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ABSTRACT 

Stability in a structural mechanics context has posed a continuous problem throughout history for 
mathematicians, engineers and architects. Flexural buckling is one of the main problems steel 
structures are faced with in order to ensure an economic design. Different equations have been derived 
to estimate critical loads that could lead to collapse of compressed members. The buckling resistance 
of compressed struts are calculated in Europe using the European buckling curves. The method of 
calculating the resistance implies the use of a reduction factor based on 5 different buckling curves. 
These buckling curves differ based on type of cross-section, fabrication method and steel grade. The 
method has been generally accepted since it proved to be reliable and versatile. The current design 
codes are assigning the same relevant buckling curve to the sections made of steels with yield stress 
of above 460 MPa. This conservative approach is one of the reasons that discourages the use of high-
strength steels in common structural applications, since the designer does not see a direct benefit from 
the additional steel strength. The first part of the paper briefly describes the origin of the European 
buckling curves. The second part presents two analytical models for calculating flexural buckling 
limit loads. Flexural buckling experiments performed on welded box and I-sections made of high-
strength steel, with the yield stress in the range of 690-960MPa. The third part analyses the existing 
buckling experiments and statistically evaluates the models proposed for estimating the resistance of 
high-strength steel struts subjected to pure compression. The final part addresses the potential future 
research in the context of developing adequate flexural buckling curves for high strength steel (HSS) 
members. 
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INTRODUCTION 

The European buckling curves are the result of the extensive work conducted by Technical 
Committee 8 of the European Commission of Constructional Steel (ECCS) to provide a standardized 
method of estimating the resistance of compressed struts. The design method was intended to 
harmonize design codes across Europe (1; 2). The current European buckling curves consist of 5 
different curves (a0, a, b, c, d) that represent the lower 95% confidence interval of the normal 
distribution of the resistance of centrically compressed struts. The curves were validated by means of 
experimental tests, numerical modelling and probabilistic assessment for European steel sections (3-
7). The initial proposed curves were a, b and c (3). According to Young (8), curve a0 was added later 
to reduce the safety margin for hot-rolled tubular sections. It was noticed that higher-strength steels 
are generally used in tubular profiles, thus leading to higher resistance (3). The a0 curve represented 
tubular sections without residual stresses. The introduction of heavy profiles in the UK drove the need 
for an additional curve since the residual stresses in the heavy sections proved to have a higher 
magnitude than in the other types of sections, thus leading to lower resistance. Curve d was then 
introduced for heavy wide flange profiles with wall thickness above 40 mm. Welded sections were 
assigned a lower buckling curve compared to the hot-rolled profiles. Furthermore, the use of high-
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strength steels for the welded sections did not lead to an increased buckling resistance. It was assumed 
that the residual stresses that form due to welding increase proportionally with the increase of steel 
strength. This assumption was proven wrong (3; 8) but the resistance difference for the steels 
available at the time would not lead to such an increase as to recommend the use of a different 
buckling curve. The current code does not make a difference between the methods of cutting the 
plates for the welded sections, although it was initially concluded that milled plates exhibited a lower 
resistance as opposed to flame cut plates (9; 10). This advantage fades for high-strength steels because 
the flame softens the material. High-strength steel columns with strengths above 690MPa have not 
been tested as extensively as the mild-steel columns. The application of such steel is more frequent 
in the automotive industry and for machinery and cranes. However, there are a growing number of 
applications in bridges, trusses and in columns of high-rise structures (11; 12). 
Welded high-strength steels have shown to exhibit lower residual stresses relative to the yield strength 
as compared to mild steels. This would potentially allow the high-strength steel members to be 
calculated using a favourable buckling curve. However, the choice of the curve remains unclear since 
the residual stress magnitudes are highly dependent on the welding practices. A probabilistic 
evaluation can be performed to determine the applicability of the current design codes when 
estimating the flexural buckling resistance of high-strength steel.  
The paper presents a statistical evaluation of the experimental results gathered from dedicated 
literature. Two additional models proposed by Jönsson and Stan (13) and Kövesdi and Somodi (14) 
respectively are discussed and compared herein.  

