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“Time abides long enough for those who make use of it.”
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Abstract

The urgent need to reduce greenhouse gas emissions in combination with an
increased use of sustainable energy resources have led to immense efforts on
improving energy efficiency of mechanical systems. Consequently, modern
machine elements are typically lubricated with low viscosity oils and designed
to endure an increasingly high power density. This typically implies that the
surfaces in contact are separated by thinner lubricant films that must carry
higher loads. Thereby, in order to improve the durability and efficiency of future
machine elements, an improved fundamental understanding of the predominant
lubrication mechanisms must be achieved.

This thesis concerns numerical simulation of non-conformal lubricated
contacts where significant elastic deformations in combination with
hydrodynamic effects govern the lubricating film formation, typically found in
e.g., rolling element bearings, gears, and cam-follower systems. Such contacts
relate to a lubrication regime known as elastohydrodynamic lubrication
(EHL), which is often studied using simplifying assumptions due to its
multiphysical nature. Typical simplifications of the EHL problem may
include e.g., steady-state conditions, perfectly elastic surfaces, isothermal
conditions, and Newtonian lubricant behaviour. However, such simplifications
may be progressively relieved because of a continuously improved computer
performance and the use of increasingly efficient numerical methods.

In this work, time dependent simulations of EHL contacts are conducted
with the purpose of improving the fundamental understanding of the
predominant lubrication mechanisms. This is achieved by the development and
utilisation of novel models and modelling techniques, specifically developed for
the conducted investigations focusing on e.g., temperature, plastic deformation,
surface roughness, and contact geometry. The developed models are all an
extension of a full-system finite element modelling approach that was relatively
recently introduced to the EHL community.

Important findings from this work relate to the influence of transient
fluctuations in EHL contacts, which occur due to both transient loads and
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moving surface roughness. It is shown that in the case of transient loading
of a finite line EHL contact, a steady state assumption may overestimate
the minimum film thickness and underestimate the maximum pressure over
time due to the formation of lubricant waves travelling through the contact.
Furthermore, thermal and non-Newtonian effects on viscosity may be necessary
to consider in both qualitative and quantitative studies of roughness within
the EHL contact, especially under sliding conditions and short wavelength
roughness. Lastly, transient fluctuations related to the over-rolling of surface
features are shown to potentially increase the pressure within the EHL contact
to such an extent that plastic deformations of the contacting surfaces occur.

The models established in this work may provide researchers and engineers
with ways to improve their studies of transient EHL contacts. The salient
findings from the conducted studies also open up for interesting directions that
may be extended to potentially improve the lubrication theories currently in
use and thereby improve the design of future machine elements that employ
non-conformal contacts.
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Nomenclature

a Hertzian contact radius (m)

av Thermal expansivity
(
K−1)

A Conductivity scaling parameter (−)

Ac Design parameter for roller crowning (m)

AR,i Amplitude of surface roughness on solid i (−)

ĀR,i Dimensionless amplitude of surface roughness on solid i (−)

B Constant in the Doolittle equation (−)

BF Fragility parameter in viscosity equation (−)

club Specific heat capacity of lubricant
(
J kg−1K−1)

cs,i Specific heat capacity of solid i
(
J kg−1K−1)

C Compliance matrix

C0 Parameter for calculation of heat capacity
(
J m−3K−1)

Ck Parameter in conductivity function
(
W m−1K−1)

Club Volumetric heat capacity of lubricant
(
J m−3K−1)

D Derivative matrix

E′ Reduced modulus of elasticity
(
N m−2)

Ei Young’s modulus of solid i
(
N m−2)

ET Tangential elastic modulus
(
N m−2)

Eeq Equivalent elasticity modulus of solids
(
N m−2)

Ēeq Dimensionless equivalent elasticity modulus of solids (−)
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f Applied load (N)

fi, ff Initial- and final load, respectively (N)

F Applied load per unit width
(
N m−1)

Fy Plastic potential in material (Pa)

F Dimensionless load (−)

g Thermodynamic interaction parameter (−)

G Gap geometry (m)

Gr Shear thinning parameter (Pa)

G Dimensionless gap geometry (−)

h Lubricant film thickness (m)

he Finite element mesh size (−)

H Dimensionless lubricant film thickness (−)

ks Spring constant of system
(
N m−1)

klub Thermal conductivity of lubricant
(
W m−1K−1)

ks,i Thermal conductivity of solid i
(
W m−1K−1)

kAD,X Artificial diffusion applied in X-direction (−)

kAD,Y Artificial diffusion applied in Y -direction (−)

K0 Isothermal bulk modulus at zero pressure (Pa)

K1, K2 Design parameters for roller crowning (−)

K00 Isothermal bulk modulus at p = 0 Pa and T = 0 K (Pa)

K∞ K0 at infinite temperature (Pa)

K ′0 Pressure rate of change of K0 (−)

K̇0 Rate of change of K0 with temperature (Pa K)

l Element order (−)

L Length of finite line contact (m)

m Moving mass of system (kg)

mc Parameter in heat capacity function
(
J m−3K−1)
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n Shear thinning parameter (−)

p Hydrodynamic pressure in lubricant film (Pa)

ph Maximum Hertzian pressure (Pa)

P Dimensionless hydrodynamic pressure (−)

Ph Dimensionless Hertzian pressure profile (−)

Pe Peclet number (−)

q Coefficient in conductivity model (−)

Q Heat generation within lubricant film
(
W m−3)

QRey Source term of the dimensionless generalised Reynolds equation (−)

Q̄ Dimensionless heat generation within lubricant film (−)

R Equivalent radius of curvature (m)

R0 Constant in the Doolittle equation (−)

Ri Radius of solid i (m)

Ri Geometry of surface roughness on surface i (m)

R̄i Dimensionless geometry of surface roughness on surface i (−)

s Exponent in conductivity model (−)

Su, Sl Visualised upper- and lower surface, respectively (−)

t Time (s)

T Temperature (K)

Tr Reference temperature (K)

T̄ Dimensionless temperature (−)

u, v, w Deformation in x, y, and z, respectively (m)

ue Mean entrainment speed of lubricant
(
m s−1)

uf Lubricant velocity in xz-plane
(
m s−1)

ui Speed of solid i in x-direction
(
m s−1)

uc Speed of cylinder
(
m s−1)

ū Deformation vector (m)
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U, V, W Dimensionless deformation in X, Y , and Z, respectively (−)

Ū Dimensionless deformation vector (−)

vf Lubricant velocity field in yz-plane
(
m s−1)

vi Speed of solid i in y-direction
(
m s−1)

V Volume of lubricant
(
m3)

V0 Volume of lubricant at P0
(
m3)

Vr Volume of lubricant at Tr

(
m3)

V∞ Occupied volume
(
m3)

V∞,r Occupied volume at reference state
(
m3)

x, y, z Spatial coordinates (m)

xc, xc0 Current- and initial position of cylinder, respectively (m)

x0,i Initial position of roughness on solid i (m)

xR,i Current position of roughness on solid i (m)

X, Y, Z Dimensionless spatial coordinates (−)

Xc, Xc0 Dimensionless current- and initial pos. of cylinder, respectively (−)

X0,i Initial dimensionless position of asperity on solid i (−)

XR,i Current dimensionless position of asperity on solid i (−)

zm Design parameter for roller crowning (m)

β Convection coefficient of the dimensionless generalised Reynolds
equation (−)

βK Temperature coefficient
(
K−1)

βT̄ Convection coefficient of the dimensionless energy equation for the
lubricant (−)

β̄ Convection coefficient of the Reynolds equation in 2D (−)

γ̇ Lubricant resultant shear rate
(
s−1)

γ̇xz Lubricant shear rate in xz-plane
(
s−1)

γ̇yz Lubricant shear rate in yz-plane
(
s−1)

xx



δ Rigid body displacement (m)

δ0 Rigid body displacement value for relaxed spring (m)

δi Inital value of rigid body displacement (m)

∆ Dimensionless rigid body displacement (−)

εX , εZ Diffusion coefficient inX and Z direction of the dimensionless energy
equation for the lubricant, respectively (−)

ε Diffusion coefficient of the dimensionless generalised Reynolds
equation (−)

εc Occupied volume thermal expansivity
(
K−1)

εp Effective plastic strain (−)

ε̄ Diffusion coefficient of the Reynolds equation in 2D (−)

η Shear dependent lubricant viscosity (Pa s)

ηe Cross-film viscosity integral (1st order)
(
Pa s m−1)

η′e Cross-film viscosity integral (2nd order)
(
Pa s m−2)

η̄ Dimensionless shear dependent lubricant viscosity (−)

η̄e Dimensionless cross-film viscosity integral (1st order) (−)

η̄′e Dimensionless cross-film viscosity integral (2nd order) (−)

ϑ Ratio between tangential- and equivalent elasticity modulus (−)

Θ Dimensionless time (−)

λr Relaxation time at Tr and ambient pressure (s)

λR,i Wavelength of surface roughness on solid i (m)

Λ Lubricant limiting shear stress parameter (−)

ΛR,i Dimensionless wavelength of asperity on solid i (−)

µ Newtonian viscosity (Pa s)

µ∞ Extrapolated viscosity to infinite temperature (Pa s)

µr Lubricant reference viscosity (Pa s)
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Chapter 1

Introduction

The subject of Tribology, from the Greek word tribos that means rubbing, was
in 1966 defined as: “. . . the science and technology of interacting surfaces in
relative motion and the practices related thereto” in a report published by the
UK Department of Education and Science [1]. The report highlighted that a
considerable amount of money, approximately 1% of the gross national product
of the UK, could be saved through reduced friction and wear. Since then,
the interest in tribological research has developed within both industry and
education, and concerns the study of friction, wear, lubricants, and lubrication.

Tribology envelops studies of a vast variety of phenomena ranging from
everyday life activities such as the traction between shoe and ground,
to earthquakes as a result of interacting continental plates, to lubricant
shearing losses in rotating machinery. Consequently, the understanding of the
underlying mechanisms taking place between surfaces in relative motion does,
more often than not, require knowledge and understanding of different scientific
fields such as e.g., fluid mechanics, materials science, chemistry, mathematics,
and engineering. This makes tribology a truly multidisciplinary subject that
has already from the early civilisations until today posed opportunities and
challenges for a reduced friction and an improved reliability of interacting
surfaces in relative motion, as explored in detail by Dowson [2].

Today, the urgent need to limit the global warming by reducing greenhouse
gas emissions has led to increased efforts on reducing energy consumption in
industries globally. Energy losses in terms of friction and wear may potentially
be reduced by up to 40% within 15 years by employing novel tribological
technology according to Holmberg and Erdemir [3]. Emissions related
to transportation and combustion engine driven cars could potentially be
significantly reduced by implementing already developed tribological solutions

3
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as shown by Holmberg et al [4]. However, with the upcoming trend of
battery-electrically driven vehicles, such transportation related emissions may
be reduced by 4.5 times in case of utilising renewable electricity sources, see
Holmberg and Erdemir [5]. Nevertheless, the aspects and interest related
to reduced emissions and sustainability further shed light on the increasing
demand on efficient, durable and green machines, where tribological research
becomes an essential part to improve and sustain societies with an ever
increasing demand on sustainable energy.

1.1 Machine elements

Machines are mechanical systems that perform intended actions using energy.
Machines rely on machine elements, also commonly referred to as machine
components, for their safe and reliable operation. A machine element may
be defined as a basic building block of a machine, where typical examples
include screws, bearings, gears etc. A machine element may be a discrete
part, features of a discrete part, or consist of discrete parts themselves. The
interaction between parts in a machine element, as well as the interaction
between different machine elements, becomes important to optimise for efficient
and reliable power transfer within a machine. This interaction is typically
governed by contacts, which, in essence, are tribological systems that govern
the performance of the machine element in terms of efficiency and durability.

The tribological design of the contacting interfaces relates to several
parameters, such as macro- and micro geometry, material selection, and
lubrication. An optimised design of all these parameters can greatly enhance
the efficiency and lifetime of the machine element in question. However, since
all parameters are mutually dependent, which implies that the change of one
requires a reconsideration of the rest, the design of an optimised machine
element for a specific application becomes rather complex and interesting.

In rotating machines such as e.g., transmissions and bearings, a lubricant
is typically added to the system with the purpose of separating the surfaces
fully or partially, which further leads to a mitigation of friction and wear.
Consequently, a reduced direct contact between surface roughness asperities
is achieved by the load being carried by the pressure generated within the
fluid film and the friction that arises becomes the result of shearing of the
lubricant. Another important purpose of the lubricant, i.e., in case of using a
liquid lubricant, is to transport away heat and potential wear debris and other
particles from the contact. The use of a lubricant in the mechanical system
with the purpose of separating the surfaces to mitigate friction and wear is
generally referred to as lubrication and is covered in more detail in Section 1.2.
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Machine elements that employ lubricated concentrated contacts represent
the main topic of this thesis, where typical examples of such components
are rolling element bearings (see Figure 1.1.1), gears, and cam roller-follower
mechanisms. The aforementioned machine elements all experience non-steady
conditions related to both macro- and micro variations, where the micro
variations relate to contact localised transient conditions, typically related to
the surface topography, and the macro variations relate to e.g., the rolling
element entering and exiting the loaded zone, the gear teeth getting in and out
of contact, and the continuously varying geometry and entrainment speed of
the roller-follower mechanism.

Figure 1.1.1. A typical rolling element bearing, depicted without a cage, illustrating
a number of non-conformal contacts that govern the performance of the machine
element in terms of efficiency and durability.

1.2 Lubrication regimes
The degree of separation between two contacting surfaces may be defined by
how the load is carried within the lubricated contact and the corresponding
friction, as was first shown by Stribeck [6]. This basically relates to how big
part of the applied load that is carried by asperity-asperity contacts and how
big part that is carried by the lubricant. Thereby, the degree of separation
is commonly described by three different lubrication regimes, as illustrated in
Figure 1.2.1 and described as follows:

1. The boundary lubrication regime: The load is mainly carried by asperity
contacts, which leads to relatively high friction coefficients.

2. The mixed lubrication regime: The load is carried partly by asperity contacts
and partly by the lubricant. This results in a friction coefficient that is lower



6 Chapter 1. Introduction

than in the boundary lubrication regime.
3. The full film lubrication regime: The load is carried completely by the

lubricant, which results in a lower friction coefficient compared to both
the boundary- and mixed lubrication regimes.

Note that in the figure, the roughness has been greatly exaggerated in height
direction for visualisation purposes. In reality the asperities would look more
like rolling hills as compared to the depicted sharp peaks.

Figure 1.2.1. Schematic of lubrication regimes showing boundary lubrication (left),
mixed lubrication (middle), and full film lubrication (right).

In the boundary lubrication regime, where the load is carried by asperity
contacts, the hydrodynamic effects becomes negligible and the friction and wear
are instead governed by the physical and chemical properties of the boundary
film, also referred to as the tribofilm, as well as the physical properties of the
contacting bodies. Even though the friction in a boundary lubricated contact
is significantly higher than that of a contact operating in the mixed- or full
film lubrication regimes, it is still lower than for an unlubricated contact due
to the presence of the tribofilm. With an increased influence of hydrodynamic
effects, the contact conditions start to become less severe and a transition from
boundary lubrication to mixed lubrication occurs.

The mixed lubrication regime is defined by the load being carried partly by
the direct contact between the asperities and partly the hydrodynamic action,
this regime is therefore also known as partial lubrication. The friction and
wear are governed by both the tribofilm and the fluid film in the separate
regions, which is typically the case for contacts where the surfaces cannot be
completely separated due to e.g., low operating speed, high loads or the use
of low viscosity oils. However, an improvement of the lubricating conditions
so that the hydrodynamic effects become dominant and generate a complete
separation of the surfaces results in a transition from the mixed lubrication
regime to the full film lubrication regime.

The full film lubrication regime implies that a complete separation between
the surfaces is achieved and hence that no direct contact is taking place
between the surfaces. However, the influence of surface topography may still
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be important depending on the thickness of the lubricant film. This type of
lubrication may be further divided into hydrodynamic lubrication (HL) and
elastohydrodynamic lubrication (EHL), where HL typically occurs in conformal
contacts and EHL in non-conformal contacts due to the differences in contact
characteristics, see Figure 1.2.2.

Non-conformal

contact

Conformal

contact

Figure 1.2.2. Example of a typical conformal contact (left) and a typical
non-conformal contact (right).

In a conformal contact, found in e.g., sliding journal bearings, the contact
area is relatively large and does not grow significantly with an increased load
due to the conformity, resulting in fluid film pressures that are typically less
than 5 MPa. In non-conformal contacts, which may be of either line contact
type or point contact type (see Figure 1.2.3), the pressure can reach magnitudes
of 0.5− 3 GPa. Because of the significant pressure magnitudes in combination
with the relatively rapid growth of the contact area with an increased load due
to the non-conformity, elastic deformations in combination with changes of the
lubricant behaviour become significant in lubricated non-conformal contacts
and essential for describing the film formation.

Figure 1.2.3. Non-conformal line contact situation (left) and non-conformal point
contact situation (right).

The EHL contacts described above relate to a certain type of EHL regime



8 Chapter 1. Introduction

where both the elastic deformation of the surfaces and the piezoviscous
behaviour of the lubricant, i.e., the viscosity variations with pressure, become
significant. EHL may, however, be subdivided into four different regimes based
on the significance in terms of lubrication influence by the elastic deformation
and the piezoviscous behaviour. These four EHL regimes range from where
both the piezoviscous behaviour and the elastic deformations are essential,
to where none are, as covered in detail by e.g., Hamrock [7], and commonly
described as follows:

1. Piezoviscous-elastic: This regime is related to significant elastic
deformations of the surfaces relative to the fluid film thickness, in
combination with a significant viscosity increase of the lubricant due
to pressure. The deformations of the surfaces make the contact more
conformal, which further leads to an entrapment of lubricant due to the
piezoviscous response. This regime is also known as hard EHL and is
typically found in applications such as rolling element bearings and gears.

2. Isoviscous-elastic: This regime implies that the surface deformations are
significant in relation to the fluid film thickness. However, the contact
pressure is not affecting the lubricant viscosity significantly, which is often
related to highly deformable solids that limits the pressure generation in
the contact. This regime is also commonly referred to as soft EHL and may
be found in e.g., elastomer seal contacts.

3. Piezoviscous-rigid: In this regime, the pressure is high enough to change the
viscosity of the lubricant. However, the elastic deformations of the solids
are insignificant compared to the fluid film thickness, which may be the case
in e.g., piston ring-cylinder liner contacts.

4. Isoviscous-rigid: This regime describes contact conditions where the
pressure does not influence the viscosity significantly. Moreover, the elastic
deformations are negligible in relation to the film thickness. Therefore, this
is not an EHL regime but is added for the sake of completeness.

In this thesis, the focus lies on contacts found in rolling element bearings and
gears, and thereby on machine elements that employ non-conformal steel-steel
line contacts that operate under full film lubrication. This further implies that
EHL contacts that operate in the piezoviscous-elastic regime are considered.
Therefore, hard EHL will be referred to as simply EHL throughout the rest of
this thesis.
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1.3 Elastohydrodynamic lubrication

This section has the purpose of providing the reader with details about
the establishment of the EHL understanding and comprises a summary of
important contributions to the field of EHL, with focus on numerical EHL
in particular. Due to the immense amount of research that has been done in
the field of EHL over the past years, this literature review is rather limited
with the main purpose of providing the reader with reference works that lay
the foundation for what has been the focus of this thesis. For the interested
reader, other literature reviews that may provide a more comprehensive
selection of works not mentioned in this thesis, but related to the field of
EHL, include the works concerning history of EHL by e.g., Dowson [2] and
Spikes [8], development of theories by e.g., Lugt and Morales-Espejel [9],
Zhu and Wang [10] and Greenwood [11], and surface roughness by e.g.,
Morales-Espejel [12].

This literature review starts from the discovery of self-acting lubrication,
which has been attributed to Beauchamp Tower for his work in the early
1880s [13]. By utilising an experimental setup with a steel shaft immersed
into an oil bath, Tower found that with sufficient quantities of lubricant, low
and repeatable friction measurements could be conducted. Tower also noted
that the friction force was more dependent on velocity compared to load, which
implies a behaviour more similar to liquid friction compared to solid friction.
Similar findings related to the friction behaviour in lubricated journal bearings
were also presented by Petrov [14] during the same time period in a completely
independent study from the one conducted by Tower.

Tower also published a report in 1885 where the pressure distribution in
a partial journal bearing had been studied [15]. The pressure was measured
in several open- or sealed holes located in the bearing half, which enabled
measurements in different locations throughout the loaded region. This enabled
the pressure distribution to be studied in detail and plotted over the bearing
circumference. These experimental results caught the interest of Professor
Osborne Reynolds, who in 1886 derived the now well-known and used Reynolds
equation [16]. The mathematical description presented by Reynolds describes
the hydrodynamic action in thin lubricant films and is still today essential in
theoretical analysis of lubrication.

A pioneering attempt to calculate the fluid film pressure in non-conformal
contacts by using the Reynolds equation was conducted by Martin in 1916 [17].
Martin concluded that the predicted film thickness values from the calculations
were too thin in relation to the surface roughness amplitude in the contact
based on experimental evidence that showed preserved machining tracks after
operation, implying that the surfaces had been separated by a lubricating film.
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Even though this study was conducted with little success, the work by Martin
is seen as an important starting point for the use of the Reynolds equation in
the study of lubricated non-conformal contacts.

Other important contributions to the establishment of EHL theory and
understanding are the ones from e.g., Meldahl [18] and Gatcombe [19]. Meldahl
considered not only lubricant pressure in the fluid film, but also the elastic
deformations of the contacting surfaces that follow. Moreover, Gatcombe
included the influence of pressure on viscosity in the lubricant film, which
resulted in an improved film formation and thereby thicker lubricant film
predictions. However, neither the approach with pressure coupled with
viscosity variations nor the pressure coupled with elastic deformations could
alone provide satisfactory predictions of film thickness compared to what had
been observed experimentally.

Finally in 1949, Grubin [20] published the work by Ertel [21, 22] that
provided an approach for solving the pressure and film thickness in lubricated
non-conformal contacts by using the Reynolds equation [16], the elastic
deformation of the contacting surfaces using Hertz theory [23], and the
Barus pressure-viscosity relationship [24]. With all these effects considered
concurrently, reasonable film thickness values were presented that agreed
reasonably well with experimental data. The work by Ertel and Grubin is today
accepted as the first EHL solution and the lubricating phenomenon described
by the concurrent hydrodynamic pressure build-up, elastic deformations,
and piezoviscous lubricant behaviour has ever since been referred to as
elastohydrodynamic lubrication.

1.3.1 Numerical EHL

The first numerical solution to the EHL problem was presented by
Petrusevich [25] in 1951. Petrusevich was not only able to confirm the essential
features of the analysis made by Ertel and Grubin [20], but could also provide
additional information about the characteristic features of EHL contacts related
to the film thickness and pressure profile. The findings included a relatively long
constant film thickness region with the occurrence of a local restriction near
the outlet of the contact, as well as a pressure spike occurring just before the
outlet film constriction, also known as the Petrusevich spike, see Figure 1.3.1.

Another milestone paper in the field of numerical EHL was published
by Dowson and Higginson [26] who presented an iterative numerical method
referred to as the inverse solution that enabled the study of relatively highly
loaded EHL contacts with promising convergence rates. This made it possible
to solve the EHL problem for an immense amount of operating conditions,
which resulted in an empirical equation by curve fitting to the numerical results.
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Figure 1.3.1. Example of EHL film thickness and pressure distribution (flow from
left to right), highlighting the characteristic features first shown by Petrusevich [25].

Furthermore, the existing theory at the time was shown to agree reasonably
well with experimental results generated by e.g., Archard and Kirk [27] who
performed capacitance measurements and by e.g., Gohar and Cameron [28]
who studied the EHL contact by using optical interferometry.

The point contact was first investigated numerically by Ranger et al. [29]
in 1975, long after early experimental results of the point contact existed due
to the increased computing capacity needed. The problem was solved using an
iterative procedure and provided the characteristic features of a typical EHL
point contact. A similar approach was shortly thereafter used by Hamrock and
Dowson to develop empirical equations for the minimum film thickness and the
central film thickness for point contacts, i.e., circular- and elliptical contacts,
published in a series of papers [30–33]. The empirical solutions derived for the
different contact geometries, which enable rapid estimation of minimum- and
central film thickness values based on certain operating conditions, have proven
useful during design of machine elements employing lubricated non-conformal
contacts throughout the years.

The next major step forward related to numerical simulation of EHL
contacts was the introduction of multilevel techniques to the EHL problem
by Lubrecht et al. [34, 35] and Lubrecht [36]. This reduced simulation times
even further due to the utilisation of different grid sizes to deal with errors of
different wavelengths, which could thereby improve convergence rates. This
technique was extended with the use of distributive relaxation techniques and
the multi-integration technique by Venner et al. [37] and Venner [38], which
further enabled the study of time dependent non-smooth EHL contacts. The
topic of rough EHL contacts is covered in more detail in Section 1.3.4.
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More recently, Habchi et al. [39,40] and Habchi [41] introduced a full-system
finite element (FE) approach that results in fast convergence rates by ensuring
that a fully coupled system between the fluid pressure, the deformations, and
the load balance calculations is posed. The approach that is based on FE
allows for utilisation of non-uniform mesh grids to be employed and also the
use of commercial software, which generally includes sophisticated and robust
numerical solvers. This approach has been relatively widely used in the EHL
community recently, where various authors have extended the approach to
solve problems including for example, coated surfaces by e.g., Habchi [42],
Alakhramsing et al. [43] and Ziegltrum et al. [44], finite line contacts by
e.g., Shirzadegan [45], Alakhramsing et al. [46] and Habchi [47], and also the
influence of temperature on the EHL problem as is detailed in Section 1.3.2.

1.3.2 Thermal EHL

Due to the characteristic behaviour of the EHL contact and the already
relatively complex numerical problem, in combination with the requirement
of solving the energy equations across the film, the thermal influence on
the lubricating performance has been given limited attention compared to
isothermal EHL that makes up the bulk of EHL research. However, in
rolling-sliding contacts, the thermal effects have been shown to influence
the lubricating conditions noticeably, especially with respect to traction
estimations.

Pioneering work on thermal effects in EHL contacts include that of Cheng
and Sternlicht [48]. They solved the rolling-sliding thermal EHL (TEHL)
problem by utilising the Reynolds equation, a Boussinesq approximation for
the elasticity, and the energy equations to calculate the temperature in the
contact, while also considering the heat transmitted to the surrounding surfaces
separated by the fluid film. This solution was later refined to include the
viscosity variations in the contact by Cheng [49] and provided an insight into
how the friction is reduced due to the thermal effects in rolling-sliding contacts,
while also highlighting that the film thickness is moderately affected by the
considered temperature rise within the contact.

The findings by Cheng [49] were qualitatively confirmed by Dowson and
Whitaker [50]. However, they predicted lower temperature values than those
of Cheng, which was explained by the choice of pressure-viscosity relationship
employed while solving the problem. This further highlighted the importance
of accurate pressure-viscosity relationships for solving the TEHL problem. Zhu
andWen [51] later solved the TEHL problem for the point contact geometry and
studied the influence of sliding on film thickness, pressure, and temperature and
saw a similar qualitative behaviour as had previously been seen for the infinite
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line contact [49,50].
Kim and Sadeghi [52, 53] solved the TEHL problem by using a complete

numerical solution for a Newtonian lubricant utilising the multigrid technique
previously presented by Lubrecht [36]. This enabled the study of more
heavily loaded contacts and it was concluded that the thermal influence may
become significant in sliding contacts, especially with respect to the traction
force. It was later shown by Liu et al. [54] that Newtonian theory of the
lubricant may overestimate the thermal effects. Their analysis was enabled
by investigating shear thinning by means of an Eyring description of the
non-Newtonian behaviour, which was included in the solution by utilising a
description of effective viscosity. The study further showed that the influence
of shear thinning, on traction force in particular, was significant and also that
the film thickness and pressure were influenced under certain conditions.

The non-Newtonian TEHL problem was later solved with the use of realistic
rheological descriptions of the lubricant by Habchi et al. [55] with the previously
developed FE approach [41]. This approach was also used by Habchi et
al. [56] to show the importance of shear dependency on film thickness for a
certain lubricant mix. They provided a correction formula for film thickness
calculations that was validated by published data, and also compared to the
equation provided earlier by Hamrock and Dowson [32]. The same TEHL
modelling approach was later extended further to consider coated contacts by
Habchi [42], and seen to agree reasonably well with friction measurements
conducted by Björling et al. [57], again using sophisticated lubricant rheology
models provided by Bair [58].

Lohner et al. [59] presented in detail an approach to solve the TEHL
problem based on the work by Habchi [41] with the purpose of facilitating for
researchers and engineers to implement the theory into commercial software.
A similar approach was used by Ziegltrum et al. [44] to study friction in
coated contacts, where it was seen that the insulating effects from coatings
could increase the temperature rise and thereby reduce friction in lubricated
contacts. Habchi [47] studied the influence of roller edges on friction by
developing a thermal non-Newtonian finite line contact model and found that
an improvement in fatigue life from the roller-end profiling may lead to an
increased friction.

1.3.3 Plasto-EHL

In a typical EHL contact, the pressure that arise may lead to stresses in the
contacting bodies that exceed the yield strength of the material. This becomes
especially true for non-smooth surfaces where the load is carried more locally by
asperities, which leads to localised pressure peaks and hence locally increased
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stresses. This further means that if the pressure that arise would yield the
material and plastically deform the surfaces, a plasto-EHL (PEHL) solution
would predict altered lubricating conditions as compared to a perfectly elastic
solution.

The PEHL problem was studied relatively early by Xu et al. [60], who
investigated the occurrence of plastic deformations related to pressure spikes
arising due to a dented surface geometry. They solved the PEHL problem with
a FE approach and were able to conclude that the shape of the dent as well
as the yield- and hardening properties of the contacting bodies significantly
influence the maximum pressure arising in the contact. Ren et al. [61] showed
that a plasto-elastic approach may result in thinner lubricant films compared to
a perfectly elastic solution. This was studied by solving the PEHL problem in a
steady state manner, which showed a flattened pressure profile due to a reduced
load carrying capacity of the material as a result of the yielded material.

The approach presented by Ren et al. [61] was further extended by He et
al. [62, 63] who studied the PEHL problem with focus on surface roughness
and finite line contact geometries. They showed that due to the surface
roughness, the pressure was increased locally and plastically deformed the
material relatively close to the surface, further leading to a flattening of the
surface features. It was also shown that the film thickness was influenced by
the plasticity and that the degree of plastic deformation was dependent on the
work hardening properties.

A time dependent approach was proposed by He et al. [64], where a ball
was rolling over a domain, further implying that unloaded material entered the
contact continuously as compared to the aforementioned stationary approach
where the material was continuously loaded. This allowed for accumulation of
plastic strains to be investigated as well as the behaviour of the lubricated
contact during rolling. For the conditions studied it could be shown that
the unaffected material that entered the contact, in combination with yielded
material exiting the contact, led to a distorted pressure distribution.

Bomidi and Sadeghi [65] studied subsurface initiated spalling in dry rolling
contacts utilising a plasto-elastic model coupled with continuum damage
mechanics. By studying cracks occurring due to plastic strain accumulation
around Voronoi tessellations, fatigue damage predictions were achieved based
on a relatively realistic subsurface material behaviour. Golmohammadi and
Sadeghi [66] further developed this model to enable the study of surface features
in the form of dents by utilising a multi body approach. Paulson et al. [67]
combined a similar continuum damage mechanics model to that of Bomidi and
Sadeghi [65] with the addition of a fully coupled EHL model presented earlier
by Habchi [41]. This revealed an under-prediction of the fatigue life in case of
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not considering the EHL pressure profile because of changes in pressure due to
damage accumulation.

1.3.4 Transient EHL

Due to the relatively high complexity of the EHL problem, a large part of
the scientific literature focusing on EHL has been based on a steady state
approach. This means that the lubricant film has been assumed to operate
under steady state conditions and thereby stay constant over time. However, as
briefly mentioned in Section 1.1, most machine elements that employ lubricated
non-conformal contacts typically operate under non-steady conditions on both
macro- and micro level. As categorised by Ciulli [68], the time dependent
variations on macro level relate to the system related time varying conditions,
whereas the micro level variations relate to surface topography variations.

An important difference between steady state EHL and transient EHL is the
occurrence of and consideration to squeezing of lubricant in the contact. The
so-called squeeze effect describes pressure variations related to the approaching
or receding movement of the contacting surfaces that envelops the fluid film.
In, for example, an EHL contact where the solids approach each other, the
lubricant cannot leave the contact instantaneously and instead the pressure
increases to overcome the flow resistance. However, the increased pressure will,
as a result of the piezoviscous behaviour of the lubricant, increase the lubricant
viscosity further, which results in a continued separation of the surfaces. On
the other hand, for the case of receding surfaces, the lubricant cannot flow
into the contact from the surrounding fast enough to supply the contact with
lubricant to compensate for the increase in volume, this therefore results in a
pressure drop within the contact that may result in cavitation.

Christensen [69, 70] conducted pioneering numerical and experimental
studies of the squeeze action in the lubricant film between two approaching
surfaces. By solving the Reynolds equation for squeeze films, he found that
the deformation of the solids became higher for a lubricated contact compared
to that of a dry contact. This confirmed that the pressure in the lubricated
contact exceeded that of the dry contact due to squeeze action of the lubricant.
Additionally, it was found that the minimum film thickness occurred at the
edges of the contact rather than in the contact centre, which relates to the
lubricant entrapment that had formed a so-called dimple in the contact.

Larsson and Höglund [71] theoretically investigated the influence of various
parameters on impact and rebound of lubricated contacts and also compared
this to the dry contact case. They were able to conclude that the pressure
was indeed increased in the lubricated contact compared to the dry, as
previously shown by Christensen [69]. They also showed the occurrence of
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a secondary pressure peak during rebound, which had previously been seen
experimentally by Safa and Gohar [72]. A similar study was also conducted
experimentally by Larsson and Lundberg [73], who visualised the contact using
optical interferometry.

Other transient investigations were conducted by e.g., Hooke [74] and
Larsson [75] where not only the squeeze was considered, as in the
aforementioned works, but also the entraining action of lubricant into the
contact. Wijnant [76] studied vibrations in EHL contacts by including the
squeeze effect, the lubricant entrainment, as well as the inertia of the moving
bodies. This approach revealed the occurrence of oscillations in the lubricant
film, which were related to the rigid body movement in combination with
lubricant entrapment due to the squeeze effect, as described by Wijnant and
Venner [77]. The theory used to predict the film thickness oscillations were
later shown by Wijnant et al. [78], and Venner and Wijnant [79] to agree well
with experimental observations.

Apart from the aforementioned transient studies that all relate to macro
level variations in EHL contacts, micro level variations have also been
studied. Such micro level variations relates to surface roughness where
the lubricant entrapment, related to squeeze action, also become essential
for reasonable predictions of pressure and film thickness in the lubricated
contacts. Venner [38] conducted pioneering studies on how surface roughness
influences the lubricating conditions in highly loaded line and point EHL
contacts. These studies were enabled by the development of a novel numerical
approach as outlined in Section 1.3.1. Venner also highlighted that a
time dependent approach becomes essential for accurate predictions of the
lubricating conditions in non-smooth EHL contacts.

The developed modelling approach was thereafter utilised by e.g., Venner
and Lubrecht [80–82], and Venner and Morales-Espejel [83] to further
investigate and understand the mechanisms that influence the film formation
and lubricating performance in rolling-sliding EHL contacts. Experimental
studies were also conducted using optical interferometry by e.g., Wedeven [84],
Wedeven and Cusano [85], and Kaneta et al. [86], which were used to validate
the numerical models. It was shown that the models could be used to provide
relatively accurate results for the conditions that had been considered, as shown
by e.g., Venner and Lubrecth [87] and Ai and Cheng [88].

A deeper understanding of the characteristic behaviour of roughness in
EHL contacts was achieved by Greenwood and Johnson [89], Greenwood
and Morales-Espejel [90], and Morales-Espejel [91], whom separated the
film thickness and pressure perturbations into two decoupled predominant
effects. These effects were related to both inlet generated perturbations
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and the deformed roughness, which since the work by Greenwood and
Morales-Espejel [89] has been referred to as the complementary effect and
the particular integral, respectively. The occurrence of these effects relates
back to the characteristic behaviour of the EHL contact and the piezoviscous
response of the lubricant. As a result of the relatively high pressure in the
contact, the surface roughness peaks almost completely deform within the
high-pressure region of the contact, resulting in further increased, localised,
pressure magnitudes connected to the roughness geometry. On the other hand,
in the inlet of the contact, the roughness has not yet been significantly deformed
due to the lower inlet pressure magnitudes. When the lubricant connected to
the roughness peaks start to solidify, however, it becomes entrapped due to
the squeeze effect and results in a preserved film thickness perturbation that
travels through the contact with the speed of the lubricant.

The same effects were seen by Hooke [92, 93], who solved the rough EHL
problem with an analytical approach, allowing for much of the numerical
complexity to be avoided and thereby enable fast solutions to the time
dependent EHL problem. By implementation of non-Newtonian effects into
the solution by Hooke [94], and Hooke and Morales-Espejel [95, 96], as well
as non-Newtonian effects in combination with thermal effects by Hooke and
Morales-Espejel [97, 98], a decaying behaviour of the complementary function
could be seen. The decay of the complementary function was, in the case of
negative sliding, seen by a reduction of the complementary function amplitude
during translation through the contact.

Experimental contributions to the study of rough surfaces by e.g., Šperka
et al. [99–101] have shown qualitative and quantitative agreement between
experiments and theory for pure rolling conditions. For sliding conditions,
both the particular integral and the complementary function have been verified
and studied, however, with certain discrepancies between numerical and
experimental results related to the behaviour and the quantitative values, as
highlighted by e.g., Šperka et al. [102,103]. These differences have been related
mainly to the complementary function and are currently under discussion, see
e.g., Morales-Espejel and Félix-Quiñonez [104].

1.4 Research gaps and objectives

It becomes evident from the literature that a broad understanding of EHL
has been achieved over the past years through the concurrent theoretical
and experimental progress in the field of research. The improved knowledge
related to the predominant mechanisms that govern the performance of
lubricated contacts, as well as the increasingly sophisticated numerical
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modelling possibilities, allows for increasingly efficient and durable machine
elements employing lubricated non-conformal surfaces to be developed.

Nevertheless, due to the relatively complex tribological problem posed
by the EHL contact, it may be noted that most numerical solutions to the
EHL problem are limited to consider only one or possibly a few influencing
parameters at a time, i.e., in addition to elasticity and piezoviscous response.
This has resulted in the bulk literature on numerical EHL to be based on
the assumption of steady-state conditions, where various parameters such as
temperature, plastic deformations, non-Newtonian behaviour, etc. have been
studied. Unarguably, the findings from those studies have provided researchers
and engineers with a deeper understanding of EHL and opened up for potential
ways to improve the lubricating conditions found in various applications. Not
to forget, however, is that most machine elements in use operate under time
varying conditions related to variations either on macro- or micro scale, or both.
Whereas, on the other hand, the part of the numerical EHL literature that has
been devoted to time dependent analyses has mainly concerned isothermal
Newtonian conditions and perfectly elastic surfaces.

Therefore, there are still a lack of understanding related to transient
variations in the lubricating film, which becomes increasingly important with
the current trend of machine elements operating under increasingly severe
conditions. Transient variations including e.g., the influence of thermal effects
on rolling-sliding non-smooth contacts, the influence of plasticity on the
lubricating performance of non-smooth contacts, and variations in realistic
finite length contact geometries could thereby provide additional opportunities
for improvement. These topics have motivated a large part of the work in this
thesis, where the specific research questions considered are presented in more
detail below, separated into finite line contacts and surface roughness related
transient effects, see Section 1.4.1 and Section 1.4.2, respectively.

1.4.1 Finite line contacts

A time dependent analysis has been shown to be essential for accurate studies
of how surface roughness influences the lubricating conditions in EHL contacts.
Moreover, it has been seen that also macro scale variations, such as transient
operating conditions, may induce film thickness fluctuations and vibrations [76].
The influence of such fluctuations may lead to increased pressures and reduced
film thickness values as compared to an assumed steady-state approach, while
also provide information related to vibrations occurring in the mechanical
system.

Most of the literature in this field has concerned point contacts, which
are present in e.g., ball bearings and certain types of tribological test rigs.
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However, many machine elements employ line contacts where the behaviour
of the edge geometry of finite length rollers is less known, even though widely
present in various machine elements in use. Even though an infinite line contact
assumption may provide a reasonable approximation of the central part of
line contacts, the edges of the contact behave rather differently as shown by
e.g., Mostofi and Gohar [105], and Park and Kim [106]. The minimum film
thickness has been seen to occur at the edges of finite length rollers, similar
to the behaviour of elliptical contacts, while also, for certain roller geometries,
the maximum pressure may be found at the edges.

Due to the transient variations in e.g., roller bearings or in-between mating
gear teeth, time dependent studies of the lubricant film variations for the
complete contact geometry become important to further improve design of
bearings and gears. Currently, only a few studies on such contact geometries
have been conducted and there are few publications describing how to model
this in the literature. Therefore, in order to enable the study of more realistic
geometries under time varying conditions, this topic poses the first research
question (RQ) of this work, which has been formulated as follows:

• RQ1: How is the finite line EHL contact influenced by highly transient
operating conditions and how does the solution differ compared to the
steady state approach, with focus on contact pressure and film thickness
in particular?

Additionally, the influence of lubricant pressure response has been well
established in the literature over the past years. However, few studies have
focused on the influence of lubricant selection on sub-surface stresses with
consideration to both compressibility and viscosity variations. It was, however,
pointed out by e.g., Höglund and Larsson [107] that certain stiffer oils may lead
to increasingly severe sub-surface stresses in the material.

An understanding of how the material is loaded over time becomes
important in order to understand the durability and failure mechanisms for
certain applications, especially those that operate under highly transient
conditions where the lubricating conditions varies. This, in combination with a
lack of knowledge related to the edge effect of finite length rollers, is therefore
posing the second RQ of this work. As a continuation to RQ1, the study relates
to differences in pressure, film thickness and sub-surface stresses for different
oils and is formulated as follows:

• RQ2: How do different oils, in terms of viscosity-pressure and
compressibility-pressure response, influence the pressure, film thickness, and
sub-surface stress field in finite line EHL contacts?

RQ1 and RQ2 have been studied in detail in Paper A and Paper B, where the
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research objectives have included model development that enabled the study of
the transient effects taking place. The developed models have thereafter been
utilised to study the aforementioned effects in the finite line EHL contacts in
order to provide answers to the RQs.

1.4.2 Surface roughness

Even though sophisticated numerical models in combination with analytical
models have successfully captured effects that influence the film formation and
the in-contact behaviour of non-smooth EHL contacts, the topic of transient
thermal EHL (TEHL) have been left relatively unstudied due to the increased
complexity of the problem. This has led to most roughness studies being
conducted under isothermal conditions, whereas on the other hand, the bulk
part of TEHL investigations being conducted under steady-state conditions and
thereby typically limited to smooth contacts.

With machine elements operating under reduced lubricant films due to the
use of low viscosity oils and increasing power densities, the consideration of
rough TEHL contacts becomes increasingly important in order to accurately
predict and improve the conditions in the lubricated contacts. Recently, a
handful of studies have been presented by e.g., Wang et al. [108] and Kaneta et
al. [109] where thermal effects in combination with non-smooth surfaces have
been studied on a detailed level. This indicates that an improved understanding
of the non-smooth TEHL problem and the differences to the typical isothermal
approach may help improve the main theories used today and the performance
of modern machine elements.

This topic poses the third RQ of this work, which aims at considering
the non-smooth TEHL problem and elucidate the influence of thermal effects
in rough TEHL contacts, while also comparing a thermal approach to the
commonly employed isothermal approach. The third RQ hence reads as follows:

• RQ3: How do surface asperities influence the lubricating conditions in
rolling-sliding TEHL contacts and how does a thermal non-Newtonian
approach differ to an isothermal Newtonian approach?

The fourth research question is a continuation of RQ3 and taken further to
the study of two-sided surface features and harmonic roughness profiles, which
presents a roughness behaviour closer to real surface roughness. Therefore, the
results may be used to better understand important lubricating mechanisms
that are taking place and the potential loss of accuracy from using an
isothermal approach. The fourth RQ thereby reads:
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• RQ4: How do two-sided surface features and waviness influence the
lubricating conditions in TEHL contacts, and what role do shear and
thermal effects have?

In order to answer the aforementioned research questions, novel models
have been developed where consideration of time dependency as well as the
aforementioned parameters have been enabled. The model development, the
generated results, and the conclusions drawn from the studies are presented in
detail in Paper C and Paper E.

Lastly, plastic deformations of surface features that passes through a
rolling contact have been considered. Most investigations that concern plastic
deformations have been conducted either with a steady-state approach and
with consideration to roughness, or a transient approach with smooth surfaces.
However, from the literature it becomes clear that the influence of surface
roughness on the stresses in the contacting bodies are significant [62]. Moreover,
due to the movement of rolling-sliding contacts over a surface, a time dependent
plasto-EHL (PEHL) approach becomes necessary [64] and becomes especially
important for PEHL studies of rough surfaces. This has only been studied
to a small extent in the literature, even though in-contact pressures generate
sub-surface stresses that exceed the yield strength of the material in question.
Furthermore, certain out-of-roundness influencing parameters may generate
surface defects that also influence the lubricating performance of the contacts.

Therefore, the fifth RQ of this work relates to surface features in PEHL
contacts, their influence on the sub-surface stress field and the plastic
deformations that may arise, and reads:

• RQ5: How do plastic deformation of asperities and other surface features,
e.g., a step, influence the lubricating conditions in EHL contacts? And how
do the amplitude and wavelength of the surface feature influence the plastic
deformations?

This RQ has been considered in Paper D, where the developed model was also
applied to prototype roller bearings with cracked outer rings, which generated
out-of-roundness values severe enough to influence the PEHL contact. This
further helped prove the potential applicability of the developed PEHL model.

1.5 Outline of this thesis
The research questions in Section 1.4 have been the basis of the work conducted
in this thesis. In order to answer the aforementioned research questions,
numerical models have been developed to enable the study of transient
EHL contacts. These models have all been based on available theory and
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state-of-the-art numerical techniques presented in the literature. The model
development together with the results generated using the models make up the
main content of this thesis. The work has been conducted with the purpose of
extending the understanding of EHL contacts and bring forth potential ways
to further study and optimise the contacts of future machine elements.

This thesis comprises of two main parts, with Part I containing a
comprehensive summary of the work that has been conducted. The work
has also been published in scientific journals, whereas the individual papers
are appended in Part II. Consequently, additional details may sometimes be
found in the appended papers in Part II, while Part I aims at connecting the
individual studies and thereby present a more comprehensive overview of the
conducted research.

Concerning the rest of this thesis and Part I in particular, Chapter 2
provides a comprehensive description of the mathematical models used
in this work, including the theory, the underlying assumptions, and the
approximations that have been employed. This chapter is followed by a
description of the numerical models developed in Chapter 3.

A summary of the salient results is presented and discussed in Chapter 4,
with particular focus on the novel findings from this work. Chapter 4 starts
with Section 4.1 that considers the finite line contact results related to RQ1 and
RQ2, whereas Section 4.2 and Section 4.3 comprises the infinite line contact
results with focus on thermal effects in rough surfaces (related to RQ3 and RQ4)
and plastic deformation of surfaces features (related to RQ5), respectively.

The results and discussion part is followed by Chapter 5, which provides
the reader with concluding remarks that have the purpose of connecting the
findings from this work to the aforementioned research questions, while also
highlighting important conclusions drawn from the studies. Thereafter, the
limitations of the developed models as well as possible future directions are
highlighted in Chapter 6, based on the outcomes and insights from this work.



Chapter 2

Lubrication theory

In this chapter, the mathematical model describing the time dependent
elastohydrodynamic lubrication (EHL) problem is presented. The problem is
governed by the lubricant flow, the deformation of the contacting solids and the
load balance between the lubricant pressure and the applied load. The theory
used to consider additional effects such as heat generation in the lubricated
contact, the resulting temperature distribution, and plastic deformations are
also outlined in detail. In addition, lubricant viscosity, compressibility, and
rheology are considered for accurate predictions of the lubricating conditions,
which are also described in this chapter. The multiphysical problem with
focus on the interdependency between the coupled physics is illustrated in
Figure 2.0.1.

Fluid 

flow and 

pressure

Deformation of

solids

Film 

thickness

Rigid body 

displacement

Lubricant

properties

Temperature

distribution

Load balance

Figure 2.0.1. Illustration of the interdependencies between the physics that together
pose the thermal EHL problem.
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2.1 The Reynolds equation

The Reynolds equation [16] may be derived from the Navier-Stokes equations
and continuity by employing simplifying assumptions that reduces the problem
to flow within a narrow gap. The following simplifications are commonly
employed and reduces the problem to thin film flow:

• The lubricant film thickness is small compared to the contact dimensions,

• Body forces are neglected,

• Pressure is assumed constant throughout the lubricant film thickness,

• No slip takes place at the fluid-solid interfaces,

• Inertia and surface tension forces are negligible compared to viscous forces,

• The lubricant film is continuous and fully separates the solid surfaces,

• Elastic deformations are small compared to the size of the contacting solids,

• The contact is small compared to the size of the contacting solids.

