
82.025.1189.510.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=ultβ  

The system reliability index for the damage condition limit state was calculated using the fol-
lowing equation:  
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22
LLLF

TRAINd
damage

LLLF

σσ
β

+

−
=                         (C.18) 

where dLF  is the mean value of the load factor corresponding to the damage condition  limit 
state. The remaining parameters are as previously. 

Considering the characteristic value of the load factor LFd and remaining parameters as in 
the previous case, the reliability index for the damage condition limit state was determined as 
follows: 

57.10
435.0
596.4

)14.082.025.11()073.011.510.1(
82.025.1111.510.1

22
==

⋅⋅⋅+⋅⋅

⋅⋅−⋅
=damageβ  

 

All reliability indexes are higher than the corresponding target values as defined in SB4.4.1 
(2007). Due to this fact the structure can be considered as safe.  

To check the level of inherent redundancy of the bridge, the relative reliability indexes were 
calculated too using the following equations: 

memberultult βββ −=Δ                          (C.19) 

memberservserv βββ −=Δ                          (C.20) 

memberdamagedamage βββ −=Δ                        (C.21) 

The values obtained in the calculations are: 

93.011.1004.11 =−=Δ ultβ  

85.011.1026.9 −=−=Δ servβ  

64.011.1075.10 =−=Δ damageβ  

Comparing the relative reliability indexes with the target values defined in SB4.4.1(2007) it 
may be concluded, that the bridge is not sufficiently redundant. However, it is safe due to the 
fact that member safety is very high. 

The calculated relative reliability indexes are strictly related to the redundancy factors ob-
tained in C4.5. 

 

C4.7 Summary of results 
In table C-5 is presented the summary of results with the different methods where the values 
from the simplified analysis can be compared with the exact values (probabilistic non-linear 
analysis). In table C-5, the results that are directly comparable are those corresponding to 
the assumption of all variables equally (normally distributed). In the other case, comparison 
is not direct as the results for the probabilistic non-linear method have been obtained with 
different assumptions about the statistical distribution of the variables (table C-1) in relation 
with the other methods (tables C-3 and C-4). 
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Table C-5: Comparison of reliability indices calculated by various probabilistic methods. 

Statistical distribu-
tion 

According to tables C-1, C-3 
and C-4 

All variables normally dis-
tributed 

Method C= 0. C= 0.55 C= 0.99 C= 0. C= 0.55 C=0.99

Probabilistic non-
linear 

- - 10.1 - - 10.2 

Probabilistic linear 7.55 - - 10.13 - - 

Mean load method - - - 10.11 - - 

Sobrino & Casas, 
i
RM  plastic 

7.55 7.59 7.64 10.09 10.08 10.18 

Bound´s method 7.89 7.77 7.66 13.02 11.36 10.23 

Ghosn & Moses - - - 11.04 - - 

C= assumed correlation between M2
nla, M2

R and M3
R for Sobrino & Casas method, and be-

tween M2
R and M3

R for the Bound´s method.  

   

The evolution of the reliability index as a function of the live load factor (number of times that 
the train load is increased to reach failure) is presented in figure C-27 for some of the meth-
ods studied. Two values are represented for the Sobrino&Casas method, corresponding to a 
resistance of the cross-section according to the elastic or plastic moment respectively. As a 
reference, the target value of the Eurocode (EC0) is shown ( β = 4.7). 
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Figure C-27: Effect of increase traffic load on bridge reliability 
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The above results show that it would be possible to increase the traffic load for the main 
beam by the factor 2.5 in the case of full probabilistic approach in order to get a reliability 
index as prescribed in the Eurocode. For this particular case, using simplified methods as the 
Sobrino and Casas method or the mean load method, the increase factor is of the same or-
der. Taking the elastic moment as the ultimate strength of the section gives a factor of 1.85.  

The maximal load traffic increase based on standard design approach using the allowable 
stress method would be:  
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Table C-6: Possible traffic increase allowed by various assessment methods 

Method Possible overloading by traffic 

Full nonlinear probabilistic (ATENA+SARA) 2.5 

Simplified Casas (Plastic) 2.4 

Simplified Casas (Elastic) 1.85 

Mean Load Method 2.6 

Standard design 1.49 

 

It is evident that the application of reliability-based methods of assessment, either more ad-
vanced or simplified, leads to the possibility of a load increase 68 % higher that in the case of 
using the design code for the safety assessment of the existing bridge.  
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C.5 Discussion on Results 

The results show that the highest increase of traffic load can be achieved if a full probabilistic 
approach is used (2.5 against 1.85 or 1.5). The probabilistic approaches can utilize additional 
load carrying capacity mainly if specific stochastic properties of the bridge are known. In this 
case, typical statistical properties were used, which still gives significantly higher load-
carrying capacity than standard design formulas. The difference can be also attributed to the 
more accurate prediction of the ultimate load by nonlinear analysis. In case of steel struc-
tures, the advantages of using a non-linear response instead of more simplified analysis as 
elastic or plastic response, are not as pronounced as for instance for concrete or masonry 
bridges. It should be also noted that this example concentrates only on the response of the 
main beam without considerations of beam or web buckling or other failure modes that may 
occur. This simplification helps to clearly demonstrate the concept of the described probabil-
istic methods. The problematic of cross-beams or joints is not addressed in this example, but 
in real practical case it should not be omitted since it may be decisive for the ULS.  

Comparing the results of simplified probabilistic analysis, performed assuming normal mod-
els of all the variables and using various methods presented in the report, it can be con-
cluded that the results obtained by these simplified methods are for this bridge very similar to 
the result of fully probabilistic analysis. Theoretically, the value of the reliability index β ob-
tained by probabilistic non-linear analysis should be higher than β obtained with the Mean 
Load Method or FORM analysis considering elastic response. At the same time, it also 
should be lower than β obtained by the Bounds Method, where the full plastic response is 
assumed. In the analysed case, as shown in table C-5, the reliability index considering all 
random variables as normally distributed, obtained from fully probabilistic analysis is 10.2. 
This value is higher than 10.11 and 10.18, obtained by means of Mean Load Method and 
FORM considering elastic redistribution of internal forces (Sobrino & Casas method). On the 
other hand, the value 10.2 is lower than 10.23 obtained from plastic analysis (Bound´s 
method).  

From the several values presented in Table C-5, corresponding to Bounds Method, the value 
10.23 has been chosen because is directly comparable to the results of fully probabilistic 
analysis. In the fully probabilistic analysis performed it has been assumed full correlation 
between the resistances of all the cross sections of the girder (the steel strength has been 
considered equal for whole girder). This fact has to be considered in the plastic analysis by 
correlating the resistances of the critical sections of the girder. 

Comparing the results of the simplified probabilistic non-linear analysis performed (Sobrino & 
Casas and Ghosn & Moses methods) with the results of fully probabilistic non-linear analysis, 
it can be concluded, that the simplified probabilistic non-linear analysis methods give also 
very satisfactory results. The reliability index obtained using Ghosn and Moses method is 
equal to 11.04, what is very close to 10.2 calculated by fully probabilistic method. The slight 
difference between these two results can be explained by the fact that Ghosn and Moses 
method assumes statistical independency between ultimate resistance of the critical sections 
and the response of the bridge obtained due to non-linear analysis. The reliability index ob-
tained by Sobrino and Casas method is 10.18 what is almost the same as 10.2 obtained by 
fully probabilistic analysis.  

From table C-5, it can also be concluded the importance of the selection of the statistical 
definition of the random variables, mainly in examples as the one here presented where the 
reliability index is very high and, therefore the shape of the tail of the statistical distributions 
involved is of very high relevance. This is the reason why in table C-5, the values obtained 
with the full probabilistic analysis, using the parameters in table C-1 and doing a fit of the 
global resistance of the bridge by means of a normal distribution, are so different when com-
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pared to the values of the simplified analysis. In fact, in this last case, the reliability index is 
calculated assuming a log-normal distribution for resistance, normal distribution for the per-
manent loads and Gumbel distribution for the traffic load.   
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This report is one of the deliverables from the Integrated Research Project “Sustainable Bridges - Assessment for 
Future Traffic Demands and Longer Lives” funded by the European Commission within 6th Framework Pro-
gramme. The Project aims to help European railways to meet increasing transportation demands, which can only 
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passenger trains. This requires that the existing bridges within the network have to be upgraded without causing 
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the Project partners. Skanska Sverige AB has provided the overall co-ordination of the Project, whilst Luleå Tech-
nical University has undertaken the scientific leadership. 

The Project has developed improved procedures and methods for inspection, testing, monitoring and condition 
assessment, of railway bridges. Furthermore, it has developed advanced methodologies for assessing the safe 
carrying capacity of bridges and better engineering solutions for repair and strengthening of bridges that are found 
to be in need of attention.  
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Summary 

This background document describes the procedure for the fatigue safety examination (as-
sessment) of railway bridges in steel or reinforced concrete. A procedure in stages with dif-
ferent objectives and increasing level of sophistication is presented. It begins with a simpli-
fied deterministic safety check for the identification of critical members. A detailed probabilis-
tic method considering inspections is presented for critical members. Fatigue safety is ex-
pressed as a reliability band (resulting e.g. from lower and upper bound for the traffic action) 
which is function of the number of future trains. The comparison with the target reliability al-
lows dividing the future service life into three domains. Adequate safety measures are pro-
posed for each domain.  
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1 Introduction 

This document is applicable for the examination of fatigue safety and remaining fatigue life of 
structural details of steel bridges and steel reinforcement of concrete bridges. Examination of 
the fatigue safety of a railway bridge may be necessary as a result of observations (dis-
placements, deformations, change in dynamic properties, detection of cracks, corrosion), 
changes in traffic conditions (increase of axle or uniformly distributed rail traffic loads) or 
when a defined service life is reached.  

Fatigue safety depends on the following three main parameters: 

- The amplitude of stress range due to rail traffic load depends on the structural behaviour 
of the bridge. 

- The geometry of the construction details leads to a more or less pronounced stress con-
centration which may trigger or accelerate fatigue crack propagation. 

- The number of stress cycles due to the past rail traffic influences directly the remaining 
fatigue life of a structure. 

Comprehensive examination of fatigue safety and remaining service life of railway bridges is 
based on these three main parameter and includes theoretical studies of the structural reli-
ability, bridge inspection and for specific cases also field testing. 

A rational procedure for the examination of fatigue safety which proceeds by stages using 
both deterministic and probabilistic methods of increasing sophistication is appropriate in 
most cases. Probabilistic methods enable the explicit consideration of the scatter of the pa-
rameters that influence the fatigue strength and the fatigue damaging effect. Inspection 
methods and intervals are an integral part of a comprehensive fatigue examination, and field 
testing may be appropriate to calibrate the model for structural analysis by which fatigue 
relevant stresses are calculated.  

