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Abstract

A thin porous medium is defined as any permeable porous structure that has a severely
limited spatial extension in one of the directions. Examples of such porous systems are
found in heat exchangers, composites manufacturing and fuel cells. The thin porous
media of central interest in this work consists of obstructions in the form of mono-radii
cylindrical rods placed in ordered arrays. Two types of ordered packings are studied, cubic
and staggered. The flow in these arrays are investigated using tomographic Particle-Image
Velocimetry and Laser-Doppler Velocimetry. The experimental data is then used as a
validation basis for a Lattice Boltzmann Method numerical model which is shown to be in
agreement. Some pore-scale effects observed in both experimental and numerical models
are discussed as well as their possible implications for macroscopic properties of the bed
such as pressure drop and dispersion. One pore-scale effect only occuring in the cubic
packing is shown to have a significant impact on the pressure drop across the bed.
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Chapter 1

Introduction

A porous medium is defined as a solid matrix with a void fraction and in this broader
definition any material with void pockets consisting of non-solid would be considered to
fulfill the definition. The type of porous media that are of interest here all consist of an
interconnected void which allows fluids to flow through it. As the fluid flows through the
material local convective and viscous losses of pressure adds to an overall pressure drop
across the entire bed. For flows where the viscous pressure losses dominate, i.e. the pore
scale Reynolds number is low, the pressure drop is linearly related to the flow rate; this
is called Darcy’s law. As the pore Reynolds number is increased the relation becomes
quadratic due to the increasing convective pressure losses. Further increasing the pore
Reynolds number leads to transitional flow, in this region the macroscopic properties of
the bed such as dispersion and pressure drop behaves erratically [1–3]. The knowledge of
flow properties in this domain is limited mainly due to the complexity of the processes.

Examples of porous media occurring naturally are water flowing between reeds and
airflow in forests. Porous media is also found in many industrial processes and manufac-
tured components such as heat exchangers, composite production, sintering processes, oil
and natural gas extraction, and cooling of data centers [4]. Some example packings are
shown in Fig.1.

Figure 1: Examples of porous mediums, from left to right a random packing of mono-radii
spheres, a structured foam and a BCC-packing of spheres.
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4 Chapter 1. Introduction

1.1 Flow regions in porous media
The different flow regions in porous media is characterized by the relation between the
pressure gradient across the porous bed ∆p/L and the flow rate Q as well as the dispersive
and flow properties. These are usually divided into four regions called the Darcy-region,
the Forchheimer-region, the transition region, and the turbulent region. Depending on
nomenclature the Forchheimer-region can also be denoted the Laminar-steady region
and the transition region the Laminar-unsteady region. Where the transition between
these regions occur are dictated by the Reynolds number. Ziolkowska and Ziolkowski [5]
outlines many potential ways to define the Reynolds number of the flow in the porous bed,
in this work the Reynolds number is defined by the length scale of the obstructions as

Rep =
UdDc

ν
. (1)

Here Ud is the average velocity in the void space called the Darcy velocity, Dc is the
obstruction length-scale and ν is the kinematic viscosity of the fluid. The specific Rep at
which the transition between these regions occur vary widely depending on bed properties.
A rough approximation is that transition between Darcy → Laminar-steady occur at
Rep ≈ 1−80, Laminar-steady→ transition at Rep ≈ 10−300 and transition→ turbulent
at Rep ≈ 500− 2000 [1, 2, 5–8]. In the Darcy-region the pressure gradient over the bed
∆p
L

and the flow Q is linearly related by a dimensional coupling constant k called the
permeability

Q = −Ak∆p

Lµ
. (2)

Here A is the cross-sectional area of the bed including both pores and solid, and µ is
the dynamic viscosity. The sign of the relation depends on the directional definition of
both ∆p and Q, usually the quantities are defined as to give the relation above. For
non-isotropic porous media the pressure drop may vary depending on the direction of the
flow, in that case the permeability can in general be described as a tensor. Writing ∆p

L
as

a directional pressure gradient ∂p
∂xi

the more general version of Darcy’s law is obtained

Qi = −A ∂p

∂xj

kij
µ
. (3)

In some cases the bed velocity may be of greater interest and the equation can be put on
the form

ui = − ∂p

∂xj

kij
µ
. (4)

Here ui is a velocity often called the superficial velocity since it is obtained by dividing
the flow rate with the total cross-sectional area of the bed. Although, this linear relation
only holds in the Darcy region some authors [9] choose to use a variable permeability as a
mathematical tool to describe the deviation from Darcy’s law, i.e. the permeability is
defined as some function of the Reynolds number k = f(Rep). In the Laminar-steady
region the velocity throughout the bed transitions from a linear relation between velocity
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and pressure to a quadratic one as convective pressure losses becomes dominant; This
happens since convective losses scale by ∝ U2

D. This is usually modelled by adding a
so-called Forchheimer term to Darcy’s law [9]

bumi + ui = − ∂p

∂xj

kij
µ
. (5)

In this equation b is a coupling constant which scales with the contribution of the
convective pressure losses and m is an exponent that is ≈ 2 but varies between 3 and
2 in the transition between the Darcian and Forchheimer region. The transition region
is characterized by large scale flow oscillations of spatial size comparable to that of the
pore scale. Hence the pore scale prevents an isotropic energy cascade from forming [7].
In this region the pressure drop may behave unsteadily and depends significantly on
the packing structure of the porous bed. In the turbulent region the energy cascade
becomes approximately isotropic as characterized by a −5/3 decay curve in the kinetic
energy frequency spectra. Where this region occur has no strict definition and while
Seguin et al [8] impose a strict condition of isotropic turbulence, on the contrary the
standard definition [10] is the region where stochastic flow features appear. In this notion
of turbulence the region is where the kinetic energy frequency spectra is dominated by
noise instead of distinct peaks.

1.2 Thin porous media
Thin porous media, as opposed to just porous media, are a subgroup of porous media
types which are limited in spatial extent in one direction. Informally, one may think of a
thin porous media as a two-dimensional surface which is permeable to liquids and gases.
Thin porous media can be classified into two types, these are distinguished by whether
the flow goes through the material at a normal angle to the plane defining it, or along
the plane tangents. Notable examples of thin porous media that exist in engineering
applications are filters, heat-exchangers, fuel-cells and composite manufacturing.

Figure 2: Two types of thin porous media, a normal flow direction example of a perforfated
plate to the left and a tangential flow example of cloth between two parallel plates
to the right.
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1.3 Thesis aim
In this work flows in thin porous media from the Darcy-region to the turbulent region
will be investigated with the aim of gaining new insights into how the macroscopic
properties of pressure and dispersion vary depending on packing and flow properties. This
will be achieved by experimental methods such as tomographic-PIV and Laser-Doppler
Velocimetry in combination with numerical methods.



Chapter 2

Experimental methods for fluid
dynamics

Flow measurement methods are normally arranged into two overarching categories called
intrusive and non-instrusive. The so-called intrusive methods normally include some sort
of probe which interacts with and disturbs the flow. Examples of such methods include
acoustic measurement methods such as Acoustic Doppler Velocimetry (ADV), pitot tubes
and anemometers. These types of probes are normally used in experimental and industrial
setups where flow intrusion is irrelevant or insignificant in impact compared to the fluid
dynamics of interest. Non-intrusive methods are usually based on some type of optical
method, therefore these types of measurements usually require specific consideration
to allow optical transmission into, and out of the studied system. This usually comes
at considerable additional cost and complexity, therefore these methods are normally
utilized where intrusive measurement techniques would impact the fluid behaviour as to
render the measurement pointless. Examples of non-intrusive measurement techniques are
Particle-Image Velocimetry, Laser-Doppler Velocimetry, Particle-Tracking Velocimetry
and Planar Laser Induced Fluorescence.

2.1 Particle Image Velocimetry

Particle Image Velocimetry (PIV) is a non-intrusive technique for imaging flow fields in
transparent fluids which is based on illumination of light scattering particles distributed
throughout the fluid. To capture the particle distribution one or several cameras are used
depending on the type of PIV-system, two images are taken with a short known time
difference. The imaged domain is separated into interrogation windows and the average
particle displacement in the windows is decided by a cross-correlation procedure [11].
If the interrogation window size and the time difference is known the velocity in that
interrogation window can be calculated. Vendors of PIV-measurement systems such
as LaVision & Dantec Dynamics offer self-calibration techniques which take care of
perspective correction and/or compensation from optical distortion.
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2.1.1 2D-PIV & Stereoscopic-PIV

For planar and stereoscopic PIV the particles are illuminated by some planar illumination
method, usually a laser in combination with planar optics producing a light sheet. For
the case of 2D-PIV a single camera captures the flow field according to the procedure
described in the preceding section, for stereoscopic-PIV two cameras are utilized which
enables calculation of the out of plane component of the flow field. A graphical illustration
of a 2D-PIV and stereoscopic-PIV system is presented in Fig.3.

Figure 3: 2D-PIV & Stereoscopic-PIV system, image courtesy of LaVision Gmbh.

2.1.2 Tomographic-PIV

A tomographic-PIV system utilizes two or more cameras to determine all three velocity
components in a volume. To make this possible volumetric optics has to be used instead of
planar optics, this creates a problem with the particle illumination process. Objects in and
surrounding the experimental setup will, in addition to the particles, scatter laser-light
leading to the particles becoming drowned out in the ambient scattered light. There are
two options to remedy this, the first is to remove the surrounding equipment that may
scatter the light. The other option is to use seeding particles with a fluorescent coating
that absorbs the frequency of the laser and emits another light frequency. Optical filters
may then be used to remove the original laser-light and enable a clear illumination of the
particles. This is also a common problem for planar-PIV, but the comparatively more
powerful laser necessary for the volumetric illumination means that it is harder to avoid
when designing the experiment. Additional complexities that arise for tomographic-PIV
imaging as compared to planar-PIV is a substantially more complex and computationally
demanding reconstruction procedure and larger data-sets. The additional cameras and the
more powerful laser required also leads to the systems in general being more cumbersome.
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Figure 4: Tomographic-PIV system, image courtesy of LaVision Gmbh.

2.2 Laser Doppler Velocimetry
Laser Doppler Velocimetry (LDV), sometimes denoted Laser Doppler Anemometry (LDA)
is a method for capturing highly resolved transient velocity data in a small localized point.
Because of this LDV is a good choice for characterizing turbulence. The method is based
on the interference pattern formed when two monochromatic lasers cross at an angle. To
create these two beams a single beam from a coherent light source, a laser, is split and
then rejoined in the fluid that is seeded with particles. As the particles pass through the
illuminated and non-illuminated regions in the interference pattern the velocity can be
calculated from the burst signal produced. While the fringe-pattern provides a way of
determining the flow velocity, the flow-direction can not be decided by this method. To
resolve this one or both of the beams are passed through an opto-acoustic modulator
(Bragg cell) modulating their relative frequencies slightly [12]. This leads to a velocity
shift for the fringe-pattern in a direction normal to the fringes, now the burst signal
from a single particle will have different frequency depending on the direction in which it
travels through the beam. An illustration of a LDV-system is presented in Fig.5.
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Figure 5: LDV-system, image courtesy of LaVision Gmbh.

2.3 Refractive index matching methods

The usage of non-intrusive measurement methods require clear optical transmission into
and out of the system studied. For imaging of porous media, which usually consists of
opaque bed particles, this poses a challenge. Such as in the case of Khayamyan et al [1,2]
a bed consisting of the investigated packing geometry in glass can be used, this creates
another issue if the refractive index between the packing and fluid is different. The optical
path to the fluid zone being imaged may be obstructed due to the refractive index changes,
this creates so called dead-zones and can occur even at low relative refractive indexes
for packed beds of spheres (≈ 1e− 4) [13]. This means that no matter how the optical
distortions are accounted for there are zones that will not be imaged. This problem is
solved by matching the refractive index of the fluid to the refractive index of the solids,
Fig.6 shows how the relative refractive indexes impacts the optical distortion.

Figure 6: Refractive index matching of cylinders to the environment, from left to right the
relative refractive indexes nCylinder − nEnvironment are 0.2, 0.1 and 0.01.
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Lattice Boltzmann Methods

LBM is a cellular automata method developed as a more stable and computationally
effective version of the Lattice Gas Automata method (LGA). The LGA method as
described by [14] tracks discrete particles through a collection of nodes with static
connections, when two particles are in the same node at the same time a collission step
is carried out, the design of this collision operator impacts the dynamic behaviour of
the "gas". Interest in this method eventually dwindled when different variants of the
LBM became more popular. In contrast, the LBM does not track individual particles and
instead represents the amount of particles in a control volume with a given velocity by a
floating point number. Because of this the method is often referred to as a mesoscopic
method [15, 16], in essence, every control volume hold the velocity information of the
particles contained in it i.e. a discretized version of the velocity distribution. The evolution
of a gas is governed by the Boltzmann equation [17] and it is from this equation (6) that
the method is derived.

∂f

∂t
+ cj

∂f

∂xj
= Ω(f) (6)

Here f is the distribution function which, in general, is a function of space (xi), time
(t) and particle velocity (vi). If the velocity distribution is discretized, the set of values
in it can be written as a vector fi. The vector cj is the velocity vector and Ω is a
collision operator. Normally the procedure is separated into two steps, a collision step
and a streaming step. With a discretized version of the distribution function we have the
following set of equations

f̃i(x̄, t) = fi(x̄, t) + Ωi(x̄, t), (7)
fi(x̄+ ēi, t+ 1) = f̃i(x̄, t). (8)

Where ēi is the discretized velocity vector, equation (7) is the collision step and equation
(8) is the streaming step. An illustration of this procedure for a D2Q9 type lattice is
shown in Fig.7.

11
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Relaxation step

Streaming step

Figure 7: An illustration of the relaxation and streaming steps of the LBM-Algorithm, the
length of the arrows indicates the amount of particles in that velocity component.