These assumptions reduce the complexity and computational cost of the
problem significantly and lead to relatively accurate results for lubrication
problems where the aforementioned assumptions do apply, which is typically
in cases where the lubricant film thickness is small compared to the contact
and the contact is small compared to the size of the contacting bodies. The
agreement between the Reynolds equation and the full Navier-Stokes equations
for such contacts have been studied and shown to agree reasonably well by e.g.,
Odyck and Venner [110], Almqvist et al. [111], and Hartinger et al. [112].

For the original Reynolds equation, isothermal conditions in combination
with Newtonian lubricant behaviour were employed [16]. However, these
assumptions may be relaxed and the so called generalised Reynolds equation
may be derived, as first shown by Dowson [113] and later updated by Yang
and Wen [114]. The generalised Reynolds equation for the two-dimensional
problem reads:

∂

∂x

((
ηeρ
′
e

η′e
− ρ′′e

)
∂p

∂x

)
︸ ︷︷ ︸

Poiseuille (x)

+ ∂

∂y

((
ηeρ
′
e

η′e
− ρ′′e

)
∂p

∂y

)
︸ ︷︷ ︸

Poiseuille (y)

= ∂ρ∗

∂x︸︷︷︸
Couette

+ ∂ρe

∂t︸︷︷︸
Squeeze

, (2.1.1)

with the parameters describing the effective density and viscosity variations
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throughout the lubricant film within the contact being written according to:

ρ∗x = ρ′eηe (u1 − u2) + ρeu2,
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(2.1.2)

This allows for a simplification of the problem by one dimension due to
the consideration of variations over the spatial direction z by integration.
Eq. (2.1.1) describes the pressure in the lubricant based on three types of flow,
i.e., pressure driven flow, entrainment flow and flow due to squeeze action of
the lubricant, also referred to as Poiseuille flow, Couette flow and squeeze flow,
respectively. For detailed descriptions of the aforementioned and upcoming
variables and parameters, the reader is referred to the nomenclature.

The velocity field of the lubricant is fully defined throughout the lubricant
film and is in the entrainment direction x, i.e., in the xz-plane (see Figure 2.2.1),
written as:
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and in the yz-plane written according to:
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η
. (2.1.4)

Eq. (2.1.4) may often be reduced due to the zero entrainment velocity of the
surfaces perpendicular to the entrainment direction, i.e., v1 = v2 = 0. This
implies that the lubricant velocity in y-direction typically is solely generated
by pressure induced flow.

The original Reynolds equation may be found from Eq. (2.1.1) by assuming
isothermal conditions and Newtonian lubricant behaviour, which hence means
that density and viscosity are assumed to be constant over the film thickness
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and thereby the integrals in Eq. (2.1.2) become:

ρe = ρh, ρ′e = ρh2

2η , ρ′′e = ρh3

6η ,

1
ηe

= h

η
,

1
η′e

= h2

2η , ρ∗x = ueρh,

(2.1.5)

which inserted into Eq. (2.1.1) results in:
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Eq. (2.1.6) is the Reynolds equation for isothermal conditions and assumed
Newtonian lubricant behaviour, where also a constant mean entrainment
velocity in x-direction is assumed.

2.1.1 Cavitation

In the outlet of the contact, the lubricant pressure will drop rapidly and make
the fluid evaporate. This is a phenomenon known as vaporous cavitation and
occurs at an unknown location in the vicinity of the contact outlet, further
implying mathematically that a free boundary problem is present. Many
approaches have been proposed to consider cavitation in lubrication modelling
and the required sophistication of the model employed is to a large extent
dependent on which type of contact and application that is modelled. In case
of lubricant breakdown and where reformation within the lubricant conjunction
takes place, more accurate cavitation models must be considered that preserve
mass continuity throughout the contact. However, if the lubricant cavitate
in the outlet region of the studied contact only, the problem may be solved
by simply suppressing the negative pressures with reasonable accuracy of the
pressure distribution.

In this work, the free boundary problem that occurs in the outlet of the EHL
contact is considered and solved by utilising the penalty method presented by
Wu [115] and utilised and proposed by Habchi [41]. The penalty method implies
that a so called penalty term is added to the Reynolds equation (Eq. 2.1.1)
with the purpose of suppressing the negative pressures that occurs in the
contact outlet. This is assumed sufficient in this work due to the lack of
reformation and the assumption that no internal cavitation occurs within the
lubricant conjunction. Moreover, it is relatively straightforward to implement
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as a penalty term simply is added to the Reynolds equation, which results in:
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(2.1.7)

with the negative pressures being calculated by:

p− =
{

0, p ≥ 0,
p, p < 0.

(2.1.8)

This further implies that the larger the negative pressures become, the more
they are suppressed by the penalty term as a function of the parameter Φ.
Moreover, due to the pressure dependency of the suppression of negative
pressures themselves, the Reynolds condition is fulfilled, i.e., ∂p/∂x = 0 at
the free boundary [115].

2.2 Film thickness

To solve the Reynolds equation, knowledge about the separation of the surfaces
is required. Due to the assumed full film conditions, the separation may be
defined as the lubricant film thickness, i.e., h in Eq. (2.1.1). The film thickness
is described by the geometry of the contacting surfaces with respect to both
macro- and micro geometry, the rigid body displacement of the surfaces in
contact, and the deformation of the surfaces. This further makes the film
thickness dependent on the pressure itself and coupled through the deformation,
which is described in more detail in Chapter 3.

In the case of two curved surfaces being in contact, the macro geometry may
conveniently be described as only one curved surface in contact with a flat plane,
see Figure 2.2.1, which is an assumption employed to reduce the complexity of
the problem. This reduction is achieved by calculating the equivalent radius,
here described only in x-direction, according to:

R =
(
R−1

1 +R−1
2
)−1

. (2.2.1)

Moreover, depending on reference point for the coordinate system, different
descriptions of the macro geometry position in space over time may be utilised,
where different reference points may prove useful for different types of analyses.
Probably the most intuitive reference point may be a cylinder moving over the
plane in time, as shown in Figure 2.2.2. This implies that the cylinder speed
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Figure 2.2.1. Schematic of curved surfaces in contact (left) that may be described
by a single equivalent geometry in contact with a flat plane (right).

uc may be utilised to predict the translation of the cylinder from the initial
position onward, according to:

xc(t) = xc0 − uct. (2.2.2)

Hence, the geometry of the contacting surfaces may be written based on the
cylinder position as:

G(x, t) = (x− xc(t))2

2R . (2.2.3)

𝑧

𝑥𝑦

𝑢2 = 0

𝑢1

𝑢𝑐

𝑥𝑐 𝑡

Figure 2.2.2. The case with the reference point fixed on the flat plane, implying
that the cylinder moves in space over time.

More common while solving the EHL problem, however, is that the reference
point is chosen so that the coordinate system follows the translating movement
of the cylinder. This is often desired due to the possibility of finding a time
independent steady state solution to the problem. Following the translating
movement of the cylinder further results in the cylinder velocity being nil
relative to the reference point, i.e., uc = 0. Instead, the contacting surfaces
both move relative to each other, as shown in Figure 2.2.3. This further implies
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that the location of the gap stays stationary relative to the reference point and
that the position of the cylinder can be described independent of time according
to:

G(x, t) = G(x) = x2

2R. (2.2.4)

𝑧

𝑥𝑦
𝑢1

𝑢2

𝑢𝑐 = 0

Figure 2.2.3. The case with the reference point on the cylinder, implying that the
cylinder velocity is zero and the two surfaces move relative to each other.

Below, the film thickness equations for both infinite line contacts and finite
line contacts are presented and described in the context that they have been
implemented in this work.

2.2.1 Infinite line contacts

For infinite line contacts, the assumption that the contact is infinitely long
in the y-direction is applied and implies that the gap between the contacting
surfaces reads:

h(x, t) = δ(t) +G(x, t) + |w(x, t)|+Ri(x, t). (2.2.5)

Here, the rigid body displacement δ(t) refers to the distance between the
undeformed surfaces, w(x, t) is the deformation, and Ri(x, t) is the surface
roughness geometry.

The surface roughness features that have been utilised in this work are
described by a smooth function in a similar manner as Venner [38]. This implies
that the derivative is continuous over the whole geometry and sharp corners
are hence avoided throughout the whole geometry. The equation utilised for
the surface features read:

Ri (x, t) = AR,i · 10
−10
(
x−xR,i
λR,i

)2

. (2.2.6)

Here, xR is varied over time based on the initial position, x0, and the speed of
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the surface that the surface feature is located on, ui, according to:

xR,i = x0,i + uit. (2.2.7)

Note that also the surface feature is assumed infinitely long in y-direction,
which hence means that the surface feature represents either a groove or a
ridge, i.e., an infinitely long asperity or dent.

Moreover, in case of sinusoidal roughness being considered, the equation for
the roughness instead reads:

Ri (x, t) = AR,i cos
(

2π
λR,i

(x− xR,i)
)
, (2.2.8)

again with the roughness moving through space in time according to Eq. (2.2.7).

2.2.2 Finite line contacts

In case of considering finite line contacts, the film thickness equation also has
to include the additional dimension, i.e., the geometry along y according to
the previous definition in Section 2.2.1. The aforementioned geometry in the
x-direction may still be valid due to the cylindrical shape of the roller, however,
with the addition of the curvature in y-direction, see Figure 2.2.4.

Typically, in applications employing finite line contacts, the edges are
crowned in order to avoid sharp pressure spikes that may arise at the edges.
This is also known as the edge effect and may lead to premature failure due
to high stress concentrations, which may also become increasingly detrimental
in case of misalignment. Theoretically, the pressure spike can be completely
avoided by employing a logarithmic crowning that results in a smooth pressure
profile. A function for a logarithmically crowned roller based on design
parameters that allowed for the profile to be adjusted was presented by Fujiwara
and Kawase [116], who derived the equation based on the work by Johns and
Gohar [117]. This resulted in the logarithmically crowned roller to be described
according to:

G(y) = −Ac ln
(

1−
(

1− exp
(
−zm

Ac

))(
2 |y| − L
K2L

+ 1
)2
)
. (2.2.9)

with the parameter, Ac, used to adjust the crowning being written as:

Ac = 2K1fi

πLE′
(2.2.10)

This further implies that the full contact profile for a logarithmically
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crowned finite length roller may be written based on Eq. (2.2.4) and Eq. (2.2.9),
which results in:

G(x, y) =
{
G(x), |y| < ξ

G(x) +G(y), |y| ≥ ξ
(2.2.11)

with
ξ = L−K2L

2 . (2.2.12)

Therefore, the full film thickness equation for the finite line roller may be
written as:

h(x, y, t) = δ(t) +G(x, y) + |w(x, y, t)|+Ri(x, y, t). (2.2.13)
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Figure 2.2.4. Schematic of a logarithmically crowned roller with relevant variables.

2.3 Linear elasticity
Knowledge about the deformation of the contacting surfaces is required to
predict the pressure and film thickness in EHL contacts accurately, as explained
in Section 1.3. Due to the in-contact directionality of the film thickness, the
main parameter sought after is the deformation perpendicular to the contact
area, i.e., in the z-direction, which in this work is denominated w. The
deformations may be found by utilising classical elasticity theory, which states
the relationship between the stresses and strains in the material based on
certain boundary conditions, which e.g., relate the lubricant pressure to the
deformations as outlined in more detail in Chapter 3.

The aforementioned approach to solve the elasticity problem stays valid for
cases where the deformations are much smaller than the contacting surfaces,
further implying that small deformations are assumed. Moreover, the governing
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equations that describe the stress equilibrium in the material may be assumed
to behave quasi-statically. This holds due to the difference in characteristic
times between the lubrication problem and the elasticity problem, as shown by
Raisin et al. [118]. Based on those assumptions, the stress equilibrium in the
material may be written as:

∇ · σ = 0, (2.3.1)

where, the Cauchy stress tensor, written in Voigt form due to symmetry, is
related to the deformations according to:

σ =



σxx

σyy

σzz

τe,yz

τe,xz

τe,xy


= CDū (2.3.2)

Here, the deformation vector is defined as ū = (u, v, w)T , whereas the
compliance matrix C, which in this work describes a homogenous isotropic
material, and the derivative matrix D, are written according to:

C =



c1 c2 c2 0 0 0
c2 c1 c2 0 0 0
c2 c2 c1 0 0 0
0 0 0 c3 0 0
0 0 0 0 c3 0
0 0 0 0 0 c3


, D =



∂
∂x 0 0

0 ∂
∂y 0

0 0 ∂
∂z

0 ∂
∂z

∂
∂y

∂
∂z 0 ∂

∂x

∂
∂y

∂
∂x 0


. (2.3.3)

In order to reduce the elasticity problem further, the equivalent elasticity
approach may be utilised [41]. This allows for the deformation of two contacting
surfaces to be solved in one equivalent deforming solid by the definition of
equivalent material properties, i.e., the elasticity moduli Ei and the Poission’s
ratio νi of the surface i, obtained by:

Eeq = E2
1E2 (1 + ν2)2 + E1E

2
2 (1 + ν1)2

(E1 (1 + ν2) + E2 (1 + ν1))2 ,

νeq = E1ν2 (1 + ν2) + E2ν1 (1 + ν1)
E1 (1 + ν2) + E2 (1 + ν1) .

(2.3.4)
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This leads to the parameters in the compliance matrix being written as:

c1 = Eeq (1− νeq)
(1 + νeq) (1− 2νeq) , c2 = Eeqνeq

(1 + νeq) (1− 2νeq) ,

c3 = Eeq

2 (1 + νeq) .
(2.3.5)

Expanding Eq. (2.3.1) using Eq. (2.3.2)-(2.3.5) gives the system of equations
that describes the deformation relationships:

∂

∂x

(
c1
∂u

∂x
+ c2

(
∂v

∂y
+ ∂w

∂z

))
+ ∂

∂y

(
c3

(
∂u

∂y
+ ∂v

∂x

))
+ ∂

∂z

(
c3

(
∂u

∂z
+ ∂w

∂x

))
= 0

∂

∂x

(
c3

(
∂u

∂y
+ ∂v

∂x

))
+ ∂

∂y

(
c1
∂v

∂y
+ c2

(
∂u

∂x
+ ∂w

∂z

))
+ ∂

∂z

(
c3

(
∂v

∂z
+ ∂w

∂y

))
= 0

∂

∂x

(
c3

(
∂u

∂z
+ ∂w

∂x

))
+ ∂

∂y

(
c3

(
∂v

∂z
+ ∂w

∂y

))
+ ∂

∂z

(
c1
∂w

∂z
+ c2

(
∂u

∂x
+ ∂v

∂y

))
= 0.

(2.3.6)

Note that this approach results in calculation of the combined equivalent
deformations and stresses in the contacting bodies. As an example, if the
material of the two contacting bodies are assumed to be the same, the
equivalent elasticity modulus becomes Eeq = E1/2 = E2/2 and the Poisson’s
ratio νeq = ν1 = ν2, which further implies that the equivalent deformations
become ueq = 2u, veq = 2v and weq = 2w. Additionally, the stresses calculated
utilising this approach becomes σeq = σ, meaning that the stress in each body
is calculated directly.

If the materials are chosen differently, however, i.e., E1 6= E2 and ν1 6= ν2,
the equivalent deformations are still accurate. However, the stresses in each
contacting body must be calculated separately, i.e., without employing the
equivalent elasticity approach.

Furthermore, in the case of an infinite line contact assumption, a plain strain
assumption may be employed that reduces Eq. (2.3.6) by one dimension. This
means that the stresses in y-direction may be neglected due to the negligible
principle strain in this direction. This results in the system of equations in
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Eq. (2.3.2)-(2.3.3) being written as:

 σxx

σzz

τe,xz

 =

c1 c2 0
c2 c1 0
0 0 c3




∂
∂x 0

0 ∂
∂z

∂
∂z

∂
∂x


(
u

w

)
. (2.3.7)

2.4 Elasto-plasticity

Due to the relatively high stresses that may arise in EHL contacts, the influence
of plasticity becomes of interest under certain circumstances. In this work, the
plasticity was considered with respect to the deformation of asperities and the
associated non-linear problem was solved by using commercial software [119].
The mathematical model employed is therefore described in detail in the
commercial software documentation [120] and only briefly summarised here
for the sake of completeness.

In order to consider the plastic deformations occurring in the contacting
bodies, a yield function has to be defined with the purpose of specifying when
the material yield, i.e., at what point the material starts to plastically deform.
In this work, the yield function was chosen to be based on the von Mises stress
criteria, which means that the plastic potential in the material could be stated
as:

Fy = σvM − σy(εp) (2.4.1)

with the effective stress being calculated by the von Mises equivalent stress,
described based on Eq. (2.3.2) as:

σvM =
(
σ2

xx + σ2
yy + σ2

zz − σxxσyy − σyyσzz − σzzσxx

+ 3τ2
e,xy + 3τ2

e,yz + 3τ2
e,xz

)1/2
.

(2.4.2)

A flow rule based on the plastic potential is employed to define the increment
of the plastic strain in the yielded material subjected to further loading. This
may be referred to as the pseudo-time derivative of the plastic strain increment
and described according to:

ε̇p = λ
∂Fy

∂σ
. (2.4.3)

In case of a perfectly plastic response of the material, the increment of plastic
strain would stay constant due to the yield function being independent of plastic
strain. However, in this work, a linear hardening rule is employed to the yield
stress, which means that the yield stress is a linear function of the plastic
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strain. Thereby, the yield stress is assumed to increase linearly with plastic
strain according to:

σy(εp) = σy0 + εp(
E−1

T − E−1
eq

) , (2.4.4)

with the tangential elastic modulus being based on the equivalent elasticity
modulus (see Eq. (2.3.4)), according to:

ET = ϑEeq. (2.4.5)

2.5 Load balance

For an EHL contact that is operating in the full film lubrication regime, any
applied load to the system is completely carried by the lubricant that separates
the surfaces. A typical contact between a cylinder and a plane may be described
by a cylinder with mass, m, being clamped between the plane and springs
with a total spring constant, ks, that represent the stiffness of the system, as
illustrated in Figure 2.5.1.

𝛿𝑖

𝛿
𝑘𝑠 𝑚

Figure 2.5.1. Illustration of a cylinder with mass m being clamped within a system
having the stiffness ks.

The equation of motion for the system therefore includes the inertia of the
moving cylinder, the variation in load due to the movement of the cylinder
based on the stiffness of the springs, as well as the fluid film pressure in the
contact domain, ∂Ωc, that carries the load. This results in the equation of
motion being written according to:

m
∂2δ

∂t2
+ ks (δ − δi) =

∫
∂Ωc

p(x, y, t) dxdy. (2.5.1)

In this case, the initial displacement of the cylinder that compresses the springs



36 Chapter 2. Lubrication theory

generates an initially applied load to the system according to:

F = ks (δ0 − δi) , (2.5.2)

where δi is the new, initial, equilibrium position of the roller in the clamped
state. This further leads to the full equation of motion, depending on the rigid
body displacement from the equilibrium position and the load generated, being
expressed as:

m
∂2δ

∂t2
+ ks (δ − δ0) =

∫
∂Ωc

p(x, y, t) dx− F, (2.5.3)

However, due to the small rigid body displacements in relation to the spring
constant in combination with the stiffness of the lubricant film compared to
the steel, the film thickness is not significantly affected by the oscillations
that occur following the spring load, as shown by Popovici et al. [121]. The
problem may hence be reduced to a time dependent applied load with the rigid
body displacement being restricted by the inertia of the system, as highlighted
by Wijnant [76] and illustrated in Figure 2.5.2. This further implies that
Eq. (2.5.3) reduces to:

m
∂2δ

∂t2
=
∫

∂Ωc
p(x, y, t) dxdy − F. (2.5.4)

𝛿

𝐹 𝑡

𝑚

Figure 2.5.2. Illustration of simplified case where the load is applied directly onto
the cylinder.

Furthermore, in cases where the rigid body displacement is small over time
and where fluctuations of the external loading is not significant and hence
does not influence the contact width noticeably, the assumption that the load
is quasi-statically carried by the lubricant film at every time step may be
employed, resulting in the load balance to simply read:∫

∂Ωc
p(x, y, t) dxdy = F. (2.5.5)



2.6. Energy equations 37

2.6 Energy equations

The heat generation and dissipation within the lubricant film and the
dissipation into the surrounding material, i.e., to the contacting surfaces,
are described by the energy equations. Due to the thin lubricant film,
reasonable assumptions may be applied to the energy equations that reduces
the complexity of the problem [40], including the assumption that velocity
variations in z-direction may be neglected.

The heat generation within the lubricant film arises from compression and
shear heating, which must be considered. The energy equation for the lubricant
film, including the velocity field in y-direction, reads:

− ∂

∂x

(
klub

∂T

∂x

)
− ∂

∂y

(
klub

∂T

∂y

)
− ∂

∂z

(
klub

∂T

∂z

)
+ ρclub

(
∂T

∂t
+ uf

∂T

∂x
+ vf

∂T

∂y

)
= Q.

(2.6.1)

with the heat sources relating to compression and shear hearing being written
as:

Q = −T
ρ

∂ρ

∂T

(
∂p

∂t
+ uf

∂p

∂x
+ vf

∂p

∂y

)
︸ ︷︷ ︸

Compression/Decompression

+ η

((
∂uf

∂z

)2
+
(
∂vf

∂z

)2
)

︸ ︷︷ ︸
Shear

. (2.6.2)

The heat from compression is generally low in comparison to the shear
heating, and may only for pure rolling conditions be in the same magnitude
as the shear heating as shown by Habchi and Vergne [122]. However, during
sliding, shear heating increases significantly due to the viscosity magnitude of
the lubricant being sheared.

Since heat is only generated within the lubricant film and transported
through the bounding solids, the energy equations for the solids only involve
the conduction and convection terms, whereas the velocity in the entrainment
direction influences the heat transport. This further leads to the energy
equation for each solid i being described according to:

− ∂

∂x

(
ks,i

∂T

∂x

)
− ∂

∂y

(
ks,i

∂T

∂y

)
− ∂

∂z

(
ks,i

∂T

∂z

)
+ ρs,ics,i

(
∂T

∂t
+ ui

∂T

∂x

)
= 0,

(2.6.3)

For the infinite line contact case, the aforementioned energy equations
Eq. (2.6.1)-(2.6.3) may be reduced due to the assumed infinite contact width,
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implying that no convection, conduction, nor pressure variations take place in
the y-direction, as stated in Section 2.8.1. Moreover, the boundary conditions
relating to the thermal problem in the context of TEHL contacts is described
in detail in Section 3.1.2.

2.7 Lubricant characterisation

Throughout the history of EHL research, many relatively simple models
have been utilised to describe the lubricant pressure, temperature, and shear
thinning response due to the need for only a few parameters to completely
define the lubricant behaviour within the lubricated contact. The model used
by Ertel and Grubin [20] to describe the lubricant behaviour was based on
an exponential viscosity increase with pressure, i.e., the Barus equation [24].
However, such an approach rapidly overestimates the viscosity at high
pressures, which has led to the model presented by Roelands [123] to be widely
employed with reasonable success to predict the pressure-temperature-viscosity
behaviour of various lubricants.

Regarding compressibility, the equation presented by Dowson et al. [124]
has been utilised to a great extent in early EHL studies that considered the
influence of compressibility. However, the equation of state utilised has mainly
been implemented in the form that describes the behaviour of a certain mineral
oil, which predicts a limited compressibility of around 35%. Even though this
model has been proven incorrect for many lubricants, it has still been widely
used due to its simplicity. Moreover, Jacobson and Vinet [125] presented a
model to consider compressibility based on experiments up to relatively high
pressures, that was used with success to investigate the compressibility effects
on the behaviour of EHL contacts by Venner and Bos [126].

In this section, the models used in this work are presented. These models are
more sophisticated than the aforementioned models and provide a more realistic
and accurate description of the lubricant behaviour. However, these models
instead require an increased number of parameters to completely describe the
behaviour of the oils in question. This has in this work been overcome by the
relatively recent increase in lubricant data provided in the literature for various
oils, see e.g., the works by Bair [58,127,128].

A common equation of state that with success has been used to describe
the volume variations, i.e., the compressibility, under high pressures is
the Tait equation of state [58]. For viscosity variations, the free volume
equation referred to as the Doolittle equation has been shown to describe the
viscosity variations relatively accurately for different lubricants [128], whereas a
Vogel-like approach was utilised to describe the viscosity behaviour of Squalane
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by Björling et al. [57]. The shear rate response has in this work been assumed
to follow a shifted Carreau equation, which has been reported to successfully
describe the shear rate response by Squalane relatively accurately [57].

2.7.1 Pressure and temperature response

The Tait equation of state may be utilised to estimate the volume change
of a lubricant due to pressure and temperature variations, i.e., to describe
the compressibility-pressure-temperature relationship. The isothermal pressure
dependency for a specified temperature reads:

V

V0
= 1− 1

1 +K ′0
ln
(

1 + p

K0
(1 +K ′0)

)
, (2.7.1)

with K0 describing the isothermal bulk modulus at zero pressure according to
either:

K0 = K00 exp (−βKT ) , (2.7.2)

or
K0 = K∞ + K̇0

T
, (2.7.3)

depending on data set and oil studied [127].
Moreover, the volume change due to temperature variations at zero pressure

may be assumed to follow the linear relationship [58]:

V0

Vr
= 1 + av (T − Tr) . (2.7.4)

The density may therefore, for a certain pressure and oil temperature, be
calculated as the inverse ratio of the volume change, i.e.:

ρ(p, T )
ρr

=
(
V

Vr

)−1
=
(
V

V0

V0

Vr

)−1
. (2.7.5)

The Newtonian viscosity behaviour for certain oils may for various pressures
and temperatures be estimated relatively accurately by the Doolittle equation
in combination with the Tait equation of state. The Tait-Doolittle equation
may hence be used to describe the viscosity based on the free volume, according
to [58]:

µ(p, T )
µr

= exp
(
BR0

(
V∞
V∞r

V
Vr
−R0

V∞
V∞r

− 1
1−R0

))
, (2.7.6)

where the occupied volume is assumed to vary linearly with temperature
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according to:
V∞
V∞r

= 1 + εc (T − Tr) . (2.7.7)

Another way to describe the Newtonian viscosity-pressure-temperature
behaviour is to utilise a Vogel-like relationship. This has been proven accurate
for various oils, e.g., for Squalane [57] and the mineral oil Shell T9 [55], and
reads:

µ (p, T ) = µ∞ exp
(
BFϕ∞
ϕ− ϕ∞

)
, (2.7.8)

where the scaling parameter, ϕ, is dependent on the temperature and
compressibility according to:

ϕ = T

Tr

(
V

Vr

)g
. (2.7.9)

Moreover, the thermal conductivity and volumetric heat capacity vary with
pressure and temperature in the lubricant. The conductivity may for Squalane
be relatively accurately described by [57]:

klub = Ckκ
−s, (2.7.10)

with
κ = V

Vr

(
1 +A

T

Tr

(
V

Vr

)q)
. (2.7.11)

Whereas the heat capacity follows:

Club = ρclub = C0 +mcχ (2.7.12)

with

χ = T

Tr

(
V

Vr

)−3
. (2.7.13)

Note that for other oils than Squalane, the equations related to conductivity
and heat capacity may differ with respect to exponents and constants, as can
be seen in e.g., the case of Shell T9 [55].

2.7.2 Shear dependence of viscosity

When being sheared, lubricants may change behaviour due to various
influencing parameters such as e.g., molecular alignment. The essential
parameter to consider in EHL simulations is the shear thinning of the lubricant,
as pointed out by Bair [128]. Shear thinning is related to the loss of viscosity
due to molecular alignment and may, for certain lubricants, be important to
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consider for accurate predictions of film formation in EHL contacts.
A plethora of modelling techniques for shear thinning exist that may be

utilised, see e.g., the works by Bair [58, 127, 128]. However, in this work,
a t-T-p shifted Carreau equation has been utilised that has been shown to
successfully describe the shear thinning behaviour of Squalane [57, 129]. The
shear dependency, in terms of non-Newtonian behaviour, was hence described
based on the Newtonian viscosity and the shear rate according to:

η (p, T, γ̇) = µ

(
1 +

(
γ̇λr

µ

µr

Tr

T

V

Vr

)2
)(n−1)/2

, (2.7.14)

where the shear rate of the lubricant is described as the effective shear rate
based on both the xz-plane and the yz-plane according to:

γ̇ =
√
γ̇2

xz + γ̇2
yz =

√(
∂uf

∂z

)2
+
(
∂vf

∂z

)2
, (2.7.15)

with the velocity fields being described according to Eq. (2.1.3) and Eq. (2.1.4).
Furthermore, the shear stress:

τ = ηγ̇, (2.7.16)

may be assumed to approach a limiting value based on the pressure in the
contact, which has been shown to be important for quantitative predictions of
friction in EHL contacts [57, 130]. This further implies that if the shear stress
exceeds the limiting shear stress of the lubricant, i.e.:

τL = Λp, (2.7.17)

the shear stress in Eq. (2.7.16) is truncated to τL, otherwise it is kept
unchanged. The physical meaning of limiting shear stress is still not well
understood as pointed out by Martinie and Vergne [131] but proves necessary
for quantitative predictions of friction in EHL contacts, as seen by Björling et
al. [130] and pointed out by Habchi [132].

2.8 Dimensionless formulations

In this section, the previously presented mathematical models posing the EHL
problem are written in dimensionless form. The dimensionless formulations are
based on normalisation using reference parameters and is utilised for two main
reasons; first, to reduce the number of dependent variables in the problem and
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second, to conduct computations with numbers close to unity. This improves
the conditioning of the problem and reduces the approximation errors that arise
in the numerical solutions.

The scaling of the problem is conveniently done by utilising Hertz theory
for contact mechanics [23]. Hertz parameters provide analytical solutions for
the dry contact pressure profile and the contact geometry, which are suitable
for scaling of the EHL problem. The Hertzian contact pressure, ph and contact
width a is for a line contact written as:

ph = 2F
πa

, a =
√

8FR
πE′

, (2.8.1)

where F is the applied load per unit length (F = f/L) and the radius, R, is the
equivalent radius of the contacting bodies according to Eq. (2.2.1). Moreover,
the reduced modulus of elasticity, E′, is defined by the elastic moduli and
Poisson’s ratios of the two contacting bodies according to:

2
E′

=
(
1− ν2

1
)

E1
+
(
1− ν2

2
)

E2
. (2.8.2)

The aforementioned Hertz parameters in combination with suitable
reference parameters are utilised to formulate the dimensionless equations
governing the EHL problem for the infinite line contact and the finite line
contact. The dimensionless form of the main equations are presented in
detail below, however, the dimensionless formulations related to the lubricant
parameters are excluded due to the straightforward manner that these are
normalised by utilising properties at the lubricant reference state. These
may, however, be found in Part II of this thesis, where also certain additional
equations for calculating dimensional parameters based on the dimensionless
variables are provided.

2.8.1 Infinite line contacts

For infinite line contacts, the contact width dimension, i.e., the spatial
dimension y, may be neglected due to the assumed continuous behaviour along
the whole contact. This, in combination with the utilisation of the Hertzian
parameters and other suitable reference parameters, described by subscript r,
define the parameters required to formulate the dimensionless EHL problem
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for the assumed infinite line contact. The parameters utilised in this work are:

X = x

a
, Z =

{
z/a for the solids,
z/h for the lubricant film,

H = hR

a2 ,

G = GR

a2 , P = p

ph
, T̄ = T

Tr
, ρ̄ = ρ

ρr
, η̄ = η

µr
,

Θ = tue

a
, ∆ = δR

a2 , U = uR

a2 , W = wR

a2 , R̄i = RiR

a2 ,

ĀR,i = AR,iR

a2 , ΛR,i = λR,i

a
.

(2.8.3)

The time dependent generalised Reynolds equation including the penalty
term (Eq. (2.1.7)) may hence be rewritten in dimensionless form by utilising
Eq. (2.8.3), which results in:

∂

∂X

((
ρ̄

η̄

)
e

H3

λ

∂P

∂X

)
− ∂ (ρ̄∗H)

∂X
− ∂ (ρ̄eH)

∂Θ − ΦP− = 0, (2.8.4)

with the parameters: (
ρ̄

η̄

)
e

= η̄eρ̄
′
e

η̄′e
− ρ̄′′e , λ = ueR

2µr

a3ph
. (2.8.5)

The density and viscosity variations across the film thickness are written in
dimensionless form according to:

ρ̄∗ = ρ̄′eη̄e (u1 − u2) + ρ̄eu2

ue
, ρ̄e =

1∫
0

ρ̄ dZ,

ρ̄′e =
1∫

0

ρ̄

Z∫
0

dZ ′

η̄
dZ, ρ̄′′e =

1∫
0

ρ̄

Z∫
0

Z ′dZ ′

η̄
dZ,

1
η̄e

=
1∫

0

dZ

η̄
,

1
η̄′e

=
1∫

0

ZdZ

η̄

(2.8.6)

and the penalty term used to suppress negative pressures is now being written
based on the dimensionless pressure according to:

P− =
{

0, P ≥ 0,
P, P < 0.

(2.8.7)
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The film thickness equation (Eq. (2.2.5)) is in dimensionless form written
according to:

H (X,Θ) = ∆ (Θ) + G(X) + |W (X,Θ)|+ R̄i (X,Θ) , (2.8.8)

with the stationary dimensionless gap (Eq. (2.2.3))) written as:

G(X) = X2

2 . (2.8.9)

In case of the reference point being set on the plane (Eq. (2.2.2)), the gap is
described as:

G(X,Θ) = (X −Xc(Θ))2

2 , (2.8.10)

with the movement of the cylinder in space over time (with time being scaled
with uc instead of ue due to the changed reference point) being written as:

Xc(Θ) = Xc0 −Θ. (2.8.11)

The system of equations describing the relationship between the
deformations according to Eq. (2.3.7) are in dimensionless form written
according to:

− ∂

∂X

(
C1

∂U

∂X
+ C2

∂W

∂Z

)
− ∂

∂Z

(
C3

(
∂U

∂Z
+ ∂W

∂X

))
= 0,

− ∂

∂X

(
C3

(
∂U

∂Z
+ ∂W

∂X

))
− ∂

∂Z

(
C2

∂U

∂X
+ C1

∂W

∂Z

)
= 0,

(2.8.12)

with the dimensionless parameters in the compliance matrix, describing the
dimensionless properties of the contacting surfaces, being written as follows:

C1 = Ēeq (1− νeq)
(1 + νeq) (1− 2νeq) , C2 = Ēeqνeq

(1 + νeq) (1− 2νeq) ,

C3 = Ēeq

2 (1 + νeq) ,
(2.8.13)

with the dimensionless equivalent elasticity modulus being defined as:

Ēeq = Eeqa

Rph
(2.8.14)

Moreover, the surface roughness features (Eq. (2.2.6)) may in dimensionless
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form be written according to:

R̄i (X,Θ) = ĀR,i · 10
−10
(
X−XR,i

ΛR,i

)2

. (2.8.15)

with the position of the surface feature moving in the dimensionless spatial
direction X according to:

XR,i = X0 + ui

ue
Θ. (2.8.16)

In the same manner, the sinusoidal waviness is described according to:

R̄i (X,Θ) = ĀR,i cos
(

2π
ΛR,i

(X −XR,i)
)
. (2.8.17)

The quasi-static load balance equation (Eq. (2.5.2)) does for the infinite
line contact assumption in dimensionless form read:∫

∂Ωc
P (X,Θ) dX = π

2 . (2.8.18)

Moreover, the non-dimensional energy equations are written according to:

− ∂

∂X

(
ks,1

a

∂T̄

∂X

)
− ∂

∂Z

(
ks,1

a

∂T̄

∂Z

)
+ ρs,1cs,1

(
∂T̄

∂Θue + ∂T̄

∂X
u1

)
= 0,

− ∂

∂X

(
ks,2

a

∂T̄

∂X

)
− ∂

∂Z

(
ks,2

a

∂T̄

∂Z

)
+ ρs,2cs,2

(
∂T̄

∂Θue + ∂T̄

∂X
u2

)
= 0,

− ∂

∂X

(
Hklub

R

∂T̄

∂X

)
− ∂

∂Z

(
klubR

Ha2
∂T̄

∂Z

)
+ ρ̄ρrclub

Ha

R

(
∂T̄

∂Θue + ∂T̄

∂X
uf

)
= Q̄.

(2.8.19)

Note that the solids and the lubricant film are scaled differently according
to Eq. (2.8.3). The heat source expressed using the relevant dimensionless
variables, Q̄, describes the energy generated from compression and shear in the
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lubricant film according to:

Q̄ = −Haph

RTr

T̄

ρ̄

∂ρ̄

∂T̄

(
∂P

∂Θue + ∂P

∂X
uf

)
+ µrη̄

Tr

Ha2

R
γ̇2

xz. (2.8.20)

2.8.2 Finite line contacts

The finite line EHL contact problem is treated in a similar manner as
above, however, with the addition of the spatial direction y. The finite line
EHL contact problem was also limited to isothermal conditions and smooth
surfaces in this work. The dimensionless parameters utilised to formulate the
dimensionless finite line EHL contact problem are written as:

X = x

a
, Y = y

L
, Z = z

a
, H = hR

a2 , G = GR

a2 ,

U = uR

a2 , V = vR

a2 , W = wR

a2 , ρ̄ = ρ

ρr
, µ̄ = µ

µr
,

P = p

ph
, ∆ = δR

a2 , Θ = tue

a
, F = f

fi
,

(2.8.21)

Utilisation of the parameters in Eq. (2.8.21) results in the dimensionless
isothermal Reynolds equation in two dimensions, i.e., Eq. (2.1.6) excluding the
penalty term, being written according to:

∂

∂X

(
ρ̄H3

µ̄λ

∂P

∂X

)
+ θ2 ∂

∂Y

(
ρ̄H3

µ̄λ

∂P

∂Y

)
= ∂ (ρ̄H)

∂X
+ ∂ (ρ̄H)

∂Θ , (2.8.22)

with the parameters:

λ = 12ueµrR
2

pha3 , θ = a

L
. (2.8.23)

The film thickness equation (Eq. (2.2.13)) does in dimensionless form read:

H(X,Y,Θ) = ∆(Θ) + G(X,Y ) + |W (X,Y,Θ)| (2.8.24)

with the dimensionless gap, G, being written as:

G(X,Y ) =
{
G(X), |Y | < ξ̄

G(X) + G(Y ), |Y | ≥ ξ̄
(2.8.25)

with the starting point of the logarithmic crowning being defined at:

ξ̄ = 1−K2

2 . (2.8.26)
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Furthermore, the dimensionless gap in X-direction, i.e., G(X), is described
according to Eq. (2.8.9) and the dimensionless gap in Y -direction now reads:

G(Y ) = −AcR

a2 ln
(

1−
(

1− exp
(
−zm

Ac

))(
2 |Y | − 1
K2

+ 1
)2
)
. (2.8.27)

The deformations may be found by solving the non-dimensional form of
Eq. (2.3.6), which, based on the dimensionless parameters in Eq. (2.8.21) reads:

∂

∂X

(
C1

∂U

∂X
+ C2

(
θ
∂V

∂Y
+ ∂W

∂Z

))
+ θ

∂

∂Y

(
C3

(
θ
∂U

∂Y
+ ∂V

∂X

))
+ ∂

∂Z

(
C3

(
∂U

∂Z
+ ∂W

∂X

))
= 0

∂

∂X

(
C3

(
θ
∂U

∂Y
+ ∂V

∂X

))
+ θ

∂

∂Y

(
θC1

∂V

∂Y
+ C2

(
∂U

∂X
+ ∂W

∂Z

))
+ ∂

∂Z

(
C3

(
∂V

∂Z
+ θ

∂W

∂Y

))
= 0

∂

∂X

(
C3

(
∂U

∂Z
+ ∂W

∂X

))
+ θ

∂

∂Y

(
C3

(
∂V

∂Z
+ θ

∂W

∂Y

))
+ ∂

∂Z

(
C1
∂W

∂Z
+ C2

(
∂U

∂X
+ θ

∂V

∂Y

))
= 0

(2.8.28)

with C1, C2 and C3 again being defined according to Eq. (2.8.13).
Lastly, the non-dimensional form of the load balance equation, which here

includes the inertia of the moving bodies (Eq. (2.5.4)), is written as:

1
Ω2

n

d2∆
dΘ2 + 2

π

∫∫
∂Ω
P (X,Y,Θ) dXdY = F(Θ). (2.8.29)

with the dimensionless natural frequency [76], Ωn, being defined according to:

Ωn =

√
Rfi

mu2
e

(2.8.30)





Chapter 3

Numerical approach

This chapter describes in detail the numerical methods used to solve the
EHL problem with focus on the various effects outlined in the research
questions presented in Chapter 1. The numerical models are based on the
mathematical equations presented in Chapter 2 and are all based on a finite
element (FE) approach that was previously developed and presented in detail
by Habchi [41,132]. This approach allows for the EHL problem to be solved in
a fully coupled manner by utilising a full-system approach. This implies that
the Reynolds equation, the linear elasticity equations, and the load balance
equation are solved simultaneously without any loss of information. However,
in this work the thermal model required to solve the thermal EHL (TEHL)
problem was weakly coupled with the fully coupled EHL model, which is further
described and motivated in more depth in Section 3.1.3.

The main purpose of this chapter is to provide details on how the numerical
problems were posed and solved, including weak formulations of the equations,
the associated boundary conditions related to the EHL and thermal problems,
the employed stabilisation techniques, and the utilised discretisation methods.
However, due to utilisation of commercial finite element method (FEM)
software [119], the discretisation of the weak formulations is not covered in this
chapter since this was done by the techniques provided in the utilised software.
The utilisation of existing software has the advantage of solving the FE problem
with sophisticated, robust, numerical solvers. For the interested reader,
however, details about the FE formulations and discretisation techniques may
be found in e.g., the work by Hughes [133]. Whereas, more specific details
related to the EHL problem solved using FE may be found in the work by
Habchi [132].

The model setup for the various problems and the different contacts are

49
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presented in detail below, starting with the infinite line contact with focus on
the EHL, TEHL and PEHL models. Thereafter, the EHL model with focus
on finite line contacts is presented. The solution procedures are explained in
connection to the individual models below. However, details related to e.g.,
element type, interpolation order and solver tolerances may, for the interested
reader, be found in connection to the individual studies found in Part II of this
thesis.

3.1 Infinite line contacts

For the infinite line contact models, the elasticity problem may be simplified
to a 2D problem and the Reynolds equation to 1D by assuming that no
variations occur along the Y -direction, see Section 2.8.1. These assumptions
prove relatively accurate for the central part of the line contact due to the small
influence from side leakage at the edges in elongated contacts. It was shown by
Nijenbanning et al. [134] that for elliptical contacts, elongated perpendicular
to the entrainment direction, the equivalent line contact could predict the
lubricating conditions in the central part of the elliptical contact relatively
accurately for cases where the ratio between the radii in both directions, i.e.,
D = Rx/Ry, had a value of D ≤ 0.15. For line contacts, however, the
contact width ratio becomes significantly larger and the infinite line contact
approximation can hence be assumed to predict the central part of line contacts
relatively accurately.

3.1.1 EHL FEM model

In the case of an assumed infinite line contact, the EHL problem is conveniently
solved on a quadratic 2D domain, ΩD, that represents the deforming body. This
domain is defined to be large enough for a negligible influence of the edges on
the deformations, which further means that the deformation gradient should
be close to zero at the outer boundaries of ΩD. It was shown by Habchi [41]
that a domain size of 60×60, expressed in dimensionless spatial coordinates, is
sufficient for this to be achieved. Therefore, the computational domain shown
in Figure 3.1.1 was utilised to define and solve the numerical EHL problem in
this work.

The dimensionless generalised Reynolds equation is solved with respect to
the pressure, P , on the boundary ∂Ωc, with Dirichlet boundary conditions
enforcing P0 at the end nodes of the boundary, i.e., at Γc. The length of the
contact domain must allow for the pressure gradient on the inlet boundary
node to be negligible to ensure a sufficiently long inlet region to consider the
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Figure 3.1.1. Illustration of the computational domain used for the numerical
infinite line EHL contact problem, including boundaries and dimensions.

lubricant film formation, i.e., to avoid numerical starvation. It must also ensure
a sufficiently long outlet region to consider the moving boundary problem
completely, and hence allow for the pressure to stabilise around the ambient
pressure before the outlet boundary node. These criteria are ensured for the
cases studied in this work by specifying a length of the contact boundary of 7,
stretching between −4.5 ≤ X ≤ 2.5 at Z = 0.

Moreover, a fixed boundary condition is applied to the bottom boundary of
ΩD, i.e., at ∂ΩB . The boundary conditions applied to the deformation domain
ΩD that relate to the elasticity problem may be summarised mathematically
according to: 

σ̄n = −P and σ̄t = 0 at ∂Ωc,

U = V = 0 at ∂ΩB ,

σ̄n = σ̄t = 0 elsewhere,
(3.1.1)

where σ̄n and σ̄t describe the normal- and tangential components of the
dimensionless stress toward the boundary, with the stress scaled with the
Hertzian pressure according to σ̄ = σ/ph.

The generalised Reynolds equation in dimensionless form (Eq. (2.8.4)) is
implemented into the Multiphysics software [119] in weak formulation. The
weak formulation is stated by first introducing a weight function, φP , to
the partial differential equation by multiplication. The modified equation is
then integrated over the solution domain, in this case ∂Ωc, and thereafter the
derivative from the variable in question is transferred to the weight function
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by utilisation of Green’s theorem. This finally leads to a weakening of the
differentiability of the variable in question, while also revealing the natural
boundary conditions of the problem [132,133,135].

The weak formulation of the dimensionless generalised Reynolds equation in
terms of the Galerkin formulation, with zero pressure at the contact boundary
nodes (P0 = 0) may, based on the above, be written as:

Find P ∈ SP such that ∀φP ∈ SP , one has:∫
∂Ωc

((
ρ̄

η̄

)
e

H3

λ

)
∂P

∂X

∂φP

∂X
dΩ−

∫
∂Ωc

ρ̄∗H
∂φP

∂X
dΩ

+
∫

∂Ωc

∂ (ρ̄eH)
∂Θ φP dΩ +

∫
∂Ωc

ΦP−φP dΩ = 0.,
(3.1.2)

where the weight functions are assumed to belong to the same set as the trial
solutions, i.e., SP , which is defined as:

SP =
{
P |P ∈ H1(∂Ωc), P = P0 on Γc

}
. (3.1.3)

Moreover, the term Φ is calculated based on the FE mesh size, he, and the
constant Φ0 according to:

Φ = heΦ0. (3.1.4)

In highly loaded contact cases, the Reynolds equation becomes convection
dominated in the high pressure region due to negligible Poiseuille flow as a result
of high viscosities (see Eq. (2.8.4)). This results in a reduced performance of
the employed Galerkin method in capturing sub-grid errors within the high
pressure region, which further results in spurious oscillations occurring within
the solution [132, 136]. These oscillations may be suppressed by utilising e.g.,
the Galerkin least squares (GLS) method proposed by Hughes et al. [137]. The
GLS stabilisation technique suppresses such oscillations without removing the
consistency of the Reynolds equation due to the utilisation of a residual based
formulation.

