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Preface

As a kid I was always wondering how things work and why, inventing my own ex-
planations and experiments. It is then natural that I started studying physics, where I
found answers and many more new questionings. The most captivating thing is probably
that our world is understandable, has laws and principles. We, physicists, are just trying
to find them. In our mind, we elaborated theories to explain all kinds of phenomena and
experiments to test them. I have always been fascinated by our ability to understand the
world, us humans. Science is not a well organized trip and it is made of surprises and
unexpected findings, there is the beauty.

Even though it contains so many things to discover, our planet Earth is just a tiny
part of the universe and I will always remember the first time I have looked through a
telescope. All these planets, stars, galaxies ... billions light years distant made visible
with this instrument, what a wonderful spectacle. Exploring the planets of our solar
system is truly a memorable experience that I wish everyone to have. For a moment,
time stops to leave room for pure contemplation. At this specific instant nothing else
exists than you and the infinite cosmos.

As a scientist I just feel like a grown up kid who let himself driven by his endless
curiosity. I think we should always listen to the child that remains is us, that is how we
truly become who we are. With this thesis, I am very proud to bring my little contribution
to science, satisfying the dreaming kid inside me.
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Abstract

In this thesis collision-induced absorption (CIA) coefficients are computed using molec-
ular dynamics (MD) simulations. Part I is dedicated to the theoretical frame of the
method, from the classical theory radiation to the derivation of an absorption coefficient.
The second part is a on the implementation of the method in the in-house software Spa-
CIAL (Spectra of Collision-Induced Absorption with LAMMPS). This package is split
in two parts: the molecular dynamics part being treated with the open source package
LAMMPS, and the post-processing for the computation of the collision-induced absorp-
tion with a Python code. The post-processing has been developed in two distinct ways
each of them presenting different properties. The first one, based on what has been done
previously, is designed to compute the dipole auto-correlation function (ACF) to obtain
the CIA spectra after Fourier transformation. Many improvements has been made like
the time averaging method is used in order to considerably increase the statistics requiring
reasonable resource needs. The use of the fast Fourier transform algorithm (FFT) and the
apodization procedure are also used for better accuracy of the results. The reformulation
of the equations, especially with the Wiener-Kintchine (WK) theorem, gives a completely
new implementation for which the CPU intensive computation of the dipole ACF is no
longer needed. Instead, the contributions to the CIA spectrum are computed for each
pair separately. In addition to improve significantly the performance of the code, it is now
possible to separate the free-free and the bound-bound contributions. The comparison
with the previous method (ACF) for the Ar-Xe system has shown a good accordance thus
validating this new implementation. This great progress paves the way for the classical
study of the dimers features in the absorption coefficient. The programs developed in
this work can be adapted to handle molecular gas mixtures that are relevant in studies
of radiative transfer in planetary atmospheres.
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Chapter 1

Introduction

In our solar system, giant planets’ atmospheres are mainly composed of non-polar
molecules such as molecular hydrogen or helium (see Fig. 1.1). Infrared absorption has
been detected for Jupiter and Saturn [1] and similar observation were made for Neptune,
Uranus and the largest of Saturn’s moon, Titan. At first sight, it is difficult to explain
these observations in the absence of permanent radiator. However, this paradox is solved
by the collision-induced absorption (CIA) process, reported for the first time in 1949 by
Crawford and co-workers who detected infrared absorption for molecular nitrogen and
oxygen separately and mixed [2]. By noticing the proportionality between the absorption
coefficient and the species densities squared, the authors formulated the hypothesis that
the molecules absorbed during a collision with another one. Later, several experimental
studies have been carried on for other molecular systems and rare gases mixtures [3–
6]. This phenomenon occurs when two particles (atoms and/or molecules) encounter
in a close range. The pair interaction leads to a rearrangement of the charges which
gives birth to a dipole moment allowing the absorption of a radiation (see Fig. 1.2).
This absorption process is not limited to the gaseous planets but does also play a role
in dwarf stars [7–9], and is involved in the greenhouse effect in extrasolar super-Earths
with hydrogen-enriched atmospheres [10]. These active astrophysical researches require
accurate CIA absorption coefficients for a wide range of temperatures and pressures, in
order to faithfully model atmospheres trough radiative transfer simulations [11]. Their
experimental determination exists but remain difficult to perform for the whole required
temperature and frequency ranges.

When it comes to absorption of light, the formalism that we would think of natu-
rally is quantum mechanics. Actually, this approach gives accurate results and has been
used for systems such as H2 − He or H2 − H2 [12–15] treated with quantum dynamical
calculations. If this method is suitable for these relatively light systems, CPU wise it
becomes rapidly inefficient for heavier system involving a higher number of bound states.
Therefore alternative methods must be preferred and molecular dynamics (MD) has been
proposed. In a gas, the short-lived collisional complexes give broad features on the typical
CIA spectra as it is shown on Fig. 1.3 for the Ar-Xe mixture. The quasi-continuum na-
ture of CIA makes a classical treatment possible since there is a lack of discrete, quantum
mechanical, features.

In the past, this fully classical approach has been successfully implemented for gaseous
carbon dioxide [16, 17]. The present thesis is dedicated to the computation of CIA
absorption coefficients with molecular dynamics, its development and evaluation.
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Figure 1.1: Giant planets composition – Jupiter’s and Saturn’s atmospheres are mainly
composed of molecular hydrogen and helium responsible, by collision-induced absorption,
of a large part of opacity in the the infrared region of the spectrum. In the atmospheres
of Uranus and Neptune, gaseous methane is present in addition to hydrogen and helium,
which leads also to absorption in the infrared. Source: NASA/Lunar and Planetary
Institute

|i〉 µ

hν

|f〉

µ

Figure 1.2: Schematic of the collision induced absorption process for O2. During the
collision a photon is absorbed giving roto-translational energy to the system.

On a first part, we will present the theoretical framework from an emitting particle to a
gas mixture. The method itself will be explained with the derivation of the key equations.
Part II describes in detail the implementation of the SpaCIAL software based on the open
source package LAMMPS. We surpassed the method used in all previous works [16–19]
by designing a totally new approach which in addition to present a good CPU efficiency,
provides absorption spectra according to the transition type. The absorption coefficient of
many rare gases mixtures have been experimentally determined [20–22] which constitute
perfect test cases for the development of SpaCIAL.

We conclude with an evaluation of the new method and discuss to possible future
applications. In the third and last part, the author presents his research contributions.

2



Figure 1.3: Ar–Xe CIA coefficient at T=292K [23] – The solid line shows the measured
absorption coefficient while the dashed and dotted lines are the results of calculations.
This example shows how broad are the feature on a typical CIA spectrum.

3



4



Part I – Theoretical framework

5



6



Chapter 2

Classical radiation theory

Contents
2.1 Accelerated charge and emission . . . . . . . . . . . . . . . . . 7

2.1.1 Periodic motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Aperiodic motion . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Dipole radiation . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Charge and dipole radiation . . . . . . . . . . . . . . . . . . . . 10

2.2.2 Radiation and polar molecules . . . . . . . . . . . . . . . . . . 11

2.2.3 Interaction induced dipole radiation for non polar molecules . . 12

2.3 Gas mixture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Quantum mechanics results . . . . . . . . . . . . . . . . . . . . 13

2.3.2 Classical absorption coefficient . . . . . . . . . . . . . . . . . . 15

2.3.3 Desymetrization procedure . . . . . . . . . . . . . . . . . . . . 16

2.1 Accelerated charge and emission

It is well known that an accelerated charge emits electromagnetic waves [24, 25]. For
our calculations, we consider a particle of charge q and we note its acceleration a(t) (see
Fig. 2.1). The electric field of the particle is written as follows (Chap. 2 in Ref. [26]),

E(r, t) =
1

4πε0

q

c2r
r̂ × (r̂ × a(t′)) (2.1)

with c being the speed of light, ε0 the vacuum permittivity, and r̂ the direction vector
defined by r̂ = ~r

|~r| . The retarted time t′ = t− r/c is used to take into account the delay
between the emission of the radiation and the perception by the observer. We can express
the power radiated per unit of solid angle Ω by,

dP (t)

dΩ
=

1

4πε0

q2

4πc3
|r̂ × (r̂ × a(t′))|2 (2.2)

7



8 Classical radiation theory

x

y

z

q

a(t) r(t)

radiation

Figure 2.1: Accelerated charged particle radiating – The charge q moves on a small
volume around the origin of the frame while the observer is placed far from it

The total power emitted is obtained by integrating Eq. (2.2) over the spherical surface
and we have,

P (t) =
1

4πε0

2q2

3c3
|a(t)|2 (2.3)

This is the Larmor’s formula [27] for a charged particle for any trajectory. At this point
no distinction has been done between the cases of periodic and aperiodic motions of
the particle. We show hereafter how they can be treated to derive an expression of the
emitted power.

2.1.1 Periodic motion

Any periodic motion can be expanded in a Fourier series, with each term being harmonic
can be written,

r(t) = r0 sin(2πft) (2.4)

r0 being a constant, f the oscillation frequency and t the time. Using the Eq. (2.2),
the time average power emitted by a charged particle with a harmonic trajectory is then
given by,

P̄ =
1

4πε0

q2r20
3c3

(2πf)4 (2.5)

So we can define the spectral density J(ν) that satisfies the condition,

P =

∫ +∞

−∞
C(ν)dν (2.6)

So the spectral density is given by,

C(ν) =
1

4πε0

q2r20
3c3

(2πcν)4δ(ν − ν0) (2.7)

Remark: The spectral density is given as a function of the wave number ν. The relation
between ω, f and ν is ω = 2πf = 2πcν.



2.1. Accelerated charge and emission 9

2.1.2 Aperiodic motion

The vast majority of the particle trajectories are aperiodic and must be treated differently
from the periodic case. We start with the expression of the power being the derivative of
the energy with respect to time as follows,

P (t) =
dErad
dt

(2.8)

The total energy radiated is given by an integration over the time so that,

Erad =

∫ +∞

−∞
P (t)dt (2.9)

We consider now Eq. (2.2) that we integrate over time on both sides of the equal sign
which gives,

∫ +∞

−∞

dP (t)

dΩ
dt =

∫ +∞

−∞

1

4πε0

q2

4πc3
|r̂ × (r̂ × a(t′))|2 dt (2.10)

d

dΩ

∫ +∞

−∞
P (t)dt =

1

4πε0

q2

4πc3

∫ +∞

−∞
|r̂ × (r̂ × a(t′))|2 dt (2.11)

Using the Eq. (2.9) on the left side and the Parseval’s theorem of the right side we obtain,

dErad
dΩ

=
1

4πε0

q2

2c3

∫ +∞

−∞
|F{r̂ × (r̂ × a(t′))}|2 dν (2.12)

∂2Erad
∂Ω∂ν

=
1

4πε0

q2

2c3
|F{r̂ × (r̂ × a(t′))}|2 (2.13)

∂2Erad
∂Ω∂ν

=
1

4πε0

q2

2c3

∣∣∣∣
∫ +∞

−∞
e−2πicνtr̂ × (r̂ × a(t′))dt

∣∣∣∣
2

(2.14)

We now use the property of the Fourier transform for the derivatives,

F{f (r)(t)} = (−iω)rF{f(t)} (2.15)

So we obtain an expression as a function of the trajectory r(t′) instead of the acceleration
a(t′),

∂2Erad
∂Ω∂ν

=
1

4πε0

q2

2c3
(2πcν)4

∣∣∣∣
∫ +∞

−∞
e−2πicνtr̂ × (r̂ × r(t′))dt

∣∣∣∣
2

(2.16)

Taking into account that the dependence of the squared norm is sin2ϑ, the integration
over the solid angle dΩ = sinϑdϕ gives,

dErad
dν

=
1

4πε0

4πq2

3c3
(2πcν)4

∣∣∣∣
∫ +∞

−∞
e−2πicνtr(t′)dt

∣∣∣∣
2

(2.17)

In this expression the distance to the origin ~r(t′) is taken into account but using the
Wiener-Khintchine theorem it can be rewritten in terms of C(t) the distance autocorre-
lation of the function , as it follows,

dErad
dν

= 4π
(2πcν)4

3c2

∫ +∞

−∞
e−2πicνt

′
C(t′)dt′ (2.18)
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with,

C(t) =
q2

4πε0

∫ +∞

−∞
r(t0) · r(t0 + t)dt0 (2.19)

where t0 is an arbitrary moment taken as the origin of time. These expressions of the
emitted energy per unit of frequency are the classical emission spectra for the aperiodic
event described by the trajectory ~r(t).

The computation of the C(t) in (Eq. 2.18) can be seen an extra step in comparison
to the direct Fourier transform in Eq. (2.14), however this procedure has an interesting
advantage. In the case of an aperiodic trajectory, the distance autocorrelation decays
with time so that the function C(t) necessarily converges toward 0 when t→ +∞ while
the integrand in the Fourier transform in Eq. (2.14) doesn’t. The implies that using
2.14, the computation of a spectrum is possible only for specific trajectory for which the
product e−2πicνtr(t′) converges toward 0, while it is possible for any kind of trajectory if
one used Eq. (2.18).

2.2 Dipole radiation

2.2.1 Charge and dipole radiation

So far we have considered only one single particle in motion and we studied the emitted
power. We now consider to particles of opposite charges q and −q separated by the
distance r(t) depending on time. It can be seen as a positive charge q placed at a
distance r(t) from a static negative charge −q placed at the origin of a Cartesian frame
(Fig. 2.2). The electric dipole moment µ(t) is defined by,

µ(t) = qr(t) (2.20)

x

y

z

−q

+q

~µ(t)

Figure 2.2: Dipole moment definition

The equations derived in Sec. 2.1.2 can now be expressed as functions of the dipole
moment by inverting Eq. (2.20) giving r(t) = µ(t)/q. Therefore, the expression giving
energy emitted per frequency (Eq. (2.17)) directly from the distance r(t) is now written,

dErad
dν

=
1

4πε0

4π(2πν)4

3c3

∣∣∣∣
∫ +∞

−∞
e−2πiνt

′
µ(t)dt

∣∣∣∣
2

(2.21)



2.2. Dipole radiation 11

The lower and upper boundaries in the Fourier transformation being respectively −∞
and +∞ we can replace the retarded time t′ by t for simplification. The version using
the Wiener-Kintchin theorem (Eq. (2.18)) remains unchanged but now the function C(t)
is no longer an autocorrelation of the distance but of the dipole moment as it follows,

C(t) =
1

4πε0

∫ +∞

−∞
µ(t0) · µ(t0 + t)dt0 (2.22)

We have now an expression to compute the emission spectrum using the dipole moment
µ(t) only. This expression as the same dependence in r(t) as the one given in Eq. (2.14),
and then requires the same convergence conditions. Eq. (2.21) is valid only if the dipole
decays to zero with time which cannot be the case for charged particle. However, in the
case of collision between atoms and/or non polar molecules, the dipole moment approach-
ing 0 when r → +∞ this expression can be used.

2.2.2 Radiation and polar molecules

In polar molecules, the geometry is such that the distribution of charges gives a dipole
moment µ(t) allowing the emission and absorption of a photon. The internal motions of
the molecules such as stretching and/or bending lead to a change of the charge distribution
and therefore a variation of the dipole moment with time. A well known polar molecule is
H2O for which the non linear shape is responsible of the permanent dipole. As is shown
in Fig. 2.3, the different vibrations mode induce a change of the dipole moment µ norm
and/or direction, allowing the absorption of an electromagnetic wave.

µ

equilibrium structure

µ

symmetric stretching

µ

bending

µ

asymmetric stretching

Figure 2.3: Molecular vibration of H2O

For linear molecules, such as CO2 for example, the symmetry doesn’t allow a perma-
nent dipole, however because of the internal motions, the distribution of charges can lead
to a temporary dipole. The asymmetric stretching and the bending modes give a dipole
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as it is show (see Fig. 2.4). It is important to note that the absorption/emission of a
photon by a linear molecule is possible only if the bending and/or asymmetric stretching
modes are possible. Indeed, the diatomic molecules made of two identical atoms (like
H2, O2, N2, ...) cannot have any asymmetric vibration mode resulting in a change of the
dipole moment. However we will see in the next section how a gas made of such molecules
can absorb or emit in the infrared region.

µ = ~0

equilibrium structure

µ = ~0

symmetric stretching

µ

bending

µ

asymmetric stretching

Figure 2.4: Molecular vibration of CO2

2.2.3 Interaction induced dipole radiation for non polar molecules

As we have seen so far, the emission/absorption in the infrared region necessarily requires
a dipole moment, brought about either by the shape of the molecule or by its vibrational
modes. Therefore, diatomic molecular or simple atoms are not infrared active. However,
even though these molecules/atoms are not able to radiates themselves, a gas made of
theses elements can absorption or emit infrared light as it is the case in giant planets
atmospheres for example.

When two particles encounter, different mechanisms can induce a dipole moment
between them as presented in Ref. [28]. We consider a collision between two dissimilar
atoms A and B, with B being the larger of the two (see Fig 2.5). When the separation
distance between A and B is small enough, typically when within the potential well region,
the rearrangement of the electrons in the interatomic space lead to an attractive force.
The bigger atom (B) fills the spacing with more electrons than the smaller (A) does, this
results in a dipole moment pointing toward the atom B. When the two atoms are even
closer, the exchange and overlap forces are dominant in the repulsive part of the potential,
the charge density reduces in the inter atomic space and the dipole moment points now
toward the smaller atom A. We note here, that in the case of two identical atoms, this
mechanism cannot give any induced dipole moment. This induction mechanism also gives
a dipole if one or both of A and B is a molecule . For the case of gas containing only
one species of diatomic molecules made of two identical atoms (like H2, O2, N2, ...),
the symmetry breaking that might occur during a collision is responsible of the induced
dipole moment. In that case the charges distribution of perturbed in a similar than it is
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for the encounter of two dissimilar atoms.

µ = ~0

µ
δ+

δ− δ−

δ− δ+

δ+

µ δ−

δ+ δ+

δ+ δ−

δ−

Figure 2.5: Dipole moment induction mechanism

2.3 Gas mixture

2.3.1 Quantum mechanics results

Imagine that you are a physicist working before the early 20th century and the advent of
quantum mechanics. The classical theory of radiation would be the only possibility you
would have to derive a formula for the absorption coefficient. In that case the expression
of the spectral density function C(ω) will not take into account two main properties: the
spontaneous emission and the asymmetric shape of the SDF.

For a quantum mechanics point of view we consider the gas as an ensemble of in-
teracting atoms and/or molecules with the initial state |i〉. A incoming photon with the
frequency ω can be absorbed and induce the transition to the final state |f〉 if its energy is
equal to the difference ∆E = Ef −Ei, corresponding to the frequency ωfi = (Ef −Ei)/~.
The electric field of the radiation is describing by the vector,

E(t) = E0 cos (ωt) =
1

2
E0(e

iωt + e−iωt) (2.23)

According the the well known perturbation theory [29], the probability of transition i→ f
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is given by,

Pf←i(ω) =
π

2~2
| 〈f |E · µ |i〉 |2 [δ(ωfi − ω) + δ(ωfi + ω)] (2.24)

with µ the total dipole moment of the pairs of atoms and/or molecules in the system.
The absorption coefficient is proportional of the rate of energy loss for the radiation given
by,

dErad
dt

= −
∑

f

~ωfiPf←i(ω) (2.25)

= − π

2~
∑

f

∑

i

piωfi| 〈f |E · µ |i〉 |2 [δ(ωfi − ω) + δ(ωfi + ω)] (2.26)

where pi is the probability of finding a molecule in the initial state |i〉. By interchanging
the indexes i and f of the sums and using ωif = ωfi, we can rewrite the second Dirac’s
function so that we obtain,

dErad
dt

= − π

2~
∑

f

∑

i

ωfi(pi − pf )| 〈f |E · µ |i〉 |2δ(ωfi − ω) (2.27)

For the case where the initial state is a Boltzmann distribution, the relation between the
probabilities pi and pf is given by [30],

pf = pie
− ~ωfi

kT

so that we have,

dErad
dt

= − π

2~
ω
(

1− e− ~ω
kT

)∑

f

∑

i

pi| 〈f |E · µ |i〉 |2δ(ωfi − ω)

where ωfi is replaced by ω outside the sums. The electric field can be expressed with its

norm and direction vector as E = E0Ê so that we obtain,

dErad
dt

= −πE
2
0

2~
ω
(

1− e− ~ω
kT

)∑

f

∑

i

pi| 〈f | Ê · µ |i〉 |2δ(ωfi − ω)

Furthermore, in the gas the orientations of the dipole moments are randomly distributed
so that we can write,

| 〈f | Ê · µ |i〉 |2 =
1

3
| 〈f |µ |i〉 |2

which gives,

dErad
dt

= −πE
2
0

6~
ω
(

1− e− ~ω
kT

)∑

f

∑

i

pi| 〈f |µ |i〉 |2δ(ωfi − ω)

We need here to define the norm of the Poynting vector S averaged over one period,

S =
1

2
E2

0

√
ε0ε

µ0
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The cross section absorption is given by,

qabs = − 1

S

dErad
dt

(2.28)

=
π

3~ε0n
ω
(

1− e− ~ω
kT

)∑

f

∑

i

pi| 〈f |µ |i〉 |2δ(ωfi − ω) (2.29)

where n =
√
ε, the refractive index at the frequency ω. In the gas phase the refractive

index is very close to 1 and therefore it will be skipped in the rest for simplification of
the equations.

Finally the absorption coefficient is the product of the absorption cross section and
the density of absorbers 1/V so that,

α(ω) =
4π2

3~c
1

V
ω
(

1− e− ~ω
kT

)
J(ω) (2.30)

with J(ω) the spectral density function defined by,

J(ω) =
1

4πε0

∑

f

∑

i

pi| 〈f |µ |i〉 |2δ(ωfi − ω) (2.31)

Even though they refer to the same quantity, we note the quantum spectral density
function with the symbol J(ω) to differentiate it from C(ω) the classical spectral density
function.

2.3.2 Classical absorption coefficient

We consider now a gas made of two different species A and B. As we have shown above
the collisions between the particles induce a dipole moment allowing the absorption of an
incoming photon. We are interested in computing the absorption coefficient of the gas
for a given temperature T and partial densities of the species A and B noted ρa and ρb.
The expression of the radiated energy per unit of frequency (Eq. 2.21) can be used to
express the classical line shape (also called classical emission profile) I(ω) by (Chap. 5 in
[26]),

I(ω) =

∫∫
N(v, b)

dErad(b, v, ω)

dω
dbdv (2.32)

where N(v, b) is the number of collisions between the dissimilar pairs (A–B) per unit of
time and volume. This function is given by the kinetic theory as [31, 32],

N(b, v) = 2πρaρb

( m
kT

)3/2( 2

π

)1/2

bv3e−
mv2

2kT (2.33)

We can rewrite the expression of I(ω) using Eq.(2.21) so that,

I(ω) =
2ω4

3c3π

1

4πε0

∫∫
N(v, b)F [C(t)](ω)dbdv

︸ ︷︷ ︸
C(ω)

(2.34)

C(ω) can be seen as the sum of all the individual dipole moments contributions with the
weight N(b, v), and with F [C(t)](ω) being the Fourier transform of the dipole autocor-
relation function as,

F [C(t)](ω) =

∫ +∞

−∞
e−iωtC(t)dt (2.35)
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The Kirchhoff’s law [26] relates the absorption coefficient α(ν) to the classical emission
profile I(ν) according to,

α(ν) =
I(ν)

cu(ν)
(2.36)

where u(ω) is the Planck law defined by [33],

u(ν) =
2hν3

c2
1

ehν/kT − 1
(2.37)

with c the speed of light and h the Planck’s constant. Therefore we obtain the expression,

α(ν) =
4π

6hcν3
(2πν)4(ehν/kT − 1)C(ω) (2.38)

We want now to express the absorption coefficient as a function of the angular fre-
quency ω so we apply to variable change ω = 2πν → ν = ω/2π so that,

αf−c(ω) =
4π2

3~cV
ω
(
e~ω/kT − 1

)
C(ω) (2.39)

the f − c index standing for ”fully classical”. At this point it is important to notice
that this fully classical expression of the absorption coefficient doesn’t include the spon-
taneous emission and it doesn’t satisfy the detailed balance condition, these two concepts
being nonexistent is classical Physics. Therefore this equation needs to be corrected with
the help of quantum mechanics results. In order to take into account the spontaneous
emission, we can simply multiply it by the factor e−~ω/kT (coming from the relation be-
tween the probabilities of the different states). Now the corrected expression of αf−c(ω)
becomes,

αf−c(ω)→ α(ω) =
4π2

3~cV
ω
(
1− e−~ω/kT

)
C(ω) (2.40)

The spontaneous emission being considered, the details balance condition remains to
be fulfilled. The section below is dedicated to some approaches aiming to correct the
absorption coefficient.

2.3.3 Desymetrization procedure

In quantum mechanics the detailed balance condition implies the following condition on
the spectral density,

J(−ω) = exp

(−~ω
kT

)
J(ω) (2.41)

However the classical version of the spectral density implies a symmetry around 0 such
that,

C(−ω) = C(ω) (2.42)

Note that both J(ω) and C(ω) denote the spectral density function but respectively from
a quantum and classical point of view. Therefore the classical spectral density needs
to be corrected by applying a desymetrization procedure. This operation can be seen
as a correction of the classical spectral density to satisfy the detailed balance condition
brought by the quantum mechanics results. In his book [26] Frommhold presents different
procedures to reach this goal. We will start with the procedures applied in the frequency
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domain, in other words the ones consisting in a simple multiplication of the classical
spectral density with a desymetrization function fD(ω) as,

CD(ω) = fD(ω)C(ω) (2.43)

where the functions fD(ω) can be one of the following,

f
(1)
D (ω) =

2

1 + exp(−~ω/kT )
(2.44)

f
(2)
D (ω) =

~ω
kT

1

1− exp(−~ω/kT )
(2.45)

f
(3)
D (ω) = exp(~ω/2kT ) (2.46)

Another approach, called the Egelstaff’s procedure [34], is to correct the classical dipole
autocorrelation function C(t) in the time domain, before the Fourier transform. In that
case the desymetrized function CD(ω) is defined by,

C
(4)
D (ω) =

1

2π

∫
e−iωtC(t∗)dt (2.47)

with t∗ = [t(t− i~/kT )]1/2.
Note that at low frequencies when |~ω| � kT , the difference between all these pro-

cedures is very small, however it increases with frequency. Each of them has advantages
and disadvantages according the spectral region observed, so the choice of the procedure
needs to be done accordingly to accuracy required for a given frequency range. In most of
the works done it is the third procedure (also know as the Schofield’s procedure [35]) but
apart from the Egelstaff’s one, the simplicity of their numerical implementation invites us
to consider all of them for comparison. For the Egelstaff’s procedure it has for example
been used in the context of collision induced absorption in compressed fluids [36].
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Chapter 3

Computational methods of CIA
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3.1 Quantum mechanics

Here we aim to give an overview of the quantum mechanical treatment of the collision
induced absorption coefficient. One of the possible approaches is to perform quantum
dynamics of the colliding atoms. The absorption coefficient is given by,

α(ω)

ρAρB
=

1

4πε0

4π2

3~c
ω(1− e~ω/kBT )J(ω) (3.1)

with ρA, ρB denoting the density of the considered species. Note the similarity with the
classical formula, where here J(ω) refers to the same quantity as C(ω). As it is done for
the classical method, the goal is to derive the quantity J(ω) which is expressed as,

19
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J(ω, T ) =
h3

(2πmkBT )3/2
~
∑

ll′

(2l + 1)C(l1l′; 000)2

×
(∫

e−E/kBT |〈l, E |µ(r)| l′, E + ~ω〉|2 dE

+
∑

n

e−E
l
n/kBT

∣∣〈l, El
n |µ(r)| l′, El

n + ~ω
〉∣∣2

+
∑

nn′

e−E
l
n/kBT

∣∣∣
〈
l, El

n |µ(r)| l′, El′

n′

〉∣∣∣
2

δ(El′

n′ − El
n − ~ω)

)
(3.2)

with E the relative kinetic energy of the A–B pair, m the reduced mass of A and B, l
the angular momentum, and C the Clebsch-Gordan coefficient. The three terms in the
parenthesis describe the free-free, bound-free and bound-bound absorption. Each of them
can be evaluated separately by solving the Schrödinger equation for the scattering wave
function defined by [37],

− ~
2µA−B

d2ψ(r)

dr2
+ Ueffψ(r) = Eψ(r) (3.3)

where Ueff is the effective potential expressed in terms of the angular quantum number
l as,

Ueff = U(r) +
l(l + 1)~2

2µA−Br2
(3.4)

with µA−B is the reduced mass of the pair A–B.
For the free-free contribution, the resolution of the equation leads to a continuum. For

the bound states, the wave functions and eigen values of energy are discrete. Even thought
the quantum mechanics formalism gives accurate results, the level of complexity increases
with the number of degrees of freedom. Eq. (3.3) is the radial Shrödinger equation for
a central potential, i.e. it is appropriate for atom-atom interactions. If molecules are
involved the rotational, and possibly vibrational, degrees of freedom have to be accounted
for. This leads to sets of coupled radial Schrödinger equations. Solving such a problem
to compute the matrix elements of the dipole, which are needed for the evaluation of
J(ω), is feasible for diatomic molecules [12, 14] but has not been done for larger systems.
In this sense it is perfectly suitable for gaseous mixtures of atoms or diatomic molecules
but for more complicated systems including more degrees of freedom, it becomes too
CPU-intensive, memory demanding, and very complicated to handle theoretically and to
program.

