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Abstract

Several alloy systems are susceptible to weld hot cracking. Weld hot cracking occurs
by fracture of liquid films, normally grain boundary liquid films, at the late stage of
the solidification of the weld. The cracks can be small and therefore difficult to detect
by nondestructive test methods. If hot cracks are not repaired, they can act as sites
for initiation of fatigue and stress corrosion cracking, which in turn can lead to catas-
trophic failure in critical applications such as aerospace engines and nuclear power plants.
Therefore, it is of highest importance to design weld processes so that hot cracking can
be avoided. Here, numerical simulation can be a powerful tool for optimizing weld speed,
heat input, weld path geometry, weld path sequences, weld fixturing, etc., such that the
risk for hot cracking can be minimized.

In this thesis, we propose a modeling approach for simulating weld hot cracking in
sheet metals with low welding speeds and fully penetrating welds. These conditions
are assumed to give rise to isolated grain boundary liquid films (GBLFs) whose crack
susceptibility can be analyzed using one-dimensional models. The work is divided into
four journal papers. The three first papers treat hot cracking that occurs in the fusion
zone of the weld while the last paper treats hot cracking in the partially melted zone of
the weld. The main content of the four papers are summarized below.

In paper A, a pore-based crack criterion for hot cracking has been developed. This
criterion states that cracking occurs in a GBLF if the liquid pressure in the film goes
below a fracture pressure. The fracture pressure is determined from a pore model as the
liquid pressure that is required to balance the surface tension of an axisymmetric pore
in a liquid film located between two parallel plates at a given critical pore radius. The
fracture pressure depends on the surface tension, the spacing between the parallel plates
and the gas concentration in the liquid.

In order to evaluate the above pore-based crack criterion in a GBLF the liquid pressure
in the film most be known. In paper B, a one-dimensional GBLF pressure model for
a columnar dendritic microstructure has been developed. This model is based on a
combination of Poiseuille parallel plate flow and Darcy porous flow. Flow induced by
mechanical straining of the GBLF is accounted for by a macroscopic mechanical strain
field that is localized to the GBLF by a temperature dependent length scale.

In paper C, a computational welding mechanics model for a Varestraint test is devel-
oped. The model is used to calibrate the crack criterion in paper A and the pressure
model in paper B. It is then used to test the crack criterion in Varestraint tests with dif-
ferent augmented strains. Calculated crack locations, orientations, and widths are shown
to correlate well to the experimental Varestraint tests.
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Finally, in paper D, a segregation model for predicting the thickness of eutectic bands
has been developed. The thickness of eutectic bands affects the degree of liquation in
partially melted zone, and therefore is an important factor for hot cracking in this region
of the weld.
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Chapter 1

Introduction

1.1 Outline

This thesis presents a modeling approach for weld hot cracking. In the thesis introduction
chapter, the motivation and aim of the work are given. The second chapter contains an
introduction to weld hot cracking, while the third chapter presents some common crack
criteria for hot cracking. The fourth chapter gives a summary of the appended papers
and the fifth chapter gives conclusions and future work. The modeling approach are
given in the four appended papers.

1.2 Background

Nickel-based superalloys constitute over 50% of the weight of a modern jet engine. These
alloys are used for components in the hot sections of the engine due to their outstanding
resistance to corrosion and creep. Welding is the most important manufacturing method
to join components of nickel-based superalloys. However, many superalloys are suscep-
tible to weld hot cracking [1]. Hot cracks can be repaired by repair welding or by hot
isostatic pressing, which are both costly to perform.

Traditionally, structural parts of superalloys have been cast as single piece components.
However, today there is a trend to cast smaller pieces that are joined to sheet or forged
parts in the fabrication of structural components as the turbine exhaust casing seen in
Figure 1.1 below. This fabrication strategy makes it possible to use higher strength
wrought material where geometry allows, and to join these wrought parts together with
cast material where complex geometries is needed and where the demand for strength is
moderate.

A major challenge using the above strategy is that numerous of welds must be produced
in nickel-based superalloys, which can lead to serious problems with weld hot cracking.
Hot cracking occurs during the terminal stage of solidification, when the tensile stresses
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4 Introduction

Figure 1.1: A gas turbine structural part used in the hot section of an aircraft engine. It
contains a large number of cast, sheet and wrought parts which are joined together by
welding [2].

developed across the adjacent grains exceed the strength of the almost completely solidi-
fied weld metal [3]. The cracks are normally small, and can therefore be difficult to detect
by nondestructive test methods. These cracks can act as sites for initiation of fatigue
and stress corrosion cracking, which in turn can lead to catastrophic failure when used
in critical applications such as aerospace engines. It is therefore of highest importance
to design welding processes in such a way that hot cracking can be avoided.

Here, numerical simulations can be a powerful tool in predicting the risk of crack-
ing in a weld process. Simulation methods can be used to improve the weld process
at the early design stage by optimizing welding speed, heat input, weld path geometry,
welding sequence, weld fixturing, etc., in such a way that the risk for cracking be reduced.

However, while numerical simulation today impressively predicts distortions in elabo-
rate welding of complex structures, the ability to predict the limits for the occurrence of
weld hot cracking is still in its infancy.
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1.3 Aim

The aim of this thesis has been to develop numerical models that can be used to study
the risk of formation of weld hot cracking in welding processes. These models are based
on data that can be obtained from computational welding mechanics models. Further-
more, the models must relate weld microstructure and weld loads to crack susceptibility.
This is important in welding of large aerospace engine components where weld process
parameters and external restraints can vary greatly over the component.

The research question for this work is formulated: How can weld hot cracking be
modeled in a computational inexpensive way based on the microstructure and the loading
of the weld?

1.4 Scope and limitations

The thesis mainly focuses on the following:

1. Development of a physically based hot cracking criterion that can be related to a
real cracking mechanism.

2. Development of a one-dimensional grain boundary liquid pressure model that is
used to evaluate the above cracking criterion.

3. Development of a material model for the mushy zone, i.e., the region where solid
and liquid coexist and where hot cracking occurs. This model is used to obtain
macroscopic temperature and mechanical strain fields from a computational welding
mechanics model. These fields are in turn used in the above grain boundary liquid
pressure model to evaluate the liquid pressure.

4. Development of a segregation model for predicting eutectic band thickness. The eu-
tectic band thickness affects the amount of liquation that is formed in the partially
melted zone of a weld. This in turn influence the susceptibility for hot cracking in
this region.

All the work in this thesis is limited to fully or close to fully penetrating butt welds
in thin sheet metals. Furthermore, the welding process is limited to gas-tungsten arc
welding, at low to moderate welding speeds such that a completely columnar dendritic
microstructure is formed in the fusion zone of the weld. Under these conditions it is
assumed to be possible to evaluate the risk of hot cracking by a 1D crack model that is
applied to isolated grain boundary liquid films.

The models in this work are developed and/or evaluated on the nickel-based superalloy
Alloy 718. However, it is thought that the models also can be employed to other types
of alloys, e.g., aluminum, magnesium, copper alloys, that also are susceptible to hot
cracking.
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Chapter 2

Weld hot cracking

In this chapter, an introduction to weld hot cracking in fusion welding is given.

2.1 Fusion welding

Fusion welding is the most important method of joining components made of metallic
materials [4–6]. It is performed by locally melting the joining metals at the location of the
weld, often together with a filler metal. The molten metals then form a solid weld upon
solidification. The most common fusion welding processes are: gas welding, arc welding,
and high-energy beam welding [3]. All these processes result in high temperatures and
large temperature gradients at the location of the heat source. As a result, thermal
stresses and microstructural inhomogeneities are formed at the region of the weld, which
in turn can lead to weld cracking. This is discussed in the following.

2.1.1 Thermal stresses

The travelling heat source in fusion welding create a localized temperature field at the
location of the source. This give rise to large temperature gradients in the region close
to the weld, which in turn results in thermal stresses [7–9]. Thermal stresses can deform
the weld component and can lead to tensile residual stresses that may shorten the fatigue
life of the component. Moreover, tensile thermal stresses are the driving force for the
formation of many types of welding cracks.

2.1.2 Microstructural regions

The high temperature that occurs in fusion welding gives microstructural variations in the
region of the weld. Fusion welded components consist of three different microstructural
regions, namely the unaffected base material region, the fusion zone (FZ), and the heat
affected zone (HAZ) [10]. The FZ represent the region of the welded component where
complete melting has occurred. The microstructure in the FZ depends on composition
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8 Weld hot cracking

and solidification conditions [10] and can be very different from the microstructure in the
unaffected base material and the HAZ. The normally high cooling rate of the solidifying
weld metal in the FZ can lead to segregation of alloying elements, which in turn can
result in formation of unwanted secondary phases such as carbides and intermetallics.

The HAZ is the region of the base material that has undergone microstructural changes
caused by high temperatures that occurs in fusion welding. The HAZ can be dived into
two parts [10]: the true HAZ (T-HAZ) and the partially melted zone (PMZ). The PMZ
is located right next to the FZ and it represents the part of the HAZ that has been
partially melted. It exists in all fusion welds made in alloys since complete melting of
an alloy occurs over a temperature interval in contrast to a pure metal which completely
melts at a single temperature. The PMZ can be associated with problems such as grain
boundary melting due to segregation and local melting of constituent particles [10]. No
melting occurs in the T-HAZ, however, the high temperature from the welding causes mi-
crostructural problems such as grain growth, recrystallization, dissolution and coarsening
of precipitates, etc., in the T-HAZ [6].

A fusion welded component may have significant variations in mechanical properties
in the region of the weld due to the microstructural variations that are present at the
location of weld.

2.1.3 Weld cracking

Thermal stresses and microstructural inhomogeneities can result in a range of different
types of cracking in fusion welded components. These types of cracks can broadly be
grouped into three different groups of cracks, depending on the temperature range in
which they occur [10, 11].

• Hot cracking is cracking that form during the solidification of the weld. The
cracking is normally intergranular and caused by tensile stresses that rupture grain
boundary liquid films. There are two different types of weld hot cracking, de-
pending on where cracking occurs. Hot cracking that occurs in the FZ is called
solidification cracking, while hot cracking that occurs in the PMZ is called HAZ
liquation cracking.

• Warm cracking is cracking that form at elevated temperatures but below the
solidification temperature. The cracking occurs at grain boundaries when the ma-
terial is in a solid state. Common types of warm cracks are ductility dip cracking,
reheat cracking, strain age cracking and liquid metal embrittlement cracking.

• Cold cracking is cracking that form at or near room temperature and is usually
synonymous with hydrogen induced cracking.

In this thesis we are only focusing on hot cracking.
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2.2 Weld hot cracking

Hot cracking (HC) occurs both in welding and casting processes [3, 10, 12–14]. In casting
HC is often referred to as hot tearing. HC is normally an intergranular crack that forms
in grain boundary liquid films (GBLFs) at the end of solidification. The driving force
for the cracking are tensile thermal stresses that create local deformations in the weak
GBLFs that can fracture the GBLFs. The risk for HC to occur depends on a complicated
interplay among metallurgical, thermal, and mechanical factors, which is briefly discussed
in the following sections.

2.2.1 Crack nucleation

HC has been extensively studied for more than 60 years [15]. However, the precise mech-
anisms for the crack nucleation are still not fully understood. HC nucleation is different
from solid state cracking because the nucleation occurs in the liquid phase. A liquid is
metastable at negative pressures [16], however, it can sustain negative pressures in the
GPa range before homogenous nucleation can occur [12, 13, 17]. Also, negative pres-
sures in the range of 100 MPa are required for heterogenous nucleation to occur at the
solid-liquid interface since most metals are very well wetted by their own melt [12, 13].
Negative pressure in range of 100 MPa seems unlikely to attain since it would lead to
plastic collapse of the solid phase that surrounds the liquid [13]. Thus, homogenous nu-
cleation or heterogenous nucleation without preferential nucleation sites are not probable
to occur.

Several theories have been proposed on HC nucleation. Coniglio and Cross [18] have
shown theoretically that HC may nucleate heterogeneously in an aluminum alloy on
Al2O3 particles that are present in the liquid at elevated concentrations of hydrogen in
the liquid. The liquid wets the oxide particle badly which together with the presence of
hydrogen assist in the nucleation process. Fredriksson et al. [19] have argue that HC
nucleation may be assisted by supersaturation of vacancies. Campbell [13] has come up
with the very interesting theory that HC is formed by unfolding of an oxide bifilm. The
author has suggested a theory on how HC may nucleate in conical groves or cracks in
badly wetted particles, which is presented in the last paper of this thesis.

Today there is a rapid development of high intensity methods such as synchrotron ra-
diation. These methods have revealed very important features at the initial growth stage
of HC. Soon these methods may be mature enough to revel the nucleation mechanism of
HC in situ, which obviously must be done at very high magnifications.

2.2.2 Crack growth

Several in situ experiments have indicated that HCs form from growing pores in GBLFs.
Hunt and Durrans [20] have conducted experiments on a transparent analog of a metal.
The solidifying material was stretched around a sharp corner, and it was found that
when a small inclusion or bubble arrived at the corner, a crack was immediately formed.
However, when no nucleus was present at the corner, no crack was formed, irrespective
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of how large strains that were applied. Farup et al. [21] conducted similar experiments
in situ on the transparent alloy succinonitrile-acetone and found that crack formation
always was associated to pores. Terzi et al. [22] performed in situ X-ray tomography on
semi-solid aluminum and found that cracks formed from micropores. Puncreobutr et al.
[23, 24] performed hot tensile testing of aluminum alloys. With fast synchrotron X-ray
microtomography, they found that the cracks were initiated from pre-existing voids and
internally nucleated voids. Recently, Aucott et al. [25] studied Varestraint testing in situ
with high-energy synchrotron X-ray microtomography of steel. They could also see, in
agreement with Puncreobutr, that the cracking started from internal voids.

Puncreobutr et al. [24], Farup [21] and Aucott et al. [25] works indicate that the
crack growth is not explosive, i.e., very large cracking is not formed immediately after the
nucleation. Instead, the cracking seems to grow progressively with increased deformation,
which is indicated in Figure 2.1.

Figure 2.1: 3-D rendering of hot tearing in Al–7.5Si–3.5Cu with 0.2 wt.% Fe. Internal
damage is colored in blue and surface-connected damage is colored in red. I–IV represent
true strains (%) of 0, 14, 17, 19. The temperature is just above the eutectic temperature
with a solid fraction > 0.9 in the notched region. The crosshead displacement rate is 10
μm/s, which corresponds to an average axial strain rate of 5× 10−3 1/s. From [24] with
permission from Elsevier.

2.2.3 Microstructure

The microstructure of the solidifying weld has a large effect on the susceptibility for HC
to occur. As was mentioned in the previous section, in situ observations have indicated
that HC forms from growing pores in GBLFs. For a pore to grow in a GBLF, the
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GBLF pressure must overcome the surface force of the pore. GBLF pressure depends
strongly on the solidifying microstructure. Microstructures with long thin GBLFs with
very irregular solid-liquid interfaces give more flow resistance than microstructures with
short thick GBLFs with smooth solid-liquid interfaces. Thus, it is easier to create large
liquid pressure drops in the former microstructure.

The solidifying microstructure and GBLF morphology in the FZ and the PMZ are
discussed in the following, first for the FZ and then for the PMZ.

Fusion zone

A pure metal normally solidifies with a planar solid-liquid interface [3]. However, during
solidification of an alloy, the interface can become unstable and the solidification mode
shift from planar to cellular or dendritic, depending on the solidification conditions [3].
The branching of the interface into cells or dendrites can occurs because solute is rejected
from the solid into the melt. A solute boundary layer is then formed ahead of the
interface. If the temperature gradient at the interface is not large enough, the solute
boundary layer can form a supercooled region. A protrusion in the interface leads to
a clustering of isotherms at the vicinity of the tip of the protrusion, which results in a
higher temperature gradient there [26]. The intrusion then loses latent heat faster than
other regions of the interface. This causes the disturbance to run away to form a “finger”
in the supercooled region. This phenomenon is called constitutional supercooling. The
degree of constitutional supercooling depends on the size of the super cooled region and
can be estimated from the ratio between the temperature gradient and the interface
velocity.

The solidification mode depends on the degree of constitutional supercooling. At low
degrees the mode is cellular, while at higher degrees the mode can shift to a columnar
dendritic mode. At a very high degree of constitutional supercooling, equiaxed dendrites
may form. The region where dendrites and liquid can coexist is often called the mushy
zone and is the region where HC can occur in the FZ. The extension of the mushy zone
depends on the chemical composition and solidification conditions. Figure 2.2 schemati-
cally illustrates the effect of constitutional supercooling on solidification mode.

In welding, the solidification speed varies from zero at the fusion boundary to the
welding speed at the weld centerline. This results in microstructural variations across
the weld, due to the influence of the solidification speed on the degree of constitutional
supercooling.

Normally, when the base and weld metal have the same crystal structure, the molten
metal in the FZ starts to solidify from the fusion boundary with a cellular solidification
mode due to the low solidification speed at the fusion boundary [27]. At a short distance
from the fusion boundary, if the welding speed is not too high, the solidification mode
shifts to a columnar dendritic mode due to the increase in constitutional supercooling,
which in turn results in columnar grains. If the welding speed is high enough, the
constitutional supercooling can continue to increase, and the solidification mode can
again change and go from columnar dendritic to equiaxed dendritic, which forms region
of equiaxed dendrites at the weld centerline.



12 Weld hot cracking

Figure 2.2: Effect of constitutional supercooling on solidification mode: (a) planar; (b)
cellular; (c) columnar dendritic; (d) equiaxed dendritic (S, L, and M denote solid, liquid,
and mushy zone, respectively). From [3] with permission from Wiley.

Alloys with fcc or bcc structure grow in the 〈100〉 directions during solidification. They
strive to grow in the orientation of the 〈100〉 direction that is closest aligned with the
temperature gradient of the liquidus isotherm [27]. Because the temperature gradient
at the dendrite tip changes direction when the dendrite grow, dendrites may shift their
growth orientation during the solidification in order to grow in the most favorable 〈100〉
direction. Columnar dendrites can adjust their growth orientation either by bowing or
by renucleation [27].

The spacing between cells, and the spacing between primary and secondary arms of
dendrites depend on the cooling rate. A high welding speed, which results in a fast cooling
rate, gives rise to finer cellular and dendritic structures, compared to a low welding speed
[3]. The finest of the structure in the solid phase of the mushy zone affects the liquid
flow resistance, and is therefore an important factor for HC susceptibility.

Partially melted zone

The susceptibility for HC to occur in the PMZ depends on (among many other things)
the width of the PMZ and the thickness of the GBLFs in the PMZ. For a polycrystalline
alloy, without any particles or eutectic, the outer boundary of the PMZ is traced out by
the isotherm that is a few degrees below the solidus temperature of the alloy. The few
degrees difference is due to the grain boundaries (which are high energy sites) lower the
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melting temperature slightly [10]. However, if the alloy contains particles, melting can
start to occur via an eutectic reaction between a particle and the matrix at the eutectic
temperature [3]. Because the eutectic temperature can be significantly lower than the
melting temperature of the matrix, the presence of particles can greatly extend the width
of the PMZ and GBLF thickness.

An even more serious problem for HC in the PMZ than dissolution of particles is the
presence of eutectic bands. These eutectic bands will melt rapidly when the tempera-
ture in the PMZ reaches the eutectic temperature and form thick GBLFs. The GBLFs
will decrease the strength of the PMZ. Even moderate macroscopic tensile strains can
severely localize in the GBLFs which can lead to fracture of the liquid films. Bands of
eutectic can form by tensile strains during the solidification [28]. The strains lead to seg-
regations that in turn can form eutectic bands at the terminal solidification. Multipass
welding processes, such as additive manufacturing and repair welding, may be especially
susceptible to HC caused by eutectic bands. Large residual stresses can evolve during
these processes due to the large number of welds. The residual stresses may in turn lead
to tensile strains that can localize between large grain clusters in the mushy zone. This
leads to segregation and formation of eutectic bands. These eutectic bands will end up
in the PMZ of a subsequent weld and increase the risk for HC.

2.2.4 Coherency

The ability of the semisolid region to transmit loads can strongly influence the risk for HC.
Dendrites cannot transmit tensile loads at high temperature since they are surrounded by
liquid. However, at lower temperatures, when the solidification has progressed, dendrites
can coalesce and form solid structures that can transmit tensile loads. Dendrite coalesce is
demonstrated in Figure 2.3, which shows a series of micrographs of succinonitrile-acetone
columnar dendrites at different solidification stages which is indicated by the fraction of
solid (gs) [12]. The solidification occurred between two glass plates that were moving
at constant speed through a fixed temperature gradient in a Bridgman-type experiment.
Figure 2.3 shows that for gs ≤ 0.82 (t ≤ 30 s) the dendrites are still separated by
continuous liquid films, and therefore pose little resistance to tensile stresses applied
perpendicular to the growth direction. However, at gs = 0.94 (t = 75 s) the dendrite
arms have coalesced, and only isolated liquid droplets remain. The dendrites now behave
as a coherent solid, slightly weakened by the liquid droplets.

Columnar dendrites that belongs to the same grain can coalesced with each other as
soon as two dendrite arms are in contact. There is no energy barrier that must be sur-
mounted for the coalesce to occur, [12, 29]. However, two opposing dendrites at a GBLF
that are in contact must overcome the grain boundary energy barrier before they can
coalesce [12]. The grain boundary energy depends on the relative misorientation angle
between the two grains that the GBLF is in between. At small misorientations, the grain
boundary is “attractive”, and no undercooling is necessary for coalesce to occur. At large
misorientations the grain boundary is “repulsive”, and a large undercooling may be nec-
essary for coalesce to occur. Wang et al. [30] estimated that the necessary undercooling
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Figure 2.3: Growth and coalescence of dendrite arms within a single grain of
succinonitrile-acetone. The microstructure has been redrawn from an original, unpub-
lished micrography of Kurz and Fisher to highlight the solid-liquid interface. The volume
fractions of solid are indicated below each image. From [12] with permission from the
authors.

for coalesce of a grain boundary with a large misorientation angle in the nickel-based
superalloy MC2 can be more than 80 K. The grain boundary energy dependency on
the relative misorientation angle can assist in the formation of grain clusters. Nearby
grains with small relative grain boundary misorientation angles can coalesce and form
grain clusters at temperatures above the terminal solidification temperature of an alloy.
These grain clusters may be separated by grain boundaries that have large misorienta-
tion angles, and therefore may not coalesce before the temperature is below the terminal
solidification temperature. This can result in large local deformations in the GBLFs
that separates the grain clusters since they cannot take as much load as the solid grain
clusters. Hence, the risk for HC may be larger in these GBLFs.

2.2.5 Mechanical factors

Mechanical factors such as tensile stresses and strains across the GBLFs are the driving
forces behind the formation of HC. These mechanical factors depend on several factors
such as the strength of the solidifying weld metal and the strength of the base metal that
restrains the solidifying weld metal, size and thickness of the workpiece, joint design, size
and shape of the weld bead as well as the fixturing of the workpiece [3, 10].

2.3 Summary

In this chapter, a brief description of weld hot cracking (HC) was given. It was stated
that the HC occurs in fusion welding due to the high temperature that is required to melt
the joining materials. The high temperature cycle results in microstructural variations
and thermal stresses which can induce HC. Moreover, nucleation theories for HC and
results from in situ experiments of HC growth were discussed. Finally, microstructural
and mechanical factors that may influence HC were given.



Chapter 3

Hot cracking criteria

In order to numerical simulate WHC a crack criterion is needed. In this chapter we
present some common hot cracking criteria.

3.1 Hot cracking criteria

Several crack criteria have been developed for hot cracking during the last 60 years, often
first for casting [15, 31, 32]. In most of these criteria, the physical phenomena associated
with cracking are not explicitly described. Instead, they are more related to macro-,
meso-, and microscopic conditions that may result in rupture [33]. The reason for this
is the complicated interplay between metallurgical and mechanical factors that influence
the cracking, which would be very difficult to incorporate into a crack criterion.

The existing criteria for hot cracking can be dived into nonmechanical and mechanical
[33]. The nonmechanical criteria are based on properties such as brittle temperature
range, chemical composition and thermal history [15, 31]. The mechanical criteria on the
other hand are based on properties such as critical stress, critical strain, or critical strain
rate [15, 31].

The nonmechanical criteria are very successful in predicting the compositional depen-
dence on hot cracking [33] and therefore can be useful in the development of, e.g., new
more crack resistant weld filler materials. However, nonmechanical criteria have poorly
predicted the cracking behavior in DC casting [34] and in sheet ingot casting [35], prob-
ably due to their indifference on stresses and strains which are the driving force for the
crack formation. Mechanical hot cracking criteria have been successfully used in nu-
merical simulations to predict cracking in both casting and welding. Some of the most
commonly used mechanical criteria are presented below.

3.1.1 Critical strain criteria

The strain-based criteria are based on accumulated strain (normally macroscopic vi-
coplastic strain) in the brittle temperature range (BTR) [15, 31]. The BTR is between

15
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the coherent temperature and the coalescence temperature (see the previous chapter for
a discussion on coherency and coalescence). In this temperature range the ductility of the
mushy zone can be very low since the permeability of the mush (i.e. the ability of liquid
to flow) can be very low in this temperature range. Thus, compensation of mechanical
straining by liquid feeding is difficult, which can lead to rapture of GBLFs.

The ductility in the BTR can be estimated from a ductility curve, which can be
generated using weldability tests such as Varestraint tests or tensile hot cracking tests
[15]. Ductility curves for four plain carbon steels with different amount of carbon are
shown in Figure 3.1 [36]. Matsuda generated these curves from tensile hot cracking tests
by measuring the transverse strain at the centerline with the MISO (Method of In Situ
Observation) technique [37].

Figure 3.1: Ductility curves for four plain carbon steels with different amount of carbon.
Generated from tensile hot cracking tests. From [36] with permission.

The are several ways that the risk for cracking can be estimated from the ductility
curve and the accumulated strain in the BTR. For example, Yamanaka et al. [38, 39]
defined cracking to occurs when

∫

BTR

ε̇ dt ≥ εcrit (3.1)

where εcrit is obtained as the minimum value of the ductility curve. ε̇ denotes a scalar
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measure of the viscoplastic strain rate. In a slightly different way, Commet and Larouche
[35] suggested that cracking appears when

∫

BTR

1

εcrit(T )
dε ≥ 1 (3.2)

where εcrit(T ) is the ductility curve and ε is a scalar measure of the viscoplastic strain.

3.1.2 Critical strain rate criteria

The risk for cracking can also be estimated from the ductility curve and the rate of strain
accumulation in the BTR. Pokhorov [40] proposed that cracking results when

ε̇ ≥ εcrit
BTR

| Ṫ | (3.3)

where ε̇ is the strain rate in the BTR, εcrit is the minimum value of the ductility curve and
| Ṫ | is the cooling rate in BTR. In a somewhat different way Won et al. [41] suggested
that cracking occurs when

ϕ

ε̇mBTRn ≥ εcrit (3.4)

where ϕ, m and n are material constants that are obtained experimentally. ε̇ is again
the strain rate in the BTR and εcrit is the minimum value of the ductility curve.

Most hot cracking criteria fail to explicitly address how the liquid is fractured. One
exception is the RDG criterion proposed by Rappaz, Drezet and Gremaud (RDG) [42].
The fracture is assumed to occur by cavitation when the interdendritic liquid pressure
drop at a dendrite root reaches a critical value. The liquid pressure drop is obtained by
integrating a mass balance between solidification shrinkage and liquid feeding through
the permeable solid dendritic network, across the mushy zone, see Figure XXX. A quasi-
steady state solidification condition with constant thermal gradient (G) and solidification
velocity (vT) is assumed. The Carman-Kozeny relation is used for the permeability of
the dendritic network. Cracking is assumed to occur when

ε̇ ≥ G

B

[
λ22G

180µ(1 + β)
∆pcrit −

βvT
(1 + β)

A

]
(3.5)

where ε̇ is the deformation rate perpendicular to the solidification direction. ∆pcrit is the
critical pressure drop through the mushy zone given by

∆pcrit = pm − pc (3.6)

where pm is the metallostatic pressure and pc is the cavitation pressure. β is the solidifi-
cation shrinkage factor, µ is the viscosity of the liquid, λ2 is the secondary dendrite arm
spacing and fs is the volume fraction solid. A and B are the integrals

A =

∫ Tcoh

Tcoal

f 2
s

(1− fs)2
dT, B =

∫ Tcoh

Tcoal

[
f 2
s

(1− fs)3
∫ T

Tcoal

fs dT

]
dT (3.7)
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Figure 3.2: Schematic of hot crack formation in between columnar dendrites caused by
tensile deformation. The pressure in the interdendritic liquid is also illustrated. From
[42] with permission from Springer.

where the integration limits Tcoal and Tcoh are the coalescence and coherency tempera-
tures, respectively.

Suyitno et al. [34] compared eight different hot cracking criteria in a simulation of DC
casting of aluminum alloys and found that the RDG model best reproduced experimental
trends.

The cavitation pressure pc is central to the RDG criterion. Unlike the critical strains
in Eqs. (3.1)–(3.4), pc can be estimated from microstructural and material properties,
which is discussed in the discussion section below.

3.2 Numerical simulation of weld hot cracking

The above criteria have mostly been used in numerical simulations of hot cracking in cast-
ings. However, there are a number of publications where they, or variations of them, have
been used in simulation of WHC. Some few of these publications are briefly mentioned
below.
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Ploshikhin et al. [43] simulated a solidification centerline cracking in aluminum alloy
AA6056. They emphasized the importance of deformation localization in intergranular
liquid films on the crack sensitivity. They could estimate up to 1000% of strain in a
liquid film located at the weld centerline. Cracking was considered to occur when the
deformation of the solidified alloy at the centerline exceeded a critical value. This critical
value was determined by a weldability test. The deformation at the weld centerline was
computed by a FE model where the elements at the centerline were given liquid properties
in order to account for the strain localization in this region.

Drezet and Allehaux [44] used the RGD criterion to study the susceptibility for solid-
ification centerline cracking in laser welded aluminum alloys. The critical strain rate for
cavitation in the RDG criterion was determined from a solidification path calculated by
the microsegregation software ProPHASE. The strain rate in the weld was determined
by a classical viscoplastic Ludwik’s material model, implemented into the FEM software
Abaqus. Their simulations shown that the run-in and run-out regions of the weld are
most susceptible to cracking, which is in accordance with industrial observations.

Bordreuil and Niel [45] used cellular automata together with the RDG criterion to
study weld solidification cracking in aluminum alloy 6061. Finite element analysis was
used to compute the macroscopic temperature and strain fields in a 3-mm thick plate
with autogenous GTAW. The plate had a constant tensile load during the welding in the
direction of the weld. The temperature field from the FE model was used to construct
a two-dimensional microstructure in the fusion zone with cellular automata. The liquid
pressure in the interconnecting grain boundary liquid films, given by the cellular automata
model, was computed with the RDG criterion. The plastic strain rate from the FE model,
normal to the GBLF and multiplied by a localization factor that is proportional to the
ratio of the grain diameter to the GBLF thickness, was used in the RDG criterion.

One of the most recent models for simulation of weld hot cracking is developed by
Rajani and Phillion [46]. A three-dimensional granular model is used to simulate the
interconnecting intergranular liquid flow in a microstructure with both columnar and
equiaxed grains. The granular grains are generated from Voronoi diagrams and the
intergranular liquid flow is modeled as a Poiseuille flow between parallel plates. The
liquid flow is coupled with the mechanical deformation obtained from a FE model. The
susceptibility for cracking is determined by Kou’s crack criterion [47].