In order to employ stabilisation to the Reynolds equation in a
straight-forward manner, the diffusion-convection-source form of Eq. (3.1.2)
may be formulated [41]. This is achieved by utilising the temperature
independent part of the density, i.e., ρ̄0 = ρ̄(P, T = Tr), leading to the diffusion,
convection and source coefficients to be formulated according to:

ε =
(
ρ̄

η̄

)
e

H3

λ
, β =

(
ρ̄∗

ρ̄0

)
H
∂ρ̄0

∂P
, QRey = −ρ̄0

∂

((
ρ̄∗

ρ̄0

)
H

)
∂X

, (3.1.5)
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respectively. This further results in the diffusion-convection-source form of the
transient generalised Reynolds equation to be written in residual form according
to:

RRey (P ) = − ∂

∂X

(
ε
∂P

∂X

)
+ β

∂P

∂X
−QRey + ∂ (ρ̄eH)

∂Θ = 0. (3.1.6)

Based on the coefficients in Eq. (3.1.5) and the residual form of the
generalised Reynolds equation in Eq. (3.1.6), the stabilised generalised
Reynolds equation utilising the GLS approach does in weak form, excluding
the penalty term and zero boundary terms, read:

Find P ∈ SP such that ∀φP ∈ SP , one has:∫
∂Ωc

ε
∂P

∂X

∂φP

∂X
dΩ +

∫
∂Ωc

(
β
∂P

∂X
−QRey + ∂ (ρ̄eH)

∂Θ

)
φP dΩ

+
ne∑

e=1

∫
∂Ωc,e

RRey (P ) τP

(
β
∂φP

∂X
− ∂

∂X

(
ε
∂φP

∂X

))
dΩ = 0,

(3.1.7)

with τP being defined based on the work by Galeão et al. [138] as:

τP = he

2 |β| l ζP (PeP ) , (3.1.8)

and the Péclet number, PeP , and the function, ζP (Pe), being written as:

PeP = |β|he

2εl , ζ (PeP ) = coth(PeP )− Pe−1
P . (3.1.9)

Additional stabilisation may be useful in cases where instabilities still arise
or when convergence problems arise due to sharp gradients in the solution.
This may be applied by utilising the non-residual based stabilisation technique
isotropic diffusion (ID), which is formulated and added to the generalised
Reynolds equation as:

SID(P ) =
ne∑

e=1

∫
∂Ωc,e

ρID
he |β|

2l
∂P

∂X

∂φP

∂X
dΩ. (3.1.10)

where ρID defines the magnitude of stabilisation (0 ≤ ρID ≤ 1). Note, however,
that ID is a non-residual based stabilisation technique, which thereby results
in the consistency of the Reynolds equation to be lost [132]. However, the
influence of the stabilisation should optimally be minimised to only suppress the
remaining oscillations or facilitate convergence during the solution procedure.
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The elasticity equations used to find the deformations in Ū = (U,W )T are
written in weak form based on Eq. (2.8.12). These may, by including the
non-zero boundary term arising on the contact domain ∂Ωc and with the fixed
boundary condition Ū0 = (0, 0)T on the bottom boundary, ∂ΩB , be written
according to:

Find Ū ∈ SŪ such that ∀φe ∈ SŪ , one has:

∫
ΩD

[(
C1

∂U

∂X
+ C2

∂W

∂Z

)
∂φe

∂X
+ C3

(
∂U

∂Z
+ ∂W

∂X

)
∂φe

∂Z

]
∂Ω = 0

∫
ΩD

[
C3

(
∂U

∂Z
+ ∂W

∂X

)
∂φe

∂X
+
(
C2

∂U

∂X
+ C1

∂W

∂Z

)
∂φe

∂Z

]
∂Ω

+
∫

∂Ωc
Pφe dΩ = 0.

(3.1.11)

where

SŪ =
{
Ū | Ū ∈ H1(ΩD), Ū = Ū0 on ∂ΩB

}
. (3.1.12)

Note that the same test function is applied to both equations in Eq. (3.1.11),
this is because the deformations share the same solution space and has the same
characteristics [132]. This equation and the boundary conditions in Eq. (3.1.1)
pose the elasticity problem, where the parameters C1, C2 and C3 are defined
according to Eq. (2.8.13).

Finally, the full system of equations to be solved comprises of the weak
form of the stabilised generalised Reynolds equation (Eq. (3.1.7)), the weak
form of the elasticity equations (Eq. (3.1.11)), and by iterating the rigid body
displacement, ∆, to fulfil the load balance equation:∫

∂Ωc
P dΩ− π

2 = 0. (3.1.13)

The solution procedure for the system of equations above is presented in
Section 3.1.3 due to the required knowledge of temperature in order to calculate
the viscosity and density variations throughout the fluid film.

3.1.2 Thermal FEM model

The thermal model utilised to solve the energy equations comprises of the
lubricant film enclosed by the two separated solids, see Figure 3.1.2. This
approach enables consideration of the heat conduction from the lubricant into
the solids, as well as the convective heat flow related to both the lubricant and
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the moving bodies.
The length of each temperature domain in the entrainment direction is

equally long as the contact boundary in the associated EHL model, i.e.,
∂Ωc in Section 3.1.1. The solid domains are set sufficiently large in height
direction to provide a zero temperature gradient at the boundaries with the
dimensions chosen based on the work by Kaneta et al. [139] and Habchi [41].
The temperature domain related to the lubricant film is defined in-between
0 and 1, following the scaling of the height direction for the fluid film to the
film thickness itself, see Eq. (2.8.3).
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Figure 3.1.2. Illustration of the computational domain used for the numerical
thermal infinite line contact problem, including boundaries and dimensions.

A continuity condition is employed on the boundaries between the fluid
domain and the solids according to:

klubR

Ha2
∂T̄

∂Z

∣∣∣∣
Ωlub

= ks,1

a

∂T̄

∂Z

∣∣∣∣
Ωs1

at the Ωs1 − Ωlub interface,

klubR

Ha2
∂T̄

∂Z

∣∣∣∣
Ωlub

= ks,2

a

∂T̄

∂Z

∣∣∣∣
Ωs2

at the Ωlub − Ωs2 interface,
(3.1.14)

which allows for continuity to be achieved across the boundaries of the lubricant
and the solids [42]. Moreover, the top and bottom exterior boundaries of the
solid domains, i.e., ∂Ωt and ∂Ωb as well as the inlet boundaries of the solid
domains ∂Ωs1,in and ∂Ωs2,in are set to the ambient dimensionless temperature
T̄ = 1 by imposing Dirichlet boundary conditions. Due to the occurrence of
negative flows in the inlet of the fluid film domain, an ambient temperature
of T̄ = 1 is only imposed on the boundary ∂Ωlub,in if uf > 0. On the outlet
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boundaries, i.e., on ∂Ωs1,out, ∂Ωs2,out and ∂Ωlub,out, the conductive heat flux
is assumed to be zero and thereby a convective heat flux boundary condition
is assumed.

The above outlined boundary conditions in combination with the weak
formulation of the energy equations completely define the thermal problem.
The weak form of the energy equations based on Eq. (3.1.15), excluding zero
boundary terms, reads:

Find T̄ ∈ ST̄ such that ∀φT̄ ∈ ST̄ , one has:

∫
Ωs1

ks,1

a

∂T̄

∂X

∂φT̄

∂X
dΩ +

∫
Ωs1

ks,1

a

∂T̄

∂Z

∂φT̄

∂Z
dΩ

+
∫

Ωs1
ρs,1cs,1

(
∂T̄

∂Θue + ∂T̄

∂X
u1

)
φT̄ dΩ = 0,

∫
Ωs2

ks,2

a

∂T̄

∂X

∂φT̄

∂X
dΩ +

∫
Ωs2

ks,2

a

∂T̄

∂Z

∂φT̄

∂Z
dΩ

+
∫

Ωs2
ρs,2cs,2

(
∂T̄

∂Θue + ∂T̄

∂X
u2

)
φT̄ dΩ = 0,

∫
Ωlub

Hklub

R

∂T̄

∂X

∂φT̄

∂X
dΩ +

∫
Ωlub

klubR

Ha2
∂T̄

∂Z

∂φT̄

∂Z
dΩ

+
∫

Ωlub
ρ̄ρrclub

Ha

R

(
∂T̄

∂Θue + ∂T̄

∂X
uf

)
φT̄ dΩ =

∫
Ωlub

Q̄φT̄ dΩ,

(3.1.15)

where

ST̄ =
{
T̄ | T̄ ∈ H1(Ω), T̄ = 1 on ∂Ωamb

}
, (3.1.16)

with Ω = {Ωs1 ∪ Ωlub ∪ Ωs2} describing the full thermal domain and
∂Ωamb = {∂Ωs1,in ∪ ∂Ωlub,in ∪ ∂Ωs2,in ∪ ∂Ωt ∪ ∂Ωb} the exterior boundaries,
excluding the outlet boundaries. Note also that Q̄ is still written according
to Eq. (2.8.20) and that the same test function is applied to all equations due
to the shared variable T̄ .

Moreover, in case of the energy equations becoming convection dominated,
which is typically the case for high speed conditions, the energy equation for
the fluid film has to be stabilised. This may be done in a similar manner as
for the EHL problem and was for certain cases in this work done using the
streamline upwind Petrov-Galerkin (SUPG) technique [132].

The stabilisation term added to the energy equation related to the fluid film
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in Eq. (3.1.15) is defined according to:

SSUP G =
ne∑

e=1

∫
∂Ωc,e

RE

(
T̄
)
τT̄

(
βT̄

∂φT̄

∂X

)
dΩ, (3.1.17)

with the residual of the energy equation describing the heat flow within the
fluid film being written as:

RE

(
T̄
)

=
∫

Ωlub
εX

∂T̄

∂X

∂φT̄

∂X
dΩ +

∫
Ωlub

εZ
∂T̄

∂Z

∂φT̄

∂X
dΩ

+
∫

Ωlub
βT̄

∂T̄

∂X
φT̄ dΩ +

∫
Ωlub

ρ̄ρrclubue
Ha

R

∂T̄

∂ΘφT̄ dΩ

−
∫

Ωlub
Q̄φT̄ dΩ = 0,

(3.1.18)

with the parameters:

εX = Hklub

R
, εZ = klubR

Ha2 , βT̄ = ρ̄ρrclub
Ha

R
uf . (3.1.19)

The rest of the stabilisation parameters are described in a similar manner as
those used for stabilisation of the Reynolds equation in Section 3.1.1. However,
now instead being related to the calculation of the dimensionless temperature,
resulting in:

τT̄ = he

2 |βT̄ | l
ζT̄ (PeT̄ ) , (3.1.20)

with the Péclet number, PeT̄ , and the Péclet number dependent function,
ζT̄ (PeT̄ ), being written as:

PeT̄ = |βT̄ |he

2lεX
, ζT̄ (PeT̄ ) = coth(PeT̄ )− Pe−1

T̄
. (3.1.21)

Below, the solution procedure for the full TEHL problem is presented in
detail, which is based on the EHL model described in Section 3.1.1 and the
thermal model above that are solved together in a weakly coupled manner.

3.1.3 Thermal EHL modelling approach

The complete thermal EHL (TEHL) problem is solved using the two models
presented above, one model for solving the EHL problem (Section 3.1.1) and one
model for solving the energy equations (Section 3.1.2). The solution procedure
to solve the complete TEHL problem, including the communication between
these models, is explained in detail below.
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The two models are weakly coupled within a global loop consisting of two
local loops, one for the complete EHL problem for a fixed temperature, and the
other for the complete thermal problem with a fixed pressure and film thickness,
as illustrated in Figure 3.1.3. This modelling approach is relatively similar to
those presented by Lohner et al. [59] and Habchi [41, 140]. However, with
the main difference being that for each iteration of the individual problems,
i.e., the EHL and the thermal problems, the complete solution over time is
found before proceeding to the next step in the flow chart. This further means
that the results extracted from each model at each iteration comprises the full
solution in both space and time.

This type of approach was developed and employed in order to enable
utilisation of sophisticated numerical solvers provided by the Multiphysics
software [119]. The proposed approach also has the advantage of being
straight-forward to implement since mathematical manipulation is only
necessary on the matrices related to parameters used as input data to the
numerical problems, and thereby not on the matrices used to solve the
numerical problems themselves in the FEM software.

The calculation of parameters and the associated updates of variables
are achieved by communication between the Multiphysics software [119] and
MathWorks MATLAB [141] (abbr. by Matlab). The numerical problems are
solved in the Multiphysics software and the mathematical operations conducted
in Matlab. The weak coupling between the models does, however, lead to slower
convergence rates compared to a fully coupled approach to the problem. This is
because of the disconnection between the EHL and thermal problems, meaning
that the models are not made aware of the updates in each other continuously.
A fully coupled approach may hence be used to improve the convergence rates
and thereby reduce solution times. This would, however, require the complete
TEHL problem to be formulated and posed in a single, fully coupled matrix,
as has been done and discussed by Habchi [140]. Such an approach was not
employed in this work due to the aforementioned reasons.

As a first step in the solution procedure to the TEHL problem, the
isothermal Newtonian EHL problem is posed fully over time. The isothermal
Newtonian EHL problem is first solved for steady state conditions by using
a Newton-Raphson iterative technique, where the rigid body displacement is
iterated to satisfy the complete system of equations. The steady state solution
is based on an initial guess of dry contact conditions, posed by the Hertzian
pressure distribution, i.e., the Hertzian pressure profile written according to:

Ph(X) =
{√

1−X2 if − 1 ≤ X ≤ 1
0 otherwise.

(3.1.22)
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Figure 3.1.3. Flow chart of the solution procedure used to solve the complete TEHL
problem, including convergence checks.

With the isothermal Newtonian EHL problem solved under steady state
conditions, implying that the fully coupled system of equations consisting of
the Reynolds equation, the elasticity equations and the load balance have
converged, the time dependent solution is initiated. Here, the steady state
solution is utilised as the initial time step and the problem further solved
over time using the implicit linear multistep method backward differentiation
formula (BDF).
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With the isothermal Newtonian EHL problem solved completely over time,
the local EHL loop is called and the system of equations based on the
generalised Reynolds equation posed, with the updated lubricant properties,
integral terms, shear rate field and velocity field, based on the isothermal
Newtonian solution, assuming a temperature of simply T̄ = 1 throughout
the fluid film. Note, however, that for later calls of the local EHL loop,
the temperature is set to the most recently calculated temperature using the
thermal model.

The posed thermal non-Newtonian steady state problem is thereafter solved
using the initial time step of the previous solution as initial guess to the
Newton-Raphson solver, and the new steady state solution used as initial time
step to the time dependent problem, again solved using a BDF procedure.
These steps are repeated until the thermal non-Newtonian EHL problem has
converged and the local convergence check has been passed, which is based
on a sufficiently small error between the pressure values of two consecutive
iterations, typically required to be smaller than 10−3.

With successful convergence of the local EHL loop, the local thermal loop
is instead called, and the problem is posed using the previously calculated
pressure and film thickness values from the EHL problem. The shear rate field
and the lubricant velocity field are updated every local iteration in the thermal
loop, as well as the lubricant properties. However, for the first iteration, the
values from the previously solved EHL problem are assumed. The thermal
problem is first posed assuming steady state conditions, where this solution is
then utilised as initial condition to the transient solution, again solved using
the implicit BDF procedure.

With a calculated temperature field based on the pressure and film
thickness, and with the local thermal loop converged, again after an error
typically smaller than 10−3, the previously stored global iteration values for
both pressure and temperature are compared to the current global iteration.
If the difference between the two consecutive pressure and temperature values
has reached a sufficiently small value (typically 10−3) the solution is assumed
to have converged. However, if this is not the case, the local EHL loop is again
called with the most recently calculated temperature field used to calculate the
lubricant properties, integral terms, shear rate field and velocity field. The EHL
problem is then again iterated until convergence of the local EHL loop, while
after convergence, the thermal loop is called using the new pressure and film
thickness values. With the thermal loop again converged, the global iteration
convergence check is again called and the most recent values of pressure and
temperature from the current iteration compared to the previous iteration. The
whole process is repeated until the global converge check is passed.
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3.1.4 Plasto-EHL FEM model

The plasto-EHL (PEHL) modelling approach has many similarities to the
model presented in Section 3.1.1. However, in order to study plasticity in
a straight-forward manner, the approach where the cylinder moves in space
over the flat plane is employed, as described by Eq. (2.2.3) in Section 2.2. The
surface features are now located on the stationary domain rather than moving
in time. Moreover, due to the movement of the cylinder in space, an elongated
deformation domain, ΩD, is employed as compared to the EHL approach in
Section 3.1.1. This is utilised in order to ensure a negligible influence on
the deformation at the edges for all cylinder positions over time, Xc(t), see
Figure 3.1.4.

Ω𝐷

𝜕Ω𝐵

6
0

100

𝑋

𝑍

𝜕Ω𝑐

15 − 17

Figure 3.1.4. Illustration of the computational domain used for the numerical
infinite line PEHL contact problem, including boundaries and dimensions.

Depending on the size of the surface feature, the contact domain ∂Ωc is set
long enough to ensure a complete inlet zone for the EHL pressure profile, as
well as outlet zone, for all cylinder positions. This hence leads to the length
of the contacting domain to be varied typically between 15 and 17 for the
surface features studied in this work. Moreover, due to the movement of the
cylinder and the possible zero entrainment speed from the point of reference
(assuming pure rolling conditions) based on the problem definition described by
Eq. (2.2.2)-(2.2.3), the scaling of time is conveniently changed to be described
by the cylinder velocity rather than the mean entrainment velocity. This results
in the dimensionless time being written according to: Θ = tuc/a, as compared
to Eq. (2.8.3). Therefore, the weak form of the isothermal Newtonian Reynolds
equation with P0 = 0 on the contact boundary nodes, Γc, reads:



62 Chapter 3. Numerical approach

Find P ∈ SP such that ∀φP ∈ SP , one has:∫
∂Ωc

(
ρ̄H3

µ̄λ̄

∂P

∂X

)
∂φP

∂X
dΩ−

∫
∂Ωc

ueρ̄H
∂φP

∂X
dΩ

+
∫

∂Ωc
uc
∂ (ρ̄H)
∂Θ φP dΩ +

∫
∂Ωc

ΦP−φP dΩ = 0.
(3.1.23)

where

SP =
{
P |P ∈ H1(∂Ωc), P = P0 on Γc

}
(3.1.24)

and
λ̄ = R2µr

a3ph
. (3.1.25)

Moreover, in the case of pure rolling conditions the convection term turns to
zero and the problem is defined purely by squeeze action. This further results
in the aforementioned spurious oscillations, that would occur in a convection
dominated solution of the EHL problem by using the Galerkin approach (see
Section 3.1.1), to be avoided without the utilisation of stabilisation.

The numerical procedure is initiated by solving the dry contact conditions
as initial conditions. This implies that a Hertzian pressure profile is applied
on the contact domain at the initial position of the cylinder, i.e., at Xc0. The
dry contact solution is thereafter used as initial guess for a Newton-Raphson
procedure utilised to solve the system of equation in a similar manner to that
described for the EHL problem in Section 3.1.3. However, with consideration
to the non-linear relationship between plasticity and work hardening according
to Section 2.4, which is solved using a backward Euler approach as explained
in more detail in the commercial software user manual [120].

The solution of the steady state EHL problem is hence solved according to
Eq. (3.1.7) in the same manner as for the initial EHL problem in Section 3.1.3
and only used to initiate the transient solution. For the transient EHL problem
the reference point is abruptly changed to the fixed plane (see Figure 2.2.2),
which makes the problem being completely defined by squeeze action due to the
zero mean entrainment speed in a rolling contact (pure rolling). This further
implies that the problem no longer has to be stabilised but instead solved
based on Eq. (3.1.23). Note, however, that due to the plastic deformations still
present from the steady state solution, a numerical running-in of the distance
X = 2 is required for the transient solution to have stabilised.
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3.2 Finite line contacts

The finite line EHL contact problem may be studied using a similar approach
as the one presented above related to infinite line contacts. However, with
consideration to the extra dimension added along the contact width. This may
be included in the computational domain simply by extending the deformation
domain, ΩD in the Y -direction.

This extension is conveniently made to cover only half the dimensionless
length of the contact in the case of assumed perfectly aligned surfaces. This
further means that the domain is stretched between −0.5 ≤ Y ≤ 0 (or −L/2 ≤
y ≤ 0 in dimensions), with an associated symmetry boundary condition in the
middle of the contact (at Y = 0), see Figure 3.2.1. However, in the case of
considering misalignment, the domain has to cover the complete roller, i.e.,
−0.5 ≤ Y ≤ 0.5, due to asymmetry around X at Y = 0.
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Figure 3.2.1. Illustration of the computational domain used for the finite line EHL
contact problem, including boundaries and dimensions.

The boundary conditions for the 3D elasticity equations are defined
similarly to the infinite line contact in Section 3.1.1, however, with the addition
of the symmetry boundary condition and the deformation in Y -direction.
Therefore, the boundary conditions applied to the deformation domain, ΩD,
now reads: 

σ̄n = −P and σ̄t = 0 at ∂Ωc,

U = V = W = 0 at ∂ΩB ,

V = 0 at ∂ΩS ,

σ̄n = σ̄t = 0 elsewhere,

(3.2.1)
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where σ̄n is the dimensional stress normal towards the boundary and σ̄t the
dimensionless stress tangential to the boundary.

The length of the contact domain, ∂Ωc, is again motivated by the inlet and
outlet regions to be sufficiently long to ensure consideration of film formation
and cavitation in a similar manner as described in Section 3.1.1. However, here
the width is preferably set slightly larger in the case of transient loads being
analysed, which may widen the contact over time. Therefore, the width for the
contact domain was is in this work typically set to 7.5 for transient conditions,
while for steady state conditions a length of 6.5 was employed to reduce the
number of degrees of freedom defining the problem.

The isothermal Newtonian Reynolds equation in 2D (Eq. (2.1.6)), which
governs the flow in the lubricated finite line contact may in weak form be
written according to:

Find P ∈ SP such that ∀φP ∈ SP , one has:∫
∂Ωc

(
ε̄
∂P

∂X

)
∂φP

∂X
dΩ +

∫
∂Ωc

(
θ2ε̄

∂P

∂Y

)
∂φP

∂Y
dΩ−

∫
∂Ωc

ρ̄H
∂φP

∂X
dΩ

+
∫

∂Ωc

∂ (ρ̄H)
∂Θ φP dΩ +

∫
∂Ωc

ΦP−φP dΩ = 0.
(3.2.2)

where P0 = 0 on the boundary of the contact domain Γc, and the trial solutions
and weight functions belonging to the same set:

SP =
{
P |P ∈ H1(∂Ωc), P = P0 on Γc

}
. (3.2.3)

Here ε̄ is written according to:

ε̄ = ρ̄H3

µ̄λ
(3.2.4)

and the parameters λ, θ are described according to Eq. (2.8.23). The penalty
term Φ is calculated based on the size of the FE mesh he and the constant Φ0
according to:

Φ = h2
eΦ0. (3.2.5)

The stabilisation applied to the 2D Reynolds equation for the finite line
contact has to be applied in an anisotropic manner in order to allow for different
magnitudes of stabilisation to be applied across and along the contact. This
may be achieved by using artificial diffusion in a similar manner as explained
by Alakhramsing [43].

The artificial diffusion, which is a non-residual based stabilisation technique,
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is defined in each direction of the contact according to:(
kAD,X

kAD,Y

)
=
he

∣∣β̄∣∣
2l ζ̄(P̄e)

(
ρAD,X

ρAD,Y

)
, (3.2.6)

with the parameters:

β̄ = H
∂ρ̄

∂P
, P̄e = |β|he

2lγAD
,

1
γAD

= 1
ε̄

+ 1
θ2ε̄

. (3.2.7)

Here, the magnitude of ρAD,X and ρAD,Y may be chosen differently in order
to achieve anisotropic stabilisation over the contact. This finally results in the
AD stabilised Reynolds equation in 2D being written in weak form as:

Find P ∈ SP such that ∀φP ∈ SP , one has:∫
∂Ωc

[
(ε̄+ kAD,X) ∂P

∂X

∂φP

∂X
+
(
θ2ε̄+ kAD,Y

) ∂P
∂Y

∂φP

∂Y

]
dΩ

−
∫

∂Ωc
ρ̄H

∂φP

∂X
dΩ +

∫
∂Ωc

∂ (ρ̄H)
∂Θ φP dΩ +

∫
∂Ωc

ΦP−φP dΩ = 0.
(3.2.8)

The linear elasticity equations in weak form based on Eq. (2.8.28) may
be expressed in the same manner as for the infinite line contact. However,
with consideration to the difference in scaling of X and Y , and with the extra
dimension added, leading to the dimensionless deformation vector being written
as Ū = (U, V,W )T . The resulting equations may be written in compact form
according to:

Find Ū ∈ SŪ such that ∀φe ∈ SŪ , one has:∫
ΩD

(D∗φe)T
C
(
D∗Ū

)
dΩ−

∫
∂Ωc

σ̄nφe dΩ = 0 (3.2.9)

where:

SŪ =
{
Ū | Ū ∈ H1(ΩD), Ū = Ū0 on ∂ΩB

}
, (3.2.10)

using Ū0 = (0, 0, 0)T , and the dimensionless derivative matrix, which includes
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the parameter θ, reads:

D∗ =



∂
∂X 0 0

0 θ ∂
∂Y 0

0 0 ∂
∂Z

0 ∂
∂Z θ ∂

∂Y

∂
∂Z 0 ∂

∂X

θ ∂
∂Y

∂
∂X 0


. (3.2.11)

Moreover, the vector containing the test functions is here written according to:

φT
e = (φU , φV , φW ) , (3.2.12)

where the test functions may be set to the same due to the shared solution
space, i.e., φU = φV = φW .

Lastly, the load balance equation to be satisfied is based on Eq. (2.5.4).
This allows for the rigid body displacement variations due to transient loads to
be studied with consideration to the inertia of the moving bodies, and reads:

1
Ω2

n

d2∆
dΘ2 + 2

π

∫
∂Ωc

P dΩ−F(Θ) = 0. (3.2.13)

The solution procedure for the finite line contact problem is set-up in
a similar manner as the infinite line EHL contact problem explained in
Section 3.1.3. The equations are first solved using the Hertzian dry contact
approximation, following Eq. (3.1.22), which is here defined to stretch along
the full length of the contact domain in Y -direction. Thereafter, the steady
state EHL problem is initiated with the Hertzian solution as initial guess and
the rigid body displacement iterated using a Newton-Raphson procedure until
convergence of the problem. The steady state solution is then used as initial
time step to the transient solution, which is computed using the linear multistep
BDF approach to implicitly solve the problem over time.
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Results and discussion

This chapter summarises the salient results from this work with the purpose
of further understanding the topics related to the research questions stated in
Chapter 1. The studies are conducted using the numerical models presented in
Chapter 3 and are therefore presented in three separate sections, each related
to the specific model used. Note also that more in-depth details for each study
may, sometimes, be found in the appended papers in Part II of this thesis.

The first section of this chapter focuses on finite line elastohydrodynamically
lubricated (EHL) contacts under steady and transient conditions. Thereafter,
the infinite line contact problem is studied with focus on roughness and
thermal effects. The last section focuses on plastic deformations of surface
features within the EHL contact during the transient event of over-rolling.
Furthermore, each section includes a model verification part where the specific
model is compared to a reference solution, typically from a specific case from
the literature. The comparisons conducted have the purpose of verifying the
model performance, i.e., ensuring that the correct equations are solved with
reasonable convergence.

4.1 Finite line EHL contacts

As was pointed out in Chapter 1, only a relatively small amount of research
has been conducted with focus on finite line EHL contacts due to the added
numerical complexity of considering the edges of the contact accurately. Even
less is understood of the influence of transient loading on such contacts with
focus on film thickness and pressure, especially related to the edge effect. This
section thereby explores and highlights the main findings from the steady- and
transient studies conducted on logarithmically crowned rollers in particular,

67
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using the modelling approach presented in Section 3.2. Finite line contacts are
typically found in-between a rolling element and inner ring in a roller bearing,
as illustrated in Figure 4.1.1, or between mating gear teeth.

Figure 4.1.1. Schematic of roller in contact with inner ring in a roller bearing,
representing a typical finite line EHL contact.

Initially, results related to steady state conditions are presented, where the
influence of oil, in terms of viscosity and compressibility, is studied. This part
also helps establishing a fundamental understanding of the lubricated finite
line EHL contact. Thereafter, a transient investigation is presented where the
non-steady behaviour of the lubricated contact in response to a transiently
applied load is studied and compared to stationary results of the same contact.

4.1.1 Steady state analysis

The steady state analysis is focused on studying the behaviour of a specific
finite line roller with logarithmic crowning, described according to the
theory in Section 2.2.2. The lubricating performance is studied for two
different oils in order to investigate the influence of viscosity-pressure and
compressibility-pressure response on the film formation. Additionally, the
differences in sub-surface stresses as a result of the pressure differences are
studied.

The lubricants are chosen to differ notably in terms of
compressibility-pressure and viscosity-pressure response and chosen to
represent a certain polyalphaolefin (PAO) oil and a certain mineral oil, where
the former is less sensitive to pressure and the latter highly sensitive. The two
oils are characterised based on the work by Bair [127], using the Tait-Doolittle
equations presented in Section 2.7.1 in combination with the input data
presented in Table 4.1.1.
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Table 4.1.1. Lubricant data describing the PAO oil and Mineral (Min) oil used for
comparison, both oils are defined based on the reference temperature Tr = 20 ◦C.

Parameter Value Unit Parameter Value Unit
µr,P AO 81.9 mPa s µr,Min 173.3 mPa s
µ0,P AO 43.9 mPa s µ0,Min 43.9 mPa s
BP AO 3.966 − BMin 2.547 −
R0,P AO 0.6622 − R0,Min 0.8296 −
εc,P AO −10.35 ·10−4 ◦C−1 εc,Min −6.559 ·10−4 ◦C−1

av,P AO 8 · 10−4 ◦C−1 av,Min 6.727 · 10−4 ◦C−1

K ′0,P AO 11.38 − K ′0,Min 11.36 −
Kinf,P AO −0.9881 GPa Kinf,Min −0.7495 GPa
K̇0,P AO 580.8 GPa K K̇0,Min 753.7 GPa K

The ambient viscosity of the oils are set the same for straight-forward
comparison of the pressure-viscosity response, i.e., avoiding the influence of
the ambient viscosity, which is achieved by assuming an operating temperature
of T = 35.8 ◦C. By comparing the viscosity-pressure response of the two
oils, it becomes evident that the mineral oil is significantly more sensitive
to pressure than the PAO oil, see Figure 4.1.2. In terms of the classical
pressure-viscosity coefficient (α), the PAO has α ≈ 22.5 GPa−1 and the mineral
oil α ≈ 34.5 GPa−1, in-between 0 ≤ p ≤ 1 kPa.

Figure 4.1.2. Viscosity-pressure behaviour of the two different oils at an operating
temperature of T = 35.8 ◦C.

The sharp increase in viscosity with pressure for the mineral oil further
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results in the Doolittle equation (Eq. (2.7.6)) reaching a singularity at relatively
high pressures. Therefore, in this work the viscosity for the mineral oil was
limited to µmax ≈ 1022 and justified by the negligible Poiseuille term in the
Reynolds equation at such high viscosity values (see Eq. (2.1.6)), implying
that the results are not noticeably influenced by this limitation.

Moreover, a notable difference in compressibility-pressure response may
also be seen, as a result of the stiffness difference between the oils, see
Figure 4.1.3. For comparison, the classic Dowson-Higginson density-pressure
relationship [124] is also included, which can be seen to approach a limiting
value around 1.3 for high pressures.

Figure 4.1.3. Compressibility-pressure behaviour of the two different oils at
T = 35.8 ◦C, with the Dowson and Higginson (D&H) density relationship included
for comparison.

The geometry data, material properties, and operating conditions used
for the steady state study and the investigation of oil behaviour are given in
Table 4.1.2. This data is assumed to describe a typical EHL contact in-between
a logarithmically crowned roller and inner ring in a roller bearing.
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Table 4.1.2. Input data related to geometry, material properties and operating
conditions used for the steady-state investigation.

Parameter Value Unit Parameter Value Unit
R1 5.5 mm zm 12 µm
R2 24.75 mm f 1500 N
L 11 mm Ph 1.03 GPa
K1 2 − a 84.3 µm
K2 1 − ue 4 m s−1

E 200 GPa Φ0 106 −
ν 0.3 −

Solving the EHL problem for the finite line contact using the aforementioned
input data reveals that the minimum film thickness is found near the edges of
the contact for both cases, whereas a film thickness constriction also occurs
at the outlet in the entrainment direction, see Figure 4.1.4. It is also evident
that the film thickness behaves relatively constantly throughout the contact
width, with exception to the edges, where the minimum film thickness is found.
This implies that the solution of infinite line EHL contacts, which typically
represents the central area of the finite line contact (Y = 0), may significantly
overestimate the actual minimum film thickness.

Comparing the film thickness profiles for the two oils further show that
the notable difference in lubricant pressure response between the mineral oil
and the PAO oil generate significant differences in film formation. Due to the
rapid increase in viscosity at relatively low pressures in the case of the mineral
oil, more lubricant becomes entrapped in the inlet of the contact and entrained
into the contact. This results in a thicker lubricant film for the stiffer lubricant,
i.e., the mineral oil, as compared to the more compressible lubricant, with the
minimum film thickness being Hm = 0.36 and Hm = 0.21 for the mineral oil
and the PAO oil, respectively.
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Figure 4.1.4. Film thickness footprint results for both the PAO (top) and the
mineral oil (bottom), with flow direction from left to right and symmetry about X
at Y = 0.

Another notable difference between the two cases related to the film
thickness footprint is the variations before the contact edges, see the area along
X around −0.4 ≤ Y ≤ −0.5 in Figure 4.1.4. The film thickness reduction in the
high pressure region is related to the compressibility-pressure relationship and
is explained by negligible Poiseuille flow in the contact, which hence reduces the
dimensionless Reynolds equation, assuming steady state conditions, to ρ̄H ≈ C.
Thereby, with an increased density, the film thickness must reduce [126], which
is especially pronounced for the more compressible PAO oil.

The increased stiffness of the mineral oil further leads to sharper pressure
gradients throughout the contact, which is especially pronounced in the
entrainment direction, see Figure 4.1.5. Due to the sharp drop in viscosity
with reduced pressure, on the other hand, an increasingly sharp outlet pressure
spike can be seen for the mineral oil. However, this is mainly visible in
the entrainment direction whereas along the contact width, the pressure is
relatively similar for both cases, even though the film thickness is different
between the two cases.
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Figure 4.1.5. Pressure and film thickness profiles for both oils in the entrainment
direction at Y = 0 (top) and perpendicular to the flow direction at X = 0 (bottom).

As a result of the difference in how the load is carried, the stress field in the
material becomes different for the two cases. The sharp pressure gradients, in
combination with the increased magnitude of the outlet pressure spike in the
entrainment direction for the mineral oil, further generate increasingly severe
stresses near the outlet constriction. This further results in the maximum stress
concentration moving from the typical location predicted by Hertzian theory
(Z ≈ 0.75) to the vicinity of the surface, see Figure 4.1.6.
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Figure 4.1.6. Sub-surface von Mises equivalent stress for the PAO oil (top) and the
mineral oil (bottom) in the entrainment direction at Y = 0.

For the specific operating conditions studied, the maximum stress is
increased by approximately 10%. However, relating to failure mode, with
the maximum stress concentration taking place in the vicinity of the surface
the risk for surface initiated fatigue rather than sub-surface initiated fatigue
increases significantly. For a more in-depth discussion about the influence of
compressibility and viscosity on the pressure and stress field, the reader is
referred to paper B.

4.1.2 Transient load investigation

The transient load investigation is conducted with the purpose of studying
potential fluctuations occurring in the lubricated contact while being subjected
to a transient load. The study is based on the input data presented in
Table 4.1.3, which again describes a typical logarithmically crowned roller in
contact with an inner ring in a roller bearing. The lubricant is defined based
on the work by Bair [127] and selected to represent a relatively compressible
oil, similar to the PAO in Section 4.1.1.
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Table 4.1.3. Input data related to geometry, material properties, operating
conditions, and lubricant properties used in the transient load investigation.

Parameter Value Unit Parameter Value Unit
R1 5.5 mm ax,ff 97.4 µm
R2 24.75 mm ax,ff 97.4 µm
L1 11 mm ue 3 m s−1

L2 18 mm Θf 1.7 −
K1 2 − Ωn 7.07 −
K2 1 − µr 46.7 GPa
zm 12 µm ρr 845 kg m−3

E 200 GPa av 8 · 10−4 ◦C−1

ν 0.3 − B 3.382 −
m 0.01 kg βK 6.5 · 10−3 K−1

fi 1000 N K ′0 11 −
ff 2000 N K00 9 GPa
Ph,fi 0.84 GPa R0 0.6641 −
Ph,ff 1.19 GPa T = Tr 20 ◦C

The load is applied over time, which allows for the response of the lubricated
contact to be studied. The load is applied linearly from fi to ff over the
dimensionless time Θf , i.e., the dimensionless load F in Eq. (2.8.29) is described
according to [78]:

F(Θ) =



1, Θ = 0

1 + ff − fi

fi

Θ
Θf

, 0 < Θ ≤ Θf

ff

fi
, Θ > Θf ,

(4.1.1)

which allows for the transition between the two loads to be studied as opposed
to the commonly applied steady state approach that would require each load
to be studied separately.

As reference to the transient results, steady state results are generated to
enable straight forward comparison between the steady state approach and the
transient approach later on, see Figure 4.1.7. These results also give an idea
of what to anticipate from the transient results. Note that the steady state
results are generated for the initial load fi and the final load ff for the same
roller geometry, i.e., using K1 = 2 for the case fi and K1 = 1 for the case ff .
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Figure 4.1.7. Film thickness footprints for the finite line contact using the initial
load (top) and the final load (bottom). Note that the film thickness is scaled with
ax,fi in both cases, however, with the width of the contact being scaled with the load
specific Hertzian contact width.

It becomes evident that in the case of an increased load, the film thickness
does not only reduce but the minimum film thickness area is also stretched
further along the edge in X-direction. Interesting to note is that the reduction
of film thickness at the edge is significantly more notable than the outlet film
thickness reduction. This implies that the minimum film thickness to central
film thickness ratio for the finite line contact case becomes significantly smaller
compared to the infinite line contact case, with the ratio being reduced even
further with an increased load, as also noted by e.g., Alakhramsing et al. [43].

Further studying the transient event of the step increased load applied to
the roller according to Eq. (4.1.1), the contact width can be seen to increase
accordingly over time, see Figure 4.1.8. This widening of the contact further
leads to an entrapment of lubricant in the inlet of the contact, which due to the
squeeze effect must travel through the contact at the mean entrainment speed
in the form of a lubricant wave. This further leads to a momentarily thicker
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central lubricant film during the initial moments of the loading event.

Θ = 0 Θ = 1

Θ = 2 Θ = 3

Θ = 4 Θ = 5

Θ = 6 Θ ≈ 6.5

Figure 4.1.8. Film thickness footprints for selected dimensionless time steps (Θ),
showing the entrapped lubricant that moves through the contact in time.

It can also be seen that the contact width increases noticeably during
loading while the minimum film thickness area along the edge of the contact
becomes increasingly stretched, similar to what was seen for the steady state
results. Moreover, due to the entrapment of oil in the initial stages of loading,
the system is disturbed and starts to oscillate as the wave passes through the
contact. This initiates a continuous disturbance to the system in terms of
an oscillating rigid body displacement that leads to additional waves being
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generated in the inlet of the contact over time, which continuously travel
through the contact. These oscillations seem to reach a relatively stable
behaviour after approximately Θ = 4 for the studied case, as can be seen
in Figure 4.1.9, while, however, reducing slightly in amplitude over time due
to small viscous losses.

Figure 4.1.9. Central- and minimum film thickness fluctuations over dimensionless
time with the steady state solution (Θ → ∞) values for the final load (ff ) included
for comparison.

It also becomes evident that these oscillations make the film thickness
fluctuate around the values predicted by the steady state analysis. This means
that higher and lower film thickness values will periodically occur within the
contact than what would be predicted using a steady state approach.

The lubricant waves moving through the contact further affect the contact
pressure as well, as can be seen along X at Y = 0 in Figure 4.1.10. The
lubricant waves lead to pressure fluctuations that periodically are higher than
what would be predicted using a steady state approach, further highlighting
the importance of including transient effects into the study for quantitative
maximum pressure predictions.
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Figure 4.1.10. Pressure and film thickness fluctuations for selected time steps in
the entrainment direction at Y = 0.

By further analysing the pressure and film thickness along the contact width
Y at X = 0, it can be seen that the film thickness varies relatively constantly
along the contact due to the shape of the lubricant wave, which is formed as a
continuous wave perpendicular to the entrainment direction, see Figure 4.1.11.
Moreover, a small pressure spike is seen to periodically occur at the edge of
the contact due to the transient effects. This pressure spike is partly occurring
due to the choice of geometry design parameters, however, the importance of
considering the load variations are elucidated where a smooth pressure at the
edge may not be guaranteed over time.
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Figure 4.1.11. Pressure and film thickness fluctuations for selected time steps
perpendicular to the entrainment direction at X = 0.

Furthermore, related to what was discussed and covered in depth by
Wijnant [76] for point contacts, is that these fluctuations will vary in frequency
based on the parameter Ωn. In this work, this frequency is varied by changing
the entrainment speed in order to study the effect of the parameter Ωn for finite
line contacts.

It is seen that both the frequency and the amplitude are affected by a
change to Ωn by changing the entrainment speed, see Figure 4.1.12. The
frequency depends on both the length (in X-direction) of the lubricant wave
in combination with the time it takes for the wave to pass through the
contact, which for the dimensionless case is approximately two due to the
scaling of time with speed and half the contact width (Θ = tue/ax,fi). The
constant dimensionless time further result in lower frequencies (and hence
longer wavelengths) to be the case for a higher entrainment speed and vice
versa. Moreover, the amplitude of the waves is seen to be reduced for slower
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entrainment speeds, which is explained by the thinner lubricant film that results
in smaller fluctuations. Nevertheless, after the final load has been reached, the
largest amplitude of the oscillations related to the minimum film thickness is
approximately 40% and 110% larger than the minimum value for the longest
and the shortest wavelengths, respectively.

Figure 4.1.12. Central- and minimum film thickness fluctuations (solid- and dotted
lines respectively) for different values of Ωn, varied by a change in entrainment speed.

The aforementioned time dependent fluctuations are further influencing the
noise, vibrations, and harshness of the contact as well as the durability of the
contacting surfaces due to the increased localised pressure maxima and stresses
(see Paper B in Part II for details about sub-surface stresses). Consideration
to such time dependent effects and optimisation of e.g., the roller crowning and
geometry during design of e.g., a roller bearing subjected to transient loading
may hence improve the performance of the machine element in question.

Moreover, due to the relatively smooth pressure profile along the roller
width in combination with the relatively high computational cost of finite
length contacts, infinite line contacts may be studied for faster predictions
of the lubricating conditions. However, with the lost information related to the
minimum film thickness at the edges of the lubricated contact.

4.1.3 Model verification

In order to verify the modelling approach and ensure plausible results, the time
dependent approach utilised in terms of numerical setup, solvers and solution
procedure for the finite line EHL contact above was employed to a point contact
case. Therefore, changes to the scaling and the computational domain were
made specifically suitable for point contacts, see Habchi [41] for more details.
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The point contact model was thereafter employed to the same case as
studied by Wijnant et al. [78], who also validated the model qualitatively to
experimental results. The numerical approach utilised in this work was used to
re-create Figure 7 in [78] and it could be shown that the generated results match
the film thickness variations accurately in both a qualitative and quantitative
manner, see Figure 4.1.13.

Figure 4.1.13. Central- and minimum film thickness results (hc and hm,
respectively) re-created for comparison to the reference case (top) and Figure 7
from reference case [78] (bottom). Figure from [78] reproduced with permission from
American Society of Mechanical Engineers (ASME).

Based on the reasonable agreement for the point contact model with the
reference case, where the same solvers and solution procedure as for the finite
line contact investigations were employed, the finite line EHL contact approach
used in this work is assumed to be verified in terms of theoretical and numerical
approach.
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4.2 Non-smooth thermal EHL contacts
The theoretical understanding of rough EHL contacts has, to a great extent,
been achieved through the use of isothermal Newtonian studies, as outlined
in Section 1.3.4. The assumptions of isothermal conditions and Newtonian
behaviour of the lubricant have been justified by the inlet dominated film
formation and the negligible pressure driven flow within the EHL contact, which
basically means that for certain operating conditions, the in-contact variations
related to sliding and thermal effects do not influence the pressure and film
thickness noticeably. This assumption typically holds for studies where traction
is not concerned, and for pure rolling conditions and low sliding conditions.

For increased sliding conditions, however, the shear of the lubricant and the
associated temperature increase may reduce the viscosity also in the inlet of
the contact, further implying that a thermal non-Newtonian approach may be
required for accurate prediction of film thickness and pressure. Note, however,
that consideration of thermal and non-Newtonian effects becomes essential for
accurate predictions of friction [41, 49, 52, 130]. In this section, the lubricating
mechanisms related to film thickness and pressure are concerned, whereas
traction has been out of the scope of this work.

The results presented in this section are related to the thermal
non-Newtonian EHL problem, which has been solved by utilising the models
presented in Section 3.1.1 and Section 3.1.2, with the modelling approach
presented in Section 3.1.3. Moreover, throughout this section, input data
that describes the lubricant Squalane has been used exclusively due to the
well-established compressibility, viscosity, heat capacity, and heat conductivity
characterisation based on varying pressure, temperature and shearing. This
further allows for accurate modelling of the lubricant behaviour to be
achieved [58,129,142].

The behaviour of Squalane was described by the lubricant models in
Chapter 2, more specifically the Tait equation of state, the Vogel-like
viscosity-pressure-temperature relationship, the equations for heat conductivity
and heat capacity and the t-T-p shifted Carreau equation. These models
in combination with the lubricant data in Table 4.2.1 have been proven to
relatively realistically predict the pressure, temperature and shear response of
Squalane [57].
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Table 4.2.1. Lubricant data used to describe the viscosity, density, conductivity, and
heat capacity behaviour for Squalane due to pressure, temperature and, for viscosity,
shear rate.

Parameter Value Unit Parameter Value Unit
K ′0 11.74 − n 0.463 −
K00 8.658 GPa Gr 6.94 MPa
av 8.36 · 10−4 K−1 q 2 −
βK 6.332 · 10−3 K−1 A −0.115 −
ρr 800 kg m−3 Ck 0.074 W m−1K−1

ϕ∞ 0.1743 − s 4.5 −
BF 24.50 − C0 0.94 · 106 J m−3K−1

µ∞ 0.9506 · 10−4 Pa s m 0.62 · 106 J m−3K−1

g 3.921 − Λ 0.075 −
µr 15.6 · 10−3 Pa s

Utilising the aforementioned models and input data for characterising
the pressure-temperature-shear behaviour of Squalane, the pressure viscosity
behaviour for a number of different shear rates for a fixed temperature
of T = 40◦C is shown in Figure 4.2.1. It can be seen that the shear
thinning behaviour of Squalane becomes significant for conditions prevalent
in rolling-sliding EHL contacts.

Figure 4.2.1. Viscosity-pressure behaviour of Squalane for various shear rates for
an operating temperature of T = 40◦C.
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The material data and operating conditions used throughout the studies
related to thermal non-Newtonian effects are found in Table 4.2.2 and
represents a typical non-conformal contact found in e.g., a rolling element
bearing or mating gear teeth. However, the material data describes a
typical steel and may not accurately describe the thermal properties of
hardened steel [143, 144]. Nevertheless, the qualitative behaviour of the
studied phenomena relating to pressure and film thickness fluctuations were
not assumed to be significantly affected by this property.

Table 4.2.2. Material properties of the solids and operating conditions used for the
TEHL analyses.

Parameter Value Unit Parameter Value Unit
E1, E2 206 GPa a 0.318 mm
ρ1, ρ2 7850 kg m−3 ph 1.201 GPa
ν1, ν2 0.3 − R 15 mm
k1, k2 45 W m−1K−1 Tr 40 ◦C
c1, c2 450 J kg−1K−1 ue 1 m s−1

F 0.600 MN m−1 Φ0 5 · 105 −

The results presented in this section are limited to highlight important
findings from Paper C and Paper E in Part II of this thesis. Therefore, the
results related to other surface features than asperities and additional sliding
conditions are excluded. However, for the interested reader, such results and
associated discussions may be found in Part II of this thesis.

4.2.1 Single surface features in TEHL contacts

As a first step, a single surface feature in the form of an asperity that passes
through the TEHL contact is studied (see Figure 4.2.2) with the purpose of
achieving an isolated analysis of the lubricant behaviour in the vicinity of the
surface feature. The surface feature is defined using Eq. (2.8.15) with the
parameters ĀR,1 = −0.05 and ΛR,1 = 0.5, implying that the amplitude of the
asperity was defined to be larger than the lubricant film thickness and located
on the upper surface moving with speed u1.
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Figure 4.2.2. Geometry of asperity used in the study of one single asperity passing
through the TEHL contact.

The lubrication mechanisms when the asperity moves through the contact
is first studied for pure rolling conditions. This study is conducted with the
purpose of generating a reference case for sliding later on. The asperity is
initially positioned outside the high-pressure region at XR,1 = −2.5. With
the asperity entering and moving through the contact, it can be seen that the
asperity is significantly deformed and that a full separation of the surfaces
takes place, however, with a local pressure increase connected to the asperity
position, see Figure 4.2.3. A lubricant entrapment is also present in front of
the asperity, which increases the film thickness locally on the leading edge of
the asperity. This is explained by the squeeze action leading to lubricant being
entrapped in front of the asperity.

Moreover, it can be seen that a negligible temperature rise occurs in the
inlet of the contact, as shown in Figure 4.2.4. Interesting to note is that a
small temperature reduction occurs at the contact outlet due to decompression
of the lubricant, which is a phenomenon that has been studied in detail by
Habchi and Vergne [122], who were also able to show that compression and
decompression have a small effect on the temperature variations in the TEHL
contact compared to shear heating.
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Figure 4.2.3. Dimensionless pressure and film thickness over time for pure rolling
conditions, showing the difference between the isothermal Newtonian (IT+N) and the
thermal non-Newtonian (T+NN) solutions. The position of the asperity is marked
with an arrow pointing at the location on the X-axis.

