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Abstract

Measuring particles is inherently a three-dimensional problem. In this thesis, measure-
ments of particle fields using digital holography are the main subject. The questions
investigated consider positioning, identification and sizing of particles. Both simulations
and experimental investigations are used to explore these topics. Two main digital holo-
graphic setups are considered in this work, one single-view and one dual-view, both with
off-axis configuration for the reference wave. Positioning along the optical axis is the
central question for the single-view system. This work presents a method for positioning
based on the wavefront curvature of the scattered light. In the reconstructed volume,
along the optical axis, the scattered wave changes from converging to diverging around
its location. This assumption is verified using simulations. An estimation of the axial
position where this change occurs, hence, is an estimation of the particle’s actual axial
position. Two different methods for quantification of the wavefront curvature is outlined.
The first one uses the finite difference method of the reconstructed phase. The second
uses a Chebyshev model for the phase response. The difference between the two meth-
ods is that the one based on the Chebyshev model is more robust and less sensitive to noise.

The dual-view system is an extension of the single-view setup where an identical system
is placed perpendicular with the first system. The sample is illuminated from below,
making the angle between the illumination and the two systems 90◦. The concept of
polarization-resolved registration is also incorporated in the detection. This is made
possible by using two reference waves with linear and mutually orthogonal polarization at
different off-axis tilts. One hologram can, therefore, be reconstructed into two complex
amplitudes, one for each polarization component. The measurements using this system
focus on how particle properties influence the polarization response. The transition
from single to dual-view polarization-resolved detection increases the complexity in the
reconstruction. There is a need for accurate calibrations for this type of setup. The thesis
contains details on calibrations of both the spatial mapping and polarization detection.

The dual-view polarization-resolved setup is used for identification and size estimation of
nanometer-sized particles. The T-matrix method is used to establish a model for the sizing
of spherical and spheroid particles. It is possible to estimate the size unambiguously up to
approximately 200 nm. The final application investigates how the detected polarization
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varies for different kinds of microplastics. In general, for both sizing and identification,
the problem becomes more complex as the size increases and the particle shape is less
smooth.
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α Illumination polarization direction
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nm Refractive index of surrounding medium
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S Scattering matrix
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Chapter 1

Thesis Introduction

1.1 Particles

Micrometer-sized particles are present in our everyday life more than we perhaps are
aware of. One example is biological cells that are typical of this size. Cell migration and
motility are characteristics that are of importance when studying cell samples. As an
example, the motility of human spermatozoa and three-dimensional swimming trajectories
have been recorded [1, 2]. The shape and morphological changes of living cells due to,
for example, disease or induced drugs, have also been investigated [3–6]. In industrial
applications, particle dynamics is of interest in systems where complex fluid-solid flows
occur. Flow-particle interactions need to be considered for the design and operation
of industrial processes, such as pneumatic transport, cyclone separators, fluidized beds,
dust collectors, pulverized-coal, and fuel droplet combustors, to mention a few [7–9].
The effects of the collision between particles and wall-particle collisions are fundamental
properties that influence the dynamical behavior of these processes [10,11]. Aerosols are
another type of particles that surrounds us. Atmospheric aerosols occur in both liquid
and solid forms. Water droplets in clouds, mists, and fogs are examples of liquid aerosols
where dynamical aspects of mixing, collisions, and clustering are of importance. [12, 13].
Solid aerosols include dust, smoke, pollen, and ice particles, to mention a few. These
particles are important in atmospheric studies since they influence transmission, reflection,
and scattering of sunlight. Particles are further of importance in fundamental scientific
problems [14], including measuring viscoelastic properties of soft media, measuring
dynamical properties of single polymers and addressing fundamental questions in statistical
physics [15–17]. Applications for chemical applications have also been reported [18,19].
In environmental science microorganisms can be regarded as a type of particle. Three-
dimensional measurements of mobility and morphological of microorganisms, bacteria,
and plankton are examples of interest [20–22]. Microplastics are another type of particle
that there is a need for identification and classification [23,24].
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2 Chapter 1. Thesis Introduction

1.2 Measurement techniques

There exist a variety of techniques for particle measurements. A brief overview is
provided here. The perhaps most straightforward approach is to observe particles under a
microscope. In traditional microscopy, the sample is put on a microscope slide and imaged
in a single plane with high magnification. Typically a high magnification microscope has a
magnification of at leastM = 40 and NA = 1.3. This gives a resolution λ/2NA ≈ 200nm
for green light. While the resolving power is impressive it comes with the cost of reduced
field of view, for a 7mm detector the corresponding field of view is 7mm/M = 175µm.
A microscopic setup is, however, not feasible for the applications in this thesis since the
goal is to image flowing particles that are not located in a single plane.

Flow cytometry measures the scattered light in the forward and side-direction [25]. It is
particularly popular for classifying and size estimation of cells. A laser beam illuminates
the measurement volume and when a particle passes the beam the intensity of the scattered
light in the forward and side direction is compared. For this method to be successful,
only a single particle can be present in the measurement volume at once. To address the
requirements, an unexpanded laser beam is used, and a microfluidic system feeds a single
particle at a time.

Dynamic light scattering (DLS) is an indirect size measurement method where the
Brownian motion is used to estimate the size of small particles indirectly [26]. A laser
illuminates the sample, and the light scattered from particles generate a speckle field.
The speckle field is recorded, either in a single point or by a 2D detector. The width
of the temporal autocorrelation of the signal is used to estimate the size distribution.
Depending on the context, the analysis may differ, but in general, a faster decorrelation
indicates smaller particles. The downside with DLS is that while it can estimate the size
of small particles, it only produces a bulk estimate, not individual estimates.

The size of a particle can also be estimated by measuring the extinction coefficient [27].
This method requires that the laser beam is unexpanded to ensure that only a single
particle is in the measurement volume. It is hence not possible to measure particles in a
volume.

Particle imaging velocimetry (PIV) and particle tracking velocimetry (PTV) are standard
methods in experimental fluid dynamics [28, 29]. Both methods consist of a laser light
source, optics to expand the light, and a camera with imaging optics. The difference
between the methods is if a Euler or lagrangian description is used. For PIV, a double
pulsed laser is used to capture two images with a small delay of δt. The first image is
divided into sub-images and correlated with the second image to find the displacement
for each sub-image. Typically, the laser is formed into a light sheet to minimize the effect
of movement towards the camera. In the original formulation, with only one camera,
only two-dimensional positions and velocity components are estimated. This limitation
can, however, be extended by using stereo- or tomographic PIV [30]. In PTV single
particles are tracked instead of evaluating the flow at fixed points in the measurement
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volume.

Holographic measurement techniques are beneficial since it records 3D information of the
measurement volume [31,32]. The hologram can be reconstructed to produce an estimate
of the measurement volume [33]. It is, therefore, not required for the sample to be in the
focus plane. This is advantageous since particle samples are inherently three-dimensional.
The cost of the advantages, in comparison with traditional microscopy, is that a coherent
light source is required. The setup is also most often, but not always, more complex.
Digital holography is chosen as the method for this theses project since it is the only
technique that naturally can provide three-dimensional polarization-resolved imaging.
Section 3 contains an overview of holographic particle measurement techniques.

1.3 Thesis Outline & Research Questions

An overview of the problem is sketched in Figure 1 that illustrates the three main
components of the research addressed in the thesis. When particles are illuminated by
a laser, they scatter light in all directions, and the first step is to model this scattering
depending on particle properties. The second part consists of the imaging system,
illustrated with a camera in the figure. How should this imaging system be realized? The
final part is to analyze the data captured by the imaging system and to see if it is possible
to relate it to particle properties.

Figure 1: Conceptual sketch of the problem formulation with particle scattering, image acquisi-
tion and analysis of the data.

The majority of the work has been dedicated to method development. How can particles
be measured using digital holography? Both single-view and dual-view recordings have
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been considered. Simulations and experimental work have been carried out to develop the
imaging systems. A few applications have also been investigated, including estimating
size information of nanoparticles and classifying microplastics.

Research Questions

In this theses, I address the following research questions:

1. Is it possible to use the phase response for axial localization of particles?

2. How can a polarization-resolved multi-view digital holographic be realized?

3. What particle properties are possible to estimate from polarization-resolved holo-
grams?

The rest of the thesis is structured in the following way. Chapter 2 presents the scattering
theory for both spherical and non-spherical particles. In chapter 3 an overview of
holographic measurement techniques and reconstruction techniques are provided. In
chapter 4 the details of the single view imaging system is presented. It also covers how the
scattering theory is implemented in the imaging. The single-view system is extended to a
dual-view system in chapter 5, where polarization-resolved detection also is introduced.
Chapter 6 contains the experimental work and the results. Finally, chapters 7 and 8
contain the discussion, conclusions, and suggestions for future work.



Chapter 2

Particle Scattering and
Modeling

For the fundamental scattering problem, consider the geometry in Figure 2. A general
particle, with arbitrary shape, is centred in a coordinate system with unit vectors [x̂p, ŷp, ẑp].
A monochromatic plane wave Ei with wavelength λ illuminates the particle in the direction
si. Typically the illumination direction is set to be along the z-axis so that si = ẑp. The
light field interacts with the particle and generates both an internal field and a scattered
field. For this thesis, only the scattered field is considered. The scattered field, Es, is an
outgoing wave propagating in all directions. Define an observation point x = [x, y, z] in
cartesian coordinates or r = [r, θ, φ] in spherical coordinates. The transformation between
the coordinate systems is r = x2 + y2 + z2, θ = tan−1(z/

√
(x2 + y2)), and φ = tan−1(x/y).

For the continuation of this chapter the spherical coordinates are used. Depending on the
geometry of the particle and wavelength of the light different methods for modeling the
scattered light are considered in the following sections.

xp̂

ŷp

ẑp

r

s
i

Figure 2: A general particle centered at the coordinate system.
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6 Chapter 2. Particle Scattering and Modeling

2.1 Spherical Particles

Spherical particles are a spacial case of a smooth particle where all semi-axis are of the
same length. There are two parameters that describe the particle, the radius a and the
refractive index np. Additionally the refractive index of the surrounding medium nm is a
parameter. The relative refractive index of the particle is defined as m = np/nm.

2.1.1 Lorenz-Mie scattering model

The Lorenz-Mie scattering theory is formed by an infinitive series expansion of the
illumination, internal, and scattered field using spherical multi-pole expansion. The only
approximation made is the truncation of the series after sufficiently high orders. Consider
the geometry shown in Figure 3. For the Lorenz-Mie model it is convenient to define
the scattering plane. The two directional vectors, si and ss, span the scattering plane,
where si = ẑp is the illumination direction and ss is the direction of observation. The
incident and scattered fields are then written in component form with respect to this
plane as Ei = [Ei‖, Ei⊥] and Es = [Es‖, Es⊥], respectively. The in-plane angle θ is the
angle between the incident and scattered directions. Following the notation of Bohren
and Huffman [27], the general scattering problem is written as follows:

[
Es‖
Es⊥

]
=

eikr

−ikr

[
S2 S3

S4 S1

] [
Ei‖
Ei⊥

]
, (1)

where r is the distance from the particle to the observer and k = 2π/λ is the wavenumber.
The scattering matrix S describes the mapping from the incident to the scattered field. For
spherical particles the off-diagonal components are zero, i.a S3 = S4 = 0. The amount of
light scattered increases with increasing particle size and increasing refractive index change
from the surrounding medium. The elements S1 and S2 are computed by expanding the
incident and scattered fields in terms of spherical wave functions. The boundary condition
at the particle surface is enforced and the expression for the scattering matrix becomes as
follows:

S1 (θ) =
∑

n

2n+ 1

n(n+ 1)
(anπn (θ) + bnτn (θ)) , (2)

S2 (θ) =
∑

n

2n+ 1

n(n+ 1)
(anτn (θ) + bnπn (θ)) , (3)

where an and bn are the coefficients in the spherical wave-function of the scattered field
and πn and τn are angularly dependent base functions. Omitting the derivation, the
coefficients an and bn is given as:
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s
s

s
i

xp̂

y ̂p

ẑp

θ

Figure 3: Definition of the scattering plane spanned by the directional vectors, si and ss, for the
illumination and scattered fields. θ is the in-plane angle between the illumination and
scattering directions and Ei‖ and Ei⊥ represents the components of the illuminating
field.

an =
mψn(mx)ψ′n(x)− ψn(x)ψ′n(mx)

mψn(mx)ξ′n(x)− ξn(x)ψ′n(mx)
, (4)

bn =
ψn(mx)ψ′n(x)−mψn(x)ψ′n(mx)

ψn(mx)ξ′n(x)−mξn(x)ψ′n(mx)
, (5)

where x = ak is a size parameter and the Riccati-Bessel functions ψn(x) = xjn(x) and
ξ(x) = xh

(1)
n (x) have been used. In these expressions jn is the Bessel function of the first

kind and order n and h(1) is the Hankel function of the first kind and order n, respectively.
The angular dependent functions are given as follows:

πn (θ) =
Pn

sin θ
, (6)

τn (θ) =
dPn
dθ

, (7)

where Pn are the Legendre polynomial of the first kind. The series expansion is truncated
after N terms and the exact solution is obtained if N =∞. The out-of-plane angle does
not change the behavior of the scattering matrix. It does, however, change the orientation
of the scattering plane and hence how the components parallel and perpendicular to it is
distributed. Examples of scattering patterns for different sizes are showed in the polar
plots in Figure.4. For the smallest particle the perpendicular component has an almost
uniform scattering pattern while the parallel component have a cosine dependency. As
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Figure 4: Examples of scattering patterns from spherical particles with size parameters (a)
x = 1, (b) x = 5 and (c) x = 10. The solid line shows Es⊥ and the dashed Es‖.

the size increases more light is scattered in the forward direction and the two components
are more similar.

Rayleigh Scattering

For smaller particles, the Rayleigh approximation is valid. It is required that the size is
small compared to the wavelength so that |m|x << 1. As an example for glass particles
in water with m = 1.5/1.33 the limit is that x << 0.87. If so, the expansion in Eq.(3)
can be truncated and a power series expansion of the Bessel and Hankel functions are
made resulting in the scattering matrix components as follows

S1 =
3

2
a1 (8)

S2 =
3

2
a1 cos θ (9)

where a1 = − i2x3

3
m2−1
m2+2

[27]. The Rayleigh scattering pattern is hence the same in all
directions of one component and has a cosine dependency for the other component. Part
(a) in Figure 4 shows a scattering pattern close to the Rayleigh domain. The forward
direction still has a bit higher value.

2.2 Non-Spherical Particles

There are infinitely many different versions of non-spherical particles. The particles can be
smooth or irregular with varying number of facet and edges. Various modeling methods
are applicable depending on particle shape and size. For particles with a refractive index
close to the surrounding medium’s, the first-order Born approximation is valid [34]. In this
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approximation, the internal field in the particle is set to be the same as the illumination
field. A rule of thumb is that

a(np − nm)k < π. (10)

This approximation is most often used for biomedical applications, for example, red blood
cells in a buffer where the difference in refractive index is very low.

Another method is the discrete dipole approximation (DDA), where the particle is replaced
by a large set of dipoles [35, 36]. The scattered field from the discretized problem is
thereafter solved. An advantage with DDA is that arbitrary shapes are allowed, not only
smooth ones. For accurate results, there should be at least ten dipoles per wavelength
in the particle. This makes the model suitable for small to moderate particle sizes or
alternatively, for measurements where the illumination have a longer wavelength. In this
work, the modeling is limited to smooth ellipsoid particles. For these types of particles,
the T-matrix method is suitable. This method is presented more in-depth in the following
subsection.

2.2.1 T-matrix method

The T-matrix method is a multi-pole expansion using vector spherical wave functions
originally proposed by Waterman [37]. A detailed description of the method is provided by
Mishchenko [38,39]. This section presents the major concepts of the method. Applications
have mainly been focused on remote sensing problems with aerosols and clouds [40]. Some
applications for particle characterization of a cluster of spheres and non-spherical particles
have also been reported [41,42]. A feature of the T-matrix method is that it reduces to
the Lorentz-Mie scattering problem for spherical particles.

Consider an smooth, homogeneous ellipsoid as depicted in Figure 5. The particle is
centered in the coordinate system with unit vectors [x̂p, ŷp, ẑp]. The size is specified by
the two semi-radii amajor and aminor. The orientation is specified by the two orientation
angles γ and ξ as shown in the figure. In the T-matrix method the illumination light is
expanded in terms of spherical vector wave functions. Following the notation in [43] the
incident and scattered vector field is expressed as:

Ei(r) =
Nmax∑

n=1

n∑

m=−n

[
anmM

(2)
nm(kr) + bnmN

(2)
nm(kr)

]
, (11)

Es(r) =
Nmax∑

n=1

n∑

m=−n

[
pnmMnm

(1)(kr) + qnmNnm
(1)(kr)

]
, (12)

where k is the wavenumber, r = [r, θ, φ] is the position in space in spherical coordinates,
andMnm andNnm are the vector spherical wave functions. anm and bnm are the coefficients
of the incident light, similar to an and bn in Eq.(3) for the Lorentz-Mie model. In the
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Figure 5: Rotation angles for a non-spherical particle in the particle centered coordinate system.

same way the scattered field is described by the coefficients pnm and qnm. The spherical
wave functions are given by

M(1,2)
nm (kr) = Nnh

(1,2)
n (kr)Cnm(θ, φ), (13)

N(1,2)
nm (kr) =

h
(1,2)
n (kr)

krNn

Pnm(θ, φ) +Nn

(
h

(1,2)
n−1 (kr)− nh

(1,2)
n (kr)

kr

)
Bnm(θ, φ) (14)

where Nn = 1/
√
n(n+ 1) is a normalizing constant, hn is the spherical Hankel function

and Bnm,Cnm,Pnm are the vector spherical harmonics given as

Bnm(θ, φ) = r∇Y m
n (θ, φ), (15)

Cnm(θ, φ) = ∇× (rY m
n (θ, φ)) , (16)

Pnm(θ, φ) = r̂Y m
n (θ, φ), (17)

where Y m
n is the scalar spherical harmonics [43–47]. The superscript (1) and (2) indicates

that the function is of the first or second kind. The illumination field Ei is inwards
propagating, therefore are functions of the second kind used for. The scattered, outgoing
field uses the functions of the first kind. Due to the double sum the total number of terms
are 2Nmax(Nmax + 2). To solve the scattering problem one needs to find a mapping from
the amn and bnm coefficients to the pnm and qnm coefficients given the particle properties.
This is done by the transition matrix (T-matrix). The mapping is described as:

[
pnm
qnm

]
= T(γ, ξ)

[
anm
bnm

]
, (18)

where a compact notation is used for anm, bnm, pnm, and qnm. T(γ, ξ) is the rotated
T-matrix corresponding to a particle with orientation (γ, ξ) as depicted in Figure 5. The
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(a) (b) (c)

Figure 6: Examples of T-matrices (a) corresponds to a 0.5µm (x = 5.9)sphere, (b) corresponds
to a 1µm (x = 11.8)sphere, and (c) corresponds to an ellipsoid with amajor = 1µm
and aminor = 0.5µm (xminor = 5.9, xminor = 11.8). (Contrast increased for better
visualisation)

T-matrix is calculated by enforcing the boundary conditions over the particle surface.
The details of deriving the T-matrix are not provided in this thesis, the reader is referred
to Reference [48]. For the numerical implementation the T-matrix is calculated using the
extended boundary condition method (EBCM) in the Optical Tweezer Toolbox [43]. For
numerically efficiency the axis-align T-matrix T(γ = 0, ξ = 0) is first calculated using
EBCM and thereafter rotated to the desired orientation. Given the axis-aligned T-matrix
T(γ = 0, ξ = 0) the rotated T-matrix T(γ, ξ) is calculated as

T(γ, ξ) = D′(γ, ξ)T(γ = 0, ξ = 0)D(γ, ξ), (19)

where D(γ, ξ) is the Wigner D-matrix [49]. Figure 6 shows examples of axis aligned
T-matrices for different types and sizes of particles for wavelength λ = 532nm. Panel
(a) shows a spherical particle with radius a = 0.5µm corresponding to a size parameter
of x = 5.9, panel (b) also shows a sphere, but with larger size a = 1µm corresponding
to a size parameter of x = 11.8, panel (c) shows a spheroid particle with amajor = 1µm
and aminor = 0.5µm corresponding to a size parameter of xminor = 5.9 and xmajor = 11.8.
The matrices are evaluated for Nmax = 18. The size of the T-matrix is (2Nmax(Nmax +
2), 2Nmax(Nmax + 2)) = (720, 720). The spherical particles only have non-zero elements
on the diagonal of the T-matrix while the ellipsoid also have off-diagonal elements. This
means that for a spherical particle the scattering coefficient pnm is anm scaled by a complex
constant. Likewise qnm is just a scaling of bnm. Hence, for spherical particles one index
can be dropped and only one series is expanded, as in the Lorenz-Mie model. For the
ellipsoid pnm and qnm is a linear combination of different orders of both anm and bnm. In
this visualisation the Nmax is kept constant for comparison, in reality it could be decreased
for the smallest particle. The required terms Nmax in the series expansion increases with
increasing size.

The scattering pattern for the ellipsoid particle is harder to visualize due to the different ori-
entation angles and also since non-spherical particles in general produce, cross-polarisation
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terms. The scattering pattern in the horizontal scattering plane is presented in Figure 7
for different sizes, orientations and polarization. Panels (a)-(f) shows the scattering field
for a particle with size parameter xminor = 1 and (g)-(l) shows a particle with xminor = 5
for the minor radius. The aspect ratio is set to amajor/aminor = 2. (a)-(c) and (g)-(i)
shows Es⊥ and (d)-(f) and (j)-(l) shows Es‖. For xminor = 1, overall the scattering
pattern is similar to the spherical particle with comparable size. There are, however, some
differences when the particle is rotated. When γ is changed, primarily the back-scattering
is reduced while the forward scattering is more or less of equal magnitude. ξ introduce a
skewing in the scattering pattern, especially for Es⊥.The larger particle with xminor = 5
has a scattering pattern dominated by the forward scattering lobe. The rotation only
have a marginal effect on the scattering in the forward lobe. For the larger particles the
forward lobe dominates and it is hard to visualize any other direction.

A key difference between spherical and non-spherical particles is that non-spherical
particles can produce cross-polarized scatter. If a spherical particle is illuminated with
only a Ei⊥ component, the scattered light will also only have a Es⊥ component. For an
ellipsoid particle there also can be a E‖ component. The same particles as in Figure 7 are
shown in Figure 8. Now only the Es⊥ component is showed and the illumination is in the
Ei‖ direction. Only for the orientation of γ = π/4 are the cross-polarization non-zero. In
general, the cross-polarization is zero when the orientation of the particle is aligned with
either of the x̂p, ŷp, ẑp vectors. As is the case when γ = 0 or γ = π/2.

This visualization, with polar plots of the scattered field in all directions, is not particularly
useful in this thesis since the detection is limited to a specific direction. Instead, the
simulations are used to generate the spatial frequency content for an imaging system in a
particular direction. How the scattering theory is implemented in combination with an
imaging system is described in chapter 4.



2.2. Non-Spherical Particles 13

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = 0

(a)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = /4

(b)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = /2

(c)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = 0

(d)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = /4

(e)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-7

2 10
-7

3 10
-7

x = 1,  = /2

(f)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

x = 5,  = 0

(g)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

x = 5,  = /4

(h)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

x = 5,  = /2

(i)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

x = 5,  = 0

(j)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

x = 5,  = /4

(k)

0

30

60

90

120

150

180

210

240

270

300

330

0

1 10
-5

2 10
-5

3 10
-5

4 10
-5

x = 5,  = /2

(l)

Figure 7: Scattering patterns from ellipsoid particle, (a)-(c) and (g)-(i) shows Es⊥ while (d)-(f)
and (j)-(l) shows Es‖. Blue is γ = 0, red is γ = π/4, and yellow is γ = π/2.
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Figure 8: Cross-polarization scattering patterns. The top row is for a particle with x = 1 and
the bottom row is for x = 5. Only the red curve for γ = π/4 is non-zero.



Chapter 3

Overview of Holographic
Measurement Techniques

The fundamental concept of digital holography is the interference pattern formed on the
detector. The pattern encodes information about the imaged object. This information can
be reconstructed in the post-processing. Figure 9 shows the concept for both the inline
and the off-axis configurations. In the works of this thesis, only the off-axis configuration
is used. However, since the in-line configuration is very popular for particle measurements,
a highlight of the similarities and differences are in place. Regardless of configuration,
the main principle is the interference between scattered light from particles Es and a
reference wave R. In scalar notation, the intensity on the detector is

I =
〈
|Es +R|2

〉
= 〈IE + IR + J + J∗〉 , (20)

where the individual components are given by

IE =
〈
|Es|2

〉
,

IR =
〈
|R|2

〉
,

J = 〈EsR∗〉 ,
J∗ = 〈E∗sR〉 .

(21)

The terms IE and IR are the intensities of the scattered and reference wave, respectively.
J is the interference term and J∗ is its conjugate. It is the interference terms and not the
intensities that are of interest in holographic recordings. How the interference terms are
handled depends on the configurations.

15
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Figure 9: Sketches of three different holographic setups. (a) Inline, (b) off-axis forward-
scattering, and (c) off-axis side-scattering.

3.1 In-line Configuration

In the in-line configuration, an expanded laser beam illuminates the particle sample. The
beam is usually either a spherical or plane wave. Parts of the beam interacts with the
particles and generates a scattered field Es. Both the scattered and the un-scattered parts
propagate to the detector, typically a CCD or CMOS array detector. On the detector,
the unscattered parts of the reference wave act as the reference wave. This configuration
requires that the particle field is sparse. The hologram can be detected with [50–52] or
without [8, 53–56] imaging optics depending on the desired field of view and resolving
power. The intensity of the scattered field is small compared to the reference waves
intensity. Therefore can the approximation IE = 0 be made in Eq.(20). The directly
transmitted reference wave can be compensated for by making a recording without the
sample present. Let B(x, y) =

〈
|R|2

〉
Following the method outlined in reference [57], a

normalized hologram H is obtained as follows:

H(x, y) =
I(x, y)

B(x, y)
− 1 ≈ Es(x, y)R∗(x, y) + E∗s (x, y)R(x, y)

|R(x, y)|2
. (22)

For the plane wave illumination, the reference wave can be approximated with a scalar that
for ease of writing can be set to R(x, y) ≈ 1 which makes the hologram proportional to the
sum of the two interference terms. What is left is the sum H(x, y) = Es(x, y) + E∗s (x, y).
This corresponds to the image located at a distance zp from the detector and the twin-image
located at a distance −zp from the detector. Using the angular spectrum method [58] the
field is refocused as.
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Ê(x′, y′,∆z) = F−1
2D {F2D [H(x, y)] exp [i2πfz∆z]} ,

= F−1
2D {F2D [Es(x, y)] exp [i2πfz∆z] + F2D [E∗s (x, y)] exp [i2πfz∆z]} ,

= F−1
2D {F2D [Es(x, y)] exp [i2πfz∆z] + F2D [Es(x, y)] exp [i2πfz(−∆z)]} ,

= E(x, y,∆z) + E(x, y,−∆z),

(23)

where F2D is the two-dimensional Fourier transform and fz are the spatial frequencies
in the z-direction. The resulting, refocused field, consists of the true, focused, image
E(x, y,∆z) and the defocused, twin image E(x, y,−∆z).

Some interesting applications with inline-holography include tracking and sizing of particles
within a coal flame [8,9,59]. In these publications, the authors used the lens-less approach
for particles in the size range 20 − 140µm. Another interesting application includes a
method for simultaneously determining the scattering pattern and projected shape of
single particles [60, 61]. The authors of those publications used inline holography for
imaging of aerosol particles and simultaneously recorded the far-field scattering pattern.
Also, this in a lens-less configuration.

3.2 Off-axis Configuration

The main working principle is the same for off-axis holography. An object wave interfering
with the reference wave. The recording can still be made in the forward scattering
direction, but other angles are also possible. Figure 9(b) and Figure 9(c) shows a forward
and side-scattering concept, respectively. The fundamental equation is the same, i.a
Eq.(20). The difference is that a separate reference wave is used. The reference wave has
an off-axis tilt compared to the optical axis of the imaging system, making it possible to
separate the interference content in the spatial frequency domain [33]. It is, therefore,
possible to isolate one of the interference terms at the detector. The complex amplitude
of the scattered field at the detector is therefore estimated as:

Ês(x, y, z = 0) =
JR̂

|R̂|2
, (24)

where R̂ is an estimation of the reference wave. How the reference wave is estimated is
presented in chapter 4. When the complex amplitude of the scattered field at the detector
is known, it can be propagated to the focus plane using the angular spectrum as:

Ê(x′, y′,∆z) = F−1
2D

{
F2D

[
Ês(x, y, z = 0)

]
exp [i2πfz∆z]

}
. (25)

Compared to the reconstruction of the inline hologram in Eq.(47) there is no twin-
image. The ability to reconstruct the full complex amplitude has made the off-axis



18 Chapter 3. Overview of Holographic Measurement Techniques

configuration popular for digital holographic microscopy (DHM). Where the ability to
provide quantitative phase results is desired [62]. Overall the off-axis configuration
provides a better reconstruction at the cost of a more complex setup and reduced spatial
bandwidth.

3.3 Alternative Post-Processing Methods

Alternatively to the traditional reconstruction process outline in the previous section,
the problem can also be formulated in different forms. These types of post-processing
techniques have made large improvements in the last years, due to the rapid increase in
computational capacity.

Inverse Problem

Instead of performing the numerical back-propagation, the reconstruction can be formu-
lated as an optimization problem [63]. This is especially useful for inline holography,
where a direct reconstruction has the twin-image problem. There are two primary types
of formulation, parametric or non-parametric. In the parametric approach, a model for
the particle is required and is therefore limited to well-defined shapes. The problem is
then to estimate the parameters in the model. If the object is too complex to be described
by a model, the non-parametric formulation of the method is required instead. Here
a pixelated version of the object space is estimated using optimization and regulariza-
tion [64]. The solution to the inverse is obtained using iterative optimization methods,
which are time-consuming. Performance can be increased using sparse and compressed
sensing formulations [65].

Machine learning approaches

A special case of inverse methods is the newly developed methods based on a deep-learning
framework. For these types of methods, a model is trained to map the observed hologram
to the desired result. It can either be particle properties [66–68], an image with all
particles in focus [69], or a reconstructed volume [70,71]. The fundamental concept is the
same, regardless. We want to estimate some data D from the hologram’s intensity I, and
the goal is to find a function f that maps:

D̂ = f(I), (26)

where the hat indicates the estimate of D. The function f is, for the general case, very
complex and nearly impossible to find an analytical solution to. Instead, the function
f is approximated using an artificial neural network. To get the mapping correct, the
neural network needs training using labeled data. Given the known data D and the
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estimated data D̂, a loss function can be defined as L(D, D̂). Depending on the type of
data, different loss functions can be used. For instance, for continuous data, the L2 norm
is most often used. Other loss functions include the L1 norm, softmax, and categorical
cross-entropy. The machine learning methods require a large amount of annotated data
and are computationally demanding in the training stage. However, in the measurement
stage, the methods are fast comparing with the inverse problem formulation, and real-time
performance can be obtained [66].