3.2 Molecular dynamics method

As an alternative to quantum mechanics calculation that can become too CPU intensive,
methods based on classical physics have been proposed. First with the help of kinetic
theory by Lewis et al. [38–40] who used the model of the Lorentz gas. An approach
based on the generalized Langevin equations has also been proposed [41]. These methods
are all based on the computation of trajectories and the autocorrelation of the dipole
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moment. The next step was to actually simulate a fluid with molecular dynamics (MD).
This method is widely implemented for liquids or compressed fluids [36, 42]. In the gas
phase at lower density, one of the first MD calculations for gases have been performed
for pure carbon dioxide gas [16] and then improved with better results [17]. This method
has been used to study other molecular systems such as N2 [18, 19] and rare gases [43,
44].

Let us consider a gas made of two different species (atoms and/or molecules) A and
B, with a fixed temperature T . We isolate an imaginary volume V from which we want
to evaluate the absorption coefficient induced by the interacting pairs A–B. At thermal
equilibrium, the particles contained in this constant volume form a canonical ensemble
(NVT) (Fig 3.1). The forces acting on the particles being derived from the pair poten-
tials, their trajectories can be predicted with the use of the second Newton’s law and
Hamiltonian formalism, as presented in the section below. For each dissimilar pair A–B,
the separation distance as a function of time r(t) can be evaluated. The magnitude of
the electric dipole moment which is directly dependent on r(t), can be then calculated.
At this point two different paths can be followed to compute the absorption coefficient.
The key step of the absorption coefficient computation is the evaluation of the dipole
autocorrelation function Fourier transform noted C(ω). The first and the most natural
way would be to start evaluating the classical dipole autorcorrelation function (ACF)
and apply a Fourier transformation. However it is possible to avoid the ACF calcula-
tion by considering the Fourier transform of the dipole moment directly. We present
here these two interpretations of the equations developed before. We try to explain the
methods making a necessary link between the theoretical considerations and numerical
implementation without all the practical concerns that will be treated in details in Part
II.

3.2.1 Hamilton’s equations of motion and statistical physics

The imaginary volume introduced above forms a N-particles system for which the dy-
namics is determined by the action of the internal forces only. The position and velocity
vectors of the N particles as functions of time, are respectively noted r(t)=(r1(t), r2(t),
. . . , rN(t)) and v(t)=(v1(t), v2(t), . . . , vN(t)). The forces acting of the particles are
noted F 1(t), F 2(t), . . . , FN(t) and are also a function of time. For the particle i, if
the force vector F i(t) is know, then the acceleration ai(t) can be deduced by the second
Newton’s law,

miai(t) = F i(t) (3.5)

with mi is the mass of the particle. Note that F i(t) denotes the resultant of the forces of
all the particles acting on the particle i. It is then a function of all the positions vectors
as,

F i(t) = F i(r1, r2, . . . , rN)(t) (3.6)

This set of differential equations can be solved with a unique solution for specific initial
conditions at t = 0 for the positions vectors and speeds respectively noted r(t = 0)
and v(t = 0). A part from very rare cases, there is no analytical solutions to this
problems but it can be solved numerically by considering the time as a discrete ensemble
t = [0, t1, t2, . . . , tj, . . . , tmax] separated by the time step δt such that tj = jδt. If one
takes the solution of the time step j − 1 as initial conditions, it is possible to solve the
Eq. (3.5) at each time points tj, and therefore construct successively the trajectories of
all the particles.
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Figure 3.1: Imaginary volume – The dashed lines delimit the imaginary volume in gas
made of the particles A (in bleu) and B (in red)

The value of δt directly determines the accuracy of the computed trajectories, and
must be set with care. The exact being obtained in the limit δt → 0, lower the value
of the time step is and more accurate the result will be. However for practical reason it
is not recommended to set δt to the minimum possible value (that would be the one of
the computer accuracy) because it might cause problem with memory or computational
time. Taking into account this technical limit, it is wise to set the time step accordingly
to the problem conditions like density and temperature mainly. Indeed the number of
interactions between the particles in the gas increases with temperature and pressure,
requiring a low enough time step to be correctly described. In our simulations the typ-
ical time step is δt = 1 fs, allowing to have a satisfactory accuracy within a reasonable
computing time.

Hamilton’s equations of motion – The equations of motion based on the second
Newton’s law can also be expressed with the Hamiltonian formalism taking into account
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the total energy of the system as,

H(r,p) =
N∑

i=1

p2i
2mi

+ U(r) (3.7)

where H is called the Hamiltonian and has the dimension of an energy, pi is the momen-
tum of the particle i. The total potential between the particles is noted U(r) and its
partial derivative according to the particle position give the force as,

F i = −∂U(r)

∂ri
(3.8)

The equations (Eq. (3.5)) of motion can be expressed from the partials derivative of
the Hamiltonian by,

dri
dt

=
∂H
∂pi

=
pi
mi

(3.9)

dpi
dt

= −∂H
∂ri

=
∂U
∂ri

= F i (3.10)

A remarkable property of these equations of motion is their time reversibility meaning that
they remain unchanged under the transformation t→ −t. The system being isolated, the
principle of energy conversation must be satisfied by the Hamiltonian. It can be shown
by deriving the derivative of H with respect to time being equal to zero,

dH
dt

=
N∑

i=1

[
∂H
∂ri

dri
dt

+
∂H
∂pi

dpi
dt

]
(3.11)

=
N∑

i=1

[
∂H
∂ri

∂H
∂pi
− ∂H
∂pi

∂H
∂ri

]
(3.12)

= 0 (3.13)

Microcanonical ensemble and phase space – The system we consider has a fixed
number of particles N , a constant volume V defined by the size of the simulation box and
now a constant energy. In statistical physics, such system is qualified as a micro canonical
ensemble, also noted (NVE) ensemble. At this point it is interesting to introduce what
is called the phase space vector which is the positions and speeds vectors of the ensemble
combined into of single vector as,

x = (r1, . . . , rN ;v1, . . . ,vN) (3.14)

contained into the phase space of dimension 2 × d × N = 6N where d is the number
of spacial dimension, being 3 in our case. The phase space can be understood as the
ensemble of all the possible classical states of the system. At any time of the simulation
the Hamiltonian is constant and equal to the total energy of the system E. In other
words, the ensemble microscopic parameters of the system (positions and momentum)
must satisfy the condition H(r,p) = E. This implies that the phase space of the system
is restricted to a sub ensemble of the complete classical phase space, called the constant
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energy surface. The system being described by the Hamilton’s equations of motion will
always be on this hypersurface.

System ergodicity – We assume that if the system evolves for an infinite duration
τ → +∞, then it will explore the whole constant energy surface. This assumption is
known as the ergodic hypothesis, proposed by Boltzmann in 1895 [45]. and gives notable
properties concerning the calculations of the physical observable average. Let us consider
A(t) an macroscopic observable of the system for which the average over the time range
τ is expressed as,

Ā =
1

τ

∫ τ

0

A(r(t),p(t))dt (3.15)

If one considers the limit of Ā when τ → +∞, then the ergodic hypothesis is the same
as writing,

lim
τ→+∞

Ā = 〈A〉 (3.16)

In simple terms, the ergodic hypothesis can be understood as the fact that the time and
ensemble averages are equivalent. To illustrate this property imagine a monoatomic gas
for which we want to determine the mean speed of a particles. This value can be computed
with two different ways. The first would be to take the average of the instantaneous speeds
of all the particles of the system. The second method consists in following a single atom
for an infinite (or in practise sufficiently long) period of time and recording its speed
as a function of time and finally take the average value. If the system is ergodic, then
these two ways to compute the mean speed of a particle are equivalent. In experiments
it is the time averaging that is performed while in the theory of statistical physics the
ensemble average is considered. For a given quantity, the comparison of the experimental
measurement with the theoretical result is allowed if the ergodicity hypothesis is made.

3.2.2 Absorption coefficient with the autocorrelation function
computation

As it is done in most of the works [16, 17, 43, 44] in order to obtain C(ω), the dipole
autocorrelation C(t) is computed first. In the gas phase, the multitude of dipoles induced
by the collisions forms an ensemble of randomly orientated radiators. Under the ergodicity
hypothesis, the Eq. (2.22) can then be rewritten as an ensemble average [26]

C(t) =
1

4πε0
〈M (0) ·M(t)〉 (3.17)

the angular brackets indicating the ensemble average and M is the total dipole moment
of the system such as,

M (t) =
∑

ij

µij(t) (3.18)

the ij (with i 6= j) indexes referring to the the pair formed by the atoms i and j.
Formally all pairs are taken into account but actually only the pairs of dissimilar atoms
give rise to a dipole moment and contribute to the absorption coefficient. The ACF can
be decomposed into 3 main contributions [46],

C(t) =
1

4πε0
(C2(t) + C3(t) + C4(t)) (3.19)
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where,

C2(t) =
∑

ij

〈µij(0) · µij(t)〉 (3.20)

C3(t) =
∑

i

∑

j 6=j′
〈µij(0) · µij′(t)〉+

∑

j

∑

i 6=i′
〈µij(0) · µi′j(t)〉 (3.21)

C4(t) =
∑

i 6=i′

∑

j 6=j′
〈µij(0) · µi′j′(t)〉 (3.22)

the indexes i,j referring respectively to the atom type A or B while the prime indicates
the distinction between two atoms of the same type. The sums C2(t), C3(t) and C4(t)
describe respectively the binary, ternary and the quadruplet interactions (Fig. 3.2). Note
that formally higher terms actually exist and limiting the development of C(t) to the
quadruplet contribution is arbitrary. However we believe that these additional terms
don’t contribute that much as they are not even considered for compressed fluids [47]
and therefore will be significant in the gas phase.

The low density limit – For the computation of an absorption coefficient, strictly
speaking all of the contributions should be included into the dipole ACF and it is done
liquids [46] or confined mixture of rare gases [47]. For He–Ar and Ne–Ar mixtures, ex-
perimental measurements [5] at densities up to 90 amagats have given an absorption
coefficient proportional to the density product of the partial densities. The power se-
ries expression of α [48] indicates that this proportionality suggests that the absorption
coefficient is due to binary interactions. Other experiments where measurements have
been done for gases at high densities, no evidence of three-body (or higher order) con-
tributions has been detected for various rare gases mixtures even at ρ = 600 amg [49].
This observation has been later confirmed by Grigoriev et al.[22] for a Ar–Xe gas studied
for a density range from 35 to 100 amagats. In planetary atmosphere’s the density is
about few amagat and at this low density we except essentially binary contribution. This
hypothesis as been used for a CO2 at ρ = 25 amg with reliable results [16]. Under this
hypothesis we can write C(t) ≈ C2(t) This valid approximation will be used from now
and we may rewrite the expression of the dipole ACF as,

C(t) ≈ 1

4πε0

Np∑

p=1

〈µp(0) · µp(t)〉 (3.23)

Note that for a matter of simplicity we use now the index p referring to the pair considered
previously denoted by the couple ij. In the rest of the thesis, the low density limit is
applied and for a matter of simplicity C2(t) will be denoted C(t). The new formulation
has the advantage to be easier to implement and can also be optimized as we present it
is Chap. 8.

Like any other autocorrelation function of a stochastic value, C(t) goes to 0 as t →
+∞. Therefore, it is sufficient to evaluate this function up to a certain value of time, that
we will call the integration time and note it τ chosen long enough to let the ACF reach
almost 0. The integration depends on the system studied but also on the density and
temperature conditions. Indeed the hotter and denser is the system faster it decorrelates.
The system being not perturbed externally, to state of the system at t0 + t can be
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A–B → µij(0) · µij(t) µij(0)

i

j

µij(t)

i

j

(a)

A–B–B → µij(0) · µij′(t)

i

j
j′

µij(0)

µij′(t)

(b)

B–A–A → µij(0) · µi′j(t)

j

i
i′

µij(0)
µi′j(t)

(c)

A–B/A–B → µij(0) · µi′j′(t)
µij(t) µi′j′(t)

(d)

Figure 3.2: Contribution types – Each sub figures shows the configuration at t=0 (on the
left) and for a time step t > 0 (on the right). On figure (a) the binary contribution is
represented. The ternary contribution is show on both figures (b) and (c) respectively for
the triplet A–B–B and B–A–A. The last figure (d) illustrates the quadruplet contribution.

evaluated only from its state at t0. The brackets 〈. . . 〉 referring to the time averaging,
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we can express the classical dipole autocorrelation function as it follows,

C(t) =

Np∑

p=1

lim
τ→+∞

1

τ

∫ τ

0

1

4πε0
µp(t0) · µp(t0 + t)dt0 (3.24)

where t0 can be seen as the origin of the time. The integral over the time span τ taking
the successive moment t0 as the origin of the time is equivalent to a time-averaging
process having as main effect to reduce the statistical noise in the computation of C(t).
The function C(ω) can be now obtained with a simple Fourier transformation of C(t)
to obtain the absorption coefficient. Because of the reversible nature of the physical
process, the dipole ACF is symmetric, allowing us to extend it in the negative region.
This property has two main advantages, the first one being to settle down to 0 both ends
of the function, avoiding artefacts after Fourier transformation. The resolution of the
computed spectra being inversely proportional to the integration time, the symmetry of
C(t) improves it by a factor of 2. The spacing in frequency is therefore ∆ω = 1/2τ .

Even though the computation of C(t) prior to its Fourier transform is straightfor-
ward, in the case of numerical implementation it might require a consequent amount of
computational resources especially with the time averaging process.

3.2.3 Absorption coefficient without the autocorrelation func-
tion computation

In the derivation of the emitted power we used the Wiener-Kintchine theorem to make
the dipole autocorrelation function C(t) appear. However if we don’t apply this transfor-
mation and we keep the definition with the Fourier transform of the dipole itself (Eq. (
2.21)) we can compute C(ω) directly. Therefore the contribution of the pair p to the
total function C(ω) is given by,

Cp(ω) =
1

4πε0

∣∣∣∣
∫ +∞

−∞
e−iωtµp(t)dt

∣∣∣∣
2

(3.25)

this has to be understood as the squared norm of the dipole moment Fourier transforma-
tion. The dipole moment being the three dimensional vector µp(t) = (µp,x, µp,y, µp,z)(t)
this expression can be rewritten in terms of the Fourier transform of each components,

Cp(ω) =
1

4πε0

[
µ̂2
p,x(ω) + µ̂2

p,y(ω) + µ̂2
p,z(ω)

]
(3.26)

The sum of the contributions from all the pairs gives C(ω) as it follows,

C(ω) =

Np∑

p=1

1

4πε0

[
µ̂2
p,x(ω) + µ̂2

p,y(ω) + µ̂2
p,z(ω)

]
(3.27)

It is important to notice that conversely to the method implying the evaluation of C(t),
there is no time averaging process. In the frame of a numerical implementation this is
likely to reduces considerably the use of resources.



28 Computational methods of CIA

3.3 Other classical methods

Even though the present thesis is focused on the molecular dynamics method, it is not
the only classical method existing for the computation of collision-induced absorption. In
this section we want to make a brief description of two other methods: the bimolecular
calculations and the trajectory analysis. This short review aims to show the variety of
possible approaches within the frame of classical mechanics.

3.3.1 Bimolecular trajectory calculations for rare gas mixtures

One of the first computation of a collision induced absorption coefficient was done by B.
Levine and G. Birnbaum in their paper [31] where they have studied rare gases systems.
This classical method uses the Kirchhoff’s law to express the absorption coefficient from
the emission coefficient. The point is to compute the quantity I(ω) that can be considered
as the mean power emitted from the various collisions between the atoms and/or molecules
defined by,

I(ω) =

∫∫
N(b, v)C(b, v, ω)dbdv (3.28)

where N(b, v) is the number of collision per unit of volume and time which depends on
the impact parameter b and the relative velocity v. This number can be found thanks to
the kinetic theory of gases and it is expressed by,

N(b, v) = 2πbρAρB

( m
kT

)3/2( 2

π

)1/2

v3e−
mv2

2kT (3.29)

with ρA, ρB the densities of the species A and B. C(b, v, ω) is the Fourier transform of
the Larmor’s formula for the emission power,

C(b, v, ω) =
2ω4

3c3π

∣∣∣∣
∫ +∞

−∞
eiωtµ(b, v, t)dt

∣∣∣∣
2

(3.30)

The computation of C(ω) therefore requires an analytical expression of the dipole moment
µ, usually expressed as a function of the separation distance r. We note here that the
quantity r contains the dependence on the impact parameter, relative velocity and time
as r = r(b, v, t).

A

B
~v

b

Figure 3.3: Collision between particles

The quantities b and v are not independent from each other especially for small values
of b where the attractive forces of the potential influences the relative velocity. In order
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to accurately compute the integral, this should be taken into account thanks to the
interatomic potential. However this would considerably complicate the derivation of the
integral and it is preferable to separate the two variables using some approximations of
the trajectories and by adapting the shape of the dipole moment. This has been done in
B. Levine and G. Birnbaum work [31] assuming a constant velocity and a straight line
trajectory described by,





x = vt

y = b

z = 0

with neglecting the potential. This approximation might appear non realistic especially
for small values of b for which the velocity is no longer constant and the separation
distance r cannot be less than the minimum value rmin because of the repulsive part of
the potential. However this is corrected by the shape of the dipole moment that goes to
zero when r → 0 and r → +∞. This dipole moment allows then to compute realistic
absorption coefficients even thought the approximations used are not physical.

These approximations allow to derive an analytical expression of the spectrum but
this method is not able to fully describe the absorption processes since it doesn’t explore
all kinds of trajectories. The density effect is taken into account only in the number of
collision per unit of volume and time but not for the kind of trajectory or the duration
of the collisions that are known to bring specific spectral features. For a complete and
accurate description of the trajectories, all kinds of interactions have to be computed
with a statistical weight used in the expression of C(ω). Even thought this seems to be
the right method, deriving an analytical expression of the absorption coefficient without
the use of approximations is very complicated. Even though this method relies on big
approximations it provides relatively good results for the magnitude and the shape of the
absorption coefficient but for better accuracy it is preferable to use other methods such
as molecular dynamics or the trajectory analysis presented below.

3.3.2 Bimolecular trajectory calculations for molecular gases

The comparison between the bimolecular calculations and the MD method has shown
the importance of a realistic description of the molecular trajectories for the accuracy
of the computed absorption spectra. A recent work [50] based on the classical analysis
trajectory has given good results for the N2 − N2 absorption. Unlike the bimolecular
calculations where the potentials are neglected, in this new method all the forces acting
on the molecules and/or atoms are derived in the same way as it is done for the MD
simulations. Accurately deriving the trajectories is not sufficient to reach a statistics
that correctly describes the ensemble. Indeed, the initial conditions of all the degrees
freedom must be sampled according to the distribution of the phase space. In order to do
so, a relatively sophisticated method is used to generate initial conditions vectors from
the Boltzmann distribution. We won’t detail the procedure here but further explanation
can be found in section 4: ”Initial conditions generation” in Ref. [50]. Following the same
procedure as the one used for the MD method, each of these trajectories is then used
to compute the dipole autocorrelation function which is Fourier transform to give the
absorption coefficient.

The classical trajectory analysis can be seen as a simplified version of the MD simu-
lations. The sampling procedure reproduces the part of the phase space that contributes
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to the absorption coefficient and therefore doesn’t integrate trajectories for which the
contribution is negligible. This method allows to extract only the useful information of
the ensemble while the MD simulation treat all kinds of trajectories without distinction.
This considerably improves the performance of the algorithm and it is presented as a
good compromise between the accuracy and required computational resources.
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Chapter 4

Introduction to SpaCIAL

Contents
4.1 What SpaCIAL does ? . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Organization of the code . . . . . . . . . . . . . . . . . . . . . . 33

4.1 What SpaCIAL does ?

We designed a code named SpaCIAL standing for Spectra of Collision-Induced Absorption
using LAMMPS, that computes CIA absorption coefficients using the molecular dynam-
ics method, for an atomic gas mixture. The MD simulations are performed with the
open source package LAMMPS [51] chosen for its consistency and good performances.
As we have shown previously, the computation of the absorption coefficient requires the
calculation of the spectral density C(ω). The code is able to compute this function with
and without the evaluation of the dipole autocorrelation function (see Sec. 3.2.2 and
3.2.3). In the second method, in addition to the total spectrum, the separation is made
between the free-free, bound-free and bound-bound contributions. The post-processing
Python routine is devised to perform the calculations in parallel in addition to multiples
techniques used to reduce the CPU efforts. All these measures makes SpaCIAL suitable
for a personal desktop, at least for moderately large systems.

4.2 Organization of the code

The package can be split in two main parts: the molecular dynamics simulations using
LAMMPS, and the post-processing code for the computation of the spectra. The two
next chapters are fully dedicated to these parts with all the computation details and
algorithms, but we want here to give global point of view on the architecture of the
code. The software is designed such a way that it takes a file as input with all the
parameters, pair potential and dipole moment, required for the MD and post-processing
computations. After an initialization part the code launches the LAMMPS executable
resulting in an output file that will be used by the post-processing code to extract the
useful quantities for the absorption coefficient. Once the program has started and during
the entire process, the user is not asked to interact with the machine and the results do
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not need either an extra step to be compared with other spectra. A schematic view of
the program is shown in Fig. 4.1 where the main steps are represented.

Figure 4.1: SpaCIAL program architecture
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Molecular dynamics with
LAMMPS
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5.1 Initialization of the simulation box . . . . . . . . . . . . . . . . 35

5.2 Thermalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
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5.3 Integration and extracting the results . . . . . . . . . . . . . . 43

The first part of the SpaCIAL code is dedicated to the molecular dynamics simula-
tion with the LAMMPS package. This open source software is stable and well maintained
providing trustful molecular trajectories. In addition, many features are already imple-
mented such as different thermostat options. All these aspects providing advantages
for our absorption coefficient calculations, we decided to perform the calculations of the
molecular trajectories with LAMMPS. In this part we will describe in details how this is
done starting with the definition of the simulation box, testing different options to define
a realistic (NVE) ensemble, and extracting the results used for the absorption coefficient
computation.

5.1 Initialization of the simulation box

We want to simulate the atomic gas made of the species A and B with their respective
densities noted ρa and ρb at thermal equilibrium. The first step is to define a cubic
simulation box with periodic boundaries, its volume being defined by

V = Ntot/ρtot

with Ntot = Na + Nb and ρtot = ρa + ρb, respectively the total number of atoms and
density. The atoms are randomly placed into the box with the only condition that for
each pair the separation distance r is greater than a minimum value rmin corresponding
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to the equilibrium position of the interatomic potential. This is to avoid any pair to
be in the deeply repulsive region. Generating a larger number of independent positions
(x, y, z) satisfying this condition can become CPU intensive especially at high density. In
order to optimize this step we divide the simulation box into small boxes each of them
having a volume of r3min. The nodes created by the intersections of the small boxes are
all distant by a multiple of rmin satisfying the condition r ≥ rmin. In each x,y and z
direction the number of small boxes is given by Nx = Ny = Nz = V 1/3/rmin. For each
atoms, independently of its type, a unique combination of three numbers (ix, iy, iz) is
drawn from the 3-dimensional matrix of dimension (Nx−2, Ny−2, Nz−2). The first and
last elements being the same because of the periodic boundary conditions, note that 2 is
subtracted to Nx, Ny and Nz to remove them in order to avoid to have atoms on the edges
of the simulation cube. Finally each triplet is multiplied by rmin to convert the coordinates
into real number for the positions such as (x, y, z) = rmin × (ix, iy, iz). The positions of
the particles being assigned we now proceed to the attribution of their velocities. The
magnitude is randomly chosen according to the Maxwell-Boltzmann distribution at the
considered temperature T . The orientations are given by a random number between 0 and
2π. The Fig. 5.1 is a two-dimensional projection of the initial conditions initialization.

rmin

rmin

Figure 5.1: Initial conditions of the molecular dynamics simulation – The atoms of differ-
ent species A and B are represented in blue and red. Each of the particles has a random
initial speed symbolized by an arrow. The particles occupying a node the minimum
possible separation distance is of the dimension of one elements of the grid set to rmin.
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5.2 Thermalization

The simulation box being set, the integration of the equations of motion are done with
LAMMPS applying the Verlet algorithm [52]. However before the actual simulation used
for the computation of the absorption coefficient we first need to thermalize the gas as
presented below.

5.2.1 Radial distribution function

The generation of the initial conditions gives an ensemble of particles with the correct
speeds distribution but it might suffer of a bias when it comes to the distribution of
the separation distances of the atoms. Indeed, the way the positions are generated,
although good to lower the computational time, introduces an artificial distribution of
the distances. At this point it is useful to introduce the radial distribution function (RDF)
that is an additional tool to determine whether the gas is properly described or not. This
function, noted g(r), characterize the density variations as a function of r the distance
from a particle taken as reference. One way to numerically obtain g(r) is to determine
the histogram of the separation distance for each pair, normalized by the product of the
density and the volume V (r,∆r) of the spherical shell as,

g(r) =
Natoms∑

i=1

ni(r,∆r)

ρV (r,∆r)
=
ni(r,∆r)

4πρr2∆r
(5.1)

with ni(r,∆r) the number of atoms contained on the volume V (r,∆r) when the atom
i is taken as reference. Natoms is the total number of atoms in the simulation box (see
Fig. 5.2).