1 LITERATURE REVIEW 

1.1 Analytical models 
The European buckling curves are represented using a modified Ayrton-Perry formulation. A 
generalised imperfection eeq was introduced in the original form of the formula to account for residual 
stresses and manufacturing imperfections. An initial assumption of the imperfection is necessary in 
order to take into account the bending moment caused by the lateral deflection. Different magnitudes 
of the generalised imperfection are being used to represent the five buckling curves through the 
imperfection factor α as per Eq. (1).  

	 0.2  (1)

where  is an imperfection factor corresponding to the EN1993-1-1 (1) buckling curves, 
 is the non-dimensional slenderness, 
W is the relevant section modulus 
A is the area of the cross-section. 

Jönsson and Stan (JS) (13) proposed an equivalent imperfection in which an additional term is 
introduced as a function of the reference material (S235) used in the validation of the European 
buckling curves. The equivalent imperfection thus becomes as per Eq. (2). The advantage of using a 
generalised imperfection is that the designer does not need to make initial assumptions about the 
pattern or the amplitude of the residual stresses.  

0.2  (2)

where , 

fy is the yield stress. 

Kövesdi and Somodi (KS) (14) proposed an alternative approach to defining buckling curves, without 
the use of a generalized imperfection. Their proposal is based on the use of known patterns and 
magnitudes of residual stresses to replace the generalized imperfection. The failure criteria is 
considered when the stress in the most compressed fibre reaches the true yield strength. The true yield 
strength would be the yield strength affected by the residual stresses. Thus, the maximum stress max 
expressed as per Eq. (3) satisfies Eq. (4) at failure. 
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 (3)

∙  (4)
where N is the acting axial load, 
Mmax is the bending moment at the mid-span considering the deflection  ∙  
RS is the initial compressive residual stress in the extreme fibre, 

1
2
∙ 1 cos

0.3
0.9

 (5)

The empirical parameter red(λ) accounts for plastic and elastic buckling. Finally, the flexural buckling 
reduction factor can be calculated as per Eq. (6). 

0.5
4 ∙

 (6)

1  (7)

1 ∙
2 ∙ 	 ∙

 (8)

where Ldiv is the ratio of the buckling length and the initial bow imperfection ( 750), 
kshape is the cross-section shape parameter; the ratio of the height and radius of gyration, 
E is the elastic modulus. 

1.2 Flexural buckling tests 
A total of 49 flexural buckling tests performed on welded ‘I’ and box sections were gathered and 
analysed (15-20). The reported measured yield stress of the specimens investigated was above 690 
MPa. In Fig. 1(a) the reduction factors  of the 27 welded box specimens were represented as a 
function of slenderness . The EN1993-1-1 (1) ‘c’ curve was also represented to serve as a 
comparison against the experimental results. The ‘c’ curve is not entirely representative for the tests 
performed since the curve was plotted based on the material nominal values. The reduction factor of 
the test values was calculated according to Eq. (9). The flame-straightened specimens marked in Fig. 
1 were left out of the statistical evaluation since they were considered outliners. The flame-
straightening applied to the strut softened the steel, thus affecting the yield strength and the ultimate 
resistance. Additionally, the welded box flame straightened specimen had an initial out-of-
straightness imperfection of L/130, well above the limit imposed by the European manufacturing 
standards.  
The reduction factors of the 22 I-section specimens is represented in Fig. 1(b) as a function of 
slenderness. The flexural buckling of all the gathered tests occurred around the weak axis. 

             (a) (b) 

Fig. 1. Flexural buckling tests performed on welded box sections (a) and welded I-sections (b) 
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∙ . ,
 (9)

where Nu is the reported maximum load determined experimentally, 
Ameas is the area calculated with the measured geometrical properties, 
0.2,test is the experimentally determined tensile proof stress. 