3.4 Measurement Choices

In this thesis, the off-axis configuration is used since the possibility of side-scattering and
multiplexing several reference waves is needed. This is required in order to make the de-
tection polarization-resolved. For the reconstruction, the back-propagation reconstruction
is chosen. The inverse problem formulation is not considered since the computational
time is too long for each hologram. A machine learning approach could be used for this
problem but have not been considered. The holographic systems used are presented in
larger detail in the following two chapters.





Chapter 4

Single View Particle
Holography

In this chapter, the fundamentals of the single view holographic system used are pre-
sented. First, the general imaging is described whereafter it is extended to include digital
holographic registration. This is the type of system that is later used in the experimental
setup. Some features and problems are outlined and how the scattering theory presented
in the last section is used in combination with an imaging system.

4.1 Telecentric Imaging

The holographic setup uses a bi-telecentric imaging configuration. The concept of a
telecentric imaging system is shown in Figure 10. Two lenses, L1 and L2, with focal
lengths f1 and f2 are separated a distance L = f1 + f2. There are three important planes
in the system, (1) the front focus plane in the object space, (2) the intermediate aperture
plane, and (3) the focus plane in the image space. The front focus plane is located a
distance f1 in-front of L1 and the aperture plane is located a distance f1 behind L1. The
back focus plane is located a distance f2 behind L2. A key feature in a telecentric imaging
system is that the front focal plane, the intermediate aperture plane, and the image
plane are all Fourier transform pairs. This is due to the Fourier transform property of
a lens [58, 72]. Denote the field at the front focus plane (1) with E1(x, y) with lateral
coordinates denoted as x, y. The transformation from the front focus-plane to the aperture
plane becomes

E2 (x, y) = Ẽ1 (fx, fy)
∣∣∣
fx= x

λf1
,fy= y

λf1

, (27)

21
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Figure 10: Concept of a general telecentric imaging system. Plane (1) is the front focus plane,
(2) is the intermediate aperture plane and (3) is the image plane. These planes are
Fourier transform pairs as denoted in the figure. Imaging is shown for the cases,
where the object is (a) in focus, (b) in-front of focus, (c) moderate behind focus,
and (d)far behind focus. Objects far behind the focus plane does not produce a
sharp image.

where Ẽ1 is the Fourier transform of the field in the front focus plane. A successive Fourier
transform gives the field at the image plane

E3 (x, y) = Ẽ2

(
x

λf2

,
y

λf2

)
= E1 (x′, y′)|

x′=−x f2
f1
,y′=−y f2

f1

, (28)

where Eq.(27) has been used for the final step. The field in the image plane is hence
only a magnified version of the field in the object plane apart from the low-pass filtering
provided by the aperture stop. The magnification, M , is determined by the focal lengths
of the two lenses as M = −f2/f1. The minus sign indicates that the image is flipped
upside-down and mirrored. In panel (a) in Figure 10, the object is placed in the front
focus plane. All rays emitted from the same point will form parallel rays after the first
lens and will converge to a single point in the back focus plane as shown. In panel (b),
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the object is located a distance ∆z towards the first lens. The rays after the first lens are
diverging and imaged to a single point in the image domain. In panel (c), the object is
placed a small distance of ∆z away from the first lens. The rays after the first lens are
converging but do not form an image before the second lens. The rays are refracted by
the second lens and form an image at ∆z′ from the focus plane. In panel (d), the object
is located further away. The rays will converge after the first lens and form a real image
just before the second lens. The second lens will, therefore, not generate a sharp image of
the object in the image domain. Instead, a virtual image appears in between the lenses
turning the lens system into a telescope. The maximum distance that form an image is
calculated by applying the thin lens equation a−1 + b−1 = f−1. The result is that

∆zmax = −f
2
1

f2

. (29)

The effective measurement volume that produces a sharp image is therefore in the range
∆z ∈

[
−f21
f2
, f1

]
. An additional observation can also be made. The chief-ray, the ray

parallel to the optical axis in the object domain, is parallel to the optical axis in the
image domain as well, regardless of the object’s axial position. This feature is important
for this thesis for two reasons. Firstly, this means that the magnification will be constant
with respect to axial position. Note that it only depends on the lenses and not on the
axial position. Secondly, it means that the detection of scattered light from a particle can
be assumed to be done in the scattering plane in Figure 3. This assumption is valid since
the chief-ray on the image side always will be located inside the scattering plane in the
object domain.

4.1.1 Aberrations

Ideally, the concept above would be sufficient, however ideal lenses do not exist in the
real world, and some errors are introduced in terms of aberrations. A short overview
of the five primary aberrations is provided below. For the full derivation, the reader is
referred to reference [34]. Figure 11 shows a general field in the exit pupil of an imaging
system. The dashed line indicates the ideal, aberration-free, phase front, and the solid
line indicates the real phase front. The difference between the ideal and the real phase
front is quantified by the phase term ϕ. Omitting the derivation the phase difference is
given as

ϕ = Bρ4 − Cρ′2ρ2 cos2 θ −Dρ′2ρ2 + Eρ′3ρ cos θ + Fρ′ρ3 cos θ, (30)

where ρ′ =
√

= x′2 + y′2 and ρ =
√
η2 + ξ2 is the distances from the optical axis in the

image plane and exit pupil, respectively. The angle θ = tan−1(ξ/η) is the angle from
the η axis in the positive direction. The coordinates in the exit pupil η, ξ are related to
the spatial frequencies for the telecentric system as fx = η/(λf2) and fy = ξ/(λf2). The
amount of deviation for each term is determined by the coefficients B,C,D,E, F . Each
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Figure 11: Illustration if the concepts in the exit pupil. The dashed curve marks the ideal,
aberration-free, wavefront. The solid line marks the real wavefront and has an
added phase term of ϕ.

term corresponds to a certain type of aberration, described below. For digital holography
it is possible to compensate for the aberration in the exit pupil by subtracting ϕ if the
parameters are known. In this thesis, however, a simpler compensation is used, described
in chapter 5.

Spherical aberration

The first term, B, in Eq.(30) corresponds to the spherical aberrations. This term is
independent of the location in the image plane, which means that all points in the image
are affected equally. Figure 12(a) shows the effect of spherical aberrations. Rays emitted
from a single point have a focus on different axial positions depending on the position
in the exit pupil, where a larger phase term ϕ is added for points further away from the
center in the exit pupil. The effect in the image plane is a more blurry image.

Coma

The second term, C, is associated with coma aberration. The term depends on the
distance from the optical axis, both in the image and in the exit pupil. Further on, it
also depends on the angle θ in the exit pupil. For a point on the optical axis, there is
zero coma since ρ′ = 0. The effect of coma is that the light from an off-axis point has
several focus points at different lateral positions. This is shown in Figure 12(b). This
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is an extremely disturbing feature that an optimal lens system should be designed to
avoid.

Field Curvature

The D term term introduces a phase difference proportional to the distance from the
optical axis, both in the image and in the exit pupil. This means that rays at the same
position in the exit pupil will have a different phase added depending on the position
in the image. This difference will make the focus plane curved, as depicted in Figure
12(d).

Astigmatism

The parameter E describes astigmatism. Rays in different planes in the exit pupil may
have a different focus. Figure 12(c) shows this effect where rays along the η direction
focus to one spot and rays in the ξ direction focus to another. If the detector is placed in
the focus spot of the rays in the η direction, the recorded image is sharp in the x direction
while blurred in the y direction.

Distortion

The final aberration, F , is distortion, where the spacing between points is altered in the
image. The imaging system maps the equally spaced points in Figure 12(e) to an unevenly
spaced grid in the image. The points can either be spaced closer or further away from
each other, the so caller barrel and pincushion effects.
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(a)

(b)

(c)

(d)

(e)

Figure 12: Illustration of the primary aberrations: (a) spherical, (b) coma, (c) astigmatism,
(d) field curvature, and (e) distortion.
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4.2 Particle Image formation

The scattering theory presented in Chapter 2 do not generate a image in the object
domain. Instead the theory generates scattered light in a direction r. These directions
corresponds to the spatial frequency content in the image domain. Around the 90◦ angle
the spatial frequencies are related to the scattering angles as fx = λ/ cos(θ), fy = λ/ sin(φ).
The value of r is set to 2f1 to get the scaling of the field correct. The spatial frequency
content of the field in the image domain is therefore generated from the scattering theory
as

E(fx, fy) = Es(r = 2f1, θ = cos−1(λ/fx), φ = sin−1(λ/fy)), (31)

were the field Es is generated from the scattering theory. The field in the image domain is
the inverse Fourier transform of E(fx, fy). However since the field in the image domain is
transformed to the aperture plane by a Fourier transform the field E(fx, fy) can directly
be interpreted as the field in the aperture plane. The image is obtained by performing an
additional Fourier transform as described by Eq.(28).

4.3 Off-axis Holographic Setup

The holographic imaging system is shown in Figure 13. The bi-telecentric design, presented
in the previous section is implemented using two lenses, L1 and L2. Denote the coordinate
system in the object space with the unit vectors x̂, ŷ, ẑ, where ẑ is the direction parallel
to the optical axis optical axis. The coordinate system is centered in the intersection of
the optical axis and the conjugate plane of the detector, which generally is the front focal
plane. A particle located at position (xp, yp, zp) generates a scattered wave incident on
the first lens. From previous derivations it is known that the image on the detector in the
ideal case is a magnified version of the field in the conjugate plane as

E(x′, y′, z′ = 0) = Es(−x
f1

f2

,−yf1

f2

, z = 0). (32)

A particle located a distance ∆z away from the conjugate plane will have its conjugate
point a distance ∆z′ away from the detector, as depicted in Figure 13. The scattered
light is then propagated from the conjugate point to the detector. For a set of N particles
in the object domain the total field on the detector becomes:

E(x′, y′, z′ = 0) =
N∑

n=1

F2D

[
Es(f

′
x, f

′
y, f

′
z) exp(i2πf ′z∆z

′
n)
]
, (33)

where the total field is the sum over the individual contributions. The terms f ′x, fy, f ′z are
the spatial frequency content that are related as

f ′z ==

√
1

λ2
− f ′2x − f ′2y . (34)
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Figure 13: Sketch of a telecentric off-axis holographic setup. L are lenses and A an aperture
stop. The reference wave is a point source in the aperture plane.

An off-axis registration is implemented by placing a point-source of position Ax, Ay in
the intermediate, aperture plane, denoted as (2) in Figure 10. The reference wave is
refracted into a plane wave with propagation direction (sxR = −Ax/f2, syR = −Ay/f2) by
the rear lens as shown in Figure 13. The reference wave is polarized in the x-direction.
Extending the scalar formulation in Equation 20 to incorporate polarization information,
the intensity on the detector is

I =
〈
|Es +R|2

〉
= IE‖ + IE⊥ + IR + J + J∗, (35)

where the individual components are given by

IE‖ =
〈
|Esx|2

〉
,

IE⊥ =
〈
|Esy|2

〉
,

IR =
〈
|Rx|2

〉
,

J = 〈EsxR∗x〉 ,
J∗ = 〈E∗sxRx〉 ,

(36)

where the subscript denotes the polarization direction. The three first terms on the
right-hand side in Equation (35) are the intensities of the individual terms on the detector.
These are in general not of interest in a holographic setup and will not be considered
further. The two final terms are the ones of interest. They are the interference terms
between scattered field and the reference wave. Note that only components with mutual
polarization interfere. Figure 14 shows the field in the aperture plane and the corresponding
spatial frequency content on the detector. The field in the aperture plane and the spatial
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Figure 14: The figure shows (a) the field in the aperture plane and (b) the corresponding
spatial frequency content on the detector.

frequency content of the intensity on the detector is related by an autocorrelation. This
is due to the Wiener-Khinchin theorem that states that

G (τx, τy) = F2d

{〈
|E (x′, y′)|2

〉}
, (37)

where G is the autocorrelation function defined as

G (τx, τy) = 〈Es (fx, fy)E
∗
s (fx − τx, fy − τy)〉 , (38)

where fx and fy are the spatial frequencies. Since the aperture and detector plane is
related by a Fourier transform the autocorrelation of the field in the aperture plane is the
spacial frequency content.

4.3.1 Sampling

The electric field on the detector, described by Eq. 35, is continuous. The sensor consists
of a set of N discrete pixels with the side length d. The sensor samples the field at the
points

y = nd, (39)

x = md, m, n =

{
−N

2
,−N

2
+ 1, . . . ,

N

2
− 1

}
, (40)

where N is assumed to be even, the origo is set in the centre of the image, and the sensor
is assumed to be squared with an aspect ratio of unity. The signal detected by a pixel is
proportional to the integration of the field in both time and space. The sampled, discrete
field I(m,n) is

I(m,n) =

∫ t0+∆t

t=t0

∫ md+d/2

x=md−d/2

∫ nd+d/2

y=nd−d/2
I(x, y)dydxdt, (41)
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where ∆t is the exposure time. For the continuing analysis the recorded, discrete
field is used. However the notation is kept with x, y, z but in reality it is E(x, y, z) =
E(md, nd, z).

According to the Nyquist–Shannon sampling theorem, the maximum lateral spatial
frequency that can be recorded on the detector is

fmax =
1

2d
, (42)

for both the x- and y-direction. Higher frequencies than this limit will cause aliasing. From
the sampling frequency limit, it is possible to calculate an optimal numerical aperture
and off-axis tilt for the reference wave. The spatial frequency content range from − 1

2d
to

1
2d

in both directions. The width of the central lobe is 2 NA
λ

, where NA is the numerical
aperture due to an aperture stop in the setup. Because of the autocorrelation, the spatial
frequency content in the central lobe has a width of 4 NA

λ
. Likewise, if the reference wave

is a point source, the side lobes have the size 2 NA
λ

. The optimal numerical aperture to
span the whole spatial frequency range is hence

NAopt =
λfmax

4
=

λ

8d
, (43)

and the optimal position for the reference wave is

fref =
3

4
fmax =

3

8d
, (44)

which corresponds to the angle θR = sin−1 (3λ/8d). This optimal configuration was used
to produce Figure 14.

4.4 Reconstruction

In the reconstruction process the recorded hologram is Fourier transformed, and the
spatial frequency content looks like Figure 14. If all terms except J∗ is filtered out and the
hologram is inverse transformed the complex amplitude of J∗ is restored. The scattered
field Ex on the detector is thereafter estimated as

Êx(x
′, y′, z′ = 0) =

JxR̂x∣∣∣R̂x

∣∣∣
2 = |Ex(x′, y′)| exp [i (ϕx(x

′, y′)− ϕRx)] , (45)

where R̂ is an estimation of the reference wave and ϕx and ϕRx is the phase of the object
and reference wave, respectively. Assuming that the reference wave is a plane wave with
intensity IRx propagating in the direction s1 the estimation of the reference wave is written
as

R̂x =
√
IRx exp(iks1 · x′), (46)
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where x′ is the position on the detector. Apart from the unknown phase constant ϕRx
the complex scattered field Êx(x′, y′, z′ = 0) is estimated at the detection location. The
reconstruction of the measurement volume is done by propagating the field a set of
distances to form the discrete volume, ˆE(x, y, z). The field at a distance ∆z from the
detector plane is calculated using angular spectrum as

Ê(x′, y′,∆z′) = F−1
2D {F2D {E(x′, y′, z′ = 0)} exp [i2πf ′z∆z

′]} , (47)

where f ′z are the spatial frequencies in the z-direction and F2D is the two-dimensional
Fourier transform. The axial spatial frequency is related to the lateral spatial frequencies
as follows:

f ′z =

√
1

λ2
− f ′2x − f ′2y . (48)

A key feature of the telecentric system is that the magnification does not change with the
axial position, as described in section 4.1. This means that the magnification is unaffected
as the field is propagated, and the field is reconstructed with the same pixel pitch.

4.4.1 The depth of focus problem

A problem in the reconstructed volume is that the axial resolution in the reconstructed
volume is severely worse than the lateral one. This is due to how the intensity is distributed
around a geometrical focus. From an extensive derivation by Born and Wolf [34], the
intensity distribution around a geometrical focus can be expressed in terms of normalized
coordinates u and v defined as follows:

u =
2π

λ

(
h

f

)2

z, v =
2π

λ

(
h

f

)√
x2 + y2, (49)

where h is the radius of the aperture and f is the focal length of the imaging system.
This equation can be rewritten in terms of the numerical aperture as:

u =
2π

λ
NA2z, v =

2π

λ
NA

√
x2 + y2, (50)

where the identity h
f

= sin θ = NA have been used. In terms of the normalized coordinates
the intensity distribution along the lateral coordinate v in the focus plane becomes

I (u = 0, v) =

[
2J1 (v)

v

]2

I0, (51)

where J1 is the Bessel function of first kind and I0 is the intensity at u = v = 0. The
resolution can be found by solving this equation for the first zero of the expression in the
square brackets, that is

v = 1.22π. (52)
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Using the expression in Eq.(50) this can be related to a lateral coordinate w =
√
x2 + y2

and the lateral resolution becomes:

∆w = 0.61
λ

NA
≈ λ

2 NA
. (53)

The corresponding distribution of intensity along the optical axis is given by

I (u, v = 0) =

[
sin (u/4)

u/4

]2

I0. (54)

Solving for the first zero of this equation gives

u/4 = ±π. (55)

Relating this to the z coordinate using Eq.(50), the axial resolution can be obtained
as

∆z = ± 2λ

NA2 . (56)

From Eq.(53) and (56), the axial resolution can be expressed in terms of the lateral one
as

∆z =
4∆w

NA
. (57)

This means that in the best case scenario with NA = 1.4, the axial resolution becomes
about three times worse along the axial direction. For small to moderate apertures, as is
considered in this thesis, it becomes even worse. For NA = 0.1, the resolution is 40 times
worse in the depth direction as compared to the lateral resolution.

4.4.2 Localization Methods

In many cases, the full volumetric resolution is not required, and the main interest is to
find a particle’s axial position along the optical axis. For this, some kind of post-processing
is required. With a metric, a particle in a sparse field can be localized along the optical
axis with far higher accuracy than given by Eq.(56). In Figure 15, a sketch over a
reconstructed volume is shown. The solid points mark the actual location of a particle,
and the dashed line is the size of the reconstructed particle. The axial resolution is worse
than the lateral one, and the particles are elongated and will resemble a cigar. The
purpose of an axial localization method is to determine where in the elongated particle
the real particle is located.

Review of existing methods

Several different methods for finding a particle’s axial location have been proposed. Most
commonly is the intensity of a single particle used for the position. A simple approach is
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y’ 

z’ 

Figure 15: Two-dimensional sketch of a reconstructed volume. The actual positions of particles
are marked with solid dots. The dashed ellipse is the elongated reconstructed
particles.

to fit a Gaussian function along the optical axis in the lateral centroid of the particle [73].
It is also possible to use the voxel with the overall highest intensity [51]. A problem
when using the maximum intensity as metric of choice is that the estimated position
has an offset compared to the true axial particle location [14]. The offset increases with
the particle size and creates the need for calibration to find said offset. Other methods
include operators on the reconstructed intensity, for example, spectral frequency content,
variance, gradient- and the Laplacian operators [74–76]. These methods try to estimate
the sharpness in the image. Depending on the type of particles, different operators may
be optimal. These all estimate the true particle position. The full, complex amplitude,
where the phase also is used, has also been proposed to use in some metrics. In some
cases, the accuracy was increased [53,77]. Other studies found that incorporating phase
information did not improve the accuracy of the localization [51].

Proposed Methods

This thesis presents an axial localization method based on the wavefront curvature of the
scattered light. From the holographic recording and reconstruction a volume Ê (x′, y′, z′)
is obtained as described in previous section. The coordinates in the image domain can
be mapped back to the object domain as x = x′/M , y = y′/M , and z = z′/M2. In the
reconstructed volume a threshold, th, is set, so that only voxels with |Erec (x′, y′, z′)| > th
are assumed to contain scattered light from a particle. The value of the threshold, th,
is set manually using an iterative trial and error process, but adoptive measures may
be introduced. In the proposed method, it is possible to set a rather low threshold
because, as will be demonstrated, the method is capable of determining between the
light that originates from a scattering particle and light that originates from noise. From
the thresholding, a binary volume is obtained. The next step is to cluster connected
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voxels and label each potential particle. The result of these general steps is a list of
identified potential particles. For each particle, the coordinates and data in the clustered
and labeled voxels are saved. For each identified potential particle, one of the methods
described below is applied to the voxels of said elongated particle.

Phase Gradient Method

The first method investigated estimates the wavefront curvature by calculating the phase
gradients in the scattered light from an individual particle. For each potential particle,
the wavefront curvature is estimated at each reconstructed plane along the optical axis.
The lateral phase gradients are calculated using a central finite difference method as
follows:

δϕ(x, y)

δx
=

∠ (E(x− d, y)E(x+ d, y)∗)

2d
, (58)

δϕ(x, y)

δy
=

∠ (E(x, y − d)E(x, y + d)∗)

2d
, (59)

where d is the pixel pitch of the detector. It is required that the phase change between
adjacent pixels is less than π to avoid aliasing. In practice, the changes are much smaller
than this so it does not become a problem. The numerically computed phase gradient
data is parametrized using a linear model

δφ(x, y)

δx
= A1x+B1y + C1, (60)

δφ(x, y)

δy
= A2x+B2y + C2, (61)

where N is the number of pixels on the detector. This linear model is valid as long
as the spherical wavefront can be approximated with a second-order polynomial, which
holds for small to moderate apertures. Hence, the phase gradients can be approximated
with a polynomial of first order. The coefficients A1, A2, B1, B2 holds information about
the particles location. It is found that the gradient in x-direction does not depend on
the y-coordinate and the gradient in y-direction does not depend on the x-coordinate.
Therefore, only the coefficients A1 and B2 are of interest. A closer look gives that A1

represents the phase-gradients parallel to the scattering plane, and B2 represents the
phase-gradients perpendicular to the plane. In Figure 16, the simulated phase response
for a single particle is shown. The parts (a) and (b) shows the behavior around a particle
located at z = −2500µm. Part (b) is a magnified version of (a). The corresponding
normalized intensity is shown in (c). The phase gradients perpendicular to the scattering
plane (solid curve) are around the particle approximately linear with respect to distance
and becomes zero at the true axial location. The corresponding phase gradients in the
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(a) (b)

(c)

Figure 16: Behavior near focus for a single particle. Panel (a) shows the phase gradients
perpendicular (solid) and parallel (dashed) to the scattering plane. Panel (b) is a
zoomed in version of (a). Panel (c) shows the normalized intensity in the center of
the particle along the optical axis.

parallel direction (dashed curve) is not linear and have a slight offset in its zero-crossing
from the true axial location. The slight off-set for the phase gradients parallel to the
scattering is because of the elements S1 and S2 of the scattering matrix in Eq. (3) that
only depends on the in-plane angle θ. Since the modulation only occurs in that plane,
it creates intrinsic aberrations for the phase response in the parallel direction while
the perpendicular direction remains unchanged [78]. The corresponding intensity along
the optical axis in panel (c) has a nearly Gaussian shape and peaks at approximately
z = −2520µm. The phase gradients, B2, perpendicular to the scattering plane is in the
following used as the metric to determine the true axial position of the particle. If a
potential particle has a linear behavior around the zero-crossing, it is considered to be
a real particle, and the position of the zero-crossing is estimated from the data. The
estimated position is saved as the true axial position for the particle. If B2 does not show
a linear behavior, the potential particle is discarded. More information about this method
is given in Paper A attached in this thesis.

Chebyshev Polynomial Method

The second method investigated, is to fit a Chebyshev polynomial model to the phase
response. The reconstructed phase along the optical axis oscillates quickly, see Figure
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(a) (b)

(c) (d)

Figure 17: Features in a particle hologram. Panel (a) shows an unprocessed simulated hologram,
panel (b) the reconstructed phase along the optical axis in the center of the particle.
The corresponding phase anomaly, ϕa, is shown in (c). In (d) the wavefront
curvature is shown at axial locations ∆z = −100µm (black), −50µm (blue), 0µm
(red), 50µm (green), 100µm (magenta). In both (c) and (d) the solid lines are the
polynomial fit and the markers the simulated data.

17(b) that shows the phase along the optical axis in the center of a reconstructed particle.
This data is not suited for use with a model. To solve this the phase deviation compared
to a plane wave is calculated. This is done by subtracting the ikz term associated with
a plane wave propagating along the optical axis. For a particle the phase anomaly is
calculated as follows:

ϕa (x′, y′, z′) = ∠E (x′, y′, z′)− kz′, (62)

where k is the wavenumber and ∠ is the argument operator. The phase anomaly will
be used in the polynomial model instead of the absolute phase. The phase anomaly is
shown in panel (c) and (d) of Figure 17. From the segmented and labeled data, a rough
estimate is created by searching for the voxel with the highest intensity, this point is used
as a reference. A small volume is formed around each elongated potential particle. In
this volume, the phase anomaly is modeled. Since the Chebyshev polynomials are defined
in the interval [−1, 1], the coordinates [x′, y′, z′] are rescaled to normalized coordinates
[ε, η, ζ] in this domain. The three-dimensional polynomial is defined from one-dimensional
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Chebyshev polynomials as:

ϕ̂a(ε, η, ζ) =
n∑

i=0

n∑

j=0

n∑

k=0

aijkTi(ε)Tj(η)Tk(ζ), (63)

where Ti, Tj and Tk are Chebyshev polynomials of order i, j, k, respectively, and aijk are
the associated coefficients for each base function triplet.This equation can be expressed in
matrix form as:

ϕ̂a(ε, η, ζ) = Ta. (64)

The goal is then to find the estimated coefficients âijk that represent the measured phase
anomaly ϕa. The squared error between the measured data, ϕa and the estimated data, ϕ̂a
is minimized. The coefficients become the solution to the following weighted minimization
problem:

âijk = argmin
a

∑
W (ϕa − ϕ̂a)2 , (65)

where W are the weights. The intensity of the scattered light is chosen as these weights.
The weights ensure that only data points where we have light influence the estimation.
The solution to this minimization problem is:

âi,j,k =
(
TTWT

)−1
TTWϕa, (66)

that is solved using Gauss elimination. The next objective is to find what order n is
needed to model the data. This is done by parameterizing the scattered light from a
single particle for different orders of n. In Figure 18(a) the mean square error per voxel
is shown for the different orders. It is found that for orders n = 4 and higher the error
becomes negligible. A fit with n = 4 is therefore used to represent the phase anomaly. In
panels (c) and (d) of Figure 17(a) polynomial fit with n = 4 is shown by the solid lines.
All coefficients âi,j,k are studied in detail for a single particle around focus. One coefficient,
a200, shows an interesting behavior. It becomes zero when the particle is located at the
focus plane. In addition, it also shows a linear behavior around the focus point which is
shown in Figure 18(b). The corresponding coefficient in the x-direction a020 is also shown.
From the investigation the parameter a200 is chosen as a metric. In practice, the coefficient
is found by shifting the computation volume along the optical axis and computing the
coefficients âi,j,k at each position. The volume does not need to be shifted very far if
starting at the axial location of maximum intensity. It should be possible to compute the
position without performing the shift, but this is not covered in this thesis. More details
about his method is presented in Paper B of this thesis. It is worth mentioning that the
parametric model and the phase gradient method, are both utilizing the curvature of the
phase-front perpendicular to the scattering plane to locate the particle position.
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(a) (b)

Figure 18: Evaluation of parametric performance. Panel (a) shows the mean square error for
different orders of the Chebyshev polynomial fit. An order of n = 3 approximates
the phase anomaly well. Panel (b) shows the identified coefficients of interests.
These represent the quadratic terms along respective coordinate.



Chapter 5

Polarization-Resolved Dual-View
Holography

The single-view digital holographic setup presented in the previous chapter can be
extended by multiplexing an additional reference wave, making the detection polarization-
resolved [79, 80]. The scattered field from particles is polarization-dependent, and by
making the detection polarization-resolved, more information of the particle is available.
To make the system dual-view, an additional and identical imaging system is added to
the setup. There are two main benefits of a dual-view setup. First, the depth of focus
problem becomes redundant since the axial direction for one camera is a lateral direction
of the other. The accuracy hence becomes equal to the lateral accuracy in all directions.
The second benefit is that the polarization response is simultaneously recorded in the two
different directions making it possible to observe differences and similarities between the
views.

5.1 Polarization Resolved Detection

The detection, according to Equation (20) can be extended by multiplexing an additional
reference wave with orthogonal polarization to the first reference wave. Either can the two
references have orthogonal circular polarisation of orthogonal linear polarization. In this
thesis, linearly polarized reference waves are used. The two reference waves are denoted
as R1 = Rxx̂ and R2 = Ryŷ. Likewise the scattered light from the particles are denoted
as Es = [Ex, Ey, Ez]. When working with small and moderate numerical apertures, the
component in the direction of the optical axis can be approximated to zero, i.a Ez = 0.
On the detector the intensity becomes

I =
〈
|Es + R1 + R2|2

〉
= IEx + IEy + IRx + IRy + Jx + J∗x + Jy + J∗y , (67)

39
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(a) (b)

Ry

Rx
<EsxRx>

<EsyRy
>

*

*

Figure 19: Illustration of the reference waves and the Fourier transform of the resulting
hologram.

where the individual components are given by

IEx =
〈
|Esx|2

〉
,

IEy =
〈
|Esy|2

〉
,

IRx =
〈
|Rx|2

〉
,

IRy =
〈
|Ry|2

〉
,

Jx = 〈EsxR∗x〉 ,
J∗x = 〈E∗sxRx〉 ,
Jy =

〈
EsyR

∗
y

〉
,

J∗y =
〈
E∗syRy

〉
,

(68)

where the subscript denoted the polarization direction. Due to the extra reference wave
there are two additional interference terms. The intensity components are all located
in the centre lobe in the Fourier domain. By choosing two different off-axis tilts for the
reference waves, the four interference terms can be separated. The Fourier transform of
an example hologram is shown in Figure 19. It is clear that the different polarization
components are separated. Using the same working-principle as described in the previous
chapter, it is, therefore, possible to reconstruct two complex amplitudes from a single
hologram. The extracted interference terms are denoted Jx = 〈EsxR∗x〉 and Jy =

〈
EsyR

∗
y

〉

and the corresponding reference waves are estimated to be plane waves

R̂x =
√
Ix exp(iks1 · x′), (69)

R̂y =
√
Iy exp(iks2 · x′), (70)

where s1 and s2 are the unit directional vectors of the first and second reference wave,
respectively, and x′ is the position on the detector. ϕRx and ϕRy are the phase constants
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of the reference waves that are unknown and it is not possible to include those in the
estimation of the reference waves. The estimation of the scattered field is as follows:

Êx(x
′, y′, z′ = 0) =

JxR̂x∣∣∣R̂x

∣∣∣
2 = |Ex(x′, y′)| exp [i (ϕx(x

′, y′)− ϕRx)] , (71)

Êy(x
′, y′, z′ = 0) =

JyR̂y∣∣∣R̂y

∣∣∣
2 = |Ey(x′, y′)| exp

[
i
(
ϕy(x

′, y′)− ϕRy
)]
, (72)

where the complex amplitude of the scattered light have been retrieved apart from the
phase constants ϕRx and ϕRy. Each of the estimated fields at the detector Êx(x′, y′, z′ = 0)

and Êy(x′, y′, z′ = 0) is individually propagated through the measurement volume at steps
∆z in the same way that the scalar field is propagated in Equation (47). The resulting
estimated volume is

Êrec(x
′, y′, z′) =



Êx(x

′, y′, z′)

Êy(x
′, y′, z′)
0


 . (73)

In the reconstructed volume the particles are located using any method of choice. For N
particles in the measurement volume particle positions are denoted as [x′i, y

′
i, z
′
i]. For each

particle, the total intensity Ii = |Ex(x′i, y′i, z′i)|2 + |Ey(x′i, y′i, z′i)|2, and the polarization
response is calculated. The polarization response is expressed in terms of the polarization-
ratio β defined as

βi = tan−1

( |Ex(x′i, y′i, z′i)|
|Ey(x′i, y′i, z′i)|

)
. (74)

The reason that the polarization-ratio is used rather than the state of polarization is
because the phase difference ∆ϕ between the components are unknown. The advantage
of using the polarization-ratio angle is that the result is independent with respect to the
illumination intensity. Especially for pulsed laser illumination the pulse energy often vary
from pulse to pulse. For a single camera polarization-resolved system the output data is
in the form of a set of three-dimensional coordinates, a polarization ratio angle, and an
intensity [x′i, y

′
i, z
′
i, βi, Ii].