5.2.2 Thermostat and thermal equilibrium

The system is considered at thermal equilibrium when it reaches a stable temperature
and a converged RDF. This is done by letting the simulation evolve applying a thermostat
(LAMMPS option). This operation consist in simulating a heat bath at the temperature
T0 inside which the simulation box would be contained. After a sufficiently long time
noted ttherm, the energy exchanges between the system and the environment lead to a
thermal equilibrium. The temperature of an ensemble can be estimated from the mean
kinetic energy of the particles as,

〈K〉 =
3

2
kbT (5.2)

1

2
〈mv2〉 =

3

2
kbT (5.3)

⇒ T =
1

3kb
〈mv2〉 (5.4)

with kb the Boltzmann constant and 〈mv2〉 being the averaged of the product of the
mass and the squared speed over the ensemble. Note that this expression of T is valid
at a given time step of the simulation and can be evaluated at any time, one sometimes
talks about instantaneous temperature noted T (t). One way to numerically implement a
thermostat is to rescale the velocities to reach the desired temperature T0. This is done
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r

∆r

Figure 5.2: Definition of the radial distribution function – In the center the atom taken
as reference is represented in red. The number of atoms contained in the volume shell
delimited by the dashed lines corresponding to ni(r,∆r), without distinction of the type.
The operation is reiterated for each atom taken as the reference.

by multiplying each velocity by the scaling factor λ. Let us consider the temperature
difference between the time t and t+ δt as,

∆T = T (t+ δt)− T (t)

∆T =
1

3kB
〈mv2(t+ δt)〉 − 1

3kB
〈mv2(t)〉

The speeds at t+ δt are obtained by multiplying the speeds at t by the scaling factor as
v(t+ δt) = λv(t) giving,

∆T =
1

3kB

[
λ2〈v2(t)〉 − 〈v2(t)〉

]

∆T =
〈v2(t)〉

3kB

[
λ2 − 1

]

∆T = T (t)
[
λ2 − 1

]

⇒ λ =

√
∆T

T (t)
− 1 (5.5)

The simplest way to reach the temperature desired is to set the temperature at t+ δt
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equal to T0 so that we get ∆T = T0−T (t). In this condition we obtain the scaling factor,

λ =

√
T0
T (t)

(5.6)

This approach, called the temperature constraining, is however too simple and even
thought it insures to reach the temperature T0 within only one time step, it is not re-
alistic because it does not allow the temperature fluctuations that should be present in
a canonical ensemble [53]. Therefore, a thermostat based on temperature relaxation by
weak coupling is preferable such as the one developed by Berendsen [54] that we present
hereafter.

The Berendsen thermostat – In this approach the velocities are scaled at each
time step such a way that the rate of temperature change (expressed by the derivative
of the temperature with respect to time) is proportional to the difference between the
instantaneous temperature T (t) and bath temperature T0, giving the relation [53],

dT

dt
=

1

τc
(T0 − T (t)) (5.7)

with τc the coupling parameter used to adjust the coupling strength. In its discrete
version, the temperature change between two time steps is given by,

∆T =
δt

τc
(T0 − T (t))

By replacing ∆T into Eq. (5.5) we obtain the scaling factor,

λ =

√
δt

τc

(
T0
T (t)

− 1

)
+ 1

In practise, the leap-frog algorithm is preferred for the time integration with the variable
change t→ t− δt/2 in the expression of the scaling factor so that we have,

λ =

√
δt

τc

(
T0

T (t− δt/2)
− 1

)
+ 1 (5.8)

The value of the coupling parameter τc influences dramatically the performance of the al-
gorithm and needs to be chosen with caution. Note that in the limit τc → +∞ the scaling
factor being equal to 1, the thermostat does not play any role. Numerically the lowest
limit is when τc = δt, in that case the Berendsen thermostat is equivalent to the simple
velocity scaling formula (Eq. (5.6)). These two special cases, τc → +∞ and τc → 0, lead
respectively to the microcanonical and the canonical ensembles. It has been shown that
any intermediate value (0 < τc < +∞) generates another type of ensemble, called the
weak-coupling ensemble [55].

The Nosé-Hoover thermostat – This approach was originally proposed by the
Nosé [56] and then developed by Hoover [57] and it is based on the extended-system
method. The basic idea is to add to the real system an additional variable s̃ with an
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associated mass Q, being related to a time scaling parameter. We proceed on the variable
of change of the infinitesimal time interval,

dt̃→ s̃dt

then the relations between the variable of the real and the extended systems are,

r = r̃ ,
dr

dt
= s̃

dr̃

dt
,

d2s

dt2
= s̃2

d2r̃

dt2
+ s̃

(
dr̃

dt

)2

s = s̃ ,
ds

dt
= s̃

ds̃

dt
,

d2s

dt2
= s̃2

d2s̃

dt2
+ s̃

(
ds̃

dt

)2
(5.9)

By rewriting the Lagrangian of the real system, we can now define the Lagrangian of
the extended system as,

Le =
∑

i

1

2
mis̃

2

(
dr̃

dt

)2

− U(r̃)

︸ ︷︷ ︸
real system

+
1

2
Q

(
ds̃

dt

)2

− gkBT0lns̃
︸ ︷︷ ︸

extended system

where g is the number of degrees of freedom. The first part contains the kinetic and
potential energy of the real system. The second term is the kinetic energy of the variable
s̃ and the potential, chosen such a way that it gives a canonical ensemble. Using the
relations in Eq. (5.9) we find the Lagrangian equation of the motion in terms of the real
variables,

d2ri
dt2

=
F i

mi

− γri (5.10)

dγ

dt
= −kbNdf

Q
(T0 − T (t)) (5.11)

where dγ
dt

is the strength of the coupling determined by the value of the fictive mass Q.
At the limit Q → +∞, there is no coupling and the Nosé-Hoover thermostat naturally
generates a microcanonical ensemble. In principle, for any finite and positive value of Q
we obtain a canonical ensemble, but the performance of the algorithm will vary with Q.
If Q is chosen too large, the coupling is so weak that a long time is required to reach the
canonical ensemble. On the opposite, if Q is too small, the temperature curve will show
high frequency oscillations.

The Langevin thermostat – The gas that we consider, made of the species A and
B only, cannot exist in reality and in practise it will always contain other species that
will influence the dynamics of the system. Therefore, in addition to the pair potential
forces we need to take into account the effects of the interactions with the particles of the
solvent. This more realistic system is described by the Langevin equation of motion [58],

miai = −∇U(r)− γv +
√

2γkbTR(t) (5.12)

with U(r) the pair potential, γ the viscosity and R(t) is a the stochastic Gaussian process
giving a vector with random norm and orientation. The Brownian dynamics is a simplified



5.2. Thermalization 41

version of the Langevin equations where the acceleration is neglected so that we have,

−∇U(r)− γv +
√

2γkbTR(t) = 0 (5.13)

⇒ v = −1

γ
∇U(r) +

1

γ

√
2kBTR(t) (5.14)

In LAMMPS, the implementation of the Langevin thermostat is based on the method de-
veloped by E.Scheinder and E.Toll [59] performing the Brownian dynamics of the system
where the total force acting on the atom i is given by,

F i = F c + F f + F r (5.15)

where F c is the conservative force from the pair potential similarly to the equation above,
F f is the friction force given by,

F f =
m

d
v (5.16)

with d the damping parameter in time units. The force F r comes from the other atoms
of the solvent colliding with the atoms of the gas and it is given by,

F F ∝
√
kbTm

δtd
(5.17)

Note that only a proportionality relation is given and the magnitude and the orientation
of this force are randomly drawn from a uniform distribution as it is done in [60], with
the dimension of a speed.

5.2.3 The thermalization strategy

We evaluated the three thermostats presented above for one simulation box containing
5×104 atoms of a mixture of argon and xenon (50% of each) that we want the thermalize
at T = 292K. The exact same input conditions are used for the three calculations from
which the temperature curves are extracted over the thermalization time ttherm = 100 ps
and an integration time tau = 100 ps where the thermostat is not active. The temperature
curves on Fig. 5.3 show a great difference between the thermostats and particularly
between the result for the Berendsen algorithm is very different from the two others.
Indeed when the Berendsen thermostat is active the temperature is rapidly stabilized to
the desired value T0 = 292K while the fluctuations are relatively big for the Langevin and
Nosé-Hoover thermostats. In order to estimate these fluctuations we have computed the
standard deviations for the three curves in the part where the thermostats are active and
inactive. The temperature curves starting from a value much higher than T0, the time
range over which we calculated the standard deviations excludes this part in order to take
into account only the oscillations due to the thermostat itself and not the original sampling
of the Maxwell-Boltzmann distribution. Then the time range where the thermostat is
active is from t = 10 ps to t = 100 ps. The results shown in Tab.5.1 confirm that
the Berendsen thermostat is the one with the lowest temperature fluctuations. However
it is interesting to see that once the thermostat is released, and the NVE simulation
starts, the level of the fluctuations is low for the three cases. The temperature of the
system will oscillate around the last value obtained when the thermostat is active. Then
it is important to obtain a temperature curve with the lowest possible fluctuations to
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Figure 5.3: Test of the thermostats

insure that the NVE simulation will start with a temperature not too far from T0. We
must mention that in LAMMPS it is possible to set the damping parameter to any value.
After different tests we have concluded that this only affects how rapidly the temperature
curve reaches the regime where it oscillates around T0, but it does not play any role of
the amplitude of the oscillations. Based on all these observations, we have selected the
Berendsen thermostat for our simulations. A temperature stabilized around T0 is not

Thermostat active Thermostat inactive
Langevin 1.042 0.039

Nosé-Hoover 1.124 0.035
Berendsen 0.050 0.037

Table 5.1: Standard deviation of the temperature curves

the only requirement to be fulfilled to consider the system to be thermalized. Indeed, as
we introduced it above, the RDF needs to be fully converged in order to have a realistic
description of the gas. Using the LAMMPS option dedicated for that we extract the
RDF of the gas, note that no distinction of pair is made here and it takes into account
the separation distances no matter the atom type. On Fig. 5.4 we compiled the RDF
computed for each time step during and after the thermalization process (separated by
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the dashed line on the graph). This test has been done for a Ar–Xe system at room
temperature and a density of 1 amg, with a large simulation box containing N = 106

atoms. In the context of CIA absorption coefficient we wouldn’t use such big boxes but
here it is to reduce the statistical noise for the study of the RDF behaviour. The time
and the radius are respectively represented by the x-axis and y-axis while the RDF are
displayed with a color code. We can observe that the RDF draw a pattern that evolves
highly during the first time steps of the thermalization part from t = 0 ps to t ∼ 20 ps
roughly. This big evolution can be explained by the method used for the attribution of
the initial positions. Indeed, starting from a fully artificial configuration, the particles
rearrange themselves under the influence of the pair forces. The evolution is then slower
and the system reaches a steady state around t ∼ 75 ps before the deactivation of the
thermostat at t = 100 ps. During the NVE simulation (on the right side of the dashed line)
the RDF being already converged it does not evolve significantly, the small fluctuations
being more related to statistical noise than a change in the system. All these observations
made us conclude that a thermalization time of ttherm = 100 ps is enough to reach a stable
temperature in addition to a steady state for the RDF. Note that this value is not a fixed
rule and this parameter should be set accordingly to gas conditions. The convergence
of the temperature seems to be governed only by the thermostat settings and does not
seem to depend on the temperature or pressure condition. However, as the temperature
and density increase we except more collisions per unit of time and therefore, a quicker
stabilization of the RDF.

5.3 Integration and extracting the results

Once the system has reached a steady state according to the procedure we presented
above, the thermostat is switched off to let the system evolve freely, without any constrain
on the speed of the particles. We note t0 the starting point (or reference time) and τ the
duration of the simulation. Note that to perform the time averaging of the ACF according
to Eq. (3.24), the total simulation time must be equal to twice the integration time range
over which C(t) is defined, so we have tsimulation = 2τ . In addition to the time step δt used
for the integration of the MD equations, we use another one noted ∆t for the calculation
of the spectral density function C(ω). While the MD calculations requires a time step
small enough to avoid large numerical errors, the time step ∆t used for the computation
of C(ω) is constrained by the desired spectral bandwidth given by ωmax = 1/2∆t. This
differentiation of the time steps has the advantage to lower the amount of data extracted
for the post-processing. In addition to require an enormous amount of space, saving
the parameters for each particle is unnecessary. Therefore, with the help of the proper
LAMMPS option at each time step, the pairs that are saved are only the ones for which
the separation distance is lower than a specific value. Note that the LAMMPS option does
not allow us to set this limit to another value than the one provided for the pair potential.
For each time step (0,∆t, 2∆t, ..., Nstep∆t) the quantities needed for the computation of
the spectral density are saved. The dipole vector computation requires the knowledge of
the separation distance r(t) as well as the orientation of the pair A–B, noted r̂(t). The
simplest way is to determine r̂(t) using the absolute position of the atoms A and B. But
it is possible to take advantage of the forces acting on the pairs (cf. Sec. 6.2), already
computed by LAMMPS to solve the Hamiltonian equations. Then, for each pair one can
extract the pair distance, the force vector F = (fx, fy, fz) and its norm. Note that in
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Figure 5.4: RDF convergence – The radial distribution function g(r) is reprensented with
the color code as a function of the radius for different time steps. The region where to
the thermostat is active and inactive are separated by the dashed line.

order to identify the atoms each of them has a proper id-number. The final output file
has a total number of lines equal to the sum of the number of pairs over all the time
steps. Each line contains the information of one single pair in that exact order: type of
the atom 1, type of the atom 2, id-number of atom 1, id-number of atom 2, separation
distance, fx, fy, fz, ‖F ‖.
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6.1 Building the pairs list

If the value of rcut,pot is too large in comparison to the limit above which a pair does not
contribute significantly to the absorption coefficient, thus it is useful to redefine the pairs
according to a more adapted cut-off distance. This new limit, noted rcut,dip, is defined
accordingly to the decay rate of the dipole. Obviously, for practical reasons it cannot be
bigger than the potential cut-off distance. This second pair selection is done in the post-
processing and aims to avoid worthless calculations of the dipole. Since the LAMMPS
command used to extract the pairs does not make any sorting, the post-processing code
excludes the similar pairs (A–A and B–B) which do not contribute to the absorption
coefficient. So far the steps are common to the two different methods used after (ACF
and direct SDF) but the rest of the pre-treatment differs. The next operations consist in
preparing the output file in the most optimal way to that the computation of the ACF
or of the direct SDF is done rapidly. At this step, all the information is stored in a big
file separated in parts for each time step. Each of this block contains the parameters of
each pair existing at this time.

Pairs list for the ACF method – For the computation of the ACF, one needs to
compare the pairs between each time step. In addition to the output file, the code create
two other files containing the number of pairs existing at a specific time step and the
pointer information used to go quickly at the right position in the output file according
to the desired time step.

Pairs list for the direct SDF method – For this method, the approach is very
different since it does not require the comparison of the pairs between the time steps.
Instead, one needs to know the relative trajectory of each pair during the entire simula-
tion. The output file is split into as many files as the total number of time steps, each file
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being an instantaneous picture of the simulation. The separation into many files can be
seen as an unnecessary procedure but as we will present later, it gives a great advantage
for the parallelization of the calculation.

6.2 Dipole computation

The computation of the dipole vector µ is not only limited to the determination of its
norm but we also need to find the components along the x,y and z axis. The procedure
we describe hereafter is used for both the ACF and direct SDF methods. As mentioned
before, the output from LAMMPS contains the separation distance r and the force vector
F = (fx, fy, fz) acting on each pair and for each time step. These two quantities can
then be used to determine the orientation vector of the pair u = (ux, uy, uz) by a simple
division as it follows (cf Fig. 6.1),

u = (ux, uy, uz) =
1

‖F ‖ × (fx, fz, fz)

For an atomic pair, this norm of the dipole vector depending only on the separation
distance r, it can simply be computed thanks to an analytical function or a table, im-
plemented in SpaCIAL. Note that for a more complex system with molecules (N2–N2,
N2–CH4, ...), the geometry of the collisions involves more degrees of freedom, the dipole
moment being not only a function of r but also of the respective angles of the molecules.
The x,y and z component of µ are found by multiplying the norm of the dipole moment
by the orientation vector components ûx, ûy and ûz as,

µ = ‖µ‖ × (ûx, ûy, ûz)

For a matter of consistency the direction of the dipole moment must always be the
same. By convention we take the dipole moment pointing toward the atom of type A.
This choice is arbitrary and the opposite convention (dipole moment pointing toward
the type B) could also be taken, but it must be the same during the whole calculation.
For this reason, one needs to be particularly careful to convert the force vectors into the
orientation vectors u. The force vector provided by LAMMPS is the force acting on the
first atom referenced in the output line. The sign of the force (the last parameter on the
line) gives an information on either it is attractive (‖F ‖ > 0) or repulsive (‖F ‖ < 0). Let
us assume that the first atom referenced is the atom of type A, in that case nothing is done
to the sign of the x,y and z components. However, in some cases the first atom belongs to
the type B, then in order to preserve the convention we must take the opposite direction
of the force vector. This is done by multiplying by -1 either the vectors (fx, fy, fz) or the
norm ‖F ‖. This verification is done very quickly during the dipole computation process
and it insures the consistency of the dipole vector orientation.
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Figure 6.1: Dipole orientation – The two dissimilar atoms are represented in blue and
red respectively for the type A and B. The x,y and z components of the force vector F
acting on the atom A (in blue) are represented in green along the axis. On the top right
of the figure, is represented in red the unit vector u giving the orientation of the dipole
moment, with its x,y and z components in green.
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As we presented it in Sec. 3.2.2, this method is based on the calculation of the dipole
autocorrelation function C(t) in the time domain before applying a Fourier transform to
obtain the spectral density function C(ω). In this section we will explicit the numerical
implementation of Eq. (3.24) with a special care on the time averaging process. The
details on the parralelization of the code will also be given.

7.1 Time averaging

The first step is to rewrite Eq. (3.24) in its discrete version. To do that, we need to
introduce a new variable, noted Nstep corresponding to the number of time steps defined
by, Nstep = τ/∆t. The integral over the integration time τ and divided by τ can be
interpreted as the mean of the different ACF evaluated for the successive reference time
t0. For the discrete case we need to introduce the variable change t0 → j∆t where j is
the index of the discrete reference time. Therefore the discrete formula of the ACF is
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given by,

C(t) =
1

4πε0

Np∑

i=0

1

Nstep + 1

Nstep∑

j=0

µi(j∆t) · µi(j∆t+ t) (7.1)

Note that the sum over the j indexes is divided by Nstep + 1, one unit being added to
take into account the case where j = 0. All of the j indexes are successively taken as
the reference time and the ACF is evaluated between the time steps j and j + Nstep

corresponding to an averaging window with the length τ (cf Fig. 7.1). The two sums
being independent one can rewrite the expression of C(t) as,

C(t) =
1

Nstep + 1

Nstep∑

j=0

Cj(t) (7.2)

with,

Cj(t) =
1

4πε0

Np∑

i=0

µi(j∆t) · µi(j∆t+ t) (7.3)

The sum over the number of time steps, and then divided by Nstep + 1, can be seen as
an average of all the functions Cj(t) computed taking the jth index as the reference time.
Each time range starting from the index j to j+Nstep is called an averaging window. The
maximal number of averaging windows is obtained when each time step j is successively
taken as the reference, in that case it is given by Nav,max = Nstep + 1. However if
the system does not evolve very much during two time steps separation by ∆t, then
computing the average ACF C(t) over all the j indexes might but unworthy since less
averaging windows are sufficient to correctly describe C(t). Therefore in order to lower
the computation time with comparable results, it is possible to regularly skip j indexes,
the sum being now done over every n indexes. This has been used in [42] where the
authors separated the successive reference times by 10 time steps. In the equation we
replace the number of time steps Nstep by the number of averaging windows Nav so that
we have,

C(t) =
1

Nav

Nav∑

k=1

Ck(t) (7.4)

with k the index of the new range of reference times sampled from the j indexes. Note
that the division is now by Nav since the sum starts when k = 1.

7.2 Pairs profile

For each averaging window the dipole autocorrelation is computed considering the pairs
list at t = t0 as the reference. The number of pairs Np(t) at the time t is defined by
comparing the pair list at t0 and t and only the common pairs are kept. The number of
common pairs is then a function of time, called the pairs profile. This function decays
exponentially toward 0 as it is shown in Fig. 7.2 where the pairs profile as been computed
for the Ar-Xe system at T = 292K and with a density of ρ = 1 amg. For a given system,
the shape of the pairs profile depends in the dynamics and therefore on the temperature
and pressure conditions. The time spent by the pairs in the interaction zone (where
r(t) < rcut,dip) depending of the forces acting on the particles, this profile may also be
influenced by the nature of the considered atoms/molecules, as the interaction force may
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0 ∆t 2∆t 3∆t τ -∆t τ τ+∆t 2τ -∆t 2τ

k = 0 ; t0 = 0→ C0(t)

k = 1 ; t0 = ∆t→ C1(t)

· · ·

k ; t0 = k∆t→ Ck(t)

· · ·

k = Nstep ; t0 = Nstep∆t→ CNstep(t)

Figure 7.1: Time averaging process

be more or less strong. The shape of the pairs profile cannot be known prior to the post-
processing treatment and it is done on the fly during the ACF computation. However,
it will always be a decreasing curve, this information being very helpful to elaborate an
optimal parallelization strategy.

7.3 Parallelization strategy

The computation of the ACF is performed in parallel over several CPU cores to increase
the performances of the code. It consists in sharing the computation load over all the
Ncores cores in the most optimal way. In practise, it implies to split the calculation into as
many pieces as the number of cores, done with respect to one dimension of the problem.
If one refers to the discrete equation of the ACF one can see that multiple choices are
available for that. Indeed the problem can be separated according to the number of pairs
Np, the number of time steps Nstep in Cj(t) or the number of averaging windows Nav.
These different options would not be implemented at the same level of the computation
and therefore would have different properties. For example an optimal parallelization over
the number of averaging windows is implementable only if Nav is a multiple of Ncores,
presenting important inconveniences. Another possibility is to divide the number of pairs
at each time step Np, each core computing a fraction of Cj(t) the ACF evaluated at the
time t for a given averaging window. The number of pairs being largely superior to the
typical number of cores available on a regular machine, this solution can in principle be
used with good results. However, in order to avoid communication between the CPU
that could possibly be a waste of time, we have chosen to design the code such a way
that no information exchange is required, each CPU being allocated with an indepen-
dent part of the computation. The results of each cores are then collected and combined
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Figure 7.2: Pairs profile – This is performed for a Ar-Xe mixture at room temperature
and ρ = 1 amg. For any time step, the curve shows the proportion of remaining pair in
comparison to the reference time t = 0.

to give one final vector for the dipole ACF. A code implemented with this technique is
often qualified as nearly embarrassingly parallel. Each CPU performing an independent
computation, the communication is limited to distributing and receiving date to/from
the cores (Fig. 7.3). Note that the master core, distributing the jobs and gathering the
results of all the slaves cores, is also in charge of a job since the communication operations
are very quick. Therefore, for a parallelization over the number of pairs the total number
of initial communications for the distributing the data and gathering the results would be
equal to 2×Ncores ×Nstep. In the other hand, if the parallelization is based on the time
steps, the distribution and the collection of the data is done only twice for each CPU
per averaging window so that it is equal to 2 × Ncores. Finally, taking into account all
these considerations we selected the parallelization according the number of time steps.
This consist in splitting the time range into as many sub-intervals as the number of cores
used for the computation. Then each core get a unique sub-interval for which it has to
evaluate the dipole ACF. The manner to share and assign the jobs to the core is called
the parallelization map. We present below two different approaches.

7.3.1 Parallelization map 1: trivial distribution

The first idea that would come to our mind is to take the entire time range from t = 0
to t = τ and cut it evenly into N parts where N = Ncores. For each time step, the
dipole moment is computed for each pair, implying a computation time growing with the
number of pairs. To visualize this aspect, we represented the distribution of the load
over the CPU in the pair profile (Fig. 7.4). For the example we consider 4 cores, each of
them receiving a section of the total time range. This representation indicates clearly a
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core 0 core 1 core 2 . . . core N

master core slaves cores

Figure 7.3: Nearly embarrassingly parallel architecture – The master core, here the num-
ber 0 assigns jobs to the slaves cores 1,2,· · · , N. The results are then gathered to the
master core to be extracted.

problem of distribution. Indeed, in terms of number of pairs treated the core 1 performs
the ACF on the range containing most of the pairs while the other cores will have much
less operations to make. It is then impossible to reach an optimal distribution of the
CPU load with this trivial method and we need to define another map.

Figure 7.4: Parallilization map 1: trivial distribution
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7.3.2 Parallelization map 2: fair distribution

As we have seen, defining the sub-interval of time without taking into account the shape
of the pair profile is not optimal. In this new approach we aim to split to work as evenly
as possible. The idea behind is to introduce a turn over of the cores to avoid that one
of them receives a too large proportion of the load. This is done by defining a unique
set of time steps for each core such a way that the cumulative number of pairs treated is
almost equal for each core. The representation of this map on the pairs profile (Fig. 7.5)
shows that conversely to the trivial one, the part containing most of the pairs is not
treated by only one core. The charge is then fairly distributed among the cores. In order

Figure 7.5: parallelization map 2: fair distribution

to quantify the respective performances, we measured the computation time per core
for both maps. The total computation time tcomputation is the sum of all the individual
computation times of each core noted t = tcore. The results are given as a fraction of the
load taken by each core as f = tcore/tcomputation and it is expressed in percentage of the
total computation time. The test has been run over 8 cores for the same calculations in
both cases. An optimal configuration is reached when each core takes an equal amount of
work, in that case the optimal interval load is 100 %/8=12.5 %. On Fig. 7.6 one can see
that in the case of the trivial map, the first core takes nearly 25% of the load while only
one is at the optimal load, the rest of the cores being below. For the fair map, all of the
cores contribute evenly to the total load. This simple test indicates that by designing an
appropriate parallelization strategy we have been able to divide the total computation
time by a factor 2.
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Figure 7.6: CPU load distribution

7.4 Fourier transformation of the ACF and absorp-

tion coefficient

The absorption coefficient is proportional to the spectral density function defined as,

C(ω) = Re

{
1

π

∫ +∞

−∞
e−iωtC(t)dt

}
(7.5)

The dipole ACF being an even function so its imaginary part is zero. C(ω) can be seen
as the Laplace transformation (sometimes called cosine transform) of C(t) that we can
rewrite,

C(ω) =
1

π

∫ τ

−τ
cos(ωt)C(t)dt (7.6)

where the upper and lower boundaries are replaced by the integration time τ . In the
simulation we evaluated the dipole ACF only for positive values of t starting from t = 0
but the Fourier (or Laplace) transform take also the negative values for t. Because of
the reversible nature of the molecular trajectories the dipole ACF satisfies the condition
C(−t) = C(t), thus by symmetry with respect to the y-axis, we define the negative part
of C(t) (Fig. 7.7).