All variants of the LBM shares the streaming step although different varieties of the
lattice is used. These lattices are usually denoted using the number of dimensions first
and then the number of connections always including the nodes connection to itself. The
methods illustrated in Fig.7 is a D2Q9. Other standard lattices include the D2Q5, D3Q7,
D3Q19 and D3Q27. The density and velocity can be obtained from the distribution
function by the relations [15]

ρ =
∑

j

fj, (9)

ui = (1/ρ)
∑

j

fjeij. (10)

Where ēi is rewritten as eij. These quantities are always preserved during the collision
step which follows naturally from continuity and momentum preservation.

3.1 Collision models in LBM

Since the streaming step is constant for a given lattice the dynamics of the model is
completely defined by the nature of the collision operator Ω(fi). Three types of collision
models will be informally introduced here, namely the BGK Single Relaxation Time (SRT)
model, the Multiple Relaxation Time (MRT) model and finally the cascaded model.
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3.1.1 Bathnagar Gross Krook (BGK) SRT

A natural assumption for the velocity distribution within an isolated control-volume is
that it should go towards the Boltzmann-distribution as time tends towards infinity, this
assumption was first utilized by Bhatnagar, Gross and Krook in 1954 [18]. Since discrete
time steps are being taken a relaxation parameter (τ) is assigned which decides how
quickly the control volume approaches the equilibrium state, the collision operator can
then be written as

Ωi(fi) = fi + (f eq
i − fi)

1

τ
. (11)

Here τ is the relaxation parameter being related to the kinematic viscosity as ν = 1
6
(2τ−1)

if the lattice speed c = ∆x/∆t = 1. The vector f eq
i represents the equilibrium state given

by the Boltzmann distribution, but exponentials are expensive to evaluate and therefore
a taylor expansion version is utilized instead according to [15,19]

f eq
i = ρwi

(
1 + 3ēi · ū+ 4.5(ēi · ū)2 − 1.5ū · ū

)
. (12)

In this expression wi are weights that correspond to a discretized version of the Boltzmann
distribution. This version of f eq

i is only valid when the lattice velocity c is equal to 1.
The BGK-SRT collision model has drawbacks compared to the MRT and Cascaded types
since it has significant stability issues and is consistently outperformed in all areas [20].
As such, the BGK-SRT model is at this point usually only of academic or pedagogical
interest.

3.1.2 Multiple Relaxation Time (MRT)

To overcome the shortcomings of the SRT model a method utilizing separate relaxation
times for different moments have been introduced, going back to the equations that define
the LBM (equations (7) and (8)) the collision operator can be rewritten as

Ω(fi) = −(Mik)−1Ŝkj[Mijfj −Mijf
eq
j ]. (13)

Here Mij is some matrix that takes the distribution function and transforms it into a
set of moments and normally the first moments are density and momentum. Both [20]
and [21] provides good examples for how these matrices can be constructed. The matrix
Skj is a relaxation matrix which contains the different factors of relaxation and since the
moments are now separated they can be relaxed individually. The optimal choice for
relaxation factors needs to be investigated manually. After the relaxation the inverse of
Mij is utilized to obtain the values in distribution space again.

3.1.3 Cascaded collision operator

Adverse effects that plagues all of the collision operators presented so far are the lack of
Galilean invariance and moment cross talk [22]. The cascaded LBM provides a collision
operator which is unconditionally stable and overcomes these flaws. This operator was first
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introduced by Geier et al [22] and further developed by Premnath et al [23]. In short the
moments are constructed in resting space by first transforming the distribution function
into the local rest frame, the relaxation is carried out and then it is transformed back again.
This generates substantial additional numerical complexity, the D3Q27 cascaded collision
operator presented in the appendix of Geier et als [22] work gives an understanding for
how computationally complex these calculations become.

3.2 GPU programming
A high end Graphical-Processing Unit (GPU) has up to a two orders of magnitude
in performance benefit compared to most Central-Processing Units (CPU) in terms of
raw FLoating point Operations Per Second (FLOPS). The reason to this is that GPUs
are highly specialized in performing graphics operations that require large amounts
of raw floating point arithmetic. The additional computational efficiency comes at
the cost of less functionality and versatility, generally resulting in a more cumbersome
programming procedure for the computations that happens to be appropriate for this type
of parallelization. As the algorithms for GPUs have become progressively more advanced
and capable of handling more complex tasks such as PIV-reconstruction, training of
neural networks and PDE-solving the vendors have begun to offer programming tools
with a lower programmer skill-ceiling as well as more general purpose GPUs. The
CUDA-Framework [24] is one such platform which allows greater ease of access to its
users.

3.2.1 Example LBM-Implementation

The description below outlines a functional but minimalistic D2Q9 BGK-SRT LBM
implementation in the CUDA-framework that is as brief as possible. This program
simulates the flow around a cylinder in a periodic domain driven by a pressure gradient.
In this example for-loops are used to condense the code, this is discouraged in general
since it impacts performance, so unroll the loops if document size is not an important
parameter. The whole source code is a single file.

#include <iostream >
#include <fstream >
#include <string >
#include <cuda_runtime.h>

#define wc 0.44444444444444444f
#define we 0.11111111111111111f
#define wo 0.02777777777777777f

__global__ void collideAndStream(int L2 , int Lx , int Ly, float ps , float omega ,
float *f1, float *f2 , char *wall , float* uo){
int x = blockIdx.x*blockDim.x+threadIdx.x;
int y = blockIdx.y*blockDim.y+threadIdx.y;

int pos = (x)+(y)*Lx;

int xp[3] = {(x-1+Lx)%Lx , x, (x+1+Lx)%Lx};
int yp[3] = {(y-1+Ly)%Ly , y, (y+1+Ly)%Ly};
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float f[9];

if(wall[x+y*Lx] != ’w’){
//Do non wall -streaming.
for(int i = 0; i < 9; i++){

f[i] = f1[L2*i+xv[i%3]+yv[(i/3)]*Lx];
}

A few tricks are utilized here, first the domain is made periodic by using the modularity
operator % with respect to the side-Length, secondly, the streaming is carried out by
pulling in the distributions from the surrounding nodes. As demonstrated by Delbosc et
al [25] this procedure increases performance. Next we have the collision step.

float rho = f[0]+f[1]+f[2]+f[3]+f[4]+f[5]+f[6]+f[7]+f[8];
float w[9] = {wo,we ,wo,we,wc,we ,wo,we,wo};
float u[2];
u[0] = (-f[0]+f[2]-f[3]+f[5]-f[6]+f[8])/rho;
u[1] = (-f[0]-f[1]-f[2]+f[6]+f[7]+f[8])/rho;

float uu2c = ((u[0])*(u[0]) + (u[1])*(u[1])) * 1.5f;
float eiu ,s;

for(int i = 0; i < 9; i++)
{

eiu = ((float)((i%3) -1))*u[0]+(( float)((i/3) -1))*u[1];
s = (3.0f * eiu) + (4.5f * eiu * eiu) - uu2c + ((float)((i%3) -1))*ps/omega;
f[i] = f[i] * (1.0f-1.0f * omega) + w[i] * rho * (1.0f + s) * omega;

}

This is the essential step where the BGK-SRT collision calculation is carried out. The
vectors uieij are calculated for each case, here denoted as eiu, the process is then stepped
forward with the value for omega (ω = 1/τ) dictating the viscosity of the system. An
additional quantity w has to be defined here to enable looping through the weights, this
is bad practice and for a performance optimized code the loop-should be unrolled.

//Copy back to position.
for(int i = 0; i < 9; i++)
{

f2[pos+L2*i] = f[i];
}

uo[pos] = u[0];
uo[pos+L2] = u[1];

}

The values are now copied back to the memory address and the buffers are then
switched at the next update. If the computational cell happens to be a wall-cell the code
below is executed instead of the collision step.

else{
//Do wall streaming.
for(int i = 0; i < 9; i++){

f[8-i] = f1[L2*i+xv[i%3]+yv[(i/3)]*Lx];
}

//Now copy the results to the outgoing array.
for(int i = 0; i < 9; i++){

f2[pos+L2*i] = f[i];
}
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uo[pos] = 0.0f;
uo[pos+L2] = 0.0f;

}
}

Here a trick in our choice of indexing means that the bounce-back procedure is
equivalent to reversing the ordering of the distribution vector. This is all of the GPU-
programming necessary for running an LBM-code in the CUDA-framework. The code
is executed via an interface that takes cell size, viscosity, pressure gradient, cylinder
diameter, amount of timesteps and output file name as input arguments.
int main(int argc , char** args)
{

int L,ts;
float viscosity ,pgrad ,Dc;
char* fileName;

//Read in the arguments.
if(argc > 6){

L = std::stoi(args [1]); ts = std::stoi(args [2]);
viscosity = std::atof(args [3]); pgrad = std::atof(args [4]); Dc = std::atof(args

[5]);
fileName = args [6];

}
else{ std::cout << "Insufficient variables provided!" << std::endl; return 0; }

int L2 = L*L;
float* f = new float [9*L2];
float* uo = new float[L2*2];
char* w = new char[L2];

In this part the arguments are read and all relevant variables created, L is the cell
side-length and Dc is the cylinder diameter.

for(int i = 0; i < L2; i++){
f[i] = wo; f[i+L2] =0 we; f[i+2*L2] = wo;
f[i+3*L2] = we; f[i+4*L2] = wc; f[i+5*L2] = we;
f[i+6*L2] = wo; f[i+7*L2] = we; f[i+8*L2] = wo;

}

for(int i = 0; i < L2; i++){
if((( float)(((i)/L-L/2) *((i)/L-L/2) + (-L/2+i%L)*(-L/2+i%L)))/(( float)(L2)) < ((

Dc/2.0f)*(Dc/2.0f)))
{w[i] = ’w’;}
else{w[i] = ’0’;}

}

Here the variables are initialized, the distribution function is set to a Boltzmann
distribution by default, the wall elements that are in the cylinder with edge exclusive
formulation is marked as w to indicate that the bounce back-formulation without collision
step should be utilized here. Next the data is allocated and uploaded to the GPU.

float *f1_d , *f2_d , *uo_d;
char *wall_d;
cudaMalloc (&f1_d , L2*9* sizeof(float));
cudaMalloc (&f2_d , L2*9* sizeof(float));
cudaMalloc (&uo_d , L2*2* sizeof(float));
cudaMalloc (&wall_d , L2*sizeof(char));

//Copy the boltzmann distribution to the GPU.
cudaMemcpy(f1_d , f, L2*9* sizeof(float), cudaMemcpyHostToDevice);
cudaMemcpy(f2_d , f, L2*9* sizeof(float), cudaMemcpyHostToDevice);
cudaMemcpy(wall_d , w, L2*sizeof(char), cudaMemcpyHostToDevice);
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cudaDeviceSynchronize ();

Each block is defined as one whole row along the x-coordinate, this shortcut is okay
to take when values of L are small.

for(int i = 0; i < ts/2; i++){
collideAndStream <<<grid , block >>>(L2 , L, L, pgrad , viscosity , f1_d , f2_d , wall_d

, uo_d);
collideAndStream <<<grid , block >>>(L2 , L, L, pgrad , viscosity , f2_d , f1_d , wall_d

, uo_d);
}

This is the actual calculation procedure, following this the velocity field is transferred
from the GPU and saved into the specified filename as a binary file.

cudaDeviceSynchronize ();
cudaMemcpy(uo , uo_d , 2*L2*sizeof(float), cudaMemcpyDeviceToHost);
cudaDeviceSynchronize ();

std:: ofstream fout;
fout.open(fileName , std::ios:: binary | std::ios::out);
fout.write((char*) uo, sizeof(float)*L2*2);
fout.close();

}

Which ends the program execution, the program can be compiled and executed if the
Nvidia-CUDA toolkit is installed by using the commands.
$ nvcc code.cu -o main
$ ./main 128 500000 1.5 0.0000002 0.5 Darcy.dat
$ ./main 128 500000 1.95 0.0000002 0.5 Forchheimer.dat
$ ./main 128 500000 1.9965 0.0000002 0.5 Unsteady.dat

Which will simulate 500000 timesteps of a 128× 128 cell with an obstructing cylinder
with the diameter of half the cell edge length. The omega parameter varies between
1.5-1.9965 yielding a low viscosity for higher values and a large viscosity for low values.

0

1

2

|u
|/U

D

Figure 8: Streamlines of instantaneous velocity fields for the D2Q9 BGK-SRT Model imple-
mented above for a 128× 128 lattice in the Darcy, Forcheimer and unsteady region.





Chapter 4

Results & Discussion

The experimental work is divided into two parts, the tomographic-PIV experiments and
the LDV experiments. The two methods are naturally complementing each other in
the sense that one provides high spatial resolution averaged data without any transient
information (tomographic-PIV) and the other provides high temporal resolution data
from a single point (LDV). These two methods can then be used in conjunction to validate
a numerical model from which further conclusions can be drawn. The tomographic PIV
measurements are presented in paper A while the additional LDV measurements are
described in this chapter. Here LBM simulations done on the experimental geometry are
presented enabling a comparison between these results. Finally a pure LBM study on
the effects of periodicity assumptions in porous media modelling is presented in Paper
B. Both the tomographic-PIV and Laser-Doppler Velocimetry data will be compared to
LBM DNS-simulations which is shown to be in approximate agreement.

4.1 Experimental cells
Two types of experimental cells are investigated using both tomographic-PIV and two-
component LDV, the types are simple cubic and simple staggered where the obstructions
consist of ordered arrays of mono-radii cylinders, see Fig.9. Details of how the tomo-PIV
experiment is performed is described in Paper A. For the LDV experiments all details
regarding the experimental setup of the cell is identical.

