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Förord 
Osäkerheter råder i branschen kring hur konstruktioner med jordarmering över olika typer av 
bankpålning bäst bör utformas. Den kunskap som finns i dag i anläggningsbranschen 
resulterar ofta i onödigt konservativ bankpålning. Samtidigt krävs det som en följd av 
klimatförändringarna världen över miljövänligare grundläggningsmetoder, såsom träpålning. 
Trafikverket har uttryckt ett behov av att undersöka optimal utformning av träpålade väg- och 
järnvägsbankar med jordarmering, den s.k. ”Norrlandspålningen”. Detta projekt har haft som 
målsättning att klarlägga kraftspelet i denna typ av konstruktion och utveckla riktlinjer för 
optimal design under olika förutsättningar. Projektet har utförts i form av ett doktorandprojekt 
vid Luleå tekniska universitet. 

Arbetet har utförts av en arbetsgrupp på Avdelningen för geoteknik Luleå tekniska universitet, 
bestående av Per Gunnvard, Hans Mattsson och Jan Laue. Hans Mattsson har agerat 
projektledare. Gunnar Zweifel har agerat kontaktperson från Trafikverket. Synpunkter på 
inriktning och upplägg har erhållits av Rebecca Lindvall (SGI), Hjalmar Törnqvist (ÅF) och Sven 
Knutsson (LTU). 
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Sammanfattning 
Klimatförändringarna innebär att miljövänligare grundläggningsteknik behövs. 
Djupgrundläggningar med betong- och stålpålar kräver en stor åtgång av ändliga resurser. 
Trafikverket införde i.o.m. TK Geo 13 en standard för lätt bankpålning med träpålar av 
obehandlat timmer (även kallad Norrlandspålning) som ett alternativ till den typiska 
bankpålningen. Träpålning är inte bara miljlvövänligare än betong- och stålpålning, utan även 
oftast billigare och därmed en hållbarare lösning. Dimensioneringskraven innebär dock 
fortfarande en relativt stor åtgång av timmer, och frågan lyftes om kraven på största 
pålavståndet kan ökas för att minska resursåtgången. Syftet med den här studien är således 
att utvärdera och optimera nuvarande standard för lätt bankpålning med fokus på pålgruppen. 
Simuleringar med finita elementmetoden har utförts av en träpålad vägbank med rent 
mantelburna pålar samt mantelburna pålar med viss spetsbärförmåga. Pålgrupperna har 
modellerats med olika pålavstånd i både kvadratiskt och triangulärt pålningsmönster. Enligt 
gällande standard i TK Geo 13 ska ett triangulärt pålningsmönster användas. De numeriska 
resultaten har sedan jämförts med resultaten från ett flertal analytiska metoder, bland annat 
den utökade Carlsson-metoden som rekommenderas i TR Geo 13. Faktorerna som använts 
vid optimeringen har innefattat främst valvbildning, sättningarna i banken samt lastfördelningen 
i pålgruppen och den geosyntetiska armeringen, i relation till resursåtgången. Resultaten av 
den utökade Carlsson-metoden visade en överskattning av lastfördelningen, medan resultaten 
av de mer avancerade analytiska metoderna låg relativt nära de numeriska resultaten. 
Rekommendationen är således att i första hand använda den nederländska Concentric 
Arches-modellen vid dimensionering av lätt bankpålning med träpålar. Simuleringarna visade 
att den resulterande lastfördelningen var nästintill densamma för ett kvadratiskt och triangulärt 
pålningsmönster. Optimeringen av pålavståndet visade att största tillåtna centrumavståndet 
mellan pålarna kan ökas från 1.2 till 1.4m. Ökningen skulle potentiellt innebära att 1/3 färre 
träpålar krävs. 
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Summary 
The climate changes entail a need for environmentally friendly foundation engineering. Deep 
foundation engineering using concrete and steel piles consumes large amounts of finite 
resources. As an alternative to typical embankment piling, Trafikverket (the Swedish Transport 
Administration) introduced along with the national standards TK Geo 13 a standardised 
procedure for geosynthetic reinforced embankments supported by untreated timber piles, 
known as light embankment piling. Timber piling is not only more environmentally friendly than 
concrete and steel piling, but also most-often cheaper and thus overall a more sustainable 
solution. However, the design criteria still result in relatively large resource consumption. Thus, 
a question has been raised if a larger pile spacing could be allowed to reduce the required 
amount of resource. The objective of the presented study is to evaluate and optimise the 
current design criteria of light embankment piling. Computer simulations were performed of a 
lightly piled road embankment using the finite element method. The timber piles themselves 
were modelled as both purely shaft bearing and shaft bearing with some toe resistance. The 
pile groups were modelled in square and triangular pile arrangement with different centre-to-
centre pile spacing. The triangular pile arrangement being the design criterion in TK Geo 13. 
The numerical results were compared with results from analytical methods, amongst others 
using the in TR Geo 13 recommended Extended Carlsson model. The factors of interest in the 
optimisation, used in relation to resource consumption, were first and foremost arch formation, 
embankment settlements as well as load distribution in both pile group and geosynthetic 
reinforcement. The results of the Extended Carlsson model overestimated the load distribution, 
whilst the more advanced models came relatively close to the numerical results. Thus, the 
recommendation is to primarily use the Dutch Concentric Arches model when designing lightly 
piled embankments. The simulations showed that the load distribution were near equal for the 
square and triangular pile arrangement. Based on the optimisation, the largest allowed centre-
to-centre pile spacing could be increased from 1.2 to 1.4m. The increase has the potential of 
decreasing the required number of timber piles by 1/3. 
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1 Introduction 
Piled embankments with a basal reinforcement are widely used as a foundation method for 
road and railways on soft soils. The foundation method, known as geosynthetic reinforced pile-
supported embankments (GRPSE), has a short construction time and creates efficient 
reduction of both vertical and horizontal displacements. The geosynthetic reinforcement (or 
geosynthetics) used in GRPSE consists of one or more layers of synthetic polymeric textiles, 
nets or grids. 

Currently there is an uncertainty in the Swedish industry concerning the optimum design of 
GRPSE with untreated timber piles, also called the lightly piled embankment method. The 
uncertainty lies in the optimal centre-to-centre pile spacing and pile arrangement, as well as 
the need of geosynthetic reinforcement to fulfil the serviceability state of the road or railway 
construction. The lightly piled embankment method is currently in Sweden mainly used for 
sulphide clays and silts with untreated timber piles as its key feature. The method is used solely 
for settlement reduction as stability increase is not considered in current Swedish praxis. The 
ambition of Trafikverket (the Swedish Transport Administration) is to make the method an 
accepted and widely used road and railway foundation option for soft soils in general in 
Sweden, as timber piles are more sustainable than steel and concrete piles which are 
otherwise used. 

The aim of the main project, that the present study is a part of, is to clarify the mechanical 
behaviour of lightly piled embankments and create a guide for optimal design for different 
conditions that involves road or railway embankments on soft subsoil. The focus of this project 
is on Swedish conditions with soft clay or silt layers on glacial till. However, similar conditions 
are frequently found globally, making the results of the project applicable outside of Sweden 
as well. A theoretical analysis of the construction based on three-dimensional (3D) finite 
element (FE) modelling, verified by field and laboratory experiments, was performed. The 
optimisation of the design was based on formation of arches, load transfer onto piles as well 
as differential and total settlements, with a focus on resource efficiency. 

The aim of the present study in this paper is to (1) find the key mechanisms of the load transfer 
in GRPSE and (2) make a first evaluation of the efficiency of a triangular pile arrangement in 
comparison to a square pile arrangement and (3) evaluate appropriate centre-to-centre pile 
spacing. To accomplish these aims, 3D FE simulations were primarily used in this study. The 
numerical results from FE simulations were compared and validated against results from 
analytical models. A state-of-the-art study was carried out of the mechanisms of the load 
transfer in GRPSE as well as a few notable GRPSE standards and analytical models that have 
come particularly far in the research area. The background of the project and research 
questions, along with GRPSE design in general and light embankment piling, is discussed 
further in the following chapters. 

The FE simulations done in this study were based on a lightly piled road embankment 
northwest of Luleå in northern Sweden, 82km below the Arctic Circle. The road was initially 
constructed in 1993 as an unreinforced embankment and was later in 2013-2014 reinforced 
with timber piles and GR after it suffered from large settlements (2m at most). The subsoil 
consists of up to 13m of loose sulphide soil on top of a silty glacial till. The groundwater is 
situated at a level of 0.5m below the ground. Figure 1 shows a cross section of the modelled 
piled embankment, based on the blueprints of the constructed embankment. 
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Figure 1. Cross section of the modelled road embankment. Displacement evaluated in 
points A, B and C. 
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2 Geosynthetic reinforced pile-supported 
embankments 

The key concept of geosynthetic reinforced pile-supported embankments (GRPSE) and piled 
embankments in general is the “arching effect”, defined by Terzaghi (1943) as the “transfer of 
pressure from a yielding mass of soil onto adjoining stationary parts”. This implies that the 
stress onto the soil beneath the arch is reduced. The load is instead concentrated onto the 
stationary parts (the piles), leading to the load being distributed on the shaft and toe of the pile 
instead of the soft subsoil. 

The current common view, by studying the work by e.g. Le Hello and Villard (2009), Satibi 
(2009), van Eekelen (2015) and Zhang et al. (2016), of the load distribution in GRPSE is 
illustrated in Figure 2; the embankment weight and surcharge load (𝑞𝑞) are divided into the load 
transferred directly onto the piles through the arches (𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒) and the weight of the soil beneath 
the arches (𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠) acting on the geosynthetic reinforcement (GR) and subsoil. The tensile load 
in the GR (𝑇𝑇𝐺𝐺𝐺𝐺) is transferred to the piles at each end of the span, by what is known as the 
membrane effect. The membrane effect is the ability of the GR to support 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠, that acts 
perpendicular to the GR surface, through tension (Gourc and Villard 2000). Thus, the resulting 
load on the pile heads (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒) is the sum of the arching and membrane effects. Gourc and 
Villard (2000) found that there is a minimum deflection of the GR needed to mobilise 𝑇𝑇𝐺𝐺𝐺𝐺 and 
generate a membrane effect. This was confirmed by Le Hello and Villard (2009), who observed 
decreasing membrane effect with decreasing vertical displacement of the base of the 
embankment and vice versa. The remaining part of 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠 not carried directly by the GR (𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠) 
is carried by the subsoil and by the piles as negative skin friction (𝜏𝜏𝑠𝑠-). Negative skin friction is 
produced when the soil settlement along the piles exceeds the settlement of the piles 
themselves. The accumulated positive skin friction (𝜏𝜏𝑠𝑠+) and 𝜏𝜏𝑠𝑠- are at equilibrium at the so-
called neutral plane. The sum of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝜏𝜏𝑠𝑠- is the total axial pile load (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒). 𝐺𝐺𝑡𝑡 is the toe 
resistance and 𝜏𝜏𝑠𝑠+ is the positive skin friction that generates shaft resistance. 