The main objective of this report is to introduce a framework for such a rational procedure 
allowing for examination of the fatigue safety and determination of the remaining fatigue life 
based on a procedure by stages. Corresponding characteristic values will be suggested and 
discussed. 

An application of this procedure [Brühwiler 1993] is presented in Chapter 5.  
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2 Procedure in stages 

2.1 Concept 

The fatigue safety is examined using a procedure in stages with increasing level of sophisti-
cation including the following steps: 

1. Simplified deterministic method  

2. Simplified probabilistic method  

3. Consideration of monitoring  

4. Detailed probabilistic method  

The aim of the first stage is to identify the fatigue critical members of the structure. The prob-
ability of fatigue fracture of a structural detail or element is calculated in stages 2 and 4. The 
probability of crack detection during inspection and monitoring is evaluated in stage 3, and 
subsequently linked to the (calculated) probability of fatigue fracture to obtain the probability 
of failure: 

( )1fail fat detp p p= ⋅ −  (2.1) 

failp    : probability of failure 

fatp    : probability of fatigue fracture  

detp    : probability of detection 

The probability of failure can also be expressed by means of the reliability index according to 
the standard normal distribution. Finally the reliability of a structural element is compared to 
the target value: 

fail targetβ β≥  

failβ   : reliability index with respect to failure 

targetβ   : target reliability index  

 

2.2 Simplified deterministic method 

The fatigue safety of all fatigue vulnerable construction details may be expressed by the fa-
tigue safety ratio defined below:  

a) with respect to the fatigue limit (a limit below which no crack propagation will occur): 

1.0D fat
fat

max

n
σ γ

σ
Δ

= ≥
Δ

 (2.2) 

fatn   : fatigue safety ratio 

DσΔ   : fatigue limit of the investigated construction detail 

fatγ   : fatigue resistance coefficient 



Sustainable Bridges SB-4.4.4 2007-11-30  7 (17)
    

 

maxσΔ  : maximum fatigue action effect (stress range)  

b) with respect to the fatigue strength (fatigue damage (crack propagation) will accumulate if 
a part of the spectrum of stress cycles is above the fatigue limit): 

0.1≥
Δ

Δ
=

e

fatc
fatn

σ
γσ

 (2.3) 

cσΔ   : fatigue strength at 2 million cycles (fatigue category) 

eσΔ   : (equivalent) fatigue load effect referred to 2 million cycles 

Based on this deterministic method, the bridge members are compared, and a ranked list 
identifying fatigue critical details is established. Details with 0.1<fatn  require further investi-

gation. Fatigue safety is verified if 0.1≥fatn .  

The fatigue resistance coefficient γ fat may be assumed according to risk-based considera-
tions. If the considered detail is redundant causing local failure, a smaller coefficient may be 
assumed compared to a fatigue hazard scenario where fatigue failure of the detail is leading 
to collapse of an element or the whole structure.  

 

2.3 Simplified probabilistic method 

The fatigue action effect (the required nominal fatigue strength): is expressed as “required 
operational load factor α req“ which is obtained by dividing the required nominal fatigue 
strength by the action effect of the fatigue load, consisting of the load model Φ ⋅UIC71 
[Kunz 1992], equation (2.4). 

( )
req

req
fatQ

σ
α

σ
Δ

=
Δ

 (2.4) 

Δσreq       : required nominal fatigue strength 
αreq         : required operational load factor 
Δσ(Qfat) : stress range due to load model UIC71 at unfavourable position 

In order to anticipate time consuming traffic simulations and allowing a simplified probabilistic 
approach, a relation “mean value of required operational load factor m(logα req)” – “number 
of future train passages N fut” (Figure 1) was established (by simulations combining damage 
accumulation and crack propagation calculations, see annex A) using the action effect of the 
traffic model in [UIC 779-1, 1986] including assumptions on the scatter. That relation was 
established in 1992, therefore the year 1990 was taken as is the reference year from which 
on all future trains are counted (Nfut ≥ 1). 
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The mean value of required operational load factor m(logα req) is then read for three different 
ranges of fatigue categories (expressed as ND, the cycle number of fatigue limit) starting from 
a predefined number of future trains Nfut (as from 1990)  

The relation is valid for influence lengths over 10 m, a commissioning time 1900±25 and a 
partition of freight traffic of 75%. There is one relation for 60 and one for 120 trains per day in 
the past (before 1990).  

A value of 0.04 may be taken for the scatter of the required operational load factors [Kunz 
1992]. It results from the assumed fuzziness of the traffic model. 

(log ) 0.04E reqs s α= =  

The fatigue strength is given by the nominal fatigue strength of the detail log σΔ c and the 
scatter of test results (log )s N . A rough assignment is given in Table 2.1 for three ranges of 
notch categories [Kunz 1992].  

 

a) 

b) 

120 trains per day 
(before 1990) 

number of trains as from 1990     Nfut 

60 trains per day 
(before 1990) 

number of trains as from 1990     Nfut 

 
Figure 1: Operational load factor for influence lengths over 10 m, year of construction: 
1900±25, traffic model [UIC 779-1, 1986] for past and future, 75% freight traffic. 
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The reliability index for fatigue failure of a structural detail or element is examined as follows. 
The fatigue strength and the required fatigue strength follow a lognormal distribution:  

2 2

( )
( ) R E fut

fat fut

R E

m m N
N

s s
β

−
=

+
 (2.5) 

Rm  = RC s2log +Δσ  : mean of the fatigue strength (log Δσ relating to 
N = 2·106) 

( ) (log ) log ( )E fut req fatm N m Qα σ= + Δ Φ ⋅
 

: mean of the required fatigue strength as a func-
tion of the number of future trains futN  

(log )
R

s Ns
m

=  
: standard deviation of the fatigue strength where 

m is the slope of the S-N curve. 

(log )E reqs s α=  : standard deviation of the required fatigue 
strength 

 

If the probability of crack detection due to monitoring (inspections) is not considered, thus 
pdet = 0; it follows from the above equation that pfail = pfat(Nfut) or β fail = β fat(Nfut). The reliability 
index is now compared to the target value β target  (see Section 3). 

There are two ways to influence the calculated reliability index: (1) to optimise and focus 
monitoring on the fatigue relevant construction detail, considering thus the probability of 
crack detection, and (2) to refine the assumptions and calculate pfat using a detailed probabil-
istic method. 

2.4 Consideration of monitoring 

The condition of a railway bridge is monitored by regular inspection at least every 5 years 
throughout its service life. The monitoring of construction details identified as being fatigue 
vulnerable makes it possible to increase safety of the bridge. According to equation (2.1) a 
construction detail with a theoretical probability of fracture above the target value can remain 
in service when the probability of crack detection (based on a specific monitoring technique) 
and the inspection interval are taken into account. 

Appropriate monitoring techniques (including detailed inspections) allow for determining the 
probability of detection of a fatigue damage indicator (usually a crack). The crack should be 
detected within the period before its critical size is reached. Depending on the accessibility of 
a construction detail to be monitored, the reliability and precision of the monitoring technique 
applied as well as the interval of inspection or measurement of a specific structural property, 

Table 2.1:  Standard deviation of fatigue test results for three ranges of notch cate-
gories. 

 fatigue category Δσc standard deviation s(logN)  

 >80 

63-71 

<56 

0.45-0.65 

0.25-0.45 

0.15-0.30 
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values for the probability of detection of an anomaly due to fatigue damaging may be deter-
mined and justified for use in the fatigue safety check. 

 

2.5 Detailed probabilistic method 

Action effect: Contrary to Chapter 2.3, where a simplified probabilistic method, based on the 
traffic model in [UIC 779-1, 1986] is described, the rail traffic is modelled more precisely in 
the detailed probabilistic method. Traffic models are adapted in terms of hauled load, the 
length and the axle loads are adjusted. The rail traffic in the past may be based on statistical 
data and other relevant information regarding the number of trains and hauled loads. The rail 
traffic model for the future considers the expected traffic in terms of number of trains and 
expected axle loads for the investigated line. 

The reliability is computed according to the following procedure (detailed information may be 
found in Annex A): 

1. The number of future trains Nfut to failure is calculated for different values of opera-
tional load factors. The results are obtained by simulations combining damage accu-
mulation and crack propagation calculations (described in Annex A) using the action 
effect of the updated traffic model. The relation mean value of required operational 
load factor m(logα req) – number of future train passages N fut is obtained (Figure 2a). 

2. For each number of future train passages the mean value and the scatter of the ac-
cordant required operational load factor may be calculated as follows: 

(log ) log( )req futm m N qα αα = ⋅ +  (2.6) 

(log )reqm α  : mean value of the logarithmic distribution of reqα  

mα  : slope of the logarithmic distribution of reqα  

qα  : increment of the regression line 

futN  : number of future train passages 

3. The reliability as a function of the number of future trains may be calculated using 
equation (2.5), Section 2.3.  

Alternatively, the required fatigue strength may be considered with upper and lower 
bound values of traffic data (Figure 2b) when the statistical distributions of the traffic 

 

sup 

inf 

a) b) 

 
Figure 2: Calculated Nfut  for different operational load factors with regression line. 
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data are not known. The reliability index is written with Equations (2.7) and (2.8), for 
superior and inferior reliability respectively. 

( )
( ) R E,sup fut

fat,sup fut
R

m m N
N

s
β

−
=  (2.7) 

( )
( ) R E,inf fut

fat,inf fut
R

m m N
N

s
β

−
=   (2.8) 
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3 Target reliability index for fatigue safety 

Information on the target reliability index to be chosen may be found in Sustainable Bridges 
D4.2 Guideline for Load and Resistance Assessment of Existing European Railway Bridges 
(2007), Chapter 3. 
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4 Evaluation of the remaining fatigue life 

There is uncertainty regarding the past traffic, particularly axle loads. This may be considered 
in the probabilistic analysis of chapter 2.5 with lower and higher bound values for the action 
effect (axle loads) instead of modelling a statistical distribution. In Figure 3 (left) the devolu-
tion of the reliability index as a function of future train passages is shown for upper and lower 
axle load bound.  

More over, the target reliability index may be given as a band with upper and lower limit. The 
remaining fatigue life (Nfut) is divided into three domains: There is a sufficient safety even 
under pessimistic assumptions on the traffic load in the green domain (Nfut (β>βt)). The yellow 
domain (Nfut (β≈βt)) begins when pessimistic assumptions on the traffic load leads to insuffi-
cient safety and ends where safety is insufficient under optimistic assumptions and a low 
target reliability. 

In the yellow domain safety may be improved by supplementary safety measures e.g. rein-
forced surveying or monitoring (Chapter 2.4). However, as reinforced surveying or monitoring 
may be expensive, it is important to update, the fatigue reliability calculations based on a 
special (and reliable) condition survey. 