7.4.1 Discrete Fourier transform

The Fourier transformation of C(t) can be done by integration as Eq. (7.6) suggests
but we used another approach based on the discrete Fourier transform. The discrete
ensemble of values of the dipole autocorrelation computed with our algorithm can be
seen as a sampling of the continuous function C(t). In the time domain, we note xn =
{x0, x1, . . . , xN−1} the ensemble of N elements sampled for the continuous function x(t).
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Figure 7.7: Dipole autocorrelation function – On the right side (for t > 0) the curve
shows the actual computed data points. The dashed is the symmetric of the computed
curve. The two curves taken together form the ACF function from −τ to τ .

In the frequency domain the corresponding ensemble of discrete Fourier transform (DFT)
noted Xk = {X0, X1, . . . , XN−1}, is given by

Xk =
N−1∑

n=0

xn · e
2iπ
N
kn (7.7)

=
N−1∑

n=0

xn ·
[
cos

(
2π

N
kn

)
− i sin

(
2π

N
kn

)]
(7.8)

For a vector sampled with the sampling frequency fs in the time domain with a step ∆t
and covering a time range of a length of T , the spectrum in the frequency domain is given
with a resolution of ∆f up to a maximum fmax defined by,

∆f = fs/N = 1/(N∆t) = 1/T (7.9)

fmax = (N/2)×∆f = 1/2∆t (7.10)

Note that ∆f and fmax are given in Hz and in the context of absorption spectra where
the results are often expressed in cm−1, they need to be multiplied by the inverse of
the speed of light expressed in cm.s−1 and will be respectively noted ∆ν and νmax. The
numerical implementation of the DFT if often done with the fast Fourier transform (FFT)
algorithm proposed by Cooley and Tukey in 1965 [61]. It is this one that we will use
already implemented in the dedicated Python function. At this point, one might wonder
why using the FFT instead of performing a direct integration of the product cos(ωt)C(t).
Actually after a test on a Gaussian we concluded that both approaches are equivalent,
which allows us to validate the use of the FFT. As it is mentioned in its name, the
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FFT algorithm is fast and that is the main advantage. The Fourier transform is applied
only once on the dipole ACF in the present method which does not justify the recourse
of the FFT. However, concerning the method performing the direct SDF computation
(presented in the next chapter) the Fourier transform will be applied on each pair of
atoms, which is a motivation to use a faster algorithm. In addition, the FFT algorithm is
robust and the condition on the time step only driven by the desired spectral bandwidth
ωmax, which allows us to compute the dipole ACF with a much looser sampling rate (or
a bigger time step) than the one used for the MD simulation. The C(t) function can
be computed only for the time steps needed to obtain the desired bandwidth and the
spacing is given by ∆t = 1/2fmax. Therefore the evaluation of C(t) is restricted only to
the useful information, lowering the computation time.

7.4.2 Spectral leakage and apodization window

In the definition of the Fourier transform, the integral is calculated over an infinite time
range from −∞ to +∞, but in practise the boundaries need to be finite by necessity.
Even though the value of τ is chosen with care according to the desired spectral resolution
and also long enough to allow the dipole ACF to reach almost zero, we cannot avoid high
frequencies artefacts after Fourier transform. This effect is referred as spectral leakage
and is the consequence of the discontinuities of the signal brought by the rectangular
sampling window. We consider a time dependent signal Strue(t) defined for any value of
t from −∞ to +∞, the finite recorded signal S(t) (or computed in our case) can be seen
as the multiplication of the true signal by a rectangle window w(t) centered in t = 0 and
of a length of τ , such that,

S(t) = Strue(t)× w(t) (7.11)

A way to remedy to this problem is to use an apodization window as it is presented by
F.J. Harris [62]. The idea behind this procedure is to set both ends of the recorded (or
computed) signal to zero, cancelling the discontinuities responsible of the spectral leakage.
This function we be a Gaussian, Hanning, Hamming or Blackman to name only those but
many others exist, each of them being more or less suitable for a given signal [63]. Some
precautions need to be taken concerning the amplitude of the Fourier transform obtained
after applying the apodization window. Indeed, the resulting amplitude is scaled by a
factor depending on the function used and it is defined by,

z =
1

N

N∑

i=0

wi (7.12)

where N is the number of elements in the window vector, which is the same as the number
of time steps. The amplitude is then recovered by dividing the result by z. There is no
strict rule for the choice of the apodization and it might depend on the nature of the
signal. However different tests [44] suggest that the Hanning and Blackman functions
perform relatively well for the computation of CIA spectra. The Gaussian function has
also given good results [16, 17] and the difference between these functions is not very
pronounced.
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7.5 Test cases on rare gases systems

The method presented above has been implemented for the rare gases mixtures: Ar–Kr
and Ne–Kr respectively published in the papers A and B presented in Part III. The dipole
and potential used hereafter are the ones we developed in these publications. These test
cases are used to evaluate the code on the convergence rate (with respect to the number
of boxes) and quantify its performances in terms of CPU time.

7.5.1 Convergence study

For the Ne–Kr system, we performed a convergence study according to the number of
simulations boxes used. For further details the reader is invited to refer to the paper B,
but we want here to give the main results. A total number of 50 simulation boxes has
been used to compute as many independent versions of the absorption coefficient. The
final spectra is then obtained by averaging the results over a certain number of boxes from
1, corresponding to no averaging, to 50 being the maximum. After a comparison based
on the Kolmogorov-Smirnov test, we concluded that less than 10 boxes are required to
reach a satisfactory converged result.

7.5.2 Computation time performances

We wish here to give an overview of the performances of the code, with a distinction
between the MD simulation performed with LAMMPS and the in-house package for the
computation of the dipole ACF and absorption coefficient. During the whole development
of SpaCIAL, this kind of test has been regularly done in order to estimate and improve the
performances of the code. The results given here are obtained with the optimal version
of the software running on a regular desktop machine. For the Ar–Kr system we ran the
code for various temperatures and pressures but keeping the other parameters given in
Tab.7.1 constant. For each configuration the test is done over 5 simulation boxes and to

Na +Nb ttherm τ δt ∆t rconfigmin rcut,pot rcut,pot
(50% each) (amg) (ps) (fs) (fs) (bohrs) (bohrs) (bohrs)

5× 104 100.0 10.0 1.0 50.0 7.0 30.0 20.0

Table 7.1: Parameters used for the performance test

have a representative estimation we consider the average computation times.

Temperature dependence – We proceed first to an evaluation of the CPU time
with respect to the temperature for T=100, 200, 300, 400 and 500K for which the results
are shown in Fig. 7.8. The computation time are measured for the MD performed with
LAMMPS, the ACF calculation and the mapping being the process where the output file
from LAMMPS is prepared to be used. The lowest temperature (T=100K) requires the
least amount of resources for the MD while it does need more CPU time for the ACF in
comparison to the other temperature. This can be explained by the fact that lower the
temperature is and less events happen per unit of time, therefore less calculations are
needed for the MD part. On the opposite, when the temperature is low one can expect
a slower pairs profile decay, the consequence being that the mean time spent by a pair
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in the interaction is longer which increases the computational need. However these two
values seem to compensate other and over the considered temperature range, the total
required computing time is almost invariant. The CPU time required for the mapping of
the output file is also stable with temperature.

Figure 7.8: CPU time – Temperature dependence – The computing time required for the
MD simulation the mapping of the output files and performing the ACF are respectively
shown in blue, red and green. The test has been ran over a temperature range from
T=100K to T=500K for a density of ρ = 1 amg.

Density dependence – For the density dependence the test has been done over the
range ρ =1.0, 2.0, 4.0, 8.0 and 16.0 amg for the fixed temperature T=300K. The results
on Fig. 7.9 indicates that for the three parts (MD, Mapping and ACF) the computing
follows a linear law of the type f = aρ where the parameter a is determined with a
linear fit. It is interesting to notice that the MD calculation with LAMMPS has the
highest parameter a = 0.33 while to one for the ACF is a = 0.26 and a = 0.04 for the
mapping of the output file. This indicates that for the parameters used in Tab.7.1 the
limitation in terms of performance comes from LAMMPS. However, this conclusion needs
to be tempered by the fact that the number of averaging windows affects the computing
time of the ACF much more than it does on the MD calculations. Therefore with other
parameters for the integration time τ and/or time step ∆t, the limiting part can be the
computation of the ACF.
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Figure 7.9: CPU time – Density dependence – The test has been ran over the density
range ρ =1.0, 2.0, 4.0, 8.0 and 16.0 amg with a fixed temperature T=300K. The dots
show the measured computing time required for the MD simulation the mapping of the
output files and performing the ACF are respectively in blue, red and green. For each
set of data, a linear fit of the type f = ax + b is applied. The fitted a and b parameters
are indicated for each steps of the computation.
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8.1 Individual pair contribution

We recall here the expression of the spectral density function obtained directly from the
individual (of each dissimilar pair of atoms) dipole moments (Eq. (3.26)),

Cp(ω) =
1

4πε0

[
µ̂2
p,x(ω) + µ̂2

p,y(ω) + µ̂2
p,z(ω)

]

In this section we present the different steps required for the computation of the individual
pair contributions to obtain the total spectral density function.

8.1.1 Individual dipole trajectories

During the simulation time τ each pair found in the interaction zone (where rij < rcut),
is counted and the corresponding dipole trajectory is stored. We need to explicit a little

61
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more the terms used here. We consider two dissimilar atoms as a pair if, during the
simulation, their relative distance satisfies at least once the condition rij(t) < rcut, where
the cut-off distance criterion is similar to the one used for the definition of the pairs in
the method implying the computation of C(t) (Fig. 8.1). This is the strict definition of
a pair, however in practise we will exclude the pairs with a duration of interaction lower
than 10 time steps. The very short dipole trajectories will not contribute significantly
the the total absorption coefficient, and this condition will avoid to run into numerical
errors when the the Fourier transform is applied. This limit of 10 time steps is arbitrary
and might be set to another value, but after several tests we kept this one which avoid
numerical errors while not excluding to many pairs. Then, for a given pair, the dipole
trajectory is the ensemble of the x,y and z components of the dipole moment for each
time steps for which the cut-off condition is fulfilled. It is important to note that each
pair enters and exits the interaction zone at different moments of the simulation, which
leads to different reference times t0,p and duration of interaction τp. Then, the first thing
to do is to define the couples (t0,p, τp) for each pair. For a matter of consistency, all the
dipole trajectories have the same length corresponding to the total number of time steps
Nstep. To do so, before and after the indexes corresponding to t0,p and tτp, the vectors are
filled with zero elements indicating that they are outside the interaction zone. Note that
this vector could either be filled entirely or not with non zero components according to
the moment where the pair is detected and how long it remains in the interaction zone.
On Fig. 8.1 we show the example of a pair created at t0,p > 0 and disappearing later
one but multiple scenario are possible. At this point the vector contains the norm of the
dipole moment and it is projected along the x,y and z axis. Finally, for each pair we
have a matrix of dimension 3×Nsteps containing the x,y and z components of the dipole
moment at every time point from t = 0 to t = τ .

8.1.2 Fourier transform, apodization and zero-padding

The ensemble of the individual dipole trajectories forms a array of dimension 3×Npairs×
Nsteps. The computation of pair contribution Cp(ω) requires some care for the application
of the Fourier transform. Indeed, just like we mentioned it for the method implying the
ACF computation, the discontinuities in the input function lead to spectral leakage. If
this procedure can appear superfluous and could easily be skipped when it is applied
on a dipole ACF sufficiently converged (with a τ long enough), it is absolutely essential
for the present method. In fact, without apodization the Fourier transformation of the
spacial components of the dipole trajectories will lead to spectral leakage which will be
summed over all the pairs resulting in relatively large anomalies in the total SDF at high
frequencies.

For each pair an apodization vector is defined similarly to what is done for the dipole
trajectory. In that sense, it is composed by a part with the values of the apodization
window (or function) noted w between the time steps t0,p and τp and is filled with zeros
outside. As already mentioned, the zeros elements are introduced to have the same
length for every vector. In signal processing this well known method is referenced as
zero-padding, and is very useful to artificially increase the resolution of the spectrum.
However, some misconception are sometimes done with this technique and it is good to
remind that it does not add more information that already available on the original vector
and is actually an interpolation over the frequency range. In our case the advantage is
to avoid to perform an additional interpolation that would be required to sum the pairs
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rcut

t0,p
τp

0 0 0 0 0 µ0 µ1 . . . µp 0 0 0 0 0 0

Figure 8.1: Dipole trajectory – The central atom of type B (in red) is taken as reference,
with its interaction zone represented by the light red circle around. The actual trajectory
of the atom A (in blue) is represented by the curved arrow entering the sphere defined by
r < rcut at t = t0 and exiting it at t = tp. The dipole trajectory of the pair A–B is defined
only for t0 < t < tp. Below the dipole trajectory vector contains, in the middle, the
values of the dipole for the time steps where the pair is in the interaction zone, outside
the elements are set to 0.

contributions.

8.2 Parallelization strategy

The strategy that we elaborated for the previous method base on the shape of the pairs
profile (see Sec. 7.2 and 7.3) is no longer applicable and we need to optimize the code
in a different way. The calculation of the SDF is split into two distinct steps: (a) the
dipole trajectory evaluation, and (b) the Fourier transformation of the dipole to obtain
the individual pairs contributions. We have decided to implement two successive nearly
embarrassingly parallel algorithms based on the master/slaves architecture (see Fig. 7.3).
The parallel computation of the dipole trajectories is done according to the number of
time steps, while the work required for the Fourier transform is spread based on the
number of pairs. A diagram of the algorithm is shown in Fig. 8.2.

Step (a): parallelization with respect to the time steps – During the post-
processing part, the output data file from LAMMPS is split into as many sub files as
the number of time steps. Each core receives a number of time steps to treat equal
to the number of total time steps divided by the number of cores such that Nstep,core =
Nstep/Ncores. Note that if the total number of time steps is not dividable by the number of
cores, the rest of the quotient is spread evenly among the cores to satisfy a fair distribution
of the load. A single file contains only the information for the considered time step,
including the pairs existing at this moment, the relative distance and the orientation
vectors. Each core, over its assigned time steps range, detects the pairs and computes
the x, y and z components to construct a dipole trajectories array of dimension 3 ×
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Nstep,cores×Npairs,cores. Note that all the sub ensembles of pairs detected by the different
cores are not necessarily identical, and it is very likely that some pairs are detected in
one or several sub time range(s) and not present in some others. This is due to the fact
that the moments where the pairs enter and exit the interaction zone are different. Once
the sub processes are done by all the cores, the results are transmitted to the master core
that will rearrange the data to build a global array containing the dipole trajectories and
the relative pair distances for each time step.

Step (b): parallelization with respect to the number of pairs – The dipole
trajectories being now compiled into one big array, the next step is to compute the SDF
contribution of each pair. The total number of pairs is now known and can by divided by
the number of cores to create sub ensembles of pairs. Each core is in charge of a number
of pairs defined by Npairs,cores = Npairs,tot/Ncores. As it is done for the parrallezation with
respect to the time steps, if the total number of pairs is not dividable by the number of
core, the rest of the quotient is evenly reassigned to the cores. Each sub-array is treated
by each core in the same way. For each line, the pair contribution Cp(ω) is computed
according to Eq. (3.26). Because of the different number of non zero elements for each
pair, the apodization procedure is applied independently. The zero-padding avoiding an
extra interpolation, all the pairs contributions are summed together and at the end of
the computation each core delivers the sub total SDF. The master core collecting all the
results finally gives the total SDF corresponding to the sum of the contributions coming
from each core. At this point no more operation is required and the total SDF needs only
to be converted to an absorption coefficient.

8.3 Separation of the contributions

In addition to the dipole trajectories array, the relative pair distances are also stored. This
matrix of dimension Npairs,tot × Nsteps holds very useful information on the type of the
pairs. In this section we will present a method to determine and classify the transitions
type based on the pair trajectories analysis.

8.3.1 Detection of the dimers

By comparing the different pair trajectories it is possible to distinguish two main types.
In most of the cases, the pair enters the interaction zone and leaves it (if the time
simulation is long enough) without being trapped into the potential well. In that case,
the typical trajectory will be a curved line as represented in Fig. 8.1. However, two
colliding pairs under the influence of a third body 1 can form a dimer for which the pair
distance will oscillate around a position of equilibrium (Fig. 8.3). The pairs showing
these two characteristic trajectories are respectively qualified as free and bound pairs. It
is then relatively easy to design an algorithm able to sort the pairs according to their
type. The procedure we elaborated is based on the number of direction changes of the
pair trajectory curve. For a given pair, the derivative of r(t) changes sign when relative

1To be more precise, it has been shown that the dimers formation in gases can occur during the
collision of two particles without the need of a third particle, but only for a restricted range of energies
[64]. The conversion of dimer-bond vibration to translation and rotation energy making this possible.
In any case, in this study we are not interested in the formation mechanism itself but only by their
dynamics.
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Figure 8.2: Parallelization strategy for the method 2 – The steps (a) and (b) are repre-
sented in the figure. First, the MD data from LAMMPS are spread among the N cores
according to the number of time steps. The dipole trajectory sub-arrays computed by
each core are then merged together to form the total array. In the step (b) the total array
is split according to the number of pairs, each core computing a part of the SDF and
their sum gives the total function C(ω). Note that for a matter of simplicity, n refers to
the number of time steps per core, Np,i the number of pairs detected by the core i. The
indexes i, j, k and l being there only to distinguish the sub intervals of time steps.

motion of the particles is inverted. During the duration of the interaction (from t0,p to
τp) a number of changes is equal or greater than 6 means that oscillations over two entire
time periods have been detected, which allows us to categorize the pair as a dimer. If
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two atoms do not satisfy this condition are, they are categorized as a free pair.

rmin

rmax

t

r(
t)

Figure 8.3: Pair distance for a dimer – The pair being trapped into the potential well the
separation distance oscillates from rmin to rmax.

8.3.2 Classification of the transition types

The total absorption coefficient is composed by three different contributions: the free-free,
bound-free and bound-bound transitions. If this difference is done in quantum mechanics,
no such distinction exists in the fully classical treatment and to our knowledge it has never
been tried. In this section we present for the first time a tentative way to separate the
contributions in the classical formalism.

True dimer and quasi-bound state – Thanks to the sorting procedure we have
now two separate groups of pairs: free pairs or dimers but some more precision can be
added. In the literature [64] the dimers are often separated in three categories according
to their vibrational level v:

• Stable dimers if v � vd

• Unstable dimers if ∼ (3/4)vd < v < vd

• ”Orbiting” or ”positive energy” pairs if v ≥ vd

with vd being the dissociation vibrational level. In our classical calculations we don’t have
access to the vibrational quantum numbers, but these three categories can be simply
redefined with the help of the total energy of the dimer. The relative motion of the
atoms constituting the dimer is oscillatory but the pair itself has a rotational speed and
an associated angular momentum L. The correct description of a dimer is done with an
effective potential defined by [65],

Ueff (r) = U(r) +
L2

2µABr2
(8.1)
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Figure 8.4: Effective potential and pair type – The interatomic potential with no cen-
trifugal force (L = 0) is represented in black. The effective potential for a dimer (Eb < 0)
and a quasi-bound pair (Eb > 0) are respectively shown in red and blue.

where U(r) is the actual pair potential and L2/2µABr
2 the centrifugal potential with

µAB the reduced mass of the A–B pair. Instead of being determined directly, the ratio
L2/2µAB can be found by considering the effective potential for the extreme pair distances,
respectively Ueff (rmin) and Ueff (rmax). These two quantities being equal one can write,

Ueff (rmin) = Ueff (rmax)

V (rmin) +
L2

2µABr2min
= V (rmax) +

L2

2µABr2max

⇒ L2

2µAB
=
V (rmax)− V (rmin)

1/r2min − 1/r2max
(8.2)

By using Eq. (8.2) into Eq. (8.1) we derive and expression of the effective potential. The
value of the effective potential at rmin and rmax is called the binding energy and is noted
Eb so that it can be defined by these two equivalent expressions,

Eb = Ueff (rmin) = V (rmin) +
V (rmax)− V(rmin)

1/r4min − 1/r2max
(8.3)

Eb = Ueff (rmax) = V (rmax)
V (rmax)− V(rmin)

1/r2min − 1/r4max
(8.4)

The pairs belonging to the first two categories (stable and unstable) have a negative
binding energy. The only difference holds in the fact that the unstable dimers are more
likely to dissociate during a collision with a third particle. The orbiting pairs, have a
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positive binding energy and the bond is due to the equilibrium between the potential and
the centrifugal force [64]. Note that from a classical point of view, these pairs are firmly
bound while in quantum mechanics they can dissociate trough tunneling effect [66]. In
this study we redefine these three categories into only two taking into account the sign of
the binding energy. Therefore, the terms stable and unstable are replaced by true dimers
and quasi-bound pairs. The Fig. 8.4 shows the effective potential for a true dimer and a
quasi-bound pair with the interatomic potential as reference.

Pair distance r(t)

Test of the pair distance

Free pair Dimer pair

Compute the binding energy

Quasi-bound state True dimer

Bound-free absorption Bound-bound absorptionFree-free absorption

if n < 6 if n ≥ 6

if Eb ≥ 0 if Eb < 0

for ω ≥ ωb
for ω < ωb

Figure 8.5: Diagram of the pair characterization – The pair distance is evaluated to
determine the type according to the number of local extrema n. The free-free pairs only
contributes to the free-free absorption. For the the dimer pairs, the sign of the binding
energy determines if it is a true or quasi bound state. The quasi bound states are the
second contribution to the free-free absorption while the true bound states is split into the
bound-free and bound-bound absorption according to the angular frequency ωb associated
to the binding energy.

Free-free, bound-free and bound-bound contributions – The pairs are now
categorized into three categories: the free pairs, the true dimers and the quasi-bound
states. We want now to determine in which manner they contribute to the absorption
coefficient. If it is obvious that the free pairs contribute to the free-free absorption, it
is not as straightforward concerning the contribution of the dimers. The quasi-bound
states are actually contributing to the free-free absorption as their energy lies above the
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dissociation limit. For the quasi-bound pairs an extra step is required to properly sepa-
rate the contributions. From the binding energy one can define the correspond angular
frequency such as,

ωb = Eb/~ (8.5)

This value is the angular frequency of an incoming photon coming with the right energy
difference resulting in the dissociation of the pair. A photon with an angular frequency
below ωb will induce a transition from a bound state to another. The contribution is
then counted as a bound-bound transition. On the opposite if the photon has an angular
frequency higher than ωb, the absorbed energy will result in the dissociation of the pair,
or in other words a transition from a bound to a free state. Finally, each true dimer will
contribute to the bound-free and bound-bound absorption coefficient with a proportion
defined by the binding angular frequency associated to the pair. The contribution of the
pair is divided into two part: the region with ω < ωb will be added to the bound-bound
spectrum while the region where ω ≥ ωb belongs to the bound-free contribution.

These successive tests constitute the algorithm (Fig. 8.5) used to sort the pairs con-
tributions. This is done right after the computation of the SDF and each individual
contribution is added to the right category.

8.3.3 Dimers formation/dissociation rate

The successive procedures we presented above detect the existing pairs during the entire
simulation time τ . This includes the pairs that have been created before t = 0, i.e during
the thermalization time as well as the ones created during the actual simulation time
where 0 < t < τ . Given that a dimer can be either created before or after t = 0 and
lasts for the entire simulation or being dissociated because of the interaction with a third
particle, four different scenarios are possible, listed below and represented in Fig. 8.6,

(a) Dimer created before t = 0 and remaining during the simulation

(b) Dimer formed at t > 0 and remaining during the rest of the simulation

(c) Dimer formed before t = 0 and dissociated at t > 0

(d) Dimer formed at t1 > 0 and and dissociated at t2 > t1

At thermal equilibrium the rates of dimer formation and dissociation are equal. Nu-
merically these quantities, respectively noted Rf and Rd, correspond to the number of
pairs formed/dissociated within the time range t = [0; τ ] divided by the product of the
simulation time and volume of the box and are then defined by the formula,

Rf,d =
Nf,d

τ × V (8.6)

Note that only the events occurring during the simulation time when 0 < t < τ are consid-
ered, therefore a pair following the scenario (a) is not counted as a dimer formation. The
scenarios (b) and (c) count respectively for the formation and the dissociation while the
scenario (d) counts for both. As a quick study, we computed the dimers formation/disso-
ciation rates for a Ar–Xe gas mixture at ρ = 1.0 amg and for various temperatures. The
calculations have been performed over the simulation time τ = 100 ps for 20 independent
simulations boxes each of them containing 5 × 104 atoms (50 % of each species). In ad-
dition to the total rates, we distinguished the rates for the true bound and quasi-bound
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(a) Dimer (b) Dimer formation

(c) Dimer dissociation (d) Dimer formation and dissociation

Figure 8.6: The different scenarios for a dimer. For each figure, the pair distance is
represented in red over the time range of the simulation, here τ = 100ps for the example.

states. The results are shown in Fig. 8.7, where the formation and dissociation rates are
computed separately and averaged together. As it is expected the rates decrease with
temperature. We should also note that the statistical noise decreases with temperature
and the difference between the formation and dissociation rates becomes less important.
In addition, we also computed the proportion for each dimer type (true bound or quasi-
bound) in the total rate, the results are shown in Fig. 8.8. The respective proportions
depend on the temperature with a maximum difference probably at T=50K. This could
be explained by the fact that at low temperature, the relative speeds of the particles
are low enough so that they can created week bonds relatively easily in comparison to
particles colliding at higher speeds. However based in this hypothesis we cannot explain
the local maximum/minimum for the true/quasi bound proportions around T=200K. A
possible explanation could be that at this temperature, a three body collision is more
likely to release an energy corresponding to the one needed to form a true dimer.

Finally, even though this short analysis does not give a complete description of the
formation/dissociation rates of the dimers, it is an interesting tool for the characterization
of the dimers contribution to the CIA. At that point, no such feature is implemented in
SpaCIAL, but the procedure being simple enough, it could easily be the case if needed.
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Figure 8.7: Dimers formation/dissociation rates – The formation and dissociation rates
are shown respectively with dot and triangle and the dashed curves is the mean of the
two values. The sum of the green and blue curves, respectively for the true bound and
quasi-bound states, corresponds to the red one for all kind of dimers

Figure 8.8: Dimers type proportion – The contribution of the true and quasi-bound states
to the total formation/dissociation rate are respectively shown in red and blue

8.4 Test cases on rare gases systems

8.4.1 Convergence study

In Sec. 7.5.1, the Kolmogorov-Smirnov test proved to be a good criterion to evaluate
the convergence of the calculation with respect to the number of simulation boxes, thus
we apply the same procedure for the present method. This time we have chosen the
Ar–Xe system for which a preliminary version of a future publication is available in
part III (paper C). For the absorption coefficients that we performed at T=200K and
ρ = 1.0 amg we stored the results for the 50 different simulation boxes. The results of the
Kolmogorov-Smirnov test done between the different averaged spectra and the final one
(averaged over 50 boxes) are shown in Fig. 8.4.1 for the p-value and the statistic. The
p-value is very close to 1 after only few boxes and the K-S statistic reaches a value below
0.02 after also few boxes and remains under this limit. These observations make us think
that the convergence rate on the direct SDF method is at least as good as what we found
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(a) K-S test – p-value (b) K-S test – stat

for the one with the dipole ACF computation where the results reached convergence after
10 boxes.