 
Figure 2. Illustration of the load distribution in a geosynthetic reinforced pile-supported 
embankment (GRPSE). 
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The current knowledge of GRPSE lacks extensive comparisons of square and triangular pile 
arrangements. Esmaeili and Khajehei (2016) is to the authors’ knowledge the only study which 
compares square and triangular arrangements of piles or columns. Esmaeili and Khajehei 
(2016) evaluated the use of triangular column arrangements as a viable option to square 
column arrangements, studying deep mixed columns in loose subsoils. The results from their 
small-scale experiment indicate that the two arrangements give similar embankment support 
in terms of tolerated vertical load and settlement reduction. The experiment was done with an 
unreinforced embankment, i.e. no GR was used. 
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3 Light embankment piling 
Light embankment piling (or “Norrlandspålning”) is in Sweden often used along the country’s 
northern coast as a foundation method for roads and railways on sulphide clays and silts. 
Sulphide soil, more commonly known as acid sulphate soil (Pousette 2010), is an alluvial soil 
type formed through sedimentation in anaerobe environments and a supply of organic material, 
iron and sulphates. The sulphide soil types mostly range from clay to silt and can be found 
worldwide in coastal floodplains and inter-tidal swamps (Dent 1986). In Sweden, sulphide soil 
has been deposited in the Baltic Sea during the last 4000-7000 years and can be found mainly 
along the northern coast because of the land rise following the withdrawal of the ice cap after 
the last ice age (Pousette 2010). Sulphide soil is characterised by its high content of pyrite and 
iron sulphides, which results in a black colour. When oxidised, iron ion solutions and sulphuric 
acid are leached, lowering the pH of nearby water bodies and makes the use of cement or 
steel-based piles in the soil problematic. Sulphide silts and clays poses a geotechnical problem 
as they are loose to very loose and highly compressible with low shear strength of 10-20kPa 
(Pousette 2010). The organic material binds water, typically increasing the water content 
above 100%. 

In the early 1990’s the long-used method of timber piled embankments had an upswing as a 
competitive measure of reducing settlements along the northern coast of Sweden. A simple 
and cost-effective foundation method was needed to counter the high compressibility of the 
sulphide soil along the coast as well as its impracticality to handle; since the soil oxidises if it 
is excavated and placed above the groundwater table. Timber piled embankments proved to 
be the most sustainable foundation method for roads and railways in the area; the sulphide 
soil is environmentally hazardous to excavate, and the large coastal forests provides a 
renewable resource of the softwoods Scots pine (Pinus sylvetris) and Norway spruce (Pinus 
resinosa), Swe: tall och gran. 

3.1 Timber as a pile material 
Timber is highly suitable as a pile material due to its high strength to weight ratio. The piles are 
easily handled and trimmed to preferred length. Due to the low strength, in comparison to steel 
and concrete, timber piles have however a risk of fracturing or brooming (splitting at the toe) if 
driven to hard during installation. To avoid this the piles are, by Swedish praxis, either driven 
with a low practical refusal blow count limit or pushed down (if possible) to a known firmer soil 
layer (most often glacial till). The firm soil layer should allow the pile group to settle to some 
extend for enough mobilised skin friction to maintain a lower resulting force at the toe. This 
keeps the timber from fracturing or brooming. 

With the thin end installed downwards, the natural tapered shape of timber piles creates an 
upward component of the normal force acting on the shaft. This upward component yields a 
greater bearing capacity of a timber pile than of a regular steel or concrete pile with constant 
cross section. The tapering of Scots pine and Norway spruce is 7-8mm in diameter per metre 
(Björklund et al. 2009). 

The installed untreated timber piles need to be kept in an anaerobe environment to avoid 
rotting. An anaerobe zone is created around the pile group by the saturated subsoil and a 
10cm layer of dense soil with a high capillarity placed on top of the pile heads, following TK 
Geo 13 (Trafikverket 2016a). The life expectancy of an untreated timber pile encased within a 
permanently fully saturated soil can be almost indefinite. If the groundwater level is too deep 
the timber piles are extended by a precast concrete upper section, so it reaches below the 
lowest predicted ground water level after driving, as per common international practice. 

Timber piles are, in addition to Sweden, widely used in the United States, Canada, Australia 
and the Netherlands (Reynolds 2003). For GRPSE, timber piles are most common in Sweden 
and the Netherlands. The Kyoto Road in Giessenburg, the Netherlands (van Eekelen et al. 
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2007) is one example of a larger GRPSE-project where timber piles were primarily used. 
Outside of Sweden and the Netherlands few projects have used GRPSE with timber piles. 
However, the interest is growing in North America. The Port Mann Highway 1 Improvement 
project in Vancouver British Columbia, Canada, was at its completion in 2015 the first project 
in British Columbia to use GRPSE (Logheed 2017). Timber piles were used in combination 
with concrete piles. 

3.2 Standardising the method of light embankment piling in 
Sweden 

Geosynthetic reinforced timber piled-supported embankments met the serviceability 
requirements set in the projects throughout the 1990’s and 2000’s, whilst keeping the costs 
lower than for e.g. concrete piling. Trafikverket implemented the light embankment piling 
method (“lätt bankpålning med träpålar”) into TK Geo 13 (Trafikverket 2016a) with the intention 
of making it an accepted foundation method in Sweden. Earlier designs of the light 
embankment method were based on a combination of empirics and experience as well as 
criteria for related foundation methods. The method was implemented into TK Geo 13 based 
on an assessment of the previous experience together with supplementary numerical 
simulations. Trafikverket recommended further research with focus on the key factors found 
by the assessment: pile centre-to-centre spacing and pile arrangement; GR stiffness and 
number of layers; embankment slope stability increasing effects from timber piling. 

The analytical model recommended by the Swedish guidelines TR Geo 13 (Trafikverket 
2016b) for designing lightly piled embankments, and GRPSE in general, is based on the model 
developed by Carlsson (1987). The Carlsson model is a two-dimensional rigid arch model used 
to determine the tensile load (𝑇𝑇𝐺𝐺𝐺𝐺) in the GR (see Figure 2). SGI (Swedish Geotechnical 
Institute) adopted the model in the 1990’s for the design of GRPSE for Swedish roads and 
railways. The model assumes a wedge (equilateral triangle with 30° apex angle) of soil in 
movement between the piles, with the rest of the embankment being stationary. This applies 
even if the embankment height is lower than the wedge height (Rogbeck et al. 2005). The load 
directly transferred onto the piles corresponds to the weight of the stationary soil. The GR 
supports the entire weight of the soil wedge, assuming no subsoil support and 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 = 0. The 
weight is indirectly transferred onto the pile heads as the GR is suspended in between the 
piles. Thus, the piles are assumed to carry the sum of the embankment and traffic load. The 
model focuses on the membrane effect primarily, and the arching effect secondarily. Rogbeck 
et al. (1998) added a multiplier to the Carlsson model for calculation of 𝑇𝑇𝐺𝐺𝐺𝐺 in three dimensions, 
i.e. 𝑇𝑇𝐺𝐺𝐺𝐺 per pile instead of per metre. This Extended Carlsson model is in Sweden the 
recommended analytical model for the design of GRPS and lightly piled embankments in TR 
Geo 13 (Trafikverket 2016b). 

The light embankment pile groups contain numerous piles. According to the current Swedish 
design criteria for road and railway construction, TK Geo 13 (Trafikverket 2016a), centre-to-
centre pile spacing (𝑠𝑠) should be 0.8-1.2m for lightly piled embankments. For a two-lane road 
(16m wide embankment at the ground) this would amount to 9000-20000 piles per kilometre. 
There is an interest in the possibility of reducing the amount of piles to save natural and 
economical resources. A main concern, however, is whether the piles should be installed in a 
square or a triangular arrangement. TK Geo 13 states that a triangular pile arrangement should 
be used, going from a square pile arrangement prescribed in the previous standard TK Geo 
11 (Trafikverket 2011), as shorter diagonal distance between the piles yields more stable 
arches. The diagonal distance in between the piles (𝑠𝑠𝑒𝑒) is shorter in the triangular pile 
arrangement; 𝑠𝑠𝑒𝑒 = √1.25∙𝑠𝑠 instead of 𝑠𝑠𝑒𝑒 = √2∙𝑠𝑠 for the square pile arrangement (see Figure 3). 
There is however a lack of research supporting this statement, and the question also involves 
the optimum value of 𝑠𝑠. 



 

Optimal design av träpålar, Optimal design of timber piles 7 

 
Figure 3. Square and triangular pile arrangements. Pile rows in x- and y-direction 
marked with dashed lines. 

What sets the Swedish design criteria for timber piling aside from other GRPSE national 
standards, e.g. the British BS8006 (BSI 2010), is the exclusion of pile caps by instead relying 
on the GR to a greater extent than if pile caps would have been included. Figure 4 shows a 
vertical cross section of the embankment according to the TK Geo 13 design criteria. The 
embankment is reinforced with two layers of GR spaced 20cm apart, with the lower layer 20cm 
above the dense soil. A layer of geotextile (e.g. woven geotextile) is added between the dense 
soil and the load distribution layer (the reinforced lower part and the upper part of the 
embankment) to separate the dense and granular soil. It is assumed that the two layers of GR 
interlock the soil particles. Horizontal stresses are built-in during compaction of the 
embankment, causing the lower part of the embankment to act like a beam resting on top of 
the timber piles. This is maintaining the arches in between the piles without the need of pile 
caps, whilst reducing the risk of punching failure through the embankment. Thus, the role of 
the GR differs from general GRPSE design, where the GR is placed almost on top of the pile 
heads to maintain the arch by supporting the soil between the piles from underneath, not 
reinforcing the soil from within. Though two layers of GR is required in TK Geo 13, Trafikverket 
believes that the maximum allowed 𝑠𝑠 of 1.2m is too narrow for the GR to be cost efficient. 

 
Figure 4. Embankment design criteria (vertical cross section) when using timber piles 
according to TK Geo 13 (Trafikverket 2016a). 
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4 Related international guidelines and research 
As a part of evaluating the design criteria for lightly piled embankments, an assessment of 
related international guidelines and research is done in this chapter. The load transformation 
onto the piles and subsoil is complex, as the yielding soil creates a reorganisation of weight 
distribution and stresses. Many studies have discussed the load transfer mechanism and how 
to optimise the design of GRPSE. Several analytical models on this issue have been developed 
and adopted in national standards for design purpose. By studying the lessons learned from 
the research field of GRPSE and timber piling, improvements can further down the line be 
made to the Swedish design criteria for lightly piled embankments. 

