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Abstract

Multiple spacecraft formation forms a distributed space system where multiple space-
craft cooperatively exhibit the functionality of a single monolithic spacecraft or work in a
cooperative way towards the completion of a common goal. This possibility of distribut-
ing the workload between different spacecraft provides the ability to work in parallel,
enable economic and simple solutions in terms of spacecraft design, while is redundant
towards partial or complete failure of a spacecraft. Some of the challenges, associated
to the guidance and control aspects of the spacecraft formation, are to maintain a safe
separation distance between each spacecraft in the formation to avoid any collision, the
distribution of workload between the spacecraft group, and designing fuel efficient tra-
jectories for each spacecraft. This thesis focuses on studying these challenges through
two respective mission scenarios, a) the co-location of geostationary satellites, and b) the
cooperative visual coverage of an asteroid.

The first part of the thesis covers the development of guidance and control strategies to
co-locate multiple geostationary satellites safely with a single operational slot. This part
of the research is motivated by the growing demand to access the limited Earth resource
of geostationary region; the growing use of low-thrust electric propulsion systems for
geostationary satellite platforms; and the use of the same propulsion system for station
keeping and momentum management of the reaction wheels to maintain a nadir pointing
attitude for the satellites. Thus, to address the concurrent maneuver planning problem, a
convex-optimization-based algorithm is proposed that incorporates a dual-rate prediction
model to address the time scaling difference between the coupled slow orbital and fast
attitude dynamics. The use of a combined prediction model in the optimization problem
facilitates to include state constraints accounting for the desired orbital and momentum
unloading requirements. This algorithm is then extended to the co-location problem,
where a leader-follower architecture is adopted to define relative orbital elements of the
satellites. The separation distance between the satellites is maintained by defining convex
bounds on the relative orbital elements of the follower satellites. The algorithm is then
implemented in receding horizon control form to introduce autonomy and to maintain
tighter state constraints.

The second part covers the trajectory planning for a spacecraft group for the vi-
sual coverage mission of an asteroid. In asteroid missions, it is of a specific interest to
determine the surface and material properties of the target asteroid by obtaining high-
resolution measurements from multiple sites over the asteroid surface. This task can be
accomplished using a group of spacecraft, equipped with optical sensors that are moving
in proximity to the asteroid. During this mission, an important problem to solve is to de-
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termine a fuel optimal observing sequence and the associated trajectories for a given set
of target sites for each spacecraft. However, the completion of the observation task, for a
specific site, is limited to the observation time window, usually referred as the period for
which a site is illuminated by the Sun. Two trajectory planning algorithms are proposed,
which are tested for a single spacecraft case to compare their performance in terms of
finding an optimal solution. The travelling salesman based planning algorithm provided
near-optimal results in terms of fuel consumption. This algorithm is then extended to
the multiple spacecraft case to determine the near-optimal unique observing tour for each
spacecraft.

The efficacy of the proposed algorithms are evaluated, in terms of fuel consumption
and constraints enforcement using several numerical simulations that take into account
dominant perturbations in the respective environment.
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Chapter 1

Thesis Introduction

“You cannot change your future, but you can change your
habits, and surely your habits will change your future.”

Dr. A.P.J. Abdul Kalam

1.1 Introduction to Formation Flying

Multiple spacecraft formation is the concept of distributing the functionality of a sin-
gle monolithic spacecraft into cost-effective, small, cooperative spacecraft or sharing the
same spatial location with multiple space elements. During the early days of space
program, formation flying was focused towards the rendezvous and docking of two space-
craft. Later, the focus shifted towards the distributed payloads on multiple spacecraft
for interferometric measurements in order to enhance the angular resolutions of the stel-
lar observations. However, the trend was still to design large complex spacecraft with
multiple payloads to satisfy multiple desired tasks. The cost and development cycle of
such large spacecraft in addition to their launch in space costed a huge amount of money
and time. Also, the risk of failure of even a single component, which could lead to the
failure of the entire mission, may lead to immense losses. Thus, since past decade, the
space industry is exploring innovative concepts involving distributed space systems for
fulfilling desired goals. Such systems allocate new functionally among multiple smaller
space elements that interact, cooperate, and communicate with each other. In recent
times, the focus of spacecraft formation has extended to include multiple heterogeneous
elements in terms of capabilities and payloads with autonomous control capabilities into
various other applications like on-orbit inspection, servicing and assembly, Earth and
deep space science/observations, etc.

Some of the challenges associated with guidance and control aspects of the spacecraft
formation are maintaining safe separation distance between each spacecraft in the forma-
tion to avoid any collision, distribution of workload between the spacecraft group, and
designing fuel efficient trajectories for each spacecraft. Considering these challenges, a
set of two main research questions (M), that the thesis is built, are formulated as follows:
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2 Thesis Introduction

M1 How to safely and autonomously maintain a spacecraft formation without any col-
lision?

M2 How to plan optimal trajectories for a group of spacecraft towards the completion
of a common goal?

To answer these questions, two different mission scenarios are selected, i) co-location
of geostationary satellites and ii) cooperative visual coverage of an asteroid. The collab-
oration with industrial partner, OHB Sweden1, provided inspiration for the selection of
co-location mission. Due to rising activities in the geostationary orbital region, there is
a limited available space to allocate more satellites. So, the goal is to place and control
such multiple satellites in the same operational window (defined by a longitude), which is
usually allotted for a single spacecraft, as seen in Fig. 1.1. The important requirement is
to develop an autonomous and fuel efficient station keeping algorithm so that the satel-
lites are maintained in a tight station keeping window, while maintaining an amount of
separation distance to keep the risk of collision sufficiently low. Thus, this part of the
thesis is dedicated towards answering the first question, M1.

Figure 1.1: Co-location of geostationary satellites mission scenario.

For the second part of the thesis, an asteroid proximity mission is considered that
will contribute towards answering the second research question M2. Here, the aim is
to conduct in-situ measurements covering all the desired candidate sites on the asteroid
surface using multiple small spacecraft, as shown in Fig. 1.2. However, asteroids pro-
vide a challenging target for such missions since they are partially illuminated, rotating,
irregular shaped bodies with a low (micro) but irregular gravity field. So, a trajectory
planning algorithm is desired that will distribute the site coverage tasks between the
spacecraft group and also determine a fuel optimal observing sequence with associated
trajectories to observe the sunlit target sites assigned to each respective spacecraft.

1http://www.ohb-sweden.se/
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Figure 1.2: Cooperative visual coverage of an asteroid.

1.2 Motivation and Background

The space sector is often identified with the costly large-scale projects for building highly
sophisticated space systems. These systems involve substantial risk in both, business
uncertainties-arising from huge cost and time devoted in building them, and technical
uncertainties-since these systems must survive harsh launch period as well as the orbital
environment, where it should operate as desired. Traditionally, space sector composed of
a non-commercial market is dominated by government funded projects. Driven by devel-
opments in space technology such as electronics, telecommunications, use of new metals,
power and energy systems, miniaturization, etc., space business is evolving from the non-
commercial foundation towards a commercial industry. The growing commercialization
of space sector, marks the new era called Space 4.0, where there is an emergence of new
governments around the world and increasing private actors that are providing room
for an innovative and competitive environment [1, chap. 3]. Therefore, space agencies
around the world consider innovation as a base that is providing new business opportuni-
ties by identifying new markets, novel approaches towards technology development and
risk management.

The new developments in space technology are driving more innovative concepts in
terms of deploying next generation satellites (big in size) or providing alternative solutions
using formations of smaller spacecraft. If we consider an example case of telecommunica-
tion satellites for providing cost comparative solutions, where satellite providers, such as
Intelsat, HughesNet, etc., are developing new high-throughput geostationary platforms
with ten or more times increased broadband capacity [2] or satellite operators are opting
for more advanced small satellite platforms with smaller payload capacity [3, 4]. New
small satellite platforms are exploring the standardization and modularity aspects in the
satellite design with more advanced features like electric propulsion system, GPS based
navigation, etc. From a control and guidance perspective for telecommunication satel-
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lites, with the emergence of new technologies, there is also a need to develop new efficient
methodologies to control and maintain the spacecraft at the desired position.

At the same time, new space missions are exploring innovative mission concepts to use
distributed infrastructure consisting of multiple spacecraft rather than a single monolithic
spacecraft, that can provide more cost effective, reduced developing time, flexible and
robust space systems [5, 6]. For example, the previous asteroid exploration missions,
except Hayabusa 2 [7], utilized a single monolithic satellite that operated as an orbiter or
a flyby mission. Currently, new research studies [8, 9] are exploring multiple spacecraft
alternative to perform proximity asteroid missions. Also, the topic of asteroid exploration
is gaining higher interest in the space sector, with an active participation from the private
players, e.g. [10,11], due to the high profitable prospects with asteroid resource utilization.

1.2.1 Co-location of a Fleet of Geostationary Satellites

The geostationary Earth orbit (GEO) is characterized by an altitude of about 36000 km
around the Earth’s equatorial plane which provides an orbital period equivalent to Earth’s
rotation period around its axis, i.e. one sidereal day. Hence, the satellites in this orbit
appear to be stationary from the perspective of an observer on ground and hence the
name geostationary orbit. The geostationary satellites theoretically maintain a constant
continuous coverage 24/7 on the Earth’s surface that extends from approximately −81o

to 81o latitude. As a result, geostationary orbits form a unique but limited resource for
Earth observation and communication satellites, and their demand is increasing over the
years, especially over the densely populated areas. Therefore, the concept of co-location
has been proposed, where more than one operational satellites are maintained in the
same geostationary slot (defined by the geographical longitude and usually designed for
a single satellite), in order to utilize such orbits more efficiently.

Geostationary satellites are subjected to various perturbations like the gravity per-
turbations from the Sun and Moon, solar radiation pressure (SRP), and lateral forces
arising from the Earth’s non-homogeneity that deviate the satellite’s desired orbital po-
sition [12, chap. 8]. In order to maintain the satellite confined to its desired longitude-
latitude geostationary window, station keeping is required, which performs a series of
orbit control maneuvers implemented by the onboard thrusters. Thus, the main princi-
ple of co-location technique is to control the relative motion of satellites while maintaining
a safe separation distance between the satellite pairs beyond collision risk, using differ-
ent sets of orbital elements. Thus, different methods are available to maintain several
satellites in the same GEO slot. Some basic methods are summarized in [13, chap. 8],
including complete longitudinal separation, eccentricity separation, combined eccentric-
ity/inclination (E/I) separation, and hybrid E/I separation.

The co-location of geostationary satellites has been a subject of research for the past
two decades. Several space agencies and satellite operators have successfully co-located
multiple satellites in the same operational slot, e.g. [14–16]. The current operation prac-
tice is to first define the co-location configuration using the relative orbital elements that
maintain a safe separation distance between the satellites. Next, instead of controlling
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the relative motion of satellites in terms of their relative orbital elements, each satellite is
controlled individually to maintain its desired absolute orbital elements while monitoring
their relative motion for any collision threat. Hence, to reduce the collision probability
even under the presence of maneuvering or orbit determination errors, large separation
distances are considered, which limits the number of satellites co-located within an opera-
tion slot. A parameter design algorithm is presented in [17], which optimally allocates the
eccentricity vectors for any number of participating satellites with a maximum possible
separation distance.

The interest in new co-location strategies that allow for enhanced autonomy is grow-
ing. In [18], the feasibility of a coordinated control strategy for co-location in a master-
slave configuration is investigated. In [19], Hill’s equations of relative motion are used
to formulate the cluster geometry correction maneuvers, whereas in [20] relative orbital
elements are used to find optimal co-location maneuvers. A semi-autonomous co-location
technique is proposed in [21], adopting a master-slave configuration as in [18], which uses
the relative orbital elements to calculate impulsive correction maneuvers for the follower
satellites. A convex optimization approach is proposed in [22] to determine maneuvering
plans for the co-located satellites, while maintaining a safe separation distance.

Satellites are equipped with propulsion systems to implement the correction maneu-
vers. Currently, most of the satellites are equipped with chemical thrusters, and use a
“wait and see” station keeping strategy, i.e., maneuvers are carried out only when the po-
sition of the satellite reaches the boundary of the tolerance window [23]. Such corrective
maneuvers are calculated as impulsive ∆V ′s accounting for the secular variations in the
orbit evolution, and then implemented using chemical thrusters, [24, chap. 4]; [25]. In
recent years, electric propulsion systems have emerged as a viable alternative, since they
provide high specific impulse that results in significant reduction of propellant mass, lead-
ing to lower launch-mass and/or more space for larger payloads [26]. However, electric
thrusters produce relatively low thrust, in at least two orders of magnitude, compared to
their chemical counterparts. Thus, electric thrusters can hardly be used for conventional
station keeping strategies, unless corrective orbital maneuvers are calculated in small
intervals more frequently (on daily basis) [23]. Moreover, electric thrusters operate in an
on-off mode with a limited lifetime cycle, hence their switch-on time is constrained to a
minimum duration.

In addition to the orbital position of the satellites in GEO, they also follow an Earth
pointing attitude trajectory, which is perturbed by environmental torque. Momentum
exchange devices are used to counter the disturbing torque, such as reaction wheels. They
absorb the perturbing torque by storing residual angular momentum [27]. However, it
is essential to dump the stored angular momentum by commanding controlled torque
at regular intervals to avoid saturation of the reaction wheels. The dumping moments
are commanded from the same set of thrusters that are used for orbit control, since
adding extra reaction thrusters is undesirable as it will further increase the mass of the
satellite. Thus, the required concurrent thrust forces and moments can be produced
using a set of non-intersecting thrust configurations [28], or the thrusters are placed
on a gimbal mechanism [29]. Conventionally, the momentum dumping maneuvers are
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commanded manually [30,31]. In some cases, satellites have only one solar panel, due to
some instrument restrictions, thus more frequent (daily) momentum unloading maneuvers
are required [16,31].

Most research on geostationary satellite control considers orbital control of three-axis
stabilized satellite platforms [32–37]. To practically implement such controllers, momen-
tum dumping maneuvers are required at regular intervals, in order to maintain satellite’s
thee-axis stabilization capability. At the same time, the use of common propulsion sys-
tems for station keeping and momentum dumping leads to coupled orbital and attitude
dynamics. Therefore, it is convenient to use a concurrent control strategy for planning
station keeping and momentum dumping maneuvers, simultaneously. Meanwhile, consid-
ering coupled dynamics of the satellite in GEO, the time scaling difference between the
slow orbital and fast attitude dynamics is also a matter of concern. A model predictive
control strategy is proposed in [38, 39], with an inner-loop attitude control via reaction
wheels for a geostationary satellite with different thruster configurations.

With the increasing number of GEO satellites, it is desired to maintain tighter bounds
on the satellite states. Two different problems of satellite’s orbital and attitude control
are coupled due to the use of same set of propulsion system for station keeping and
momentum dumping. Also due to the technology push in the design of propulsion sys-
tem, it is increasingly popular to use low thrust electric propulsion system while building
new satellite platforms. In addition, as the number of satellites grow, the operational
load on the ground station increases. Thus, there is a need for developing new, pre-
cise, autonomous and concurrent maneuver planning strategies for the safe co-location
of geostationary satellites. Considering the motivation, a set of research questions are
formulated for this part of thesis as follows:

Research Questions

RQ1 How to design concurrent station keeping and momentum dumping maneuver plans
for a geostationary satellite?

RQ2 Given the need for electric thrusters, do we need to change the maneuver planning
strategies?

RQ3 How to extend the proposed concurrent maneuver planning algorithm for single
satellite to safely co-locate multiple satellites each equipped with electric thrusters?

1.2.2 Cooperative Visual Coverage of an Asteroid

The main driving force behind the rising interest of space missions to explore small
celestial bodies, particularly near-earth asteroids, is for further investigating the origin
of our solar system and the life on Earth [40]; prepare our planetary defence against
potential asteroid impacts with Earth [41–43]; and exploring the potential of asteroid
mining of valuable resources, such as water, precious metals, and minerals [44,45] for the
future inter-planetary missions.



1.2. Motivation and Background 7

The proximity asteroid missions are divided into different phases, depending on dif-
ferent orbiting altitudes, like high altitude survey orbits, site-specific reconnaissance, and
sample collection phases. Thus, proximity operations include different spacecraft motions
depending upon the phase of operations. These can be broadly classified in the orbital
and hovering approaches. As the orbital dynamics around an asteroid are often charac-
terized as chaotic, for each specific asteroid a lot of effort is invested in finding open-loop
natural, stable orbits [46–48]. In order to generate stable orbits at a lower altitudes for
long-term monitoring purposes, closed-loop feedback control methods have been imple-
mented [49–51]. In the currently ongoing Bennu mission, site-specific reconnaissance of
the candidate sample sites is conducted following multiple low-altitude flybys over each
specific site [52]. In this case, the spacecraft is maintained at a stable circular home
orbit, while a series of de-orbit burns are implemented to perform near-surface flybys to
conduct high resolution measurements over a specific site and at the desired altitude and
illumination condition. By the end of the observations, the spacecraft arrives back to the
home orbit and repeats this process for all the sites of interest.

Related to the trajectory planning techniques, the use of sampling based approaches
for the spacecraft proximity and rendezvous operations has been proposed in the related
literature [53–55]. The idea is to represent the configuration space by randomly sampling
the obstacle free space and solve a series of two point boundary value problems between
the intermediate samples. A feasible trajectory is then constructed by efficiently con-
necting these samples together according to the desired constraints. In [56] the feasible
input space of the spacecraft system is sampled to compute a set of all states that could
be reached in some time from a given initial position, which is called as a reachabil-
ity set, while an interactive heuristic mesh refinement method is proposed in order to
efficiently partition the mission failure regions. A similar approach is proposed in [57]
for the asteroid exploration mission to observe some specific asteroid sites of interest,
where a spacecraft that is able to generate impulsive thrust is considered. In this ap-
proach the feasible input space of the spacecraft is sampled, which is then propagated
together with the system dynamics to measure the objective fulfilment score. This score
is based on the satisfaction of the desired observation constraints, such as the altitude of
measurements, the illumination of the site, etc., which is used to generate an objective
reachability map. Using these maps, spacecraft trajectories are then constructed in a
receding horizon manner.

A simple alternative to the orbital approach is the hovering control, where the space-
craft’s position is maintained constant with respect to either the Sun-asteroid inertial
orbit frame, called inertial hovering, or the asteroid’s body-fixed frame, called body-fixed
hovering [58]. In hovering approaches, an effective equilibrium is created at a desired
location by continuously using the spacecraft’s thrusters to balance the residual accel-
eration on the spacecraft. The body-fixed hovering approach is when the spacecraft’s
position is fixed relative to the rotating asteroid, implying that spacecraft appears to be
rotating with the asteroid when observed from the inertial frame. Hovering approaches
avoids the complex and difficult task of designing stable closed orbits in close proximity
of the asteroids. Although these approaches may not be suitable for any asteroid. In
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case of small asteroids (size ranging bellow 600 − 700 m) as considered in this thesis,
where the gravity perturbations acting on the spacecraft are small, body-fixed hovering
approaches are more suitable for conducting detailed site-specific observations.

In this respect, several studies have been presented for designing feedback control
strategies to maintain a stable hovering state for the spacecraft at the desired site around
an asteroid [59–62]. In case of a reconnaissance mission phase, where a spacecraft needs
to conduct site-specific observations at multiple sites, there is a need for proper trajectory
planning around these candidate sites. In terms of optimal trajectory planning in prox-
imity of an asteroid, several studies were presented for the spacecraft landing scenario
on the asteroid surface [63–65]. To the best of the authors’ knowledge, there has been a
limited scientific work related to the problem of optimal trajectory planning for asteroid
visual coverage of multiple sites, while considering minimal fuel requirements and with
a varying illumination condition of each site. Thus, considering this motivation, a set of
research questions are formulated for the second part of thesis as follows:

Research questions

RQ4 How to plan and design fuel optimal trajectory for a single spacecraft considering
the illumination constraints for conducting multi-site visual coverage?

RQ5 How to extend these strategies to a multi-spacecraft infrastructure consisting of
multiple (≥ 2) small satellites?

1.3 Thesis Outline and Contributions

This thesis is split into two main parts, I) co-location of geostationary satellites and
II) cooperative visual coverage of an asteroid, that are aiming to answer the two main
research questions M1 and M2, respectively. Each part is further divided into three
main chapters.

Chapter 2 covers the modelling aspects of the geostationary satellite dynamics. This
includes different types of thruster configurations, nonlinear and linear formulation of
the satellite’s equations of motion for the orbital and attitude dynamics. Moreover,
an overview of the simulation environment, which includes satellite characteristics and
dominant perturbations is provided for the Part I of the thesis. Chapter 3 describes
the formulation of a combined discrete prediction model and develops a concurrent ma-
neuver planning algorithm to generate desired thrust profiles simultaneously for both,
station keeping and momentum dumping. The co-location problem is then introduced in
Chapter 4. This chapter beings with developing a guidance strategy to safely co-locate
multiple satellites in the same operational slot, using a leader-follower architecture. The
combined prediction model developed in Chapter 2 is adapted to used relative orbital
elements to form a relative prediction model which is used to design maneuver plans for
each follower satellites.

The Part II of the thesis addresses the second main research question M2 of trajectory
planning for a group of spacecraft towards the completion of common goal. This part
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considers the problem of visual coverage in proximity of an asteroid using multiple small
satellites. Chapter 5 covers the spacecraft dynamics in proximity of an asteroid and
the multi-site visual coverage problem formulation. In Chapter 6, different algorithms
are proposed to generate an optimal observation tour with the corresponding optimal
trajectories to observe all the desired sites of interest. The performance of proposed
algorithms are evaluated and discussed through the multiple coverage scenarios for two
different asteroids. The near-optimal trajectory planning algorithm is then extended for
the problem of cooperative visual coverage with multiple spacecraft in Chapter 7. The
final remarks and conclusions of the thesis are presented in Chapter 8.

1.3.1 Contributions

The contributions of this thesis are associated with the research performed that is dis-
cussed in multiple articles. The following part of the section provides a condensed
overview of the chapter-wise contributions:

Chapter 2: Geostationary Satellite Dynamic Model

• Summarizes the nonlinear and linearized formulation of the orbital and attitude dy-
namics of the satellite and the dominant perturbation present in the geostationary
orbit.

The work presented in this Chapter is based on [66] and [67].

Chapter 3: Concurrent Station Keeping and Momentum Management of Sin-
gle Satellite

• A combined dual-rate prediction model is proposed to address the time scaling
differences between the coupled orbital and attitude dynamics of the geostationary
satellite.

• A convex-optimization based planning algorithm is proposed to generate a maneu-
ver plan for concurrent station keeping and momentum management of the reaction
wheels.

• This algorithm is then implemented in receding horizon control form to introduce
autonomy and to maintain tighter state constraints.

• The proposed methodology is tested for different thruster configurations and pro-
vides a discussion on the simulation results in terms of constraint enforcement and
fuel consumption.

The work presented in this Chapter is based on [66] and [67].
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Chapter 4: Concurrent Co-location Maneuver Planning for Multiple Satellites

• The concurrent maneuver planning algorithm for single satellite, introduced in
Chapter 3, is extended to safely co-locate multiple geostationary satellites.

• A leader-follower hierarchy is also adopted to control the cluster of co-located satel-
lites.

• The convex bounds on the relative orbital elements of the follower satellites are
proposed to maintain safe separation distance between co-locating satellites,

• The proposed algorithm is validated with two example scenarios for co-locating
multiple satellites in the same operation slot.

The work presented in this Chapter is based on [68] and [69].

Chapter 5: Spacecraft Dynamics and Multi-site Visual Coverage Problem
Formulation

• Summarizes the spacecraft dynamics and the dominant perturbation in proximity
of an asteroid.

• A mathematical formulation of the visual coverage problem, where multiple sites of
interest on the asteroid surface need to be observed over the course of the mission.

The work presented in this Chapter is based on [70,71] and [72].

Chapter 6: Single Spacecraft Trajectory Planning Algorithms

• The optimal spacecraft trajectory is generated using an active control approach
where spacecraft thrusters are used continuously to reach the desired position.

• The trajectory optimization problem is also extended to generate safe spacecraft
trajectories in the presence of an debris moving in proximity of an asteroid.

• A greedy algorithm is proposed where of all the illuminated targets, the most fuel
efficient illuminated target is selected to observe and the process is then repeated
to generate an observation tour for the single spacecraft.

• A second two-stage trajectory planning algorithm is also developed where the visual
coverage problem is divided into single target optimization and multi-target optimal
sequencing problems. This algorithm generates near-optimal observing tour of the
spacecraft.