3.3 Discussion

An advantage with the critical strain and critical strain rate criteria is that they can
be evaluated from a computational welding mechanics model that only considers the
solid phase. The mushy zone and the weld pool are then modeled as “soft solids”, and
therefore no liquid flow must be accounted for which greatly simplifies the modeling. A
drawback with the critical strain and critical strain rate criteria in Eqs. (3.1)-(3.4) is that
their critical values must be obtained from measurements of the ductility of the mushy
zone. These measurements are often complicated to perform and requires advanced
experimental equipment. Moreover, the ductility of the mushy zone may depend on the
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welding process parameters. Therefore, possibly a large amount experiments must be
done in order to relate ductility variations with process parameters variations, which can
be challenging. Large variations in process parameters occur during welding of, e.g., large
aerospace engine components. Thus, the criteria in Eqs. (3.1)-(3.4) may not be suitable
to use in this case.

The cavitation pressure in the RDG criterion, on the other hand, can be roughly
estimated as the liquid pressure necessary to stabilize a pore with a certain geometry
and size. It then depends on the surface tension, γgl, and the thickness, 2h, of the
GBLF that the pore is located in. If these two parameters are known, together with the
rest of the parameters in the RDG criterion, the critical strain value can be computed
directly from Eq. (3.5) without doing any ductility measurements. Moreover, if functional
relationships for γgl, 2h and the parameters in the RDG criterion can be derived with
respect to the welding parameters, the critical strain rate in RDG criterion can then be
made to account for process variations. Again, without any ductility tests. A similar
approach has been taken in papers A–C in this thesis in order to develop a hot cracking
model that can account for variations in process parameters.



Chapter 4

Summary of results

The results in this thesis can be split into two parts:

1. Papers A – C focus on the development of a numerical model for predicting WHC in
the fusion zone of the weld. In paper A, a new crack criterion for WHC is proposed.
In paper B, a GBLF pressure model is developed. In paper C, the GBLF pressure
model in paper B is used to evaluate the crack criterion in paper A in Varestraint
tests of Alloy 718.

2. Paper D concerns weld hot cracking in the partially melted zone of the weld. The
cracking in this zone is not directly considered. Instead a segregation model for
predicting eutectic band thickness is developed. The eutectic band thickness influ-
ences the amount of liquid that is formed in the partially melted zone, and therefore
influences the risk for hot cracking to occur in this region.

4.1 Summary of paper A

In this paper, the first paper in a three-part series on modeling of weld solidification
cracking (WSC), a pore-based hot cracking criterion is proposed [48]. The criterion is
based on observations from recent in situ experiments that have indicated that cracking
initiates from pores in GBLFs. By approximating such a pore as a rotational symmetric
gas capillarity bridge in a GBLF with smooth and parallel solid-liquid interfaces, and
then applying Young – Laplace equation to the capillarity bridge, the relation between
the pore radius and external pore pressure could be obtained. This relation depends on
the surface tension of the pore, the GBLF thickness, and the amount of hydrogen that
is dissolved in the GBLF.

The rotational symmetric pore was assumed to represent a crack when the pore radius
reached 50 μm. The external pore pressure that is required to balance a pore of this size
was defined as the fracture pressure. The fracture pressure is a function of both GBLF
thickness and hydrogen concentration, which is shown in Figure 4.1, where it has been
computed for Alloy 718.

21
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Figure 4.1: The fracture pressure, pf , computed for Alloy 718, as a function of the GBLF
half thickness, h, and the hydrogen concentration, CH [48].

It was assumed that cracking cannot occur if the GBLF pressure does not reach the
fracture pressure. A crack initiation index (CII) was then defined as the difference be-
tween the fracture pressure and the GBLF pressure (which is computed without the
presence of the pore with the model in paper B), normalized by the atmospheric pres-
sure. Thus, a CII value larger than zero indicates risk for crack formation.

A CII value large than zero does not guarantee that the crack will be frozen into the
solid phase. For example, if the GBLF pressure drop decreases, then it may no longer
be able to balance the surface tension of the pore, and the pore may therefore implode.
Thus, the crack would be healed. Therefore, a permanent defect was not considered to
form until the CII is larger than zero at the location of the intersection of the GBLF and
the solidus isotherm. In this case the defect is assumed to be permanently frozen into
the solid phase without the possibility of being healed.

The total length of a GBLF where the CII has been larger than zero at the intersection
with the moving solidus isotherm was defined as the crack initiation length (CIL). A CIL
value larger than zero indicates risk for cracking. The CIL value is not associated with a
length of a crack. Instead the CIL represents the part of the GBLF where a macroscopic
pore can freeze into the solid phase and form a permanent defect.

The CIL is proposed as a hot cracking criterion, where a CIL value larger than zero
indicates a risk of cracking.
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4.2 Summary of paper B

In order to evaluate the crack criterion that was proposed in paper A, the GBLF pressure
(without the presence of a pore) must be known. In paper B, a model for estimating the
GBLF pressure in a columnar dendritic microstructure is presented [49]. This pressure
model is based on one-dimensional liquid flow a long an axis of an isolated GBLF. The axis
of the GBLF is obtained from the axis of a columnar grain that always grows normal to the
liquidus isotherm with zero undercooling to solidification. The grain axis is computed
from the thermal field of a computational welding mechanics (CWM) models. Since
the grain growth occurs in the normal direction to the liquidus isotherm, the resulting
GBLF axis is curved and perpendicular to the fusion boundary and tangent to the weld
centerline, as illustrated in Figure 4.2.

Figure 4.2: Schematic showing the GBLF axis that results from a columnar grain that
grows normal to the liquidus isotherm.

Once the axis of the GBLF is known, the transverse solidification velocity in the
GBLF could be computed by a multicomponent Scheil—Gulliver model. The Scheil-
Gulliver model was evaluated from temperature data of a CWM. The temperature data
was obtained at integration points on the GBLF axis.

The GBLF pressure depends strongly on the mechanical straining of the GBLF. The
rate of deformation of the GBLF was computed from the macroscopic mechanical strain
field of a CWM model. The macroscopic mechanical strain field was evaluated at in-
tegration points on the GBLF axis and then localized to the GBLF by a temperature
dependent length scale. This length scale is equal to zero at the liquidus temperature;
equal to the primary dendrite arm spacing at the coherent temperature; and equal to the
diameter of a grain cluster (which is a calibration constant that is determined in paper C)
at the solidus temperature. Between these temperatures, it is assumed to vary linearly.

Now, from the deformation rate, the transverse solidification velocity, and the assump-
tion that liquid flow only occurs along the GBLF axis, the average liquid velocity over
the cross section of the GBLF can be determined from a mass balance. The average
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liquid velocity was then related to a liquid pressure gradient as follows. In the part of
the GBLF where the intragranular fraction of liquid is higher than 0.1, the average liquid
velocity was related to the liquid pressure gradient via Darcy’s law. In the other part
of the GBLF, where the intragranular fraction of liquid is lower than 0.1, the average
liquid velocity was related to the liquid pressure gradient via a parallel plate Poiseuille
flow. At high fractions of liquid, the liquid flow in the GBLF can strongly interacts with
the secondary dendrite arms, and therefore was the flow assumed to be represented by
Darcy’s law for porous flows when the fraction of liquid is above 0.1. However, for lower
fractions of liquid, grain cluster are assumed to have formed. In this case, the solid-liquid
interfaces of the GBLF are assumed to be smoother than at higher fractions of liquid
such that the parallel plate Poiseuille flow is a better approximation than the Darcy flow.

Finally, the GBLF pressure could be obtained by integrating the liquid pressure gra-
dient along the GBLF axis, between the intersections with the solidus isotherm and the
liquidus isotherm.

A key feature of the GBLF pressure model in this paper is its dependency on the
primary dendrite arm spacing (PDAS). Both the macroscopic strain localization length
and the permeability for the Darcy flow are strongly dependent on the PDAS. The PDAS
are calculated from the temperature gradient and the cooling rate at the intersection
between the GBLF axis and the liquidus isotherm. Thus variations in welding process
parameters should should be captured by variations in the PDAS.

4.3 Summary of paper C

In paper C [50], the last paper on modeling of WSC in this thesis, the crack criterion
from paper A is evaluated on Varestraint tests of Alloy 718. A CWM model is devel-
oped in order to calculate the macroscopic temperature and mechanical strain fields in a
Varestraint test. These field are required in order to evaluate the crack criterion in paper
A.

The main challenge with this CWM model is the material model for the mushy zone.
To accurately model the mechanical behavior of the mushy zone is very difficult. There
are not many publications on this topic. However, Goldak have presented a preliminary
attempt to model stresses and strains close to the weld pool with isotropic J2 plastic-
ity and different constitutive equations for different temperature intervals. Inspired by
Goldak’s model, four different constitutive models, valid in different temperature inter-
vals, was used in the CWM model to describe the mechanical behavior of Alloy 718.
These constitutive models are described next. From room temperature up to 700◦C , a
simple rate independent regression model was used to estimate the yield stress. From
700◦C up to 1050◦C , a viscoplastic model proposed by Chen was used. In the tempera-
ture range between 1050◦C and the coherent temperature, a viscoplastic model with no
hardening was used. This model was calibrated to tensile test that had been performed
when the material was in a semisolid state. Finally, for temperatures above the coherent
temperature, a model inspired by the Newtonian behavior of a liquid was used.

The CWM model, coupled with the crack criterion in paper A, could estimate several
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hot cracking features of the Varestraint tests. For example, the location of the crack
susceptible region, crack orientations, and crack widths, predicted by the CWM model,
agreed all well with experimental test results. Figure 4.3 below shows computed CILs
at the weld surface of a Varestraint test with 1.1% augmented strain as the thick lines.
The blue lines correspond to traces of GBLF axes, while the black lines correspond to
experimental cracks (see paper C for more details about the figure).

Figure 4.3: Calculated CILs at the weld surface of a Varestraint test with 1.1% augmented
strain.

A sensitivity analysis was also performed, which showed that the permeability, the
strain localization length, and surface tension are the parameters that influence the CIL
most in the Varestraint tests, whereas solidification shrinkage had limited effect on the
CIL.

4.4 Summary of paper D

In paper D [28], the last paper of this thesis, the focus is shifted from WSC to HAZ
liquation cracking. However, HAZ liquation cracking is not explicitly modeled as WSC
was in the first three papers. Instead, a segregation model for predicting eutectic band
thickness is developed. Here, special focus is on how tensile mechanical strains affects the
segregation. These mechanical strains are assumed to arise from localization of macro-
scopic strains between large grain clusters, and therefore can have a significantly larger
magnitude than the magnitude of the macroscopic strains. The eutectic band thickness
influences the amount of liquid that is formed in the partially melted zone, and therefore
influences the risk for HAZ liquation cracking. A one-dimensional segregation model
for studying the effect of strain rate on the thickness of grain boundary eutectic bands
is developed. The segregation model is relatively simple and is limited to solidification
conditions with a planar front and with thermodynamic equilibrium at the solid-liquid
interface. Furthermore, the concentration of solute is assumed to be uniform in the
transverse direction of the liquid film. However, despite these many simplifications the
model incorporates many important phenomena such as back diffusion of solute into the
solid phase, solute convection induced by mechanical straining, solidification shrinkage
and diffusion along the liquid film. The segregation model has been used to study the
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relation between eutectic band thickness, solidification velocity and mechanical strain
rate for Alloy 718. It was found that when the magnitude of the strain rate is 10 times
as high as that of the solidification speed, the predicted eutectic band thickness is 200 to
500% higher (depending on the solidification speed) than the thickness corresponding to
zero strain rate. It was also found that an increase in strain rate can lead to a decrease in
GBLF thickness at the location of the coherent temperature. This leads to a decrease in
permeability in this region, which in turn may increase the crack susceptibility. Finally,
it was found that the macro segregation model predicts conditions that may made it
possible for heterogeneous pore nucleation to occur at relatively low pressure drops.

Figure 4.4 below shows the predicted niobium concentration in the solid and the liquid
phase of Alloy 718 by the segregation model. The solidification occurs in the x-direction
at 1 mm/s and a tensile macroscopic strain rate of 0.01 1/s is acting in the y-direction.
The discontinuity in the concentration field corresponds to the location of the solid-liquid
interface. See paper D for more details about the plot.

Figure 4.4: Niobium concentration in Alloy 718 predicted by the segregation model.



Chapter 5

Conclusions and future work

5.1 Conclusions

A numerical model for simulating weld solidification cracking has been developed. The
model is based on a crack criterion that can be related to a real crack mechanism. The
risk of cracking is computed by a grain boundary liquid film (GBLF) pressure model.
This pressure model depends on the solidifying microstructure via the primary dendrite
arm spacing (PDAS), which both the permeability and the strain localization length in
the pressure model are functions of. The PDAS, in turn, depends on the welding process
parameters through the cooling rate and the temperature gradient at the solidification
front. Deformations of the solidifying weld are accounted for by a material model that
has been calibrated against semi-solid tensile tests. Macroscopic mechanical strains are
localized to GBLFs by a temperature dependent length scale, which is implemented in
the GBLF pressure model. Hence, the microstructure, the mechanical loading and the
effect of process parameters are accounted for when the risk for cracking is computed,
which was one of the goals with this work. The GBLF pressure can be computed by post
processing of a computational welding mechanics model. Thus, there is no computational
expensive two way coupling between the fracture model and the welding model. This,
together with that the GBLF pressure model is one-dimensional makes it computational
inexpensive, which was a second goal with this work. The weld solidification cracking
model has been evaluated on Varestraint tests where several computed crack features
agreed well with experimental results. In the second part of this work, HAZ liquation
cracking was considered. A segregation model was developed in order to predict the
thickness of eutectic bands. The eutectic band thickness influences the amount of liquid
that is formed in the partially melted zone of the weld, and therefore influences the risk
for HAZ liquation cracking.

27
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5.2 Future work

The weld solidification cracking model has only been evaluated on Varestraint tests with
constant welding parameters. It is very import to validate the model under real welding
conditions. It is also important to test if the model can handle changes in process
parameters, which is crucial if it is going to be used in the future for simulating cracking
in aerospace engine components. The proposed segregation model must also be validated.
Here, it would be very interesting to use a Controlled Tensile Weldability (CTW) test
to apply a constant deformation rate to a test sample and then compare the measured
eutectic band thickness to the one obtained from the segregation model.
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1 Introduction

Several alloy systems are susceptible to weld solidification cracking (WSC), which can
act as sites for initiation of fatigue and stress corrosion cracking. The crack is normally
intergranular and forms in the fusion zone during the terminal stage of the solidification [1].
At this stage of the solidification, the liquid permeability may be low, which renders liquid
feeding difficult. Therefore, tensile deformations of a grain boundary liquid film (GBLF)
that occurs in the later stage of the solidification can result in a large liquid pressure
drop in the film. This can lead to rupture of the GBLF, which then forms WSC. The
deformation originates from the contracting weld metal, which is externally and internally
restrained. External restraints may be fixturing, while internal restraints can be the fully
solid material that surrounds the solidifying weld metal.

The susceptibility of WSC is determined by a complicated interplay among metallurgi-
cal, thermal, and mechanical factors. Metallurgical factors such as solidification tempera-
ture range, solidification shrinkage, thermal expansion coefficient, distribution and amount
of liquid at the end of solidification, primary solidification phase, surface tension of the
grain boundary liquid, and grain structure affect the cracking [1]. Important thermal fac-
tors include solidification velocity and cooling rate, which influence the microsegregation,
which in turn affects many of the above mentioned metallurgical factors [1]. Mechanical
factors such as tensile stresses and strains across the GBLFs are the driving forces behind
the formation of cracking. The tensile stresses are responsible for causing the rupture,
while tensile strains widen the GBLFs, which makes them more vulnerable to cracking.
These mechanical factors are, in turn, dependent on several other factors such as strength
of the solidifying weld metal and the solid metal that restrains the solidifying weld metal,
size and thickness of the workpiece, joint design, size and shape of the weld bead, and the
mechanical fixturing [2].

Numerical simulation of WSC can be a powerful tool for assisting in the design of
a welding process such that the risk for WSC can be reduced. To model the cracking,
a crack criterion is required. Several crack criteria have been developed during the last
sixty years [3], which were often first developed for casting, where solidification cracking
is commonly referred to as hot tearing, and then applied to welding [4]. These criteria are
often based on critical stress, critical strain, or critical strain rate. However, the major
drawback for almost all of them is that they fail to address how the GBLF fractures [4].

It is not fully understood how WSC forms. The book by Campbell [5] describes various
nucleation theories of hot tearing. Campbell argued that it is unlikely that the crack
can form from homogeneous or heterogeneous pore nucleation without impurities. This
is because a liquid can withstand very high hydrodynamic tensions. Impurities such as
sulfur and oxygen lower the interfacial energy, which reduces the pressure drop for pore
nucleation, but still a very large pressure drop in the liquid is required for pore nucleation
to occur. However, it is much easier to nucleate a pore if the liquid contains some gas [5].
Then, both the internal pore pressure and the external liquid underpressure can balance
the surface tension of the pore. Absorption of gases in the liquid occurs readily in the weld
pool due to interaction with the arc atmosphere [6]. When the liquid solidifies, it may
become supersaturated with gas due to low solubility in the solid phase and the decrease



Modeling and Simulation of Weld Solidification Cracking, Part I 3

in temperature and pressure, which may lead to nucleation of a pore. Campbell [5] also
pointed out that there may be a microbubble spectrum in the liquid, which can act as
initiation sites for hot tearing.

Several in situ experiments have indicated that hot cracks are formed from pores.
Hunt and Durrans [7] conducted experiments on a transparent analog of a metal, described
in [5]. The solidifying material was stretched around a sharp corner, and it was found that
when a small inclusion or bubble arrived at the corner, a crack was immediately formed.
However, when no nucleus was present at the corner, no crack formed, irrespective of
how large strains that were applied. Farup et al. [8] conducted similar experiments in
situ on the transparent alloy succinonitrile-acetone, and found that crack nucleation is
always associated with pores. Terzi et al. [9] performed in situ X-ray tomography on a
semi-solid aluminum alloy, and found that cracks formed from micropores. Puncreobutret
et al. [10, 11] performed hot tensile testing on a Al-15 wt Cu alloy. With fast synchrotron
X-ray microtomography, they found that the cracking initiated from pre-existing voids
and internally nucleated voids. Recently, Aucott et al. [12] studied Varestraint testing in
situ with high-energy synchrotron X-ray micro-tomography of steel. They could also see,
in agreement with Puncreobutr, that the cracking started from internal voids.

This paper proposes a criterion for estimating the risk of WSC initiation, which is based
on the recent findings that WSC seems to initiate and grow from internal pores [10–12]. A
pre-existing micropore, located in a GBLF, was assumed to be able to grow into a crack
as a gas capillary bridge. By solving the Young–Laplace equation for the capillary bridge,
a fracture pressure pf for the given film thickness was determined as the critical liquid
pressure for crack initiation. A permanent crack was assumed to form when the GBLF
pressure is lower than pf at the location of the solidus. The crack was then assumed to
be permanently frozen into the solid phase and could not be closed by capillarity forces,
which may be possible at higher temperatures if the pressure drop decreases.

2 Pore growth model

Recent in situ experiments have indicated that WSC is formed from voids that grow into
cracks, as was mentioned in the Introduction. In this work, we assume that the cracking
initiates from a small pore that extends across a GBLF. The nucleation of the pore is not
considered, instead, the conditions for how such a pre-existing pore can grow into a WSC
are studied.

2.1 Geometrical assumptions

Consider a pore located in a GBLF bounded by columnar dendrites, as shown in Figure 1a.
To simplify the study of how the pore grows in the GBLF, we assume that the interfaces
of the GBLF are smooth and parallel, as shown in Figure 1b. It is also assumed that the
pore can grow without limits in all directions, except in the thickness direction.

The pore is assumed to grow as a gas capillary bridge that is rotationally symmetric
about the z-axis and symmetric about the z = 0 plane, as shown in Figure 2. The upper
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(a) (b)

Figure 1 (a) Schematic representation of a pore in a GBLF bounded by columnar dendrites
and (b) a simplified pore in a GBLF with smooth parallel interfaces.

part of the pore (z > 0) can then be represented by

x(z, α) = [r(z) cos(α), r(z) sin(α), z], 0 ≤ z ≤ h, 0 ≤ α < 2π (1)

where x is the parametric representation of the pore surface and α is the azimuthal angle
about the z-axis. h is the half thickness of the GBLF and r(z) is the perpendicular distance
from the z-axis to the surface of the pore. r(z) must satisfy the boundary conditions

dr(z = 0)

dz
= 0,

dr(z = h)

dz
= − 1

tan(θ)
(2)

The first boundary condition corresponds to the symmetry about the z = 0 plane, while
the second condition accounts for the contact angle, θ, at the solid-liquid interface.

Figure 2 Schematic representation of a pore as a capillary bridge in a GBLF.

2.2 Pore shape

The shape of the pore profile depends on interfacial energies as well as the pressure
difference across its boundary. A force balance of the interfacial energies (see Figure 3)
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relates them to θ by

cos(θ) =
γgs − γls
γgl

(3)

where γgl, γgs, and γls are the gas-liquid, gas-solid, and liquid-solid interface energies,
respectively. The difference between the pressure inside the pore, pi, and the external

Figure 3 Schematic representation of the interface energies of the pore and the associated
contact angle.

surrounding liquid pressure outside the pore, pe, is given by the Young-Laplace equation

pi − pe = 2γglH

= γgl

(
1

Rπ

+
1

Rµ

)
(4)

where H is the mean curvature and Rπ and Rµ are the principal radii of curvatures of
the pore. The effect of gravity on the pore shape is assumed to be negligible. For the
rotational symmetric pore given by Eq. (1), the Young-Laplace equation can be written
as [13]

d(r sin(ϕ))

rdr
=
pi − pe
γgl

(5)

where ϕ is the running slope angle of the pore profile, as shown in Figure 2. By substituting
the dimensionless capillary pressure

p =
(pi − pe)R

2γgl
(6)

into Eq. (5) and using the first boundary condition in (2), Eq. (5) can be integrated as

sin(ϕ) =
pr

R
+

(1− p)R
r

(7)

Here, R is defined as the radius of the equator of the pore. ϕ can be expressed as

dz

dr
= tan(ϕ) = ± sin(ϕ)√

1− sin2(ϕ)
(8)
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By substituting Eq. (7) into Eq. (8) and using the non-dimensional variable

x =
r

R
(9)

Eq. (8) can be integrated as

z(x) =

∫ x

1

R
dz

dr
(u)du = ±R

∫ x

1

p(u2 − 1) + 1√
(1− u2)(p(u− 1) + 1)(p(u+ 1)− 1)

du (10)

where u is an integration variable for x. The condition z(x = 1) = 0 was used in the above
integration. The integrand is singular at x = 1. This singularity can be removed by the
variable substitution

x = sin(φ) (11)

which gives

z(φ) = ±R
∫ φ

π/2

1− p cos2(v)√
(p(sin(v)− 1) + 1)(p(sin(v) + 1)− 1)

dv (12)

where v is an integration variable for φ. At the solid-liquid interface, we have ϕ = π − θ.
By inserting this into Eq. (7), p can be expressed as

p =
sin(φc) sin(θ)− 1

sin2(φc)− 1
(13)

where φc is the value of φ at the solid-liquid interface.
From the condition z(φc) = h, φc can be solved for from Eq. (12) for fixed values of

R and θ, and with p evaluated from Eq. (13). The root can be found with a numerical
root finder such as Matlab’s fzero function. Once φc is computed, Eq. (12) can be used to
determine the profile curve r(z) of the pore.

The mean curvature of a general surface of revolution is given by Opera [14]. Applying
this to the surface of the rotational symmetric gas capillary bridge, given by Eq. (1), gives

H =
−r d2r

dz2
+ 1 +

(
dr
dz

)2

2r
(

1 +
(
dr
dz

)2)3/2 (14)

Eq. (14) can be used to verify that the above computed profile curve r(z) corresponds to
a constant mean curvature surface. When doing so, the derivatives of r(z) in Eq. (14) can
be evaluated with, for example, central differences.

3 External pore pressure

When the value of φc has been computed from R, θ, h, and γgl, the pressure difference
across the pore interface can be determined by combining Eq. (13) and Eq. (6), which
gives

pi − pe =
2γgl
R

(
sin(φc) sin(θ)− 1

sin2(φc)− 1

)
(15)
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Thus the external pressure that is required to keep the pore at a radius R can be computed
from Eq. (15) once the internal pressure is known.

The internal pore pressure depends on the amount of gas and the volume of the pore.
The gas can be a diatomic gas that was originally dissolved in the liquid. For example,
hydrogen plays an important role in the formation of pores in aluminium alloys, while
both hydrogen and nitrogen affect pore formation in nickel based superalloys. In steels,
hydrogen, nitrogen, and oxygen can form porosity [15]. In this study, we assume that
diatomic gases are dissolved in the liquid that the pore grows in. These gases can diffuse
across the interface of the pore. Inside the pore, we assume that the gases behave as
an ideal gas. In order to simplify the computation of the gas diffusion to the pore, the
pore is assumed to grow in a GBLF where the gas concentration only varies in the radial
direction of the pore axis. The gas flux at the pore interface can then be computed from a
one-dimensional diffusion equation in cylindrical coordinates, as will be shown later. Note
that this concentration field is not realistic for pores that are located deep in the mushy
zone, close to the roots of the dendrites. In this case, the diffusion across the interface will
not be uniform around the pore and our approach will probably overestimate the amount
of gas that diffuses to the pore. In this work we do not consider reactions between gases
and alloying elements.

In order to compute the internal pore pressure we consider a diatomic gas I (e.g.
hydrogen or nitrogen). Let nI be the number of moles of the gas inside the pore an let CI
be the mass concentration of the gas element dissolved in the liquid phase. Furthermore,
let JI be the molar flux of the dissolved gas element in the liquid due to diffusion, given
by

JI = −AIDlI∇CI (16)

where DlI is the diffusion coefficient of the gas element in the liquid. AI is a conversion
factor from mass concentration to molar concentration, given by

AI =
ρl
MI

(17)

where MI is the molar mass of the gas element and ρl is the density of the liquid, which
is assumed to be constant in this work (i.e. not vary with temperature).

The molar rate of change of the gas I inside the pore can be written as

dnI
dt

= −1

2
AIDlI

∫

S

J∗
I · n dS (18)

where J∗
I is the molar flux of I at the pore interface and S is the surface of the gas-liquid

interface. n is the outward normal to S. The gas diffusion through the gas-solid interface
of the pore is neglected. By using the previous assumption that CI only depends on the
radial distance from the axis of the pore, and that its variation over the pore surface S is
negligible, Eq. (18) reduces to

dnI
dt

= 2πAIDlI
∂C∗

I

∂ρ

∫ h

0

r(z) dz (19)
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where r(z) is the profile curve of the pore and C∗
I is the concentration at the pore interface

(i.e. at ρ = R). For a diatomic gas, C∗
I can be estimated from the partial internal pore

pressure via Sievert’s law [16]

C∗
I =

KI

fI

√
piI (20)

where KI is the equilibrium constant and fI is the activity coefficient for the gas I. piI is
the partial pressure of the gas I inside the pore. We assume that I behaves as an ideal
gas inside the pore. Thus piI can then be related to nI by the ideal gas law

piI =
nIRT

V
(21)

where R is the ideal gas constant and V is the volume of the pore, which is computed by
numerical integration of the pore profile curve via:

V = 2

∫ h

0

πr2dz (22)

By substituting Eq. (21) into Eq. (20), C∗
I can be rewritten as a function of nI , V , and T :

C∗
I =

KI

fI

√
nIRT

V
(23)

The concentration gradient ∂C∗
I /∂ρ at the pore interface in Eq. (19) can now be com-

puted as follows. Consider a cylindrical coordinate system where ρ is the radial distance
from the axis of the pore. The concentration field was previously assumed to be axisym-
metric and therefore will only vary with ρ. By performing a concentration balance on a
volume element of thickness ∆ρ, height 2h and circumference 2πρ, and letting ∆ρ go to
zero gives

ρ
∂(hCI)

∂t
− ∂

∂ρ

(
DlIhρ

∂CI
∂ρ

)
+

∂

∂ρ
(vρhρCI) = 0, R ≤ ρ ≤ Re (24)

At the outer boundary, ρ = Re, the concentration is assumed be fixed at CI = CI0. This
is a rough approximation that is assumed to account to some degree for the dissolved gas
that can enter the domain from the liquid that surrounds it. The surrounding liquid may
in turn be feed by gas from, for example, the weld pool. This gives the outer boundary
condition to Eq. (24), while the inner is given by Eq. (23). They are summarized as

CI(ρ = R) = C∗
I , CI(ρ = Re) = CI0 (25)

The advection term in Eq. (24) has be added to account for the advection of gas elements
due to liquid flow. Note that liquid will flow into or out of the domain R ≤ ρ ≤ Re when
the pore grows or when the liquid film is deformed. By performing a mass balance on the
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previous volume element that was used to derive Eq. (24), the average liquid velocity
across the liquid film, vρ, in Eq. (24) can be written as

vρ = − ρ

2h

dh

dt
+

(
dR

dt
+
R

2h

dh

dt

)
R

ρ
(26)

where dR/dt is the velocity of the pore interface and 2dh/dt is the rate of change of the
thickness of the film. ∂C∗

I /∂ρ can be determined by solving Eq. (24) numerically with a
finite difference method (FDM). Note that the domain is compressed by the rate dR/dt
due to the pore growth. Thus, in order to perform the the FDM on a fix grid, the following
Landau transformation [15] is used

ξ =
ρ−R
Re −R

(27)

Substituting ρ by ξ in Eqs. (24), (25), (26) gives

ρ(ξ)
∂(hCI)

∂t
+ ρ(ξ)

∂ξ

∂t

∂(hCI)

∂ξ
− ∂ξ

∂ρ

∂

∂ξ

(
DlIhρ(ξ)

∂ξ

∂ρ

∂CI
∂ξ

)

+
∂ξ

∂ρ

∂

∂ξ
(vρhρ(ξ)CI) = 0, 0 ≤ ξ ≤ 1,

CI(ξ = 0) = C∗
I , CI(ξ = 1) = CI0

(28)

where ρ(ξ), ∂ξ/∂t, and ∂ξ/∂ρ can be computed from Eq. (27). Eq. (28) can now be solved
with the implicit backward time, centred space method (BTCS) on a fixed grid. Once
Eq. (28) is solved for a given time increment, ∂C∗

I /∂ρ for the corresponding time can be
computed by

∂C∗
I

∂ρ
=
∂ξ

∂ρ

∂C∗
I

∂ξ
=

1

Re −R
∂C∗

I

∂ξ
(29)

We can now compute the internal pore pressure when dR/dt and 2dh/dt are prescribed
as follows. Let the values of θ and T be fixed. Let kR and 2kh denoted the pore radius
and the film thickness at the k-th time increment. Let the corresponding profile curve of
the pore be denoted by kr(z), which is computed from kR, kh, and θ as was described
in the previous chapter. Once kr(z) is know, the pore volume kV can be computed from
Eq. (22). Now, we approximate dnI/dt by the backward difference

k(
dnI
dt

)
=

knI − k−1nI
∆t

(30)

Substituting Eq. (30) into Eq. (23) gives

kC∗
I =

KI

fI

√√√√
(
k(
dnI
dt

)
∆t+ k−1nI

)
RT
kV

(31)



10 J. Draxler et al.

By substituting Eq. (31) into the boundary condition for the pore interface in Eq. (28),
k(∂C∗

I /∂ξ) becomes a function of k(dnI/dt). Thus, Eq. (19) can be written as a single
function of k(dnI/dt) as

k(
dnI
dt

)
− 2πAIDlI

Re − kR

k(
∂C∗

I

∂ρ

)∫ h

0

kr(z) dz = 0 (32)

Now, k(dnI/dt) can be solved for from Eq. (32) with a numerical root finder such as
Matlab’s fzero function. When k(dnI/dt) is known, knI can be determined from Eq. (30),
which in turn can be used to determined (together with kV ) kpiI from Eq. (21). The
total internal pore pressure is determined from Dalton’s law, which states that the total
pressure for non-reacting gases is equal to the sum of the partial pressures of the individual
gases, i.e.,

kpi =
∑

I

kpiI (33)

Finally, when kpi has been computed, kpe can be computed from Eq. (15).
The above solution procedure for pe requires an initial condition. In this work we

assume that the initial gas concentration is CI = CI0 in the whole domain Rs ≤ ρ ≤ Re.
The initial partial pressure in the pore can then be determined from Eq. (20) by setting
C∗
I = CI0. By giving the initial pore radius Rs and film thickness 2hs, the initial volume

of the pore can be computed. Once the partial pressure and the pore volume is known,
the initial number of moles of gas I in the pore can be determined from the ideal gas law
Eq. (21). When the initial number of moles of gas inside the pore is known, we can use
the above procedure for computing the time evolution of the external pore pressure.