Rehabilitation or strengthening is triggered by fatigue damage detection (usually a crack 
which should not exceed a threshold size which is function of a predefined intervention pe-
riod). 
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                                                                                to fatigue failure is determined as a function of the number of future trains
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Figure 3:  Fatigue verification and action. 
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5 Example 

The bridge crosses the Rhine River in Northern Switzerland. It was built in 1875 and com-
prises riveted wrought iron members. The simplified deterministic approach identifies the 
chord members at zero moment locations between the nodes 18 and 19 as the most fatigue 
critical member of the main girders (Figure 4).  

 
Figure 4: View of the bridge (one half). 
Simplified probabilistic method: 
The reliability index is calculated as a function of future trains Nfut (with and without consider-
ing the probability of crack detection through inspection). Figure 5 shows the result with Nfut 
presented in a log-scale. The calculated reliability indices are smaller than the target reliabil-
ity of β = 3.7. 

Detailed probabilistic method: 
With a refined traffic model based on statistical data regarding the number of trains and 
hauled load (reduced lengths, lower axle loads and ratio of freight trains for the UIC traffic 
model of the past), a higher reliability is obtained (Figure 5). E.g. for a number of future trains 
Nfut=150’000, the reliability is equal to βfat = 3.4. If a 95% probability of crack detection is en-
sured due to appropriate choice of inspection intervals, the reliability is higher (Figure 5); for 
the number of future trains in question (Nfut =150’000) the reliability amounts to βfail = 4.5. 
Fatigue safety could also be verified for more than 150’000 trains. 

Figure 5 shows a striking increase in β from the simplified to detailed probabilistic method. 
This is due to the significantly smaller hauled load and length of the trains on this branch line 
when compared to the traffic load models used in the simplified method. For main lines with 
usually higher loads and longer trains, there is a better agreement between service and traf-
fic load models, and consequently, the difference in β between the simplified and the detailed 
probabilistic method is smaller. 

 
Figure 5: Reliability index as a function of the number of future trains for simpli-

fied and detailed probabilistic approach. 
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Annex A: Theoretical base for the damage accumulation 
calculations 

Subsequent methodology is based on the work of [Kunz 1992]. 

The determination of the remaining fatigue life is refined by combining damage accumulation 
and crack propagation calculations: 

- The fatigue damage accumulation theory according to Miner is based on the fatigue 
strength curves (S-N curves, Wöhler lines). It is widely accepted and many results are 
available. Also the probability density functions of the fatigue strength of construction de-
tails are sometimes well known. A classification system is available for frequently built 
construction details (for both in steel and reinforced concrete). 

- Fatigue crack propagation calculation in steel (structural details in steel construction, rein-
forcements in reinforced concrete) may be conducted using fracture mechanics (Paris’ 
law for stable crack propagation). Crack propagation for each stress range is calculated 
and the influence of each stress cycle on crack propagation can be analysed. However, 
appropriate fracture mechanics parameters for individual construction details are often 
not well known. 

The damage increase per cycle as a function of the applied stress range is calculated by 
equation (0.1).   

(1 ) 1 , 0
(1 )

__
m m m
i D

i im m m
K D K

Dd d
D N

σ σ
σ σ

Δ − Δ ⋅ −
= ⋅ >

Δ − Δ ⋅ −
 (0.1) 

id  : damage increase per cycle 

iσΔ  : applied stress range 

kσΔ  : reference stress range (e.g. the fatigue category cσΔ ) 

KN  : number of cycles to failure for the reference stress range 

 

The procedure for the establishment of the relation Nfut - αreq (see Figure 2a) is depicted in 
Figure A.1. Departing from traffic models (one for each period), the fatigue life of the element 
in question is calculated for several chosen “required fatigue strengths” (Δσc,req, ΔσD). The 
traffic model may be considered with its scatter by varying some parameters (such as the 
number of train passages, the axle loads and traffic mix) randomly.  

Alternatively, the traffic model data may be considered with upper and lower bound values 
for the traffic data when the statistical distributions of the traffic data are not known. 
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Figure A.1:  Establishment of the relation Nfut - αreq. ΔσD: fatigue limit of chosen S-N 

curve, Δσc,req: reference stress range of chosen S-N curve (fatigue cate-
gory), m: slope of chosen S-N curve, N: number of load cycles, Ntoday: 
number of trains till the point in time where future trains refer, Nfut: number 
of future trains.  
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This report is one of the deliverables from the Integrated Research Project “Sustainable Bridges - Assessment for 
Future Traffic Demands and Longer Lives” funded by the European Commission within 6th Framework 
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Preface 

For the assessment of existing railway bridges it is important to have a holistic approach that 
takes into account the bridge, the foundation and the embankment in the transition zones. 
The long-term settlements in the subsoil in the transition zones should be assessed with 
respect to the small acceptable differential settlement at the bridge abutments for the future 
train traffic at higher speeds and with higher axle loads. 
  
The main development achieved in this work within the Sustainable Bridges project is a 
simplified prediction method of settlements in the soft subsoil in the transition zones with a 
probabilistic approach. The method is applicable to soft subsoil conditions at existing 
European railway bridges. No laboratory or field tests have been performed. However the 
method has been verified by a comparison with a number of cases (test embankments) with 
long-term monitoring of settlements. The comparisons show good agreement between the 
observed and the calculated settlements versus time. The work relates only to the subsoil. 
However settlements can occur also in the ballast, sub-ballast and the embankment fill, but 
this is not in the scope of the performed work. 
 
The technical development and this report have been financed by the Sustainable Bridge 
project. 
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Summary 

Many railway lines in Europe are 60 to 100 years old, and are not designed in accordance with 
the demands for modern railway traffic. As identified by many railway authorities, faster and 
heavier modern trains are causing problems at existing railway bridges. Bridge ends are one 
of the most complicated parts of a railway track since, at these locations, the rail is subjected 
to concentrated stresses, which are due to dynamic and cyclic loads caused by the passage of 
trains and bridge deflections. Additionally there is normally a difference in stiffness between 
the bridge and the embankment in the transition zone. The extent of the problems that might 
develop within the transition zone is dependent upon the train load and velocity, and the 
subgrade stiffness.   
 
A simplified prediction method of settlements in the soft subsoil in the transition zones with a 
probabilistic approach has been developed. The method is applicable at soft subsoil 
conditions at existing European railway bridges. No laboratory or field tests have been 
performed. However the method has been verified by a number of comparisons with long-
term monitoring of settlements for test embankments. The comparisons show good 
agreement between the observed and the calculated settlements versus time.  
 
Recommendations are given how to use the method in the assessment of existing railway 
bridges for futere traffic demands including highr train speeds and higher axle loads. 
 
The method is applicable to soft subsoils. However settlements can occur also in the ballast, 
sub-ballast and the embankment fill, but this is not in the scope of the performed work. 
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1 Introduction 

For existing railway bridges the status of the transition zones is one issue when assessing 
the status of the bridge. For railway embankment on soft subsoil, the assessment of the long-
term settlement of the subsoil is important in the transition zones. The foundation of the 
bridge is in most cases stiffer than the embankment. It is, therefore likely that differential 
settlement will occur. Hence the ability to calculate the increase in settlement for a certain 
time interval is crucial to judge the need for maintenance or strengthening measures in a 
long-term perspective. 
 
This report deals with the problem of displacements in the transition zones. These differential 
displacements between the bridge abutments and the approach embankments are related to 
settlements in the soft subsoil. The settlements in the subsoil due to the load from the 
embankment occur over a very long period of time in soft soils due to different processes in 
the soil. The problem with settlements in the transition zones creating differential settlements 
between the embankment in the transition zone and the bridge, whick normally has a fixed 
foundation, becomes a crucial issue for the consideration of increased train speed (high 
speed trains) and the axle load. Settlements in the subsoil in the transition zone will 
contribute to apossible “jump&bump” phenomena, see Figur 1. Settlements in the ballst, sub-
ballst of embankment fill might also contribute to the phenomena. Settlements in these layers 
are not included in the presented work. 
 
 "Jump & Bump"

difference in rail level

Very stiff track foundation
Embankment

Much less stiff track foundation

Bridge structure
Subsoil  

 
Figure 1. The “jump & bump" phenomena at a bridge abutment 
 
 
The report discusses the principles of settlements in soft soils and presents a simplified 
prediction method with a statistical approach for the long-term behaviour of the subsoil below 
railway embankments. The method has been verified using a number of test embankments 
in different parts of the world. 
 
A questionnaire sent to the railway organisations in Europe from WP1 in the Sustainable 
Bridges project indicates that the settlements are major problems for abutments, foundations 
and transition zones.  
 
The research presented in this report is a part of the overall research regarding the transition 
zones including activities in WP3 (concerning methods to measure the subsoil properties in-
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situ), WP4 (Guideline for assessment) and WP6 (methods to improve the status of the 
subsoil). 
 
The presented prediction method is an input to the assessment of the behaviour of transition 
zones. 
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2 Settlement of subsoil - mechanisms 

The settlement of soft soil due to loading is governed by three different mechanisms, the 
elastic/plastic deformation, the primary consolidation and the secondary consolidation. This 
is the classical approach to calculate settlements in three separate parts based on the 
observed/monitored behaviour at oedometer test.  
 
The new approach is to apply a method at which all these mechanisms are on-going at the 
same time. Additionally a statistical approach is used. In Alén (1998b), the background is 
presented to the new prediction method used in this report. It is based on a hypothesis that 
the time dependent deformation in soft clay can be described sufficiently by the above 
mentioned three separate physical phenomena: 
 
- Elastic/plastic deformation - Strain, which arises immediately due to a stress increment. 
- Consolidation - Deformation of the clay due to dissipation of pore water. 
- Creep deformation - Strain, which occurs over time at a constant level of effective stress. 

The interaction of these phenomena is assumed to be described by a rheological model, see 
Figure 2, in which σ is the applied stress, σ’ is the applied effective stress, u is the induced 
pore pressure due the the applied stress and ε is the occuring strain for the different 
processes.  
 
 

σ'

σ

u

A: Consolidation ε

B: Elastic/plastic deformationεpl

C: Creep deformationεcr

 
 

Figure 2.  Rheological soil model describing long-term deformation in clay. 

 
 
The settlement behaviour of soils is time dependent. This is particularly pronounced for soft 
soils, especially soft clays. The low permeability of many soft soils makes this a very slow 
process. Additionally to this the creep deformation implies that the settlements will occur over 
a very long period of time. Often the settlements will not reach any final stage during the 
lifetime of a structure on soft soils. 
 