Figure 9: Illustration of the two experimental cells, staggered packing to the left and cubic
to the right. The row that contains only one cylinder is used for refractive index
matching.
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4.2 Laser-doppler velocimetry experiments

The LDV-measurements were carried out with a commercial two component system
supplied by TSI. Two batches of measurements were performed on the cell. In the first,
the flow rate was kept constant at values of 1000m3/hr, 2000m3/hr, 3000m3/hr and
4000m3/hr while varying the probe position between the pores of the cell. The positions
of these measurements are indicated in Fig.10. For the second case, the probe was placed
in the exact center of the cells and the flow rate was varied linearly from 539m3/hr to
4185m3/hr for 25 flow rates for the staggered case and from 344m3/hr to 4230m3/hr for
10 flow rates for the cubic case.

Figure 10: Illustration of the pores that were measured with the LDV-system, red points are
the pore-sweep points and green points are the central sweep positions.

4.3 3D Lattice-Boltzmann simulations

The D3Q27-MRT LBM code utilized in this chapter is based on the work of Suga et al [21].
To compare the transient data between the LBM and LDV cases an appropriate scaling
of the time needs to be adopted. In this chapter, the time is scaled into Darcy-time,
which implies that the scaling is a dimensionless group formed from the time t, the
Darcy-velocity (UD) and the stream-wise cell side-length L according to

t∗D =
UDt

L
. (14)

To ensure dynamic similarity of the flow conditions between the cases the Reynolds
number can be calculated using equation (1). From this time-scale the dimensionless
Darcy-frequency can also be constructed as

f ∗
D =

1

T ∗
D

(15)

where T ∗
D is the time-period in the Darcy-time scale. For the frequency-analysis this time

scale gives an idea of how many flow-oscillations that take place in the average period it
takes for a fluid packet to enter and leave the unit-cell.
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Table 1: Input to the mesh study calculations, all parameters are in non-dimensional form.

Variable 323 643 1283

ps 0.0000025 0.000005 0.00001
νstart 0.00025 0.0005 0.001
νend 0.0025 0.005 0.01
Nδt 100k 200k 400k

Figure 11: Unit cell geometry for the mesh-study, light blue is walls and the circle diameter is
Dc = 0.7Lc. The velocity monitoring point is marked in red.

4.3.1 Mesh analysis

To decide the mesh requirements for resolving all turbulent scales in the flow a mesh
study is carried out. Ten values of Rep are investigated for three different mesh sizes, as
summarized in Table 1. The geometry is of a single unit cell as illustrated in Fig.11. The
velocity in all three coordinate directions is monitored at a single point with coordinates
x = 0, y = 0, z = Lc/2, see Fig.11. Now using the relation Ek = ρuiui the kinetic energy
at this point can be derived, and with a fourier transformation the turbulent energy at
different temporal scales can be separated. The turbulent energy spectrums for this point
is presented in Fig.13. Inspecting the results it is clear that at Rep ≈ 1000 the 1283

mesh accurately captures all transient scales in the flow down to the smallest dissipation
scale visible as the energy frequency spectra tapering off at the limit. While the 643

mesh is not capable of capturing the entirety of the dissipation range it does capture
the inertial subrange accurately at Rep ≈ 1000. At Rep ≈ 800 the 1283 and 643 mesh
energy spectrums agree well. From this the conclusion can be drawn that the 643 mesh
is accurately modelling the isotropic turbulence below Rep ≈ 1000. It can also be seen,
that for this packing, the transition region occurs in the region Rep ≈ 150− 500 visible
as distinct local peaks at low frequencies (f ∗

D ≈ 2− 10).

4.3.2 Simulation set-up

The staggered cell is investigated using a 643 element unit cell arranged into the illustrated
geometry in Fig.13. A constant dimensionless density difference across the cell of ∆ρ ≈
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Figure 12: Fourier transform of the kinetic energy at point x for mesh sizes 1283,643 and 323

(from left to right). The orange line is the E−5/3
k decay law of isotropic turbulence.

0.01 is prescribed which is equivalent to a constant pressure drop formulation. The
dimensionless viscosity is varied from νstart = 0.000663 to νend = 0.0052 linearly over 25
values each of which is stepped 400 thousand time-steps, giving the same increments as
for the pore sweep performed with the LDV.

4.3.3 Comparison between tomo-PIV and LBM

The large scale flow structures appearing in the tomographic-PIV data, see Paper A, is
also visible in the LBM data. One of the most striking flow features found in Paper A is

Figure 13: Simulation cell, red is inlet, green is outlet, blue are edge walls and gray are cylinder
walls.
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Figure 14: Central plane visualizations of the averaged tomographic-PIV and LBM-simulation
x-dir velocity scaled by the Darcy-velocity.

the so-called epsilon-effect which takes the shape of dual epsilons with symmetry axes
at the center of the cell when the flow is in the Laminar-steady flow region, see Fig.14.
The LBM-Simulations also provides an explanation to how this effect arises based on the
fact that the cell has 10 large void spaces at the edges. While Rep may be low in the bed
these regions have a greater length scale and the flow there is therefore in the unsteady
region while the rest of the flow is not. The unsteady effects die out before reaching the
center of the cell only leaving these vortices behind. In Fig.15 the isosurfaces of vorticity
is rendered and coloured by the streamwise velocity for three Rep, the void zones close to
the walls impacts the vortice structures are formed.

4.3.4 Comparison between LDV and LBM

In Fig.16 a comparison between the LDV & and LBM simulation data is presented. While
similarities can be observed between the cases there are a few key differences that needs
to be discussed. At Rep ≈ 480 anti-symmetric behaviours, not observed in the LBM
data, arises in the LDV measurements as disclosed by an alternating y-velocity for rows
4 (y-velocity downwards) to 5 (y-velocity upwards) from the left. The details of the
alternating flow is not understood but it is expected that the effect is similar to the effects
presented in the periodic study in Paper B and may arise in this packing as well. Both
the magnitude and relative intensities between the standard deviations agree well between
simulation and throughout the packing. Even for the highest Rep it is observed that the
first two rows has almost no flow oscillations. The kinetic energy frequency spectra for the
data from the central pore sweep and the LBM simulations is shown in Fig.17. Because
of the noise of the LDV measurements the turbulent scales could not be imaged down to
the subgrid-scales, the cut-off frequency for the resolution is marked by a black dotted
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Figure 15: Isosurfaces of the norm of the vorticity (= 0.02) calculated from the average velocity
and coloured by the streamwise velocity, from left to right Rep = 170,Rep = 300
and Rep = 440.
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Figure 16: LDV-data of 3 different Rep compared to LBM-simulation data. σ is the standard
deviation function and, ||a|| is the norm operator and ‘ denotes a fluctuating value.
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Figure 17: Fourier transform of the streamwise velocity squared u2, which is proportional to
the streamwise kinetic energy ∝ Ek at the point marked in Fig.11 for the LDV
and LBM cases. The red and yellow lines are running averages of the frequency
spectras.

line, all frequencies beyond this line is from the linear interpolation procedure. Only the
beginning of the energy cascade is visible for Rep ≈ 900. The main shedding frequency of
f ∗
D ≈ 2 is visible for both the transition region plots (middle and left). From this we can
conclude that the main shedding frequency and general transition region behaviour is
captured by the numerical model.





Chapter 5

Conclusions

An MRT D3Q27-LBM model based on the work of Suga et al [21] capable of accurately
capturing the isotropic turbulence in porous media has been implemented in a GPU
program and then validated in the transition region using tomographic-PIV and LDV
measurements on a physical model. In paper A experiments have been carried out on an
experimental cell of a thin-porous medium in the form of cubic and staggered arrangements
of mono-radii cylinders. Conclusions regarding the behaviour in different flow regions for
the studied geometries have been drawn and two pore scale effects are presented, one
of is related to a pressure discontinuity observation. A numerical study was carried out
and presented in Paper B which concluded that the cell-to-cell interactions impacts both
the pressure drop and dispersion significantly in the unsteady region. Conversely, it was
concluded that cell-to-cell interactions has no impact on either of these quantities in the
steady region. The effect observed in Paper A was reproduced in a 2D LBM model and
was once again linked to a pressure discontinuity.
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Chapter 6

Future Work

The future work to be carried out can be divided into two parts, the first part being
experimental work, and the second being numerical work.

6.1 Experimental work

With the knowledge gained from the tomographic-PIV and LDV experiments a new
experimental cell will be designed (or the old modified) to support a smaller pore scale
structure, yielding a larger total amount of unit-cells which allows the flow to equilibrate
before exiting the porous bed. Using this new experimental cell measurements should be
carried out with Planar Laser Induced Fluorescence to investigate dispersion in cubic,
staggered and random packings.

6.2 Numerical work

With the D2Q9-Cascaded LBM-Model and the D3Q27-MRT model which is now validated
porous systems in both 2D and 3D can be investigated numerically. Below some promising
threads for future work with these models are presented.

6.2.1 Extended study of how periodicity assumptions impact bed
properties

In paper B it was found that a single unit-cell rarely captured the macroscopic properties
of the modelled porous bed accurately, it was also discovered that the results depended
on the periodicity of the domain representation, i.e. the unit-cell repetitions. The cause
of these differences should be investigated more closely with an emphasis on the difference
between geometry-representations consisting of more than one cell.
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6.2.2 Extended study of how periodicity assumptions impact 3D
systems

In paper B a comparison was made to a D3Q27-MRT model and it produced a similar but
not identical result in comparison to the 2D-case. Different geometries such as spheres
and cubes should be investigated in 3D to investigate whether these 2D effects has any
3D counter-parts, and if such, under which conditions they occur.
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Tomographic-PIV imaging of non-stokesian flow through
ordered thin porous media

T.O.M. Forslund, I.A.S. Larsson, J.G.I. Hellström, T.S. Lundström

Abstract:

The 3D flow-fields in a staggered and cubic arrangement of mono-radii cylinders are
investigated using tomographic-PIV imaging. The cylinder Reynolds-number is in the

range of ≈ 10 to ≈ 800 giving an almost complete overview of the transition region. Two
pore-scale effects are discovered. The first, visible in the cubic packing, is a spatially

alternating lateral velocity field, which has a significant impact on the pressure drop and
transversal dispersion. The second effect, present in the staggered array, is an example of

a disturbance propagation effect that takes place in the laminar steady region; this
manifests as a peculiar and complex flow-pattern. In accordance with other studies it is
shown that Darcys law can, from an engineering point of view be valid far beyond the

limit for Stokesian flow.
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1 Introduction

Historically research on porous media has focused on finding simplified models for macro-
scopic properties including pressure drop, dispersion and, heat transfer. The development
of more advanced measurement and simulation techniques has enabled investigation of the
mechanisms leading to these macroscopic properties. Examples of such studies are among
others Comiti et al. [1], Khayamyan et al. [2], Koch & Ladd [3, 4] and Seguin et al. [5].
For these type of studies the investigation is focused on how the pore-scale dynamics cause
discernible macroscopic properties.

As defined by Ziolkowska & Ziolkowski [6] and Koch & Ladd [3] there are four distinct
flow regimes of interest when studying porous materials, these are distinguished by different
flow properties and are defined in terms of the Reynolds number. The Reynolds number
defined by Ziolkowska & Ziolkowski is Rez = ūdz

ν where ū is the mean stream-wise velocity
of the liquid within the porous medium, dz is the pore size and ν is the kinematic viscosity.
The different regimes are then approximately:

• Stokes flow: Rez << 1

• Laminar flow: 1 < Rez < 10

• Transitional flow: 10 < Rez < 300

• Turbulent flow: Rez > 300

As Ziolkowska & Ziolkowski argues, it is impossible to precisely define the critical
Reynolds numbers separating these regions because of the broad variance of reported val-
ues from experiments. Therefore the change in flow regime has to be evaluated for each
packing separately. The flow regimes affect the macroscopic properties substantially; their
characteristics are summarized below.

The Stokes regime where Rez << 1 is characterized by Darcy’s law, in equation form
p,i = kijuj where kij , in general, is a symmetric 3x3-tensor for 3D-Flows as described by
Liakopoulos [7]. For an isotropic porous media the equation reduces to the relation between
pressure and flow-rate/velocity as.

p,i = k0ui (1)

In other words, the pressure drop increases linearly with flow rate, and as demonstrated by
Khayamyan et al. [8], this law is valid up to Rez ≈ 10 for a packing of spheres. Investigation
of the pressure dependence on flow rate has led to Forcheimers postulation of a modified
Darcy’s law of the form presented in eq (2).

p,i = k0ui + k1u
m
i (2)

If Rez is relatively small, then m = 3 as described by Mei & Auriault [9]. Note that the k1

2



factor is vanishingly small for small Reynolds numbers; therefore, Darcy’s law is accurate
throughout this flow regime. Although Darcys law is valid throughout the Stokes regime it
is not only valid in this regime, for example as [8, 10, 3] shows it is a good approximation
for low Reynolds-number non-Stokesian flows.

The Laminar regime is characterized by steady flow features with inertial effects being
non-negligible. Forcheimer’s law is still applicable, but the value of m varies with the
Reynolds number since the symmetries that imply m = 3 are no longer present for inertial
flows, see Mei & Auriaults [9] article for more details.

In both the laminar and Stokes regions, the flow is steady, with increasing Rez the flow
becomes unsteady defining the lower bound of the Transition region. Here large scale
oscillations are induced [8] and

∫
Ω |

dφ
dt |dV 6= 0 where φ is any flow field variable and Ω is

the flow regime. The smallest spatial scales of the unsteady structures are, however, still
comparable in size to the geometry preventing an isotropic turbulent energy cascade from
taking place. In practice, this is visible as a turbulent energy spectrum decay curve with
an exponent smaller than −5/3, as reported by Seguin et al. [5].

In the Turbulent region the scale of the flow instabilities is small enough to allow the
existence of an isotropic turbulent energy cascade. Applying the Forchheimer equation m
goes up to 3 for a very short region and then returns to the second-order relation again;
see Lage et al. [11] for details. In the current study, these regimes are considered with the
main focus on the behavior of the transition region.