• The efficiency of the proposed methods is evaluated by considering realistic case
studies to observe multiple imaging sites and provide a discussion on comparing
the results from different algorithms.

The work presented in this Chapter is based on [70,71] and [72].



1.3. Thesis Outline and Contributions 11

Chapter 7: Cooperative Visual Coverage Algorithm

• The visual coverage problem is reformulated as a variant of multiple travelling sales-
man problem to accommodate multiple observing spacecraft where each spacecraft
is equipped with low-thrust propulsion system (like electric thrusters) with limited
fuel budget.

• Near-optimal trajectory planning algorithm presented in Chapter 6 is then extended
for multiple observing spacecraft with different initial states.

• A new genetic algorithm based tour sequencing algorithm is proposed in order to
converge to a near-optimal solution with feasible tours for each spacecraft.

1.3.2 Notations

The following notations are used throughout this thesis. A vector originating from point
Q to point P is denoted as r̂

PQ
, and to indicate the 3× 1 matrix containing the vector’s

three components expressed in a coordinate frame {A}, a pre-superscript corresponding
to the frame is added to the vector notation, e.g., Ar

PQ
. The time derivative of a vector

with respect to a coordinate frame {B} is denoted as B
˙̂r
PQ

by adding a pre-subscript
corresponding to the coordinate frame from which the vector change is viewed. The
angular velocity vector of the frame {B} relative to frame {A} is defined as ω̂AB. A proper
orthogonal matrix ARB ∈ SO(3) is a rotation matrix that transforms the components
of a vector expressed in frame {B} into the components of the same vector expressed in
frame {A}. The symbol ( ·̃ ), e.g., Ar̃

PQ
, represents a skew symmetric matrix containing

the components of vector r̂
PQ

expressed in the coordinate frame {A} (Ar
PQ

).
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Chapter 2

Geostationary Satellite Dynamic
Model

This chapter begins with some fundamental definitions of coordinate frames used to
define the dynamic model of the geostationary satellite. It is then followed by a brief
explanation about different electric thruster configurations used to actuate the satellite.
Next, the nonlinear and linearized formulations of the orbital and attitude dynamics
of the satellite and the dominant perturbation present in the geostationary orbit are
summarized. This chapter ends with a broad overview of the simulation environment and
architecture that are used for the analyse of the proposed maneuver planning algorithms
in later chapters.

2.1 Definition of Coordinate Frames

This work in Part I of the thesis relies on various coordinate frames, namely Earth
centered inertial frame I, Earth centered Earth fixed (ECEF) frame, orbital reference
frame O, RTN reference frame H and the body-fixed frame B, as shown in Fig. 2.1, that
are used to describe the satellite dynamics. This section provides a brief summary of
these coordinate frames.

The Earth centered inertial frame I is described using the Earth’s orbital plane and the
orientation of the Earth’s rotation axis in space at the J2000 epoch. The I frame’s origin
is located at the Earth’s center of mass, with its x−axis aligned with the vernal equinox
direction at J2000, z−axis aligned with the Earth’s rotation axis, directed towards north,
at J2000 and y−axis completes the right-handed orthogonal coordinate frame. The
ECEF-frame is the Earth fixed rotating coordinate frame with its origin fixed to the
Earth’s center of mass and z−axis aligned along the rotational axis of the Earth, x−axis
aligned with the Greenwich meridian (0o longitude) in the equatorial plane (represented
as a red arrow in Fig. 2.1) and y−axis completes the right handed coordinate frame.

An Earth pointing local orbital reference frame O is defined to represent the Earth
pointing attitude of the satellite. The frame O is attached at the satellite’s center of mass

15
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Figure 2.1: Satellite moving in the geostationary Earth orbit with various coordinate frames.

(CoM), cm, with its z-axis pointing towards the center of Earth, y-axis along the oppo-
site direction of the orbit’s angular momentum and x-axis completing the right-handed
orthogonal coordinate frame. A body-fixed coordinate frame is attached to the satellite’s
CoM, which is aligned with the orbital reference frame under three-axis stabilized Earth
pointing attitude. Finally a radial, tangential, normal (RTN) reference frame H is also
attached to the satellite’s CoM with R pointing along the vector from the Earth’s center
to the satellite’s CoM, N directed along the orbit’s angular momentum and T completing
the right-handed orthogonal coordinate frame.

2.2 Thrust Configurations

Throughout this part of the thesis three different types of assembly configurations for the
electric thrusters are considered, as shown in Fig. 2.2, that are described in the following
part.

Fixed Thruster Configuration

Initially, an ideal and simple thruster configuration is considered with six bidirectional
thrusters mounted on each face of the satellite, as depicted in Fig. 2.2(a). This config-
uration has the ability to generate pure thrust, by firing thruster pairs with equal force
magnitude along the same direction, whereas pure torque is generated by firing thruster
pairs in the opposite direction. For example, the thruster pair (Ep3, Ep6) aliened along
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Figure 2.2: Different thruster configurations, (a) six bi-directional fixed thrusters, (b) non-
intersecting thrusters, and (c) gimbaled thrusters, to generate simultaneous control forces and
torques.

the north/south direction or yB axis can generate pure thrust force in the south direction
when both the thrusters are operated with equal force in positive yb direction and firing
these thruster pairs in opposite direction will realise a pure torque along xb direction.
The position of each of these thruster pairs is summarized in Table 2.1.
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Thruster pair Position in body frame B (m)

Ep1 & Ep4 [∓2.50, 0.00, 0.00]T

Ep2 & Ep5 [0.00,∓2.50, 0.00]T

Ep3 & Ep6 [0.00, 0.00,∓2.50]T

Table 2.1: Thruster positions in body frame B

The total control acceleration ac and torque τc included by the propulsion system
expressed in body frame B, is:

Bac =
1

ms

BΓF (2.1a)

Bτc = LF (2.1b)

where ms is the mass of the satellite, F = [F1, F2, F3, F4, F5, F6]
T is the thrust force

vector and Fi ∈ {−fmax, 0, fmax} ∀i = 1, . . . , 6 where fmax is the maximum thrust force,
implying that the thrusters are operated in on-off mode. The thruster configuration
matrix, (Γ), and force torque mapping, (L), in body coordinate frame are defined as:

BΓ =

0 1 0 0 1 0
0 0 1 0 0 1
1 0 0 1 0 0


BL =

 0 0 2.5 0 0 −2.5
2.5 0 0 −2.5 0 0
0 2.5 0 0 −2.5 0


(2.2)

The solar panels are located along the north/south directions. In order to avoid solar
panel degradation from the electric thruster plumes, it is recommended not to align these
thrusters in the north/south direction and instead tilt them away from this direction.
Here, thrustres Ep2 and Ep5 are located on the north/south face of the satellite, pointing
away from the solar panels. Although such thruster configuration is not practical as there
is hardly any space left on the satellite’s face to host any instruments. Hence, two more
practical thruster configurations that are used by satellite manufacturers are considered
in the following part.

Non-intersecting Thruster Configuration

In this configuration, four electric thrusters are mounted on four edges of the satellite
body. Each thruster (Epi) is mounted such that the thrust direction forms a cant angle
(γ), azimuth of thrust direction in yBzB plane, and a slew angle (σ), azimuth of thrust
direction in xByB plane, at the force application point (pi) as shown in Fig. 2.2(b) (for
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Thruster Position in body frame B (cm)

Ep1 p1 = [−10,−3.75, 3.75]T

Ep2 p2 = [10,−3.75,−3.75]T

Ep3 p3 = [−10, 3.75,−3.75]T

Ep4 p4 = [10, 3.75, 3.75]T

Table 2.2: Thrust force application point position

Ep4). Such configuration provides a small offset between the thrust force direction and
the satellite’s center of mass in order to concurrently generate desired forces and moments
for station keeping and momentum dumping, respectively. The force application points pi
for each thruster is summarized in Table 2.2. For this thruster configuration, cant angle
γ = 45 deg and slew angle σ = 85 deg, is selected which is similar to that realized on
HISPASAT–AG1 satellite, [73]. Thus, for every thrust firing the proposed combination
of cant and slew angles realises equal amount of force in North-South and East-West
directions with a very small residue in radial direction.

The total acceleration ac provided by the electric propulsion system expressed in body
frame B is given as:

Bac =
1

ms

BΓF (2.3)

where ms is the satellite mass, F = [F1, F2, F3, F4]
T is the vector containing thrust

force provided by each thruster, Fi ∈ {0, fmax} ∀i = 1, . . . , 4 where fmax is the maximum
thrust provided by the thruster, and BΓ is the thruster configuration matrix expressed
in body frame B as:

BΓ =

− sin γ sinσ sin γ sinσ − sin γ sinσ sin γ sinσ
− cos γ − cos γ cos γ cos γ

sin γ cosσ sin γ cosσ sin γ cosσ sin γ cosσ

 (2.4)

The moments induced by the electric propulsion system relative to the satellite’s CoM,
expressed in body frame B, is:

Bτc = BLF , (2.5)

where BL ∈ IR3×4 is the matrix that generates moments from thrust forces in the body
coordinate frame, and can be expressed as BL(:, i) = Br̃cmpi

BΓ(:, i) with i = 1, . . . , 4,
Brcmpi is the position of point pi relative to the satellite’s CoM in body coordinate frame,
and Br̃cmpi is its skew-symmetric form.

Gimbaled Thruster

This configuration consists of four electric thrusters mounted on the North and South
edges of the anti-nadir face of the satellite, similar to the Electra satellite platform [29].
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Thruster Position in body frame B (m)

Ep1 [−0.012, 1.804,−1.87]T

Ep2 [−0.312, 1.804,−1.87]T

Ep3 [ 0.288,−1.804,−1.87]T

Ep4 [−0.012,−1.804,−1.87]T

Table 2.3: Gimbaled thruster position in body frame B

Each ith thruster is placed on a biaxial gimbal mechanism fixed at point Epi ∀i = 1, . . . , 4
(Table 2.3). The nominal thrust is directed along the vector r̂ic providing approximately
equal components of force along the North/South and radial directions, as shown in
Fig. 2.2(c). A right-handed orthogonal thruster coordinate frame {ei} is attached to
each thruster with Epi as its origin and the z-axis directed along the nominal thrust.
The gimbal mechanism provides a possibility for reorientation of the thrust force to a
maximum of ±5 deg about the nominal thrust vector. The force generated by the ith

thruster resolved in frame {ei} can be expressed as:

eiFi = RX(σx)RY (σy)13Fi (2.6)

where RX and RY are the basic principal rotation matrices with the respective gimbal
angles σx and σy about x- and y-axis of frame {ei}, the basis vector 13 = [0 0 1]T ,
and Fi ∈ {0, fmax} is the force magnitude provided by the thruster. Thus, the total
acceleration provided by the propulsion system expressed in the body frame B is given
as:

Bac =
1

ms

4∑
i=1

BRei
eiFi

=
1

ms

ΓF (2.7)

where ms is the satellite mass, F ∈ IR12×1 is the concatenated vector of forces delivered
by each thruster expressed in their respective {ei} frame, and Γ ∈ IR3×12 is the thrust
configuration matrix consisting of the rotation matrix between the body frame B and the
ith thruster frame {ei} (BRei).

The momentum dumping maneuvers are implemented by generating the desired mo-
ments through the reconfiguration of the force direction using the gimbal mechanism.
The moments induced by the propulsion system relative to the satellite’s CoM, resolved
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in body frame B, are expressed as:

Bτc =
4∑
i=1

B r̃ci
BRei

eiFi

=LF (2.8)

where Brci is the position of ith thruster relative to the satellite’s CoM expressed in body
frame, B r̃ci is its skew-symmetric form, and L ∈ IR3×12 matrix.

2.3 Equations of Motion

This section summarizes the nonlinear orbital and attitude dynamics of the geostation-
ary satellite. Also the analytical models for the dominant perturbations acting on the
satellites are also summarized.

2.3.1 Satellite Orbital Dynamics

Cartesian Representation

The satellite’s motion around the Earth expressed in the inertial frame I can be described
as:

I r̈ = −µ⊕
r3

Ir + Iac + Iad (2.9)

where, µ⊕ is the Earth’s gravitational parameter, r = ‖ Ir‖ is the magnitude of the
satellites position Ir expressed in the inertial frame I, and Iac and Iad are the controlled
and disturbance accelerations expressed in the inertial frame I, respectively. The first
term in (2.9) describes the gravitational acceleration in the two body problem with the
mass of the satellite being neglected compared to the Earth’s mass [12, chap. 1].

Orbital Element Representation

The motion of the satellite in the geostationary orbits can also be represented by the set
of orbital elements. Although, the representation of geostationary orbits in the classical
Keplerian orbital elements suffer from two singularities rising from zero eccentricity and
inclination vector. Hence, a set of nonsingular orbital elements representing the state of
the satellite with respect to center of geostationary slot is adopted as:

xor(t) =


nd
ey
ex
iy
ix
Ld

 =


ns − n⊕

e cos(ω + Ω)
e sin(ω + Ω)

tan(i/2) cos Ω
tan(i/2) sin Ω
Lm − α

 (2.10)
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where nd is the relative mean orbital motion between the satellite (ns) and the geosta-
tionary slot center (n⊕), ex, ey and ix, iy are the respective projections of the eccentricity
and inclination vector on the equatorial plane, and Ld is the relative mean longitude be-
tween the satellite and the geostationary slot center. The parameters a, e, i, ω, Ω, and ν
are the classical Keplarian orbital elements, Lm is the satellite’s mean longitude, and α
is the right ascension of the GEO slot center. The satellite motion around Earth can be
represented in the Gauss variational equation form as [74, chap. 10]:

ẋor(t) = Aorxor(t) + Bor(xor(t))
[
HRB

Bac(t) + Had(xor(t))
]

(2.11)

where the matrix Aor has all zero entries except Aor(6, 1) = 1, HRB is the rotation matrix
between the Hill frame H and body frame B, and Had is the disturbance acceleration
expressed in the Hill frame H. The matrix Bor is defined as:

Bor(xor(t)) =



−3aens sin ν
κ

−3apns

κr
0

−p cosλ
κ

er sin$+f sinλ
κ

er cos$ sinβ tan(i/2)
κ

p sinλ
κ

er cos$+f cosλ
κ

− er sin$ sinβ tan(i/2)
κ

0 0 r sinλ
2κ

0 0 r cosλ
2κ

−(aep cos ν
κ(a+b)

+ 2rb
aκ

) aef sin ν
κ(a+b)

r sinβ tan(i/2)
κ


(2.12)

where p is semilatus rectum, b = a
√

1− e2, κ = nsba, r is orbit radius, f = r + p,
$ = ω + Ω, λ = ω + Ω + ν is the argument of true longitude, and β = ω + ν.

2.3.2 Satellite Attitude Kinematics and Dynamics

The attitude kinematics of the satellite is given by Poission’s equation:

IṘB = IRB
Bω̃IB (2.13)

where IRB is the rotation matrix between the inertial I and body B coordinate frames
and Bω̃IB is the skew-symmetric form of the absolute angular velocity BωIB of frame
B expressed in B. Geostationary satellites should maintain constant angular velocity
equivalent to the Earth’s rotation rate about an axis perpendicular to its orbital plane,
i.e., OωIO = ω⊕ = [0, −n⊕, 0]T . The satellite should maintain an Earth pointing attitude
trajectory described as:

IṘO = IRO
Oω̃IO, (2.14)

where IRO is the rotation matrix between the inertial frame and frame O. The error
between IRB and IRO is expressed as attitude error rotation matrix, ORB = IRT

O
IRB,

which satisfies the differential equation:

OṘB = ORB
Bω̃OB, (2.15)
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where angular velocity error BωOB is expressed as:
BωOB = BωIB − ORT

B
OωIO = δω. (2.16)

The attitude dynamics of the satellite is actuated by a set of three symmetric reaction
wheels attached to the satellite bus. For simplicity, the reaction wheel array is assumed to
be arranged in an orthogonal configuration as shown in Fig. 2.2. The attitude dynamics
of the satellite are formulated as [75]:

B
Bω̇IB = BI−1[− Bω̃IB( BI BωIB + BIwr

Bϑ) + Bτwr + Bτc + Bτd]

B
Bϑ̇ = − BI−1wr

Bτwr,
(2.17)

where B
Bω̇IB is the angular acceleration of frame B from inertial frame I relative to and

expressed in frame B. The terms BI and BIwr represent the respective moments of inertia
of the satellite and reaction wheel assembly, Bϑ = [ϑx, ϑy, ϑz]

T is the angular velocity of
reaction wheels expressed in B, BBϑ̇ is the rate of change of reaction wheel speed relative
to and expressed in frame B, and Bτc,

Bτwr and Bτd are torque provided by the thrusters,
reaction wheel array, and solar radiation pressure, respectively.

The attitude error dynamics of the satellite can be formulated by rewriting the satellite
dynamics (2.17) in terms of the attitude error rotation matrix (ORB) and the error
angular velocity (δω) as:

OṘB = ORB δ̃ω

˙δω = BI−1
[
− ˜(δω + ORT

Bω⊕)
(
BI(δω + ORT

Bω⊕) + BIwr
Bϑ
)

+ BI δ̃ω ORT
Bω⊕ + Bτwr + Bτc + Bτd

]
B
Bϑ̇ =− BI−1wr

Bτwr.

(2.18)

2.3.3 Dominant Perturbations

Geostationary satellites are subjected to various perturbations that deviate the satel-
lite’s desired orbital position. The changes in the north/south directions are caused by
inclination variations of the satellite’s orbit under the effect of the gravity perturbations
from the Sun and Moon, whereas the changes in the east/west directions are caused
by the longitudinal drift due to the lateral forces arising from the Earth’s asymmetric
distribution of the gravitational field and the non-zero eccentricity caused by the solar
radiation pressure (SRP), [12, chap. 8]. Thus, total disturbing acceleration acting on the
geostationary satellite can be written as:

ad = ag + a3b + asrp

where, ag, a3b, asrp are the acceleration due to Earth’s gravity, third body gravity due to
Sun and Moon, and solar radiation pressure. A brief discussion on these perturbations
is provided in the following.
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Earth’s Gravitational Perturbation

The gravitational feild can be described as a potential, whose gradient provides accel-
eration due to gravity. The higher degree spherical harmonics gravity accelerations are
given as [12, chap. 8]:

ag = ∇µ⊕
r

∞∑
n=2

n∑
m=0

(
R⊕
r

)n
Pnm(sinϕ) (Cnm cosmλ+ Snm sinmλ) (2.19)

where n and m are the degree and order of spherical harmonics, R⊕ is the Earth’s radius,
r is the geocentric distance of the satellite, Pnm is the Legendre polynomial with argument
sinϕ, ϕ and λ are the respective latitude and longitude of the satellite, and Cnm and Snm
are the harmonic coefficients of the potential. For the case of the geostationary satellites,
the size of the acceleration is dependant on the longitude of the satellite operation. The
Earth’s gravity potential can be modelled with very high accuracy, using the higher degree
and order Earth’s gravity model (EGM). The EGM96 gravity model, [76], provides the
data for spherical harmonic coefficients complete to the degree and order 360.

Third Body Perturbation

For the satellites in the geostationary orbits, dominant third body gravity perturbations
are exerted by the Sun and Moon. Thus, the gravity acceleration due to the third body
effects can be expressed as [12, chap. 8]:

a3b = µ�

(
r�s
r3�s
− r�⊕
r3�⊕

)
+ µ}

(
r}s
r3}s
− r}⊕
r3}⊕

)
(2.20)

where µ� and µ} corresponds to the gravitational parameter of Sun and Moon respec-
tively, r⊕s and r}s are the respective position vectors from the satellite to the Sun and
Moon, and r�⊕ and r}⊕ are the respective position vector from the Earth to the Sun
and Moon. The position of the Sun and Moon is desired in order to calculate the third
body acceleration. Analytical formulation of the Sun and Moon coordinates are provided
in [77].

Solar Radiation Pressure Perturbation

This perturbation force arise from the absorption and reflection of photons as the satellite
is exposed to the solar radiation. Thus, it is majorly dependant on the satellite’s physical
characteristics. The solar radiation pressure (SRP) acceleration is given as [12, chap. 8]:

asrp = PsrpCr
A

ms

r�s
r3�s

(2.21)

where Psrp = 4.57E − 6 N/m2 is the solar radiation pressure coefficient at 1 AU, Cr is
the solar reflection coefficient, A is the solar facing surface area of the satellite, and ms

is the mass of the satellite. Unlike the gravitational perturbations discussed before, the
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SRP modelling can be approximated with lower accuracy due the fact that SRP depends
upon the accurate information about the satellite’s physical characteristics like mass,
solar facing area, etc., orientation of spacecraft with respect to Sun, and the predictions
of the solar cycles and its variations.

2.4 Linearized Satellite Model

Satellites in GEO are controlled to stay within a predefined window that can be visualized
as a 80 km cube centered about a nominal longitude. The affine formulation of the
orbital dynamics of the geostationary satellite (2.11) can be obtained by approximating
the input matrix (2.12) and the disturbance acceleration (Had) at the center of the GEO
slot (xorg = [0, 0, 0, 0, 0, 0]T ) [37]. At the slot center one can substitute a = ag as ideal
radius of geostationary orbit, e = 0 as circular orbit, i = 0, r = p = b = ag, ns = n⊕,
κ = a2gn⊕, and λ = α, to obtain the linearized orbital dynamics given by:

ẋor(t) ≈ Aorxor(t) + Bor(α(t))
[
HRO

Bac(t) + Had(xorg)
]

(2.22)

where,

Bor(α(t)) =



0 − 3
ag

0

− cosα(t)
n⊕ag

2 sinα(t)
n⊕ag

0
sinα(t)
n⊕ag

cosα(t)
n⊕ag

0

0 0 sinα(t)
2n⊕ag

0 0 cosα(t)
2n⊕ag

− 2
n⊕ag

0 0


(2.23)

Note that the rotation matrix HRB ≈ HRO, since the Earth pointing attitude of the
satellite is controlled by the reaction wheels using the inner-loop controller.

Related to the attitude dynamics, geostationary satellites have very small angular
velocity equivalent to the Earth’s rotation rate resulting in small motion about the equi-
librium. Thus, the attitude error rotation matrix (ORB) is expressed using the Z-Y -X
Euler angle sequence as RZ(ψ)RY (θ)RX(φ), where φ, θ and ψ correspond to roll, pitch
and yaw of the satellite, respectively. Considering the small angular motion of the geo-
stationary satellite, the attitude error dynamics (2.18) can be approximated by a linear
form as:

Φ̇ ≈ δω

δω̇ ≈ BI−1[( B̃Iω⊕ − BIω̃⊕ − ω̃⊕ BI) δω − ω̃⊕ BIwr
Bϑ

+ Bτwr + Bτc + Bτd]

B
Bϑ̇ =− BI−1wr

Bτwr

(2.24)
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where Φ = [φ, θ, ψ]T . The disturbing torque resulting form the propulsion system
and the solar radiation pressure is compensated by the torque produced by the reaction
wheel array. It is worth noting that while several advanced controllers have been sug-
gested in the literature for attitude control of satellites (e.g. [75, 78–80]), here the focus
is on developing an optimal maneuver planning algorithm for concurrent station keep-
ing and momentum dumping, considering coupled orbital and attitude dynamics of the
satellite, and not on the design of a specific attitude controller. Consequently, a simple
proportional-derivative (PD) control scheme is used as the inner-loop attitude controller
and expressed as:

Bτwr = −Kp Φ−Kd δω (2.25)

where Kp and Kd are the diagonal gain matrices. Therefore, using general formulation
of the controlled accelerations and torques exerted by the onboard thrusters, briefed in
Section 2.2 and (2.25), the linear orbital (2.22) and attitude error dynamics (2.24) of the
satellite can be expressed as:

ẋor =Aorxor + B′orF + Bor
Had (2.26a)

ẋad =Aadxad + BadF + τ ′d (2.26b)

where B′or = 1
ms

Bor
HROΓ and xad = [ΦT , δωT , BϑT ]T . The term τ ′d = BI−1 Bτd

represents the perturbing angular acceleration, and the matrices Aad and Bad in (2.26b)
can be derived by substituting (2.8) and (2.25) in (2.24).