4 Pore growth characteristics predicted by the pore model

The previously derived pore growth model can be used to study the relation between the
external pore pressure and the pore radius for different gas concentrations, film thick-
nesses, growth velocities, etc. In this section, this is done for the nickel-based superalloy
alloy 718. The results will be used to construct a pore based crack criterion in the next
chapter. Remember that the pore model is limited to pore shapes, concentration fields,
and external pressure fields that are axisymmetric. Also remember that the pore was as-
sumed to grow in a liquid film bounded by parallel planes. Thus the pore interaction with,
e.g., dendrite arms and intermetallics cannot be accounted for with this simple model.

4.1 Material parameters

Felicelli et al. [16] have simulated gas redistribution and porosity in plate casting of
alloy 718. Alloy 718 can dissolve both hydrogen and nitrogen. Typical concentrations in
castings are around 2 ppm of hydrogen and 40 ppm of nitrogen dissolved in the melt
before solidification [17]. At these concentrations, hydrogen has a much larger effect on
the porosity than nitrogen, as was shown by Sung et al. [17]. Thus in this work we are
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Table 1 Thermodynamic and transport properties of alloy 718, from [16].

Nominal Equilibrium Coefficients in

Element Concentration, Wt Pct Partition Ratio Eq. (36) (bjH)

Cr 19.0 1.01 0.1430
Mo 3.0 0.80 0.3340
Ti 0.9 0.52 -0.0750
Al 0.5 1.07 0.4700
Fe 18.5 1.10 0.2540
Nb 5.1 0.31 0.3460

Coefficients in Eq. (35)
a0 -2.97302
a1 0.008199
a2 12956.4
a3 18495.6

Equilibrium partition ratio hydrogen: kH = 0.589
Diffusion coefficient: DlH = 7.47× 10−7exp

(
−4303

T

)
m2s−1

Density of the liquid: ρl = 7440 kgm−3

Molar mass of hydrogen: MH = 1.008× 10−3 kgmol−1

only going to consider the effect of the hydrogen concentration on the pore growth. This
will be done with material data from [16], which is given in Table 1.

For hydrogen dissolved in liquid alloy 718, Felicelli et al. [16] used the following equi-
librium constant in Sievert’s law (Eq. (20))

ln (KH) = −4.154− 2613

T
(34)

and the following activity coefficient in Sievert’s law

ln (fH) = a0β + a1β
2 + a2

β

T
+ a3

β2

T
(35)

where

β =
N∑

j=1

bjHX
j (36)

and ai and bjH are constants given in Table 1, and Xj is the atom fraction of solute j in
the liquid phase. In this work, the Xj’s were determined from the nominal solute mass
fractions and the equilibrium partition coefficients, which are all given in Table 1, to
represent the liquid composition at the terminal solidification. Table 1 also contains the
diffusion coefficient for hydrogen in the liquid phase and the density of the liquid that were
used in this work, given by [16]. The contact angle and the gas-liquid interface energy,
which is required by the pore model, were not used by Felicelli et al. in their work. We
assume that there are no foreign particles or phases where the pore interface intersects
with the solid phase. Therefore, because most metals are very well wetted by their own
melt, we assume that the contact angle is small. In this work it was set to θ = 10°. γgl has
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been measured for alloy 718 by the oscillating drop method by Brooks et al. [18]. A value
of approximately 1.9 J/m2 was found at the liquidus temperature for γgl, which was used
in this study.

4.2 Model parameters

In order to study the pore growth, the following base model parameters were used. The
interface velocity of the pore was set to dR/dt = vR = 25 µms−1. An initial small pore
will then grow to a diameter of 100 µm in approximately 2 s. This is assumed to be the
maximum growth time for a pore located deep in the mushy zone of a weld before it is
frozen into the solid phase. The initial thickness of the liquid film is set to 2hs = 1 µm
and the initial radius of the pore is set to Rs = 2hs. The outer boundary of the domain
is set to Re = 500 µm. The simulation is stopped when the pore radius reaches Rm = 50
µm. At that moment, the liquid film thickness has increased linearly from 2hs = 1 µm to
2he = 10 µm. This is to simulate thermal strains that can localize in the liquid film during
the terminal solidification. The initial concentration of hydrogen is set to CH0 = 10 ppm
and the temperature is set to T = 1150°C, which is 50°C above the terminal solidification
temperature for alloy 718 predicted by a multicomponent Scheil-Guliver model in Thermo-
Calc.

4.3 Effect of model parameters

With the above material data and model parameters, the external pore pressure can
be computed with the method described in the previous chapter. By varying the model
parameters, their effect on the pe-R relation can be studied. This can provide valuable
insight on the susceptibility for a micropore to grow into an unacceptable defect. In the
subsequent subsections the effects of several model parameters on the pe-R relation are
shown.

4.3.1 Hydrogen concentration

Figure 4 shows how pe varies with R for the pore model at different initial hydrogen
concentrations. The above base model parameters have been used (but with variations
in CH0). At the initial growth stage, when R = Rs and h = hs, pe must have a negative
pressure of more than 50 bars in order to expand the pore at a rate of 25 µms−1 when
CH0 is less than 10 ppm. However, when R has increased to Rm and h to he, pe must
just have a negative pressure of approximately 3 bars in order to expand the pore at the
same rate. From the Figure, it can also be seen that pe is relatively insensitive to CH0

when CH0 < 15 ppm. However, for larger initial hydrogen concentrations, the pore can
become stable at the atmospheric pressure after it has reached a certain size. After this
point, pe must increase in order to expand the pore at the rate 25 µms−1. Otherwise the
expansion will be faster because of the gas diffusion to the pore. Note also that the gas
concentartion plays an important role at the early stage of the pore growth. The external
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pressure required to expand a pore in its initial stage of growth is strongly dependent on
the gas concentration.

Figure 4 pe vs R for different initial hydrogen concentrations.

4.3.2 Film thickness

The thickness of the GBLF that the pore growths in has a great influence on the external
pore pressure that is required to keep the pore stable. Figure 5 shows how pe varies with R
for different values of he. Remember that h goes from hs to he when R goes from Rs to Rm.
The pe-R relations shown in the Figure may arise from the following situation. Consider
a location deep in the mushy zone where the liquid film is almost fully solidified. Assume
that a pore has nucleated at this location, and that it extends across the thickness of
the film. Furthermore, assume that the liquid film is located between large grain clusters.
Thermal tensile strains can then strongly localize in the film. This will induce a liquid
flow in the film in order to account for the deformation. Because the film is thin, the
liquid permeability is low, and the liquid pressure drop at the location of the pore will
therefore be large. However, when the deformation progress, the film will widen and the
permeability will increase, which result in a decrease of the liquid pressure drop.

The liquid pressure required to expend a micropore into a macropore depends strongly
on the thickness of the film, as can be seen from the Figure. It requires almost -35 bar to
expand the pore at a rate of 25 µms−1 when R = Rm and the thickness of the film is 1
µm. However, when the film thickness is 20 µm it requires only -1 bar.
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Figure 5 pe vs R for different values of he.

4.3.3 Initial pore size

The initial pore size has a great impact on the minimum external pore pressure required
to expand the pore into a macropore. If Rs = 0.5 µm, pe must have a minimum value
of −70 bar. However, if Rs = 5 µm, that value increases to −38 bar, as can be seen
in Figure 6, where pe vs R has been plotted for different values of Rs. Thus the risk
for a micropore to growth into a macropore does not only depend on the external pore
pressure, it also depends on the nucleation process. For example, if we assume that a
pore has heterogeneously nucleated on an oxide inclusion, the size of the inclusion will
affect the initial size of the micropore and therefore also it susceptibility to grow into a
macropore.

It is also interesting to study variations in hs, which has an even larger impact on
the initial value of pe than Rs. Figure 7 shows variations of hs for two different gas
concentrations.

Figure 6 and Figure 7 also show that pe is independent of Rs and hs when R = Rm.
This is true as long as the initial gas concentration is not very high and that the growth
velocity is not very low. If this is not valid, the pore growth will be effected by the gas
diffusion to the pore.

4.3.4 Growth velocity

A pore growth velocity of 25 µms−1 was used for the above plots. As was previously
mentioned, this may give the pore time to grow some 10 µm before it is solidified into the
solid phase. A slower growth velocity will give more time for gas to diffuse to the pore
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Figure 6 pe vs R for different values of Rs.

when it grows to a given size. This will effect the external pore pressure, as can be seen
in Figure 8. From the Figure, it can be seen that the value of pe at Rm is not largely
affected by vR when the initial gas concentration is below 10 ppm. However, for higher
concentrations it is highly affected by vR.

4.3.5 Domain size

The domain size will affect the gas concentration profile in the liquid that surrounds
the pore. Because the concentration is prescribed on the outer boundary of the domain,
a small domain will give a steeper concentration gradient and more gas element will
therefore diffuse to the pore compared to a large domain. From Figure 9, it can be seen
that the pe-R relation is independent of Re when CH0 = 10 ppm. However, for 20 ppm
the dependency is stronger.

4.3.6 Nitrogen concentration

Felicelli et al. [16] also provided data for dissolved nitrogen in alloy 718, similar to the
one in Table 1 for hydrogen dissolved in alloy 718. That data were used, in the same way
as the previously used data for hydrogen, in the pore growth model to study the effect on
the pore growth. It was found that several orders higher concentrations than the 40 ppm
nitrogen, typical occurring in the melt [17], was required in order to have the same effect
as 5 - 10 ppm of hydrogen. This is because the activity coefficient of nitrogen in alloy 718
is very low. Thus the effect of nitrogen on porosity in alloy 718 was neglected.
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Figure 7 pe vs R for different values of hs.

5 Crack criterion

The pore growth model can be used to construct a pore based crack criterion for WSC. In
this work we assume that cracking occurs when the pore radius goes above 50 µm. From
this assumption, and with the results from the previous chapter, a crack criterion can be
constructed as follows.

5.1 Crack initiation index

Consider a point in a GBLF. Let 2h and CH be the thickness of the GBLF and the
hydrogen concentration at the location of the point, respectively, and let p be the liquid
pressure at the location of the point without the presence of a pore. Furthermore, let pf
be the external pore pressure of a pore with radius 50 µm, computed with the base model
parameters in section 4.2, but with he = h and CH0 = CH . We assume that there is a risk
for cracking when p < pf , and we define a crack initiation index (CII) as

CII =
pf − p
patm

(37)

where patm is the atmospheric pressure. Thus a CII value larger than 0 is assumed to
result in crack initiation. In the previous chapter, it could be seen that pf is strongly
dependent on the model parameters he and CH0, but not particularly dependent on the
rest of the parameters when the initial gas concentration is below 20 ppm. For example,
from Figure 6 and Figure 7 it can be seen that pf is independent on the initial pore size
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Figure 8 pe vs R for different values of vR.

(hs and Rs). The dependency of pf on he and CH0, with the values from section 4.2 for the
rest of the model parameters, has been plotted in Figure 10. This Figure can be used to
evaluate pf at a given location in a GBLF when h and CH are known at that location. If we
consider the pore to nucleate as micropore, the crack criterion in Eq. (37) is conservative
because a much larger pressure drop than pf is required to expand a micropore. However,
deep in the mushy zone, parts of the GBLF may be isolated or partially isolated. Very
large pressure drops may then build up in these cambers if thermal tensile strains act on
them, because it is very difficult for liquid feeding to compensate the deformation. A pore
may then grow in such a chamber. When the nucleation chamber has been deformed for
some time it may open, and the pore can continue to grow out in the main GBLF if the
negative pressure p in the film is large enough.

A major difficulty when evaluating the CII value for a given location in a GBLF is
that the pressure and thickness of the GBLF must be known at that location. How these
quantities can be estimated for a columnar dendritic microstructure of a TIG weld is
presented in the second part of this study [19].

5.2 Crack initiation length

A CII value larger than 0 does not guarantee the formation of a permanent crack. For
example, if the liquid pressure drop decreases, the surface tension of the pore can contract
and close the pore. Figure 11 shows the final radii of pores that have been expanded to
Rm = 50 µm, and after that the external pore pressure has been released to 1 atm
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Figure 9 pe vs R for different values of Re.

while the GBLF thickness was constant. The base model parameters in section 4.2, with
different values of hs and CH0, were used to construct the Figure. From the Figure, it
can be see that hs must be larger than 3 µm when CH0 = 15 ppm for the pore to not
implode when the pressure drop is released. Figure 12 shows the more extreme situation
when the pressure drop is released for a large pore with Rm = 500 µm, he = 10 µm,
vR = 250 µms−1, Re = 1000 µm. In the Figure, it can be seen that even a large pore
will implode when the pressure drop is released, unless it’s initial size (hs) or that the
hydrogen concentration CH0 are large.

Based on the previous discussion, we assume that an existing pore will implode if the
CII value goes below 0 at the location of the pore. Thus the initial size of the pore or the
hydrogen concentration cannot be too large for this assumption to be valid. Neither, for
example, can the pore get entangled in the dendrite microstructure or break the surface
of the weld for this assumption to yield. Moreover, we assume that all liquid that remains
when the temperature reach the eutectic temperature during solidification will instantly
solidify, and can therefore not flow into colder regions. From these two assumptions, we
assume that a permanent crack occurs when the CII value is larger than 0 at the location
of the (nonequilibrium) solidus isotherm. The condition that CII is larger than 0 at solidus
states that we have the risk for a pore to be frozen into the solid phase, and the condition
of instantaneous solidification at solidus assures that the pore cannot be healed by liquid
flow.
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Figure 10 pf as function of CH and h.

A crack initiation length (CIL) along a GBLF can now be defined as

CIL =

∫

sci

ds (38)

where s is a coordinate along the GBLF axis, which, for example, can be along the
columnar grain growth direction in a TIG weld [19]. The integration path, sci, is the
part of the GBLF axis where the CII value has been larger than 0 at the intersection
with the solidus isotherm, as shown schematically in Figure 13. A CIL larger than zero
indicates risk for cracking. Observe that the CIL value is not associated with a length of a
crack. Instead we consider the CIL to be the part of the GBLF where a macroscopic pore
can freeze into the solid phase and form a permanent defect. Remember that we have
neglected the nucleation, and assumed that a CII value larger than 0 always will leads to
crack initiation, which is not true. Thus, if the pore cannot nucleate within the part of
the GBLF with a CIL value larger than 0, cracking will not occur even if our criterion
predicts that.

6 Evaluation

The derived crack criterion was evaluated on Varestraint tests of alloy 718. The test
specimens were 3.2-mm-thick plates. Autogenous TIG welding was used in the tests. An
augmented strain was applied to a test specimen by bending it over a die block when the
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Figure 11 Final pore sizes after pressure release for different values of hs and CH0.

welding distance reached 40 mm. The welding speed was 1 mm/s, the stroke rate was 10
mm/s, and the welding was active until 5 s after the start of the bending. The amount
of augmented strain was controlled by the radius of the die block. More details about the
Varestraint test can be found in part III of this study [20].

Below, the computed CII and CIL are presented, which were evaluated on GBLF axes,
located at the weld surfaces. The x and y coordinates in the plots represent the distances
from the weld start and weld centerline, respectively. The welding direction is from left to
right. The blue lines in the plots represent the computed GBLF axes (their computation
is described in part II of this study [19]). They are separated by approximately 1 mm at
the fusion line such that they together cover the region where the crack susceptibility is
the largest. This region is located 31–35 mm from the weld start. The apex of the die
block is located 40 mm from the weld start [20]. Only GBLFs with a solidus temperature
inside the fusion zone are considered, while GBLFs that extend into a partially melted
zone will be considered in the future. The time in the plots represents the elapsed time
from the initiation of the bending. The liquid pressure and film thickness, required to
evaluate the CII value, were computed from the models in part II of this study [19]. The
pf value in Eq. (37), required to compute the CII value, was evaluated for a fixed hydrogen
concentration of 3.4 ppm. It was computed from the typical concentration of 2 ppm in
the melt before solidification [17], divided by the equilibrium partition ratio kH = 0.589
in Table 1. The temperature field and macroscopic strain field, required to evaluate the
pressure and the thickness of the GBLF, originate from the FE model described in part
III of this study [20]. They were evaluated on sample points on the GBLF axis.
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Figure 12 Final pore sizes after pressure release for different values of hs and CH0, and with
he = 10 µm, vR = 250 µms−1, Rm = 500 µm, Re = 1000 µm.

Figure 13 Schematic representation of the CIL value of a GBLF. The welding direction is from
left to right. The shown GBLF axis is located between columnar grains that extend from the
fusion boundary and align with the weld centerline. The GBLF axis also extends in the normal
direction to the page.

6.1 CII evaluation

Figure 14 shows the evolution of the CII for a Varestraint test with 1.1% augmented strain.
The whole bending takes 3.6 s to complete. Only the left part of the symmetric weld is
shown. The GBLFs that are aligned perpendicularly to the bending direction have the
highest CII values because more deformation will localize in them. During the bending,
the maximum CII value increases until 1.5 s into the bending, and then decreases.

From part II of this work it was shown that the pressure drop peaks at approximately
0.3 s, while the GBLF thickness peaks at approximately 3 s into the bending. Because
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the CII is a function of both the GBLF pressure and the thickness, it’s peak value does
not have to coincide with a peak value of the pressure drop or of the thickness. The
reason why the CII starts to decrease after 1.5 s can be explained by the increase in
GBLF permeability that occurs when strain is localized in the GBLF. The increase in
permeability eases the liquid feeding, which reduces the pressure drop (see part II of this
study). How the CII evolves during the bending of Varestraint tests with 0.4% and 0.8%
augmented strains can be seen in the appended animations.

6.2 CIL evaluation

Figure 15 shows the computed CIL for a Varestraint test with 0.8% augmented strain,
together with the experimental crack locations from four tests with the same augmented
strain. The computed CIL for the shown GBLF tracks covers all cracks found in the exper-
iments. Most of the cracks are located 0.5–2 mm from the weld centerline. Interestingly,
it is also this region that has the GBLFs with the highest CIL values. Note also that the
cracks align fairly well with the GBLF axes, computed with the model in part II of this
study. Figure 16 shows the computed CIL for the 1.1% test, together with the experi-
mental crack locations from two test specimens with the same strain. The computed CIL
for the shown GBLF axes almost covers all cracks found in the experiments. As for the
0.8% test, most of the cracks are located 0.5-2 mm from the weld centerline. Again, it is
this region in which the model predicts the highest CIL. As for the 0.8% test, the crack
orientations and the computed GBLF axes are in fairly good agreement. How the CIL
evolves with time for the 0.8% and 1.1% tests can be seen in the appended animations. A
value of 0.4% augmented strain was considered as the threshold strain for crack initiation
of alloy 718 (see part III [20]). The GBLF pressure model has two calibration parameters
(see part II), one of them was adjusted such that the computed CIL for the 0.4% test was
approximately 300 µm, as shown in Figure 17.
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Figure 14 Evolution of GBLF CII at the weld surface of a Varestraint test with 1.1% augmented
strain. Only the left part of the symmetric weld is shown. The time in the plots represents the
elapsed bend time. The abscissa and ordinate represent the distance from the weld start and
weld centerline, respectively.
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Figure 15 Computed CIL at the weld surface of a Varestraint test with 0.8% augmented
strain, together with the experimental crack locations from four tests. The abscissa and ordinate
represent the distance from the weld start and the weld centerline, respectively.
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Figure 16 Computed CIL at the weld surface of a Varestraint test with 1.1% augmented
strain, together with the experimental crack locations from two tests. The abscissa and ordinate
represent the distance from the weld start and weld centerline, respectively.
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Figure 17 Computed CIL at the weld surface of a Varestraint test with 0.4% augmented strain.
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7 Conclusions

In this study, a solidification cracking criterion, based on observations from recent in situ
experiments, was introduced. These experiments have indicated that cracking initiates
from voids in GBLFs. To model how such a void can grow into a crack, the void was
considered as a rotational symmetric gas capillarity bridge (pore) situated in a GBLF
with smooth and parallel solid-liquid interfaces. The relation between the pore radius and
external pore pressure could then be studied by applying the Young-Laplace equation to
the capillarity bridge. The importance of GBLF thickness and hydrogen concentration on
the relation between pore radius and external pore pressure was shown. A fracture pres-
sure, pf , was derived as a function of the GBLF thickness and the hydrogen concentration.
It was assumed that cracking can not occur if the GBLF pressure never goes below this
critical pressure. The crack criterion was developed as a CIL, which represents the part
of the GBLF where the liquid pressure is below the fracture pressure at the intersection
with the solidus isotherm. The criterion was evaluated on Varestraint tests of alloy 718.
The computed location of the crack susceptible region was found to be in fairly good
agreement with the region where the cracks were located in the experiments.
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Abstract Several advanced alloy systems are susceptible to weld solidification cracking.
One example is nickel-based superalloys, which are commonly used in critical applications
such as aerospace engines and nuclear power plants. Weld solidification cracking is often
expensive to repair, and if not repaired, can lead to catastrophic failure. This study,
presented in three papers, presents an approach for simulating weld solidification cracking
applicable to large-scale components. The results from finite element simulation of welding
are post-processed and combined with models of metallurgy, as well as the behavior of the
liquid film between the grain boundaries, in order to estimate the risk of crack initiation.
The first paper in this study describes the crack criterion for crack initiation in a grain
boundary liquid film. The second paper describes the model for computing the pressure
and the thickness of the grain boundary liquid film, which are required to evaluate the
crack criterion in paper 1. The third and final paper describes the application of the model
to Varestraint tests of Alloy 718. The derived model can fairly well predict crack locations,
crack orientations, and crack widths for the Varestraint tests. The importance of liquid
permeability and strain localization for the predicted crack susceptibility in Varestraint
tests is shown.
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1 Introduction

In the first paper of this study, a weld solidification crack (WSC) criterion was devel-
oped [1]. To evaluate the criterion in a given grain boundary liquid film (GBLF), the
liquid pressure and thickness of the film must be known. The current paper describes a
model for estimating these quantities, which is inspired by the RDG model proposed by
Rappaz et al. [2]. The RDG model estimates the interdendritic liquid pressure drop to
cavitation in a columnar dendritic microstructure. Suyitno et al. [3] compared eight hot
cracking criteria in the simulation of DC casting of aluminum alloys. They found that the
RDG model best reproduced the experimental trends. However, this model is limited by
some shortcomings. One of them is that loaclization of strains at grain boundaries are not
considered [4]. This shortcoming was addressed by Coniglio et al. [5]. Instead of assuming
that strain is localized evenly between dendrites as in the RDG model, they assumed it
to be localized evenly between grains.

The GBLF pressure model presented in the current paper is inspired by the RDG
model and its improvements by Coniglio. In the proposed model, the pressure of the
liquid is computed by a combination of Poiseuille parallel-plate flow and Darcy porous
flow. Poiseuille flow is used in regions with less than 0.1 fractions of liquid, while Darcy
flow is used in regions with more than 0.1 fractions of liquid. The permeability developed
by Heinrich et al. [6] was used for the Darcy flow computations. It is considered more
accurate than the Carman-Kozeny permeability [6], which is commonly used in the RDG
model.

In the proposed model, a temperature-dependent length scale is used to account for
strain localization in GBLFs. Instead of assuming that strain is always evenly partitioned
between grains, as suggested by Coniglio, the degree of partitioning is assumed to vary
during the solidification.

The model was evaluated on Varestraint tests of alloy 718, and the evolutions of GBLF
permeability, pressure, and thickness were studied.

2 Model development

The development of the model used for computing the pressure and thickness of a given
GBLF is presented below. First, the method for computing GBLF orientation is presented,
and then, the solidification model for the liquid in the GBLF is introduced. After that,
a model for computing GBLF thickness from the macroscopic mechanical strain field of
an FE model is presented. Finally, it is shown how a combination of Darcy’s law and
Poiseuille parallel-plate flow can be used to compute the pressure within a GBLF.

2.1 GBLF orientation

To compute the pressure in a given GBLF, the orientation of the GBLF must be known.
The GBLF orientation in the fusion zone, FZ, of a weld depends on the solidification
process. Normally, when the base and weld metal have the same crystal structure, the
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molten metal in the FZ starts to solidify from the fusion boundary with a cellular solidifi-
cation mode [7]. At a short distance from the fusion boundary, if the welding speed is not
too high, the solidification mode shifts to a columnar dendritic mode due to the increase
in constitutional supercooling, which results in columnar grains. If the welding speed is
high enough the constitutional supercooling can continue to increase and the solidification
mode can again change and go from columnar dendritic to equiaxed dendritic. However,
in this study, we are interested in TIG welding at low welding speeds. The degree of con-
stitutional supercooling is therefore assumed to never be large enough so that a transition
from columnar to equiaxed dendritic solidification can occur.

Alloys with fcc or bcc structure grow in the 〈100〉 directions during solidification. They
strive to growth in the orientation of the 〈100〉 direction that is closest aligned with the
temperature gradient of the liquidus isotherm [7]. Because the tempearture gradient at the
grain tip cange direction when the grain grow, grains may shift their growth orientation
during the solidification in order to grow in the most favorable 〈100〉 direction. Columnar
grains can adjust their growth orientation either by bowing or by renucleation [7]. If we
assume that the change in growth direction only occurs by bowing, and that there is
no undercooling to solidification, the grain growth will always be normal to the liquidus
isotherm, which results in curved columnar grains, extending all the way from the fusion
boundary to the weld centerline. The rate of growth is then the same as the velocity of the
liquidus isotherm in the direction of the temperature gradient. The above assumptions
enable us to compute the grain axis solely from the temperature field of the weld.

With this grain axis, we associate a corresponding GBLF by assuming that the film
extends along a curve that coincides with the grain axis, offset by the radius of the grain.
We call this curve the GBLF axis. Furthermore, we define the normal direction of a GBLF
to be in the same direction as the maximum macroscopic strain rate perpendicular to the
GBLF axis. The computation of the normal direction from the macroscopic strain field
is discussed in section 2.4. The GBLF axis of a given GBLF is computed from the weld
temperature field as follows. Consider a tip of a grain whose growth direction is normal to
the liquidus isotherm with zero undercooling to solidification. Let GL be the temperature
gradient and RL be the solidification velocity of the grain tip, with magnitudes GL and
RL, respectively. At the grain tip, the material derivative of the temperature field, T , is
zero

DT

Dt
=
∂T

∂t
+ GL·RL = 0 (1)

Given that RL is in the same direction as GL(because the growth direction is normal to
the liquidus isotherm), RL can be solved for from Eq. (1), and RL can then be expressed
as

RL = − 1

G2
L

∂T

∂t
GL (2)

Let r(t) be the location of the grain tip. The vector r will then trace out the grain axis,
it can be determined by

dr

dt
= RL (3)
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where RL is given by Eq. (2). Now, consider a GBLF associated with a grain axis r, which
is obtained by integrating Eq. (3). To integrate r in Eq. (3), we provide an initial condition
r(t0) = r0, where r0 is a given point on the GBLF axis. t0 is the time when the liquidus
isotherm passes the point r0. Eq. (3) is integrated from the temperature field obtained from
a computational welding mechanics model, which is described in part III of this study [8].
This is done using a fourth-order Runge-Kutta method. By integrating forward in time
from t0, the part of the GBLF axis that aligns with the weld centerline can be obtained.
The integration continues until the weld heat input is terminated. Further, by integrating
backward in time from t0, the second part of the GBLF axis that intersect with the fusion
boundary can be constructed. Here, the integration is stopped when the calculated value
of r(t) at a time increment is more than 5°C below the liquidus temperature, which ensures
that the GBLF axis ends at the fusion boundary. Fig. 1 illustrates the integration process.

Figure 1 Schematic showing the procedure of integrating the axis of a GBLF that crosses the
point r0.

2.2 Undercooling

In the above growth model, the undercooling at the dendritic tip was neglected. However,
in rapid solidification processes such as welding, the undercooling can be substantial. In
order to justify our assumption of neglected undercooling, we have used a model by Foster
et al. [9] to compute the undercooling as a function of the solidification velocity for alloy
718 as follows.

The total undercooling at a dendritic tip can be expressed as the sum of four contri-
butions [10]:

∆T = ∆TC +∆TR +∆TT +∆TK (4)

where ∆TC , ∆TR, ∆TT , and ∆TK are the constitutional, curvature, thermal, and kinetic
undercoolings, respectively. In welding, ∆TC and ∆TR are normally the dominating con-
tributions to the total undercooling. Kurz et al. [11] have developed the KGT model to
compute ∆TC for binary alloys at both low and high solidification velocities. Rappaz et al.



Modeling and Simulation of Weld Solidification Cracking, Part II 5

[12] extend the KGT model to multicomponent alloys, and used it to study the dendrite
growth in electron beam welding of a Fe-Ni-Cr alloy. Foster et al. [9] used the extended
KGT model to computed the undercooling in laser welding of alloy 718. This model with
data from Foster et al. [9] was used to calculate the undercooling for alloy 718 for so-
lidification velocities in the range 10−2 ≤ RL ≤ 103 mms−1. The model depends on the
temperature gradient, which was assume to vary linearly between 8×104 and 108 ◦Cm−1,
when RL goes from 1 to 1000 mms−1. When RL < 1 mms−1, GL was assume to have the
constant value 8 × 104 ◦Cm−1. The value 8 × 104 ◦Cm−1 was obtained from a computa-
tional welding mechanics model of a Varestraint test of alloy 718 with a welding speed of
1 mms−1, see part III of this work [8]. Fig. 2 shows the calculated total undercooling and
it’s different contributions. As can be seen from the Figure, the largest contributions come
from ∆TC and ∆TR, while the contributions from ∆TT and ∆TK are negligible. More de-
tails on the models that were used to construct this Figure can be found in the appendix.
In this work, we are interested in TIG welding with a welding speed of 1 mms−1 in alloy

Figure 2 Calculated undercooling as a function of solidification velocity for alloy 718.

718. At that low welding speed ∆T is equal to 12.5 ◦C, as can be seen from Fig. 2. That is
less than 1% of Tl for alloy 718, and it will only shift the liquidus isotherm approximately
0.15 mm when GL = 8× 104 ◦Cm−1. We therefore neglect the effect of the undercooling
for this low welding speed.
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2.3 GBLF solidification model

The solidification of the GBLF is an important part of computing the GBLF pressure.
It determines the solidification temperature interval, which in turn determines the length
of the GBLFs. It also determines the rate of solidification, and therefore, the rate of
solidification shrinkage.