2 STATISTICAL EVALUATION 

The ratio of the reported experimental values Nu and the resistance NRk, calculated according to the 
models described in section 1.1 are presented in Fig. 2a to Fig. 4a. The mean value, standard 
deviation, the coefficient of variation and the lower 5% fractile have been calculated for the three 
different cases and summarized in Table 1. The sampled data is represented in Fig. 2b to Fig. 4b 
along with the probability density function (PDF), assuming a Gaussian distribution around the mean 
sampled value. Additionally the kernel density estimate (KDE) was also represented using a kernel 
size determined by means of a Gaussian estimator. The purpose of the KDE was to analyse to what 
extent the distribution of the test data resembles the Gaussian distribution and identify potential 
outliners.  

 
a) b) 

Fig. 2. a) Ratio of experimental results and EN1993-1-1 calculated resistance as a function of the slenderness, with error 
bar plots denoting the 95% confidence interval; b) distribution plot of results with the KDE and the normal PDF 

Fig. 2 shows that the current design codes give a safe estimate when predicting the flexural buckling 
resistance of both the welded box and I-sections. However, the linear regression performed on the 
test data shows an over conservative trend for values of slenderness of above 0.6. 

 
a) b) 

Fig. 3. a) Ratio of experimental results and JS model calculated resistance as a function of the slenderness, with error 
bar plots denoting the 95% confidence interval; b) distribution plot of results with the KDE and the normal PDF 

The model proposed by (14) shows a significantly higher dispersion than both of the other models 
for welded box sections as seen in Table 1. The reduction applied to the yield stress due to the residual 
stress was calculated based on the values recommended by BSK07 (21). The residual stresses are not 
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dependent on the global slenderness although their effect is more pronounced in the medium 
slenderness range. The linear regression performed on the ratio of the test results and the model 
proposed by (14) shows a constant deviation from unity independent of the slenderness. The 
calculated values deviate most from the test results between values of slenderness of 0.8 to 1.2.  

 

a) b) 

Fig. 4. a) Ratio of experimental results and KS model calculated resistance as a function of the slenderness, with error 
bar plots denoting the 95% confidence interval; b) distribution plot of results with the KDE and the normal PDF 

Table 1. Statistical quantities of the two different proposed models and European design guidance 

Section type Model Mean Std. deviation COV 5% fractile 
Characteristic 

value 

Box 
25 specimens 

EN 1.340 0.172 0.128 1.109 1.056 

JS 1.216 0.181 0.149 1.001 0.918 

SK 1.325 0.335 0.253 0.983 0.776 

I-section 
22 specimens 

EN 1.284 0.156 0.121 1.078 1.028 

JS 1.098 0.097 0.088 1.002 0.939 

SK 1.116 0.098 0.088 0.983 0.954 

All 
47 specimens 

EN 1.303 0.173 0.133 1.061 1.019 

JS 1.161 0.160 0.137 1.001 0.899 

SK 1.227 0.274 0.224 0.983 0.777 

 
The statistical quantities presented in Table 1 indicate that the proposed models can give accurate 
estimates when predicting the flexural buckling resistance over the weak axis of welded I-sections. 
The model showing the smallest standard deviation for the welded I-sections was the one proposed 
by (13). Additionally, the 5% fractile of the test results was above unity thus showing a safe estimate. 

3 SUMMARY AND CONCLUSSIONS 

The EN1993-1-1 is currently providing the most conservative results. The motivation to use European 
buckling curves can be understood since it provides safe estimates for over 96.1% of the sampled 
population values, assuming that the data will be normally distributed around the mean. However, 
the KDE shows a slightly different trend of the distributions, which indicates that different 
distribution functions, other than the Gaussian distribution, could be used to fit the sampled data more 
accurately. 
The model proposed by (14) seems to be more accurate at higher values of slenderness. The model 
neutralizes the effect of the residual stresses after values of slenderness of 1.2, thus resembling the 
Euler buckling load and adding the initial bow imperfection. This approach shows good agreement 
with the test results. Additionally, the model from (14) has a constant mean deviation from unity over 
the entire slenderness range. The model can be difficult to use for lower slenderness ranges since it 
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requires manufacturing specific details, such as amplitude of residual stresses in the section parts 
where buckling should initiate.  
The model proposed by (13) has the advantage of simplicity, thus making it directly applicable to 
other types of sections and fabrication methods, since it is based on the same generalized imperfection 
as the European buckling curves. The model has also proven to be very accurate for flexural buckling 
of welded high-strength steel I-sections. The ratio between the test results and the model achieved a 
5% fractile almost identical to unity thus showing a safe estimate.  
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