Figure 4.2.4. Dimensionless temperature field for the case of pure rolling conditions
(SRR = 0) for different asperity positions (XR ≡ XR,1).
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Furthermore, no significant influence on the temperature distribution is seen
during the event of the asperity passing through the contact. Hence, due to
the negligible contribution from compressive heating/cooling on the lubricating
film under pure rolling conditions, neither film thickness nor pressure becomes
noticeably influenced at any asperity position within the contact. This
further implies that under rolling conditions, rough EHL contacts may be
approximated by an isothermal Newtonian approach without noticeable loss
of accuracy.

Further considering a case with a significant slide to roll ratio (SRR) of
SRR = (u1 − u2)/ue = −0.5, which implies that the surface with the asperity
moves slower than the smooth surface, i.e., u1 < u2, interesting lubricating
mechanisms are revealed that could not be seen under pure rolling conditions.
With the asperity passing through the contact, it is still noticeably deformed
while entering the contact, see Figure 4.2.5. However, due to the sliding
conditions, the lubricant entrapment and the roughness deformation become
decoupled within the contact. These effects were studied early by Venner [38]
and defined by Greenwood and Morales-Espejel [90] as the particular integral
and the complementary function (as also mentioned in Section 1.3.4).

Figure 4.2.5. Dimensionless pressure and film thickness over time for SRR = −0.5,
showing the difference between the isothermal Newtonian (IT+N) and the thermal
non-Newtonian (T+NN) solutions. The position of the asperity is marked with an
arrow pointing at the location on the X-axis.
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The complementary function can be seen as an inlet perturbation effect
forming in-between −1 ≤ X ≤ −0.5, within what may be referred to as
the Couhier region, see Morales-Espejel and Félix-Quiñonez [145]. This inlet
perturbation effect moves through the contact with the mean entrainment
speed, ue, and hence becomes decoupled from the surface feature that moves
with the speed u1. Moreover, the complementary function employs a longer
wavelength as compared to the initial surface feature, which is explained by the
time the surface feature disturbs the inlet of the contact [90, 103], resulting in
the wavelength of the inlet perturbation effect to be defined as Λ = ΛR,1ue/u1.
Due to the nature of the complementary function, it typically dominates the
film thickness fluctuations within the lubricated contact while, however, being
related to small pressure fluctuations.

The particular integral, on the other hand, relate to the effects connected
to the surface feature itself. It can be seen that the surface feature becomes
significantly deformed within the high-pressure region, which is connected to
a local increase in pressure. Moreover, this increase in pressure leads to an
increased viscosity, which hence implies increased shear heating. Thereby, the
particular integral becomes connected not only to an increased pressure but also
to an increased heat generation, see Figure 4.2.6. This further implies that,
while the complementary effect dominates the film thickness variations within
the contact, the particular integral relates to the local pressure variations,
further resulting in locally increased viscosity and temperature values.
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Figure 4.2.6. Dimensionless temperature field for the case of SRR = −0.5 for
different asperity positions (XR ≡ XR,1).

By studying the viscosity variations throughout the event of the asperity
passing through the contact, it becomes evident that the viscosity is locally
increased in connection to the particular integral, i.e., due to the locally
increased pressure related to the asperity deformation, see Figure 4.2.7.
However, in connection to the complementary function, the opposite can be
seen, i.e., a viscosity reduction occurs. This is possibly explained by the nature
of the complementary function, which, as opposed to the compressed asperity
can be seen as a pure squeeze effect. This further means that the lubricant
is entrapped between the surfaces without possibility to escape, which leads
to a tension of the lubricant from the deformed surfaces, making the oil being
extracted rather than compressed. This could, hence, reduce the viscosity
locally in the vicinity of the complementary function, and may also be seen as
a small pressure drop in the pressure at the position of the complementary
function in Figure 4.2.5. However, due to the stiffness of the entrapped
lubricant, this effect becomes marginally visible.
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Figure 4.2.7. Dimensionless viscosity throughout the lubricant film for the case of
SRR = −0.5. The figure shows the asperity positions (XR ≡ XR,1): XR = −2.5
(top left), XR = −1 (top right), XR = −0.5 (middle left), XR = 0 (middle right),
XR = 0.5 (bottom left) and XR = 1 (bottom right).

Interesting to note is that for the studied case with the relatively wide
asperity, the film thickness within the high pressure region is relatively
unaffected by the viscosity reduction even though local temperature variations
are present and significant in magnitude, as can be seen by the comparison
between the isothermal Newtonian and thermal non-Newtonian approaches in
Figure 4.2.5. The largest, and maybe only, notable difference is seen at the
outlet of the contact. The negligible in-contact variations are related to the
entrainment dominated flow within the EHL contact, which hence means that
the viscosity magnitudes are significant enough for the lubricant to still be
in a solidified state and hence not significantly affected by the shear thinning
and thermal variations. Therefore, the only variations affecting the lubricating
conditions are related to the viscosity reduction in the contact inlet and outlet,
which also reduces the outlet film thickness due to the increased pressure driven
flow as a result of the viscosity reduction.

Further studying the case of positive sliding using SRR = 0.5, i.e.,
u1 > u2. Similar effects as those seen for negative sliding are present. However,
due to the velocity of the surface employing the asperity now being higher,
the wavelength of the complementary function is reduced compared to the
negative sliding case as a result of the reduced time it blocks the inlet, see
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Figure 4.2.8. This, in combination with the faster asperity compared to
the mean entrainment speed results in an increased film thickness due to
an increased deformation of the asperity in the inlet, which further reduces
the amplitude of the complementary function formed in the inlet of the
contact [146].

Figure 4.2.8. Dimensionless pressure and film thickness over time for SRR = 0.5,
showing the difference between the isothermal Newtonian (IT+N) and the thermal
non-Newtonian (T+NN) solutions. The position of the asperity is marked with an
arrow pointing at the location on the X-axis.

Due to the similar behaviour of the particular integral for the positive
sliding case as compared to the negative sliding case, also a similar increase in
temperature can be seen. This is again explained by the increased viscosity of
the sheared lubricant, resulting in a locally increased temperature in connection
to the asperity, see Figure 4.2.9. This further implies that the difference
between positive and negative sliding mainly lies in the formation of the
complementary function and hence the film thickness fluctuations.



4.2. Non-smooth thermal EHL contacts 93

Figure 4.2.9. Dimensionless temperature field for the case of SRR = 0.5 for different
asperity positions (XR ≡ XR,1).

By comparing the difference in maximum pressure and minimum film
thickness over time for the isothermal Newtonian approach and the thermal
non-Newtonian approach for both the positive and negative sliding cases above,
it becomes evident that the film thickness predictions differ, whereas the
pressure predictions not significantly so, see Figure 4.2.10. Interesting to note
is that for the negative sliding case, the minimum film thickness is relatively
constant throughout the path of the asperity, until the complementary function
and the asperity exits the contact. This is due to the minimum film thickness
continuously being defined by the complementary function itself, which also
is similar in shape between the isothermal Newtonian case and the thermal
non-Newtonian case. However, during exiting of the asperity, a significant
difference can be seen due to the increased pressure driven flow as a result of
the lower viscosity for the thermal non-Newtonian case.

For the positive sliding case, the minimum film thickness is initially defined
by the complementary function, i.e., when the asperity enters the contact.
However, as the complementary function travels through the contact a certain
attenuation seems to occur, and the minimum film thickness is again defined
by the outlet film thickness as the asperity and the complementary functions
exits.
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Figure 4.2.10. Maxmium pressure and minimum film thickness for the isothermal
Newtonian (IT+N) and thermal non-Newtonian (T+NN) cases over time for
SRR± 0.5, described by the asperity position (XR ≡ XR,1).

Based on the above results, it can be seen that for the specific cases studied,
the viscosity variations due to thermal non-Newtonian effects mainly affect the
outlet film thickness in particular, with significant differences arising during
exiting of the asperity and the complementary function. This may be explained
by the reduced viscosity, which further leads to an increased pressure driven
flow at the contact outlet, i.e., when the viscosity reduces sufficiently enough
for the oil to behave like a fluid again. For a more extensive investigation on the
influence of sliding for the above studied case, the interested reader is referred
to Paper C in Part II of this thesis.

4.2.2 Two-sided surface features in TEHL contacts

The above investigation is in this section extended from one sole asperity to
two asperities that overtake within the contact. Such a transient event takes
place continuously in contacts between two rough surfaces and may hence be
essential to study in order to understand film breakdown. In order to limit
this study, only the overtaking event of a single pair of asperities is studied.
However, a more extensive study of different surface features that overtake
within the contact is found in Paper E in Part II of this thesis.
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Three different overtaking positions are studied for two asperities with the
same geometry, described similar to the asperity in Section 4.2.1. However,
with the amplitude of each asperity being set to ĀR,1 = ĀR,2 = −0.03, while
keeping the wavelength as ΛR,1 = ΛR,2 = 0.5. Furthermore, the speed of the
upper surface was again u1 = 0.75 m/s and the lower surface to u2 = 1.25 m/s,
which hence relates to the studied cases of SRR = ±0.5 found in Section 4.2.1.

In the upcoming pressure and film thickness plots, the film thickness results
are presented in a split manner for better visualisation. This is achieved by
using a similar approach as Morales-Espejel and Félix-Quiñonez [145], i.e., by
defining one upper and one lower surface according to:Su = H−R̄1−R̄2

2 + R̄1,

Sl = −
(

H−R̄1−R̄2
2 + R̄2

)
.

(4.2.1)

This further improves the visualisation of the two-sided rough problem because
the individual surface feature is being applied on the associated surface.
However, the split in Eq. (4.2.1) is only valid if the contacting surfaces employ
the same material properties. Furthermore, note that the film thickness, H, is
described as the distance between the surfaces (Su − Sl).

By first studying the case where the two asperities overtake at
XR,1 = XR,2 = −1, i.e., in the inlet of the contact, it becomes evident that a
single complementary function is generated, which travels through the contact
at the mean entrainment speed, see Figure 4.2.11. This complementary
function stays intact throughout the whole contact, whereas two particular
integrals travel independently through the contact at the speed of each surface.
This hence means that two complementary functions and two particular
integrals are present within the contact, related to each of the two surface
features. The complementary functions experience constructive interference in
the inlet of the contact and moves through the contact at the same speed, while
the particular integrals only interfere in the inlet of the contact.

Further studying the case where the asperities overtake at the centre of the
contact, i.e., at XR,1 = XR,2 = 0, the complementary functions can be seen to
be generated separately as each asperity enters the contact, see Figure 4.2.12.
Interesting to note is that, due to the complementary function moving with
the mean entrainment speed, these never interfere and simply moves parallel in
time throughout the contact. However, the particular integrals interfere at the
position XR,1 = XR,2 = 0, which momentarily leads to a significant pressure
increase as a result of constructive interference between the two particular
integrals. This also results in a momentarily higher temperature due to the
increased viscosity being sheared.
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Figure 4.2.11. Pressure and film thickness (left column), and temperature
throughout the film (right column) over time for the case of overtaking at X = −1,
with the asperity position being marked by the arrows.
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Figure 4.2.12. Pressure and film thickness (left column), and temperature
throughout the film (right column) over time for the case of overtaking at X = 0,
with the asperity position being marked by the arrows.
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In the third case, the position of overtaking is defined to occur at
XR,1 = XR,2 = 1. This further results in the two complementary effects again
being defined separately and moving through the contact parallel in time.
However, the particular integrals now interfere at the outlet of the contact,
leading to a significantly reduced outlet film thickness due to the increased
outlet flow as a results of the combined outlet restriction from the overtaking
asperities.

Figure 4.2.13. Pressure and film thickness (left column), and temperature
throughout the film (right column) over time for the case of overtaking at X = 1,
with the asperity position being marked by the arrows.
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Figure 4.2.13. Continued.

It becomes clear that the film thickness and the pressure are both
significantly affected by the overtaking event and the overtaking position.
The influence of the overtaking event can be explained and predicted by
understanding the behaviour of the two individual complementary functions
and the particular integrals related to each of the two surfaces. Important
to consider is that the complementary functions will not interfere unless
being generated on top of each other within the Couhier region, due to the
complementary functions both moving with the mean entrainment speed of the
lubricant after being formed. However, the particular integrals will interfere
depending on the overtaking position, where a significant pressure will be the
result of interference within the high-pressure region and a significant film
thickness reduction if overtaking occurs at the outlet of the contact.

Note that these findings are based on a certain type of lubricant and
surface feature geometry in highly loaded EHL contacts, which means that
other input parameters may result in slightly different results. Moreover,
a thermal non-Newtonian analysis becomes important for quantitative film
thickness predictions. However, an isothermal Newtonian approach may prove
sufficient to study the qualitative behaviour of the two-sided surface features.

4.2.3 Waviness in TEHL contacts

As an extension to the asperity study, one-sided sinusoidal roughness is here
studied with the surface roughness being defined according to Eq. (2.8.17) and
located on the upper surface moving with the velocity u1 = 0.75 m/s, with
SRR = −0.5. For all cases, the dimensionless amplitude of the sinusoidal
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roughness is set to ĀR,1 = 0.015, whereas the dimensionless wavelength is
varied between ΛR,1 = 1/2, ΛR,1 = 1/4 and ΛR,1 = 1/6, resulting in the
roughness profiles shown in Figure 4.2.14.

Figure 4.2.14. The three different roughness profiles studied with a fixed
dimensionless amplitude of ĀR,1 = 0.015 and dimensionless wavelength values of
ΛR,1 = 1/2 (top), ΛR,1 = 1/4 (middle) and ΛR,1 = 1/6 (bottom)

By first studying the longest wavelength, i.e., ΛR,1 = 1/2, a relatively
smooth pressure profile where the pressure ripples are directly connected to the
peaks and valleys of the sinusoidal roughness can be seen, see Figure 4.2.15. By
studying the steady state solution, i.e., Θ = 0, it may be seen that the surface
roughness deforms significantly within the contact. The steady state solution
only shows the particular integral due to the exclusion of time, and thereby
also the exclusion of inlet generated effects [90].

Instead considering the full time dependent solution, the deformation is
seen to be notably less in the Couhier region due to the squeeze effect, see
Θ = 2.25 and Θ = 2.5 in Figure 4.2.15. Thereby, the complementary function
is generated in a similar manner as previously explained in the asperity studies
in the above sections, i.e., Section 4.2.1 and Section 4.2.2.
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Figure 4.2.15. Film thickness and pressure distribution for the thermal
non-Newtonian (T+NN) and isothermal Newtonian (IT+N) approaches (left column)
and temperature throughout the film thickness (right column) for the case
ΛR,1 = 1/2, showing moments in time at: Θ = 0 (top), Θ = 2.25 (middle) and
Θ = 2.5 (bottom).

The temperature is seen to vary in direct relation to the roughness profile,
again due to the increased shear heating generated by the highly viscous
lubricant as a result of the locally increased pressures, as described in the
previous sections. A very good agreement between the isothermal Newtonian
and the thermal non-Newtonian approaches related to the pressure and film
thickness within the high-pressure region is seen. In the contact outlet, however,
a notable difference appears related to the increased pressure driven flow in
the contact outlet due to the viscosity drop, see e.g., the case Θ = 2.25 in
Figure 4.2.15.

When studying the shorter wavelength of ΛR,1 = 1/4, it is revealed
that increased pressure ripple magnitudes occur, as compared to the
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longer wavelength case, as well as an almost complete surface roughness
deformation within the contact, i.e., while neglecting the transient solution,
see Figure 4.2.16. Moreover, a slightly larger amplitude of the complementary
function is seen, related to a reduced deformation of the roughness in the inlet
of the contact.

Figure 4.2.16. Film thickness and pressure distribution for the thermal
non-Newtonian (T+NN) and isothermal Newtonian (IT+N) approaches (left column)
and temperature throughout the film thickness (right column) for the case
ΛR,1 = 1/4, showing moments in time at: Θ = 0 (top), Θ = 2.25 (middle) and
Θ = 2.5 (bottom).

An increased amount of heat related to the locally increased pressure spikes,
and thereby increased viscosities, also becomes evident, see Figure 4.2.16. It
may also be seen at e.g., Θ = 2.25 that certain thermal variations become
notable also within the Couhier region. This effect seems to generate a certain
discrepancy between the isothermal Newtonian and thermal non-Newtonian
solutions also in the high pressure region, which may be explained by the shear



4.2. Non-smooth thermal EHL contacts 103

thinning and thermal viscosity reduction in the inlet that further leads to a
reduction of the complementary function amplitude.

With the wavelength being reduced to ΛR,1 = 1/6, the pressure ripples
are seen to increase further. Moreover, the contact inlet becomes increasingly
affected by pressure, viscosity and temperature fluctuations that are seen
to influence the formation of the complementary function additionally, see
Figure 4.2.17.

Figure 4.2.17. Film thickness and pressure distribution for the thermal
non-Newtonian (T+NN) and isothermal Newtonian (IT+N) approaches (left column)
and temperature throughout the film thickness (right column) for the case
ΛR,1 = 1/6, showing moments in time at: Θ = 0 (top), Θ = 2.25 (middle) and
Θ = 2.5 (bottom).

An increased number of fluctuations in the Couhier region hence seems to
influence the formation of the complementary function additionally, see the
difference between the studied cases between approximately −1 ≤ X ≤ −0.5
in Figure 4.2.18. This leads to an increased difference between the isothermal
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Newtonian and thermal non-Newtonian solutions, which seems to be related
to regions with reduced viscosity that further hinders a complete formation
of the complementary function. Note, however, that also for the isothermal
Newtonian solution the formation of the complementary function becomes
affected by the local viscosity variations in the Couhier region but to a smaller
extent, as can be seen in e.g., Figure 4.2.17 at Θ = 2.5.

Figure 4.2.18. Viscosity variations throughout the film thickness at Θ = 2.5 for the
case ΛR,1 = 1/2 (top left), ΛR,1 = 1/4 (top right) and ΛR,1 = 1/6 (bottom).

The results above further highlight the importance of applying a thermal
non-Newtonian approach for accurate quantitative prediction of the film
thickness within the high-pressure region for short wavelength roughness in
rolling-sliding contacts. The differences between the two approaches for short
wavelength roughness seem to be related to how regions with reduced viscosity
in the inlet of the contact affect the formation of the complementary function
formation. For sufficiently long waves, however, such low viscosity regions
do not occur in the inlet of the contact and the difference between the
two approaches hence becomes negligible in the high-pressure region. For
accurate quantitative film thickness values in the outlet of the contact, a
thermal non-Newtonian approach becomes necessary. For a more in-depth
investigation into the difference between an isothermal Newtonian and thermal
non-Newtonian approach, the reader is referred to Paper E in Part II of this
thesis.

Moreover, it is interesting to note that the reduction of the complementary
function in the inlet for short wavelength roughness may affect the lubricated
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contact to a smaller degree than long wavelength roughness. This may imply
that the severity of the roughness in terms of fluid film breakdown can possibly
reach a maximum at an intermediate roughness value, which must hence be
found for a specific lubricated contact. More recent numerical work of rough
contacts in combination with experimental studies have already started to
predict that this may be the case [103,104]. Therefore, more extensive studies
of the aforementioned effects used to generate updated amplitude reduction
master curves may prove valuable for optimisation of EHL contacts found in
various machine elements that operate under thin lubricant films, where the
influence of roughness becomes significant.

4.2.4 Model verification

In order to verify the models utilised in this work to study the TEHL
problem, the employed models presented in Section 3.1.1 and Section 3.1.2,
in combination with the solution procedure presented in Section 3.1.3 were
employed to re-create results published in the literature.

The studies from the literature include a transient non-smooth EHL solution
presented by Habchi [132], which is here used to verify that the predicted
roughness behaviour within the EHL is reasonable. Moreover, the TEHL
modelling approach used in this work was employed to re-create a steady state
TEHL solution presented in Björling [147] (based on Björling et al. [57]) and
used to verify the complete TEHL solution procedure in Section 3.1.3.

First, the pressure and film thickness variations related to dents and
asperities within the contact were verified by re-creating the results presented
in Figure 7.2 and in Figure 7.3 in the work by Habchi [132]. The same modelling
approach as described in Section 3.1.1 was adopted and applied to the same
input data as the reference case. This resulted in a very good agreement
between the reference study and the current model used, both quantitatively
and qualitatively, see Figure 4.2.19 and Figure 4.2.20. Note, however, that due
to the increased stabilisation used in this work, in terms of isotropic diffusion,
the outlet pressure spike becomes slightly reduced compared to the reference
case.
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Figure 4.2.19. Re-created results of a dent moving through the contact for specified
time steps (top), showing good agreement to the reference case [132] (bottom). Figure
from [132] reproduced with permission from Wiley.
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Figure 4.2.20. Re-created results of an asperity moving through the contact
for specified time steps (top), showing good agreement to the reference case [132]
(bottom). Figure from [132] reproduced with permission from Wiley.
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The temperature throughout the film thickness for different positions along
the contact, as presented in Figure 6.8 in Björling [147], was used as reference
case for the temperature results and for verification of the TEHL model. The
figure was re-created for the uncoated case, using the TEHL modelling approach
described in Section 3.1.3.

The generated results show a very good qualitative agreement to the
results by Björling [147], see Figure 4.2.21. However, with certain quantitative
discrepancies in terms of temperature magnitude. These differences are likely
explained by the fact that the point contact was studied in the reference
case [147], whereas the infinite line contact in this work. This further implies
that a smaller volume of lubricant is heated in the reference case, which hence
leads to a slightly increased temperature as compared to the infinite line contact
case studied in this work.

Figure 4.2.21. Re-created results of the temperature across the lubricant film for
different positions along the contact (top), showing good agreement to the reference
case [57,147]. Figure from [57] reproduced with permission from Springer.
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Based on the above comparisons, the models seem to provide reasonable
results that, also after the addition of transient terms to the energy equations,
are assumed to provide accurate results for the conducted studies in this work.

4.3 Non-smooth plasto-EHL contacts
In this section, the results generated using the plasto-EHL (PEHL) approach
described in Section 3.1.4 are presented. The investigation is conducted using
data supposed to represent a split crankshaft roller bearing application, where
the data that is kept constant throughout the simulations are presented in
Table 4.3.1. More details about the choice of load and speed may be found in
Paper D in Part II of this thesis.

Table 4.3.1. Material properties and operating conditions used for the PEHL
investigation.

Parameter Value Unit Parameter Value Unit
E1, E2 210 GPa F 10 kN
ν1, ν2 0.3 − a 0.164 mm
ρs1, ρs2 7850 kg m−3 ph 2.1 GPa
ue 2.75 m s−1 R1 4 mm
Toil 90 ◦C R2 34.5 mm
ϑ 0.2 − L 18.5 mm

The lubricant data used for the simulations describes a typical
polyalphaolefin oil (PAO), which is characterised by utilising the, so-called,
strong liquid presented by Bair [127]. This is achieved by using the
Tait-Doolittle equations described in Section 2.7.1 in combination with the
input data presented in Table 4.3.2.

Table 4.3.2. Input data used to describe the lubricant [127], defined by the
Tait-Doolittle equations in Section 2.7.1.

Parameter Value Unit Parameter Value Unit
ρr 800 kg m−3 av 8 · 10−4 ◦C−1

µr 2 Pa s βK 6.5 · 10−3 K−1

Tr 20 ◦C ε −15 · 10−4 ◦C−1

K ′0 11 − B 4 −
K00 9 GPa R0 0.7 −

Below, two separate studies are presented, first an asperity that passes
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through the PEHL contact is studied with focus on pressure, film thickness
and plastic deformations (Section 4.3.1). The asperity wavelength is varied
while the amplitude is kept fixed to investigate the influence of wavelength
on the lubricating conditions. Thereafter, a PEHL study of a step geometry
extracted and fitted to measurements from a split crankshaft roller bearing,
mounted in an engine block, is studied with focus on lubrication and stresses
(Section 4.3.2).

4.3.1 Asperities in PEHL contacts

The PEHL asperity study is conducted assuming pure rolling conditions with
asperities defined on the stationary surface according to Eq. (2.8.15). The
studied asperities are defined by varying the wavelength λR,2 between a and
5a while having a fixed amplitude of AR,2 = −2µm, resulting in the geometries
shown (in dimensionless form) in Figure 4.3.1.

Figure 4.3.1. Asperity geometries pictured in dimensionless form with a fixed
amplitude of AR,2 = −2µm for different dimensionless wavelengths (ΛR,i = λR,i/a).

The initial yield strength of the material is set to σy0 = 1 GPa and the
initial position of the cylinder set to Xc(Θ0) = 5, with the final position
Xc(Θend) = −4. A comparison between the plasto-elastic solution and the
perfectly elastic solution is first conducted for the asperity with a wavelength
of ΛR,2 = 2 to study the differences between the perfectly elastic and the
plasto-elastic solutions, see Figure 4.3.2.
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Figure 4.3.2. Pressure (solid lines) and film thickness (dotted lines) for both the
perfectly elastic approach and the plasto-elastic approach over time for the asperity
with wavelength ΛR,2 = 2, shown for different positions of the cylinder geometry over
dimensionless time (Xc(Θ)).

It can be seen that due to the relatively high pressures arising during the
transient event of over-rolling (as predicted by the perfectly elastic solution),
the yield strength of the material is exceeded and the load carrying capacity
of the substrate is hence limited. This results in a widened contact and
lower pressures to be predicted by the plasto-elastic solution. Moreover,
the film thickness becomes globally reduced for the plasto-elastic solution,
whereas in the vicinity of the asperity the difference in film thickness is
barely noticeable within the high-pressure region. This is explained by the
characteristic behaviour of the high-pressure region, where the film thickness
is mainly defined by the entrapped lubricant, which is here shown to not be
influenced even though plastic flow takes place in the substrate.

Considering only the plasto-elastic solution for the five different asperities
shown in Figure 4.3.1, it can be seen that a reduced wavelength of the asperity
results in increasingly severe pressure and film thickness values in the vicinity
of the asperity, see Figure 4.3.3. It further becomes clear that the maximum
pressure is increasing and that the minimum film thickness is reducing with a
reduced asperity wavelength.
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Figure 4.3.3. Pressure (solid lines) and film thickness (dotted lines) for the
five different asperities in Figure 4.3.1 shown for different positions of the cylinder
geometry over dimensionless time (Xc(Θ)).

Moreover, an asymmetry in the pressure and film thickness with respect to
the leading- and trailing edge of the asperity can be seen. This is related to the
entrapment of lubricant at the leading edge of the asperity, which is larger than
at the trailing edge due to the geometry of the asperity in combination with the
rolling direction of the cylinder. Furthermore, with the cylinder moving down
the trailing edge of the asperity, the outlet pressure spike increases significantly
in magnitude. This increase is related to the entrapped lubricant exiting the
contact. This further results in an increased flow out of the contact, which
consequently results in a sharper outlet constriction.

This increased pressure related to shorter wavelength asperities further leads
to increasingly severe stress concentrations in the vicinity of the surface, which
implies that yield of the material in the area close to the surface becomes more
likely. For wider asperities, however, the stress concentration is mainly located
deeper into the substrate, as shown in Figure 4.3.4.
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Figure 4.3.4. Effective plastic strain in the substrate for the relatively narrow
asperity ΛR,2 = 1 (top) and the relatively wide asperity ΛR,2 = 5 (bottom).

The effective plastic strains along the surface overtake those of the
sub-surface for asperity wavelengths in-between approximately a ≤ ΛR,2 ≤ 2a
for the studied asperity amplitude, see Figure 4.3.5. Due to the outlet pressure
spike increasing drastically for narrower asperities, the plastic strains in the
vicinity of the surface become increasingly sensitive for wavelengths smaller
than the contact width.

Figure 4.3.5. Maximum effective plastic strain in the subsurface at X = 0 and at
the surface for the five different asperity wavelengths (where ΛR ≡ ΛR,2).

The plastic flow of material further leads to permanent deformations of
the asperity geometry, which increases with a reduced asperity wavelength due
to the locally increased pressures and contact stresses. Due to the asymmetric
pressure profile as a result of the entrapment of lubricant on the leading edge, in
combination with the occurrence of the outlet pressure spikes, the deformation
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of the asperities after over-rolling becomes asymmetric, with larger plastic
deformations present on the leading edge of the asperity, see Figure 4.3.6. This
further implies that even though the conditions are assumed to be pure rolling,
the asperities become deformed in the direction of the moving cylinder, which
here is from right to left (see Figure 2.2.2).

Figure 4.3.6. Plastically deformed asperity geometries (solid lines) compared to the
original geometries (dotted lines) after one-cylinder over-roll.

4.3.2 PEHL in split roller bearings

The step analysis is conducted based on an engine application where crankshaft
roller bearings are considered for improved energy efficiency as compared to the
commonly employed sliding bearings, see e.g., Baubet et al. [148]. The bearings
are mounted in a similar manner as the commonly used sliding bearings, i.e.,
utilising a split half design of the outer ring and the cage, while using the
crankshaft as inner ring. The split half design facilitates assembly but does,
however, result in a severe out of roundness of the outer ring after mounting.

The out of roundness was measured with the outer ring mounted in the
engine block, resulting in the step being possible to extract from the measured
data, see Figure 4.3.7. Measurements were also done for different bearings and
different measurement directions, whereas a similar step geometry could be
seen for each measurement using a certain clamping sequence.
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Figure 4.3.7. Measured radii of split outer rings mounted in an engine block at
different bearing positions, allowing for the step related to the split to be extracted.

The extracted step was then fitted by utilising a similar equation as used
for the asperity in Section 4.3.1, i.e., using Eq. (2.2.6). However, with the
modification of assuming a constant amplitude after a certain point in space
according to:

Rstep =
{
R2 x > xR,2,

AR,2 x ≤ xR,2,
(4.3.1)

here using xR,2 = 0. The fitted step was set to have an amplitude of
AR,2 = 13µm and a wavelength of ΛR,2 = 0.85µm, resulting in a step length
of ΛR,2/2.

The amplitude was also varied in order to study the step height influence
on the lubrication and stresses, with the aim of finding a critical step height
where stress concentrations may be reduced to such an extent that plastic
strains are avoided. This resulted in five step amplitudes being defined (see
Figure 4.3.8), which were all over-rolled from right to left due to an assumed
increased severity of the lubricating conditions from rolling up onto the step as
compared to down the step. Moreover, the initial yield strength was here set
to σy0 = 1.7 GPa, assumed to represent a typical bearing steel.
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Figure 4.3.8. Measured and analysed step geometries with different amplitudes
used to investigate the influence of the step height on lubrication and stresses.

Analysing the pressure and film thickness for the steps being over-rolled
show that significant variations occur related to lubricant entrapment while
rolling over the step, see Figure 4.3.9. During the initial stages of the step being
encountered by the cylinder, a relatively large lubricant entrapment occurs due
to the relatively large amplitude of the step in combination with the curvature
of the cylinder, see the cylinder position Xc = 1.5 in Figure 4.3.9. Moreover,
as the cylinder rolls up onto the step and approaches the top (Xc ≈ 0.5), the
relatively large amount of entrapped lubricant exits the contact, generating a
significant outlet pressure spike, increasingly large for larger step amplitudes.

The significantly increased outlet pressure spike in combination with
increased pressure magnitudes as a result of narrower contact widths related
to steeper steps imply increasingly severe stresses in the vicinity of the surface.
These stresses are in the magnitude of the yield strength of the material,
especially near the surface due to the sharp pressure spikes generated, which
further results in plastic strains to occur in the vicinity of the surface, see
Figure 4.3.10.

Note, however, that for a sufficiently reduced step amplitude, the stresses
may be reduced to such an extent that plastic strains are avoided. Based on
the assumptions made in the PEHL model in combination with the input data
used, a step amplitude of AR,2 ≤ 7 leads to a perfectly elastic over-rolling event.
This may hence reduce the risk of surface-initiated damage in the vicinity of
the step over time, as compared to a larger step.
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Figure 4.3.9. Pressure (solid lines) and film thickness (dotted lines) for three of
the five different steps in Figure 4.3.8, shown for different positions of the cylinder
geometry over dimensionless time (Xc(Θ)).

Figure 4.3.10. Maximum effective plastic strain in the subsurface at x=0 and at
the surface for different step amplitudes.

4.3.3 Model verification

The novel modelling approach that is based on a change in reference point
from the moving cylinder to the stationary plane was verified by comparing
the two solutions for different sizes of the mesh on the contact boundary, ∂Ωc.
Following the verification in Section 4.2.4, it was assumed that the conventional
model provided accurate results.
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The comparison was achieved by studying the difference between the initial
time step (Θ0) and the final time step (Θend) on a flat deformation domain
with assumed pure rolling conditions. The initial time step was, as explained
in Chapter 3, solved using the conventional approach of the stationary EHL
problem, whereas the final time step had the reference point changed and
the film formation hence defined by the translation in space of the cylinder,
resulting in the film formation being defined by the squeeze effect as a result
of the zero entrainment velocity of lubricant into the contact.

The results for the two solutions were seen to converge well for a mesh size
of approximately he ≤ 0.05. Therefore, for accurate resolution of the transient
effects arising due to the various surface features studied, a mesh size of 0.01
was typically employed for the PEHL study.

Figure 4.3.11. Comparison of the novel approach with the cylinder moving over
the deforming domain at Θend and a conventional approach assuming steady state
conditions (Θ0) for different mesh size employed on the contacting domain ∂Ωc.



Chapter 5

Concluding remarks

This work has established novel approaches to model transient effects in
lubricated non-conformal contacts, which have further enabled investigations
on the influence of various parameters on elastohydrodynamic lubrication
(EHL). The developed models have all been based on a full-system finite
element approach that was relatively recently introduced to the field of research.
An important advantage of this approach is the relatively straight-forward
implementation of the models into commercial software, which facilitates
utilisation of the models for researchers and engineers that are interested in
improving their capabilities in simulating the EHL problem.

In this work, the developed models have been used to provide answers to
certain research questions (RQs) based on research gaps found in the literature,
as outlined in detail in Section 1.4. The stated RQs are related to both transient
variations in finite line EHL contacts and the behaviour of surface roughness
in EHL contacts. The findings related to each RQ and the contributions from
this work to the understanding of EHL are outlined below.

5.1 Finite line contacts
The first RQ related to finite line EHL contacts concerns the transient response
of the lubricant film and is repeated below for the sake of completeness:

• RQ1: How is the finite line EHL contact influenced by highly transient
operating conditions and how does the solution differ compared to the
steady state approach, with focus on contact pressure and film thickness
in particular?

This has become further clarified in this work, where a highly transient

119
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load was applied to the finite line EHL contact, which was seen to disturb the
system and initiate pressure and film thickness fluctuations, also referred to as
lubricant waves. These lubricant waves were seen to be formed due to a change
in contact width, which entrapped a certain amount of lubricant. The waves,
formed in the inlet, were seen to travel through the contact with the average
speed of the lubricant due to the squeeze effect, and influence the film thickness
and pressure during the path through the contact. This resulted in momentarily
thinner lubricant films and increased maximum pressures as compared to what
was predicted with a steady state approach. Moreover, the influence of the
lubricant waves became especially pronounced in the entrainment direction
due to the shape of the generated wave.

The next RQ is related to the influence of oil selection on the lubricating
conditions in finite line EHL contacts, and was in Section 1.4.1 formulated as:

• RQ2: How do different oils, in terms of viscosity-pressure and
compressibility-pressure response, influence the pressure, film thickness, and
sub-surface stress field in finite line EHL contacts?

This was answered by a study concerning two different oils in terms of
lubricant pressure response. It was seen that a stiffer oil, i.e., an oil with a
strong viscosity-pressure sensitivity, generates thicker lubricant films. However,
the pressure sensitivity further results in sharp gradients in both the inlet and
outlet of the contact, as well as an increased outlet pressure spike as compared
to a more compressible oil. The pressure response of the stiffer oil also leads to
a sharper outlet constriction, and thereby a more severe stress concentration
close to the surface. Therefore, even though a thicker lubricant film may be
achieved using stiffer oils, premature fatigue failure becomes more likely due
to the sharp gradients within the contacts related to the lubricant pressure
response, which further influence the stress concentration severity noticeably.

The general conclusion is that consideration of the complete finite line
contact becomes important for quantitative predictions of the minimum film
thickness and for optimisation of the roller geometry. For this, consideration
to the free edge of the roller becomes essential, which can be considered with
the utilised finite element approach using the modified half-space configuration
that enables relatively realistic calculation of edge deformations. For qualitative
investigations of e.g., transient fluctuations, however, an infinite line contact
may be considered due the main effects taking place in the entrainment
direction, in combination with the reduced computing power required.
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5.2 Surface roughness
The third and fourth RQs are related to non-smooth thermal non-Newtonian
EHL contacts. With the former being formulated in Section 1.4.2 according to:

• RQ3: How do surface asperities influence the lubricating conditions in
rolling-sliding TEHL contacts and how does a thermal non-Newtonian
approach differ to an isothermal Newtonian approach?

For pure rolling conditions, it can be concluded that an isothermal
Newtonian approach may prove sufficient accuracy due to the absence of shear
in combination with the negligible contribution of compression/decompression
on temperature in EHL contacts. For sliding conditions, however, variations in
the predominant lubrication mechanisms related to the deformed roughness
component and the inlet perturbations, also referred to as the particular
integral and the complementary function, respectively, become obvious. Due
to the characteristic behaviour of the EHL contact, the in-contact variations
do not necessarily affect the pressure and film thickness noticeably due to the
solidified behaviour of the lubricant in the high-pressure region. However,
in the outlet of the contact where the lubricant returns to a liquefied state,
significantly thinner film thickness values were seen in the case of using
a thermal non-Newtonian approach, compared to an isothermal Newtonian
approach. This film thickness reduction is related to the shear- and thermal
influence on viscosity, which further increase the lubricant flow out of the
contact.

The thermal non-Newtonian study was then further extended to two-sided
surface features and waviness in order to consider the fourth RQ, which was in
Section 1.4.2 formulated as follows:

• RQ4: How do two-sided surface features and waviness influence the
lubricating conditions in TEHL contacts, and what role do shear and
thermal effects have?

For two-sided surface features that overtake within the contact, the
lubricating mechanisms may simply be explained by two complementary effects
and two particular integrals. Hence, due to the characteristic behaviour of those
effects, the overtaking position has a significant influence on the film thickness
and pressure variations that arise.

In the study of waviness, it was seen that for shorter wavelength roughness,
viscosity variations in the inlet affected the formation of the complementary
effect. Therefore, the thermal and non-Newtonian effects also affect the
high-pressure region related to the disturbed formation of the complementary
function travelling through the contact. However, for longer waves, no
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significant difference was seen apart from a reduced minimum film thickness in
the outlet of the contact.

It may hence be concluded that for quantitatively accurate outlet film
thickness predictions, a thermal non-Newtonian approach becomes essential
for rolling-sliding conditions. For the in-contact variations, an isothermal
Newtonian approach may prove sufficient for relatively long wavelength
roughness due to the inlet dominated film formation. However, due to the
potential disturbance during formation of the complementary function, a
thermal non-Newtonian approach becomes necessary for accurate quantitative
predictions in cases when relatively short wavelength roughness is studied.

Lastly, the influence of plastic deformations on EHL contacts was studied
using an approach that allowed for the stress history throughout the event of
over-rolling to be considered. This helped answer the fifth and final RQ, which
in Section 1.4.2 was formulated as:

• RQ5: How do plastic deformation of asperities and other surface features,
e.g., a step, influence the lubricating conditions in EHL contacts? And how
do the amplitude and wavelength of the surface feature influence the plastic
deformations?

It was seen that the transient effects present during over-rolling of a surface
feature were significant and to a great extent related to entrapped oil on
the leading edge of the asperity. The entrapped oil was seen to generate
localised pressures, as well as severe outlet pressure spikes when exiting the
contact. This further resulted in pressures significant enough to generate
stresses in the same magnitude as the yield strength of the material, further
resulting in plastic deformations to arise in the vicinity of the surface feature.
This phenomenon was shown to become increasingly severe for more narrow
asperities, which led to increasingly severe stresses to arise in the vicinity of
the surface. Moreover, the film thickness in the vicinity of the surface feature
was not significantly affected by the in-contact plastic deformations due to the
characteristic behaviour of the EHL contact.



Chapter 6

Current limitations and
future work

The research conducted in this thesis has been an attempt to extend the
current understanding of EHL contacts with respect to transient effects
in particular, where finite line contact geometries, thermal consideration,
non-Newtonian lubricant behaviour, and plastic deformations have been
the main topics. The various parameters have been investigated only for
certain, pre-defined, operating conditions. This has resulted in an improved
qualitative understanding of the lubricating mechanisms while also revealing
certain important phenomena that may occur within lubricated non-conformal
contacts.

However, for the models to become useful in a more applicable manner,
extended studies must be conducted where vast amounts of operating
conditions are to be studied. This would require a significant amount of time
due to the computational cost of the simulations. Therefore, the utilisation
and implementation of model order reduction techniques could potentially be
employed to facilitate future parameter studies.

The transient study of finite line contacts could in a relatively
straight-forward manner be extended to include misalignment, which is
common in many applications that employ line contacts and could hence lead
to a better understanding of the lubricating conditions in such applications.
This could also be extended to cover the influence of surface roughness on the
edge effect and thereby improve the understanding of roughness in finite line
EHL contacts.

The thermal non-Newtonian approach to the rough EHL problem presented
in this work has opened up for the amplitude reduction theory to potentially
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be corrected. This would, however, require an immense amount of various
roughness amplitudes and wavelengths to be studied. Moreover, the thermal
non-Newtonian studies in this work have been limited to the lubricant Squalane,
which is a relatively compressible lubricant that has a clear Couette flow profile
in the high-pressure region. Therefore, by studying e.g., a mineral oil, which
has a sharper increase in viscosity with pressure, shear bands could possibly be
studied and the behaviour of such a lubricant could, potentially, provide more
insight into lubricant film breakdown.

Related to the plasto-elastic approach to the EHL problem, the model in
this work presents a promising approach to study stress history in a realistic
manner. The studies conducted must, however, be extended to cover more
over-rolling cycles in order to provide further insight into the influence of
plastic deformations. Especially after the plastic flow has approached a
limiting value and a new steady state value has been reached. Moreover,
by studying increasingly narrow asperities, which are preferably based on
measured roughness, a deeper insight into how rough surfaces are plastically
deformed during running-in may be achieved.

Lastly, but most importantly, experimental validation of the results
presented in this work is critical. Even though the models have been
verified to studies in the literature that, themselves, have been validated to
experiments, experimental validations of the time dependent variations would
be valuable to ensure that the studied phenomena are not to any great extent
influenced by numerical factors. Therefore, the simulation results provided
in this thesis may act as potential future directions to be explored due to
the interesting qualitative additions they provide to the current understanding
of EHL contacts. However, the results should not be taken as quantitative
guidelines for the design of machine elements in their current form.
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A B S T R A C T

Research related to elastohydrodynamic lubrication (EHL) has led to improved performance and durability of
machine elements where non-conformal contact geometries interact. Only a relatively small portion of the EHL
literature has, however, dealt with the lubricating performance of finite line contacts under non-steady condi-
tions, commonly found in many practical applications. The purpose of this work has thus been to further un-
derstand the behaviour of finite line EHL contacts under transient conditions by studying a finite length roller
subjected to a time varying load using a full-system finite element approach. The transient load was shown to
initiate oscillations in the system, governed by waves of lubricant moving through the contact, affecting both
pressure and film thickness throughout the contact.

1. Introduction

Research related to elastohydrodynamic lubrication (EHL) is a
branch of tribological science that has been extensively studied during
the last seventy years [1] and has helped engineers and researchers to
improve designs of machine elements where lubricated non-conformal
geometries interact. The majority of research related to numerical si-
mulation of EHL has been conducted under the assumption that steady
state conditions apply. However, in reality, many machine elements
operate under constantly changing conditions where changes in e.g.
load, speed and contact geometry are influencing the lubricating con-
ditions over time. Typical examples where transient, non-steady, EHL
contacts can be found are e.g. in a roller bearing where rolling elements
move through the loaded zone, a rotating cam in contact with a roller
follower or a pair of contacting gear teeth.

The transient conditions related to the aforementioned examples
can be referred to as system related time varying conditions, where, on
the other hand, there are contact localised transient effects on a detailed
contact scale, describing e.g. the surface roughness interaction and
variation. The contact localised transient effects have been studied to a
relatively great extent throughout the years [2,3] and are out of the
scope for this work, which focuses on system related time varying
conditions, meaning that surface roughness is not considered in this
work.

EHL under non steady conditions was relatively early investigated

by Christensen [4] who studied the flow between impacting bodies
described not only by the pressure, but also by the squeeze of lubricant
between the approaching bodies. The transient investigations were then
further extended by e.g. Hook [5] and Larsson [6] to incorporate flow
due to the pressure (Poiseuille flow), the entrainment (Couette flow)
and also the squeeze while solving the EHL problem during time. Other
studies focusing on vibrations in the contact due to transient loads have
also been presented, where Wijnant [7] presented a methodology to
numerically study the dynamics of ball bearings. This was achieved by
the development of a model incorporating inertia of the moving bodies,
which was shown to enable the study of oscillations in the lubricated
system [8]. These oscillations were shown to give rise to effects that
could not be studied assuming steady state conditions and was shown to
have good correlation to experiments [9,10].

Nomenclature
ax Hertzian contact radius

m( )
us Sum velocity ( +u u )1 2

(m/s)
aV Thermal expansivity,

vol.-temp. ° −C( )1
ue Entrainment speed

u( /2)s (m/s)
B Doolittle parameter u v w, , x-, y-, z-component of

elastic def. (m)
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C Compliance matrix U V W, , X-, Y-, Z-component of
elastic def. −( )

E Modulus of elasticity
(Pa)

Uv Displacement vector

′E Reduced modulus of
elasticity (Pa)

V Volume of lubricant
(m )3

f Applied load (N) Vr Volume at ref. state of
lubricant (m )3

fi Initial applied load (N) x y z, , Spatial coordinates (m)
ff Final load (N) X Y Z, , Dimensionless spatial

coordinates
� Dimensionless load −( ) zm Crowning design

parameter (m)
G Dimensionless

equivalent geometry −( )
h Film thickness m( ) βK Temperature

coefficient of K0
−K( )1

H Dimensionless film
thickness −( )

δ Rigid body
displacement (m)

he Length of element δ Dimensionless
deformation −( )

K0 Isothermal bulk
modulus, =p 0 (Pa)

Δ Dimensionless rigid
body disp. −( )

K00 Isothermal bulk modulus
at 0 K (Pa)

ε Strain tensor

′K0 Rate of change of K0 at
=p 0

εc Occupied vol. thermal
expansivity −K( )1

K K,1 2 Design parameters for
crowning −( )

λ μ,L L Lamé parameters (Pa)

L L,1 2 Length of roller and ring
respectively (m)

μ Viscosity (Pas)

l Order of stabilisation μ0 Viscosity at ambient
pressure (Pas)

m Mass in motion (kg) μ Dimensionless
viscosity −( )

p Pressure (Pa) ν Poisson's ratio −( )
ph Maximum Hertzian

pressure (Pa)
Ωn Dimensionless natural

frequency −( )
P Dimensionless pressure

−( )
ρ Density (kg/m )3

Pe Local Peclet number in
element

ρ0 Density at ambient
pressure (kg/m )3

R0 Occupied volume
fraction at ref. state

ρ Dimensionless density
−( )

Rx Reduced radius in x-
direction (m)

ρAD Artificial diffusion
tuning parameter

Ry Reduced radius in y-
direction (m)

σ Stress tensor

t Time (s) Θ Dimensionless time −( )
Tr Reference temperature

(K)
Θf Dimensionless end

time of step load −( )
Toil Oil temperature (K)

Furthermore, the EHL contact has traditionally been treated either
as an infinite line contact (1D problem) or, elliptical- or point contact
(2D problem). Historically important studies related to the infinite line
contact include the works by e.g. Petrusevich [11], Dowson and Hig-
ginsson [12] and others, who laid the foundation of the EHL under-
standing and theoretical simulation based on Ertel and Grubin's [13,14]
discovery of the influence on both deformation and rheology due to the
relatively high contact pressure in the contact. Other historically im-
portant studies are e.g. the development of empirical formulas by
Hamrock and Dowson [15], who published a series of papers that gave

engineers tools to use for machine element design also for point- and
elliptical contacts. Later, thanks to advances in numerical simulation in
the form of the multigrid technique applied to EHL contacts by Lubrecht
et al. [16] and further extended by Venner [17], detailed contact stu-
dies were enabled with relatively high efficiency.

Even though the understanding of the infinite line- and elliptical
contacts has been well established, many of the aforementioned ma-
chine components are described by finite length EHL contacts. Thereby
the analysis of the whole contact geometry becomes important and
especially the edges, while optimising the lubricating performance for
such applications. This is a topic that has not been studied to the same
extent as the simpler geometries. However, an early investigation was
made by Mostofi and Gohar [18] who simulated a cylindrical roller
geometry and found that the minimum film thickness and maximum
pressure were found near the edges of the roller. Their work was also
later improved by Park and Kim [19] who obtained improved contour
plots of the contact footprint itself. Detailed contact studies have been
conducted for the finite line contact under steady state conditions by
Zhu et al. [20] who also incorporated realistic geometries. However,
the deformation was solved by using Boussinesq's solution, which is
based on the infinite elastic half space approach and may therefore lead
to a relatively large approximation of the deformation at the contact
edge.