In the following the term consolidation is in the model restricted to the strain corresponding to   
the outflow of pore water. If both the water and the solids of the soil are considered to be 
incompressible, this strain is for saturated clay equal to the total strain In classical theory, 
when creep is not considered, the interaction of the part A and part B in Figure2 governs the 



Sustainable Bridges SB-4.4.5 2007-11-30  10 (57) 
    
 
consolidation, see e.g. Terzaghi (1943). In the model proposed it is the interaction of all three 
phenomena, part A, part B and part C, that governs the consolidation. This means that the  
separation of the deformation process in time into primary consolidation ‘part A+B’ and 
secondary consolidation ‘part C’ are irrelevant  for the model. 
 
A simple analytical solution for the calculation of creep deformations in soft clay with a 
probabilistic approach is presented. The solution is based upon the rheological model given 
in Figure 2. Two dimensionless parameters governs the deformation process : 
 
- The time factor used in Terzaghi´s classical consolidation model 
- A strain rate factor, describing the creep strain rate compared to the elastic/plastic 

deformation 
 
For the calculations, a spreadsheet program can easily be used. Uncertainties of input 
parameters e.g. surcharge, modulus, drainage length, water content, permeability can easily 
be accounted for by giving them as probabilistic distributions. Hence, the mean value gives 
the magnitide of an input parameter, while the uncertainty is described with e.g. a standard 
deviation or an interval; maximum/minimum value. By a statistical method, so-called Monte 
Carlo simulation, the calculation is performed by a number of iterations and a statistical result 
is given for specified output parameters, i.e calculation results such as  total settlement, time 
factor, pore pressure etc. 
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3 Settlement of subsoil - governing parameters 

The are a number of parameters govering the magnitude of the settlement and the 
development of the settlements with time. These parameters are considered in the new 
developed prediction method described in Chapter 4. Some of the parameters are described 
more in detail in this chapter. These parameters are creep number, time, 
unconstrained/constrained creep and time resistance 
 

3.1 Creep number 
It is to be noticed that creep in this context is related to consolidation and hence a volume 
change and not to shear deformations. 
   
In the oedometer creep deformation develops with a decreasing rate over time. A common 
observation, reported in the literature, is that in the oedometer case the creep deformation 
can be represented with a straight line in a strain/time plot, if the time is plotted in a 
logarithmic scale. Hence, the derivative, ∂ε ∂cr tln( ) , is constant. Janbu (1969) introduced a 
creep number, r, such that:  

∂ε
∂

cr

t rln( )
=

1  (1) 

Creep effects have since long time been described with a coefficient of secondary 
consolidation, αS, such that 
 
  ∂ε ∂ αcr t

S
log( ) = .                (1a) 

 
Combining the two equations gives the following relation,αS r= ln( )10 . Thus the two concepts, 
creep number and coefficient of secondary consolidation, basically describe the same soil 
property. 
 
In Christensen (1995) empirical observations of creep parameters are presented, see Figure 
3. It includes both Norwegian references and data observed from Swedish clays, Larsson 
(1986). 
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Figure 3.  The creep number r as a function of the natural water content. From 
(Christensen, 1995). 
 
 
A good estimation of the creep number is: 

r
w

=
75

1 5,  (2) 

where w is the natural water content. Equation (2) corresponds to the minimum value 
interpreted from an oedometer test. This is from experience the values just above the 
preconsolidation pressure, Janbu (1989). 
 
 

3.2 ” Time” 
 
Equation 1 is equivalent to: 

∂ε
∂

∂ε
∂

∂
∂

cr cr

t t
t

t r t
= ⋅ =

⋅ln( )
ln( ) 1  (3) 

As can be seen from equation  the creep strain rate is dependent of the ‘magnitude’ of time. 
Thus, to keep the linear behavior in a logarithmic time scale, the time has to be adjusted by 
introducing a reference time, tr, for a starting point with a known strain rate, cf. Nordal (1993): 

( )
∂ε
∂

cr

rt r t t
=

⋅ +
1

 (4) 

From a pragmatic point of view, t can be seen as the time elapsed from the start of a 
‘project’, tr as the reference time for that point and t+tr  as a ‘total’ time. The ‘total’ time at the 
starting point then becomes tr. 
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3.3 Restriction is pore pressure generation by creep 
 
A key factor for the solution is a separation of the creep strains into restricted and 
unrestricted strains. If equation 4 is applied to a problem without any further considerations, 
the calculated creep strain rate will often exceed the total strain rate corresponding to outflow 
of porewater. This describes a physically impossible situation with increasing pore pressure 
over time, despite no additional loading. A further condition has to be introduced in the 
rheological model, ∂ε ∂ ∂ε ∂cr t t≤ . Hence the creep strain is either unrestricted governed by 
the creep properties or restricted limited by the outflow of pore water. Hence, with restricted 
strains is here understood creep strains, which develops at a reduced strain rate compared 
to the rate given by the creep number, cf equation 1. 
 

3.4 Time resistance 
 
A complication in the case of restricted creep is that the creep strain rate no longer can be 
described easily by equation 4.  This because ‘time origin’, tr, will change all the time as long 
as the creep takes place with a ‘reduced’ strain rate. This complication can be overcome by 
the use of the concept time resistance, R, defined as Janbu (1969):  

R t

cr

=
∂
∂ε

 (5) 

Substituting this into equation 4  leads to 
∂ε
∂

cr

rt r t t R
=

⋅ +
=

1 1
( )

 (6) 

For practical purposes, the σ ε− curve obtained from an oedometer test can be treated as a 
curve defining immediate elastic/plastic strain, i.e. εcr = 0 . By defining an appropriate time 
resistance (or reference time) with the corresponding creep number, the curve can be used 
as a reference curve with a defined strain rate. Equation 6 gives: 

εcr
r

r

r

r rr
t t

t r
r t t

r t r
R
R

= ⋅
+

= ⋅
⋅ +
⋅

= ⋅
1 1 1ln( ) ln( ( ) ) ln( )  (7) 

or 

R R r cr r t r crr r= ⋅ ⋅ = ⋅ ⋅ ⋅⎡
⎣⎢

⎤
⎦⎥exp( ) exp( )ε ε  (8) 

where Rr= time resistance for the reference curve. Hence the time resistance can be 
calculated as a function of the creep strain independent of time. 
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4 New prediction method 

4.1 Analytical model 

4.1.1 Differential equation 
By geometrical compatibility, the total strain can be seen as a sum of the two sub 
strains, ε ε ε= +p cr . Hence, a differential equation can be established based upon an equality 
of strains, and incorporating the concept of separation of the creep strain into constrained 
and unconstrained strain. 
 

1
0

1
M

u
t

z
k u

z Rw

∂
∂

∂
∂ γ

∂
∂

=
+

⎧

⎨
⎪

⎩⎪
min

( )
 (9) 

where M = compression modulus, k = permeability, γw = unit weight of the pore water  and u 
here stands for the excessive pore pressure, i.e the pore-pressure which dissipates during 
the consolidation process. 
Below an approximate, analytical solution of the differential equation is summarized. 
 

4.1.2 Degree of consolidation 
In classical theory, see e.g. Terzaghi (1943), the degree of consolidation, Uo, is used to 
describe the development of the elastic/plastic settlements: 

s t U t s( ) ( ) max= ⋅0  (10) 

where smax =  final settlement at full consolidation. 
 
Introducing the model for creep effects, equation 2 is altered into: 

s t U t s s tcr pl cr( ) ( ) ( ),= ⋅ +max  (11) 

in which the elastic/plastic deformations are given by the first term and the creep 
deformations by the second term. Hence, the ‘degree of consolidation’ U tcr ( )  is a measure of 
the time dependence of the elastic/plastic deformations with respect to creep. It can be 
separated into two factors, U Ucr cr= ⋅η 0 , where U0  is the classical degree of consolidation and 
ηcr  is a measure of the delay of the elastic/plastic deformations of the consolidation due to 
the creep effects.  
 
By an extensive number of quantitative evaluations of equation 9, with the finite difference 
scheme, the ratio ηcr  have been determined. The ratio can with reasonably good accuracy 
be defined by two dimensionless parameters. The first parameter is the time factor, see e.g. 
Terzaghi (1943): 

T k M
L
t

w

=
⋅
⋅

⋅
γ 2  (12) 

where L is the length of a characteristic drainage path. The second parameter is a strain rate 
factor: 
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Ψ =
⋅

= ⋅
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

M
r q t

cr

pl

∂ε
∂ εln( )

1  (13) 

where q = consolidation pressure, i.e. the initial excess pore pressure.  
 
The evaluation of ηcr  shows that the ratio is approximately constant during the constrained 
phase, given by T T< = ⋅lim 4 Ψ . The following formulation of the creep ratio is obtained, Alén 
(1998b): 

( )
( )[ ] ( )[ ]⎪⎩

⎪
⎨

⎧

Ψ⋅=⋅>
−+

Ψ
−

Ψ⋅=⋅<Ψ
=

 6.39,0if 
expexp

5,3)ln(+1,51

6.39,0 if 7)ln(-0.25

lim

lim

TT
TFTF

TT

crη

 

(14)

 with the restriction 1901>Ψ  to keep ηcr < 1  
 
 F(t)= (Tv - Ψ⋅6.3 ) (0.5-0.7 lnΨ ) 
  
A simulation of the ‘degree of consolidation’ is shown in Figure 4. For comparison with the 
degree of consolidation with respect to creep, the corresponding quantity in classical theory 
is also shown. The figure shows why the traditional concepts ‘primary consolidation’ and 
‘secondary consolidation’ are irrelevant in the applied model as the creep effect, i.e. about 
‘secondary consolidation’, delays  the ‘primary consolidation’. 
 