5.2 Dual-View Setup

For the dual-view setup it is beneficial to define a global coordinate system [X, Y, Z] where
the origo is defined as the intersection of the local z-axes. Consider the geometry shown
in Figure 20. A global coordinate system is located in the center of the measurement
volume with unit coordinate vectors [X̂, Ŷ , Ẑ]. A particle is located at the position
rp = [Xp, Yp, Zp] in the measurement volume and is illuminated by a monochromatic
plane wave Ei propagating in the Ẑ-direction. Camera 1 is located in the Ŷ -direction and
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Figure 20: Sketch of the measurement volume with global coordinate system X̂Ŷ Ẑ and local
coordinate systems x̂1ŷ1ẑ1 and x̂2ŷ2ẑ2.

have a field of view in the global X̂Ẑ-plane. A local reference frame is defined by the unit
vectors x̂1, ŷ1, ẑ1 where ẑ1 is aligned with Ŷ . Camera 2 is located in the X̂-direction and
have a field of view in the Ŷ Ẑ plane. The local reference frame for the second camera
is defined by the unit vectors x̂2, ŷ2, ẑ2 where ẑ2 is aligned with X̂ The chief-rays in the
scattered light, r1 and r2, are parallel to the optical axis for respective camera. This
is due to the bi-telecentric design of the imaging system. The measurement volume is
defined as the overlap of the field of view for each camera, expanded along the Ŷ and
X̂-axis, respectively. Each of the two systems estimate data as described in section 5.1.
Two sets of data are therefore estimated in the image domain of each camera. These two
sets are:

[X1
′, β1, I1] = [x′1, y

′
1, z
′
1, β1, I1] (75)

[X2
′, β2, I2] = [x′2, y

′
2, z
′
2, β2, I2] , (76)

where the positions are expressed in the local coordinate system of each cameras. The
coordinates are transformed back to the object domain as x = x′/M , y = y′/M , and
z = z′/M2 for both cameras, individually.

5.2.1 Global Reconstruction

From the two datasets x1 and x2 a global estimate X1 and X2 are estimated. In an ideal
case with perfect alignment, no aberrations, and no noise, the mapping would be trivial.
In such a case, the mapping would be:
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[X, Y, Z]1 = [−x1, z1, y1] (77)
[X, Y, Z]2 = [z2, x2, y2], (78)

for each camera, respectively. However, the ideal case is not realistic since it would
require ideal components and alignment, therefore are additional terms needed. First, the
coordinate systems of the global and local frames may not be aligned. This is described
by a rigid rotation and translation. Secondly, aberrations may be present and deteriorate
the holograms. Especially the curvature of field aberration can cause problems since it
then exists an axial offset that is dependent on the lateral position in the image. Let the
mapping to the global coordinate system be defined as a rotation R and translation T for
each camera

X1 = R1x1 + T1 + [0, f1(x1, y1, z1), 0]′, (79)
X2 = R2x2 + T2 + [f2(x2, y2, z2), 0, 0]′, (80)

where f1(x1, y1, z1) and f2(x2, y2, z2) are the effects of aberrations and alignment. These
functions introduce an off-set along the optical axis of each camera. In an experimental
environment it is possible to control the rotation between the cameras with great precision.
Therefore can the rotations be set to the ideal values corresponding to a 90◦ rotation.

R1 =



−1 0 0
0 0 1
0 1 0


 , R2 =




0 0 1
1 0 1
0 1 0


 . (81)

What needs to be determined is the translation terms T1, T2 and the functions f1 and f2.
To find the mapping terms a particle correlation coefficient (PC) is calculated between all
particles found in both images. This particle correlation function is defined as

PC = exp

(
−
[(

X1 −X2

σx

)2

+

(
Y1 − Y2

σy

)2

+

(
Z1 − Z2

σz

)2
])

, (82)

where σx, σy, and σz are typical lengths in each direction, proportional to the uncertainty
in that direction. Due to the depth of field problem the uncertainty in the global X̂- and
Ŷ -directions are far larger than in the Ẑ-direction. For each particle detected in camera 1
the PC coefficient is calculated for all particles in camera 2. The pairs with the highest
PC are determined to be a match. A threshold is implemented to remove pairs with too
low score. When two particles have been paired from each camera, the global coordinates
are calculated using the lateral positions from each camera. The lateral positions have less
uncertainty than the axial coordinates. The global X-coordinate is set to X = X1 and
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Figure 21: Flowchart for (a) the calibration process and (b) the evaluation process.

the global Y -coordinate is set to Y = Y2. The global Z-direction is a lateral coordinate
for both cameras and is estimated as Z = (Z1 + Z2)/2.

The calibration process follows the flowchart presented in Figure 21(a). The calibration is
performed with a particle sample with very sparse concentration. Starting with the first
frame, the individual positions for each camera is estimated and the global estimate is
calculated without any additional correction terms, i.e X1 = R1x1 and X2 = R2x2. The
data from both views in the global coordinate system X1 and X2 are saved as well as
the global estimate X. If the particle is found in the next frame, the difference to the
local coordinate systems are saved, otherwise, it is discarded. When all frames have been
processed, the difference is fitted to a translation function T1 and T2. The translation
terms are defined as
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T1(x1, y1, z1) =




0
f1(x, y, z) + ∆Y

∆Z1


 , (83)

T2(x1, y1, z1) =



f2(x, y, z) + ∆X

0
∆Z2


 , (84)

where the field of curvature functions f has been included in the translation term. One
of the components in each translation becomes zero due to the choice of origo. T is
calculated by first calculating the mean difference between X1, X2, and X. This gives the
∆X,∆Y,∆Z1, and ∆Z2 terms. After subtracting the bulk translation from the difference,
the functions f1 and f2 are estimated. The data is fitted to a third-order polynomial. For
the calibration stage, the typical lengths σx and σy are set to be very large. This allows
the algorithm to find the particles even if the local and global coordinate systems are
not aligned. When the typical lengths are large, it is required that the concentration of
particles in the volume is very sparse; otherwise, false matches may be present.

In the evaluation of particles global positions T are added from the estimated positions in
each view. The mapping to the global coordinate system is therefore expressed as

X1 = [−x1, z1, y1]′ + T1 (85)
X2 = [z2, x2, y2]′ + T2, (86)

After that the PC coefficient is calculated for all particle pairs and matches between the
two cameras are made. Since the system is calibrated in the evaluation the typical lengths
σx and σy are decreased.Even tho the system is calibrated the uncertainty is still larger
along the optical axis and the unified global estimation uses the lateral position. The
final global estimation becomes

X = [X1, Y2, (Z1 + Z2)/2]. (87)

The global, unified positions for each particle can thereafter be used to track particles
from frame-to-frame. More details of this procedure are found in Paper C.





Chapter 6

Experimental Work & Results

The experimental work has been conducted using two different setups, one single-view,
and one dual-view system. The single-view setup was used for the results in Paper A
and Paper B. The introduction and calibration of the multi-view system is provided in
Paper C and applications are presented in Paper D and Paper E.

6.1 Single-View

The experiments with the single view system are intended for investigations of the
axial positioning metric presented in chapter 4. Both simulations and experimental
measurements are performed and the results are compared.

6.1.1 Experimental Setup

The experimental setup is sketched in Figure 22. A continuous 532nm, Nd:YAG laser with
a power of 85mW is used as a light source. Using a beam splitter (BS), part of the light
is focused into a polarization-maintaining fiber using fiber coupling (FC). The rest of the
light is expanded by the biconcave lens L2 of focal length f = −20mm and the biconvex
lens L1 of focal length f = 150mm, so that a larger volume of the sample is illuminated.
Particles in the sample volume scatter light in all directions, and part of it, at an angle
around 90◦ is imaged using a bi-telecentric imaging system. Lens L3 is a f = 60mm
biconvex lens and lens L4 is a f = 80mm biconvex lens. This setup corresponds to a
lateral magnification of M = −1.33. The spatial frequency content is controlled by the
aperture A, which is squared with a size of 3× 3mm. To form a hologram on the detector,
the other end of the fiber is mounted in the aperture plane. By placing the fiber here it is
ensured that the reference wave is a point source in the spatial frequency plane. The lens
L4 refracts both the scattered light and the reference wave, and the interference pattern

47
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Figure 22: Sketch of the single-view setup. Lenses are denoted with L, beamsplitter with BS
and aperture with A.

is registered on the CCD detector (Sony XCL 5005). The detector has 2448 x 2048 pixels
with a size of 3.45µm, giving it an effective size of 8.48× 7.1mm. The aperture of the
optical fiber is sufficient for the reference wave to cover the whole detector. The numerical
aperture in object space is NA ≈ 0.025, which gives a lateral resolution of ≈ 11µm.

6.1.2 Simulations

The working principal of the localization metrics where outlined in Chapter 3. In these
simulations the experimental setup is simulated and the performance is investigated. The
simulation is carried out following the steps listed below.

1. For each particle in the measurement volume generate the scattered field corre-
sponding to the spatial frequencies on the detector.

2. Sum the complex contributions from each particle.

3. Limit the spatial frequencies according to the aperture.

4. Add the reference wave as a point source in the apperture plane.

5. Transform the field in the aperture plane to the detector plane using a Fourier
transform.

6. Compute the intensity, I = 〈E(x′, y′, z′ = 0)E∗(x′, y′, z′ = 0)〉, in the detector plane.

7. Reconstruct a discrete volume as described in Chapter 3.



6.1. Single-View 49

z [µm]
-2560 -2540 -2520 -2500 -2480 -2460 -2440

co
u
n
t

0

100

200

300

400

(a)

z [µm]
-2560 -2540 -2520 -2500 -2480 -2460 -2440

co
u
n
t

0

100

200

300

400

(b)

Figure 23: Histograms of axial position estimating using (a) the phase gradient method and
(b) the maximum centroid method. The noise level in the simulation is 1%.

8. For each particle in the discrete volume, apply one if the evaluation methods
presented in Chapter 3.

Holograms, each simulated to containing 40 particles, are simulated. The particles are set
to have a diameter of 10µm and a refractive index of np = 1.5. The surrounding medium
is set to have refractive index nm = 1.4. All particles are located a distance ∆z = 2500µm
from the focus plane. The lateral position is random and uniformly distributed over the
field of view. In total, 40 different holograms are generated, resulting in a total of 1600
particles. The simulations are repeated for different noise conditions where zero-mean
Gaussian noise is added to the hologram. The standard deviation of the noise is changed
from 0− 4% of the maximum bit-depth of the detector. For the data set both the finite
difference method and the Chebyshev polynomial method is applied. As a comparison,
the axial position is also estimated using the voxel with the highest intensity in the
reconstructed particle.

Figure 23 shows the results from the simulations with the phase gradient and highest
intensity methods. The histogram in part (a) is the result using the phase gradient
method, while the histogram in part (b) uses the estimation of the highest intensity. The
mean axial position is estimated to −2499.7µm using the phase gradient method. Using
the maximum intensity, the estimated position is −2519.6µm. Hence, the phase gradient
method estimates the true axial position, while the maximum voxel with the highest
intensity has an offset. It is aldo noted that the standard deviations are comparable and
are in the order of σz ≈ 10µm. The noise level is 1% in these simulations. The main
reason to use the model-based method is to reduce the effect of noise. The comparison for
increasing noise levels is shown in Figure 24, where the standard deviations are plotted as
a function of noise ratio. Both methods experience an approximately linear increase with
increasing noise. The difference is the rate of increase, where the model-based estimation
performs much better when the noise ratio increases. At a noise ratio of 4%, the standard
deviation for the model-based estimation is 10µm, while for the phase-gradient method, it
is 40µm. This difference in standard deviations is due to the fact that more data points are
used in the model-based estimation, and the noise in individual voxels affects the results
less. For the phase gradient method, the finite difference estimation of the wave-front
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Figure 24: Comparison of standard deviation using phase gradients computed using the finite
difference method (red line) and the polynomial method using a Chebyshev model
(blue line). The standard deviation is plotted for different noise ratios.

curvature essentially works as a high-pass filter, enhancing the effect of the noise. One
thing to note is that for no or very low noise levels, the model-based estimation perform
worse. This is likely due to the extension from 2D to 3D computational domain. In a
volume, it is more likely that light from other particles influences the estimation.

6.1.3 Measurements

To test the metrics on real, experimental data, a sample with stationary particles is used.
The sample consist of a silicon cube with particles molded into it. The particles are
spherical with a radius of 5µm.

Phase Gradient Method

To validate the method, a trial hologram of 17 particles is recorded. Using the finite
difference method, the parameter B2 is estimated as described in Chapter 3. A new
normalized axial variable z∗ is introduced to visualize the behavior of particles regardless
of axial locations, it is defined as

z∗ = z − z0, (88)

where z0 is the estimated axial position for each particle. z0 is obtained by first estimating
the axial position. With this normalization all particles are located at z∗ = 0. Figure 25(a)
shows the coefficient B2 as a function of z∗. The linear behavior and the zero-crossing
found in the simulations are also present in the measured data, compare this figure with
Figure 16 in Chapter 3.
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Figure 25: Experimental evaluation using the finite difference method. Panel (a) shows the
evaluation of parameter B2 as a function of the scaled coordinate z∗. Panel (b)
shows the estimated particle positions before and after a 100µm axial translation.
Particles in the first recording are paired with the closed one in the second recording.

In the simulations, the real axial positions of articles are known, and the estimated results
can be compared to the known position. This is not possible for the measurements.
Instead, holograms are captured before and after a known axial translation of 100µm. The
translation is done with a precision translation stage. The holograms are processed, and
positions estimated. To find the estimated translation, particles from the first hologram
are paired with the nearest particle from the second hologram. This is repeated for all
particles, and the axial distance between the paired ones are stored. In Figure 25(b),
particle positions before and after the translation is shown along with the tracks between
the paired particles. The mean distance between recordings is 105µm with a standard
deviation of 25µm. The distance can be assumed to be the difference between two
independent distributions. The standard deviation in the localization is then estimated to
be 25/

√
2 ≈ 18µm. Which compared to the simulations would correspond to a noise-level

of just under 2%.

To investigate the experimental performance of the polynomial method, the silicon cube
sample was left stationary, while ten images were captured. The three-dimensional position
of four stationary particles was estimated from each recording using the polynomial model.
The mean position for each particle is estimated from the positions in each recording.
The estimated mean is subtracted from the estimated positions for each particle in each
recording. This produces a relative error compared to the mean position for each particle.
This quantity can be compared between particles, and a total error estimate from all
particles is computed. In Figure 26, the histogram of the estimated total error is presented
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Figure 26: Histogram of error compared to the mean position for each particle using the Cheby-
shev polynomial method. The error is computed for each particle by subtracting
the mean for that particle from the individual recordings.

after outliers have been filtered out. The distribution appears to have an approximately
Gaussian shape. The error is approximately zero-mean with a standard deviation of 13µm.
This is a rather large difference compared with the simulations where the maximum
standard deviation was just over 10µm. In the simulations the particles where located at
a fixed set of positions while in the experiments there the particles may be located at any
axial position. The simulation may therefore produce a better result than the experiments.
This experiment differs from the experiment performed with the phase-gradient method
since no translation was done. The main reason for this is that it is the effect on the
standard deviation that is of interest.

6.2 Multi-View

The setup for the single-view system is extended by introducing another single-view system
perpendicular to the first view and the illumination. The geometry of the measurement
volume is as depicted in Figure 20. The introduction of a second imaging system makes the
reconstruction more complex, and calibrations are needed, both for the spatial coordinates
in the global reconstruction and the polarization of the reference waves.

6.2.1 Experimental Setup

Figure 27 shows a sketch of the experimental setup. Linearly polarized laser pulses are
emitted from a twin-cavity, injection-seeded, Nd:YAG laser (Spectron SL804T). The
light is split into two parts by a 50/50 beam splitter BS1. The transmitted part is used
for illumination of the sample, and the polarization direction α is controlled by a λ/2
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Figure 27: Polarization resolved digital holographic system. Mirrors are denoted as M, lenses
as L, beamsplitters as BS, apertures as A, beamdump as BD and fibre couples
as FC. Inset (a) shows the illumination from underneath and inset (b) shows the
orientation of the reference waves polarizations.

waveplate. The light is expanded five times by the telescope lens T and illuminates the
sample from below as depicted in inset (a). The reflected part from beamsplitter BS1 is
used as reference waves. Another beamsplitter first reduces the intensity before the beam
is split into four different parts by beamsplitters BS2−BS4. Each part is launched into
polarization-maintaining fibers (Thorlabs PM-S405- XP) using fiber couplers FC1−FC4.
The polarization of the light needs to be aligned with either the fast or the slow axis of
the fiber to be polarization maintaining. This is controlled by the λ/2 plates just before
each of the fiber couplers.

The sample consists of a glass cuvette with dimensions 26× 26× 70mm and can be filled
with water/particle liquids. The scattered light is imaged using the two telecentric systems.
The focal lengths of the lenses are as follows L1&L2 : f = 60mm and L3&L4 : f = 80mm.
In the aperture plane, the other ends of the polarization-maintaining fibers are mounted.
The polarization orientation is as shown in inset (b) in Figure 27. On the detectors
(Imperx, Bobcat 2520M) holograms are formed from the interference between the scattered
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light and the reference waves, as described by Eq.(35). For this particular setup the
lateral magnification is M = f2/f1 ≈ 1.25 and the numerical aperture NA ≈ 0.023.
The total field of view is 5.7 × 5.7mm. The numerical aperture limits the resolutions
in the measurement volume. In the lateral directions it is λ/(2NA) ≈ 12µm and the
axial resolution is 2λ/NA2 ≈ 2000µm. The optical path length between the scattered
and the reference waves are approximately matched, which ensures sufficient coherence.
The optical path length of the reference waves must be matched to make sure that the
coherence is equal. The coherence in the pulses from the laser varies a bit from pulse
to pulse and if not matched a change in coherence could be interpreted as a change in
polarization.

6.2.2 Calibration

For the system to produce accurate results, calibrations are needed. Calibration of the
reference wave polarization is required to ensure that the measured polarization ratio
angle is correct. Likewise a spatial calibration is needed to ensure that a particle is
found in both views and accurately mapped to the global coordinate system. The spatial
calibration is performed as described in chapter 5.

The polarization calibration is performed by replacing the sample cuvette with a mirror
and a diffuser. The first step is to ensure that the light exiting the fibers are linearly
polarized. For this to occur, it is required that the polarization into the fiber is aligned
with either the fast or the slow axis of the fiber. The output polarization of the fiber
is observed, and the λ/2 waveplate is adjusted until the light is linearly polarized. The
second step is to rotate the fiber tips in the aperture plate until the two references wave
are aligned vertically and horizontally, respectively. The final orientation directions are as
depicted in the inset (b) in Figure 27. The polarization is validated by rotating the λ/2
plate in steps of 5 degrees and capturing holograms for each polarization. Five holograms
are recorded for each orientation of the waveplate. The validation process is repeated
for both cavities in the laser and for both cameras. The reconstructed polarization is
presented in Figure 28, the top row shows the results for camera 1, and the bottom
row the results for camera 2. The recorded polarization (dots) is well-aligned with the
theoretical response (solid line). There are some small deviations at the maximum and
minimum because in reality, a component never truly becomes zero.

The spatial calibration is made to determine the translation terms T1(x1, y1, z1) and
T2(x2, y2, z2) as described in chapter 5. For this calibration, the sample cuvette is
filled with purified water containing a very low concentration of seeding particles. The
illumination polarization is set to α = 45◦, and only the components polarized in the
local y-direction is used in the reconstruction. This is done to exclude smaller, naturally
occurring particles in the water. These particles primarily scatter light polarized in the
local x-coordinates, and excluding them is required for the field to be sparse. Each
camera captures 200 holograms, and global particle positions are estimated. From the
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Figure 28: Polarization validation. Experimentally obtained polarization ratio angle for both
cameras and both cavities of the laser. The top row is the results for camera 1 and
the bottom is for camera 2.

200 holograms, around 1200 particle positions are obtained. First, the bulk translation is
estimated for all particles by calculating the difference of positions in both views. The
two bulk translations T1 and T2 are estimated to be:

T1(x1, y1, z1) =




0
f1(x1, y1, z1)− 142µm

63.5µm


 , (89)

T2(x2, y2, z2) =



f2(x2, y2, z2) + 450µm

0
−63.5µm


 . (90)

When the bulk translation have been estimated the next step is to estimate the functions
f1(x1, y1, z1) and f2(x2, y2, z2). To do so, the optimization process described is repeated.
The resulting errors are fitted to a three-dimensional polynomial model. When inspecting
the errors, it is found that there are two primary errors. The first error is linear along
the optical axis of each camera. This is due to either a slight error in the estimated
magnification or a difference in the surrounding mediums refractive index. The difference
in magnification introduces a linear error since the mapping from the image domain to
the object domain is given by ∆z′ = M2∆z. The error can also be caused by a difference
of the surrounding mediums refractive index. The distance in a medium with refractive
index nm is z = z0/nm, where z0 is the distance in a vacuum. If the nm used in the
calculation slightly differs from the true value a linear error is introduced. The change in
distance is similar for both cameras making it most likely that it is due to the refractive
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Figure 29: Estimated field of curvature aberrations for camera 1 and camera 2, respectively.
The difference over the camera is around 1500µm.

index inside the measurement volume.

The second source of error is the curvature of field aberration described in Chapter 4.
This means that the focus for different lateral coordinates is at different depths. The
error ∆z from the global position if shown in Figure 29. The maximal difference in focus
is around 1500µm over the whole detector. The curvature of field is quite large compared
to the field of view, which is 5.4× 5.4mm. Finally, the calibration results are applied to
the evaluation process as described by part (b) in Figure 21.

Sparse particle fields are used for the calibration since it is a convenient way to produce
light from a single point in the volume that scatters light towards both cameras. Other
dual-view systems have used a plate with dots at fixed distances for calibration [81]. This
method is hard to use in the system presented in this thesis since the imaging directions
are perpendicular to the illumination.

6.2.3 Measurements

Three different measurements are made with the dual-view polarization-resolved holo-
graphic system. The results for each measurement are described below.

Separating larger and smaller particles

These measurement are described in detail in Paper C. The goal of this measurement
is to investigate the difference between the local and global reconstructions of a particle
field using different illumination polarization. The sample consists of purified water with
added seeding particles. The water is filtrated so that particles with a diameter larger
than 250nm are removed. The seeding particles have a size of 7µm, considerably larger
than any naturally occurring particles in the water. The sample cuvette is filled with
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the water/particle liquid and stirred. 200 holograms are captured synchronized by each
camera. For the first measurement set the illumination polarization is set to α = 0◦.
The measurements are thereafter repeated with illumination polarizations α = 45◦ and
α = 90◦.

The positions are calculated in each view locally using both polarization components and
thereafter, mapped to the joint, global coordinates. The calibration results are applied in
the global mapping to ensure more realistic results. Figure 30 shows the reconstructed
particle fields using each camera separately and the corresponding global reconstruction.
The first row is for α = 0, and the first thing to note is that there is a difference in
the number of particles detected by each camera. The reason for the difference between
the cameras is how the illumination polarization aligns with the scatter plane for each
camera. For the case with α = 0 the polarization is parallel with the scattering plane
for camera 1 while it is perpendicular for camera 2. The extra particles detected by
camera 2 are the naturally occurring sub-micrometer particles. In the side scattering
direction, these particles in principal only scatter light polarized perpendicularly to the
scattering plane. They are, therefore, only detected by one of the cameras. The global
estimation is shown in the right column in Figure 30. Even though there are a lot more
particles in one of the views, the global reconstruction still is able to find most of the
corresponding particles from each view. Compared to the local reconstructions, the global
has a reduced uncertainty for each point, resulting in smoother tracks. In the second
row, the illumination polarization is rotated 90◦. Now the results have shifted, and
there are more particles detected in camera 1 due to how the polarization aligns with
the scattering plane. The global reconstruction is still able to find the majority of the
tracks. The last row shows the results for α = 45◦. Now a mix of both small, naturally
occurring particles and the 7µm seeding particles are detected, resulting in a high number
of particles for both cameras. Still, most of the particles are being reconstructed in the
global estimation.

Specific illumination polarizations are better suited for certain applications. When
measuring spherical particles, the illumination polarization can be set to α = 45◦.
Spherical particles do not generate any cross-polarization terms, and analysing each
component separately from a α = 45◦ recording is not different from analysing the
components from one α = 0◦ and one α = 90◦ recording. Particles that only scatter light
in one polarization component can be interpreted to be smaller than particles that scatter
in both directions. From this analysis, smaller and larger particles can be separated by
choosing which polarization to use for the reconstruction. For detecting non-spherical
particles the polarization can be set to either α = 0◦ or α = 90◦. The spherical particle will
only scatter in one of the components while non-spherical, in general, also will generate
cross-polarization terms, as was shown by the T-matrix simulations in Figure 8. More on
how non-spherical particles scatter in the next section.
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Figure 30: Reconstructed particle tracks using camera 1 (a,d,g), camera 2 (b,e,h), and the
global estimation (c,f,i). Each row corresponds to a certain illumination polarization
as denoted to the left of the figure.
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Estimation of particle sizes

The results in this section are detailed in Paper D. In this part, I try to estimate size
information from the sub-micrometer particles that naturally occur in the purified water.
The only thing that is known about the particles is that they have a diameter smaller than
250nm. Simulations are made to connect polarization response with particle properties.
For spherical particles, the Lorenz-Mie model is used to model the scattered light. For
non-spherical, ellipsoid, particles, the T-matrix method is used for the modeling. For these
measurements, the illumination polarization is set to α = 45◦. The reason for this setting
is that a difference in scattering strength is observed as the particle size decreases.

A sphere has two particle properties, the radius, and the refractive index. For α = 45◦, the
polarization ratio angles are equal on both cameras due to symmetry. Therefore are only
one β = β1 = β2 presented for the spherical particles. The simulation follows the general
steps presented in section 6.1.2. Simulations are made in the size range a = 50− 200nm
for three different relative refractive indices m = np/nm = [1.1, 1.3, 1.5]. A simulation
environment is created to mimic the properties of the experimental setup. In addition
to how the size and refractive index affect the results, the size of the aperture is also
investigated. The results are presented in Figure 31. Regardless of the refractive index,
the trend is the same. As the particle size decreases β increases and converges to β ≈ 85◦.
It is observed that the refractive index affects the results by shifting the curves. The
aperture has a very marginal effect on the results. It primarily sets what value β converges
to. This effect of the aperture is due to the fact that more scattering angles are included
around 90◦ as the aperture increases, which results in a smoothing effect. Although
the effect of the aperture is marginal, a smaller aperture is preferred in these types of
measurements. Up to around 150− 200nm, depending on the refractive index, the size
and β have an unambiguous relation. After that limit, the response starts to oscillate,
and it is not possible to know the size of the particle unless some other parameter, for
example the wavelength is increased.

The non-spherical particles considered in this thesis are in the form of ellipsoids. To model
the scattered light from the ellipsoids, the T-matrix method is used. Unlike the spherical
particles, the polarization-ratio angles now, in general, differ between the detectors. There
are in total five parameters the refractive index, the minor radius, the major radius, and
two orientation angles γ, ξ, as shown in Figure 5. Simulations are made for the minor
radius aminor = [50, 75, 100, 125, 150, 175, 200, 225, 250]nm and two different aspect ratios,
1.3 and 2.0. The particle is rotated in all directions, and the polarization ratio angles
are calculated on each camera. In Figure 32(a) results are plotted in the β1β2 plane for
the whole rotation. For the small, 50nm particle, the rotation has a negligible effect on
the polarization in the scattered light. For the larger particle, 150nm, the effect of the
rotation is to spread out the points in the β1β2 plane. In this type of visualization, a
spherical particle would have β1 = β2, and the data would be located on the diagonal,
where the particle size would determine the position along the diagonal. A data point
located away from the diagonal is, therefore, an indication of a non-spherical particle.
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Figure 31: Simulated dependency between the size and the detected polarization-ratio angle β.
Part (a) shows the results for different refractive index and part (b) for different
sizes of the aperture.

Denote the distance from the diagonal for a point with d and let the maximum distance
for a single particle be dmax. The distance dmax is shown in Figure 32(c).

One thing to ask oneself is, what is the size of a non-spherical particle? For a complete
description, both the minor and major radius are required. The volume equivalent
radius can also describe the size which corresponds to a sphere with the same volume as
the ellipsoid. For an ellipsoid with volume V the volume equivalent radius is given by
av = [3V/(4π)]1/3. The relation between av and dmax is investigated since it is observed
that both a change in minor radius and in the aspect ratio increases the spread in the β1β2

plane. The dmax value is plotted as function of the volume equivalent radius in Figure 32(b)
for four different aspect ratios. The curves overlap up until around 150nm, and hence the
same result is obtained regardless of the aspect ratio. Up until around aV = 100nm is dmax
very low and is hard to estimate the exact particle size below this limit. Between 100nm
and approximately 150nm, the response is linear, and the estimation of particle sizes is
possible. These simulations are used to estimate size information from the experimentally
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Figure 32: Simulated polarization response for particles with m = 1.3. Part(a) shows β1 and β2

when the particle is rotated for different sizes and aspect ratios. Part (b) shows the
maximal distance from the β1 = β2 as a function of the volume equivalent radius
av. Part (c) shows the definition of dmax in the β1β2 plane.

obtained data.