Habchi et al. [21] developed a full-system finite element (FE) ap-
proach to the EHL problem with focus on infinite line- and point con-
tacts operating under steady-state conditions. This methodology led to
further work being done by Shirzadegan et al. [22] in the field of steady
state investigations of finite line contacts, where the edges could ef-
fectively be studied by the utilisation of classical elasticity theory and
the use of a finite domain at which the EHL problem was solved. Their
work has since then been further extended to analyse e.g. the influence
of coatings for the finite line contact [23].

The literature does only cover to a very limited extent, to the au-
thors' knowledge, the behaviour of finite line contacts subjected to
transient loading conditions [24]. The understanding of film thickness
and pressure variations in the lubricated system following the variation
in operating condition therefore poses a natural next step in the un-
derstanding of the lubricated contact. In order to facilitate further op-
timisation and design of finite line EHL contacts found in a plethora of
machine elements, the novelty of the present study is an increased
understanding of the system response (film thickness, film pressure and
sub-surface stress) of a finite line EHL contact under transient loading
conditions by focusing on the effects arising due to a transient loading
event. In addition, the modelling approach used to simulate the pro-
blem is comprehensively explained, which describes the modelling
procedure used to simulate a non-conformal lubricated contact between
a logarithmically crowned roller and ring subjected to a step increased
load, which represents a case typically found in a roller bearing with
impact loading. The investigation is split into two parts; where at first a
basic understanding of the steady state solution is established, studying
the film thickness footprint and the EHL characteristics throughout the
contact, including the edge effects, while also comparing the finite line
contact model to the infinite line approximation. Thereafter an in-
vestigation of the system response for the aforementioned transient
load is presented, where oscillations initiated by the step load are stu-
died, mainly with focus on what was seen to be fluctuations around the
steady state value. The analysis highlights transient effects in the lu-
bricated finite line EHL contact that become especially important to
consider while analysing systems that are continuously subjected to
transient loading conditions during operation.

2. Methodology

The methodology and model described in this section can be used to
study finite length EHL contacts under transient conditions. In the
model, the contact simulated represents the contact between a rolling
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element with logarithmic crowning and the inner ring in a cylindrical
roller bearing, shown schematically in Fig. 1. In order to simplify the
model, the contacting bodies are described as an equivalent geometry,
where the influence of the chamfered zone on the inner ring is ne-
glected and the rounded corner on the rolling element is not included.
Instead the logarithmic crowning is assumed to reach all the way out to
the end of the roller. Moreover, isothermal conditions, Newtonian fluid
behaviour and smooth surfaces are assumed, which are all parameters
that have been studied and included in simulation models presented in
literature. However, the focus of this work is the influence of transient
loads and the following effect on pressure and film thickness in the
finite line contact, which is done under pure rolling condition. There-
fore, the film formation can be assumed to be relatively well approxi-
mated using an isothermal- and Newtonian fluid approach.

2.1. Mathematical model

The mathematical model presented below is given in dimensionless
form, where the dimensionless parameters are obtained by utilising
reference parameters, including the Hertzian dry contact parameters.
By utilising dimensionless parameters, independent variables and re-
sults close to unity can be achieved during calculations. The scaling of
relevant parameters in this work was done according to:

�

= = = = =

= = = = =

X Y Z H

P ρ

, , , , Δ ,

, , μ , Θ , ,

x
a

y
L

z
a

hR
a

δR
a

p
p

ρ
ρ

μ
μ

tu
a

f
f

x x
x

x

x

x

h r r

e
x i

1 2 2

(2.1)

where x , y and z are the spatial coordinates, h is the film thickness, δ is
the rigid body displacement, L1 is the length of the rolling element, p is
the hydrodynamic pressure, ρ and ρr represent the lubricant density and
ambient density respectively, μ and μr represent the lubricant viscosity
and ambient viscosity respectively, t is the time, ue is the entrainment
speed and, f and fi are the applied load and initial load respectively.
The Hertzian pressure, ph, and the dry contact width, ax, are defined as:

= =
′

p
f

πa L
a

fR
πE L

2
,

8
.h

x
x

x

1 1 (2.2)

where Rx and ′E represent the equivalent radius and reduced modulus
of elasticity respectively. The reduced modulus of elasticity is defined
depending on Poisson's ratio for each material, ν1 and ν2, and the elastic
modulus of elasticity for each material E, 1 and E2, according to:

′
=

−
+

−
E

ν
E

ν
E

2 (1 ) (1 )
.1

2

1

2
2

2 (2.3)

2.1.1. Elastohydrodynamic model
The pressure build-up in the lubricating film can be solved by uti-

lising the Reynolds equation, which governs the hydrodynamic pressure
build-up in a thin fluid film. The Reynolds equation scaled with the
aforementioned dimensionless parameters in Eqs. (2.1) and (2.2) reads:

∂
∂

⎛
⎝
∂
∂

⎞
⎠
+ ∂
∂

⎛
⎝

∂
∂

⎞
⎠
=

∂
∂

+
∂
∂X

ε P
X Y

φε P
Y

ρ H
X

ρ H( ) ( )
Θ

,
(2.4)

where

= = =ε
ρ H
μ λ

λ
u μ R
p a

φ a
L

,
12

, .e r x

h x

x
3

3
1 (2.5)

The film thickness, H X Y( , , Θ), is described by the geometry of the
contacting bodies, G X Y( , ), the rigid body displacement, Δ, and the
deformation, δ , according to:

= + +H X Y G X Y δ( , ,Θ) Δ ( , ) . (2.6)

The geometry studied in this work does, as already mentioned, re-
present a logarithmically crowned roller in contact with an inner ring in
a cylindrical roller bearing. However, in order to simplify the problem,
the geometries can be described as a single equivalent radius in x-di-
rection by reducing the radii according to:

⎜ ⎟= ⎛
⎝

+ ⎞
⎠

−

R
R R
1 1 .x
x x

1

1 2 (2.7)

The roller geometry can then be simply described as a parabola in x-
direction in combination with a logarithmic crowning in y-direction,
starting at K L /22 1 , as shown in Fig. 2.

The logarithmic crowning was described by the relationship in-
troduced by Fujiwara and Kawase [25] who modified the equations
derived by Johns-Gohar [26] in order to allow utilisation of the design
parameters zm, K1 and K2, which in dimensionless form results in the
following mathematical expression for the whole contact geometry:

=
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(2.8)

where the crowning, Ac, which is dependent on the applied load, is
described as:

=
′

A
K f

πL E
2

.c
i1

1 (2.9)

Note that with =K 12 , the whole length of the roller becomes
logarithmically crowned.

The dimensionless deformation, δ , in Eq. (2.6) can be calculated by
utilising classical elasticity theory, where the stress equilibrium in this
work was solved in a quasi-static manner, meaning that the stress
equilibrium reads:

= =σ D σdiv ( ) 0,T (2.10)

where the stress tensor, σ , is related to the strain tensor, ε, with the
compliance matrix, C , according to Hooke's law:

Fig. 1. Schematic of the simulated bodies in contact.

Fig. 2. . Schematic of the roller geometry with relevant parameters. Note that
the crowning is exaggerated.
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= =σ Cε U CDU( ) ,v v (2.11)

with
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For more details regarding the formulation of the aforementioned
elasticity equations, the reader is referred to e.g. Reddy [27].

Writing Eq. (2.10) in another form based on the dimensionless
parameters given in Eqs. (2.1) and (2.2) and, =U uR a/x x

2, =V vR a/x x
2

and =W wR a/x x
2, the relation between the deformations in the material

of the deformed body can be described according to [28]:
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where λL and μL are the Lamé parameters, comprising the dimension-
less modulus of elasticity, =E Ea R P/( )x x h , and Poisson's ratio, ν, ac-
cording to:

= =+ − +λ μ, .L
νE

ν ν L
E

ν(1 )(1 2 ) 2(1 ) (2.14)

By solving Eq. (2.13), the deformation in Eq. (2.6) is simply given by
=δ W . The aforementioned elasticity model is limited to small elastic

deformations of homogeneous isotropic materials.
The pressure required to carry the applied load can be solved by

integrating the pressure over the contact domain and balancing this
with the applied load and the inertia of the moving body. This can be
written in dimensionless form by defining the dimensionless natural
frequency, Ωn, as shown by Wijnant and Venner [8], resulting in:

�∬+ =d
d π

P X Y dXdY1
Ω

Δ
Θ

2 ( , ,Θ) (Θ),
n
2

2

2
Ωc (2.15)

where the dimensionless natural frequency reads:

=
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Ω
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s
2 (2.16)

The dimensionless applied load over time, � T( ), was in this work
chosen to be described as a step increased load, which relates to a
highly transient event found in e.g. a rolling element bearing subjected
to a sudden increase in load. The step was defined in the same manner
as Wijnant et al. [9] where the increase from fi is linear over the time,
Tf , until the final load, ff , is reached, according to:
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2.1.2. Rheology
As already realised by Ertel and Grubin [13], the pressure in an EHL

contact reaches values that influence the rheology of the lubricant,
meaning that density- and viscosity changes have to be accounted for
while simulating the lubricating performance. The change in density
due to pressure was in this work described by the Tait equation of state

(EOS), which can be used to describe the compressibility of a liquid
lubricant with relatively high accuracy at high pressures [29]. The Tait
EOS can hence be used to describe the density of the lubricant by as-
suming constant mass, based on the lubricant specific parameters ′K0,
av, K00 and βK , according to:

⎜ ⎟⎜ ⎟= ⋅⎛

⎝
⎡
⎣⎢

−
+ ′

⎛
⎝

+ + ′ ⎞
⎠
⎤
⎦⎥

+ − ⎞

⎠

−

ρ p T ρ
K

p
K

K a T T( , ) 1 1
1

ln 1 (1 ) (1 ( ))

,

r V oil r
0 0

0

1

(2.18)

where Toil is the oil temperature, Tr the reference temperature and
= −K K β Texp( )K oil0 00 describes the bulk modulus dependence on tem-

perature.
The viscosity-pressure relationship described by Doolittle was uti-

lized in order to describe the viscosity changes based on the free volume
in the contact, which is made relatively straight forward using the Tait
EOS [30]. The Doolittle viscosity-pressure equation can be written
based on the reference total volume, Vr , reference occupied volume ∞V r ,
occupied volume ∞V and total volume V according to:
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where the parameters R0 and B are lubricant specific parameters and
the occupied volume varies with temperature according to

= + −∞ ∞V V ε T T/ 1 ( )r c oil r , which for the isothermal case simply reduces
to 1.

In order to handle the free boundary problem at the outlet of the
contact where cavitation occurs, the penalty method introduced by Wu
[31] was utilized, as proposed by Habchi et al. [32]. The penalty
method is based on adding a sufficiently large number to the Reynolds
equation (Eq. (2.4)) that is multiplied with the pressure in the cavitated
region, which will supress the negative pressures and accurately find
the free boundary. This approach has been shown to fulfil the Reynolds
boundary condition and hence preserve mass continuity over the ca-
vitation boundary [31]. The implementation of the method is
straightforward due to the only addition of the penalty term to the
Reynolds equation, which means that the Reynolds equation instead
reads:
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where the pressure in the cavitated area −P is simply the negative part
of the pressure, namely:

= ⎧
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≥
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−P P
P P
0, 0
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(2.21)

and the constant Φ0 is a sufficiently large number to supress the ne-
gative pressures applied as:

= ⋅hΦ Φ .e
2

0 (2.22)

Due to the straightforward implementation and the way the mass
continuity over the cavitation boundary is preserved, this type of
method to handle the free boundary problem was by the authors pre-
ferred for the current model.

2.2. Numerical procedure

The equations were solved in a commercially available FEM soft-
ware [33], where the aforementioned equations in Section 2.1 are
implemented and solved on a sufficiently large dimensionless finite
domain with appropriate boundary conditions as shown in Fig. 3, for
more details see Shirzadegan [34]. The boundary condition related to
the contact domain, Ωc, represents the contact itself and therefore the
computed hydrodynamic pressure is applied on this domain, meaning
that the boundary condition on the solid domain reads: = ⋅→σ P nn , with
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zero pressure on the boundaries of Ωc. Two fixed boundary conditions
are applied on the upper and lower domains, Ω1 and Ω2, representing
the roller and the inner ring respectively; one on top of the upper do-
main, ∂Ωt1 and one on the bottom of the lower domain, ∂Ωb2. In order to
utilise the contact symmetry, which is the case for a perfectly aligned
roller and ring, symmetrical boundary conditions are applied in the
middle of the two domains (at =Y 0), namely ∂Ωs1 and ∂Ωs2. All other
edges are free, meaning that deformation of e.g. the contact edge is
allowed. These boundary conditions can be summarised mathemati-
cally as follows:
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The discretisation of the domain was made using triangular- and
tetrahedral elements, where the mesh density was allowed to be re-
duced further away from the contact domain. A finer resolution in Y-
direction was utilized and achieved by allowing 20 times larger ele-
ments in X-direction compared to the Y-direction. This allows the gra-
dients in Y-direction to be solved with relatively fine resolution without
using an excessive number of elements in X-direction. The element type
was for the hydrodynamic part set to two-dimensional Lagrange quintic
elements while for the elasticity part, three-dimensional Lagrange
quadratic elements were used [35].

The equations were solved using the Hertzian dry contact solution
as an initial guess to the EHL problem, further utilising a Newton-
Raphson iteration scheme for the fully coupled system, where the rigid
body displacement was iterated until a relative error of −10 6 was
achieved. For more details regarding the iteration procedure, the reader
is referred to Habchi's work [35]. The steady-state EHL solution was
then used as initial solution to the time dependent EHL problem, where
the implicit numerical method backward differentiation formula (BDF)
was used, using an interpolating polynomial of maximum 3 and
minimum 1. The dimensionless time steps were automatically chosen to
be sufficiently small for the solver to converge, using a maximum di-
mensionless time step of 0.04 with a relative tolerance of 0.01 between
the time steps and an absolute tolerance of 0.01 for all variables.

2.2.1. Galerkin formulation
The weak formulation of the Reynolds equation can be formulated

by multiplying Eq. (2.4) with a test function and integrating over the
domain where it is applied, where in the case of the Galerkin for-
mulation the test function equals the weight function in the finite ele-
ment formulation. The Reynolds equation is therefore formulated based
on the contact domain where it is applied, i.e. Ωc, and in the same
manner, the weak form for the elasticity equation (see e.g. Hughes
[36]), Eq. (2.10), and load balance, Eq. (2.15), are formulated for the
whole discretised domain, resulting in:
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Note that the test function vector related to the elasticity reads
=ϕ ϕ ϕ ϕ{ , , }U

T
U V Wv

.

2.2.2. Stabilisation
It has long been known that the instability of the Reynolds equation

in highly loaded contacts can be described by the fact that the equation
becomes convection dominant in the high pressure zone due to the
piezoviscous response leading to the fact that the diffusion term be-
comes small. This give rise to oscillations using the Galerkin formula-
tion [21], meaning that the Reynolds equation has to be stabilized ac-
cordingly. This can be done in different ways, where the stabilisation
technique used in this work is the same as proposed by Alakhamsing
et al. [23], namely by using artificial diffusion (AD). AD, which is a non-
residual based stabilisation method is implemented simply by adding
diffusion terms to the Reynolds equation, leading to the Reynolds
equation in Eq. (2.24), excluding the penalty term, being written as:
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The AD terms, based on the local Peclet number, Pe, the convection
coefficient, β, and length of element, he, reads:
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where the convection coefficient and the local Peclet number is de-
scribed as proposed by Galeão et al. [37]:
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The choice of the tuning parameters ρADX and ρADY are relatively
arbitrary but the guidelines mentioned in Refs. [23] and [32] can be
utilized to avoid affecting the solution to any significant degree.

3. Results and discussion

In this section the numerical results obtained with the previously
described model, focusing on film thickness and pressure in the contact,
are presented and analysed. Steady state results are first studied,
especially with focus on the edge effect and film thickness values that

Fig. 3. Computational domain with relevant boundary conditions. Based on
figure in Ref. [34].
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will act as reference to the transient results. Later, the transient results
are studied and an investigation that aims at studying the time de-
pendent events taking place due to the step increased load is conducted
in order to further understand how the transient solution differ from the
steady state analysis with respect to film thickness and pressure. Also,
the variations in the system's response to various entrainment speeds,
and therefore various dimensionless natural frequencies as well, are
analysed and discussed.

The input data used is listed in Table 1 and describes a typical roller
bearing application lubricated with oil, using rheology data from lit-
erature [30]. The geometry and rheology were kept constant
throughout the simulations in order to restrict the study to the oper-
ating conditions, i.e. the influence of load and entrainment speed. The
simulation time to generate transient results of 8 dimensionless time
units using the specified operating conditions, solved on a mesh of
approximately 1.7 million degrees of freedom, takes approximately 2–4
days with a computer using an Intel(R) Xeon(R) CPU E5-2630 pro-
cessor.

3.1. Steady state simulations

The steady state simulations in this section aim to generate a fun-
damental understanding of the film thickness profile for the specific
geometry under the operating conditions used, not only to understand
what to expect from the transient simulations but also to investigate
how the finite length EHL contact behaves under steady state condi-
tions, especially with respect to the edges. A comparison between the
finite line contact solution and the infinite line contact assumption is
also made.

The film thickness profile for the logarithmically crowned roller
subjected to a constant load, fi, using the input data in Table 1, revealed
that the middle region of the contact has a relatively constant film
thickness along the Y -direction that stretches almost all the way out to
the contact edges, as shown in Fig. 4. However, close to the edges a
reduction of film thickness can be seen, as expected [19], where also
the minimum film thickness can be found.

The logarithmic crowning of the roller was shown to result in a
relatively smooth pressure distribution along the contact, as seen in
Fig. 5 (a). This, in comparison to e.g. a cylindrical roller with rounded
edges that shows a sharp pressure spike [19], leads to less severe op-
erating conditions. However, as described in Eq. (2.9), the logarithmic
crowning that leads to the removal of the pressure spike is based on the
applied load, combined with a factor K1, meaning that the specific
geometry for a certain load case may not give an optimal pressure
distribution for varying loading conditions. However, in this case where

the load parameter is based on the final load case =K( 21 ), the pressure
is shown to become smooth due to the relatively low pressure Ph fi, . In
the centre of the contact along =Y( 0), the characteristic EHL appear-
ance is seen with a relatively small pressure spike at the outlet.

It can be seen in Figs. 4 and 5 (a) that an increase of film thickness
happens right before the rapid decrease close to the edge of the contact.
This can be explained partly by the increased curvature, but also by the
reduction of pressure at the edge of the contact, which influences the
density of the lubricant leading to an increase in film thickness fol-
lowing the pressure distribution. This can simply be shown by ne-
glecting the Poiseuille flow in Eq. (2.4) due to the viscosity increase as
discussed by e.g. Venner and Bos [38], leading to

=ρ H C, (3.1)

where C is a constant. What can be seen in these results is that the
compressibility affects the whole contact geometry, which leads to a
relatively counter-intuitive impression along the Y-direction, where an
increase in film thickness occurs before the sharp reduction of near the
edge. Moreover, for an incompressible lubricant this effect will, ob-
viously, not be the case. The same dependence can, as previously shown
by other authors e.g. Larsson and Höglund [39], be seen for the film
thickness along X at =Y 0, shown in Fig. 5 (b).

The film thickness for the central part of the contact, along X at
=Y 0, can be relatively well approximated with the infinite line contact

assumption. However, due to the flow out of the contact in the trans-
verse direction in combination with the logarithmic crowning for the
finite length roller, a thinner film and a wider contact width will be the
case. For a relatively long roller, however, the 1D and 2D solutions will
start to converge, as shown in Fig. 6. The infinite line contact model
used for the comparison was based on the 1D model presented by
Habchi [35]. The stabilisation in 1D was, however, made with both the
residual based Galerkin least square technique (GLS) and the non-re-
sidual based AD technique in order to analyse the influence of AD on
the solution in X -direction. It was shown that the AD affects the solu-
tion in a negligible manner with the tuning parameter value used, i.e.

=ρ 0.5ADX , also shown in Fig. 6.
Further by analysing the load case using an increased load, ff , ap-

plied to the same roller geometry, achieved by reducing K1 to 1, it can
be seen that the film thickness profile changes somehow compared to
the initial load case. As expected, the minimum film thickness position
is moved closer to the edge and is further reduced, while also the re-
duced film thickness area close to the edge is stretched along the con-
tact in X -direction, shown in Fig. 7.

The momentary increase in film thickness close to the edge is not as
pronounced as for the lower pressure case, mainly due to the generally
lower film thickness in combination with a sharper decrease of pressure
close to the edge, leading to a smaller difference in general along the
contact, as seen in Fig. 8 (a). Also, it is notable that the increase in film
thickness is not visible in Fig. 7 due to the contour levels. Furthermore,

Table 1
. Operating conditions used for the simulations.

Parameter Value Unit Parameter Value Unit

Rx1 5.5 mm Ph fi, 0.84 GPa
Rx2 24.75 mm Ph ff, 1.19 GPa
L1 11 mm μ0 46.7 cSt
L2 18 mm ρ0 845 kg/m3

K1 2 − av ⋅ −8 10 4 ° −C 1

K2 1 − B 3.382 −( )
zm 12 μm βK ⋅ −6.5 10 3 −K 1

E 200 GPa ′K0 11 −( )
v 0.3 − K00 9 GPa
fi 1000 N R0 0.6641 −( )
ff 2000 N =T Toil r 293.15 K

Θf 1.7 −( ) ρADX 0.5 −( )
ue 3 m/s ρADY 0.02 −( )
m 0.01 kg l 2 −( )
ax fi, 68.8 μm Ωn 7.07 −( )
ax ff, 97.4 μm Φ0 106 −( )

Fig. 4. Dimensionless film thickness footprint for the logarithmically crowned
roller (scaled with initial load).

T. Hultqvist et al. Tribology International 127 (2018) 489–499

494



it can be seen that the contact width is not noteworthy changed in
Y -direction but significantly increased in X -direction due to the geo-
metry of the roller.

3.2. Transient simulations

Instead of assuming that the system directly stabilizes at the final
loading condition, a step load analysis was conducted with the load
described according to Eq. (2.17), meaning that the load was increased
linearly from fi to ff over the dimensionless time, Θf , in order to in-
vestigate the transition between the two load values. The same input
data as for the steady state investigation was used for this analysis, i.e.
the data listed in Table 1.

By applying the step increased load to the roller, an increase in
contact width can be seen over time, as shown in Fig. 9. It can also be
seen that a certain amount of lubricant gets entrapped in the contact
during the first moments in time due to the squeeze effect, meaning that
a momentarily higher central film thickness occurs during loading, see
Fig. 9. This can be explained by the relatively high contact pressures
leading to an increased viscosity, meaning that the lubricant gets en-
trapped within the contact during the contact widening phase, and
hence has to travel through the contact rather than getting squeezed out
of it.

It does also become clear that the contact width significantly in-
creases in the X -direction compared to the Y -direction, which was also
seen in the steady state investigation. This is, as previously mentioned,
explained by the finite length of the roller, meaning that the de-
formation of the geometry only applies radially as opposed to the point
contact case. Furthermore, the Poisson effect increases the contact
width to a small extent in the Y -direction. The reduced film thickness
area along the roller, i.e. the edge effect, is showing the same behaviour
as in the steady state investigation, namely the minimum film thickness
moves closer to the outer edge of the contact while at the same time it
covers a larger area along X . However, the minimum film thickness
now fluctuates due to the lubricant waves passing by.

The change in load hence initiates oscillations in the system due to
the continuously moving lubricant in combination with the inertia of
the system, leading to film thickness fluctuations over time, not only
during loading but also after reaching the final load value. It can be
seen that the system shows a more consistent behaviour with respect to
the oscillations after approximately =Θ 4, meaning that no significant
change between one period of oscillation is expected when the final
contact width has been reached, as can be seen in Fig. 10 and, Fig. 9f)
and g) and i). Similar phenomena was also seen during studies of the

Fig. 5. Film thickness and pressure profiles along Y at =X 0 (a) and along X at =Y 0 (b).

Fig. 6. Film thickness comparison between the infinite line contact and finite
line contact (at =Y 0) for L1 and L1000 1, while also comparing GLS to AD.

Fig. 7. Dimensionless film thickness for the final load case rescaled with initial
load case for comparison (note that X is still scaled with ff ).

Fig. 8. Film thickness and pressure profiles along Y at =X 0 (a) and along X at =Y 0 (b) for the final load case (note that P H, and X is scaled with the initial load
case for comparison).
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point contact [8].
The fluctuations are seen to oscillate around the steady state values,

where lower- and higher film thickness values are periodically achieved
for both the central and minimum film thickness values. Especially
important to recognise is the reduction of the film thickness that occurs,
which will lead to periodically higher pressures than predicted with the
steady state investigation. Further studying the centre of the contact
along X ( =Y 0), the fluctuations that are moving through the contact
from the inlet to the outlet of the contact are shown to increase the
pressure locally based on the position of the entrapped lubricant,
leading to continuously changing position of pressure maximum and
also momentary changes of the characteristic EHL pressure spike, as can
be seen in Fig. 11. Comparing the pressure distribution oven time to the

steady state values of the final load reveals that the locally increased
pressures over time reaches pressure values that are higher than what is
predicted with the steady state approach, also after the final load has
been reached (see Fig. 8 (b) for comparison).

Along the contact width it can be seen that the film thickness is
relatively constant at individual time steps while following the fluc-
tuations that moves through the contact over time, see Fig. 12. Fur-
thermore, even though Eq. (2.9) describes the geometry based on the
final load case, i.e. =K 21 , a small pressure spike is seen to occur during
the passing of lubricant waves. The pressure spike partly occurs due to
the choice of design parameters, however, the importance of con-
sidering the load variations while designing the roller is elucidated and
a perfectly smooth pressure distribution cannot with certainty be
guaranteed throughout time. The durability influence from the in-
creased localised pressure maxima and the effect on NVH arising from
the vibrations, typically in a rolling element bearings, may be optimised
and sources of vibrations understood by considering the transient ef-
fects and the influence of the lubricant waves.

As previously seen, the system starts to fluctuate relatively con-
sistently after approximately =Θ 4 with slight reduction of amplitude
for each cycle, as seen in Fig. 10. This dampening occurs due to the
viscous losses in the contact and can be studied by analysing the re-
lationship between mutual approach and dimensionless contact load
over time, which enables quantification of the work done by the contact
load [7]. The losses over one cycle, in this case =Θ 5 to =Θ 6.3, are
visualised in a hysteresis loop shown in Fig. 13. The area enclosed by
the loop equals the work done by the load over one period of oscillation
and the losses hence mean that after a certain amount of time, the so-
lution levels out completely at the new steady state value, i.e. if no
additional transient event occurs before then.

The oscillations for various values of Ωn, changed with the

Fig. 9. Film thickness for selected time steps showing the influence of entrapped lubricant.

Fig. 10. Central- and minimum film thickness fluctuations over time.
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entrainment speed, u ,e were shown to vary with respect to both fre-
quency and amplitude. The difference in frequency depends on both the
dimensionless time it takes for one lubricant wave to pass through the
contact and the size of the lubricant wave (wave length) that is moving
through. Since the dimensionless time for one lubricant wave to move
through the contact is constant between the compared cases due to the

scaling of time with speed, smaller lubricant waves will be the case for a
higher dimensionless frequency values, as can be seen in Fig. 14. Also,
the amplitude of the oscillations was shown to decrease for lower film
thicknesses and vice-versa, meaning that, as expected, the stiffness of
the contact increases with lower film thickness.

Another interesting phenomenon that can be seen is that the

Fig. 11. Cross section along X ( =Y 0) for selected time steps showing the entrapped lubricant moving through the contact.

Fig. 12. Cross section along Y ( =X 0) for selected time steps showing the influence of entrapped lubricant along the roller.
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frequencies of the minimum film thickness and central film thickness
with respect to maximum- and minimum values are not always in
phase. This is explained by the decoupling between the contact width
and the size of the entrapped lubricant wave going through (which as
previously discussed only depends on the dimensionless frequency),
meaning that the position of the lubricant wave affects the minimum
film thickness independently of the central film thickness and vice
versa. This can be elucidated by analysing the differences in Fig. 14,
where the low frequency case (meaning relatively large lubricant
waves) leads to the minimum- and central film thicknesses to be more
or less in phase, while for the intermediate frequency, an offset can be
seen between the oscillations and lastly for the high frequency case, the
oscillations are seen to be more or less out of phase. Furthermore, an
increased contact width for a specific frequency value will increase the
decoupling due to the constant wave length.

4. Conclusions

A model that enables analysis of finite line EHL contacts during
transient loading conditions has been developed and implemented in
commercial FEM software. The model was used to study the behaviour
of an EHL finite line contact found between a logarithmically crowned
roller and an inner ring subjected to a transient load, supposed to re-
present a contact typically found in a roller bearing.

First, an investigation assuming steady state conditions was con-
ducted, focusing on pressure and film thickness, while also showing
that the finite length EHL contact shows slightly different behaviour in
the centre of the contact compared to the infinite line contact as-
sumption. This difference was explained by both the geometrical

differences along the roller and the side flow out of the contact, which is
especially true for shorter rollers. Secondly, a transient investigation
was conducted, showing that film thickness fluctuations are initiated
while applying a step increased load to the system. The film thickness
fluctuations were seen to oscillate around the previously predicted
steady state values, leading to periodically lower- and higher film
thickness values that dampens out with time due to viscous losses in the
contact. During the step increased load event it was also seen that an
excessive amount of lubricant gets entrapped in the contact during the
contact widening phase, leading to momentarily higher film thickness
values than the initial film thickness value, which also correlates well
with literature concerning the point contact problem.

The central- and minimum film thickness oscillations were seen to
have the possibility to oscillate out of phase. This was seen to be ex-
plained by the decoupling between the contact width and the size of the
lubricant wave moving through the contact. The lubricant waves,
which moves through the contact in a constant amount of dimension-
less time independent of dimensionless frequency, will affect the cen-
tral- and minimum film thickness differently based only on the size of
the lubricant wave for a specific contact width, meaning that the cen-
tral- and minimum film thickness oscillations will be decoupled, which
will be especially pronounced for higher frequencies due to the rela-
tively small lubricant waves.
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Influence of Lubricant Pressure
Response on Subsurface Stress
in Elastohydrodynamically
Lubricated Finite Line Contacts
In order to adapt to increasingly stringent CO2 regulations, the automotive industry must
develop and evaluate low cost, low emission solutions in the powertrain technology. This
often implies increased power density and the use of low viscosity oils, leading to addi-
tional challenges related to the durability of various machine elements. Therefore, an
increased understanding of lubricated contacts becomes important where oil viscosity–
pressure and compressibility–pressure behavior have been shown to influence the film
thickness and pressure distribution in elastohydrodynamic lubrication (EHL) contacts,
further influencing the durability. In this work, a finite line EHL contact is analyzed with
focus on the oil compressibility–pressure and viscosity–pressure response, comparing
two oils with relatively different behavior and its influence on subsurface stress concen-
trations in the contacting bodies. Results indicate that increased pressure gradients and
pressure spikes, and therefore increased localized stress concentrations, can be expected
for stiffer, less compressible oils, which under transient loading conditions not only affect
the outlet but also the edges of the roller. [DOI: 10.1115/1.4041733]

Keywords: elastohydrodynamic lubrication, finite line contacts, subsurface stress, tran-
sient loading

1 Introduction

The development of low cost-low emission solutions has for the
automotive industry become a key area of interest due to increas-
ingly stringent CO2 regulations and fuel consumption reduction
requirements. An estimate of reduced fuel consumption poten-
tially achieved by utilizing new technology in passenger cars was
shown by Holmberg et al. [1] to be approximately 385,000� 106 l
annually in the long term, i.e., in 15–25 years. However, the
reduced fuel consumption often requires higher power density and
the use of low viscosity oils [2]. Low friction alternatives are also
being investigated to supersede some of the commonly used
machine elements in the powertrain today, which have shown
potential in reducing fuel consumption, such as, e.g., the utiliza-
tion of crankshaft roller bearings [3,4]. A consequence of the
aforementioned approaches to achieve a reduced fuel consumption
is that many machine elements in the powertrain operates under
increased loads and low viscosity conditions concurrently, which
leads to increased demands on the lubricant performance and an
optimization of the durability for such components.

Bearings, gears, and cam-roller followers are typical machine
elements subjected to increasingly severe operating conditions,
which all operate under elastohydrodynamic lubrication (EHL).
The topic of EHL has been the subject of intense research during
the last 70 years [5,6], i.e., ever since the fundamental

understanding of concurrent deformation and viscosity increase
due to the pressure in the lubricated contact was established by
Grubin [7] and Ertel [8]. EHL research has since then helped engi-
neers and researchers to improve and optimize machine elements
while striving for high durability and low friction performance.

The first EHL solution by Grubin [7] highlighted the fact that
both the viscosity increase of the lubricant and the deformation of
the contacting bodies must be considered in order to accurately
predict the contact pressure and film thickness for nonconformal-
lubricated contacts. An early approach used to describe the
piezoviscous response of the lubricant was a simple exponential
function of viscosity due to pressure, usually referred to as the
Barus equation [9] and later further developed to include thermal
effects by Cheng and Sternlicht [10]. However, this approach rap-
idly overestimates viscosity at high pressures, whereas the equa-
tion presented by Roelands [11] with similar mathematical
simplicity has been widely employed to EHL problems due to
straightforward implementation and description of a lubricant’s
viscosity–temperature–pressure behavior. Furthermore, physically
consistent equations based on free volume theory such as the Doo-
little equation and the modified Williams et al. [12] have also
been applied solving the EHL problem with success. However,
with the disadvantage of requiring an increased amount of lubri-
cant specific variables to describe the specific lubricant behavior
that in combination with a relatively small amount of measure-
ments in the literature have led to the fact that the Roelands equa-
tion is still widely used in the EHL literature.

An early approach to also include the compressibility variation
following the relatively high pressures while solving the EHL
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problem was presented by Dowson et al. [13]. They proposed a
curve fit for a mineral oil describing the density–pressure relation-
ship for the specific case, commonly known as the Dowson and
Higginson equation, where a maximum density increase of
approximately 33% was achieved for high pressures. However,
even though the curve fit equation only describes the specific case
using a certain mineral oil, the Dowson–Higginson density–
pressure relationship has been, and still is, widely used due to its
simple mathematical description of the compressibility. Jacobson
and Vinet [14] later presented an equation describing the oil
compressibility–pressure behavior based on experiments made
under pressures up to 2.2 GPa for different lubricants. This model
was incorporated into a multilevel solver for the EHL problem by
Venner and Bos [15]. By using the Jacobson–Vinet equation,
Venner and Bos [15] were able to confirm what had been seen
previously, namely that the compressibility–pressure relationship
influences the magnitude of the Petrusevich spike and also the
central film thickness, while the minimum film thickness was seen
to be barely affected by the compressibility [16–18], which also
elucidated the limitations of using the Dowson–Higginson
equation.

H€oglund and Larsson [19] described the compressibility differ-
ences between various oils by the molecule structure where, e.g.,
polyalphaolefin (PAO), esters and polyglycols, consisting of long
straight molecules gives a response related to high compressible
behavior and therefore low pressure–viscosity coefficient. How-
ever, mineral oils such as, e.g., naphthenic oils, consisting of ring-
shaped molecules, are harder to compress and therefore gives a
stiffer behavior. They also found that a second stress maximum
could be seen in the von Mises stress field below the pressure
spike using a stiffer oil, further indicating that the compressibility
may affect surface fatigue in EHL contacts. Habchi and Bair [20]
studied two extreme cases regarding compressible oils, i.e., a
highly compressible silicone oil and a less compressible mineral
oil and the effect on the lubricating performance in circular con-
tacts, highlighting the importance of accurate lubricant modeling
while studying EHL contacts.

The pressure influence on the lubricant behavior in EHL con-
tacts has been an important subject since the first understanding of
EHL contacts and the influence has lately become increasingly
understood; however, many times studies are conducted using the
Dowson and Higginson equation combined with a suitable viscos-
ity model. Furthermore, the influence of compressibility and the
following change in pressure distribution, and thereby, the stress
field in the material has, to the best of our knowledge, been stud-
ied only to a small extent, which is a subject that becomes impor-
tant while improving durability of machine components by
suppressing failure mechanisms such as surface and subsurface
fatigue. Moreover, the influence of compressibility has mainly
been investigated during steady-state conditions analyzing point
contacts or infinite line contacts; however, an increased under-
standing of the transient compressibility behavior becomes impor-
tant while improving machine elements that operates under
nonsteady conditions. Also, the reduction of film thickness in

combination with pressure spikes at the edges of line contacts
having a finite width has not yet been fully established. The finite
line contact is characterized by being significantly larger in one
direction compared to the other and is intentionally crowned
toward the edges of the contact to avoid stress concentrations and
to allow for misalignment to a certain extent. Finite line contacts
are found in machine elements such as, e.g., roller bearings, gears,
and cam-roller followers.

This study does, in order to further enable optimization and
durability improvement of lubricated finite line EHL contacts, aim
at investigating the effects of lubricant compressibility and viscos-
ity behavior on pressure, film thickness, and subsurface stress by
studying the behavior of two oils with differences in piezoviscous
response and compressibility behavior. The pressure, the film
thickness, and the following subsurface stress are compared and
studied under both steady-state- and transient-operating condi-
tions, where the differences in pressure distribution influence how
the load is carried by the contacting bodies. The compressibility–
pressure and piezoviscous responses of the lubricant are described
by the Tait–Doolittle equation using full data sets of two oils,
meaning that a relatively accurate modeling of the oils is con-
ducted for the comparison. Furthermore, in order to study the spe-
cific influence of viscosity and compressibility, the oils are also
compared to each other using crossed viscosity and compressibil-
ity relationships for the two oils, meaning that the influence of vis-
cosity and density can be studied independently.

2 Methodology

In this work, the EHL problem is solved using the model pre-
sented by Hultqvist et al. [21] which is based on the full-system
finite element approach developed by Habchi et al. [22,23] and
further developed to enable simulation of finite line contacts by
Shirzadegan et al. [24] and includes transients effects based on the
work done by Wijnant [25]. The solution procedure is based on
solving the Reynolds equation, Hooke’s elasticity equations, and a
load balance equation, which is fulfilled by iterating the rigid
body displacement of the moving body until the applied load and
pressure in the lubricating film has converged. The problem is
solved in a fully coupled manner utilizing a Newton–Raphson
solution procedure. For more details related to the mathematical
model and numerical procedure, the reader is referred to Hultqvist
et al. [21]. However, in this section, the important parts of the sim-
ulation model for this work are repeated, and also changes made
to the model are explained. Moreover, Newtonian fluid behavior,
smooth surfaces, pure rolling conditions, and isothermal operating
conditions are assumed throughout this work.

The contact geometry in this work was described in the same
manner as in Hultqvist et al. [21], meaning that the logarithmic
crowning presented by Fujiwara and Kawase [26] was utilized.
This allows the logarithmic crowning to be described by the
design parameters zm, K1; and K2, while the crowning in X-direc-
tion is described by a parabola, meaning that the full geometry
reads

G X;Yð Þ ¼

X2

2
Yj j < 1� K2

2

X2

2
� Rx

a2
x

Acln 1� 1� exp � zm

Ac

� �� �
2 Yj j � 1

K2

þ 1

� �2
" #

Yj j � 1� K2

2

8>>><
>>>:

(1)

with

Ac ¼
2K1fi

pLE0
(2)
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2.1 Equivalent Elasticity Problem. The deformation occur-
ring in the bodies are in this study solved by using the equivalent
elasticity formulation described by Habchi [27]. This approach
does, due to the fact that the bodies are subjected to the same
applied boundary load, enable the two problems of deformation to
be solved as one, with a single, equivalent elasticity. This enables
the elasticity of the whole problem to be formulated based on the
two bodies’ elastic properties according to

Eeq ¼
E2

1E2 1þ v2ð Þ2 þ E2
2E1 1þ v1ð Þ2

E1 1þ v2ð Þ þ E2 1þ v1ð Þð Þ2
(3)

and

veq ¼
E1v2 1þ v2ð Þ þ E2v1 1þ v1ð Þ

E1 1þ v2ð Þ þ E2ð1þ v1Þ
(4)

In the specific case of a steel–steel contact, it can be assumed that:
E1 ¼ E2 ¼ E and �1 ¼ �2 ¼ �, meaning the stress in one of the
two bodies can be calculated based on the combined deformation
Utot ¼ 2U1 ¼ 2U2ð Þ in combination with the equivalent elasticity
Eeq ¼ E=2
� �

, leading to the stress in each direction to be written
in dimensionless form as following:

�rxx ¼
ax

RxPh
kL þ 2lLð Þ @U

@X
þ kLu

@V

@Y
þ kL

@W

@Z

� �

�ryy ¼
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RxPh
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@U
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þ kL þ 2lLð Þu @V
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þ kL

@W

@Z

� �

�rzz ¼
ax
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� �
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þ u
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u
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8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

(5)

Note that these are the same stress equations as if the problem was
solved separately in two bodies. The dimensionless von Mises
stress then reads

�rvM ¼
�

�r2
xx þ �r2

yy þ �r2
zz � �rxx�ryy � �ryy�rzz � �rzz�rxx

þ 3�s2
xy þ 3�s2

yz þ 3�s2
xz

�1=2
(6)

From the aforementioned stress equations in Eq. (5), the deforma-
tions are solved in the same manner as presented by Habchi et al.
[28], using the stress equilibrium and assuming quasi-static
deformations

div �rð Þ ¼ 0 (7)

where �r is the dimensionless stress tensor written as

�r ¼
�rxx �sxy �sxz

�sxy �ryy �syz

�sxz �syz �rzz

2
4

3
5 (8)

2.2 Numerical Procedure. The equivalent elasticity problem
makes it possible to, as already mentioned, solve the problem only
once, meaning that one domain is sufficient to solve the problem
and is illustrated in Fig. 1. The relevant boundary conditions are
written mathematically as follows [24]:

U ¼ V ¼ W ¼ 0 at @Xb

V ¼ 0 at @Xs

rn � n ¼ rZZ ¼ �P at Xc

rn ¼ 0 elsewhere

8>><
>>: (9)

The discretization of the domain was done using two-dimensional
Lagrange quintic elements for the hydrodynamic part and three
dimensional nodal serendipity cubic elements for the elasticity. In
order to achieve a sufficiently good resolution of the domain in X-
and Y-directions without using excessive computational power,
the elements were allowed to increase in size further away from
the contact. The elements were also 20 times larger in Y-direction
in order to handle the gradients in Y-direction without using an
excessive amount of elements in X-direction. Furthermore, the
same solution procedure as described in Hultqvist et al. [21] was
used to solve the systems of equation, however, using a dimen-
sionless time-step of 0.02 and an absolute tolerance for the varia-
bles of 0.1. More details about the stationary EHD solution can be
found in Habchi et al. [22].

2.3 Viscosity and Compressibility. The compressibility–
pressure and viscosity–pressure models used in this study are
described in this section for the sake of completeness. The com-
pressibility of the lubricant was calculated using the Tait equation
of state equation, relating the volume change to pressure accord-
ing to

V

V0

¼ 1� 1

1þ K00
ln 1þ p

K0

1þ K0
0ð Þ

� �
(10)

where p is the pressure, K00 is the pressure rate of change of the
isothermal bulk modulus at zero pressure, and K0 is the isothermal
bulk modulus for a certain temperature at zero pressure, written as

K0 ¼ K1 þ
_K0

Toil
(11)

This way of expressing the isothermal bulk modulus at zero pres-
sure has drawbacks for high temperatures as discussed by Bair
[29]; however, for the current analysis such temperatures are not
reached. The volume variation at zero pressure due to the temper-
ature was assumed to follow a linear relationship, meaning that

V0

Vr
¼ 1þ av Toil � Trð Þ (12)

By assuming constant mass and solving for the density increase
due to pressure, the density–pressure relationship can simply be
written as

Fig. 1 Computational domain with relevant boundary
conditions
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q p;Toilð Þ
qr

¼ 1� 1

1þK00
ln 1þ p

K0

1þK0
0ð Þ

� �" #
1þaV Toil�Trð Þð Þ

!�1

(13)

Solving for the viscosity variation due to the pressure using the
Doolittle equation includes the compressibility relationship
described by the Tait equation of state, meaning that the viscosity
depends on the compressibility while using the Tait–Doolittle
equations. The Doolittle equation describing the viscosity reads

l p;Tð Þ ¼ lr � exp BR0

V1
V1r

V

Vr
� R0 �

V1
V1r

� 1

1� R0

0
BB@

1
CCA

2
664

3
775 (14)

where the variation of occupied volume is calculated based on the
temperature according to

V1=V1r ¼ 1þ ec Toil � Trð Þ (15)

The investigation of the oils was made by using full data sets for
the specific oils, meaning that the actual viscosity–pressure and
density–pressure were used. However, in order to investigate the
influence of compressibility and viscosity separately, a crossing of
viscosity and compressibility was done, illustrated in Table 1.

3 Results and Discussion

The results from the simulations using two different oils with
differences in compressibility–pressure and viscosity–pressure
behavior are presented below, not only using the real data sets but
also using the crossed viscosity and compressibility combinations.
The compressibility of the oils was described using the data from
the literature, see Bair [29], where a PAO and a model mineral
oil, PAO-ISO 68 and LVI260, respectively, were investigated.
The data used to describe the pressure dependency of the lubri-
cants are repeated for completeness in Table 2, using an ambient
density of q0 P ¼ 0;T ¼ 20 �Cð Þ ¼ 900 kg=m3 for both oils.
Furthermore, the ambient viscosity is described as l0 ¼ l
P ¼ 0;Toil ¼ 35:8 �Cð Þ, which is the temperature where the ambi-

ent viscosity of the oils is the same. These oils show a notable dif-
ference in compressibility–pressure behavior, as shown in Fig. 2,

where also the isothermal Dowson and Higginson equation is
shown as reference. Note that the density for the two oils is scaled
with the ambient density at the oil temperature.

The viscosity–pressure behavior was described using the Doo-
little equation with the same oil data source as for the compressi-
bility [29]. The viscosity–pressure behavior of the selected oils at
Toil ¼ 35:8�C is shown in Fig. 3. A significant difference in piezo-
viscous response can be seen where it becomes clear that the vis-
cosity of the mineral oil increases significantly faster with
pressure compared to the PAO.

It can easily be seen that the sharp viscosity increases due to
pressure for the mineral oil means that the lubricant becomes
relatively solid rapidly, which occurs since the denominator in

Table 1 Comparison of the different oils crossing and not
crossing lubricant parameters

Compressibility:
mineral oil

Compressibility:
PAO

Viscosity: mineral oil lMin;qMin (real) lMin;qPAO (crossed)
Viscosity: PAO lPAO;qMin (crossed) lPAO; qPAO (real)

Table 2 Lubricant data used for the simulations

PAO-ISO 68

lr;PAO 20 �Cð Þ 81:9 mPa � s av;PAO 8� 10�4 �C�1

l0;PAO 43:9 mPa � s K
0
0;PAO 11:38 �

BPAO 3:966 � K1;PAO �0:9881 GPa
R0;PAO 0:6622 � _K0;PAO 580.8 GPaK
ec;PAO �10:35� 10�4 �C�1

LVI 260
lr;Min 20 �Cð Þ 173:3 mPa � s av;Min 6:727� 10�4 �C�1

l0;Min 43:9 mPa � s K
0

0;Min 11:36 �
BMin 2:547 � K1;Min �0:7495 GPa
R0;Min 0:8296 � _K 0;Min 753:7 GPaK
ec;Min �6:559� 10�4 �C�1

Fig. 2 Compressibility of studied oil with the Dowson and Hig-
ginson equation included as reference

Fig. 3 Viscosity-pressure behavior of LVI260 and PAO
(Toil 5 35:8�C)
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Eq. (14) approaches zero for relatively high pressures, meaning
that the solution approaches singularity. However, in order to
avoid excessively high values in the numerical solver, a threshold
at l P ¼ 0:8� 109ð Þ � 1022 was set as a limiting viscosity for the
mineral oil in this work, which is assumed to hold since the vis-
cosity at this pressure makes the Poiseuille term negligible in the
region where the pressure exceeds this value, meaning that the
Couette term is dominant, and the influence of viscosity therefore
becomes negligible for pressures that exceeds the threshold. Note
that this threshold approach was only applied for the mineral oil
due to its rapid increase in viscosity with pressure.

The data describing the geometry, material, and operating con-
ditions that were used for the analyses are presented in Table 3,
which describe a contact supposed to represent a contact between
a rolling element and a bearing inner ring, typically found in a
roller bearing lubricated with the oils given earlier.

3.1 Pressure and Film Thickness Analysis. The difference
in viscosity–pressure behavior between the mineral oil and the
PAO was shown to give a significant difference in film thickness
formation in the EHL contact, meaning that the viscosity–pressure
behavior in the inlet zone leads to a difference in the amount of
oil getting entrained into the contact, as can be seen in Fig. 4. This
simply means that the oil with a stiffer behavior, i.e., higher
pressure–viscosity coefficient, gives a thicker lubricating film for
the same ambient viscosity due to the reduced influence of
pressure-driven flow following the sharp viscosity increase in the
inlet zone.