The choice of Reynolds number affects the flow regime intervals; for Rez, the length-
scale is the pore diameter, and the velocity is the mean streamwise velocity, also called
the Darcy-velocity. A multitude of other examples can be found in Wood et al. extensive
review [12]. From now on we will refer to the particle Reynolds number Rep defined in
eq (3) where Ud is the Darcy-velocity, Dp is the particle diameter and ν is the kinematic
viscosity.

Rep =
UdDp

ν
(3)

For experimental work on macroscopic properties, the naturally occurring porous geometry
is rather easy to represent; usually, the porous bed can be chosen to be identical to the
systems common in nature. Pore-scale flow visualization by PIV necessitates the usage
of transparent bed particles and a spatial scale that the system is capable of resolving.
Furthermore, a refractive index matching between the porous particles and the liquid is
necessary for two reasons depending on what type of PIV-system is utilized. For 2D-
PIV systems, the line laser is scattered out of the plane by refractive index variations;
for tomographic PIV-systems, the back-scattered light from the particles is refracted by the
cylinders which cause inaccurate reconstruction of the velocity-field; this puts limitations on
the type of porous materials and liquids that can be used. An extensive review of different
possible refractively matched solid-fluid combinations are available in Wright et al. [13].
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1.1 Ordered thin porous media

Thin porous media as defined by Fabricius et al. [14] can be classified into three types,
mathematically expressed if h is the height of the cell and δ is the width then δ << h
for HTPM (Homogenously Thin Porous Media). For PTPM (Proportionally Thin Porous
Media) δ ≈ h and for VTPM (Very Thin Porous Media) δ >> h. In Fig.1 HTPM, PTPM
and VTPM is presented from left to right.

δ
δ h

δ
δ

h

4δ
4δ

h

Figure 1: The three types of thin porous media, from left to right HTPM, PTPM &
VTPM. Side length δ and height h is marked in the figure.

Ordered arrays of cylinders confined by two walls are of interest to study for at least
two main reasons; the simplicity of the geometry makes it well suited as a model problem,
and 2D-versions of HTPM packings have been studied extensively by among others Koch
& Ladd [3] and Hellström et al. [10]. Secondly, flow between systems of tube bundles is
common in several processes in nature and industry including heat exchangers [15], and
flow through vegetation [16]. Packed beds of spheres as studied in, for example [17, 8] can
also be of interest for future studies of more complex geometries. It will, however, turn out
that the flow fields in the geometries here studied become complex although the geometries
are simple. The type of thin porous media that is investigated is PTPM since it has fully
developed 3D-flow for all Rep. Two packings are considered, simple cubic and staggered
arrays of mono-radii cylinders, see Fig.2 for the elementary cells.

1.2 Earlier work

Examples of earlier experiments imaging flow fields in porous beds include planar PIV
measurement through a randomly packed bed of spheres for laminar and turbulent flow,
Patil and Liburdy [18, 19]. Khayamyan et al. investigated the same packed sphere geometry
for both laminar, and turbulent flow using both normal planar PIV [2] and stereoscopic
PIV [8]. For low Reynolds number flows, PIV has also been used to investigate flows
through rectangular arrays of circular rods Agelinchaab et al. [20]. For flow on small
scales, confocal microscopy has been applied to disclose 2D fluid velocities for flow through
a porous medium of a sintered disordered packing of hydrophilic glass beads Datta et al.
[21]. A similar porous medium was studied in Sen et al. [22] with µPIV yielding 2D low Re
velocity fields. The flow characteristics of similar geometries have been studied numerically
and mathematically by among others, Koch & Ladd [3], Fabricius et al. [14], Hellström et
al. [10], and in [23]. There are experimental studies of similar geometries but not identical
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Figure 2: The two types of elementary cells investigated, to the left a simple cubic and to
the right a staggered packing of mono-radii cylinders. The quarter-cylinders at the corners
of the staggered cell also have the radius rc.

which mainly considers flow properties of heat exchangers, one example is Iwaki et al. [24]
who studied cubic arrangements of tube bundles with planar PIV.

2 Method

The study is an extensive continuation of the work presented by Larsson et al. [25]. The
differences compared to the previous work are the dimension of the experimental cell, the
bed porosity, and the cylinder configuration. The data is also evaluated to a greater extent
revealing new insights. In this work, the experimental cell (made of PMMA plastic) has the
internal dimensions 600x125x21 mm3, see Fig.3. It contains flow guiding vanes, a mesh with
1.6 mm square openings and a thread thickness of 0.5 mm, and a honeycomb with 2.5 mm
circular holes to straighten the flow and promote uniform inlet flow. A valve, being located
close to the outlet of the experimental cell and connected to a tube, is used to remove air
bubbles entrained in the working fluid. This is necessary since bubbles in the flow influence
the measurements and the results.
The porous medium is modelled with cylindrical rods made of quartz glass with a diameter
of 15 mm and a length of 35 mm. The rods are placed on a plastic board with pre-drilled
holes to keep them rigid and steady when fluid is flowing through the experimental cell.
The plastic board is interchangeable meaning that different cylinder configurations can be
used. The rods extend all the way to the upper wall of the experimental cell leading to a
flow confined between two parallel plates. The bed porosity of the square arrangement is
0.6 implying that the side length of a unit cell is 21 mm, for the staggered cell (see right
side of Fig.3) the porosity is ≈ 0.63. A total of 60 (+1) rods (6 along the width and 10
along the length of the experimental cell) are used for the simple cubic arrangement, while
55 (+1) rods are used for the staggered arrangement. A notable difference from an ideal

5



Figure 3: CAD-model of the experimental cells with the cubic arrangement to the left
and the staggered on the right, the mesh is marked in dark blue, honeycomb white and the
measurement region red. Flow goes from left to right.

staggered packing is that the edge cylinders are missing, i.e. an optimal staggered packing
would have half cylinders at the edges as well. This is known to affect the macroscopic
porosity (i.e. the total void space) of the experimental cell.

2.1 Refractive index matching

To be able to accurately measure through the quartz glass cylinders without optical distor-
tion, it is necessary to match the refractive index of the working fluid to that of the quartz
cylinders. The index matching was done following the procedure described in Larsson et al.
[25], with a mixture of mineral oil and heptane as the working fluid. A possible alternative
to this mixture includes a sodium-iodide solution as described by Bai & Katz [26]. The
dynamic viscosity (µ) of the working fluids was measured with a rheometer (Bohlin CVO,
Malvern Instruments & 2000 M/ME rolling-ball viscometer, Lovis) and the density (ρ) was
measured through a Coriolis mass flow meter (CoriolisMaster FCB450, ABB), hence the
kinematic viscosity could be determined. A pump was driving the flow and a cooling system
in the tank kept the fluid temperature constant at 25 Co +/- 0.2 Co.
In the measurements, fluorescent particles, PMMA spheres dyed with rhodamine B from
MicroParticles GmbH (diameter between 20-50 µm, density of 1.19 g/cm3), were used as
seeding. The particles emitted 560 nm light when excited with a 532 nm beam.
An Abbe refractometer from Zeiss with dispersion compensating prisms was used to mea-
sure the absolute refractive index of the working fluid at 589 nm and a temperature of 22
Co (room temperature) to determine the correct ratio of mineral oil to heptane. Changing
the sample temperature would have required the addition of a constant temperature water
controller which was not available. However, the refractive index of the working fluid at
operating conditions (560 nm, 25 Co) is similar to the refractive index at measurement con-
ditions (589 nm, 22 Co), to an accuracy of < 4× 10−4 (depending on working fluid mixing
ratio). Therefore the reconstruction error due to distortion is small [27]
The relative refractive index difference between the working fluid and quartz cylinders was
also measured using a low power 532 nm continuous diode laser. A single cylinder was put
at the end of the porous regime to enable traversing a laser beam through the cylinder to
determine how well the refractive index of the fluid matched the quartz glass. By observing
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Table 1: Summary of fluid properties as obtained from the manufacturer and measured
on the mixtures.

Substance ρ [ kg
m3 ] ν [mm

2

s ] Refractive index n

Heptane 694 at 15Co 0.55 at 25Co 1.389 at 20Co, 589 nm
Mineral oil 827-862 at 15Co 33-42 at 20Co, 14-19 at 40Co 1.462-1.473 at 20Co, 589 nm
Mixture 1 825.1 at 25Co 16.19 at 25Co 1.459 at 25Co, 589 nm
Mixture 2 826.6 at 25Co 12.63 at 25Co 1.459 at 25Co, 589 nm

how the beam refracted, when passed along the entire diameter of the cylinder, on a screen
about 2 m away, refractive index differences down to 10−3 could be detected. Since the sin-
gle cylinder is placed inside the experimental cell as opposed to outside in a separate cuvette
as in Larsson et al. [25], the refractive index matching can be monitored and fine-tuned at
real experimental conditions. The fluid properties are summarized in Table.1. Two different
mixtures with differing densities and viscosity but with the same refractive index at 25 Co

are presented, mixture 1 is utilized for the tomographic-PIV experiments while mixture 2
is used for the measurements of permeability.

2.2 Tomographic PIV measurements

The tomographic PIV system used is a commercially available system from Lavision GmbH.
It consists of a double-pulsed Nd-YAG laser from Litron (532 nm, 15 Hz, 200 mJ) with
a laser guiding arm, four sCMOS cameras (5.5 MP, 16 bit, 6.5 x 6.5 µm pixel size), a
programmable timing unit (PTU X) for triggering and synchronization, and a computer with
the software Davis 8.4 to control the system and store the data. Volume optics generated
the illumination. The cameras were mounted in a linear array on a stable frame, viewing
the experimental cell from above, and fitted with 100 mm f/2.8 macro lenses (the depth of
field required f=11 during the measurements) with cut-off filters for fluorescent light (545
nm) to remove disturbing laser light reflections. The lenses were connected to Scheimpflug
adapters to compensate for the displacement of the image plane and the laser light moved
into the experimental cell from the side of it. Fig.4 is an illustration of the experimental
setup.
Since accurate camera calibration is crucial for the results and there is no possibility to
insert and remove a calibration target into the flow volume of interest, a dummy cell was
built with the same dimensions but without the quartz glass cylinders. A calibration target
was submerged in the dummy cell which was filled with the same working fluid as the
measurements. The real experimental cell was then temporarily replaced with the dummy
cell and pictures were taken and the calibration could be performed. The design of the
support of the cell ensured that the top surface of the cell was always kept at a fixed
distance from the cameras. Since the same working fluid was used and refractive index
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Figure 4: CAD-model of the experimental setup.

matching applied, the camera calibration was also valid in the real measurement volume.

2.3 Data acquisition

The flow rates were varied to yield an Rep in the range of ≈ 10 to ≈ 800 for both ar-
rangements. 250 image pairs were acquired and the time between exposures was adjusted
between 300 and 15000 µs depending on flow rate. In addition to the PIV measurements,
the pressure difference over the cylinder array was monitored with pressure transducers
from General Electric (GE Druck Unik 5000). Pressure sweeps were performed by varying
the frequency of the pump and continuously measuring the pressure drop across the cell.

2.4 Data processing

To ensure good reconstruction quality of the particles, the acquired images were prepro-
cessed in several steps. A filter subtracting a sliding minimum (3x3 pixel window) was
applied to remove background noise. The images were normalized with the local average to
compensate for intensity differences of the laser illumination, smoothed with a 3x3 Gaussian
filter and finally sharpened.
The calibration procedure described earlier generated a mapping function (based on a third-
order polynomial function) between image and physical volume coordinates, and volume
self-calibration, Wieneke et al. [28] was applied to correct and improve the mapping. Mul-
tiple iterations were performed to improve the fit of the mapping function and the final
calibration error was below 0.08 pixels.
A fastMART (multiplicative algebraic reconstruction tomography) algorithm was used (6
iterations) in the reconstruction of the particle volume distribution, the illuminated volume
was discretized with 2576x2170x630 voxels. The velocity vectors were calculated by itera-
tive, multi-pass FFT volume cross-correlation with a final interrogation volume size of 32 x
32 x 32 voxels with 75% overlap. Spurious vectors were removed and replaced, the vector
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Figure 5: The points where the pressure was monitored, green is the higher pressure
upstream of the cell and red is the lower pressure downstream.

field smoothed (Gaussian, 3 x 3 x 3 voxel) and finally the areas in the resulting images
containing no information were masked out. The final correlated volume had an extent of
85 x 70 x 21 mm3, containing 322x271x79 velocity vectors. The scale factor was 29.9498
pixel/mm resulting in a vector spacing of approximately 0.267 mm.
In order to save computational time a study of the variation of the mean value with in-
creasing number of image pairs evaluated was done. It was clear that 150 image pairs were
enough to produce a well converged mean value. All results reported are therefore based
on data evaluated from 150 consecutive image pairs.

2.5 Pressure measurements

Measurements of the pressure across the cell were carried out on the oil-heptane mixture
2, see Table.1. The points where the pressure is monitored is marked in Fig.5. The sweep
started at the maximum flow-rate and was decreased constantly to a minimum value while
saving pressure data. Average values for each flow-rate were extracted and are presented
in the following section.

3 Results & Discussion

In this section results from both the staggered and cubic arrangement are presented and a
general overview of the flow features for different values of Rep is given by heat-maps and
streamline visualizations. Also, key differences between the packings will be pointed out
and discussed as the results are introduced.

3.1 Standard deviations of the flow field

The normalized standard deviation of the velocity is one measurement of how unsteady the
flow is, see Table.2 where the average standard deviations of the flow field are normalized
with respect to the average velocity. At an Rep of approximately 250 for the staggered
and 380 for the cubic array the standard deviation values start to increase, indicating the
beginning of the transition region where u′x 6= 0.