The measurements are made using only the purified water in the sample cuvette. The
measurement procedure is the same as for the previous experiment. The illumination
polarization is set to α = 45◦, and 200 holograms are captured by each camera. The data
points for all particles are shown in the top part of Figure 33 where several data points
clearly show β1 6= β2. The lower left part shows a typical non-spherical particle where some
points are far away from the β1 = β2 line. The lower right part of the same figure shows
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a typical spherical particle where all data points are close to the diagonal. Since particles
have been tracked over frames, it is possible to calculate the dmax value for each particle.
Based on this value, particles are either classified as spherical or non-spherical. The limit
is set so that particles with dmax < 10 are estimated to be spherical. In total, 325 particles
are detected, where 74 particles are estimated to be spheres, and 251 are estimated to
be non-spherical. For the spherical particles, the size is estimated by converting β to a
radius using the results in Figure 31. The measured β is quite similar for all particles
and falls in the range a = 110 − 125nm if the relative refractive index is assumed to
be m = 1.3. The size of the non-spherical particles are determined using the curves in
Figure 32(b). Since the size is limited to particles with a radius smaller than 125nm, the
difference between the aspect ratios can be ignored. The size estimations show that of
the 251 non-spherical particles 71 are in the size range av = 120− 140nm, 141 are in the
size range av = 140− 160nm and 39 particles are larger than av = 160nm. This might
look odd as there should not be any particles with radius larger than 125nm. However,
since this is non-spherical particles the volume equivalent radius is always larger than
the shortest radius of the particle. So larger non-spherical particles might have passed
through the filter.
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Figure 33: Experimentally measured β1 and β2. In the top panel the data for all particles
are plotted. In the lower left and right panels show a typically non-spherical and
spherical particle, respectively.

Measuring Microplastics

These measurements are the results from Paper E. Different sizes and shapes of particles
produce different polarization results. This information is used to try to see if it is possible
to see some differences between samples of microplastic particles. Until now, the particles
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have been treated as smooth particles. This is probably not valid for these, more general
particles. Three different solutions with microplastics dissolved are available. The plastics
in the different samples are rubber from car tires, polyethylene terephthalate (PET) from
a plastic bottle, and polystyrene (PS) from a coffee cup lid. The particles were generated
from fragmentation and had somewhat different size ranges. For the tire particles, the size
range is 70− 600nm, for PET 20− 100nm, and for PS 100− 300nm. A reference sample
with only water is also provided. The water/particle mix is one by one put into a cuvette
and placed in the measurement position. The sample is stirred, and both cameras capture
300 holograms. The positions are calculated using the global estimation, and particles
are tracked over the frames. For all particle positions, the polarization ratio angles are
calculated. In addition to the polarization-ratio angles on each camera β1 and β2 two
ratio angles between the cameras β3 and β4 are also calculated. These angles provide
information on how the light is distributed between the cameras and are defined as

β3 = tan−1 |Ex1|
|Ex2|

,

β4 = tan−1 |Ey1|
|Ey2|

,

(91)

where the subscript indicates the polarization direction and which camera it is registered
with. The set β1, β2, β3, β4 hence describes the ratios of light both between the polarization
components on each camera and between the cameras. Additionally, the intensities I1

and I2 for each particles is saved. The result from the measurements are shows in Figure
34 where the data is plotted in the β1β2 plane in part (a) and in the β3β4 plane in part
(b). Each color in the plots corresponds to a specific particle.

Starting with part (a), it is observed that the results look similar for most of the three
out of the four samples. The sample with the tires shows a bit different structure in the
data. The data can be interpreted to show that the reference sample, the PET, and the
PS shows a very non-spherical behavior as there are several data points away from the
β1 = β2 line. The tires show a more spherical behavior. Still, there is some spread from
the diagonal, but the distance is drastically shorter. In part (b), there is also a difference
between the results for the tires compared to the other samples. For the tires the β3 and
β4 values are highly correlated and located close to the β3 = β4 line. If the tire particles
truly were spherical, the data for each particle would be collapsed into a single point on
the diagonal, and that point would be is determined by the size. Now it can be observed
that the points differ a bit along the diagonal for each particle, meaning they are, in fact,
not truly spherical. The other three samples also show a large spread in these planes,
which also indicates a more complex, non-spherical shape. The intensity is also higher for
the tire data compared to the other samples. It is hard to make any conclusions between
the differences between the reference, PET, and PS samples.
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(a) (b)

Figure 34: Experimentally measured polarization-ratios β1, β2, β3 and β4. Part (a) shows the
data in the β1β2 plane and part (b) in the β3β4 plane.
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Discussion

This thesis has investigated different aspects of side-scattering, off-axis, particle holography.
In the single view setup, the focus was on investigating a new metric for axial localization.
The task of finding the correct axial position is a well-studied subject with lots of
publications [76]. This thesis presents a metric based on the wavefront curvature in the
reconstructed light. The wavefront curvature is estimated from the phase response in two
different ways in this thesis, from the lateral phase gradients and a fitted polynomial model.
The phase-gradient method is a naive estimation that is simple and easily implemented
but flawed compared to the alternative. The finite-difference calculations enhance the
noise in the recording, and even for moderate noise levels, the axial accuracy deteriorates.
The results from the Chebyshev model are more robust due to the use of a parametric
model and should be preferred. Only side-scattering configurations have been considered,
but the working principle should be the same regardless of the observation direction.

The presented metric has some similarities with a previously reported complex metric
[53, 77]. They used both the real and imaginary parts if the reconstructed wave along
the optical axis to determine the axial position. Their method shares an essential feature
with the metric presented in this thesis. The noise in the recording does not show the
same behavior as a particle and can, therefore, be excluded. The simulations showed
that there only was around 1% false positives in the detection. Noise does not have the
wavefront characteristics and can, therefore, be excluded. Another commonly used method
is to estimate the sharpness in the reconstructed image. The sharpness is estimated, for
example, from either the gradients or the spatial frequency content [82]. The effect of
a diverging or converging wavefront is to blur the image. An estimation of the image
sharpness is, therefore, an indirect estimation of the wavefront curvature. The method
presented in this thesis hence estimates the underlying effect. The performance results
show that the accuracy is comparable between these methods. It is concluded that the
evaluation of the wavefront curvature by measuring the gradient or the spatial frequency
is accurate.

For the dual-view setup, the experimental setup becomes more complicated. The challenges
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here are two-fold, first, how do you set up a dual-view polarization imaging system,
calibrate it, and evaluate the results. Secondly, how do you relate the recorded polarization
information to particle properties? The system must be well-calibrated to obtain a correct
global estimation. Other dual-view setups have, for the most part, used two illumination
waves and forward scattering configurations [81]. In these systems, the calibration is made
by placing a grid with fixed spacing in the measurement volume. The geometry in the
setup used in this thesis made the calibration more cumbersome. It was not possible to
place a calibration plate in the measurement volume that was visible from both views.
Therefore was the particle-based calibration developed and implemented. The curvature
of field aberrations was notably high in the experimental setup. Although it was possible
to remove the effect using calibrations, a system with fewer aberrations is desirable. This
could be achieved by improving the system design and choice of lenses. The reconstruction
process for others has consisted of interpolating the reconstructed intensity from both
views on a fixed grid. The voxels that overlap in both views are kept. That type of
reconstruction is well suited if it is possible to resolve the particles and you are interested
in the shape of it. In my case, the magnification and the numerical aperture is too low
to resolve the particles. The volumetric reconstruction of the particle shape would not
provide additional information. The searched based pairing used in my research is a more
straightforward method that requires the particle field to be sparse. I have found at least
one other publication where the authors make the calibration from particle fields [83]. In
that publication, cross-correlation between the reconstructed volumes are made to find
the mapping functions. The authors of that publication empathize that this is especially
important for small particles and imaging systems with low magnification.

A scattering angle of 90◦ is used in all the papers. This angle is chosen because the
difference between the polarization components are most significant in this direction for
small spherical particles. In the dual-view setup, it also allows for easy implementation
with illumination from below. The results from each camera can also be directly compared
since both cameras are perpendicular to the illumination direction. From the polarization-
resolved measurements, it is possible to determine if the observed particle is spherical or
not by comparing the polarization-response in both views. If the cameras show the same
polarization, then that is an indication of sphericity. Although non-spherical particles also
can generate the same polarization response on both cameras, it is less likely. Especially
if a sequence of the same particle is captured. If the polarization ratio angles changes
between frames, this is an indication that the particle is non-spherical. The variation in
polarization can be measured with only one imaging direction. However, looking back
at Figure 33, it can be observed that the shift tends to be either along the β1 axis or
the β2 axis. Using only one image direction, the points in these figures are projected
along with one of the axes. That would increase the possibility that consecutive frames
show the same polarization despite it being a non-spherical particle. With dual-views,
the localization becomes more accurate, and the capability of distinguishing between
spheres and non-spheres increases. This system is good for applications where you want
to separate a particle of interest from other particles. For example, if only larger or
non-spherical particles should be tracked. The size estimation is performed for individual
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particles without the need for resolving the particles. This means that the field of view can
be kept relatively large, around 7mm in the experimental setup. This can be beneficial in
applications where the flow occurs in a larger volume or where a representative number
of particles should be measured.

From the simulations it is possible to determine some particle properties under certain
limitations. As long as the particles have a smooth shape and are smaller than a ≈ 200nm,
it is also possible to estimate the particle size from the measurements. In the range
a ∈ (100, 200)nm, the sensitivity to the size is as greatest. For particles smaller then this
limit there is a dependency, it is, however, very week and most likely lower than the noise
level. For particles smaller than this limit the intensity could be used as an indicator
along with Rayleigh scattering theory. In size range 100 − 200nm, it is only possible
to determine the volume equivalent size, which is unfortunate. It is preferable if it was
possible to estimate both the minor and major radius of the particles. If the particles
become larger or if the shape becomes more complicated with the addition of edges and
facets, it becomes hard to make any conclusions. More complicated scattering patterns
were observed in the measurements of the microplastic particles. The results showed
that the particles from the tires had a different scattering pattern compared to the other
samples. The data showed that the tire particles were close to spherical and larger. The
differences between the samples can be said to be caused by either a different size or a
different shape. So in these measurements, it was possible to determine if a particle was
more or less complex but nothing regarding the details of the shape. It is possible that
choosing two different observation directions could be beneficial for estimating information
about complex particles. For instance, the forward and one side scattering direction
could be used. This configuration would be quite straightforward to implement in the
experimental setup. Another scattering model could be used to investigate how the
polarization response is from irregular particles. The T-matrix method is preferred for
smooth particles and symmetry around one axis. The T-matrix method can be used with
irregular particles, but it is hard to find a solution for the T-matrix using the EBCM.
For small, irregular particles, the DDA method could be considered. The problem is still
challenging since there are many more variations of an irregular particle. Right now, the
method and measurements presented in this thesis are suited for the estimation of small
and smooth particles. Additionally, it is capable of distinguishing between spheres and
non-spheres for larger spheres as well.

The reference waves used in the polarization-resolved setup are transported in a polarization-
maintaining single-mode fibers. Using an optical fiber to transport the reference wave
is excellent in many aspects. It is easy to have the light emerge from the desired point,
and the setup can be optimized easily. The fiber also acts as a spatial filter, and the
exiting light is very close to a point source. When placed in the exit pupil of the imaging
system, it produces a distinct fringe pattern. There are, however, some problems with
using separate reference fibers for the two different reference waves. Apart from the
polarization ratio angle, the phase difference between the components is also needed
for determination of the full state of polarization. It is here the problematic part is.
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The optical pathway through the fibers is not constant. Due to minimal stresses, it
is fluctuating, and since the two reference waves are varying independently, the phase
constants of the reference waves are no longer constants. The reconstruction in Eq.(45)
will hence have two oscillating parameters that are unknown, and the phase difference
between the components is random. Therefore is the resulting polarization-response
calculated in terms of the polarization-ratio angles. The full state of polarization could
be measured while keeping most benefits from the optical fiber. Instead of using two
different fibers, only one could be used, and the polarization is controlled with waveplates
and polarization beamsplitters. Then the variation from the optical fiber would cause
the same phase change in both components, and the phase difference would be constant.
This type of setup has been demonstrated recently [84].
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Conclusions & Future Work

The content in this thesis has addressed different parts of particle holography like axial
positioning metrics, multiplexing of several reference waves, size estimation and classifi-
cation. From this work, I will provide a brief answer to each of the research questions
outlined in the introduction.

Is it possible to use the phase response for axial localization of particles?

This thesis presents two metrics that estimate the axial position of a particle from
phase information. Both methods use as working principle that the reconstructed phase
front changes from converging to diverging around the particle location. The difference
between the methods is in how they estimate this change. Either by estimating the phase
gradients using finite difference or by modelling the phase using a Chebychev model.
When comparing the performance, the model-based estimation produces better results
and is overall a better method.

Localization along the optical axis in particle holography is a very well-studied topic.
There exists a multitude of different metrics, and depending on the measurement context,
different metrics are suitable. The method presented here is suitable for a side-scattering
configuration. It has two main benefits, it provides the true axial position, and it is able
to distinguish between a particle and noise.

How can a polarization-resolved multi-view digital holographic setup be real-
ized?

A holographic setup was developed using two telecentric imaging systems placed perpen-
dicular to each other. The choice of imaging directions are optimized for small, smooth
particles. For small spherical particles, the difference between the polarization components
is most significant in the 90◦ direction. The reference waves are transported in optical
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fibres that provide a simple configuration, but the phase within the fibre was discovered
to be unstable. Hence, the full state of polarization is not determined. Instead, the results
are measured in the polarization ratio angle of β. This measurement relates to the field
strengths in each component.

A dual-view setup is more complex and calibrations are needed. A spatial calibration
process is developed to map the particles correctly from the local views to the global
view. The calibration uses sparse particle fields as the calibration target. Due to the
geometry, it is not possible to calibrate the mapping using a fixed grid as a calibration
target. Once calibrated, the system produces a set of global coordinates that reduces
uncertainty compared to a single view system. It also produces the polarization ratio
angles β1 and β2 for each direction.

What particle properties are possible to estimate from polarisation resolved
holograms?

From the work presented, it is clear that some particle properties can be estimated,
especially if the particles are smaller and have a smooth shape. It is straightforward
to determine if a particle is spherical or not by comparing the polarization-ratio angles
β1 and β2. If they are equal over several frames, it is likely a spherical particle, and
if they are not, it is probably a non-spherical particle. Estimation of the particle size
of spheres and non-spheres is possible under some limitations. Up until around 200nm
it is possible to estimate a spheres radius and non-spherical particles spherical volume
equivalent radius. The general rule of thumb is, as particles become larger or have a
complex shape, the estimation of particle properties becomes harder. This becomes
apparent when microplastic particles are measured, and it was only possible to conclude
if a particle is close to spherical or more complex.



Future Work

The content of this thesis outlines some applications of polarization-resolved holography.
The approach presented focus to a great extent on only using the polarisation-ratio angles
β for estimation of particle state variables without any additional information. The
biggest problem right now is that it is hard to analyze the results as particles become
larger and more complex. I think that it is possible to develop the method further
by investigating alternative observation directions. For instance in the forward or near
forward direction.

Another approach would be to use the polarisation information as a complement to holo-
graphic imaging, where the particle is resolved. In that case, the polarization-information
could perhaps give information regarding internal or surface structures. Of course, if
the particles become smaller than the diffraction limit, this is not possible. For smooth
particles with a mild non-sphericity, the presented sizing method is suitable. But for more
general and irregular particles there is quickly a redundancy in the estimation.

Looking at particle holography from a broader point of view I think that there are
some really impressive results using machine learning methods. The main benefit with
a neural network is that while it takes a lot of data and time to train, it is very fast
in evaluation when fully trained. This has enabled fast volumetric reconstructions of
holograms already [70], and there is no reason to believe that the development will slow
down soon. An interesting idea for the microplastic measurements would be to train
a neural network to classify particles. The training data for each particle could be a
sequence of position and polarisation-ratio angles for the different frames. In a more
extended scope, an end-to-end network where the in-data is the raw holograms would be
interesting to develop. This formulation would most likely, require that the microparticles
are larger and can be resolved on the detector. I think that a simple in-line configuration
would be sufficient for this kind of measurements. A first implementation is presented in
reference [85].
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Poor axial resolution in holographic particle imaging applications makes particle positioning in 3D space more
complex since the positions are not directly obtained. In this paper we estimate the axial position of micrometer
particles by finding the location where the wavefront curvature from the scattered light becomes zero. By record-
ing scattered light at 90° using off-axis holography, the complex amplitude of the light is obtained. By
reconstruction of the imaged scene, a complex valued volume is produced. From this volume, phase gradients
are calculated for each particle and used to estimate the wavefront curvature. From simulations it is found that the
wavefront curvature became zero at the true axial position of the particle. We applied this metric to track an axial
translation experimentally using a telecentric off-axis holographic imaging system with a lateral magnification of
M � 1.33. A silicon cube with molded particles inside was used as sample. Holographic recordings are performed
both before and after a 100 μm axial translation. From the estimated positions, it was found that the mean dis-
placement of particles between recordings was 105.0 μm with a standard deviation of 25.3 μm. © 2016 Optical

Society of America
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1. INTRODUCTION

In traditional digital particle image velocimetry, particle posi-
tions are only obtained within a 2D plane [1]. By utilizing
holographic recordings, particle positioning can be done in a
volume which opens up possibilities for investigatigating true
3D phenomenas [2]. This is possible since holographic imaging
records the full characteristics of the light, i.e., both the ampli-
tude and phase [3]. The most commonly used holographic
setup for particle imaging is the in-line setup, where the illu-
mination and reference beams are coaxial. This enables a very
simple setup where no adjustments to the reference beam are
necessary. The drawback with this setup is that not just the
interference term between the object and reference light is
present on the sensor. The directly transmitted intensity is also
recorded. The twin image problem is also present in the holo-
gram. To avoid these problems, off-axis holography can be
used. In off-axis holography a portion of the illumination light
is used as a separate reference beam that is incident on the sen-
sor at an angle. By using this method, the interference term
between the reference and object light can be filtered out
and the other terms are removed. By recording the hologram
on a CCD detector, it is possible to numerically reconstruct the
light field at a distance away from the focus plane and hence

create a reconstructed volume around the imaged scene [4].
However, the axial resolution is significantly worse than the
lateral one at least eight times and scales with the numerical
aperture [5]. This causes spherical particles to be cigar-shaped.
The actual axial location of the particle is therefore not immedi-
ately obtained from the reconstruction. The problem of poor
axial resolution in holographic reconstructions may seem a bit
counterintuitive, as one application of traditional interferom-
etry is measurement of height deviation over smooth surfaces
with a precision of fractions of a wavelength. These traditional
surface measurements, however, detect relative variation in a
distance over a surface, whereas the absolute position of the
surface remains unknown.

Locating particles in 3D is a well studied subject and several
different methods have been proposed. The most common
metric used to determine axial position is based on the intensity
of the reconstructed light. To separate particles in the recorded
data, a threshold process is applied to the intensity of the re-
constructed volume. Only voxels with an intensity higher than
the threshold will be considered to contain useful data. From
this process, a binary volume is obtained. Using the binary vol-
ume, particles can be segmented and the data for each particle is
labeled. The simplest metrics only utilize the intensity in the
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reconstructed volume. To improve resolution, the intensity of
the lateral centroid or the overall intensity can be evaluated for
each particle [6,7]. One can also utilize the intensity gradient to
determine where the particle is at focus [7,8]. If it is known that
the particles of interest are spherical, then the scattered light can
be modeled with the Lorenz–Mie theory and a parameter fit of
position, refractive index, and size can be done [9]. However, a
general particle cannot be modeled by the Lorenz–Mie theory
and such a parameter fit will only be approximate. A problem
that arises when using an intensity metric is that the estimated
axial position does not coincide with the true axial position.
Cheong et al. studied this problem and compared the centroid
of the reconstructed intensity to a fit of the exact Lorenz–Mie
model for spherical particles [10]. The centroid position coin-
cides with the position from the Lorenz–Mie fit for the lateral
coordinates. For the axial position, the centroid had an offset
and therefore would not yield the true position. It was found
that the offset depends on the size of the particle and increases
with increasing particle radius. This indicates that the offset
could be used for particle sizing. By calibration, this offset can
be removed in order to obtain the true position. One can
also overcome this problem by making tomographic recordings
using two perpendicular cameras. By combining the two
reconstructed volumes, the axial resolution can be reduced
to the lateral one [11].

The aim of this paper is to directly obtain the true axial
position using the reconstructed phase of the scattered light.
There have been few studies on particle positioning that is
based on phase measurement. The behavior of the phase
around the focus plane of a particle was studied in detail in
previous studies for in-line holography [12] and complex met-
rics have been used to determine particle locations in in-line
holography for both forward and side scattering setups [13,14].
The idea outlined in this paper is that the wavefront curvature
holds information about the axial position of particles and
that the true position can be estimated from the reconstructed
phase.

This paper is structured in the following way; in Section 2 a
simulation model for particle scattering is presented. In
Section 3 the proposed metric for estimating particle locations
is outlined. Simulations are done to show the behavior of the
metric; results are presented and discussed. In Section 4 the
experimental setup used to record holograms is outlined, and
in Section 5 results from experimental measurements are
presented and discussed. The localization metric is also applied
to track an axial translation of a particle sample. Finally, in
Section 6, conclusions are made based on the results from this
paper.

2. THEORY

A. Simulation of Mie Scattering
Using numerical simulations, the behavior of the scattered light
can be studied in detail. Scattering from spherical micrometer-
sized particles can be modeled by Mie scattering. We will
briefly cover this topic; for a more complete description we
refer the reader to [15]. For a plane wave incident on a particle,
the scattered light will consist of an outgoing wave modulated
by Mie coefficients. The majority of the scattered light is

concentrated to a narrow cone in the forward scattering
direction. However, when imaging scattered light in the for-
ward direction, much stronger illumination light is also present
on the sensor. The consequence of this is that the shadow of
the particle is recorded instead of the scattered light from the
particle. Furthermore, the narrow light cone limits the spatial
frequencies available for imaging. This means that the spatial
frequencies are limited regardless of the properties of the
imaging system. To overcome both these problems, imaging
can be performed at a 90° angle. At this angle, the illumination
light is not present on the sensor and it is not concentrated to
a narrow cone. This light is, however, much weaker than the
forward scattered light, which requires longer exposure times or
higher illumination intensity.

According to the Lorenz–Mie theory, the scattered light is
related to the incident light by the coefficients S1�θ� and S2�θ�.
These angularly dependent scattering coefficients determine
how the scattered light from a spherical particle behaves in a
certain direction. The parameter S1�θ� relates how the polari-
zation component orthogonal to the scattering plane behaves,
and the parameter S2�θ� relates how the component parallel to
the scattering plane behaves. The scattering plane is defined as
the plane spanned by the vector si in the illumination direction
and the vector ss in the scattering direction; see Fig. 1. The
angle θ is the angle between these two vectors. The parallel
and orthogonal components of the incident light are also
indicated. S1�θ� and S2�θ� are, in general, complex variables
so the scattering coefficients will affect both the amplitude
and phase. The relation between the incident and scattered
light is given by�

Es⊥�θ�
Es‖�θ�

�
�

�
S1�θ� 0
0 S2�θ�

��
Ei⊥
Ei‖

�
; (1)

where the subscripts s and i indicate scattered and incident
light, respectively. When imaging the particles, a set of direc-
tions is used to form the spatial frequency content of the image.
Therefore, the scattering coefficients affect the image forma-
tion. Modulation of the spatial frequency content only depends
on the in-plane angle θ in the scattering plane and not the
orthogonal angle.

Assuming the incident light Ei to be a plane wave linearly
polarized parallel to the scattering plane, Ei � Ei‖, the scat-
tered light at an angle θ is then given by

Fig. 1. Definition of scattering plane with the illumination direc-
tion si and scattering direction ss .
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Es�θ� � S2�θ� · Ei‖: (2)

The set of scattering angles is centered around the optical
axis. For the 90° scattering setup. the optical axis is along the
z axis; see Figs. 1 and 2(a). In general, the particle is not located
at the focus plane, and therefore a defocus term is also present.
Only scalar waves are used in this paper, so we only use one
component of the scattered light and denote it by U from
now on. This simplification is reasonable, since the detection
can be approximated to be done in the scattering plane.
Considering the imaging geometry sketched in Fig. 2(a), the
field at the joint focal plane Ua can be expressed as follows

Ua�η; ξ� � Ei‖ · S2�f x; f y� · exp�−ikszΔz�; (3)

where f x and f y are the spatial frequencies, η and ξ are the
lateral coordinates in the joint focal plane, λ is the wavelength,

k is the wave number, sz �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − �λf x�2 − �λf y�2

q
is the direc-

tional cosine component in z-direction, and Δz is the distance
from the focus plane. The field Ua is related to the input field
U i by a inverse Fourier transform as follows:

Ui�x; y� � F −1fUa�η; ξ�g: (4)

For a telecentric imaging system, the input field at the front
focus plane is related to the output field at the back focus plane
as follows:

Uo�x 0; y 0� �
ffiffiffiffiffiffi
f 1

f 2

s
Ui

�
−
f 1

f 2

x; −
f 1

f 2

y
�
; (5)

where f 1 is the focal length of the first lens and f 2 is the focal
length of the second lens. By defining the lateral magnification
as M � f 2

f 1
, one can rewrite the equation as

Uo�x 0; y 0� �
ffiffiffiffiffi
1

M

r
Ui

�
−
x
M

; −
y
M

�
: (6)

The spatial frequencies are also rescaled with the magnifi-
cation. In addition, Uo is low-pass filtered by a hard aperture
in the joint focal plane Ua between the lenses. Combining
Eqs. (3), (4), and (6) describes the field at the detector given
the position and particle size in object space. By only consid-
ering single scattering terms, the contribution of several par-
ticles can be superimposed in the output field.

B. Off-axis Holography and Reconstruction
In digital holography the object light U and a reference wave R
interfere on the detector to form a hologram. In an off-axis
holographic setup, the object light, in this case the scattered
light from the particles, and the reference light are separated
in the angular spectrum [4]. We choose to denote the coordi-
nate system in the object plane by �x; y; z� and the coordinates
in the image plane on the detector by �x 0; y 0; z 0�; see Fig. 2(a).
The coordinates are related by the magnification M of the sys-
tem x 0 � −Mx and y 0 � −My. In these notations the intensity
on the detector becomes

I�x 0; y 0� � jU �x 0; y 0�R�x 0; y 0�j2
� jU �x 0; y 0�j2 � jR�x 0; y 0�j2
� U �x 0; y 0��R�x 0; y 0� � U �x 0; y 0�R��x 0; y 0�: (7)

The first two terms are the intensity of the object wave and
reference wave, respectively, and the last two terms are inter-
ference terms between the object wave and reference wave.
There is no overlap between the terms in the Fourier domain.
The complex amplitude of the object wave modulated by the
reference wave is obtained by filtering in the Fourier domain. A
rectangular filter is applied to extract one of the interference
terms. In a well-aligned imaging system, the reference is a plane
wave that only scales the object light. One can then, without
further loss of generality, write

U �x 0; y 0�R��x 0; y 0� → U �x 0; y 0�: (8)

Therefore, the recorded interference terms contain a full de-
scription of the complex amplitude of the detected object light.
By generating the field at the detector using Eq. (6) and making
it interfere with a plane wave, the simulated hologram is pro-
duced. Thus the detected interference term U �x 0; y 0�R��x 0; y 0�
is formed.

Reconstruction of the target volume follows the same path
as the simulation. By knowing the complex amplitude of the
light field, one can propagate it to a different plane along the
optical axis. We utilized the angular spectrum method [4].
Before further calculations the tilt phase contribution from the
off-axis reference light is compensated for by centering the spa-
tial frequency content. If the field at the detector is denoted
U �x 0; y 0; 0�, then the field at a distance Δz 0 away from the
detector plane is given by

U �x 0; y 0;Δz 0� � F −1�F �U �x 0; y 0; 0�� exp�−jkszΔz 0��; (9)

(a)

(b)

Fig. 2. Coordinate systems, where Ui is the field at the focus plane,
Ua is the field in the joint focal plane, and Uo is the field at the
detector. L1 and L2 are imaging lenses with focal lengths f 1 and f 2,
respectively. Δz is the defocus distance of the particle. (a) Shows the
coordinates in the object- and image-domains and (b) shows the
propagation of a image plane by a distance Δz 0.
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where F is the 2D Fourier transform, k � 2π∕λ is the wave
number, and sz is the directional cosine component in the z
direction. By reconstructing a stack of images separated by a
distanceΔz 0, a discrete volume is produced. This reconstruction
process allows us to generate a 3D volume from a 2D hologram.
In Fig. 2(b) the concept of the discrete volume is presented.
The reconstruction distance Δz 0 in the image domain is related
to a distance in the object space by Δz � Δz 0∕M 2. For a tele-
centric setup, the lateral magnification is independent of the
defocus distance Δz.

3. PARTICLE ESTIMATION

Because of the low numerical aperture, the axial resolution in
the volume is poor so that spherical particles become elongated
and cigar-shaped in the reconstruction. Therefore, a metric is
required to find the true position of the particle. Since the
scattered light is an outgoing wave originating from the particle,
the wavefront curvature changes its direction of propagation at
the particle’s location. In the wavefront reconstruction, the scat-
tered light converges toward the particle and thereafter diverges
when passing it. This change in curvature is the core phenom-
ena in the estimation. To more accurately determine a particle’s
location, we suggest a metric that is based on the phase gra-
dients of the scattered light rather than the phase itself. The
idea is that the light scattered from a particle will have a plane
wavefront at the particle location. Away from the particle, the
wavefront has a curvature that is directed toward the particle.
So when going through the focus, the curvature changes sign.
The proposed metric can be described in the following way.
The wavefront curvature needs to be estimated. This is done
from the reconstructed phase in the volume. The imaging sys-
tem will image a limited part of the wavefront, and the phase
around a particle can then be approximated with a second-order
polynomial. Still, the phase can be wrapped, and a direct sec-
ond-order fit fails in that scenario. To avoid this problem, the in
plane phase gradients are used instead of the phase itself. This
will also allow for a lower-order fit later on that is less complex
and has better convergence. The phase gradients are defined as
follows:

δϕi;j

δx
� ∠�Ei−1;jE�

i�1;j�
2d

; (10)

δϕi;j

δy
� ∠�Ei;j−1E�

i;j�1�
2d

; (11)

where d is the pixel pitch of the detector. In general, the change
between adjacent pixels is significantly less than π so that the
wrapping problem will not be present in the phase-gradient
data. Since the phase around a particle can be approximated
by a second-order polynomial, the gradient is approximated
with first-order polynomials as follows:

δϕi;j

δx
� A1�i − 1�d � B1�j − 1�d � C1; (12)

δϕi;j

δy
� A2�i − 1�d � B2�j − 1�d � C2; (13)

where the indices i, j range from 1 to N, which are the number
of pixels in each direction. The parameters of interest here are

A1, A2, B1, and B2, since they hold information about the
wavefront curvature. In general, the gradient in the x direction
does not depend on the y coordinate, and the gradient in y
direction does not depend on the x coordinate.