The solidification of multicomponent alloys is complex to model. To simplify the solidi-
fication of the GBLF, we assumed that it is governed by a multicomponent Scheil-Gulliver
model [13]. A significant advantage of the Scheil-Gulliver model is its simplicity. The frac-
tion of solid vs. temperature curve can easily be determined by a thermodynamic software
such as Thermo-Calc [13]. However, the Scheil-Gulliver model has the following limita-
tions: back diffusion from the liquid phase to the solid phase is neglected, diffusion in the
liquid phase is assumed to be infinity fast, and the solidification front is assumed to be
planar.

For the first limitation, the cooling rates in welding are often very high, which gives
less time for back-diffusion to occur. Thus, a considerable amount of back-diffusion may
only occur for high-diffusion elements such as carbon. For the second limitation, there
are always convective currents in the weld pool that result in low-concentration gradi-
ents. Thus, at temperatures above the liquidus temperature, the assumption of complete
diffusion in the liquid phase is valid. However, at lower temperatures, the permeability is
low, and therefore, the convective currents in the liquid may be small. Thus, in this case,
the assumption is less valid. The third limitation of a planar solidification front is not
valid when we have a dendritic solidification mode, which imposes a curved solidification
front. The curved solidification front leads to an undercooling to solidification. However,
as was seen in section 2.2 this undercooling is small for the low welding speeds that we
are interested in in this work.

To estimate GBLF solidification using the Scheil-Gulliver model, the dendritic solid-
liquid interfaces of the GBLF are approximated as planar, as shown in Fig. 3. Let 2h0 be

(a) (b)

Figure 3 (a) Schematic of a GBLF, (b) GBLF approximated with planar interfaces.

the undeformed thickness of the flat GBLF. The undeformed thickness is defined as the
GBLF thickness that results when no thermal or mechanical strains act on the GBLF.
By assuming that the two opposing dendritic interfaces of the undeformed GBLF are
separated by the primary dendrite arm spacing λ1, h0 can be written as (see Fig. 3)

h0 =
λ1
2

(1− fs) (5)
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where fs is the fraction of solid given by the Scheil-Gulliver model. This corresponds to a
grain boundary with a low misorientation angle, which was chosen due to it’s simplicity.
A grain boundary with a large misorientation angle is more messy and a larger value than
λ1 should be used in Eq. (5). The deformed GBLF thickness is derived later in section
2.4.

The primary dendrite arm spacing is related to the solidification process, and in this
study, it is estimated from the following expression [4]

λ1 =
C1

(GL)1/2 (RL)1/4
(6)

where C1 is a parameter. The RL term can be replaced with the cooling rate by substi-
tuting Eq. (2) into Eq. (6), which gives

λ1 =
C1 (GL)1/4

(
−∂T

∂t

)1/4 (7)

All terms in Eq. (7) are evaluated at the intersection between the GBLF axis and the
liquidus isotherm. The C1 parameter is determined by inverse modeling such that the
computed λ1 value agrees with the measured λ1 value from an experiment at a given
location [8].

The solidification speed v∗ of the solid-liquid interface of the idealized GBLF shown
in Fig. 3b can now be computed as the negative time derivative of h0 in Eq. (5), which
gives

v∗ =
λ1
2

dfs
dT

dT

dt
(8)

In this study, we assume that all liquid that remains when the temperature drops to
solidus (which is given by the Scheil-Gulliver model) will instantly solidify. Thus, if the
liquid can flow to the Ts isotherm due to, e.g., tensile deformation of the GBLF, it will
instantly solidify when it reaches this isotherm.

All temperature-dependent variables above are evaluated from the macroscopic tem-
perature field obtained from an FE model of the welding process; see part III of this
study [8] for more details.

2.4 GBLF thickness

In this section, we show how the deformed GBLF thickness, 2h, can be estimated from the
macroscopic mechanical strain field of a finite element computational welding mechanics
model.

2.4.1 GBLF thickness derivation

During solidification of the weld metal, deformation can strongly localize in the weak
GBLFs. To compute the deformed GBLF thickness, we consider an arbitrary location on
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the axis of a given GBLF. At this location, we assume that all macroscopic mechanical
strains, normal to the GBLF axis and within a distance 2h + l0, will localize in the
GBLF during the infinitesimal time dt, as shown in Fig. 4. Here, l0 is a length scale that
represents the amount of surrounding solid phase of the GBLF that can transmit normal
tensile loads. The value of l0 depends on the ability of the solid phase to transmit loads,
and therefore, changes during the solidification of the alloy. This is further discussed in
section 2.4.3. In the above assumption, we have assumed that the solid phase is much
stiffer than the liquid phase such that all mechanical strains are localized in the GBLF.
We can now estimate h as follows. Let εm be the macroscopic mechanical strain tensor

Figure 4 Strain partitioning in a GBLF.

obtained from a computational welding mechanics model. With the above reasoning, the
velocity of the solid-liquid interface of the GBLF can be written as (see Fig. 4)

ḣ =

(
h+

l0
2

)
ε̇m⊥,max − v∗ (9)

where v∗ is given by Eq. (8). ε̇m⊥,max in Eq. (9) is the largest macroscopic mechanical
strain rate in a plane normal to the GBLF axis of the GBLF, evaluated on the GBLF
axis, which is further discussed in section 2.4.2. Eq. (9) can be integrated with a Euler
backward method, which gives

i+1h =





2 ih+∆t
(
i+1l0

i+1ε̇m⊥,max − 2 i+1v∗
)

2
(
1−∆t i+1ε̇m⊥,max

) , i+1h > hmin

hmin,
i+1h ≤ hmin

(10)

where i is the index of the time increment and ∆t is the time step. hmin is a cut-off value
which ensures that division by zero is avoided when we later solve for the liquid pressure.
A value of 0.01 µm was used for hmin in this study.

2.4.2 Maximum normal strain rate to the GBLF axis

ε̇m⊥,max in Eq. (9) is computed as follows. We assume that the normal to the GBLF at a
given location is always oriented parallel to the direction of ε̇m⊥,max. In this way, the normal
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deformation of the GBLF is maximized, which is assumed to be most detrimental. The
mechanical strain rate tensor is determined with the central difference

iε̇m =
i+1εm − i−1εm

2∆t
(11)

Let xyz be the global Cartesian coordinate system of the computational welding mechanics
model that is used to determined εm. Further, let x′y′z′ be a local Cartesian coordinate
system whose z′ axis is parallel to the tangent of the GBLF axis and with origin on the
GBLF axis where we want to evaluate ε̇′m. The components of the ε̇m tensor in the x′y′z′

system is obtained from
[ε̇m]′ = [Q] [ε̇m] [Q]T (12)

where Q is the transformation tensor from the xyz system to the x′y′z′ system. Because
z′ is tangent to the GBLF axis, ε̇m⊥,max is given as the largest eigenvalue of the matrix

[ε̇m]′2x2, where [ε̇m]′2x2 is the 2× 2 submatrix of [ε̇m]′ that contains the 11, 12, 21, and 22
components of the matrix [ε̇m]′.

2.4.3 Strain partition length

The strain partition length l0 in section 2.4.1 depends on several features of the solidifying
weld metal. For example, it is affected by the degree of coalescence and interlocking of
dendrites and grains that surrounds the GBLF, and also by the GBLF morphology. In
this study, we estimate l0 from the temperature field and primary dendrite arm spacing as
follows. At the liquidus temperature, the GBLF in the FZ just starts to form. Therefore,
no strain localization can occur, which gives l0 = 0. At the coherent temperature, the
dendrites of individual grains start to coalescence such that the solidifying structure can
transmit small tensile loads. In this case, l0 is assumed to be of the same size as the
primary dendrite arm spacing. Below the coherent temperature, strains are assumed to
localize between the grains and their clusters. The grain cluster formation depends on the
variations in GBLF thicknesses. Because thin GBLFs can withstand larger tensile loads
than thick GBLFs, the deformations will localize in the thicker GBLFs. If a GBLF is very
thin, it can coalescence and form a solid grain boundary, GB. The temperature when this
occurs depends on the GB force, which in turn depends on the GB misorientation angle. If
the misorientation angle is small, the GB force is attractive and coalescence will occur as
soon as the opposite solid-liquid interfaces come in contact. However, if the misorientation
angle is large, the GB force is repulsive and undercooling is required for coalescence to
occur. Rappaz et al. [14] have showed that the required undercooling for GB coalescence
of a pure metal is given by

∆Tb =
γgb − 2γsl
∆Sfδ

(13)

where γgb is the GB energy, γsl is the solid-liquid interfacial energy, ∆Sf is the volumetric
entropy of fusion, and δ is the thickness of the diffuse solid-liquid interface. γgb depends
on the misorientation angle, and for small misorientation angles, γgb is smaller than 2γsl,
which result in ∆Tb < 0 in Eq. (13). Therefore, no undercooling is required for GB
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coalescence to occur. However, if the misorientation angle is large, γgb is larger than 2γsl,
which results in ∆Tb > 0 in Eq. (13), and undercooling is required for GB coalescence to
occur.

The variations in GBLF thicknesses, and that GB coalescence depends on the GB
misorientation angle, will lead to formation of grain clusters in the solidifying weld metal,
i.e., clusters of grains separated by thicker liquid films. When these clusters start to form
depends on the temperature. In this study, we assume that all mechanical macroscopic
strain localizes between such grain clusters when the temperature is close to the solidus
temperature. l0 at Ts is therefore assumed to be of the same size as the size of a grain
cluster. The grain cluster size is not known. In this study we assume it to be proportional
to the primary dendrite arm spacing, given by

l0(Ts) = C2λ1 (14)

where C2 is a calibration constant that is determined by inverse modeling of a experimental
Varestraint test with threshold agumeted strain for crack initiation, which is described in
part III of this study [8].

We have now estimated the values of l0 at the temperatures Tl, Tc, and Ts. At temper-
atures between these values, it is assumed to vary linearly. Fig. 5 shows l0 as function of
the temperature for alloy 718 when λ1 = 20 µm. At Ts, l0 = 0.8 mm in the Figure, which
was obtained by inverse modeling to a Varestraint test with 0.4% augmented strain, see
part III.

Figure 5 l0 as a function of temperature for alloy 718 with λ1 = 20 µm.

2.4.4 Initial condition

The initial value of h must be known in order to integrate Eq. (9). We assume that h has
the same value as the undeformed thickness h0 when the GBLF is first formed. If tstart
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is the time of a given point on the GBLF axis when the temperature drops below the
liquidus temperature, the above initial condition can be written as

h(tstart) = h0(tstart) (15)

2.5 Liquid pressure model

The GBLF pressure is determined by assuming that the liquid flow in a GBLF only occurs
in the direction of the grain growth, i.e., parallel to the GBLF axis, and that it is governed
by Stokes flow at lower fractions of liquid and by Darcy’s law at higher fractions of liquid.
How the GBLF pressure is computed from those assumptions is shown below.

2.5.1 Liquid flow through a volume element of a GBLF

Let v be the liquid velocity field in a given GBLF and assume that the flow is incom-
pressible:

∇·v = 0 (16)

Consider a cross-section volume element of the GBLF, as shown in Fig. 6. Let x′y′z′ be
a local Cartesian coordinate system such that the x′-coordinate is tangent to the GBLF
axis and the y′-coordinate is normal to the GBLF axis, see Fig. 6. By integrating Eq. (16)

Figure 6 Cross-section volume element of a GBLF.

over the volume element in Fig. 6, and using the divergence theorem, gives
∫

V

∇·vdV =

∫

∂V

n·vdS = 0 (17)

where V and ∂V are the volume and boundary of the volume element, respectively. n is
the outward unit normal to the boundary of the volume element. The second integral in
Eq. (17) can be split into two parts: one over the solid-liquid interfaces, ∂Vsl, and one
over the cross-section parts, ∂Vl, of the liquid film:

∫

∂V

n·vdS =

∫

∂Vsl

n·vdS +

∫

∂Vl

n·vdS (18)
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As was previously stated, we assume that the flow is dominated by that in the longitudinal
direction of the GBLF, i.e., in the columnar direction of the grains, and is independent
of the transverse z′ direction. This assumption gives the velocity field

v = v(x′, y′)ex′ (19)

By inserting Eq. (19) into the integral over ∂Vsl in Eq. (18), it can be rewritten as

∫

∂Vsl

n·vdS =
(
v∗l +

(
v+sl + v∗

))
∆x′∆z′ +

(
v∗l −

(
v−sl − v∗

))
∆x′∆z′ (20)

where v+sl and v−sl are the velocities of the two opposing solid-liquid interfaces, as shown
in Fig. 6. v∗l is the liquid flow caused by solidification shrinkage, which is given by [4]

v∗l = βv∗ (21)

where β is the solidification shrinkage factor and v∗ is the solidification velocity, which
is given by Eq. (8). Note that we have neglected the liquid flow through the solid-liquid
interfaces in Eq.(20). This assumption is discussed in the end of section 3.3.

By inserting Eq. (19) into the integral over ∂Vl in Eq. (18), it can be expressed as

∫

∂Vl

n·vdS =
(
2h+v+ − 2h−v−

)
∆z′ (22)

where h+ and h− are the half GBLF thicknesses, and v+ and v− are the average normal
liquid velocities at the cross-sections in the GBLF axis direction, as shown in Fig. 6.

The term v+sl − v−sl in Eq. (20) is the relative normal velocity term of the two opposing
solid-liquid interfaces of the GBLF, and can therefore be determined from the GBLF
thickness rate as:

v+sl − v−sl = 2
dh

dt
(23)

Combining Eqs. (18), (20)-(23) and taking the limit ∆x′ → 0, we obtain

d (hv)

dx′
= − (1 + β) v∗ − dh

dt
(24)

Eqs. (24) correlates v, dh/dt, and v∗. v is determined for two different cases: at low and
high fractions of liquid. This is done as follows.

2.5.2 Liquid flow at low fractions of liquid

At low fractions of liquid, the secondary dendrite arms of individual dendrites are almost
fully coalescenced. Thus liquid flow around secondary arms are difficult and the flow is
therefore assumed to be restricted to the grain boundaries. Furthermore, at low fractions
of liquid, large grain cluster may have formed such that the flow is further restricted
to the GBLFs between these grain clusters. In this study, we assume that the flow at
low fractions of liquid occurs between large grain cluster as wide liquid films. Moreover,
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the liquid is assume to be Newtonian and the flow is assumed to occur at low Reynolds
numbers such that the inertial forces are small compared to the viscous forces. The flow
can then be approximated with Stokes equations [15]:

µ∇2v −∇p = 0 (25)

where p is the liquid pressure and µ is the dynamic viscosity. Substituting the velocity
field in Eq. (19) into Eq. (25) gives

µ

(
∂2v

∂x′2
+
∂2v

∂y′2

)
− ∂p

∂x′
= 0 (26)

The first term on the left-hand side is much smaller than the other terms, which is shown
by the following scaling. Let us introduce the normalized variables

x̃′ =
x′

Lc

, ỹ′ =
y′

2h
, ṽ =

v

vc
, p̃ =

p

pc
(27)

where Lc is the characteristic length of a GBLF, vc is a characteristic liquid velocity, and
pc is a characteristic liquid pressure. By inserting these variables into Eq. (26), it can be
written as

µvc
L2
c

∂2ṽ

∂x̃′2
+
µvc
4h2

∂2ṽ

∂ỹ′2
− pc
Lc

∂p̃

∂x̃′
= 0 (28)

Characteristic values for this study are (i.e., for TIG welding of a 3 mm-thick plate of
alloy 718 with a welding speed of 1 mm/s, see part III):

Lc ∼ 10−3 m, vc ∼ 10−3 m/s, µ ∼ 10−2 m2/s, h ∼ 10−6 m, pc ∼ −105 Pa (29)

Inserting these values into the coefficients of Eq. (28) then gives

pc
Lc

∼ −108,
µvc
L2
c

∼ 101,
µvc
4h2
∼ 107 (30)

The coefficient in front of the ∂2ṽ/∂x̃′2 term is several orders of magnitude smaller than
the other two. Thus, the ∂2v/∂x′2 term in Eq. (26) can be neglected, which then reduces
to

µ
∂2v

∂y′2
− ∂p

∂x′
= 0 (31)

By integrating Eq. (31) twice across the liquid film, and applying the non-slip boundary
conditions v(y′ = −h) = v(y′ = h) = 0, gives the solution for a Poiseuille flow between
parallel plates:

v =
1

2µ

∂p

∂x′
(
y′2 − h2

)
(32)

The relative parallel velocity component between the two opposing solid-liquid interfaces
has been neglected. Poiseuille flow between parallel plates has been used by Sistaninia
et al.[16] in their granular model to compute the pressure in GBLFs between globular
grains.
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The mean velocity across the GBLF can be obtained from Eq. (32) as

v = −h
2

3µ

dp

dx′
(33)

Substituting Eq. (33) into Eq. (24) finally gives

d

dx′

(
h3

3µ

dp

dx′

)
=
dh

dt
+ (1 + β) v∗, fl ≤ 0.1 (34)

This is Reynolds equation (without relative parallel motion of the two opposing interfaces
of the GBLF).

2.5.3 Liquid flow at high fractions of liquid

At high fractions of liquid, flow can occur around the secondary dendrite arms. Therefore,
the Poiseuille parallel plate flow, which was previously used for low fractions of liquid,
is not good in this case. Instead, we assume that the flow now more resembles a porous
flow governed by Darcy’s law [4]. The average liquid velocity v in Eq. (24) can then be
approximated as

v = − K‖
f ∗l µ

dp

dx′
(35)

where K‖ is the longitudinal permeability of the GBLF in the axial direction of the
GBLF, and f ∗l is an effective fractions of liquid for the GBLF, which is given by Eq. (39)
below. Heinrich and Poirier [6] have estimated the columnar interdendritic longitudinal
permeability as

K‖ =





3.75× 10−4f 2
l d

2
1, fl ≤ 0.65

2.05× 10−7
[

fl
1− fl

]10.739
d21, 0.65 < fl ≤ 0.75

0.074

[
log

(
1

1− fl

)
+ 0.01− fl − 0.5f 2

l

]
d21, 0.75 < fl ≤ 1.0

(36)

and the transverse columnar dendritic permeability as

K⊥ =





1.09× 10−3f 3.32
l d21, fl ≤ 0.65

4.04× 10−6
[

fl
1− fl

]6.7336
d21, 0.65 < fl ≤ 0.75

(
−6.49−2 + 5.43−2

[
fl

1− fl

]0.25)
d21, 0.75 < fl ≤ 1.0

(37)

where d1 is the primary dendrite arm distance. The above permeabilities were obtained
with regression analysis of empirical data when fl ≤ 0.65 and by numerical simulations
when fl > 0.65 [6].
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To estimate the GBLF permeability, we assume it to be equivalent to the above per-
meability in Eq. (36), but with modified values of d1 and fl in order to account for the
increase in permeability that occurs when deformation is localized in the GBLF. The
modified d1 and fl are approximated as follows. Two dendrites on the opposite sides of
the solid-liquid interfaces of a GBLF, with an initial spacing of λ1, will have the spacing

d∗1 = λ1 + 2h− 2h0 (38)

when the GBLF thickness is 2h. Consider an arrangement of columnar dendrites situated
on a square grid with spacing λ1. Now, consider the same arrangement with the same
dendrites, but with the grid spacing d∗1. The fraction of liquid for this system can then be
written as

f ∗l = 1− λ21 (1− fl)
d∗21

(39)

where fl is the fraction of liquid of the system with the grid spacing λ1. We now assume
that the GBLF permeability is the same as in Eq. (36), but with d1 and fl given by
Eq. (38) and Eq. (39), respectively, in order to account for the change in permeability
caused by deformation.

By inserting Eq. (35) into Eq. (24), the following equation for the pressure in the
GBLF at high fractions of liquid is obtained

d

dx′

(
K‖h

µf ∗l

dp

dx′

)
=
dh

dt
+ (1 + β) v∗, fl > 0.1 (40)

where K‖ is given by Eq. (36) with d1 and fl given by Eqs. (38) and (39), respectively.
The cross permeability in Eq. (37) is not used in any flow calculations in this study,

it is just used to compute the ratio between K⊥ and K‖ in order to discuss the effect of
neglecting the transverse flow through the solid-liquid interface of the GBLF (see section
3.3). To compute this ratio, the permeability of the GBLF for fl ≤ 0.1 (when the flow is
governed by the Poiseuille flow) must be known. This is obtained by setting the right-hand
side of Eq. (35) equal to that of Eq. (33) and solving for K‖, which gives

K‖ =
h2f ∗l

3
, fl ≤ 0.1 (41)

2.5.4 Pressure integration

The GBLF pressure is now determined as follows. Let s be a curved coordinate along
the GBLF axis with origin at the fusion boundary (Fig. 7). The pressure in the GBLF is
computed by integrating Eq. (34) and Eq. (40) along s. Since the GBLF thickness is much
smaller than the radius of curvature of the GBLF axis, the influence of the curvature in
the integration is neglected. For a given time, the location of the start of the integration,
s = sTs , is at the intersection of the GBLF axis with the Ts isotherm. The location of
the end of the integration, s = sTl

, is at the intersection of the GBLF axis with the Tl
isotherm, as shown in Fig. 7. Note that s = sTs and s = sTl

moves with time when the
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Figure 7 Schematic of the integration path for the GBLF pressure.

solidification progresses. The transition point between Poiseuille flow and Darcy flow is
set as the location where the fraction of liquid is fl = 0.1. As was previously stated,
the Poiseuille flow model is associated with the part of the GBLF whose interfaces are
bounded by grain clusters. Vernede [17] has developed a 2D granular numerical model
for flow simulation in the mushy zone. He used that model to show, for an aluminum
alloy that solidifies with granular grains, that grain clusters start to form at a rapid rate
when the fraction of liquid is less than approximately fl = 0.1. This value of fl was used
as the transition point between the Poiseuille and Darcy flows in this study. We define
s = strans as the location of this transition point at a given time. It is determined from the
intersection of the GBLF axis with the temperature isotherm corresponding to fl = 0.1.

The GBLF pressure is now integrated as follows. First, Reynolds equation (Eq. (34))
is integrated between sTs and strans with the boundary condition for dp/ds at sTs , which
is given in the next section. Then, Eq. (40) is integrated twice between strans and sTl

.
In the first integration, the following boundary condition at strans is used, which ensures
that the liquid flow (v) is continuous at the transition point:

dp(s = s+trans)

ds
=

(
h2f ∗l
3K‖

dp

ds

) ∣∣∣∣
s=strans

(42)

where dp(s = strans)/ds can be obtained from the first integration of the Reynolds equa-
tion. The boundary condition in Eq. (42) is obtained by combining Eq. (33) and Eq. (35).
In the second integration of Eq. (40), the boundary condition p(sTl

) is used, which is
defined in the next section. The value of p(strans) can now be computed from this second
integration and is used in the second integration of the Reynold equation (Eq. (34)). The
pressure in the GBLF can then finally be written as

p(s) =





p (strans)−
∫ strans

s

FR (s′) ds′, s ≤ strans

p (sTl
)−

∫ sTl

s

FD (s′) ds′, s > strans

(43)
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where

FR(s) =
3µ

h3

[∫ s

sTl

(
dh

dt
+ (1 + β) v∗

)
ds′ +

(
h3

3µ

dp

ds

) ∣∣∣∣
s=Ts

]
(44)

and

FD(s) =
µf ∗l
K‖h

[∫ s

strans

(
dh

dt
+ (1 + β) v∗

)
ds′ +

(
10K‖h

µ

dp

ds

) ∣∣∣∣
s=strans

]
(45)

The variables v∗ and h in Eqs. (44) and (45) are given by Eqs. (8) and (10), respectively.
The pressure in Eq. (43) is solved by numerical integration. The integrands are evaluated
from temperature and macroscopic strain data from a computational welding mecahnics
model of the welding process (see part III [8]). These data are evaluated from the same
Lagrangian sample points that were used to trace out the GBLF axis, which was discussed
previously in section 2.4.1.

2.5.5 Boundary conditions

The boundary conditions p(s = sTl
) and dp(s = sTs)/ds are used to evaluate the pressure

in Eq. (43). These are defined as follows. At the location of intersection of the GBLF axis
with the Tl isotherm, the GBLF pressure is assumed to be the same as the atmospheric
pressure, hence

p(sTl
) = patm (46)

At sTs , i.e., at the intersection of the GBLF axis with the Ts isotherm, dp(sTs)/ds can be
expressed as

dp(sTs)

ds
=

(
3µβ

h2
dsTs

dt

) ∣∣∣∣
s=Ts

(47)

where dsTs/dt is the solidification velocity at sTs in the direction of the GBLF axis. Note
that dp/ds is related to the liquid flow in the GBLF according to Eq. (33). Thus, the
boundary condition in Eq. (47) corresponds to the pressure drop at the end of the liquid
film due to the flow caused by solidification shrinkage of the remaining liquid at the end
of the GBLF.

3 Evaluation

The derived GBLF pressure model was evaluated on Varestraint tests of alloy 718. The
test specimens were prepared from 3.2 mm-thick plates and autogenous TIG welding with
a welding speed of 1 mm/s was used in the tests. The augmented strain was applied to a
test specimen by bending it over a die block when the weld length reached 40 mm. The
stroke rate was 10 mm/s and welding continue for 5 s after the start of the bending. The
amount of augmented strain was controlled by the radius of the die block. More details
about the Varestraint test can be found in part III of this work [8].

The evolution of the pressure drop, thickness, and permeability of GBLFs in the
Varestraint test with 1.1% augmented strain, as predicted by the developed model in this
paper, is shown below. These quantities were evaluated on GBLF axes that are located
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at the surfaces of the weld. The x and y coordinates in the below plots represent the
distances from the weld start and weld centerline, respectively. The welding direction is
from the left to right. The blue lines in the plots represent the computed GBLF axes. They
are separated approximately 1 mm at the fusion boundary, such that they together cover
the region with the highest crack susceptibility. This region is located 31 to 35 mm from
the weld start. The apex of the die block is located 40 mm from the weld start [8]. Only
GBLFs whose axis intersect the solidus isotherm inside the fusion zone were considered.
GBLFs that extend into the partially melted zone will be considered in future work. The
bend time in the below plots represents the elapsed time from the initiation of bending.
The temperature field and macroscopic strain field, which are required to evaluate the
above quantities, are obtained from the compuational welding mechanics model which is
described in part III of this work [8].

3.1 GBLF thickness

Figure 8 shows the evolution of GBLF thickness for a Varestraint test with 1.1% aug-
mented strain. Only the left part of the symmetric weld is shown. The full bending takes
3.6 s to complete. When the bending starts, 2h is approximately equal to 2hmin at s = sTs ,
as can be seen from the Figure. However, with increasing bending, deformations start to
localize in the GBLFs. The rate of deformation is highest for the GBLFs that are directed
perpendicular to the bending direction, i.e., directed perpendicular to the weld centerline.
The rate of deformation is also higher at the ends of the GBLFs (s = sTs) compared to
the starts of the GBLFs (s = sTl

) because the strain localization is largest at the GBLF
end. A maximum value of 2h = 20 µm is reached approximately 3 s after the bending
started. This shows that the 1.1% augmented strain that is applied in the Varestraint
test is strongly localized in GBLFs. The maximum values of 2h for Varestraint tests with
0.4% and 0.8% augmented strains are approximately 7 and 15 µm, respectively. For more
details on the variation of 2h with time for Varestraint tests with different augmented
strains, please refer to the appended animations.

3.2 GBLF pressure drop

Figure 9 shows the evolution of the GBLF pressure drop (∆p = patm−p) for a Varestraint
test with 1.1% augmented strain. ∆p reaches a maximum approximately 0.30 s after the
bending started. Thereafter, it starts to decrease, even though 2h continues to increase,
as can be seen in Figure 8. This is because the deformation increases the permeability,
which is shown in Figure 10. The increase in permeability simplifies liquid feeding, which
results in a decrease in the pressure drop. Note that the pressure drop is almost zero at
the end of the bending (Figure 9). ∆p in the 0.4% and 0.8% tests evolves with the same
trends as in the 1.1% test (see the appended animations).
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3.3 GBLF permeability

Figure 10 shows the evolution of the longitudinal permeability (Eqs. (36) and (41)) for a
Varestraint test with 1.1% augmented strain. As can be seen from the plots, K‖ increases
several orders at the GBLF ends when deformation increases the GBLF thickness. One
major assumption in this work is that the liquid flow in a GBLF is solely confined to the
GBLF such that no liquid can flow across the solid-liquid interfaces of the GBLF. This is a
rough approximation. However, when fl goes to zero, the ratio between the transverse and
longitudinal permeability also goes to zero. This is shown in Figure 11 for a Varestraint
test with 1.1% augmented strain, at 1 s of bend time. It can be seen in this Figure and
Figure 9 that the largest pressure drops occur in the part of the film where this ratio is
less than 0.1. Thus, the assumption of no liquid flow through the solid-liquid interfaces of
the GBLF seems valid in the part of the GBLF where the largest pressure drop occurs,
which is also where cracking occurs.
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Figure 8 Evolution of GBLF thickness at the weld surface for a Varestraint test with 1.1%
augmented strain. Only the left part of the symmetric weld is shown. The time in the plots
represents the elapsed time since the start of the bending. The abscissa and ordinate represent
the distance from the weld start and weld centerline, respectively.
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Figure 9 Evolution of GBLF pressure drop at the weld surface for a Varestraint test with 1.1%
augmented strain. Only the left part of the symmetric weld is shown. The time in the plots
represents the elapsed time since the start of the bending. The abscissa and ordinate represent
the distance from the weld start and weld centerline, respectively.
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Figure 10 Evolution of longitudinal permeability at the weld surface for a Varestraint test
with 1.1% augmented strain. Only the left part of the symmetric weld is shown. The time in
the plots represents the elapsed time since the start of the bending. The abscissa and ordinate
represent the distance from the weld start and weld centerline, respectively.
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Figure 11 Ratio between transverse and longitudinal permeability at 1 s of bend time, evalu-
ated at the weld surface for a Varestraint test with 1.1% augmented strain.
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4 Conclusions

A solidification cracking cracking criterion was introduced in part I of this work. In order
to evaluate this criterion for estimating the crack susceptibility, the GBLF pressure and
GBLF thickness must be known. In this paper, we introduce a model for estimate these
quantities in a columnar dendritic microstructure. This model contains a submodel that
determines an axis of a GBLF from the temperature field of a computational welding
mechanics model. The liquid flow in the GBLF is assume to be along the direction of
this axis. The solidification of the liquid in the GBLF is governed by the Scheil-Gulliver
model. A submodel is used to compute the GBLF thickness from the macroscopic me-
chanical strain field of the computational welding mechanics model, where a temperature-
dependent length scale is used to localize the macroscopic mechanical strain to the GBLF.
At the liquidus temperature, this length is zero; at the coherent temperature, it is equal to
the primary dendrite arm spacing; and at solidus, it is the same as the diameter of a grain
cluster, which is a calibration constant. Between these temperatures, it is assumed to vary
linearly. The liquid flow within the GBLF is assumed to be governed by a combination
of Poiseuille and Darcy flows. For the part of the GBLF with less than 0.1 fractions of
the liquid, the flow is a Poiseuille flow. For the remaining part, the flow is a Darcy flow.
The permeability used for the Darcy flow is derived from empirical data and numerical
simulations and depends on the deformation of the GBLF.