The usage of GRPSE is increasing world-wide, with Europe as the leading field of practice.  
GRPSE is a common method in the Nordic countries. The Nordic geotechnical societies joined 
together to create the Nordic guidelines for reinforced soils and fills, presented by Rogbeck et 
al. (2005). The guidelines include recommendations for the design of GRPSE, with the 
Extended Carlsson model (Rogbeck et al. 1998) as the prescribed analytical model for design. 
The Nordic guidelines mentions, as an alternative to the Extended Carlsson model, a model 
developed by the Foundation for Scientific and Industrial Research (SINTEF) in Norway and 
published in Svanø et al. (2000). Just like the Extended Carlsson model, the SINTEF model 
assumes a rigid wedge-shaped arch of soil in movement between the piles and no subsoil 
support. The main difference between the Extended Carlsson model and the SINTEF model 
is that the SINTEF model focuses on the arching effect primarily and the membrane effect 
secondarily, in reversed order to the Extended Carlsson model. The arched soil acting directly 
on a pile cap is in the SINTEF model assumed to form as an upside down truncated square 
pyramid. For calculation of the weight of the soil wedge in between the piles the wedge apex 
angle can be varied between roughly 30 and 45°. Svanø et al. (2000) recommends an apex 
angle closer to 30° for small pile caps (same as the fixed apex angle for the Extended Carlsson 
model). The Extended Carlsson and SINTEF models agree well when the embankment height 
is higher than the wedge height, i.e. when both models assume full arching (Svanø et al. 2000). 
In case of partial arching, i.e. when the arch (wedge) height is higher than the embankment 
height, the SINTEF model excludes the top part of the wedge that is higher than the 
embankment height. An eventual surcharge load is instead added over this area. The SINTEF 
model is not implemented into a national standard. In accordance with the Nordic guidelines, 
the Norwegian Public Roads Administration (NPRA) prescribes the Extended Carlsson model 
in the Norwegian guidelines Håndbok V221 (NPRA 2014). 

Among the other European national standards and recommendations for geotechnical 
engineering there exist several limit equilibrium (LE) models for the design of GRPSE. In 
addition to the Extended Carlsson model, the following three models are to the author’s 
knowledge the most commonly ones used for GRPSE design: (1) The H&R model by Hewlett 
and Randolph (1988), used in the British BS8006 (BSI 2010) and the French ASIRI (IREX, 
2013), (2) the Zaeske (2001) model, used in the German EBGEO (DGGT 2011 and (3) the 
Concentric Arches (CA) model by van Eekelen (2015), implemented in the Dutch CUR 226 
(SBRCURnet 2016). All three models consider the transfer of the load through the arch in limit 
equilibrium, with the difference being the formation of the arch; the H&R model assumes a 
single semi-circular arch between the piles, the Zaeske model assumes non-concentric semi-
elliptical arches and lastly the CA model assumes concentric semi-circular arches. The H&R 
model considers no subsoil support. Both the Zaeske and CA model takes subsoil support into 
consideration. 

Numerical analyses of GRPSE have been performed increasingly in the last years, both in the 
design of single cases and the verification of new analytical models. Le Hello and Villard (2009) 
coupled discrete element (DE) and FE (DE modelled soil particles and FE modelled GR) with 
emphasis on the membrane effect. Zaeske (2001) and van Eekelen (2015) used the finite 
element (FE) method to verify the shape of the arches assumed in the Zaeske model and CA 
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model, respectively. Lai et al. (2014) studied the formation of soil arching of GRPSE by discrete 
element (DE) method simulations. Bhasi and Rajagopal (2015) observed in their FE analysis 
that the arching effect is not instantaneous and that the arches fully develop during the 
consolidation process after final construction. All of these studies showed that it is possible to 
clearly visualise the formation of arches with numerical simulations. The effective major 
principal stress (𝜎𝜎’1) vectors will align tangentially to the arch (Zaeske 2001, van Eekelen 2015, 
Bhasi and Rajagopal 2015) and the effective vertical stress (𝜎𝜎’𝑣𝑣) will reduce underneath the 
arches and concentrate around the piles, as illustrated in Figure 5. 

 
Figure 5. Illustration of the vertical stress reduction due to arching, based on Zaeske 
(2001), and the major principal effective stress (𝜎𝜎’1) vectors. Arch shape according to 
the Concentric Arches model (van Eekelen 2015). 

Rui et al. (2016) observed a triangular arch in an unreinforced piled embankment (i.e. no GR) 
by geotechnical centrifuge trapdoor tests and DE analysis, assuming uniform displacement 
between the piles. Under similar conditions da Silva et al. (2016) also observed triangular arch 
formation. Iglesia et al. (2014) showed, also using centrifuge trapdoor tests, that the arch in an 
unreinforced piled embankment changes from initially curved to triangular with increasing 
settlement of the soil beneath the arch. By varying embankment height and trapdoor width 
(corresponding to the pile spacing) Rui et al. (2016) found a threshold between the formation 
of a stable equilateral triangular arch (Figure 6a) and the formation of an instable triangular 
arch. An instable triangular arch expands upwards either as a triangle (Figure 6b) or a tower-
shaped evolution pattern (Figure 6c) creating vertical shear surfaces, breaching the 
embankment surface and causing differential settlements at the top of the embankment. The 
threshold will be discussed further in the results chapter in this paper. 
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Figure 6. Arching evolution patterns in an unreinforced piled embankment. Based on 
Rui et al. (2016). 

van der Peet and van Eekelen (2014) observed in their FE analysis, with one layer of GR laying 
directly on the pile heads, the formation of arches in relation to the shear stresses in the load 
distribution layer. They observed formation of triangular arches prior to reaching the maximum 
shear strength, i.e. at ultimate limit state (ULS). Concentric semi-elliptical arches were 
observed when the subsoil support was removed and the mobilised shear stress reached the 
maximum shear strength (ULS was reached).  In practice, road and railway construction design 
aims to not reach ULS in order to avoid differential settlements at the surface of the 
embankment as much as possible. Semi-elliptical concentric arches were also observed by da 
Silva et al. (2016) in their geotechnical centrifuge trapdoor tests when placing one layer of GR 
at the base of the embankment and removing the subsoil support (by lowering the trapdoor). 
Nevertheless, no differential settlement developed at the surface. From the combined results 
of van der Peet and van Eekelen (2014) and da Silva et al. (2016), either triangular or semi-
elliptical arches can form in a GRPSE without it reaching ULS. The shape of the arch in a 
GRPSE depends on the displacement of the GR, which is dependent of the subsoil support 
(and GR stiffness). Subsequently, both the arching and membrane effect depends on subsoil 
support. Both in the FE analysis by Bhasi and Rajagopal (2015) and the medium scale 
experiment by van Eekelen (2015) the arching effect increased because of increased GR 
displacement as the subsoil consolidated. In the tests by van Eekelen (2015) the membrane 
effect increased as a result of subsoil settlement. The results of the geotechnical centrifuge 
trapdoor tests by King et al. (2017) showed that maximum arching effect occurs between 2 
and 4% GR deflection in relation to the pile spacing. Thus, the amount of required subsoil 
support depends on the stiffness and strength of the GR, and vice versa. 
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5 Numerical modelling 
A road embankment resting on a pile group with square arrangement can approximately be 
modelled in a plane strain condition with the out-of-plane pile columns as walls with equivalent 
rigidity. In the case of a triangular arrangement the in-plane arrangement is repeated, but in 
cycles, in the out-of-plane direction as shown in Figure 3. Triangular arrangements are 
therefore modelled as a three-dimensional problem. The square arrangement was primarily 
modelled in three dimensions, to compare the two arrangements under the same conditions. 
The effects of freezing/thawing were not taken into consideration in the model. 

The modelled square pile arrangement was based on the previous Swedish standard, TK Geo 
11 (Trafikverket 2011), and the modelled triangular pile arrangement was based on the current 
Swedish standard, TK Geo 13 (Trafikverket 2016a). For both the floating and semi-floating pile 
group a total of nine values for s were modelled (see Table 1). The embankment width was 
constant, leading to a decreasing number of piles in each row (𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑎𝑎𝑟𝑟𝑟𝑟) as 𝑠𝑠 increases. The 
number of piles per metre road (𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚) will decrease with increasing s accordingly. The 
allowable range of s prescribed in TK Geo 13, i.e. 0.8 to 1.2m, would for the modelled road 
embankment result in a range of 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 of 20 to 9.2 or 20000 to 9200 piles per km road. 
Increasing the maximum allowable 𝑠𝑠 from 1.2m to e.g. 1.5m would decrease 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 from 9.2 
to 6.0, reducing the amount of timber piles by 3200 piles per km road or roughly 1/3. 

Table 1. Number of piles, 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠, for each 𝑠𝑠. 
𝑠𝑠 (m) 0.8 1.0 1.2 1.3 1.4 1.5 1.6 1.8 2.0 

𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠 per row (𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑎𝑎𝑟𝑟𝑟𝑟) 16 13 11 10 9 9 8 7 7 

𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠 per metre road (𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚) 20 13 9.2 7.7 6.4 6.0 5.0 3.9 3.5 
 
The pile groups were modelled as purely floating (zero toe resistance) and as floating with a 
small toe resistance (semi-floating) to model the worst case and the normal scenario, 
respectively. The modelled square and triangular pile arrangements (Figure 3), with the range 
of 𝑠𝑠 presented in Table 1, as floating and semi-floating groups resulted in 36 modelled 
combinations. Two additional models were simulated without piles, each with the same soil 
profile as for the floating and semi-floating pile group cases, respectively. In total 38 
combinations were modelled. 

5.1 The finite element model 
The numerical analysis was performed using the FE code PLAXIS 3D 2017 (Brinkgreve et al. 
2017). Figure 7 shows a cross section of half of the FE model. Note that the cross section 
shown in the figure is cut along the symmetrical vertical axis (left hand side in the figure). The 
model width (transversal direction of the road) of 100m and depth of 31.7m was set to obtain 
realistic boundary conditions. The model length (longitudinal direction of the road) was equal 
to three pile rows (Figure 3), i.e. 2𝑠𝑠 with an additional ½𝑠𝑠 at each end for the square 
arrangement and 2.5𝑠𝑠 with an additional ¼𝑠𝑠 at each end for the triangular arrangement. The 
model length of three pile rows was chosen to model the stress distribution between the piles 
in both transversal and longitudinal road direction. The groundwater was allowed to flow due 
to consolidation through the upper horizontal boundary of the model as well as through the 
vertical outer model boundaries on either side of the road. All vertical boundaries were normally 
fixed. The ground surface boundary was fully free and the bottom horizontal boundary fully 
fixed. A 10-noded tetrahedral element mesh was refined in steps until there were no significant 
difference in the results. The mesh with soil layers is shown in Figure 7. The final general mesh 
size was 5.2m with 0.3 and 0.5m large elements in the embankment and pile group, 
respectively. The simulation of the piled embankment was divided into several stages of 
construction (in-situ conditions, excavation, pile installation, embankment and traffic load), 
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followed by a final consolidation simulation phase until the excess pore pressures reached 
1kPa (assumed as full consolidation). Note that no installation effect of the piles was simulated. 
The traffic load of 15kN/m2, according to TK Geo 13 (Trafikverket 2016a), was added as a 
static load after 45 days of consolidation. 

 
Figure 7. Cross section of the semi-floating pile group model. Soil layer thickness for 
the floating pile group model is in parentheses. 

5.1.1 The modelled piles 
In FE modelling, piles are typically modelled as mesh element clusters with the actual geometry 
and properties of the real pile, referred to in this paper as “volume piles” (Figure 8d). Pile-soil 
interaction (toe resistance and skin friction) is manually applied with an interface, giving the 
possibility to model soil arching locally along the pile. The interface simulates the thin zone of 
intensely shearing soil at the contact between the pile outer surface and the soil, as the pile is 
expected to settle relative to the soil during loading of the pile group. The use of volume piles 
is limited by the size of a pile in relation to the overall model size. To keep computation time 
down, the common practice in finite element modelling is to use as large and few mesh 
elements as possible, since every mesh element requires computation. Volume piles require 
a small ratio between the mesh element size and the pile diameter to maintain sufficient 
simulation accuracy. The mesh element size is dependent of the model size. 