A. Simulated Holograms
To investigate the assumption that the phase gradients in fact
become zero at the true axial position, the behavior of a single
particle is simulated. The simulated system is set to resemble
the experimental setup. The particle is set to have a diameter of
10 μm and a refractive index of 1.5, and the particle is non-
absorbing. The surrounding medium is set to be silicon with a
refractive index of 1.4. The illumination light has a wavelength
of 532 nm and is linearly polarized parallel to the scattering
plane. The two imaging lenses are set to have focal lengths
of 60 mm and 80 mm, respectively; that gives a lateral mag-
nification ofM � 1.33. A square aperture of 3 × 3 mm is used
to band-limit the light. This corresponds to a numerical aper-
ture in the object plane of NA0 � 0.025 and NA1 � 0.0187
in the image plane. The pixel size of the detector is
d � 3.45 μm. The particle is located at �x; y; z� � �0; 0;
2500�μm, i.e., in the center of the object plane with a defocus
of 2500 μm toward the imaging system. The field is discretized
in both lateral coordinates corresponding to the detector size
and intensity values ranging from 0 to 255. From the acquired
hologram, a volume is reconstructed using Eq. (9). To evaluate
the phase gradients from this volume, segmentation of voxels
corresponding to the particle is done. To do this, a threshold is
set at 10% of the maximum intensity to form a binary image of
the volume. Voxels are clustered to form the regions of interest
for the particle. The parameters B2 and A1 are calculated using
the method outlined above. In Fig. 3 parameter values are pre-
sented along with the centroid intensity of the particle. Here
one can clearly see the shift in curvature that we are interested
in. For a perfectly spherical wave emitted from a point source,
the phase gradients are spherically symmetrical, so the phase
gradients both parallel and orthogonal become zero in the focus
plane. For particles of finite size, Mie effects are present in the
scattered light. The Mie coefficients modulate the behavior of
the light depending on the angular direction θ in the scattering
plane. This angular dependence varies with pixel position
parallel to the scattering plane and not with the orthogonal
position. This modulation with respect to parallel position will
affect the phase gradients parallel to the scattering plane, while
not affecting the gradients orthogonal to it. The parameter A1 is
therefore distorted and its zero-crossing is shifted away from the
true particle position. In contrast, the parameter B2 is well be-
haved and linear. Away from the particle this parameter also
becomes distorted. This is because fewer points are available
for the parameter fit. In Figs. 3(a) and 3(b), both the parallel
and orthogonal components are shown. Figure 3(b) is just a
zoomed-in version of Fig. 3(a). The parameters show exponen-
tial behavior as a function of z; they behave approximately lin-
ear around the axial location of the particle. The linear slope
around the zero-crossing will increase with increasing numeri-
cal aperture NA0, since a larger part of the wavefront is used in
the detection. So if all spatial frequencies are available in the
detection, a discontinuity will be present at the particle loca-
tion. Since the detection in Fig. 3 is band-limited, the slope
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is finite. From this simulation we can conclude that the param-
eter B2 becomes zero in the vicinity of the true axial position,
while the zero-crossing for the parallel parameter A1 is shifted.
Therefore, only phase gradients orthogonal to the scattering
plane can be used to locate particles accurately. In our coordi-
nate system, the parallel direction is in the x direction and
the orthogonal direction is in the y direction. All this is just
an effect of the scattering parameters only being sensitive to
the in-plane angle.

Further simulations of 40 holograms with 40 particles each
are performed. The lateral positions of the particles are chosen
at random, while the axial is kept at z � 2500 μm. Simulations
are repeated for different noise levels ranging from 0% to 4% of
the maximum bit depth in the detector, with an increment of
0.5%. In our experimental measurements, the exact particle
positions are unknown and a translation is estimated instead.
Therefore, a translation is simulated as well. One hologram is
acquired before a 100 μm translation and a hologram is re-
corded afterward. From these simulations, the parameter B2

is evaluated for each particle and the axial position of the

zero-crossing is saved as the particle’s axial location. Also, a
fit of the Gaussian profile for the centroid intensity is per-
formed to obtain the location of the peak. The results from
the simulation with a noise level of 1% are presented as histo-
grams in Fig. 4. From these histograms it becomes more clear
that the intensity peak is shifted approximately 20 μm, while
the positions acquired from the phase-gradient method are
centered around the true axial position. By fitting a Gaussian
distribution to the data, the mean and standard deviations are
calculated. For the centroid intensity method, the mean is
−2519.6 μm with a standard deviation of 4.5 μm, while for
the phase-gradient method, the mean is −2499.7 μm with a
standard deviation of 5.1 μm. From these simulations we can
conclude that the phase-gradient-based method produces the
correct axial position of the particle and that both methods have
comparable standard deviation. To evaluate the results from an
axial translation particle, positions before and after the trans-
lation are paired. The resulting mean translation is 100 μm,
as expected, and the standard deviation depends on the noise
level. The resulting standard deviations are presented in
Table 1. The standard deviation appears to scale approximately
linear with the noise ratio. One additional feature with this
phase-gradient metric is that it rejects noise that shows up as
particles when using only intensity. Noise does not have the
phase behavior of a particle since it is not passing a true geo-
metrical focus. A similar validation process was utilized by
de Jong and Meng [14], where they posed a criteria on the real
part of the complex field. Although our metrics differ from the
requirement on potential particles described in [14], they are
the same as [14] in the sense that they show typical particle
characteristics. By enforcing this requirement, one can use a
rather low threshold since non-particle voxel clusters will be
removed by the use of the phase-gradient metric. This method
is therefore insensitive to false particles generated from noise.Fig. 3. Evaluation from simulated data; (a) shows the phase-

gradient tilt for parallel direction (dashed) and orthogonal direction
(solid), (b) shows a zoomed-in version of (a), and (c) shows the cent-
roid intensity.

(b)

(a)

Fig. 4. Histograms of simulated data with Gaussian distribution fits
for both phase-gradient method (a) and centroid intensity method (b).
The solid lines are the fitted Gaussian distributions.
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False negative and false positive particle detections are quanti-
fied and are between 1.5% and 3% for different noise levels.
Compared with quotas previously reported, the false negative
values are about the same, while the false positive quota is
lower [14].

4. EXPERIMENTAL MEASUREMENTS

The experimental setup consists of the off-axis holographic tele-
centric imaging system, depicted in Fig. 5. For illumination, a
532 nm Nd:YAG continuous laser with a power of 85 mW is
used. The polarization is adjusted with a half-wave plate
(not shown in the figure) so that the light is linearly polarized
parallel to the scattering plane. Using a beam splitter (BS), part
of the light is focused into a polarization-maintaining fiber
using a mirror (M ) and a fiber coupling (FC). The rest of
the light is expanded by the biconcave lens L2 of focal length
f � −20 mm and the biconvex lens L1 of focal length
f � 150 mm, so that a larger volume of the sample is illumi-
nated. The sample consists of a 23 mm × 23 mm × 23 mm sil-
icon cube that has spherical particles molded into it. Refractive
indices of the silicon and particles are 1.4 and 1.5, respectively,
and the particles have an average diameter of 10 μm. The con-
centration of particles is low so that only a about 20–50 par-
ticles are present in the imaged scene. Imaging of the scattered
light is performed at an angle of 90° using a telecentric imaging
system. Lens L3 is a f � 60 mm biconvex lens and lens L4 is a

f � 80 mm biconvex lens. This corresponds to a system mag-
nification of M � 1.33. In the common focal plane, a square
aperture with the size of 3 mm × 3 mm is placed to control the
spatial frequency content in the image. By placing the aperture
here, the entrance- and exit-pupils of the system are located at
infinity, hence making the system telecentric, so that the mag-
nifications are constant with respect to axial distance. To gen-
erate a hologram, the other end of the polarization-maintaining
fiber, containing the reference light, is connected to the aper-
ture plate. By doing so we ensure that the reference light be-
comes a point source in the Fourier domain. In the back focal
plane of lens L4, a CCD detector (Sony XCL 5005) is placed
to record the hologram. The detector has 2448 × 2048 pixels
with a size of 3.45 μm, giving it an effective size of
8.48 mm × 7.1 mm. The fiber has a numerical aperture of
0.12, which is sufficient to cover the whole detector. The
numerical aperture of this system isNA0 � 0.025 in the object
plane and NA1 � 0.0187 in the image plane, respectively.
Since the sample is a silicon cube, the effective numerical aper-
ture is even smaller, since the silicon–air boundary will refract
the scattered light. The effective numerical aperture becomes

NA 0
0 �

NA0

nsilicon
� 0.025

1.4
≈ 0.0179: (14)

The backside of the silicon cube is placed at approximately
L � 60 mm in front of the imaging system so that the focus
plane is inside the sample cube and a hologram is recorded of
the side-scattered light. It is then translated 100 μm along the
optical axis away from the imaging system and another holo-
gram is recorded.

5. EXPERIMENTAL RESULTS, AND DISCUSSION

From the holograms recorded, reconstructed volumes and
phase gradients are estimated using the method outlined in
Section 3. It is of interest if the parameter B2 will coincide with
the simulated behavior. The coefficient B2 is evaluated for 17
particles and a new variable z� is introduced to compare indi-
vidual particles regardless of axial position. It is defined as

z� � z − z0; (15)

where z0 is the zero-crossing for each particle. The evaluation is
shown in Fig. 6. The behavior of the parameter is in-line with
the simulations and a clear zero-crossing occurs. From simula-
tions we know that the zero-crossing occurs at the axial position
of the particle. 3D coordinates are hence acquired where the
lateral positions are estimated from the centroid position,
and the axial position is estimated from the coefficient B2.
Particle positions are shown in Fig. 7, both before and after
the translation. To estimate the axial translation, particles from
the first hologram are paired with the closest particle in the axial
direction from the second hologram. These links are shown in
Fig. 7. The length of the translations are calculated in the image
domain. According to geometric optics, the distance in the ob-
ject domain is an inverse scaling with the magnification squared
of the distance in the image domain. Some particles are un-
linked; this is most likely due to noise lowering the quality
in certain regions, causing the phase gradients to be distorted.

Fig. 5. Experimental setup used in the recordings. BS is a beam
splitter, L1 is a f � 150 mm lens, L2 is a f � −20 mm lens, L3
is a f � 60 mm lens, L4 is a f � 80 mm lens, A is the aperture,
M is a mirror, and FC is a fiber collimator.

Table 1. Simulated Standard Deviation for Different
Peak-to-Peak Noise Ratios

Noise Ratio (%) Standard Deviation (μm)

0 2.6
0.5 5.9
1 10.0
1.5 14.6
2 19.7
2.5 21.2
3 28.0
3.5 32.3
4 39.7

7508 Vol. 55, No. 27 / September 20 2016 / Applied Optics Research Article



The estimated mean translation between recordings is
105.0 μm with a standard deviation of 25.3 μm. The standard
deviation of the individual positioning is hence 25.3 μm∕

ffiffiffi
2

p �
17.9 μm, assuming that the translation is the difference between
two independent distributions. This indicates that the mean
translation is in-line with the translation performed by the
micrometer screw; the standard deviation is, however, quite
significant. Comparing the estimated translations with the
simulated translations, it is found that both are unbiased, so
the mean translation is close to 100 μm. The standard deviation
from the experimental data is in the same order of magnitude as
the simulated values in Table 1. The experimental standard
deviation corresponds to a simulated noise level of approximately
2.5%–3%. From this we can conclude that the noise introduces
an uncertainty in the phase-gradient estimations that causes an
uncertainty in the estimated position. To improve the setup, a
larger numerical aperture can be used. Then, a larger portion of
the wavefront is imaged, and hence the curvature would be
clearer. A larger magnification will also make the positioning

more accurate, since the image and object domains are related
by the magnification.

One important aspect of the phase-gradient method is that
it rejects potential particles that do not have the particle signa-
ture. This will reject potential particles that originate from
noise, and hence the number of false particle detections is re-
duced. Actual particles can, however, be excluded, since noise
in the reconstruction can disturb the particle signature and
hence be removed from the estimation. This effect can explain
the unpaired particles in Fig. 7. By rejecting false particles,
additional calculations will be easier to perform, since false
pairing of particles will be avoided.

To compare our results with previously reported results,
the numerical aperture and wavelength in the different setups
needs to be considered. These parameters govern the axial
resolution of the imaging system. The uncertainty will scale
with the axial resolution, so a system with a high numerical
aperture has a smaller uncertainty. A high numerical aperture
accepts a larger set of angles and hence has access to more
information from the scattered light. More information creates
a more accurate reconstruction. This comparison should
not be seen as a benchmark test, but as a rough overview.
Compensation for different numerical apertures and wave-
lengths can be done by scaling. A unitless uncertainty, σscaled,
is then formulated as

σscaled � σ
NA2

0

λ
; (16)

where σ is the obtained standard deviation,NA0 is the numeri-
cal aperture, and λ is the wavelength. By doing so, the
uncertainties are expressed in the same frame of reference in-
dependent of imaging system properties. This scaling yields
quotas ranging from σscaled � 0.007 − 0.088 in previous re-
ported methods [7,13,14,16]. The simulated standard devia-
tions in Table 1 rescale to values σscaled � 0.003 − 0.045
depending on noise level using Eq. (16). The experimental un-
certainty corresponds to σscaled � 0.01. Comparing the scaled
values from previously reported results, and the simulated and
experimental results from this paper, one can see that they are
all comparable. The comparison and the simulations in this
paper indicate that the noise is the most important factor
affecting the uncertainty for a given numerical aperture. From
this we can conclude that the phase-gradient method outlined
in this paper produces an uncertainty that is comparable with
previously reported methods, with the benefit of automatically
reducing false particles and canceling the size-dependent posi-
tional bias associated with the intensity.

6. CONCLUSIONS

We have showed by simulations and experiments that it is pos-
sible to determine the position of a particle by tracking the
wavefront curvature from the scattered light. By using off-axis
digital holography, the complex amplitude of the light can be
recorded and used to reconstruct a volume of the imaged scene
with information of both the intensity and phase. From this
volume, the wavefront curvature could be estimated by calcu-
lating the lateral phase gradients at different axial positions for
each particle. The axial position is estimated to be where the

Fig. 6. Evaluation of parameter B2 for 17 particles from an exper-
imental recording. The z axis is shifted so that all particles have their
zero-crossing at z� � 0.

Fig. 7. 3D scatter plot of particle positions before and after the axial
translation. Links between paired particles are also indicated.
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phase gradients change sign. From simulations it was found
that the estimated position coincides with the true position.
Compared to the maximum centroid metric that has a shift,
this metric returns the true position without calibration.
Experimental measurements were done and it was found that
the estimated phase gradients show the same behavior as in the
simulations. The phase gradients have a distinct zero-crossing
that indicates the true position of the particle. A sample con-
taining the particles was translated 100 μm along the optical
axis and holograms were recorded both before and after the
translation. Positions from each hologram were estimated and
particle pairing between the recordings was performed. The
mean displacement distance was found to be 105.0 μm with
a standard deviation of 25.3 μm. This was in-line with standard
deviations found from simulations. In the simulations, the stan-
dard deviation ranged from 2.6 μm to 39.6 μm for noise ratios
ranging from 0%to 4% of the maximum bit depth. The phase-
gradient method presented in this paper will reject noise from
showing up as false particles in the estimation.

Funding. Vetenskapsrådet (VR) Swedish Research Council
(621-2014-4906).
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Side scattered light from micrometer-sized particles is recorded using an off-axis digital holographic setup. From
holograms, a volume is reconstructed with information about both intensity and phase. Finding particle positions
is non-trivial, since poor axial resolution elongates particles in the reconstruction. To overcome this problem, the
reconstructed wavefront around a particle is used to find the axial position. The method is based on the change in
the sign of the curvature around the true particle position plane. The wavefront curvature is directly linked to the
phase response in the reconstruction. In this paper we propose a new method of estimating the curvature based
on a parametric model. The model is based on Chebyshev polynomials and is fit to the phase anomaly and com-
pared to a plane wave in the reconstructed volume. From the model coefficients, it is possible to find particle
locations. Simulated results show increased performance in the presence of noise, compared to the use of finite
difference methods. The standard deviation is decreased from 3–39 μm to 6–10 μm for varying noise levels.
Experimental results show a corresponding improvement where the standard deviation is decreased from
18 μm to 13 μm. © 2017 Optical Society of America
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1. INTRODUCTION

Digital holography is a suitable technique for tracking
micro-particles since it records 3D information. Holography
was originally proposed by Gabor in 1948 [1], and its digital
version is usually attributed to Goodman [2]. Extracting infor-
mation about particle fields is a natural application of digital
holography because 3D information about position, size,
and morphology is recorded in the hologram. Applications in-
clude studies of flow phenomena using holographic particle
velocimetry (HPIV) [3], tracking microorganisms [4], and
characterizing aerosols [5–7] and the dynamic behavior of
combustion fuel particles [8,9] and air bubbles [10], to men-
tion a few. There are two main configurations of holographic
setups used for particle analysis. In in-line holography, the
illumination wave is also used as a reference wave. Here the
scattered light from particles interferes with the un-scattered
light in the forward direction. This is a very simple and com-
pact setup, but it has disadvantages in that only the forward
direction can be used, and a twin image and zero-order terms
disturb the reconstruction. The other main configuration is off-
axis holography, which uses a separate reference wave with an
off-axis angle. This setup is more complex, but with it, it is
possible to remove the twin image and zero-order content from

the image of interest. Any imaging direction can be used with
this setup, not only the forward direction. In this investigation,
the off-axis configuration is utilized because it allows for a gen-
eral registration direction. In digital holography, the hologram
is recorded on a CCD or CMOS detector and numerically re-
constructed to obtain 3D information [11,12]. For low
numerical apertures, the resolution in the reconstruction along
the optical axis is poor compared to that of the lateral one [13];
therefore, particles appear elongated. To find the correct axial
particle position, a metric of some kind is needed. Previously
reported metrics are based on intensity [14–16], which are
most common, or they are based on the whole complex field
[17,18]. It is also possible to solve the inverse problem directly
from the recorded hologram [19,20]. This is, however, more
time consuming and, therefore, unsuitable for large par-
ticle sets.

We have, in a previous paper, presented a metric that is
based on the wavefront curvature of the scattered light [21].
This metric utilizes the fact that scattered light from a particle
converges toward its true position and thereafter diverges. The
change from a converging to a diverging wave is found by
tracking the wavefront curvature. One significant advantage
with a phase-based metric is that it does not have an offset that
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is present in intensity-based metrics [22]. The wavefront cur-
vature in our previous paper was estimated from phase gra-
dients that were computed using finite differences. This was
a simple way to estimate the curvature; unfortunately, in the
presence of noise, the precision decreases rapidly due to the
noise enhancement. In this paper, we propose a method that
parameterizes the phase anomaly compared to a plane wave,
without using finite differences. The method consists of fitting
the phase anomaly to a three-dimensional polynomial model,
and from the polynomial coefficients the particle position is
determined. By using a model, we reduce the effect of noise.
The rest of the paper is structured as follows: in Section 2,
theory regarding particle scattering, digital hologram forma-
tion, and reconstruction are presented. The proposed polyno-
mial model is also outlined. In Section 3, the setup is described
along with the simulations and measurements performed. In
Section 4, the results from both simulations and measurements
are presented and discussed. Finally, the paper is summarized in
Section 5, and the conclusions are presented.

Portions of this work were presented at the Digital
Holography & 3-D Imaging conference in 2017, Paper
M4A.3.

2. THEORY

A. Particle Holograms
Light incident on a particle generates an angularly dependent
outwards propagating scattered field. Consider the geometry
sketched in Fig. 1. The particle is located at the origin of a right
handed Cartesian coordinate system and is illuminated by a
plane wave propagating along the y-axis. Detection is done
along the vicinity of the z-axis, which is denoted as the optical
axis. We denote the Jones vectors of the incident light Ē i and
the scattered light Ē s. For spherical micrometer-sized particles,
the Lorenz-Mie theory is a suitable scattering model [23]. The
theory is most commonly expressed with respect to the scatter-
ing plane; this is the plane spanned by the illumination and
observation directions, denoted s̄i and s̄s, respectively, see
Fig. 1. The incident and scattered fields are then expressed
in polarization components parallel and perpendicular to the
scattering plane. These components are denoted Ei⊥, Ei∥ for

the incident light and Es⊥, Es∥ for the scattered light, respec-
tively. The relationship between these components is as follows:

Ē s �
�
Es⊥�θ�
Es∥�θ�

�
� eik�r−z�

−ikr

�
S1�θ� 0
0 S2�θ�

��
Ei⊥
Ei∥

�
; (1)

where S1�θ� and S2�θ� are the angular dependent scattering
coefficients, θ is the in-plane angle, z is the position along
the optical axis, and r �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � y2 � z2

p
is the distance from

the particle. For the derivation of Eq. (1) and the full expression
for the scattering coefficients, we refer the reader to [23].

In digital particle holography, the object light Ē is given by
Eq. (1), and a reference wave is given by

R̄ �
�
R∥
R⊥

�
; (2)

the interfere on the detector to form a digital hologram. Only
components with mutual polarization interfere. In an off-axis
holographic setup the object light, in this case the light scat-
tered from particles, and the reference light are assumed to
be separated in the angular spectrum [11]. In our setup, the
light is recorded by the two-lens telecentric imaging system,
depicted in Fig. 2. The magnification M between the object
and image space is then given by M � f 2∕f 1, where f 1

and f 2 are the focal lengths of lens L1 and lens L2, respectively.
We choose to denote the coordinate system in the object space
by �x; y; z� and the coordinates in the image plane on the
detector by �x 0; y 0; z 0�. The imaging system then maps from
the object plane to the image plane. The coordinates are related
by the magnificationM of the system as x 0 � −Mx, y 0 � −My,
and Δz 0 � M 2Δz, where Δz and Δz 0 are the defocus distances
in object and image space, respectively. The reference wave is an
off-axis point source in the aperture plane that is reshaped by
the lens L2 to become a plane wave. In these notations, the
intensity on the detector for an arbitrary polarization becomes

I�x 0; y 0� � jĒ�x 0; y 0�R̄�x 0; y 0�j2
� jE∥�x 0; y 0�j2�jE⊥�x 0; y 0�j2�jR∥�x 0; y 0�j2
�jR⊥�x 0; y 0�j2�E∥�x 0; y 0��R∥�x 0; y 0�
�E⊥�x 0; y 0��R⊥�x 0; y 0��E∥�x 0; y 0�R�

∥�x 0; y 0�
�E⊥�x 0; y 0�R�

⊥�x 0; y 0�; (3)

Fig. 1. Scattering geometry with the defined scattering plane,
spanned by vectors si and ss . Polarization is expressed on component
form, parallel, and orthogonal to this plane.

Fig. 2. Telecentric imaging system consisting of lenses L1 and L2
and aperture A. Solid rays are the object light, and dashed rays are
the reference light. Dashed black lines indicate the detector in image
space and corresponding conjugate plane in object space.
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where the first four terms are the intensity of each polarization
component of the object wave and reference wave, respectively.
The fifth and sixth terms are interference between the
conjugate object wave and reference wave, for each polariza-
tion, respectively. Likewise, the seventh and eighth terms are
the interference terms between the object wave and conjugate
reference wave, for each polarization. By controlling the off-axis
angle of the reference wave and the aperture size in the system,
one can ensure no overlap between interference terms in the
Fourier domain. Figure 3(a) shows the recorded intensity on
the detector for a simulated hologram. The particle is defocused
at distance Δz � 2000 μm.

B. Reconstruction
The hologram captured by the detector has to be reconstructed
before further analysis is performed. It is possible to extract
individual interference terms when using off-axis holography,
since they are separated into different lobes in the Fourier do-
main. The first four terms in Eq. (3), that is, the intensity com-
ponents, are located in a central lobe. The four interference
terms each have a separate side lobe in a well configured system.
The interference term of interest is extracted by applying a rec-
tangular mask around the corresponding lobe, removing all
content outside of it. If the reference wave R̄ is a tilted plane
wave, it will scale the object wave and add a phase gradient
proportional to the off-axis angle. It is possible to remove
the phase gradient by re-centering the lobe after the filtering
process. By doing so, R reduces to a scalar depending on
the reference wave intensity. Because of this, we drop the R
from now on; hence, the complex amplitude Ẽ�f 0

x ; f
0
y; z

0
D�

is known in Fourier space for the component of interest, where

Δz 0D is the axial position of the detector in image space. It is
now possible to compute the field at an axial position z 0 �
z 0D � Δz 0 from the detector with the use of the angular
spectrum method [11], and the field becomes

E�x 0; y 0; z 0� � F −1�Ẽ�f 0
x ; f

0
y; z

0
D� exp�−jks 0zΔz 0��; (4)

where F −1 is the 2D inverse Fourier transform, k � 2π
λ is the

wave number, and s 0z �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − �λf 0

x�2 − �λf 0
y�2

q
is the

directional cosine component in the z-direction. By recon-
structing a stack of images separated by a distance Δz 0, a dis-
crete volume is produced. This reconstruction process creates a
3D volume from a 2D hologram. The volume contains infor-
mation about both the amplitude and phase from which the
3D particle positions can be found using a suitable metric.

The basic principle of our metric is that the reconstructed
wave from a particle converges toward its position and there-
after diverges. Converging and diverging waves have different
signs of curvature, so the plane where the curvature changes
sign is then the plane where the particle is located. The wave-
front curvature can be obtained from the phase in the recon-
structed volume. The phase in the volume oscillates quickly
along the optical axis, much faster than the step length Δz 0
in the reconstruction. This is problematic, since it then
contains discontinues in the z-direction, making it unsuitable
to fit it to a polynomial model. Figure 3(b) shows the recon-
structed phase along the z-direction along the center of the
particle. Aliasing effects are present, causing the oscillations
to appear slower than they really are. By instead comparing
the phase to a plane wave situated in the same plane, it becomes
possible to compare the data between two planes. This phase
anomaly is calculated as follows:

φa�x 0; y 0; z 0� � ∠�E�x 0; y 0; z 0�� − kz 0; (5)

where k is the wave number. We will from now on use the
phase anomaly φa instead of the pure phase, since it is a
smoother function more suitable for fitting. We now have
two sets of information, the 3D intensity distribution
I�x 0; y 0; z 0� � jE�x 0; y 0; z 0�j2, and the 3D phase anomaly
φa�x 0; y 0; z 0�, from which the particle position can be
estimated.

C. Chebyshev Polynomial Model
It is assumed that the phase anomaly around a single particle
only depends on the response from that particle. Only a small
volume around a potential particle is therefore used in the
parameterization. This assumption holds in general if the par-
ticle distribution is sparse. Potential particles are found from a
coarse intensity-based search where voxels with an intensity
over a defined threshold are chosen.

For a single particle the phase anomaly, φa, is fit to a model
based on Chebyshev polynomials of the first kind [24].
Chebyshev polynomials are chosen as base functions for the
parameterization for two reasons. The first is that they are
orthonormal in a Cartesian coordinate system and, therefore,
suitable for computations in a rectangular volume. Second,
terms of different orders are associated with properties in
the imaging process when using small to moderate numerical
apertures. For instance, first-order terms are related to a spatial

Fig. 3. Different properties in the reconstruction. (a) Intensity on
the detector for a simulated hologram, (b) reconstructed phase along
the center of the particle, (c) corresponding phase anomaly to (b). (d)
Wavefront curvature at Δz � −100 μm (black), −50 μm (blue), 0 μm
(red), 50 μm (green), and 100 μm (magenta). In both (c) and (d), solid
lines are polynomial fit, and markers the simulated data.
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shift in direction, and second-order terms are related to defocus.
The modeled phase anomaly φ̂ in three dimensions is defined
from one-dimensional Chebyshev polynomials. The polyno-
mials are defined in the interval �−1; 1�, and the coordinates
�x 0; y 0; z 0� are rescaled to normalized coordinates �ε; η; ζ� in this
domain. The 3D polynomial is then as follows:

φ̂a�ϵ; η; ζ� �
Xn
i�0

Xn
j�0

Xn
k�0

aijkT i�ϵ�T j�η�T k�ζ�; (6)

where T i, T j, and T k are Chebyshev polynomials of order i, j,
k, respectively, and aijk are the associated coefficients for each
base function triplet. Equation (6) can be rewritten in matrix
form as

φ̂a�ϵ; η; ζ� � Ta: (7)

The objective is then to find the set of estimated coefficients
âijk that best represents the measured phase anomaly φa. We
minimize the squared error between the measured data, φa
and the estimated data, φ̂a, from the polynomial model.
The coefficients are then the solution to the following
minimization problem:

âijk � argmin
a

X
W �φa − φ̂a�2; (8)

where W are weights that influence how much each data point
contributes to the estimation. We chose the intensity of the
scattered light as these weights. This ensures that only data
points where there is light influence the estimation. The
solution to this minimization problem is

â � �TTW T�−1TTW φa; (9)

which is most efficiently calculated using Gauss elimination.
To ensure that the estimated coefficients, âijk, in Eq. (6), re-
present the phase anomaly correctly, a sufficiently high polyno-
mial degree n is needed. To find this value, scattered light from
a single particle is simulated using Eqs. (1) and (3), respectively.
For the full description of the simulation implementation, we
refer the reader to [21]. The simulated hologram is recon-
structed according to Section 3. In the reconstructed volume,
the parameterization is performed and the mean squared error

(MSE) per voxel is evaluated for different values of n. The result
is shown in Fig. 4. A good fit is obtained for n � 4, where the
mean error is approximately 10−3 rad∕voxel. Using higher
orders does not significantly improve the fit. Therefore, a fit
with n � 4 is assumed to be sufficient and will be used further
on in this paper. The phase anomaly corresponding to Fig. 3(b)
is shown in Fig. 3(c). The markers are the simulated data, and
the solid line is the Chebyshev polynomial fit. Figure 3(d)
shows phase anomaly cross-sections in the y-direction for differ-
ent z-positions. Here the change in wavefront curvature
becomes apparent.

The three-dimensional data is now represented by the co-
efficient array aijk. The relationship between the elements in
the array and information about the particle is now investi-
gated. A single particle is simulated, and coefficients â are
estimated for different axial positions by translating the com-
putational box along the optical axis. The dimension of the box
used is 5 × 5 × 21 voxels. All coefficients are investigated, and as
an example, the results for the coefficients a200 and a020 are
shown in Fig. 5. The coefficient a200 has a linear behavior
around the particle and becomes zero at the particle position.
a200 is therefore used as a metric to find the axial position of the
particle. This coefficient corresponds to the quadratic term in
the direction perpendicular to the scattering plane, so it de-
scribes the curvature of the wavefront in that direction.
When a200 becomes zero, the wavefront changes curvature.
This behavior is consistent with the findings in [21]. The cor-
responding coefficient a020, which represents the quadratic
term in the direction parallel to the scattering plane, is also
shown in Fig. 5. It shows a similar behavior, but it is slightly
shifted compared to a200. Therefore, only a200 will be used as a
metric.