 

  

1 10 100 
1 

0.5 

t [years] 

U 

0.0 

0.1 

Not incl. 
creep 
deformation

Incl. creep 
deformations

 
 
Figure 4  Example of ‘Degree of consolidation’ with respect to total settlement including 
creep deformations (Ucr) and not including creep deformations (U0) respectively. From Alén 
(1998a) 
 

4.1.3 Settlements 
If the creep strain becomes unconstrained in the whole profile with the thickness H, at the 
time, tlim, the creep strain is constrained in approximately α H  of the profile at the time 
α αtlim ,  0 < < 1 . A simple assumption is then that the average elastic/plastic strain, in the 
constrained phase, is: 

ε αpl crU t
s

H
= ⋅ ⋅( )lim

max,pl  (15) 

and the average creep strain is: 



Sustainable Bridges SB-4.4.5 2007-11-30  16 (57) 
    
 

 ε α αcr crU t U t
s

H= ⋅ − ⋅ ⋅( ( ) ( ))lim lim0
max,pl   (16) 

Equation 16 can be rewritten as: 

H
s

tUtUr

r

pl
cr0etrR

max,
limlim ))()((

=)(
αα

α  (17) 

 
Then the settlements at a specified time can be calculated as: 

s t dz dz dz s t s t s tpl

H

cr unconstr

H

cr constr

H

pl cr unconstr cr constr( ) ( ) ( ) ( ), , , . , .= + + = + +∫ ∫ ∫ε ε ε
0 0 0

 (18) 

with 
s t U t spl cr( ) ( )= ⋅ max,pl  

s t H r
r t t R
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By equation 18, settlements considering creep, can be calculated in the same manner as 
settlements without considering creep (equation 10). However, the formulation demands 
numerical integration and is, for example, not easily incorporated in a spread sheet program. 
In Alén (1998b) the integrals involved in equation 18 are thoroughly evaluated. By 
introducing a number of simplifications, it has been able to express approximate, closed 
forms as an alternative to equation 18. The deformation becomes, in a dimensionless form: 
 

ε ηpl crT U T
r

( ) ( )= ⋅ ⋅ ⋅
⋅0
1

Ψ
 (19) 
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4.1.4 Non-constant parameters 
In the analytical model described above, the variables r, M, k, and q are given as constants. 
However, in normal practice the soil properties vary both over depth as with the stress level, 
e.g. when passing the preconsolidation pressure. Hence, in practical applications, they have 
to be taken as average values. This is parallel to normal practice when using the concept the 
degree of consolidation in Terzaghi’s classical model. Janbu (1970) showed that in such 
cases it is preferable to calculate the degree of consolidation from the pattern of the 
distribution of final strain instead of the distribution of the preconsolidation pressure. 
 
 
 

4.2 Geotechnical input in the prediction method 
 

4.2.1 Input parameters - general 
The geotechnical input to the prediction method is based on laboratory and field tests at the 
actual site. It is important to have good quality data on the input parameters. No specialized 
method is required but standardised geotechnical testing methods can be used. The 
prediction method is based on average conditions in the soil profile and consequently should 
the geotechnical input parameters be the average value for the soil profile. 
 
 
The geotechnical parameters that needs to be evaluated and introduced into the prediction 
method are 
 

• consolidation pressure (initial excessive pore pressure due to surcharge), 
• modulus 
• permeability 
• water content (the creep number is calculated according to eq. (2) 
• total layer thickness and  
• drainage length.  

 

4.2.2 Input parameters - detailed 
 
The parameters (properties) in the analytic model parameters should be assigned first to get 
an overwiew of the settlement. The parameters in the analytical model are assumed to be 
the mean value (with depth) evaluated from field and laboratory tests. These values can be 
used also as the mean value in the statistical model. 
 
Consolidation pressure (load increase) 
To get a mean value of the load distribution due to load increase with depth a simple method 
should be used, such as Boussinesq  or  the 2:1 method. From these calculation an 
evaluation should be done to estimate a representative mean value for the load distribution. 
The load distribution in this model is onedimensional. The statistical input parameter is 
assumed as a normal distrubution and for the statistical input one should use the mean value 
and estimate a standard deviation so that it includes a representative upper and lower 
boundary.  
 
Modulus, M0 & ML   
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If the soil is normally consolidated just evaluate the mean value of  ML can be evaluated. But 
if the soil is overconsolidated it is necessary to be more careful what modulus to use. Either a 
reduction of the load or a higher modulus could be an alternative, both are depended on how 
much the soil is overconsolidated. An estimation must been done by the user after evaluating 
the modulus for the soil at different depths. The statistical input parameter is  assumed as a 
lognormal distribution and for the statistical input one should use the mean value and 
estimate a standard deviation so that it includes a representative upper and lower boundary.  
 
Permeability, k 
For the permeability should be evaluated as a representative mean value for the total soil 
layer. The statistical input parameter is asumed as a uniform distribution. Therefore the 
statistical input parameter should have a upper and lower boundary condition that represent 
the soil condition and it´s uncertainties. 
 
Water content, wN 
In this model water content is an indirect way to calculate the creep number, rs. So if only 
information about water content is known, one evaluate this and use the representative mean 
value. But if the creep number, rs, is known, it´s possible to solve for the water content. The 
statistical input parameter is assumed as a lognormal distribution. Therefore the statistical 
input parameters should contain the representative mean value and a standard deviation that 
represent the upper and lower boundary of the soil conditions. 
 
Total layer thickness, H 
The total layer thickness is evaluated from results from field investigations, as normal 
practice. The input should be a representative mean value for the soil. The statistical input 
parameter is assumed as a triangular distribution. Therefore the statistical input parameters 
should contain the representative mean value and a representative upper and lower 
boundary. 
 
Drainage length, L 
The draingage length is evaluated from the total layer thickness and field investigations that 
reveal the permeability with depth. The statistical input parameter is assumed as a uniform 
distribution. Therefore the statistical input parameters should contain the representative 
mean value and a representative upper and lower boundary.  
 
 

4.3 Procedure 
 
1. Identify the case, for which an assessment of the long-term settlement should be made 

and the prediction method is applicable  
 
2. Collect geotechnical information from field and/or laboratory tests at the actual site 
 
3. Collect possible settlement records, possible additional loading to compensate for the 

settlements 
 
4. Collect other possible observation related to maintenance etc 
 
5. Evaluate the gathered information and data and determine the input parameters for the 

analytical model, see chapter 4.2 
 
6. Use the results from the analytical model as input for the statistical analysis 
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7. Evaluate results from field and/or laboratory investigations and evaluate mean values of 

the input parameters andfor statistical analysis 
 
8. Perform the Monte-Carlo simulation 
 
9. Evaluate the statistical result  
 
10. Present the predicted long-term settlements of the subsoil (the future behaviour) 
 
 
To calculate settlement with this method a spreadsheet program can be used, see Figure 5 
for an example.  
  
 
 

 

Figure 5.  Input geotechnical parameters marked with green and time parameters marked 
with yellow 
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5 Verification of the new prediction method  

The proposed prediction method has been verified using a number of test embankments with 
long-term settlement records. The inventory performed has shown that there are very limited 
cases with long-term measurements of settlement. To get a reasonable number of cases 
representing somewhat different soil conditions, several cases from outside Europe have 
also been studied. The verifications have followed the procedure presented in chapter 4.3. 
Additionally a sensitivity study regarding the effect on the calculated settlement due to a 
change in each input variable, one at the time, has also been performed. 
 

5.1 Lilla Mellösa, Sweden 

5.1.1 Background 
The test site Lilla Mellösa was constructed in 1947 near Upplands Väsby outside Stockholm, 
Sweden, by SGI. It was constructed in connection with the search for a suitable site for a 
new airfield outside Stockholm. 
 
At Lilla Mellösa there was a large, almost flat, area. The soil conditions consist of 10 to 15 
metres of highly compressible soils. Before the test fill was placed the upper 0,3 m of loose 
organic topsoil was removed. A 2,5 m high fill of gravel with a density of 1,7 t/m3 was then 
constructed. The bottom dimensions of the fill was 30 x 30 m and the slope was 1:1,5. Time 
of construction was 25 days. The net load increase was calculated to 40.6 kPa. 
 
A number of settlement markers and piezometers were installed at various depths before the 
fill was placed. 

5.1.2 Geotechnical properties 
The soil conditions are fairly uniform. The soil profile is shown in Figure 6. 
 

 
Figure 6.  Soil profil at Lilla Mellösa (Larsson et al., 1994) 
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A serie of CRS (constant rate of strain) oedometer test has been conducted to evaluate the 
soil properties. The parameters used for earlier calculations of consolidation at Mellösa was 
as shown in the Figure 7. 
 

 
Figure 7.  Compression and permeability parameters at Lilla Mellösa (Larsson et al., 
1994) 

 

5.1.3 Measured settlement 
The measurements at Lilla Mellösa started 1945, see Figure 8. 
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Figure 8. Measured total settlement at Lilla Mellösa (Larsson., 2006).  
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5.1.4 Input parameters for analytical and statistical model 
As mentioned before, the analytic model parameters have to be assigned first to get an 
overwiew of the settlement. The property values used in the analytic model should be the 
mean value evaluated from the field and laboratory data for each input parameter. For the 
statistical model  See Table 1 for input data. 
 
Consolidation pressure, q (load increase) 
The net load increase at Lilla Mellösa due to the embankment fill was calculated to be 40,6 
kPa. The bottom dimensions of the embankment are 30 x 30 m and soil depth of soft soil is 
about 14 meters. Based on the bottom dimension, 30x30 meters, and the total soil layer 
thickness of 14 meters the load distribution with depth gives a mean vertical stress increase 
of about 27 kPa in the centre point of the fill. The overconsolidation is between 2-13 kPa and 
regarding the simplicifications on the model in load distribution the mean value of the 
consolidation pressure is set to 20 kPa. For the statistical model a mean value of q=20 kPa 
and with a standard deviation of 2 kPa is set. 
 
Modulus, M  
The modulus ML is in a range of about 200 to 400 kPa. So after evaluation of the modulus 
the mean value is set to 250 kPa. For the statistical analysis the mean value is set to 250 
kPa and with a standard deviation of 30 kPa. A lower boundary condition of 200 kPa is set to 
prevent unrealistic calculated settlement. 
 
Permeability, k 
The permeability is in range of ~6*10-10 to ~1*10-9 m/s. The mean value is set to k=8*10-10 
m/s. For the statistical analysis a wider range is used. The permeability is set to a range of 
3*10-10 to  3*10-9 m/s. 
 
Water content, wn 
The water contet is in a range of about 60% to 120% and after evaluation the mean value is 
set to 90%. This gives a creep number, rs = 88. The statistical analysis has used the same 
mean value, wN = 90%, and a standard deviation of 20%. 
 
Total layer thickness, H 
The total layer thickness is 14 m including a dry crust of 0,5 m. So the mean value is 13,5 m 
and in the statistical analysis the total layer is set to a range between 13 and 14 m. 
 
Drainage length. L 
The drainage length is in this case half of the total soil layer, that is to say 6,75 m. In the 
statistical analysis the drainage length is set to a range between 6 and 8 m.  
 
 

Table 1.  Input parameters for Lilla Mellösa. 

 Distribution Mean value std dev. Lower limit Upper limit
Load, q Normal 20 kPa 2 kPa - - 

Modulus, M Lognormal 250 kPa 30 kPa 200 kPa - 
Permeability, 

k Uniform 8*10-10 m/s - 3*10-10 m/s 3*10-9 m/s 

Water 
content, wN

 Lognormal 90% 20% 60% 130% 

Total layer, H Triangular 13,5 m - 13 m 14 m 
Drainage 
length, L Uniform 6,75 m - 6 m 8 m 
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5.1.5 Result 
In Figure 9 a comparison between measured and calculated settlement is presented. The 
calculations are performed first with analytic model with and without creep, and then with a 
statistical approach (Monte Carlo simulation)  
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Figure 9.  Measured and calculated total settlement. 