As a result of the alignment of the laser light volume the region closest to the out-
let/furthest downstream was not as illuminated as the centre and the region closest to the
inlet/furthest upstream. The data points were enough to form a well converged mean but
the standard deviations are larger in this region compared to the surroundings, therefore
this region is omitted from the standard deviation analysis.
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Table 2: Average standard deviations of the flow field velocity scaled by Darcy-velocity,
indicates flow unsteadiness.

Cubic Rep
<ū′x>
UDarcy

Stagg Rep
<ū′x>
UDarcy

≈ 10 7.3% ≈ 10 8.8%
≈ 170 5.7% ≈ 80 8.2%
≈ 380 6.3% ≈ 170 8.8%
≈ 480 15.7% ≈ 250 9.8%
≈ 520 11.1% ≈ 360 12.7%
≈ 700 17.8% ≈ 500 22.8%
≈ 840 24.2% ≈ 790 31.3%

3.2 Cubic array

At Rep ≈ 10 the flow approximates a Stokes-flow but re-circulation zones start to appear
behind the cylinders, see Fig.6 where the central streamlines in the z-direction are coloured
by the y-velocity and scaled by the Darcy-velocity, see Fig.3 for coordinate system reference.
The flow forms a central channel as Rep > 10 and shows no significant flow structure changes
in the averaged field for the region 170 < Rep < 700. However, at Rep ≈ 840 the lateral
flow direction alternates. This is visible as yellow coloured streamlines at the 1st and 3rd
columns and purple streamlines at the 2nd and 4th.

This alternating main channel flow/transversal motion was not observed in the less
dense packing studied by Larsson et al. [25]. The impact of this effect on the macroscopic
property of dispersion is expected to be significant. For numerical studies it has been
standard practice to model single unit cells for the sake of computational efficiency, including
Hellström et al. [10], Koch & Ladd [3] and many more. Since this effect alternates spatially
in the stream-wise direction at least two adjacent cells are necessary to represent it, therefore
this result indicates that such a simplification may yield inaccurate results for some packings.

A partial explanation of the bidirectional flow may be provided by the phenomena of
wall-jet attachment, this is called the Coanda effect and has been investigated by among
others Vit et al. [29]. In short, the wall-jet attachment increases with an increasing Reynolds
number. Once the jet has partially attached the incompressibility of the fluid causes it to
be pushed down at a velocity lateral to the main direction through the whole channel, this
can be seen as the streamlines diverging as they hit the cylinders at Rep ≈ 840 in Fig.6.

The x-velocity distribution along the central-plane in the y-direction is presented in
Fig.7. As Rep increases the inertial core becomes increasingly flattened when the re-
circulation zones develop. At Rep ≈ 380 the re-circulation zones can be observed as sym-
metric dark lines in between the inertial core. At Rep ≈ 520 the re-circulation zones are
visibly skewed, at Rep ≈ 840 the re-circulation zones are so skewed that the minima are no
longer clearly observable. The dog-bone shape of the inertial core are in agreement with
that presented in Larsson et al. [25], although the packing density of the cylinders are
higher in the current case.
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Figure 6: Visualization of the time-averaged central streamlines in the xy-plane, the
streamlines are coloured by Darcy scaled y-velocity. The cylinders are marked in black and
the data location in the global cell is indicated by the green plane.
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Figure 7: A surface plot over the central velocity field, the data location in the global cell
is indicated by the green plane. The colour indicate the velocity in the x-direction.

11



0.00 0.02 0.04 0.06 0.08
0.00

0.02

0.04

0.06

W
id
th

co
or
d
in
at
e
-
(m

)

Rep = 10

0.00 0.02 0.04 0.06 0.08
0.00

0.02

0.04

0.06

Rep = 360

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Downstream coordinate - (m)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Rep = 790

−0.4 −0.2 0.0 0.2 0.4
Uy

UDarcy

Figure 8: Visualization of the central streamlines in the xy-plane, the streamlines are
coloured by Darcy scaled y-velocity. The cylinders are marked in black and the data location
in the global cell is indicated by the green plane.

3.3 Staggered array

At Rep ≈ 10 the flow in the staggered array approximates a stokes flow closely similar to
the cubic configuration, see Fig. 8. As Rep increases to ≈ 360 the flow becomes chaotic
and all recirculation zones are partially skewed or deformed. This phenomena was earlier
observed by Khayamyan et al. [2, 8] at a similar Rep. This is also in agreement with the
jump in the oscillations from a low value of approximately 10% equal to the background
noise up to around 12.7%, see Table.2. It is worth noting that at these Rep a similar effect
is not present for the cubic array. As Rep reaches the maximum value the average flow field
once again becomes more periodic.

When scrutinizing the velocity distribution along the centre plane of the cell in the y-
direction an interesting velocity field appears, see Fig.9. From Rep ≈ 10 to Rep ≈ 80 the
inertial effects are accentuated with the increase in Reynolds number and at Rep ≈ 170
the velocity field at the edges folds into a pair of epsilons with symmetry axes at the y-
centre. The details of how this effect is generated are still unknown but the symmetry
indicates that this effect originates at the walls and propagates towards the centre of the
cell. This suspicion is confirmed by observing the previous and next centre-line in the
stream-wise direction, see Fig.10. The upper figure is one cell downstream and the lower
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Figure 9: Surface plot over the center velocity field, the data location in the global cell is
indicated by the green plane. The colour denotes the velocity in the x-direction.
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Figure 10: The preceding (lower) and succeeding (upper) centerline at Rep = 170, the
data locations in the global cell is indicated by the green planes. The colour denotes the
velocity in the x-direction.
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is one cell upstream, in the downstream the inertial core has been destabilized/skewed
indicating that the effect is propagating in towards the center of the cell. For Rep ≈ 170
the average standard deviation of the x-velocity within this region is of the order 8.8% of
the average x-direction stream velocity; This indicates that the effect is not the result of
transient variation but rather a steady convective-laminar effect. As can be observed in
Table.2 the Rep ≈ 170 flow has the same standard deviation fraction scales as the Rep ≈ 10
and Rep ≈ 80 cases, indicating a steady state. At Rep ≈ 250 the inertial core can be
seen to start self-destabilizing, which is probably induced by instabilities generated in the
lower velocity central region of the inertial core; at Rep ≈ 250 this region is visible as
four blue dots in the two central inertial cores. For Rep > 250 the averaged structures in
the flow remains prominent until Rep ≈ 790 where turbulence smooths out any laminar-
steady/laminar-unsteady structures.
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Figure 11: Multiple iso-surface renderings of the q-criterion at Rep 170 (left-top), 250
(right-top),360 (bottom-left) and 790 (bottom-right), the steady inertial transition effects
are giving way to unsteady fluctuations. The flow direction is into the figure.

Another way to view the unsteady onset is by iso-surfaces of the Q-criterion [30]; The
structure furthest to the right and left in the sub-figures of Fig.11 marked by blue rings
corresponds to the velocity phenomena in Fig.9. The variation of this structure with the
Reynolds number can be observed in Fig.11 where Rep from top to bottom is 170, 250, 360
and 790, the averaged structures/vortices the open channels are broken up by the unsteady
fluctuations as the flow becomes turbulent. This is what is visible as the epsilon-effect
disappearing with increasing Reynolds number in Fig.9.
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3.4 Pressure measurements

The Reynolds number Rep was varied between ∼ 80 to ∼ 1000 and 51 measurements
of the pressure were carried out for the cubic array and 27 for the staggered array; see
Fig.12, the error bars are scaled with the standard deviation. The pressure is scaled to be
dimensionless by using eq (1); here k0 = µL

R2 where µ is the dynamic viscosity of the liquid,
R is the cylinder diameter and L is the experimental cell length. Variations of p∗ for this
scaling of the pressure indicates deviation from Darcy’s law.
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Figure 12: Dimensionless pressure drop (p*) across the entire cell as a function of Rep for
the cubic and staggered arrangement, the standard deviation gives an indication for how
much the pressure fluctuates.

The pressure curves approximately follow Darcy’s law up until Rep ≈ 150 where the
second order relation begins, again showing that from an engineering point of view Darcys
law can be valid to relatively high Rep, although the flow is not stokesian, see Fig.13.

For the cubic array the pressure is discontinuous at Rep ≈ 850 which indicates that
some significant change in the flow field takes place, this is observed to coincide with the
relative standard deviations of the ux velocity presented in Table.2 increasing sharply. It is
reasonable to expect that the effects coincides with breakup of the inertial core by turbulent
interaction, in order to scrutinize if this implies an alternating lateral flow velocity (as
observed in Fig.6) the velocity field at Rep ≈ 700 is visualized by streamlines in Fig.14.

The recirculation zones are observed to be skewed and alternating for the first, rows
but not as pronounced as for the Rep ≈ 840 streamlines in Fig.6. This indicates that the
alternating effect may play a role in the pressure jump. It may also be noted that no
jump in pressure can be observed for the staggered arrangement of cylinders in Fig.12 in
agreement with the more gradual transition into the turbulent region in Table.2; this further
strengthens the hypothesis of inertial core skewing being the cause of this pressure jump.
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Figure 13: Visualization of the time-averaged central streamlines in the xy-plane at Rep ≈
170 with the cubic array to the left and staggered to the right, the streamlines are coloured
by Darcy scaled y-velocity. The cylinders are marked in black and the data location in the
global cell is indicated by the green plane.

4 Summary & Conclusions

Tomographic-PIV measurements of the transition region were carried out on both a stag-
gered and cubic arrangement of mono-radii cylinders. Pressure measurements of both cells
were also carried out and the relation between pressure variations and flow features for the
cubic arrangement of cylinders were discussed.

Details regarding how the pore scale effects observed such as the epsilon-effect in Fig.9
or the alternating flow in Fig.6 affects macroscopic properties such as the pressure drop
or the dispersion are of interest for a continued study. Since the effect was observed to
originate at the wall it also raises questions on how packing asymmetries may affect the
overall flow features.
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The effects of periodicity assumptions in porous media modelling

T.O.M. Forslund, I.A.S. Larsson, J.G.I. Hellström, T.S. Lundström

Abstract:

The effect of periodicity assumptions on the macroscopic properties of packed porous beds are assessed
using calculations carried out with a cascaded Lattice-Boltzmann method model. The porous bed is

modelled as a cubic and staggered packing of mono-radii circular obstructions where the bed porosity is
varied by altering the circle radii. The results for the macroscopic properties are validated using earlier

experimental and numerical work. For unsteady flows it is found that one unit cell is not enough to
represent all eigenmodes of the fluid flow variables which substantially impacts the permeability and
dispersive properties of the porous bed. In the steady region a single unit-cell is shown to accurately

represent the fluid flow across all cases studied.



Nomenclature

X: Number of unit-cells in the X-Direction
Y : Number of unit-cells in the Y-Direction
ν: Kinematic viscosity
µ: Dynamic viscosity
ρ: Density
ρ0: Ambient density (≈ 1)
u: Velocity vector
u: x-direction velocity component
v: y-direction velocity component
xi: Spatial coordinate vector
t: Time coordinate
Dc: Obstructing cylinder diameter
Lc: Unit-cell side-length
L: Macroscopic cell side length
∆p: Macroscopic cell pressure drop
φ: Porosity
p∗: Dimensionless pressure drop
ps: Flow driving pressure gradient
δx: Element size (= 1)
δt: Time-step size (= 1)
Nδt: Number of timesteps
Rep: Particle Reynolds number
Re: Generic Reynolds number
DL: Longitudinal dispersion
DT : Transversal dispersion
D∗L: Dimensionless longitudinal dispersion
D∗T : Dimensionless transversal dispersion
T̄ : Time average of T
< T >: Spatial average of T
T ′: Fluctuating value of T
|T |: Absolute value of T
|T|: Norm of vector T
max(T ): The maximum value of T
min(T ): The minimum value of T
range(T ): max(T )−min(T )
TX×Y : X × Y decomposition of T

1 Introduction

Transitional and turbulent flow through porous
media is important in natural processes such as
flow between vegetation [1] and between stones in
rapids as well as in industrial processes including
flow around electronic components [2, 3], within
metal foam heat exchangers [4], catalytic conver-
tors [5], drying pellets [6] and packed bed combus-
tion [7]. The flow regimes are also important when
considering internal erosion in embankment dams,
which is one of the primary breach mechanisms [8].

Therefore, a basic understanding of the flow and
the forces that occur in a porous media are crucial
to capture the deformation of the material which
may lead to such breaches [9, 10, 11, 12].

Traditionally transitional flow within porous
media is dealt with by measurements of global
parameters such as overall pressure drop and
computations of empirical correlations like the
Forcheimer Equation [13, 14, 15]. Global param-
eters can also be derived through modelling from
first principles which often include some kind of
homogenisations [16, 17]. To exemplify, the valid-
ity of the Forchheimer equation for high Reynolds
number flow has been investigated, e.g. [18]. Of-
ten terms added to Darcys law are investigated so
that high Reynolds number laminar flow through
porous media can be predicted on a global level.
Also turbulent flow through porous media has been
treated theoretically e.g. [19]. Hence a number
of relationships exist for unbounded flow through
porous media.

In addition to treat the porous medium as ho-
mogeneous, simplified geometries have been stud-
ied, with analytical, numerical and experimental
methods. This may be network models as, for in-
stance, described in [20, 21]. It may also be de-
tailed studies of periodic or random arrangements
of cylinders e.g. [22, 10, 9, 23] or spheres, e.g.
[11, 24, 25]. When studying periodic models a
common tactic is to define a geometrical unit cell.
Such an approach is likely to be valid as long as
the Reynolds number is low enough, but as tran-
sitional effects appear, it will here be shown, that
this kind of approach may be put into jeopardy.
This is by no means a new observation and sev-
eral unit cells are usually studied when large scale
flow structures are expected to occur in the flow
[26, 27]. The cases in which this is considered is
often limited to studies where the pore scale of
the geometry is, however, comparable in size to
the macroscopic bed scale. It is still not obvious
how many unit cells that are required at different
conditions to yield physically accurate results.