2.5 Simulation Environment

The conventional approach to designing station keeping and momentum dumping maneu-
vers for a geostationary satellite is to operate it from the ground manually, as shown in
Fig. 2.3. The maneuver planning process begins with tracking the position of a satellite,
followed by determining its orbital and attitude states. These states are then integrated
forward in time (orbit prediction) to estimate the satellite’s orbital trajectory. The oper-
ator analyses the predicted orbital states for any violation of the desired constraints, and
if required, station keeping maneuvers are planned. The angular momentum built-up
due to these planned maneuvers is then analyzed by repeating the orbit propagation pro-
cess, while considering the planned station keeping maneuvers. If the estimated angular
momentum built-up exceeds the desired limit, additional momentum dumping maneu-
vers are also planned. Appropriate thrust profiles are then generated according to the
planned maneuvers for both station keeping and momentum dumping, which are then
uploaded to the satellite for execution. As the number of satellites increases (in case of
co-location), the operational load on the ground station increases significantly; hence a
need for autonomy in the maneuver planning process. Geostationary satellites normally
have extremely low computational capabilities; thus restricting the use of onboard control
techniques [34–36].

Satellites in GEO have the advantage of maintaining continuous contact with a single
ground station. Therefore, tasks performed by the operator, such as orbit determina-
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Figure 2.3: Simplified conventional maneuver planning scheme

tion, maneuver planning, thrust profile generation, and commanding these profiles to the
satellite, can be automated on ground. This part of the thesis addresses an autonomous
ground-in-loop concurrent maneuver planning method, which can be implemented on
ground to generate maneuvering plans for both station keeping and momentum dumping
simultaneously, which are then uploaded to the satellite. It is assumed that the satellites
are equipped with an onboard navigation system, enabling autonomous orbit determina-
tion capabilities in the planning process. Such assumption can be justified by the in-orbit
performance of the onboard navigation system on GOES-R satellite, as discussed in [81].

Simulation are used to analyze the proposed autonomous ground-in-loop concurrent
maneuver planning method for the case of a single as well as co-location of multiple
satellites. The simulations are performed using MATLAB where the parts of the ground
station and the satellite model are implemented in the MATLAB as shown in Fig. 2.4.
The simulations begin by providing the satellite’s initial states to the maneuver planning
block. The maneuver planning block comprises of an orbit propagator to estimate the
perturbations at the GEO slot center, linear orbit and attitude prediction module and an
optimization algorithm for calculating the maneuvering plans to maintain the satellite
at the desired position and orientation. These maneuver plans consist of the thrust
forces which are then passed to the thrust profiling module which converts them into
suitable thrust pulses according to the thruster system available on the satellite. To
maintain the satellite within the desired latitude-longitude window for the geostationary
slot while maintaining the Earth pointing attitude, guidance commands are provided to
maneuver planning module, which act as constraints on the satellite states. The latitude
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Figure 2.4: Simplified overview of the simulation architecture

window is maintained by controlling the secular variations of the inclination of satellite
whereas for the longitude window, mean eccentricity vector is controlled using the Sun
pointing perigee strategy and the mean longitude deviation is controlled within a desired
deadband. One of the important tasks of the maneuver planning process is to minimize
the consumption of fuel, and hence the guidance strategy used here compensates only
for the variations in the mean orbital elements, i.e. compensating only the secular and
long periodic variations in the orbital elements [33, chap. 2].

Next is the satellite model block that simulates the physical satellite in the appropriate
geostationary environment. This module is implemented using the nonlinear equations
of motion for both the orbital (2.9) and attitude dynamics (2.17). This block can be
considered as a propagator that numerically integrates the satellites equations of motion
with the perturbing accelerations, i.e. 18× 18 model for Earth’s gravity (2.19), the Sun
and Moon gravity (2.20) and solar radiation pressure (2.21), and the control accelerations
determined by the maneuver planning block. This is also refereed as Cowell’s method [12,
chap. 8]. For numerical integration 4th order Range-Kutta method is used with a time step
of 10 s. The small time step is considered mainly for simulating the attitude dynamics of
the satellite. Next, the obit determination block is used to measure the satellite states.
Since the main aim of this part is on designing and evaluating the maneuver planning
algorithm, the orbit determination block is considered to be empty. Thus, it is assumed
that at a given time instant full satellite states, i.e. absolute position, velocity, attitude
states of the satellite are measured. These measured states are again provided to the
maneuver planning module as initial states for planning new maneuver cycle.

Now, in order to automate the ground-in-loop planning process, the proposed method
is implemented in a receding horizon control form with a prediction horizon of one day
(equivalent to the orbit period), and replanning is done every six hours. Maneuvering
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plans are generated over a prediction horizon of one day, and are then sent to the satellite
module for execution. By the end of each control horizon (sixth hour), satellite states
are updated, and new maneuvering plans are generated.
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Chapter 3

Concurrent Station Keeping and
Momentum Management of Single

Satellite

In this chapter, a convex optimization based planning algorithm is proposed that
concurrently plans station keeping and momentum dumping maneuvers for geostation-
ary satellites equipped with low thrust electric propulsion system. Here, a combined
prediction model for coupled orbital and attitude dynamics of the satellite is considered
to generate concurrent maneuver plans. However, satellite’s orbital dynamics is rela-
tively slow compared to the attitude dynamics. Hence, a dual-rate prediction model is
proposed to address the time scaling difference between the two coupled systems. Based
on this model, an optimization algorithm is proposed to generate a maneuver plan for
concurrent station keeping and reaction wheel momentum control for the GEO satellites.
The algorithm is then implemented in receding horizon control form to introduce auton-
omy and to maintain tighter state constraints. Finally, the chapter ends with simulation
results where, the proposed algorithm is tested with fixed and non-intersecting thruster
configurations.

3.1 Maneuver Planning Problem

Maneuver planning is a process to calculate thrust pulses over a certain time period
(maneuver cycle) knowing the satellite’s current state. Maneuver planning is usually
performed on the ground, and then transfered to the satellite for execution in an open-
loop manner. In this section, a convex-optimization-based maneuver planning algorithm
is developed with the main objectives as to:

i) maintain satellite in a tight station keeping window;

ii) maintain the angular velocity of the reaction wheels within saturation limits;

31



32 Concurrent Maneuver Planning for Single satellite

iii) minimize fuel consumption;

iv) plan maneuvers that satisfy constraints imposed by the thruster, e.g., minimum
and maximum thrust bounds.

The optimization algorithm consists of the prediction models for the coupled orbital and
attitude dynamics of the satellite to generate concurrent desired profiles for both station
keeping and momentum management simultaneously. The main challenge here is to
formulate a combined prediction model, since the satellite’s attitude dynamics is relatively
fast compared to the orbital dynamics. Another problem is the need for considering
a longer prediction horizon, due to the slow orbital dynamics, which can be at least
equivalent to the period of an orbit. A quick solution for the time scaling problem is
to discretize the coupled dynamics with a high sampling frequency. However, this will
dramatically increase the size of the optimization problem. Hence, a dual-rate prediction
model is proposed, with a short sampling period (Tf in the order of seconds) for the
attitude dynamics with reaction wheels and inner-loop control and a longer sampling
period (Ts in the order of hours) for orbital dynamics. As a result, over a finite horizon
the size of the optimization problem can be reduced with a sampling time equivalent to
that of the slower dynamics.

3.1.1 Dual-rate Prediction Model

The discretization of the linear orbital dynamics (2.26a) and closed-loop linear attitude
dynamics (2.26b) is performed using a fourth-order Runge–Kutta (RK4) discretization
scheme with a zero-order hold mechanism on the control input. This mechanism helps to
obtain a thrust pulses with a constant magnitude for a period equivalent to the sampling
time. The kth discrete update for the slow orbital dynamics with a sampling time Ts is
obtained as:

xor,k+1 = Āorxor,k + B̄or,kF,k + d̄or,k, (3.1)

The terms Āor, B̄or,k and d̄or,k are obtained by applying RK4 scheme to (2.26a) and
simplifying for the kth discrete step. Similarly, the mth discrete update for the fast
attitude dynamics with sampling time Tf (< Ts) is obtained as:

xad,m+1 = Āadxad,m + B̄adF,k + τ̄ ′d,m, (3.2)

In equation (3.2), the subscript ‘k’ for the thrust force vector F,k is maintained, since
the control forces are calculated with slow sampling rate that will remain constant in
the inner-loop attitude dynamics. The disturbing linear and angular accelerations are
represented by the vectors d̄or,k and τ̄ ′ad,m, respectively.

The relation between the two sampling times can be assumed as Ts = nTf , where
n ∈ IN. Hence, equation (3.2) is computed n times within the time interval Ts from
m = 0 to m = n − 1. In this time interval, other than the state variables, the only
term varying with time is the disturbing angular acceleration τ̄ ′ad,m, but this term can be
approximated by its value at the discrete node m = 0, since it remains almost constant
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over the time interval Ts. Under such assumption, the fast discrete model (3.2) can be
considered as a discrete linear time-invariant model. Thus, the inner closed-loop attitude
dynamics can be expressed as a discrete model evolving with a relatively slow sampling
rate Ts as:

sxad,k+1 = sĀad
sxa,k + sB̄adF,k + sDadτ̄

′
d,k (3.3)

where sxad,k = xad,k·n is the (k · n)th state. Equation (3.3) is the last term of recursive
application of (3.2) from m = 0 to m = n− 1, starting with the initial states (m = 0).

Now, using (3.1) and (3.3) a combined state space model for the coupled orbital
dynamics and attitude dynamics can be obtained as:

xk+1 = Axk + BkF,k + dk, (3.4)

where

xk =

[
xor,k
sxad,k

]
dk =

[
d̄or,k

sDadτ̄
′
d,k

]
A =

[
Āor 06×9
09×6

sĀad

]
Bk =

[
B̄′or,k
sB̄ad

]
The prediction model is formulated to predict N future states over a particular horizon
by recursively applying (3.4) from k = 0 to k = N − 1 to obtain:

X = Px0 + QFc + RD (3.5)

where the vectors

X =


x1
x2
...
xN

 Fc =


F,0
F,1
...

F,N−1

 D =


d0
d1
...

dN−1


are the concatenated vectors of the N future states, desired thrust profiles, and distur-
bances, respectively. The terms P , Q, and R are the result of recursive applications of
(3.4) from k = 0 to k = N − 1, starting with the current state (x0). The prediction
model (3.5) provides an affine combination of known current state x0, desired thrust
vector Fc as the optimization variable, and known disturbance term RD calculated at
the geostationary slot center.

3.1.2 Convex Optimization Algorithm

Convex optimization refers to a special class of minimization problems where the cost
function, as well as the inequality constraint functions, are convex and the equality
constraint functions are affine. A function f : IRn → IR is convex if for any two points x
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and y in the domain of f : a) the line between the two points also belongs to the domain;
and b) for any 0 ≤ ϕ ∈ IR ≤ 1,

f(ϕx+ (1− ϕ)y) ≤ ϕf(x) + (1− ϕ)f(y) (3.6)

An affine function is a special form of convex function where (3.6) is always an equality.
It can be shown that the feasible set of such a problem is always convex, which results
in the global optimum solution, analytically or numerically [82, chap. 4].

The convex optimization model is used here to define the maneuver planning problem,
since the approach is beneficial in obtaining fast, guaranteed global optimum solutions.
The convexity property of the maneuver planning problem is preserved by formulating
the cost and inequality constraint functions as a convex combination of the future states
X and the control inputs Fc. The convex optimization problem is defined as:

minimize: {C (Fc, S)}

subject to:

−Px0 −QFc −RD − S +Xmin ≤ 0

Px0 + QFc + RD − S −Xmax ≤ 0

Fc,min ≤ Fc ≤ Fc,max

−S ≤ 0

(3.7)

where the cost function to be minimized is defined as:

C = ζ ‖Fc‖1 + (1− ζ) % ‖S‖1, (3.8)

consisting of the `1–norm of the thrust vector Fc and nonnegative slack variable vector
S = [sT0 , s

T
1 . . . , sTN−1]

T , with a penalty weight on the slack variables % > 0, and the rel-
ative weight between two terms ζ ∈ (0, 1). All inequalities are element–wise inequalities.

The optimization problem aims at minimizing fuel consumption with a limited number
of thruster firings, hence it is important to select an appropriate distance norm in the
cost function to obtain the desired results. For the optimization problem, to minimize a
convex cost function C over a convex domain, there exists a unique solution called unique
minimizer of C . The nature of the optimal solution obtained from different cost functions
using different distance norms will depend on the definition of the norm. The `1–norm is
not as smooth as `2–norm, but it puts more weight on the solutions with small amplitude
(small residuals) and less weight on the large residuals, whereas `2–norm puts less weight
on small residuals and large weight on large residuals [82, chap. 6]. Consequently,
using `1–norm in the cost function results in sparse solutions while minimizing the cost
function. However, it is `1–norm of the thrust vector, not `2–norm, which provides a
proper measure of fuel consumption as the total sum of each thrust pulse, [83]. Thus, the
cost function is penalized using `1–norm, which results in minimum fuel consumption
while limiting the number of thruster firings. The feasibility of the optimization problem
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is enhanced through the introduction of slack variables that soften the state constraints.
However, the cost function is heavily penalized through a suitable weight % (see (3.8).)

The state constraints are formulated so that all the dynamic equations are satisfied,
while constraining each state variable by defining minimum (Xmin) and maximum (Xmax)
bounds. In the conventional station keeping algorithms, the relative mean orbital motion
between the satellite and geostationary slot (nd) is usually left unconstrained. Further, as
the attitude states are being controlled using a set of reaction wheels, provided that the
speed of reaction wheels are bounded within the saturation limits, the state constraints
corresponding to the Euler angles (Φ) and the angular velocity error (δω) of the satellite
can be left free. Hence, the size of the optimization problem can be reduced by eliminating
the rows corresponding to these states from the state constraints. The slack variables can
attain a non-zero value only if the constraints on the state variables are violated. The
cost function is heavily penalized using a suitable weight (%) for any non-zero value of
the slack variable. As a result, the optimizer is motivated to maintain the value of slack
variables at zero as long as the bounds on the state variables are accurately satisfied.
The magnitude of the thrust delivered by each thruster is bounded between fmin and
the maximum allowable thrust magnitude fmax, which are included in Fc,min and Fc,max,
respectively. For the uni-direction thrusters used in the case of non-intersecting and
gimbaled thrust configurations, Fc,min = 0 can be considered, i.e. bounded between zero
and maximum magnitude fmax.

3.2 Ground-in-loop Implementation

The computational capability onboard a geostationary satellite is limited mainly due
to the use of radiation-hardened electronic components, thus restricting the use of on-
board autonomous control techniques. Further, satellites in GEO have the advantage of
maintaining continuous ground visibility with a single ground station; as a result, these
satellites can be operated from the ground by implementing the maneuver planning pro-
cess on the ground. Due to an increasing demand for geostationary orbits, over the years,
it is desired to maintain satellites within tighter bounds. This can be achieved by in-
creasing the maneuver planning frequency, thus, increasing the operational load on the
ground station. Instead, the proposed optimization algorithm is implemented on ground
in a receding horizon control form with a prediction horizon of one day, Fig.3.1.

First, the position and orientation of the satellite is determined by receiving data
from the onboard navigation and star sensors, which forms the initial satellite states.
These states are provided to the maneuver planning module where satellite states are
propagated over the period of prediction horizon and a new maneuver plan is generated
to maintain the satellite in the desired position. The maneuver plan obtained from the
optimization algorithm consists of piece-wise constant thrust pulses with a magnitude
ranging from fmin to fmax and period equivalent to the discretization time step. These
pulses cannot be implemented directly, since electrical thrusters typically do not deliver
thrust forces with varying amplitudes. The main constraint while using electric thruster
is to operate with single operational point, i.e., either F = 0 or F = fmax. In addition,
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Figure 3.1: Schematic of ground-in-loop maneuver planning implementation.

thruster should remain on for at least certain amount of time, defined by the minimum
impulse bit. Hence, these thrust pulses are implemented over a smaller time interval
than the discretization time step, such that the area under the thrust pulse is conserved.
Further, thrust pulses smaller than the minimum impulse bit are neglected. Thus the ma-
neuver plans generated by the optimization algorithm are passed through the processing
step to generate suitable thrust profiles.

Maneuver plans are generated over the prediction horizon of one day, which are then
uploaded to the satellite for execution. By the end of each control horizon, the satellite’s
position is determined, and a new maneuver plan is generated, which is then uploaded to
the satellite. This ground-in-the-loop maneuver planning process can be fully automated
by employing an autonomous orbit determination capability. Recent developments in
GEO satellite platforms enables autonomous orbit determination by employing an on-
board navigation system. Further, ground-based orbit determination techniques impose
additional constraints on the maneuver planning process as orbit correction maneuvers
are restricted during the orbit determination period. Hence, in case of satellites equipped
with electric propulsion system, which require more frequent orbital corrections, such on-
board navigation systems are more suitable.

3.3 Simulation Results

In this section, the performance of the proposed algorithm to concurrently plan maneu-
vers for simultaneous station keeping and momentum dumping is verified. Two simu-
lation scenarios with different thrust configurations, mainly fixed thruster and the non-
intersecting thruster configuration, are considered. The convex optimization problem is
formulated and solved using the MATLAB-based modeling system, CVX, with MOSEK
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Parameter Value

Semi-major axis 42, 166.7 km

Eccentricity 3.49E − 4

Inclination 4.00E − 4 rad

Argument of perigee 6.17 rad

RAAN 0.00 rad

True anomaly 6.01 rad

Attitude error Φ(0) [0, 0, 0]T

Error angular δω(0) [0, 0, 0]T

Reaction wheels speed ϑ(0) [0, 0, 0]T

Date of Epoch 11 Mar 2010 10 : 00 : 00 UTC

Table 3.1: Initial satellite states and the date of epoch

as the solver [84]. To perform simulations, a MATLAB-based orbit propagator is used,
which takes into account all the dominant perturbing forces acting on the satellite from
the Sun and Moon gravity, solar radiation pressure and 18 × 18 Earth’s gravity model.
The discretization is achieved using the RK4 method with time step Ts = 1 hour, whereas
Tf = 10 seconds. The constants in the cost function of the optimization problem (3.7)
are ζ = 0.9 and % = 1.0E4. One of the important tasks of the maneuver planning process
is to minimize the fuel consumption, and hence the guidance strategy used here compen-
sates only for the variations in the mean orbital elements. Simulations are performed for
the period of one year with a planning horizon of one day and re-planning is done every
six hours. Only one optimization problem is solved to generate both the station keeping
and momentum unloading maneuver plans.

3.3.1 Scenario 1: Satellite with Fixed Thruster Configuration

As covered in Section 2.2, the fixed thruster configuration is equipped with six bi-
directional thrusters mounted on each face of the satellite, as depicted in Fig. 2.2(a).
This configuration has the ability to generate pure thrust and moments in any direc-
tion. Each thruster is assumed to deliver a thrust force of 50 mN with a minimum
on-time of 5 mins. The satellite has a mass of 3000 kg and the moment of inertia
I = diag(2.7E4, 2.5E4, 2.7E4) kg.m2. A solar facing surface area of 113 m2 (including
solar panels) is considered with a solar reflection coefficient of 1.2. The solar radia-
tion pressure point is assumed at [10,−10, 0]T cm expressed in frame B. The satellite
is equipped with three reaction wheels, each having a moment of inertia of 0.087 kg.m2
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Figure 3.2: Osculating orbital elements for the period of one year

along the rotation axis. The operating range for each reaction wheel is ±6000 rpm, which
corresponds to the capacity to store 55 Nms of angular momentum. Initial satellite states
at the time of epoch are listed in Table 3.1.

The satellite is constrained to maintain its position close to the center of the geosta-
tionary slot, located at 19.2 deg east. A sun pointing perigee strategy is implemented
to control the eccentricity vector to lie on a circle with the radius of 2.0E − 4. The
inclination vector is maintained inside a circle of radius 3.0E − 4rad, and mean longitu-
dinal deviation is bounded between ±1.0E − 4 rad. Related to the attitude dynamics,
the Euler angles should remain within ±0.02 deg. The inner-loop attitude control gains
Kp = 2000 · I and Kd = 80 · I are selected, where I is the 3× 3 identity matrix.

Figure 3.2 shows the evolution of the osculating orbital elements over the period
of one year. We can observe from the phase plot in Fig. 3.2(a) and Fig. 3.2(b) that
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Figure 3.3: Euler angles Φ, angular velocity BωOB, reaction wheels angular velocity ϑ.

the eccentricity and the inclination vectors are controlled as per the requirements. The
osculating mean longitudinal deviation is controlled to lie within ±1.0E − 4 rad, as seen
from Fig 3.2(c). Results show only minor violations on state bounds, as soft constraints
are used in the optimization problem. The evolution of the attitude error, angular velocity
BωOB, and the angular rate of the reaction wheels are shown in Fig. 3.3. It is observed
that the attitude error is maintained within the desired bounds of ±0.02 deg, where as the
reaction wheel speed is bounded to ±6000 rpm over the entire period of the simulation.
The angular velocity error BωOB is bounded to ±0.5 µrad/s, which can be further reduced
by following a proper tuning procedure for the inner-loop attitude controller.

Figure 3.4 shows a typical one-week maneuver plan and the controlled torque imposed
by the thruster system. The thrusters operate in on-off mode. The controlled torque is
generated whenever there is a mismatch between the force produced by the thruster pairs
(Ep1, Ep4), (Ep2, Ep5)and (Ep3, Ep6). The total annual ∆v required for this simulation
scenario is 55.1364 m/s, of which 48.87 m/s amount of ∆v is consumed for north/south
correction maneuvers. The proposed algorithm in here demands only 4 m/s more ∆v for
carrying out momentum dumping maneuvers than [37], which required approximately
51 m/s per year for station keeping only. For the entire period of simulation, the total
number of thrust pulses provided by each thruster pair to generate forces in north/south,
east/west and radial directions are 2162, 820 and 16, respectively.
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Figure 3.4: Typical one week maneuver plan

3.3.2 Scenario 2: Satellite with Non-intersecting Thruster Con-
figuration

In this scenario, a satellite with a more realistic thruster configuration is considered for
the validation of the proposed algorithm. Four 75 mN electric thrusters, with a minimum
impulse bit of 22.5 N · s, which corresponds to a minimum on-time of 300 s, are mounted
on the satellite in a non-intersecting thruster configuration (Section 2.2). The thrust
force induced by each thruster passes through a point, not the center of mass but as
listed in Table 2.2, to generated concurrent forces and moments. The satellite is assumed
to be controlled in the geostationary slot of size ±0.05 deg, located at 19.2 deg east
longitude. The initial satellite states and epoch date are summarized in Table 3.1. The
simulations are carried out for a satellite of mass 3000 kg and the moment of inertia
BI = diag(2.46E4, 0.4E4, 2.29E4) kg ·m2. The satellite’s attitude is controlled by three
Honeywell HR-12 reaction wheels, each having a moment of inertia of 0.087 kg ·m2 along
its axis of rotation. The operational speed range of each wheel is ±6000 rpm. The
satellite is assumed to have a sun facing surface area of 113 m2 with a solar reflection
coefficient of 1.2. The solar panels are located in the north/south direction, and are
assumed to be hinged at points (0, ± 0.8, 1.47) m when expressed in frame B. An
imbalanced disturbing force due to the solar radiation pressure along the zB direction
will exert disturbing moments on the satellite. For these simulations we have considered
the worst-case possible scenario in terms of surface area and the center of the solar
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Figure 3.5: Evolution of orbital elements, (a) eccentricity vector, (b) inclination vector and (c)
relative mean longitude, over the period of one year.

radiation pressure point.

The satellite is maintained about the center of the geostationary slot. Thus, the
satellite’s mean eccentricity vector is constrained within a circular tolerance window of
radius 5.0E − 5, the mean inclination vector is controlled near zero, and the relative
mean longitude deviation is confined within ±1.0E − 4 rad. In this scenario, instead
of using a Sun-pointing-perigee strategy to control the eccentricity vector along a circle
following the Sun vector, a tighter control window is selected with an aim to maintain
eccentricity withing this window. Concerning the satellite’s attitude dynamics, the Euler
angles should be bounded within ±3.0E − 4 rad. The inner-loop attitude control gains
are selected as Kp = diag[1850, 308, 1850] and Kd = diag[80, 80, 80].
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Figure 3.6: Longitude-Latitude window

Figure 3.5 shows the evolution of orbital elements over the period of one year, assuring
that the satellite is maintained around the center of the geostationary slot. The dashed
lines in Fig. 3.5 indicate soft constraints on the mean eccentricity vector and the relative
mean longitudinal deviation, whereas the mean inclination vector is maintained around
the origin. Figure 3.5(a) and 3.5(b) show phase plots, where it can be observed that
constraints on the mean eccentricity and inclination vectors are maintained. The mean
inclination vector is controlled in a tight window of ±2.0E − 5 rad, and relative mean
longitude deviation is controlled within the desired bounds, as seen from Fig. 3.5(c). The
results show only minor violations on eccentricity and inclination state bounds, due to the
soft constraints used in the optimization problem. Figure 3.6 illustrates that the satellite
remains well within the desired station keeping window of ±0.05 deg. Here, tight station
keeping constraints are maintained by implementing the maneuver planning algorithm in
a receding horizon form, while selecting short maneuver cycle of one day with frequent
replanning every six hours.