In the work presented in this paper, the pile diameter was too small in relation to the model 
size to generate a time efficient mesh for volume piles. Instead each pile was modelled as an 
embedded beam (EB) (Figure 8a-c). An EB consists of a line element (beam) with a stiffness 
equivalent to, in this case, a timber pile. The pile-soil-interaction is modelled with a node-to-
node-interface in the form of linear elastic-perfectly plastic springs. In addition, a region of the 
soil surrounding the EB is given elastic properties to give an overall behaviour similar to that 
of a volume pile. This elastic region is divided into two parts, a cylindrical region around the 
pile shaft and a hemispherical region encasing the pile toe. Both geometrical parts have a 
diameter equal to that of the modelled pile. In contrast to volume piles, EBs go through the 
generated mesh, allowing a continuous mesh. Thus, EBs can be used for cases where the pile 
diameter is small in relation to the model size, saving computation time. The mesh size controls 
the resolution of springs in the pile-soil interface, not the line element itself. More information 
about EBs can be found in the study by Tschuchnigg and Schweiger (2015). 
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Figure 8. Illustration of ways of modelling piles: a) embedded beam with pile head in 
level with the transition between embankment and subsoil, b) embedded beam with an 
extension, length 𝐿𝐿𝑒𝑒𝑒𝑒𝑡𝑡, into the embankment with shaft resistance 𝜏𝜏𝑒𝑒𝑒𝑒𝑡𝑡, c) embedded beam 
with a plate fixed to the node at the pile head and d) volume pile. 𝐿𝐿𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 is the pile length. 

Modelling a GRPSE and piled embankments in general requires a realistic modelling of the 
load transferred directly onto the piles through the arches and the membrane effect (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒). 
With no pile caps prescribed for lightly piled embankments (Trafikverket 2016a), 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 is carried 
directly by the pile head. As an EB have no true volume, and thus no pile head surface, the 
axial load is subsequently zero at the pile head (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 = 0) when modelling as Figure 8a. Also, 
any expected moment at the pile head is zero. Transferring a load onto the top node of an 
embedded beam (in this case the pile head) is done either by applying a point load on the top 
node or by attaching the top node to a structure, e.g. a plate element. A third option is to extend 
the pile into the embankment (Figure 8c) according to 

𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒  ∙ 𝜃𝜃𝑒𝑒𝑒𝑒𝑒𝑒 ∙ 𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒 (5-1) 

where 𝜏𝜏𝑒𝑒𝑒𝑒𝑡𝑡 is the shaft resistance of the extension, 𝜃𝜃𝑒𝑒𝑒𝑒𝑡𝑡 is the circumference of the extension 
and 𝐿𝐿𝑒𝑒𝑒𝑒𝑡𝑡 is the extension length. Each variable of eq. (1) is set to result in a pre-known value of 
𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒, giving the correct load onto the pile heads in the FE model. This also allows moment 
forces in level with the pile head. However, neither the case of Figure 8a or Figure 8c generates 
arching. The lack of arching in the case of Figure 8a was observed in the FE simulations 
presented in Gunnvard et al. (2017) of the same road embankment case as simulated in this 
paper. For the simulations presented in this paper, the pile head was added as a rigid plate. 
See Figure 8c. The rigid plate is defined as a completely rigid surface element that can move, 
but not deform. Displacement and rotation of the rigid plate is based on the stiffness of the 
media connected to it (in this case the EB in the soft subsoil) and its moment of inertia, 
respectively. The connection between the top and the rigid plate is fully rigid. Thus, by 
modelling the embedded beams as Figure 8c the load was transferred through the pile head 
into the pile in a similar fashion as for a volume pile, whilst also allowing arches to form in 
between the piles. The rigid plate was modelled as an octagon to keep the contour as simple 
as possible for the meshing algorithm. The long diagonal of the octagonal rigid plate was equal 
to the pile diameter. An interface was added to the top of the rigid plate, with its thickness set 
equal to the height of an equilateral triangle of stationary soil on top of the pile head with the 
apex angle equal to the friction angle of the embankment soil material (Hong et al. 2011). 
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To test the method of modelling each pile as an EB with a rigid plate, comparisons of the axial 
pile load as well as 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and the effective major principal stress (𝜎𝜎’1) vectors was made 
between the methods of modelling in Figure 8. A separate simplified model of a single pile in 
a square pile group with s = 1.4m was simulated. The embankment height (𝐻𝐻) was set to 2.0m, 
the average height of the embankment in Figure 1, with a unit weight of 20kN/m3. For the 
comparison, the maximum shaft and toe resistance of each EB was set equal to the shear 
strength of the modelled adjacent soil to equal the maximum shaft and toe resistances of the 
volume pile. The extension of the embedded beam with extension (Figure 8c) had a length 
(𝐿𝐿𝑒𝑒𝑒𝑒𝑡𝑡) of 0.4m and the shaft resistance (𝜏𝜏𝑒𝑒𝑒𝑒𝑡𝑡) was set according to eq. (1) to give a load at the 
pile head (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒) equal to the simulated 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 of the volume pile. The distribution of the axial 
pile load was plotted over depth in Figure 9 for the four modelling techniques. The embedded 
beam with plate (Figure 8b) and extension (Figure 8c) resulted in similar axial pile load over 
depth. Both techniques gave lower normal force at the toe compared to the volume pile (Figure 
8d), but the total axial pile load, i.e. the maximum value in Figure 9, was approximately equal. 
Figure 10 shows the direction of the 𝜎𝜎’1-vectors and the value of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 for the four modelling 
techniques. The simulated 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 was close to zero for the modelled EB (Figure 10a). For an 
EB with extension 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 = 62.2kN (Figure 10b) and EB with rigid octagonal plate resulted in 
𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 = 61.1kN (Figure 10c), 2% lower than for the volume pile for which 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 = 62.3kN (Figure 
10d). The arch formation for an EB came closest to that of a volume pile when adding a rigid 
plate, as shown by the direction of the 𝜎𝜎’1-vectors in Figure 10. Based on the total axial load, 
𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and arch formation, an EB with a rigid plate as pile head can be seen as a valid 
approximation to a volume pile. 

 
Figure 9. Distribution of the axial pile load over depth in a single modelled pile (ground 
surface at 0m and the pile head at -0.85m). For the EB with extension, the pile axial load 
was set to increase linearly from 0kN to 62.2kN along the extension to equal 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 for the 
volume pile. 
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Figure 10. Resulting pile head load (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒) and σ’1-vectors (red lines) in the embankment 
above the pile head for a pile modelled as a) an embedded beam (EB), b) an EB with 
extension, c) an EB with plate and d) a volume pile, respectively. Vertical cross section 
halfway between two adjacent piles in a corresponding square pile arrangement (𝑠𝑠 = 
1.4m). The direction of the 𝜎𝜎’1-vectors is outlined with dashed lines. 

5.1.2 The material parameters 
Field and laboratory test results from the site showed three main soil layers, as seen in Figure 
7: a top layer of sulphide-bearing silt (Sutop) at 0-5m depth, a middle layer of silty sulphide clay 
(Subottom) at 5-13m depth and a bottom layer of silty glacial till (siTi) from 13m depth downwards. 
The semi-floating pile group was driven 30cm into the siTi-layer. For the floating pile group, the 
same pile length was used whilst the layer of Subottom was extended to 26m depth. 

The sulphide soil (Sutop and Subottom) was modelled using the Soft Soil (SS) model since the 
model is developed for soft soils under large compression. Most of the deformations were 
expected to take place within the soft soil layers, thus both the siTi and the granular 
embankment material (Granular) were modelled with the simpler Mohr-Coulomb (M-C) model. 
The characteristic values of soil material parameter are shown in  

Soil materials Sutop, Subottom and siTi were modelled taking excess pore pressure into account 
(“Undrained (A)”).  For soil material Granular the excess pore pressure was assumed as zero 
(“Drained”). The shear strength of all soil materials was based on effective strength 
parameters. How each parameter value was evaluated is denoted in Table 2. The pre-
consolidation pressure of the sulphide soil layers was almost constant over the examined 
depth. Thus, pre-overburden pressures were assigned to the sulphide soils instead of 
overconsolidation ratios. 
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Table 2. Values of soil material parameter 
Parameter Unit Sutop Subottom siTi Granular 

Material model - SS SS M-C M-C 

Drainage type  Undrained 
(A) 

Undrained 
(A) 

Undrained 
(A) Drained 

Unsaturated unit weight kN/m3 15 a 13.4 a 20 d 20 d 

Saturated unit weight kN/m3 15 a 13.4 a 20 d 23 d 

Modified compression index - 0.117 c 0.136 c - - 

Modified swelling index - 0.035 c 0.05 c - - 

Young’s modulus MPa - - 10 d 50 d 

Poisson’s ratio - - - 0.25 d 0.25 d 
Poisson’s ratio, unload-
reload - 0.15 d 0.15 d - - 

Effective friction angle ° 36 b 35 b 40 d 45 d 

Effective cohesion kPa 3 b 3 b 0 d 0 d 

Initial void ratio - 2.18 a 2.18 a 0.5 e 0.5 e 

Overconsolidation ratio - 1.0 1.0 1.0 1.0 

Pre-overburden pressure kPa 38 c 41 c 0 0 

Isotropic permeability m/day 2.16⨯10-4 c 3.12⨯10-4 c 2.27⨯10-2 e 0.6 e 
Values of soil parameters evaluated by a) undisturbed piston sample tests according to 
Larsson (2008), b) CPT or c) CRS, as well as values of parameter suggested by d) 
Larsson (2008) or e) Brinkgreve et al. (2017). 

The embankment in the case study was reinforced with two biaxial geotextiles as GR, the 
bottom layer being stiffer in the transversal direction and the upper one being stiffer in the 
longitudinal direction. The vertical distance between the two layers was too narrow in relation 
to the overall model size to maintain sufficient mesh quality. Thus, the two layers of GRs were 
combined in the numerical model to a single layer of linearly elastic GR and placed in the 
middle between the existing layers (0.45m above the pile heads), with an equivalent stiffness 
of 2200kN/m and 112kN/m tensile strength. The stiffness and strength of the GR matched the 
characteristic material properties of the geotextile used in the case study. A 0.15m thick 
interface was added to both sides of the modelled GR. 

The modelled piles had a length (𝐿𝐿𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) of 13m. Naturally, timber piles have a tapered shape. 
Since the tool of embedded beams is limited to constant cross sections, the simulated timber 
piles were modelled with a constant diameter (𝑒𝑒). 𝑒𝑒 was set to 200mm based on the minimum 
allowed toe diameter 150mm (Trafikverket 2016a) and the natural tapering of the Swedish 
timber piles. According to the survey in Björklund et al. (2009), the natural tapering of Swedish 
spruce and pine is equal to 8mm difference in diameter per metre. The modelled pile group, 
together with the GR, is shown in Figure 11. 
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Figure 11. Isometric view of the pile group (square pile arrangement with 𝑠𝑠 = 1.4m) and 
GR inside the mesh. 