Therefore, in this study, the effect of periodic
assumptions in 2D-flows is investigated. Simple
packings of ordered arrays of cylinders will be
studied using a cascaded Lattice-Boltzmann solver
with the amount of unit cells represented in the
simulated domain being varied. As will be shown,
a single unit cell is, for most packings, not enough
to accurately describe the macroscopic properties
of a large bed when the flow is unsteady. A 3D-
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study is also performed comparing two similar, but
dimensionally differing cases to assess how well this
study translates to more physically interesting 3D-
flows. The study also yields a couple of interesting
results for transitional flow through porous media
that are presented and discussed.

1.1 Porous media geometry

In this work, two types of porous media consisting
of ordered arrays of cylinders will be considered,
one is a simple cubic and the other is of a staggered
type see Fig.1. The porosity (φ) is defined as the
fraction of void space in which fluid flows through
[28] within the domain for the arrays studied (φ)
is obtained as

φ =
(L2

c − πD2
c/4)

L2
c

= 1− πD2
c

4L2
c

, (1)

where Dc is the diameter of the obstructing cylin-
ders and Lc is the side-length of the quadratic unit-
cell.

Figure 1: The two types of packing investigated,
a simple cubic array of mono-radii cylinders (left)
and a staggered packing of mono-radii cylinders
(right).

1.2 Flow regions in porous media

Focus here is set on three flow regions, the Darcy-
region, the laminar-steady region, and the un-
steady region. More regions exist [29], but for this
study they will not be of interest. The dimension-
less quantity which defines the start and end of
these regions is the well known Reynolds number,
in this work defined as

Rep = UDDc/ν, (2)

Here UD, is called the Darcy-velocity being the av-
erage stream-wise velocity of the fluid in the bed
and ν is the kinematic viscosity. Multiple defini-
tions for porous bed Re have been suggested, see
Ziolkowska & Ziolkowski [30] and Hellström et al

[10] for a comprehensive review. The flow regions
are defined by the dispersive properties, the re-
lation between pressure drop and velocity as well
as the flow field properties. Sometimes the un-
steady region is separated into a laminar-unsteady
and turbulent region, since 2D-fluid models with-
out turbulence models are of interest to this study
these two regions are combined into the unsteady-
region instead.

The Darcy-region is characterized by a linear
relation between the Darcy-velocity and the pres-
sure gradient across the bed, i.e. UD ∝ ∆p/L
where ∆p is the pressure drop and L is the
length of the bed in the stream-wise direction. In
the laminar-steady region the convective pressure
losses become more significant than the viscous
losses and has therefore a second order relation
instead UD ∝

√
(∆p/L). The unsteady region is

not defined by any relation between the pressure
drop and velocity, although the convective losses
tend to dominate giving UD ∝

√
(∆p/L) i.e. the

same as in the Laminar-steady region [31]. This
region is instead defined by in time fluctuating ve-
locity and pressure fields, i.e. ¯|dudt | 6= 0 in at least
one part of the domain.

2 Method

2.1 Computational method

The fluid dynamics solver utilized in this study
is an in-house Lattice Boltzmann Method (LBM)
solver based on the work in [32, 33, 34, 35]. The
code is implemented in the CUDA-framework [36]
and the computations are carried out on a GPU-
archtiecture using 32-bit floating point precision
(IEE754). The LBM-method recreates the Navier-
Stokes equations emergently by starting from the
Boltzmann-equation. The method has increased
in popularity ever since it was introduced due to
increase in accuracy and stability of the numerical
schemes being developed, as well as its favorable
parallelizability properties [37, 38].

The cascaded LBM-method applied in this
work was first introduced by Geier et al [32] in
2006, with the argument that the lack of Galilean
in-variance and cross-talk between moments was
the main contributor to the often seen instabilities
of the Multiple Relaxation Time (MRT) and Single
Relaxation Time (SRT) schemes. The main idea
is that the moments are transformed into the rest
frame before being relaxed and then being trans-
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formed back. A galilean transformation is there-
fore applied to the velocity distribution prior to the
calculation of the moments. For further details on
this see the works of Geier et al [32] and Premnath
et al [34] who provide an in-depth derivation of the
cascaded LBM-model.

Since the LBM-model is a type of artifi-
cial compressibility model, special considerations
needs to be taken to avoid compressible effects
from becoming prominent. Generally, the veloc-
ities in the domain, max(|U |), should be well be-
low the speed of sound. Since a length-scale δx
and time-scale δt of unity is prescribed, the speed
of sound is given by δx√

3δt
= 1√

3
. This condition

therefore equates to

Umax = max(|u(xi, t)|) <<
1√
3
, (3)

where |U(xi, t)| is the magnitude of the velocity
for all points in space xi and time t. To assess
how significant the compressibility effects are, the
range of the density can also be inspected, giving
the condition

ρrange = range(ρ(xi, t)) ≈ 0. (4)

For all simulations, here presented, the max-
imum velocity Umax is kept below 0.05 and the
maximum density range ρrange is about 0.01, i.e.
≈ 1% of the density of the fluid. Hence, compress-
ibility effects have minor to negligible impact in
this work. The lattice spacing δx and time step
δt is set to unity for all cases, when simulation
inputs or values are discussed they are in lattice
units and dimensions are dropped, the variable dis-
cussed gives the dimensional context.

2.2 Particle tracking

Particle tracking is carried out using a corrector
method to avoid wall entrapment. The method
can be summarized in pseudocode as follows:

The 2 in front of the difference vector is put
there to make sure that the particle moves further
from the wall than its initial position, preventing
most cases of loop entrapment. This procedure is
carried out by storing the positions in two buffers
that are used interchangeably, one for even iter-
ation numbers and one for uneven numbers. All
boundaries are periodic resulting in an artificially
larger domain for the particles than each geometry
studied.

Algorithm 1 Particle tracking algorithm

for all Particle do
if Particle is in Wall then

Particle position→ 2*(Old old Particle po-
sition - Old Particle position)

else
Particle position→ Old Particle position +
Cell velocity ×∆t

end if
end for

3 Theory

This section shortly outlines the methods applied
for the analysis of the results from the LBM-
simulations.

3.1 Decomposition of velocity fields

To examine the effect of including additional unit-
cells in the calculations a decomposition of the
velocities are carried out for the one by one cell-
contributions, two by two cell-contributions and
so on. Fourier analysis yields that the value of
some variable v can be represented in frequency
form in the following manner if, for simplicity, the
side-lengths of the X × Y cell is set to 1

2π

v(x, y) =

Nx∑

m=0

Ny∑

n=0

Cmne
imx+iny, (5)

where Nx and Ny are some cutoff frequencies that
define the smallest spatial length-scale in respec-
tive direction which is here directly related to
the mesh size, and Cmn is the Fourier-coefficients.
Now focus is set on an X×Y domain of repeating
unit-cells, see Fig.2. These X × Y lattices of unit
cells will be referred to as an X × Y repetition, as
in how many times the unit cell repeats in the x
and y direction, respectively. The frequencies that
can exist within a single cell (1 × 1), a 2 × 2 or
an in general X × Y combination of unit cells are
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described by the expressions

v1×1 =

Nx
X∑

m=0

Ny
Y∑

n=0

C(mX)(nY )e
imXx+jnY y,

v2×2 =

2Nx
X∑

m=0

2Ny
Y∑

n=0

C(mX/2)(nY/2)e
imXx/2+jnY y/2,

...

vX×Y =

XNx
X∑

m=0

Y Ny
Y∑

n=0

C(mX/X)(nY/Y )e
imXx/X+jnY y/X ,

where the final expression can be seen to be equal
to the original decomposition into frequencies de-
scribed by eq.(5). In the present investigation only
quadratic arrays of lattices with side-lengths that
are a power of 2 will be considered. Spatial fre-
quencies are sought for and therefore the K’th pe-
riodic is defined as.

vK×K =

KNx
X∑

m=0

KNy
Y∑

n=0

C(mX/K)(nY/K)e
imXx/K+jnY y/K

−
K−1∑

I=1

vI×I .

(6)

This expression can be derived iteratively starting
with the v1×1 then calculating the next v2×2. Note
that only values of vK×K evenly divisible by X and
Y can be extracted by this procedure, there is, for
example, not possible to get v3×3 from a 4 × 4
unit-cell repetition or v2×2 from a 3 × 3 unit-cell
repetition.

3.2 Flow variables

3.2.1 Apparent permeability & pressure
drop

Apparent permeability is a rescaling of the pres-
sure based on Darcys law [9] that can be written
as

p∗ =
pR2

LµUDarcy
(7)

where R is some reference length scale, the diame-
ter of the cylinder in the current case, and L is the
cell length. This way of expressing the pressure
drop is useful since it gives an indication for how
the pressure deviates from Darcys law. For the

X

Y

Figure 2: An X × Y = 4 × 4-repetition array of
identical unit cells.

LBM-Simulations in the present study a momen-
tum source/constant pressure gradient, ps = ∆p

δx is
applied to drive the flow. This method of driving
the flow is standard practice for porous media flow
simulation [9, 24, 39], and gives the pressure-drop
across the cell as p = psL where L is the length of
the cell, hence

p∗ =
psLR

2

LµUDarcy
=

psR
2

µUDarcy
. (8)

In practice, ps may be considered a pressure differ-
ence instead of a pressure gradient since the spatial
distance between the mesh nodes is δx = 1. If the
pressure gradient acting across an area, psR

2, is
written as a force gradient Fs = ∆F/δx = ∆F =
F and the Darcy velocity is exchanged for the aver-
age fluid velocity averaged over the solid and fluid
domain, the same formulation as that of Koch &
Ladd [39] and Sangani et al [40] is obtained. In
the simulations a constant acceleration is applied
to the cell to drive the flow, this equates to a pres-
sure gradient since ρ ≈ 1 everywhere. The total
force acting across the fluid region Ω is then given
by.

F =

∫

Ω
a(x, y)ρ(x, y)dxdy. (9)

To be able to compare to earlier results the to-
tal force F is defined as an integral over the solid
phase as well.

5



3.2.2 Rest frame energy

The total energy present in a flow within region
Ω relative to the absolute frame is given by the
integral

Ek =

∫

Ω
ρuiuidV. (10)

Transforming the velocity into the rest frame of
the fluid, a Galilean invariant measurement of the
flow energy is obtained as

Erk =

∫

Ω
ρ(ui − Ui)(ui − Ui)dV. (11)

Here Ui is the mean cell velocity in direction i,
which is defined as

Ui =
1∫

Ω dV

∫

Ω
uidV. (12)

This is a useful expression in order to find the
amount of energy being transferred into the fluid
by the surrounding walls. For steady flows this re-
lation can be directly applied while for unsteady
flows the time-dimension also needs to be averaged
over resulting in the expression

Erk‘ =

∫

Ω

1

tmax − tmin

·
∫ tmax

tmin

ρ(ui(t)− Ui(t))(ui(t)− Ui(t))dtdV.

(13)

3.2.3 Enstrophy

The enstrophy is defined as the area integral of the
square of the vorticity [41]

ε =

∫

Ω
ωiωidΩ (14)

where the area Ω is the fluid domain. The enstro-
phy gives an idea of how many vortices that are
in the flow, so a high value would indicate higher
viscous dissipation.

3.2.4 Dispersion

Dispersion calculations are based on a Lagrangian
approach by tracking satellite particles in the flow,
this method was utilized by Zhao et al [42]. A
dimensionless dispersion measurement can be ob-
tained by forming a dimensionless group from the
Darcy velocity UD, particle group time tp and some
particle cloud distribution length scale LD as

D∗ =
LD
UDtp

. (15)

Lc

L
c

Dc

Figure 3: Parameters of the geometry, Lc is the
cell side length and Dc is the cylinder diameter.

A suitable variable for the particle cloud extension
length scale LD may for example be the standard
deviation [42] and this is what will be used in this
work. The particle cloud extension is separated
into two parts consisting of transversal spread LDT

and longitudinal spread LDL
yielding two disper-

sion measurements as.

D∗T =
LDT

UDtp
, (16)

D∗L =
LDL

UDtp
. (17)

With this Lagrangian tracking approach a packet
of particles are released at some position A and
then after some time has elapsed the distribution is
saved at point B. The point cloud is then analyzed
to obtain the relevant distribution quantities.

4 Simulation set-up

4.1 Geometry and boundary conditions

Two types of packings are considered, called cu-
bic and staggered [9, 43], see Fig.1. The geometry
of the elementary cell consists of a square domain
with side-lengths Lc and a solid central cylinder
of some diameter Dc < Lc, see Fig.3. Periodic
boundary conditions are applied and for the cubic
case the mappings are direct while for the stag-
gered case the outlet to inlet connection is offset
in the y-direction by Lc/2, see Fig.4. Note that
the tiling utilized by the 2x2-staggered configura-
tion can also be utilized by the 2x2-cubic configu-
ration retaining an identical geometry. There ex-
ists freedom of choice in how to carry out these
tilings while still preserving the crystal structure
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1x1-cubic 1x1-stagg

2x2-cubic 2x2-stagg

Figure 4: Tiling procedure 1x1 and 2x2 unit cell
representations for cubic and staggered packings.

of the geometry. The flow is driven by an external
forcing acting on all fluid elements, for additional
details on how this is implemented see Premnath
et al [34].