The evolution of attitude error, error angular velocity BωOB, and angular rate of the
wheels are shown in Fig. 3.7. It can be seen that the attitude error is constrained inside
a window of one magnitude smaller than the desired window of ±3.0E − 4 rad, whereas
reaction wheel speed is bounded to ±6000 rpm over the entire period of simulation.

The maximum amount of fuel is consumed to counter the out-of-plane motion of the
satellite under the effects of the gravity perturbation from the Sun and Moon. Thus,
for the simulation settings considered in this work, an analysis is made to calculate a
rough estimate of the required ∆v to compensate for the total drift of the mean incli-
nation vector over the period of one year. It results in 68.5 m/s for only north/south
station keeping. An additional 6 − 7 m/s per year of ∆v can be expected to carry out
east/west and momentum dumping maneuvers. Considering the thruster configuration
in this analysis scenario, it is inline with the ∆v requirements presented in the simula-
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Figure 3.7: Euler angles Φ, angular velocity BωOB and reaction wheel speed ϑ

tion scenario 1 where almost 48.8 m/s of ∆v is consumed for north/south corrections. In
average, a geostationary satellite with low thrust propulsion system requires one or two
north/south and east/west maneuvers per day [22]. In addition to these daily maneuvers,
one momentum dumping maneuver is also required. For the thruster configuration (2.4),
these maneuvers can be realized with three to nine thrust pulses per day, which results
in 1095 to 3285 thrust pulses annually. Figure 3.8 shows a typical one-week maneuver
plan and the induced desired moments by the thruster system. Since the thrust force
imposed by each thruster does not pass through the satellite’s CoM, the desired moments
are induced whenever the thrust burns are executed. It can be observed from Fig. 3.8
that the optimizer tends to synchronize the thruster firing of the two north thrusters (F3

and F4) and the two south thrusters (F1 and F2) to achieve north and south maneuvers.
The total annual ∆v required for the simulation is 73.18 m/s. In terms of the number
of pulses, 2381 thrust pulses are required throughout the simulation period, which is
consistent with the capabilities of the electric propulsion.

The obtained results are compared with other approaches to simultaneous station
keeping and momentum management in terms of fuel consumption for momentum dump-
ing. A different receding horizon control policy is proposed in [38] for a satellite with two
axis gimbaled thrusters, each having a gimbal angle of ±36 deg. It is observed that the
controller consumed around 25 m/s of ∆v for east/west station keeping and momentum
dumping. The controller puts high demands on fuel consumption for momentum dump-
ing, due to the use of large gimbal angles that induce large moments on the satellite.
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Figure 3.8: Typical maneuver plan for the thirty seventh week

In [39] a different thrust configuration is selected with smaller gimbal angles. The use
of new thrust configuration and penalizing the cost function for the desired torque, the
control policy in [39] is able to reduce the ∆v consumption to 8.5 m/s for east/west
station keeping and momentum dumping. Further, in order to implement on-off thrust
pulses, the work proposes a pulse-width-modulation scheme acting in closed loop with the
control algorithm, such that after every sampling period new thrust commands are recal-
culated. This results in further reduction of ∆v for east west and momentum unloading
to 4.02 m/s.

The concurrent maneuver planning algorithm proposed here results in consuming
68.5 m/s of ∆v for the north/south station keeping, and the remaining 4.68 m/s, out of
the total annual ∆v of 73.18 m/s, is used for the east/west station keeping and momentum
dumping. Therefore, the proposed algorithm requires slightly more ∆v for east/west
station keeping and momentum dumping than what is reported in [39]. Such a (small)
increase in fuel demand can be due to the differences in the parameters for calculating
disturbance torque, such as solar facing area of 36 m2 in [39] against 113 m2 assumed
here, which is a more practical estimate because of large solar panels, as well as the
location of the center of solar radiation pressure point.



3.4. Summary 45

3.4 Summary

This chapter presented a planning algorithm, based on convex optimization, to calculate
concurrent station keeping and momentum dumping maneuvers, while maintaining the
Earth pointing attitude of geostationary satellites. The optimization algorithm incorpo-
rated a dual-rate prediction model to address the time scaling difference in the coupled
slow orbital and fast closed-loop attitude dynamics. This algorithm was implemented in
the receding horizon form to maintain state variables in a tight station keeping window.

Numerical simulations were performed to validate the capabilities of the proposed
concurrent maneuver planning algorithm to handle state and thruster constraints, while
minimizing fuel consumption. The satellite states were propagated forward in time in-
corporating the nonlinear system dynamics and all the dominant perturbations.
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Chapter 4

Concurrent Co-location Maneuver
Planning for Multiple Satellites

This chapter extends the concurrent maneuver planning algorithm for single satel-
lite, introduced in previous chapter, to safely co-locate multiple geostationary satellites
equipped with gimbaled electric thrusters. The proposed algorithm utilizes a dual-rate
prediction model, using the relative orbital elements and the attitude dynamics, to deter-
mine concurrent station keeping and momentum unloading maneuvers for the co-located
satellites. A leader-follower hierarchy is adopted to control the cluster of co-located satel-
lites. To guarantee a safe operation, a minimum relative distance is maintained using
combined E/I separation strategy. Instead of convexifying the nonlinear minimum sepa-
ration distance constraint, convex bounds on the relative orbital elements of the follower
satellites are used. The convex optimization model is used to define the maneuver plan-
ning problem, since the approach is beneficial in providing fast and guaranteed global
optimal solutions for minimizing the fuel consumption. The convexity of the optimiza-
tion problem is maintained by approximating the nonlinear constraints of the orbital and
attitude dynamics as well as the gimbaled thruster mechanism using affine functions.
In the satellite co-location literature, e.g. [18–22], only station keeping maneuvers are
designed for the cluster of co-located satellites by assuming constant Earth pointing atti-
tude for all satellites. Instead here, a convex-optimization-based algorithm is formulated
to determine station keeping and momentum dumping maneuvers simultaneously, for
maintaining the relative position of the satellites as well as the reaction wheels speed
within saturation limits, respectively.

4.1 Co-location Problem

Co-location is a technique with which two or more satellites are positioned in close
proximity in a specific geostationary slot to maximize the capacity of the slot (Fig. 4.1).
Consequently, locating multiple satellites in the same geostationary slot introduces a risk
of collision that should be handled by controlling a safe separation distance between

47
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Figure 4.1: Geostationary slot with co-located satellites in leader-follower configuration

the satellites. Hence, the co-location problem can be addressed in a relative manner
by coordinating the station keeping of the satellites in the cluster relative to a leader
satellite. In this section, a maneuver planning algorithm is proposed to simultaneously
calculate station keeping maneuvers to maintain the relative position of each satellite pair
to obtain safe separation distance as well as momentum dumping maneuvers to maintain
a nadir pointing configuration of each satellite in the cluster.

4.1.1 Separation Technique

A leader-follower architecture is utilized to control the satellite cluster in a geostationary
slot. As shown in Fig. 4.1, one satellite among the cluster is entitled as a leader and the
remaining satellites, as followers, maintain their position relative to the leader satellite.
In maneuver planning, the leader satellite is usually maintained about the center of the
geostationary slot, whereas the follower satellites maintain their orbital states relative to
that of the leader’s states with some offset that guarantees minimum separation distance.
The relative orbital elements for the follower satellite are obtained by subtracting the
leader’s orbital states from the follower state, which are prefixed by the symbol ‘∆’ to
represent a certain relative state. The Cartesian position of a follower satellite relative
to the leader satellite, expressed in the RTN reference frame H attached to the leader
satellite’s CoM, is given as: [18, 22]

r ≈− a(
2

3n
∆nd + δe cos δM)

t ≈ a(∆Ld + 2δe sin δM)

n ≈ aδi sin(δM + δω)

(4.1)

where δe =
√

∆e2x + ∆e2y and δi =
√

∆i2x + ∆i2y are the respective magnitudes and
δω̄ = arctan(∆ey,∆ex) and δΩ̄ = arctan(∆iy,∆ix) are the respective phase difference
of the relative eccentricity and inclination vector, respectively. δM = L − δω̄, L is
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the argument of mean longitude of the leader satellite, and δω = δω̄ − δΩ̄ is the phase
difference between the satellite’s relative eccentricity and inclination vector. The absolute
elements, such as a, n, and L, refer to the leader satellite’s orbital elements.

The equation (4.1) provides a relation between the relative position of a follower
satellite from the leader satellite and its relative orbital elements, which can be used
to analyze the separation distance between the satellite (ρ). The uncertainty involved
in orbit determination along the tangential direction is higher than those of radial and
normal directions. Thus, it is desirable to maintain a minimum separation distance in
the radial-normal plane as a safe separation strategy. Further, it is assumed that all the
satellites in the cluster have nearly the same semimajor axis, thus implying ∆nd ≈ 0.
Under this assumption, the separation distance in radial-normal plane can be defined as:

ρrn = a
√
δe2 cos2 δM + δi2 sin2(δM + δω). (4.2)

It can be observed that if the relative eccentricity and inclination vectors are maintained
parallel or anti-parallel to each other (i.e., δω = 0 or δω = π rad), it results in the
minimum separation distance equivalent to min(aδe, aδi). This implies that the relative
motion of the follower satellite in radial and normal direction is π/2 rad out of phase, i.e.,
the separation in radial direction is maximum when separation in normal direction van-
ishes, and vice versa. However, it is difficult to control the satellites to maintain parallel
relative eccentricity and inclination vectors. Thus, a minimal condition for the sepa-
ration distance for any arbitrary relative eccentricity and inclination vector is obtained
with δM = −c/2, where c = arctan(δi2 sin 2δω, − δe + δi2 cos 2δω) [22]. Substituting
this condition in (4.2) to have the minimum separation distance in radial-normal plane
as a function of relative eccentricity and inclination vector yields:

ρrn,min = a

√
δe cos2

(
− c

2

)
+ δi sin2

(
− c

2
− δω

)
(4.3)

Thus, the separation distance can be preserved by controlling the relative eccentricity
and inclination vectors. This strategy of maintaining separation distance in radial-normal
plane is known as combined eccentricity and inclination separation strategy.

Equation (4.3) provides a nonlinear relation between the separation distance and the
relative eccentricity and inclination vectors. Different methods have been suggested in
the literature to handle the nonlinear relationship for the separation distance between
the satellite pair. Here circular tolerance windows on the respective relative eccentricity
and inclination vectors are used, proposed in [22], since the circular (`2-norm bounded)
window provides convex bounds on the relative eccentricity and inclination vectors. The
key idea is to control the relative eccentricity and inclination vectors within these circu-
lar bounds, such that a specific minimum separation distance is maintained, while the
satellites can follow their natural relative orbital motion. The circular tolerance windows
centered about the nominal relative eccentricity and inclination vectors can be defined
as:

We :: ‖∆e−∆en‖2 ≤ re

Wi :: ‖∆i−∆in‖2 ≤ ri
(4.4)
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where ∆en and ∆in are the respective nominal relative eccentricity and inclination vec-
tors, respectively, and re and ri are the corresponding bounds on these relative vectors.
An estimate of the minimum separation distance can be provided by solving a nonlinear
optimization problem for the separation distance (4.3), such that the relative eccentricity
and inclination vectors are bounded within the defined circular windows (i.e., ∆e ∈ We

and ∆i ∈ Wi).

4.1.2 Relative Prediction Model

The optimization algorithm for the follower satellites consists of the prediction models for
the coupled relative orbital and attitude dynamics of the satellite to generate concurrent
desired thrust profiles for both station keeping and momentum management simultane-
ously, while maintaining safe separation distance. Primarily, it is desired to define the
kth discrete update for the satellite dynamics of the ith follower as:

xior,k+1 =Āorx
i
or,k + B̄i

or,kF
i
,k + d̄ior,k (4.5a)

sxiad,k+1 = sĀi
ad

sxiad,k + sB̄i
adF

i
,k + sDi

adτ̄
i
d,k (4.5b)

where the superscript i = 1, 2, 3, . . . is used to refer to a certain follower satellite. Since
each follower satellite may have different physical characteristics, such as mass, surface
area, etc., superscript i is maintained for the input and the disturbance matrices.

The relative orbital states are obtained by subtracting the leader states from the
follower states. Hence, it is assumed that the predicted orbital trajectory of the leader
satellite, obtained by propagating leader’s current state using the latest maneuvering
plan, is accessible to each follower satellite. Therefore, the relative states for the ith

follower satellite can be expressed as:

rior,k =xior,k − xLor,k

=Āorx
i
or,k + B̄i

or,kF
i
,k + d̄ior,k − xLor,k (4.6)

Similar to the concurrent model (3.4), a state space model for the coupled relative orbital
state (4.6) and the closed-loop attitude dynamics (4.5b) is expressed as:

xir,k+1 = Aixir,k + Bi
kF

i
,k + dik − ol,k (4.7)

where

xir,k =

[
rior,k
sxiad,k

]
Ai =

[
Āor 06×9
09×6

sĀi
ad

]
Bi
k =

[
B̄i
or,k

sB̄i
ad

]

dik =

[
d̄ior,k

sDi
adτ̄

i
d,k

]
ol,k =

[
xLor,k
09×1

]
Now, repeatedly apply Eq. (4.7) from k = 0 to k = N − 1, which allows us to formulate
an affine equation that predicts N future states of a follower satellite as a function of its
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current state (xir,0) and future control inputs (F i
c ) as:

X i
r = P ixir,0 + QiF i

c + RiDi −Ol (4.8)

where Ol = [oTl,0, . . . , o
T
l,N−1]

T . The matrices P i, Qi, and Ri can be determined by
repeatedly applying Eq. (4.7) from k = 0 to k = N − 1, while expressing the equations
in terms of the current state.

4.1.3 Maneuver Planning Algorithm

A convex-optimization-based maneuver planning problem for satellite co-location is de-
tailed in this section. Following the leader-follower architecture, two separate maneuver
planning problems can be defined for the leader and follower satellites. Although the op-
timization problem will only differ in the definition of the state constraints, the maneuver
planning problem for the ith satellite is formulated as:

minimize: ζ ‖F i
c‖1 + (1− ζ) % ‖Si‖1 (4.9a)

subject to:

Ci(X i) ≤ Gi + Si (4.9b)

0 ≤ ‖ elF i
l,k‖2 ≤ f imax (4.9c)

Hl · elF i
l,k ≤ 0 (4.9d)

Si ≥ 0 (4.9e)

where i = 1, 2, . . . for the follower satellites in the cluster, whereas for the leader satellite
i = L, elF i

l,k is the ith satellite’s thrust force produced by the lth (l = 1, . . . , 4) thruster

at the kth discrete time step, and Hl ∈ IR4×3 matrix consists of outward-normal vectors
to each hyperplane for the lth thruster, as visualized in Fig. 4.2, in order to convexify the
nonconvex thruster pointing constraints, (refer Eq. (4.15) in the following part).

The cost function (4.9a) consists of two terms: i) the `1-norm of the thrust vector F i
c ,

and ii) the matrix of slack variables Si = [sT0 , s
T
1 . . . , s

T
N−1]

T , with a penalty weight % > 0
on the slack variables, and ζ ∈ (0, 1) is the relative weight. The first term serves as a fuel
minimization problem. The non-smooth nature of the `1-norm provides an advantage of
delivering the sparse solution for the desired thrust force with limited number of thrust
firing. The slack variables are used to soften the state constraints, which guaranties
the feasibility of the optimization problem even when the state constraints are not met
exactly.

The difference between the maneuver planning problem for the leader and the follower
satellites is in the definition of state constraints (4.9b), where Ci(X i) are the convex
state constraint functions and the vector Gi contains bounds on these functions. The
state constraints are softened by introducing the slack variables concatenated in vector
Si with a length equal to the number of state constrains. These variables can attain
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nonzero values only if bounds on the sate constraints are violated, hence guaranteeing
the feasibility of the optimization problem. The cost function of the maneuver planning
problem is heavily penalized through a suitable weight % for any nonzero value of the
slack variables. As a result, the optimizer has a strong motive to maintain the value of
slack variables at zero as long as the constraints are precisely satisfied. In the following,
state constraints for both the leader and follower satellites and the thrust constrains are
discussed.

Leader satellite: The state constrains for the leader satellite can be formulated so
that dynamic equations (3.5) are satisfied. These constraints are formulated as described
in Chapter 3 for the single satellite case:

CL
1 (XL) : −PxL0 −QF L

c −RD ≤ SL −XL
min

CL
2 (XL) : PxL0 + QF L

c + RD ≤ SL +XL
max

(4.10)

where XL
max and XL

min are the maximum and minimum state bounds, respectively, so
that the satellite is maintained within a specific geostationary slot with a nadir pointing
attitude. In the conventional station keeping algorithms, the relative mean orbital motion
between the satellite and the geostationary slot (nd) is usually left unconstrained. In
addition, the state constraints corresponding to the Euler angles (Φ) and the angular
velocity error (δω) of the satellite can be left free, as these attitude states are being
controlled using the set of reaction wheels (only if the speed of reaction wheels is bounded
within their saturation limits.) Hence, the size of the optimization problem can be
reduced by eliminating the rows in xL0 , P , Q, R, XL

max and XL
min related to these states.

Follower satellite: For each follower satellite four types of state constraints are defined
using the relative orbital elements and the attitude dynamics of the satellite. The first
two constraints correspond to the circular tolerance windows for the relative eccentricity
(∆ex,∆ey) and inclination (∆ix,∆iy) vectors as outlined in Eq. (4.4). In order to define
these constraint functions, let jX

i
r,k denote the jth state of the ith follower satellite at

the kth time instant. For example, the angular velocity of the reaction wheel aligned
along the x-axis of the body coordinate frame at the kth discrete node can be denoted
as ϑix,k = 13X

i
r,k, considering j = 13. Then, the constraint on the `2-norm of relative

eccentricity vector at discrete step k is defined as:

Ci
1(X

i
r) : ‖

[
(∆eix,k −∆eix,n), (∆eiy,k −∆eiy,n)

]
‖2 ≤ re + s1,k (4.11)

and that on the relative inclination vector as:

Ci
2(X

i
r) : ‖

[
(∆iix,k −∆iix,n), (∆iiy,k −∆iiy,n)

]
‖2 ≤ ri + s2,k (4.12)

where ∆ein = [∆eix,n, ∆eiy,n]T and ∆iin = [∆iix,n, ∆iiy,n]T are the nominal relative eccen-
tricity and inclination vectors for the ith follower. The third type of state constraint is
the box constraint on the relative mean longitude difference, defined as:

Ci
3(X

i
r) : |∆Lid,k| ≤ ∆lmax + s3,k (4.13)
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where | · | denotes the absolute value or modulus of a variable, and ∆lmax is the maximum
bound on relative mean longitude difference. The fourth type of state constraint is defined
to maintain the reaction wheel angular velocity within the saturation limits, formulated
as:

Ci
4(X

i
r) : |ϑim,k| ≤ ϑmax + sm,k (4.14)

where the subscript m = x, y, & z corresponds to the angular velocity of each reaction
wheel and ϑmax is the saturation speed limit of the reaction wheels. The satellite’s
attitude and angular velocity are controlled using an inner-loop controller. Thus, the
Euler angles (Φ) and the angular velocity error (δω) are left unconstrained, hence reducing
the size of the optimization problem.
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Figure 4.2: The lth thruster with gimbal angles and thruster pointing constraints

Thrust constraints: The objective of the maneuver planning algorithm is to deter-
mine the desired thrust magnitude and two gimbal angles (σx & σy) for each thruster,
resulting in nonconvex constraints in the optimization problem. However, an alternative
approach is to determine the desired forces resolved in the thruster coordinate frame {ei}
connected to each thruster. The thrust pointing constraints can be enforced by defining
four hyperplanes bounding the thrust vector in the interior of the half-space character-
ized by each hyperplane. An example for the lth thruster with four hyperplanes is shown
in Fig. 4.2, where the nominal thrust direction (under zero gimbal angles) is along zel
axis. For this example the vectors n1, . . . , n4 are the outward-normal vectors to each
hyperplane, and the half-space enclosed by each hyperplane is defined as: [82, chap. 2]

nTp · zel ≤ 0 p = 1, . . . , 4. (4.15)
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For any force vector (elFl) satisfying the pointing constraints, as in Fig. 4.2, the dot
product between the outward-normal and the thrust vector will always be less than or
equal to zero, i.e., np · elFl ≤ 0, thus convexifying the nonconvex pointing constraints.

The thrust magnitude and force pointing constraints are included in the optimization
problem. The thrust magnitude is bounded between zero and the maximum allowable
thrust magnitude f imax, (4.9c), for each thruster. The pointing constraints (4.9d) are
enforced by maintaining the force vector inside the half-space characterized by each
hyperplane. Each row of matrix Hl in (4.9d) represents an outward-normal vector to
each hyperplane. If the dot-product outcome between outward-normal (Hl(p, :) where
p = 1, ..., 4) and the force vector is less than or equal to zero, it will imply that the
resulting gimbal angles from the respective force vector are within the desired bounds.
Thus, the magnitude and force pointing constraints included in the optimization problem
will ensure that the force vector (elF i

l,k) requested by the optimizer will always result in
the thrust magnitude and gimbal angles varying between the acceptable limits.

4.2 Ground-in-loop Operation Architecture

Figure 4.3 shows the block diagram of the proposed ground-in-loop maneuver planning
algorithm for a cluster of co-located geostationary satellites. The maneuver planning
process is initiated by autonomously determining the position and orientation of each
satellite in the cluster by receiving the sensor data from onboard navigation and star
pointing sensors. The position and orientation form the initial states for the respective
satellite at the time instant (t0), and are provided to their respective maneuver plan-
ning module. This module consists of: i) an orbit propagator to calculate the expected
perturbations at the GEO slot center, ii) a prediction model to predict future states of
the satellite depending upon its initial states and the expected perturbations, and iii) an
optimization algorithm that provides optimal maneuvering plans for the satellite. The
prediction model consists of the linear orbital and inner-closed-loop attitude dynamics
of the satellite. It is assumed that the maneuvering plans for the leader satellite are
generated first, which are then used to obtain predicted orbital trajectory at discrete
nodes. This is used directly as an input for maneuver planning module of each follower
satellite to generate relative states. Then, a maneuvering plan for each follower satellite
is generated using the relative prediction model and optimization algorithm.

The maneuvering plans obtained from the optimization algorithm consist of a force
vector resolved in the respective thruster coordinated frame, from which the force mag-
nitude and corresponding two gimbal angles are obtained using the method outlined in
Algorithm 1. The resulting thrust pulse has a piece-wise constant magnitude ranging
from zero to fmax with a period equivalent to the discretization time step, Ts = 1 hour.
However, electric thrusters cannot provide modulating thrust pulses, as they are operated
only in on-off mode. Hence, these maneuvering plans resulting from the optimization al-
gorithm for both leader and follower satellites are passed through the processing step,
where each satellite’s thruster profiles are developed using a pulse-width-modulation
scheme. The thrust pulses are implemented over a shorter time interval (ton) than the
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Figure 4.3: Schematic of autonomous ground-in-loop maneuver planning algorithm for a cluster
of co-located geostationary satellites in a leader-follower hierarchy. Dashed box on left and
right represent maneuver planning module of the leader and that of the ith follower satellite,
respectively.

discretization time step, which is centered at Ts/2 and calculated as ton = fcTs/fmax,
where fc is the magnitude of commanded thrust from the optimizer. In addition, electric
thrusters have a limited number of thrust firings, ranging from thousands to millions.
Hence, the use of `1–normed cost function to penalize the fuel consumption provides
sparse solutions, and hence limiting the number of thrust firings. Further, thrust pulses
below the minimum impulse bit are neglected. The processed maneuvering plans with
the desirable thrust profiles are then uploaded to the respective satellite for execution.