8.4.2 Performance study

Similarly to what we did for the method 1 (computation of the dipole ACF) we performed
tests to evaluate the performance of the code. The MD part being unchanged it is not
necessary to redo the test here. However we must keep in mind that for a given spectral
resolution, the present method requires an integration time equivalent to twice the one
used previously, but this does not imply a real change in the performance of LAMMPS.

Instead we focused on the following key points: the pairs detection, the dipole compu-
tation, and their Fourier transformation. Note that the pairs detection is new comparing
to the method 1 where it does not exist, being replaced by the pair profile done on the fly
(see Sec. 7.2). The dipole computation and the Fourier transformation are the numerical
equivalent of the loop over the time averaging windows.

We used the exact same pair potential and dipole moment than the ones for the test
on method 1. Apart from the value of τ being now τ = 20.0 ps to obtain the same
spectral resolution, the settings available on Tab. 7.1 remain unchanged.

Temperature dependence – The results of the temperature dependence are shown
in Fig. 8.9. If for the method 1, the computation time did not seem to be affected by the
temperature (at least for the considered range) here it follows a linear low. However, the
a coefficient is very low, of the order of 10−4 for the pairs detection, and even lower of the
order of 10−5 for the dipole computation and the Fourier transformation. We concluded
that the temperature plays a very limited role in the required CPU time.

Density dependence – For the density dependence the results are shown in Fig. 8.10.
The dipole computation and its Fourier transform (respectively in blue and green) are
linear with the density with a proportionality coefficients equal to 0.03 and 0.02 respec-
tively. These two operations must be compared to the ACF calculation of the method
1 for which the proportionality coefficient was around 0.26. It seems then that for this
part of the calculations the new method is about 5 times faster than the previous one.
However, the pairs detection following a squared law, it becomes rapidly the limiting
factor of the code. Thus, future improvements of the code performance must be done for
the pairs detection procedure.
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Figure 8.9: CPU time - temperature dependence – The dots represent the actual measured
computation time as a function of the temperature for the 3 key steps: the pairs detection
(in red), the dipole computation (in blue) and the FFT of the dipole (in green). The
dashed lines are the linear fits.

Figure 8.10: CPU time - density dependence – For the densities ρ =1.0, 2.0, 4.0, 8.0 and
16.0, the computation time has been measured for the 3 key steps: the pairs detection
(in red), the dipole computation (in blue) and the FFT of the dipole (in green).
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Chapter 9

Conclusion and outlooks

In the first part of this thesis we gave the theoretical framework needed for the nu-
merical implementation of the computation of CIA coefficients with molecular dynamics
in two different ways. The in-house package SpaCIAL, tested on rare gases systems, gives
spectra in accordance with the experimental measurements (see paper A). The special
care brought to the optimization of the code results in satisfactory performances of Spa-
CIAL, with the non negligible advantage of being usable on a regular desktop machine
within a reasonable amount of time, without the need of a super computer. The tests we
made on rare gases mixtures allows us to validate the reliability of the code and the next
step is now to extend the algorithm to molecular systems. With the LAMMPS package
already adapted to such cases and SpaCIAL being written such a way that modifications
are relatively easy to implement, this update should certainly not be too difficult.

It is then an additional tool for the study of CIA spectra which are of a special
interest for planetary sciences. For example it could help to constrain the formation
model of Mars. Many evidences show that liquid water was present on this planet in the
past [67], but the conditions of its stability are s[heading=bibintoc]till not explained for
the moment. It is believed that a part of the necessary warming of the early martian
atmosphere could partially be explained by CO2–H2 and CO2–CH4 collision induced
absorption [68]. This is an example of application for the first version of the code but
the second one (direct computation of the SDF) could have application beyond our solar
system.

As presented in this thesis, we surpassed the original method for the computation of
classical CIA spectra and we developed a totally new approach able to isolate the dimers
contributions. This new technique embraces the need of the accurate description of
dimers features for astrophysical applications. In exoplanets’ atmospheres, the dioxygen
dimers can be used as pressure indicators for exoplanets [69] and could also be used as
biosignatures for oxygenic photosynthesis for nearby extrasolar Earth-like planets [70].
These is encouraged by the fact that the O2 dimers features at 1.06 µm and 1.27 µm are
more detectable than the monomer A band [71], and even from a ground-based telescope
for the 1.27 µm feature [72]. It is here an additional motivation to improve our classical
approach to study the dimers features.

Finally, this thesis contributes to the improvement of classical method for the study of
collision-induced absorption spectra and brings a new perspectives for the fully classical
study of CIA dimers contribution.
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Collision-induced absorption in Ar–Kr gas mixtures:

A molecular dynamics study with new potential and

dipole data

Wissam Fakhardji, Péter Szabó , M. S. A. El-Kader, Anastasios Haskopoulos, George
Maroulis , and Magnus Gustafsson

Abstract

We have implemented a scheme for classical molecular dynamics simulations of collision-
induced absorption. The program has been applied to a gas mixture of argon (Ar) and
krypton (Kr). The simulations are compared with accurate quantum dynamical calcu-
lations. The comparisons of the absorption coefficients show that classical molecular
dynamics is correct within 10 % for photon wave numbers up to 220 cm−1 at a temper-
ature of 200 K for this system. At higher temperatures, the agreement is even better.
Molecular dynamics accounts for many-body interactions, which, for example, give rise
to continuous dimer formation and destruction in the gas. In this way, the method has
an advantage compared with bimolecular classical (trajectory) treatments. The calcula-
tions are carried out with a new empirical Ar–Kr pair potential. This has been obtained
through extensive analysis of experimental thermophysical and transport properties. We
also present a new high level ab initio Ar–Kr potential curve for comparison, as well as ab
initio interaction-induced dipole curves computed with different methods. In addition,
the Ar–Kr polarizability and hyperpolarizability are reported. A comparison of the com-
puted absorption spectra with an experiment taken at 300 K shows satisfactory agreement
although a difference in absolute magnitude of 10%–15% persists. This discrepancy we
attribute mainly to experimental uncertainty.

Contribution

I have developed the current version of the SpaCIAL software performing the time
averaging process in addition to ensemble average (simulation boxes). I have implemented
all the optimization techniques presented in this thesis. I was in charge of the full MD
simulations with LAMMPS (part. V sec. A) and of the treatments to obtain the dipole
autocorrelation function and the classical absorption coefficient for the Ar–Xe pair (part
V. sec B). I have done the comparison between the MD and the QM spectra (from co-
authors). I have identified the dimers futures in the MD spectra, with the conclusion
that this classical method was able to describe them.
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ABSTRACT

We have implemented a scheme for classical molecular dynamics simulations of collision-induced absorption. The program has been applied
to a gas mixture of argon (Ar) and krypton (Kr). The simulations are compared with accurate quantum dynamical calculations. The compar-
isons of the absorption coefficients show that classical molecular dynamics is correct within 10% for photon wave numbers up to 220 cm−1
at a temperature of 200 K for this system. At higher temperatures, the agreement is even better. Molecular dynamics accounts for many-body
interactions, which, for example, give rise to continuous dimer formation and destruction in the gas. In this way, the method has an advantage
compared with bimolecular classical (trajectory) treatments. The calculations are carried out with a new empirical Ar–Kr pair potential. This
has been obtained through extensive analysis of experimental thermophysical and transport properties. We also present a new high level ab
initio Ar–Kr potential curve for comparison, as well as ab initio interaction-induced dipole curves computed with different methods. In addi-
tion, the Ar–Kr polarizability and hyperpolarizability are reported. A comparison of the computed absorption spectra with an experiment
taken at 300 K shows satisfactory agreement although a difference in absolute magnitude of 10%–15% persists. This discrepancy we attribute
mainly to experimental uncertainty.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5099700., s

I. INTRODUCTION

Collision-induced absorption (CIA) provides significant opac-
ity in atmospheres of planets and their moons, which have low
abundances of polar molecules. In those atmospheres, interacting
pairs of atoms and/or nonpolar molecules give the dipoles neces-
sary for absorption of electromagnetic radiation in the far infrared
and microwave spectral regions. Those absorption coefficients can
be measured in laboratories or computed theoretically. This way
tables with absorption spectra for various temperatures may be
provided to researchers who model the radiative transfer of

planetary atmospheres. The experiments are difficult, and experi-
mental data only exist for a few isolated temperatures. It is thus
desirable to develop theoretical treatments for computations of CIA
coefficients.

The pairs that produce the absorption could be H2–H2 or
H2–He, which are important in the giant planets. Accurate quantum
dynamical calculations of collision-induced absorption are feasible
for those systems.1–4 In atmospheres of smaller planets and satel-
lites, hydrogen and helium abundances are often low so that higher
mass pairs such as N2–N2 and N2–CH4 are more important. Those
systems have stronger attractive forces than the low mass systems,
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and they are therefore more prone to form bound van der Waals
complexes, so-called dimers. Quantum dynamical calculations for
those systems are much more difficult due to the large number of
quantum states that couple in the collisions. Such calculations have
typically been done under the isotropic potential approximation (see
Refs. 5 and 6). A state of the art quantum mechanical study of CIA
in pure nitrogen, which includes the anisotropic N2–N2 potential,
has been carried out.7 That work serves as a benchmark in further
theoretical studies of CIA.

Classical molecular dynamics (MD) simulations of CIA has
been suggested as an alternative to quantum calculations, and one
of the first MD calculations was done for pure carbon dioxide gas.8
The result was very promising although the computed absorption
was too weak in comparison with laboratory measurements. CIA
in carbon dioxide was revisited by Hartmann et al.,9 and better
agreement was obtained. The improvement was presumably due
to improvement in pair potentials and interaction-induced dipole
moments. The Hartmann group has later pursued successful MD
simulations of CIA for pure nitrogen gas10 and nitrogen mixed with
water vapor.11

Typically, classical mechanics is expected to be sufficiently
accurate if the atomic and molecular masses are high enough, and
the temperatures (or energies) are high enough. One advantage with
MD simulations is that it is a many-body treatment. Thus, dimers
are automatically accounted for since they are typically formed in
three-body interactions.

In order to further investigate the validity of classical MD for
CIA, we have chosen to perform such simulations on a gas mix-
ture of argon (Ar) and krypton (Kr). There are three main rea-
sons for this choice of system: (i) Quantum dynamical calculations
are straightforward to perform for comparisons. (ii) The reduced
mass is of similar order of magnitude compared with N2–N2 and
N2–CH4. (iii) The Ar–Kr potential well depth is about 112 cm−1
which is also of similar order of magnitude compared with N2–N2
and N2–CH4. Due to the last point, we expect the dimer contri-
bution to the absorption for Ar–Kr to mimic that of the other
systems.

The paper is organized in the following manner. Section II
outlines how we have obtained an empirical interaction poten-
tial from measured thermophysical and transport properties.
Section III describes Hartree-Fock and MP2 calculations of the
Ar-Kr dipole and (hyper)polarizabilities. Section IV describes the
coupled cluster calculations of the dipole and potential. In Sec. V, the

methods for calculations of CIA are described. In Sec. VI, CIA
spectra are presented and discussed.

II. EMPIRICAL ARGON–KRYPTON POTENTIAL ENERGY
CURVE

A. Multiproperty analysis

In order to calculate the CIA line profiles, interatomic poten-
tial is needed. Results with different potentials can be compared
with experiment to assess the quality of the potential. The inter-
atomic potential we provide here is obtained through the analysis
of the interaction pressure second virial coefficients12–16 and a set of
gaseous transport properties.17–40 For the analysis of all these exper-
imental data, we consider the empirical Barker, Fisher, and Watts
(BFW) interatomic potential,41

V(r) = ���
5�
i=0 Bi� r

rm
− 1�ieξ�1− r

rm
� − 2�

i=0
C2i+6( r

rm
)2i+6 + δ

��, (1)

where � is the potential depth, rm is the distance at the minimum
potential, and the remaining variables are fitting parameters.

At the present (BFW) level, there are 13 parameters (�, rm, B0,
B1, B2, B3, B4, B5, ξ, δ, C6, C8, and C10), which are far too many
to determine from the present data. Accordingly, we proceeded
as follows: the coefficients B0 and B1 were determined from the
conditions of continuity and the long-range dispersion coefficients
C6 and C8 were taken from theoretical calculations of Becke and
Johnson.42 The dispersion coefficient C10 was taken from TDMP2
calculation of Hättig and Hess,43 leaving eight parameters (�, rm,
B2, B3, B4, B5, ξ, and δ) that were varied to fit the viscosity, dif-
fusion data, thermal conductivity, and thermal diffusion factor.
This fitting is further supported by calculating the second pressure
virial coefficients. The calculations were facilitated by determining
rough values of these parameters, and then, final convergence was
obtained by iteration with the full potential. This leads to poten-
tial parameters of Table I as our best empirical estimate of the
Ar–Kr interatomic potential. In addition to the present potential,
some older empirical Lennard-Jones (12–6),17,32 Exp-6,25 Morse-
6 Hybrid,44 BFW,45 MSMSV,46 (m,6,8),29 MS,47 HFD-C248 inter-
atomic potentials as well as the potential of Korona et al.49 were
considered.

TABLE I. Parameters of the BFW interatomic Ar–Kr potential and the associated values of δj .a

�/kB (K) σ (nm) rm (nm) ξ δ B0 B1 B2 B3 B4 B5

161.448 0.348 68 0.39 12.4 0.01 1.196 33 −1.09 1.280 76 −15.0 −30.0 −100.0
C6 (a.u.) C8 (a.u.) C10 (a.u.) δB12 δηmix δλmix δDmix δαTmix δ0
90.93 3329.0 86 850.0 0.41 0.67 0.81 0.75 0.92 0.73

aδj is defined by δ2j = 1
nj
∑nj

i=1 �−2ij (Pij − pij)2, where Pij and pij are, respectively, the calculated and experimental values of
property j at point i and �ij is the experimental uncertainty of property j at point i. The subscripts B12, ηmix, λmix, Dmix, and αTmix
refer, respectively, to the interaction second pressure virial coefficient, mixture viscosity, mixture thermal conductivity, mixture
diffusion coefficient, and mixture thermal diffusion factor. The overall rms deviation was obtained from δ0 =� 1

5 ∑5
j=1 δ2j .
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FIG. 1. Temperature dependence of
the Ar–Kr gas interaction pressure
second virial coefficients B12 in cm3/mol
vs temperature in K. A comparison
is made with previously available
experimental results.12–16 The cal-
culations were performed using the
present BFW and literature interatomic
potentials.17,25,29,32,44–49

B. Analysis of second pressure virial coefficients
and transport properties

An effective means for checking the validity of the different
potential parameters can be made using second pressure virial coef-
ficient data12–16 and transport properties17–40 at different tempera-
tures. The interaction second pressure virial coefficient B12 at tem-
perature T was calculated classically with the first three quantum
corrections from50

B12(T) = Bcl(T) + λBqm, 1(T) + λ2Bqm, 2(T) + λ3Bqm, 3(T), (2)

with

Bcl(T) = 2πNA � ∞
0
�1 − e−V(r)�kBT�r2dr, (3)

where NA is the Avogadro constant. The first three quantum cor-
rections Bqm,1(T), Bqm,2(T), and Bqm,3(T) are given in Ref. 50 and
λ = �h2/(24mkBT), where m is the reduced mass of the Ar–Kr
pair. The calculated B12 was compared with the experimental
results12–16 using the present BFW and different interatomic poten-
tials.17,25,29,32,44–49 As may be seen in Fig. 1 and Table I, the inter-
atomic BFW potential gives good agreement with the experimental
values over a high range of temperatures.

An additional check on the proposed potential consists of the
calculation via the formulas of Monchick et al.51 of the transport
properties, i.e., mixture viscosity (ηmix), thermal conductivity (λmix),
diffusion coefficient (Dmix), and thermal diffusion factor (αTmix) at
different temperatures of the Ar–Kr mixture. The comparison of the
calculated properties to the experimental and literature results17–40
may be done in Table I by calculating the associated values of δ0.
The agreement for the system under consideration is excellent in the
whole temperature range.

III. INTERACTION-INDUCED ELECTRIC DIPOLE AND
(HYPER)POLARIZABILITY OF ARGON–KRYPTON

Several computational aspects of the determination of collision-
or interaction-induced electric properties for atoms and small
molecules have been closely examined by expert research groups.52
Our approach to the calculation of the interaction-induced electric
(hyper)polarizability of a pair of atoms relies on a computational
strategy presented in sufficient detail in previous work.53–57 We give
only a succinct presentation of our methodology here.

The interaction properties Pint of the Ar�Kr atom pair can be
straightforwardly calculated as

Pint(Kr�Ar)(r) = P(Kr�Ar) − P(Kr) − P(Ar), (4)

where r is the internuclear separation. In practice, however, we
eschew basis set superposition errors (BSSEs) by determining the
interaction electric properties of the Ar�Kr pair via the well-
tested Boys-Bernardi counterpoise-correction (CP) method.58 Thus,
interaction quantity Pint(Ar�Kr) is computed as

Pint(Kr�Ar)(r)=P(Kr�Ar)(r) − P(Kr�X)(r) − P(X�Ar)(r),
(5)

where P(Kr�X)(r) or P(X�Ar)(r) is the value of P for the Kr or Ar
moiety in the presence of the ghost orbitals of subsystem Ar or Kr,
respectively. It is worth noticing that by using bigger and bigger basis
sets, Eq. (4) yields values quite close to those obtained via Eq. (5).

The methods used for the computations described in this sec-
tion are the well-tested ab initio HF (Hartree–Fock) and the post-
Hartree–Fock approach MP2 (second-order Møller–Plesset pertur-
bation theory). Detailed presentations of these methods can be
found in standard high-level textbooks.59

We used atom-specific, purpose-oriented flexible basis sets
of gaussian-type functions (GTFs) for our calculations on Ar–Kr.
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TABLE II. Comparison of dipole moments for Ar–Kr.

Equilibrium dipole
Source moment (ea0)

Present MP2 ab initio 0.0023
Present CCSD(T) ab initio (see Sec. IV) 0.0017
Experiment by Bar-Ziv and Weiss62 0.0030
Ab initio by Birnbaum et al.63 0.0015
Ab initio by Krauss and Guillot64 0.0022
Experiment by Xu et al.65 0.0013

These are taken from previous work (see Ref. 53) and are, in con-
tracted form, Kr = [8s7p6d5f] and Ar = [8s6p5d3f]. To test the flex-
ibility of the above, we calculated the atom polarizability of both Kr
and Ar using standard routines included in GAUSSIAN 03.60 The
obtained values are α�a30 = 16.45 (Kr) and 10.66 (Ar), where a0 is the
Bohr radius. For comparison, the Hartree–Fock values61 are 16.476
(Kr) and 10.758 (Ar). The agreement is better than 1% in both cases.
We have calculated the dipole moment and the (hyper)polarizability
with the internuclear separation varying as 4 < r/a0 < 20. In all,
z is the molecular axis with Kr at the origin and the Ar on the
positive part. A frozen core was adopted for all correlated calcula-
tions. All calculations were performed with the GAUSSIAN 03 set of
programs.60

Tables with the HF and MP2 dipole moment and (hyper)
polarizability data are available in the supplementary material. In
Fig. 3, we have plotted the r-dependence of the interaction-induced
dipole moment. The dipole moment of Ar–Kr seems to have been
extensively studied. Our brief discussion here leans heavily on the
analysis presented by Xu et al.65 Expanding the MP2 dipole moment
calculated here, around the empirical equilibrium internuclear sep-
aration of re = 7.3340a0 (see the work of Xu et al.65),

�(r)�ea0 = 0.002 33 − 0.003 34(r − re) + 0.002 06(r − re)2
− 0.001 57(r − re)3 + 0.000 63(r − re)3,

we obtain an re dipole moment of 0.0023 ea0. This value is compared
to previous findings in Table II. Our value is in reasonable agreement
with that of Xu et al.,65 and the older results of Bar–Zivi62 and Birn-
baum et al.63 The agreement with the ab initio calculation by Krauss
and Guillot64 is particularly good.

IV. COUPLED CLUSTER AB INITIO CALCULATIONS

The potential energy and dipole curves of the Ar–Kr sys-
tem were calculated at the CCSD(T) level with aug-cc-pV5Z basis
set. We also used the small-core energy-consistent pseudopotential
of the Stuttgart/Köln type (ECP10MDF) on the Kr atom to con-
sider the relativistic effects of the inner core electrons. The calcu-
lations were carried out in the C2v symmetry group. We used the
counterpoise BSSE correction. The dipole of the Ar–Kr molecule
was calculated as a linear response to an external field with a
strength of 0.001 a.u. We used a symmetric two-point formula
for the numerical approximation of the derivative of the energy

FIG. 2. The present CCSD(T) potential, BFW potential, and that from Ref. 48 for
comparison. Eh indicates hartree, the atomic unit of energy.

FIG. 3. Ab initio interaction dipole moment. The basis sets for Ar and Kr are
[8s6p5d3f] and [8s7p6d5f], respectively, in both the HF and MP2 calculations. e
is the elementary charge.

with respect to the electric field. The calculations were done using
MOLPRO.66

The CCSD(T) potential and dipole data are tabulated in the
supplementary material. The potential is also displayed in Fig. 2,
including an energy offset that ensures that V(r) → 0 as r → ∞.
In the supplementary material, we present a figure with the second
virial coefficient, as shown in Fig. 1, where the CCSD(T) potential is
included. There is no discernible difference between the BFW and
the CCSD(T) results in the virial coefficient analysis. The CCSD(T)
dipole is presented, together with the HF and MP2 results, in Fig. 3.
The equilibrium value of the CCSD(T) dipole moment is given in
Table II.

V. COLLISION-INDUCED ABSORPTION CALCULATIONS

A. Classical molecular dynamics theory

An isolated ensemble of classical particles evolves according
to Hamiltonian mechanics. Dipole allowed spectroscopic properties
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may be determined from the system’s dipole autocorrelation func-
tion. Here, we are concerned with a mixture of rare gas atoms and
the absorption induced by encounters of dissimilar pairs (Ar–Kr).
The classical dipole autocorrelation function9,67

ϕ(t) = N�
i=1 lim

τ→∞
1
τ

τ

�
0

1
4π�0

�i(t0) ⋅ �i(t0 + t)dt0 (6)

is thus a function of the atomic trajectories, i.e., the positions as a
function of time. �i(t) is the dipole moment of pair number i at time
t, and τ is a time range that has to be chosen large enough to obtain
convergence. The summation in Eq. (6) runs over all polar pairs so
that N = NArNKr is the total number of dissimilar pairs. The partial
number densities are ρAr = NAr/V and ρKr = NKr/V, where V is the
volume of the system, and the autocorrelation function in Eq. (6) is
proportional to the density of pairs, i.e.,N/V = ρArρKrV. Equation (6)
is written in SI units, and �0 is the vacuum permittivity. From the
dipole autocorrelation, the absorption coefficient9

α(ω,T) = 4π2

3�hc exp�
�hω
2kBT

�ω�1 − exp�− �hω
kBT
�� 1

V
C(ω) (7)

as a function of angular frequency, ω, and temperature, T, may be
computed. �h is the reduced Planck constant, c is the speed of light,
kB is Boltzmann’s constant, and C(ω) is

C(ω) = Re� 1π �
τ

0
ϕ(t)e−iωtdt�, (8)

i.e., the cosine transform of the time dependent autocorrelation
function. The classical autocorrelation function is an even function
in time,67 and therefore, its sine transform is zero. We also note
that, due to the division by V on the right-hand side in Eq. (7), the
absorption coefficient is proportional to the product of the number
densities, ρArρKr, and it is independent of V.

B. Computational details of the MD simulated CIA

For the molecular dynamics (MD) computations of collision-
induced absorption, we have assembled the in-house package Spa-
CIAL (Spectra of Collision Induced Absorption with LAMMPS).
This is divided into three parts. The first is the MD simulation, and
it is done with the program LAMMPS;68 the second is the com-
putation of the dipole autocorrelation; and the third is the Fourier
transform that yields the absorption coefficient. For the latter two
parts, we have developed a Python code. The first step is described
in Subsection V B 1, and the second and third steps are described in
Subsection V B 2.

The programs are based on those presented in Ref. 69. The
main developments since that work are (i) improved efficiency, e.g.,
through parallelization, (ii) the use of stationary radial distribution
function as a thermalization criterion, and (iii) implementation of
time averaging for the computation of the autocorrelation function.

1. MD simulations
The molecular dynamics part of the calculation is performed

with the open source software LAMMPS68 which provides the
positions of the atoms at each time step. For the integration of
Hamilton’s equations of motion, a velocity Verlet algorithm is used

with a time step that we denote with δt. A cubic simulation box (cf.
Fig. 4), with periodic boundaries, is created, and its volume is given
by the total number of atoms NAr + NKr and the number density
ρAr + ρKr according to V = (NAr + NKr)/(ρAr + ρKr).

In order to compute the forces on all atoms, one has to pro-
vide potentials for each of the pair type. The potentials that we have
used for the Ar–Ar, Kr–Kr pairs are taken from the work of Slavìček
et al.,70 and for the Ar–Kr, we used the potential described in Sec. II.
We have also tested an Ar–Kr potential from the work of Aziz and
van Dalen.48

Initially, the particles are distributed in the box with random
positions satisfying the condition of separation of at least rconfigmin in
order to avoid any pair in the deeply repulsive region, thereby allow-
ing for a quicker thermalization process. The velocities are chosen
according to theMaxwell–Boltzmann distribution for the simulation
temperature T. Then, the thermalization process consists in reach-
ing equilibrium with a stable temperature T, by running the (NVT)
simulation with a thermostat applied. We have chosen the Berend-
sen thermostat.71 In addition to the stabilized temperature, the radial
distribution function is checked for convergence. Once the ensem-
ble is at thermal equilibrium, the thermostat is turned off to let the
system evolve as a microcanonical ensemble (NVE simulation) over
twice the integration time τ.

2. Calculation of the dipole autocorrelation function
In order to compute the dipole autocorrelation of the sys-

tem, we use an in-house Python code that takes as input the inter-
atomic distance for each dissimilar pair, and its orientation, for each
time step. A numerical approximation of the time integral (time
averaging) in Eq. (6) yields

ϕ(t) = N�
i=1

1
M + 1

M�
j=0

1
4π�0

�i(j�t) ⋅ �i( j�t + t) = 1
M + 1

M�
j=0 ϕ

t
j , (9)

FIG. 4. We use a simulation box with periodic boundaries. The atoms are randomly
distributed in the box with velocities corresponding to the Maxwell–Boltzmann
distribution at the simulation temperature, T. After thermalization (using an NVT
ensemble), the positions are computed and stored over a time span of 2τ (using
an NVE ensemble).
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where M is the total number of time steps defined by M = τ
�t . The

time step �t used in the dipole autocorrelation is not the same as δt
used in the molecular dynamics. Typically, �tmay be greater than δt
but should be small enough to give an absorption coefficient for the
desired bandwidth (or frequency range). By using two different time
steps for the MD simulation and the grid used in the calculation of
the autocorrelation function, it is possible to improve computational
efficiency.