4.2 Parameter study sweep

A parameter sweep is carried out for both the stag-
gered and cubic arrays of cylinders. The cylinder
diameters Dc are varied between 0.1Lc to 0.8Lc
in steps of 0.1Lc. The kinematic viscosity ν (in
units of δx2/δt) is, in its turn, varied logarithmi-
cally from a value of νstart = 0.001 to νend = 0.2 in

25 steps resulting in a scaling of
(

0.2
0.001

)1/(25−1) ≈
1.236 between viscosity values. Equations (2) and
(8) indicates how the variations in ν influences Rep
and p∗ when the driving pressure gradient ps (in
units of δx/δt2) is kept at a constant value for
all viscosities. Four million time-steps Nδt = 4M
calculated at each viscosity give a well converged
mean even when low frequency flow field fluctu-
ations are present. The variation of the pressure
gradient ps between the cases studied is presented
in Table 1. After four million time-steps the rel-
evant data is saved and the viscosity is changed
directly, meaning that hysteresis effects may be
present. The pressure gradient is adjusted for the
1x1-periodic lattice since the resistance is signifi-

Table 1: Value of the pressure gradient ps for the
different cylinder diameters and cell representa-
tions.

Diameter 1x1 2x2 3x3 4x4

0.1Lc 6.05e-8 4.9e-8 4.9e-8 4.9e-8

0.2Lc 6.05e-8 1.96e-7 1.96e-7 1.96e-7

0.3Lc 6.05e-8 4.41e-7 4.41e-7 4.41e-7

0.4Lc 6.05e-8 7.84e-7 7.84e-7 7.84e-7

0.5Lc 6.05e-8 1.225e-6 1.225e-6 1.225e-6

0.6Lc 3.06e-7 1.764e-6 1.764e-6 1.764e-6

0.7Lc 1.225e-6 2.40e-6 2.40e-6 2.40e-6

0.8Lc 4.90e-6 3.14e-6 3.14e-6 3.14e-6

cantly lower compared to the larger unit-cell rep-
etitions. This leads to very high Mach-numbers
with max velocities in the range of Umax ≈ 0.14 re-
sulting in to non-negligible compressibility effects
if the momentum source term is not reduced.

4.3 Mesh

The mesh is a uniform quadratic lattice of compu-
tational cells that are set as either wall-elements
or fluid elements. The circular geometries are ap-
proximated by an edge exclusive formulation set-
ting all cells within the circle as walls. The top
right quadrant for the 64 × 64, 128 × 128 and
256×256 geometries are illustrated in Fig.5. An in-
vestigation of the mesh dependence concluded that
a 128×128 mesh is a fair compromise between ac-
curacy and performance. This investigation of the
mesh dependence of the solution is carried out in
the next section.

4.3.1 Mesh analysis setup

The mesh-analysis is carried out for the Dc =
0.6Lc packing and 1x1-representation case by vary-
ing the mesh size between 32× 32 and 256× 256
with doubling increments. The value of the ac-
celeration and viscosity is varied to preserve dy-
namic similarity and Mach-number between the
cases. From equations (2) and (8) the following
relation is obtained

νps = const↔ ν = (1/ps)const. (18)

To ensure that unsteady effects are averaged over
the same amount of time, the number of timesteps
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64x64 128x128 256x256

Figure 5: Comparison of how well the meshes represents the cylinders for D = 0.5Lc; black represents wall
elements and white are fluid elements.

Table 2: Input to the mesh study calculations.

Variable 32x32 64x64 128x128 256x256

ps 1.225e-6 6.125e-7 3.06253-7 1.53125e-7

νstart 0.00025 0.0005 0.001 0.002

νend 0.05 0.1 0.2 0.4

Nδt 1M 2M 4M 8M

Nδt is scaled between the meshes according to the
relation

Nδt = Lc · const. (19)

The simulation input variables are set up accord-
ing to Table 2.

4.4 Particle tracking setup

At an increment of 2000 time-steps a packet of LcY
number of particles are released along the line x =
0, y = 0−LcY , See Fig.6 for an illustration for the
Dc = 0.5Lc 1x1-repetition case. These particles
are tracked for a total of 200k time-steps before
terminating. All particle positions are saved with
an increment of 200k time-steps giving a total of
20 different point clouds for each viscosity.

4.5 3D-comparison study

4.5.1 Geometry

The 3D-comparison geometry consists of a unit cell
with side-lengths Lc and a central cylinder of ra-
dius Dc with a wall at the top and bottom.

Figure 6: Illustration of the particle release pro-
cedure where 128 particles are released along the
green line every 2000 time-steps. The particles are
coloured by the time after release.

Figure 7: Unit cell geometry for the 3D-case, light
blue is walls and the circle diameter is Dc.
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Table 3: Input to the 3D-Comparison calculations.

Variable 2D-Case 3D-Case

ps 5e-6 5e-6

νstart 0.001 0.001

νend 0.01 0.01

Nδt 200k 200k

4.5.2 Setup

The Darcy-region is not interesting for this case
since deviations between the unit-cell repetitions
were not observed in this region, therefore the
viscosity range is limited compared to the other
sweeps. 25 sweeps are still performed but the to-
tal amount of time-steps (Nδt) for each viscosity
is lower.The simulation input variables are set up
according to Table 3.

4.6 Code runtime and hardware

The in-house CUDA-program was used to perform
the sweep and the calculations took a total of ≈ 30
hours on an NVIDIA Quadro RTX4000 GPU.

5 Results

5.1 Impact of mesh resolution

The mesh study is carried out with a porosity of
φ ≈ 0.7 (Dc = 0.6Lc) for one unit cell and the
mesh resolutions {32×32, 64×64, 128×128, 256×
256}. The dimensionless pressure drop p∗ is pre-
sented for a cubic cylinder packing, see Fig.8. It
is clear that the difference between the 128 × 128
and 256 × 256 grids is small, the average differ-
ence in predicted pressure drop is ≈ 1.8% less
for the 128 × 128 compared to the 256 × 256.
The 64 × 64 grid overestimates the pressure drop
and the 32 × 32 underestimates it. Therefore the
128 × 128 grid unit cell is a fair compromise be-
tween performance and accuracy.

5.2 General flow behaviour

In this section the general flow behaviour is dis-
cussed and a comparison to earlier work on pres-
sure drop in cubic arrays of cylinders is performed.
Some obvious flow patterns spatially ranging over
more than one unit-cell is also shown. The sweep
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Figure 8: Dimensionless pressure variation with
unit cell grid size for the 1× 1 configuration of the
Dc = 0.6Lc cell.

data is analyzed more quantitatively in sections
5.3-5.6.

5.2.1 Flow regions and comparison to ear-
lier work

The three flow regions (Darcy, laminar-steady and
unsteady) for the Dc = 0.3Lc, Dc = 0.5Lc and
Dc = 0.7Lc cases are presented in Fig.9. For
less dense packings, Dc ≈ 0.1Lc − 0.5Lc, the un-
steadiness starts in combination with the recircula-
tion zone development. This leads to a relatively
short laminar-steady region that continues until
the flow starts move periodically behind the cylin-
ders, i.e. vortex shedding. For the denser packing,
Dc = 0.7Lc, only smaller flow structures can exist
implying that a higher Rep is necessary for these
structures to have an impact on the macroscopic
pressure drop. This also means that large recircu-
lation zones may exist in the wakes of the cylinders
without vortex shedding.

The Darcian-flow region is characterized by a
linear relation between the flow through the bed
and the pressure drop across it [9], in other words,
the following relation between UD and ∆ps holds
true

UD ∝ ∆ps.→ p∗ = const. (20)

Since Rep ∝ UD this region is characterized
by a straight vertical line between Rep and p∗ in
Fig.10. Using the definitions of Sangani et al [40]
it is possible to compare the results of these sim-
ulations to their analytic expression for a dense
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Figure 10: The dimensionless pressure drop p∗

and the particle Reynolds number Rep with flow-
regions marked for Dc = 0.3Lc (�), Dc = 0.5Lc
( ) and Dc = 0.7Lc (N) for the cubic 4 × 4-
repetition.

Table 4: Comparison of low-Re dimensionless pres-
sure drop from the LBM simulations in this work
and the analytical expressions derived in [40].

Diameter Sangani (21) Sangani (22) This work

Dc = 0.1Lc 13.01 7.422 7.433

Dc = 0.3Lc 24.38 19.22 19.25

Dc = 0.5Lc 56.54 49.57 50.13

Dc = 0.7Lc 202.48 115.2 193.86

packing that may be written as

F

µU
=

4π

ln(c−1/2)− 0.738 + c− 0.887c2 + 2.038c3 +O(c4)
.

(21)

In this expression c = π(Dc/Lc)2

4 and for the
non-dense packing case the following expression is
used instead

F

µU
=

9π

2
√

(2)

(
1−

(
c

cmax

)1/2
)−5/2

, (22)

here cmax is the maximum possible value of c
before the cylinders touch, i.e. π

4 . As mentioned
earlier the expression p∗ can be written as F

µU if the

numerator R2ps is interpreted as a force. Sangani
[40] and Koch & Ladd [39] chose to define this
force as an integral of the acceleration across both
solid and fluid phase. In Table.4 the values in the
Darcy-region is compared to that of Sangani et al.
For the dilute packings Dc = 0.1Lc−0.5Lc there is
an excellent agreement between (22) and the LBM
simulations.

For the Dc = 0.7Lc (21) tends to over-estimate
the Darcy-resistance for border-line dense pack-
ings, therefore the difference of ≈ 5% is not un-
expected. Koch & Ladd [39] fitted an expression
for the dimensionless pressure drop across dense
packings of cubic arrays of cylinders around the
onset of the Forchheimer region yielding

F

µU
=

9π

23/2
ε−5/2 +Re2 39(21/2)π

13475
ε−3/2. (23)

Here ε is the gap size defined as the smallest
opening between the cylinders, i.e. ε = Lc − Dc

for the definitions used in this work. Re is defined

10
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Figure 11: The dimensionless pressure drop using
Sangani et als [40] formulation F

µU and the particle
Reynolds number Rep plotted for the numerical
simulations with regions marked according the the
specifications in Fig.10.

differently in Koch & Ladd since they use the av-
erage bed velocity U instead of Darcy-velocity UD.
A simple conversion can be carried out according
to the expression

Re = Repφ = Rep(1−
πD2

c

4
), (24)

where φ is the void space of the bed. The fit
described by (23) is compared to the simulations
in Fig.11.

The expression is seen to closely agree with the
densest packing in the transition region between
the Forchheimer and Darcy region, the expression
then quickly diverges since the expression p∗ ∝
Re2 only holds true over a short range. The poorer
agreement for the sparser packings is anticipated
since (23) is derived for dense packings.

5.2.2 Relations between spatially averaged
flow variables

In the unsteady region the mean flow variables of
the 1× 1 cubic cell tends to oscillate significantly,
see Fig.12 where the mean normalized values of the
Darcy-velocity, energy, rest frame energy and en-
strophy for the Dc = 0.2Lc packing at Rep ≈ 300 is
presented. The behaviour is similar to that of tran-
sitional pipe-flow, the friction factor is significantly
lower for the steady region as compared to the un-
steady region. This causes a buildup of velocity re-
sulting in a higher Reynolds-number which causes
a higher friction factor which dissipates the mo-

Figure 12: Relation between the normalized values
of Darcy-velocity, energy, rest frame energy and
enstrophy for the Dc = 0.2Lc 1× 1-periodic cubic
packing case.

mentum and brings the system back to the lower
Rep steady region. The dissipation of stored mo-
mentum can be observed in Fig.12 as rest-frame
energy increasing when the Darcy-velocity and to-
tal energy decreases. The enstrophy embody the
vorticity of the flow and is therefore a measure
of how much energy the vorticity is dissipating.
Huang et al [44] investigated a similar system ex-
perimentally showing that the friction factor ex-
hibits a sharp discontinuity at the transition Rep.
Similar results are also obtained by Khayamyan et
al [45] when studying transitional flow through a
pore-doublet model.

5.2.3 Higher order periodic effects

The 1 × 1-unit-cell repetition geometry puts limi-
tations on the kinds of spatial structures that can
exist in the flow. Spatial structures in the ve-
locity field larger than a single cell has been ob-
served experimentally by Forslund et al [31] in the
shape of an alternating lateral velocity, this effect
also occurs in these 2D-simulations at the pack-
ing Dc = 0.7Lc as presented in Fig.13. The effect
presented in Fig.14 is an example of another large
scale average flow structure that can not be repre-
sented by a single unit cell. The middle channels
have different core pressure and velocity as com-
pared to the channel in the bottom and top of the
figure.

As is apparent from these examples the pack-
ing densities each have varying large scale flow
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(ū
y
)

Figure 13: Streamlines of the 4 × 4-Average flow
field for Dc = 0.7Lc and Rep ≈ 1000, the stream-
lines are colored by the average transversal veloc-
ity.

0.0

0.1

0.2

0.3

(ρ̄
−
ρ

0
)/

(m
a
x

(ρ̄
)
−
m
in

(ρ̄
))

Figure 14: Streamlines of the 2 × 2-Average flow
field for Dc = 0.4Lc and Rep ≈ 1000, the stream-
lines are coloured by the a scaled average density,
which is linearly correlated to the pressure.

0.1Lc 0.2Lc 0.3Lc 0.4Lc 0.5Lc 0.6Lc 0.7Lc 0.8Lc
100

101

102

lo
g 1

0
(R
e p

)

1× 1

2× 2

3× 3

4× 4

Figure 15: Unsteady onset for 1× 1-4× 4 unit cell
repetitions for all cubic packings.

features which can not be contained in a 1 × 1-
representation. Since the onset of unsteady effects
is limited by the largest fluid scales which can ex-
ist in the simulated domain, it is expected that the
unsteady onset should occur at lower Rep for the
4× 4, 3× 3 and 2× 2 representations as compared
to the 1 × 1 representations. This is also seen in
Fig.15, where unsteady onset is defined as regions
where the average velocity fields ū(xi) does not
agree with the instantaneous velocity field u(t, xi),
i.e. the condition u(t, xi) 6= ū(xi) for any t. For
the packing Dc = 0.3Lc the unsteady onset differs
by almost a whole order of magnitude between the
1×1 and other representations. As the packing be-
comes denser the difference becomes progressively
smaller.