As the number of satellites in the co-location increases, it is desired to enforce tight
state constraints on each satellite by increasing the maneuver planning frequency. Thus,
the ground-in-loop planning algorithm is implemented in a receding horizon control form
with a prediction horizon of one day (equivalent to the orbit period), and replanning is
done every six hours. Maneuvering plans are generated over a prediction horizon of one
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Algorithm 1 Pseudo-code for calculating force magnitude (fc) and two gimbal angles
(σx & σy) for each satellite. Known data for the algorithm: ith satellite maneuvering
plan F i

l,k ∈ IR3×1 over the entire prediction horizon (k = 0 to k = N − 1).

for k = 1 to N − 1 do
for l = 1 to 4 do

f ic,k = ‖F i
l,k‖2

σ′x,k = atan2
(
F i
l,k(3), F i

l,k(2)
)
− π

2

σiy,k = atan2
(
F i
l,k(1), F i

l,k(3)
)

if σ′x,k = −π
2

then
σix,k = 0

else
σix,k = σ′x,k

end if
end for

end for

day, and are uploaded to the respective satellite for execution. By the end of each control
horizon (sixth hour), position of each satellite is updated, and new maneuvering plans
are generated for the entire cluster.

4.3 Simulation Results

In this section, the performance of the proposed algorithm to concurrently plan ma-
neuvers in order to maintain collision free motion for each co-located satellite, while
controlling its nadir pointing attitude, is verified. Two simulation scenarios for different
thrust configurations and number of satellites in the cluster are considered. The first
scenario consists of a fleet of nine satellites each equipped with a set of gimbaled electric
thrusters, whereas the second scenario consists of a fleet of five satellites equipped with
fixed, non-intersecting electric thrusters. Even though the formulation in Section 4.1 is
applicable to the cluster of heterogeneous satellites, for simplicity it is assumed that in
each scenario all the co-located satellites have identical characteristics in terms of their
mass, sun facing surface area, and the thruster configurations. The convex optimization
problem is formulated and solved using the MATLAB-based modeling system, CVX,
with MOSEK as the solver [84]. To perform simulations, a MATLAB-based orbit propa-
gator is used, which takes into account all the dominant perturbing forces acting on the
satellite from the Sun and Moon gravity, solar radiation pressure and 18 × 18 Earth’s
gravity model.

4.3.1 Scenario 1: Cluster of Nine Satellites

The concurrent algorithm is applied to an example case of co-locating nine satellites in
an operational window of ±0.06 deg located at 19.2 deg east longitude. Each satellite
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has a mass of 3000 kg and solar facing surface area of 113 m2 with a solar radiation
coefficient of 1.2. The satellite’s moment of inertia is assumed as:

BI =

2.46E4 10 −50
10 0.4E4 −100
−50 −100 2.29E4

 kg ·m2

Each satellite is equipped with four 170 mN electric thrusters, each mounted on a biaxial
gimbal mechanism that is fixed at a nominal position (Epi), as summarized in Table 2.3.
The gimbal mechanism has a maximum pointing angle constraint of ±5 deg about the
nominal thrust direction. In addition, thrusters are assumed to be on-off thrusters with a
minimum impulse bit of 51 N · s, i.e. 300 s of minimum on-time. The solar radiation pres-
sure point is assumed at [0,−0.01,−0.11]T m when expressed in frame B, consequently
exerting disturbing moment about the satellite’s CoM. Another source of disturbing mo-
ments is the gimbal mechanism with nonzero gimbal angles. The attitude of each satellite
is controlled by three reaction wheels arranged in an orthogonal configuration, each hav-
ing a moment of inertia of 0.32 kg ·m2 along its rotation axis. Each individual reaction
wheel has a maximum speed limit of 7300 rpm, but for the simulations the operating
range is considered to be ±6000 rpm.

Here, the simulation objective is to maintain the cluster of nine satellites safely (while
keeping a minimum separation distance) inside the operational window. The eccentricity
vector of each of the co-located satellites is controlled using the Sun-pointing-perigee
strategy. It is beneficial to use Sun-pointing-perigee strategy for eccentricity control,
because in case of any failures the eccentricity vector will autonomously follow the natural
eccentricity circle. Therefore, eccentricity vector of leader satellite is controlled to lie on a
circle with the radius of 1.5E−4, inclination vector is maintained inside a circular window
of radius 3.0E−4 rad, and mean longitudinal deviation is bounded between±2.0E−4 rad.
The leader’s predicted orbital trajectory is supplied to each follower satellite, in order to
formulate their relative orbital states. The relative eccentricity and inclination vectors are
bounded inside the circular tolerance window of radius re = ri = 5.0E−5, and the relative
mean longitude difference between ±2.0E− 4 rad. The nominal relative eccentricity and
inclination vectors for each follower satellite can be identified from Fig. 4.5(a) and 4.5(b),
respectively. A worst case minimum separation distance of 1.82 km in radial-normal plane
is estimated for the selected tolerance windows on relative eccentricity and inclination
vectors. The orbital constraints for leader and follower satellites are formulated, such that
the co-location cluster will be maintained within the operational slot limits, provided that
constraints enforced within their desired bounds are satisfied. Regarding the satellites
attitude dynamics, Euler angles must be bounded within±3.5E−4 rad, while maintaining
the operating range of reaction wheels speed within ±6000 rpm. Simulations are carried
out for the period of one year considering all nonlinear dynamics. Orbit determination
errors and the change of satellite’s CoM position are not considered in this simulation
scenario.

The evolution of osculating orbital elements and attitude states of the leader satellite,
over the period of one year, is presented in Fig. 4.4. The phase plots in Fig. 4.4(a) and
4.4(b) show that the constraints on eccentricity and inclination vectors are maintained
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Figure 4.4: Evolution of the leader satellite states for the period of one year

as desired. Mean longitudinal difference of the leader satellite is controlled within the
desired constraint with some minor violations (in Fig. 4.4(c), osculating state exceeding
the constraint boundary marked by a dashed line,) due to the use of soft constraints in
optimization problem. Attitude error of the satellite is constrained within the desired
range of ±3.5E − 4 rad (≈ ±0.02 deg), while maintaining the speed of reaction wheels
inside saturation limits, as seen in Fig 4.4(d).

The relative orbital states for follower satellites are shown in Fig. 4.5. The dashed
curves in Fig. 4.5(a) and Fig. 4.5(b) indicate the circular control windows. As constraints
are implemented with slack variables, a minor violation of the relative state constraints
can be observed in Fig. 4.5(a), whereas the relative mean longitudinal deviation of each
follower satellite is maintained within the desired bound of ±2.0E − 4 rad, as shown in
Fig. 4.5(c) and 4.5(d) for followers F1 − F4 and F5 − F8, respectively.

Over the entire simulation period, the separation distance in radial-normal plane
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(a) Relative eccentricity vector (b) Relative inclination vector
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Figure 4.5: Follower satellite relative orbital states

between all combinations of satellite pairs is studied, and a minimum distance of about
2.538 km is observed particularly between the follower satellite pair F3 and F4. This
distance is significantly greater than the theoretical worst case estimate of 1.82 km for
the selected configuration. Figure 4.6 shows phase plots of radial-normal separation
between the follower satellite pair F3 and F4 (Fig. 4.6(a)) as well as between the leader
and follower satellite F7 (Fig. 4.6(b)). The dashed curve in Fig. 4.6, marks the theoretical
worst case minimum separation distance. Figure 4.7 displays motion of the co-located
satellites, where it can be observed that the entire cluster is maintained inside the desired
geostationary slot of size ±0.06 deg, shown by a dashed line.

The evolution of attitude error and reaction wheel angular velocity for some of the
follower satellites (randomly selected F2, F6, and F8 satellites) are shown in Fig. 4.8(a)
and 4.8(b), respectively. The nadir pointing constraint for all follower satellites is suc-
cessfully maintained against the disturbing torque provided by solar radiation pressure
and thruster configuration. For all follower satellites the reaction wheel speed is bounded
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Figure 4.7: Motion of the co-located satellites in the ±0.06 deg longitude-latitude window

to ±6000 rpm, whereas attitude error is constrained inside the desired window for the
entire period of simulations.
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(a) Euler angles of follower satellites (b) Reaction wheel speed of follower satellites

Figure 4.8: Attitude error and reaction wheel speed for follower satellites F2, F6 and F8

The thruster assembly on each satellite is such that under nominal conditions (zero
gimbal angles), nearly equal amount of force is provided in the North-South and radial
directions. Out of plane motion of a satellite can be controlled using the force component
in the North-South direction, whereas radial force component can be used to correct the
eccentricity vector. Some thrust in the East-West direction is required to control the
longitudinal deviation. The tangential component of the thrust force can be generated,
to some extent, by rotating the thrust vector using the gimbal mechanism, consequently
exerting some disturbing moments about the satellite’s CoM. The control moments gen-
erated using gimbal mechanism are hired to bound angular velocity of reaction wheels
within the saturation limit. Thus, including the thrust configuration in the optimiza-
tion problem helps to generate a concurrent maneuvering plan for station keeping and
momentum dumping of reaction wheels simultaneously.

Parameters L F1 F2 F3 F4 F5 F6 F7 F8

Delta-v (m/s) 85.9 74.1 74.5 73.8 74.3 74.9 74.5 74.3 74.5

No. of thrust pulses 1751 1301 1289 1286 1280 1292 1286 1275 1287

Table 4.1: Fuel consumption and number of thrust pulses required over the period of one year
for the cluster of nine satellites.

A typical one-week maneuvering plan for the leader and follower satellite F3, con-
sisting of thrust magnitude and associated gimbal angles, is displayed in Fig. 4.9(a) and
4.9(b), respectively. The leader satellite consumed about 85.9 m/s of delta-v with a total
of 1751 thrust firings, and each follower satellite consumed on average 74.4 m/s of delta-v
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Figure 4.9: Typical maneuver plan for the twenty fourth week

and 1287 thrust firings for the entire simulation period (one year). The high fuel demand
by the leader satellite can be justified by tight control on its mean longitudinal devia-
tion state. For the thruster configuration used here, every time the optimizer attempts
to control the longitudinal deviation, it results in some disturbing moments exerted on
the satellite. This will result in fast saturation of the reaction wheels; therefore, more
frequent momentum dumping maneuvers are required, thus demanding more fuel. One
way to avoid such excess fuel requirement can be to increase the control window for
longitudinal deviation of the leader satellite.

4.3.2 Scenario 2: Cluster of Five Satellites

To further examine the effect of thrust configuration and number of satellites on the
performance of the proposed algorithm, a second scenario is considered with a fleet
of five geostationary satellites (one leader and four followers), equipped with a set of
170mN fixed, non-intersecting electric thrusters, Section 2.2. Such a thrust configuration
provides a small offset between the thrust force direction and the satellite’s center of
mass, in order to concurrently generate desired forces and moments for station keeping
and momentum dumping, respectively. In this scenario, except for the satellites’ solar
facing area of 90 m2, all other satellite parameters are identical to those in the first
scenario. For the leader satellite, the eccentricity vector is controlled to lie on a circle of
radius 2.0E − 4, and the mean longitudinal deviation is bounded within ±1.0E − 4 rad,
whereas similarly to the first scenario, the inclination vector is maintained inside a circle
of radius 3.0E−4 rad. For the follower satellites, the bounds on the relative eccentricity,
inclination and mean longitudinal deviation are similar to those in the first scenario, i.e.,
re = ri = 5.0E − 5 and ∆lmax = ±2.0E − 4 rad. The nominal relative eccentricity
and inclination vectors for each follower satellite can be observed from Fig 4.10(a) and
Fig 4.10(b), respectively.
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Figure 4.10: Relative states of follower satellites for the second scenario with five satellites

The results for relative states of the follower satellites in the second scenario are shown
in Fig 4.10. Some minor violations can be observed in Fig 4.10(a) and 4.10(b) for relative
eccentricity and inclination vectors, respectively, whereas the relative mean longitudinal
deviation of each follower satellite is maintained within the desired bounds, as shown in
Fig 4.10(c). The phase plot of radial-normal separation between the follower satellite
pair F2 and F3 is shown in Fig 4.10(d), where among all the satellite pairs a minimum
separation distance of 1.62 km is observed. Further analysis concludes that the entire
cluster of co-located satellites remains in the desired longitude-latitude window while
maintaining the nadir pointing attitude orientation.

Table 4.2 lists the results of fuel consumption and number of thrust firings by each
satellite over the simulation period in the second scenario. As the mean longitude devi-
ation of the leader satellite is controlled in a tight tolerance window, compared to other
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Parameter L F1 F2 F3 F4

Delta-v (m/s) 73.03 70.66 70.56 71.1 70.94

No. of thrust pulses 1798 1650 1653 1666 1675

Table 4.2: Fuel consumption and number of thrust pulses required over the period of one year
for the second scenario

follower satellites, a small increase in the fuel consumption of leader satellite is observed.
The thrust configuration in the second scenario provides equal amount of force in North-
South and East-West directions with a very small residue in radial direction. Therefore,
every thrust firing provides North-South corrections for the inclination vector, as well as
similar East-West corrections for eccentricity vector and longitudinal drift of the satel-
lite. Hence, the total fuel consumption for each follower satellite in the second scenario is
comparatively less than that of the first scenario, where nearly equal amount of force is
delivered in both North-South and radial directions under nominal conditions. It is also
worth noting that the relative control windows on the follower satellites for both scenar-
ios are the same (see Fig 4.5 and 4.10.) Thus, the slight increase of fuel consumption in
the first scenario can be attributed merely to the difference in the thrust configuration.

A comparable scenario is studied in [22], where four co-located satellites are consid-
ered for station keeping without momentum dumping. In this case, two of the follower
satellites have a thrust configuration similar to the configuration of the second scenario
presented in current chapter, and they require 68.1 and 68.06 m/s of delta-v. This
indicates that the proposed concurrent maneuver planning method requires only about
2.73 m/s more delta-v on average to perform both station keeping and momentum dump-
ing simultaneously.

4.4 Summary

The problem of determining concurrent station keeping and momentum dumping ma-
neuvering plans for a satellite cluster co-located in a geostationary slot was investigated
in this chapter. A convex-optimization-based maneuver planning algorithm was devel-
oped using a concurrent satellite model incorporating coupled relative orbital dynamics
and inner-closed loop attitude dynamics. A dual-rate prediction model was used to ad-
dress the time scale difference between the coupled dynamics. To maintain tight state
constraints on each satellite, so as to increase the number of co-located satellites, the
proposed algorithm was implemented in the receding horizon control form.

The developed algorithm was demonstrated on a cluster of nine homogeneous satellites
equipped with four gimbaled, on-off electric thrusters. The relative orbital states of
each follower satellite were maintained inside the convex tolerance windows, providing
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a collision-free motion. Numerical simulations were performed to verify the capabilities
of the concurrent maneuver planning algorithm to handle state and non-convex thruster
constraints, while minimizing the fuel consumption.

There may exist some additional practical constraints for the co-location of geosta-
tionary satellites, such as communication bandwidth, eclipse conditions from adjacent
satellites, etc. This chapter focused on the two fundamental constraints for maintaining
i) minimum separation distance between the satellite pair, and ii) a nadir pointing atti-
tude of each satellite. Some practical implementations of this work, including additional
operational constraints, can be studied in the future works.
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Chapter 5

Spacecraft Dynamics and
Multi-site Visual Coverage Problem

Formulation

5.1 Introduction

The exploration of near Earth objects, majority of which are asteroids, has gained much
interest in the past few decades due to their ability of providing scientific insights on
the investigations of origin of our solar systems and life on Earth [40]. Also asteroid
studies are essential, especially when considering the mitigation of potential asteroid
impacts with Earth [41–43] and for the future mining aspects of valuable resources, such
as water, precious metals and minerals in space [44, 45]. On going asteroid missions,
Hayabusa-2 [7] and OSIRIS-REx [85], aim at returning asteroid samples back to Earth,
gaining more insights on some of these topics. With the experiences gained from these
missions, in the near future, more complex and ambitious asteroid missions are being
planned.

Asteroids are celestial bodies with irregular shape and gravity field. Mostly the ones
that are classified as near Earth objects are of small size ranging from a few meters to
kilometers. Celestial bodies with perihelion distance of less than 1.3 Astronomical Units
(AUs) are referred to as near Earth objects (NEO). Proximity operation around asteroids
is complicated as the orbit dynamics can be highly chaotic and nonlinear, mainly due
to the non-Keplerian dynamics arising from their irregular shapes and proportionally
significant effects of the solar radiation pressure [86, chap. 12]. Coarse information about
the target asteroid, such as shape, rotation rate, gravity field, etc., can be obtained in
advance from the ground-based radars and telescopes and thus the entire mission can-
not be planned in advance. However, more detailed information is extracted from the
measurements taken in the proximity of the asteroids. Current proximity asteroid mis-
sions are dependant on the ground support for spacecraft operations and to analyse the

69
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measurements conducted by the spacecraft [87]. Although such ground-in-loop opera-
tions are more reliable, they are limited from the communication delays and low bit-rate
communication [88]. Therefore, a high level of autonomy is required in terms of guid-
ance, navigation and control of the spacecraft during such missions. Autonomy in the
spacecraft operations results in more flexibility to adapt and respond quickly to any new
developments in the environment.

The proximity asteroid missions are divided into different phases, depending on dif-
ferent orbiting altitudes, with each orbit having a smaller orbit altitude than the previous
orbit and with a specific purpose [52, 58, 89]. In the early phase, the spacecraft enters
a high altitude survey orbit for initial characterization where, the asteroid’s approxi-
mate shape and gravity models are constructed, as well as estimates about its rational
motion and physical parameters are obtained. Later, the orbit altitude is reduced and
spacecraft is maintained in the stable orbiting mode for constructing topographic maps
and obtaining a detailed gravity field information, which allows the spacecraft to safely
navigate and control at lower altitudes. Mostly in this phase, a set of candidate sites for
conducting science experiments with high resolution measurements or potential landing
cites for sample collection or rover deployment are selected. Finally, in the last phase,
low-altitude (few hundred meters) site-specific reconnaissance flybys are performed at
the pre-selected candidate sites from the previous phase, which is then followed by the
descent to the surface for sample collection (for sample return missions).

In this part of the thesis, the trajectory planning problem in the site-specific recon-
naissance phase of the asteroid mission is considered. The aim is to plan the motion of
the spacecraft so as to observe all the candidate sites from a specific altitude, as well as
under proper illumination conditions. This chapter summarizes the spacecraft dynamics
with the formulations for dominant perturbations in proximity of an asteroid. It is then
followed by the mathematical formulation of the visual coverage problem, where multiple
sites of interest on the asteroid surface need to be observed over the course of the mission.

5.2 Spacecraft Dynamics

With respect to Fig. 5.1, it is considered that the asteroid is moving along an elliptical
orbit around the Sun and the spacecraft is moving in the close proximity of the asteroid.
It is also assumed that the motion of the asteroid, with respect to the Sun, is completely
known and that the drift motion of the spacecraft around the Sun coincides with the
known asteroid motion.

An asteroid inertial coordinate frame A = {xa, ya, za} ∈ R3 is attached to the aster-
oid’s center of mass, with xa-axis pointing along the orbit radius of the asteroid around
Sun, the ya-axis perpendicular to xa-axis in the orbital plane and the za-axis completing
the right-handed orthogonal coordinate frame. The orbital position of the asteroid and
spacecraft with respect to the Sun is given by ra ∈ R3 and rsc ∈ R3, respectively, and
rs ∈ R3 denotes the spacecraft position with respect to the asteroid’s center of mass. A
body-fixed coordinate frame B ∈ R3 is attached to the asteroid’s center of mass, while the
geometric shape of the asteroid can be assumed as an ellipsoid, uniformly rotating with
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Figure 5.1: Spacecraft moving in the proximity of an asteroid, while the asteroid is orbiting
around the Sun.

an angular velocity ωa ∈ R about its maximum moment of inertia axis (i.e., z-axis in this
case), as shown in Fig. 5.2. The vector Bli ∈ R3, i ∈ N denotes the ith landmark position
on the asteroid surface, expressed in the body-fixed frame, pi ∈ R3 denotes the surface
normal at the respective landmark, whereas φ and λ ∈ R represents the spacecraft’s
latitude and longitude position, respectively.
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Figure 5.2: Ellipsoidal shaped asteroid with body-fixed frame B = {i, j, k}, and the inertial frame
A = {xa, ya, za}, both attached to the asteroid’s center of mass.

It is assumed that the drift motion of the spacecraft coincides with the known asteroid
motion around the Sun, when the spacecraft is in vicinity of the asteroid. It is also as-
sumed that the spacecraft’s relative motion around the asteroid is subjected to the solar
radiation pressure and the asteroid’s gravity field perturbations. Under these assump-
tions, the equations of motion of the spacecraft, relative to the asteroid and expressed in
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the frame A, are given as [48]:

Ar̈s = − µ
r3

Ars + uc(t) +
∂AU( Ars)

∂ Ars
+ AuSRP (t) (5.1)

where µ ∈ R is the asteroid’s gravitational constant, r = ‖Ars‖ is the radial distance of
the spacecraft from the asteroid’s center of mass and Ars is the position of the spacecraft
expressed in the asteroid frame A, uc ∈ U is the control acceleration exerted on the
spacecraft by the thrusters in each direction, AU ∈ R3 is the perturbing gravity potential
of the asteroid, and AuSRP ∈ R3 is the perturbation acceleration due to solar radiation
pressure expressed in frame A. The gravity field potential around an asteroid can be
approximated with the second degree and order gravity field terms, which mostly accounts
for the main parts of the gravity perturbations [90–92]. Therefore, the simplified gravity
potential U2 around the asteroid in the spherical coordinates, expressed in body-fixed
frame B is modeled as [86, chap. 2]:

BU2(
Brs) =

µ

r3

[
C20(1−

3

2
cosφ2) + 3C22 cosφ2 cos 2λ

]
(5.2)

where, φ ∈ R and λ ∈ R are the spacecraft’s latitude and longitude angles, and C20 ∈ R
and C22 ∈ R are the second degree and order gravity field coefficients, respectively. These
gravity coefficients are defined as:

C20 =− 1

2
(2Iz − Ix − Iy) (5.3a)

C22 =
1

4
(Iy − Ix) (5.3b)

where, Iz ≥ Iy ≥ Ix ∈ R are the asteroid mass normalized principal moments of inertia.
Another major source of perturbations acting on the spacecraft, besides the asteroid
gravity, is the solar radiation pressure modeled as:

AuSRP (t) =
CrWsAs

msc‖ Arsc‖3
Arsc (5.4)

where Cr ∈ R is the reflectively constant of the spacecraft, Ws = 1367 watts/m2 is the
solar flux at a distance of 1 AU from Sun, As ∈ R is the solar facing surface area of the
spacecraft, ms ∈ R is the mass of the spacecraft and c ∈ R is the speed of light. The
vector Arsc = rs−ra is the position vector of the spacecraft with respect to Sun expressed
in frame A.

It can be noticed that the gravity potential formulation in (5.2) remains time-invariant
in the asteroid body-fixed frame. Hence, the equations of motion in (5.1) can be conve-
niently expressed in the asteroid body-fixed frame B as:

B r̈s =− µ

r3
Brs − 2 Bω̃ B ṙs − Bω̃2 Brs + uc(t) + ∆U2(

Brs) + BuSRP (t) (5.5)
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where, ω̃ ∈ R3×3 is the skew-symmetric matrix of the asteroid angular velocity Bω =
[0, 0, ωa]

>, and ∆U2 = ∂U2(rs)
∂rs

. Note that, without loss of generality, any vector expressed
in the body-fixed frame will be denoted without any prefix of the coordinate frame to
the vector notation unless specified, i.e. rs = Brs. The nonlinear spacecraft dynamics
in (5.5) can be represented in a more general compact form as a nonlinear first-order
system:

ẋ(t) = f(x(t), uc(t)) (5.6)

where, x = [rs, ṙs]
> ∈ R6×1 is the spacecraft’s state vector, containing the relative

position and velocity and expressed in the asteroid body-fixed frame B.

5.3 Multi-site Visual Coverage Problem Formulation

Let the sites li ∈ L ⊂ R3 for all i = 1, 2, . . . , N be the N ∈ N candidate imaging site
locations on the asteroid surface. It is considered that the spacecraft is equipped with
an optical sensor to observe the imaging sites of interest. Thus, it is desired that the
spacecraft must observe sites that are illuminated by sunlight. The illumination condition
for the ith landmark is defined as:

ra · pi ≥ 0 (5.7)

where ra ∈ R3 is a vector along the orbital radius of the asteroid around Sun and pointing
from the asteroid’s center of mass towards the Sun, and pi is the surface normal vector
at the ith site location. As the asteroid rotates about its principal axis, with an angular
velocity ωa, each landmark site moves from the sunlit side (day side), denoted by the
illumination condition (5.7), to the night-side. Let T i = [mi ni] ∈ T be the sunlit time
window for the ith observation site of interest, where mi denotes the earliest time and ni
be the latest time when a landmark site is available for observation. Moreover, T denotes
the set of the observation time windows for each site location.