The ultimate bearing capacity of the modelled piles was chosen as the smallest value of the 
geotechnical bearing capacity and the structural bearing capacity. The geotechnical bearing 
capacity of a pile is defined as the load that can be transferred from the pile onto the adjacent 
soil, i.e. the sum of the shaft and toe bearing capacity. The structural bearing capacity is the 
load at which the pile itself goes to failure. Failure of the pile in compression was taken into 
consideration in this paper. 

The interaction of an embedded beam and the surrounding soil is described by a linear elastic 
behaviour with a finite strength (geotechnical bearing capacity). The mobilised shaft and toe 
resistance during linear elastic loading are based on the shear modulus of the pile-soil-
interface; in the simulated case set equal to the shear modulus of the surrounding soil. At linear 
loading the total axial load (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) equals the sum of the mobilised shaft and toe resistance. At 
plastic loading of the pile, i.e. the geotechnical bearing capacity, the shaft bearing capacity is 
either a direct input value or computed based on the effective shear strength of the surrounding 
soil. In this study the shaft bearing capacity (𝐺𝐺𝑠𝑠) of each pile was calculated based on the 
undrained shear strength according to Eriksson et al. (2004) from CPT results. The value of 
(𝐺𝐺𝑠𝑠) was assumed as linearly increasing over the pile length. The toe bearing capacity (𝐺𝐺𝑡𝑡) was 
calculated based on the friction angle of the embankment material, according to Eriksson et 
al. (2004). The geotechnical bearing capacity (𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) of an embedded beam with linearly 
increasing shaft resistance is calculated as 

𝐺𝐺𝑝𝑝𝑖𝑖𝑙𝑙𝑒𝑒 = 𝐺𝐺𝑒𝑒 + 1
2
𝐿𝐿𝑝𝑝𝑖𝑖𝑙𝑙𝑒𝑒�𝐺𝐺𝑠𝑠,ℎ𝑒𝑒𝑒𝑒𝑒𝑒 + 𝐺𝐺𝑠𝑠,𝑒𝑒𝑡𝑡𝑒𝑒� (5-2) 

where 𝐺𝐺𝑡𝑡 was set to 14.0kN for the semi-floating pile group and set to zero for the floating pile 
group. 𝐺𝐺𝑠𝑠,ℎ𝑒𝑒𝑎𝑎𝑒𝑒 is the shaft bearing capacity at the pile head set to 14.4kN/m and 𝐺𝐺𝑠𝑠,𝑡𝑡𝑟𝑟𝑒𝑒 is the shaft 
bearing capacity in level with the pile toe set to 15.6kN/m. Thus, the resulting characteristic 
𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 becomes 209kN for the semi-floating pile group and 195kN for the floating pile group. For 
𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 < 𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 the load response is elastic, with 𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 as a function of the currently mobilised 𝐺𝐺𝑡𝑡, 
𝐺𝐺𝑠𝑠,ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝐺𝐺𝑠𝑠,𝑡𝑡𝑟𝑟𝑒𝑒. When 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 = 𝐺𝐺𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 the load response is perfectly plastic. 

The embedded beams are modelled as linear elastic or linear elastic perfectly plastic. Elastic 
behaviour is described by Young’s modulus and perfectly plastic behaviour is initiated at a 
predefined yield stress. The embedded beam carries no additional load after reaching the yield 
stress. The timber piles should according to TK Geo 13 (Trafikverket 2016a) meet the criteria 
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for the European strength class C14 (SIS, 2016), corresponding to a 5 percentile characteristic 
Young’s modulus of 4700MPa and a characteristic yield stress of 16MPa (parallel to the fibres) 
at 12% moisture content. The moisture content (𝑠𝑠) of wood is defined as the ratio of the mass 
of water in the wood to the mass of the wood itself. The strength class C14 is developed for 
sawn construction timber, e.g. wood beams. The classification of timber piles is in practice less 
accurate than the classification of sawn timber as only the loose bark is removed on timber 
piles. Also, the strength and stiffness of timber reduces with increasing moisture content until 
reaching the fibre saturation point (Dinwoodie 2004).  For fully submerged timber 𝑠𝑠 varies 
between 150 and 200% (Ingströmer & Lindblad 1998). The timber piles in the modelling were 
thus given a reduced characteristic stiffness of 2200MPa. The unit weight of the timber (𝛾𝛾𝑡𝑡𝑝𝑝𝑚𝑚𝑠𝑠𝑒𝑒𝑎𝑎) 
was calculated as 12kN/m3 by 

𝛾𝛾𝑒𝑒𝑖𝑖𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 𝛾𝛾0,𝑒𝑒𝑖𝑖𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 �1 + 𝑢𝑢
100

� (5-3) 

where the dry unit weight 𝛾𝛾0,𝑡𝑡𝑝𝑝𝑚𝑚𝑠𝑠𝑒𝑒𝑎𝑎 was set to 400kN/m3 (Dinwoodie 2004) and 𝑠𝑠 was set to 
200%. The structural bearing capacity was set as 106kN, based on a characteristic 
compressive strength of 6MPa and a toe diameter of 150mm. To recall, the geotechnical 
bearing capacity was 209kN for the semi-floating pile group and 195kN for the floating pile 
group. Thus, the structural bearing capacity was the ultimate bearing capacity. Modelling the 
piles as linear elastic-perfectly plastic would set a constant upper limit of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 equal to the 
structural bearing capacity, independent of the actual load on the pile. In this study, it was 
considered of interest to evaluate if and by how much the resulting 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 would exceed the 
structural bearing capacity when modelling pile groups with centre-to-centre pile spacing from 
0.8m up to 2.0m. Thus, the piles were modelled as linearly elastic and the simulated value of 
𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 was compared with the structural bearing capacity of 106kN. 
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6 Results 
A total of 38 simulations with the finite element method were done to evaluate the efficiency of 
a triangular pile arrangement in comparison to a square pile arrangement and to evaluate 
appropriate centre-to-centre pile spacing (𝑠𝑠). The evaluations were done on floating (the soft 
Subottom soil layer reaching down to 25m) and semi-floating (the soft Subottom soil layer reaching 
down to 13m) pile groups in both triangular and square pile arrangements with the range of s 
summarised in Table 1. This corresponds to 36 of the 38 simulations. The remaining 2 
simulations were performed without piles, with the respective soil profiles of the semi-floating 
and floating pile groups, to assess the relative reduction of embankment settlement when 
reinforcing the embankment with a triangular and square pile arrangement, respectively. The 
results below are divided into total and differential settlements; the visualisation of arches; load 
transfer in terms of axial pile load and axial load in the geosynthetic reinforcement. 

6.1 Settlements 
The main reason for reinforcing a road or railway with piles is, apart from stabilising the 
embankment, to avoid excessive settlements (downward vertical displacements). The 
numerically simulated settlements on the road in this study were analysed and compared with 
the criteria for serviceability limit states set by the Trafikverket in TK Geo 13 (Trafikverket 
2016a). The criteria of interest are the total settlements and the drainage gradient of the road 
pavement. The total settlement of the pavement is limited to 35cm for the type of road studied 
to avoid seasonal flooding. The drainage gradient is defined as the inclination of the pavement 
between the crest and the side of the road. For the studied road the design drainage gradient 
is 3.6%. The decrease in design drainage gradient due to settlements is limited to 1.1%, i.e. 
the final drainage gradient must be at least 2.5%, to maintain sufficient water drainage of the 
pavement surface. 

The settlements analysed were numerically computed on the crest of the road (point A), at the 
side of the road (point B) and at the embankment toe (point C), see Figure 1. The differential 
settlement between point A and B gives a measurement of the change in drainage gradient. 
Heaving in point C could indicate a potential problem with the stability of the embankment. 
Differential settlements between point C and the points A and B might lead to damages of the 
geosynthetic reinforcement due to large strains. 

In Figure 12 the settlements 𝑠𝑠𝑣𝑣 in point A, B and C were plotted against increasing centre-to-
centre pile spacing (𝑠𝑠) from 0.8 to 2.0m for floating and semi-floating pile groups with square 
and triangular pile arrangements. No significant difference in 𝑠𝑠𝑣𝑣 was found between the 
modelled square and triangular pile arrangements. Further, 𝑠𝑠𝑣𝑣 in the pavement (point A and B) 
remained within the serviceability limit state of 35cm. Maximum values of 𝑠𝑠𝑣𝑣 for floating and 
semi-floating pile groups, respectively, were obtained on the crest (point A) of the 
embankment. As expected, the floating pile groups settled more than the semi-floating pile 
groups. 

The magnitude of the differential settlements in Figure 12 between the three points A, B and 
C did not vary much with the pile spacing 𝑠𝑠. The largest changes in the differential settlements 
were observed when increasing the value of 𝑠𝑠 from 1.4 to 1.5m and from 1.8 to 2.0m. In both 
cases 𝑠𝑠𝑣𝑣 increased less in point C than in point A and B. The reason is an unchanged number 
of piles in the two cases at the same time as 𝑠𝑠 increased (see Table 1), bringing the outer most 
pile closer to the embankment toe. The differential settlement between point A and B was 
approximately the same (about 1.5cm) for both types of pile group and for all values of 𝑠𝑠. The 
decrease in drainage gradient was thus approximately 0.3% for all models, which is within the 
serviceability limit state of 1.1%. No local differential settlements (depressions) between the 
piles were observed in the pavement in the simulations. The differential settlements between 
point B and C for semi-floating pile groups increased from 1.3cm when 𝑠𝑠 = 0.8m to 2.0cm when 
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𝑠𝑠 = 2.0m, and remained almost constant at 1.9cm for the floating pile group for the full range 
of 𝑠𝑠. The differential settlements observed in Figure 12 are not of a magnitude that could 
damage the GR by plastic strains. No heaving was observed in point C, which is good from a 
stability point of view. 

 
Figure 12. Settlement (𝑠𝑠𝑣𝑣) computed in points A, B and C (Figure 1) with increasing 
centre-to-centre spacing (𝑠𝑠) for a square (Sq) and triangular (Tri) pile arrangements. 
Both floating and semi-floating pile groups. 

The results of 𝑠𝑠𝑣𝑣 shown in Figure 12 were compared with 𝑠𝑠𝑣𝑣 for the case of no piles to quantify 
the reduction of 𝑠𝑠𝑣𝑣 from pile-reinforcing the embankment. Two reference simulations were 
done without piles for the corresponding soil profiles of a floating and semi-floating pile group, 
respectively. 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% is the average value of the settlement reduction in point A, B and C defined 
as 

𝑠𝑠𝑣𝑣,𝑡𝑡𝑒𝑒𝑒𝑒% = 1
3
��1 − 𝑢𝑢𝑣𝑣(𝐴𝐴)

𝑢𝑢𝑣𝑣(𝐴𝐴0) 
� + �1 − 𝑢𝑢𝑣𝑣(𝐵𝐵)

𝑢𝑢𝑣𝑣(𝐵𝐵0)
� + �1 − 𝑢𝑢𝑣𝑣(𝐶𝐶)

𝑢𝑢𝑣𝑣(𝐶𝐶0)
�� ∙ 100  (6-1) 

in percentage, where 𝑠𝑠𝑣𝑣(𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠) is 𝑠𝑠𝑣𝑣 in point A on the crest of a piled embankment and 𝑠𝑠𝑣𝑣(𝐴𝐴0) 
is 𝑠𝑠𝑣𝑣 in point A on the crest of an embankment without pile reinforcement. The quantities 𝑠𝑠𝑣𝑣(𝐵𝐵), 
𝑠𝑠𝑣𝑣(𝐵𝐵0), 𝑠𝑠𝑣𝑣(𝐶𝐶) and 𝑠𝑠𝑣𝑣(𝐶𝐶0) follow the same notation for point B and C. 𝑠𝑠𝑣𝑣 in point A, B and C for 
an embankment with no pile group support was 19, 18 and 12cm, respectively, for the case of 
floating piles and 17, 15 and 9cm, respectively, for the case of semi-floating piles. In Figure 
13a 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% was plotted against 𝑠𝑠 for floating and semi-floating pile groups with square and 
triangular pile arrangements. As expected, a semi-floating pile group reduced the settlements 
more than a floating pile group. However, increasing the value of 𝑠𝑠 from 0.8 to 2.0m had twice 
as large of an influence on 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% for semi-floating piles than floating piles. For 𝑠𝑠 = 0.8 to 1.2m, 
𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% remained nearly constant at 43% for the floating piles. Further, for the floating piles, an 
increase in s from 1.2 to 2.0m reduced 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% almost linearly from the value of 43% to 28%. 
For the semi-floating pile groups, 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% changed almost linearly over the range of modelled 
values of s, decreasing from 79% at 𝑠𝑠 = 0.8m to 45% at 𝑠𝑠 = 2.0m. 