Furthermore, it is advantageous to use two different cutoff dis-
tances: One for the molecular dynamics, rmax, and the other for the
dipole autocorrelation computations, rcut–off . Generally, an rcut–off
smaller than rmax provides convergence since the dipole goes to
zero rather quickly as a function of r. Considering contributions
to the dipole autocorrelation function only from pairs that are
closer to each other than rcut–off increases computational efficiency
considerably.

In addition to the summation over all N pairs, ϕ(t) is also
numerically time averaged over M + 1 time windows (see Fig. 5).
The reference time t0 in Eq. (6) is shifted by one time step, �t, giving
M + 1 values of ϕ(t) that are averaged.

In order to obtain the spectrum, we run MD calculations in
50 different simulation boxes, containing 5 × 104 atoms each (50%

TABLE III. Input parameters for the MD calculations. The unit of number density is
amagat with 1 amg = 2.686 781 1 × 1025 m−3.

ρAr + ρKr ttherm τ δt �t rconfigmin rmax rcut–off
(amg) (ps) (ps) (fs) (fs) (bohrs) (bohrs) (bohrs)

1.0 100.0 10.0 1.0 10.0 7.0 30.0 20.0

Ar and 50% Kr). The spectra resulting from the different boxes are
averaged, giving a result that is equivalent to that for one simula-
tion box with 50 × (5 × 104) = 2.5 × 106 atoms. The integration
time τ is chosen to be long enough to allow the dipole autocorre-
lation function to reach 0 and to give a fine enough resolution to
describe the absorption coefficient curve. τ = 10.0 ps gives a res-
olution of ∼1.7 cm−1, which is smaller than that of the measure-
ment (∼3 cm−1).72 The parameters of the simulations are given in
Table III.

A word of caution concerns the Fourier transform involved
in the calculation of the MD absorption coefficient. At high fre-
quencies, alias absorption may occur (see Ref. 73), which is due

FIG. 5. Schematic of the time averag-
ing of the dipole autocorrelation function.
Out of the M + 1 terms, it is shown here
for the first two and the last. (a) The com-
putation of ϕ(t = 0) is done by autocor-
relation of the dipole keeping the same
time step. This requires only a time range
of τ. (b) The autocorrelation for t = �t
is done M + 1 times by shifting the time
reference point by one step to the right.
Here, one more time step is required and
the time range becomes τ + �t. (c) At t
= τ, the principle is the same as in all
the previous steps and the required time
range is now 2τ.
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to trajectories that persist in the interaction region. By choosing
a small enough time step in the Fourier transform, however, one
can assure that these features are outside the desired frequency
interval.

C. Quantum dynamical bimolecular method

For comparison, we also compute the collision-induced
absorption coefficient quantummechanically. In the binary collision
limit, where only Ar–Kr pairs contribute to the absorption, this may
be done using methods from the literature. For a rare-gas mixture,
it is feasible to do those calculations to arbitrary accuracy. With par-
tial wave expansions of the wave functions, the problem reduces to
solving a radial (one-dimensional) Schrödinger equation. The most
important formulas, which we use in this work, are given in the
Appendix.

VI. RESULTS

Collision-induced absorption spectra have been computed with
the MD approach described in Sec. V B at four temperatures. In
Fig. 6, results are shown at 200 K and 300 K. For both temperatures,
the corresponding quantum dynamical result is also shown for com-
parison. The BFW potential andMP2 dipole moment are used in the
calculations. The agreement is good, supporting the notion that this
system, with an Ar–Kr reduced mass m ≈ 27 amu, is well described
with a classical treatment at temperatures from 200 K and up. It
should be noted, however, that the quantum result has been con-
voluted with a triangular line profile [of width w/(2πc) = 5 cm−1].
This is crucial to obtain agreement since the dimer features in the
quantum absorption spectrum are quite narrow. At 200 K, sepa-
rate quantum results for dimer contributions (bound-to-free and
bound-to-bound) are also displayed. This illustrates how much of
the absorption is due to the dimers, and it makes it clear that the
broad features between 10 and 80 cm−1 in the MD calculation are
due to absorption by Ar–Kr dimers. We conclude that the bump at

about 20 cm−1 on the MD spectrum is due to bound-to-bound tran-
sitions since there is a rather distinct feature there in the QM bb
curve.

As discussed in Sec. V B 2, the resolution of the MD CIA calcu-
lation is about 1.7 cm−1. In order to investigate if this resolution is
enough, we have carried out quantum calculations with widths,w, of
1, 2, and 3 cm−1 (see the supplementary material). We conclude that
the numerical resolution of the MD spectrum is fine enough not to
impose any constraints on the classical spectrum but that the dimer
features in the classical treatment have widths that are ∼3 cm−1 or
more.

The dimer contribution to the absorption coefficient at 200 K
shown in Fig. 6(a) is on the order of 10%. This is consistent with
the finding of Oparin et al.74 In that study, the authors carried out
a bimolecular trajectory study of CIA for rigid rotor carbon dioxide
(CO2) mixed with argon or xenon. The rotational degree of freedom
of the carbon dioxidemolecule allows for metastable dimers to form.
The metastable dimers have an energy that is above the dissocia-
tion limit and correspond to quasibound, or resonant, states in the
quantum mechanical picture. The authors separated the contribu-
tions into free, metastable, and stable. The contribution they denote
stable thus corresponds to the sum of what we denote bound-to-free
and bound-to-bound. For CO2–Ar mixture at 200 K, they found
that slightly over 10% of the absorption was due to stable dimers.
Although Ar–Kr is a quite different system, it is reassuring that we
see a similar amount of dimer contributions in a study done with a
different method.

Furthermore, in Fig. 6(b), we present a comparison with a labo-
ratory measurement72 taken at T = 300 K. The computed absorption
lies 10%–15% above the measurement over all, while the spectral
shape agrees well. It is fair to expect an error on the order of 10%
in the magnitude of the experimental absorption coefficient.75 There
is also some uncertainty in the molecular data that has been used in
the computations, i.e., the Ar–Kr potential and dipole function. This
uncertainty, however, should only affect the computed absorption
coefficient on the few percent level. New laboratory measurements

FIG. 6. The collision-induced absorption coefficient, α, normalized by the Ar and Kr gas densities, ρAr and ρKr, respectively, as a function of the photon wave number,
ν̃ = ω�(2πc). MD results, computed as described in Sec. V B, are compared with those from a quantum dynamical bimolecular treatment (QM total) according to Eqs. (A1)–
(A3). The width, w/(2πc), in the convolution of the quantum results is 5.0 cm−1 at both temperatures. The partial densities, ρAr and ρKr, are 0.5 amg each, giving a total
number density of 1 amg, in the MD simulation. Panel (a) is for T = 200 K, and the three contributions to QM total: free-to-free (ff), bound-to-free (bf), and bound-to-bound
(bb), are displayed separately. Panel (b) is for T = 300 K, and a laboratory measurement72 is included.
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are desirable to further test the molecular data presented in this
work.

In Fig. 7, MD absorption spectra, simulated with the BFW
potential and MP2 dipole moment, are presented at temperatures
ranging from 150 K to 300 K. The purpose is to display how the
dimer features become more diffuse as temperature is increased. For
example, the 20 cm−1 bump discussed above is rather pronounced
at 150 K and barely discernible at 300 K. Also, the general shape
of the absorption spectrum (up to ∼200 cm−1) becomes broader,
with a lower peak value, as the temperature is increased. The phys-
ical reason behind this is that the collisions are shorter in duration
at higher temperature. Heisenberg’s uncertainty relation states that
shorter time duration (higher certainty in time) must result in lower
certainty in energy, in this case the photon energy. In the classi-
cal treatment, the corresponding result comes from Fourier theory.
Thus, quantum mechanics is not needed to explain the width of the
absorption spectrum. The latter holds for the free-to-free contribu-
tion to the absorption, which is due to transitions between (non-
quantized) continuum states, under the condition that the reduced
mass of the interacting pair is high enough.

In Fig. 8, absorption obtained with the present BFW Ar–
Kr potential is compared with that computed using the empirical
potential developed by Aziz and van Dalen.48 In both cases, the
present MP2 dipole moment is used. A calculation with the present
CCSD(T) potential and dipole data is also displayed. The calcula-
tions are done with MD at 300 K, and the experimental data72 are
shown for comparison. The present potentials give results that are
closer to the experimental values. The difference between the exper-
iment and the calculation with the older HFD-C2 potential is on the
30% level. The calculation with the CCSD(T) potential and dipole,
compared with that done with BFW and MP2, gives a spectrum that
is blue shifted by about 5 cm−1 and has a magnitude that is about
5% higher. A test calculation that is presented as a figure in the
supplementary material shows that the shift comes from the differ-
ence between the CCSD(T) andMP2 dipole moments, and the mag-
nitude difference comes from the difference between the CCSD(T)
and BFW potential. The position of the CCSD(T) peak appears to
agree almost perfectly with that from the experiment, while the
CCSD(T) magnitude is larger than the experiment by about 20%.

FIG. 7. Collision-induced absorption coefficients computed with molecular dynam-
ics for four temperatures from 150 K to 300 K.

FIG. 8. Comparison of the MD absorption spectra at T = 300 K computed with
different sets of potential and dipole data. Also shown is the experimental result
from Buontempo et al.72

VII. CONCLUSION

We have implemented a molecular dynamics scheme for cal-
culations of collision-induced absorption coefficients in a rare gas
mixture. It is applied to a mixture of argon and krypton. A new
empirical Ar–Kr pair potential and a new ab initio Ar–Kr induced
dipole moment (MP2) are used in the calculations. We also present
alternative, CCSD(T), ab initio potential and dipole moment for the
Ar–Kr pair. We have performed test calculations of the absorption
spectrum and established that the uncertainty in the potential and
dipole data does not account for the discrepancy with the experi-
mental data. For the molecular dynamics simulation, also the like
pair potentials, Ar–Ar and Kr–Kr, are needed. Those are taken from
the literature.

For a rare gas system, it is possible to perform quantum dynam-
ical computations of the collision-induced absorption coefficient.
These are performed in the pure binary collision limit so that
no three-body, or higher order, effects are included. The molec-
ular dynamics simulation, on the other hand, naturally includes
many-body interactions. The atoms involved in this work, Ar and
Kr, are massive enough that quantum effects are expected to be
nondiscernible at room temperature, 300 K. Thus, we expect good
agreement between the quantum treatment and MD, as long as
only binary collisions contribute significantly. An MD calculation at
atmospheric density of 1 amagat, at 300 K, does indeed show good
agreement with a quantum calculation.

At room temperature, dimers contribute very little to the spec-
trum. This is because they are weakly bound and are easily broken
apart in thermal collisions. If the temperature is lowered to 200 K,
the dimer features become more visible, both in the MD and quan-
tum calculation. The quantum calculation gives sharp dimer fea-
tures in the spectrum, while the MD calculation gives broad features
since it does not account for discrete energy levels of the dimers.
The quantum absorption coefficient may be convoluted with a slit
function to simulate a broadened spectrum. This way it can be com-
pared with MD, and we conclude that also at 200 K, we have good
agreement between quantum and MD calculations. If there is little
pressure broadening in the planetary atmospheres that one wants
to model, then it still may be necessary to use quantum dynamical
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absorption coefficients, even for high mass systems, such as nitro-
gen and methane containing gases. We have performed MD cal-
culations for Ar–Kr at four different temperatures, from 150 K to
300 K. The dimer contribution to the spectrum clearly decreases as
the temperature increases.

An experimental absorption coefficient available at room tem-
perature shows satisfactory agreement with computations, in partic-
ular with respect to the shape of the absorption spectrum. Calcu-
lations on an older empirical Ar–Kr potential are also performed.
The present potentials give results that are closer to the laboratory
measurement.

SUPPLEMENTARY MATERIAL

In the supplementary material, electric dipole moments, polar-
izabilities, and hyperpolarizabilities for Ar–Kr, computed with the
Hartree–Fock and MP2 methods, are tabulated. The CCSD(T)
potential and dipole moment for Ar–Kr are also presented in a
table. The CCSD(T) and BFW interaction-potentials are listed in
a table for comparison. Then follows a figure showing the sec-
ond virial coefficient analysis, including both the present BFW and
CCSD(T) potentials. There is a figure showing the broadening effect
on the quantum mechanical dimer features in the collision-induced
absorption spectrum. The last figure displays the sensitivity of the
absorption coefficient on the potential and dipole data.
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APPENDIX: QUANTUM DYNAMICAL CIA SPECTRA

Collision-induced absorption due to binary interactions in a
mixture of two rare gases can be computed quantum dynamically.
The formulas are similar to those for pure hydrogen gas,4,76 which
are adapted here for monatomic gas. In SI units, the absorption
coefficient is

α(ω,T)
ρArρKr

= 1
4π�0

4π2

3�hcω(1 − e−�hω�kBT)Vg(ω,T), (A1)

with the spectral density

Vg(ω,T) = h3(2πmkBT)3�2 �h�ll′ (2l + 1)C(l1l′; 000)2
×�� e−E�kBT ��l,E��(r)�l′,E + �hω��2
×�

n
e−Eln�kBT ��l,El

n��(r)�l′,El
n + �hω��2

+�
nn′

e−Eln�kBT ��l,El
n��(r)�l′,El′

n′��2δ(El′
n′ − El

n − �hω)�,
(A2)

where E is the relative kinetic energy of the Ar–Kr pair, m is
its reduced mass, l is its dumbbell angular momentum quan-
tum number, and C is a Clebsch–Gordan coefficient. The Ar–Kr
dimer states have vibrational quantum numbers n and energies El

n.
The three terms between the large parentheses in Eq. (A2) corre-
spond to free-to-free, bound-to-free, and bound-to-bound transi-
tions, respectively. This allows for straightforward evaluation of each
of the three contributions separately, as shown in Fig. 6(a). The
energy normalized continuum wave functions �l,E� in Eq. (A2) are
obtained with a Numerov algorithm.77 The bound state wave func-
tions �l,El

n� and eigen energies are obtained with a discrete variable
representation.78

We have convoluted the quantum dynamical absorption spec-
trum according to

αw(ω,T) = � ω+w

ω−w
α(ω −Ω,T)� 1

w
− max(ω −Ω,Ω − ω)

w2 �dΩ,

(A3)

where the line profile is triangular and has a width w. This is done
to even out the sharp dimer features, which are presumably pres-
sure broadened in experiments, or smeared due to limited spectral
resolution. The sharpness of the dimer features in the quantum
dynamical treatment is due to the fact that the bound quantum lev-
els are discrete, and thus, they are also broader in the classical MD
simulations.
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Wissam Fakhardji, Péter Szabó , M. S. A. El-Kader, and Magnus Gustafsson

Abstract

We continue the development of the in-house molecular dynamics software package Spa-
CIAL and test it for the computation of the collision-induced absorption coefficients for
a neon (Ne) and krypton (Kr) gas mixture. An apodization procedure for the dipole
autocorrelation function is implemented and tested. We also carry out a statistical study
of the convergence rate with respect to ensemble size. The resulting absorption coef-
ficients show a good accordance with quantum mechanical results. Comparison with
laboratory measurements shows agreement within 10%–20% at T=295K. At T = 480
K, a larger difference of 40%–80% is observed, which can presumably be explained by
experimental uncertainties. For the study, an empirical (Barker, Fisher, and Watts)
interaction-potential [Mol. Phys. 21, 657 (1971)] for Ne–Kr has been developed. Ab
initio coupled cluster with singles and doubles (triples) [CCSD(T)] potentials for Ne–Ne,
Kr–Kr, and Ne–Kr have been computed, as well as the CCSD(T) interaction-induced
Ne–Kr dipole moment curve.

Contribution

I was in charge of the MD simulation and of the classical computation of the CIA spectra
(part V). I have implemented for the first time the apodization procedure with the tests
and preliminary study for its choice (Appendix B). I pursued the comparison of the MD
and QM results with the Kolmogorov-Smirnov test (Appendix C).
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ABSTRACT

We continue the development of the in-house molecular dynamics software package SpaCIAL and test it for the computation of the collision-
induced absorption coefficients for a neon (Ne) and krypton (Kr) gas mixture. An apodization procedure for the dipole autocorrelation
function is implemented and tested. We also carry out a statistical study of the convergence rate with respect to ensemble size. The result-
ing absorption coefficients show a good accordance with quantum mechanical results. Comparison with laboratory measurements shows
agreement within 10%–20% at T = 295 K. At T = 480 K, a larger difference of 40%–80% is observed, which can presumably be explained
by experimental uncertainties. For the study, an empirical (Barker, Fisher, and Watts) interaction-potential [Mol. Phys. 21, 657 (1971)] for
Ne–Kr has been developed. Ab initio {coupled cluster with singles and doubles (triples) [CCSD(T)]} potentials for Ne–Ne, Kr–Kr, and Ne–Kr
have been computed, as well as the CCSD(T) interaction-induced Ne–Kr dipole moment curve.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0006186., s

I. INTRODUCTION

In planetary atmospheres, which have low abundances of polar
molecules, collision-induced absorption (CIA) is the main source
of opacity in the far infrared and microwave spectral regions.1
The interactions between atoms and/or molecules give the electric
dipoles (and, to a smaller extent, higher order multipoles) necessary
for the absorption of electromagnetic radiation. The corresponding
absorption coefficients are needed to model the radiative transfer in
planetary atmospheres. The absorption coefficients can be exper-
imentally measured or theoretically computed. Experimental data
exist only for a few isolated temperatures.2,3 It is thus important
to develop theoretical methods to complement the experimental
efforts.

The main contributors to the absorption in the giant plan-
ets’ atmospheres are hydrogen and helium. For those pairs, it is

possible to compute accurate absorption coefficients using quantum
mechanics (QM).4–7 Higher mass molecules, such as methane and
nitrogen, are abundant in the atmospheres of smaller planets and
satellites. Quantum mechanical treatment of interactions between
those molecules is difficult to handle because of the large number
of quantum states that couple during the collisions. The classical
molecular dynamics (MD) approach8–10 or bimolecular classical tra-
jectory methods11,12 offer alternatives to the quantum mechanical
method and have been shown to give good results if the molecular
masses and temperatures are high enough. One advantage with MD
is that it automatically accounts for the formation and destruction of
loosely bound complexes, so-called dimers, which may contribute to
the absorption.13

Previously, we developed and tested the in-house package Spa-
CIAL (Spectra of Collision Induced Absorption with LAMMPS)
for argon mixed with krypton and obtained satisfactory results.14

J. Chem. Phys. 152, 234302 (2020); doi: 10.1063/5.0006186 152, 234302-1
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Dimer contributions to the absorption were clearly noticeable in
that case. They agreed qualitatively with the QM prediction, once
their structures, which were much narrower than those from MD,
were convoluted with a line broadening function. We aim here to
test SpaCIAL on another system with a smaller number of bound
states. We selected the neon (Ne) and krypton (Kr) system. The
Ne–Kr pair has 59 bound states, with binding energies ranging
up to 37.5 cm−1, while the corresponding numbers for Ar–Kr are
257 and 102 cm−1.

The MD calculations of the absorption spectra in this work
involve the Fourier transform of the time-dependent dipole auto-
correlation function. The correlation function is computed over a
finite time interval and, although it approaches zero for long periods
of time, it is not exactly zero at the highest time point. Through the
Fourier transform, this can introduce high frequency artifacts in the
absorption spectrum.15 To suppress these, we have implemented an
apodization feature in SpaCIAL.

We have also implemented the statistical Kolmogorov–
Smirnov test16 of convergence with respect to the system size. This
method allows for comparison of many points in a dataset to the
corresponding points in a reference dataset.

In Secs. II and III, we present the development and tests of a
new empirical Ne–Kr potential. In Sec. IV, we outline the ab initio
calculations of potentials for Ne–Ne, Kr–Kr, and Ne–Kr pairs as
well as the interaction-induced dipole moment for Ne–Kr. In Sec. V,
there is a brief description of the MD approach to compute the CIA
absorption coefficients and the extensions of SpaCIAL that are new
for this work. In Sec. VI, the results from the MD calculations are
presented and discussed, and some concluding remarks are given in
Sec. VII.

II. EMPIRICAL POTENTIAL ENERGY CURVE

The interatomic potential we provide here is obtained through
the analysis of the pressure second virial coefficients17–22 and set
of gaseous transport properties.23–31 For the analysis of all these

experimental data, we consider the Barker, Fisher, andWatts (BFW)
potential32 as a function of interatomic separation r,

V(r) = ���
5�
i=0 Ai� r

rm
− 1�ieξ�1− r

rm
� − 5�

n=3
C2n( r

rm )2n + δ
��, (1)

where � is the potential depth, rm is the distance at the minimum
potential, and the rest are fitting parameters.

At the present (BFW) level, there are 13 parameters (�, rm,
A0, A1, A2, A3, A4, A5, ξ, δ, C6, C8, C10), which is far too many
to determine from the present data. Accordingly, we proceeded as
follows: the coefficientsA0,A1, andA2 are determined from the con-
ditions of continuity and the long-range dispersion coefficients, C6,
C8, andC10, were taken from theoretical calculations of Jiang,33 leav-
ing seven parameters in this model that were varied to fit the second
pressure virial coefficients, with rms deviation δB12 . This minimiza-
tion is further supported by calculating δη, δλ, δD, and δα, the rms
deviations calculated from mixture viscosity, thermal conductiv-
ity, diffusion coefficient, and thermal diffusion factor, respectively.
This decision leads to the potential parameters in Table I as our
best empirical estimate of interatomic potential. In addition to the
present potential, some older empirical Lennard-Jones (12–6),23,25,31
Exp-6,25,30 Arora (m,6,8),29 and HFD-C28 as well as the function
proposed by Korona34 were considered.

III. MULTI-PROPERTY ANALYSIS

In this section, the calculations of the experimental quan-
tities introduced in Sec. II are described. The Monchick–Mason
approximation,35 which neglects the effect of inelastic transitions
on the relative kinetic energy, is applied in the computations of the
thermo-physical and transport properties.

A. Analysis of pressure second virial coefficients

An effective means for checking the validity of the different
potential parameters can be made using the second pressure virial

TABLE I. Parameters of the BFWa and CCSD(T)b interatomic potential and the associated values of δj . The parameter δ in
Eq. (1) is fixed at 0.01. The deviations δj are defined by δ2j = 1

nj ∑nj
i=1 �−2ji (Pji − pji)2, where Pji and pji are, respectively,

the calculated and experimental values of property j at point i and �ji is the experimental uncertainty of property j at point
i. The subscripts B12, ηmix, λmix, Dmix, and αT mix refer, respectively, to the interaction second pressure virial coefficient,
mixture viscosity, mixture thermal conductivity, mixture diffusion coefficient, and mixture thermal diffusion factor. The overall
rms deviation was obtained from δ0 =� 1

5 ∑5
j=1 δ2j .

�/kB (K) σ (Å) rm (Å) ξ A0 A1 A2 A3 A4 A5

71.6a 3.248a 3.62a 11.0a 1.074a −2.98a 4.88a −25.0a 48.0a −30.0a

70.625b 3.277b 3.669b

C6 (a.u.) C8 (a.u.) C10 (a.u.) δB12 δηmix δλmix δDmix δαTmix δ0

27.3a 627.38a 17 396.0a 0.72a 0.54a 0.63a 0.68a 0.74a 0.67a

0.73b 0.61b 0.65b 0.71b 0.74b 0.69b

aBFW interatomic potential parameters.
bCCSD(T) interatomic potential parameters.
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FIG. 1. Temperature dependence of the Ne–Kr gas interaction pressure second
virial coefficients B12 in cm3/mol vs temperature in K. Comparison is made with
previously available experimental results.17–22 The calculations were performed
using the present BFW and literature interatomic potentials.23,25,28–31,34

coefficient data17–22 at different temperatures. The interaction sec-
ond pressure virial coefficient B12 at temperature T was calculated
classically with quantum corrections according to

B12(T) = BCL(T) + λBQM, 1(T) + λ2BQM, 2(T) + λ3BQM, 3(T), (2)

where

BCL(T) = 2πNA � ∞
0
�1 − e−V(r)�kBT�r2dr (3)

and the first three quantum corrections BQM, 1(T), BQM, 2(T), and
BQM, 3(T) are given in Ref. 36. λ = �h2/(24mkBT), where m is the
reduced mass of the Ne–Kr pair and NA is Avogadro’s number. The
calculated virial coefficients, B12, including the first three quantum
corrections were compared with the experimental results,17–22 which
are seen in Table I and Fig. 1.

B. Analysis of traditional transport properties

An additional check on the proposed potential consists of the
calculation of the transport properties, i.e., the viscosity, ηmix; ther-
mal conductivity, λmix; diffusion coefficient, Dmix; and thermal dif-
fusion factor, αTmix, at different temperatures of the Ne–Kr mix-
ture. These are obtained via the formulas of Monchick et al.,35
which are presented in Appendix A. They may be compared to the
accurate experimental and theoretical results22–31 by calculating the

FIG. 2. The present empirical BFW potential curve for Ne–Kr, obtained as
described in Sec. II, and the present CCSD(T) interaction-potential, interpo-
lated using a cubic spline. The CCSD(T) potential points computed by Haley38

are included for comparison. The inset displays the present CCSD(T) electric
dipole moment in comparison with that computed with second-order Møller–
Plesset (MP2) calculations.39 All quantities are given in atomic units (energy in
millihartree).

associated values of δj, as shown in Table I. In Appendix A, Table III,
we also present a comparison of temperature dependent transport
properties, computed using the two Ne–Kr potential curves pre-
sented in this work, with values from the literature.23 The agree-
ment for the system under consideration is excellent in the whole
temperature range.

IV. COUPLED CLUSTER CALCULATIONS

The potential energy and dipole curves of the Ne–Kr system, as
well as the potential energy curves of Ne–Ne and Kr–Kr, were calcu-
lated ab initio at the coupled cluster with singles and doubles (triples)
[CCSD(T)] level with an aug-cc-pV5Z basis set. We also used the
small-core energy-consistent pseudopotential of the Stuttgart/Köln
type (ECP10MDF) on the Kr atom to consider the relativistic effects
of the inner core electrons. The calculations were carried out in
the C2v symmetry group. We used the counterpoise BSSE (basis
set superposition error) correction. The interaction-induced elec-
tric dipole moment of the Ne–Kr system was calculated as a linear
response to an external field with a strength of 0.001 a.u. and a sym-
metric two-point formula for the evaluation of the derivative of the
energy with respect to the electric field. The calculations were done
using MOLPRO.37

The CCSD(T) potential and dipole data are tabulated in
Appendix D. The interaction-potential curves, i.e., the ab initio

TABLE II. Input parameters for the MD calculations. The unit of number density is amagat with 1 amagat = 2.686 781 1× 1025 m−3.

ρNe + ρKr (amg) ttherm (ps) τ (ps) δt (fs) �t (fs) rconfigmin (bohr) rmax (bohr) rcut−off (bohr)

1.0 100.0 10.0 1.0 10.0 7.0 30.0 20.0
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potential including an energy offset that ensures that V(r) → 0
as r → ∞, are displayed for the like pairs, Ne–Ne and Kr–Kr, in
Fig. 7, and the interaction-potential curve for Ne–Kr is displayed in
Fig. 2. For comparison, CCSD(T) ab initio points for Ne–Kr, with
an av5z+(33 221) basis set, from Ref. 38 are included, and virtu-
ally perfect agreement is observed, while the present BFW differs
slightly from ab initio in the repulsive region. The CCSD(T) dipole
moment is also presented in Fig. 2, together with the MP2 result
computed with the Ne = [9s6p5d4f] and Kr = [8s7p6d5f] basis sets.39
The discrepancy between the CCSD(T) and MP2 dipole moments is
substantial at long distances. At 7 bohrs, they differ by about 20%.
The second virial coefficient computed with the present CCSD(T)
interaction-potential is included in Fig. 1. There is little difference
between our BFW and CCSD(T) results in the virial coefficient
analysis.