Let X ⊂ Rn represent the n-dimensional region, defined in the asteroid’s body-fixed
frame B, that is sufficient to find the path for the spacecraft in the proximity of an
asteroid. The initial state of the spacecraft is denoted as x0 = [r0s , ṙ

0
s ]
> ∈ X , while

xid = [ris, ṙ
i
s]
> ∈ X d ⊂ X is the desired target states of the spacecraft to observe the

respective ith site location. This target state xid is defined by the position ris ∈ R3 along
the surface normal vector pi at a distance of rg ∈ R from the asteroid’s center of mass
(refer Fig. 5.3) and where ṙis ∈ R3 be the velocity of the spacecraft so that it maintains
the spacecraft’s position constantly above the landmark until the observation task is
complete. Finally, define the spacecraft trajectory x(t) ∈ X and uc(t) ∈ U ⊂ R3 the
associated control trajectory, where U is the feasible range of control inputs.

The optimal trajectory planning problem can be defined as to design a fuel optimal
trajectory denoted by x∗(t) ∈ X , from the spacecraft’s initial state, to observe all the
desired N imaging site locations during their respective sunlit time windows. Let the
spacecraft’s observing sequence be defined as Q = (q0, q1, . . . , qN), where each element
qk ∈ Z+ denotes the index of the desired spacecraft position at the kth sequence in
the tour. The tour always starts from the spacecraft’s initial position (q0 = 0 =⇒
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Figure 5.3: Site coverage scenario: Spacecraft observing a sun illuminated landmark.

x0), while passing through the permutation of the remaining N target states. Hence,
the problem is to determine the optimal sequence of the sites to be observed and the
associated trajectories for the entire multi-site visual coverage mission, which will result
in observing all the desired sites under a proper illumination condition, while minimizing
the consumption of fuel for the entire mission. Moreover, during the entire mission it is
also required that the spacecraft is maintained between some maximum and minimum
distances from the asteroid’s center of mass. These bounds are denoted as rmax ∈ R and
rmin ∈ R respectively, so that the spacecraft does not escape from the asteroid’s gravity
field or crash on its surface. The multi-site observation problem can be defined as follows:

min
ukc (t),Q

N∑
k=1

∫ td,k

td,k−1

‖ukc (t)‖2dt︸ ︷︷ ︸
total fuel cost

(5.8a)

s.t.

Q = (q0, q1, . . . , qN) (5.8b)

x(t0) = x0, where, t0 = epoch, x0 ∈ X (5.8c)

ẋ(t) = f(x(t), uc(t), t) (5.8d)

rmin ≤ ||rs(t)|| ≤ rmax (5.8e)

ukc (t) ∈ U , ∀k = 1, . . . , N (5.8f)
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ra · pk ≥ 0, ∀k = 1, . . . , N (5.8g)

In (5.8), k represents the observation order of the sites of interest, while the vector Q
represents the spacecraft’s observing sequence. During the kth observation sequence, the
variables qk and td,k denote the index of the candidate site that is being observed and
the spacecraft’s departure time from the kth viewing site. The notation ukc denotes the
control input required to observe a certain site of interest during the kth observation
sequence. The main objective of this cost function is to reduce the fuel consumption,
while observing all sites, represented by (5.8a). Here, the sum-of-2-norm metric is used
as a proxy for the propellant consumption. The constraints on the spacecraft states are
formulated through equations (5.8c), (5.8d), (5.8e) on the spacecraft’s initial position,
nonlinear dynamics and the position that is maintained within the safety bounds to avoid
the escape or collision with the asteroid, respectively. The feasible range of the control
inputs are maintained through (5.8f), while during the kth observation, equation (5.8g)
implies that a certain site is only observable if it is illuminated at the time of observation.

Thus, for the case of observing multiple asteroid sites the problem is to determine
the fuel optimal sequence and the associated spacecraft trajectories to observe each site
under proper illumination conditions. This problem is very complicated to solve as it
addresses nonlinear optimization with the continuous and integer design variables, hence,
falling under the mixed integer nonlinear programming category. In next chapter, two
heuristic trajectory planning algorithms, greedy and travelling salesman based algorithms
are discussed.
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Chapter 6

Single Spacecraft Trajectory
Planning Algorithms

This chapter addresses the asteroid coverage problem with a spacecraft, where mul-
tiple sites on the asteroid surface need to be observed over the course of the mission.
The visual coverage problem is formulated for small sized asteroids, size ranging bel-
low 600 − 700 m, which comprises of most of the near earth asteroids. The problem
aims at designing a fuel optimal spacecraft trajectory to observe all the desired asteroid
sites, under proper illumination conditions. An active control approach in combination
with body fixed hovering is proposed, where the spacecraft thrusters are used nearly
continuously to steer the spacecraft from its initial to the desired position to observe a
specific imaging site. Once the spacecraft reaches above the desired site, it maintains
the body-fixed hovering motion to keep its position constantly over the desired site and
obtain high resolution measurements. Two types of algorithms, greedy and travelling
salesman based coverage algorithms, are proposed to for the multi-site visual coverage
problem. The greedy algorithm is also extended to generate safe spacecraft trajectories
in the presence of a debris moving in proximity of an asteroid. Finally, the chapter ends
by evaluating the efficiency of the proposed methods by considering realistic case studies
to observe multiple imaging sites and provides a discussion on comparing the results from
different algorithms.

6.1 Trajectory Optimization Problem

It is desired to find a trajectory for the spacecraft to move from an initial position to
the desired position, xid ∈ X d in order to observe a specific ith site of interest. Thus, this
problem can be treated as a maneuver planning problem, i.e. to calculate the desired
control effort required to reach to a desired position. In this Section, an optimization
based maneuver planning algorithm is developed with the main objective to:

1. Minimise the fuel consumption;

77
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2. Plan maneuvers that satisfy the thrust bounds provided by the thrusters uc ∈ U ;

3. Maintain the spacecraft in proximity of the asteroid throughout the mission progress.

Assuming a sampling time ∆t and discretizing the spacecraft’s equations of motion
in (5.6) yields:

xk+1 = fk(xk, uc,k) (6.1)

where xk and uc,k are the kth discrete update of the spacecraft state and the control
acceleration, respectively, and fk is a discrete function as a result of the discretization of
(5.6). The optimization based trajectory planning problem, over the prediction horizon
of M > 0, is defined as:

min
U

ρu

M−1∑
k=0

‖uc,k‖2R︸ ︷︷ ︸
control cost

+ρs‖εt‖2 (6.2a)

s.t.

xk+1 = fk(xk, uc,k) (6.2b)

xM ∈ X i
f (6.2c)

rmin ≤ ‖rs‖ ≤ rmax (6.2d)

umin ≤ ‖uc,k‖∞ ≤ umax (6.2e)

εt ≥ 0 (6.2f)

where U = [uc,0, . . . , uc,M−1]
> is the optimization decision variable, εt is the slack variable

and ‖ · ‖ represents the 2-norm of a vector. In the optimization problem, the choice of
a cost function significantly affects its solution. In general for space systems, fuel is
considered as the expensive resource and thus, the main objective is to minimize the fuel
consumption. The matrix R ∈ R3×3 is the positive definite diagonal weight matrix on
the fuel cost. The second term corresponds to penalty function on the slack variable.
The variables ρu and ρs ∈ R+ are positive constant weights.

The state constraints are formulated so that all the spacecraft dynamic equations are
satisfied. It is desired that the spacecraft should reach desired state (xid) to observe an
ith candidate site. In order to guarantee feasibility of the optimization problem, instead
of using a terminal state constraint (xM = xid) in (6.2c), a terminal region is considered
to soften this constraint. The terminal region X i

f is defined as:

X i
f := {xk | ‖xid − xk‖ ≤ εt, εt ≥ 0} (6.3)

The second term in the cost function aims at minimizing the value of εt, where the cost
function is heavily penalized through positive penalty weight ρs. The spacecraft position
(‖rs‖) is constrained to be maintained within the safety bounds rmin and rmax and ensure
that the spacecraft does not escape or crash on the asteroid. Bounds on minimum and
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Figure 6.1: Spacecraft observing a sun illuminated landmark. The blue shaded region denotes
the observation zone X i to cover the ith landmark.

maximum control accelerations, delivered by each thruster, are included through umax
and umin ∈ R in (6.2e), where ‖ · ‖∞ is the infinity norm.

In the presence of a debris object trapped in the asteroids gravity field, then to avoid
any collision between the spacecraft and the debris, there is a need to introduce some
safety constraints to the optimization problem (6.2). Further, when the spacecraft is
observing a certain ith asteroid site there may be a close encounter with the debris.
Thus, instead of defining a soft terminal region (6.3), a much larger observing region X i

is introduced. This observing region is constrained by minimum and maximum altitude
and the maximum viewing angle θ (blue highlighted region in Fig 6.1). The new safe
optimization based trajectory problem can be defined as:

min
U

M−1∑
k=0

‖uc,k‖2R︸ ︷︷ ︸
control cost

(6.4a)

s.t.

xk+1 = fk(xk, uc,k) (6.4b)

rs,M ∈ X i (6.4c)

‖rs,k − robj,k‖ ≥ dsafe (6.4d)

rmin ≤ ||rs|| ≤ rmax (6.4e)

umin ≤ ‖uc,k‖∞ ≤ umax (6.4f)

X i := {rs,k| rs,k · pi ≥ cos θ, θ ∈ R} (6.4g)
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where rs,k and robj,k are positions of the spacecraft and the debris at the kth discrete
time step. The terminal condition (6.4c) is defined so that the spacecraft maintains it
position inside the observation region (6.4g) to observe the ith landmark. To generate a
safe trajectory, obstacle avoidance constrain (6.4d) is defined, where robj,k is the debris
position at the kth discrete time step, which is assumed to be known at kth time step and
dsafe is the safe minimum distance between the spacecraft and the debris.

6.2 Coverage Algorithms

The aim of the multiple site visual coverage problem (Eq. (5.8)) is to determine an optimal
sequence of observing each illuminated site and the associated spacecraft’s trajectories.
This is a complicated problem since, it involves mixed integer nonlinear programming.
Thus, finding a global optimal solution to such a problem makes it even more complicated
and difficult to solve. Therefore, in this section, two algorithms are proposed that treat
the problem heuristically. First, a simple and straightforward coverage algorithm is pro-
posed based on a greedy trajectory planning strategy. This planning strategy compares
the fuel consumption required to observe the next illuminated site at a time and then
moves on to the most fuel efficient path, while repeating this process for the remaining
sites. Whereas, the second coverage algorithm is based on the travelling salesman ap-
proach. This approach divides the overall multi-site coverage problem into a nonlinear
and integer optimization problem as: i) single target trajectory optimization, and ii)
multi-target optimal sequencing problem, respectively. The following subsections cover
further details of these algorithms.

6.2.1 Greedy Coverage Algorithm

When dealing with multiple landmarks and changing illumination conditions due to
the rotating asteroid, a proper sequence planning is required to cover each site using
a single spacecraft. Towards this, the proposed planning Algorithm 2 uses two param-
eters, namely, the illumination condition and the amount of fuel required to cover the
next suitable site. Thus, the first step is to determine a set of illuminated landmarks
I = {li | li ∈ Ω, li · ra ≥ 0, i = 1, . . . , n}. According to the current position of the
spacecraft, all the neighbouring illuminated landmarks are determined and the maneu-
ver planning optimization problem (6.2) (or (6.4) in the presence of a debris) is solved by
considering the spacecraft’s current position as an initial position and the desired final
position over each of these landmarks. The next candidate asteroid site to be covered
is the one that consumes minimum fuel and the spacecraft is moved over the respective
site. In this approach, the spacecraft maintains a body-fixed hovering motion at this
position for some time to conduct measurements. This process is repeated until each of
the candidate sites are observed. For the presented approach, it is considered that the
spacecraft only moves opposite to the asteroid’s rotation, while searching for the next
suitable site, so that the spacecraft covers newly illuminated landmarks. In case when
there are no illuminated landmarks remaining, i.e. I = ∅, it is considered that the
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spacecraft continues to performs the body-fixed hovering motion at the current position
and waits until the next landmark is illuminated.

Algorithm 2 Greedy coverage problem

1: Initialize
2: Determine the set I
3: if I == ∅ then
4: Perform body-fixed hovering motion at current position
5: Return to step 2
6: end if
7: for li ∈ I do
8: Solve the optimization problem (6.2)
9: end for

10: Move the spacecraft above the landmark that requires the least amount of fuel
11: Repeat step 2 again to update I until all the desired landmarks li ∈ Ω are covered

This greedy method may not result in the most fuel efficient solution (sub-optimal)
to observe all landmarks as the trajectory planner considers only a single illuminated
landmark at a time and then compares for the fuel consumption to select the most
fuel efficient path to observe the landmark. A potential alternative approach could be
a variant of the traveling salesman problem, where instead of traveling distance as a
parameter, it considers fuel consumption for the entire trip while considering the time
period for which a particular site location is illuminated.

6.2.2 Travelling Salesman Based Algorithm

Traditionally, the travelling salesman problem (TSP) is a combinatorial problem, which
is expressed as: a salesman that is required to visit some N number of cities given some
list of constraints, and the aim is to find the shortest possible tour that visits all the
desired cities exactly once. In literature TSP has found multiple application areas in
routing and scheduling problems (e.g. [93–97]). For the current multi-site visual coverage
problem an optimal spacecraft tour can be planned using the TSP based approach as
follows.

The entire trajectory planning problem is divided in two stages: i) single target
trajectory optimization, and ii) multiple target optimal sequencing problem. In the
initial phase, a series of trajectory design problem ((6.2)) is solved, considering every
possible combination pairs of the desired spacecraft target states (xid) to observe each
candidate site location. The solution consists of fuel optimal trajectories between each
initial/final target state pairs with the amount of fuel required for the transfer, as well as
the time required for the transfer. These primary solutions are then utilized to solve the
multiple target sequencing problem, which is similar to the Traveling salesman problem
(TSP) [98]. Due to the asteroid rotation, the illumination of each site is changing and
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hence the sequencing algorithm must consider the illumination time windows for each
site. The final sequence in which the spacecraft will observe each desired site of interest
will consist of the best combination of the primary solution that minimizes the overall
fuel demand of the complete mission, while obeying each site’s time windows.

The elementary solutions provided by the first phase are combined by constructing a
graph consisting of the desired spacecraft states as nodes and the trajectories connecting
these sates as the arcs. The directed graph is denoted as G = (D, A), where D =
{x0

⋃
xid | i = 1, . . . , N} is the set of desired spacecraft state nodes, which also includes

the initial state of the spacecraft, x0, and A = {ai,j | xid, x
j
d ∈ D, xid 6= xjd & xjd 6= x0} is

the set of trajectories connecting node xid to node xjd. The solution of the multiple target
sequencing algorithm is to generate an observation tour that visits each node in D exactly
once, where each ith node corresponds to the spacecraft target state (xid), used to observe
the ith landmark site. Let this observing tour be represented as Q = (q0 = x0, q1 . . . , qN),
where the tour starts from the initial position of the spacecraft, while passing through the
permutation of the remaining nodes (D \ {x0}) denoted as a sub-sequence (q1, . . . , qN).
The elements of the tour qk represent the index of the node at the kth position.

Each trajectory arc ai,j ∈ A is associated with a fuel cost uij and the transfer time
∆tij. Let {[m1

i , n
1
i ], . . . , [m

p
i , n

p
i ]} be the periodic, non-overlapping observation time

windows associated with each ith node, which represents the corresponding landmark’s
illumination periods over p revolutions and Ti = {1, . . . , p} be the corresponding index
set of the time windows. The variable mp

i provides the earliest time and the npi provides
the latest time of the pth time window that the ith landmark can be observed. It is desired
that the spacecraft should observe only the illuminated landmarks for a time tobs ∈ R
and thus it should maintain its position on the day side of the asteroid. Therefore, for a
given tour Q, the arrival time to a node qk is defined as:

ta,qk = max(mp
qk
, ta,qk−1

+ tobs + ∆tqk−1,qk) (6.5)

where ∆tqk−1,qk ∈ R is the transfer time between the nodes x
qk−1

d and xqkd . Equation (6.5)
states that the spacecraft is permitted to wait at the previous node x

qk−1

d until the next
node xqkd is available for observation after the time mp

qk
, p ∈ Ti, of its time window. Thus,

the waiting time at node x
qk−1

d in such a case is wqk−1
= max(0, mp

qk
− (ta,qk−1

+ tobs +
∆tqk−1,qk)). Hence, the spacecraft’s departure time, after the completion of observation at
a certain node xqkd , is given by td,qk = ta,qk + tobs +wqk . However, in order to maximize the
time spent by the spacecraft on the day side of the asteroid, it is assumed that td,qk ≤ npqk
must be satisfied, although this condition on the departure time can be considered as a
soft constraint. The waiting time at a particular node results in maintaining the body
fixed hovering at a respective landmark, which comes at a cost of some fuel. It is also
considered that no arc terminates at the initial node x0 and the departure time at this
node is td,0 ≥ 0.

A traveling salesman problem with multiple time windows is defined to determine
the optimal tour to observe all the asteroid sites of interest, while the observation time
for each site starts within their illumination time window. In this case, the decision
variables for the problem are: i) the binary variable yij for any arc ai,j ∈ A, where
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xid 6= xjd, and xjd 6= 0 that takes the value 1 if the spacecraft is traveling from node xid
to xjd or 0 otherwise, and ii) the fuel cost uij associated with the arc ai,j. The optimal
sequencing problem is mathematically formulated as follows:

min
y

∑
xid∈D

∑
xjd∈D

uijyij (6.6a)

s.t. ∑
xid∈D

yi,j = 1, ∀xid ∈ D (6.6b)

∑
xjd∈D

y0,j = 1, x0 ∈ D (6.6c)

ta,j ≥ td,i + ∆tij −M(1− yij), ∀xid, x
j
d ∈ D (6.6d)∑

p∈Ti

mp
i zi,p ≤ ta,i <

∑
p∈Ti

npi zi,p, ∀xid ∈ D (6.6e)

∑
p∈Ti

zi,p = 1, ∀xid ∈ D (6.6f)

td,i ≤ npi , ∀xid ∈ D, p ∈ Ti (6.6g)

where y = [. . . , yij, . . . ]
> in (6.6a) is the vector collecting the decision variables and the

binary variable zi,p in (6.6e) is equal to 1 if the pth time window is selected for the node
xid ∈ D or 0 otherwise.

The objective of the sequencing problem is to minimize the spacecraft fuel consump-
tion, expressed in (6.6a), while observing the desired asteroid landmarks during their
illumination time period. The constraints (6.6b) and (6.6c) ensure that each node is vis-
ited exactly once to observe the corresponding landmark and the spacecraft starts from
the initial node respectively. The compatibility of the spacecraft arrival time to a node
xjd from node xid is stated in (6.6d), i.e., if the spacecraft is traveling along the arc aij
(yij = 1), then the arrival time at node xjd should be at least equal to the sum of the
departure time from node xid and the transfer time ∆tij. It should be also noted that
M ∈ R is a large scalar. The constraints (6.6e) and (6.6f) state that the observation
period for each landmark is placed in one of the corresponding time windows. During
the observation tour, if the next node’s time window is not feasible for observation then
the spacecraft has an option to wait at the current node, provided that the departure
time constraint (6.6g) is satisfied.

Solution Approach

A heuristic approach using a Genetic algorithm (GA) is used to obtain a near optimal
solution for the spacecraft observing sequence problem in (6.6). In GA each chromo-
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some is refereed to as a solution. It consists of a string of non repetitive nodes, rep-
resenting the desired spacecraft positions, that the spacecraft is following throughout
the reconnaissance mission. Thus, for the current problem, each chromosome consists of
N+1 nodes including the spacecraft’s initial position representing the entire tour. These
chromosomes are then subjected through the repeated evolutionary process of selection,
crossover and mutation until the completion of the maximum number of generations or
the desired optimal solution is obtained. The overall pseudo code for the GA imple-
mentation to solve the TSP with multiple time windows is presented in the following
Algorithm 3.

Algorithm 3 GA pseudo code for TSP with multiple time windows

1: N ← number of sites of interest
2: Set GA parameters: pop size, max gen, offspring size, mutate size
3: elite size ← pop size – (offspring size + mutate size)
4: Ppop = initialize(N + 1, pop size)
5: for gen = 1 to max gen do
6: Calculate individual fitness of the entire Ppop
7: Rank according to fitness in ascending order in Psort
8: Elite pop: E = Psort(1 : elite size)
9: Best sequence ← Psort(1)

10: for i = 1 to offspring size do
11: p1 ← get random indv(Ppop)
12: p2 ← get random indv(Ppop)
13: Offspring pop: O(i) = ordered crossover(p1, p2)
14: end for
15: for i = 1 to mutate size do
16: m ← get random indv(Ppop)
17: Mutation pop: M(i) = swap mutation(m)
18: end for
19: New pop = {E ∪ O ∪ M}
20: Ppop ← New pop
21: end for

The algorithm begins by setting up the GA parameters and generating an initial pop-
ulation of the complete reconnaissance tour randomly, through an initialize subroutine
(lines 2-4). Although the initial population is generated randomly, each chromosome
must satisfy constraints (6.6b) and (6.6c) to generate a valid tour, while avoiding any
repetition of nodes, as well as the spacecraft’s observation tour must start from its initial
position, respectively. In the sequel, the quality of each individual chromosome in the
population is determined (lines 5-7). The quality is calculated using an objective func-
tion that minimizes the amount of fuel consumed throughout the tour. The objective
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function for a respective chromosome is defined as:

qc = F (1+
∑

i ci) (6.7)

where F denotes the total fuel consumed, ci is the ith constraint in (6.6), while ci = 1 if
a constraint is violated otherwise it is equal to 0. In (6.7) a penalty is utilized to further
degrade the quality of a chromosome to avoid any infeasible tour.

The evolutionary part is implemented using selection, crossover and mutation opera-
tions on the chromosomes (lines 8-18). A fitness-based selection of chromosomes is carried
out using tournament selection with an elite retention technique. A certain amount of
best chromosomes are retained in the next generation, while new off-springs are created
using ordered crossover operation on the randomly selected pair of parents. An example
of ordered crossover is shown in Fig 6.2(a). A random subset of genes from one of the
randomly chosen parents is selected, while preserving their position for the offspring.
Next, the remainder of the genes are filled from the second parent in the same order
as they appear without any repetition from the subset selected from the first parent to
complete the crossover process. In the sequel, the swap mutation is performed by ran-
domly selecting two separate genes from an individual chromosome and swapping their
positions, as shown in Fig. 6.2(b). A new generation of solutions is obtained by collecting
the elite, new offspring and mutated population together and the process is repeated to
find the best solution.

𝑥𝑥0 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑4

𝑝𝑝2𝑝𝑝1

𝑥𝑥0 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑4 𝑥𝑥𝑑𝑑1

𝑥𝑥0 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑4

𝑂𝑂(𝑖𝑖)

𝑥𝑥0 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑4 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2𝑚𝑚 𝑥𝑥0 𝑥𝑥66 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑7 𝑥𝑥44 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2 M(𝑖𝑖)
(a) Ordered crossover operator

𝑥𝑥0 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑4

𝑝𝑝2𝑝𝑝1

𝑥𝑥0 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑4 𝑥𝑥𝑑𝑑1

𝑥𝑥0 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑2 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑4

𝑂𝑂(𝑖𝑖)

𝑥𝑥0 𝑥𝑥𝑑𝑑6 𝑥𝑥𝑑𝑑4 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑7 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2

𝑚𝑚

𝑥𝑥0 𝑥𝑥66 𝑥𝑥𝑑𝑑3 𝑥𝑥𝑑𝑑1 𝑥𝑥𝑑𝑑7 𝑥𝑥44 𝑥𝑥𝑑𝑑5 𝑥𝑥𝑑𝑑2

M(𝑖𝑖)

(b) Swap mutation operator

Figure 6.2: Example for crossover and mutation operators on a chromosome with eight nodes
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6.3 Simulation Results

In this section, two different exemplary simulation scenarios are considered for both the
greedy and TSP based coverage algorithms. Firstly, simulations are performed to test the
ability of the greedy algorithm to plan safe, collision free, and fuel efficient trajectories
to observe all the desired sites. For this simulation case, asteroid Apophis is considered
with an uncooperative debris object moving in the asteroid’s proximity. For the second
simulation case, the TSP-based planning algorithm is considered where its ability to
generate near-optimal solutions is tested. This algorithm is tested on two asteroids,
Apophis and Bennu, with different rotation rates. Finally, results for both the proposed
algorithms are compared and discussed.