 
As can be seen in Figure 9 the measured settlement and calculated settlement, with creep, 
agree very well, especially after many years. It can also be seen that it´s likely that the total 
settlement in the future would be in the range of the calculated settlements with statistical 
approach ( Monte Carlo simulation). This indicates that a statistical approach can give a 
good estimate of the development with time of the long-term settlements.   

5.1.6 Sensitivity analysis 
The effect on the calculated settlement due to change in each input variable, one at the time, 
has been studied and the results are shown in a Figure 10. This is based on the last 
calculation step. For each input parameter in the model the change in calculated settlement 
depending on an increases (upside) or decrease (downside) in the parameter value is 
shown. From this it is possible to evaluate which change in parameter value that has the 
largest influence on the calculuted settlement. 
 
From Figure 10 it is obvious that the water content is the most critical parameter to determine 
accurately.  It means that the description of the creep properties is most vital in this case.  
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Figure 10. Effect on calculated settlement by a variation in input variable at last calculation 
step. 
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5.2 Bangna-Bangpakong, Thailand 

5.2.1 Background 
Bangna-Bangpakong highway is a 55 km long major arterial road connecting Bangkok urban 
area with the estern part of Thailand, see Figur 11.  

 

Figure 11. Location map (Cox 1981). 

 
It was first open to traffic in 1969, after two years of construction. Another carriageway was 
added parallel with the old one in 1979, to cope with the increasing volume of traffic. The 
whole stretch of the Bangna-Bangpakong highway passes over the flat deltaic plain of 
Thailand. The subsoil of this area is a soft marine clay called Bangkok clay. The thickness of 
the soft clay varies from 15 m at Bangna (km 0) to 25 m at km 28 from Bangna, see Figure 
12. The soft clay is underlain by a stiff clay of 4-10 m thick followed by a dense to very dense 
sand. A weathered crust forms the topmost layer that is 1-2 m thick. 
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Figure 12. Soil depth and undrained shear strength contours along highway 
(Pussayanavin and Leerakomsan 1986). 

 

5.2.2 Geotechnical properties 
Several investigations in the past have been carried out along Bangna-Bangpokong highway. 
The first intensive investigation was carried out by the Norwegian Geotechnical Institute 
(NGI: “Supplementary Geotechnical” 1967) during the design and construction of the 
highway starting in 1966. Further geotechnical information was obtained during the design 
and subsequent construction of the second carriageway from 1974 to 1975. In 1979, during 
the reconstruction of the old carriageway, several boreholes were drilled and piezometers 
were installed. A summary of this investigation was reported by Cox (1981), as shown in 
Figure 13. 
 

 
Figure 13. Ground elevations and settlement profiles (Cox 1981). 
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Thorough investigations of the settlement characteristics of this highway were done by 
Adhikari (1980), Parnploy (1985) and Pussayanavin and Leerakomsan (1986). A typical 
embankment cross section and soil profile at 30 km of the Bangna-Bangpokang highway are 
shown in Figure . 
 
 
 

 
Figure 14.  Typical embankment cross-section and soil profile at section 30 km (Bergado et 
al., 1990). 
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Figure 15. Compressibility characteristics at different sections along highway. 

 
 
It can be observed, see Figure 16, that there are two soft stretches near section 30 km and 
near section 50 km. The plots of the compression ratio and preconsolidation pressure at 
different sections are shown inFigure 15. Two main groups of subsoil with different 
compressibilities stands out from these figures. The first group consist of the soft soils from 
section km 20 to 35 and from section km 50 to 55, where the compression ratio averages 
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about 0.80 between 5 m to 10 m depth, see Figure 6. The preconsolidation pressure 
averages 30 kN/m2 from surface until 4 m depth and thereafter increases to 1.6 times the 
effective overburden pressure. The other stretches (sections?) consist of the stronger soils 
where the compression ratio varies from 0.30 to 0.50 and the preconsolidation pressure 
varies from 40 to 60 kN/m2 in surface layer and increases to 1.6 times the effective 
overburden pressure. 
 

 
Figure 16.  Compression ratio profile along highway (Bergado et al., 1990). 

5.2.3 Measured settlement 
The measured total settlement at different sections along highway is presented in Figure 17. 
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Figure 17. Measured total settlement and settlement rate at different sections along 
highway (Cox 1981). 

 

5.2.4 Input parameters for analytical and statistical model 
 
Consolidation pressure, q (load increase) 
The net load increase from a typical embankment cross-section at Bangna-Bangpakong 
highway at section km 30, see Figure 4, was calculated to be 52,5 kPa  Due to 
overconsolidation of about 30 kPa at studied section a reduction of the load with about the 
same amount is used to represent the load that exceed the preconsolidation pressure. So 
the actual load used as input is set to 25 kPa.  For the statistical model a mean value of q= 
25 kPa and a standard deviation of 5 kPa is used. 
 
Modulus, M 
The modulus is in a range of about 200 to 500 kPa and the mean value is set to 250 kPa. For 
the statistical analysis the mean value assumed is 250 kPa and with a standard deviation of 
50 kPa 
 
Permeability, k 
The permeability is predicted to have a range of 8*10-10 to 8*10-9 m/s from the coefficient of 
consolidation with the modulus range given. The mean value is set to 3*10-9 m/s. For the 
statistical analysis the mean value is set to 3*10-9 m/s with a lower respectively upper limit of 
8*10-10 m/s to 8*10-9 m/s. 
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Water content, wN 
The water content is in a range of about 80% to 120% and in some cases even up to 140%. 
The mean value is assumed to 100% and this gives a creep number, rs= 75. For the 
statistical analysis the same mean value, wN = 100% has been used and the standard 
deviation has been set to 15%. 
 
Total layer thickness, H 
The total layer thickness is about 27 m with a 1 to 2 m hick dry crust. The mean value is 
assumed to 25 m and in the statistical analysis the mean is assumed also to 25 m and a 
upper respectively lower limit at 27 m and 23 m. 
 
Drainage length. L 
The drainage length is set about half the layer thickness that is 12 m and this represent the 
mean value. The lower respectively upper limit is set to 11,5 to 13,5 m.  
 
Summary of input parameters 
 

Table 2.  Input parameters for Bangna-Bangpakong highway. 

 Distribution Mean value std dev. Lower limit Upper limit
Load, q Normal 25 kPa 5 kPa - - 

Modulus, 
M Lognormal 250 kPa 50 kPa - - 

Permeabil
ity, k Uniform 3*10-9  m/s - 8*10-10 m/s 8*10-9 m/s 

Water 
content, 

wN
 

Lognormal 100% 15% - - 

Total 
layer, H Triangular 25 m - 23 m 27 m 

Drainage 
length, L Uniform 12 m - 11,5 m 13,5 m 

 

5.2.5 Result 
In Figure 18 a comparison between measured and calculated settlement is presented. The 
calculations are performed with the analytic model, with and without creep, and also with a 
statistical approach (Monte Carlo simulation). 
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Figure 18.  Measured and calculated total settlement. 

 
It could be seen in 18 that the measured and calculated, with creep, correspond very well. To 
notice is that a small change in permeability and has the consequence of either a over- or 
underestimate of the settlement. But with the statistical result, y-bars, one could get a good 
estimation on the magnitude of the settlement many years ahead. 

5.2.6 Sensitivity analysis 
The effect on the calculated settlement due to change in each input variable, one at a time, is 
shown in Figure 19. The permeability is the most critical parameter to determine accurate. 
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Figure 19. Impact of a variation of the input parameter values. 
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5.3 Glocester, Canada 

5.3.1 Background 
The test embankment was constructed in 1967, by the Division of Building Research, 
National Research Council of Canada at Gloucester, 13 miles east of Ottawa, Canada. The 
embankment is founded on Champlain sea clay to a depth of about 20 m. Extensive field 
investigation and instrumentation were carried out. The test field were monitored for seven 
years. 

5.3.2 Geotechnical properties 
The results of a detailed soil investigation are shown in Figure 20. There are three layers. 
Layer 1 extends from the ground surface to a depth of 7.0 meters (23 ft). The top part of the 
layer consists of desiccated dry crust to a depth of 2.3 meters (7.5 ft).The undrained shear 
strength increases from 10 kPa at this depth to 33 kPa at a depth of 7.0 meters (23 ft). Layer 
2 covers the depth from 7.0 meters (23 ft) to 13.1 meters (43 ft) and the undrained shear 
strength increases from 22 kPa to 47 kPa. Layer 3 covers the depth between 13.1 meters 
(43 ft) to 18.2 meters (60 ft) with a undrained shear strength increasing from 38 kPa to 52 
kPa. In the same figure, the in situ effective stress and increase in pressure due to load is 
plotted. The vertical effective stress can also be divided in more or less the same three 
layers.  
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Figure 20.  Soil profil at The Glocester test fill (Lo et al., 1977). 



Sustainable Bridges SB-4.4.5 2007-11-30  36 (57) 
    
 
 
A detailed instrumentation is descrided in Figure 21 and results from consolidation tests are 
shown in Figure 22. 

 
Figure 21 Location of settlement gauges and piezometers at the Glouster test fill (Lo et 
al., 1977). 

 

 
Figure 22. Results of consolidation tests (Lo et al., 1977). 
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5.3.3 Measured settlement 
In this study the layer 1 was studied and the settlements between settlement plates S2 and 
S3 in Figure 21 were calculated and compared with the measured settlement between these 
settlement plates. The reason for this was that the final pressure exceeded the 
overconsolidation pressure and most of the settlement occurred in this layer. The 
measurements at the Gloucester test fill were monitored for about 7 years, se Figure 3 
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Figure 23. Measured total settlement at the Gloucester test fill between settlement plates 
S2 and S3. 

 

5.3.4 Input parameters for analytical and statistical model 
 
Consolidation pressure, q (load increase) 
The net load increase from the embankment  at Gloucester test fill was calculated to be 
about 43 kPa. Due to overconsolidation a reduction of the load is used to represent the load 
that exceed the preconsolidation pressure. So the actual load used as input is set to 20 kPa. 
For the statistical model a mean value of q= 20 kPa and a standard deviation of 5 kPa is 
assumed. 
 
Modulus, M 
The modulus is in a range of about 400 to 900 kPa and mean value is assumed to 650 kPa. 
For the statistical analysis the mean value is assumed to 650 kPa and  with a standard 
deviation of 100 kPa.  
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Permeability, k 
The permeability is assumed to have a range of 8*10-10 to 8*10-9 m/s. The mean value is 
assumed to be 3*10-9 m/s. For the statistical analysis the mean value is assumed to 3*10-9 
m/s with a lower respectively upper limit of 8*10-10 m/s to 8*10-9 m/s. 
 