5.3 Pressure drop

Using (2) and (8) the dependence of the dimen-
sionless pressure drop across the cells to Rep can
be calculated. See Fig.16 where this relationship is
plotted for different geometry representations and
porosities.

5.3.1 Sparse packings

From Fig.16 it is clear that the cubic 1 × 1-
representation underestimates the pressure drop
significantly in the unsteady region for cases with
Dc ≤ 0.5Lc. This is also true for the staggered
packing when 0.3Lc ≤ Dc ≤ 0.5Lc. In these do-
mains flow structures larger than a single unit cell
are free to exist since the packing density puts lit-
tle constraint on the scales possible. From the un-
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Figure 16: Dimensionless pressure variation with Reynolds number Rep for the cubic and staggered arrange-
ment for different porosities and representations. C denotes the cubic arrays and S the staggered, different
unit cell repetitions are indicated by the legend names.

steady onset analysis presented in Fig.15 it is ap-
parent that independent of how these structures
form physically they are larger in size than a single
unit cell. This has been a topic of some controversy
but as demonstrated by Jin et al [27] macroscopic
turbulence is possible for sparse 3D-packings, al-
though, as is pointed out, these scales generally do
not extend far beyond the pore scale. For sparse
packings in the 2D-case here studied also the lat-
ter conclusion is put into jeopardy given to what
extent the macroscopic properties are affected, i.e.
the huge impact on the unsteady onset in Fig.15
and on the pressure drop in Fig.16.

Experimental work to image the flow struc-
tures in interacting cylinders have been reviewed
by Zhou et al [46] and experimentally investigated
by Ziada [47] providing clear visualizations of anti-
symmetric vortex interactions in the shape of pairs
of counter-rotating vortices. This anti-symmetric
vortex interaction can not be represented in the
1× 1-cell, therefore the fluid dynamics of the vor-
tex interactions will differ substantially between
the case of a single unit cell as compared to two or
more repetitions. As discovered by Zhou et al, the
mechanism by which the drag coefficient is varied
in systems of two interacting cylinders are by the
interactions of the vortices being shedded by said
cylinders. In other words, depending on the flow
conditions and cylinder arrangement different in-
teractions between the shedded vortices will arise

and cause differing forces to act upon the cylin-
ders. Zhou et al listed several possible modes of
interaction between two cylinders in a system sim-
ilar to that presented in this work. It is therefore
likely that it is the lack of such vortex interactions
that is the reason for the large deviation in dimen-
sionless pressure drop displayed in Fig.16 for both
packings. It is also expected that absence of the
interacting vortices will delay the unsteady onset
as disclosed in Fig.15.

5.3.2 Dense packings

For the denser packings Dc = 0.6Lc to Dc = 0.8Lc
the differences between the 1 × 1-representation
and higher unit cell repetition geometries are less
in comparison with the sparse packings. Large
scale flow structures are though still present and
clearly seen in the flow presented in Fig.13. In this
region the 1 × 1-representation switches from un-
derestimating the pressure drop to overestimating
it for the highest Rep region and for both pack-
ings, this is easiest seen in Fig.16 for Dc = 0.7Lc
and is also visible for Dc = 0.6Lc. For the cubic
packing and Dc = 0.7Lc case a pressure disconti-
nuity is observed at Rep ≈ 200 for all representa-
tions except for the 1 × 1-case, this effect is due
to the same alternating lateral velocity effect pre-
sented in Fig.13. Interesting enough there is also
a discontinuity effect for the staggered packing at
Rep = 500, but for this packing it is the 1× 1-case
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that deviates.

5.4 Dispersion analysis

The dispersion is calculated by a procedure similar
to that presented in [42]. Since the original par-
ticle distribution already has an extent in the y-
direction at release, the dispersion in the transver-
sal direction, DT , is defined as

DT = σ(Py(t))− σ(Py(0)), (25)

here σ is the standard deviation operator and
Py(t) is the particle cloud distribution in the y-
direction at time t. Equation (25) ensures that
the measurement of the dispersion in the transver-
sal direction is only relative to the initial disper-
sion. For the longitudinal dispersion, σ(Px(0)) is
already zero initially and does not need to be ad-
justed. Each ach particle cloud has 100 groups,
these groups contains 128 particles that are re-
leased at the same instant. Plotting the dimen-
sionless dispersions D∗T and D∗L as defined by equa-
tions (16) and (17) for each of the groups a dis-
crepancy in the early particle time values is seen,
Fig.17. To avoid the early release uncertainty in
the spread only 50 of the groups that have existed
the longest time is used to form the average quan-
tity D̄∗T and D̄∗L

D̄∗T =
1

N

∑
D∗T, (26)

D̄∗L =
1

N

∑
D∗L, (27)

where D∗T and D∗T are arrays containing the di-
mensionless spread for each of the particle groups

Figure 18: How the particle clouds are divided in
the repeating porous media. The example is of a
low-Rep Darcian flow, for the general case particle-
packets mix in the transversal direction.

and N is the amount of particle groups. The quan-
tities D̄∗T and D̄∗L is now averaged over all particle
clouds that were released during the Nδt = 4M
calculation period yielding the final value for D̄∗T
and D̄∗L. For the 2 × 2,3 × 3 and 4 × 4-repetition
cases each released group is divided into packets of
128 particles in the analysis as indicated in Fig.18.
This gives a higher number of total particle clouds
for each of the X×Y repetition cases scaling by the
value Y . The analysis of the dispersion yields that
in the Darcy and laminar steady regions there is no
difference between the unit cell repetitions of the
simulated domain while the 1× 1 case deviates for
the unsteady cases, see Fig.19 and Fig.20 which
contains the dispersion information for all pack-
ings and Reynolds numbers. Hence, the behaviour
of both the longitudinal and transversal dispersion
mirrors the other results presented in this article,
cf. Fig.16, for instance. The results in Fig.19 and
Fig.20 will now be scrutinized in greater detail.

5.4.1 Darcy and laminar steady region

In the region where Rep is small the values of
D̄∗T goes to zero for both the staggered and cu-
bic case for all porosities/packing densities. Since
the Peclet-number is infinite, the separated flow re-
gions do not intermingle and all cases form a single
central channel which the particles reside in. For
the cubic packing the longitudinal dispersion D̄∗L
tends to increase with increasing packing density.
An analytical expression for the lateral dispersion
around a dilute random array of cylinders was de-
rived by Eames & Bush as [48]

Dxx = αUDCDc = DL, (28)

where α is the porosity and C is a constant de-
pendent on the packing type, ≈ 0.74 for a random
packing case. With the scaling employed earlier
(Equation (17)) this expression becomes

D∗L = αCDc. (29)
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Figure 19: Dimensionless transversal (top) and longitudinal (bottom) dispersion variation with Reynolds
number Rep for different porosities and unit-cell repetitions for the cubic packing case.
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Figure 20: Dimensionless transversal (top) and longitudinal (bottom) dispersion variation with Reynolds
number Rep for different porosities and unit-cell repetitions for the staggered packing case.
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Here the averaged over time is excluded. It is seen
that the dispersion should scale with the volume
of the solid material and the diameter of the cylin-
der yielding a D∗L ∝ D3

c relation. As the lattice
becomes denser the dispersion starts scaling by
D∗L ∝ Dc as discovered Brady & Brenner [49]. The
longitudinal dispersion in the Darcy region is pre-
sented for all the cells in Fig.21. The figure shows
that all the packings studied can be considered
dense since the D∗L ∝ Dc relation approximately
holds except for a slight power law-behaviour for
Dc = 0.1Lc − 0.3Lc.

5.4.2 Unsteady region

The results for the dispersion in the unsteady re-
gion agrees with the other results from the un-
steady onset analysis (Fig.15), and the pressure
drop (Fig.16). The differences in dispersion be-
tween the 1 × 1-repetition and higher order cases
tends to be comparatively larger for the cubic and
sparse (Dc = 0.1Lc − 0.5Lc) packings. Although
the agreement is better between the repetitions for
the staggered cases it is still inaccurate. It should
be noted that the 2×2, 3×3 and 4×4-repetitions
tends to deviate for both the staggered and cu-
bic cases. Even more-so than it did for the case
of pressure, this indicates that accurate disper-
sion calculations in the unsteady region may de-
mand geometric representations in excess of 4× 4-
repetitions for a physically correct solution.

5.5 Decomposition analysis

The velocities can be decomposed according to
the procedure described in the theory section, fol-

Figure 22: Example decomposition of the transver-
sal velocity field (y-component of velocity) for the
Dc = 0.7Lc case at Rep ≈ 200, top left is the
1 × 1-modes, top right 2 × 2, bottom left is 4 × 4
and bottom right is the original transversal veloc-
ity field.

lowing this decomposition the energy contained in
each spatial scale is calculated according to the
expression

EX×Y =

∫

Ω
ρ(u2

X×Y + v2
X×Y )dΩ. (30)

Here uX×Y is the x-direction velocity in the
cell decomposition X×Y , vX×Y is the correspond-
ing y-direction velocity and Ω is the fluid domain.
Since incompressibility is assumed, ρ ≈ 1. An ex-
ample decomposition of the absolute velocity field
is presented in Fig.22. This is a decomposition of
the transversal component of velocity for the case
shown in Fig.13, as the alternating transversal ve-
locity can not be represented in a single unit-cell
this part of the velocity field becomes represented
as a 2x2-mode in the top right of the figure.

From the pressure and dispersion analysis it
is reasonable to expect that where the 1 × 1-
representation differs from the higher order ones
large scale structures should exist. These struc-
tures should also contain flow energy, this is visible
in the energy decomposition as the 1×1-mode not
containing all flow energy. Quantities at each level
is defined as a fraction of the flow energy it con-
tains. The results from this procedure is presented
in Fig.23.

Comparing the energy percentage in the 1× 1,
2 × 2 and 4 × 4 mode it is clear that the fraction
for the Dc = 0.6Lc and Dc = 0.8Lc is an order
of magnitude lower compared to the other pack-
ing densities, with Dc = 0.7Lc as an exception.
Looking at the pressure drop for these packings in
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Figure 23: Energy fraction of the 1×1, 2×2 and 4×
4 modes for the cubic packing. Note the different
y-axis scaling for the 1×1 as compared to the other
cases.
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Figure 24: Streamlines of the 4 × 4-Average flow
field for Dc = 0.5Lc and Rep ≈ 100, the stream-
lines are colored by the absolute velocity scaled by
the darcy velocity UD.

Fig.16 the 1 × 1-representation deviates the least
from the higher order representations. A corre-
sponding pattern of approximate agreement can
be seen in the longitudinal and transversal disper-
sion in Fig.19. This indicates that large scale flow
features do not impact the pressure drop or dis-
persion significantly for these packings, at least in
the flow region investigated.

Another clear pattern in the 4× 4 energy frac-
tion is that the lower density packings 0.1Lc −
0.5Lc all show a local peak before going into the
steady region. The flow field at Dc = 0.5Lc at this
peak is presented in Fig.24. The flow field makes
it clear why this effect can only be represented by
a 4 × 4-cell, in this case the large scale structures
take on the shape of varying channel velocities.

5.6 Comparison to a 3D-case

The 3D-comparison is carried out on a unit cell
of size 643 elements. From the mesh study it is
known that this will impact the accuracy of the
solution, but the results should still be indicative
of the behaviour in a 3D-cell as compared to a
2D-cell. It is known from the comprehensive re-
view of Boffeta et al [50] that 2-dimensional tur-
bulence/unsteady flow is fundamentally different
from 3-dimensional turbulence/unsteadiness. To
see how well the insights gathered from this 2D-
study translates to more physically relevant 3D-
flows a study on one porosity case has been carried
out on a MRT-D3Q27 model based on the work of
Suga et al [51].

Rep is varied in the same manner by changing
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Figure 25: Dimensionless pressure variation com-
parison between the 2D-Case (top) and 3D-Case
(bottom).

the viscosity of the fluid. The main result is that
the dimensionless pressure drop p∗ against Rep has
a similar behaviour between the 2D and 3D-cases,
see Fig.25.

In the Forchheimer region both the 2D and
3D case follow a similar trend characterized by
overlapping pressure drops for all geometric rep-
resentations. This indicates that for the steady
region a 1 × 1-representation is sufficient to de-
scribe the flow in 3D-porous materials. The flow
becomes unsteady at Rep ≈ 200, but while the
1 × 1-representation for the 2D-case immediately
deviates from the other representations this does
not happen for the 3D-case. At Rep ≈ 500 the 3D
1× 1-representation starts to significantly deviate
from the other representations, which is due to the
same alternating lateral velocity effect that was ob-
served in Fig.13 taking place in the 3D-case.

6 Conclusions and future work

It is clear from the results for the pressure drop,
dispersion and unsteady onset that large scale flow
features not representable within a 1×1-Cell has a
significant impact on the macroscopic properties of
the porous bed. Therefore pore-scale simulations

of unsteady flows requires a domain larger than a
single unit-cell to accurately model the porous me-
dia. It is also shown that when the flow is steady
only a 1 × 1-cell is necessary to represent all the
flow structures, at least for the cases of staggered
and cubic arrays of cylinders.

Future work includes a more detailed investi-
gation of the dispersive disagreements between the
2×2, 3×3 and 4×4-repetitions for some packings
and flow conditions. A clear example of where the
higher order representations deviate are the 3× 3
and 4 × 4/2 × 2 pressure drops for Dc = 0.7Lc
in Fig.16 and Fig.25. These results indicate that
the periodicity of the lattice may impact the pe-
riodicity of the structures that can appear in it.
This raises the question of what amount of unit-
cell repetitions that should be used depending on
the packing that is being modelled, or, put more
succinctly, how many unit cells should be modelled
to obtain an accurate solution for a given packing.
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