Asteroid parameters: Apophis is an elongated triaxially shaped body with a slower
rotation rate [99], whereas Bennu has a roughly spheroidal shape and the rotation rate
is significantly faster by an order of magnitude. The modelling parameters for both
the asteroids are listed in Table 6.1. During simulations in both asteroid cases, the Sun
position is assumed along the negative xa direction, as shown in Fig 5.1, at their respective
perihelion distance, i.e., ra = as. The perihelion distance marks the shortest distance
that an asteroid is from the Sun and hence the spacecraft will experience maximum solar
radiation pressure perturbation at this point.

Table 6.1: Asteroid physical model parameters

Apophis Bennu

Semimajor axis 0.9224 1.1264 AU

Perihelion (as) 0.7461 0.8969 AU

Dimensions 382× 270× 190 565× 535× 508 m

Rotation rate (ωa) 5.7412E − 5 4.0626E − 4 rad/s

Gravitational parameter (µ) 1.8016 5.2 m3/s2

6.3.1 Greedy Coverage Algorithm

The performance of greedy visual coverage algorithm to plan safe, collision free, fuel effi-
cient trajectories to observe all the desired asteroid site locations, from a desired altitude,
while satisfying the illumination conditions, is verified. For the simulation scenario, the
asteroid Apophis is considered and the list of landmarks that the spacecraft should ob-
serve during simulation period is summarized in Table 6.2. The spacecraft, represented
as a point mass of ms = 100kg, is moving in the proximity of the asteroid. The initial po-
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sition and velocity of the spacecraft expressed in asteroid body-fixed frame are assumed
as rs,0 = [−796.87, − 183.0, 0.0]>m and ṙs,0 = [1.88, 0.52, 0.34]>mm/s, respectively.
It is considered that the spacecraft is actuated by three bidirectional thrusters along the
principal axis with a maximum thrust of 5N. The control acceleration, generated by the
thruster assembly, is given as uc = ΓT/ms, where Γ ∈ R3×3 is the thrust configuration
matrix that is an identity matrix for the simulations and T = [Tx, Ty, Tz]

> is the thrust
vector produced.

Symbol Position in the body-fixed frame (m)

l1 [−181.65, 0.00, 29.35]>

l2 [−125.01, 64.19, 55.834]>

l3 [−154.52, 79.35, 0.00]>

l4 [−56.13, 122.11, − 29.35]>

l5 [ 146.95, 75.46, 29.35]>

l6 [ 125.01, − 64.19, 55.83]>

l7 [−47.75, − 103.87, 55.83]>

Table 6.2: List of landmarks to be observed

For the simulations, it is assumed that the spacecraft is maintained within the safe
distance range of rmax = 820m and rmin = 700m so that the spacecraft remains in the
vicinity of the asteroid without any chances of impact on the asteroid surface. It is con-
sidered that an uncooperative debris object is moving in the asteroid gravity field with its
state xobj = [robj, ṙobj]

> at the time of epoch being robj,0 = [−812.54, − 79.45, 76.58]>m
and ṙobj,0 = [−1.0, 91.0, 10.0]>mm/s. As a safety condition, it is desired that the min-
imum safe separation distance between the spacecraft and the debris should not be less
than dsafe = 50m. The optimal trajectory planning algorithm is formulated and solved
using the MATLAB’s optimization toolbox, with fmincon as the solver. Here, the simu-
lation objective is to carry site specific reconnaissance operation for all the candidate site
locations by maintaining its position in the observation zone defined by the viewing angle
θ = 2 deg above the respective illuminated landmark (indicated by the red shaded region
in Fig 6.3). Here, the delta-v measure is used to measure the amount of fuel required for
certain maneuver. Traditionally, the amount of energy required to maneuver a spacecraft
is measured as the velocity increment, called delta-v, induced by each thruster during
the period of the maneuver. The delta-v is the integrated acceleration due to the thrust
force used over a time period.

The evolution of the spacecraft’s trajectory in the asteroid inertial frame A, while
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(a) Time interval (0, 33) min (b) Time interval (33, 134) min

(c) Time interval (134, 366) min

Figure 6.3: Spacecraft trajectory (black curve) and the motion of the debris (gray curve) in the
asteroid inertial frame A at different time intervals, while observing multiple asteroid landmarks
and the arrow marks indicate the direction of the motion. In each of these figures, X i is the
desired observation zone (indicated by the red shaded region) for the spacecraft above the ith

landmark denoted as li. The Sun is assumed along the negative xa direction. The landmarks
are denoted by dots in three colors: yellow for the observed, red for unobserved and black for
landmarks that are on the night-side of the asteroid. The rotating asteroid body-fixed frame B
attached at the center of mass of the asteroid is indicated by red, green and blue arrows for i,
j, and k axis, respectively.

observing the desired landmarks on the asteroid surface is depicted in Fig. 6.3. From the
initial position of the spacecraft rs,0, the optimization problem (6.2) is solved considering
all the illuminated landmarks. At the time of epoch, four sites, denoted by red dots on
the asteroid surface, are exposed to sunlight, while the remaining sites were on the night
side of the asteroid, denoted by black dots (Fig. 6.3(a)). The next illuminated landmark
to be observed is selected depending upon the minimum amount of fuel required, mea-
sured through the delta-v required, to steer the spacecraft from its initial position to the
observing zone of a particular illuminated landmark. The spacecraft trajectory, in the
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inertial frame A, to observe the site l1 is depicted in Fig. 6.3(a). The spacecraft main-
tains a safe separation distance from the moving debris, indicated by the gray curve in
Fig 6.3(a), where a minimum separation distance of 56.2m is observed. Once the space-
craft reaches the desired observation zone X 1, it continues to move along with the asteroid
to maintains the position inside this observation region. The corresponding thrust profile
to steer the spacecraft from its initial position to the observing region of landmark l1 is
shown in Fig. 6.4, where it can be observed that the thrust magnitude is well within the
desired range of ±5N. Similarly, during the period [33, 134]min the algorithm generates
safe trajectories to observe the illuminated site locations as shown in Fig. 6.3(b). At this
time instant t = 134min, as there are no other illuminated landmarks, the spacecraft will
maintain its position above the site l4 until any new landmark is illuminated. This can
be noticed in Fig. 6.3(c), that the spacecraft moves along with the asteroid until a new
landmark l5 is exposed to sunlight and the spacecraft starts moving towards the region
X 5.
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Figure 6.4: Spacecraft’s thrust profile while moving from the initial position rs,0 into observing
landmark l1

Figure 6.3 displays only the spacecraft trajectory to observe first five landmarks in
Table 6.2, while all the remaining landmarks are covered in the similar manner as land-
marks l1 to l5. Although the motion of the spacecraft, while observing all the desired
landmarks, and the debris object in body-fixed frame B is shown in Fig. 6.5. It can
be noticed that while observing each landmark spacecraft successfully maintains its po-
sition within the desired observation region shown by the red shaded region above the
respective landmark. Throughout the simulation period the separation distance between
the spacecraft and the debris, calculated as ‖rs − rd‖, is more than the desired safety
distance of 50m, which is displayed in Fig. 6.6. Note that, in Fig. 6.6, the the the plot
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Figure 6.5: Spacecraft’s trajectory (black curve) and moving debris trajectory (gray curve) in
asteroid body-fixed frame B. The red shaded region denoted by X i is the ith-site observation
zone above each landmark

0 500 1000 1500

Time [min]

0

0.1

0.2

0.3

0.4

0.5

S
e

p
a

ra
ti
o

n
 d

is
t.

 [
k
m

]

Figure 6.6: Separation distance between the spacecraft and the moving debris for the entire
simulation period. In this figure the separation distance is displayed in the range [0 0.5]km.
The discontinuous black line indicates the safe minimum separation distance dsafe = 50m
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for separation distance (y-axis) is displayed only for the range [0 0.5]km, as separation
distance beyond 0.5 km is considered well beyond the minimum safety limit.

6.3.2 TSP-based Coverage Algorithm

The ability of the TSP-based algorithm to generate near-optimal solutions is validated
using a multi-site observation scenario for two asteroids with different rotation rates,
namely the asteroids Apophis and Bennu. Here no debris objects are considered. The
rotation rate of the asteroid also determines the time period for which a particular site
of interest is illuminated and thus need to adapt the observation sequence accordingly.
The rotation rate of Bennu is significantly faster, by an order of magnitude, as compared
to Apophis.

The spacecraft is represented as a point mass of ms = 80 kg with a 5 N bidirectional
thruster in each direction. The solar facing area is assumed as 10 m2 with a reflectively
coefficient as 1.4. The list of ten observation sites for each case are selected and depicted
in Table 6.3. The observation time windows for each site are calculated considering the
Sun position and the asteroid’s rotation rate. In addition to the site illumination, it
is considered that the spacecraft should spend tobs time span observing each site. For
each asteroid case, two observation time spans are considered 20 min and 1 hour, so as
to validate the TSP-with multiple time windows (TSP-MTW) sequencing algorithm in
finding a near-optimal solution without violating any illumination constraints.

Symbol
Position in the body-fixed frame (m)

Apophis Bennu

l1 [−181.6, 0.0, 29.3]> [−83.0,−241.9,−78.5]>

l2 [−154.5,−79.4, 0.0]> [−164.0,−213.7, 39.7]>

l3 [−125.0,−64.1, 55.8]> [−256.4,−81.6, 39.7]>

l4 [−154.5, 79.4, 0.0]> [−199.7, 0.0, 179.6]>

l5 [−56.1, 122.1,−29.3]> [−166.0, 216.4, 0.0]>

l6 [−47.7,−103.8, 55.8]> [−61.7, 179.9, 179.6]>

l7 [−125.0, 64.1, 55.8]> [86.2, 251.2,−39.7]>

l8 [−47.7,−103.8, 55.8]> [265.3, 81.6, 39.7]>

l9 [125.0,−64.1, 55.8]> [225.7,−155.3,−39.7]>

l10 [146.9, 75.4, 29.3]> [87.3,−254.4, 0.0]>

Table 6.3: List of asteroid sites of interest
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For the first stage, a series of trajectory design problems are solved for all the possible
combination pairs of initial/target desired spacecraft states. The aim of this phase is to
find a fuel optimal trajectory between each node pair with the amount of fuel consumed
and the time required for the transfer. Later, these primary solutions are fed to the TSP-
MTW algorithm to generate a near optimal observing sequence. The TSP-MTW genetic
algorithm is implemented in MATLAB and setting the GA parameters: population size
to 200, number of generations to 2000 and the crossover and mutation rates to 0.75
and 0.15 respectively. The aim of the simulations is to show the ability of the proposed
trajectory planner to observe multiple sites under changing illumination conditions due
to the asteroid rotation, while minimizing the consumption of the fuel.

Case A: Apophis

The spacecraft’s initial position in body-fixed frame is considered as [−796.8,−183.0, 0.0]>

m and with zero initial velocity. In the simulations, it is considered that the spacecraft’s
body-fixed hovering altitude to observe the sites of interest, listed in Table 6.3, is at a
distance of 800 m from the asteroid’s center of mass, i.e., ‖ris‖ = 800 m. As a safety
measure, spacecraft’s distance with respect to asteroid’s center of mass is always bounded
between 700− 1000 m.

Figure 6.7 and Fig. 6.8 depict the spacecraft trajectory in proximity of the as-
teroid Apophis for conducting site-specific observations with different observation pe-
riods represented in asteroid body-fixed B and inertial frame A, respectively. The
brown curve in Fig. 6.7, indicates the optimal spacecraft trajectory represented in the
asteroid body-fixed frame B while the arrow marks indicate the direction of motion.
The blue circular markers indicate the desired spacecraft location above each observa-
tion site of interest, which are denoted by red markers on the asteroid surface. The
spacecraft observing sequence for the scenario with 20 min of observation period is
Q = (0, 1, 7, 4, 5, 10, 9, 8, 6, 3, 2), as shown in Fig. 6.7(a), at the fuel cost of
∆v = 15.18 m/s. However, for the observation time span of 1 hour a slight change in
the observing sequence Q = (0, 2, 3, 1, 7, 4, 5, 10, 9, 8, 6) is observed, as shown in
Fig. 6.7(b), with almost similar fuel consumption of ∆v = 15.56 m/s. Since, the Apophis
asteroid rotates slowly with the rotation period of approximate 30.4 hours, as a result
each site is illuminated for a longer duration and the observation period of 1 hour do
not make a huge difference for the site covering sequence, except for the initial part of
the tour. For the higher observation period, the trajectory planner tries to adapt and
explore the newly illuminated sites by moving in the opposite direction of the asteroid’s
rotation, refer Fig. 6.8(b). The motion of the spacecraft in the asteroid inertial frame
for both observation periods are shown in Fig. 6.8, where the magenta colored section of
the spacecraft’s trajectory, starting with the blue circular markers and ending with the
magenta markers indicate the observation period of each site. The cyan colored sections
indicate waiting period of the spacecraft. The yellow outward arrow indicates direction
of the Sun that is assumed along the negative xa-axis direction, while the night-side of
the asteroid is shown to be covered with a dark shadow. For both the observation period
cases it can be seen that the spacecraft maximizes time spent on the day side of the
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asteroid.

(a) 20 min observation time (b) 1 hour observation time

Figure 6.7: Apophis case: Spacecraft trajectory (brown line) in body-fixed frame B and the arrow
marks indicate the direction of motion.

(a) 20 min observation time (b) 1 hour observation time

Figure 6.8: Apophis case: Spacecraft trajectory (discontinuous curve) in inertial frame A, where
the colored sections indicate the spacecraft’s observation period (magenta) and the waiting period
(cyan).
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Case B: Bennu

In the Bennu case, spacecraft’s initial position in body-fixed frame is considered as
[−487.3,−111.9, 0.0]> m and with zero initial velocity. The spacecraft’s body-fixed
hovering altitude to observe each candidate site, listed in Table 6.3, is at a distance of
500 m from the asteroid’s center of mass, i.e., ‖ris‖ = 500 m. As a safety measure,
the spacecraft’s distance with respect to the asteroid’s center of mass is always bounded
between 350− 700 m.

(a) 20 min observation time (b) 1 hour observation time

Figure 6.9: Bennu case: Spacecraft trajectory in body-fixed frame B and the arrow marks indi-
cate the direction of motion.

(a) 20 min observation time (b) 1 hour observation time

Figure 6.10: Bennu case: Spacecraft trajectory (discontinuous curve) in inertial frame A, where
the colored sections indicate the spacecraft’s observation period (magenta) and the waiting period
(cyan).
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The simulation results in Fig. 6.9 and Fig. 6.10 display the spacecraft’s trajectory
for two different observation periods in body-fixed and internal frames, respectively. The
brown curve with the arrows in Fig. 6.7, indicates the direction of motion of the spacecraft
in the asteroid body-fixed frame B. Note, in Fig. 6.9(b), the incoming and outgoing space-
craft trajectories at node x3d are denoted in black dotted and dashed curve, respectively, in
order to differentiate them clearly and avoid any confusion. For the scenario with obser-
vation time span of 20 min, the covering sequence is Q = (0, 10, 2, 4, 6, 8, 5, 7, 9, 1, 3),
shown in Fig. 6.9(a), with ∆v = 26.47 m/s of fuel consumption is noted. Whereas, a new
set of observing sequence, Q = (0, 10, 3, 9, 7, 4, 6, 2, 5, 1, 8), is obtained for the sce-
nario with observing time of 1 hour, shown in Fig. 6.9(b). Note that the observing tour
Q consists of the index i of the desired spacecraft’s state denoted by xid for the ith respec-
tive site. As desired, the newly adapted tour consumed more fuel, i.e. ∆v = 40.05 m/s,
which is mainly due to: i) increase in the waiting time, where the spacecraft continues
to hover above the already observed site, while waiting for the next asteroid site to be
illuminated, and ii) changes made in the sub-tour to adapt the new observation period.
The spacecraft’s trajectory with the observation arcs (magenta colored), for each desired
site and the waiting arcs (cyan colored), represented in the asteroid’s inertial frame, are
depicted in Fig. 6.10. Also, direction of the Sun is indicated by an outward yellow arrow,
assumed along the negative xa-axis direction. It can be noticed that for both the cases,
observation and waiting arcs are present on the illuminated side of the asteroid, whereas
a small portion of the transfer time between different nodes go through the night side
(indicated by dark shadow on the asteroid surface in Fig. 6.10).

6.3.3 Discussion

In order to compare the performances of the proposed greedy and TSB-based coverage
algorithms, simulations are performed with the same parameters as provided in Sec-
tion 6.3.2 for both Apophis and Bennu cases. Table 6.4 briefs the comparison of the
results. The results in the case of the slowly rotating asteroid Apophis indicated that
both algorithms produced similar results with a slight change in the order of the sites
visited and the amount of fuel consumed. The greedy planning algorithm has no effect
on the observing sequence solution due to the variation in the observation time span
for each site. This is mainly due to the longer rotation period of the Apophis which
provides longer illumination period for each site and the solution remains unchanged.
Although, a major difference can be noticed, both in terms of the spacecraft’s site obser-
vation order, as well as in the consumption of fuel, in the faster rotating asteroid Bennu,
where the drawbacks of the greedy algorithm to produce sub-optimal results surfaces.
For the observation time span of 20 min, the spacecraft’s observing sequence form the
TSP-based algorithm is Q = (0, 10, 2, 4, 6, 8, 5, 7, 9, 1, 3) with ∆v = 26.47 m/s of
fuel consumption, whereas Q = (0, 5, 8, 10, 3, 6, 2, 4, 7, 9, 2) and ∆v = 29.97 m/s
for the greedy algorithm. Almost 11.67% of reduction in the fuel consumption is noticed
from the presently TSP-based method. The reduction in the fuel usage is even more
significant for the 1 hour observation period that is 25.9%. The observation sequence for
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the TSP-based method is Q = (1, 10, 3, 9, 7, 4, 6, 2, 5, 1, 8) with 40.05 m/s of ∆v re-
quirement and similarly for the greedy algorithm is Q = (0, 6, 1, 7, 2, 8, 3, 9, 4, 10, 5)
with 54.08 m/s of the fuel consumption. The optimal solution comes with a higher com-
plexity to solve the combination problem and it grows with an increase in the number
of sites. This complexity can be reduced by using appropriate heuristic methods like
genetic algorithms to solve such complex problems.

Case scenarios TSP-based algorithm Greedy algorithm

Apophis

20 min
Q = (0, 1, 7, 4, 5, 10, 9, 8, 6, 3, 2) Q = (0, 1, 4, 7, 5, 10, 9, 8, 6, 3, 2)

∆v = 15.18 m/s ∆v = 16.00 m/s

1 hour
Q = (0, 2, 3, 1, 7, 4, 5, 10, 9, 8, 6) Q = (0, 1, 4, 7, 5, 10, 9, 8, 6, 3, 2)

∆v = 15.56 m/s ∆v = 16.00 m/s

Bennu

20 min
Q = (0, 10, 2, 4, 6, 8, 5, 7, 9, 1, 3) Q = (0, 5, 8, 10, 3, 6, 2, 4, 7, 9, 1)

∆v = 26.47 m/s ∆v = 29.97 m/s

1 hour
Q = (0, 10, 3, 9, 7, 4, 6, 2, 5, 1, 8) Q = (0, 6, 1, 7, 2, 8, 3, 9, 4, 10, 5)

∆v = 40.05 m/s ∆v = 54.08 m/s

Table 6.4: Comparison of the observing sequence and the fuel consumption results with the
TSP-based and the greedy algorithm

The planning algorithms presented in this chapter are not only limited for the visual
coverage of multiple satellites but also can be applied for multiple in-situ exploration
mission scenarios, like using lasers for drilling asteroid surface and analyzing its mineral
compositions [100].

In the presented methodology, it is assumed that the spacecraft has a high thrust
propulsion system, due to which the spacecraft is able to reach any desired position.
In a practical scenario and in case of a direct space realization, it might not be this
case, i.e. in the case of an electric thruster, there might be some sites that a spacecraft
cannot reach directly or will increase the transfer time. Also, there has been an growing
trend towards the use of multiple miniature (cubesat scaled) spacecraft for interplanetary
missions [101–103]. Thus, in next chapter, a cooperative coverage problem is explored
and a planning algorithm is developed that can distribute the observation tasks between
the spacecraft group.

6.4 Summary

This chapter proposed two trajectory planning algorithms for the problem of visual cover-
age of multiple asteroid sites using a spacecraft. The observation process of each asteroid
site was built around the body-fixed hovering approach from a desired altitude using an
optical instrument (visual inspection). First, a simple greedy algorithm was presented,
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where the spacecraft observed an illuminated site that required the least amount of fuel.
A second two-stage algorithm was also presented where at the initial stage, fuel opti-
mal trajectories were determined for all combinations of initial-final imaging site pairs.
The second stage of the algorithm searched for an optimal sequence to observe all the
desired sites by considering the amount of fuel and transfer time required for each sub-
tour to observe a particular site, while taking into account the illumination window of
the respective site. In this stage, a combinatorial problem of travelling salesman with
multiple time windows was solved to generate a near-optimal observing sequence for the
spacecraft. Multiple simulation scenarios, with two different asteroids and cumulative
observation times, were studied that demonstrated the overall efficacy of the proposed
trajectory planner to ensure successful coverage of all the desired asteroid site locations
for each case. The second TSP-based algorithm was able to generate an optimal solution
irrespective of the asteroid rotation rate or different observation period.
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Chapter 7

Cooperative Visual Coverage
Algorithm

This chapter will extend the travelling salesman based trajectory design algorithm
towards the cooperative visual coverage of multiple asteroid sites using multiple cubesat
scale spacecraft. The aim is to determine a tour sequence to observe the desired sites of
interest for each spacecraft and the associated trajectories such that each site of interest
is observed only once with the desired illumination condition, while minimizing the total
cost for the entire mission. The problem of distributing the observation task between
members of the spacecraft group is addressed by designing a feasible tour to observe a
subset of desired asteroid sites for each spacecraft while considering their individual fuel
capacity. Thus, the sequencing problem is formulated as a variant of a multiple travel-
ling salesman problem to include multiple observing spacecraft where each spacecraft is
assigned a limited fuel budget.

7.1 Problem Formulation

Developing over the same problem setup as described in Section 5.3, where L is the set of
N imaging sites of interest on the asteroid surface and X d = {xid|xid ∈ X & i = 1, . . . , N}
be the set of desired spacecraft states to observe respective ith asteroid site. An additional
set of S spacecraft S is defined, where it is assumed that the spacecraft are deployed in the
proximity of the asteroid, with their initial states denoted as xs0 ∈ X for all s = 1, . . . , S.
It is assumed that each spacecraft is limited by the amount of fuel cost that can be
used for the coverage scenario, denoted as Cs

max. The set D = {xs0 ∪ X d|s = 1, . . . , S}
be the combined set of all the initial and the desired spacecraft states to observe each
sites of interest. Let Qs = (q0, q1, . . . , qk, . . . , qks) be the observing sequence of the sth

spacecraft, where qk ∈ Z+ denotes the index of the desired spacecraft state during the
kth observing sequence in the tour and ks denotes the number of sites observed by the
respective spacecraft. The observation tour for all the spacecraft always starts from its
initial position (q0 = xs0), while observing all the assigned ks target sites, as shown in

99
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Fig. 7.1.

Figure 7.1: Cooperative visual coverage scenario: A set of six asteroid sites of interest (red
dots on the asteroid surface) are being observed by two spacecraft, whose respective observing
trajectories and tour sequences are indicated by orange and blue curves.

The main task of the cooperative visual coverage problem is path planning and ob-
servation task assignment to determine spacecraft trajectories and the observation tour
sequence Qs ∀s = 1, . . . , S, for each spacecraft in the formation group. It is desired that
each observation site is observed once by a spacecraft under proper illumination condi-
tion while minimizing the overall fuel cost for the observation mission. The cooperative
visual coverage of multiple asteroid sites is formulated as:

min
Cs(Qs),Qs

S∑
s=1

Cs(usc)︸ ︷︷ ︸
total fuel cost

(7.1a)

s.t.