A relatively large area of reduced central film thickness can be
seen for the PAO following the relatively high compressibility,
meaning that due to the negligible Poiseuille flow, a decreased
film thickness will be the case due to the increased density as pre-
viously discussed by, e.g., Venner and Bos [15]. Note that the
results are presented only for the half contact width due to the
assumed aligned contacting bodies and therefore symmetry
around Y ¼ 0 applies.

Furthermore, It can be shown that the pressure–viscosity behav-
ior influences the film formation significantly more than the com-
pressibility by studying the combination of the mineral oil

Table 3 Geometry, materials parameters, and operating condi-
tions used for the simulations

Parameter Value Unit Parameter Value Unit

Rx1
5:5 mm Ph 1 GPa

Rx2
24:75 mm m 0:01 kg

L 11 mm ue 4 m=s
K1 1 � Tr 20 �C
K2 1 � Toil 35:8a �C
zm 12 lm qADX 2 �
E 200 GPa qADY 0.01 �
v 0.3 � l 2 �
F 1500 N U0 106 �
ax 84:3 lm

aThis temperature leads to the ambient viscosity for the two oils to be
equal.

Fig. 4 Film thickness foot-print for the mineral oil (left) and PAO (right) using the complete set of data for both
viscosity and compressibility

Fig. 5 Film thickness foot print for crossed combinations of mineral oil viscosity with PAO compressibility
(left) and PAO viscosity with mineral oil compressibility (right)
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viscosity and the PAO compressibility and vice versa, shown in
Fig. 5. The minimum film thickness at the outer edges of the roller
is seen to be influenced by the compressibility; however, the com-
pressibility influence on the central film thickness is more
pronounced.

By studying the pressure and film thickness for the two differ-
ent oils along X at Y ¼ 0 and along Y at X ¼ 0, a relatively big
difference in pressure gradients in both the inlet and outlet zone of
the contact along the entrainment direction can be seen, as shown
in Fig. 6. In addition to the high pressure gradients, a relatively
large Petrusevich spike occurs for the mineral oil compared to the
PAO. The relatively high pressure gradients following the stiffer
oil behavior was shown to occasionally lead to convergence diffi-
culties; however, convergence was facilitated using a stabilization
value of qADX ¼ 1, which is slightly higher compared to the pro-
posed value of 0.5 by Habchi et al. [22]. This was applied to all
simulations throughout this work and slightly reduces the pressure

spike height; however, a relatively accurate comparison between
the oils can still be achieved. Furthermore, it was also seen that
that the pressure along the roller at X ¼ 0 is relatively similar
between the two cases, even though the film thickness variation is
significant.

While studying the pressure following the combinations of vis-
cosity and density for the both oils according to Table 1, an
increased pressure spike using mineral oil viscosity combined
with PAO compressibility could be seen compared to the case
using PAO viscosity combined with mineral oil compressibility as
shown in Fig. 7. This implies that even though the pressure gra-
dients at the inlet and outlet zone of the contact, following the
mineral oil viscosity, are steeper, the pressure spike is still higher
in magnitude for the combination using a less compressible com-
bination with respect to volume change. This agrees with, e.g.,
Hamrock et al. [16] who saw the same effect while comparing an
incompressible oil with a compressible oil. However, as can be

Fig. 6 Pressure and film thickness for PAO and mineral oil in entrainment direction at Y 5 0 (left) and perpen-
dicular to entrainment direction at X 5 0 (right)

Fig. 7 Pressure distribution showing the high pressure zone for the combinations: lMin; qMin

(top left), lMin;qPAO (top right), lPAO;qMin (bottom left), and lPAO; qPAO (bottom right)
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seen in Fig. 7, the pressure spike magnitude difference stretches
along the whole outlet zone of the contact and levels out at the
outer edge of the contact where the edge effect is suppressed by
the logarithmic crowning.

3.2 Subsurface Stress Analysis. The stress field influence of
the lubricant behavior is related to the changes in pressure distri-
bution, where sharper pressure gradients at the outlet zone were
seen to increase the stress concentrations close to the surface. This
means that for relatively compressible oils, such as the PAO in
this study, a relatively low pressure gradient will occur, meaning
that less detrimental stress concentrations occur close to the sur-
face. However, for less compressible oils the pressure spike as
well as the pressure gradient of the outlet increases, leading to
sharper deformation and increased stress concentrations close to
the surface. For the least compressible case in this study, i.e., the
mineral oil, it can be seen that the concurrent effect of both the
relatively high viscosity–pressure increase combined with the rel-
atively low compressibility can lead to an additional stress maxi-
mum in the vicinity of the surface to occur, as shown in Fig. 8.
This follows the increased pressure gradients and pressure spike
magnitude following the stiffness of the oil.

It can be seen by comparing the four different combinations
that a sharper viscosity–pressure increase and a lower compressi-
bility leads to higher stress concentrations close to the surface,
however, with reduced subsurface maximum stress. The differ-
ence in maximum stress ranges from 0.6 to 0.579, meaning that an
approximate increase in stress maximum of 3.5% can be seen

between the mineral oil and the PAO for the specific operating
conditions studied. However, the change of location of stress max-
imum between the PAO and mineral oil may be detrimental for
surface initiated fatigue. Even though the von Mises stress does
not relate directly to fatigue, a perception of the severity differ-
ence between the oils can be achieved.

Furthermore, the stresses along the roller, i.e., in Y-direction,
are influenced by the lubricant as well, however, the effect is less
pronounced than in the entrainment direction, as can be seen in
Fig. 9. Due to the narrower pressure distribution following the
stiffer oil, a wider area of higher subsurface stresses along the
contact will be the case due to the reduced contact width carrying
the load. This means that the chance of a dislocation in the mate-
rial being enclosed in the higher stress zone increases.

3.3 Transient Load Investigation. A transient load investiga-
tion was conducted in order to study the influence of transient load-
ing conditions on the subsurface stresses. This was done by
applying a load that smoothly increases from the value of F to 2F
over the dimensionless time H ¼ 2:5. The step was described
based on the pulse equation presented by Venner [30], according to

F Hð Þ ¼

F H ¼ 0

1þ 10
�10�

H�Hp=2

Hp �W

!2

0 < H � 2:5

2F

F
H > 2:5

8>>>>>>><
>>>>>>>:

(16)

Fig. 8 Von Mises subsurface stress along X at Y 5 0 for the combinations: (a) lMin;qMin, (b) lMin; qPAO, (c)
lPAO; qMin, and (d) lPAO; qPAO

Fig. 9 Von Mises subsurface stress along Y at X 5 0 for the mineral oil (left) and PAO (right) using the complete
data sets
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Due to the highly transient load, a certain amount of lubricant gets
entrapped due to the significant viscosity increase and has to
move through the contact. This will initiate oscillations in the

system, meaning that lubricant waves will continuously go
through the contact until the solution settles at the steady-state
value [21,25]. The entrapped lubricant entering and getting

Fig. 10 Film thickness fluctuations for selected time steps: mineral oil (top) and PAO (bottom)

Fig. 11 Pressure distribution for selected time steps showing the influence of entrapped lubricant, mineral oil
(top), and PAO (bottom)
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entrapped in the contact during the loading phase is shown for
both the PAO and mineral oil in Fig. 10, defined by the dimen-
sionless natural frequency value Xn � 6:5.

It can be seen that the behavior between the two oils during
loading shows the same characteristics as for the steady-state
behavior relating to the compressibility effects on the central film
thickness and the generally thicker lubricating film for the stiffer
oil, which also applies to the entrapped lubricant moving through.

The variations in film thickness due to the entrapped lubricant
also influence the pressure distribution. This means that depending
on where the lubricant wave is positioned, a variation in maxi-
mum pressure position over time will be the case. During the

loading phase (H ¼ 1:8), the maximum pressure is for the mineral
oil still found at the Petrusevich spike, while for the PAO the
maximum is at the center of the contact, as can be seen in Fig. 11.
However, as the lubricant wave propagates (H ¼ 2:8), the pres-
sure distribution becomes distorted, and the maximum pressure
for the mineral oil moves to the center of the contact as well.

The variations in film thickness and pressure distribution were
shown to further influence the subsurface stress over time. Mean-
ing that depending on the location of the entrapped lubricant wave
in the contact, the load is carried differently in the material and
therefore the stresses varies, as shown in Fig. 12. The transient
variations of the stresses can be seen to be relatively similar

Fig. 12 Subsurface stress variations in the entrainment direction for selected time steps for the mineral oil
(top) and PAO (bottom) showing the influence of the lubricant wave moving through

Fig. 13 Subsurface stress variations in the Y -direction for selected time steps for mineral oil (top) and PAO
(bottom) showing the influence of the entrapped lubricant wave moving through
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between the two oils, however, due to the variations in pressure
for the mineral oil a change in maximum stress location at H ¼
2:8 occurs since the central pressure exceeds the outlet pressure
spike.

It can be seen that during the time event of an increased load,
the stress becomes distorted due to the position of the lubricant
wave. In the beginning of the loading event, the stress field is still
relatively similar to the steady-state, however, as the lubricant
gets entrapped and is positioned in the outlet (H ¼ 2:8), the max-
mimum stress location for the mineral oil can be seen to move to
the middle of the contact. This leads to the stress concentrations
close to the surface to be reduced relative the subsurface stresses,
further leading to the stress fields between the two oils to be rela-
tively similar at H ¼ 2:8.

Furthermore for the specific roller case, it could be seen that
during the transient load increase, the logarithmic roller profile
with the specific roller design values, lead to an increased pressure
at the outer edge of the roller, meaning that an additional pressure
spike arise in the Y-direction. This further leads to localized stress
concentrations at the edges of the roller, as shown in Fig. 13. Fur-
thermore, small ripples may be seen deeper down into the material
due to the coarser mesh from the contact surface as mentioned in
Sec. 2.2. It can also be seen that during the loading phase, the
maximum stress concentration moves to the outer edge for the
mineral oil. However, for the PAO, the maximum stress at this
location is still smaller than the maximum stress in the center of
the contact. For the fully loaded case with the lubricant wave pres-
ent in the contact (H ¼ 2:8), the maximum stress is for both the
PAO and the mineral oil found at the edge of the contact, where
the stiffer oil shows a higher maximum stress.

4 Conclusions

A model that enables the study of finite line contacts under tran-
sient operating conditions has been used and further developed in
this work to study the effect and influence of lubricant
compressibility–pressure and viscosity–pressure behavior on film
thickness, pressure, and subsurface stress. By first conducting an
investigation assuming steady-state conditions, the specific con-
tact could be studied with focus on the influence of
viscosity–pressure and compressibility–pressure behavior. This
revealed that a stiffer oil leads to increased pressure gradients and
an increased Petrusevich spike, which may lead to an additional
stress maximum in the vicinity of the surface in the entrainment
direction. However, using a less stiff oil showed a more similar
behavior to the Hertzian dry contact with relatively low stresses in
the vicinity of the surface.

A transient investigation was thereafter conducted that allowed
for the influence of lubricant entrapments, also referred to as lubri-
cant waves, to be studied with respect to the subsurface stress
field. This investigation showed that the stress field varies with
time, and it was found that for the stiffer oil the location of maxi-
mum stress can change from the vicinity of the surface to the cen-
ter of the contact depending on the movement and position of the
lubricant wave. Furthermore, increased stress concentrations were
seen at the edges of the contact due to the geometry studied,
meaning that even though the maximum stress concentrations for
a logarithmically crowned roller is thought to be in the center of
the contact for steady-state conditions, it may not be the case dur-
ing transient loading conditions.
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Nomenclature

aV ¼ thermal expansivity vol. temp. �C�1ð Þ
ax ¼ Hertzian contact radius ðmÞ
B ¼ Doolittle parameter
E ¼ modulus of elasticity ðPaÞ
E0 ¼ reduced modulus of elasticity ðPaÞ

Eeq ¼ equivalent modulus of elasticity Pað Þ
F ¼ applied load ðNÞ

K0 ¼ isothermal bulk modulus, p ¼ 0 Pað Þ
K1;K2 ¼ design parameters for crowning

K1 ¼ K0 ¼ at infinite temperature Pað Þ
_K0 ¼ rate of change of K0, (Pa K)

K’
0 ¼ rate of change of K0 at p ¼ 0
L ¼ length of roller mð Þ
m ¼ mass of moving body kgð Þ
p ¼ pressure ðPaÞ
P ¼ dimensionless pressure

ph ¼ maximum Hertzian pressure ðPaÞ
Rx ¼ reduced radius in x-direction mð Þ
R0 ¼ occupied volume fraction at ref. state

Toil ¼ oil temperature ðKÞ
Tr ¼ reference temperature ðKÞ

u; v;w ¼ x-, y-, z-component of elastic def. mð Þ
U;V;W ¼ X-, Y-, Z-component of elastic def.

ue ¼ entrainment speed ðus=2Þ ðm=sÞ
V ¼ volume of lubricant ðm3Þ

Vr ¼ volume at ref. state of lubricant ðm3Þ
V1 ¼ occupied volume ðm3Þ

V1r ¼ reference occupied volume ðm3Þ
x; y; z ¼ spatial coordinates ðmÞ

X; Y; Z ¼ dimensionless spatial coordinates
zm ¼ crowning design parameter mð Þ
bK ¼ temperature coefficient of K0 K�1ð Þ

�d ¼ dimensionless deformation
ec ¼ occupied vol. therm. expansivity K�1ð Þ

kL; lL ¼ Lam�e parameters Pað Þ
lr ¼ reference viscosity ðPa � sÞ
l0 ¼ viscosity at ambient pressure ðPa � sÞ
�l ¼ dimensionless viscosity
� ¼ Poisson’s ratio

�eq ¼ equivalent Poisson’s ratio
q ¼ density (kg=m3Þ
�q ¼ dimensionless density

q0 ¼ density at ambient pressure ðkg=m3Þ
qADX; qADY ¼ artificial diffusion tuning parameter

�r ¼ dimensionless stress tensor
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A B S T R A C T

Understanding the influence of surface roughness in elastohydrodynamically lubricated (EHL) contacts is es-
sential to improve durability and friction performance of machine elements employing non-conformal contacting
surfaces. In this work, the transient event of a surface feature passing through a thermal EHL line contact
operating under different sliding conditions is investigated with the purpose of providing a deeper understanding
of surface roughness influence. This is achieved by solving the EHL problem in space and time. It was seen that
sliding influences the temperature rise in the contact significantly, especially in the vicinity of the asperity.
However, due to the characteristic behaviour of EHL contacts, the local temperature rise mainly influence the
film thickness during exiting of inlet perturbations and the asperity.

1. Introduction

Elastohydrodynamic lubrication (EHL) has been extensively studied
during the last seventy years, ever since the first concurrent solution of
fluid flow, deformation of solids and lubricant pressure-viscosity be-
haviour was employed to a non-conformal contact by Ertel under the
name of Grubin [1,2]. Ever since, increasingly sophisticated solutions to
the complex problem have been developed with the purpose of im-
proving lubricating performance and reducing friction in machine ele-
ments such as gears, cam-roller followers and rolling element bearings.

An important step in the understanding of EHL contacts was the first
numerical solution presented by Petrusevich [3], who was able to show
the EHL characteristic pressure distribution and film thickness, in-
cluding the outlet pressure spike known as the Petrusevich spike. Later,
Dowson and Higginson [4] presented a solution to the EHL problem
using the numerical method referred to as the inverse solution. This
method showed promising convergence rates also for contacts under
relatively high load and led to an empirical formula for minimum film
thickness that has been proven useful for engineers during design of
machine elements employing non-conformal contacts.

Another milestone paper was presented by Lubrecht et al. [5] who
utilised the multigrid technique while solving the EHL problem. This
led to further improved convergence rates and therefore also reduced
simulation times. Venner [6] improved the multigrid technique and

enabled transient studies of the EHL problem, including rough surface
analysis. Venner and Lubrecht [7] were thereafter able to study the
influence of sliding in the presence of deterministic surface roughness
and found two decoupled components of the transient solution, namely
the particular integral and the complementary function as defined by
Greenwood and Morales [8]. In their definition, the particular integral
relates to the steady state solution of the problem, which moves with
the speed of the rough surface. Whereas the complementary function
describes the transient solution of the problem, defined by the film
thickness and pressure variations generated by inlet perturbations,
moving through the contact with the average speed of the lubricant.

A fully coupled approach using finite elements (FE) to solve the EHL
problem was introduced by Habchi [9]. This approach allowed for the
fluid flow, deformation of the surfaces and load balance to be solved in
a fully coupled manner utilising a full-system approach. This metho-
dology was also extended to solve the thermal elastohydrodynamic
(TEHD) problem by utilising a second model to solve the energy
equations [10].

Thermal effects were numerically studied as early as 1965 by the
pioneering work done by Cheng and Strenlicht [11]. They presented a
model where the Reynolds equation was used to describe the fluid flow,
a Boussinesq approximation for the elasticity and the energy equations
for the temperature, including the heat transmitted to the solids sepa-
rated by the lubricating film, which was employed for infinitely long
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cylinders in contact. This was later refined to include the viscosity
variations across the film and solving the energy equations using a fi-
nite difference approach [12]. It was shown that the temperature has a
significant influence on friction and that in the presence of slip, the
severity of the pressure peak may reduce. However, the film thickness
was shown to be relatively unaffected by the temperature rise. These
findings were also confirmed by Dowson and Whitaker. [13], who
further highlighted the importance of an accurate pressure-viscosity
relationship while solving the thermal problem.

Pioneering work solving the TEHD point contact problem was pre-
sented by Zhu and Wen [14] who assumed a Newtonian lubricant be-
haviour and steady state conditions. They were able to study the in-
fluence of sliding on film thickness, pressure and temperature, and
concluded the same qualitative behaviour as was previously found for
the infinite line contact [11–13]. Later, Kim and Sadeghi [15,16]
published two papers dealing with a complete numerical solution of the
TEHD point contact problem for a Newtonian lubricant, utilising the
multigrid technique previously introduced by Lubrecht et al. [5]. They
were able to study more realistic heavily loaded contacts and concluded
that thermal effects cannot be neglected for sliding contacts. Moreover,
it was shown that the traction force is highly dependent on the thermal
effects and that an increased sliding speed first increases friction until a
maximum and, thereafter, friction is reduced.

Other important contributions studying the TEHD problem nu-
merically include the work by Guo et al. [17], who studied the tem-
perature-viscosity-wedge effect and Liu et al. [18] who included shear
thinning as well as thermal thinning by applying an effective viscosity.
They utilised an Eyring description of the non-Newtoninan behaviour
and pointed out that thermal Newtonian theory may overestimate
thermal effects. Furthermore, the FE solution by Habchi et al. [10] al-
lowed for insulating coatings to be investigated [19]. The TEHD model
was explained in detail by Lohner et al. [20] who presented the model
setup with the purpose of facilitating for researchers and engineers to
study the TEHD problem.

Even though extensive research has been carried out related to
TEHD, the bulk of the research have considered steady state conditions
in combination with smooth surfaces due to the already high com-
plexity of the problem. However, a study addressing the transient TEHD
problem, considering relatively realistic roughness, was first, to the
authors knowledge, presented by Xu et al. [21]. They were able to
conclude that the surface roughness influences the pressure peaks and
thermal effects significantly, especially in the presence of short wave-
length roughness.

More recently, Wang et al. [22] presented a full numerical solution
of the TEHD problem with realistic engineering 3D roughness. They
studied the global influence of roughness but did not, in detail, study
thermal effects on asperity level. Furthermore, Hooke and Morales
[23,24] recently developed a way to rapidly investigate the influence of
roughness on TEHD contacts. Their approach is based on several ap-
proximations but reduces simulation times drastically. An important
area to further study would, therefore, be the deterministic behaviour
of surface roughness moving through the TEHD contact over time, in-
corporating thermal effects and state of the art lubricant rheology and
transport models. This would allow for a deeper understanding related
to the influence of surface roughness under sliding conditions and the
effects that follow.

In this paper, the transient TEHD problem is solved for a determi-
nistic surface feature passing through an infinite line contact, in-
corporating realistic lubricant pressure-temperature-viscosity response
as well as non-Newtonian behaviour. The aim is to increase the fun-
damental understanding of how surface features influence the lu-
bricating performance under realistic operating conditions. The mod-
elling approach is based on the work presented by Habchi [9] and
Lohner et al. [20] and enables a straightforward utilisation of com-
mercially available numerical solvers both spatially and over time.

The novelty of this work mainly pertains to the analysis of a de-
terministic asperity moving through the TEHD contact under sliding
conditions with the purpose of increasing the understanding of how
surface roughness influences the lubrication in non-conformal contacts.
The thermal approach is compared to an isothermal Newtonian ap-
proach as well as an isothermal, non-Newtonian, approach in order to
further increase the understanding of the thermal influence on the lu-
bricating performance in TEHD contacts where surface roughness
cannot be neglected.

2. Methodology

This section presents the mathematical model and the numerical
approach employed to solve the TEHD problem. The modelling tech-
nique is based on previous works presented by Habchi [10] and further
taken into the time domain by Lohner et al. [20]. The modelling ap-
proach is summarised below for the sake of completeness and trans-
parency, including modifications employed to the already existing
models, mainly relating to the transient solution procedure and the
characterisation of lubricant transport properties.

2.1. Mathematical model

The mathematical model in this section is written in dimensionless
form, utilising scaling of relevant parameters based on the Hertzian
pressure and contact length [25], ph and a respectively, which for the
infinite line contact reads:

= =p F
a

a FR
E

2 , 8 ,h (1)

where F is the applied load per unit length to the contacting bodies and
R describes the equivalent radius in the entrainment direction, calcu-
lated as:

= +R R R( ) .1
1

2
1 1 (2)

The reduced modulus of elasticity, E , is defined by the elastic
moduli and Poisson's ratio of the two contacting bodies, E1 and E2, and

1 and 2, respectively, according to:

= +
E E E
2 (1 ) (1 ) .1

2

1

2
2

2 (3)

Utilising the parameters in Eq. (1), the dimensionless form of re-
levant parameters used for the EHL and thermal problems can be ex-
pressed as:

= = =

= = = = =

X Z z a
z h

H
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/ for the lubricant film,
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a
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T µ
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ah r r r

e

2

(4)

The reader is referred to the nomenclature for explanations of the
aforementioned- and upcoming parameters.

2.1.1. Elastohydrodynamic model
The time dependent generalised Reynolds equation presented by

Dowson [26] and updated by Yang and Wen [27] may be utilised to
describe the fluid pressure in the lubricated film, which for the line
contact is written according to:

=
X

H P
X

H
X

H( ) ( )
0,

e

e
3 *

(5)

with the parameters

= =
u R µ

a p
, .

e

e e

e
e

e r

h

2

3 (6)
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The density and viscosity variations across the film thickness are
considered by calculating effective viscosity and density terms ac-
cording to the integral equations:

= =

= =

= =

+ dZ

dZ dZ

, ,

, ,

, ,

u u u
u e

e

Z
dZ

e

Z
Z dZ
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1

0
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0 0

1

0
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0

1
1

0

1

e e e
e

e e

1 2 2

(7)

This allows for a simplification of the problem by one dimension
due to the consideration of variations over the spatial direction Z by
integration.

Furthermore, the x-component of the lubricant velocity field in the
fluid film, i.e. in the XZ -plane as defined according to Fig. 1, can be
calculated as:

= + +u u
p H a

R µ
P
X

ZdZ dZ u u dZ( ) ,f
h

r

Z
e

e
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e

Z

2

2 3

2
0 0

1 2
0

(8)

and the shear rate across the lubricating film, defined as the derivative
of the lubricant velocity across the film, then becomes:

= = +
u
z

Hap
µ R

P
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Z R
Ha

u u( ).xz
f h

r

e

e

e
2 1 2

(9)

Moreover, the slide to roll ratio (SRR) was defined based on the
speed of the cylinder, u1, and the plane, u2, according to:

=
+

SRR u u
u u

2( ) .1 2

1 2 (10)

The film thickness of the lubricant film, H in Eq. (5), was in this
work always taken to be larger than zero following the analysis of flow
in the lubricant film, further limiting the analysis to fully separated
surfaces. Thereby, the film thickness can be described according to:

R= + + +H X H X W X X( , ) ( )
2

( , ) ( , ),0
2

(11)

where W may be taken as the equivalent dimensionless deformation of
the solids in Z-direction, which can be calculated using classical elas-
ticity theory combined with the utilisation of the equivalent elasticity
formulation [9]. Hence, using a plain strain approximation due to the
assumed infinite line contact in this work and employing a quasi-static
assumption based on the order of magnitude difference in characteristic
times between the elastic deformation and the TEHD problem, as shown
by Raisin et al. [28], the governing equations describing the stresses
and deformations in the material can be written according to:

= 0, (12)

where the stress tensor, σ, is further described according to:

= CDU , (13)

with

= = =C
C C
C C
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Expanding this system of equation, while utilising the dimensionless
equivalent elasticity and equivalent Poisson's ratio:
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=
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the system of equations describing the deformation in X- and Z direc-
tion can be formulated as:
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The surface roughness in Eq. (11) was calculated in the same
manner as proposed by Venner [6] due to the absence of sharp corners
in the geometry. However, without the “shoulders” that would apply to
a dent. Removing the “shoulders” leads to the asperity being shaped as
shown in Fig. 2, and implies that it instead is described according to:

R R

R

R=X A( , ) 10 .
X X

W10
2

(18)

The location of the asperity, assumed to be located on the upper
surface in this work, i.e. the cylinder, is described based on the initial
position of the asperity, X0, according to:

R = +X X u
u

.
e

0
1

(19)

Additionally, the moving boundary problem related to cavitation in
the outlet of the TEHD contact was solved utilising the penalty method
presented by Wu [29] and suggested by Habchi [9]. This approach was
utilised due to its simple implementation and since there is no need for
consideration of film reformation in this work. This methodology
simply means that a so called penalty term is added to Eq. (5), with the
purpose of suppressing negative pressures and preserving mass con-
tinuity over the moving boundary and hence fulfil the Reynolds
boundary condition in the outlet, being written as:

Fig. 1. Schematic illustration of the contacting bodies showing the cylinder,
represented by the equivalent geometry, and the plane. The cylinder and plane
are assumed to be infinitely long in Y-direction.

Fig. 2. Geometry of asperity as described by Eq. (18) using R =X 0, R =A 0.05
and R =W 0.5.
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e
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(20)

with the negative pressures simply calculated by:

= <P P
P P
0, 0,

, 0. (21)

Furthermore, the parameter is calculated based on the element
size of the FE mesh, he, and the constant 0 according to:

= h .e 0 (22)

Lastly, the load balance between the pressure build-up in the lu-
bricant film and the applied load was assumed to follow a quasi-static
behaviour according to:

=P X dX( , )
2

.
c (23)

This practically means that the accelerations of the contacting
bodies are neglected in this work.

2.1.2. Thermal model
The temperature variations in the contact may be calculated by

solving the transient energy equations with reasonable assumptions for
the TEHD contact, describing the conductive and convective heat flow
within the solids and the lubricant film, with the addition of the com-
pression and shear of lubricant as heat sources. These can, in di-
mensionless form for the infinite line contact, be written as:
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Moreover, the heat source, Q, describes the energy generated from
compression and shear in the lubricant film, respectively, according to:

= + +Q
Hap
RT
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P u P
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r
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r
xz
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2
2

Shear (25)

Details about the boundary conditions and the heat flow between
lubricant and solids are given in Section 2.2.2.

2.1.3. Lubricant properties
The lubricant characterisation is assumed to accurately follow the

pressure, temperature and shear rate behaviour of Squalane, utilising
the Tait equation of state (EoS) for the compressibility description and a
shifted Carreau model for the non-Newtonian behaviour according to
the work presented by Bair [30]. The Newtonian viscosity behaviour is
assumed to follow a Vogel-like equation in the same manner as pre-
sented by Björling et al. [31].

The temperature and pressure dependency of volume described by
the temperature modified Tait EoS, describing the ratio between the
volume, V, and the volume at ambient pressure, V0, can be written ac-
cording to:

=
+

+ +V
V K

Pp
K

K1 1
1

ln 1 (1 ) ,h

0 0 0
0

(26)

where K0 is varying with temperature based on the constant K , ac-
cording to:

=K K TTexp( ).K r0 00 (27)

The ratio between the volume of the lubricant at ambient pressure
and the volume at ambient pressure at the reference temperature may
be assumed to vary linearly with the parameter av, according to:

= +V
V

a T T1 ( 1),
r

v r
0

(28)

which then results in the dimensionless density, considering tempera-
ture and pressure, being written as:
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The Vogel-like equation utilised to describe the Newtonian viscosity
behaviour of the lubricant is assumed to follow the relationship:

=µ P T µ
B

( , ) exp ,F

(30)

where the scaling parameter, ϕ, is calculated based on the temperature
and compressibility according to:

= T V
V

.
r

g

(31)

The shear dependency of the viscosity was calculated utilising a
shifted Carreau equation, describing the viscosity variations due to the
shear rate of the lubricant according to:

= +P T µ
µ

µ
G T

V
V

( , , ) 1 ,xz
r

xz

r r

n2 ( 1)/2

(32)

where the shear stress, = µxz , is truncated to the limiting shear stress
L if it exceeds L. The limiting shear stress was assumed to vary linearly
with pressure based on the constant , according to:

= Pp .L h (33)

The thermal conductivity variations based on the temperature and
compressibility behaviour of the lubricant can, for Squalane [31], be
expressed as:

=k C ,lub k
s (34)

with κ being described as:

= +V
V

AT V
V

1 .
r r

q

(35)

Furthermore, the volumetric heat capacity variations, again due to
temperature and compressibility, is described in the same manner as
that by Björling et al. [31]:

= = +C c C m ,lub r lub 0 (36)

with χ representing the dimensionless heat capacity scaling parameter,
which is defined as:

= T V
V

.
r

3

(37)

2.2. Numerical approach

The numerical approach applied in this work to solve the TEHD
problem is similar to what has been presented before [9,20], where a
commercially available Multiphysics finite element (FE) software [32]
is used to solve the EHL problem (using a fully coupled approach) and
the thermal problem separately in two different models and iterated in
a weakly coupled manner until convergence is achieved.

The main features of the numerical approach are summarised below
for the sake of completeness including the stabilisation technique and
solution domains with necessary boundary conditions. Furthermore, a
novel solution procedure for the transient TEHD problem, with the
purpose of utilising commercially available, well developed and opti-
mised solvers for both the spatial- and time dependent problems, is
presented.
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2.2.1. Elastohydrodynamic FEM model
The elastohydrodynamic problem was solved on a quadratic do-

main, D, as shown in Fig. 3, which was set large enough to allow for
the edges to have negligible effect on the deformation as discussed by
Habchi [33]. The Reynolds equation was solved on the boundary c
with Dirichlet boundary conditions enforcing zero pressure at the
boundary nodes. The boundary conditions applied on the deformation
domain D can be expressed mathematically as:

= =
= =
= =

U V
P

0 at ,
and 0 at ,
0 elsewhere.

B

n t c

n t (38)

where n describes the normal component of the stress tensor towards
the boundary and t describes the tangential component of the stress
tensor on the boundary.

The contact boundary c was discretised utilising 1400 elements in
the entrainment direction, meaning a dimensionless element size of
0.005. Furthermore, the deformation domain was discretised based on

c with the mesh allowed to grow in size away from the contact re-
gion.

The implementation of the generalised Reynolds equation, Eq. (20),
into the Multiphysics FE software was done by utilising the weak for-
mulation in order to facilitate implementation of the stabilisation
technique. The weak form of the generalised Reynolds equation may,
utilising the Galerkin formulation, be written as:

Find P SP such that SP P , one has:

+

+ + =

( ) d d

d P d 0.

e
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e
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3 *

(39)

By utilising the temperature independent part of the density, i.e.
= =P T T( , )r0 , the coefficients utilised for writing the generalised

Reynolds equation in diffusion-convection-source form can be for-
mulated according to Ref. [9]:

= = =
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e
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0
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(40)

This means that the transient generalised Reynolds equation for the
infinite line contact, excluding the penalty term, can be expressed ac-
cording to:

= + + =f P
X

P
X

P
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Q
H

( )
( )

0.Rey
e

(41)

Furthermore, the Galerkin least squares (GLS) method, proposed by
Hughes et al. [34], may be applied to suppress numerical oscillations
that occur while using the standard Galerkin formulation to solve
convection dominated cases of the Reynolds equation, which is

typically the case in highly loaded EHL contacts [9]. The Reynolds
equation, with the residual based GLS stabilisation method applied in
each element, reads:

Find P SP such that SP P , one has:

+ +
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with S defined based on the work presented by Galeão et al. [35]:

= h
l

Pe
2

( ),S
e

(43)

with the Peclet number, Pe, and the function Pe( ) written as:

= =Pe h
l

Pe Pe Pe
2

, ( ) coth( ) .e 1
(44)

In cases where the GLS does not completely eliminate the numerical
oscillations, additional stabilisation may be necessary in the form of a
non-residual based stabilisation, e.g. isotropic diffusion (ID). ID is im-
plemented using a parameter determining the magnitude of ID, ID, and
the order l [9], according to:

=
=

S P h
l

P
X X

d( )
2ID

e

n

ID
e P

1

ce

ce (45)

Due to ID being non-residual based, the consistency of the Reynolds
equation is lost. However, the solution is not significantly influenced
[9] and it is mainly the magnitude of the outlet pressure spike that is
affected. ID may therefore improve convergence in cases where high
gradient pressure spikes arises with the drawback of losing accuracy of
the solution.

Additionally, the weak formulation of the classical elasticity theory,
Eq. (13), may be written as:

Find U SU such that SU U , one has:

+ =( )D C DU d P n d( ) 0,T
U UD c (46)

with D, C andU described as in Eq. (14), and = ( , )U
T

U W . Note that
in this work, Eq. (46) was solved using the solid mechanics module in
the Multiphyiscs software [32].

2.2.2. Thermal FEM model
The thermal model consists of the lubricant film enclosed by the two

separated solids as depicted in Fig. 4. This allows for heat to be con-
ducted from the lubricant into the solids, while also the convective heat
flow of the moving solids can be considered. The temperature domain
was defined to be as long as the pressure domain, c, in the entrainment
direction while the height was set to 3.15, assumed to allow for a zero
temperature gradient at the outer boundaries based on previous works
by e.g. Kaneta et al. [36] and Habchi [9]. Due to the differences in
scaling of the film thickness and the height of the solids according to Eq.
(4), the film thickness domain was defined between zero and one in

Fig. 3. Schematic illustration of computational domain used for the elastohy-
drodynamic problem including relevant boundaries.

Fig. 4. Schematic illustration of the computational domain used for the thermal
problem including relevant boundaries.
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dimensionless height due to the scaling with h, while the solids were set
to 3.15 in dimensionless height, scaled with a.

The weak formulation of the energy equations relating to the lu-
bricant (Eq. (47)) reads:

Find T ST such that ST T , one has:

+ + =

( ) ( )
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d d

c u u d Q d ,
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r
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e
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2

(47)

with Q according to Eq. (25). The weak formulation for the conductivity
and convection in the solids (Eq. (24)) reads:

Find T ST such that ST T , one has:

+ + =
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i
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i s i
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s
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s
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s

, ,

(48)

where =i 1,2 is the index refering the upper and lower solid respec-
tively. Note that, in case of the energy equations becoming convection
dominated, which is typically the case for high speed conditions, a
stabilisation technique may have to be applied to suppress oscillations
in the numerical solution in the same manner as was done for the
Reynolds equation in Section 2.2.1, for more details see e.g. Ref. [37].

Furthermore, the boundary terms in Eq. (47) and Eq. (48) cancel out
and allow for continuity to be achieved across the boundaries of the
lubricant domain and the solids [19]. Moreover, the boundary condi-
tions on the top and bottom of the solid domains, i.e. on b and t,
and on the inlets of the solid domains, i.e. s in1, and s in2, , are set to
the ambient dimensionless temperature =T 1 by imposing Dirichlet
boundary conditions. Due to occurrence of negative flows in the inlet of
the lubricant domain, an ambient temperature of =T 1 is only imposed
at lub in, if >u 0f . Lastly, on the outlet boundaries of the solids and the
lubricant domain, i.e. s out1, , s out2, and lub out, , the conductive heat
flux is assumed to be zero and hence a convective heat flux boundary
condition is assumed.

The lubricant domain was discretised with 1400 elements in the
flow direction, i.e. the same amount of elements in the flow direction as
in the EHL model, and 40 elements in height as proposed by Lohner
et al. [20]. This number was employed to ensure convergence for the
localised temperature increase in the vicinity of the asperity. However,
the number of elements in the film thickness direction has for smooth
contacts been shown to converge with 5–10 elements [37], meaning
that faster computational times with similar accuracy could possibly be
achieved with a reduced number of elements. Furthermore, the solids
were discretised with the mesh being finest close to the contact and
allowed to grow in size away from the contact in the same manner as
described for the deformation domain, D, in Section 2.2.1.

2.2.3. Solution procedure
The solution procedure includes one global loop consisting of two

weakly coupled local loops, i.e. one loop for the EHL problem with fixed
temperature, and one loop for the thermal problem with fixed pressure
and film thickness, as depicted in Fig. 5.

This approach is relatively similar to that presented by e.g. Lohner
et al. [20] and Habchi [37], however, in order to utilise already de-
veloped time dependent solvers in a straightforward manner, each
Multiphysics model is solved fully over time, using a backward differ-
ential formula (BDF) approach for each local iteration, i.e. the full EHL
problem is solved utilising the whole temperature field over time,
which itself was calculated assuming a fixed pressure and film thickness
over time, and iterated in a weakly coupled manner until global con-
vergence is achieved as described in detail below.

The proposed approach has the advantage of being straight forward
to implemented utilising commercial software and does not require
mathematical manipulation of the matrices that are used to solve the
discretised problem. However, due to the weak coupling, the

individually solved EHD and thermal problems are not directly made
aware of the updates in one another, leading to relatively slow con-
vergence rates. Therefore, computational time may be reduced using a
fully coupled resolution procedure, which is based on formulating a
single matrix posing the whole TEHD problem, as shown and discussed
in detail by Habchi [37].

In the initiation stage, the isothermal EHL problem is solved based
on a Hertzian pressure as initial guess. With the isothermal EHL pro-
blem solved over time, the local EHL loop is called and the generalised
Reynolds equation is posed with a constant temperature field as initial
guess. This is then used to solve the steady state EHL problem for the
first iteration in the local loop, using a Newton-Raphson iteration
technique with a tolerance of 10 6. For the steady state solution, the
surface irregularity is placed outside of the contact with its centre at

=X 2.5.
After obtaining a steady state solution and using this as initial time

step, the transient solution is initiated and the fully coupled system of
equations including the generalised Reynolds equation Eq. (42) and Eq.
(45) including the penalty term, the elasticity equations Eq. (46) and
the load balance (Eq. (23)) is solved over time using a BDF of order 2
with a dimensionless time step of 0.005. A relative tolerance of 10 3 is
set and an absolute tolerance set as a factor 0.01 of the relative toler-
ance is defined as the convergence criteria for each time step.

The parameters used solving the fully coupled EHL problem, i.e. the
integral equations (Eq. (7)), velocity field and shear rate field, and lu-
bricant properties according to Section 2.1.3 are calculated based on
the pressure and film thickness from the previous iteration. The solu-
tion therefore requires an outside convergence check, with convergence
assumed when the maximum absolute error between two consecutive
pressure vectors, analysing all pressures over the whole time domain, is
lower than 10 3. More details about calculation of the integral terms
and the communication between Comsol and Matlab are given by
Lohner et al. [20].

Fig. 5. Flow chart of solution procedure showing the local EHL loop and local
thermal loop that together, in combination with an additional convergence
check, builds up the global loop.
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With the EHL model converged, the local thermal loop is called,
solving the thermal problem using the aforementioned pressures and
film thicknesses over time. The shear rate field and the lubricant ve-
locity field are updated after each iteration based on the calculated
temperature, however, for the first iteration those are taken from the
EHL model. Again, the problem is solved utilising an initial time step
based on a steady state solution solved with a relative tolerance of 10 6

in the Multiphysics software. Thereafter, the transient solution is in-
itiated and solved over time, again using a BDF of order 2 with a time
step of 0.005 and a relative tolerance of 10 3, with the absolute toler-
ance calculated as a factor 0.01 of the relative tolerance.

With the temperature field calculated and converged, the previously
stored pressure and temperature solutions in the global loop (over the
whole time domain) are compared and if the maximum absolute error
between the current- and previous solutions has not converged to a
value less than 10 3, the local EHL loop is called again, using the up-
dated temperature field from the thermal model as input to the gen-
eralised Reynolds equation and the EHL model is again iterated until
convergence. With convergence achieved, the thermal model is called
with the updated pressure and film thickness values until convergence.
The whole process is repeated until global loop convergence is
achieved, i.e. when the difference in pressure and temperature between
the current- and previous global iterations reach a value lower than
10 3.

3. Results and discussion

The results generated using the aforementioned modelling approach
are based on the lubricant properties presented in Table 1 and are as-
sumed to realistically describe the pressure, temperature and shear
thinning behaviour of Squalane [38], as well as the thermal con-
ductivity and heat capacity behaviour of the lubricant [31].

The material properties of the solids, as well as the operating con-
ditions used for the simulations are presented in Table 2. The material
properties describe a typical steel and the operating conditions for the
simulations were assumed to describe an arbitrary non-conformal
contact found in e.g. a gear, a roller-follower contact or a rolling ele-
ment bearing.

Furthermore, the velocities u1 and u2 were varied to achieve dif-
ferent SRR, as defined in Section 2.1.1, depending on the case studied.
Throughout the study the SRR values ±0, 0.5 and ± 1 were in-
vestigated, referred to as pure rolling conditions, medium high sliding
condition and severe sliding conditions, respectively. The simulation
times for the five different cases were on average approximately 5 h per
dimensionless time unit studied, using the aforementioned settings in
Section 2.2.3. The dimensionless time in each of the studied cases was
varied based on the speed of the asperity and chosen to enable a study
of the full event of the asperity passing through the contact.

The study of a single asperity moving through the contact was

conducted in order to enable an isolated analysis of the lubricant be-
haviour in the vicinity of the asperity. Comparisons between the
thermal- and isothermal approaches were conducted for the different
sliding conditions, highlighting the potential loss of accuracy utilising
an isothermal approach.

3.1. Pure rolling conditions

With the purpose of getting a deeper understanding of the influence
of sliding, an analysis of pure rolling conditions was conducted.
Initially, with the asperity positioned outside the contact at =X 2.5,
i.e. at the initial time step solved using a steady state approach, it was
seen that a barely noticeable temperature rise occurs in the inlet of the
contact. At the outlet, however, a negligible reduction in temperature
occurs due to cooling from the decompression of the oil, see Fig. 6.

Moreover, with the asperity entering, and further passing through
the contact, no significant influence on lubricant temperature can be
seen. Therefore, due to the negligible influence of the compressive heat
source on the temperature in EHL contacts, it is highlighted that under
pure rolling conditions, even for the case of asperities passing through
the contact, the EHL problem may as well be approximated by an iso-
thermal approach under the prevailing conditions.

3.2. Medium high sliding conditions

With the addition of sliding, shearing of the high viscosity lubricant
occurs that further leads to energy being added to the system in the
form of shear heating. By analysing a case with medium high negative
sliding, i.e. =SRR 0.5, a temperature rise throughout the contact
could be seen, which was shown to be especially significant in the vi-
cinity of the asperity, see Fig. 7.

The locally increased temperature connected to the asperity is re-
lated to the increased pressure leading to an increased viscosity and
limiting shear stress of the lubricant, all of which are connected to the
position of the asperity. Hence, the local temperature rise follows the
speed of the asperity rather than the speed of the lubricant. Therefore,
not only the pressure, as discussed by Venner and Lubrecht [7] and seen
in Fig. 8, but also the temperature is decoupled from the film thickness
reduction generated by the inlet perturbations induced during entering
of the asperity into the contact.

It can be seen that the maximum local temperature, connected to
the asperity, reaches values around =T 1.26, i.e. an increase from
313.15 K to approximately 396 K. Even though a relatively big differ-
ence is seen at the outlet of the contact between the isothermal and the
thermal approach, the thermal increase in the vicinity of the asperity
does not influence the overall film thickness behaviour significantly, as
can be seen in Fig. 8. The film thickness in the outlet of the contact is for
the thermal approach decreased due to a further reduced lubricant
viscosity after the pressure drop following the shear heating, further
implying an increased flow out of the contact.

Even though the temperature increase in the vicinity of the asperity
reduces the viscosity locally, the small influence on film thickness can
be explained by the competing pressure influence on viscosity, which in

Table 1
Lubricant data used to describe the viscosity, density, conductivity and heat
capacity behaviour for Squalane due to pressure, temperature and, for viscosity,
shear rate.

Parameter Value Unit Parameter Value Unit

K0 11.74 av 8.36 10 4 K 1

K00 8.658 GPa K 6.332 10 3 K 1

g 3.921 0.1743
BF 24.50 µ 0.9506 10 4 Pa s
µr 15.6 10 3 Pa s Gr 6.94 MPa
n 0.463 0.075
q 2 A 0.115
Ck 0.074 W m K1 1 s 4.5
C0 0.94 106 J m K3 1 m 0.62 106 J m K3 1

r 800 Kg m 3 0 5 105

Table 2
Material properties of the solids and operating conditions used for the analysis.

Parameter Value Unit Parameter Value Unit

E E,1 2 206 GPa F 0.6 MN m 1

,s s1 2 7850 Kg m 3 ph 1.2 GPa
,1 2 0.3 R 15 mm

k k,s s1 2 45 W m K1 1 RA 0.05
c c,s s1 2 450 JKg K1 1 RW 0.5
Tr 40 C ID 1
ue 1 m s 1 l 1
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this case is dominant. Therefore, the asperity itself is linked to a high
viscosity region, which for negative sliding is located behind the film
thickness reduction caused by the inlet perturbations, as can be seen in
Fig. 9. This further means that the load carrying capacity of the lu-
bricant in the vicinity of the asperity stays relatively high, keeping the
asperity deformed while moving through the contact.

A viscosity reduction does, however, occur connected to the film
thickness reduction related to the inlet perturbations, which may reach
values where the lubricant is no longer solidified and starts to flow
again. The low viscosity lubricant is, nevertheless, surrounded by soli-
dified lubricant, leading to an inhibition of flow from the low viscosity
region. The local reduction of viscosity does, however, lead to a re-
duced outlet film thickness when the surrounding solidified lubricant
leaves the contact. Also, a reduced film thickness in the outlet occurs
when the asperity leaves the high pressure region.

Studying the case of medium high positive sliding ( =SRR 0.5), i.e.
when the asperity moves faster than the average velocity of the lu-
bricant film, a similar behaviour as in the case of negative sliding can be
seen. However, now the film thickness reduction due to the inlet per-
turbations moves slower than the asperity, meaning that the film
thickness reduction stays behind the asperity, as can be seen in Fig. 10.

Moreover, the temperature increase is similar in magnitude to the case
of negative sliding, however, the size of the inlet perturbations on the
film thickness is noticeably smaller due to the shorter time that the
asperity impede lubricant to enter the contact.

Further studying the influence of the thermal effects on the max-
imum pressure and minimum film thickness when the asperity moves
through the contact, apparent differences can be seen to occur between
the isothermal and thermal solutions, see Fig. 11. For both positive- and
negative sliding, the maximum pressure differs mainly when the as-
perity exits the contact, showing an increased pressure spike compared
to the isothermal case, which can also be seen in Fig. 8.

For negative sliding, the minimum film thickness is related to the
inlet perturbations mainly, which travels through the high pressure
region and is less influenced by the thermal effects due to the pressure
dominant viscosity behaviour globally, meaning that the isothermal
approach predicts similar values as the thermal approach. However,
during exiting, the film thickness estimation is reduced drastically using
a thermal approach due to the aforementioned influence on viscosity
following the local increase of temperature.

Instead analysing the positive sliding case, which is related to
smaller inlet perturbations affecting the film thickness. The thermal

Fig. 6. Dimensionless temperature field for the case of pure rolling, indicating negligible temperature variations in the lubricating film. The figure shows the asperity
positions R =X 2.5 (top left), R =X 1 (top right), R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom right).

Fig. 7. Dimensionless temperature field in the lubricant film for =SRR 0.5, showing a localised temperature increase in the vicinity of the asperity. The figure
shows the asperity positions R =X 2.5 (top left), R =X 1 (top right), R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom
right).
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effects, as well as the shear thinning effects, leads to a reduced mag-
nitude of the inlet perturbations, further leading to an increased film
thickness for the thermal case compared to the isothermal case, with
the exception of when the asperity exits the contact.

3.3. Severe sliding conditions

Increasing the sliding to = ±SRR 1 shows a further increased tem-
perature rise in both the contact as a whole as well as in the vicinity of
the asperity, shown for =SRR 1 and =SRR 1 in Fig. 12 and Fig. 13,
respectively. It becomes clear by comparing the temperature rise to the
medium high sliding conditions in Section 3.2 that the maximum
temperature does not drastically increase further. This is explained by
the reduced viscosity in the contact as a whole due to the already high
temperatures and shear thinning effects, further implying that the
temperature- and shear thinning effects starts to balance out the pres-
sure influence on viscosity.