The model has been evaluated on Varestraint tests of alloy 718. The evolution of the
GBLF thickness, GBLF pressure drop, and GBLF permeability were studied.
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Appendix

The undercooling models that were used in section 2.2 are given in this appendix.

Constitutional undercooling model
Foster et al. [9] used the following model to estimate the constitutional undercooling for
alloy 718

∆TC =
n∑

i=1

(
Ci

0m
i
0 − C∗il mi

RL

)
(A1)

Here, Ci
0 is the nominal concentration of the ith element in the liquid phase, mi

0 is the
equilibrium liquidus slope, mi

RL
is the velocity-dependent liquidus slope, and C∗il is the

liquid concentration of the ith element at the dendrite tip. C∗il is determined by the
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following expression

C∗il =
Ci

0

1−
(
1− kiRL

)
Iv(PeiC)

(A2)

where kiRL
is the velocity dependent partitioning coefficient, given by:

kiRL
=
ki0 + a0RL/D

i
l

1 + a0RL/Di
l

(A3)

In the above expression, ki0 is the equilibrium partition coefficient of the ith element, a0
is the characteristic diffusion distance, RL is the growth velocity of the dendrite tip, and
Di

l is the solute diffusivity of element “i”. In equation Eq. (A2), PeiC is the solutal Peclet
number, defined by

PeiC =
RLRtip

2Di
l

(A4)

and Iv(PeiC) is the Ivantsov function, given by:

Iv(PeiC) = PeiC exp
(
PeiC

)
E1

(
PeiC

)
(A5)

where E1 is the exponential integral:

E1

(
PeiC

)
=

∫ ∞

PeiC

exp(−s)
s

ds (A6)

The mi
RL

term in Eq. (A2) is defined as

mi
RL

= mi
0

[
1− kiRL

(
1− ln

(
kiRL

/ki0
))

1− ki0

]
(A7)

The curvature of the dendrite tip and the thermal gradient at the tip are related by
the interface instability criteria:

4π2Γ +GLR
2
tip + 2Rtip

n∑

i=1

(
mi

RL
PeiC

(
1− kiRL

)
C∗il ξ

i
C

)
= 0 (A8)

where Γ is the Gibbs-Thompson coefficient and ξiC is the absolute stability coefficient,
given by

ξiC = 1− 2kiRL

2kiRL
− 1 +

√
1 +

(
2π/PeiC

)2 (A9)

For given values of RL and GL, and for given values of the parameters ki0, m
i
0, a0,

Γ , and Di
l , the only unknown in Eq. (A8) is Rtip, which can be solve for by a numerical

root finder such as the Matlab function fzero. When Rtip is known, ∆TC in Eq. (A1) can
finally be determined.

Foster et al. [9] used the thermodynamic software Thermo-Calc to calculate ki0 and
mi

0 for the elements in alloy 718, which are reproduced in Table A1. Due to lack of data,
they used the same value for Di

l for all the elements.
The ∆TC curve in Figure 2 was calculated with the model in Eq. (A1) for given values

of RL and GL, together with the data in Table A1.
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Table A1 Parameters used for the undercooling models, from [9].

Element ID Comp. [At. Pct] ki0 [-] mi
0 [K×(At. Pct)−1] Parameters Value

Al 1.27 1.16 -5.76 a0 [m] 3.0× 10−10

Cr 20.09 1.07 -2.63 Γ [mK] 3.37× 10−7

Fe 18.13 1.19 -1.04 Di
l [m2s−1] 5.0× 10−9

Mo 1.77 0.65 -6.35
Nb 3.20 0.20 -14.63
Ti 1.03 0.40 -15.19
C 0.16 0.13 -10.70
Ni 54.01 1.02 1.04
O 0.04 0.25 -3.66

Curvature undercooling model
Foster et al. [9] calculated the curvature undercooling with the following model

∆TR =
2Γ

Rtip

(A10)

where Rtip is determined from Eq. (A8). The ∆TR curve in Figure 2 is computed with
this model together with the Γ value in Table A1.

Thermal undercooling
The following thermal undercooling model, stated in Dantzig and Rappaz [4], was used
to compute ∆TT in Figure 2

∆TT =
Lf

cp
Iv(PeT ) (A11)

Here, Lf and cp are the latent heat of fusion and the specific heat capacity, respectively.
PeT is the thermal Peclet number, given by:

PeT =
RLRtip

2αl

(A12)

where αl is the thermal diffusivity of the liquid. The value of Rtip that goes into Eq. (A11)
was computed from Eq. (A8). Lf = 241×103 Jkg−1K−1, cp = 720 Jkg−1K−1, and αl = 5.5
m2s−1, taken from part III [8], were used in Eq. (A11).

Kinetic undercooling
The kinetic undercooling for a pure metal with isotropic attachment kinetic at the interface
is given by [4]

∆TK =
RL

µk

(A13)

where µk is the attachment kinetics coefficient. For nickel, µk ≈ 2× 104 ms−1K−1 [4]. The
model in Eq. (A13) with µk ≈ 2× 104 ms−1K−1 was used to approximate ∆TK for alloy
718, which is plotted in Figure 2.
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Abstract Several advanced alloy systems are susceptible to weld solidification cracking.
One example is nickel-based superalloys, which are commonly used in critical applications
such as aerospace engines and nuclear power plants. Weld solidification cracking is often
expensive to repair, and if not repaired, can lead to catastrophic failure. This study,
presented in three papers, presents an approach for simulating weld solidification cracking
applicable to large-scale components. The results from finite element simulation of welding
are post-processed and combined with models of metallurgy, as well as the behavior of the
liquid film between the grain boundaries, in order to estimate the risk of crack initiation.
The first paper in this study describes the crack criterion for crack initiation in a grain
boundary liquid film. The second paper describes the model required to compute the
pressure and thickness of the liquid film required in the crack criterion. The third and
final paper describes the application of the model to Varestraint tests of Alloy 718. The
derived model can fairly well predict crack locations, crack orientations, and crack widths
for the Varestraint tests. The importance of liquid permeability and strain localization
for the predicted crack susceptibility in Varestraint tests is shown.
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1 Introduction

Weld hot cracking can be difficult to avoid when welding of certain alloys such as nickel-
based superalloys [1, 2]. The crack can be small and is therefore difficult to detect by
non-destructive test methods. It can act as an initiation site for fatigue and corrosion
cracking [3], which can be expensive to repair. The formation of the crack depends on the
welding process, e.g., changes in weld heat input, welding speed, and external restraints
from fixturing can all influence the crack susceptibility [1, 4]. Numerical simulation can
be a powerful tool for reducing the risk of cracking. It can be used in the early stage
of the design of a welding process to optimize process parameters such that the crack
susceptibility can be minimized.

Weld hot cracking has been extensively studied for more than 60 years. Most of that
work has been focused on experimental studies and not so much on numerical modeling.
However, there are a number of interesting publications on numerical modeling of weld
hot cracking. For example, Feng simulated solidification centerline cracking in aluminum
alloy 2024 [5]. Cracking was considered as a result of the competition between the mate-
rial’s resistance to cracking and the mechanical driving force for cracking. The material’s
resistance to cracking was given by a ductility curve in the solidification temperature in-
terval. The ductility curve was constructed from a weldability test, while the mechanical
driving force for cracking was given by the transverse mechanical strains on the weld
centerline, obtained from a FE model of the welding process where the heat source was
modeled by a radially symmetric Gaussian distribution. Cracking was assumed to occur
if the mechanical strain in the solidification interval is larger than the ductility strain at
the corresponding temperature.

Ploshikhin et al. simulated solidification centerline cracking in aluminum alloy AA6056 [6].
They emphasized the importance of deformation localization in intergranular liquid films
on the crack sensitivity. They could estimate up to 1000% of strain in a liquid film lo-
cated at the weld centerline. Cracking was considered to occur when the deformation of
the solidified alloy at the centerline exceeded a critical value. This critical value was de-
termined by a weldability test. The deformation at the weld centerline was computed by
a FE model where the elements at the centerline were given liquid properties in order to
account for the strain localization in this region.

Drezet et al. [7] used the RGD criterion [8] to study the susceptibility for solidification
centerline cracking in laser welded aluminum alloys. The RDG criterion states that hot
cracking forms if the local pressure in the liquid falls below a given cavitation pressure [7].

Bordreuil et al. used cellular automata together with the RDG criterion to study
weld solidification cracking in aluminum alloy 6061 [9]. Finite element analysis was used
to compute the macroscopic temperature and strain fields in a 3 mm thick plate with
autogenous GTAW. The plate had a constant tensile load during the welding, in the
direction of the weld. The temperature field from the FE-model was used to construct
a two-dimensional microstructure in the fusion zone with cellular automata. The liquid
pressure in the interconnecting grain boundary liquid films (GBLFs), given by the cellular
automata model, was computed with the RDG criterion. The plastic strain rate from the
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FE-model, normal to the GBLF and multiplied by a localization factor that is proportional
to the ratio of the grain diameter to the GBLF thickness, was used in the RDG criterion.

One of the most recent models for simulation of weld hot cracking is developed by
Rajani et al. [10]. A three-dimensional granular model is used to simulate the intercon-
necting intergranular liquid flow in a microstructure with both columnar and equiaxed
grains. The granular grains are generated from Voronoi diagrams and the intergranular
liquid flow is modeled as a Poiseuille flow between parallel plates. The liquid flow is cou-
pled with the mechanical deformation obtained from a FE model. The susceptibility for
cracking is determined by Kou’s crack criterion [11].

In this study, a new model is proposed for simulating the resistance to weld solidifica-
tion cracking (WSC). The model is developed to evaluate the crack susceptibility in the
entire fusion zone, and therefore is not limited to centerline cracking, as is the case with
some of the previously mentioned models. The main feature with this crack model is its
pore based crack criterion where a crack is assumed to form from a growing pore. Crack
initiation is predicted to occur when the GBLF pressure goes below a fracture pressure,
which corresponds to the pressure that is required to stabilize a rotational symmetric pore
of a certain size in a GBLF with a given thickness, i.e., the pressure required to balance
the surface tension of the pore. The derivation and more details of this criterion can be
found in part I of this work [12]. A major challenge with this crack criterion is its depends
on the GBLF pressure and the GBLF thickness at the location where it is evaluated.
These quantities are determined from the macroscopic mechanical strains and tempera-
ture fields of the weld by a model presented in part II of this study [13]. In this paper,
the third in the series, we evaluate the crack criterion from part I on Varestraint tests of
the nickel-based superalloy alloy 718. In order to do so, a FE model of the Varestarint
test is developed. The main challenge with this FE model is its material model for the
mechanical behavior of the solidifying material, which is described in detail in this paper.
Results from the Varestraint tests show that computed crack susceptible region, crack
orientations, and crack widths are in fairly good agreement with experimental results.

2 Material and experimental procedure

The material and the Varestraint tests that were used to calibrate and evaluate the pore-
based crack model, developed in part I and II of this study, are described in this chapter.

2.1 Alloy 718

The nickel-based superalloy alloy 718 was used for the Varestraint tests in this study. It
is a precipitation-hardening nickel-iron-chromium alloy, containing significant amounts of
niobium and molybdenum, along with lesser amounts of aluminum and titanium. The
composition limits, given by The Special Metals Corporation [14], are shown in Table 1.
The ∼ 50% nickel, ∼ 20% chromium, ∼ 20% iron matrix is strengthened primarily by
∼ 5% niobium. Niobium forms the primary strengthening precipitate γ′′ (Ni3Nb). In age
hardened condition, alloy 718 contains approximately 20 volume percent γ′′. Alloy 718 is
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the predominant nickel-iron based superalloy, representing nearly half of the total quantity
of superalloys used throughout the world. It is extensively used for high-temperature
applications such as aerospace engines, gas turbines, nuclear reactors, etc. It maintains
excellent corrosion and oxidation resistance up to 980°C, and excellent resistance to creep
and stress rupture up to 700°C. Alloy 718 has outstanding weldability with high resistance
to strain-age cracking, owing to the sluggish precipitation hardening response. However,
it can have problems with liquation and solidification cracking.

Table 1 Chemical composition limits of alloy 718 (wt-%). From Special Metals [14].

Ni Fe Cr Nb Mo Ti Al Co C Mn Si P S B Cu

50.00 Bal. 17.00 4.75 2.80 0.65 0.20 - - - - - - - -
55.00 Bal. 21.00 5.50 3.30 1.15 0.80 1.00 0.08 0.35 0.35 0.015 0.015 0.006 0.30

2.2 The Varestraint test

The Varestraint test is an extrinsic (externally loaded) weldability test. It was developed
in the 1960s by Savage and Lundin at Rensselaer Polytechnic Institute [15]. This test
allows the study of hot cracking susceptibility by a systematic procedure on small, simple
test specimens [16]. The influence of material, welding process, and constraint factors on
the hot cracking behavior can be studied. The idea is to rapidly apply an augmented
strain during the welding of a plate. The amount of augmented tensile strain (due to
bending), εaug, at the coupon surface depends on the material thickness and the radius of
the die block according to the following equation:

εaug =
t

2R + t
, (1)

where t is the sample thickness and R is the radius of the die block. This procedure
provided a way to simulate the effect of large strains associated with highly restrained
production welds [16]. The augmented strain is simply altered by changing the die block
radius. The bending is applied along the length of the weld that is made on the sample.

The Varestraint test setup used in this study is shown in Figure 1a. Figure 1b shows
the test plate before the start of the test and Figure 1c shows the test plate after the end
of the test. The plate is bent over the die block by a vertical moment of the rollers while
the die block is stationary. Support bars are used to reduce kinking of the test specimen.

2.3 Experimental procedure

Varestarint tests with 0.4%, 0.8%, and 1.1% augmented strains were performed. All test
specimens were 3.2 mm thick plates that were annealed before the testing. The dimensions
of the plates were 60×150 mm and the dimensions of the support plates were 10×20×300
mm. The starting position of the weld electrode was 40 mm from the contact point between
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(a)

(b) (c)

Figure 1 (a) Varestraint test setup with press, welding robot, and hydraulic system; (b) test
plate in the press before bending; (c) test plate in the press after bending. From [17].

the plate and the die block. The bending was initiated when the weld electrode had travel
40 mm (i.e., at the location of the contact point between the plate and the die). The
welding continued for 5 s after the initiation of the bending. Autogenous bead-on-plate
TIG welding was used. The welding current was constant 70 A, with automatic voltage
regulation. With an estimated voltage of 10 V, the welding power can be computed from
the welding current and the welding voltage to 700 W. The welding speed was 1 mm/s
and the stroke rate was 10 mm/s (i.e., the vertical bending speed). Furthermore, the
electrode type was a WT 20 (ThO2) with 2.4 mm diameter. The electrode tip angle was
50°. Negative polarity in the torch was used and the arc length was 2 mm. The shield gas
was pure argon at a flow rate of 15 slpm. The diameter of the gas cup was 13 mm.

After the Varestraint tests were finished, the locations, lengths, and widths of the
cracks that could be found in these tests were measured with a Nikon Eclipse MA200
microscope. Only surface cracks were considered in this study. This is because the bending
strains are largest at the weld surface and therefore we assume that this region is most
crack susceptible. And because this work is focusing on solidification cracking, only cracks
in the fusion zone were considered. Figure 2 shows the locations and the lengths of the
surface cracks that were found in the tests. The measured mean crack widths for some
of the cracks are also shown in the Figure. The Figure shows results from tests with
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(a) (b)

Figure 2 Measured crack locations, crack lengths, and mean crack widths on the weld surface
for Varestraint tests with (a) 0.8% augmented strain, and (b) 1.1% augmented strain. The x
coordinate represents the distance from the weld start while the y coordinate represents the
distance from the weld centerline. The dashed lines correspond to the fusion lines.

0.8% and 1.1% augmented strains. No cracks could be found in the samples with 0.4%
augmented strains. Even though no cracks could be found in the 0.4% tests in this study,
the 0.4% augmented strain was considered to be the threshold strain for crack initiation.
This is in agreement with Lingenfelter [18], who reported a small amount of cracking in
Varestraint tests with 0.4% strain. Both Knock [19] and Quigley [20] reported a slightly
higher threshold strain of 0.5% augmented strain for crack initiation.
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3 Material model

In order to calibrate and evaluate the WSC model, which was developed in part I and II of
this study, on Varestraint tests of alloy 718, the temperature field and macroscopic strain
fields of the Varestraint tests must be known. These fields are used to calculate the GBLF
pressure (see part II [13]), which in turn is used to compute the crack initiation length (see
part 1 [12]). In this study, the temperature and macroscopic mechanical strain fields were
obtained from a finite element computational welding mechanics (CWM) model of the
Varestraint test. Classical CWM models are normally used for computing deformations
and residual stresses, which are not highly sensitive on the material properties at high
temperatures. Therefore, often a cut-off temperature of about 70% of the homologous
temperature, Tm, is used, above which the material properties are set to constant values
[21]. Thus the material models in classical CWM models cannot be used in the study of
WSC because they cannot resolve the high temperature mechanical behavior of the mushy
zone where the WSCs are located. To accurately model the mechanical behavior of the
mushy zone is very difficult. The solid in the mush is porous, thus, plastic deformations of
the solid skeleton are not just dependent on the deviatoric stress state, as in J2 plasticity,
it is also dependent on the hydrostatic pressure. This is especially true at lower fractions
of solid. In order to capture behaviors like this, material models like Cam-Clay can be
used [22]. A major drawback with these models is that they are very complicated to
calibrate. Another problem with the mushy zone is that it is anisotropic when it contains
columnar dendrites. To the knowledge of the authors, there has never been published any
work on CWM models with material models that can handle these problems. However,
Goldak et al. [23, 24] have presented a preliminary attempt to model stresses and strains
close to the weld pool with isotropic J2 plasticity and different constitutive equations for
different temperature intervals. A linear viscous model is used when the temperature is
above 0.8Tm. In the temperature range 0.5Tm < T < 0.8Tm, a rate dependent plasticity
model is used and for temperatures below 0.5Tm, a rate independent plasticity model is
used. Inspired by Goldak’s model, we present in this chapter a material model for alloy
718 for estimating the mechanical and thermal behavior of the mushy zone.

3.1 Thermal properties

In this section, the thermal properties of the material model for alloy 718 are presented.

3.1.1 Solid fraction

The solid fraction is an important variable in the WSC model. It is used to calculate
both the solidification velocity, and to determined average material properties of the
mushy zone. In this study, we use a temperature dependent solid fraction determined by
a multicomponent Scheil-Gulliver model (see part II). Sames et al. [25] have used the
Scheil module and the nickel database TTNi7 in the software package Thermo-Calc to
compute the solid mole fraction, as a function of temperature, for alloy 718. The result is
shown in Figure 3. From the plot, it can be seen that the predicted liquidus and solidus
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Figure 3 Solid mole fraction of alloy 718 as a function of temperature. Plotted from data
obtained in [25].

temperatures are approximately Tl = 1360◦C and Ts = 1100◦C, respectively.

3.1.2 Thermal conductivity

The thermal conductivity of alloy 718, both in the solid and liquid phase, has been esti-
mated by electrical resistivity measurements using the Wiedemann-Franz-Lorenz relation.
The results are reported in [26] for a wide range of temperatures. This measurement tech-
nique is not accurate in the mushy zone because of the coexistence of both liquid and solid
in this region. To obtain the thermal conductivity of the mushy zone, the conductivities
of the solid and liquid phases were extrapolated into the temperature range of the mush,
i.e, Ts < T < Tl, and the conductivity of the mush was calculated by the following linear
mixture rule:

kmush = ksfs + kl (1 − fs) (2)

where ks and kl are the extrapolated thermal conductivities of the solid and liquid phases,
respectively. fs is the volume fraction of solid. To account for heat transfer by convection
in the weld pool, the thermal conductivity of the liquid phase was increased by a factor
of 5 (i.e, for T > Tl). This is the same factor as Feng et al. [27] used in their CWM model
for a research Ni-based superalloy. The resulting thermal conductivity in the temperature
range 0 < T < 1600◦C is shown in Figure 4a.

3.1.3 Specific heat capacity

The specific heat capacity of alloy 718 has been measured by DSC. The results are reported
in [26] for a wide range of temperatures, both in the solid and liquid phase. As for the
thermal conductivity, the specific heat capacity in the mushy zone was determined by a
linear mixture rule:

cp,mush = cp,sfs + cp,l (1 − fs) (3)

where cp,s and cp,l are the extrapolated specific heat capacities of the solid and liquid
phases, respectively. Figure 4a shows the resulting specific heat capacity in the tempera-
ture range 0 < T < 1600◦C.
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3.1.4 Latent heat of fusion

Antonsson et al. [28] have measured the latent heat of fusion, Lf , for alloy 718 with
DTA, and obtained a value of 241 kJ/kg. The amount of released latent heat during the
solidification, in a temperature range T2 < T < T1, can be written as

∆Q =

∫ T2

T1

Lf
dfs
dT

dT (4)

Eq. (4) was used to distribute the latent heat of fusion over the whole solidification interval
Ts < T < Tl in the FE-model in the next chapter.

3.2 Mechanical properties

3.2.1 Poisson’s ratio and Young’s modulus

The alloy 718 plates in this study were assumed to be isotropic. Thus, the elastic properties
can be characterized by Young’s modulus and Poisson’s ratio. The latter has a smaller
influence on plastic deformations and was set to a constant value of ν = 0.29 [14]. Young’s
modulus of alloy 718 in solid phase has been measured by the Special Metals Corporation
up to 1090◦C by an ultrasonic method. The measured values are reported in [14].

In order to simplify the mechanical behavior of the material that is in a liquid state,
we consider it to be a ”soft” isotropic solid with the same Poisson’s ratio as the fully solid
phase (i.e. ν = 0.29). Young’s modulus of this ”soft” material was determined from the
bulk modulus of the liquid. The authors could not find any information about the bulk
modulus for liquid alloy 718. Only for liquid iron could information of the bulk modulus be
found, which is one of the main elements in alloy 718 (the others are nickel and chrome). It
has been determined by Belashchenko et al. [29] who used molecular dynamics to calculate
it to Kl = 62 GPa. Due to the lack of data, we assume that the bulk modulus of liquid
alloy 718 is the same as the one for liquid iron. Young’s modulus for the isotropic ”soft”
material can then be obtained as

El = 3Kl(1 − 2ν) = 78 GPa (5)

A linear mixture rule was used to estimate Young’s modulus of the mushy zone. The
mushy zone was assumed to have the same Young’s modulus at temperatures above the
coherent temperature as the liquid phase. This is because the mush cannot transmit tensile
loads above the coherent temperature. Young’s modulus can then be written as

Emush =




Esfs +

(
El − Es(Tc)fs(Tc)

1 − fs(Tc)

)
(1 − fs) , T ≤ Tc

El, T > Tc

, (6)

where Es is Young’s modulus of the solid phase, which is extrapolated into the mushy
zone, and El is Young’s modulus of the liquid phase. Tc is the coherent temperature,
whose value is 1278◦C in the fusion zone, see section 3.2.3 for more information about
Tc. Furthermore, in section 3.2.3, a constitutive model for the ”soft” solid is presented.
Figure 4b shows the resulting Young’s modulus in the temperature range 0 < T < 1600◦C.
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3.2.2 Thermal expansion coefficient and solidification shrinkage factor

The volumetric expansion of alloy 718 has been measured by Blumm et al. [30] with an
on-heating dilatometer test. This volumetric expansion can be transformed into a lin-
ear expansion by division with 3, which in turn can be differentiated with respect to
the temperature to give the tangent thermal expansion coefficient. The material in the
mushy zone is assumed to have the same thermal expansion as the solid skeleton of the
mush, up to the coherent temperature. The solid skeleton in turn is assume to have the
same thermal expansion as the full solid phase, which is determined by extrapolating the
thermal expansion coefficient of the solid phase into the mushy zone. For higher temper-
atures than the coherent temperature, thermal expansion of the material is assumed to
only cause liquid flows, and no straining of the solid skeleton of the mush. The thermal
expansion coefficient was therefore set to zero for temperatures above the coherent tem-
perature. Figure 4b shows the resulting thermal expansion coefficient in the temperature
range 0 < T < 1600◦C.

Blumm et al. [30] also measured the volumetric increase due to melting of alloy 718
with the dilatometer test. It was estimated to 3.1%. This value was used for the solidifi-
cation shrinkage factor β in the grain boundary liquid pressure model in part II of this
study.
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Figure 4 (a) Thermal conductivity and specific heat capacity, (b) Young’s modulus and thermal
expansion coefficient for alloy 718 as a function of temperature.

3.2.3 Plasticity model

We approximate alloy 718 as an isotropic elasto-plastic material that is governed by von-
Mises plasticity with isotropic hardening. The region that contains liquid is approximated
as a ”soft” isotropic elasto-plastic solid. Four different constitutive models, valid in dif-
ferent temperature intervals, are used to model the mechanical behavior. These are as
follows:
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20 ≤ T ≤ 700◦C

From room temperature up to 700◦C, and for effective plastic strains, εp, below 0.1,
alloy 718 is almost rate-independent. Plastic strains above 0.1 are never achieved in the
Varestraint tests in this study. Thus the rate dependency can be neglected. The following
simple regression model is used to estimate the yield stress, σy, in this temperature range,
where it is a function of only effective plastic strain, εp, and temperature, T , as:

σy =
(
A1ε

pA2 + A3ε
pA4 + A5

)
(
B1

(
1 − T

B2

)B3

+B4

(
1 − T

B2

)B5

+B6

)
(7)

The model parameters were calibrated to tensile tests, performed at 20, 200, 600, and
700◦C. Their optimized values are given in Table 2.

Table 2 Parameter values for the rate independent yield stress model.

i Ai Bi

1 231 [MPa] 3.31 [-]
2 2.20 [-] 909 [◦C]
3 14.8 [MPa] 3.27 [-]
4 0.175 [-] 8.81 [-]
5 9.94 [MPa] 0.803 [-]
6 41.2 [-]

700◦C < T ≤ 1050◦C

For temperatures above 700◦C, alloy 718 is strain rate dependent. In the temperature
range 700◦C < T ≤ 1050◦C, the viscoplastic model by Chen et al. [31] was used. This
model was developed for hot forming of alloy 718 at temperatures up to 1100◦C. The yield
stress of the model is given by

ln (σy) = ψ (εp − εp)
2 ln (ξεp) + ln (σp) (8)

where ψ and ξ are constants, and σp and εp are the peak stress and peak strain, respec-
tively, given by

σp =
1

α
ln



(
Z

A

)1/n

+

((
Z

A

)2/n

+ 1

)1/2

 (9)

and
ln (εp) = B1 ln (Z) +B2 (10)

where α, A, n, B1, and B2 are constants. Z is the Zener–Hollomon parameter, i.e.,

Z = ε̇ exp

(
Q

RT

)
(11)
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Table 3 Parameters values for Chen’s flow stress model. From [31].

Q [J] α [MPa−1] A [1/s] n [-] B1 [-] B2 [−B1ln(1/s)] ψ [-] ξ [-]

430 × 103 3.70 × 10−3 6.26 × 1015 4.91 0.199 −9.24 1.20 0.699

where Q is a constant, R is the gas molar constant, and T is the temperature in Kelvin.
All parameter values are given in Table 3.

The effective plastic strain, which act as state variable for hardening in the above
model, was reset to zero for temperatures above 1100◦C, in order to account for the fast
recovery that occurs at high temperatures. Thus, effective plastic strains that occur above
this temperature do not contribute to the hardening of the material.

1050◦C < T ≤ Tc

In this temperature range, liquid and solid are coexisting, but because T ≤ Tc, the solid
skeleton of the mush can still transmit loads. To simplify the mechanical behavior of the
material in this region, we consider it to be a ”soft” homogeneous isotropic solid, which
is weakened by the presences of liquid. The following simple rate-dependent material
model is used for this ”soft” solid, which is based on in situ solidification experiments by
Antonsson et al. [32]. They used a mirror furnace to heat tensile test specimens about
5◦C above the liquidus temperature. This resulted in a 5-mm long liquid zone that was
stabilized by the surface tension of the liquid. After being heated to the liquid state, the
test specimens were cooled to given holding temperatures, at a rate of 400◦C/min. When
the given hold temperature was reached, tensile testing was performed at a rate of 0.1 s-1

until failure occurred. The plot in Figure 5 shows the measured ultimate tensile strength,
UTS, of the in situ samples at different holding temperatures. The Figure also shows the
UTS for high temperature solution heat treated samples, HST, of alloy 718, measured
by Antonsson et al. [32]. These samples were heated in the mirror furnace to a peak
temperature of 1210◦C, approximately 10 − 20◦C below the zero-strength temperature,
ZST. After the heating, the samples were cooled at a rate of 400◦C/min to a predetermined
tensile test hold temperature. The UTS of the HST samples in the Figure have been
extended to the ZST by extrapolation [32]. For temperatures in the range 900 < T <
1050◦C, which is not shown in the Figure, the in situ and HST materials have nearly the
same UTS values, despite their dissimilar microstructures [32].

In this study, the UTS data for the in situ and HST material was used to estimate
the yield stress of the material in the FZ and the PMZ, respectively, at temperatures
above 1050◦C. The in situ solidified samples exhibited a dendritic microstructure. Even
though the cooling rate was not as high as in welding, the resulting microstructure may
be thought of as being a rough estimate of a microstructure found in the FZ of a weld,
whereas the HST material can be thought of as a representation of the material in the
PMZ, where grain boundary liquid films are formed, but not all of the original grains are
completely melted.
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Figure 5 UTS for in situ and HST samples of alloy 718 at different temperatures.

To derive the yield stress from the UTS, the material in the FZ and the PMZ was
assumed to be ideally plastic. This is a fairly good approximation for alloy 718 at tem-
peratures between 1050–1200◦C, as hot compression tests have shown [31, 33–36]. These
hot compression tests also show that alloy 718 has a high dependency on the strain rate
at high temperatures. The UTS data from Antonsson’s experiments were obtained at a
single strain rate of approximately 0.1 s-1. This is a rather high strain rate for welding;
the solidifying material experience only such a high strain rate during the bending phase
of the Varestraint test. To compensate for the strain rate effect on the yield strength, the
UTS was multiplied by the following factor

f
(
ε̇
p)

=
σy,1050
U

(12)

where σy,1050 is the yield stress given by Chen’s flow stress model in Eq. (8), evaluated at
T = 1050◦C and εp = 0, for a given value of ε̇

p
. It should be noted that σy,1050 is a function

of the effective plastic strain rate only, and represents the effect of the strain rate on the
initial yield stress of alloy 718 at 1050◦C. The constant U in Eq. (12) corresponds to the
value of σy,1050 at ε̇

p
= 0.1 s−1. A yield stress model is now derived as follows. Let pfz

and ppmz be fitted curves to the UTS data for the in situ and HST samples, respectively,
which are shown in Figure 5. The previous assumption of ideal plasticity gives that the
yield stress is the same as the UTS, and it can therefore be written as follows in the
temperature range 1050◦C < T ≤ Tc

σy
(
T, ε̇

p)
=

{
ppmzf, Tpeak < Tl

pfzf, Tpeak ≥ Tl
(13)

where f is given by Eq. (12). Tpeak is the peak temperature, which indicates whether the
material has been completely melted or not, and therefore belongs to the FZ or the PMZ.
The coherent temperatures, Tc, for the FZ and the PMZ were determined from the zero
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rots of pfz and ppmz, respectively, which are Tc = 1278◦C for the FZ and Tc = 1230◦C for
the PMZ.