Water content, wN 
The water content is in a range of about 40% to 60%, some cases even up to 80%. 
Evaluation of the creep properties from Figure the creep number, r, is in a range of 300 to 
1000 and that correspond to a water content in a range of 20 – 40%. The mean value is 
assumed to 40% and this gives a creep number, rs = 300. In the statistical analysis the same 
mean value, 40%, has been used and a standard deviation has been set to 20%. 
 
Total layer, H 
The total layer thickness analysed is about 3,5 m and is underneath the dry crust. The mean 
value is assumed to 3,5 m and in the statistical analysis the mean is assumed to also 3,5 m 
and with a upper respectively lower limit at 3 m and 4 m. 
 
Drainage length. L 
The drainage length is in this case assumed  to be the same as the layer thickness that is 
3,5 m as there is no free drainage layer att the bottom boundary of the layer. This value 
represents the mean value. The lower respectively upper limit is set to 3 to 4 m.  
 
Summary of input parameters 
 

Tabell 3.  Input parameters for The Gloucester test fill. 

 Distribution Mean value std dev. Lower limit Upper limit
Load, q Normal 20 kPa 5 kPa - - 

Modulus, 
M Lognormal 650 kPa 100 kPa - - 

Permeabil
ity, k Uniform 3*10-9 m/s - 8*10-10 m/s 8*10-9 m/s 

Water 
content, 

wN
 

Lognormal 40% 20% - - 

Total 
layer, H Triangular 3,5 m - 3 m 4 m 

Drainage 
length, L Uniform 3,5 m - 3 m 4 m 

 

5.3.5 Result 
In Figure 24 a comparison between measured and calculated settlement is shown. The 
calculations are performed with the analytical model, with and without creep, and also with a 
statistical approach (Monte Carlo simulation). 
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Figure 24.  Measured and calculated total settlement. 

 
The calculated settlements with creep and the measured settlements agree very well.  
 

5.3.6 Sensitivity analysis 
The effect on the calculated settlement due to change in each input variable, one at a time, is 
shown in Figure 15. The water content, wn, is the most critical parameter to determine 
accurately 
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Figure 15. Impact of variation of input parameter values. 
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5.4 Agnesberg, Sweden 

5.4.1 Background 
The studied road section is a part of road Rv 45, Gothenburg – Trollhättan on the west coast 
of Sweden, and is situated about 10 km north of Gothenburg and beside the river Göta-Älv. 
The area is a valley with higher rock areas on the east and the west side. The road is 
situated on the east side of the river with a distance about 100 - 130 m from the river, see 
Figure 26. 
 

 
Figure 26. Location map with test embankment (Aktuell vägsträcka)  

 
 
The road was constructed between October 1972 and June 1973. The typical road cross 
section is about 23 m wide, see 27, and has a embankment height between 0,5 m to 2,5 m. 
The subsoil consists of a soft clay to a depth of more than 30 m.  
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Figure 27. Typical cross section of the road embankment. 

5.4.2 Geotechnical properties 
At Agnesberg the subsoil is in the upper part a post glacial clay and beneath it´s a glacial 
clay. It´s a soft clay with an undrained shear strength  that varies between 15-25 kPa and the 
sensitivity increases with depth to  well over 50. The natural water content is in a range of 50-
100% and in the sand layer under the clay their exists a artesian water pressure that 
corresponds to an open water surface about 6 m above ground level. 
A serie of CRS oedometer test has been conducted to evaluate the soil deformation 
properties. In Figure 28 the evulated in-situ conditions for a typical section is shown.  
 

 
Figure 28. Soil stress conditions at Agnesberg test embankment. 
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The soil is normally consolidated at depths greater than about 3-4 meters. This means that 
any increase of vertical pressure, such as a load increment from a high way construction, will 
develop consolidation settlement. It could also be seen that there is two thin layers at about 
12 and 14 m depth that has a higher permiability and therefore function as drainage layers. 
In Figure 29 are presented some of the soil parameters that influence how great the 
settlement will become. 
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Figure 29. Evaluated soil parameters.  

 

5.4.3 Measured settlement 
The settlements at Agnesberg where monitored for about 15 years, as shown in  
Figure 3030. The settlements are about 1.4 m and the embankment still settles. 
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Figure 30. Total settlement at Agnesberg until 1986. 
 

5.4.4 Input parameters for analytical and statistical model 
Consolidation pressure, q (load increase) 
The net load increase from the embankment at Agnesberg was calculated to be about 35 
kPa. Since the clay was normally consolidated no reduction of the load is done and the 
represent load is 35 kPa. For the statistical model a mean value of q= 35 kPa and with a 
standard deviation of 5 kPa is assumed. 
 
Modulus, M 
The modulus is in a range of about 350 to 700 kPa with a dominating part around 400 kPa 
and therefore a mean value is assumed to 450 kPa. For the statistical analysis the mean 
value is assumed to 450 kPa and with a standard deviation of 50 kPa. 
 
Permeability, k 
The permeability is predicted to have a range of 1*10-10 to 8*10-10 m/s. The mean value is 
assumed to 4*10-10 m/s. For the statistical analysis the mean value is assumed to 4*10-10 m/s 
with a lower respectively upper limit of 1*10-10 m/s to 8*10-10 m/s. 
 
Water content, wN 
The water content is in a range of about 50% to 100%, some cases even up to 100% (borde 
vara större än 100% annars tas det bort). Ttransforming the laboratory determined creep 
parameter, αs, to the creep number, rs, gives the creep number in a range of about 100 to 
200 and this correspondsto a water content of 50 to 85%. The mean value is assumed to 
70% and this gives a creep number, rs = 128. The statistical analysis has used the same 
mean value, 70%, and with a standard deviation of 10%. 
 
Total layer, H 
The total layer thickness is about 27 m  with a dry crust of about 1 meter. The mean value is 
assumed to 26 m and in the statistical analysis the mean is assumed also to  26 m and with 
a upper respectively lower limit at 25 m and 27 m. 
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Drainage length. L 
The drainage length is in this case is set to 7 m due to layers that function as drainage paths, 
see Figure 28. The mean value is set to 7 m with a lower respectively upper limit 5 and 9 m.  
 
Summary of input parameters 
 

Tabell 4.  Input parameters for Agnesberg. 

 Distribution Mean value std dev. Lower limit Upper limit
Load, q Normal 35 kPa 5 kPa - - 

Modulus, 
M Lognormal 450 kPa 50 kPa - - 

Permeabil
ity, k Uniform 4*10-10 m/s - 1*10-10 m/s 8*10-10 m/s 

Water 
content, 

wN
 

Lognormal 70% 10% - - 

Total 
layer, H Triangular 26 m - 25 m 27 m 

Drainage 
length, L Uniform 7 m - 5 m 9 m 

 

5.4.5 Result 
In Figure 31 a comparison between measured and calculated settlement is shown. The 
calculations are performed with the analytical model, with and without creep, and with a 
statistical approach (Monte Carlo simulation). 
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Figure 31.  Measured and calculated total settlement. 

 
The calculated settlements with creep and the measured settlements agree very well. 
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5.4.6 Sensitivity analysis 
The effect on the calculated settlement due to change in each input variable, one at the time, 
is shown in Figure 32. The permeability, k, is the most critical parameter and has to be 
determined accurately. 
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Figure 32.  Impact of variation of input parameter values. 
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5.5 Skå-Edeby, Sweden 

5.5.1 Background 
The test site Skå-Edeby was constructed 1957 by SGI. It is located on a flat area on an 
island about 25 kilometres west of Stockholm, Sweden. It was constructed in connection with 
the search for a suitable site for a new airfield outside Stockholm. The construction time had 
to be short and as the soil consisted of up to 15 m of soft clay the only practical solution 
would have been to use vertical drains and preloading. 
 
The investigation became a close study of the consolidation of soft clay and the effect of 
vertical drains. Four circular test fills with diameters from 35 – 70 m were estabilised. One 
test fill where constructed without vertical drains. 
 
Before the placement of the fills the upper 0.25 m of topsoil was scraped off and then 
instrumentation of settlements markers and pore-pressure gauges where made. The Skå-
Edeby alternative for location of the airfield was shortly afterwards abandoned, but the 
monitoring of the test fills continued. 

5.5.2 Geotechnical properties 
The soil conditions in the test site are fairly uniform. The soil profile is shown in Figure 3333. 

 
Figure 33.  Soil profil at Skå-Edeby (Larsson et al., 1994). 
 
 
A serie of CRS oedometer test has been conducted to evaluate the soil properties. The 
parameters used for earlier calculations of consolidation settlements are shown in the Figure 
34. 
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Figure 34.  Compression and permeability parameters at Skå-Edeby (Larsson et al., 
1994). 

5.5.3 Measured settlement 
The measurments started in 1957 and has continued since then, see Figure 35. 
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Figure 325. Total settlement at Skå-Edeby 

5.5.4 Input parameters for analytical and statistical model 
 
Consolidation pressure, q (load increase) 
The net load increase due to filling was calculated to be about 27 kPa. The test fill were 
circular and with a radius of about 17.5 m. Due to the bottom dimensions and soil depth the 
load distribution (by the 2:1 method) gives a mean value of about 20 kPa in the centre point 
of the fill. The clay is more or less normally consolidated and therefore 20 kPa is assumed as 
mean value. For the statistical model a mean value of 20 kPa and a standard deviation of 2 
kPa is assumed. 
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Modulus, M 
The modulus is in a range of about 200 to 500 kPa and a mean value is assumed to 350 
kPa. For the statistical analysis the mean value is assumed as 350 kPa and with a standard 
deviation of 50 kPa. 
 
Permeability, k 
The permeability is predicted to have a range of 5*10-10 to 1*10-9 m/s. The mean value is set 
to 8*10-10 m/s. For the statistical analysis the mean value is assumed as 8*10-10 m/s with a 
lower respectively upper limit of 5*10-10 m/s to 1*10-9 m/s. 
 
Water content, wN 
The water content is in a range of about 50% to 90%. Transforming the determined creep 
parameter, αs, to the creep number, rs, gives the creep number a range of about 100 to 200 
and this represent a water content of 50 to 85%. The mean value is assumed to 65% and 
this gives a creep number, rs = 143. The statistical analysis has used the same mean value, 
65%, and a standard deviation of 20%. 
 
Total layer, H 
The total layer thickness is about 12 m  with a dry crust of about 1 meter. The mean value is 
assumed to 11 m and in the statistical analysis the mean is assumed to also 11 m and with a 
upper respectively lower limit at 10 m and 12 m. 
 