The decoupling between the film thickness reduction caused by the
inlet perturbations and the asperity position itself also becomes

increasingly visible. For positive sliding, the film thickness reduction
due to the inlet perturbations is smaller in size due to the increased
speed of the asperity. However, for negative sliding the size is increased
due to the increased time that the flow into the contact is impeded by
the asperity. Moreover, in the case of negative sliding it can be seen that
the local temperature increase, linked to the asperity, heats up the re-
latively fast moving oil that passes through the high temperature re-
gion.

A certain viscosity increase in the vicinity of the asperity is still
present that provides the load carrying capacity needed to keep the
asperity deformed, however, it is reduced compared to the case with

=SRR 0.5, as seen in Fig. 14.
Furthermore, a small reduction in film thickness can be seen con-

nected to the asperity position, indicating that the viscosity reduces to
such an extent that the load carrying capacity of the lubricant drops.
However, this effect does not grow over time, meaning that the growth
only occurs during the entering stage of the asperity path and thereafter
the heated oil is again entrapped by surrounding, high viscosity, oil.

Again investigating the maximum pressure- and minimum film

Fig. 8. Dimensionless pressure and film thickness over time for =SRR 0.5, showing the difference between the thermal solution with non-Newtonian effects
(T + NN) and the isothermal solution with and without non-Newtonian effects (IT + NN and IT + N, respectively). The position of the asperity centre is marked with
an arrow pointing at the location on the X-axis.

Fig. 9. Dimensionless viscosity field in the lubricant film showing localised decrease of viscosity in between regions of high viscosity, indicating that the low viscosity
lubricant due to heating is entrapped. The figure shows the asperity positions R =X 2.5 (top left), R =X 1 (top right), R =X 0.5 (middle left), R =X 0 (middle
right), R =X 0.5 (bottom left) and R =X 1 (bottom right).
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Fig. 10. Dimensionless temperature field in the lubricant film for =SRR 0.5. The figure shows the asperity positions R =X 2.5 (top left), R =X 1 (top right),
R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom right).

Fig. 11. Maximum pressure and minimum film thickness over time for the case of = ±SRR 0.5 with the asperity moving through the contact, showing the differences
between the thermal solution with non-Newtonian effects (T + NN) and the isothermal solutions with and without non-Newtonian effects (IT + NN and IT + N
respectively).

Fig. 12. Dimensionless temperature field in the lubricant film for =SRR 1. The figure shows the asperity positions R =X 2.5 (top left), R =X 1 (top right),
R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom right).
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thickness during passage of the asperity through the contact, it can be
seen that the difference in minimum film thickness before the asperity
has entered the contact is relatively significant for both negative an
positive sliding following the thermal influence on viscosity, shown
Fig. 15.

The influence of the asperity in case of positive sliding shows a
significant reduction in film thickness during exiting out of the contact.
However, the small size of the inlet perturbations does not significantly
influence the film thickness. With thermal effects incorporated, the inlet
perturbations moving through the contact even became smaller than
the outlet film thickness, meaning that the minimum film thickness was
defined by the outlet film reduction throughout the whole event. This
effect is, however, highly dependent on the size of the asperity.

In case of negative sliding, a clear influence on the film thickness
reduction following the inlet perturbations can be seen, which in the
high pressure region is barely influenced by the local temperature in-
crease in the contact, as was also seen for =SRR 0.5.

3.4. Remarks on the studied case

The influence of the thermal effects on the lubrication in the EHD
contact has been shown to increase with sliding, clearly seen in Fig. 16.
In the case of a smooth contact, the minimum film thickness is defined

in the outlet of the contact, showing a clear and intuitive difference
between the thermal and isothermal solutions. However, in the case of
an asperity moving through the contact, the problem becomes in-
creasingly complex and the minimum film thickness may instead be
defined by the size of the inlet perturbations generated during contact
entry of the asperity and its influence while exiting the contact.

This work has been limited to Squalane due to its well defined
properties and investigated behaviour from previous studies. However,
Squalane is a lubricant having a relatively weak viscosity-pressure re-
sponse, meaning that the viscosity magnitudes within the contact are
relatively low compared to e.g. mineral oils and, therefore, a different
influence of the thermal effects may be expected for other oils.
However, an investigation with different lubricants, e.g. commonly
used base oils, was out of the scope of this study.

Moreover, the results have been generated using an approach where
the load has been assumed constant, meaning that the rigid body dis-
placement of the contacting bodies has been updated accordingly.
Hence, the influence of the asperity on the film thickness may differ
compared to an analysis employing e.g. a fixed rigid body displacement
with the load being updated accordingly. Alternatively, an approach
where an appropriate inertia of the moving solid bodies is added to the
load balance equation (Eq. (23)) may be applied but this was out of the
scope of this work.

Fig. 13. Dimensionless temperature field in the lubricant film for =SRR 1. The figure shows the asperity positions R =X 2.5 (top left), R =X 1 (top right),
R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom right).

Fig. 14. Dimensionless viscosity field in the lubricant film showing a localised increase of viscosity in the vicinity of the asperity for =SRR 1. The figure shows the
asperity positions R =X 2.5 (top left), R =X 1 (top right), R =X 0.5 (middle left), R =X 0 (middle right), R =X 0.5 (bottom left) and R =X 1 (bottom right).
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4. Conclusions

In this work the TEHD problem has been studied with focus on the
transient event of a surface feature, in the form of an asperity, moving
through the TEHD contact. Temperature, viscosity, film thickness and
pressure distribution under various sliding conditions have been stu-
died and differences between a thermal- and an isothermal approach
highlighted. The salient conclusions drawn from this study are as fol-
lows:

(i) The temperature rise within the contact is negligible for pure
rolling conditions, but is, however, drastically increased under
sliding conditions, especially in the vicinity of the asperity.

(ii) The local temperature increase is strictly linked to the position of
the asperity within the contact due to the increased viscosity and
limiting shear stress of the lubricant, following the increased
pressure.

(iii) The thermal influence on minimum film thickness is, under sliding
conditions, significant during exiting of the inlet perturbation ef-
fects and the asperity due to reduced lubricant viscosity following
the temperature increase.

(iv) Increased sliding between the surfaces leads to increased thermal
influence on the lubricating performance, further leading to an
increased deviation between the isothermal and thermal ap-
proaches in general.

(v) For EHL contacts operating under sliding conditions and where
surface roughness can not be neglected, a transient thermal ana-
lysis including non-Newtonian effects is necessary for an accurate
analysis of the lubricating performance.
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Nomenclature

A: Parameter in conductivity scaling parameter ( )
RA : Amplitude of asperity ( )

a: Hertzian contact radius (m)
av: Thermal expansivity (K )1

BF : Fragility parameter in viscosity equation ( )
C0: Parameter for calculation of heat capacity (J m K )3 1

C: Compliance matrix ( )
Ck : Parameter in conductivity function (W m K )1 1

Club: Volumetric heat capacity of lubricant (J m K )3 1

club: Specific heat capacity of lubricant(Jkg K )1 1

c c,s s1 2: Specific heat capacity of upper- and lower solid (Jkg K )1 1

D: Derivative matrix ( )
E : Reduced modulus of elasticity (Pa)
E E,1 2: Young's modulus of upper- and lower body, respectively (Pa)
F: Applied load per unit width (N m )1

Gr : Shear thinning parameter (Pa)
g: Thermodynamic interaction parameter ( )
h: Lubricant film thickness (m)
H: Dimensionless lubricant film thickness ( )
H0: Dimensionless rigid body displacement ( )
he: FE mesh element size ( )
K0: Isothermal bulk modulus at zero pressure (Pa)
K00: K0 at zero absolute temperature (Pa)
K 0: Pressure rate of change of K0 ( )
klub: Thermal conductivity of lubricant (W m K )1 1

k k,s s1 2: Thermal conductivity of upper- and lower solid (W m K )1 1

l: Element order ( )
m: Parameter in heat capacity function (J m K )3 1

n: Shear thinning parameter ( )
ph: Maximum Hertzian pressure (1D) (Pa)
Pe: Peclet number ( )
p: Hydrodynamic pressure in lubricant film (Pa m)
P: Dimensionless hydrodynamic pressure ( )
q: Coefficient in conductivity scaling parameter ( )
R: Equivalent radius of curvature (m)
R R,1 2: Radius of upper- and lower body, respectively (m)
s: Exponent in conductivity model ( )
T : Dimensionless temperature ( )
T T, r : Temperature and reference temperature, respectively (K)
t: Time (s)
U W, : Dimensionless deformation in X and Z, respectively ( )
ue: Mean entrainment velocity of lubricant (m s )1

u u,1 2: Speed of upper- and lower surface, respectively (m s )1

uf : Lubricant velocity in xz -plane (m s )1

V: Volume of lubricant ( )
V V, r0 : Volume of lubricant at P0 and Tr , respecitvely (m )3

RW : Wavelength of asperity ( )
RX X, 0 : Current- and initial position of asperity, respectively ( )

x y z, , : Spatial coordinates (m)
X Y Z, , : Dimensionless spatial coordinates ( )

K : Temperature coefficient of K0 (K )1

χ: Dimensionless heat capacity scaling parameter ( )
: Dimensionless shear dependent lubricant viscosity ( )

η: Lubricant shear dependent lubricant viscosity (Pa s)
xz : Shear rate of lubricant in xz -plane (s )1

: Limiting shear stress constant ( )
µ µ, r : Lubricant Newtonian- and reference viscosity, respectively (Pa s)
µ : Extrapolated viscosity to infinite temperature (Pa s)
µf : Coefficient of friction in the centre of the contact ( )

,1 2: Possion's ratio of upper- and lower body, respectively ( )
, 0: Penalty function parameter ( )
, ,P T U : Weight functions for P T, , and U respectively ( )

ϕ: Scaling parameter for viscosity ( )
: Viscosity scaling parameter ( )

R : Geometry of surface feature ( )
: Dimensionless lubricant density ( )

s s1 2: Density of upper- and lower body (kg m )3

, r : Lubricant density and reference density, respectively (kg m )3

l,ID : Isotropic diffusion constants ( )
σ: Dimensionless stress tensor ( )
: Dimensionless time ( )
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Transient plasto-elastohydrodynamic
lubrication concerning surface features
with application to split roller bearings

Tobias Hultqvist1 , Aleks Vrček1, Tomas Johannesson2,
Pär Marklund1 and Roland Larsson1

Abstract

The use of roller bearings as crankshaft main bearings has shown potential in reducing the fuel consumption of internal

combustion engines. An effective way to mount the roller bearing onto the crankshaft is to split the outer ring. However,

this may lead to a severe out-of-roundness in the split region when the bearing is mounted, further implying increased

noise, vibrations and contact stresses. In this work, a novel approach to study the plasto-elastohydrodynamic contact

using commercial finite element software is developed. The modelling approach is based on the contact moving in space,

allowing for the stress history based on the lubricant pressure to be studied in a straight-forward manner. The model is

first utilised to study the influence of asperities on the lubricating conditions, indicating that stresses may exceed the yield

strength of the material due to the transient effects taking place when the surface feature is over-rolled. Thereafter, the

model is used to analyse the step in a mounted crankshaft roller bearing with the purpose of specifying a critical step

height, which implies zero plasticity and thereby a reduced risk of accumulated damage in the vicinity of the step.

Keywords

Split roller bearings, plasto-elastohydrodynamic lubrication, elastohydrodynamic lubrication, transient conditions, numer-

ical modelling
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Introduction

The urgent need to limit the global warming by redu-
cing greenhouse gas emissions has led to increased
efforts on reducing energy consumption in industries
globally. Energy losses in terms of friction and wear
were shown by Holmberg et al.1 to potentially be
reduced by up to 40% within 15 years by utilisation
of novel tribological technology. Holmberg et al.2

also showed that there is a significant potential for
reducing frictional losses in cars by employing
and developing novel tribological technology.
Consequently, the development of low cost, low emis-
sion solutions are becoming increasingly important
and may help the automotive industry to comply
with increasingly stringent emission standards with-
out significant investment.

Tiemann et al.3 studied how a change from plain
sliding bearings to rolling element bearings as crank-
shaft bearings influenced the fuel consumption in a
light duty internal combustion engine. It was shown
that the reduced fuel consumption in relation to the
cost was significant. However, with new challenges
arising related to e.g. noise, vibration, harshness

(NVH) and durability following the characteristic
non-conformal contacts in rolling element bearings.
Baubet et al.4 investigated how the use of rolling elem-
ent bearings as crankshaft main bearings influenced
the fuel consumption and extensively studied what
they describe as the key challenges with the transition
from sliding bearings to rolling element bearings. The
following challenges were identified; the highly tran-
sient combustion load, lubrication using low viscosity
and contaminated oil, and the process to split the
bearing outer ring, allowing for facilitated mounting
of the bearings onto the crankshaft.

The use of a split outer ring and split cage may be
considered with the purpose of achieving a bearing
assembly similar to the journal sliding bearings com-
monly used today.3,4 However, due to the relatively
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concentrated contact in combination with a relatively
thin lubricating film in the rolling contacts, the
mounted split ring requires fine tolerances related to
the out-of-roundness, which otherwise may result in a
reduced durability and increased NVH during oper-
ation of the engine. Hence, in order to successfully
utilise split roller bearings as crankshaft bearings it
becomes important to understand and optimise the
influence of the split on the lubricating conditions
and the contact stresses that arises.

Extensive research has been conducted on lubri-
cated non-conformal contacts, where the contact pres-
sure leads to a concurrent deformation of the
contacting bodies and pressure–viscosity increase of
the lubricant, resulting in a separation of the surfaces.
This is hence referred to as elastohydrodynamic lubri-
cation (EHL) and is a branch of tribological science
that has improved the design of machine elements
ever since the pioneering work by Ertel was published
under the name of Grubin.5–7 EHL was further under-
stood by the first numerical solution by Petrusevich,8

who were able to study the EHL pressure profile with
the characteristic outlet pressure spike, which ever
since is also known as the Petrusevich spike.

Dowson and Higginson9 were later able, by utilis-
ing a novel numerical solution approach called the
inverse solution, to provide empirical formulas for
engineers to use for fast calculation of the EHL line
contact problem. Empirical solutions for the EHL
point contact were later presented by Hamrock and
Dowson in a series of papers,10–13 allowing for esti-
mation of film thickness in practical situations. The
numerical solutions became more sophisticated after
Lubrecht et al.14 introduced multigrid techniques to
solve the EHL problem, which further reduced solu-
tion times and resulted in accurate solutions for highly
loaded EHL contacts. Thereafter, a full-system finite
element (FE) approach to the EHL problem was pre-
sented by Habchi et al.15 Additional important con-
tributions to the fundamental understanding of EHL
may, by the interested reader, be found in review
papers by e.g. Lugt and Morales-Espejel,16 Zhu and
Wang17 and Spikes.18

Due to the current trend of increasingly severe
operating conditions for machine elements following
increased power density and the use of low viscosity
oils, an increased need for understanding the influence
of surface roughness and surface irregularities on the
lubricating performance, durability and efficiency has
arisen. This has consequently led to a significantly
enhanced understanding of micro-EHL and the influ-
ence of surface roughness on the lubricating perform-
ance of EHL contacts, see for example the review on
surface roughness effects in EHL by Morales-
Espejel.19

It is further well known that the use of a perfectly
elastic approach to the EHL problem often predicts
localised stress concentrations in the substrate that
exceeds the yield strength of the material, especially

in cases where surface roughness is considered. This
further implies that plastic deformations would affect
the lubricating performance and material properties
and diverge from the predicted values. A relatively
early approach to study the plasto-elastohydrody-
namic lubrication (PEHL) problem and the influence
of plastic deformations occurring due to dents in the
contacting geometries was presented by Xu et al.20

They solved the PEHL problem by utilising a FE
approach and concluded that the shape of the dent
as well as the yield- and hardening properties of the
material had a significant influence on the maximum
pressure that arose in the contact.

Ren et al.21 later solved the PEHL problem in a
steady-state manner with the stress field being sta-
tionary under the contact. It was seen that a reduced
load-carrying capacity of the plastically deformed
region in the substrate leads to a flattened pressure
profile and increased contact width, as well as thin-
ner lubricating films than the perfectly elastic
approach. The approach presented by Ren et al.21

was then further extended by He et al.22,23 to include
surface roughness as well as rough finite line geome-
tries. It was shown that the pressure peaks related to
the surface features where flattened significantly and
that the plastic strain occurred relatively close to the
surface. Moreover, it was seen that material work
hardening properties considerably influence the
PEHL behaviour, i.e. a low work hardening reduces
the maximum pressure and stresses due to more
plastic strains and vice versa.

Instead of assuming that the deforming domain
was stationary under the contact, He et al.24 studied
the over-rolling of a smooth ball over the domain,
which allowed them to study the influence of plastic
strains on the lubrication during rolling, as well as the
plastic strain evolution for a number of cycles. An
important difference shown was the influence of unaf-
fected material in the inlet of the contact that resulted
in a distorted pressure distribution due to the outlet
material being affected by the plastic strains, further
highlighting the importance of a transient approach to
the PEHL problem.

Other works that used FE rather than the afore-
mentioned approaches21–24 include e.g. the work by
Bomidi and Sadeghi.25 They studied subsurface
initiated spalling by utilising a dry plasto-elastic
model coupled with continuum damage mechanics.
The model was used to predict fatigue damage in
heavily loaded contacts connected to plastic strains
around generated Voronoi tessellations supposed to
describe the microstructure in the material relatively
realistically, allowing for more precise damage accu-
mulation modelling. More recently, a similar plasto-
elastic FE model was developed and used by
Golmohammadi and Sadeghi26 with the addition of
a multi-body approach to study the over-rolling
of a dented flat surface by a cylinder, where the
damage was studied and spalling analysed.
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Furthermore, Paulson et al.27 combined a continuum
damage mechanics model, similar to that of Bombidi
and Sadeghi,25 with a fully coupled EHL model pre-
sented earlier by Habchi.28 This revealed that a dry
approach may underestimate the fatigue life due to
both the difference in pressure profiles and the EHL
pressure changes following damage accumulation.

The aforementioned research on PEHL contacts
has either employed an approach with consideration
to the lubricant assuming a stationary deforming
domain, or an approach with dry conditions but
with consideration to over-rolling of surface features.
Typically, in cases where rolling has been considered
the contact conditions has been either rough and dry26

or lubricated and smooth.24,27

In this work, the study of PEHL is extended by
including over-rolling of a surface feature with the
lubricant pressure and film thickness considered. This
is achieved by utilising a full-system FE approach
based on the work by Habchi28 and further extended
to transient investigations by e.g. Hultqvist et al.29

Commercially available software30 is utilised that
allows for a novel approach to be developed, where
the contact moves over the deforming domain and
thereby allows for the pressure, film thickness and
stresses in the contact to be studied over time, further
enabling analysis of the mechanisms taking place
during the event of rolling over a surface feature. The
model is first applied to a surface feature in the form of
an asperity and thereafter to a step representing the
measured out-of-roundness in a split roller bearing
mounted in an engine block.

The novelty of this work mainly pertains to the
approach to solve the rough PEHL problem
transiently in a way that enables the stresses and
deformations related to surface features to be studied
before-, during- and after contact with the counter
body. The study is, however, limited to consider
only one over-roll and does therefore not reveal the
full effect of the plasticity that would follow an accu-
mulation of plastic strains24 and accumulation of
damage.27 It was, however, shown by He et al.24

that the largest increase in plastic strains occurs during
the first over-roll, meaning that the first rolling cycle
may reveal important information about the magnitude
of the changes in the material, which would further
increase aftermore over-rolls and the difference between
the EHL and PEHL solutions would consequently be
larger. Furthermore, the objective of this work is
twofold, both to increase the understanding of how
asperities deform plastically in PEHL contacts and to
specify a critical step height for the studied split bearing
where material yield may be avoided.

Mathematical model

In this section, the theory and numerical approach
used to study the PEHL problem is described.
The lubricated contact was assumed to be in-between

two infinitely long cylinders, with a surface feature
being located on one of the cylinders. The problem
is conveniently reduced to be described by an equiva-
lent curvature, i.e. one combined cylinder geometry in
contact with a flat plane, as illustrated in Figure 1.
This may be achieved by expressing the equivalent
curvature according to

R ¼ R�11 � R�12

� ��1
ð1Þ

Here, the sign is determined based on the conform-
ity of the contacting surfaces, i.e. minus for conform-
ity (e.g. roller against outer ring in a roller bearing)
and plus for non-conformity (e.g. roller against inner
ring). For explanations of the aforementioned and
upcoming variables, the reader is referred to the
nomenclature.

Compared to a conventional approach to the
(P)EHL problem where the coordinate system is
assumed to follow the translating movement of the
cylinder, which allows for a steady state solution to
be defined efficiently, an approach with the coordinate
system assumed fixed to the stationary plane was con-
sidered in this work. This further means that, from the
reference point of view, the cylinder moves with the
speed uc through space while the velocity of the plane
is being nil. This thereby allows for the elastic- and
plastic deformations in the material to be studied
before-, during- and after passing by the cylinder.

Plasto-elastohydrodynamic model

The pressure distribution in the lubricant film may be
described by the Reynolds equation,31 which is
derived from the conservation of mass and reduced
using the so called thin film approximation, further
describing the flow within a thin fluid film. The
Reynolds equation for an infinite line contact, assum-
ing isothermal conditions, reads

@

@x

�h3

12�

@p

@x

� �
¼ ue

@ �hð Þ

@x
þ
@ �hð Þ

@t
ð2Þ

where the left term relates to the pressure driven flow,
the first term to the right relates to the entraining flow

Figure 1. Schematic showing the problem setup with the

cylinder against the plane, including the coordinate system,

velocities and surface feature.
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and the second term to the right describes the squeeze
action in the lubricant.

The film thickness is described based on the equiva-
lent geometry, the rigid body displacement, the
deformation of the contacting bodies and the surface
feature according to

hðx, tÞ ¼ h0ðtÞ þ
ðx� xcðtÞÞ

2

2R
þ wðx, tÞ
�� ���Rðx, tÞ

ð3Þ

with the cylinder position changing with time accord-
ing to

xcðtÞ ¼ xc0 � uct ð4Þ

To find the deformations in the contacting bodies,
stress equilibrium in the solids are solved for using clas-
sical elasticity theory. This means that the divergence of
the stress tensor, r, assuming quasi-static conditions
based on the magnitude difference in characteristic
times between deformation and pressure,32 reads

r � r ¼ 0 ð5Þ

Where the stresses as defined by the strains, here in a
plain strain manner due to the assumed finite line
contact, may be described by

r ¼ CD
u
w

� �
ð6Þ

with D being the derivate matrix and C the compli-
ance matrix, according to

DT ¼

@
@x 0 @

@z

0 @
@z

@
@x

" #
, C ¼

c1 c2 0

c2 c1 0

0 0 c3

2
64

3
75 ð7Þ

with

c1 ¼
Eeq 1� �eq
� �

1þ �eq
� �

1� 2�eq
� � , c2 ¼

Eeq�eq

1þ �eq
� �

1� 2�eq
� � ,

c3 ¼
Eeq

2 1þ �eq
� � ð8Þ

Here, the equivalent elasticity and equivalent
Poisson’s ratio are utilised as proposed by Habchi,28

which are written as

Eeq ¼
E2
1E2 1þ �2ð Þ

2
þ E1E

2
2 1þ �1ð Þ

2

E1 1þ �2ð Þ þ E2 1þ �1ð Þð Þ
2

,

�eq ¼
E1�2 1þ �2ð Þ þ E2�1 1þ �1ð Þ

E1 1þ �2ð Þ þ E2 1þ �1ð Þ

ð9Þ

This allows for the total deformation of the solids
to be described in one deforming domain, hence redu-
cing the problem. The deformations can be found by

expanding equation (6) using equations (7) to (9) to
describe the relationship between the deformations in
the deformable solid, resulting in
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� �
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ð10Þ

Note, however, that this approach gives the com-
bined equivalent deformations and stresses in the con-
tacting bodies. This further means that if the
material of the contacting bodies are assumed to be
the same, the equivalent elasticity modulus
becomes Eeq ¼ E1=2 ¼ E2=2 and the Poisson’s ratio
�eq ¼ �1 ¼ �2, further implying that the equivalent
deformations become ueq ¼ 2u and weq ¼ 2w.
Additionally, the stresses calculated utilising this
approach conveniently becomes req ¼ r, meaning
that the stress in each body is calculated directly.
However, if the materials are chosen differently, i.e.
E1 6¼ E2 and �1 6¼ �2, the stress in each contacting
body may instead be calculated separately by disre-
garding the equivalent elasticity approach, see e.g.
Hultqvist et al.33

To solve the problem in a plasto-elastic manner,
the commercial software was utilised to calculate the
plastic flow as well as the varying yield strength.30 The
theory used is explained in the Structural Mechanics
Module User’s Guide34 and summarised below for the
sake of completeness. The yield function, utilising the
von Mises stress as effective stress, may be written
according to

Fy ¼ �vM � �yð"pÞ ð11Þ

where the effective stress, expressed in principal stres-
ses, reads

�vM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�21 � �1�2 þ �

2
2

q
ð12Þ

A flow rule based on the plastic potential Fy and the
constant l is employed to define the increment of plas-
tic strains for a yielded material subject to further
loading, which follows

"p ¼ l
@Fy

@�
ð13Þ

For a perfectly plastic approach, the stress vari-
ations would become zero for plastically deformed
material and therefore the stress would stay constant
during further plastic deformation. However, in this
work an isotropic linear hardening rule was applied
where the variations in yield stress, based on the initial
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yield stress and the plastic strain, was assumed to
follow

�yð"pÞ ¼ �y0 þ
"p

E�1T � E�1eq

� 	 ð14Þ

with the tangential elastic modulus being based on the
equivalent elastic modulus according to

ET ¼ �Eeq ð15Þ

The surface features studied were described in the
same manner as by Hultqvist et al.,29 which implies
features with smooth gradients. The asperity geom-
etry was hence written according to

Rasp ¼ AR � 10
�10

x�xdð Þ
2

w ð16Þ

and in the case of a step, the surface feature geometry
was described by half the asperity with the surface
past the point xd having a fixed amplitude

Rstep ¼
Rasp x4 xd,

AR x4xd



ð17Þ

The load balance between the lubricant pressure
and the applied load was formulated according to

Z
@�c

pðx, tÞdx ¼ F ð18Þ

and satisfied by iterating the rigid body displacement
until convergence. Note that the accelerations of the
contacting bodies are being neglected and hence the
rigid body displacement is updated accordingly in
each time step.

The moving boundary problem due to cavitation in
the outlet of the EHL contact was handled by using
the penalty method presented by Wu35 and utilised by
Habchi et al.15 Since there is no direct need for accur-
ate film reformation in this study, in combination with
its simple implementation, this approach was utilised
and implemented by simply adding a penalty term to
equation (2). The penalty term is utilised to suppress
the negative pressures arising in the outlet of the con-
tact in a way that satisfies the Reynolds boundary
condition and hence conservation of mass. For more
details about how the choice of magnitude of the pen-
alty term influences the EHL pressure distribution,
the reader is referred to Habchi.36

Lubricant behaviour

The density and viscosity relationships followed the
work by Bair,37,38 who defined two model lubricants,
i.e. one fragile and one strong lubricant relating to a
mineral oil and a polyalphaolephin oil, respectively.38

In this work, the strong lubricant was utilised and
described by the Tait–Doolittle set of equations,
which are described below for the sake of
completeness.

The Tait equation of state was utilised to calculate
the volume change in the lubricant due to pressure, i.e.
the compressibility-pressure relationship, which reads

V

V0
¼ 1�

1

1þ K0
ln 1þ

p

K0
1þ K00
� �� �

ð19Þ

with K0 described according to:

K0 ¼ K00 exp ��KTð Þ ð20Þ

Moreover, the volume variation due to temperature at
zero pressure may be assumed to follow the linear
relationship38

V0

Vr
¼ 1þ av T� Trð Þ ð21Þ

The density change due to pressure and oil tempera-
ture is then calculated as the inverse ratio of the
volume change, i.e.

�ð p,TÞ

�r
¼

V

Vr

� ��1
¼

V

V0

V0

Vr

� ��1
ð22Þ

The Doolittle equation used to describe the viscos-
ity variations due to pressure is itself dependent on the
free volume and therefore includes volume variations,
e.g. described by the aforementioned Tait equation of
state, and reads

�ð p,TÞ

�r
¼ exp BR0

V1
V1r

V
Vr
� R0

V1
V1r

�
1

1� R0

 ! !
ð23Þ

where the occupied volume is assumed to vary linearly
with temperature according to:

V1
V1r
¼ 1þ " T� Trð Þ ð24Þ

Numerical approach

This section briefly summarises the numerical
approach; however, excluding many details that may
be found in the literature15,28,29 such as e.g. the weak
formulation and solution techniques for solving the
Reynolds equation, as well as the stabilisation tech-
niques that may be used and their implementation.
Important alterations to the aforementioned works
are described in detail below, which are mainly related
to the time dependent solution.

The numerical solution procedure includes solving
the problem for a dry contact as initial conditions to

Hultqvist et al. 5



the steady state EHL problem. This is done by calcu-
lating the Hertzian pressure39 on the contact domain at
a certain distance from the surface feature, i.e. at the
initial position of the cylinder, xc0. The steady state
EHL problem is then solved for using the modelling
approach presented in detail by Habchi.28 For this
solution, the weak formulation of the EHL problem
was solved for including the stabilisation techniques
required due to the convection dominant nature of
the EHL problem15 in the case where the coordinate
system follows the translation of the cylinder.

Thereafter, the transient problem was initiated
with the steady-state EHL solution as initial condi-
tion. After initiation, the transient solution was set
to be based on the coordinate system being fixed to
the plane, as described in the previous section. This
further means that at the first time step, convection, as
described by the entrainment of lubricant, is set to
zero due to the zero relative speed between the roller
contacting point and the deformation domain under
rolling conditions. This implies that only squeeze
action describes the film formation from the new ref-
erence point of view (see equation (2)). Hence, the
problem does not have to be stabilised during the
transient event due to the zero convection in
the Reynolds equation (for pure rolling conditions)
and the problem is therefore solved without the
stabilisation terms.

Due to the cylinder moving over the domain from
right to left as illustrated in Figure 1, the domain �D,
in Figure 2, was extended in width compared to the
proposed size by Habchi.28 This was done in order to
ensure negligible deformation gradients at the bound-
aries of the domain. The contact boundary, @�c, was
extended to fully cover the path that the cylinder
moves over the domain, while also ensuring a suffi-
ciently long inlet for film formation and outlet for
cavitation for all cylinder positions, i.e. from xcðt0Þ
to xcðtendÞ. Furthermore, the boundary conditions on
the deformation domain, �D, were defined as

u ¼ w ¼ 0 at @�B,

�n ¼ �p and �t ¼ 0 at @�c,

�n ¼ �t ¼ 0 elsewhere

8><
>: ð25Þ

where �n relates to the normal component and �t the
tangential component of the stress tensor towards the
boundary.

The domain was discretised using septic Lagrange
elements on the contact boundary, @�c, with an elem-
ent size of approximately 0.005–0.01 depending on pos-
ition and surface feature studied. Cubic serendipity two
dimensional elements were used for the deformation
domain, �D, which were allowed to grow in size as
the distance from the contact boundary increased.
The steady state EHL problem was solved for with a
relative tolerance of 10�6 for the termination criteria,
and the transient solution was solved for using a BDF
solver with an order between 5 and 1 with a relative
tolerance of 10�3 and an absolute tolerance of 10�2 of
the relative tolerance. Time steps of maximum 0.005
were employed and reduced by the solver in the utilised
FEM software if required to achieve the specified tol-
erance. For more details about the termination criteria
and solver settings, the reader is referred to the soft-
ware documentation.30

Bearing data extraction

The radius around the outer ring circumference was
after mounting in the engine block measured and the
out-of-roundness analysed. This made it possible to
study the steps occurring in the split positions on the
outer ring when being mounted and allowed for the
step geometry to be extracted. Thereafter, a curve
was fitted to the extracted step according to equation
(17), which ensured smooth gradients in the numerical
model (see Figure 3). Three different bearing measure-
ments were carried out for different bearing positions
in the engine block and it was seen that the difference

Figure 2. Dimensionless solution domain expressed in the

dimensionless coordinates X ¼ x=a and Z ¼ z=a. The dimen-

sionless length of the contact boundary, @�c, was set to 15 for

the asperity analysis and 17 for the step analysis.

Figure 3. Measured radius of split outer rings of bearings

mounted in the engine block at different positions, showing the

extracted and fitted step profile for Bearing A (Backward).
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between the measurements were not significant.
Furthermore, a measurement of Bearing A in both for-
ward and backward direction highlighted that a similar
step geometry was measured independent of direction.

The roller load at the step position was determined
by calculating how the rollers were carrying the com-
bustion load and relating the position of the rollers to
the step. Each roller main bearing (ROMB) was stu-
died for six load cases in AVL ExciteTM.40 These cases
included a low-speed case at 1750 r/min for full and
partial load, a high-speed case at 6000 r/min for full
and partial load and lastly an intermediate case with
4500 r/min with full and partial load. It was seen that
for the case with high load and low speed the com-
bustion load became dominant and the load was
therefore relatively predictable (see Figure 4).

This further implies that the split of the outer ring
may be placed in an optimal position away from the
load peaks, which was in this case positioned at 10�

from the horizontal place. For the low load high-
speed case, on the other hand, inertia forces dominate
and the loads are relatively high and unpredictable
around the whole outer ring, as shown in Figure 5.
Therefore, independent of the location of the split,
similar loads would be carried by rollers passing
over the step.

The two cases shown in Figures 4 and 5 were
assumed to represent the most severe operating
conditions for a roller passing the split position. The
operating conditions for the detailed EHL analysis
was thereby chosen based on a combination of
those conditions, meaning a rotational speed of

Figure 4. Simulated loads carried by each rolling element (RE1–RE16) at the specified outer ring position for 1750 r/min full load.

The step position is highlighted by the vertical lines.

Figure 5. Simulated loads carried by each rolling element (RE1–RE16) at the specified outer ring position for 6000 r/min low load.

The step position is highlighted by the vertical lines.
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1750 r/min and a load of 10 kN, hence slightly higher
than the predicted maximum load at the split for
the 6000 r/min case. This enabled the most severe
stresses (dependent more on load than speed) to be
studied in combination with the least film formation,
which together provides information about an esti-
mated worst case scenario taking place at the split
outer ring.

Results and discussion

This section presents the results generated using the
aforementioned PEHL approach. The geometry data,
operating conditions and material data were based on
realistic data from a crankshaft roller bearing. The
parameters that were kept constant throughout the
simulations are presented in Table 1. Other important
parameters used to study the influence of the surface
feature geometry on pressure, film thickness, stresses
and plastic deformations are separately presented
before each studied case.

The lubricant data used for the simulations are
presented in Table 2 and were utilised to describe
the pressure-viscosity behaviour of a typical polyal-
phaolephin oil operating at the selected oil
temperature.38

Below, two separate studies are conducted. First,
the case of an asperity passing through the PEHL
contact is investigated and discussed. This is then fol-
lowed by a PEHL investigation of the step geometry
and its influence on the lubrication and stresses in the
aforementioned split bearing.

Asperities

The applied load on the cylinder for the asperity
investigation was 10 kN, implying a Hertzian contact
pressure of ph � 2:1GPa and a Hertzian contact
width of a � 0:164mm, using the geometry and
material data in Table 1. The asperity geometry was
defined according to equation (16) and the amplitude
was selected based on a typical model asperity similar
to what has been studied in literature,41 with an amp-
litude of AR ¼ 2 mm and the wavelength, wR, being
varied between a and 5a, resulting in the geometries
shown in Figure 6.

The initial yield strength of the material was set to
�y0 ¼ 1GPa and the isotropic tangent modulus, defin-
ing the linear hardening of the material, was set to
ET ¼ 0:2Eeq. The initial position of the cylinder was
xcðt0Þ ¼ 5 and the final position xcðtendÞ ¼ �4 for the
event of over-rolling.

A comparison between the plastic and elastic solu-
tions for an asperity with wR ¼ 2a is shown in
Figure 7. The comparison highlights the difference
between the solutions and thereby the influence of
the plastic deformations on the lubricant pressure
and film thickness profiles. It can be seen that due
to the high pressures arising in the contact due to
the asperity, as predicted by the elastic solution, the
yield limit of the material is reached and the load
carried by the substrate is hence limited by the yield
strength. This further leads to a lower, but wider,
pressure distribution due to the arising plastic flow
in the material. Moreover, the film thickness globally
reduces in accordance with previously reported
results;21 however, in the vicinity of the asperity the
film thickness is less affected due to the relatively high
viscosity in the high-pressure region. This further
means that the film thickness within the contact is
to a great extent defined by the entrapped lubri-
cant even though changes occur in the material.
Therefore, the film profile is relatively unaffected

Figure 6. Asperity geometries analysed with an amplitude of

2�m for various wavelengths.

Table 1. Material properties, geometry data and operating

conditions used to represent the contact between the roller

and split outer ring.

Parameter Value Parameter Value

E1, E2 210 GPa R1 4 mm

�1, �2 0.3 R2 34.5 mm

�s1, �s2 7850 kg�m�3 L 18.5 mm

ue 2.75 m�s�1 Toil 90 �C

Table 2. Input data used to describe the density–pressure

and viscosity–pressure behaviour of the lubricant utilising the

Tait–Doolittle equations.38

Parameter Value Parameter Value

�r 800 kg�m�3 av 8� 10�4�C�1

�r 2 Pa�s bK 6.5� 10�3 K�1

Tr 20 �C " �15� 10�4�C�1

K
0

0 11 B 4

K00 9 GPa R0 0.7
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locally within the contact by the plastic deformations
that take place.

The differences in pressure and film thickness
during the event of over-rolling by the cylinder for
the five different asperities in Figure 6 are shown in
Figure 8. It becomes clear that a reduced wavelength

of the asperity leads to increasingly pronounced loca-
lised effects in the vicinity of the asperity, such as
increased localised pressures and reduced film thick-
ness values. Furthermore, a noticeable asymmetry can
be seen in film thickness between the leading and trail-
ing edge of the asperity. This is explained by the

Figure 7. Difference in pressure (solid lines) and film thickness (dotted lines) between an elastic and plasto-elastic model over time

for an asperity with AR ¼ 2 mm and wavelength wR ¼ 2a, showing different time frames in terms of the cylinder position ðxcðtÞÞ.

Figure 8. Pressure (solid lines) and film thickness (dotted lines) for five different asperities over time during the event of being

over-rolled from right to left with the cylinder being at position xc.
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squeeze taking place at the leading edge, i.e. at the side
of the asperity that the roller encounters first, and is a
result of entrapped lubricant being caught between
the roller and the asperity when the roller comes
into contact with the asperity.

Furthermore, when the cylinder is moving down
the trailing edge of the asperity, an increasingly
sharp pressure spike near the outlet of the contact
arises, with the magnitude being dependent on the
asperity wavelength. This pressure spike is related to
the entrapped lubricant leaving the contact, implying
a relatively high flow of oil out of the contact that
further leads to a high outlet pressure and a sharp
outlet constriction.

The pressure increase taking place in the outlet
when the cylinder is rolling down the trailing edge
of the asperity becomes increasingly pronounced for
more narrow asperities and leads to localised stress
concentrations in the vicinity of the surface. This
does further imply that potential plastic strains may
arise in the vicinity of the surface, especially at the
leading edge of relatively narrow asperities.
However, for increasingly wide asperities the stresses
approach that of the smooth surface and potential
plastic strains mainly take place in the sub-surface,
as can be seen in Figure 9. The arising plastic strains
in the material further leads to residual stresses and do
over time, as the stresses accumulate, lead to an
increased chance of damage initiation in the affected
area. This was, however, not studied and out of scope
of the current study where only one over-roll was
considered.

It can be seen that the plastic strains at the surface
are greatly influenced by the wavelength of the asper-
ity. This is also the case for the sub-surface plastic
strains that increase with reduced wavelengths due
to the increasingly concentrated pressure distribution
related to the asperity itself, shown for each asperity
along the surface and down into the substrate at x¼ 0
in Figure 10.

The effective plastic strains along the surface
increase exponentially and overtakes that of the sub-

surface plastic strain when the asperity reduces below
approximately one contact radius, i.e. wR ¼ a, as can
be seen in Figure 11. However, the sub-surface plastic
strains are not as sensitive to a reduced asperity wave-
length as the surface strains due to the increasingly
sharp outlet pressure spike occurring for the more
narrow asperities, which mainly affect material close
to the surface.

The plastic flow in the substrate leads to a perman-
ent deformation of the geometry, which increases with
a reduced asperity wavelength due to the increased
plastic strains following the more localised pressures
(see Figure 12).

Figure 9. Effective plastic strains in the substrate for the

relatively narrow asperity (wR ¼ 1a) (top) and the relatively

wide asperity (wR ¼ 5a) (bottom).

Figure 10. Effective plastic strains after one over-roll in the

substrate at x¼ 0 (left) and along the surface (right) for the

different asperities at tend.

Figure 11. Maximum effective plastic strain values in the

subsurface at x¼ 0 and along the surface for the different

asperity wavelengths.
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The deformation of the asperity geometry hence
becomes asymmetric following the behaviour of the
pressure distribution during over-rolling, which leads
to an increased deformation at the leading edge of the
asperity due to the location of the entrapped lubricant
in combination with the sharp outlet pressure spike
(see Figure 13).

Step in split outer ring

The step analysis was conducted based on the step
geometry and load data from the earlier section,
resulting in an applied load on the cylinder of 10 kN
that implies a Hertzian maximum pressures of
ph � 2:1GPa and a Hertzian contact radius of
a � 0:164mm. The geometry was defined according
to equation (17) and based on the out-of-roundness
in Figure 3. This led to a reference amplitude of the
step being set to AR ¼ 13 �m with a step length of
approximately 0:425mm (wR � 0:85mm).

The amplitude was also varied in order to analyse
the influence of the step height on the lubrication and
stresses, as well as to find an approximate critical step
height where plastic strains in the material may be
avoided. Five step amplitudes between AR ¼ 13 mm

to AR ¼ 7 mm were studied and can be seen in
Figure 14. For all the studied cases, the cylinder was
rolled from right to left on the plane according to
equation (4), due to an assumed increased severity
of rolling up the step compared to rolling down
the step.

The initial yield strength, �y0, was set to 1:7GPa
and assumed to represent a typical bearing steel such
as 100Cr6 with a hardness of approximately
61HRC.42 The isotropic tangent modulus used to
describe the strain hardening was set to ET ¼ 0:2Eeq

and the initial position of the cylinder was for the
analysis set to xðt0Þ ¼ 6 and the final position to
xðtendÞ ¼ �4.

Analysing the pressure and film thickness for the
step being over-rolled show that the pressure and the
film thickness are significantly affected during the tran-
sient event of rolling over the step, as shown in
Figure 15. During the initial stages of the cylinder
rolling up onto the step, the roller comes into contact
with the step while still being in contact with the flat,
following the relatively large amplitude of the step in
combination with the curvature of the cylinder. This
leads to a similar lubricant entrapment mechanism as
seen in the previous section. However, slightly larger
due to the amplitude height, but also different
between the steps due to the slope difference following
the fixed step width.

During exiting of the entrapped lubricant, the
outlet pressure spike reaches magnitudes of up to
3.5 times the maximum Hertzian pressure for the
steps with relatively high amplitude. This, combined
with increased global pressures following a narrower
contact width when the cylinder moves up the step,
implies increasingly severe stresses in the vicinity of
the surface. These effects are seen to become increas-
ingly severe with larger amplitudes of the step, making
the stresses approach values that induce plastic strains
in the material. However, due to the relatively high
yield strength of the bearing steel, the plastic strains
mainly occurs near the surface following the sharp
outlet pressure spike, as shown in Figure 16.

Figure 12. Magnitude of plastic deformations in the material

for each analysed asperity geometry.

Figure 13. Plastically deformed asperity geometries (solid

lines) after one cylinder roll-over compared to the original

geometries (dotted lines).

Figure 14. Measured and analysed step geometries with dif-

ferent amplitudes used to investigate the influence of the step

height on the lubrication and stresses in the contact.
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Note that the material is assumed to behave like a
homogeneous isotropic material even though the ring
has been split, and that the shape of the step is
assumed to be preserved during over-rolling. The
assumption that the geometry may be preserved is
based on the relatively high friction in the contact
between the clamped halves making up the outer
ring in the application. However, the split may
affect the predicted stress values depending on how
the load is distributed in the material. Such an ana-
lysis was, however, out of scope of the current study.

It can, nevertheless, be seen that for the studied
case the stresses may be reduced sufficiently much to
avoid plastic strains in the subsurface for a step height
of approximately 8.5mm and that yield may be
avoided completely for a step height of 7 mm. Due to
the relatively high effective surface plastic strains in

combination with relatively small deformations in rela-
tion to the step amplitude, as shown in Figure 17, the
chance of surface initiated damage over time increases
since the geometry does not deform when over-rolled.
This further implies that a step amplitude below 7mm
would lead to a reduced risk of damage initiation in the
vicinity of the surface compared to a larger step under
the specified operating conditions due to avoided yield
of the material. However, the localised stress concentra-
tions related to the step are still detrimental for the bear-
ing durability, but to a lesser extent.

Conclusions

In this work a novel approach to solve the transient
PEHL problem was developed and applied to two
different types of surface features. First, a surface

Figure 15. Pressure (solid lines) and film thickness (dotted lines) during the event of three different steps over time being

over-rolled from right to left with the cylinder at position xc.

Figure 16. Maximum effective plastic strain in the subsurface

at x¼ 0 and along the surface for different step amplitudes.

Figure 17. Magnitude of plastic deformations in the material

for each analysed step geometry.
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feature representing an asperity was analysed and the
fundamental mechanisms taking place in the lubri-
cated contact studied. Thereafter, a surface geometry
based on the step occurring in a split outer ring was
studied, based on measured data from a crankshaft
roller bearing mounted in an engine block. The step
analysis was conducted with the purpose of specifying
a critical step amplitude where material yield could be
avoided. A limitation of only studying one over-
roll was employed to the current work and the full
plastic behaviour was therefore not revealed; how-
ever, an improved understanding of how plasticity
influences the lubrication in non-smooth EHL con-
tacts was achieved.

The main conclusions drawn from this study are as
follows:

i. The wavelength and amplitude of the surface fea-
tures were seen to significantly influence the lubri-
cant film thickness and pressure behaviour, and
therefore also the stresses in the contacting
bodies.

ii. The predicted contact stresses were seen to poten-
tially exceed the yield strength of the material,
especially in the vicinity of the surface features,
which further implies that a PEHL approach is
necessary to predict the lubricating performance
accurately.

iii. In case of the asperity wavelength being shorter
than the contact width, plastic strains in the vicin-
ity of the surface were increased significantly,
especially on the leading edge of the asperity.

iv. For the specified operating conditions in combin-
ation with the employed assumptions in the
conducted analysis, a step amplitude of approxi-
mately 7 mm proved to be sufficiently low to avoid
material yield and hence minimise accumulated
damage in the studied crankshaft roller bearing.
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Appendix

Notation

a Hertzian contact radius mð Þ
av thermal expansivity (K�1)
AR amplitude of asperity and step
B constant in the Doolittle equation
C compliance matrix Pað Þ
D derivative matrix
E1, E2 Young’s modulus of upper and lower

body, respectively Pað Þ
Eeq equivalent modulus of elasticity Pað Þ
ET tangential elastic modulus Pað Þ
F applied load Nð Þ
Fy yield function Pað Þ
h lubricant film thickness mð Þ
h0 rigid body displacement mð Þ
K00 K0 at zero absolute temperature Pað Þ
K0
0 pressure rate of change of K0

L roller length mð Þ
p lubricant pressure Pað Þ
ph maximum Hertzian pressure Pað Þ
R equivalent radius of curvature mð Þ
R1, R2 radius of upper and lower body,

respectively mð Þ
R0 constant in the Doolittle equation
Rasp,Rstep geometry of surface feature mð Þ

time sð Þ
T, Tr temperature and reference tempera-

ture, respectively Kð Þ
u, w deformation in x- and z-directions,

respectively mð Þ
ue mean entrainment velocity of lubri-

cant (m�s�1)
u1, uc speed of cylinder surface and cylinder,

respectively (m�s�1)
V volume of lubricant
V0, Vr volume of lubricant at P0 and Tr,

respectively m3
� �

V1 occupied volume m3
� �

V1r occupied volume at reference
state m3

� �
wR wavelength of asperity
xc, xc0 current and initial position of cylinder,

respectively mð Þ
x, z spatial coordinates mð Þ
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bK temperature coefficient of K0 (K
�1)

e occupied volume thermal
expansivity (K�1)

"p effective plastic strain
g ratio between tangential elasticity and

elasticity modulus
�, �r lubricant Newtonian and reference

viscosity, respectively Pasð Þ

�1, �2 Poisson’s ratio of upper and lower
body, respectively

neq equivalent Poisson’s ratio
�, �r lubricant density and reference den-

sity, respectively (kg�m�3)
r stress tensor Pað Þ
svM von Mises stress Pað Þ
�y, �y0 yield strength and initial yield

strength, respectively Pað Þ
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Abstract: Machine components are designed to endure increasingly severe operating conditions
due to the strive for improved energy efficiency of mechanical systems. Consequently,
lubricated non-conformal contacts must rely on thin lubricant films where the influence of surface
topography on the lubricating conditions becomes significant. Due to the complexity of the
multiphysical problem, approximate assumptions are often employed to facilitate numerical studies
of elastohydrodynamically lubricated (EHL) contacts. In this work, the rough, time dependent,
thermal EHL problem is solved with focus on two main analyses. The first analysis focuses on the
influence of sinusoidal roughness and the difference between a thermal non-Newtonian approach and
an isothermal Newtonian approach. The second analysis is focused on the lubricating mechanisms
taking place when two-sided surface features overtake within the thermal EHL contact. The results
indicate that the film thickness in the outlet of the contact may be significantly overestimated by
an isothermal Newtonian approach and that differences in the high-pressure region may also occur
due to viscosity variations in the inlet of the contact. Moreover, for the studied two-sided surface
features, it became evident that not only the surface feature combination but also the overtaking
position influence the film thickness and pressure variations significantly.