T > Tc

For temperatures above Tc, the material was still approximated as a ”soft” isotropic solid,
but now with more liquid-like properties. The following flow stress model, where the yield
stress is proportional to the strain rate in order to ”resemble” the Newtonian behavior of
the liquid [37], was used:

σy = Cε̇
p

+ σy,min (14)

where C is a calibration constant and σy,min is the minimum allowed flow stress that
prevents numerical difficulties, which was set to 0.01 MPa in this study. C was determined
so that σy = 2σy,min at ε̇

p
= 10−3 1/s, which gives C = 10 MPas.

3.2.4 Changing constitutive equations in time and in space

In the above, four different constitutive equations, valid in different temperature ranges,
are used to model the mechanical behavior of alloy 718. Thus, it is necessary to change
constitutive equations in time and space when the temperature field changes. That causes
no problems in a FE model [24]. The initial conditions required for each time step of a
FE model are the initial geometry, initial stress, initial strain, the boundary conditions of
the previous and current time steps and the constitutive equations in the interior of the
time step; there is no need to define the constitutive equation at times earlier than the
previous time step [24].

3.3 Additional material data

In addition to the macroscopic temperature and strain fields, the pressure model in part II
and the crack criterion in part I require the liquid viscosity and the gas-liquid interfacial
energy in order to be evaluated. The following data were used for these quantities.

3.3.1 Liquid viscosity

Saunders et al. [38] have computed the dynamic viscosity of alloy 718 with the software
package JMatPro for the entire solidification temperature rage. It can be expressed as a
second-order polynomial in temperature as:

µ = 7.69 × 10−8T 2 + 2.25 × 10−4T + 0.171 [Pas] (15)

valid in the range 1100 < T < 1360◦C. This viscosity was used in the present study.
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3.3.2 Gas-Liquid interface energy

To compute the crack initiation index (CII) in part I of this study, the factor γgl cos θ
must be known, where γgl is the gas-liquid interface energy and θ is the contact angle (see
part I). We assume that the solid phase is well wetted by the liquid phase, which makes
θ small. Thus cos θ can be approximated as 1.

Brooks et al. [26] have measured the surface tension of alloy 718 by the oscillating
drop method. They found that it varies linearly with temperature as:

γ = 1842 − 0.11 (T − 1725)
[
mNm−1

]
(16)

in the temperature range 1350 < T < 1600◦C. We assume that γgl can be approximated
by this surface tension, and assume that Eq. (16) is valid to be extrapolated down to the
solidus temperature.
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4 The FE-model of the Varestraint test

The Varestraint test was implemented in the software package MSC Marc as a thermo-
mechanical finite element model. The various parts of this FE model are described below.

4.1 Heat source

The weld heat input is modeled with a double ellipsoid heat source, which is represented
by the ellipsoid axes a, b, c1, and c2 [21], see Figure 6. No heat flux is applied outside the
volume of the double ellipsoid, which is spanned by these axes. The efficiency of the heat
source is adjusted by the η parameter. The ellipsoid axes a, b, c1, c2 and the η parameter,
together with the emissivity and film coefficient (see below), were obtained by inverse
modeling of an autogenous weld on a 3.2 mm thick plate of alloy 718. The plate had four
thermocouples at its upper surface, located at 0.9, 1.0, 1.1 and 2.3 mm from the fusion
line of the weld. The parameters were calibrated such that the computed temperature
history at the locations of the thermocouples, obtained from the FE model, agreed with
the temperature history obtained from the thermocouples. These parameters were also
calibrated so that the location of the computed fusion boundary in the cross-section of
the weld agreed with the one from experiments, which was obtained by cutting the test
sample and etched it. The calibrated values are: a = 3.0 mm, b = 1.2 mm, c1 = 1.5 mm,
c2 = 3.0 mm, η = 3.0.

xy z

𝑐1

𝑐2
𝑏

𝑎

Figure 6 Double ellipsoid heat source with Gaussian distributed heat.

4.2 Thermal boundary conditions

The heat flux on the free surfaces was modeled with the boundary condition

q = hconv (T − Tref ) + εσ
(
T 4 − T 4

RT

)
, (17)
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where hconv is the film coefficient, ε is the emissivity factor, σ is Stefan Boltzmann’s
constant, T and TRT are the surface and the room temperatures, respectively. hf and ε
were determined from the above inverse modeling, which gave hconv = 12 W/m2K and
ε = 0.3.

The Varestraint test has thermal contacts between the test specimen and the die block,
and between the test specimen and the support plates. The heat flux at these contacts
was obtained from

q = hcond (T2 − T1) , (18)

where T2 − T1 is the temperature difference across the contact and hcond is the heat
transfer coefficient. hcond is assumed to vary linearly with the contact pressure, pcont, (i.e.
the mechanical pressure at the contact point) as given by Karbasian et al. [39]:

hcond = C3

[
1200 +

(
4500 − 1200

50 × 106

)
pcont

]
W/m2K. (19)

where C3 is a calibration constant added by the authors. By adjusting this constant, the
location of the solidus isotherm can be adjusted, and hence the location of the computed
crack susceptible region. Its value was calibrated such that the locations of the cracks
found in the experimental Varestraint tests with 0.8% augmented strain agreed with the
location of the computed crack susceptible region for the test with the same augmented
strain. A value of 1.28 was used for C3, which is discussed in more detail in section 6.2
below.

4.3 Implementation of material models

The material models in section 3.2.3 were implemented into MSC Marc via the user
subroutine WKSLP.

4.4 Varestraint setup

The Varestraint test is symmetric along the weld centerline, therefore, only one half of
the test was needed to be modeled when a symmetric boundary condition is used, see
Figure 7a. Approximately 352000, eight-nodded, fully integrated elements were used. The
rollers that press on the support plate were modeled as rigid bodies. Local remeshing was
used to refine all elements in the mushy zone, see Figure 7b. The refined element size was
125 µm.

The bending of the test specimen was performed by a displacement boundary condition
that controlled the movements of the rollers. The full bend times were 1.5, 3.0, and 3.6 s
for the 0.4%, 0.8%, and 1.1% tests, respectively. All contacts had the segment-to-segment
option. During the first 25 s, a fixed time step of 0.2 s was used. For the remaining time, a
fixed time step of 0.05 s was used. The analysis was implicit. Relative convergence criteria,
both residual force and displacement, were used with a tolerance of 1%. For the thermal
field, a convergence tolerance of 0.1◦C was used. The updated Lagrange formulation with
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(a) (b)

Figure 7 (a) Mesh of one of the symmetric halves of the Varestraint test. (b) Local remeshing
in the vicinity of the weld pool.

large strains was used. The lumped capacity matrix option was used to avoid oscillations in
the temperature field, as well as the constant temperature option, which ensures uniform
thermal strains within an element. The ”Adjust to Input” power option in MSC Marc was
used to ensure a constant input of the weld heat flux. The Pardiso Direct Sparse matrix
solver was used with 16-cores multi-threading. The total wall time of the simulation was
about 12 h.
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5 Procedure for determining crack initiation length

We estimate the crack susceptibility for WSC by a crack initiation length, CIL, see part I.
This CIL corresponds to the length of a grain boundary, GB, where a crack initiation in-
dex, CII, has been larger than zero at the location of the terminal solidification. Note that
the terminal solidification occurs at the intersection of the GBLF and solidus isotherm. It
will therefore move with time because of the movement of the solidus isotherm. The CII is
defined as the difference between a fracture pressure and the GBLF pressure, normalized
by the atmospheric pressure. The fracture pressure is defined in part I as the pressure that
is required to balance the surface tension of a rotational symmetric pore with a 50 µm
radius. This pore size was considered as a pore that forms a severe defect. The fracture
pressure depends on the GBLF thickness and the gas concentration in the GBLF, which
is discussed in detail in part I. From the definitions of the CII and the fracture pressure,
it is realized that if the CII is less than zero, the GBLF pressure must be larger than the
fracture pressure, and therefore the GBLF pressure cannot stabilize a 50 µm pore, and
we assume that there is no risk of cracking, see part I for more information.

In order to compute the CIL, the GBLF pressure and the GBLF thickness must be
known. These quantities are determined as follows. A GBLF axis is defined as the same
axis as the axis of columnar grain that always growths perpendicular to the liquidus
isotherm with zero undercooling to solidification, see part II. This axis can be computed
from the temperature field of the FE model in chapter 4 by giving a point that the axis
should traverse and then integrate Eq.(3) in part II with a Python script. Figure 8a and
Figure 8b show computed GBLF axes at the weld surface of a Varestraint test with 1.1%
augmented strain. The axes are separated approximately 1 mm from each other at the
fusion line, and together they cover the whole crack susceptible region of the test. Figure 8a
also shows the computed CIL associated with each GBLF, which will be discussed in the
next chapter. The x and y coordinates in Figure 8b represent the distances from the weld
start and the weld centerline, respectively.

For the part of a GBLF axis that is located between the solidus and liquidus isotherms,
we consider a one-dimensional GBLF flow that always occurs in the direction of the GBLF
axis, see part II. This flow is induced by deformations of the GBLF and by solidification
shrinkage. We define the normal of the GBLF to be in the same direction as the largest
mechanical strain rate perpendicular to the GBLF axis, ε̇m⊥,max, see part II. By doing so,
the film normal will always be oriented such that the maximum deformation always occurs
perpendicular to it. ε̇m⊥,max is determined from the FE-model in chapter 4. It is computed
from the mechanical strain fields, evaluated in sample points on the GBLF axis. The
spacings between the sample points are approximately the same as the element size. The
sample points move with the mesh as material points, and they contain data that are
obtained by interpolating data from the nodes that belong to the same element that the
sample point is located in. The sample points are constructed by the previous Python
script that is used to trace out the GBLF axis. For every sample point, temperature,
strains, and displacement data are stored for every time step. These data are stored in a
text file that can be imported into Matlab for computing the GBLF pressure. Figure 8b
shows the sample points on the leftmost GBLF axis, which are shown as black crosses.
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(a)

(b)

Figure 8 Computed GBLF axes on the weld surface of the Varestraint test with 1.1% aug-
mented strain. The axes are separated by 1 mm at the fusion boundary. Only one half of the
symmetric weld is shown in (b).

In order to compute the GBLF pressure, the rate of change of the GBLF thickness,
2ḣ, must be known. In this work, we obtain this from

ḣ =

(
h+

l0
2

)
ε̇m⊥,max − v∗ (20)

where h is the half GBLF thickness and v∗ is the solidification velocity of the solid-liquid
interface of the GBLF, see part II. l0 is a length scale that represents the amount of
surrounding solid phase of the GBLF that can transmit normal tensile loads. This value
is temperature dependent and we assume that it is zero at Tl, the same length as the
primary dendrite arm spacing at Tc, and the same length as the diameter of a grain
cluster at Ts. In between these temperatures, l0 is assume to vary linearly. See part II for
a detailed discussion on l0. The diameter of a grain cluster is not know. For simplicity, it
was assumed to be divisible by the primary dendrite arm distance, λ1, such that l0 at Ts
can be written as

l0(Ts) = C2λ1 (21)

where C2 is a calibration constant, which is determined by inverse modeling as discussed
in the next chapter. Furthermore, λ1, is determined from the following simple relation

λ1 =
C1 (GL)1/4

(
−∂T

∂t

)1/4 (22)
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where GL is the magnitude of the temperature gradient and ∂T/∂t is the cooling rate,
both evaluated at the intersection of the GBLF axis and the liquidus isotherm. C1 is a
calibration constant that is determined by adjustments to measurements from a micro-
graph, which is discussed in the next chapter. The solidification velocity in Eq. (20) is
determined as:

v∗ =
λ1
2

dfs
dT

dT

dt
(23)

where ∂T/∂t is the cooling rate, which is determined from the temperature data of the
sample points on the GBLF axis. The fraction of solid is determined from the temperature
data and the Scheil curve in Figure 3, see part II for more details.

Once v∗, h, and the flow direction (which is given by the direction of GBLF axis) are
known a mass balance can be performed for a small volume element that extends across
the thickness of the GBLF. This mass balance leads to a first order time invariant ODE
where the mean liquid velocity across the film, v̄, is the dependent variable while the
coordinate, s, along the GBLF axis is the independent variable. v̄ can be substituted by
a pressure gradient as follows. For the part of the GBLF that goes through regions with
more than 0.1 fractions of liquid, we assume a strong interaction between the GBLF flow
and the secondary dendrite arms. This flow is considered to be a porous flow that can be
approximated by Darcy’s law. Darcy’s law states that v̄ is proportional to the pressure
gradient with a proportionality factor that depends on the permeability of the porous
medium, see part II. For the rest of the GBLF that goes through regions with less than
0.1 fractions of liquid, we assume that the flow interaction with the secondary dendrite
arms is not so strong. In this case, the flow is assumed to be better approximated by a
Poiseuille parallel plate flow, which gives that v̄ is proportional to the pressure gradient
with a proportionality factor that depends on the GBLF thickness.

By substituting the expressions for the pressure gradients instead of v̄ into the mass
balance equation, it transforms to a second order ODE where now the dependent variable
is the GBLF pressure. This ODE can further be transformed into a first order separable
ODE, which can be integrated numerically along the GBLF axis between the intersection
points that the axis makes with the solidus isotherm and the liquidus isotherm for a given
time. In order to do so, four different boundary conditions on the pressure are required.
At the liquidus intersection, we assume that the pressure is the same as the atmospheric
pressure. At the solidus intersection, we set a condition on the pressure gradient, which
accounts for the solidification shrinkage flow at the end of the film, see part II. At the
junction between the Darcy and Poiseuille flows, we enforce the pressure and v̄ (which
can be expressed as a pressure gradient) to be continuous, see part II. The integrand in
the numerical integration is evaluated with sample point data for the corresponding time.
Note that there is no flow interaction between different GBLFs.

Finally, when the GBLF pressure and the GBLF thickness are known, the CIL can
be computed as the total length of the GBLF axis where the CII has been larger than
zero, at the location of the terminal solidification, as was stated previously. The CII is
determined from the GBLF pressure and the fracture pressure, evaluated on the GBLF
axis, via Eq. (37) in part I. The fracture pressure, in turn, is determined from Figure 10 in
part I by the computed GBLF thickness (at the location of the evaluation on the GBLF
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axis) and by a given fixed gas concentration. Because there is no flow interactions between
different GBLFs, the CIL for a given GBLF can be determined without knowledge about
other GBLFs.

6 Results and discussion

The WSC model was calibrated and evaluated on the Varestraint tests in chapter 2,
implemented into the FE model in chapter 4. Because the bending strain in a Varestraint
test is largest at the surface, the weld surface was assumed to be the most crack susceptible
region of the test. Therefore, only the crack susceptibility at the weld surface was studied in
this work, and all GBLF axes were constructed at the weld surface. However, in agreement
with resent in situ experiment (see part I), we assume that the cracking occurs beneath
the surface. And, even though the GBLF pressure is computed from the macroscopic
temperature and mechanical strain fields at the surface of the weld (i.e. on the GBLF axes
located on the surface) we consider the resulting GBLF flow to occur at a small distance
under the surface, a distance large enough such that flow interactions with the surface
can be neglected, and the GBLF pressure can be computed with the model in part II.
Thus, e.g., the effect of the surface capillary on the flow is neglected. The crack susceptible
region was covered with GBLF axes, separated approximately 1 mm from each other at
the fusion line, in order to estimate the CIL over the whole crack susceptible region.

We assume that the hydrogen concentration in the weld pool is the same as what
can be expected in a casting, i.e, about 2 ppm (see part I). Moreover, at the location of
the terminal solidification, were cracking normally occur, we assume that this value has
increased to 3.4 ppm due to segregation. It was computed from an equilibrium partition
ratio of 0.589, see part I. This value of the gas concentration was used when the fracture
pressure is interpolated from Figure 10 in part I.

6.1 Calibration

Except for the parameters of the material model in chapter 3, the WSC model has three
calibration parameters: C1 (Eq. (22)), C2 (Eq. (21)), and C3 (Eq. (19)). These parameters
were determined simultaneously by inverse modeling of Varestraint tests as follows. The C2

parameter, which is associated with the grain cluster size, was calibrated to the Varestraint
test with 0.4% augmented strain. As discussed in section 2.3, an augmented strain of 0.4%
is assumed to be the threshold value for crack initiation. We represent the threshold value
for crack initiation with a low value of the maximum CIL; in this study it was set to 300
µm. The C2 parameter was calibrated such that the computed maximum CIL for the 0.4%
strain test is 300 µm, which resulted in C2 = 40. With λ1 = 20 µm, this value corresponds
to a grain cluster size of 0.8 mm (see Eq. (21)). Figure 9 shows the computed CIL for the
0.4% test.

The C1 parameter, which is associated with λ1, was also calibrated to the 0.4% strain
test. One of the experimental tests with 0.4% strain was cut transverse to the weld di-
rection, approximately 30 mm from the weld start. The cut surface was then polished
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Figure 9 Computed CIL on the weld surface for the Varestraint test with 0.4% augmented
strain.

and etched, and λ1 was measured with a scanning electron microscope at a location 1 mm
from the fusion boundary, and 0.1 mm below the weld surface. It was roughly measured to
20 µm. By inserting this value into Eq. (22), together with the values for GL and ∂T/∂t,
evaluated at the location of the measurement by the FE model, a C1 value of 1.00× 10−3

was obtained.
Figure 10 shows the computed λ1 values at the weld surface with C1 = 1.00× 10−3 for

the 0.4% test just before the bending starts. The largest values for λ1 are found at the
fusion line due to the low solidification velocity in that region. The minimum values are
found at a short distance from the fusion boundary, after which it increases monotonically
up to the location of the weld centerline. Observe that the computed λ1 values are lower
at the vicinity of the die block due to the higher cooling rates in this region because of
the heat extraction to the die block.

The last calibration parameter, C3, was calibrated as follows. By altering the value
of C3 the amount of heat transfer between the test specimen and the die block can be
adjusted. This will shift the location of the solidus isotherm and therefore also the location
of the crack susceptible region. The C3 parameter was calibrated so that the region of the
computed CIL for the Varestraint test with 0.8% augmented strain was centered with the
region where the surfaces cracks, found from four experimental tests with 0.8% strain,
are located. These two regions are approximately centred when C3 = 1.28. The computed
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Figure 10 Computed primary dendrite arm distance on the weld surface for the 0.4% strain
test. The x and y coordinates in the plot represent the distances from the weld start and the
weld centerline, respectively. The welding direction is from the left to the right.

CIL region, together with the surface cracks from four tests with 0.4% strain, are shown
in Figure 12.

A C3 value of 1.28 corresponds to a 28% larger heat transfer coefficient, hcond than
predicted by the model in Karbasian et al. [39] (i.e., Eq. (19) with C3 = 1). There are a
number of possible reasons for this. For example, the hcond model in [39] is an imperial
model for hot sheet forming and it is not known how well it works for alloy 718 at high
temperatures. Also, for the welds in the experimental tests, there was a small bulge on
the underside the weld. This small bulge could not be captured by the FE model. Thus,
due to the bulge, the contact pressure at the weld underside may have been larger in the
experiments than in the FE model. And therefore was more heat conducted between the
test specimen and the die block for the experiments than for the FE model. This can
explain why we had to increase hcond in the FE model by 28%.

6.2 Evaluation

6.2.1 Temperature and fraction of liquid distribution.

The temperature and the liquid fraction distributions at the weld surface for the Vare-
straint test with 0.4% augmented strain are shown in Figure 11a and Figure 11b, respec-
tively, at the moment when the bending just starts. Only one half of the symmetric weld
is shown in the plots. The x and y coordinates in the plots represent the distances from
the weld start and the weld centerline, respectively. The welding direction is from the
left to the right. For the time shown in the Figures, the weld electrode has traveled 40
mm and are located just above the apex of the die block (i.e. just above the location of
the contact between the test specimen and the die block). Only GBLFs with a solidus
temperature inside the FZ are considered, i.e., GBLFs that extend out into the PMZ are
not considered.

From Figure 11a, it can be seen that the length of a GBLF that are in the temperature
interval Ts < T < Tl is approximately 5 mm long. About 50% of this length is in a region
with less than 0.2 fractions of liquid, as can be seen in Figure 11b. Thus a considerable
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(a) (b)

Figure 11 (a) Temperature distribution and (b) liquid fraction distribution at the weld surface
for the Varestraint strain test with 0.4% augmented strain just before the bending starts.

part of a GBLF is in a vulnerable region where liquid flow may be difficult, which can
increase the crack susceptibility.

6.2.2 Crack initiation length

CILs for Varestraint tests with 0.8% and 1.1% augmented strains have been computed
by the WSC model. Figure 12 shows CILs for the 0.8% test together with experimental
crack locations from four test specimens with the same strain. The computed CIL for
the shown GBLF axes covers all cracks found in the experiments. Most of the cracks are
located 0.5–2 mm from the weld centerline. This is also the region that has the GBLFs
with the largest CILs. It is also interesting to note that the crack orientations roughly
agree with the GBLF axes. This is an indication that the grain growth has been roughly
perpendicular to the liquidus isotherm, which is the assumption that the grain growth
model in this work is based on.

CILs for the 1.1% strain test together with the experimental crack locations found in
two test specimens with the same strain are shown in Figure 13 (and Figure 8a). The CILs
for the shown GBLF axes almost covers all cracks found in the experiments. As for the
0.8% test, the majority of the cracks are located 0.5 to 2 mm from the weld centerline, and
this is also the region where the model predicts the largest CILs. The agreement between
the crack orientations and the GBLF axes is also fairly good for this test.

6.2.3 Estimated crack width

It is also interesting to compare experimental crack widths with the computed GBLF
thickness at the location of the terminal solidification, which will be the estimated thick-
ness of a pore when it is being frozen into the solid phase. Figure 14 shows the computed
and the measured crack widths for the 0.8% test. The computed crack widths are largest
0.5 to 2 mm from the weld centerline. The agreement between the computed and mea-
sured crack widths is fairly good. The computed and measured crack widths are also in
fairly good agreement for the 1.1% test. This is shown in Fig. 15. The agreement between
computed and measured crack widths is an indication that the strain localization model
in this study (see part II) works fairly well.
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Figure 12 Computed CIL on the weld surface in the Varestraint test with 0.8% augmented
strain. Cracks from four experimental Varestraint tests with 0.8% strain are also shown.

6.3 Parameter sensitivity analysis

To study the influence of different model parameters on the CIL, a one-factor-at-a-time
(OFAT) parameter sensitivity analysis was performed. Each parameter value in the study
were increased by 10% from a reference value, one at a time, while the rest of the param-
eters were fixed. The relative change in the CIL, CILrel,i, when the value of parameter i
is increased by 10% (the other parameters being fixed) is defined as:

CILrel,i =
CILp,i − CILref

CILref

× 100, (24)

where CILp,i and CILref are the CIL with 10% increase in parameter i and the CIL
with reference values for all parameters, respectively. The analysis was performed for
the GBLF axis with the highest CIL value, which is the axis that intersects the fusion
line approximately 31 mm from the weld start. Except for the calibration parameters C1

and C2, the sensitivity of γgl cos θ, the solidification shrinkage (β), the strain localization
length at the coherent temperature (l0,Tc), the liquid fraction at the transition point
between Poiseuille and Darcy flow (fl,trans), and the minimum half GBLF thickness (hmin)
were studied. To study the influence of the permeability and the viscosity on the CIL,
the equation for the permeability (Eq. (36) in part II) and the equation for viscosity
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Figure 13 Computed CIL on the weld surface in the Varestraint test with 1.1% augmented
strain. Cracks from two experimental Varestraint tests with 1.1% strain are also shown.

(Eq. (15)) were multiplied by the coefficients Kcoeff and µcoeff , respectively, and the
sensitivity in changes of these coefficients were studied. Table 4 shows the sensitivity
analysis for Varestraint tests with 0.4, 0.8, and 1.1% augmented strains. From the Table,

Table 4 OFAT parameter sensitivity.

CILrel [%]

Parameter Reference value 0.4% strain 0.8% strain 1.1% strain

C1 1.00 × 10−3 −62.47 −4.40 -3.38
C2 40.00 36.72 4.01 4.03

γgl cos θ 1.90 -48.43 −2.57 −2.28
β 3.10 × 10−2 0.29 0.06 0.06

Kcoeff 1.00 −54.55 −3.79 −2.95
µcoeff 1.00 28.64 2.93 3.05
l0,Tc 20.00 × 10−6 −1.53 −0.45 −0.33
fl,trans 0.10 −15.22 −1.26 −1.20
hmin 1.00 × 10−8 0.00 0.00 0.00

it can be seen that one of the most influential factors on the CIL is the permeability.
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Figure 14 Computed and experimental crack widths on the weld surface for the 0.8% test.

This can be seen on the effect of Kcoeff , and even more on the effect of C1. Note that
C1 is proportional to λ1, which in turn the permeability is proportional to in square, see
Eq. (36) in part II. The C2 and γgl cos θ parameters are also very influential on the CIL.
This reflects the importance of strain localization and surface tension. The sensitivity
analysis also shows that viscosity is an important factor. Considerably less important
is the solidification shrinkage factor, which only shows a weak influence on the CIL.
This is because the liquid flow is significantly more dominated by the mechanical strain
localization than the solidification shrinkage in the Varestraint test. Elements such as
sulfur, phosphor, and boron are known to increase hot crack sensitivity. One reason for
this is that these elements decrease the surface tension. A decrease in surface tension can
lead to a large change in the CIL, as the above sensitivity analysis shows.

6.4 Limitations

6.4.1 Validation

The WSC model has been evaluated on Varestraint tests of alloy 718 with 0.8% and 1.1%
augmented strains, and with constant welding speed and heat input. For these tests, the
WSC model can quantify the cracking behavior fairly well. However, the conditions in
a Varestraint test is quite different from the ones in a real weld, but we hope that the
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Figure 15 Computed and experimental crack widths on the weld surface for the 1.1% test.

WSC model can be calibrated with a Varestraint test and that it then can be used for
real weld situations where process parameters (e.g., welding speed and heat input), types
of welding joints, and sheet thickness may vary. If the WSC model can handle this is still
unknown, testing needs to be done in order to verify this.

The Varestraint test may not be the optimum weldability test for calibrating the crack
model on sheet metals. The conditions in a Varestraint test may be rather different from
the conditions in a real weld on a sheet metal. For example, the applied strain varies
throughout the coupon thickness. Also, hinging is difficult to completely avoid when test-
ing sheet metal with the Varestraint test. When welding sheet metals, the weld is normally
fully penetrating. For the Varestraint test, the weld cannot be penetrating because that
would destroy the die block. However, even though the weld is not penetrating, it can be
difficult to not have a bulge on the underside of the weld. The test specimen can then
ride on the bulge, which will alter the augmented strain and the heat transfer between
the test specimen and the die block. The heat transfer between the test specimen and the
die block is also difficult to model, and it requires a contact analysis, which makes the FE
analysis much more computational heavy.

A better weldability test for calibrating and testing the WSC model on sheet metals
is the Controlled Tensile Weldability (CTW) test, developed at BAM Fedral Institute for
Materials Research and Testing [3]. In this test the test specimen is again a plate, but is
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now loaded in pure tension. The load can be applied prior to or during the welding, at a
well controlled loading rate. The CTW test overcomes many of the problems associated
with the Varestraint test. The loading is uniform throughout the thickness of the test
plate, and fully penetrating welds can be used. The test is also more easy to model
because there are no thermal or mechanical contacts between the test specimen and the
support plates, and between the test specimen and the die block, as in the Varestraint
test. The deformation of the test plate can simply be applied by a controlled displacement
at one boundary of the plate.

A test similar to the CTW test is planned to be built so that the WSC model can
be further tested. It can then be tested at conditions that resemble the conditions in real
welds better than what is possible with the Varestraint test. With further testing, the
ability of the WSC model to handle variations in welding speed and heat input could also
be investigated.

6.4.2 One dimensional flow

One of the major assumptions in the WSC model is that the direction of the GBLF flow
always is in the growth direction and that there is no flow interaction between different
GBLFs. This makes the WSC model computational cheap compared to, e.g., granular
models. It just takes about one minute to compute the CIL for 10 GBLFs (not included
the wall time of the FE model for obtaining the temperature and strain data). The
approximation of 1D flow is assumed to be roughly valid when sheet metals of alloys with
large solidification temperature intervals, and with fully penetrating welds are welded.
In this case, long isolated GBLFs are assumed to exist due to the large solidification
interval. And due to the fully penetrated welds, deformation and temperature variations
in the thickness directions of the sheet metal are assumed to be small. Further, if we
assume a state of plane stress in the sheet metal, GBLFs whose normals are perpendicular
to the surface normal of the sheet will be mostly deformed. Because deformation and
temperature do not vary much in the thickness direction of the sheet, the liquid flow in
the thickness direction of these GBLFs are assumed to be small. Moreover, if we assume
that the cracking occurs at a location close to the terminal solidification, then it can be
assumed to occur in the part of the GBLF that is isolated from other GBLFs. Thus with
the above conditions, the assumption of 1D flow is assumed to be roughly valid. However,
if these conditions are not valid, this assumption becomes less valid, and more advanced
models like granular models are required.

6.4.3 HAZ liquation cracking

HAZ liquation cracking could be found in the Varestraint tests in this study. But the
WSC model cannot jet handle this type of cracking, and they were therefore ignored in
this work. However, right now the WSC model is being extended to also cope with HAZ
liquation cracking, and the result is planed to be published in the near future.
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7 Conclusions

A computational welding mechanics model (CWM model) for Varestraint tests of alloy
718 has been developed. It has been used to calibrate and evaluate the weld solidification
cracking model (WSC model) that was developed in parts I and II of this study. This WSC
model computes a crack initiation length (CIL), which represents the length of a grain
boundary where cracking may initiate, using data from the macroscopic temperature and
the mechanical strain fields of the CWM model. Special emphasis was put on the material
model of the CWM model in order to compute these fields in the high-temperature region
where the cracking occurs.

The developed WSC model could estimate several WSC features of the Varestraint
tests. For example, the location of the crack susceptible region, crack orientations, and
crack widths, predicted by the WSC model, all agreed fairly well with experimental tests.
A sensitivity analysis of the WSC model demonstrated that the permeability, the strain
localization, and the surface tension are the parameters that influence the CIL most in
the Varestraint tests, whereas solidification shrinkage had limited effect on the CIL.
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Joar Draxler, Paul Åkerström, Jonas Edberg, Joel Andersson and Lars-Erik Lindgren

Submitted for journal publication.

131



132



A Numerical Model for Simulating the
Effect of Strain Rate on Eutectic Band
Thickness
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Abstract Solute convection induced by mechanical strain can result in the formation of
grain boundary eutectic bands in some alloys. These bands can increase the susceptibility
to heat-affected zone liquation cracking in multipass welding and in welding of components
under as-cast condition. This is because eutectic bands can cause severe liquation in the
partially melted zone of the weld, which may result in crack formation. In this study, we
propose a segregation model for studying the formation of eutectic bands in alloys whose
eutectic formation can be approximated by a pseudo-binary phase diagram. This model
is used to study the influence of the tensile strain rate on the thickness of grain boundary
eutectic bands in Alloy 718 at different solidification speeds. It was found that when the
magnitude of the strain rate is 10 times as high as that of the solidification speed, the
predicted eutectic band thickness is 200 to 500% higher (depending on the solidification
speed) than the thickness corresponding to zero strain rate. Moreover, an increase in the
strain rate can lead to a decrease in grain boundary liquid film thickness at the coherent
temperature location. This leads to a decrease in permeability, which may increase crack
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the proposed model predicts conditions promoting the occurrence of heterogeneous pore
nucleation at relatively low pressure drops.
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1 Introduction

A pure metal has the same solidus and liquidus temperatures. By contrast, an alloy has
a solidus temperature that is always lower than the liquidus temperature. This results in
the formation of a partially melted zone (PMZ) when an alloy is being welded. The PMZ
is located in the heat-affected zone (HAZ), immediately adjacent to the fusion zone (FZ),
and contains a base material that has been only partially melted. This is in contrast to the
FZ, where all material has been fully melted. The PMZ is susceptible to HAZ liquation
cracking, which is a type of hot cracking. HAZ liquation cracking results in intergranular
cracks in grain boundary liquid films (GBLFs) in the PMZ [1–3]. Cracking is caused by
thermal tensile stress that ruptures GBLFs at the terminal stage of solidification.