Drainage length. L 
The drainage length is assumed to 6 m. The mean value is assumed to 6 m with a lower 
respectively upper limit of 5 and 7 m.  
 
Summary of input parameters 
 

Tabell 5.  Input parameters for Skå-Edeby. 

 Distribution Mean value �(std dev.) Lower limit Upper limit
Load, q Normal 20 kPa 2 kPa - - 

Modulus, 
M Lognormal 350 kPa 50 kPa - - 

Permeabil
ity, k Uniform 8*10-10 m/s - 5*10-10 m/s 1*10-9 m/s 

Water 
content, 

wN
 

Lognormal 65% 20% - - 

Total 
layer, H Triangular 11 m - 10 m 12 m 

Drainage 
length, L Uniform 6 m - 5 m 7 m 

      

5.5.5 Result 
In Figure 36 a comparison between measured and calculated settlement is shown. The 
calculations are performed with the analytical model, with and without creep, and with a 
statistical approach (Monte Carlo simulation). 
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Figure 36.  Measured and calculated total settlement. 

 
As can be seen in Figure 36 the measured and the calculated, with creep, agree very well. 
 

5.5.6 Sensitivity analysis 
The effect on the calculated settlement due to change in each input variable, one at the time, 
is shown in Figure 37. The water content, wN, is the most critical parameter and has to be 
determined accurately 
. 
 



Sustainable Bridges SB-4.4.5 2007-11-30  51 (57) 
    
 
 

Effect on settlement due to input variable in last 
calculation step

6,2E-10

5,1

10,3

16,4

274

38,1

9,8E-10

6,9

11,7

23,3

437

101,1

0,50 1,00 1,50 2,00 2,50

wN (%)

M (kPa)

q (kPa)

H (m)

L (m)

k (m/s)
Downside
Upside

 
Figure 37. Impact of variation of input parameter values. 

 

5.6 Old embankment simulation  

5.6.1 Background 
In order to simulate the assessment of the future behaviour of the subsoil in the transition 
zone at an old railway bridge a complementary verification of the simplified prediction method 
was made. The test site Lilla Mellösa was used. At this site new investigation were 
performed 20 years after the construction of the test embankment (Chang, 1981). The results 
of the new investigation were used this simulation in which the long-term behaviour form this 
moment was calculuted 
 

5.6.2 Input parameters for analytical and statistical model 
 
Consolidation pressure, q (load increase) 
The total additional (remaining) stress due to the embankment fill after 20 years was 
calculated to be about 27 kPa. With respect to the bottom dimension and the soil layer 
thickness the load distribution with depth gives a mean vertical stress increase of about 20 
kPa in the centre point of the fill. The overconsolidation is between ~5-20 kPa and 
considering simplications in the model a mean value of the consolidation pressure is set to 
10 kPa and a standard deviation of 2 kPa is assumed. 
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Modulus, M 
The modulus is in a range of about 200 to 500 kPa and a mean value is assumed to 300 
kPa. For the statistical analysis the mean value is assumed as 300 kPa and with a standard 
deviation of 50 kPa 
 
Permeability, k 
The permeability is in range of ~1*10-10 to ~8*10-10 m/s. So the mean value is set to k=4.5*10-

10 m/s. For the statistical analysis it´s used a wider range. The permeability is set to a range 
of 1*10-10 to 8*10-10 m/s. 
 
Water content, wN 
The water content is in a range of about 60% to 100%. Transforming the creep parameter, 
αs, to the creep number, rs, gives the creep number a range of about 75 to 160 and this 
represents the above mentioned water content. 
 
Total layer thickness, H 
The total layer was originally 13,5 m. But after 20 years of settlements of about 1,5 m the 
layer is about 12 m. So the mean value is 12 m and in the statistical analysis the total layer is 
set to a range between 11 and 13 m. 
 
Drainage length. L 
The drainage length is in this case half of the soil layer, that is to say 6 m. In the statistical 
analysis the drainage length is set to a range between 5 and 7 m. 
 
Summary of input parameters. 
 

Tabell 6.  Input parameters for Lilla Mellösa, 20 years after construction. 

 Distribution Mean value �(std dev.) Lower limit Upper limit
Load, q Normal 10 kPa 2 kPa - - 

Modulus, 
M Lognormal 300 kPa 50 kPa - - 

Permeabil
ity, k Uniform 4,5*10-10 m/s - 1*10-10 m/s 8*10-10 m/s 

Water 
content, 

wN
 

Lognormal 80% 20% - - 

Total 
layer, H Triangular 12 m - 11 m 13 m 

Drainage 
length, L Uniform 6 m - 5 m 7 m 

5.6.3 Result 
 
A comparison between measured and calculated settlement is persented in Figure 38. The 
calculations are done by the analytical model, with and without creep, and by the statistical 
approach (Monte Carlo simulation). 
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Figure 38  Measured and calculated total settlement. 

 
As could be seen the measured and the calculated settlement, with creep, agree very well 
and it´s likely that the total settlement in long-term will be in the range of Monte Carlo 
simulation. 
 

5.6.4 Sensitivity analysis 
The effect on settlement due to change in each input variable, one at the time, is shown in 
Figure 39. The permeability, k, is the most critical parameter to determine accurately. 
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Figure 39. Impact of variation of input parameter values 

 
 
 
 

5.7 Summary of verification 
 
The comparions of calculated settlements using the proposed new simplified prediction 
method show good agreements with the measured settlements at a number of test 
embankments with long-term monitoring.  
 
Additionally the performed simulation of an old embankment by using one of the test 
embankments, which was further investigated 20 years after the initial construction, show 
that the predicition method starting from this time (age) predicts the settlements in the subsoil 
that are in good agreement with the measured settlements over a period of more than 35 
years.  
 
The comparisions have also pointed out that inaccurate input paramenters can have a major 
influence on the predicted settlements. Different input parameters have most critical influnce 
on the calculated settlements of different test embankments. This empasizes the importance 
of making high quality geotechnical investigation in the field and in the laboratory at the 
actual site.  
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6 Recommendations for use of the prediction method 

 
The proposed new simplified prediction method presented in chapter 4 is a method that 
predicts the long-term settlements in soft subsoil below railway embankments. Promising 
results have been achieved with this new simplified prediction method in comparing it with 
measured and calculated settlements for a number of embankments.  
 
The method can be applied to the assessment of the behaviour of transition zones at existing 
railway bridges. The method is to be used as a first step in the assessment to calculate the 
magnitude of the future settlements to get a basis for evaluating if the future settlements are 
acceptable or not. If the predicted settlements are acceptable, monitoring of the settlements 
is recommended and a comparison shall be made with the calculated settlements. If the 
measured settlements follow the predicted settlements no strengthening measures are 
needed. If the calculated settlements are too large to be acceptable or the monitoring shows 
large settlements then strengthening measures shall be performed. 
 
When using the presented method it is important to have high quality data on the subsoil 
properties representative for the actual conditions in the transition zones. Possible records of 
maintenance, including settlements and related additional fill material is of great value at the 
assessment and the evaluation of the long-term behaviour. 
 
The method is applicable to soft subsoil conditions. 
 
 



Sustainable Bridges SB-4.4.5 2007-11-30  56 (57) 
    
 
 
 
References 
 
Adhikari, A. K,. (1980). Settlement characteristics of Bangna-Bangpakong Highway. Thesis 
presented to the Asian Institute of Technology at Bangkok, Thailand. In partial fulfillment of 
the requirements for the degree of Master of Engineering. 
 
Alén, C. G. (1998). On probability in geotechnics.PhD thesis. Chalmers University of 
Technology, Gothenburg, Sweden.  
 
Alén, C., (1998b). Long term deformation in clay. Report, Department of Geotechnical 
Engineering, Chalmers University of Technology. Göteborg. 
 
Alén, C. G. (1999). An analytic creep model. European conference on soil mechanics and 
geotechnical engineering, 12: Geotechnical engineering for transportation infrastructure, 
Amsterdam, Proceedings, vol. 2. 
 
Bergado, D. T., et al. (1990). Settlements of Bangna-Bangpakong highway on soft Bangkok 
clay. Journal of Geotecnical Engineering, vol. 116, No. 1, pp 136-155. 
 
Christensen, S., (1995). Long-term processes in Geomaterials, Creep parameters from 
oedometer tests on illitic clays. Report STF69 A95025, SINTEF, Trondheim. 
 
Cox, J. B. (1981). The settlement of a 55-km long highway on soft Bangkok clay. Proc. 10th 
Int. Conference on Soil Mech. and Foundation Engrg., 1, pp 101-104. 
 
Janbu, N,. (1969). The resistance concept applied to deformations of soils. Proc. 7th 
ICSMFE: Vol 1, pp 191-196, Mexico City. 
 
Janbu, N,. (1989). Design analyses in Geotechnical Engineering. Soil as an engineering 
material and slope stability analyses. Concept to two chapters in a book with referred title, 
Lecturer material. Geotechnical Division. Norwegian University of Science and Technology, 
Trondheim. 
 
Larsson, R. (1986). Consolidation in soft soils. Report 29. Swedish Geotechnical Institute, 
Linköping. 
 
Larsson, R., Bengtsson, P-E. and Eriksson, L. (1994). Prediction of settlements of 
embankments on soft, fine-grained soils – Calculation of settlements and their course with 
time. Swedish Geotechnical Institute, Information No. 13, Linköping. 
 
Larsson, R. (2006). Long-term observations of consolidation processes - results from about 
fifty years' monitoring of Swedish test embankments on soft clay. Geotechnical Engineering, 
vol 37, No. 1, pp 53-77. 
 
Lo, K. Y., et al. (1977). Settlements Resulting from Secondary Compression – The 
Gloucester Test Fill. Ontario Ministry of Transportation and Communications, RR 211. 
 
Nordal, S,. (1993). Special cases, creep, cyclic effects, Lecturer material. Design analyses in 
Geotechnical engineering, Lyngby. 
 
Pornploy, U,. (1985). Deformation analysis and settlement prediction of Bangna-
Bangpakong Highway (section 1), Thesis presented to the Asian Institute of Technology at 



Sustainable Bridges SB-4.4.5 2007-11-30  57 (57) 
    
 
Bangkok, Thailand. In partial fulfillment of the requirements for the degree of Master of 
Engineering. 
 
Pussayanavin, P., and Leerakomsan, S. (1986). Design and construction of Bangna-
Bangpakong highway. Proc. Southeast Asian Congress on Roads, Highways, and Bridges, 
Kuala Lumpur, Malaysia, H1-H28. 
 
Reblin, T. (1986). Settlements caused by road embankments. Rapport X 86:7, Department 
of Geotechnical Engineering, Chalmers University of Technology. 
 
Terzaghi, K, (1943). Theoretical Soil Mechanics, John Wiley and Sons, New York. 
 
 

 