The resource efficiency of each installed pile can be quantified by dividing 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% with the 
number of piles per metre road 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 (see Table 1). The resulting ratio, 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚, gives 
an indication of how much each installed pile contributes to the settlement reduction for a given 
value of 𝑠𝑠. In Figure 13b, 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 and 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 were plotted on separate vertical axes 
against 𝑠𝑠 for floating and semi-floating pile groups with square and triangular pile 
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arrangements. 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 increased with increasing value of 𝑠𝑠, meaning that each 
individual pile contributed more to reducing the settlements as 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 was reduced. For both 
the floating and semi-floating piles, 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 increased almost linearly from 𝑠𝑠 = 0.8 to 
1.4m. For 𝑠𝑠 > 1.4m, 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 still increased, but now slower than between the simulated 
values of 𝑠𝑠. The gain in resource efficiency, when increasing the value of 𝑠𝑠, was less for 𝑠𝑠 > 
1.4m compared to what was achieved in the interval 0.8 ≤ 𝑠𝑠 ≤ 1.4m. Thus, the pile spacing 𝑠𝑠 
= 1.4m is interesting as a design value. To recall, the pile spacing criterion in TK Geo 13 
(Trafikverket 2016a) is 0.8 ≤ 𝑠𝑠 ≤ 1.2m. By increasing 𝑠𝑠 above the maximum value, from 1.2 to 
1.4m, the simulated value of 𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 increased by almost 1.3 times for both the floating 
and semi-floating piles. The value of 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 decreased from 9.2 to 6.4 when increasing 𝑠𝑠 from 
1.2 to 1.4m, reducing the number of piles by almost 1/3. 

 
Figure 13. a) average settlement reduction as percentage (𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%) with increasing 𝑠𝑠 and 
b) ratio of  𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒% to the number of piles per metre road (𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚) with increasing 𝑠𝑠, as well 
as 𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚 with increasing 𝑠𝑠. Square (Sq) and triangular (Tri) pile arrangements. 

Based on the results it can be concluded that the pile arrangement, square or triangular, has 
no significant influence on the settlements in the road pavement or embankment toe of a lightly 
piled embankment. Further, the serviceability limit state criteria in TK Geo 13 (Trafikverket 
2016a) regarding total settlements and drainage gradient were not exceeded for the modelled 
range of 𝑠𝑠. It was also found that changes in s had greater influence on the magnitude of the 
settlements if the pile group is semi-floating instead of floating. The settlements with a floating 
pile group were approximately the same for any 𝑠𝑠 within the pile spacing criterion 0.8 ≤ 𝑠𝑠 ≤ 
1.2m in TK Geo 13, as seen in Figure 12. Thus, it might only be beneficial to install the piles 
with 𝑠𝑠 < 1.2m if the piles can be driven down to a firm soil layer or bedrock. 

6.2 Arching 
In order to evaluate the arch formation in the modelled lightly piled embankment, the direction 
of the major principal effective stress (𝜎𝜎’1) and the distribution of the vertical effective stress 
(𝜎𝜎’𝑣𝑣) were analysed. The analysis specifically focused on comparing the arches formed for the 
square and triangular pile arrangements. As discussed in the literature study and shown in 
Figure 5, the 𝜎𝜎’1-vectors aligns tangentially to the formed arch and the value of 𝜎𝜎’𝑣𝑣 is lower 
underneath the arches and higher around the piles. 

Figure 14 shows the distribution of 𝜎𝜎’𝑣𝑣 in the lower part of the embankment for a semi-floating 
pile group with 𝑠𝑠 = 1.4m. A detailed view is presented in Figure 15 of the distribution of 𝜎𝜎’𝑣𝑣 and 
the 𝜎𝜎’1-vectors, projected on a horizontal plane, are shown as red lines. The length of a line 
corresponds to the relative magnitude of a 𝜎𝜎’1-vector projection. The greater the magnitude 
(i.e. the longer the line), the greater the stress rotation and arching. Figure 14a and 14c and 
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Figure 15a and 15c shows the arch formation of the modelled piled road embankment, from 
now on referred to as the sloped embankment, for a square and triangular pile arrangement, 
respectively. Figure 14b and 14d and Figure 15b and 15d shows the arch formation of an 
embankment with uniform embankment height and square and triangular pile arrangement, 
respectively. For all four cases, three horizontal planes were chosen at level 1-3 marked in 
Figure 14; plane 1 just above the pile heads, plane 3 near the top of the formed arches and 
plane 2 in the middle between the former two. The values of 𝜎𝜎’𝑣𝑣 presented in Figure 14 are the 
average of the values of 𝜎𝜎’𝑣𝑣 in the three planes. Note that the legend in Figure 14 has a scale 
of 0 ≤ 𝜎𝜎’𝑣𝑣 ≤ 150kPa. The maximum value of 𝜎𝜎’𝑣𝑣 was approximately 1500kPa on top of the pile 
heads below the embankment crest. Increasing the value of s above 1.4m increased the value 
of 𝜎𝜎’𝑣𝑣 on top of and near the piles, and vice versa when decreasing the value of 𝑠𝑠 below 1.4m. 

 
Figure 14. Distribution of vertical effective stress (𝜎𝜎’𝑣𝑣), as average values in the 
horizontal planes 1-3, in a pile group with square (a & b) and triangular (c & d) pile 
arrangement, respectively, with 𝑠𝑠 = 1.4m for a sloped embankment (a & c) and an 
embankment with a uniform height of 2.50m (b & d). The red arrows are the illustrative 
direction and magnitude of the major principal effective stress (𝜎𝜎’1) vectors. The cross 
section of the sloped embankment shows the left half of the modelled embankment. 
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Figure 15. Detailed view of the areas marked with dashed lines in Figure 14, showing 
the distribution of 𝜎𝜎’𝑣𝑣 and the 𝜎𝜎’1-vectors, projected on a horizontal plane, as red lines 
for a pile group with square (a & b) and triangular (c & d) pile arrangement, respectively, 
with 𝑠𝑠 = 1.4m for a sloped embankment (a & c) and an embankment with a uniform height 
of 2.50m (b & d). 

The two uniform embankments (Figure 14b and 14d) were modelled for the reason of 
comparing the numerical results of a sloped embankment to what is generally assumed in 
analytical calculations. When calculating the arching efficacy analytically, the combined load 
of the embankment fill weight and the traffic load is in general assumed to act vertically on the 
pile group as a uniform load. The height of the embankment is usually set equal to the distance 
between the pile heads (or pile caps) and the embankment crest. Thus, the GRPSE design is 
on the safe side by assuming the largest possible load on the pile group and GR. The height 
of the two modelled uniform embankments was set to 2.50m, equal to the average height of 
the embankment subjected to the traffic load q (see Figure 14). The uniform embankment was 
modelled on top of seven pile rows, each seven piles wide, to simulate an infinitely vast piled 
embankment. 

Figure 14a-b and Figure 15a-b shows the arch formation for the square pile arrangements. As 
expected, the arches formed symmetrically for the uniform embankment (Figure 14b and 15b), 
with equal stresses in transversal and longitudinal road direction. The direction and magnitude 
of the 𝜎𝜎’1-vector projections show significant stress rotation in between the piles in the uniform 
embankment. Zones with reduced value of 𝜎𝜎’𝑣𝑣 (destressed zones) formed in between two 
adjacent piles and a greater destressed zone formed in between four piles, resulting in a 
square arch base (area under the arch). As can be seen in Figure 14a and 15a, the resulting 
stress rotation between the piles in longitudinal road direction for the sloped embankment was 
similar to the results for the uniform embankment. There was however a lack of stress rotation 
in the transversal road direction under the crest of the sloped embankment. Subsequently, the 
values of 𝜎𝜎’𝑣𝑣 were significantly greater along each pile row than in between pile rows, especially 
below the embankment crest. Thus, the arches formed asymmetrically for the sloped 
embankment with square pile arrangement, with arches forming primarily in the longitudinal 
road direction. 
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Figure 14c-d and Figure 15c-d shows the arch formation for the triangular pile arrangements. 
As mentioned, the main reason the triangular pile arrangement was set as the design criterion 
for lightly piled embankments in TK Geo 13 (Trafikverket 2016a), was that a triangular pile 
arrangement would in theory create more stable arches than a square pile arrangement. In 
particular, due to shorter longest diagonal in between the piles as the arch base is assumed 
triangular. As shown in Figure 14d and 15d, the uniform embankment height resulted in near 
equal arch formation between three piles and equilateral triangular arch base. The slight 
rhombus-shaped arch formation was due to isosceles triangular pile arrangement. For the 
sloped embankment (Figure 14c and 15c), the base of the arch was instead distinctly rhombus-
shaped. The destressed zone was concentrated to the middle in between the four piles. Thus, 
the longest span of the arch formed between four piles in a triangular pile arrangement was 
the long diagonal of the resulting rhombus arch base (2𝑠𝑠). This diagonal is longer than both 
the side of the expected triangular arch base (√1.25∙𝑠𝑠) and the diagonal of the square arch 
base (√1.5∙𝑠𝑠). Similarly to the results of the square pile arrangement, the arching was 
asymmetrical with the arches forming primarily in the longitudinal road direction, as can be 
seen in Figure 15c. Comparing Figure 15a and 15c, the arching along the diagonal in between 
two piles in the square pile arrangement was greater or equal to the longest diagonal in 
between two piles in the triangular pile arrangements. 