The susceptibility to HAZ liquation cracking depends on several factors, including
PMZ width and GBLF thickness. For a polycrystalline alloy without any particles or eu-
tectic the outer boundary of the PMZ is traced out by an isotherm that is a few degrees
below the solidus temperature of the alloy. This temperature difference is because the
grain boundaries, which are high-energy sites, slightly lower the melting temperature [1].
However, if the alloy contains particles, melting can start to occur by a eutectic reaction
between a particle and the matrix at the eutectic temperature [3]. As the eutectic temper-
ature can be significantly lower than the melting temperature of the matrix, the presence
of particles can greatly extend the width of the PMZ. Radhakrishnan and Thompson
have extensively studied HAZ liquation cracking in Alloy 718 [4–6], both experimentally
and through numerical simulations. They developed a numerical model for simulating the
dissolution of a particle in the gamma matrix. This model is based on a diffusion couple
between the particle and the matrix, where the interface concentration is determined from
a pseudo-binary phase diagram.

The presence of eutectic bands is even more conductive to HAZ liquation cracking than
particle dissolution. These eutectic bands will melt rapidly when the temperature in the
PMZ reaches the eutectic temperature and thick GBLFs are formed, which will decrease
the strength of the PMZ. Even moderate macroscopic tensile strain can severely localize in
the GBLFs, which can lead to fracture of the liquid films. Eutectic bands can be formed by
tensile strain during solidification. This strain gives rise to solute convection, which results
in eutectic segregation bands at the terminal solidification. Multipass welding processes,
such as additive manufacturing and repair welding, may be particularly susceptible to
HAZ liquation cracking caused by eutectic bands. Large residual stress can build up
during these processes owing to the large number of welds. This stress may in turn lead
to tensile strain that can localize between large grain clusters in the mushy zone; the
resulting solute convection can then lead to the formation of eutectic bands, which will
eventually appear in the PMZ of a subsequent weld and increase the risk of HAZ liquation
cracking. Chen et al. [7] studied HAZ liquation cracking in laser additive manufacturing
of Alloy 718. They found that cracking is primarily attributed to the liquation of the
gamma/laves eutectic.

Eutectic bands can also be a problem in the welding of as-cast products, where no
solution heat treatment has been performed to remove the eutectic. Regarding multipass
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welding, eutectic bands will lead to severe liquation in the PMZ of the weld, thus increasing
the risk of HAZ liquation cracking.

In this study, we present a one-dimensional segregation model for studying the effect
of strain rate on the thickness of grain boundary eutectic bands in alloys that can be
represented by a pseudo-binary phase diagram and that form a eutectic at the terminal
solidification. The segregation model is relatively simple and is limited to solidification
conditions with planar fronts and thermodynamic equilibrium at the solid-liquid interface.
Moreover, the solute concentration is assumed to be uniform in the transverse direction
of the liquid film. However, despite these simplifications, the model incorporates several
important phenomena such as solute back diffusion into the solid phase, solute convection
induced by mechanical straining, solidification shrinkage, and diffusion along the liquid
film.

2 Segregation model

The segregation model that is used to estimate eutectic band thickness is presented in
this chapter.

2.1 Process limitations

The segregation model will be limited to conditions that were assumed by the authors in
earlier work on solidification cracking [8–10]. These include that the model will be limited
to fully penetrating TIG welds in thin sheet metals at low welding speeds, and that the
welded metal is assumed to be made of an alloy with a large temperature solidification
interval.

The low welding speed is necessary to achieve a fully columnar dendritic microstruc-
ture, with no equiaxed dendrites that can be formed at higher welding speeds owing to
the increase in constitutional supercooling [9]. The assumption of a fully penetrating weld
in a thin sheet metal of an alloy with a large solidification interval allows a long isolated
GBLF structure, where the liquid flow in a GBLF occurs in the longitudinal direction of
the film, that is, perpendicular to the normal of the sheet metal [10]. Under these condi-
tions, the liquid flow in a GBLF can be studied independently of other GBLFs by using
a 1D model; the reader is referred to [9] for more details.

2.2 GBLF lamella model

To model segregation, we will consider one of the previously mentioned isolated GBLFs.
This GBLF is assumed to extend from the liquidus to the terminal solidification temper-
ature isotherm. Moreover, as in [9], the GBLF is assumed to be bounded between two
large grain clusters with a large misorientation angle, as shown in Figure 1.

To simplify the modeling of the solidification of a complex GBLF, the opposing solid
phases of the GBLF are assumed to solidify as smooth lamellas rather than dendrites,
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Figure 1 GBLF between two grain clusters with a large misorientation angle. Only the den-
drites that belong to the two closest opposing grains are shown. Thermal tensile strain can
localize heavily in the GBLF, leading to severe segregation at the end of the GBLF. This in
turn results in the formation of a thick eutectic band. The amount of eutectic at the GB is
significantly larger than that of eutectics inside the grains, which are bounded as small islands.

which is shown in Figure 2. Let x be a coordinate along the GBLF, whereas y is a
coordinate in the transverse direction of the film. When no mechanical strain is present,
the GBLF is assumed to be symmetric about the y = λ1/2 plane, and the two opposing
solids are assumed to be symmetric about the y = 0 and y = λ1 planes, as shown in Figure
2, where λ1 is the primary dendrite arm distance. In the figure, the GBLF thickness of the
simplified configuration is denoted by 2h, and the solid-liquid interface position is denoted
by Γ . The solidification is assumed to occur with zero undercooling at liquidus (Tl), and to
terminate at the eutectic temperature (Te) with zero undercooling for eutectic formation.
In this study, we will restrict to planar liquidus and eutectic isotherms. Thus, the position
and speed of the liquidus isotherm are given by xTl and ẋTl , respectively, whereas the
position and speed of the eutectic isotherm are given by xTe and ẋTe , respectively, as
shown in Figure 2.

2.3 Strain localization

The large misorientation angle gives rise to an “unstructured” GBLF, that is, the GBLF
is thicker than a GBLF with a small misorientation angle. Moreover, even though the
opposing secondary primary dendrite arms of a GBLF with a high misorientation come
into contact, a significant amount of undercooling may be required to fuse them [9, 11, 12].
However, if the misorientation angle is small, the arms can fuse with no undercooling. As
thick liquid films do not withstand tensile loads as well as thin liquid films, and opposing
secondary dendrite arms resist merging, tensile strain will localize in GBLFs associated
with large misorientation angles. The degree of localization depends on the number of
grains with low misorientation angles that surround a GBLF with large misorientation
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,
,

Figure 2 Simplified lamella GBLF when no mechanical strain is present. The GBLF is assumed
to be symmetric about the y = λ1/2 plane, and the two opposing solids are assumed to be
symmetric about the y = 0 and y = λ1 planes.

angle. These grains form a grain cluster, and owing to the low misorientation angles
between them, their secondary dendrite arms can start to merge as soon as they come
into contact. Therefore, the grain cluster can start to transmit tensile loads as soon as
the temperature approaches the coherent temperature (Tc).

We assume that macroscopic tensile mechanical strain localizes in a GBLF between
two grain clusters, as was described in [9]. A temperature-dependent length scale l0 is
used to localize the macroscopic mechanical strain in the GBLF as follows. Given a point
in the GBLF, it is assumed that all macroscopic strain within a region of diameter 2h+ l0
and centered at the given point will localize in the GBLF. The deformation rate of the
GBLF can then be written as [9]

∂h

∂t
=

(
h+

l0
2

)
ε̇m⊥ −

∂Γ

∂t
, (1)

where ε̇m⊥ is the macroscopic strain rate normal to the GBLF. We note that ∂Γ/∂t is the
solidification speed in the transverse direction of the GBLF. Moreover, l0 represents the
amount of surrounding solid phase of the GBLF that can transmit normal tensile loads. Its
value is zero at Tl, which is the same as the primary dendrite arm spacing at Tc and as the
diameter of a characteristic grain cluster at Te. Between these temperatures, l0 is assumed
to vary linearly. The characteristic diameter of a grain cluster was determined to be 800
µm in a previous study by the authors [10]. This was achieved by inverse modeling of
Varestraint tests for autogenous TIG welding of Alloy 718 at a welding speed of 1 mm/s.
The primary dendrite arm distance in these tests was approximately 20 µm. Figure 3
shows l0, as defined above, with the values for Alloy 718.

The mechanical strain of the GBLF in Eq. (1) is added to the previously described
lamella model by assuming that the solid lamella that is symmetric about the y = 0 plane
in Figure 2 belongs to a grain cluster that is stationary in the xy frame, whereas the
lamella that is symmetric about the y = λ1 plane belongs to a grain cluster that moves
at a transverse speed, so that the rate of change of the GBLF thickness satisfies Eq. (1).
By adding the mechanical straining of the GBLF in this manner, the symmetry of the
GBLF about the y = Γ + h plane is destroyed, as shown in Figure 4. Accordingly, no
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Figure 3 l0 as a function of temperature for Alloy 718. At Tl, l0 is zero; at Tc, l0 = λ1; at Te,
l0 has the same value as the characteristic diameter of a grain cluster.

advective term accounting for the transverse grain cluster movement of the solid phase
should be added when the solute back diffusion from the liquid into the lower solid lamella
is computed. This allows a more numerically robust computation of the solute field in the
lower lamella.

We will consider the following conditions. The longitudinal length of a solid lamella is
in the order of millimeters, whereas its thickness is in the order of micrometers. Moreover,
the deformation of the GBLF is assumed not to be significantly larger than 10 µm. As
the longitudinal length of the GBLF is considerably larger than its thickness, we assume
that the solute concentration field in the GBLF remains symmetric about the y = Γ + h
plane, as is the case in the lamella model with no mechanical strain.

2.4 Solute balance

To compute the solidification speed and the GBLF thickness, a solute balance in a con-
trol volume that extends across the GBLF (Figure 4) should be derived. To this end,
several simplifications are made. We only consider alloys whose solidification path can
be approximately represented by a pseudo-binary phase diagram. Moreover, we assume
thermodynamic equilibrium at the solid–liquid interface. Thus, the solidification of the
alloy is determined by considering only one solute element, for which the concentration
at the interface is given by a pseudo-binary phase diagram. The solidification speed is
then determined by the rate at which the solid phase rejects this solute back into the
liquid phase at the solid–liquid interface (assuming a partition factor less than 1), and
by the speed at which the solute can be transported from the interface into the matrix
by diffusion. The solidification speed is also determined by the solute diffusion along the
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Figure 4 Lamella model with the addition of mechanical straining. The lower solid lamella
is stationary, whereas the upper solid lamella moves with its associated grain cluster so that
the GBLF is deformed at a rate satisfying Eq. (1). The box drawn in bold represents a control
volume that is used to derive a solute balance in the GBLF.

GBLF, the solute advection caused by mechanical straining, and solidification shrinkage.
Furthermore, we assume that the solute concentration is uniform across the GBLF. This
and the previous assumption of thermodynamic equilibrium at the solid–liquid interface
imply that the solute concentration Cl in the GBLF can be expressed as a function of the
temperature T by

Cl =
T − Tl
m

+ C0, (2)

where m is the liquidus slope and C0 is the nominal solute concentration. Moreover, by
the assumption of thermodynamic equilibrium at the interface, the solute concentration
C∗s at the interface in the solid phase can be determined from

C∗s = kCl, (3)

where k is the solute partition coefficient. Both m and k are obtained from the pseudo-
binary phase diagram for the alloy under consideration.

Furthermore, we assume that the latent heat that is generated at the solid–liquid
interface can diffuse away at a speed significantly larger than the transverse solidification
speed. Then, the temperature in the transverse direction can be considered to be uniform.
Moreover, we assume that the concentration field in the GBLF is symmetric about the
y = Γ + h plane, as discussed in the previous section. Further, the concentration field in
the lower solid lamella (see Figure 4) is assumed to be symmetric about the y = 0 plane.
The diffusion of the solute in the longitudinal direction of the solid phase is assumed to
be negligible. Thus, there is no solute flux along the end boundary x = xTe of the solid
phase, which is used as a boundary condition. Along the end boundary x = xTe of the
GBLF, there is an advective flux owing to solidification shrinkage, which is proportional
to the longitudinal solidification speed ẋTe , as will be discussed later.
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In accordance with the previous assumption of fully penetrating welds in thin sheet
metals that gives rise to long isolated GBLFs, we assume that the liquid flow and the
diffusion flux in the GBLF occur only along the x direction of the film. Only the average
speed across the film is considered in the solute advection. Thus, the liquid speed profile
across the film is not considered. With these assumptions, the domain of the solidification
problem can be reduced to the domain xTe ≤ x ≤ xTl , 0 ≤ y ≤ Γ + h. We note that this
domain moves in space as solidification progresses.

From the above assumptions, a solute balance across the GBLF can now be derived as
follows. We consider the control volume CV shown in Figure 4. By the previous symmetry
assumptions, it suffices to consider only the lower half of the CV, which is shown in
Figure 4. The CV does not move in the x-direction, but its upper and lower boundaries
move so that they coincide with the lines y = Γ + h and y = Γ , respectively.

Figure 5 Control volume containing one half of a cross-section slice of thickness ∆x of the
GBLF. The control volume is stationary in the x-direction but is bounded between y = Γ and
y = Γ + h. The arrows in the figure indicate solute mass fluxes across the boundaries of the
moving control volume.

Let the concentration C be the mass fraction of the solute. At the lower boundary
of the CV, the solute leaves the CV with mass flux ρs∂Γ/∂tC

∗
s owing to the motion of

the CV. Here, ρs is the density of the solid phase, which in this study is assumed to be
constant. Moreover, at this boundary, the solute leaves the CV with flux ρsDs∂C

∗
s/∂y

owing to the diffusion of the solute from the solid–liquid interface into the solid phase
(under the assumption that k < 1). Here, Ds is the diffusion coefficient of the solute
in the solid phase, which is assumed to be temperature dependent. Furthermore, owing
to the solute gradient in the GBLF, the solute will cross the vertical sides of the CV
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with diffusional mass flux ρlDl∂Cl/∂x, where ρl and Dl are the density and the diffusion
coefficient of the liquid phase, respectively. Both of them are assumed to be constant.
Owing to the solidification shrinkage and mechanical straining of the GBLF, the solute
will enter and leave the CV with mass flux ρlv̄Cl, where v̄ is the average liquid speed
across the GBLF.

Deriving a solute balance for the CV with respect to these fluxes and letting the
thickness ∆x of the CV tend to zero yields

ρl
∂(Clh)

∂t
+ ρl

∂

∂x
(Clv̄h)− ρlDl

∂

∂x

(
∂Cl
∂x

h

)
+ ρsC

∗
s

∂Γ

∂t
+ ρsDs

∂C∗s
∂y

= 0. (4)

We now further assume that solidification occurs along a constant temperature gradi-
ent with magnitude G. The ∂Cl/∂x term in Eq. (4) can then be written as

∂Cl
∂x

=
G

m
, (5)

which follows from Eq. (2).
To enhance the robustness of the numerical method that will be used to solve Eq. (4),

we use the following length and time scales:

Lx =
Tl − Te
G

, Ly =
λ1
2
, τ =

Tl − (Te +∆Ts)

vwG
, (6)

where vw is the welding speed and ∆Ts is a parameter that is associated with the initial
size of the domain for the solid phase, see Section 2.8. These scales are used to define the
following nondimensional variables:

x̃ =
x

Lx
, ỹ =

y

Ly
, t̃ =

t

τ
, Γ̃ =

Γ

Ly
, ˙̃x =

τ ẋ

Lx
, ˙̃y =

τ ẏ

Ly
, ˙̃Γ =

τ Γ̇

Ly
,

˜̄v =
τ v̄

Lx
, l̃0 =

l0
Ly
, C̃s =

Cs
C0

, C̃l =
Cl
C0

, D̃s =
τDs

L2
y

, D̃l =
τDl

L2
x

(7)

Substituting these variables into Eq. (4) and using Eqs. (1), (3), and (5) yields

∂(C̃lh̃)

∂t̃
− ρskC̃l

ρl

∂h̃

∂t̃
− GLxD̃l

C0m

∂h̃

∂x̃
+

∂

∂x̃

(
C̃l ˜̄vh̃

)

+
ρsτkε̇

m
⊥ C̃l

ρl
h̃+

ρsτkε̇
m
⊥ C̃l

ρl

l̃0
2

+ ρsDs
∂C∗s
∂ỹ

= 0.

(8)

We note that for a given temperature field, C̃l is known by Eqs. (7) and (2). Thus,
the only unknowns in Eq. (8) are h̃, ˜̄v, and ∂C∗s/∂ỹ. Furthermore, the only independent
variables in Eq. (8) are x̃ and t̃.

The average liquid speed v̄ can be related to h by deriving a mass balance on the above
CV by considering the mass fluxes induced by mechanical straining and solidification
shrinkage. This yields

∂(v̄h)

∂x
= − (1 + β)

∂Γ

∂t
− ∂h

∂t
, (9)
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where β is the solidification shrinkage factor, which is defined by

β =
ρs − ρl
ρl

. (10)

The derivation of Eq. (9) is described in more detail in [9].
By substituting Eq. (1) into Eq. (9), and then scaling Eq. (9) and integrating it, the

˜̄vh̃ term in Eq. (8) can be replaced by an expression in which the only dependent variable
is h̃. The integration of the solute balance is discussed in detail in Section 2.6. Thus, by
combining Eqs. (1) and (8), the dependent variables in Eq. (8) reduce to h̃ and ∂C∗s/∂ỹ
when the temperature field and the strain rate are known. The back diffusion term ∂C∗s/∂ỹ
will be treated in the next section.

2.5 Back diffusion

To determine the solute flux term ∂C∗s/∂ỹ in Eq. (8), we should determine the concentra-
tion field in the entire lower solid lamella in Figure 4. From the previous approximations
of negligible diffusion in the longitudinal direction, symmetry at the y = 0 plane, and
local equilibrium at the solid-liquid interface, the concentration field in the solid can be
computed from 




∂C̃s

∂t̃
− D̃s

∂2C̃s
∂ỹ2

= 0

C̃s(ỹ = Γ̃ ) = kC̃l

∂C̃s(x̃ = x̃Te)

∂x̃
= 0

∂C̃s(ỹ = 0)

∂ỹ
= 0

(11)

where Eq. (11) is expressed in terms of the dimensionless variables that are defined in
Eq. (7). We determine the Cs field from Eq. (7) by applying a finite difference method. As
the geometry of the solid domain in the (x̃, ỹ) space is complex and moving, it is difficult
to perform the finite difference procedure in the (x̃, ỹ) space. Therefore, the solid domain
is mapped to the unit square in the (ξ, η) space by the inverse of the mapping

{
x̃ = (x̃Tl − x̃Te)ξ + x̃Te , 0 ≤ ξ ≤ 1

ỹ = Γ̃ f(η), 0 ≤ η ≤ 1
(12)

where f is the stretching function

f(η) =
erf (η/α)

erf (1/α)
, (13)

which is used to distribute the grid points more densely at the solid–liquid interface, thus
better resolving large gradients in this region. The erf function in f is the error function,
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and α is a parameter that is used to control the degree of grid point clustering at the
interface.

In order that the mapping in (12) be bijective, we assume that the solidification tip
of the solid is flat, that is, Γ (x = xTl) = Γmin, where Γmin is a small value. In this study,
we used Γmin = Ly/1000. The inverse of the mapping in (12) is shown in Figure 6.

Figure 6 Mapping of the physical region in the x̃ỹ space to the unit square in the (ξ, η) space.

A structured grid can now easily be constructed in the unit square in the (ξ, η) space.
However, we should now transform the problem in Eq. (11) into the curvilinear system ξη.
The problem can be stated in the ξη system in either a conservative or a non-conservative
form. Here, we use the conservative form, which provides telescopic collapse of the flux
terms when the difference equations are summed over the field, that is, the summation
involves only the boundary fluxes. This favors the conservative form for the numerical
representation of the net flux through a volume element [13].

The conservative form of the two-dimensional gradient of a scalar f is given by [13]:





∂f

∂x̃
=

1

J

[
∂ (J22f)

∂ξ
− ∂ (J21f)

∂η

]

∂f

∂ỹ
=

1

J

[
−∂ (J12f)

∂ξ
+
∂ (J11f)

∂η

] (14)

where Jij are the components of the Jacobian matrix

[Jij] =

[
∂x̃i

∂ξi

]
, (15)

which is associated with the mapping in (12), and J is the determinant of the Jacobian
matrix. As the grid moves, the time derivative should also be transformed. The conserva-
tive form of the partial time derivative of a scalar function f on a two-dimensional domain
is given by [13]:

∂f

∂t̃
=

1

J

[
∂ (Jf)

∂t̃
−

2∑

i=1

∂ (JfU i)

∂ξi

]
, (16)

where U i is the contravariant grid velocity in the ξi-direction (ξ1 = ξ, ξ2 = η), which is
given by

U i = ai •
(
− ˙̃x
)
, (17)
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where ai, (i = 1, 2) are the contravariant base vectors of the (ξ, η) space, which are given
by 




a1 =
1

J
[J22êx̃ − J12êỹ]

a2 =
1

J
[−J21êx̃ + J11êỹ] ,

(18)

and ˙̃x is the grid velocity in the (x̃, ỹ) space. We note that the time derivative on the left
side of (16) is at a fixed point in the physical space, whereas the time derivative on the
right side of (16) is at a fixed point in the transformed space.

We can now transform Eq. (11) into the (ξ, η) space. The second-order partial deriva-
tive ∂/∂ỹ in (11) is obtained by applying Eq. (14)(b) twice, with C̃s instead of f . We note
that this expression is simplified by the fact that J12 ≡ 0, which can be seen by applying
Eq. (15) to Eq. (12). The transformation of the natural boundary conditions in Eq. (11)
is obtained by applying Eq. (14). Further, the grid velocity ˙̃x (12)) can be expressed as a
function of ξ, η as {

˙̃x = ( ˙̃xTl − ˙̃xTs)ξ + ˙̃xTs

˙̃y = ˙̃Γf(η)
(19)

Subsequently, inserting J12 ≡ 0 into Eq. (18), and then inserting Eq. (18) into Eq. (17)
yields 




U1 = −J22

J
˙̃x

U2 =
1

J

[
J21

J
˙̃x− J11

J
˙̃y

] (20)

Finally, by inserting Eq. (19) into Eq. (20), and then inserting Eq. (20) into Eq. (16), the
time derivative in Eq. (11) can be computed from Eq. (16) by replacing f with C̃s in (16).
Thus, the transformation of (20) can be written as





∂(JC̃s)

∂t̃
+
∂(q1C̃)

∂ξ
+
∂(q2C̃)

∂η
+

∂

∂η

[
q3
∂(q4C̃)

∂η

]
= 0

C̃s(η = 1) = kC̃l

C̃s(ξ = 1) = k

∂C̃s(x̃ = 0)

∂x̃
=

1

J



∂
(

J22C̃s

)

∂ξ
−
∂
(

J21C̃s

)

∂η


 = 0

∂C̃s(ỹ = 0)

∂ỹ
=

1

J



∂
(

J11C̃s

)

∂η


 = 0

(21)

where

q1 = −J22
˙̃x, q2 = −J21

˙̃x− J11
˙̃y, q3 = −J11

J
D̃s, q4 = J11. (22)
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This problem is solved by a finite difference method, where the space derivatives are
approximated by a second-order central difference scheme, and the time derivative by a
first-order backward difference scheme. The natural boundary condition along ξ = 0 is
implemented by a fifth-order forward difference for ∂/∂ ξ and a second-order central dif-
ference for ∂/∂ η. However, the natural boundary condition along η = 0 is implemented
by using the symmetry of the C̃s field, thus allowing the boundary condition to be imple-
mented by ghost nodes. The Jacobian matrix at the ghost nodes can be computed by an
extension of the mapping ỹ = Γ̃ f(η) in Eq. (12) to negative values of η.

The elements of the Jacobian matrix are computed by the same difference represen-
tation as in the C̃s field. Compared with an analytic computation (if possible), this can
improve accuracy [13]. Moreover, it is not recommended to compute the Jacobian J as
the determinant of the Jacobian matrix because this can lead to spurious source terms
[13]; rather, Thompson et al. [13] recommend updating J using the generic conservation
equation

∂J

∂t̃
−

2∑

i=1

∂ (JU i)

∂ξi
= 0. (23)

Once the concentration field has been determined at a given time, the ∂C∗s/∂ỹ term,
which is required for deriving the solute balance, can be computed from

∂C̃∗s
∂ỹ

=
1

J



∂
(

J11C̃s

)

∂η



∣∣∣∣∣∣
η=1

, (24)

where the derivative ∂/∂ η is calculated by a fifth-order backward difference.

2.6 Determining GBLF thickness

As noted previously, for a given temperature field and strain rate, the combination of the
solute balance in Eq. (8) and the mass balance in Eq. (9) yields a PDE with the two
dependent variables h̃ and ∂C∗s/∂ỹ, and two independent variables x̃ and t̃. We will now
solve this PDE for h̃.

We know from the previous section that ∂C∗s/∂ỹ depends on Γ and determines the
extension of the Cs domain in the y-direction. Γ in turn depends on h through Eq. (1).
Thus, it is difficult to express ∂C∗s/∂ỹ as a function of h̃. Therefore, h̃ will be determined
by a fixed-point iteration method, where the ∂C∗s/∂ỹ is determined from a h̃ that lags
one iteration. This method is described in the following.

First, we transform the domain x̃Te ≤ x̃ ≤ x̃Tl into the domain 0 ≤ ξ ≤ 1 using the
inverse of the mapping in Eq. (12)(a), that is,

x̃ = (x̃Tl − x̃Te)ξ + x̃Te , 0 ≤ ξ ≤ 1. (25)

With respect to this transformation, the spatial derivative of a scalar function f is

∂f

∂x̃
=

1

J

∂f

∂ξ
, (26)
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whereas the time derivative with respect to the transformation to the conservative form
is

∂f

∂t̃
=

1

J

[
∂(Jf)

∂t̃
− ∂( ˙̃xf)

∂ξ

]
, (27)

where ˙̃x is given by Eq. (19), and J is the Jacobian of the mapping in Eq. (25), given by

J =
∂x̃

∂ξ
(28)

However, as in the case of the Jacobian of the mapping in Eq. (12), it is recommended that
J be determined from a generic conservation equation rather than Eq. (28). Specifically,

∂J

∂t̃
− ∂ ˙̃x

∂ξ
= 0 (29)

for the mapping in Eq. (25).

We now transform the solute balance in Eq. (8) using the derivative operators in (26)
and (27). This yields

∂

∂t̃

(
JC̃lh̃

)
+ p1

∂(Jh̃)

∂t̃
− p1

∂( ˙̃xh̃)

∂ξ
− ∂

∂ξ

(
˙̃xC̃lh̃

)

+ p2
∂h̃

∂ξ
+ p3

∂

∂ξ

(
˜̄vC̃lh̃

)
+ p4h̃+ p5

l̃0
2

+ p5
∂C̃s
∂ỹ

= 0,

(30)

where

p1 = −ρskC̃l
ρl

, p2 = −LxGD̃l

mC0

, p3 = 1, p4 =
ρsτkε̇

m
⊥JC̃l
ρl

, p5 =
ρsJD̃s

ρl
. (31)

Moreover, we substitute Eq. (1) into Eq. (9), and then transform Eq. (9) as in the
previous transformation. This yields

∂(˜̄vh̃)

∂ξ
= −τJ(1 + β)ε̇m⊥

l̃0
2
− τJ(1 + β)ε̇m⊥ h̃− β

∂( ˙̃xh̃)

∂ξ
+ β

∂(Jh̃)

∂ξ
. (32)

The transformed domain 0 ≤ ξ ≤ 1 is now discretized using Ni equally spaced grid
points, and the time domain 0 ≤ t̃ ≤ t̃e is subdivided into Nk − 1 equal time steps ∆t̃,

where t̃e is the given end time. Subsequently, we define
r,k

ih̃ as the value of h̃ at the i-th grid
point, k-th time step, and r-th iteration of the fixed-point scheme. At time step (k − 1),
everything is assumed to be known in Eqs. (30) and (32). At the k-th time step and r-th
iteration, everything is assumed to be known from the given temperature field and the
given strain rate except h̃ and ∂C̃∗s/∂ỹ. We note that, for example, the variables C̃l, J ,
and ˙̃x can all be computed directly from the temperature field. We now approximate the
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time derivatives in Eqs. (30) and (32) by a first-order finite difference. Then, we integrate
Eq. (32) over the interval 0 ≤ ξ ≤ iξ at time step k. This yields

r,k
i(˜̄vh̃) = −β k

i
˙̃x
r,k

ih̃+

∫
iξ

0

(
−τ kJ(1 + β) kε̇m⊥ +

β kJ

∆t̃

)
r,k
h̃dξ

+

∫
iξ

0

(
−τ kJ(1 + β) kε̇m⊥

k
l̃0
2
− β k−1J

k−1
h̃

∆t̃

)
dξ,

(33)

where the boundary condition
k
1(˜̄v) = −β k

1
˙̃x (34)

has been used in the integration. This corresponds to the liquid flow at the end of the
GBLF owing to solidification shrinkage [9]. We now similarly integrate Eq. (30) and insert
Eq. (33). This yields

∫
iξ

0

kg1
r,k
h̃dξ + p3

k

iC̃l

∫
iξ

0

kg2
r,k
h̃dξ + k

ig3
r,k

ih̃− k
1g3

r,k

1h̃

=

∫
iξ

0

r,kg4dξ + p3
k

iC̃l

∫
iξ

0

kg5dξ,

(35)

where

k
ig1 =

k
iJ

k

iC̃l

∆t̃
+

k
ip1

k
iJ

∆t̃
− ρskGLx

k
iJ

k

i
˙̃x

ρlC0m
+ k

ip4

k
ig2 = −τ kiJ(1 + β) kiε̇

m
⊥ +

β k
iJ

∆t̃
k
ig3 = − k

i
˙̃x
k

iC̃l + p2 − k
ip1

k

i
˙̃x+ p3β

k

i
˙̃x
k

iC̃l

r,k
ig4 =

k−1
iJ

k−1
iC̃l

k−1
ih̃

∆t̃
+

k
ip1

k−1
iJ

k−1
ih̃

∆t̃
− k

ip4

k

il̃0
2
− k

ip5
r−1,k

i

∂C̃∗s
∂ỹ

k
ig5 = −τ kiJ(1 + β) kiε̇

m
⊥

k

il̃0
2

+
β k−1

iJ
k−1

ih̃

∆t̃
.

(36)

The only unknown in Eq. (35) is now
r,k
h̃. We note that the term r−1,k

i∂C̃
∗
s/∂ỹ in Eq. (35)

from Eq. (36) is known because it is obtained from
k−1

ih̃, which in turn has been determined
in the previous iteration.