Keywords: thermal elastohydrodynamic lubrication; elastohydrodynamic lubrication; waviness;
surface features; transient analysis; numerical modelling

1. Introduction

The current strive to improve energy efficiency of mechanical systems has led to machine
components being designed to endure increasingly severe operating conditions. This generally
implies an increased power density and reduced lubricant viscosity, which further results in reduced
lubricant film thicknesses separating the contacting surfaces in highly loaded non-conformal contacts,
typically found in for example, bearings, gears and cam-roller follower mechanisms. Thereby, a deeper
understanding of how surface topography influences the lubricating performance becomes essential
for improving the design of machine components and to achieve desired durability. Consequently,
the general understanding of how surface roughness influences the lubricating performance of
elastohydrodynamically lubricated (EHL) contacts has been significantly improved over the past
years, see for example, Morales-Espejel [1].

Many important contributions to the understanding of non-smooth EHL contacts include those of
a numerical nature, which were enabled with reasonable convergence rates and sufficient accuracy
after the multi-grid technique was applied to the EHL problem by Lubrecht et al. [2,3] and Lubrecht [4].
This technique was further extended to the transient EHL problem and was used to study the influence
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of surface roughness by Venner et al. [5] and Venner [6], who also highlighted that a time dependent
approach becomes essential for accurate predictions of non-smooth EHL contacts.

The aforementioned approach allowed for the behaviour of surface roughness in rolling-sliding
EHL contacts to be studied on a detailed level and the mechanisms involved to be better
understood [7–12]. The influence of surface features on EHL was also experimentally studied relatively
early by for example, Wedeven [13], Wedeven and Cusano [14] and Kaneta et al. [15,16]. These studies
helped validate the numerical models, which were shown to be relatively accurate for the conditions
considered [8,9].

Surfaces with roughness in the form of sinusoidal waves were utilised for mathematical tractability
as an extension to smooth dry surfaces by for example, Dundurs et al. [17]. This has also been more
generalised to include more wavelengths by, for example, Manners [18] and later also used to study
friction between dry non-smooth contacts by Nosonovsky and Adams [19]. For rolling-sliding EHL
contacts, the characteristic effects present were for harmonic roughness investigated by Greenwood
and Johnson [20], Greenwood and Morales-Espejel [21] and explained in detail by Morales-Espejel [22].
This led to a deeper understanding of how roughness behaves within the EHL contact and resulted
in an explanation of the film formation based on two predominant effects, that is, the generated
inlet perturbations and the deformed roughness component, which were seen to be decoupled
within the EHL contact. These two effects were referred to as the complementary function and
the particular integral, respectively [21,22], and were later studied also for two-sided surface roughness
by Morales-Espejel and Félix-Quiñonez [23].

The aforementioned, and other, contributions led to the development of the generally accepted
amplitude reduction theory, which was generalised and able to describe the roughness deformation
within an EHL contact by a single dimensionless parameter [12,24–26]. This theory was also further
extended to include non-Newtonian effects by Chapkov et al. [27].

The roughness problem was also studied using an analytical approach based on reasonable
approximations by Hooke [28,29], which allowed for much of the numerical complexity to be avoided
and thereby resulted in fast predictions of the time dependent, rough EHL problem. This was
extended to non-Newtonian effects by Hooke [30], compressibility of the lubricant [31] and lately
also thermal effects by Hooke and Morales [32,33]. While considering non-Newtonian behaviour of
the lubricant, Hooke [30] saw a decay of the complementary function within the contact that was
proposed to potentially be related to the reduced viscosity as a result of shear thinning. A similar
decaying effect was seen by Hooke and Morales [32,33], whom also noted that there is a larger
influence of the complementary function on film thickness in the case of long wavelength roughness.
The decay of the complementary function was related to a reduced amplitude of the inlet generated
wave during translation through the contact. This was, in the case of negative sliding, seen by
the elongated wave being reduced while moving through the contact and thereby the attenuated
roughness profile employing the original roughness wavelength and associated pressure profile
becoming more significant.

Moreover, Šperka et al. [34–36] was experimentally validating the amplitude attenuation
theory based on real surface roughness and showed a qualitative and quantitative agreement
between experiments and theory for pure rolling conditions. Similar results were also found
for rolling-sliding conditions where the complementary function must be considered, however,
with certain discrepancies. Šperka et al. [37,38] also studied the roughness deformation and the
complementary function experimentally for a single asperity in a detailed manner, previously also
studied by Félix-Quiñonez et al. [39]. They compared this to the previously developed amplitude
attenuation models [26,31,40] and saw a reasonable agreement. However, with what seemed to
be a limitation in capturing effects related to short wavelength roughness. This was shown by
Šperka et al. [35], Hooke and Morales [41] and also Wang et al. [42] to differ from the master curves
proposed by, for example, Lubrecht and Venner [26], where for short wavelengths the amplitude
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ratio may again reduce due to a decay of the complementary function. This further implies that for
sufficiently small wavelengths, the full solution may be described by the particular integral alone.

Apart from the aforementioned approach used to solve the EHL problem [6], a full-system finite
element (FE) approach was more recently presented by Habchi et al. [43,44] and Habchi [45] that
allowed the EHL problem to be solved in a fully coupled manner. This approach was extended to
solve the thermal EHL (TEHL) problem by for example, Habchi et al. [46], Habchi [47,48], Lohner et
al. [49] and Ziegltrum et al. [50]. While later also utilised and further extended to solve the transient,
non-smooth, TEHL problem by Hultqvist et al. [51].

It is further known that under rolling-sliding conditions, significant shear heating takes place
within the EHL contact due to shear of the relatively solid lubricant film, see for example, the works
by Dowson and Whitaker [52], Kim and Sadeghi [53] and Hultqvist et al. [51]. Furthermore, it
has been seen that due to the pressure sensitivity of viscosity, the entrainment flow still dominates
within the high pressure region in EHL contacts. This has been used as the main justification for the
often employed isothermal approaches to non-smooth rolling-sliding EHL contacts while studying
film thickness variations. However, if the viscosity reduces sufficiently much for example, due to a
sufficiently reduced viscosity as a result of shear thinning and temperature, especially in the inlet of
the contact, the amplitude reduction theory may not prove accurate due to local viscosity variations.

In this work, thermal and non-Newtonian effects for both sinusoidal roughness and two-sided
surface features are analysed, and the influence investigated. This is a problem that due to its
complexity only recently has been studied in detail and still only to a small extent, see for example,
Kaneta et al. [54]. Here, a full system FE approach [45] for the transient non-smooth problem [51]
is further extended to enable a comparison between the thermal non-Newtonian solution and the
isothermal Newtonian solution for sinusoidal roughness. Thereafter, the model is used to study the
four possible scenarios that may occur in a rolling-sliding infinite line contact related to two-sided
surface features as highlighted by Almqvist [55], that is, the cases where an asperity overtakes an
asperity, an asperity overtakes a dent, a dent overtakes an asperity and a dent overtakes a dent.

The novelty of this work relates to the study of surface roughness and two-sided surface
feature behaviour in transient EHL contacts with consideration to thermal and non-Newtonian
effects. The purpose of this study is two-fold, first to establish a better understanding of the
qualitative behaviour of surface roughness wavelength on the film thickness, but also of the
thermal non-Newtonian behaviour in comparison to an isothermal Newtonian approach on a
phenomenological level. Second, to understand the behaviour of two-sided surface features in EHL
contacts, particularly in the context of the particular integral and the complementary function, and
their influence.

2. Methodology

The modelling approach used in this study is based on the work done by Habchi [45,56],
Lohner et al. [49] and Hultqvist et al. [51]. The theory, numerical approach and solution procedure for
the transient TEHL problem including roughness features utilised in this work has previously been
presented in detail by the authors, see Hultqvist et al. [51]. However, for the sake of completeness,
the mathematical model that has been used in this work to solve the thermal non-Newtonian EHL
problem is summarised in this section.

The problem at hand is assumed to be described as a typical lubricated non-conformal contact in
between two infinitely long cylinders with different surface velocities, u1 and u2, that are separated by
a lubricant film. The difference in surface velocity between the surfaces defines the slide-to-roll ratio
according to:

SRR =
2 (u1 − u2)

u1 + u2
. (1)
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The problem may be reduced to one cylinder by assuming an equivalent curvature in contact
with a flat plane, as illustrated in Figure 1, according to:

R =
(

R−1
1 + R−1

2

)−1
. (2)

For detailed explanations of the aforementioned and upcoming parameters, the reader is referred
to the nomenclature.

𝑧

𝑥𝑦

𝑅1

𝑢1

𝑅2

𝑢2

𝑧

𝑥𝑦

𝑅

𝑢1

𝑢2

Figure 1. Illustration of the two cylinders in contact being reduced to one equivalent curvature in
contact with a flat plane.

Below, the theories describing the elastohydrodynamic model, the thermal model as well as the
lubricant characterisation models are summarised in dimensional form. Moreover, the numerical
approach is briefly summarised and important changes made to the aforementioned model highlighted.

2.1. Elastohydrodynamic Model

A generalised Reynolds equation that enables the study of a varying lubricant behaviour across the
film thickness, related to non-Newtonian behaviour and thermal effects, was presented by Dowson [57]
and improved by Yang and Wen [58]. This equation governs the lubricant pressure distribution within
the EHL contact and reads:

∂

∂x

((
ηeρ′e
η′e
− ρ′′e

)
∂p
∂x

)
=

∂ρ∗

∂x
+

∂ρe

∂t
, (3)

with the parameters describing the effective density and viscosity, based on the variations throughout
the lubricant film, being written as follows:

ρ∗ = ρ′eηe (u1 − u2) + ρeu2, ρe =

h∫

0

ρ dz,

ρ′e =
h∫

0

ρ

z∫

0

dz′

η
dz, ρ′′e =

h∫

0

ρ

z∫

0

z′dz′

η
dz,

1
ηe

=

h∫

0

dz
η

,
1
η′e

=

h∫

0

z dz
η

.

(4)

Moreover, the lubricant velocity throughout the film in the entrainment direction is written as:

u f (x, z) = u2 +
∂p
∂x




z∫

0

z′dz′

η
− ηe

η′e

z∫

0

dz′

η


+ ηe (u1 − u2)

z∫

0

dz′

η
. (5)
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To solve the generalised Reynolds equation, knowledge about the viscosity and density behaviour
over the film thickness becomes essential, which are affected not only by the pressure and the
shear stress in the lubricant, but also by the heat distribution. Thereby, the energy dissipation and
heat distribution in the lubricant film have to be solved properly, which is detailed in Section 2.2.
Additionally, the lubricant film thickness in-between the contacting surfaces, h(x, t), has to be calculated
and can be described according to:

h(x, t) = h0(t) +
x2

2R
+ |w|+R1(x, t) +R2(x, t), (6)

where the deformation in z-direction, w, may be found by utilising linear elasticity in combination with
a plain strain approach due to the assumed infinite line contact. Moreover, a quasi-static response of
the solids may be employed due to the difference in characteristic times between the EHL problem and
elastic problem [59] and, in order to reduce the problem to only one deforming body, the equivalent
elasticity approach may be utilised [45]. This further results in the stress equilibrium within the solid
bodies to be formulated according to:

∇ · σ = 0, (7)

where the stress tensor based on the strains in the material reads:




σxx

σzz

τe,xz


 =




c1 c2 0
c2 c1 0
0 0 c3







∂
∂x 0

0 ∂
∂z

∂
∂z

∂
∂x




(
u
w

)
, (8)

and the parameters c1, c2 and c3 defines the equivalent material properties. For more details, the reader
is referred to [45,51].

The surface features were in this work described in a manner that results in smooth profiles with
no sharp corners [6,51]. The surface feature being located on the surface, i, was described according to:

Ri (x, t) = AR,i · 10
−10

(
x−xR,i

λR,i

)2

, (9)

with the position of the surface feature changing in time according to:

xR,i = x0,i + uit. (10)

In the case of studying sinusoidal roughness, the roughness was only applied to one surface and
hence described according to:

R1 (x, t) = AR,1 cos
(

2π

λR,1
(x− xR,1)

)
, (11)

again with the roughness moving through space in time according to Equation (10).
The load balance between the applied load and the lubricant pressure was assumed to behave

quasi-statically due to the stiffness of the lubricant film. This implies relatively small variations in film
thickness also for relatively large rigid body movements [60]. These variations were assumed to be
small enough to not affect the inlet of the contact significantly and thereby the film thickness negligibly.
The load balance was therefore written according to:

∫

∂Ωc
p(x, t) dx = F. (12)
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Finally, the cavitation model proposed by Wu [61] and employed by Habchi [45] was utilised in
this work. This approach was employed due to its relatively simple implementation and fulfilment
of the Reynolds boundary conditions. It is also assumed sufficiently accurate since lubricant film
reformation does not need to be considered in this work.

2.2. Thermal Model

The heat generation and dissipation within the lubricant film and the solids were computed using
the the energy equation. Assumptions reducing the equations based on the thin lubricant film as well
as the infinitely long contact were employed [45]. In the lubricating film, convection and conduction in
combination with heat generation from compression and shear governs the heat distribution, which are
written according to:

− ∂

∂x

(
klub

∂T
∂x

)
− ∂

∂z

(
klub

∂T
∂z

)
+ ρclub

(
∂T
∂t

+ u f
∂T
∂x

)
= Q, (13)

with the heat source from compression and shear following:

Q = −T
ρ

∂ρ

∂T

(
∂p
∂t

+ u f
∂p
∂x

)
+ η

(
∂u f

∂z

)2

. (14)

The heat dissipation within the solids can be described by the convection and conduction alone
since no heat is generated within the solids themselves, resulting in the energy equation being written,
for each solid, i, according to:

− ∂

∂x

(
ki

∂T
∂x

)
− ∂

∂z

(
ki

∂T
∂z

)
+ ρici

(
∂T
∂t

+ ui
∂T
∂x

)
= 0. (15)

For more details about boundary conditions the reader is referred to, for example,
References [48,49,51].

2.3. Lubricant Properties

The lubricant pressure, temperature and shear response was described in the same manner
as explained in Reference [51], where the Tait equation of state (EoS) was utilised to describe the
compressibility-pressure-temperature behaviour. A Vogel-like approach was employed for the
viscosity-pressure-temperature dependency and a shifted Carreau model for the shear thinning
behaviour of the lubricant. These equations with the corresponding input data are presented below and
has reportedly been used to describe the pressure-shear-temperature behaviour of Squalane relatively
successfully [62,63].

The Tait EoS describes the compressibility-pressure behaviour of the fluid according to:

V
V0

= 1− 1
1 + K′0

ln
(

1 +
p (1 + K′0)

K00 exp(−βKT)

)
. (16)

The compressibility-temperature variations are described by the ratio between the volume at
ambient pressure and the volume at reference temperature, which is assumed to follow a linear
relationship according to:

V0

Vr
= 1 + av (T − Tr) . (17)



Lubricants 2020, 8, 64 7 of 27

By using K′0 = 11.74, av = 8.36 · 10−4 K−1, K00 = 8.658 GPa and βK = 6.332 · 10−3 K−1, the density
variations of Squalane [63] may be calculated according to:

ρ (p, T) = ρr

(
V
Vr

)−1
= ρr

(
V
V0

V0

Vr

)−1
. (18)

The viscosity-pressure-temperature relationship describing the Newtonian viscosity behaviour,
assumed to follow a Vogel-like relationship [62], reads:

µ (p, T) = µ∞ exp
(

BF ϕ∞

ϕ− ϕ∞

)
, (19)

where the scaling parameter, ϕ, is dependent on the temperature and compressibility variations
according to:

ϕ =
T
Tr

(
V
Vr

)g
. (20)

Using Equations (19) and (20), the Newtonian viscosity-pressure-temperature response of
Squalane may be found by using g = 3.921, ϕ∞ = 0.1743, BF = 24.50 and µ∞ = 0.9506 · 10−4 Pa s.

The non-Newtonian shear thinning behaviour of the lubricant that was assumed to follow a
shifted Carreau model may be written according to [62]:

η (p, T, γ̇) = µ

(
1 +

(
γ̇λr

µ

µr

Tr

T
V
Vr

)2
)(n−1)/2

, (21)

where the shear rate is calculated according to:

γ̇ =
√

γ̇2
xz =

∂u f

∂z
, (22)

and the use of µr = 15.6 mPas, λr = 2.26 · 10−9 s, and n = 0.463 describes the shear thinning response
of Squalane [62,64]. Note, however, that the shear stress was not limited by the function Λp in
this work.

Lastly, the thermal conductivity and volumetric heat capacity variations due to pressure and
temperature were described according to [62]:

klub = Ck

(
V
Vr

)−s (
1 + A

T
Tr

(
V
Vr

)q)−s

, (23)

and

Club = ρclub = C0 + m
T
Tr

(
V
Vr

)−3
, (24)

respectively. By using q = 2, A = −0.115, Ck = 0.074 Wm−1K−1, s = 4.5, C0 = 0.94 MJ m−3K−1 and
m = 0.62 MJ m−3K−1, the variations experienced by Squalane may be found [62].

2.4. Numerical Approach

The finite element (FE) numerical approach, including boundary conditions, weak formulations
and implementation employed in this work, is thoroughly described in Hultqvist et al. [51] and
therefore not repeated here. However, the main features are briefly described and modifications made
in this work are highlighted below.

The transient TEHL problem was solved in a weakly coupled manner between a fully coupled
EHL FE model and a thermal FE model using commercial software [65,66]. The two models were set
up based on the work by Habchi [45] and the transient approach having features based on the work by
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Lohner et al. [49]. However, a major difference in solving the transient problem is employed where
the full time dependent solution was solved at every iteration in the solution procedure, allowing for
utilisation of numerical solvers in the commercial FE software [65], see Hultqvist et al. [51].

Moreover, the thermal model was in this work stabilised by the streamline upwind
Petrov-Galerkin (SUPG) approach, see for example, Habchi [56]. The mesh was allowed to vary
in element size along the entrainment direction in both the EHL model and thermal model, allowing
for a similar accuracy to be achieved for a reduced number of degrees of freedom, leading to a reduced
solution time compared to Reference [51]. Expressed in the dimensionless parameter X = x/a, the
element size outside the high pressure region was set to 0.01, that is, for −4.5 ≤ X ≤ −1.5 and
1.5 ≤ X ≤ 2.5, while being set to 0.005 for the area comprising the high pressure region, that is,
−1.5 ≤ X ≤ 1.5. In the thermal model, the film thickness height was discretised using an element size
of 0.05, expressed in the dimensionless parameter Z = z/h. The transient solver used a backward
differential formulation with an order 2 for the EHL model and an order varied between 1–5, adjusted
to achieve the specified tolerances, for the thermal model.

3. Results and Discussion

The input data related to material properties of the contacting solids, contact parameters and
operating conditions were chosen to represent a typical non-conformal contact found in for example,
a rolling element bearing or mating gear teeth. However, relatively high sliding conditions were
assumed in order to enlarge the effects related to sliding in the contact. For rolling conditions, shear
thinning and thermal effects may be neglected [51], meaning that due to the small effect of compression
on heat generation in EHL contacts [67], an isothermal Newtonian approach is a reasonable assumption
and therefore such conditions are not studied in this work. The data used for this study are presented
in Table 1 and were used in all simulations for straight forward comparison between the results.

Table 1. Input data related to material properties and operating conditions used in the simulations.

Parameter Value Unit Parameter Value Unit
E1, E2 206 GPa F 0.600 MN m−1

ρ1, ρ2 7850 kg m−3 ph 1.201 GPa
ν1, ν2 0.3 − R 15 mm
k1, k2 45 W m−1K−1 Tr 40 ◦C
c1, c2 450 J kg−1K−1 ue 1 m s−1

a 0.318 mm SRR −0.5 −

Note that the material data in Table 1 describes a typical steel and may therefore not accurately
describe the thermal properties of a hardened steel, which is typically used in the aforementioned
applications. However, the influence of hardening on for example, the thermal conductivity was
out of scope for this study and assumed to not influence the qualitative behaviour of the studied
phenomena significantly.

The results are presented in two parts, first studying how sinusoidal roughness behaves within a
thermal EHL contact, where focus lies on the differences between a thermal non-Newtonian approach
and an isothermal Newtonian approach for various roughness wavelengths. Thereafter, the thermal
EHL model is used to study different surface features that overtakes within the contact as well as
different overtaking positions for one specific surface feature combination. For comparison, the
smooth contact solutions for both the thermal non-Newtonian approach and the isothermal Newtonian
approach are shown in Figure S1. Moreover, the results and input parameters are in this section
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expressed in dimensionless form using normalisation based on the following reference parameters
and Hertz theory:

X =
x
a

, H =
hR
a2 , ĀR,i =

AR,iR
a2 , ΛR,i =

λR,i

a
,

R̄i =
RiR

a2 , P =
p
ph

, Θ =
tue

a
, T̄ =

T
Tr

, η̄ =
η

µr
,

(25)

where a and ph are the Hertzian dry contact parameters [68].

3.1. Sinusoidal Roughness

A comparison between the developed thermal non-Newtonian approach and an isothermal
Newtonian approach was conducted for three different types of roughness. The roughness was
sinusoidal according to Equation (11) and located on the slower surface, that is moving with speed
u1 = 0.75 m s−1. For all sinusoidal waves, a fixed dimensionless amplitude of ĀR,1 = 0.015 was used,
however, with the dimensionless wavelength being varied between ΛR,1 = 1/2, ΛR,1 = 1/4 and
ΛR,1 = 1/6, shown in Figure 2. This further implies that approximately 4, 8 and 12 waves were located
inside the contact at one moment, respectively. A real surface is, however, made up of a complete
spectrum of wavelengths that could possibly include all the aforementioned wavelengths and others,
at once. However, in order to further understand the influence of wavelength on the lubricating
mechanisms and film formation, this study was limited to the behaviour of the aforementioned
separate wavelengths at a fixed amplitude.

Figure 2. The three different roughness profiles studied with a fixed dimensionless amplitude of
ĀR,1 = 0.015 and dimensionless wavelength values of ΛR,1 = 1/2 (top), ΛR,1 = 1/4 (middle) and
ΛR,1 = 1/6 (bottom).

Initially, the case with the longest wavelength was studied, that is, ΛR,1 = 1/2. It was seen that
the long wavelength roughness was generating a relatively smooth pressure profile with pressure
ripples being directly connected to the peaks and valleys of the sinusoidal roughness, see Figure 3.
The amplitude of the roughness within the contact was seen to deform significantly, as shown by the
steady state solution used as initial conditions to the time dependent problem, that is, at Θ = 0.
The steady state solution shows the film thickness and pressure associated with the deformed
roughness within the contact due to the exclusion of time dependency and thereby also any inlet
generated effects. This is commonly referred to as the particular integral [21] and dominates the
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pressure in the contact, however, with a small influence on the film thickness due to the significant
roughness deformation within the contact.

Considering the transient solution, the roughness can be seen to be deformed noticeably less
in the inlet of the contact and does, due to the viscosity magnitude, generate inlet perturbations
that are formed somewhere in between −1 ≤ X ≤ −0.5 in what Morales-Espejel [23] refers to as
the Couhier region based on the work by Couhier [69]. The amplitude of these inlet perturbations
is noticeably smaller than the initial roughness amplitude and travels through the contact at the
mean entrainment speed, ue. Moreover, these perturbations are wider than the wavelength of the
roughness profile, which is explained by the negative slide-to-roll ratio in this case. Further meaning
that the rough surface moves slower than the mean speed of the lubricant and thereby generates inlet
perturbations with a wavelength of Λ = ΛRue/u1 due to the flow into the contact being limited by the
roughness [21,38]. These inlet perturbations are commonly referred to as the complementary function
and are, as opposed to the particular integral, related to small pressure variations but dominates the
film thickness fluctuations.

Figure 3. Film thickness and pressure for the thermal non-Newtonian (T+NN) and isothermal
Newtonian (IT+N) approaches (left column) and temperature throughout the film thickness (right
column) for the case ΛR,1 = 1/2 and ĀR,1 = 0.015, showing the steady state solution, that is, Θ = 0
(top), and the transient solution frozen in time at Θ = 2.25 (middle) and Θ = 2.5 (bottom).

The temperature is seen to vary in direct relation to the roughness profile and is explained by the
viscosity variations of the sheared lubricant due to the pressure variations, which thereby influences
the shear heating [51]. A very good agreement related to both pressure and film thickness between
the isothermal Newtonian approach and the thermal non-Newtonian approach can, for the case
ΛR,1 = 1/2, be observed. However, with a significantly reduced film thickness during exiting of
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deformed roughness peaks for the thermal non-Newtonian approach, seen at for example, Θ = 2.25 in
Figure 3. This is related to the reduced viscosity of the lubricant due to inlet shear thinning and shear
heating, which leads to a further reduced viscosity and hence an increased pressure driven flow in the
contact outlet (see Figure S2).

A smaller wavelength of ΛR = 1/4 shows significantly increased pressure ripple magnitudes
compared to the previously studied wavelength. Here a reduced, but still almost complete, roughness
deformation occurs within the contact as again seen by the steady state solution, see Figure 4.
The amplitude of the complementary function is, however, slightly larger due to a reduced deformation
of the roughness in the inlet.

Figure 4. Film thickness and pressure for the thermal non-Newtonian (T+NN) and isothermal
Newtonian (IT+N) approaches (left column) and temperature throughout the film thickness (right
column) for the case ΛR,1 = 1/4 and ĀR,1 = 0.015, showing the steady state solution, that is, Θ = 0
(top), and the transient solution frozen in time at Θ = 2.25 (middle) and Θ = 2.5 (bottom).

Furthermore, an increased amount of heat is generated due to the increased number of pressure
peaks in combination with their increased magnitude. As can be seen in the temperature plots, the
thermal effects also affect the film formation within the Couhier region and thereby the formation of
the complementary function, which is especially visible for Θ = 2.25 in Figure 4.

A discrepancy between the thermal non-Newtonian solution and the isothermal Newtonian
solution is starting to appear, which is not only visible in the outlet of the contact but also slightly
within the high pressure region. This is explained by a reduction of the complementary function due
to a reduced viscosity in the inlet region. A decay of the complementary function throughout the
contact has previously been highlighted by, for example, Hooke [30] and Hooke and Morales [32,33].
This decay does, however, only seem to take place in the Couhier region for the case of ΛR,1 = 1/4,
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where the complementary function reduces as it passes through low viscosity regions connected to
valleys on the surface roughness in this case, seen by the amplitude difference between the waves
in-between approximately −0.8 ≤ X ≤ −0.4 at Θ = 2.5 in Figure 4. This is related to a reduced
viscosity from shear thinning and shear heating in the case of the thermal non-Newtonian approach,
which further leads to a difference between the two solutions. However, when the complementary
function has passed further into the high pressure region, it moves through the rest of the contact
relatively unaffected.

Moreover, it is interesting to note that the complementary function slightly increases in amplitude
when passing through localised high pressure regions related to the surface roughness. This is
explained by the density increase that further leads to a locally reduced film thickness as discussed
by Venner and Bos [70]. The aforementioned effects become increasingly visible with a reduced
wavelength of the waviness.

With a further reduced wavelength of the sinusoidal roughness using ΛR = 1/6, the pressure
ripple magnitude as well as the number of pressure spikes within the contact increases further.
This implies that the contact inlet becomes increasingly affected by fluctuations and thereby the
formation of the complementary function is influenced to an increased extent, as can be seen in
Figure 5.

Figure 5. Film thickness and pressure for the thermal non-Newtonian (T+NN) and isothermal
Newtonian (IT+N) approaches (left column) and temperature throughout the film thickness (right
column) for the case ΛR,1 = 1/6 and ĀR,1 = 0.015, showing the steady state solution, that is, Θ = 0
(top), and the transient solution frozen in time at Θ = 2.25 (middle) and Θ = 2.5 (bottom).

Due to the increased number of waves, the complementary function has time to pass through
more roughness valleys with low viscosity already in the Couhier region, see Figure 6, which is seen to
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reduce the amplitude of the complementary function. The initially formed complementary function
hence reduces in amplitude each time it passes through a low viscosity region and does basically
vanish in the first half of the contact.

This occurs even though the lubricant flow is dominated by Couette flow throughout the contact
in each of the studied cases (see Figure S3) and becomes increasingly pronounced for the thermal
non-Newtonian approach because of the reduced viscosity connected to the roughness peaks in the inlet
region following shear thinning and shear heating (see Figure S2). Moreover, In the second half of the
contact, the film thickness reductions are seen to be directly connected to the temperature and viscosity
variations, and thereby also the pressure and roughness itself, as can be seen in-between approximately
0.5 ≤ X ≤ 0.8 in Figure 5 at Θ = 2.25 and Θ = 2.5. This indicates that the complementary function
effect has been fully reduced.

Figure 6. Viscosity variations throughout the film thickness at Θ = 2.5 for the case ΛR,1 = 1/2
(top left), ΛR,1 = 1/4 (top right) and ΛR,1 = 1/6 (bottom).

To further study the differences between the thermal non-Newtonian solution and the isothermal
Newtonian solution, the central and minimum film thickness values over time were extracted for each
case analysed, see Figure 7. The relative difference between the two approaches is also visualised and
was calculated according to:

Drel =
Hmin,T+NN − Hmin,IT+N

Hmin,IT+N
. (26)
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Figure 7. Minimum and central film thickness values over time (left column) and relative difference
between the thermal non-Newtonian and isothermal Newtonian (IT+N) solutions (right column) for
the case ΛR,1 = 1/2 (top), ΛR,1 = 1/4 (middle) and ΛR,1 = 1/6 (bottom).

It can be seen that in the case of the complementary function defining the film formation
throughout the contact, for example, in the case of ΛR,1 = 1/2, the difference between the thermal
non-Newtonian and isothermal Newtonian approaches is negligible in the central region of the contact.
However, in the outlet the solutions differ due to a reduced viscosity from the inlet shear thinning and
shear heating. This does not seem to affect the central region due to the solidified behaviour of the
entrapped lubricant, but does lead to an increased pressure driven flow when the pressure again drops
in the outlet. With a reduced wavelength, however, the reduced amplitude of the complementary
function leads to a discrepancy between the two approaches also in the central region due to viscosity
differences in the Couhier region that influence the formation of the complementary function, which
becomes increasingly pronounced for shorter wavelengths.

For the shortest wavelength studied in this work, the relative difference between central film
thickness fluctuates between approximately 20 % and −14 % as a consequence of both the decaying
complementary function and the compressibility-pressure-temperature dependency of the lubricant.
Moreover, the minimum film thickness is overestimated by approximately 20 % during exiting of the
deformed roughness as a result of reduced lubricant viscosity due to an increased temperature and the
non-Newtonian lubricant behaviour.

This highlights the importance of applying a thermal non-Newtonian approach to accurately
predict the film thickness behaviour within the high pressure region for short wavelength roughness,
whereas for longer wavelength roughness the difference in the high pressure region is not as significant.
Moreover, it is interesting to note that the largest difference in minimum film thickness is approximately
the same for all studied wavelengths, and only slightly larger compared to the smooth contact case
(see Figure S1). This implies that the minimum film thickness is not significantly affected by the local
variations within the contact, but instead mainly dependent on the variations within the Couhier
region, which further leads to a reduced outlet film thickness due to an increased outlet flow for the
thermal non-Newtonian solution.

For the sake of completeness, the maximum pressure within the contact was compared between
the three cases, see Figure 8. Due to the relatively small pressure fluctuations related to the
complementary function [12,21], a less significant difference is seen compared to the film thickness
variations. Nevertheless, as an effect of the reduced complementary function in the Couhier region,
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the pressure ripples reduce in magnitude within the contact, especially while considering thermal
non-Newtonian effects, which further implies that the combined pressure component from the
particular integral and the complementary function reduces for cases with shorter wavelengths.

Figure 8. Maximum pressure over time for the three different cases showing the thermal
non-Newtonian solution in comparison to the corresponding isothermal Newtonian solution (IT+N).

The results from this section show that for long wavelength roughness, the temperature and
non-Newtonian lubricant behaviour have an effect on minimum film thickness in particular. It is
thus important to make use of a thermal model in the study of two-sided surface features, which is
presented in the next section.

3.2. Two-Sided Surface Features

The study of two-sided surface features was conducted using surface features with twice the
amplitude compared to the aforementioned sinusoidal roughness, that is, ĀR,i = ±0.03. Moreover,
a wavelength of ΛR,1 = ΛR,2 = 0.5 was employed, resulting in the surface features shown in Figure 9.

Figure 9. Asperity geometry (left) and dent geometry (right) using Equation (9) with the values
ĀR,i = ±0.03, ΛR,1 = ΛR,2 = 0.5 and X0 = 0.

The surface features were at first chosen to meet and completely overlap in the middle of the
contact, that is the point of interference occurred at X = 0. The point of interference was later changed
to X = −1 and X = 1, which is covered later in this section. The upper surface was moving slower
at a speed of u1 = 0.75 m s−1 and the lower surface moving faster with u2 = 1.25 m s−1. An overlap
at X = 0 was achieved by setting the initial positions of the surface features to X0,1 = −2.5 and
X0,2 ≈ −4.17. Four different combinations of overtaking situations were studied based on the work by
Almqvist [55], which were defined as follows:
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• an asperity on the slower surface overtaken by an asperity on the faster surface (A + A),
• a dent on the slower surface overtaken by a dent on the faster surface (D + D),
• an asperity on the slower surface overtaken by a dent on the faster surface (A + D),
• a dent on the slower surface overtaken by an asperity on the faster surface (D + A).

The case of two asperities overtaking, that is, the case A + A, is shown in Figure 10. Note that the
split film thickness values in the left column are defined as half the combined geometry and
half the combined deformation with the corresponding surface feature added, as defined by
Morales-Espejel [23]. In the case of the contacting bodies having the same material properties, the split
film thickness is defined according to:





Supper = H−R̄1−R̄2
2 + R̄1,

Slower = −
(

H−R̄1−R̄2
2 + R̄2

)
.

(27)

This improves visualisation of the problem and implies that the distance between Supper and
Slower represents the film thickness H, which is shown in the right column in the figure together with
the temperature field.

It can be seen that a complementary function is generated in the inlet based on the deformation
of the surface feature in the Couhier region, similar to that of long wavelengths in Section 3.1.
The complementary function moves with the mean entrainment speed and hence start to de-attach
from the corresponding surface feature, which itself is significantly deformed. Moments thereafter,
the other, faster, surface feature enters and generates another complementary function, smaller in size
due to the increased speed, which implies a shorter time of inlet disturbance. This complementary
function again moves with the entrainment speed and hence moves parallel in time with the
first complementary function, indicating that the film thickness disturbances do not experience
any interference.

Moreover, with the pressure and temperature being directly connected to the position of the
surface features, as opposed to the complementary function, these values vary noticeably during the
overtaking event and reaches their maximum values at XR1 = XR2 = 0. A similar behaviour was
also seen for the case of two dents overtaking at X = 0, that is, the case D + D. However, the dents
generate a complementary function in the form of a film thickness increase, as shown in Figure S4.
Additionally, a significant pressure drop rather than a pressure spike occurs when the two dents
overlap at XR1 = XR2 = 0.

In the case of a dent overtaking an asperity within the contact, that is, the case A + D, a similar
behaviour of the complementary functions compared to the previously studied cases is seen, shown in
Figure 11. Here, again, the formation of the complementary functions in the inlet moves through
the contact with the mean entrainment speed. However, the pressure is experiencing negative
interference as opposed to the cases A + A and D + D, meaning that at XR1 = XR2 = 0 an
almost completely smooth pressure profile is seen and only small pressure ripples related to the
complementary functions remain.
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Figure 10. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case A + A showing the transient solution frozen in time for the positions XR,1 = −2,
XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5 and XR,1 = 1 from top to bottom.
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Figure 11. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case A + D showing the transient solution frozen in time for the positions XR,1 = −2,
XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5 and XR,1 = 1 from top to bottom.

This further highlights that the influence on pressure from the complementary function is small
in comparison to the particular integral. Consequently, the temperature is not as affected in this case
due to the reduced amount of shear heating that is generated. A similar behaviour is seen for the case
of a dent being overtaken by an asperity, that is, the case D + A, shown in Figure S5.

The film thickness values for all four cases are shown in Figure 12. It becomes clear that the two
complementary functions formed in the inlet travel with the same speed throughout the contact in
each of the studied cases, meaning that the film thickness variations are basically independent of
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each other. The width difference related to the time spent by the surface feature travelling through
the contact inlet also becomes visible, which due to the limited flow into the contact results in an
increasingly wide complementary function for the slower moving asperity. Moreover, only relatively
small film thickness fluctuations are seen in-between the complementary functions that are related to
the roughness deformation and hence the particular integral. It may also be seen that the thinnest film
occurs in the outlet of the contact, which is especially pronounced for the case when an asperity exits
the contact.

Figure 12. Film thickness in space over time for the case A + A (top left), D + D (top right), A + D
(bottom left) and D + A (bottom right).

Further studying the minimum film thickness over time between the cases reveals that the case
A + A results in the thinnest film, followed by the case A + D, see Figure 13. The differences in
minimum film during exiting of the surface features for the individual cases studied are explained
by the combined exit of the faster surface feature with the complementary function of the slower
surface feature, which occurs when the slower surface feature is located at XR,1 ≈ 0.5. The second
significant film reduction taking place at XR,1 ≈ 0.9 is related to the exiting of the sole, slower, asperity.
A similar behaviour can be seen for all four cases. Furthermore, it is interesting to note that the exiting
of a dent in combination with the complementary function of an asperity gives a thinner minimum
film thickness than that of an asperity exiting together with the complementary function of a dent, as
shown by the differences between the cases A + D at XR,1 ≈ 0.5 and D + A at XR,1 ≈ 0.6.

Moreover, as noted before, the pressure is to a great extent related to the particular integral
solution and thereby the surface feature itself. Hence, the two particular integrals interfere within the
contact as opposed to the complementary waves, see Figure 14. This means that in the cases A + A and
D + D, constructive interference between the particular integrals occurs and leads to a maximum and
minimum pressure, respectively, when the surface features are located at XR1 = XR2 = 0. The same
also applies to the cases A + D and D + A, however, with negative interference leading to an almost
smooth pressure profile at XR1 = XR2 = 0. Only small pressure perturbations occurs away from the
main pressure fluctuations, which are related to the complementary functions. The maximum pressure
values over time are shown in Figure S6.
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Figure 13. Central and minimum film thickness over time for the four studied overtaking scenarios,
following the position of the surface feature located on the upper surface, that is, XR,1.

Figure 14. Pressure in space over time for the case A + A (top left), D + D (top right), A + D (bottom
left) and D + A (bottom right).

After studying the four different surface feature combinations overtaking at X = 0, a change
of position was considered and applied to the case A + A. Now, the overtaking between the two
asperities was set to occur at the outlet of the contact, implying that the complete overlap of the
asperities takes place at X = 1. This reveals similar mechanisms as discussed above for the case of
overlap at X = 0, that is, the complementary functions are formed in the inlet and moves parallel to
each other throughout the contact, as shown in Figure 15. Additionally, due to the significant influence
of the surface features on the outlet film thickness, the minimum film thickness becomes noticeably
reduced during exiting of the two asperities together compared to the previously studied case. This is
explained by the increased pressure driven flow related to the combined asperity exiting event.
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Figure 15. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case A + A with overtaking at the outlet, that is, at X = 1, showing the transient
solution frozen in time for the positions XR,1 = −2, XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5
and XR,1 = 1 from top to bottom.

An additional change of overtaking position was also studied, that is, considering a complete
overlap of the asperities at the inlet at X = −1. This revealed that in the case of overtaking occurring
in the inlet, a combined inlet restriction from the two overlapping asperities occurs. Further implying
that the complementary functions overlap and results in a single, combined, complementary function
that moves through the contact at the mean entrainment speed, shown in Figure S7. The pressure
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does in this case, however, never experience interference due to the constant separation of the surface
features throughout the contact.

4. Conclusions

In this work, an investigation of the rough thermal EHL problem was conducted using a previously
developed thermal EHL model. The investigation was made up by two main analyses, one with
focus on sinusoidal roughness and the differences between a thermal non-Newtonian approach and
an isothermal Newtonian approach in the context of film formation with respect to the deformed
roughness component and the generated inlet perturbations, also referred to as the particular integral
and the complementary function, respectively. The other was focused on the transient event of
two-sided surface features overtaking within the thermal EHL contact.

The general idea of the study was to learn more about rough EHL and the mechanisms of film
formation. It was expected that thermal effects would make the minimum film thickness smaller than
in the corresponding isothermal analysis. The results show that thermal effects must be taken into
account when accurate values of minimum film thickness are sought for. The study can also be seen as
a way to further investigate the mechanisms of film breakdown. Local thermal effects may lead to a
reduction of viscosity that allow for asperities to grow out of their deformed state and thus causing
metal-metal contacts. It is, however, not possible to estimate breakdown from the results presented
here. Future studies of shorter wavelength roughness and a more pressure sensitive lubricant may
potentially provide more information on mechanisms affecting film breakdown.

The salient conclusions from this study can be summarised as follows:

(i) In case of sinusoidal roughness, differences in outlet film thickness between the thermal
non-Newtonian and isothermal Newtonian approaches were for all studied wavelengths
observed. These differences were explained by a reduced viscosity in the contact inlet due to
shear thinning and shear heating, and further resulted in the isothermal Newtonian approach
to overestimate the minimum film thickness by up to 20 %.

(ii) Differences in the high pressure region were only found to be significant in case of short
wavelength roughness. These differences were explained by a reduced viscosity in the
contact inlet due to shear thinning and shear heating, further disturbing the formation of the
complementary function. This resulted in central film thickness estimations to differ between
20 % and −14 % by using the thermal non-Newtonian approach compared to the isothermal
Newtonian approach.

(iii) Following the relatively small influence on pressure by the complementary function, only
small differences in maximum pressure between the thermal non-Newtonian and isothermal
Newtonian approaches were noticed.

(iv) In case of two-sided surface features overtaking within the contact, it was found that an
interference between the film thickness perturbations did not occur due to the complementary
function being generated in the inlet of the contact and travelling with the speed of the
lubricant. On the other hand, due to the particular integral being directly connected to
the roughness feature, an interference between the pressure and temperature variations
were obvious.

(v) In case of the overtaking event occurring in the inlet of the contact, one single complementary
function was formed with larger amplitude than the other cases. Moreover, if overtaking
instead took place in the outlet of the contact, a significantly reduced film thickness was noted.

(vi) For the studied cases, it can be concluded that a thermal non-Newtonian approach is required
for quantitatively accurate outlet film thickness predictions and may also be necessary for
accurate predictions of film thickness within the contact if the complementary function is
affected during formation. Otherwise, in the case of long wavelength roughness or low
sliding conditions, an isothermal approach may be sufficient due to the inlet dominated film
formation.
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Nomenclature

A Conductivity scaling parameter (−)
AR,i Amplitude of surface roughness (m)

ĀR,i Dimensionless amplitude of surface roughness, (−)
a Hertzian contact radius (m)

av Thermal expansivity
(
K−1)

BF Fragility parameter in viscosity equation (−)
C0 Parameter for calculation of heat capacity

(
J m−3K−1)

Ck Parameter in conductivity function
(
W m−1K−1)

Club Volumetric heat capacity of lubricant
(
J m−3K−1)

club Specific heat capacity of lubricant
(
J kg−1K−1)

cs1, cs2 Specific heat capacity of upper- and lower solid
(
J kg−1K−1)

E1, E2 Young’s modulus of upper- and lower body, respectively (Pa)
F Applied load per unit width

(
N m−1)

Gr Shear thinning parameter (Pa)
g Thermodynamic interaction parameter (−)
h Lubricant film thickness (m)

h0 Rigid body displacement (m)

H Dimensionless lubricant film thickness (−)
K00 Isothermal bulk modulus at p = 0 and zero absolute temperature (Pa)
K′0 Pressure rate of change of K0 (−)
klub Thermal conductivity of lubricant

(
W m−1K−1)

ks1, ks2 Thermal conductivity of upper- and lower solid
(
W m−1K−1)

m Parameter in heat capacity function
(
J m−3K−1)

n Shear thinning parameter (−)
ph Maximum Hertzian pressure (1D) (Pa)
p Hydrodynamic pressure in lubricant film (Pa m)

P Dimensionless hydrodynamic pressure (−)
q Coefficient in conductivity scaling parameter (−)
R Equivalent radius of curvature (m)

R1, R2 Radius of upper- and lower body, respectively (m)

s Exponent in conductivity model (−)
Supper, Slower Visualised upper- and lower surface, respectively (−)
SRR Slide-to-roll ratio (−)
T, Tr Temperature and reference temperature, respectively (K)

T̄ Dimensionless temperature (−)
t Time (s)
u, w Deformation in x and z, respectively (−)
ue Mean entrainment velocity of lubricant

(
m s−1)

u1, u2 Speed of upper- and lower surface, respectively
(
m s−1)

u f Lubricant velocity in xz-plane
(
m s−1)
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V Volume of lubricant (−)
V0, Vr Volume of lubricant at P0 and Tr, respectively

(
m3)

x, y, z Spatial coordinates (m)

xR,1, x0 Current- and initial position of roughness, respectively (m)

X, Y, Z Dimensionless spatial coordinates (−)
XR, X0 Current- and initial dimensionless position of asperity, respectively (m)

βK Temperature coefficient
(
K−1)

η̄ Dimensionless shear dependent lubricant viscosity (−)
η Shear dependent lubricant viscosity (Pa s)
γ̇, γ̇xz Lubricant resultant shear rate and shear rate in xz-plane, respectively

(
s−1)

λr Relaxation time at Tr and ambient pressure (s)
λR,i Wavelength of asperity (m)

ΛR,i Dimensionless wavelength of asperity (−)
µ, µr Lubricant Newtonian- and reference viscosity, respectively (Pa s)
µ∞ Extrapolated viscosity to infinite temperature (Pa s)
ν1, ν2 Possion’s ratio of upper- and lower body, respectively (−)
ϕ, ϕ∞ Scaling parameters for viscosity (−)
Ri Geometry of surface roughness (m)

R̄i Dimensionless geometry of surface roughness (−)
ρ̄ Dimensionless lubricant density (−)
ρs1 ρs2 Density of upper- and lower body

(
kg m−3)

ρ, ρr Lubricant density and reference density, respectively
(
kg m−3)

σ Stress tensor (−)
τ Shear stress (Pa)
Θ Dimensionless time (−)
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Figure S1. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the smooth contact case. A difference of approximately 15% between the thermal

non-Newtonian solution and the isothermal Newtonian solution is seen in the outlet of the contact due
to inlet shear heating and shear thinning, which further leads to an increased pressure driven flow in

the contact outlet.

Figure S2. Comparison of viscosity for the thermal non-Newtonian (T,NN) at z = h/2 and the
isothermal Newtonian (IT,N) at Θ = 2.5. The figure shows the difference for the cases ΛR,1 = 1/2 (top

left), ΛR,1 = 1/4 (top right) and ΛR,1 = 1/6 (bottom)
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Figure S3. Lubricant velocity field throughout the film thickness at Θ = 2.5 for the cases ΛR,1 = 1/2
(top left), ΛR,1 = 1/4 (top right) and ΛR,1 = 1/6 (bottom).
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Figure S4. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case D + D showing the transient solution frozen in time for the positions XR,1 = −2,

XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5 and XR,1 = 1 from top to bottom.
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Figure S5. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case D + A showing the transient solution frozen in time for the positions XR,1 = −2,

XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5 and XR,1 = 1 from top to bottom.
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Figure S6. Maximum pressure over time for the four studied overtaking scenarios using the thermal
non-Newtonian approach, following the position of the surface feature located on the upper surface,

i.e. XR,1.
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Figure S7. Pressure and film thickness (left column), and temperature throughout the film (right
column) for the case A + A with overtaking at the inlet, i.e. at X = −1, showing the transient solution

frozen in time for the positions XR,1 = −2, XR,1 = −1, XR,1 = −0.5, XR,1 = −0, XR,1 = 0.5 and
XR,1 = 1 from top to bottom.