In order to compare the stability and shape of the arch for the square and triangular pile 
arrangement, cross sections were chosen along the diagonal in between two adjacent piles 
(marked A-A and B-B, respectively, in Figure 15). Figure 16 and 17 show the distribution of 𝜎𝜎’𝑣𝑣 
and the 𝜎𝜎’1-vectors in the cross sections marked for the sloped and uniform embankments, 
respectively. As can be seen in Figure 16 and 17, the shape of the arch was triangular for both 
the square and triangular pile arrangement, as well as for both sloped and uniform 
embankment. The 𝜎𝜎’1-vectors formed an enclosed triangular arch only for the triangular 
arrangement (Figure 16b and 17b), translating to a more stable arch. However, the arching 
was similar for square and triangular pile arrangements in terms of the 𝜎𝜎’𝑣𝑣 distribution near the 
subsoil. The distribution of 𝜎𝜎’𝑣𝑣 in the embankment was more similar between the square and 
triangular pile arrangement for the uniform embankment (Figure 17) than for the sloped 
embankment (Figure 16). Further, the results show that there was less overall arching in the 
sloped embankments than the uniform embankments. The value of 𝜎𝜎’𝑣𝑣 was greater in between 
the piles on top of the geosynthetic reinforcement (GR) and the subsoil for the sloped 
embankment (Figure 16) than for the uniform embankment (Figure 17). The direction of the 
𝜎𝜎’1-vectors in Figure 16 and 17 show that semi-circular arches formed underneath the GR in 
the uniform embankment, unlike in the sloped embankment. 
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Figure 16. Cross sections of the modelled sloped embankments with 𝑠𝑠 = 1.4m, showing 
the distribution of 𝜎𝜎’𝑣𝑣 and the 𝜎𝜎’1-vectors. Sections equal to those marked in Figure 15 
for a sloped embankment. The 𝜎𝜎’1-vectors, projected on a vertical plane, are marked as 
red lines and their direction is outlined with dashed lines. 

 
Figure 17. Cross sections of the modelled embankments with uniform height of 2.50m 
and 𝑠𝑠 = 1.4m, showing the distribution of 𝜎𝜎’𝑣𝑣 and the 𝜎𝜎’1-vectors. Sections equal to those 
marked in Figure 15 for a uniform embankment. The 𝜎𝜎’1-vectors, projected on a vertical 
plane, are marked as red lines and their direction is outlined with dashed lines. 
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To see the effects of embankment model size on arch formation, the modelled piled road 
embankment was lengthened by seven pile rows and the road was widened from two to four 
lanes (adding six piles to each row), respectively. Lengthening the embankment made no 
difference to the arch formation. Widening the embankment still resulted in asymmetrical arch 
formation. The arches formed asymmetrically for all simulated values of 𝑠𝑠 (Table 1). Modelling 
the pile group as floating gave similar stress distribution and arch formation to when modelling 
the pile group as semi-floating. 

The main contributing factor to the asymmetrical arch formation in the sloped embankment is 
believed to be the spreading effect of the slopes. The effect is caused by the horizontal 
component of the earth pressure and the horizontal spreading of the traffic load over depth. 
This creates a horizontal load component acting on the slope as well. Fahmi Farag (2008) is 
one of many, and in particular one of the more detailed, studies of the spreading effect in 
geosynthetic-reinforced piled embankments (GRPSE). In GRPSE design, the spreading effect 
is often taken into account when calculating the tensile force in the GR, but not when estimating 
the arch formation. This is also the case of the analytical methods presented in this paper. 
Thus, by assuming a uniform embankment, the spreading effect of the embankment slopes 
and subsequent asymmetrical arch formation is excluded in GRPSE design. 

6.3 Load transfer 
The piles in a GRPSE construction need to be able to carry the load that is transferred onto 
the piled heads by the arching and membrane effects (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒), as well as any load from negative 
skin friction along the pile shaft. Thus, it is of importance to analyse at which value of 𝑠𝑠 the 
total axial pile load (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) exceeds the structural bearing capacity of the timber piles. But it is 
also of interest to analyse 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 in order to quantify the arching and membrane effect. 

The average distribution of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 in the three modelled pile rows (Figure 3) is summarised in 
Figure 18, for both the floating and semi-floating pile groups with 0.8 ≤ 𝑠𝑠 ≤ 2.0m. The difference 
in 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 between the square and triangular pile arrangements was insignificant (< 3%) for the 
range of 𝑠𝑠 (see Figure A 1). Thus, the values of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 shown in Figure 18 are the average results 
of the square and triangular pile arrangements. The difference in the value of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 between the 
floating and semi-floating pile groups is mostly due to difference in maximum pile toe 
resistance, set to 0kN for the floating pile group and 14kN for the semi-floating pile group. 
Further, due to the slope of the embankment, the maximum value of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 in a pile row (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒) 
was observed underneath the crest of the embankment, with the exception of 𝑠𝑠 = 0.8m and 𝑠𝑠 
= 1.0m for the floating pile group. The distribution of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 along a pile row was irregular with 
larger force acting on the outer most piles than the second outer most piles for 𝑠𝑠 ≤ 1.4m for the 
floating pile group and 𝑠𝑠 ≤ 1.0m for the semi-floating pile group. To recall, the resource 
efficiency in terms of settlement reduction (𝑠𝑠𝑣𝑣,𝑎𝑎𝑒𝑒𝑒𝑒%∕𝑛𝑛𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑠𝑠∕𝑚𝑚) was almost linear (Figure 12b) for 
𝑠𝑠 ≤ 1.4m for both the floating and semi-floating pile groups. This, and the distribution of 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 in 
Figure 18, suggests that the load bearing characteristics of the pile group was that of a 
combined unit for 𝑠𝑠 ≤ 1.4m and that of single piles for 𝑠𝑠 > 1.4m. 

The pile utilisation ratio as percentage (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒%), defined as 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒 divided by the structural 
bearing capacity of 106kN, is plotted against 𝑠𝑠 in Figure 19. 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒% changed almost linearly 
for 0.8 ≤ 𝑠𝑠 ≤ 2.0m, increasing from approximately 33% at 𝑠𝑠 = 0.8m for all pile groups to 
approximately 114 and 120% at 𝑠𝑠 = 2.0m for the floating and semi-floating pile groups, 
respectively. The structural bearing capacity was reached (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,,𝑚𝑚𝑎𝑎𝑒𝑒% ≥ 100%) in one or more 
piles for 𝑠𝑠 > 1.6m in the case of semi-floating piles and for 𝑠𝑠 > 1.7m in the case of floating piles. 
The maximum allowable value of 𝑠𝑠, in terms of structural bearing capacity, depends on the 
chosen factor of safety (𝐹𝐹𝑆𝑆) defined as the ratio of the structural bearing capacity and 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒. 
Setting 𝐹𝐹𝑆𝑆 equal to e.g. 1.2 or 1.3 results in a maximum allowed 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 of roughly 88 or 81kN 
(𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒% = 83 or 76%), respectively. This corresponds to 𝑠𝑠 equal to 1.5m (𝐹𝐹𝑆𝑆 = 1.2) or 1.4m 
(𝐹𝐹𝑆𝑆 = 1.3). 
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Figure 18. Axial pile load (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) across a pile row (as an average of the three pile rows 
modelled) in the modelled floating and semi-floating pile groups, showing the results of 
the left and right half of each respective pile group. The horizontal axis denotes the 
horizontal distance from the embankment longitudinal centreline. The structural pile 
capacity of 106kN is marked with a dashed horizontal line. 

 
Figure 19. Utilisation ratio of the piles as percentage (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒, 𝑚𝑚𝑎𝑎𝑒𝑒%) with increasing 𝑠𝑠. The 
structural bearing capacity of 106kN is marked with a dashed line at 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒, 𝑚𝑚𝑎𝑎𝑒𝑒% = 100%. 



 

30 BIG Rapport Projekt B2015:21 

The average load transferred onto the pile heads (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣), as a result of the arching and 
membrane effect, is plotted against 𝑠𝑠 in Figure 20a. See Figure A 2 for the value of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 per 
pile. The average pile efficacy (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣%) plotted against 𝑠𝑠 is shown in Fig. 20b and calculated 
as 

𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒,𝑒𝑒𝑣𝑣% = 𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒,𝑒𝑒𝑣𝑣/𝑄𝑄𝑝𝑝𝑖𝑖𝑙𝑙𝑒𝑒,𝑒𝑒𝑣𝑣   (6-2) 

where 𝑄𝑄𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑎𝑎𝑣𝑣 is the average load per pile area (𝑠𝑠2). The difference in 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 (Figure 20a) 
between the square and triangular pile arrangements was ≤ 3%, concluding that pile 
arrangement had no significant effect on the pile head efficacy. For the modelled uniform 
embankment with semi-floating pile group, used for comparison in the previous chapter, the 
difference in 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 was < 2% between the two pile arrangements. Also, modelling the pile 
group as floating instead of semi-floating resulted in < 3.5% difference in 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 (Figure 20a) 
and thus had no significant effect on the pile head efficacy. The difference in 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 is due to 
the larger relative displacement between the subsoil and pile head in the semi-floating pile 
group than in the floating pile group, which leads to greater arching effect. This partly explains 
the observed difference in 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 and 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒,𝑚𝑚𝑎𝑎𝑒𝑒% in Figure 18 and 19, respectively, between the 
floating and semi-floating pile group. From the results it can be concluded that the stress 
distributions shown in Figure 14 and 15 are comparable/deemed equal for the square and 
triangular pile arrangements as well as for the floating and semi-floating pile groups, 
respectively, for a given value of 𝑠𝑠. 

 
Figure 20. a) average pile head load (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣) and b) average pile efficacy as percentage 
(𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣%) with increasing 𝑠𝑠. 

As seen in Figure 20b, 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣% decreased approximately linearly over the range of s for all 
pile groups by almost 25%, from about 60% at 𝑠𝑠 = 0.8m to above 35% at 𝑠𝑠 = 2.0m. These 
values of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 are relatively low for a GRPSE. However, the lightly piled embankment design 
with no pile caps results in a small pile coverage ratio (𝛼𝛼) defined as 

 𝛼𝛼 = 𝑎𝑎2/𝑠𝑠2 ∙ 100 (6-3) 

in percentage, where 𝑎𝑎 is the equivalent square side length of a circular pile head with diameter 
𝑒𝑒 is calculated as 

𝑎𝑎 = �(𝜋𝜋𝑒𝑒2)
4

 (6-4) 
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As mentioned, 𝑒𝑒 was set to 200mm for the timber piles, resulting in a range of 𝛼𝛼 from 4.9% at 
𝑠𝑠 = 0.8m to 0.8% at 𝑠𝑠 = 2.0m. Subsequently, 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣% ranged from about 60% at 𝛼𝛼 = 4.9% to 
above 35% at 𝛼𝛼 = 0.8%. Similarly, Lai et al. (2014) performed discrete element simulations of 
a piled embankment, with and without GR and for different values of 𝛼𝛼, and got a result of 
roughly 60% pile efficacy for the simulation with GR and 𝛼𝛼 = 4.9% (𝑎𝑎 = 100mm and 𝑠𝑠 = 0.45m). 