V. MD CALCULATIONS OF CIA

Themolecular dynamics simulations were donewith LAMMPS40
defining a cubic simulation box of volume V with periodic bound-
ary conditions in which the Ne and Kr atoms are distributed with
random initial positions satisfying the condition that each pair is
separated by a minimum distance denoted rconfigmin . Each particle has
a speed sampled from the Maxwell–Boltzmann distribution at the
considered temperature T. The computation of the forces needed
to derive the particle trajectories requires the interatomic potentials
between each type of pair (Ne–Ne, Kr–Kr, and Ne–Kr). We used
the present BFW and CCSD(T) potentials for Ne–Kr and CCSD(T)
for like pairs (see Secs. II and IV). In order to reach the thermal

equilibrium, a Berendsen thermostat41 (LAMMPS option) is applied
for a duration noted ttherm, ensuring an NVT simulation. Once the
system has reached a stable temperature in addition to a station-
ary radial distribution function (RDF), it is considered at thermal
equilibrium and the thermostat is turned off. The system is left to
evolve as a microcanonical ensemble (NVE) for a duration of 2τ,
which is required for the time averaging (see Ref. 14). We should
mention that SpaCIAL has two different time steps and two dif-
ferent cut-off radii implemented for computational efficiency (see
Ref. 14). These are δt for the MD simulation and �t for the pro-
cessing of the autocorrelation function (ACF). The distances beyond
which the interatomic force and dipole moment are considered to
be zero are denoted rmax and rcut -off , respectively. A more detailed
explanation of these parameters for theMD simulation is available in
Ref. 14.

The pairs of atoms, and distances between them, are extracted
for each time step and stored to compute the dipole autocorrelation
function (ACF)13

ϕ(t) = N�
i=1 lim

τ→∞
1
τ

τ

�
0

1
4π�0

�i(t0) ⋅ �i(t0 + t)dt0 (4)

with N being the number of Ne–Kr pairs, each with a time-
dependent, induced dipole vector �i(t). The ACF is then Fourier
transformed to give the absorption coefficient9

α(ω,T) = 4π2

3�hc exp�
�hω
2kBT

�ω�1 − exp�− �hωkBT �� 1V C(ω), (5)

TABLE III. Mixture viscosity, ηmix; mixture thermal conductivity, λmix; binary diffusion coefficient, Dmix; and thermal diffusion factor, αT mix, for equimolar binary mixtures of Ne–Kr
as a function of temperature.

T(○C) ηmix (�Pa s) λmix (mW/m K) Dmix (10−4 m2/s) αTmix

0 26.99a, 26.80b, 27.01c 19.9a, 19.7b, 20.1c 0.224a, 0.221b, 0.2201c 0.25a, 0.253b, 0.2557c

100 34.55a, 34.30b, 34.54c 25.01a, 24.8b, 25.37c 0.385a, 0.379b, 0.392c 0.288a, 0.290b, 0.2906c

200 41.30a, 40.98b, 41.23c 29.62a, 29.3b, 30.08c 0.577a, 0.568b, 0.5875c 0.309a, 0.311b, 0.3094c

300 47.40a, 47.05b, 47.34c 33.9a, 33.6b, 34.45c 0.797a, 0.779b, 0.8117c 0.320a, 0.322b, 0.3185c

400 53.07a, 52.70b, 53.02c 37.93a, 37.6b, 38.58c 1.043a, 1.027b, 1.0628c 0.324a, 0.327b, 0.3213c

500 58.40a, 58.00b, 58.36c 41.76a, 41.37b, 42.34c 1.32a, 1.30b, 1.3404c 0.3206a, 0.322b, 0.3203c

600 63.52a, 63.07b, 63.44c 45.4a, 44.9b, 45.99c 1.62a, 1.59b, 1.6433c 0.3206a, 0.322b, 0.3204c

700 68.39a, 67.90b, 68.30c 48.82a, 48.36b, 49.52c 1.94a, 1.91b, 1.9705c 0.3205a, 0.322b, 0.3201c

800 73.07a, 72.56b, 72.99c 52.2a, 51.7b, 52.92c 2.29a, 2.25b, 2.3212c 0.3199a, 0.321b, 0.3192c

900 77.60a, 77.05b, 77.51c 55.44a, 54.9b, 56.22c 2.654a, 2.61b, 2.6948c 0.319a, 0.320b, 0.318c

1000 81.90a, 81.40b, 81.90c 58.61a, 58.1b, 59.43c 3.05a, 2.998b, 3.0909c 0.318a, 0.319b, 0.3167c

1500 102.38a, 101.77b, 102.31c 73.41a, 72.7b, 74.43c 5.312a, 5.23b, 5.3927c 0.3115a, 0.313b, 0.310c

2000 120.94a, 120.10b, 120.87c 86.98a, 86.19b, 88.17c 8.08a, 7.96b, 8.199c 0.306a, 0.307b, 0.3045c

2500 138.29a, 137.34b, 138.23c 99.71a, 98.8b, 101.06c 11.31a, 11.14b, 11.4771c 0.3018a, 0.3029b, 0.3002c

3000 154.79a, 153.74b, 154.74c 111.83a, 110.82b, 113.33c 14.98a, 14.75b, 15.2079c 0.298a, 0.299b, 0.2966c

aValues calculated using the present BFW interatomic potential.
bValues calculated using the present CCSD(T) interatomic potential.
cLiterature values.23
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where �h is the reduced Planck constant, c is the speed of light, kB is
Boltzmann’s constant, and

C(ω) = Re� 1π �
τ

0
ϕ(t)e−iωtdt�. (6)

The computation of ϕ(t) and α(ω) is performed using the in-house
package SpaCIAL with the parameters given in Table II. The dipole
autocorrelation function is obtained by averaging the results of 50
independent simulation boxes containing 5 × 104 atoms each (50%
Ne and 50% Kr). This is equivalent to that for one simulation of
50 × (5 × 104) = 2.5 × 106 atoms.

The discrete Fourier transform (DFT) algorithm used to com-
pute C(ω) applied on a finite time interval may lead under spe-
cific conditions to spectral leakage.15 This effect can be seen as the
convolution by a sin(x)/x function of the true spectrum in the fre-
quency domain.42 The previous version of SpaCIAL14 suffered from
this effect because of the finite integration time τ. In this upgraded
version of the code, before the Fourier transform, an apodization
procedure is now applied in order to suppress spectral leakage. An
explanation of the method can be found in Appendix B.

VI. RESULTS

TheMD approach presented in Sec. V was used to compute the
collision-induced absorption spectra at T = 295 K and T = 480 K
using the present CCSD(T) potentials and dipole. The apodization
procedure has been tested with different filters (see Appendix B).We
conclude that either the Hanning or the Blackman filter is prefer-
able. The results presented below are obtained with the Hanning
filter.

We have also computed the MD collision-induced absorp-
tion spectra at T = 295 K and T = 480 K testing different Ne–Kr
potentials. Furthermore, for comparison, we have computed the
absorption coefficient using standard quantum mechanics (see, e.g.,
Refs. 13 and 14). In addition, we compare with the experimental
results for T = 295 K and T = 480 K from Ref. 43 and Ref. 44, respec-
tively. In Fig. 3, we compare theMD results for the present CCSD(T)

and BFW potentials, both with the present CCSD(T) dipole. The
spectra computed with the CCSD(T) potential have larger magni-
tude than those obtained with the BFW potential at both tempera-
tures. This can be explained by the fact that the BFW potential has
a steeper repulsive wall (at r < 6 bohrs, roughly) than that of the
CCSD(T) potential (see Fig. 2). In general, the magnitude of a CIA
absorption coefficient is highly sensitive to the repulsive region of
the pair potential.45

At T = 295 K, in comparison to the laboratory measurements,
the MD results obtained with the CCSD(T) and BFW potential
are lower by ∼10% and ∼20%, respectively. We also observe a red
shift of the absorption peak by about 10 cm−1. The comparison at
T = 480 K shows a great discrepancy, of about 40%–80% between
the laboratory measurement and the computed results, although
the absorption peak location is the same for the three curves,
and the line shape agrees quite well. The difference observed at
T = 295 K is of the same size as that for the Ar–Kr system.14 The
difference in magnitude at T = 480 K is surprisingly large, and we
have no good explanation for this. However, we note that the present
BFW and CCSD(T) potentials as well as the CCSD(T) dipole have
been compared to previous results showing a good accordance (see
Fig. 2). Therefore, we find it unlikely that the molecular input is
responsible for the discrepancy. The MD method implemented in
SpaCIAL has also provided results showing good agreement with
the experimental results for the Ar–Kr system.14 In addition, the
MD results are very similar to the QM results (see Fig. 4). Based
on these observations, we suspect that the absolute absorption in
the experimental results from Ref. 44 suffers from uncertainties.
In previous work,46 the data from Ref. 44 were used as input to
determine the Ne–Kr induced dipole moment. We claim that the
current ab initio data are more reliable than the empirical dipole
moment of Ref. 46, which likely contains propagated experimental
uncertainties.

The high frequency regions in Fig. 4, above about 250 cm−1 and
400 cm−1 for T = 295 K and 480 K, respectively, show that QM tends
to lie above MD. A possible explanation for this is that detailed bal-
ance needs to be imposed in the MD calculation to desymmetrize

FIG. 3. Comparison of the MD spectra at T = 295 K (on the left) and T = 480 K (on the right) computed with different potentials and the same dipole. The experimental results
shown here are from Ref. 43 for T = 295 K and Ref. 44 for T = 480 K.
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FIG. 4. The absorption coefficient is shown for the different set of potentials and the dipole at T = 295 K (left) and at T = 480 K (right). The results are presented in logarithmic
scale.

the spectral function. This is done with the factor exp(�hω�(2kBT))
in Eq. (5). There are, however, many ways to impose detailed balance
on a classical spectral function,13 and it is unknown how to do it cor-
rectly. The remaining case, CCSD(T) at 480 K, which does not con-
sistently follow this pattern, may suffer from statistical uncertainty
in the MD simulation.

Figure 5 compares the free–free (ff), bound-to-free (bf), and
bound-to-bound (bb) contributions to the absorption coefficient
computed with QM.14 In addition, the MD spectrum is shown. The
MD method takes into account many-body interactions, meaning
that formation and destruction of dimers are accounted for, and
the obtained spectrum is naturally the sum of all the contributions.
Since the QM dimer features are quite narrow, the free-to-bound

FIG. 5. The free–free (ff), bound-to-free (bf), and bound-to-bound (bb) contributions
computed with QM are compared to the MD results at T = 295 K. The spec-
tra are shown up to ω = 200 cm−1, the bound-to-free and the bound-to-bound
contributions being negligible for higher frequencies.

and bound-to-bound spectra have been convoluted with a triangu-
lar line profile of width 2 cm−1 to be comparable with theMD result.
The difference of two orders of magnitude between the free–free
contribution and the others confirms that at T = 295 K, the dimer
contribution is small and therefore explains that the free–free QM
and the MD spectra agree so well.

We also studied the convergence rate of the MD method with
respect to the system size. For each loop, the results averaged over
the number of boxes in extracted and stored, giving 50 versions
of the absorption coefficient curve that are compared to the QM
results taken as reference. Comparing two curves is not straightfor-
ward since several things must be taken into account such as the
shape and the magnitude. The Kolmogorov–Smirnov (K–S) test is a
method used to compare a dataset with a reference distribution, or
two datasets, in which case we talk about the two-sample K–S test.
An explanation of the K–S test is given in Appendix C in addition to
the results and discussion.

VII. CONCLUSIONS

We have developed new ab initio CCSD(T) potentials and a
dipole for the Ne–Kr system, as well as a BFW potential for the Ne–
Kr pair. We have tested and verified the validity of the potentials and
dipole by comparing them to previous results. Using the in-house
package SpaCIAL, we have computed the molecular dynamics CIA
coefficients at T = 295 K and T = 480 K and 1 amg density. The
results at T = 295 K are consistent with the laboratory measure-
ments within a ∼10% or ∼20% difference in magnitude, depending
on which potential is used. At T = 480 K, the discrepancy between
MD and experiment is 40%–80%. We argue that the latter inconsis-
tency likely can be explained by the uncertainties in the measure-
ment of the absolute absorption,44 and new experimental studies are
desired.

An apodization procedure is now implemented in SpaCIAL,
and it has been tested with the following filters: Hanning, Black-
man, and Gaussian (from Ref. 8). A study of the zeroth, first, and
second spectral moments has shown that, under the conditions we
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ran the MD simulation, the Hanning and Blackman filters perform
well, while the Gaussian filter fails to sufficiently lower the spectral
leakage. The choice of the filter for the apodization procedure ismost
probably system and condition dependent as the decorrelation rate
may vary.

The good accordance between the MD and the QM results
demonstrates once again the accuracy of the MDmethod, especially
for the heavy systems with a low number of bound states. Finally,
by comparing our results to the QM results, we have shown that
the MD calculations have a quick convergence rate, satisfying the
p-value test for a = 0.9 after less than ten averaging boxes of 5 × 104
atoms each, equivalent to a total number of 10 × (5 × 104) = 5 × 105
atoms.
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NOMENCLATURE

ACF autocorrelation function
BFW Barker–Fisher–Watts interatomic potential
CCSD(T) coupled cluster with singles and doubles (triples)

ab initiomethod
CIA collision-induced absorption
CL classical
DFT discrete Fourier transform
HSL highest sidelobe level
K–S Kolmogorov–Smirnov
LAMMPS large-scale atomic/molecularmassively parallel simula-

tor
MD molecular dynamics
NVE constant number, volume, and energy (microcanonical

ensemble)
NVT constant number, volume, and temperature (canonical

ensemble)
QM quantum mechanics/quantum mechanical
RDF radial distribution function
SpaCIAL spectra of collision induced absorption with LAMMPS
WCPL worst case processing loss

APPENDIX A: CALCULATIONS OF TRANSPORT
PROPERTIES

According to the kinetic theory of gases at low density and the
Chapman–Enskog solution of the Boltzmann equation, the trans-
port properties can be expressed with the help of a series of collision
integrals that depend on the intermolecular potential energy and are
defined as47

θ = π − 2b� ∞
r0

dr

r2
�

1 − b2
r2 − V(r)

E

, (A1)

Q(l)(E) = 2π�1 − 1 + (−1)l
2(1 + l) �

−1
� ∞
0
(1 − cosl θ)bdb, (A2)

Ω(l,s)(T) = �(1 + s)!(kBT)s+2�−1
× � ∞

0
Q(l)(E)e−E�kBTEs+1dE, (A3)

where θ is the scattering angle,Q( l)(E) is the transport collision inte-
gral, b is the impact parameter, E is the relative kinetic energy of col-
liding atoms, and r0 is the closest approach of two atoms. Thus, three
successive numerical integrations are required to obtain a collision
integral. The reduced collision integral is defined by

Ω∗(l,s)(T) = Ω(l,s)(T)
πσ2 , (A4)

where σ is the length scaling factor such that V(σ) = 0 (see
Table I).

The potential energy would serve as the input information
required in calculating the collision integrals and, consequently,
the transport properties. Kinetic-theory expressions for the trans-
port properties (viscosity, thermal conductivity, diffusion coef-
ficient, and thermal diffusion factor) in terms of the collision
integrals for the binary gas mixtures are given by the following
equations:23

1
ηmix

= Xη + Yη

1 + Zη
, (A5)

where ηmix is the mixture viscosity and

Xη = x21
η1

+
2x1x2
η12

+
x22
η2

, (A6)

Yη = 3
5
A∗12� x21η1 M1

M2
+
2x1x2
η12
(M1 +M2)2
4M1M2

η212
η1η2

+
x22
η2

M2

M1
�, (A7)

Zη = 3
5
A∗12�x21M1

M2
+ 2x1x2�(M1 +M2)2

4M1M2
�η12η1 +

η12
η2
� − 1�

+x22
M2

M1
�, (A8)

where xi, Mi, ηi, and T∗ are mole fractions, molecular weights in
grams, viscosity in �Pa s at themixture temperature of species i(i = 1,

TABLE IV. Filters used for the apodization procedure given for discrete values with
n = −N/2, . . ., −1, 0, 1, . . ., N/2, where N is the number of time steps. The Gaussian
filter is defined on the continuous time range but can also be expressed in discrete
values.

Filter Expression

Hanning w[n] = 1
2 �1 + cos� 2πnN ��

Blackman w[n] = 0.42 + 0.5 cos� 2πnN � + 0.08 cos� 4πnN �
Gaussian (from Ref. 8) w(t) = exp�−2� αtτ �2� with α = 1.5
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TABLE V. Spectral moments for T = 295 K and T = 480 K in (a) and (b), respectively.

Method M0 (cm−2 amg−2) M1 (cm−1 amg−2) M2 (amg−2)

(a) T = 295 K

Rectangle (=no filter) 6.633× 10−62 1.283× 10−49 1.030× 10−35

Hanning 6.630× 10−62 1.284× 10−49 1.030× 10−35

Blackman 6.630× 10−62 1.284× 10−49 1.030× 10−35

Gaussian 6.646× 10−62 1.318× 10−49 1.058× 10−35

QM 6.610× 10−62 1.299× 10−49 1.044× 10−35

Method M0(cm−2 amg−2) M1(cm−1 amg−2) M2(amg−2)

(b) T = 480 K

Rectangle (=no filter) 1.041× 10−61 1.920× 10−49 2.468× 10−35

Hanning 1.041× 10−61 1.920× 10−49 2.469× 10−35

Blackman 1.041× 10−61 1.921× 10−49 2.469× 10−35

Gaussian 1.041× 10−61 1.923× 10−49 2.472× 10−35

QM 1.042× 10−61 1.917× 10−49 2.466× 10−35

2), and reduced temperature, respectively. In the above expressions,
the interaction viscosity η12 is given by

η12 = 5
16

�
2M1M2kBT
π(M1 +M2) 1

σ2Ω∗(2,2)(T∗) , (A9)

A∗12 = Ω∗(2,2)(T∗)
Ω∗(1,1)(T∗) . (A10)

In addition, the binary thermal conductivity in units of mW/m K,
the diffusion coefficient in m2/s, and the thermal diffusion factor

may be written as

λ12 = 75
64

�(M1 +M2)k3BT3

2πM1M2

1
σ2Ω∗(2,2)(T∗) , (A11)

Dmix = 3
8

�(M1 +M2)k3BT3

2πM1M2

1 + �
pσ2Ω∗(1,1)(T∗) , (A12)

αTmix = (6 C∗12 − 5) x1S1 − x2S2
x21Q1 + x22Q2 + x1x2Q12

(1 + K2), (A13)

FIG. 6. Kolmogorov–Smirnov test between the MD and QM results as a function of the number of boxes. The p-value at T = 295 K and T = 480 K are, respectively, show on
the left and right plots. The significance levels a are represented by the colored lines on which the value of a is specified.
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with the pressure, p, in atmospheres and the temperature, T, in K.
The expressions for the second-order correction � as well as the
values of C∗12, S, and Q are listed in Appendix C of Ref. 23. The cor-
rection term K2 is small in magnitude and may be negligible in the
present calculations.

APPENDIX B: APODIZATION PROCEDURE

This method consists in multiplying the computed symmetri-
cal dipole autocorrelation function ϕ(t) by an apodization function
(also called filter), noted w(t), of the same length. This function
must be symmetrical, its maximum must be equal to 1, and it must
decay to zero. Therefore, the Fourier transform is no longer applied
directly on ϕ(t) but on ϕw(t) =w(t)× ϕ(t) or in discrete values ϕw[n]
= w[n] × ϕ[n]. We will note here that the filter w(t) must be applied
on the symmetrical version of ϕ(t).

The apodization method has proven to give good results for
the computation of CIA spectra;8,9 however, in those works, only
a Gaussian function has been used. In signal processing, there are
a variety of apodization functions that can be selected according to
their performances. For a given filter, one can define two quantities:
the highest sidelobe level (HSL) and the worst case processing loss
(WCPL), which are very helpful to evaluate the performances. The
filters with small values of HSL and WCPL tend to perform well.15
We have selected few of the filters presented in Ref. 15 in addition
to the Gaussian used in Ref. 8. For this study, we have used the
following ones: Hanning and Blackman described in Table IV. For
comparison, we also computed the absorption spectra directly from
the ACF without applying any filter, which can also be interpreted
as a rectangular filter.

The computation of the spectral moments using Eq. (B1)
requires to set the upper boundary of the integral to a certain value

TABLE VI. Potential energy, V, and interaction-induced dipole moment, �, of Ne–Kr computed at the CCSD(T) level with an
aug-cc-pV5Z basis set, including relativistic effects (ECP10MDF) of the inner core electrons on the Kr atom.

r (Å) V(Eh) �(ea0) r (Å) V(Eh) �(ea0)

1.60 −590.954 380 0 8.325 931 91×10−1 3.50 −591.287 032 8 4.489 862 14×10−3

1.70 −591.050 427 4 6.682 876 79×10−1 3.55 −591.287 047 4 3.768 341 63×10−3

1.80 −591.120 410 0 5.270 836 18×10−1 3.60 −591.287 055 8 3.151 367 20×10−3

1.90 −591.170 685 4 4.126 549 12×10−1 3.65 −591.287 059 2 2.625 088 37×10−3

1.95 −591.190 090 7 3.646 195 75×10−1 3.70 −591.287 058 8 2.177 333 73×10−3

2.00 −591.206 408 0 3.219 759 21×10−1 3.75 −591.287 055 7 1.797 428 98×10−3

2.05 −591.220 100 1 2.84 1741 73×10−1 3.80 −591.287 050 4 1.476 034 64×10−3

2.10 −591.231 567 3 2.506 854 04×10−1 3.85 −591.287 043 6 1.204 983 45×10−3

2.15 −591.241 154 0 2.210 271 21×10−1 3.90 −591.287 035 7 9.771 547 98×10−4

2.20 −591.249 154 7 1.947 934 56×10−1 3.95 −591.287 027 1 7.863 537 23×10−4

2.25 −591.255 820 9 1.715 372 38×10−1 4.00 −591.287 018 2 6.271 9283 3×10−4

2.30 −591.261 366 1 1.509 461 35×10−1 4.05 −591.287 009 1 4.950 020 41×10−4

2.35 −591.265 971 5 1.327 167 07×10−1 4.10 −591.287 000 0 3.857 386 45×10−4

2.40 −591.269 790 3 1.165 813 39×10−1 4.15 −591.286 991 0 2.959 112 07×10−4

2.50 −591.275 564 1 8.967 533 15×10−2 4.20 −591.286 982 3 2.225 085 04×10−4

2.60 −591.279 494 5 6.865 071 37×10−2 4.25 −591.286 973 8 1.629 364 31×10−4

2.70 −591.282 150 0 5.226 643 94×10−2 4.30 −591.286 965 7 1.149 664 40×10−4

2.75 −591.283 129 2 4.550 285 81×10−2 4.35 −591.286 957 9 7.668 967 33×10−5

2.80 −591.283 928 6 3.955 117 43×10−2 4.40 −591.286 950 5 4.613 571 04×10−5

2.85 −591.284 579 2 3.432 052 48×10−2 4.50 −591.286 936 9 2.889 237 29×10−6

2.90 −591.285 107 2 2.972 977 25×10−2 4.80 −591.286 904 9 −3.629 395 45×10−5

2.95 −591.285 533 9 2.570 640 53×10−2 5.00 −591.286 889 6 −3.468 062 46×10−5

3.00 −591.285 877 6 2.218 560 72×10−2 5.20 −591.286 878 0 −2.916 442 55×10−5

3.05 −591.286 153 0 1.910 944 15×10−2 5.50 −591.286 865 4 −2.197 839 42×10−5

3.10 −591.286 372 4 1.642 614 89×10−2 5.80 −591.286 856 9 −1.776 373 89×10−5

3.15 −591.286 546 1 1.408 951 44×10−2 6.00 −591.286 852 8 −1.595 248 02×10−5

3.20 −591.286 682 5 1.205 832 04×10−2 6.50 −591.286 846 0 −1.073 340 17×10−5

3.25 −591.286 788 5 1.029 330 99×10−2 7.00 −591.286 842 1 −6.797 847 62×10−6

3.30 −591.286 870 0 8.769 383 10×10−3 8.00 −591.286 838 5 −3.373 429 54×10−6

3.35 −591.286 931 6 7.452 385 83×10−3 10.00 −591.286 836 5 −8.517 986 32×10−7

3.40 −591.286 977 2 6.311 610 15×10−3 12.00 −591.286 836 0 −2.333 422 34×10−7

3.45 −591.287 010 1 5.331 668 66×10−3 14.00 −591.286 835 9 −8.031 975 09×10−8
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denoted ωmax. This value must be large enough so that the absorp-
tion coefficient is small enough that no significant contribution to
the spectral moments is added above this limit. However, it must
also be chosen according to the limitation brought by the Fourier
transform used for the computation of C(ω). As mentioned in our
previous work,14 the Fourier transform may give alias features at
high frequencies because of the trajectories that remain in the inter-
action region. In order to avoid them, we need to set a limit for the
frequency, and we have chosen ωmax = 500 cm−1 at T = 295 K and
ωmax = 600 cm−1 at T = 480 K.

The results obtained with the different filters are compared
through the spectral moments,

Mn = 3�hc
4π2N2

l ρKrρNe
� +∞
0

1 + (−1)nexp(− �hωkBT )
1 − exp(− �hωkBT ) α(ω)ωn−1dω, (B1)

where we have considered M0, M1, and M2. This way both the
magnitude and shape of the absorption spectrum are compared.

The zeroth, first, and second spectral moments, M0, M1, and
M2, respectively, computed for each filter and temperature are given
in Table V. The MD results agree well with those obtained with
QM. The Hanning and Blackman filters seem to perform equally
well, while the Gaussian systematically gives slightly higher spec-
tral moments. The Gaussian does not reach 0 for t = τ but a value

�1. Conversely, the Hanning and Blackman functions are exactly
equal to 0 at t = τ. Therefore, after the apodization procedure, for
the Gaussian case, both ends of the apodized dipole autocorrela-
tion ϕw[−N] and ϕw[N] will not be equal to zero. This difference
may have a significant effect if the ACF does not converge quickly
to zero within the integration time τ. In that case, ϕw[−N] and
ϕw[N] may have a value big enough to give spectral leakage after
the Fourier transform. In the present study, this can presumably
explain the difference observed in the spectral moments. However,
for a system that converges quickly, the Gaussian filter could give a
good result compared to those obtained with the Hanning or Black-
man filters. The relative difference between the spectral moments
obtained using the Hanning or Blackman functions and the Gaus-
sian is smaller at T = 480 K than at T = 295 K. This agrees with
the fact that the higher the temperature is, the quicker the system is
decorrelated.