To use the metric on a set of particles recorded in a single
hologram, some practical considerations have to be made. First,
we need to segment particles from each other, which is done by
applying a threshold on the intensity in the volume. From the
binary volume, connected voxels are clustered and labeled.
The point with maximum intensity has a slight offset from the

Fig. 4. MSE per voxel for different orders of n.
Fig. 5. Evaluation of square terms a200 and a020 around particle
location.
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particle position, but it is still in the vicinity [22]. This point is
therefore a good starting point when searching for the plane
where a200 becomes zero. A small 3D domain is formed around
the maximum intensity point, and the Chebyshev model is
evaluated in this domain. The position where a200 becomes
zero is then the position of the particle. This position is found
by computing the zero-crossing using linear interpolation. It is
important that the particles are sparse, so that only scattered
light from an individual particle appear in the 3D domain.
The whole procedure for obtaining the axial position of
particles from a hologram can therefore be summarized in
the following steps:

1. Reconstruct a three-dimensional volume using the
angular spectrum method.

2. Apply a threshold on the intensity in the volume to
obtain a binary volume.

3. Automatic segmentation of each particle from the
binary volume.

4. Find the point of maximum intensity for each particle.
5. Evaluate the coefficient a200 in a small domain around

the point of maximum intensity for each particle.
6. The axial location where the coefficient a200 becomes

zero is stored as the position of each particle.

3. EXPERIMENTS

A. Setup
Consider the setup shown in Fig. 6. A 532 nm Nd:YAG con-
tinuous laser with a power of 85 mW is used for illumination.
The light is polarized parallel to the scattering plane. This
polarization is chosen to reduce Rayleigh scattering from inho-
mogeneous parts in the sample. The light is split into two parts
using a 50/50 beam splitter (BS). The first part of the light is
expanded by the lenses L1 and L2, with focal lengths f �
150 mm and f � −20 mm, respectively. The expanded light
illuminates the sample, which consists of a 23 mm × 23 mm ×
23 mm silicon cube with spherical particles molded into it. The
particles have an average diameter of 10 μm, and the refractive
indices of the silicon and particles are 1.4 and 1.5, respectively.
The concentration of particles is low so that the imaged scene is
sparse, and only a few particles are present. The cube is placed

so that only scattered light from the particles is imaged. There
could be internal variations of the refractive index in the sili-
cone cube that affect the experimental results compared to if
the particles were imaged in air. These will then show up as
an increase in random error. Scattered light from the particles
is recorded using a telecentric imaging system, formed by lenses
L3 and L4 at a 90° angle. Lenses L3 and L4 have focal lengths
f � 60 mm and f � 80 mm, respectively. This corresponds
to a system magnification of M � 1.33. A 3 mm × 3 mm
aperture is used to band limit the image. It is placed in the joint
focal plane between lenses L3 and L4, making the system tele-
centric. The other light part from the BS is used as the reference
wave. It is focused into a polarization maintaining fiber using a
mirror (M) and a fiber port (FP). The fiber end is placed in the
aperture plane. By doing so, we ensure that the reference light
becomes a point source in the Fourier domain. In the back focal
plane of lens L4, a detector (Sony XCL 5005) is placed to rec-
ord the hologram. It has 2448 × 2048 pixels and a pixel pitch of
3.45 μm, giving the detector a total size of 8.48 × 7.1 mm. The
images are stored in an 8-bit format. The fiber has a numerical
aperture of 0.12, which is sufficient to cover the whole detector.
The numerical aperture of this system is NA0 � 0.025 in the
object plane and NA1 � 0.0187 in the image plane. Since the
sample is a silicon cube, the effective numerical aperture is even
smaller, since the silicon-air boundary will refract the scattered
light. The effective numerical becomes

NA 0
0 �

NA0

nsilicon
≈ 0.0179: (10)

B. Simulations and Measurements
To compare how the parametric Chebyshev method compares
to the previously reported finite difference method, a large set
of simulations was performed. Once again we use the simula-
tion routine described in [21], that is, an implementation of
Eqs. (1) and (3), respectively. The simulation properties are
set as described in Section 3.A. Some assumptions are made:
the illumination is a perfect plane wave, and particles are iden-
tical perfect spheres with a diameter of 10 μm. Then, 10 holo-
grams each containing 20 particles located at random lateral
and axial positions are simulated. Since the axial positions
are known, it is easy to compute the error for each particle.
The standard deviation, false positive ratio, and false negative
ratio are computed. This is repeated for different noise levels
ranging from 0 to 4 percent of the maximum intensity.

For experimental measurements, the backside of the silicon
cube is placed at approximately L � 60 mm in front of the
imaging system, so that the focus plane is inside the sample
cube. Unlike in simulations, the true particle position is not
known, and there are several holograms of stationary particles
recorded in the series. Particle positions are evaluated with the
method outlined in Section 4 from the holograms. A set of po-
sitions for five different particles are then obtained. For each
particle, the axial mean position is estimated and subtracted
from the recorded positions. The associated errors are therefore
computed.

Fig. 6. Experimental setup used in the recordings. BS is a beam
splitter, L1 is a f � 150 mm lens, L2 is a f � −20 mm lens, L3
is a f � 60 mm lens, L4 is a f � 80 mm lens, A is the aperture,
M is a mirror, and FP is a fiber port.
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4. RESULTS AND DISCUSSION

The resulting standard deviations from the simulations are
shown in Fig. 7 as a function of the noise ratio. Data for both
the Chebyshev model and the finite difference method are pre-
sented. It is clear that by using the Chebyshev model, the stan-
dard deviation drastically decreases for larger noise ratios. At the
highest simulated noise ratio of 4%, the standard deviation is
reduced from 39 μm to 10 μm, an improvement of about 4
times. This can be explained by the fact that the finite differ-
ence is influenced by the noise in two voxels, while the
Chebyshev polynomial method uses far more data points.
Since the noise is assumed to be zero mean and independent,
it will have a smaller effect with the use of more data points. For
no or low noise ratios, the proposed polynomial model per-
formed worse than the finite difference method. This is likely
due to the extension from 2D to 3D computational domain. In
a volume, it is more likely that light from other particles
influences the estimation. The false positive ratio is around
1%, so it is very unlikely that noise is mistaken for a particle.
This is due to the fact that noise rarely originates from a geo-
metrical point, and hence, it does not have the behavior of an
outwards propagating wavefront. Therefore, it does not have
the same change in wavefront curvature as a particle.

The false negative ratio increased to around 5% when using
the Chebyshev model, compared to 3% when using finite
difference. A closer study of the undetected particles shows
two main reasons for the increase. The first reason is inaccuracy
in the course estimation. The model searches for a zero-crossing
of a200 close to the point obtained from the course estimation.
So if that estimation is very inaccurate, the model never finds
the zero-crossing. The second reason is that particles located
near the edges of the reconstructed volume do not use the same
number of data points, since parts of the computational do-
main are shifted outside the reconstruction. This can cause
the model to behave inaccurately.

The performance is also compared to the total sum of gra-
dients method, which is commonly used to determine particles

axial positions [25,26]. Applying the method to the simulated
data set shows that the sum of the gradients method results in a
small offset from the true axial position, around 3 μm, which is
still inside the particle. The standard deviation for the different
noise levels showed a slight increase ranging from 7–12 μm
compared to 5–10 μm for the polynomial fit. The two
methods, hence, show comparable noise susceptibility.

The results from the experimental measurements are
presented in Fig. 8. This figure shows the error histogram after
outliers have been removed. The error seems to have a Gaussian
profile, where the standard deviation is σ � 13 μm, which is an
improvement compared to the finite difference method, where
the standard deviation was 18 μm [21]. Even though the stan-
dard deviation decreased, it is still higher than for the simula-
tions. From Fig. 7, the expected standard deviation would be
around 7 μm. This can depend on several factors. In the sim-
ulations, we assume only single scattering and ignore any effects
from the finite size of the silicon cube. For a single particle,
scattered light from other particles can be viewed as noise. It
is possible that these effects influence the results. Also, aspects
like mechanical and thermal stability in the experimental setup
influence the results. Still, the standard deviation is in the same
order of magnitude as the diameter of the particle. It is, there-
fore, likely that the measured position is inside or in the close
vicinity of the particle.

Finally, a brief discussion of the parametrization process is in
order. Consider the errors presented in Fig. 4. For n � 4, the
error is negligible. However, since the coefficient used as a met-
ric is a second-order term, higher terms are redundant due to
the orthonormal properties of the base functions. This means
adding higher order terms should not change lower order co-
efficients. The biggest error reduction is from n � 1 to n � 2.
This is not a surprise, since a spherical wave over a small aper-
ture can be approximated by a second-order term. This is also
why a second-order term a200 is used as a metric. From Fig. 5, it
is clear that only a200 can be used as a metric, since a020 is

Fig. 7. Simulated standard deviations of axial position error using
both Chebyshev model (blue) and finite difference method (red).

Fig. 8. Histogram of experimental error. Error is approximately zero
mean with a standard deviation of 12.8 μm.
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shifted along the optical axis. These coefficients represent quad-
ratic terms parallel and perpendicular to the scattering plane,
respectively. The wavefront parallel to the scattering plane is
modulated by Lorenz-Mie scattering coefficients, while the
perpendicular direction is not. The modulation distorts the
wavefront in the parallel direction, causing a020 to become zero
at a shifted position, while a200 is unaffected. This effect has
previously been reported by Pu and Meng [27]. They related
the modulation effects to aberrations for different observation
directions. These effects are important to consider when inter-
preting results from a certain observation direction. A future
extension of the proposed polynomial method to include
non-spherical particles could be possible. Non-spherical par-
ticles do, in general, depend on the perpendicular direction
as well [23], so the modulation effects need to be handled.
This is something that could be addressed in future work.
Modulation effects can also be introduced by the reference
wave. If the reference is a curved wave instead of a plane wave,
the curvature will modulate the phase response. It is therefore
important to ensure the quality of the reference wave.

5. CONCLUSIONS

In this paper, a parameterized model based on Chebyshev poly-
nomials is introduced to estimate the wavefront curvature. It is
shown that the phase anomaly around a scattering particle can
be modeled by a three-dimensional Chebyshev polynomial of
degree n � 4. To find this degree, the mean error per voxel is
evaluated. The polynomial coefficients hold information about
the particle position, and by using simulations, the behavior of
all obtained coefficients was studied. It is found that the coef-
ficient a200 becomes zero in the axial plane where the particle is
located. This coefficient corresponds to the quadratic term
perpendicular to the scattering plane. By evaluating this coef-
ficient at different positions and searching for the axial plane
where it becomes zero, it is possible to find the true particle
position. From simulations, this method has standard
deviations between 6 and 10 μm. This should be compared
to the standard deviation using the finite difference method
previously reported, which were 3–39 μm for the same condi-
tions. The Chebyshev polynomial model performs better in
higher noise ratios, since the noise in individual voxels does
not affect the result to the same degree. For no or very low
noise, the worse performance is due to the extension of the
computational domain from 2D to 3D. In a volume, light from
other particles is more easily introduced in the computation.
Experimental results also show improvement when using this
method, from 18 μm to 13 μm. This improvement is not as
large as the improvement expected from simulations; however,
ideal conditions in simulations are rarely obtainable.
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A novel dual-view polarization-resolved pulsed holographic system for particle measurements is presented. Both
dual-view configuration and polarization-resolved registration are well suited for particle holography. Dual-view
registration improves the accuracy in the detection of 3D position and velocities, and polarization-resolved regis-
tration provides polarization information about individual particles. The necessary calibrations are presented, and
aberrations are compensated for by mapping the positions in the two views to positions in a global coordinate
system. The system is demonstrated on a sample consisting of 7 μm spherical polystyrene particles dissolved in
water in a cuvette. The system is tested with different polarizations of the illumination. It is found that the dual
view improves the accuracy significantly in particle tracking. It is also found that by having polarization-resolved
holograms, it is possible to separate naturally occurring sub-micrometer particles from the larger, 7 μm seeding
particles. © 2019 Optical Society of America
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1. INTRODUCTION

Digital holography has emerged as an excellent tool for tracking
small particles with its ability to encode 3D information into
2D measurements. Applications include various areas, e.g.,
tracking 3D trajectories and cell shapes [1–3], pipe flow dy-
namics [4,5], colloidal particles [6–10], and investigations of
jets [11]. An inherent problem in the reconstruction of particle
holograms is that the axial resolution is worse than the lateral
one due to the limiting numerical aperture (NA). The lateral
resolution is inversely proportional to NA, while the axial res-
olution is inversely proportional to NA2. Various techniques
and metrics have been developed to determine the true axial
position. A straightforward method is to track the intensity
along the centroid of a reconstructed particle and fit it to a
Gaussian model [8]. The disadvantage of tracking intensity
is that there is an offset between the estimated and true posi-
tions that needs to be compensated for [12–14]. Some of the
most common metrics are compiled in a review regarding
particle tracking by Memmolo et al. [1]. These methods in-
clude weighted spectral analysis, total variance, gradient, and
Laplacian methods, which can estimate the true axial position
in microscopic applications. Another approach to finding the
true particle positions are tomographic registration and
reconstruction. It has been demonstrated that the use of two
perpendicular cameras and a joint reconstruction method dras-
tically can improve the axial resolution to become equal to the
lateral one [11,15]. Previous applications include studies of
rotating red blood cells in a micro-fluid channel [16] and

investigations of dense particle fields [17]. When using two dif-
ferent views, the complexity in reconstruction increases, since
mapping to a global coordinate system is needed. In general
there can be a rigid rotation and translation between the
two views but also laterally varying aberrations for each camera.
In [17], the authors’ emphasis is on the need for proper cali-
brations to compensate for distortion and aberrations for the
joint reconstruction to work, especially when measuring smaller
particles and for systems with low magnifications.

There are two main types of holographic configurations for
particle detection: in-line, where the illumination beam also is
the reference wave, and off-axis, where a separate beam with an
off-axis tilt is used as the reference wave. By using a separate
reference beam, it is possible to separate the interference con-
tent from the twin image and the directly transmitted content,
which is not possible in the in-line configuration. However this
advantage comes at the cost of reduced bandwidth. A further
advantage of the off-axis configuration is that it is possible to
multiplex several reference waves in a single-shot recording by
having a different tilt for each wave. One application is polari-
zation-resolved holography in which the amplitude and phase
at each polarization component are registered in different lobes
[18–20]. The two reference waves are linearly polarized and
perpendicular to each other. By ensuring this, the interference
by the object light and the reference waves captures the full
polarization characteristics of the light. Applications where
polarization-resolved holography has been used to determine
the complete Jones matrix of samples have been reported
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[21–25]. These applications have primarily focused on captur-
ing polarization-resolved holograms of surfaces. Particle holog-
raphy should be well suited for polarization holography, since
the scattered light, in general, is polarization dependent, and
scattering theory is traditionally described in terms of polariza-
tion components with respect to the scattering plane. It is there-
fore quite straightforward to combine particle scattering theory
with polarization-resolved holography. Particle morphology,
such as shape and size, influences how the scattered light is po-
larized [26]. This feature has been used to distinguish between
spherical and ellipsoid particles using interferometic particle
imaging, which is a non-holographic method that registers
the different polarization components on separate detectors
[27]. In off-axis holography, it is possible to acquire both com-
ponents in a single shot by using multiplexed reference waves.

In this paper, we present a novel system for holographic par-
ticle measurements. It combines dual-view and polarization-re-
solved holography to record more information from the
scattered light. Two identical polarization-resolved imaging sys-
tems are placed perpendicular to each other and image the same
volume. The system then records, in total, four complex am-
plitude fields on each trigger, one in each polarization on each
camera. By using this approach, the axial resolution is improved
on the lateral one, and the full polarization characteristics from
the scatter are recorded. Scattering models for microparticles
are, in general, polarization dependent. Recording both polari-
zation components in a single shot yields a better representation
of the particle scattering. The paper is structured as follows: in
Section 2, the theory for both polarization-resolved and dual-
view holography is presented. In Section 3, the experimental
setup is presented in more detail, and the calibrations for both
position and polarization are presented. Results from particle
measurements are then presented in Section 4, and finally,
some conclusions are made in Section 5.

2. POLARIZATION-RESOLVED DUAL-VIEW
HOLOGRAPHY

The system demonstrated in this paper combines polarization-
resolved and dual-view holography. The two different tech-
niques are described individually in the following subsections.
Consider the geometry in Fig. 1. A particle is illuminated by the
field Ē i, and the scattered field Ē s � Ē∥ � Ē⊥ is detected by

two perpendicular cameras. For each camera, the parallel and
perpendicular notation is with respect to the global xy plane.
The scattering plane, spanned by the illumination and obser-
vation directions, is also shown for the two cameras. These two
planes are also perpendicular to each other, and the scattering
problem is described with respect to the scattering plane. The
illumination is assumed to be linearly polarized at an angle α
with respect to the scattering plane for camera 1. Note that the
illumination polarization will be different with respect to each
scattering plane. For example, if α � 0, the polarization is
parallel to the scattering plane for camera 1, while it is
perpendicular to the scattering plane for camera 2. These
relative differences affect how the scattered polarization will be-
have. The scattered field is, in general, generated in all direc-
tions, and the imaging systems then detect different parts of the
scattered field.

A. Polarization-Resolved Digital Holography
Consider the scattered field

Ē s �
� jEs∥j exp�iφs∥�
jEs⊥j exp�iφs⊥�

�
(1)

recorded on one of the cameras. In this equation, each compo-
nent is expressed in complex form in terms of amplitude jE j
and phase φ. The notation of parallel and perpendicular is with
respect to the xy plane. Depending on the camera directions,
these components relate differently to the scattering plane of
each camera. To record a polarization-resolved single-shot
hologram, two separate reference waves with orthogonal polari-
zation are added. The reference waves each have polarization
parallel and perpendicular to the scattering plane and are
off-axis configured. Figure 2(a) shows the aperture plane viewed
from the detector where the reference waves are linearly polar-
ized point sources. In Jones notation, the two reference waves
are expressed as

R̄∥ �
� jR∥j exp�iφR∥

�
0

�
, (2)

R̄⊥ �
�

0
jR⊥j exp�iφR⊥

�
�
, (3)

where the total reference wave is R̄ � R̄⊥ � R̄∥. The intensity,
I , on the detector is then the interference between the scattered
light Ē s and the reference wave R̄, which can be expanded as
follows:

I � jĒ s � R̄j2
� jEs∥j2 � jEs⊥j2 � jR∥j2 � jR⊥j2
� Es∥R�

∥ � E�
s∥R∥ � Es⊥R�

⊥ � E�
s⊥R⊥, (4)

where a complex vector component is denoted Ai �
jAij exp�iϕi�. The first four terms are the intensities of the ob-
ject and reference waves, respectively, and the last four terms are
interference terms between the object and reference waves.
Note that components with different polarizations do not in-
terfere. In off-axis holography, the reference wave has an off-axis
tilt towards the detector, causing the interference terms and the
intensity terms to be separated. The configuration of the refer-
ence waves is shown in Fig. 2(a), and the corresponding angular

Fig. 1. General scattering problem. A particle is illuminated from
below by the field Ē i and generates a scattered field Ē s . Ē i is linearly
polarized at an angle α. The scattering planes for each camera are also
shown, orange for camera 1 and blue for camera 2.
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spectrum of a hologram, obtained by taking the Fourier trans-
form, is shown in Fig. 2(b). By choosing this configuration, the
reference waves do not have a polarization component along
the optical axis, even when transferred through a lens. This,
in combination with the low NA of the system, means that
the polarization can, therefore, be expressed in a 2D notation.
The terms that correspond to the scattered light modulated by
the conjugate of the reference waves are extracted so that two
complex amplitudes with orthogonal polarization are acquired.
These are the lobes marked in Fig. 2(b). After the transforma-
tion back to the spatial domain, the complex amplitudes in the
two chosen lobes can be written as

U ∥ � Es∥R�
∥ � jEs∥jjR∥j exp�i�φs∥ − φR∥��, (5)

U⊥ � Es⊥R�
⊥ � jEo⊥jjR⊥j exp�i�φs⊥ − φR⊥��: (6)

The amplitudes of the reference waves, jR∥j and jR⊥j, may dif-
fer with respect to each other but also spatially over the detec-
tor. If assumed stationary these variations can be measured by
individually recording the reference waves. The phase terms
φR∥ and φR⊥ depend on the absolute phase of the reference
wave as well as the off-axis tilt of respective waves. The latter
can be compensated for by centering the extracted lobes in the
Fourier domain. Theses compensations combined yield the re-
constructed complex amplitude that can be written as

Ê s∥ �
U ∥R̂∥

jR̂∥j2
� jÊ s∥j exp�i�φs∥ − α∥��, (7)

Ê s⊥ � U⊥R̂⊥

jR̂⊥j2
� jÊ s⊥j exp�i�φs⊥ − α⊥��, (8)

where R̂∥ and R̂⊥ are estimates of the true complex amplitudes
of the reference waves, and α∥ and α⊥ are unknown phase con-
stants due to the difference in the optical path between the scat-
tered light and the reference waves. This means that, apart from
a phase constant, the amplitude and phase of the scattered light
is fully reconstructed. With the complete description of the
light, it is possible to refocus the image numerically. In this
paper, the angular spectrum method is used, which is easily
carried out in the Fourier domain [28]. Propagation along

the optical axis of a field recorded at the detector plane zD
is numerically propagated a distance Δz as follows:

Ê�x, y, zD � Δz� � F −1
2DfF 2DfÊ�x, y, zD�g exp�i2πf zΔz�g,

(9)

where f z are the spatial frequencies in the z direction, F 2D is
the 2D Fourier transform, and Ê�x, y, zD� is the complex am-
plitude of one of the polarization components. By propagating
and storing images at a set of distances, a 3D volume of the
imaged scene can be rendered around the plane zD. The 3D
reconstruction is performed for both polarization components
to yield a polarization-resolved volume. The reconstruction as-
sumes that only single-scattered light is recorded, which is a
valid approximation when a sparse particle field is observed.
To estimate the axial position, the intensity is extracted along
the optical axis and fitted to a Gaussian model for each particle.
From it, the maximum value is chosen to be a first estimate of
the particles’ axial positions. A set of particle positions (x, y, z) is
then obtained for a single camera. Further, for each particle
found, the polarization ratio angle can be determined,
defined as

β � arctan

�jÊ∥�x, y, z�j
jÊ⊥�x, y, z�j

�
, (10)

where x, y, and z are the estimated positions for each particle.
The idea of expressing the polarization by an angle is that it can
more easily be related to the illumination polarization. The an-
gle ranges between 0° and 90°, where 0° means linear polari-
zation in the perpendicular direction and 90° means linear
polarization in the parallel direction. The reason for using only
the intensity for the different polarization components, and not
also the phase, is because it can be hard to obtain phase stability
for the reference wave. This instability means that α∥ and α⊥
vary with time and it is, hence, not possible to estimate the full
state of polarization.

B. Dual-View Holography
A concept sketch of the particle elongation in the
reconstruction is shown in Fig. 3. Two holographic systems
image the particles. The 3D reconstruction of the intensity
is cigar-shaped, where the elongation is along the optical axis.
This elongation is due to the limitation the NA imposes on the
system. The uncertainty is also increased in the positioning
along the optical axis. By having two perpendicular cameras,
the combined information does not suffer from the elongation

(a) (b)

Fig. 2. Polarization-resolved reference waves. (a) Configuration of
the reference waves in the aperture plane; the arrows indicate the
polarization orientation of each reference wave. (b) Corresponding
spatial frequency content of a polarization-resolved hologram. In this
example, a square aperture is used, thus the square lobes in the spatial
frequency domain.

Fig. 3. Orientation of the local coordinate systems and a visualiza-
tion of how the particles are elongated along the optical axis of each
camera.
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and increased uncertainty, as illustrated in Fig. 3. The two views
also make it possible to record the polarization ratio angle β
from two different directions. From each camera, a set of par-
ticle positions is obtained. Consider the sets �x�1�1 , y�1�1 ,
z�1�1 , β�1�1 � and �x�2�2 , y�2�2 , z�2�2 , β�2�2 � generated from camera 1
and camera 2, respectively. The superscripts denote which co-
ordinate system the set is expressed in. Hence, to start with, the
coordinates are expressed in the local coordinate system for each
camera. The coordinate system for camera 1 is chosen as the
global coordinate system, and the coordinates detected by cam-
era 2 need mapping to this coordinate system. This transfor-
mation is done by a mapping function g as follows:

g :�x�2�2 , y�2�2 , z�2�2 � → �x�1�2 , y�1�2 , z�1�2 �, (11)

where the coordinates from camera 2 are now expressed in the
coordinate system of camera 1, also chosen to be the global
coordinate system. Ideally, the mapping function g is only a
rotation and a translation; however, in practice, there might also
be aberrations present. Let �x̃�1�1 , ỹ�1�1 , z̃�1�1 � and �x̃�2�2 , ỹ�2�2 , z̃�2�2 �
be the positions with the aberrations present. Two additional
mapping functions are then needed to compensate for
aberrations as follows:

f 1:�x̃�1�1 , ỹ�1�1 , z̃�1�1 � → �x�1�1 , y�1�1 , z�1�1 �, (12)

f 2:�x̃�2�2 , ỹ�2�2 , z̃�2�2 � → �x�2�2 , y�2�2 , z�2�2 �, (13)

which maps the coordinates to an aberration-free domain. The
translation from mapping g can also be incorporated into f 1

and f 2, reducing g to a rotation. For now, the mapping func-
tions f 1 and f 2 can be handled as general functions; in
Section 3.B, they are sampled for the experimental setup used.
Given two sets of coordinates expressed in the same coordinate
system �x�1�1 , y�1�1 , z�1�1 � and �x�1�2 , y�1�2 , z�1�2 �, a pairing is per-
formed. Previously reported methods have used the recon-
structed data to truncate the elongated particles [15]. This
approach requires the reconstructed volumes from both cam-
eras to be interpolated on a unified grid. We instead position
the particles on each camera first and then unify the views. To
find the same particle in both views, a kind of particle corre-
lation (PC) is performed. A PC score is computed between the
two cameras as

PC � exp

�
−

��
x�1�1 − x�1�2

σx

�2

�
�
y�1�1 − y�1�2

σy

�2

�
�
z�1�1 − z�1�2

σz

�2��
, (14)

where σx , σy, and σz are typical lengths in each direction, pro-
portional to the uncertainty in that direction. The values of the
typical lengths are σy < σx � σz . The reason for these choices
is that the y direction is a lateral coordinate on both cameras,
and hence, the uncertainty in this direction should be small.
The two other directions are the depth direction in one of
the two cameras, respectively. By keeping σx and σz large, it
allows the calibration to find particles that are far away from
each other in the depth directions. This choice is useful in the
calibration, since there might be a large misalignment. For each
particle detected on camera 1, the PC score is computed for all

particles detected by camera 2, and the particle with the highest
score is chosen to be the match for that particle. A threshold is
also set to remove pairings where the maximum PC score is
below it. When two particles have been paired, the lateral po-
sitions from each view are chosen to compute the 3D positions.
The global x position is hence set to be the local x position from
camera 1; the global z position is set to be the mapped coor-
dinate z�1�2 , and the global y coordinate is chosen to be the mean
of the two y positions from each camera.

For the spatial calibration, the optimization process follows
the flowchart shown in Fig. 4(a). From a set of frames, the
first frame from each camera is processed, and particle positions
are estimated. From the two local positions, a global estimate
is produced as previously described. For the calibration,
σy ≪ σx � σz in Eq. (14), since there could be a large mis-
alignment between the two cameras. From the estimated global
positions, the particles detected in two consecutive frames are
kept. From these particles, the difference compared to the local
positions is calculated for each particle. If it is not detected in
the previous frame, it is discarded. The process is repeated until
the last frame is processed, then the differences are fitted to a
third-order polynomial model to find the correction functions
for the two cameras, E1�x, y, z� and E2�x, y, z�, respectively.
For the evaluation, the process is shown by the flowchart in
Fig. 4(b). The positions are estimated on each camera in the
same way as in the calibration. In the evaluation of particle po-
sitions from measurements, the correction functions are then
subtracted from the particle positions before the global estima-
tion to form new aberration-free coordinates as follows:

Camera 1
Hologram

Estimate 
(x,y,z)

Camera 2
Hologram

Estimate 
(x,y,z)

Global
(x,y,z)

Exist in 
n-1 ?

Save 
difference Discard

Last 
frame?

Camera 1
Hologram

Estimate 
(x,y,z)

Camera 1
Hologram

Estimate 
(x,y,z)

Estimate 
global

Next 
frame

Fit difference to 
model

E1(x,y,z)
E2(x,y,z)

Track 
particles

(a) (b)

For frame n

EvaluationCalibration

Yes No

Yes

No

Subtract E1 Subtract E2

Fig. 4. Flowcharts for (a) calibration process and (b) evaluation pro-
cess. The results E1 and E2 are used in the evaluation of measurements
as shown.
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z�1�1 �x, y� � z̃�1�1 − E1�x, y, z�, (15)

z�2�2 �x, y� � z̃�2�2 − E2�x, y, z�: (16)

Once these corrections are done, the mapping g is just a 90°
rotation around the y axis. By correcting the positions, it is pos-
sible to decrease the typical lengths along the axial directions, z
and x, in the global estimation. They are, however, still larger
than in the y direction. From the global positions, individual
particles are tracked.

3. EXPERIMENTS

A. Experimental Setup
The experimental arrangement consists of the dual-view system
shown in Fig. 5. A side-scattering configuration is used to make
the two views as equal as possible. Linearly polarized laser pulses
are emitted from a twin-cavity, injection-seeded, Nd:YAG laser
(Spectron SL804T). The light is split into an illumination part
and a reference part, respectively, by the 50/50 beam splitter
BS1. A λ∕2 plate controls the polarization of the illumination
light so that the linear polarization has the angle α to the scat-
tering plane of camera 1. The light is then directed by a mirror

M1 and expanded five times by the telescope T before illumi-
nating the sample from below through mirror M2, as depicted
in the inset (a) in Fig. 5. The reference part from beam splitter
BS1 is first reduced in intensity by a beam splitter, then split
into four different beams using 50/50 beam splitters BS2, BS3,
and BS4, respectively. The four beams are launched into
separate polarization-maintaining fibers (Thorlabs PM-S405-
XP) through fiber couplers FC1–FC4 and are used as reference
waves in the imaging system. For the fibers to be polarization
maintaining, the light needs to be launched along either the fast
or slow axis of the fiber. To ensure that this is the case, the
polarization is adjusted by the λ∕2 plates before the fiber
couplers.

The sample consists of a glass cuvette containing purified
water that is seeded with 7 μm polystyrene spherical particles.
The cuvette has the dimensions 26 × 26 × 70 mm. When par-
ticles are illuminated, they generate a scattered field in all
directions. The side-scattered light is then imaged by two iden-
tical telecentric systems consisting of the front lenses L1 and L2,
respectively, with focal length f 1 � 60 mm, apertures A1 and
A2 in the back focal plane of these lenses, and rear lenses L3
and L4 with focal length f 2 � 75 mm. The front focal planes

(a)

(b)

Fig. 5. Sketch of the experimental setup. Sample cuvette is imaged by the dual-view polarization-resolved holographic system. M, mirrors;
L, lenses; T, 5× telescope lens; BS, beam splitters; FC, fiber couplers; A, apertures; and BD, beam dump. Inset (a) shows the side view of
the sample cell volume and (b) shows the configuration of the fiber ends in the aperture plate.
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of lenses L3 and L4 are at the aperture plane and the back focal
plane at the CCD detector (Imperx, Bobcat 2520M). The sys-
tem has a magnification of M ≈ f 2∕f 1 ≈ 1.25 and a NA of
NA � 0.023. The total field of view is 5.7 × 5.7 mm for each
camera. The NA limits both lateral and axial resolutions. For this
system, the lateral resolution becomes λ∕�2NA� ≈ 11.5 μm,
and the axial resolution is 2λ∕NA2 ≈ 2000 μm. The tips of
the polarization-maintaining fibers are connected to the aperture
plates, as shown in inset (b). The light is linearly polarized, and
the tips are rotated so polarization components are aligned ver-
tically and horizontally, respectively, for each system. On the de-
tector, the scattered light interferes with the reference waves to
produce a hologram as described by Eq. (4). An effort is made
to match the optical paths of the illumination and the reference
waves to ensure good coherence.