D =
S⋃
s=1

Qs (7.1b)

Qs = (q0, q1, . . . , qks) (7.1c)

Qs

⋂
Qr = ∅, ∀s, r ∈ S & s 6= r (7.1d)

Cs(Qs) =
ks∑
k=1

∫ td,k

td,k−1

‖us,kc (t)‖2dt ∀k = 1, . . . , ks (7.1e)

Cs(Qs) ≤ Cs
max (7.1f)
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xs(t0) = xs0, where, t0 = epoch, xs0 ∈ X (7.1g)

ẋs(t) = f(xs(t), usc(t), t) (7.1h)

rmin ≤ ||rs(t)|| ≤ rmax (7.1i)

us,kc (t) ∈ U , ∀k = 1, . . . , ks (7.1j)

ra · pk ≥ 0, ∀k = 1, . . . , ks (7.1k)

In this formulation, k denotes the observation order of the sites of interest in the tour Qs

for the spacecraft s and S is the total number of spacecraft used for the mission. In case
of spacecraft s, during the kth observing sequence of the tour Qs, the variable qk denotes
the index of the candidate site that is being observed whereas td,k is the spacecraft’s
departure time from the respective site after the completion of the observation task. The
amount of fuel required for spacecraft s to follow the observation tour Qs is given by
Cs(Qs), as formulated in equation (7.1e) where usc(t) denotes the control input required
to observe a certain candidate site during the kth observation sequence.

The main objective of the coverage problem is to minimize the total consumption
of fuel (7.1a), i.e., the fuel consumed by each spacecraft (Cs(Qs)), for the entire mis-
sion while covering each of the candidate asteroid sites. Equations (7.1b), (7.1c), and
(7.1d) ensure that all the candidate sites are covered and each asteroid site is observed
by only one spacecraft in order to avoid repeated observations. The fuel consumed by
each spacecraft for the observation mission is constrained through the maximum amount
of fuel Cs

max limit, indicated in (7.1f). For each spacecraft, the initial states, nonlin-
ear dynamics and the safety margins on the spacecraft’s position to avoid any escape or
collision with the asteroid are constrained through equations (7.1g), (7.1h), and (7.1i), re-
spectively. During the kth observation sequence of the spacecraft s, equation (7.1j) refers
to the feasible range of the control inputs and equation (7.1k) provides the illumination
condition for a certain site.

The cooperative visual coverage problem (7.1) aims at solving two types of optimiza-
tion problem: i) determining an optimal observing sequence for each spacecraft and ii)
determining associated fuel optimal trajectories.

This problem being mixed integer nonlinear programming class, it is very difficult to
solve and find an optimal solution as well as the solution space increases considerable as
the the number of candidate sites and the observing spacecraft increase. This problem,
belonging to the mixed integer nonlinear programming class, is very difficult to solve
as the solution space increases considerably as the number of candidate sites and the
observing spacecraft increase. Thus, a two-stage approach is followed where problem
is divided into a nonlinear programming and an integer linear programming problem.
An elementary set of optimal trajectories between the possible combination pairs of the
desired spacecraft states (∈ D) to observe the candidate sites is determined solving the
single target optimization problem, briefed in Section 6.1. Later, these trajectory sets are
used to solve the combinatorial problem to determine an optimal observing sequence for
each spacecraft. The following section describes the formulation of the multiple spacecraft
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travelling salesman problem with multiple time windows.

7.2 Multiple Spacecraft Traveling Salesman Problem

The travelling salesman approach proposed in Section 6.2.2 is extended to include multi-
ple spacecraft, where a directed graph, G = (D,A), is constructed using D as the node set
of the spacecraft’s initial and desired states and A = {ai,j | xid, x

j
d ∈ D, xid 6= xjd, x

j
d 6=

xs0 & s ∈ S} as the trajectory set provided by the first stage connecting the node xid to
node xjd. Each trajectory arc ai,j ∈ A is associated with a fuel cost uij and the transfer
time ∆tij. Every candidate site li ∈ L is desired to be observed for a non-negative time
period tobs and has a set Ti = {[mp

i , n
p
i ], p = 1, . . . , pi} of pi non-overlapping observation

time windows corresponding to their respective illumination periods. Let Cs
max be the

maximum fuel allocated for the observation task to each sth spacecraft. The variables tsa,i,
tsd,j and wsi are the arrival, departure and waiting time for a spacecraft at the ith node,
respectively. The fuel variable Cs

i specifies the amount of fuel utilized by the spacecraft
until the time of departure tsd,i from node xid ∈ D. The aim of the multiple spacecraft
travelling salesman problem (MS-TSP) with multiple time windows is to design a set of
S observation tours for each spacecraft that minimizes the total consumption of fuel for
the mission such that:

1. Every candidate site is observed only once

2. The observation period of a candidate site starts within one of its illuminated time
windows

3. If required, a spacecraft is allowed to wait at the previous observation node in a
tour, for the next visiting site to be illuminated

4. Fuel consumption for each spacecraft does not exceed the upper limit Ci
max.

The MS-TSP with multiple time windows can be formulated as an integer linear pro-
gramming problem as:

min
y

∑
xid∈D

∑
xjd∈X d

uijy
s
ij (7.2a)

s. t. ∑
s∈S

∑
xjd∈X d

ysij = 1, ∀xid ∈ D (7.2b)

∑
xjd∈X d

ys0,j = 1, xs0 ∈ D, s ∈ S (7.2c)

∑
xjd∈X d

ysi,j −
∑
xhd∈X d

ysj,h = 0, xid ∈ D, s ∈ S (7.2d)
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tsa,j ≥ tsd,i + ∆tij −M(1− ysij), ∀xid, x
j
d ∈ D, s ∈ S (7.2e)∑

p∈Ti

mp
i z
k
i,p ≤ tka,i <

∑
p∈Ti

npi z
s
i,p, ∀xid ∈ D, s ∈ S (7.2f)

∑
p∈Ti

zsi,p = 1, ∀xid ∈ D, s ∈ S (7.2g)

tsd,i ≤ npi +M(1− zki,p), ∀xid ∈ D, p ∈ Ti, s ∈ S (7.2h)

Cs
i + usij ≤ Cs

max +M(1− ysij), ∀xid, x
j
d ∈ D, s ∈ S (7.2i)

ysi,j ∈ {0, 1}, ∀xdi , xdj ∈ D (7.2j)

zsi,p ∈ {0, 1}, ∀xdi ∈ D, p ∈ Ti, s ∈ S (7.2k)

where, y = [y1 . . . ,ys] in (7.2a) is the vector collecting decision variables ysij for each
spacecraft s that takes the value 1 if the spacecraft is travelling along the arc aij ∈ A,
or otherwise is 0. The objective of the combinatorial problem is to minimize the fuel
utilized for the entire observation mission as expressed in (7.2a).

Constraint (7.2b) ensures that each site is assigned to a single spacecraft s. The flow
of the observation tour for spacecraft s is imposed in (7.2c) and (7.2d). For a spacecraft
s when travelling along an arc aij, the arrival time at node xjd is ensured to be at least
equal to the sum of departure time from the previous node xid and the transfer time
∆tij through constraint (7.2e), where M ∈ R is a large scalar. A binary variable zsi,p
is defined which takes the value 1 if the time window p is selected for observation by
spacecraft s or otherwise 0. The observation period for each landmark is placed within
one of the corresponding illumination time windows that is enforced through (7.2f) and
(7.2g). Constraint (7.2h) states that the spacecraft’s departure time cannot exceed the
upper bound on the respective time window. The maximum fuel constraint (7.2i) ensures
that each spacecraft s consumes fuel within its maximum limit.

A linear programming solver can be used to obtain an optimal solution for the problem
(7.2), but the size of the solution space increases drastically with the increase in number of
candidate sites and the number of spacecraft. Thus, a Genetic algorithm based heuristic
algorithm is developed to find a near-optimal solution within reasonable time.

7.2.1 Genetic Algorithm Based Solution

In this work genetic algorithms (GA) are used to solve the MS-TSP with multiple time
windows, where a multi-chromosome technique is used to effectively represent the en-
tire solution space of distributing the observation task between the spacecraft group. In
a multi-chromosome representation technique [104], each individual chromosome corre-
sponds to the observation tour of each spacecraft Qs, ∀s = 1, . . . , S without the initial
state of the spacecraft (as spacecraft will always initiate the tour from its initial position).
Figure 7.2 illustrates multi-chromosome representation for the example visual coverage
scenario shown in Fig. 7.1, where the order of genes in the chromosome denotes only the
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Figure 7.2: Multi-chromosome representation of MS-TSP problem solution for the cooperative
coverage scenario shown in Fig 7.1.

order of observation of the asteroid sites by the spacecraft. Now, the GA implementation
in Section 6.2.2 is extended for the MS-TSP implementation with the new crossover op-
erators for the new chromosome representation, and the over all pseudo code is presented
in the Algorithm 4.

Algorithm 4 GA pseudo code for MS-TSP

1: N ← number of sites of interest
2: S ← number of spacecraft
3: Set GA parameters: pop size, max gen, offspring size, tournament size
4: elite size = pop size – offspring size
5: Ppop = initialize(N, S, pop size)
6: for gen = 1 to max gen do
7: Calculate individual fitness of the entire Ppop
8: Rank according to fitness in ascending order in Psort
9: Elite pop: E = Psort(1 : elite size)

10: New pop ← E
11: Best tour ← Psort(1)
12: rand sequence = random permutation(Ppop)
13: while need more offsprings in new population do
14: Generate a set from rand sequence of tournament size in Tset
15: Assign fitness ranks to individuals in Tset in Tsort
16: p1 ← Tset(Tsort(1))
17: p2 ← get random indv(Tset − p1)
18: Offspring pop: O = best cost tour crossover(p1, p2, S)
19: New pop ← O
20: Clear Tset, Tsort
21: end while
22: Ppop ← New pop
23: end for
24: Best solution ← Best tour
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The algorithm begins by randomly generating the initial population of the valid so-
lutions, which resembles the observation tour for each spacecraft. The validity of the
solution here, during the generation of the initial population (first generation), only cor-
responds with respect to the constraints (7.2b) and (7.2c). Next, the quality of each
solution is calculated using the objective function (6.7) that minimizes the total fuel re-
quirement for the complete coverage. The objective function is penalized if any of the
constrains in (7.2) are violated. All the subsequent generations are developed following
the three basic steps: i) elitism: the current best solution is passed directly to the next
generation without crossover or mutation, ii) selection: a mating pool is created using a
tournament selection method from the earlier generation, and iii) crossover: next gener-
ation is created by applying crossover tools on the pair of individuals from the mating
pool. The elitism ensures that the best solution is always preserved and passed to the
next generation. In order to avoid premature convergence to the optimal solution, the
elite member is forced to compete against the best solutions from the future generations.

At every generation stage, parent pairs for reproduction are selected using a tour-
nament selection strategy. A set of ‘M ’ individuals are randomly selected from the
population that forms a tournament set. The best individual from the tournament set is
considered as one of the parent and the second parent is selected randomly from the re-
maining individuals from this set. The crossover operator is used to create offsprings from
the selected parents. The ordered crossover operator introduced in the Chapter 6 may
not necessarily converge to an optimal solution as here for each solution there are mul-
tiple chromosomes for each spacecraft’s observation tour. Thus instead a more problem
specific crossover operator, best cost tour crossover [105], is used that aims at minimizing
the total fuel cost while simultaneously checking the feasibly of the solution.

Figure 7.3 illustrates the dynamics of the best cost tour crossover operator with an
example where an arbitrary problem with six observation landmarks using two spacecraft
is considered. As shown in step 1, from each parent some landmarks are randomly selected
that can be a part of either a particular spacecraft’s tour (as in case of parent p2) or can
be a part of both of the spacecraft’s tour (in case of p1). Next, the desired spacecraft
states corresponding to the selected landmarks are removed form the opposite parent
resulting in the upcoming offspring, as in case of parent p1 x

6
d and x2d is removed resulting

in forthcoming offspring o1. Next step is to find the best possible location for the removed
desired spacecraft states, i.e. find the proper order in which each spacecraft will visit the
landmarks. In step 2, for the case of offspring o1, the state x6d is inserted first with the best
location in the observation tour of the second spacecraft and later on the x2d is inserted.
During the insertion, the resulting tour may be infeasible if the constraint on the fuel
capacity of the spacecraft is not satisfied. The best solution is the one with minimum
objective function that implies minimum fuel requirement and constraint enforcement.
A new generation of solutions is obtained by collecting the elite and the new offspring
population put together, which then compete between themselves to find the best near
optimal solution.
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Figure 7.3: Example of the best cost tour crossover operator applied to a visual coverage prob-
lem solution with six sites using two spacecraft. The parents p1 and p2 represent the multi-
chromosome encoded solutions, where each chromosome represents the respective spacecraft tour.

7.3 Simulation Results

Spacecraft
Initial position in the body-fixed frame (m)

Apophis Bennu

s1 [−796.8,−183.0, 0.00]> [−487.3,−119.1, 0.00]>

s2 [−700.6, 359.7,−219.5]> [−255.9,−176.1, 391.7]>

s3 [−574.9,−559.3, 158.0]> [−394.8, 271.6,−142.5]>

Table 7.1: Spacecraft initial positions in the body-fixed frame
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The ability of the proposed algorithm to plan optimal trajectories and distribute the
observation task between the spacecraft group, which results in minimum fuel consump-
tion for the entire mission, while considering their individual fuel budget is demonstrated.
Two different scenarios with asteroid Apophis and Bennu are considered. For each case
two observation time spans, 20 min and 1 hour, are considered to validate the ability
of MS-TSP sequencing algorithm to generate near-optimal solutions for each spacecraft
without violating any illumination constraints on the landmark. The list of candidate
observation sites for each case is summarized in Table 6.3. The observation time windows
for each site are calculated considering the position of Sun and the asteroid’s rotation
rate.

For simulations, in both asteroid cases, a group of three spacecraft equipped with an
optical sensor is assumed. Each spacecraft is represented as a point mass of ms = 10 kg
with a 50 mN bidirectional thruster along each axis. It is assumed that each spacecraft
has a fuel budget of 20 m/s for the observation mission. The propulsion system assumed
here corresponds to a cold-gas micro-propulsion system (e.g. [106]) in terms of specific
impulse (≈ 40 s) and force level (50 mN). The solar facing area is assumed as 0.5 m2

with a reflectively coefficient as 1.4. The initial position of each spacecraft around the
respective asteroid is listed in Table 7.1.

Case scenarios Spacecraft

s1 s2 s3

Apophis

20 min
Q1 = (0, 1, 4, 7) Q2 = (0, 5, 10, 9, 8, 6) Q3 = (0, 3, 2)

∆v = 2.69 m/s ∆v = 10.08 m/s ∆v = 1.74 m/s

1 hour
Q1 = (0, 1, 4, 7) Q2 = (0, 5, 10, 9, 8, 6) Q3 = (0, 3, 2)

∆v = 2.70 m/s ∆v = 10.08 m/s ∆v = 1.75 m/s

Bennu

20 min
Q1 = (0, 10, 2, 3, 5) Q2 = (0, 6, 8) Q3 = (0, 7, 9, 1, 4)

∆v = 9.22 m/s ∆v = 5.31 m/s ∆v = 10.97 m/s

1 hour
Q1 = (0, 10, 3) Q2 = (0, 9, 1, 8) Q3 = (0, 7, 4, 6, 2, 5)

∆v = 6.95 m/s ∆v = 12.36 m/s ∆v = 16.74 m/s

Table 7.2: Observing sequence and fuel required by each spacecraft for covering all the desired
asteroid sites of Apophis and Bennu.

First, a series of trajectory design problems (6.2) are solved for all the possible combi-
nation pairs of initial/target desired spacecraft states. This step will provide fuel optimal
trajectories between each node pairs with the amount of fuel consumed and the time re-
quired for the transfer. Later, these elementary solutions are provided to the MS-TSP
algorithm to generate an observing tour for each spacecraft. The MS-TSP algorithm is
implemented in MATLAB. The genetic algorithm parameters considered are: population
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size to 400, number of generations to 100, and the elite individual retention form each
generation is set to 10. The aim of the simulations is to show the ability of the proposed
trajectory planner to assign a tour sequence to observe desired asteroid sites to each
spacecraft such that each site is observed under proper illumination by a spacecraft once
and only once while minimizing the total fuel cost of the mission. The simulation results
for both the asteroid cases are summarized in Table 7.2, where the observing tour of each
spacecraft with its respective fuel demand are provided.

(a) 20 min observation time (b) 1 hour observation time

Figure 7.4: Apophis case: Spacecraft trajectories (brown, blue, and black curves) in body-fixed
frame B and the arrow marks indicate the direction of motion.

(a) 20 min observation time (b) 1 hour observation time

Figure 7.5: Apophis case: Spacecraft trajectories (brown, blue, and black discontinuous curves)
in inertial frame A, where the colored sections indicate the respective spacecraft’s observation
period (magenta) and the waiting period (cyan).
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Figure 7.4 and 7.5 show the results for the cooperative coverage of all the desired sites
of asteroid Apophis, with spacecraft trajectories represented in asteroid body-fixed B and
inertial frame A, respectively. In these results, brown, blue, and black colored curves
indicate the trajectory for spacecraft s = 1, 2, and 3, respectively. The arrow markers
over each trajectory in Fig 7.4 indicate the direction of motion of the respective spacecraft.
Considering slow rotation rate of the Apophis asteroid (≈ 30 hour) as compared to the site
observation time spans, 20 min and 1 hour; tour sequences for each spacecraft observed
in Fig 7.4(a) and 7.4(b) are exactly the same. There is a minor increase in the total
fuel requirement for 1 hour observation period (14.54 m/s) as compared to the 20 min
(14.52m/s). This increase is associated with the spacecraft s = 1 and 3, refer Table 7.2,
which is mainly due to the increase in observation period. For the spacecraft s = 2, the
increase in observation period has no noticeable effect on fuel demand as it is compensated
with the time that the spacecraft is waiting for next site to be illuminated (see Fig 7.5).
In Fig 7.5, the motion of the each spacecraft in the asteroid inertial frame is displayed,
where the magenta colored sections of the respective spacecraft trajectory indicate the
observation period of each site and the cyan colored sections indicate the waiting period of
the respective spacecraft. Here the direction to the Sun is indicated by an outward yellow
arrow from the center of the asteroid, assumed along the negative xa direction. It can
be noticed that for both the observation period cases, all the spacecraft are maintained
on the day side of the asteroid. The night side of the asteroid is indicated by a shadow
in the asteroid surface in Fig. 7.5. The fuel budget of each spacecraft is maintained way
below the constrained limit of 20 m/s. For this scenario, a single spacecraft is sufficient
for the complete coverage of all the 10 sites of interest.

(a) 20 min observation time (b) 1 hour observation time

Figure 7.6: Bennu case: Spacecraft trajectories (brown, blue, and black curves) in body-fixed
frame B and the arrow marks indicate the direction of motion.

Now, consider the simulation scenario with asteroid Bennu. The cooperative coverage
results in Fig 7.6 and 7.7, show the spacecraft trajectories represented in asteroid body-
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(a) 20 min observation time (b) 1 hour observation time

Figure 7.7: Bennu case: Spacecraft trajectories (brown, blue, and black discontinuous curves)
in inertial frame A, where the colored sections indicate the respective spacecraft’s observation
period (magenta) and the waiting period (cyan).

fixed frame B and inertial frame A, respectively. The brown, blue and black curves in
these figures represent the trajectories of the spacecraft s = 1, 2 and 3, respectively, and
the arrow markers on each trajectory indicate the direction of motion of the respective
spacecraft. Note, in Fig. 7.6(a), the trajectory of spacecraft s1 between node xs10 and
x10d is denoted by discontinuous curve in order to avoid any confusion. The rotation
period of Bennu is approximately 4.0 hour. Thus, variations in the observation period
result in the different observing tours for each spacecraft (refer Table 7.2). Note that the
observing tour Qs of the sth spacecraft consists of the index i of the desired spacecraft’s
state denoted by xid for the ith respective site. The total amount of fuel required for
the observation time span case of 20 min is 25.5 m/s, where as for the case of 1 hour
observation period 36.05 m/s of total fuel demand is noted. As desired, the newly adapted
tour consumed more fuel, which is mainly due to: i) increase in the observation and
waiting time, where the spacecraft continues to hover above the desired site, and ii)
changes made in the sub-tours to adapt the new observation period. Each spacecraft’s
trajectory with the observation arcs (magenta colored), for each desired site and the
waiting arcs (cyan colored), represented in the asteroid’s inertial frame, are depicted in
Fig. 7.7. The direction of the Sun is indicated by an outward yellow arrow from the center
of the asteroid, assumed along the negative xa-axis direction. It can be noticed that for
both the observation period cases, observation and waiting arcs for each spacecraft are
present on the illuminated side of the asteroid, whereas a small portion of the transfer
time between different nodes go through the night side (indicated by dark shadow on
the asteroid surface in Fig. 7.7). Also, the fuel expenditure limit imposed, of 20 m/s, is
fulfilled for all the spacecraft in both the cases, refer Table 7.2. It can be noticed that it
might have been impossible to achieve complete coverage of the all the desired sites, if it
had been a single spacecraft.
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7.4 Summary

This chapter presented the formulation of a cooperative visual coverage problem for
assigning the observation tasks and path planning for multiple asteroid sites observed by
a group of spacecraft. A two-phased framework was proposed, where first phase generated
the elementary solutions for single target trajectory design problem that then were used to
design a near-optimal observation tour for the spacecraft together. Simulation scenarios
for two asteroids, Apophis and Bennu, with two observation periods, 20 min and 1 hour,
were considered. The results demonstrated overall efficiency of the proposed trajectory
planner to ensure successful optimal coverage of all the desired asteroid sites in each
case.
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Chapter 8

Conclusions and Future Directions

The aim of this thesis has been to contribute towards overcoming some of the chal-
lenges associated with guidance and control aspects in the multiple spacecraft formation
domain, by answering to the following main research questions:

• How to safely and autonomously maintain a spacecraft formation without any col-
lision?

• How to plan optimal trajectories for a group of spacecraft towards the completion
of a common goal?

These questions were answered by developing appropriate algorithms for two different
mission scenarios, respectively: i) co-location of geostationary satellites and ii) cooper-
ative visual coverage of an asteroid. The first part of the thesis dealt with developing
an autonomous, ground-in-loop, concurrent maneuver planning strategies to safely and
fuel efficiently co-locate multiple geostationary satellites in the same operational slot. A
dual-rate prediction model was introduced to determine station keeping and momentum
dumping maneuver plans, concurrently, for the satellite cluster. A leader-follower hier-
archy was adopted and the relative orbital states of each of the follower satellites were
constrained inside the convex tolerance windows, providing a safe collision-free motion.
In addition to the safe separation distance constraint for co-location of satellites, there
exist additional practical constraints like sensor field-of-view interference and eclipse con-
ditions from the adjacent satellite, communication bandwidth limitations, etc. Also real
world implementations will always include modelling, navigation, and/or thrust force
pointing errors that can degrade the performance of the proposed concurrent maneu-
ver planning algorithm. These uncertainties can be handled efficiently by introducing
a robustifed optimization process, which is considered as a possible future extensions of
this work. This future direction also includes working towards integration of additional
practical operational constraints to the algorithm.

To address the second research question, a cooperative visual coverage mission was
considered, where the aim was to plan optimal trajectories and distribute the observation
tasks of multiple asteroid sites for a group of cubesat scaled spacecraft, each equipped

113
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with low-thrust propulsion system. This problem being of mixed integer nonlinear pro-
gramming class, which is very difficult to solve in order to find optimal solutions, a novel
two-staged cooperative coverage planning algorithm was proposed. At the first stage,
fuel optimal trajectories were determined for all combinations of initial-final imaging site
pairs. The second stage combines these elementary solutions with observation time win-
dows for each site to formulate a combinatorial problem, similar to the multiple travelling
salesman problem with multiple time windows, to generate a near-optimal site coverage
sequence for the group of spacecraft. It should be noted that the fuel efficiency of the
overall asteroid coverage mission is dependant on the quality of solutions provided by the
first stage. In this regard, the overall efficiency of the proposed algorithm can be further
improved by studying other more efficient single target trajectory planning problems in
the first stage, which can be considered as a subject for future work. Concerning the sec-
ond stage implementation, future implementations should investigate: i) heterogeneous
spacecraft capabilities, in terms of available sensors, and ii) cumulative observations by
different spacecraft instead of continuous observation of a given asteroid site. Further-
more, the ability to generate online fuel optimal trajectories for spacecraft with low-thrust
capabilities can be explored in the future. Instead of an asteroid problem treated in this
thesis, the proposed approach with such real-time computation capabilities will be ben-
eficial for other mission scenarios, in particular, debris surveillance accompanied with
physical manipulation or on-orbit inspection and servicing missions.
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