To determine
r,k
h̃, we approximate the integrals in Eq. (35) with sums by applying

the trapezoidal rule. Moreover, by varying the integration limit iξ, we obtain Ni−1 linear

equations in
r,k

ih̃ from Eq. (35). By introducing the boundary condition

r,k

Ni
h̃ =

λ1/2− Γmin
Ly

, (37)

we can solve for
r,k

ih̃. This yields the fixed-point iteration scheme
[
r,k

ih̃
]

= A−1f
(
r−1,k

ih̃
)

; i = 1, 2, ..., (Ni − 1), (38)
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where A is an (Ni− 1)× (Ni− 1) matrix, and f is an (Ni− 1)× 1 vector. We note that f

depends on
r,k

ih̃ because it contains the terms r−1,k
i∂C̃

∗
s/∂ỹ, which in turn depend on the

r,k

ih̃ terms.
Eq. (38) is iterated until

‖
[
r,k

ih̃
k−1

ih̃

]
‖∞< 10−8, (39)

and the fixed-point iteration is initiated with the starting value

0,k

ih̃ =
k−1

ih̃+∆t̃

(
k−1

ih̃−
k−2

ih̃

∆t̃

)
. (40)

2.7 Determining Γ

Once
k

ih̃ is known,
k

iΓ̃ can be computed from Eq. (1) as follows. First, Eq. (1) is put
in nondimensional form using the variables in Eq. (7) and is then transformed using
the mapping in Eq. (25). Subsequently, the time derivative in the transformed form is
replaced by finite differences, and the equation is integrated as in the previous section.
The integrals are then replaced by sums using the trapezoidal rule, and by varying the

upper integration limit, Ni − 1 linear equations in
k

iΓ̃ are obtained. Finally,
k

iΓ̃ can be
determined from this system using the boundary condition

k

Ni
Γ̃ =

Γmin
Ly

. (41)

We note that if
k

iΓ̃ is known, the domain for
k
C̃s is known, and

k
C̃s can then be

computed by the method described in Section 2.5.

2.8 Solidification speed and initial conditions

In addition to the previous assumption of solidification along a constant temperature
gradient, we also assume that the liquidus and eutectic isotherms move at the welding
speed, that is, ẋTl = ẋTe = vw. However, at the beginning of the solidification, xTe is not
associated with the location of the eutectic isotherm. At t = 0, the temperature at xTe is
set to ∆Ts = 1 °C below Tl, and its location is set to xTe = 0. The value of xTl = 0 at
t = 0 can then be computed from ∆Ts and G. For t > 0, xTe is assumed to be stationary
until the temperature at x = 0 has decreased to Te, which will occur at t̃ = 1 owing to
the scaling in Eq. (7). Subsequently, xTe is assumed to move at the same velocity as that
of xTe . This is shown in Figure 7.

The initial value of Cs at t = 0 is assumed to be the same as that in equilibrium,
and h and Γ at t = 0 are approximated using the lever rule. The initial size of the solid
domain at G = 80000 K/m and vw = 1 mm/s is shown in the left plot in Figure 7. The
right plot shows the size and location of the solid domain at t̃ = 2 for the same values of
G and vw. It also shows a size comparison between the domain at t̃ = 0 and t̃ = 2.
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Figure 7 Scaled positions and velocities of the solidification front and end as functions of the
nondimensional time.

Figure 8 Left and the right figures show the domains for the Cs field at t̃ = 0 and t̃ = 2,
respectively. Here, G = 80000 K/m and vw = 1 mm/s. The right figure also shows a size
comparison between these two domains.

2.9 Application to Alloy 718

The proposed segregation model was tested on Alloy 718, which is a Ni-based superalloy
that is extensively used for high-temperature applications in aerospace engines, gas tur-
bines, and nuclear reactors. It maintains excellent corrosion and oxidation resistance up
to 980 °C as well as excellent resistance to creep and stress rupture up to 700 °C. The
composition limits for Alloy 718, given by the Special Metals Corporation [14], are shown
in Table 1.

The solidification microstructure of Alloy 718 is similar to that of a binary alloy eutectic
system. That is, solidification initiates with the crystallization of the primary proeutectic
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Table 1 Chemical composition limits for Alloy 718 (wt-%). From Special Metals [14].

Ni Fe Cr Nb Mo Ti Al Co C Mn Si P S B Cu

50.00 Bal. 17.00 4.75 2.80 0.65 0.20 - - - - - - - -
55.00 Bal. 21.00 5.50 3.30 1.15 0.80 1.00 0.08 0.35 0.35 0.015 0.015 0.006 0.30

γ and terminates with the formation of a γ/Laves eutectic constituent [15]. An amount
of γ/NbC eutectic is formed during solidification but is small compared with that of the
γ/Laves eutectic constituent [15].

The SEM micrographs in Figure 9 show γ/Laves eutectic in the fusion zone of a
Varestraint test of Alloy 718 with 1.1% augmented strain. This test was conducted by
the authors in a previous related study [10]. These micrographs of the surface of the test
specimen show a solidification crack along a grain boundary at different magnifications.
The darker phase corresponds to the γphase, whereas the lighter phase corresponds to the
Laves phase. Tensile strain, induced by the bending in the Varestraint test, is assumed
to be strongly localized in the GBLF, resulting in extensive segregation in the form of a
γ/Laves eutectic band along the grain boundary. The GBLF fractured before it was fully
solidified.

To study the solidification of Alloy 718 in the fusion zone of a weld, Knorovsky et al.
[15] have developed a pseudo-binary phase diagram using Nb as the primary alloying ele-
ment compositional variable, as seen in Figure 10. The important features of the diagram
are an austenite γ/Laves phase eutectic that occurs at ≈ 19.1 wt% Nb between austenite
containing ≈ 9.3 wt% Nb and a Laves phase containing ≈ 22.4 wt% Nb. Analytical elec-
tron microscopy (AEM) demonstrates that the largest absolute compositional differences
between the γmatrix and the Laves phase can be seen for Ni and Nb [15]. This was one
of the determining factors for using Nb as the independent variable in the pseudo-binary
phase diagram for Alloy 718 [15].

In a multicomponent system such as Alloy 718 a eutectic reaction need not be tem-
perature invariant. However, DTA performed by Knorovsky et al. has demonstrated that
the DTA peak for the γ/Laves reaction is quite narrow [15]. Thus, the approximation in
the pseudo-binary phase diagram that the γ/Laves reaction is temperature invariant is
assumed to be valid.

Knorovsky et al. [15] used the pseudo binary-phase diagram in Figure 10 and the
Scheil model to calculate the volume fraction of the γ/Laves eutectic. The results were in
good agreement with experimental AEM measurements on thin weld foils.

The pseudo-binary phase diagram for Alloy 718 developed by Knorovsky et al. [15]
was used in this study to test the macrosegregation model on Alloy 718, with a nominal
Nb concentration of C0 = 5.18 wt%. From the phase diagram, the required segregation
model parameters (Tl, Te, k, and m) can be determined. Their values are given in Table 2.
The values of Tc and β were taken from [10], whereas the values of ρs and Dl were taken
from [16]. ρl was calculated from ρs and β using Eq. (10). The temperature dependence



Numerical Simulation of Eutectic Band Thickness 19

Figure 9 SEM micrographs at different magnifications of a grain boundary in the fusion zone
of Alloy 718. The grain boundary fractured owing to tensile strain induced by a Varestraint test.
The γ/Laves eutectic band along the grain boundary is assumed to have been formed owing to
segregation caused by the straining. The lamellar structure of the γ/Laves eutectic band can
be seen in the higher-magnification micrographs. The dark regions are the γphase and the light
regions are the Laves phase.

of Ds was also taken from [16], where it is given by

Ds = D0s exp

( −Qs

R(T + 273)

)
(42)

We assume that when the temperature reaches Te, all remaining liquid solidifies into
γ/Laves eutectic. Moreover, we assume a G value of 80 × 103 K/m and a λ1 value of 20
µm, which are characteristic for TIG welding of Alloy 718 at a speed of 1 mm/s [10].
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Figure 10 Pseudo binary phase diagram of Alloy 718. The red line corresponds to a nominal
Nb concetration of 5.18 wt%. From [15].

Table 2 Model parameters

Tl = 1364 °C k = 0.49 [-] ρs = 7392 kgm−3 Qs = 2.8× 105 Jmol−1

Tc = 1278 °C m = −11925 K ρl = 7621 kgm−3 D0s = 56× 10−5 m2s−1

Ts = 1300 °C C0 = 5.18 wt% β = 0.031 [-] R = 8.314 JK−1mol−1

Te = 1198 °C Ce = 19.1 wt% Dl = 3× 10−9 m2s−1 λ1 = 20 µm
G = 80× 103 K/m

3 Results and discussion

Herein, under a closed system condition, the proposed model is first compared with equi-
librium and Scheil solidification for various solidification speeds in Section 3.2, and in
Section 3.3, it is compared with a 1D-model that resolves the solute field in the liquid
phase. In Section 3.4, the proposed model is used to study the eutectic band thickness in
Alloy 718. Finally, in Section 3.5, some interesting implications regarding GBLF perme-
ability and pore nucleation are discussed.

3.1 Mesh and time step convergence

A temporal discretization with ∆t̃ = 1/1000 and a space discretization with ∆ξ = 1/100,
∆η = 1/30 were used for the segregation model. For vw ≥ 0.1 mm/s and a strain rate up to
10 times the magnitude of vw, these discretizations can be assumed to ensure convergence
because if they become twice as fine, the relative change in Cs and Γ remains less than
0.1% at t̃ = 2.
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3.2 Comparison with equilibrium and Scheil solidification

To test the proposed segregation model, we consider the two limiting cases of complete
diffusion and no diffusion in the solid phase for a closed system (i.e., no solute transport
in the longitudinal direction). The former case corresponds to an equilibrium condition
that is attained at low solidification speeds. Then, for the closed system, the interface
position can be approximated from the solid fraction by the lever rule

fs =
C0 − Cl

(k − 1)Cl
, (43)

where fs is the solid mass fraction and k is the partition coefficient. The latter case cor-
responds to high solidification velocities, and for the closed system, the interface position
can be approximated from the solid fraction given by the Scheil equation (i.e., no back
diffusion)

fs = 1−
(
Cl
C0

) 1
k−1

. (44)

When no mechanical strain is present, the interface position for the lamella model can
be written as

Γ =
λ1
2
gs, (45)

where gs is the solid volume fraction.
If we neglect solidification shrinkage, that is, β = 0, then ρl = ρs, which yields gs = fs.

Thus, with β = 0, Γ in Eq. (45) can be estimated directly by the lever rule (43) or by the
Scheil equation (44).

The closed system condition can be attained in the segregation model by setting
ε̇m⊥ = β = Dl = 0 and ρl = ρs. Figure 11 shows the interface location calculated by the
segregation model under the closed system condition at t̃ = 1 for different solidification
velocities. G = 80 × 103 K/m was used for all solidification velocities. The figure also
shows the interface location predicted by the lever rule and the Scheil equation.

As can be seen from the figure, the interface locations predicted by the segregation
model for the various solidification velocities are all bounded by those predicted by the
lever rule and the Scheil equation. When vw = 10−4 mm/s, the Γ calculated by the
segregation model almost completely coincides with the Γ calculated by the lever rule,
and if vw ≥ 1 mm/s, the Γ calculated by the segregation model coincides with the Γ
calculated by the Scheil equation.

From this test, we can conclude that under the closed system condition, the location of
the solid–liquid interface predicted by the segregation model is bounded by those predicted
by the lever rule and the Scheil equation. It would be physically unreasonable if this was
not the case under the specified system conditions.

3.3 Comparison with 1D solidification model

We further test the segregation model on a closed system by comparing it with a 1D
solidification model. This model accounts for solute diffusion in the transverse direction
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Figure 11 Γ profiles at t̃ = 1 calculated by the segregation model under the closed system
condition for different solidification velocities and G = 80× 103 K/m. The Γ profiles predicted
by the lever rule and the Scheil equation are also plotted. The thin dashed red line shows the
temperature variation along the solid–liquid interface.

of the GBLF and therefore relaxes the approximation of uniform solute distribution across
the GBLF, which is used in the segregation model. Thus, for the closed system, we consider
the 1D model to be more accurate than the segregation model. In the 1D model, the
interface velocity is governed by the net solute transport by diffusion in the solid and
liquid phases through Eq. (46)(a), which is stated in Dantzig and Rappaz [17] as follows:




(1− k)C∗l
∂Γ

∂t
= Ds

∂C∗s
∂y
−Dl

∂C∗l
∂y

∂Cs
∂t
−Ds

∂2Cs
∂y2

= 0, 0 ≤ y ≤ Γ, Cs(y = Γ ) = kC∗l ,
∂Cs(y = 0)

∂y
= 0

∂Cl
∂t
−Dl

∂2Cl
∂y2

= 0, Γ ≤ y ≤ Ly, Cl(y = Γ ) = C∗l ,
∂Cl(y = Ly)

∂y
= 0

(46)

The solute gradient ∂C∗s/∂y at the interface of the solid phase is computed from
Eq. (46)(b), which is solved by mapping the domain 0 ≤ y ≤ Γ to the domain 0 ≤
η ≤ 1, where the solution is obtained by a finite difference method on a stationary grid.
Similarly, the solute gradient ∂C∗l /∂y at the interface in the liquid phase is computed
from Eq. (46)(c) by transforming the domain Γ ≤ y ≤ Ly to the domain 0 ≤ η ≤ 1,
where the solution is obtained by a finite difference method. The interface concentration
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C∗l is determined directly from the phase diagram by the equilibrium assumption at the
solid–liquid interface. Γ is obtained from Eq. (46)(a) by a fixed point iteration, where
both solute gradients are calculated from the Γ value obtained at the previous iteration,
as in the fixed point iteration that is used to determine h̃ (Eq. (38)).

The temperature in the 1D model at time t̃ is determined from

T = Tl − (Tl − Te)t̃. (47)

The temperature in the 1D model and the temperature at xTe in the segregation model
will both reach Te when t̃ = 1. For t̃ > 1, the Cs field obtained by the segregation model
under the closed system approximation, should reach a quasi-steady state condition. Thus,
the solute profile at xTe and t̃ = 1 should be the same as that at, for example, t̃ = 2. At
t̃ = 2, the mesh for the solid phase has undergone a substantial translation, which could
lead to numerical diffusion if, for instance, spurious source terms are present.

Figure 12 shows the Cs profiles at xTe for different solidification speeds, calculated by
the 1D and the segregation model. The Cs profiles were calculated at t̃ = 1 for the 1D
model, and at t̃ = 2 for the segregation model. With vw = 0.1 mm/s in Figure 12(a)
and with vw = 1 mm/s in Figure 12(b), the Cs profiles calculated by the two models are
nearly identical. The relative difference for the calculated Γ value at xTe between the two
models is 0.12% for vw = 0.1 mm/s and 0.64% for vw = 1 mm/s.

For vw = 10 mm/s, the Cs profiles calculated at xTe by the two different models start
to diverge, as shown in Figure 12(c), and the relative difference between the Γ values
calculated by the two models has now increased to 5.48%. Further, for vw = 100 mm/s,
there is a large difference in the calculated Cs profiles by the two models, as shown in
Figure 12(d). The relative difference between the Γ values calculated by the two models
is now more than 60%. At this high solidification speed, the solute distribution across
the GBLF is not uniform. This becomes apparent in Figure 13, which shows the solute
distribution in the solid and liquid phases calculated at t̃ = 0.3 by the 1D model for
vw = 100 mm/s. It can be seen that there is a step solute gradient in the liquid phase at
the interface. Thus, the approximation of uniform solute distribution in the GBLF that
is used in the segregation model is not valid at solidification speeds of this magnitude.

By integrating the Cs profiles in Figure 12 for the segregation model, we can estimate
the solute loss at xTe that is due to, for example, spurious source terms that may arise
by grid transport for the solid phase. For the segregation model under the closed system
approximation and with ρs = ρl, the integral

∫ Ly

0

Cdy =

∫ Γ

0

Csdy + (Ly − Γ )Ce (48)

should equal LyC0 if no solute is lost. The relative difference between LyC0 and the
integral, calculated from the Cs curves in Figure 12, is 0.044% for vw = 0.1 mm/s, 0.040%
for vw = 1 mm/s, 0.038% for vw = 10 mm/s, and 0.038% for vw = 100 mm/s. Thus, the
solute loss is small for the segregation model.
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(a) (b)

(c) (d)

Figure 12 Nb concentration in the solid phase at xTe , calculated by the 1D model at t̃ = 1
and by the segregation model under the closed system approximation at t̃ = 1 for different
solidification speeds: (a) vw = 0.1 mm/s, (b) vw = 1 mm/s, (c) vw = 10 mm/s, and (d) vw = 100
mm/s.

3.4 Effect of strain rate on eutectic band thickness

In this section, the closed system approximation is removed, and the effect of strain
rate on the thickness of the γ/laves eutectic band thickness in Alloy 718 is studied.
Figure 14 shows the calculated Nb concentration in the solid and liquid phases at t̃ = 2
for vw = 1 mm/s and ε̇m⊥ = 0.01 1/s. The domain shown in the figure is bounded by
xTe ≤ x ≤ xTl , 0 ≤ y ≤ Γ + h. It can be seen that h is approximately 2 µm at xTe . Thus,
the model predicts that a 4-µm-thick eutectic band solidifies at t̃ = 2.

Let now he be the value of h at xTe . Figure 15 shows he as a function of t̃ at xTe and
for different values of vw and ε̇m⊥ . We recall that the temperature at xTe reaches Te when
t̃ = 1. Thus, for t̃ ≥ 1, the he values in the plots represent half the thickness of the eutectic
band that is solidified.

Figures 15(a),(c), and (e) show he for vw = 0.1, 1, and 10 mm/s, respectively, and
for several different strain rates. G = 80 × 103 K/m is used for all cases. Furthermore,
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Figure 13 Nb concentration in the solid and liquid phase calculated by the 1D model at t̃ = 0.3
for vw = 100 mm/s.

Figures 15(b),(d), and (f) show the relative difference between he at a given strain rate
and the he that results from a strain rate that is zero for vw = 0.1, 1, and 10 mm/s,
respectively. From Figures 15(a),(c), and (e), it can be seen that he ≈ 0.4, 0.7, 0.8 µm for
vw = 0.1, 1, 10 mm/s, respectively, when ε̇m⊥ = 0 and t̃ > 1. Thus, he is approximately
twice as large when vw = 10 mm/s than when vw = 0.1 mm/s. This is because solute
diffusion along the GBLF and solute back diffusion from the liquid into the solid phase
have more time to occur at a lower solidification speed. Thus, there is less amount of Nb
to form γ/Laves eutectic at xTe when vw = 0.1 mm/s than when vw = 10 mm/s.

When ε̇m⊥ has the same magnitude as vw, he is approximately 50, 40, and 20% larger
than when ε̇m⊥ = 0 for vw = 0.1, 1, and 10 mm/s, respectively, at t̃ = 1, as shown in
Figures 15(b),(d), and (f). Thus, at low solidification speeds, he is more sensitive to the
relative strain rate than at higher solidification speeds.

When the magnitude of ε̇m⊥ is 10 times as large as that of vw, he is approximately 480,
270, and 200% larger than when ε̇m⊥ = 0 for vw = 0.1, 1, and 10 mm/s, respectively, at
t̃ = 1, as shown in Figures 15(b),(d), and (f). Figure 15(c) shows the case where ε̇m⊥ is
50 times as large as the magnitude of vw, in which there is an increase of approximately
1300% in he at t̃ = 1 compared with the zero-strain case.

As can be seen from Figures 15(a),(c), and (e), he always peaks at t̃ = 1, that is, at
xTe = 0. Subsequently, it decreases until t̃ reaches a value between 1.6 and 2 (depending
on ε̇m⊥ and vw), and then it finally attains a constant value. The decrease in h after
t̃ reaches 1 can be explained as follows. As the concentration gradient in the GBLF
is negative, the liquid velocity v̄ < 0 leads to a dilution that should be compensated
for by the transverse solidification rate. We recall that the concentration in the GBLF
is determined only by temperature under the equilibrium condition. An increase in the
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Figure 14 Nb concentration in the solid and liquid phase at t̃ = 2, and vw = 1 mm/s, ε̇m⊥ = 0.01
1/s.

transverse solidification rate will increase the solute concentration in the liquid because the
solid cannot dissolve as much solute as the liquid (when k < 1). Thus, the liquid velocity
v̄ induced by mechanical straining and solidification shrinkage increases the transverse
solidification speed. However, at xTe = 0 and for t̃ < 1, we have v̄ = 0, and therefore v̄ = 0
does not increase the transverse solidification speed; accordingly, he peaks at xTe = 0.

The segregation model is based on a GBLF that is bounded by two solid lamellas
separated by the primary dendrite arm distance when no mechanical strain is present,
as shown in Figure 2. However, for a high-angle grain boundary as that in Figure 1, the
separation of the lamellas bounding the GBLF should be larger than λ1 because the grain
boundary is more unstructured. To test the effect of the separation of the lamellas on
he, the distance was increased by 50%, that is, from 20 to 30 µm. The effect on he for
vw = 1 mm/s is shown in Figure 16. This figure should be compared with Figures 15(c)
and 15(d). As can be seen from Figures 16(a) and 15(c), increasing the lamella spacing
increases the thickness of the eutectic band, as expected.
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3.5 Some aspects of the effect of strain rate on crack susceptibility

Permeability increase

The temperature-dependent length scale l0 in Figure 3, which is used to partition macro-
scopic strain, gives rise to an interesting phenomenon: At high strain rates, the GBLF
thickness can become zero. This is shown in Figure 17(d). Figure 17 shows the half of the
GBLF thickness h in the interval xTe ≤ x ≤ xTl for vw = 1 mm/s and different values of t̃.
In Figure 17(a), h has been calculated using a zero strain rate. The figure shows that h is
monotonically decreasing when x tends to xTe for all t̃. Figure 17(b) shows h for different
values of t̃ when ε̇m⊥ = 10−3 1/s. Moreover, in this case, h is monotonically decreasing
when x tends to xTe for all t̃; however, it does not decrease as fast as in the previous
case. Figure 17(c) shows h when ε̇m⊥ = 0.5× 10−2 1/s. In this case, h is not monotonically
decreasing when x tends to xTe . In Figure 17(d), when ε̇m⊥ = 10−2 1/s, h can become
zero for a x > xTe even if it has a large value at x = xTe . This is because a large strain
rate gives rise to a high liquid velocity v̄, which results in a higher solidification speed.
Furthermore, as l0 is small at Tc, the mechanical strain does not significantly localize in
this temperature region. However, v̄ can be large at Tc, resulting in a considerably larger
solidification velocity than the deformation velocity caused by straining in this region.
This can result in zero GBLF thickness before the temperature has reached Te. At lower
temperatures, the GBLF can start to open up owing to the large increase in l0 that occurs
when the temperature drops below Tc. Here, as we consider a GBLF with a high grain
boundary misorientation angle, we assume that extensive undercooling is required for the
two opposing solid interfaces of the GBLF to fuse [11]; therefore, it is assumed that the
GBLF may open up later when the strain localization increases.

h cannot become arbitrary small because this would lead to a high liquid velocity,
which in turn would lead to a large heat transport. This would result in melting, which
increases h. The heat transport along the GBLF that is induced by liquid flow is not
incorporated into the segregation model. Thus, this model is not accurate for large values
of v̄, as is the case in Figure 17(d). However, in Figure 17(c), the maximum liquid velocity
is v̄ = −2 mm/s. This results in a thermal Peclet number of Pe = 0.26 for the heat
transport in the GBLF. Thus, in this case, the total heat transport is dominated by heat
conduction, and therefore the liquid flow is assumed not to cause extensive melting. Hence,
the h profiles in Figure 17(c) are assumed not to change radically if advection-induced
heat transport is added to the segregation model.

It is interesting that an increase in the strain rate can lead to a decrease in the GBLF
thickness (in a certain region). A decrease in the GBLF thickness results in a decrease in
the GBLF permeability, which in turn reduces the pressure in the GBLF. A low pressure
may increase the risk for pore nucleation and/or pore growth of preexisting pores, resulting
in cracking [8, 9].
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Initial pore growth mechanism

In the previous section, it was demonstrated that the solidification velocity in the coherent
temperature region of a GBLF can increase significantly when the GBLF is under tensile
mechanical straining. The segregation model predicted that an increase in solidification
velocity could lead to a closure of the GBLF before the eutectic temperature is reached.
Moreover, as was discussed in the previous section, a complete closure of the GBLF is not
likely to occur because that would lead to excessively high liquid velocities immediately
before the GBLF closes, and this in turn would lead to melting of the GBLF, so that it
cannot completely close. However, owing to the irregular dendritic solid–liquid interface,
it may be possible that some small regions (islands) of a GBLF close completely. If we
assume that the GBLF will open up at these islands again, a small number of these islands
may function as heterogeneous pore nucleation sites. This is described in the following.

We consider two impurity or oxide particles located at the opposing solid–liquid inter-
faces of a GBLF. Moreover, we assume that the GBLF closes at their locations owing to
the increased solidification speed caused by large mechanical straining. Furthermore, these
particles form by, for example, microsegregation immediately before the GBLF closes, and
they are assumed to be extensively wetted by the liquid phase. Thus, if a pore is located
on the particle, the contact angle θo between the particle–liquid and the gas–liquid inter-
face is large. This is in contrast to the case in which a pore is located on the solid phase
without any impurities, where the contact angle θ is small because most metals are well
wetted by their own melt [17].

We now assume that the two opposing particles come into contact without fusing.
Moreover, there is a conical grove (with a small cone angle) filled with liquid in one of
the particles. Furthermore, when the temperature decreases at the location of the two
particles, the strain localization increases. As the GBLF is now thin in the region of the
particles, liquid permeability is low. This leads to a large pressure drop in the liquid
when tensile strain is applied to the GBLF, resulting in a negative liquid pressure in the
conical groove. Even though liquids are metastable at a negative pressure [18], a liquid
can withstand high negative pressures because nucleation is normally difficult without
nucleation cites [19]. The conical grove in the particle may function as such a nucleation
site. Owing to the large contact angle and the small cone angle, the nucleation barrier is
significantly lower than heterogeneous nucleation on a flat particle. Here, nucleation may
also be assisted by dissolved gases in the liquid [20] and by vacancy supersaturation [21].

Figure 18(a) shows an idealized situation with two particles of the same size, rep-
resented by the dark color, that are located in a matrix, represented by the light grey
color, and are separated by a thin GBLF. The lower particle has a conical grove, where
nucleation has been initiated at the cone tip.

After nucleation, as the liquid extensively wets the particle, the void is assumed to
grow rapidly, so that it contains the entire cone. When the gas–liquid interface reaches the
base of the cone, it is assumed that it makes contact with the second particle, as shown
in Figure 18(b). This is assumed to be possible owing to the thin GBLF that separates
the two particles as well as the large contact angle and pressure drop, which pull the void
up the conical groove.
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Once the mechanical strain increases at the location of the two particles, they start
to separate. The void is now assumed to grow as a concave capillary bridge, as shown in
Figure 18(c). Again, the growth is rapid and is caused by the poor liquid wetting of the
particle. At this moment, the influence of the liquid pressure may not be strong owing to
the large contact angle that allows the void to grow “by itself.”

The concave capillary bridge is assumed to be trapped at the interface between the
particle and the matrix, as shown in Figure 18(d). Here, the bridge will grow in height
without any radial growth at its base for some time. Subsequently, two cases are assumed
to be possible, depending on the magnitude of the GBLF pressure drop.

In the first case, the pressure drop is not sufficiently large to release the bridge from
the particles. Then, the bridge will continue to grow in height as a concave bridge until
its waist collapses, as shown in Figure 18(e). This occurs when the ratio of the bridge’s
height and volume reaches a certain value [22]. We note that this ratio depends on the
particle sizes.

In the second case, we assume that the GBLF pressure drop is larger than that in the
first case. We note that when the bridge height increases, its gas–liquid interface area also
increases. Thus, if the GBLF pressure drop and the bridge surface area are sufficiently
large, then the bridge can be teared off from the particle–matrix interfaces and start
to grow as a convex bridge. The GBLF pressure drop that is required to remove the
bridge interface from the particle–matrix interfaces depends on the particle sizes, but it
is conceivable that it is significantly lower than the liquid pressure for heterogeneous pore
nucleation on a flat particle.

The authors have numerically studied the liquid pressure that is required to stabilize
an axisymmetric convex gas capillary bridge in a liquid film between two parallel plates
[8]. In that study, it was shown that -50 bar are required to stabilize a convex bridge
with a contact angle θ = 10° in a liquid film with a thickness of 1 µm, and with 10 ppm
of hydrogen, as indicated by the dark blue curve with cross markers in Figure 7 in [8].
However, when the liquid film is 4 µm thick, only -12 bar are required to stabilize the
pore, as shown by the red curve in Figure 7 in [8]. Thus, the GBLF thickness has a large
influence on the liquid pressure that is required to stabilize the pore. We note that in
the proposed pore growth mechanism, the pore initially grows as a concave pore, and
therefore the liquid pressure drop can be lower compared with that of a convex pore.

3.6 Model limitations

As the proposed segregation model is based on several assumptions, we briefly review
some of them.

The segregation model is only applicable to isolated GBLFs with one-dimensional
liquid flow. Further, the solid–liquid interface is assumed to be approximately smooth by
the lamella solidification model, when in reality, it is highly irregular by the dendritic
solidification model. This will affect back diffusion because an irregular interface has a
larger surface area compared with that of a smooth interface. The irregular interface also
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allows the formation of isolated eutectics between secondary dendrite arms, whereas the
smooth lamella model gives a continuous eutectic band along the grain boundary.

Another major approximation regards the deformation of the GBLF. This is undergone
according to a macroscopic strain rate that is localized to the GBLF with a partition length
as in Figure 3. Here, we have neglected the load transmittance of the solid phase, that is,
a deformation at one location will result in a deformation at another location.
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(a) (b)

(c) (d)

(e) (f)

Figure 15 he vs t̃ for different strain rates and for (a) vw = 0.1 mm/s, (c) vw = 1 mm/s, and
(e) vw = 10 mm/s. (b),(d), and (f) show the relative difference between he for a given strain
rate and the he given by the zero strain rate for vw = 0.1, 1, and 10 mm/s, respectively.
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(a) (b)

Figure 16 (a) he vs t̃ at vw = 1 mm/s for different strain rates and an undeformed lamella
spacing of 30 µm. (b) Relative difference between he for a given strain rate and the corresponding
value for zero strain rate.

(a) (b)

(c) (d)

Figure 17 h vs x for vw = 1 mm/s, and for (a) ε̇m⊥ = 0, (b) ε̇m⊥ = 10−3 1/s, (c) ε̇m⊥ = 0.5×10−3

1/s, and (d) ε̇m⊥ = 10−2 1/s.
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(a) (b)

(c) (d)

(e) (f)

Figure 18 Different growth stages for the proposed pore growth mechanism.
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4 Conclusions

A numerical segregation model for simulating the effect of strain rate on eutectic band
thickness was developed. The relation between eutectic band thickness, solidification ve-
locity, and mechanical strain rate was studied for Alloy 718. It was found that when the
magnitude of the strain rate is 10 times as large as that of the solidification velocity, the
predicted eutectic band thickness is increased by 200 to 500% compared with the corre-
sponding thickness under zero strain rate. It was also found that an increase in strain rate
can lead to a decrease in GBLF thickness in the coherent temperature region. This leads
to a decrease in permeability, which in turn may increase crack susceptibility. Finally,
it was found that the segregation model predicts conditions that allow heterogeneous
pore nucleation to occur at relatively low-pressure drops compared with those in ordinary
heterogeneous nucleation models.
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