B. Calibrations
To get accurate measurements from the system, it needs to be
ensured that a single particle can be found on both cameras and
be correctly mapped to a global coordinate system. It is also
necessary to make sure that the estimated polarization does cor-
respond to the correct polarization in the imaged light. To do
this, two types of calibrations are performed, the first to ensure
that the reference waves are linearly polarized and correctly ori-
ented so that the detection is made as described by Eqs. (2)–(4).
For the reference waves to be linearly polarized at the end of the
polarization-maintaining fiber, it is required that they are
launched along either the slow or fast axis of the fiber. This
is obtained by rotating the λ∕2 plates before the fiber couplers
until the output is linearly polarized. Thereafter, the fiber tips
are rotated in the aperture planes until the reference waves on
each camera are aligned horizontally and vertically, respectively
(see inset in Fig. 5). To validate that the system is polarization
resolved, the cuvette is replaced by a mirror and a λ∕2 plate that
is rotated with 5 deg increments to control the illumination
polarization α. Five measurements are taken for each step,
and the polarization ratio angle is calculated using the mean
value in the image. The resulting mean polarization angle β
is shown in Fig. 6 for both cavities in the laser, along with
the theoretical values. The estimated standard deviation is
0.6°. The measured β follows the theoretical values well. At
the maximum and minimum, the measured value deviates
slightly because of the bias-level in the readout.

The second calibration consists of determining the mapping
functions g , f 1, and f 2 in Eqs. (11)–(13) for the system. To do
so, the cuvette is filled with purified water containing a very low
concentration of seeding particles. A set of 200 holograms is
captured by both cameras, and the particles are positioned
on each camera separately. In total, about 1200 particle posi-
tions, distributed over the whole measurement volume, are ob-
tained on each camera over the set of 200 recordings. This is
followed by the optimization process described in Fig. 4(a). For
this calibration, the PC threshold in the global estimation is set
to 0.1. The g mapping is found to be a 90° rotation followed by
a translation of �−405, −127, 142� μm. This is the average
translation over the whole imaged volume. After subtracting
this mean translation from the data, the mapping of f 1 and
f 2 can be estimated. From the polynomial fit, it is found that
there are mainly two types of terms. The first is a linear error in

depth direction due to a small mismatch of the magnification
and the refractive index of the water in the cuvette. These errors
relate the reconstructed distance to the distance in the object
space as described by Eq. (9). The second type of error is the
curvature of field aberration for each camera. The resulting
E1�x, y� and E2�x, y� are shown in Fig. 7. It is clear that a field
of curvature is present in the recordings and that the total dif-
ference in depth over the detector, due to this aberration, is
about 1500 μm on both cameras. For these calibrations, the
polarization of illumination is linear at 45 deg, and only the
polarization component parallel to the scattering plane on each
camera is used in the positioning. Then only the seeding par-
ticles are detected, and the dense sub-micrometer particles are
ignored.

C. Measurements
Some simple measurements are made to demonstrate the per-
formance of the system and how the particle tracking is affected
by the illumination polarization. Another set of purified water
seeded with 7 μm particles is filled into the cuvette. The mix is
stirred before a set of 200 holograms is captured by each cam-
era. The sampling frequency is 5 Hz, making the total time 40 s
for each measurement. In total, three different sets of holo-
grams with different polarization orientations for the illumina-
tion light are acquired. The directions of the illumination
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Fig. 6. Polarization calibration. Resulting polarization angle β for
the two cavities as a function of the illumination polarization α.
(a), (b) Result for camera 1; (c), (d) result for camera 2. The standard
deviation is 0.6°.

Fig. 7. Estimated field of curvature on camera 1 and camera 2, re-
spectively, from the correction functions E1 and E2, respectively. The
lateral field of view is 5.4 mm for each camera.
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polarization are α � 0°, α � 45°, and α � 90° for the three
measurements. For each recording, the particle positions and
polarization ratio angle β are evaluated from these measure-
ments. The positions are then linked into particle tracks.

4. RESULTS AND DISCUSSION

The holograms from the measurements are reconstructed as
outlined in previous sections. In Fig. 8 the results reconstructed
from 200 frames are shown for detection with only camera 1
and camera 2, respectively, and for the combined global
detection. The results are presented for the three different
illumination polarizations α � 0°, α � 90°, and α � 45°. The
particle positions are connected between frames using a simple
nearest-neighbor tracker [29]. The reconstructed volume is
limited by the size of the detectors, making the total volume
5.4 × 5.4 × 5.4 mm. It is seen that camera 2 detects more par-
ticles than camera 1 for α � 0°. For α � 90, it is the other way
around, more particles are detected on camera 1 than on cam-
era 2. The reason for this is how the illumination polarization
aligns with respect to the scattering plane for each camera.
When α � 0°, the polarization is parallel to the scattering

plane for camera 1, while for camera 2, the polarization is
perpendicular. In addition to the seeded microparticles in the
sample, there naturally exist sub-micrometer particles in the
water. These particles will scatter light polarized perpendicular
to the scattering plane much stronger and, hence, these particles
are detected by only one of the cameras. It is not possible to
reconstruct the tracks well using only the coordinates from
camera 2 for α � 0° or from camera 1 for α � 90°, since
the particle concentration is too dense when including the
sub-micrometer particles. Therefore, the resulting tracks are
inaccurate. When combining the coordinates from the two
views, only points that are present in both cameras are kept,
so all the sub-micrometer particles are removed. Comparing
the particle tracks from camera 1 and the global coordinates,
it is clear that it is the same tracks in both plots. It is observed
that when using the unified coordinates, the uncertainty along
the optical axis is reduced, and the rippling tracks are replaced
with smooth ones. To quantify the improvement, each track is
filtered with a moving average filter with size 3 and then com-
pared to the original track. It is found that the standard
deviation is reduced, on average, from 160 μm for detection

Fig. 8. Particle tracking using both global and single camera coordinates for different illumination polarizations. Each row is for a certain α, while
each column is for detection with either camera 1 or camera 2 or global coordinates. All tracks for each row are estimated from the same set of
holograms. It is observed that far more particles are detected in (b) and (d) than in (a) and (e), respectively.
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in a single view to 43 μm in the global coordinates. At first, the
dual-view setup may seam a bit ambiguous, since a single-view
holographic system also obtains 3D positions. However, the
depth accuracy can still be poor. For systems with large NA
and high magnification, this is less of a problem, since the ac-
curacy is proportional to NA2. However, for a system with low
NA, as in this system, the accuracy in depth is severely worse
than in lateral directions. This is typical for systems with a large
field of view and low magnification.

The polarization ratio angle β for the tracked particles is cal-
culated and shown in Fig. 9. The figure is structured in a way
similar to Fig. 8, where each row corresponds to a different
illumination polarization. The first column shows the β1 de-
tected on camera 1, the second column β2 from camera 2,
and the third and fourth columns show the β1 and β2 for
the global positions, respectively. As expected, when the illumi-
nation polarization is rotated 90°, the detected polarization
changes from around zero to about 90° for camera 1 and from
around 90° to almost zero for camera 2, as shown in the first
two rows. The difference between the number of particles de-
tected on the two cameras also becomes apparent. As a note, it
is also clear that the particles preserve the polarization with re-
spect to the scattering plane. This becomes even clearer when
looking at the results when using illumination angle α � 45°,
as shown in the third row in Fig. 8. When both components are
present in the illumination, the sub-micrometer particles scatter

towards both cameras, and more particles are detected. These
particles scatter much more in one of the directions and there-
fore, the results on both cameras are around 80°. It is then ob-
vious that the choice of polarization in the illumination greatly
affects the results when the recording is polarization resolved. It
is also possible to keep α � 45° and use only one of the polari-
zation components in the reconstruction to ensure that sub-
micrometer particles are removed. On the other hand, it would
be possible to do flow measurements without seeding particles
utilizing the perpendicular component only. This is, however,
outside the scope of this paper. It is clear that there is a relation
between the detected β distribution and the size of the particles.
The relationship between the size and detected polarization is
dependent on how light is scattered from an individual particle.
To relate the detected polarization to size is the scope for future
work. Another topic for future work is to utilize the benefit of
having two cameras that detect β from two different directions.
The idea for this system is that it should be able to characterize
general particles, not only spheres. For a general particle, the
ability to record β from multiple directions could be related
to, e.g., shape.

Depending on the application, different α may be desirable.
If the goal is to measure only larger particles, like the seeding
particles used in this paper, α should be set to 45°, and only the
component parallel to the scattering plane for each camera
should be used for the positioning. The smaller particles scatter

Fig. 9. Polarization ratio angle β for the particles in Fig. 8. The first column is all the particles recorded by camera 1, the second column is all
particles recorded by camera 2, and the third and fourth columns are particles recorded by camera 1 and camera 2, respectively, that are successfully
mapped to the global coordinate system. Each row corresponds to a specific illumination polarization; (a)–(d) α � 0°, (e)–(h) α � 90°, and
(i)–(l) α � 45°.
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much weaker in this component and will be excluded in the
reconstruction. This configuration is used for the calibrations
in this paper. For spherical particles in general, α can be kept at
45° to have both polarization components present. In the
reconstruction, different choices can be made on which polari-
zation component to use. Spherical particles do not generate
cross-polarization in the scattered light [26]. So having α � 45°
and recording both components in a single shot is not different
from making two recordings with α � 0° and α � 90°.
Comparisons between the polarization components could then
be made to select what particles to track. Smaller particles could
then be identified as the particle detected in only one of the
polarization components. Non-spherical particles do generate
cross-polarization in the scattered light, and for detection of
such particles, the illumination polarization could be set to
either α � 0° or α � 90°, respectively. Detection of cross-
polarization components would then indicate a non-spherical
particle [27].

It is clear from the experiments that the calibrations are of
great importance to obtain good results. In practice, it is vir-
tually impossible to accurately adjust the image plane to be per-
fectly aligned in a global coordinate system. There will also, in
general, always be some kind of aberration present in an im-
aging system that needs to be compensated for. In the present
system, the curvature of field imposes the most significant aber-
ration, up to 1500 μm over the field of view. The spatial cal-
ibration is performed with sparse particles, since this is a
convenient way to generate good-quality side-scattered light in
our setup. A calibration using a needle tip was also performed,
but the quality was insufficient. Holograms formed from par-
ticle scattering have intrinsic aberrations dependent on the scat-
tering direction [30]. By performing the calibration using
particles, these intrinsic aberrations are included in the calibra-
tion. That polarization calibrations for the reference waves are
needed to ensure correct polarization is obvious. Without this,
it would not be possible to conclude what content is encoded in
each lobe. From the result in Fig. 6, the standard deviation is
below 1 deg, which indicates that the polarization ratio angle β
is very stable and repeatable.

It is desirable that the α∥ and α⊥ in Eq. (7) and Eq. (8) are
constants. In practice, this can be hard to obtain, especially
when using optical fibers for the reference waves, since tensions
and small movements may induce stress into the fibers and
thereby slightly change the refractive index of the fiber.
Therefore, the phase difference between the two polarization
components is inaccurate and temporally varying. This means
that the complete state of polarization cannot be estimated.
This is, however, not a problem, since the scattering theory
for particles focuses mainly on the distribution of intensities
in the two components. Improving the setup to have a constant
α∥ and α⊥ could be the scope for future work. One practical
consideration when working with the system is that the emitted
pulses from the Nd:YAG laser may vary in energy and in co-
herence. The variation in energy does not affect the results,
since the changes in the two polarization components change
proportionally, and the ratio between them is unchanged.
However, the change in coherence between pulses due to poor
seeding needs to be handled by assuring that the optical path

length of the two reference waves on each camera is matched. If
this is not done correctly, a pulse with poor coherence length
will have better interference in one of the lobes. This would
appear as a false change in polarization in the scattered light on
the detector. This was observed when testing the system. If the
reference waves are adjusted correctly, the change in interfer-
ence is proportional in each interference lobe. Additionally,
the optical path length of the illumination light should ideally
be matched with the optical path length of the reference waves.
If perfectly matched, a change in coherence would not affect
the interference on the detector; this is, however, not always
possible in a practical setup, but since both reference waves
are matched, the ratio is unchanged.

5. CONCLUSION

In this paper, a novel system for particle tracking is presented.
The system consists of two polarization-resolved digital
holographic systems that image the same volume from two
perpendicular directions. The system is calibrated to ensure
correct polarization measurements and correct mapping of par-
ticle positions. The calibrations show that it is possible to han-
dle misalignment in magnification as well as curvature of field
aberrations and still be able to unify the two views. It is found
that by using a dual-view configuration, it is possible to de-
crease the uncertainties along the optical axis, which is typical
for low-NA systems. The system also makes it possible to rec-
ord the polarization ratio angle β from two views. From these
calibrations, it can be assured that the measured polarization is,
in fact, correct and that the unified position is created from the
same particle from both views. These recordings show that
when the illumination polarization is aligned either parallel
or perpendicular to the scattering plane, the polarization is pre-
served with respect to the scattering plane, as expected from
Mie scattering theory. This system is well suited for imaging
particles, since it records a better representation of the scattered
light as compared to conventional digital holographic systems.
It is shown that by utilizing the polarization, it is possible to
distinguish between the seeding particles and sub-micrometer
particles, well below the resolving power of the system. The
results can further be combined with scattering theory to dis-
tinguish between different types of particles based on their
polarization response and how they act under different flow
conditions.
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In this paper, we demonstrate how polarization-resolved holography can be used to determine if a particle is spheri-
cal or not and to estimate the size information of nanoparticles. The T-matrix method is used to model the scattered
light from both spheres and spheroids. A dual-view polarization-resolved imaging system is used in order to obtain
polarization ratio angles (β1, β2). From the obtained β1 and β2, it is possible to estimate whether or not a particle
is spherical. It is found that nonsphericity only has a minor effect up to around sizes of 120 nm, and for that range,
a spherical approximation is valid. For larger particles, the orientation influences the polarization response greatly.
The size of a nonspherical particle can be estimated from the polarization ratio angles. The upper limit we can esti-
mate unambiguously is around 200 nm. Finally, the model is applied to experimental measurements of naturally
occurring particles in purified water. From the measurements, it is possible to separate spherical from nonspherical
particles and also give a rough estimate of the size. ©2020Optical Society of America

https://doi.org/10.1364/AO.390575

1. INTRODUCTION

Small particles in the micrometer and nanometer range are
present all around us. For some applications, like aerosols and
in industrial applications, it can be essential to know the con-
centration and distribution of particles. Digital holography
makes it possible to record 3D information on a 2D detector
by having the object wave interfere with a reference wave. The
3D capability is ideal for particle tracking applications where
the measurements are inherently three dimensional [1]. In
off-axis configuration, a tilted reference wave interferes with
the scattered light on the detector. From the recorded informa-
tion, it is possible to reconstruct an estimate of the scattered,
complex amplitude. By multiplexing two reference waves with
linear and perpendicular polarization, it is possible to obtain
polarization-resolved holograms [2]. Recently, polarization-
resolved measurements have demonstrated some impressive
results. Liu et al. measured the Jones matrix of polarization-
sensitive materials using Fresnel holography [3]. De Angelis
et al. imaged the full state of polarization from living cells using
digital holography [4]. Zhang et al. showed that the polarization
response could be used to distinguish between spherical and
nonspherical particles [5]. In their work, they simulated the
polarization response using the finite element method (FEM)
modeling and obtained experimental results using interference
particle imaging (IPI). In this paper, we use a similar approach
to not only discriminate between spherical and nonspherical

particles but also to use the polarization information to estimate
size information. Instead of IPI, we use digital holography to
record the particles. In a recent paper, we described a dual-view
polarization-resolved holographic system for the inspection of
scattering particles. From the two recorded polarization compo-
nents, it was possible to distinguish smaller, naturally occurring
particles from the larger seeding particles [6]. In this paper, the
polarization response for individual particles is combined with
scattering theory to produce size estimation for particles smaller
than 250 nm. It is common to describe the size of a nonspherical
particle in terms of a volume equivalent sphere, a practice we
adopt in this paper [7]. Further, we theoretically investigate
the effect nonsphericity has on the polarization response using
T-matrix and Lorentz–Mie modeling [8,9] and use this approxi-
mation to evaluate measurements performed in a purified water
sample.

The rest of the paper is structured in the following way: In
Section 2, both the theory for recording polarization-resolved
holograms and particle scattering is presented. In Section 3,
simulations are made to demonstrate the dependence between
particle size and the detected polarization for both spheres and
ellipsoids. For the nonspherical particles, the effect of the aspect
ratio and orientation is also investigated. The experimental
setup is introduced and described in Section 4, and the exper-
imental measurements follow in Section 5. In Section 6, the
results from the simulations and measurements are discussed.
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At the end, in Section 7, some final remarks and conclusions are
presented.

2. THEORY

The geometry for the problem considered is sketched in Fig. 1.
The measurement volume is defined from the global reference
frame X having orthogonal unit vectors X̂ , Ŷ , Ẑ, and the
medium is assumed to have refractive index nm . The measure-
ment volume is illuminated by a monochromatic plane wave
Ei of vacuum wavelength λ0 in the direction ri = Ẑ, and the
illumination wave is assumed linearly polarized in a plane mak-
ing an angle α with the X̂ axis. Two telecentric imaging systems
with magnification M = 1.33 image the measurement volume
from two orthogonal directions, respectively. One of the images
is represented by reference frame x1 centered in the conjugate
image plane to camera 1, and the other image is represented
by reference frame x2. The origins of the camera frames are
represented by vectors rd1 = c 1Ŷ and rd2 = c 2 X̂ , respectively.
The orthogonal unit vectors [x̂1, ŷ1, ẑ1] and [x̂2, ŷ2, ẑ2] of
these reference frames are oriented such that ẑ1 is aligned with
the global axis Ŷ and ẑ2 is aligned with the global axis X̂ , respec-
tively. The set [ẑ1, ẑ2, Ẑ] will hence make up an orthogonal
set of unit vectors. A position in either of the conjugate image
planes is therefore uniquely defined from a projection onto the
planes x̂1 ŷ1 and x̂2 ŷ2, respectively. The measurement volume
is hence defined from the overlap between the planes x̂1 ŷ1 and
x̂2 ŷ2 expanded along X̂ and Ŷ , respectively. The position of
a particle inside the measurement volume is represented by
the position vector rp = x p X̂ + y p Ŷ + z p Ẑ. Because of the
telecentric imaging, the position of the particle in the reference
frames of the cameras is transformed as [−x p , z p , y p − c 1] : x1

and [y p , z p , x p − c 2] : x2, respectively, where the x specifies
in which reference frame the coordinate is expressed. Finally,
given the illumination direction ri and observation directions
r1 and r2, the sensitivity vectors are defined as s1 = r1 − ri and
s2 = r2 − ri for the two cameras, respectively. The inset in Fig. 1
visualizes these vectors.

The field, Es , scattered off the particle will depend on the
polarization of Ei , as well as on the refractive index, size, shape,

Camera 2

Camera 1

r2

rp

r1

r2

r1
s2 s1ri

Fig. 1. Global and local coordinate systems for each camera and the
particle. The illumination is in the positive Ẑ direction. The particle is
located at position rp, and the two scattering directions are defined by
r1 and r2. The inset shows the illumination and detection directions
along with the two sensitivity vectors s1 and s2.

and orientation of the particle. This field will in the following
be expressed in spherical coordinates [r̂ , θ̂ , ϕ̂], where r̂ is par-
allel with the optical axis of the camera considered and [θ̂ , ϕ̂]
corresponds to the spatial frequency component directions of
the cameras. See Section 2.C for details. In the paraxial regime,
we assume the field to be fully described by the two components
[θ̂ , ϕ̂], and that the spatial frequency content in both of the
polarization components is limited by the numerical aperture,
NA, of the imaging systems.

A. Polarization-Resolved Dual-View Digital
Holography

The technique to register polarization-resolved holograms
has been described elsewhere [6], and only a brief summary is
provided here. Consider the paraxial complex vector field,

Es(x , y )=
(
|Eθ (x , y )| exp(iφθ (x , y ))
|Eϕ(x , y )| exp(iφϕ(x , y ))

)
, (1)

on the camera detector, where it is assumed that the ϕ̂ com-
ponent is aligned with the local x̂ component and the θ̂
component is aligned with the local ŷ component of the
detector. For multiplexed holographic recordings, we also
need two reference waves, one for each of the two polarization
components. These are expressed as Rx = Rx exp(iksy y )x̂ and
Ry = R y exp(iksx x ) ŷ , respectively, where k = 2πnm/λ0 is
the wavenumber and [sx , sy ] are directional cosines in x and y
directions, respectively. Provided the coherence is sufficient, the
total intensity detected is given by

I =
∣∣Es (x , y )+Rx (x , y )+Ry (x , y )

∣∣2
=
∣∣Eϕ∣∣2 + |Eθ |2 + |Rx |

2
+
∣∣R y

∣∣2 + EϕR∗x + E ∗ϕRx

+ Eθ R∗y + E ∗θ R y , (2)

where all variables are complex-valued, ∗ means complex con-
jugation, and the specific reference to (x , y ) is dropped in the
second row for ease of writing. The last four terms on the second
row in Eq. (2) are the interference terms of interest and as indi-
cated only mutually polarized components interfere. Provided
[sx , sy ] are both sufficiently larger than the numerical aperture,
N A, the interference terms can be isolated in Fourier space
using an appropriate filter. By Ux = EϕR∗x and Uy = Eθ R∗y ,
we denote the two interference terms of interest. From these,
an estimate of the two polarization components in Eq. (1) is
calculated as

Ẽϕ(x , y )=
Ux R̃x∣∣∣R̂x

∣∣∣2 = |Eϕ(x , y )| exp
[
i
(
φϕ(x , y )− φRx

)]
,

(3)
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Ẽθ (x , y )=
Uy R̃ y∣∣∣R̂ y

∣∣∣2 = |Eθ (x , y )| exp
[
i
(
φθ (x , y )− φR y

)]
,

(4)

where R̃x and R̃ y are estimates of the true complex ampli-
tudes Rx and R y , respectively. The difference between the
estimates and the true complex amplitudes of the reference
waves comes from the unknown phase constants φRx and φR y ,
respectively. Unless calibrated, therefore, the phase differ-
ence 1φ = φθ − φϕ remains unknown, and the true state of
polarization of Es remains unknown. Instead, we introduce the
polarization ratio angle,

β(x , y )= tan−1 |Ẽφ(x , y )|

|Ẽθ (x , y )|
, (5)

which is the main parameter of interest in the rest of this paper.
The analysis in this section is independent on the choice of
camera wherefore two parameters, β1(x1, y1) and β2(x2, y2),
are obtained per acquisition representing the polarization ratio
angle of the scattered light at the positions of the two cameras.
In the following section, the expected polarization ratio angle
at the position of the cameras is analyzed theoretically using the
T-matrix method for specific particles and particle orientations.

B. T-Matrix Method

The T-matrix method is a technique for calculating the electro-
magnetic scattering from a particle with arbitrary shape and is a
particularly useful method for nonspherical particles with sym-
metry around one axis, such as spheroids and cylinders [8,10].
For spheres, the T-matrix method reduces to the same solution
as the Lorentz–Mie theory. Consider the particle shown in
Fig. 2. A general ellipsoidal particle has symmetry around one
axis, and the particle can either be prolate with two minor and
one major axes or oblate with one minor and two major axes. In
this paper, only prolate particles are considered with minor axes
radius aminor and the major axis radius amajor. The two angles γ
and ξ specify the orientation of the particle, where γ is the polar
angle from the +ẑ p direction, and ξ is the azimuth angle from
the+x̂ p direction. The particle is illuminated in the+ẑ p direc-
tion by a plane wave, and r specifies the direction of detection
(see Fig. 2). The particle projects an area A in the direction of the

Fig. 2. Coordinate system and rotation angles for the ellipsoid
particle.

sensitivity vector. For the upcoming analysis, we introduce the
radius of projected area equivalent sphere a s which is defined as
a s =
√

A/π . The projected area will, in general, be different on
camera 1 and camera 2 for a certain particle orientation.

The T-matrix method expands the illumination light in terms
of spherical vector wave functions as

Ei =
∑∑[

anmM(2)
nm(kr)+ bnmN(2)

nm(kr)
]
, (6)

where k is the wavenumber, r= [r , θ, φ] is the position in
space in spherical coordinates, and Mnm and Nnm are the vector
spherical wave functions. The superscript (2) indicates that the
function is of the second kind as it is finite in the origo. Note that
Ei is a vector with the polarization components of the incident
field. The illumination light is therefore completely described
by the coefficients anm and bnm. In the same way, the outgoing,
scattered field can be expanded in terms of vector spherical wave
functions. Here the vector spherical wave function of the first
kind is used to satisfy the condition that the field vanishes as
r →∞. The scattered field is expanded as follows:

Es =
∑∑[

pnmMnm
(1)(kr)+ qnmNnm

(1)(kr)
]
, (7)

where pnm and qnm are the coefficients for the scattered light and
in the same way fully describe the scattered field. For camera 1,
the scattering direction is r= r1, and for camera 2, the scattering
direction is r= r2. The key concept of the T-matrix method
is the transition matrix T that maps the incident coefficients
anm, bnm to the scattered coefficients pnm, qnm. The relation
between the incident and scattered coefficients are formulated
in compact form as[

pnm

qnm

]
= T′(γ, ξ)

[
anm

bnm

]
, (8)

where T′(γ, ξ) is the rotated T-matrix. The rotated
T-matrix is related to the axis symmetrical T-matrix as
T′(γ, ξ)=D′(γ, ξ)TD(γ, ξ), where the D is the Wigner
D-matrix [11]. Here the matrices anm and bnm are collapsed
into one-dimensional arrays. Once pnm and qnm are known,
the scattered field can be obtained by expanding the spherical
vector harmonics in the desired direction. The T-matrix is
only dependent on particle properties, not on the illumination
and detection directions. The extended boundary condition
method (EBCM) is used to calculate the numerical values of the
T-matrix. Details on this method are omitted in this paper, and
we refer the reader to Ref. [10] for the details. The result from
the T-matrix scattering is presented in Section 3.

3. SIMULATIONS

The experimental setup described in Fig. 1 is simulated in order
to investigate the polarization response for particles of different
sizes, shapes, and orientations. The simulations are split into
two parts, one for spherical particles and one for nonspherical,
spheroid particles. For spheres, there are two particle dependent
parameters, the size and the refractive index. The problem
becomes drastically more complex when considering spheroids
since three more parameters are introduced. For spheroids, there
are in total five parameters, the refractive index n p , the minor
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radius aminor, the major radius amajor, and the two orientation
angles γ and ξ , to consider. The major radius can also be defined
in terms of the aspect ratio defined as amajor/aminor. In all cases,
the illumination is in the+z direction and is linearly polarized
with orientationα= 45◦ from the global X axis. The detection is
made according to the geometry defined in Fig. 1.

A. Spheres

Spheres are a special case of nonspherical particles that have
some interesting features. Here the scattered field is calculated
using the Lorentz–Mie theory. This solution is identical to the
T-matrix method for spherical particles but has a faster numeri-
cal implementation. Since the sphere has perfect symmetry,
the results in the two different cameras become redundant as
polarization ratio anglesβ2 = β1 whenα= 45◦. Therefore, only
one β is presented. The polarization response is simulated for
particle sizes in the 50-250 nm range for three different rela-
tive refractive indices m = nparticle/nmedium = [1.1, 1.3, 1.5].
Figure 3(a) shows the results from the simulation. It is clear that
there is a dependency between the polarization response and
the particle size, and as expected, β approaches 90◦ as the size
decreases. There is also a notable dependence on the refractive
index. The shapes of the curves are similar but are shifted, and
the magnitude is somewhat different. The dependency on both
the size and the refractive index is small for particle sizes up until
around 80 nm. After that, the curves are approximately linear.
In common of all three curves is that β > 80 is only obtained
for the smaller range of particles. To further investigate the
polarization response, the effect of the aperture size is simulated.
Figure 3(b) shows the polarization response for five different
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Fig. 3. Detected polarization ratio angle β: (a) β as a function
of particle radius for three relative refractive indices using a 5 mm
aperture; (b) β as a function of particle radius for five different aperture
sizes and m = 1.3.

aperture sizes a = [5, 15, 25, 35, 45]mm with relative refrac-
tive index m = 1.3. These values corresponds to numerical
apertures of NA= [0.08, 0.24, 0.38, 0.50, 0.60], respectively.
It is seen that the aperture size only has a minor effect on the
result. Mainly it affects how the curves converge as the size
decreases and the magnitude of the local minimums and maxi-
mums deviation. This behavior is caused by an integrating effect
as more angles around γ= 90◦ are included. The ŷ component
vanishes completely only when the scattering angle is exactly
90◦. For angles closely around 90 deg, the component does
not vanish completely, but is rather small and increases when
the angle gets further away from 90◦. The trend in the results is
only valid when considering small to moderate apertures since
otherwise angles far away from 90◦ are also included. In the
approximately linear region for sizes around 100–175 nm, β
is not affected by the aperture size. It is therefore impotent to
include information regarding the aperture size in the modeling
since it will determine what the highest expected β is as a→ 0.
Overall a smaller aperture is preferred in these measurements in
contrast to traditional imaging where a large aperture is desired.

B. Spheroids

For the spheroids in general, β1 6= β2, and hence the result for
both β1 and β2 are presented in this section. The T-matrix is
calculated using the implementation of the EBCM method
in the Optical Tweezer Toolbox [12]. To investigate how
different particles affect the scattered light, a simulation envi-
ronment is created using the geometry described in Fig. 1.
The polarization ratios β1 and β2 are obtained for individual
particles with the illumination polarization set at α= 45◦.
The polarization ratio angle is simulated as a function of size
and orientation. A particle, aligned along the z p axis where
γ = 0 and ξ = 0, is simulated in the minor axis range of 50–
250 nm with 2 nm increments. A smaller set of sizes is rotated
in order to investigate the effect of the rotation. Particles of size
aminor = [50, 75, 100, 125, 150, 175, 200, 225, 250] nm are
considered in the rotation simulations. Two different aspect
ratios are considered, 1.3 and 2.0, respectively. The results are
shown in Fig. 4. The axis-aligned particle is shown as the solid
blue line while the red dots are for the rotations plotted as a
function of the radius of a projected area equivalent sphere.
This result is valid for both camera 1 with β = β1 and cam-
era 2 with β = β2. The difference is what angles [γ, ξ ] that
produce the projected area equivalent in the direction of the
sensitivity vector. Figure 3(a) shows the result for an aspect
ratio of 1.3. The solid line is quite similar to the result for the
spheres in Fig. 3. For the rotation, the effect is small for smaller
particle sizes. When the particle is 50 nm or smaller, the effect
of rotation is negligible. From 50–125 nm, the effect seems to
be linear, and β increases with an increasing radius. The effect
is still modest, with only a change with about 10◦. The effect is
drastically increased for the 150 nm particle that spans values
fromβ ≈ 30◦ toβ ≈ 80◦. The trend is still approximately linear
with respect to radius. For particles larger than 150 nm, the
dependency shifts with size, however, still a function of the pro-
jected area equivalent radius. For the particle with aspect ratio
2.0 in Fig. 4(b), the same trend is observed up to approximately
100 nm; after that, a large, changing dependency occurs. The
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Fig. 4. Polarization response for a prolate particle with two different
aspect ratios: (a) 1.3 and (b) 2.0. The solid line is for a particle aligned
along the z p axis. The scattered, red points are for when the particle is
rotated and plotted as a function of projected area. The radii evaluated
are aminor = [50, 75, 100, 125, 150, 175, 200, 225, 250] nm.

observed polarization is still approximately a function of the
projected area, but the ambiguity increases with increasing par-
ticle size. Since the scattered light is detected in two directions,
what is of interest is the tuple (β1, β2), which is considered next.