APPENDIX C: CONVERGENCE STUDY

This test is run under the null hypothesis that the samples are
drawn from the same distribution, giving as outputs the K–S statis-
tic and the p-value. To compute them, we used the Python func-
tion based on Ref. 16. The K–S statistic is the absolute maximum
distance between the cumulative distribution functions of the two

TABLE VII. Potential energy, VNeNe, of Ne–Ne pairs computed at the CCSD(T) level with an aug-cc-pV5Z basis set.

r (Å) VNeNe(Eh) r (Å) VNeNe(Eh) r (Å) VNeNe(Eh)

0.70 −254.054 247 0 2.05 −257.709 905 9 3.55 −257.719 763 9
0.75 −254.680 342 4 2.10 −257.712 096 3 3.60 −257.719 757 7
0.80 −255.131 632 6 2.15 −257.713 821 7 3.65 −257.719 751 9
0.85 −255.466 908 0 2.20 −257.715 178 4 3.70 −257.719 746 4
0.90 −255.787 899 5 2.25 −257.716 243 2 3.75 −257.719 741 3
0.95 −256.094 928 1 2.30 −257.717 077 1 3.80 −257.719 736 5
1.00 −256.373 732 9 2.35 −257.717 728 2 3.85 −257.719 732 1
1.05 −256.625 408 9 2.40 −257.718 235 7 3.90 −257.719 728 0
1.10 −256.842 982 9 2.50 −257.718 933 1 3.95 −257.719 724 2
1.15 −257.021 617 3 2.60 −257.719 344 7 4.00 −257.719 720 8
1.20 −257.165 306 0 2.70 −257.719 581 0 4.05 −257.719 717 5
1.25 −257.279 968 8 2.75 −257.719 656 0 4.10 −257.719 714 6
1.30 −257.371 148 3 2.80 −257.719 710 5 4.20 −257.719 709 3
1.35 −257.443 534 1 2.85 −257.719 749 4 4.30 −257.719 704 7
1.40 −257.500 955 1 2.90 −257.719 776 3 4.40 −257.719 700 8
1.45 −257.546 490 0 2.95 −257.719 793 9 4.50 −257.719 697 4
1.50 −257.582 594 9 3.00 −257.719 804 6 4.80 −257.719 689 7
1.55 −257.611 221 7 3.05 −257.719 810 0 5.00 −257.719 686 2
1.60 −257.633 918 8 3.10 −257.719 811 5 5.20 −257.719 683 5
1.65 −257.651 913 7 3.15 −257.719 810 3 5.50 −257.719 680 6
1.70 −257.666 179 2 3.20 −257.719 806 9 6.00 −257.719 677 8
1.75 −257.677 486 6 3.25 −257.719 802 1 6.50 −257.719 676 2
1.80 −257.686 447 1 3.30 −257.719 796 4 7.00 −257.719 675 4
1.85 −257.693 545 4 3.35 −257.719 790 1 8.00 −257.719 674 6
1.90 −257.699 165 8 3.40 −257.719 783 5 10.00 −257.719 674 2
1.95 −257.703 613 0 3.45 −257.719 776 9 12.00 −257.719 674 1
2.00 −257.707 129 1 3.50 −257.719 770 3
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TABLE VIII. Potential energy, VKrKr, of Kr–Kr pairs computed at the CCSD(T) level with an aug-cc-pV5Z basis set, including
relativistic effects (ECP10MDF) of the inner core electrons.

r (Å) VKrKr(Eh) r (Å) VKrKr(Eh) r (Å) VKrKr(Eh)

2.00 −924.536 413 0 3.65 −924.854 155 4 5.15 −924.854 217 5
2.05 −924.580 899 8 3.70 −924.854 294 3 5.20 −924.854 204 9
2.10 −924.619 516 1 3.75 −924.854 400 1 5.25 −924.854 193 0
2.15 −924.652 992 8 3.80 −924.854 478 9 5.30 −924.854 181 8
2.20 −924.681 973 3 3.85 −924.854 535 4 5.35 −924.854 171 3
2.25 −924.707 025 4 3.90 −924.854 573 9 5.40 −924.854 161 5
2.30 −924.728 649 6 3.95 −924.854 597 7 5.45 −924.854 152 2
2.35 −924.747 287 1 4.00 −924.854 609 9 5.50 −924.854 143 5
2.40 −924.763 326 4 4.05 −924.854 612 7 5.55 −924.854 135 3
2.50 −924.788 934 0 4.10 −924.854 608 2 5.60 −924.854 127 6
2.60 −924.807 729 0 4.15 −924.854 598 0 5.65 −924.854 120 4
2.70 −924.821 437 0 4.20 −924.854 583 6 5.70 −924.854 113 6
2.75 −924.826 806 5 4.25 −924.854 566 0 5.75 −924.854 107 3
2.80 −924.831 368 7 4.30 −924.854 546 1 5.80 −924.854 101 3
2.85 −924.835 238 0 4.35 −924.854 524 7 5.85 −924.854 095 7
2.90 −924.838 513 3 4.40 −924.854 502 3 5.90 −924.854 090 4
2.95 −924.841 280 3 4.45 −924.854 479 5 5.95 −924.854 085 5
3.00 −924.843 612 7 4.50 −924.854 456 5 6.00 −924.854 080 8
3.05 −924.845 574 2 4.55 −924.854 433 8 6.10 −924.854 072 3
3.10 −924.847 219 7 4.60 −924.854 411 4 6.20 −924.854 064 8
3.15 −924.848 596 3 4.65 −924.854 389 7 6.30 −924.854 058 2
3.20 −924.849 744 4 4.70 −924.854 368 6 6.40 −924.854 052 3
3.25 −924.850 698 7 4.75 −924.854 348 4 6.50 −924.854 047 1
3.30 −924.851 489 0 4.80 −924.854 328 9 6.70 −924.854 038 3
3.35 −924.852 140 6 4.85 −924.854 310 4 7.00 −924.854 028 3
3.40 −924.852 675 4 4.90 −924.854 292 7 8.00 −924.854 010 8
3.45 −924.853 111 7 4.95 −924.854 276 0 10.00 −924.854 000 7
3.50 −924.853 465 4 5.00 −924.854 260 1 12.00 −924.853 998 6
3.55 −924.853 749 9 5.05 −924.854 245 1 14.00 −924.853 998 0
3.60 −924.853 976 7 5.10 −924.854 230 9 16.00 −924.853 997 7

samples that are compared. The p-value, commonly used in statis-
tical hypothesis testing, refers to the probability that the statistical
summary of the data (here the K–S statistic D) would be equal or
more extreme than its observed value.48 In other words, a low p-
value means a high statistical incompatibility of the data with the
null hypothesis. By convention, a p-value greater than 0.05 allows
us to reasonably reject the possibility that the null hypothesis is
unlikely. For our tests, we have selected the significance levels of
a = 0.5, 0.6, 0.7, 0.8, 0.9. These values are higher than the usual ones,
and therefore, our K–S test is quite strict, and only the sufficiently
converged results will pass.

The K–S test comparing the MD and the QM results is shown
in Fig. 6 for T = 295 K and T = 480 K. The first remark that can
be made is that for Nboxes = 50, the MD results pass the K–S test
for all the significance levels. The p-value given by the test is higher
than the significance levels after a relatively small number of boxes
even for the highest value a = 0.9, the condition being fulfilled after
less than 10 boxes for both temperatures. At both temperatures, an

FIG. 7. The present CCSD(T) interaction-potentials for Ne–Ne and Kr–Kr. The
ab initio data are interpolated using a cubic spline. Distance is given in atomic
units, and energy is given in millihartree.
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interesting feature appears between Nboxes = 20 and Nboxes = 30.
The p-value suddenly decreases after 20 averaging boxes, remain-
ing below its maximum value and finally increasing after 30 boxes to
reach a value close to 1. At this time, we have no good explanation
for this behavior and do not know if it is incidental or if it can be
explained from the features of the simulation.

APPENDIX D: TABULATED CCSD(T) DATA

Table VI contains the ab initio data of the potential energy
and interaction-induced dipole moment for a Ne–Kr pair, com-
puted as described in Sec. IV. Similarly, Tables VII and VIII con-
tain the potential energies for like pairs, Ne–Ne and Kr–Kr, respec-
tively, and the corresponding interaction potentials are shown in
Fig. 7. The CCSD(T) interaction potentials, displayed in Figs. 2 and
7, all include an energy offset compared with the ab initio data in
Tables VI–VIII, ensuring that V(r)→ 0 as r→∞.

DATA AVAILABILITY

The interaction energy data and electric dipole moment data
used in this study are available within the article. Other data that sup-
port the findings of this study are available from the corresponding
author upon reasonable request.
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gas mixture

Wissam Fakhardji, Péter Szabó and Magnus Gustafsson

Abstract

With the reformulation of the classical equations of the collision-induced absorption (CIA)
we present a method to perform the direct computation of the spectral density function,
avoiding the CPU-efficient evaluation of the dipole autocorrelation function. In addition,
we have developed an algorithm able to distinguish the different contributions of the
free-free, bound-free and bound-bound transitions. This first tentative method has been
tested on the Ar-Xe rare gas system. Comparisons with QM and the usual MD method
allow us to validate this approach. The dimers spectra obtained with MD are not fully
satisfactory but very encouraging for the future improvement of the method.

Contribution

I have performed the MD simulations with LAMMPS. I have reformulated the equations
for the classical absorption coefficient. I have designed a new version of the SpaCIAL
code to implement this new method from the absorption coefficient to the dimers char-
acterization algorithm.
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I. INTRODUCTION

Collision-induced absorption (CIA) is responsible of a large part of the absorption in

planetary atmospheres with low abundances of polar molecules. The interactions between

the pairs of atoms and/or non-polar molecules give the dipole moment needed for the absorp-

tion of a photon in the infrared and microwave spectral regions. Measuring these absorption

coefficients is often difficult and are done for a few sets of temperatures and pressure, and

therefore computational methods are preferable.

In giant planet atmospheres, CIA is due to pairs like H2–H2 or H2–He while in smaller

planets and satellites the abundance of helium is often low and higher mass pairs like N2–N2

or N2–CH4 are more abundant. For low mass systems, quantum mechanics (QM) methods

give accurate absorption coefficient1–4, but they become too CPU intensive for systems with

a higher mass. Proposed as an alternative, classical molecular dynamics (MD) simulation

has shown promising results for pure carbon dioxide gas5. Since then the method has been

improved and better agreements with experiment were found for pure CO2
6. Other systems

like pure nitrogen7 and nitrogen mixed with water vapor8 were simulated with molecu-

lar dynamics, giving good results. The study dimers, involved in the bound-free and the

bound-bound absorption, is a key in planetary atmosphere science4. In a classical molecu-

lar dynamics simulation many-body interactions are taken into account allowing continuous

formation and destruction of dimers and therefore the resulting absorption coefficient is a

combination of the three absorbing processes: free-free, bound-free and bound-bound tran-

sitions. In a previous study on the Ar–Kr system9, we have shown that the MD method

is able to describe the dimer’s contribution to the absorption. With a reformulation of the

absorption coefficient equations we design a new approach to isolate the part of the opacity

due to the bound pairs.

II. ABSORPTION COEFFICIENT AND THE WIENER-KHINCHIN

THEOREM

In previous works6–8,10, the dipole autocorrelation function (ACF) of the system is com-

puted and then Fourier transformed to obtain the spectral density function (SDF) noted
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C(ω), giving the absorption coefficient using the following formula,

α(ω, T ) =
(4π2

3~c
exp

(
~ω

2kBT

)
ω

[
1− exp

(
− ~ω
kBT

)]
1

V
C(ω) (1)

where,

C(ω) = Re

{∫ τ

0

φ(t)e−iωtdt

}
(2)

This method has given good results but it requires the computation of the dipole autocor-

relation function φ(t) in the time domain before applying the Fourier transform to obtain

C(ω) in the frequency domain.

For any random stationary signal the Wiener-Khinchin theorem (WK) states that its au-

tocorrelation function (ACF) is proportional to the Fourier transform of the energy spectral

density. Therefore the expression of C(ω) is directly given from the pair dipole moment

vector ~µ(t) = (µx, µy, µz)(t) with the following equation,

C(ω) = |FT [~µ(t)]|2 (3)

This has to be interpreted as the squared norm of the vector of the Fourier transform of the

dipole moment vector. It can be expressed as a sum over the three components x,y and z

as it follows,

Cp(ω) = µ̂px(ω)2 + µ̂py(ω)2 + µ̂pz(ω)2 (4)

The index p refers to the pair that is taken into account. This relation must be applied on

one single pair at a time. In other words, each pair gives a contribution to the total function

C(ω) so that we can write,

C(ω) =

Npairs∑

p=1

Cp(ω) (5)

Note that by applying the WK theorem on Eq.(2) one obtains an expression of the SDF

without the need of the dipole ACF. Originally, in the derivation of the classical expression

of the CIA spectrum, the WK theorem is applied the other way around for commodity11.

Indeed in prior work, the Fourier transformation of the dipole ACF was preferred to the

direct computation of the SDF. This is also justified that the theory developed for punctual

charged particle, the integration of the dipole is not possible as the dipole moment does not

converge to zero in that case. However, in the context of CIA where the dipole moment

decays to zero as r → +∞, it is possible to Fourier transform the dipole moment components

instead. In order to distinguish the approaches, for the present method we decided to talk
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about a direct computation of the SDF contrary to the one implying the evaluation of the

dipole ACF.

III. IMPLEMENTATION OF THE WIENER-KHINCHIN METHOD

We previously developed the package SpaCIAL10,12 for the computation of the absorption

coefficient using the ACF method. For the implementation of the direct SDF method we

created a new version of the code that we present below.

A. Molecular dynamics simulation

The molecular dynamics (MD) part performed with LAMMPS13 remains the same as it

was in the previous version adapted to the Ar–Xe system. We take special care in the ther-

malization part to ensure that, in addition to a stable temperature, the ensemble has reached

the steady state for the radial distribution function (RDF). A converged RDF indicates that

the gas shows the right proportion of dimers with respect to the free particles, reaching this

stable state is essential to accurately describe the system. Typically, a stable temperature

is reached relatively quickly under the effect of the Berendsen thermostat (LAMMPS op-

tion) while the RDF requires more time to converge. Another important parameter is the

minimum distance rconfigmin between two particles when the atoms are randomly distributed

at t = 0. This value must be chosen accordingly to the potential curve in order to avoid a

pair to be in the repulsive region of the potential. A value of rconfigmin in this region would

result in a too large thermalization time ttherm.

B. Computation of the dipole trajectories

The separation distance as a function of time between two atoms i and j is noted rij(t).

Above the cut-off distance, noted rcut−off , the dipole is considered to be equal to zero and

there is no significant contribution to the absorption coefficient. For the computation of

the dipole trajectories we will consider only the pairs of dissimilar atoms that satisfy the

condition r(t) < rcut for at least one time step during the MD simulation. The dipole

moment as a function of time is computed for the interval of time for which the condition

r < rcut is satisfied. This function of time is then projected along the x,y and z components
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giving the dipole trajectories for the pair p noted ~µp(t) = (µpx, µ
p
y, µ

p
z)(t). Each pair starts

and ends to satisfy the cut-off distance condition at different times, therefore we need to

define a time range for every pair. The time when the condition starts to be satisfied and

the one when it ends are respectively noted t0 and tpair. The computation of the dipole

trajectories is shown in figure 1.

FIG. 1: Illustration of the computation of the dipole moment vector ~µ(t) – For the

example, an atom of argon (in red) is chosen to be the central atom around which an atom

of xenon (in blue) is moving, its trajectory is represented by the blue line with different

positions. Outside the radius defined by rcut, the dipole is considered to be equal to zero

and therefore it is not computed. The molecular dynamics simulation starts at t = 0 and

the time for which the pair distance satisfies the condition r < rcut for the first time, is

considered to be the time origin for this specific pair, it is noted t0. The duration for which

the condition r < rcut is satisfied is noted tpair.
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C. Computation of Cp(ω) for each pair

The Fourier transform is applied to ~µp(t) in order to get (µ̂px(ω), µ̂py(ω), µ̂pz(ω)). Each pair

is defined for a certain duration tpair that varies from a pair to another so after the Fourier

transform the resolution will differ for each pair. In addition to this problem, the dipole

presents quick variations corresponding to the start and the end of the time range for which

the condition r < rcut starts and stops to be satisfied. These features will bring oscillations

that are the effect of the convolution of the true spectrum by a sin(x)/x function, also

known as spectral leakage. The use of an apodization function applied before the FFT can

considerably reduce the spectral leakage14. For the computation of absorption coefficient

spectra we previously tested this method with good results especially using the Hanning

function for the apodization procedure15. Therefore, the dipole trajectories defined over

tpair are multiplied by the Hanning function, defined over the same time range, to put

down to zero the first and last values. In addition to that, the dipole trajectories are zero-

padded so that the length of the vector is the same as the time range of the simulation tmax.

This process allows all the dipole trajectories to give a results that is defined on the same

frequency grid after the Fourier transform. However, this does not improve the resolution

on a physical point of view and must be considered as an interpolation over the frequency

range. The reason why the zero-padding is preferred is because it is less time consuming in

comparison to an interpolation.

The processes of zero-padding and apodization modify the amplitude of the Fourier trans-

form results and therefore Cp(ω) needs to be scaled as it is explained in Appendix A.

D. Dimers characterization

The direct SDF method presented here has the advantage to describe the contributions

of every pair separately. If one looks at the pair distance as a function of time r(t), it is

possible to detect the pairs that are bound together. Indeed, if the function r(t) oscillates it

means that the pair is trapped in the potential well around the position of equilibrium. The

detection of such pairs can be done by evaluating the number n of local extrema indicating

an inversion of the direction of the relative motion of the particles. The number of local

extrema will define the type of interaction of the particles (free-free or dimer). When n
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reaches of minimum value, the pair can is categorized as a dimer. This limit is set to 6,

and this insures the detection of oscillations over at least two entire periods. Each pair is

individually tested and if the test is negative (n < 6), then the absorption of the pair is

counted as free-free contribution while the pair with a positive tests (n ≥ 6) are counted as

dimers.

Because of the rotation of the dimer, the interaction of the two atoms is described by an

effective potential Veff (r) being the sum of the interatomic potential V (r) and the centrifugal

potential which a function of the angular momentum L, the reduced mass µ and the distance

r between the atoms (see Eq. 6).

Veff (r) = V (r) +
L2

2µr2
(6)

The minimum and maximum separation distances, respectively rmin and rmax, must have the

same potential energy and therefore they satisfying the condition Veff (rmin) = Veff (rmax).

By solving this equation we can deduce the angular momentum L for the pair (see Eq. 7).

L2

2µ
=
V (rmax)− V (rmin)

1
r2min
− 1

r2max

(7)

The effective potential can be then computed for rmin and rmax and we can check that

Veff (rmin) = Veff (rmax). For positive values the pair is in a quasi-bound state and must be

counted as a free-free contribution to the absorption coefficient. The pairs with a negative

value of the potential are in a true bound state and the value of the binding energy can

be used to separate their contribution. The binding energy Eb is the absolute value of

the maximum potential energy Veff (rmin) = Veff (rmax), so we have Eb =| Veff (rmin) |=|
Veff (rmax) |. The photon angular frequency ωb corresponding to the binding energy can

easily be deduced and it is defined by ωb = Eb/~. The spectra given by the dimers are split

according to the value of ωb. The region of the spectra where ω < ωb is counted as bound-

bound contribution while the region where ω ≥ ωb is counted as bound-free contribution.

IV. RESULTS

We have computed the collision induced spectra using both MD methods (with ACF and

direct SDF) for comparison at T=200K and T=292K. For both of the methods the parame-

ters used are presented in the table I. In addition to the MD methods, quantum mechanics
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(a) True bound state (b) Quasi bound state

FIG. 2: Dimers detection – The pair distances r(t) are shown in the top plots. The Ar–Xe

and the effective potentials are show below with the binding energy Eb. The sign of Eb

determines the type of the pair. If Eb < 0 the pair is categorized as a true bound state and

if Eb ≥ 0 as a quasi bound state.

TABLE I: Input parameters for the MD calculations. The unit of number density is

amagat with 1 amg = 2.6867811× 1025 m−3.

ρAr + ρXe (amg) ttherm (ps) τ (ps) δt (fs) ∆t (fs) rconfigmin (bohr) rmax (bohr) rcut−off (bohr)

1.0 1000.0 10.0 1.0 10.0 8.0 30.0 20.0

(QM) absorption coefficient were computed at the same temperatures for comparison. In

order to check the convergence of the classical RDF, it is saved with a regular interval of 1

ps over the thermalization time. The evolution of the RDF as a function of time is shown

in 4. The RDF slowly evolves toward the steady state and at the end of the thermalization

part at ttherm = 1000 ps it is considered as converged and the system is at equilibrium.

A comparison of the results obtained with the ACF, direct and QM methods at T=200K

and T=292K is shown in figure 5. In order to reproduce the instrumental broadening the

QM results have been convoluted with a triangular slit of a width of 2 cm−1. At T=200K,

the direct MD method gives better results than ACF in comparison with QM. This is

visible around the absorption peak ∼ 60cm−1 (fig. 5 (a)) and for the high frequencies from
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Pair distance r(t)

Test of the pair distance

Free-free pair Dimer pair

Compute the binding energy

Quasi bound state True bound state

Bound-free absorption Bound-bound absorptionFree-free absorption

if n < 6 if n ≥ 6

if Eb ≥ 0 if Eb < 0

for ω ≥ ωb
for ω < ωb

FIG. 3: Diagram of the pair characterization – The pair distance is evaluated to determine

the type according to the number of local extrema n. The free-free pairs only contributes

to the free-free absorption. For the the dimer pairs, the sign of the binding energy

determines if it is a true or quasi bound state. The quasi bound states are the second

contribution to the free-free absorption while the true bound states is split into the

bound-free and bound-bound absorption according to the frequency ωb corresponding to

the binding energy .

∼ 200cm−1 (fig. 5 (b)) where the direct and QM methods give very similar results. The

difference between the two MD methods (ACF and direct) is less pronounced at T=292K

and it is not even detectable around the peak while it becomes more important for the higher

frequencies. However we can note that even with this difference the direct method performs

relatively well at room temperature.

The figure 6 shows the dimers contributions at T=200K and T=292K computed with

the QM and direct methods. As it has been done for the spectra shown in figure 5 the QM

spectra were convoluted with a triangular function of width of 2 cm−1 and in addition, the
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FIG. 4: RDF evolution over the thermalization time – The RDF is computed for each time

step and averaged over 50 boxes. The x and y axis respectively show the thermalization

time (in ps) and the radius (in bohr). The color map indicates the value of the RDF.

width of 5 cm−1 is tested. By comparing the MD and the QM with 5 cm−1 broadening we

can notice the good accordance of the order of magnitude and locations of the two main

absorption peaks around ∼ 20cm−1 and ∼ 40cm−1. However, the QM spectra decay more

quickly than the MD ones, this is especially visible from ∼ 50cm−1.

The difference between the QM and the MD (with direct SDF) results for the dimers

contribution could be due to the method used to detect the dimers (section III D). The

selection of the pairs includes the pure dimers that remain bound during the entire time

of the simulation (configuration 1) as well as the ones that are formed and/or destroyed

during the integration time (configuration 2). The pairs of configuration 2 will presumably

contribute as dimers for the duration where r(t) is oscillating and as a free-free pair for the

rest of the trajectory. A comparison between the dimers spectra given by the pairs with the

configuration 1 with the spectra including both configurations 1 and 2 has been made (not

presented here). This has not shown any significant difference with the type of pairs that

is considered. We can conclude that the definition of the dimers is not the reason of the

difference observed.

10



(a) T=200K (b) T=292K

(c) T=200K (log scale) (d) T=292K (log scale)

FIG. 5: Absorption coefficient for the pair Ar–Xe at T=200K and T=292K. The results

are obtained with the quantum mechanics, ACF and direct methods respectively shown in

blue, green and red. For both temperatures, the top plots (figures (a) and (b)) show he

results on a linear scale and the bottom with a logarithmic scale (figures (c) and (d)).

The apodization procedure presented in section III C considerably reduces the effect of

the convolution by a sin(x)/x function, improving the final results. The use of an appropri-

ate apodization function attenuates the spectral leakage effects but does not remove them

completely. In addition to the magnitude, the direct Fourier transform (DFT) algorithm

affects the phase of the frequency spectrum, in other words a frequency shift might appears

under certain conditions. This effect has been previously studied for the case of a input

periodic signal in the time domain16,17. The dipole trajectories categorized as dimers are
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(a) T=200K (b) T=292K

FIG. 6: Dimers contribution to the Ar-Xe absorption coefficient – The dimers contribution

are computed with the direct method (in red) and compared to the QM results with the

experimental broadening of 2 cm−1 (in blue) and 5 cm−1 (in green) at T=200K and

T=292K.

periodic signals during the entire simulation time (configuration 1) or for a large part of it

(configuration 2) and can then be compared to the signal presented in Ref.16,17.

The absorption coefficient at T=292K has been computed with different sets of potentials

and dipoles to compare the present CCSD(T) potential and dipole to the HFD-C potential

and dipole respectively from Ref.18 and Ref19. These spectra have been compared to experi-

mental measurements19. The results are shown in figure 7. In comparison to the experiment

the best result is obtained with the present CCSD(T) potential and dipole. The other com-

binations give spectra with a magnitude around the absorption peak that is different from

the experiment. The result obtained with the CCSD(T) potential and the exp+D7 dipole

gives a lower absorption peak with ∼ 10% difference while the one obtained with the HFD-C

potential and the exp+D7 dipole gives a higher peak with the same proportion.

V. CONCLUSION

We have developed a new approach for the classical computation of collision-induced ab-

sorption coefficient, based on the reformulation of the equations that we used in our previous
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FIG. 7: Absorption coefficient at T=292K with different set of potentials and dipoles –

The different sets are the present CCSD(T) potential and dipole (in blue), the present

CCSD(T) and dipole from ref.19 (in green) and the HFD-C potential from ref.18 and dipole

from ref.19 (in red).

works12,15. In addition to be a more direct method for the computation of the spectral den-

sity function, it also allows to separate the contributions from the free-free, bound-free and

bound-bound transitions. This is done by an algorithm analysing the separation distance as

a function of time and and determining the effective potential of each atomic pair. We have

decided to test our method on a Ar-Xe gas mixture. At T=200K and T=292K the total

spectra (with all contributions) computed with QM, and both MD methods show similar

results, which allows us to validate the new approach.

The comparison of the MD and QM spectra for the dimers contribution shows a dis-

crepancy which remains unexplained for the moment. However the order of magnitude and

the global shape of the MD spectra let us think that after some improvements it could be

possible to reach a better classical description of the dimers.
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Appendix A: Scaling of the Fourier transform

The scaling factor z is the multiplication of z1 and z2, from the apodization function and

the zero-padding processes respectively. For any apodization function w the scaling factor

is defined by,

z1 =
Nstep∑Nstep

i=0 wi
(A1)

where Nstep is the number of elements. For the zero-padding, the scaling factor is defined

by,

z2 =
Nstep

Nstep −Nz

(A2)

where Nz is the number of zeros added Finally, the total scaling factor is,

z =
Nstep∑Nstep

i=0 wi
× Nstep

Nstep −Nz

(A3)
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