Consider Fig. 5, in which each point in the rotation is plot-
ted in the β1, β2 plane. If a particle is spherical, β1 = β2,
and all points fall on the diagonal. The distance from
(β1= 90◦, β2= 90◦) is related to the size. In the left column
of Fig. 5, the particles have an aspect ratio of 1.3, and in the right
column of Fig. 5, the particles have aspect ratio 2.0. The smallest
particle, with minor radius aminor = 50 nm is in principle unaf-
fected by the rotation for both aspect ratios. When increasing
the size of the particle, the effect of the rotation is a movement
away from the diagonal. However, for certain orientation angles,
it is still possible to recordβ1 = β2.

In Figs. 4 and 5, the same behavior is observed but at smaller
sizes for the particles with larger aspect ratio. A particle with
the same minor radius but a larger aspect ratio is, after all, a
larger particle. It is suspected that the same behavior is observed
if the size is normalized to the radius of a volume equivalent
sphere. This is the radius of a sphere with the same volume as the
observed particle, meaning that an increase in size or in aspect
ratio will have the same effect on the polarization response.
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Fig. 5. Polarization ratio angles β1 and β2 for a full rotation. The
particles in the left column have aspect ratio 1.3, and the particles in
the right column have 2.0.

A nonspherical particle with volume V has the volume equiva-
lent spherical radius av = [3V /(4π)]1/3. Also, since a spherical
particle by definition hasβ1 = β2 and the effect of the rotation is
to move away from this line, we introduce a distance d from this
ideal line in the β1, β2 plane. For a single particle, the distance
varies depending on the orientation, and larger particles may
produce a smaller distance than a smaller particle when only
sampling one measurement. But, when following a particle as it
moves in the volume over time, it is unlikely that it will keep the
same orientation over several holograms. The maximal recorded
distance dmax can, therefore, be used as an indicator of size for
nonspherical particles. The estimation only produces a lower
limit since it is possible that the maximal distance has not been
sampled. From the simulated data, the maximum expected
distance from the β1 = β2 line is plotted as a function of the
volume equivalent radius in Fig. 6 for different aspect ratios. It is
found that the same behavior is found, regardless of aspect ratio,
where the distance is small for particles up to around 100 nm. In
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Fig. 6. Maximum distance from the β1 = β2 line, as a function of
volume equivalent radius. The different lines represent different aspect
ratios.
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the range 100–180 nm, it is possible to estimate the size since a
drastic increase in distance is observed with increasing size for
the aspect ratios 1.3:2.0 investigated in this paper. For the larger
size span, there is a difference between the different aspect ratios.
Particles with larger aspect ratio converge toward 45◦ while the
ones with smaller aspect ratio decrease.

4. EXPERIMENTAL SETUP

Figure 7 shows the experimental setup used in the experiments.
A twin-cavity, injection-seeded, frequency-doubled Nd:YAG
laser (Spectron SL804T, 400 mJ, 5 ns) generates pulsed linearly
polarized light. The light is split into two parts by the 50/50
beam splitter BS1. The reflected part is used for the reference
waves and is first reduced in intensity by another beam split-
ter, where the reflected light is directed into a beam dump
(BD). The remaining part is split up into four parts by beam
splitters BS2, BS3, and BS4 and launched into single-mode
polarization-maintaining fibers. λ/2 wave plates control the
polarization before the fiber couplers. The transmitted part
from BS1 is used for illumination. A λ/2 wave plate controls
the polarization orientation α in the light. Continuing on, the
light is guided by a set of mirrors, M1 and M2, and expanded
by the telescope lens T before illuminating the sample cuvette
from underneath [see inset (a) in Fig. 7]. Particles in the sample
cuvette scatter the light, and parts of it are imaged using two
telecentric polarization-resolved holographic systems perpen-
dicular to each other. Each system consists of two lenses and an
aperture, where the aperture is placed in the joint focal plane
between the two lenses. Two reference waves are added to each
setup by connecting polarization preserving fibers into the
apertures. The fibers are mounted so that the reference waves
have perpendicular polarization [see inset (b) in Fig. 7]. On
the detector, the scattered light and the reference waves form a

polarization-resolved hologram as described by Eq. (2). The two
CCDs are synchronized to capture holograms simultaneously.

The resulting two holograms are then individually recon-
structed to render a 3D volume of the sample. In each view,
particles are located, and the polarization ratio angle β is calcu-
lated. The information from each view is combined into a global
estimation for the position of each particle. Thereafter particle
tracking can be performed. Calibration is needed for the global
estimation and tracking to be correct. The calibration process
has been described in a previous paper, so for a full description,
we refer the reader to [6]. When accurately calibrated, the system
measures the global 3D position and polarization ratio angle β
in the two perpendicular directions.

5. EXPERIMENTAL MEASUREMENTS

In the experimental measurements, ultrapurified water is used
as a sample. The water had been filtered in order to remove
particles with a diameter larger than 250 nm. The illumination
polarization is set to α= 45◦ so that both polarization compo-
nents are excited. Two hundred synchronized holograms are
captured with a sampling frequency of 5 Hz. The two holograms
from each time step are jointly reconstructed as described in our
previous publication [6]. The results for each time step are the
3D positions (x , y , z) and the polarization responses (β1, β2).
The 3D positions from different frames are linked using a
simple tracker [13]. The total dataset can then be described
as [xi (t), y i (t), zi (t), β1i (t), β2i (t)], where i is the label for
individual particles.

The first part of the analysis is to separate the spherical and
nonspherical particles. This is done by computing the maxi-
mum distance dmax =max[d(t)] from the β1 = β2 line in the
β1, β2 plane. A threshold is set so particles where dmax < 10 are
considered spheres and particles where dmax > 10 are considered
nonspherical. The top panel in Fig. 8 shows the experimentally

(a)

(b)

Fig. 7. Polarization-resolved digital holographic system. Mirrors are denoted as M, lenses as L, beam splitters as BS, apertures as A, and fiber cou-
ples as FC. Inset (a) shows the illumination from underneath, and inset (b) shows the orientation of the reference wave polarizations.
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Fig. 8. Experimentally sampled β1 and β2. The top panel is all sam-
pled points for all particles while the two lower panels are for two typi-
cal particles.

Table 1. Distribution of Experimentally Measured
Particles

Spheres Nonspherical

Number of particles 74 251
Estimated volume
equivalent radius

110–130 nm 120–140 nm: 71 particles
140–160 nm: 141 particles
>160 nm: 39 particles

sampled tuples (β1, β2) for all particles in all time steps. The
two lower panels are examples of two typical particles. Particle
#7 shows the typical behavior of a nonspherical particle as it
changes polarization ratio from frame to frame. From the sim-
ulated data, it is found that the particle is on the larger side of
the spectrum as points are sampled far away from the ideal line.
Particle #52, in the right panel of Fig. 8, on the other hand,
shows the behavior of a spherical particle where all samples
stay relatively close to the ideal line. The size of the spherical
particles is estimated using the spherical model in Fig. 3, where
the detected β can directly be mapped to a size estimate. For the
nonspherical particles, the distance dmax is mapped to a size esti-
mate using the results presented in Fig. 6. The result is presented
in Table 1, where the numbers of spherical and nonspherical
particles are presented. In total, 325 particles are found, and the
rate of nonspherical to spherical particles is approximately 3:1.
The spherical particles all fall in a narrow size range while there is
a wider range for the nonspherical ones.

6. DISCUSSION

Using the results from the T-matrix simulations, it is found
that a spherical assumption would be very inaccurate for these
types of measurements of nonspherical particles. For instance, a
150 nm particle with a mild nonsphericity of aspect ratio 1.3 can
produce polarization response between 30 and 80 deg, depend-
ing on orientation. This would correspond to a spherical particle
between 100–180 nm and hence would be highly inaccurate.

Fig. 9. Comparison between the polarization response β for three
different sizes and the normalized projected area in the direction of the
sensitivity vector. The aspect ratio is 1.3. The left column (a)–(d) is for
camera 1, and the right column (e)–(f ) is for camera 2. The first three
rows show the β1 in the left column and β2, in the right column. The
last row is the projected area in the direction of the sensitivity vectors.

A weakness with the experimental measurements is that we do
not know the exact distributions of size and refractive index of
the particles other than that they have a diameter smaller than
250 nm, which limits the validation of the experimental results.
Additional simulations where the refractive index was changed
showed that the effect is only minor in the size ranges of interest.
The observed sizes are in the larger end of the size range since the
filter would remove particles with a radius larger than 125 nm.
Most of the nonspherical particles are estimated to be larger
than this limit, which at first glance may look strange. The use of
equivalent volume radius means that there exist multiple com-
binations of aspect ratios and minor radii that produce the same
result. This is, however, a volume equivalent radius, and the size
in some direction is smaller than this limit, meaning it can pass
through the filter. The use of equivalent volume radius means
that there exist multiple combinations of aspect ratios and
minor radii that produce the same result. It is, unfortunately, not
possible to estimate the aspect ratio with the proposed method.

The illumination polarization is set to α= 45◦ in the exper-
iments. This is to have components in both the horizontal and
vertical direction of the illumination light. Simulations were
also made with circularly polarized illumination and showed a
similar result as α= 45◦ for the size range of interest. Another
approach to this problem would have been to use linear polari-
zation at either α= 0◦ or α= 90◦ and look at the response.
However, one of the recorded components on the camera will be
very low since the cross-polarization is small in these sizes.
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Particles with a very mild nonsphericity can produce false
estimates since there is an ambiguity in size for particles larger
than 200 nm as can be observed in Fig. 6. For instance, a par-
ticle with aspect ratio of 1.3 has two values corresponding to
dmax = 20. Therefore, the size estimation only produces a lower
size limit unless additional information is provided. In the
experimental measurements presented, it is known that the
particles have a radius smaller than 125 nm. This information
removes redundancy, and a lower limit can also be estimated. In
practice, there is also a lower limit for when smaller particles are
detected since the scattered intensity decreases with decreasing
size. So, particles smaller than a certain limit will not produce
enough light to form an interference pattern on the detector.
For example, a spherical particle of size 10 nm will most likely
not be detected in this particular experiment. The results in
Table 1 show that there are no particles smaller than 110 nm.
This is probably due to the small scattering efficiency for parti-
cles below that size. That range can, however, be extended with
higher pulse energy.

With only one camera, it is still possible to distinguish
between a spherical and a nonspherical particle. If the polari-
zation ratio angle varies over time, this is an indication of a
nonspherical particle. It is also less likely to sample an extreme
point since what is sampled is the data in Fig. 5 projected along
one of the axes. So, with two cameras, it is more likely to get a
correct size estimation. It is also possible to obtain information
in a single shot, which is impossible with only one camera.

One interesting feature was found when comparing the simu-
lated β to the area projected onto planes with surface normals in
the direction of the sensitivity vector for each camera. The sensi-
tivity vectors in this setup correspond to the vector s1 = [1, 0, 1]
for camera 1 and s2 = [0, 1, 1] for camera 2. Figure 9 shows β1

and β2 as well as the projected area for different particle sizes. It
is obvious that the projected area and the polarization response
have the same behavior for the smaller 100 nm and 150 nm sizes.
The larger, 200 nm particle shows a different behavior where
the response is inverted to the projected area. This is equiva-
lent to the negative slope for that particle in Fig. 4(a). It is also
clear that there is an ambiguity with respect to the orientation
angles. Many different angles produce the same β and projected
area. The full 2π range of ξ is unnecessary since the particle is
symmetrical around one axis, and all possible orientations can
be obtained with the range ξ = [0, π ]. The first minima give
the critical limit for the proportional relationship between the
projected area and polarization response in Fig. 4, which, in this
case for the aspect ratio 1.3, is around 175 nm. For aspect ratio
2.0, it is approximately 135 nm.

It would be desirable to be able to estimate all particle features
from the measurements. For the general case, it is impossible to
determine all particle parameters from only two polarization
ratio angles since that would mean estimating five unknowns
from just two measurements. However, the problem can be sim-
plified if we have some information about the particles we are
looking at, for instance, if we know the size, shape, and refractive
index of the particle and only the orientation is unknown. Such
a situation appears, for example, when you seed a sample with
a known particle and follow the flow. In that case, it is possible
to determine the angle from the sensitivity vector using the
polarization ratio angle for each camera. However, there still is

an ambiguity in the global scale, and the full orientation cannot
be uniquely determined. Scope for future work would be to use
a data-driven model where not only β1 and β2 but also ratios
between the components on the different cameras

β3 = tan−1 |E1x |

|E2x |
, (10)

β4 = tan−1

∣∣E1y

∣∣∣∣E2y

∣∣ , (11)

could be considered.

7. CONCLUSION

With the use of two polarization-resolved holographic sys-
tems, it is possible to obtain size information about particles
that are too small to resolve using only imaging. From both
simulations and experimental measurements, it is found
that the polarization response can be used as an indicator for
nonspherical particles. The simulations are performed using
T-matrix modeling, and the experiments are made using off-
axis polarization-resolved holography from two views. These
two approaches show consistent results for spherical and non-
spherical particles. Given two measurements, β1 and β2, of the
polarization ratio angle in two side-scattering and perpendicu-
lar directions, it is possible to determine both if the particle is
spherical or nonspherical as well as to estimate the size in the
form of a volume equivalent spherical diameter. So a change in
either the aspect ratio or the minor particle radius corresponds
to the same change. This is both positive and negative. The
positive side is that it reduces the number of parameters, and
the negative side is that the shape information is ambiguous.
The size is estimated using the maximum distance in the β1, β2

plane from the line β1 = β2. The effect of the orientation for a
nonspherical particle is only minor up to around 100 nm, while
a significant dependency is observed for larger particles. This
shows that a spherical approximation, in general, is not valid
for this kind of measurement. Still, for the smaller particles, a
spherical approximation would be reasonable. Based on the
estimated size information, it is possible to separate the differ-
ent particles. Depending on interest, one could, for example,
separate the tracking of spherical/nonspherical particles or
particles of a certain size. An additional interesting observation
is a dependency between the angle from the sensitivity vector
and the polarization response.

Although the ultimate goal would be to estimate all parti-
cle parameters from the measurements, this work sheds light
on some aspects of how the polarization response from indi-
vidual particles can be measured with polarization-resolved
holography and used to estimate size information.
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ABSTRACT

Dual-view digital holography is used to image samples of microplastics recorded in water. The
detection is polarization-resolved and produces, in total, four different intensities, one in each
polarization direction on each camera. Ratio angles between all four components are calculated, and
differences between the samples are investigated. This paper uses four different samples, particles
from rubber tires, plastic bottles, coffee cups, and a reference sample. It is found that the data varies a
lot for all samples. But when calculating the correlation coefficients differences between the samples
are observed. The tire particles show indications of being larger and and more spherical compared to
the other samples.

1 Introduction

Microplastic pollution is an increasing problem in nature. Microplastics are defined as plastic particles smaller than
0.5mm. There are two main categories of microplastic particles, primary and secondary microplastics [1]. Primary
microplastics are manufactured particles intended for use in, for instance, cosmetics or industrial processes and are
transported into nature by wastewater. Secondary microplastics are generated through fragmentation from larger objects,
for instance, rubber from car tires. The pollution affects marine environments and freshwater systems. Measurements
of microplastics typically consist of several steps, including, sampling, filtration, and inspection with a microscope. In
addition, spectroscopic measurements can be made to characterize the samples material [2]. Recent works demonstrated
measurements of microplastics using digital holography. Philips et al. characterized contaminate in water using a
spherical particle model and inverse problem formulation [3]. In there work they were capable of distinguishing between
polystyrene micro-beads, bacteria and oil droplets in water. Bianco et al. used the phase response to extract additional
features for a support vector machine classifier. The method is capable of determining between plastics and algae in
the same size range [4]. Off-axis digital holography is an interferometric imaging technique where three-dimensional
information is encoded into the detection. Adding a reference wave with an off-axis tilt creates the encoding and forms
a hologram. In post-processing, the interference pattern in the holograms is reconstructed into a volumetric estimation
of the imaged volume [5]. Multiplexing several reference waves makes it possible to encode multiple fields in the
same hologram. For instance, two orthogonal polarization directions making polarization-resolved [6, 7, 8, 9]. The
polarization-response from particles depends on the properties of the particle, like size, shape and refractive index. The
polarization-response has been used to estimate size information from nanosized particles using a smooth particle model
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[10]. Microplastic particles most likely have an irregular shape due to the fragmentation process, which in general,
makes it hard to use a specific model to describe the scattered light. Instead more probabilistic models can be used.

The purpose of this paper is to observe and investigate how the polarization-response varies for different microplastic
particle samples. Three different microplastic samples are used, rubber from tiers, PET from a plastic bottle and PS from
a plastic coffee cup lid. These samples represent microplastics commonly found in nature. A reference sample is also
investigated. The reference sample has undergone the same filtering step but without the addition of the microplastics.
The reference sample, therefore, only contains naturally occurring particles.

The rest of the paper is structured in the following way. Section 2 describes the sample preparation of the microplastics,
section 3 describes the experimental setup, section 4 describes the measurement procedure, and section 5 contains the
analysis and discussion.

2 Sample Preparation

A car tire made of rubber, a PET water bottle (transparent) and a coffee cup lid made of PS were purchased, all of
brand new origin. Samples were prepared as described in reference [11]. Briefly, each material was cut into smaller
pieces. 2g of each material were transferred to glass beakers and 115mL of deionised water (Sartorius). Thereafter the
samples were mixed for 5 minutes using a hand blender (Bosch Ergomixx 750W, model MSM67140) on maximum
speed and the mixture was filtered using syringe filtration with 0.8µm cut-off (Schleicher & Schull FP 30/0,8 CA filters
and 60mL BD Plastipak latex free syringes). In order to control the impact from sample preparation a reference sample
was prepared in parallel following the same procedure but without the addition of the plastic material.

3 Experimental Setup

Figure.1 shows the experimental setup used in the experiments. A twin-cavity, injection-seeded, frequency-doubled
Nd:YAG laser (Spectron SL804T, 400mJ, 5ns) generates pulsed linearly-polarized light. The light is split into two parts
by the 50/50 beamsplitter BS1. The reflected part is used for the reference waves and is launched into single-mode
polarization-maintaining fibers. The transmitted part from BS1 is used for illumination. The illumination light is
linearly polarized, and a λ/2 waveplate controls the polarization orientation. A telescope lens T expands the light which
thereafter illuminates the sample cuvette from underneath, see inset (a) in Figure.1. Two telecentric polarization-resolved
holographic systems that are placed perpendicular to each other image the scattered light.

The coordinate system is defined in such a way that the illumination direction is in the Z-direction, camera 1 is in
the X-direction, and camera 2 is in the Y-direction, respectively. Camera 1, therefore, has a field of view in the
ZY-plane and camera 2 in the ZX-plane, respectively. The measurement volume is formed by the overlap of the fields
of view. Each camera system consists of two lenses and an aperture. Two reference waves are added to each setup by
connecting polarization preserving fibers into the apertures. The fibers are mounted so that the reference waves have
perpendicular polarization, see inset (b) in Figure.(1). On the detectors, the scattered light and the reference waves form
a polarization-resolved hologram simultaneously on both detectors. On the detectors the local coordinates are denoted
x1, y1 and x2, y2, respectively. The detected field is

I = |Ex|2 + |Ey|2 + |Rx|2 + |Ry|2 + ExR
∗
x + E∗

xRx + EyR
∗
y + E∗

yRy, (1)

where the subscripts on each represents polarization direction on respective camera. The off-axis tilt of the reference
waves enables extraction of the four last terms in Eq.(1). Let Ux = ExR

∗
x and Uy = EyR

∗
y. The fields of each

component is then estimated in the local coordinate system as

Êx(x, y) =
UxR̂x∣∣∣R̂x

∣∣∣
2 = |Ex(x, y)| exp [i (φx(x, y)− φRx

)] , (2)

Êy(x, y) =
UyR̂y∣∣∣R̂y

∣∣∣
2 = |Ey(x, y)| exp

[
i
(
φy(x, y)− φRy

)]
, (3)

where R̂ is the estimation of the reference wave. Here R̂ is assumed to be a plane wave with an off-axis tilt. The tilt is
given by the position if the reference wave and the focal length of the rear lens. The tilt is estimated from the center of the
lobe off-axis lobes. Once the tilt is estimated the reference wave can be written as R(x, y) = A exp (iksxxsyy) ,. The
hologram captured by each camera are individually reconstructed using Eqs.(1)-(3). An estimation of the measurement
volume for each camera is created by propagating the reconstructed field using the angular spectrum method. [12]. Each

2
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Figure 1: Polarization resolved digital holographic system. Mirrors are denoted as M, lenses as L, beamsplitters as
BS, apertures as A and fibre couples as FC. Inset (a) shows the illumination from underneath and inset (b) shows the
orientation of the reference waves polarizations.

camera renders a 3D volume of the measurement volume and particles are located in each separately. The information
from each view is combined into a global estimation for the position of each particle. Calibration is needed for the
global estimation and tracking to be correct. The calibration process has been described in a previous paper, so for a
full description, we refer the reader to [9]. When accurately calibrated, the system measures the global 3D position and
four fields, two polarization components on each of the two cameras.

4 Measurements

The prepared samples are one by one placed in the measurement volume. The sample cuvette have the dimentions
26 × 26 × 70mm. All samples consist of particles dissolved in filtered water. For each sample, 300 holograms are
acquired by each camera with a sample rate of 5Hz. The illumination polarization is kept at α = 45◦. The holograms
are processed as described in [9] to produce a global estimate of position and scattering intensities. The result for a
single frame consists of the set

X(i) =
[
X(i), Y (i), Z(i), |E(i)

x1 |, |E
(i)
y1 |, |E

(i)
x2 |, |E

(i)
y2 |
]
, (4)

where x(i), y(i), z(i) is the position, E(i)
x1 , E

(i)
y1 are the estimated field strengths on camera 1, and E(i)

x2 , E
(i)
y2 are the

estimated field strengths on camera 2, for the i:th particle in the frame. Since consecutive frames are captured, the
particles can be tracked between frames using a simple nearest neighbor tracker [13]. The data can therefore be extended
and described as

X(i,j) =
[
x(i,j), y(i,j), z(i,j), |E(i,j)

x1 |, |E
(i,j)
y1 |, |E

(i,j)
x2 |, |E

(i,j)
y2 |

]
, (5)

where X(i,j) is the data for the i:th particle in the j:th frame. In the following analysis, we will disregard the position
information and only use the estimated field strengths. Since the pulse energy may differ from pulse to pulse, it is
wise to normalize the field strengths. On each camera and for each particle, the polarization ratio angles β1 and β2 are

3
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defined as

β
(i,j)
1 = tan−1 |E

(i,j)
x1 |

|E(i,j)
y1 |

,

β
(i,j)
2 = tan−1 |E

(i,j)
x2 |

|E(i,j)
y2 |

,

(6)

likewise the ratio angles β3 and β4 between the same components on the different cameras is defined as

β
(i,j)
3 = tan−1 |E

(i,j)
x1 |

|E(i,j)
x2 |

,

β
(i,j)
4 = tan−1

|E(i,j)
y1 |

|E(i,j)
y2 |

.

(7)

The total field strengths |Ex| + |Ey| for each camera are also saved to get a sense of the total amount of scattered
light. The four quantities β1, β2, β3, β4 is the basis for the further analysis of the data. To put it in plain text, β1 and β2
describes the proportions between the polarization components on camera 1 and camera 2, respectively. The angle β3
describes the proportions of the Ey components on each camera, while the angle β4 represents the proportion of the Ex
components between the two cameras. Any further quotes of field strengths can be obtained by multiplying two betas.
The angles β, hence, gives a complete description of normalized field strengths.

For spherical particles the measured field strengths in each camera is always the same due to the symmetry. For the
ration angles that would mean that β1 = β2. The value of β1 and β2 depends on the particle size. Smaller particles
where the scattering can be approximated using Rayleigh scattering β1 = β2 = 90◦. For larger particles β1 and β2
decreases with increasing size. The ratios between cameras become, β3 = 45◦ and β4 = 45◦ for spherical particles,
regardless of particle size. For non-spherical particles, the general case is β1 6= β2 and β3 6= β4. The difference between
the polarization-ratio angles increases with increasing size and aspect ratio. If a particle rotates in the measurement
volume β1, β2, β3 and β4 will change from frame to frame. A higher non-spherocity corresponds to a bigger change. A
non-spherical particle will also, in general, scatter differently on the two detectors, depending on shape and orientation.

5 Analysis & Discussion

Previous investigations of smooth particles showed that the variation of β increases with size and non-sphericity [10].
The shapes of the microplastics are unknown. However, they are assumed to have an irregular and non-spherical shape
due to the generation from fragmentation. It is therefore likely that the observed ratio angles will vary significantly
between the frames. In Figure.2 the results are shown as scatter plots between all β where the different data points are
plotted in the β1β2 plane for the four different classes. Similar figures can be created in the β1β3, β1β4, β2β3, β2β4,
β3, β4 planes.

The top left panel, where the points are plotted in the illustrates how the polarization response differs between the
cameras. Spherical particles would be located at the β1 = β2 line. The distance from this line hence indicates
non-spherocity. The data points for the tires all fall fairly close to the β1 = β2 while the other samples produce a greater
spread. Parts (b)-(e) are harder to give a physical explanation of but some difference between the samples can still be
observed. The final part, (f), describes how the light is distributed between the cameras for each polarization component.
Once again it shows a different pattern for the tires where the points fall close to the β3 = β4 line. This means that the
difference in response between the cameras are similar for both polarization components. For the other samples a larger
spread is observed.

The effect of non-sphericity is to spread out the points when the particles rotates. It is therefore hard to see any
differences from the points alone. All particles have a spread around 40− 80◦. The mean and variation of β are listed
in Table.1. The mean values for all particles are close to 55◦ for all samples. Hence, the mean alone, can not be used as
a metric. The variances show a larger difference. Notably is that the reference sample and the PS sample show higher
values in most β compared to the Tires and the PET. There is also a difference between the tires and the PET. The tires
show smaller values for all except β4. The variance of points may therefore contain some information regarding the
sample. In Table. 1 the total field strengths are also listed. It shows that the field strengths are smallest for the reference
sample and largest for the tire particles. The PET and PS samples show about similar field strengths. This is inline with
the size measurements from the preparation step.

For the human eye, it is also possible to observe some differences in the structure of points for the different classes.
Both in terms of how much the particles are spread and how correlated the different polarization ratio angles are. The

4
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Table 1: Experimentally obtained results. The first part shows the mean and variance for the ratio angles for the different
classes. The second part shows the mean field strengths on each camera.

Ref Tires PET PS

Ratio Angles

β1 β2 β3 β4 β1 β2 β3 β4 β1 β2 β3 β4 β1 β2 β3 β4
Mean 51.9 56.6 47.6 53.0 55.8 53.0 58.9 56.3 53.5 55.7 57.2 59.9 52.6 54.5 50.2 53.1

Variance 123.3 170.2 234.8 248.2 55.9 75.3 115.8 149.1 98.2 113.8 198.4 88.5 117.6 176.0 224.9 107.4

Field Strength

Cam1 25 60 41 37
Cam2 22 37 24 30

microplastics from tires produce a more correlated measurement as seen in the top-right panel in Figure.2(a). Similar
observations can be made in the other β planes for the different particles. The Pearson correlation coefficient, defined as

ρ(βi, βj) =
E
[
(βi − µβi

)(βj − µβj
)
]

σβiσβj

, (8)

where E indicates the expected value µ the sample mean and σ the standard deviation. ρ (βi, βj) is calculated and
presented in Figure.3. The correlation coefficient gives a numeric value on the structure observed in Figure 2.

The correlation coefficient ρ(β1, β2) can be related to the sphericity of a particle. For perfectly spherical particles the
correlation coefficient should be one. The calculated values are, as expected, higher for the tiers than the other particles.
Comparing the results for the other correlation coefficients, it is observed that the correlation differs for the different
plastics. For β1β2 only tires show a moderate correlation while the other particles show low coefficients. It is known
that the particles in the tire sample span a large size range. The fact that the points are correlated indicates that the
particles are more spherical than the other samples. The correlation coefficient ρ(β3, β4), is moderate to high for all
particles. This observation is expected since β3 describes how the first polarization component change between the two
cameras. Likewise, β4 describes how the second polarization changes between the cameras. That the change between
the cameras is similar regardless of polarization component is therefore not surprising. Again the tiers have a deviating
behaviour from the rest of the samples. This is most likely due to the large size range of the tire particles. For spherical
particles, the scattering pattern becomes more similar for the two polarization components as the size increases. The
larger size of the tire particles are also indicated by the higher field strengths for that sample. The other correlation
coefficients ρ(β1, β3), ρ(β1, β4), ρ(β2, β3), ρ(β2, β4) does not have an obvious physical interpretation are therefore
harder to analyze. However, these coefficients still show some difference between the samples. For a data driven model
the need of a physical interpretation is not required and the coefficients ρ(β1, β3), ρ(β1, β4), ρ(β2, β3), ρ(β2, β4) could
be used for distinguising between the samples.

The two main factors that affect the scattering pattern is the size and shape of the particles. So any changes observed
between the samples are due to those two factors and not the material of the sample. The material probably have an
indirect effect on the shape of the particles since they are generated from fragmentation. To conclude the analysis. The
ratio angles have a great variation for the same particle, and a direct comparison of data values is hard. Instead, the
variance and correlation coefficients between different β show differences between the samples. The correlation between
angles indicates some difference between the samples. Most notably is that the plastic particles from tiers shows a
different behaviour compared to the other samples. The irregular shape of microplastics makes a pure polarization-based
identification hard. For best results, both polarization and resolved imaging of the particle should be used.

5
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(a) (b)

(c) (d)

(e) (f)

Figure 2: Resulting polarization ratio. Part (a) shows the data in the the β1β2 plane, part (b) in the β1β3, part (c) in the
β1β4, part (d) in the β2β3, part (e) in the β2β4, and part (f) in the β3β4.
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Figure 3: The Pearson correlation coefficients between the different ratio angles.
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