The results shown in Figure 21 are the maximum and average values of the GR tensile load 
(𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 and 𝑇𝑇𝐺𝐺𝐺𝐺,𝑎𝑎𝑣𝑣, respectively) above the pile heads, plotted against the modelled range of s. 
Modelling the piles in a triangular arrangement instead of a square arrangement increased 
𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 and 𝑇𝑇𝐺𝐺𝐺𝐺,𝑎𝑎𝑣𝑣 by on average 6 and 7%, respectively. The main reason for the difference is 
the choice of modelling the pile group as three pile rows. The offset in longitudinal road 
direction of every other pile (Figure 3) in each pile row, resulted in larger GR deflection and 
tensile load along the borders of the model for the triangular pile arrangement than for the 
square pile arrangements. Subsequently, adding more pile rows would decrease the influence 
of the tensile load along the model border on the average tensile load of the entire model. As 
seen in Figure 21, 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 was well below the GR tensile strength of 112kN/m for the modelled 
cases. The largest resulting value of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 for all modelled cases was almost 25kN/m, in the 
case of the triangularly arranged semi-floating pile group with 𝑠𝑠 = 2.0m. The results of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 
and 𝑇𝑇𝐺𝐺𝐺𝐺,𝑎𝑎𝑣𝑣 were on average 20 and 23% larger, respectively, for the semi-floating pile groups 
than for the floating pile groups. The GR deflection, and subsequent tensile load, was greater 
for the semi-floating pile group than for the floating pile group due to the abovementioned 
difference in relative displacement between the two types of pile groups. Increased GR 
deflection leads to greater membrane effect and more load transferred onto the pile heads, as 
observed by Le Hello and Villard (2009), adding to the difference in 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑎𝑎𝑣𝑣% in 
Figure 20 between the floating and semi-floating pile groups. 

 
Figure 21. The maximum GR tensile load (𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒) and average GR tensile load (𝑇𝑇𝐺𝐺𝐺𝐺,𝑎𝑎𝑣𝑣) 
plotted against 𝑠𝑠. 

The results conclude that the maximum allowable value of 𝑠𝑠 in TK Geo 13 (Trafikverket 2016a) 
can be increased from 1.2 to 1.6m without reaching the characteristic pile bearing capacity. 
Also, the arching and membrane effect in a lightly piled embankment is not significantly 
influenced by pile arrangement, square or triangular. 

  



 

32 BIG Rapport Projekt B2015:21 

6.4 Comparison with analytical models 
The numerical results were compared with results from analytical calculations, since no field 
measurements were conducted of the studied lightly piled embankment. Although the 
Extended Carlsson model (Rogbeck et al. 2005) is the analytical model recommended in TR 
Geo 13 (Trafikverket 2016b) for the design of lightly piled embankments, more advanced 
models were also included in the comparison to investigate their suitability for this type of 
GRPSE. There exist several analytical models for the design of geosynthetic-reinforced piled 
embankments (GRPSE). Many of these analytical models represent national standards or 
recommendations for GRPSE design. The analytical models considered to be of most interest 
for the present study are presented in Table 3. TR Geo 13, in combination with the Nordic 
guidelines (Rogbeck et al. 2005), were used for the calculations using the Extended Carlsson 
model (Rogbeck et al. 1998) and the SINTEF model (Svanø et al. 2000). The British standard 
BS8006 (BSI 2010) were used when calculating using the H&R model (Hewlett and Randolph 
1988). The French guidelines ASIRI (IREX 2013) were taken into consideration as a 
complement to BS8006, since the H&R model is also incorporated into ASIRI. The German 
recommendations EBGEO (DGGT 2011) were used for the Zaeske model (2001) calculations. 
The Concentric Arches (CA) model calculations were done according to the Dutch guidelines 
CUR226 (SBRCURnet 2016). The analytical models are ordered in Table 3 according to 
complexity, with the Extended Carlsson model being the simplest model and the CA model 
being the most advanced model. The results of the analytical calculations were compared to 
the numerical results of the pile head load (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒), pile efficacy (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒%) and maximum GR 
tensile load (𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒). See Appendix B for the analytical calculations. 

Table 3. Summary of the analytical models used for comparison and the guidelines (or 
standards) they are incorporated in. 

Model Guideline 
/Standard Type Arch 

shape 
Pile 

arrangement 
Subsoil 
support 

Extended Carlsson 
(Rogbeck et al. 1998) 

TR Geo 13 
(Trafikverket 

2016b) 
Rigid Triangular Square None 

SINTEF 
(Svanø et al. 2000) - Rigid Triangular Square None 

Hewlett & Randolph (H&R) 
(Hewlett and Randolph 1988) 

BS8006 
(BSI 2010) 

Limit  
equilibrium 

Semi-
circle Square None 

Zaeske 
(Zaeske 2001) 

EBGEO 
(DGGT 
2011) 

Limit  
equilibrium 

Non-
concentric 

semi-
ellipses 

Square/ 
Triangular* 

Subgrade 
reaction 
modulus, 

𝑘𝑘𝑠𝑠 

Concentric Arches (CA) 
(van Eekelen 2015) 

CUR 226 
(SBRCURnet 

2016) 
Limit 

equilibrium 

Concentric 
semi-
circles 

Square 
Subgrade 
reaction 
modulus, 

𝑘𝑘𝑠𝑠 
*45° rotated square grid. 

Of the analytical models included in the comparison with the numerical modelling, the Zaeske 
model is the only one that supports a triangular pile arrangement. However, the only triangular 
pile arrangement supported in EBGEO is a square pile arrangement rotated 45 degrees. Thus, 
the formulas in Zaeske (2001) for a triangular pile arrangement were used, as they cover the 
geometry of the numerically modelled triangular pile arrangement. ASIRI presents geometrical 
recommendations, but no analytical models, for triangular pile arrangements. Further, the 
Zaeske model is the only one of the included analytical models that takes into consideration 
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an elevated GR, i.e. a vertical distance 𝑧𝑧 between the pile head and the GR layer, when 
calculating the vertical stresses on the GR. EBGEO (DGGT 2011) includes recommendations 
for GR elevations, but it is not included as a variable when calculating the vertical stress on 
the GR. Thus, the vertical stresses on the GR was calculated using the formulas derived by 
Zaeske (2001) for vertical stresses underneath the arch at level 𝑧𝑧 (with 𝑧𝑧 = 0m in level with the 
pile heads), which are based on the same mechanical principals as the formulas prescribed in 
EBGEO. 

According to the analytical models included in the comparison and the corresponding 
guidelines (Table 3), the calculated value of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 is the sum of the tensile load in the GR due 
to the membrane effect (𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀) and the added tensile load in the GR due to the spreading effect 
(𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆) in transversal road direction. The calculation of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 differs between the included 
analytical models and each method is briefly described further below. 𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 is calculated 
similarly for the analytical models. In the Extended Carlsson, SINTEF and H&R model, 𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 is 
calculated as 

𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 = 𝐾𝐾𝑒𝑒𝐻𝐻 �
1
2
𝛾𝛾𝐻𝐻 + 𝑞𝑞� (6-5) 

where 𝐾𝐾𝑎𝑎 is the coefficient of active earth pressure, 𝐻𝐻 is the embankment height of 2.5m, 𝛾𝛾 is 
the unit weight of the embankment material (21.7kN/m3) as a weighted average and 𝑞𝑞 is the 
surcharge (traffic) load of 15kPa, resulting in 𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 = 18.1kN/m. In the Zaeske and CA model, 
𝑧𝑧 is subtracted from 𝐻𝐻, which resulted in 𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 = 13.1kN/m. 

The Extended Carlsson, SINTEF and H&R model, and their corresponding standards or 
recommendations, consider no subsoil support. A void is assumed to form underneath the GR 
due to soil consolidation and creep strains. That means that the entire embankment weight 
and surcharge load is transferred onto the pile heads, directly through the arching effect and 
indirectly through the membrane effect. Thus, 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% = 100% for the Extended Carlsson, 
SINTEF and H&R model. 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 is based on the geometry, load on the GR, GR stiffness and 
maximum GR strain (𝜀𝜀𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒). Since the subsoil support is assumed equal to zero, the value of 
𝜀𝜀𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 is chosen based on the allowed short- and long-term strains. 𝜀𝜀𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 was set to 6% for 
the calculations with the Extended Carlsson, SINTEF and H&R model, in accordance with the 
long-term criteria in TR Geo 13, the Nordic guidelines, BS8006 and ASIRI. For the H&R model 
calculations, the load on the GR was set to the minimum load prescribed in BS8006, equivalent 
to 15% of the embankment weight and surcharge load. 

Both the Zaeske and CA model considers a subsoil support. 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 is calculated in a similar 
fashion to the Extended Carlsson, SINTEF and H&R model, but 𝜀𝜀𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 is calculated instead of 
chosen. 𝜀𝜀𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 is determined at vertical equilibrium between the loads acting on the GR and 
the sum of the GR reaction force and the subsoil support. The subsoil support is based on the 
subgrade reaction modulus (𝑘𝑘𝑠𝑠) of the subsoil, which can be set to zero if a void is expected to 
form below the GR. Based on oedometre tests with constant rate of strain tests, 𝑘𝑘𝑠𝑠 was set to 
304kN/m3 for the Zaeske model and 151kN/m3 for the CA model. 𝑘𝑘𝑠𝑠 was greater for the 
Zaeske model since the model considers the stiffness and thickness of the embankment fill 
under the elevated GR. 

Figure 22 and 23 shows the analytically and numerically determined values of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒%, 
respectively, plotted against the pile centre-to-centre distance (𝑠𝑠). The numerical results are 
the average values of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% below the pavement for the square and triangular pile 
arrangements. 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% is defined as 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 divided by the tributary load, calculated as (𝛾𝛾 𝐻𝐻 + 𝑝𝑝)2. 
The tributary load was plotted against 𝑠𝑠 in Figure 22. The analytical results of the Zaeske model 
for the square and triangular pile arrangement are denoted as “Zaeske(Sq)” and “Zaeske(Tri)”, 
respectively. As previously mentioned, the analytical models included in this paper assume a 
uniform embankment height, equal to the embankment crest height. Hence, the analytical 
models primarily estimate the load distribution below the pavement of the embankment. Thus, 



 

34 BIG Rapport Projekt B2015:21 

the numerical results shown in Figure 22 and 23 are the average values below the pavement 
of the embankment. For the Extended Carlsson, SINTEF and H&R model, the values shown 
in Figure 22 and 23 are the arched load and arching efficacy (𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒 and 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒%), respectively. 
𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒% is defined as 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒 divided by the tributary load. For all three models 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 is equal to 
the tributary load, and thus 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% = 100%. For the Zaeske and CA model, 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 in Figure 22 
is the sum of 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒 and the vertical component of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 (𝑇𝑇𝑉𝑉) at the pile head. Unlike in CUR226, 
𝑇𝑇𝑉𝑉 is not explicitly calculated in EBGEO. Thus, the Zaeske model results of 𝑇𝑇𝑉𝑉 was calculated 
using the methods in CUR226, combined with Zaeske (2001). As can be seen in Figure 22 
and 23, the analytical results of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% from the Extended Carlsson, SINTEF and CA 
model were larger than the numerical results for all values of 𝑠𝑠. The CA model results almost 
followed the same trend as the numerical results, but with approximately 55 to 30% larger 
value of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 at 𝑠𝑠 = 0.8 to 2.0m. The Extended Carlsson model and SINTEF results also 
followed a similar trend as the numerical results, but the difference increased more than the 
CA results with increasing value of 𝑠𝑠. The SINTEF results were constant for 𝑠𝑠 ≥ 1.6m due to 
the calculated arch becoming taller than the embankment. The H&R and Zaeske(Sq) model 
results showed a similar trend to each other and were the closest to the numerical results for 
the full range of 𝑠𝑠. The Zaeske(Tri) model results of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 were the closest to the numerical 
results for 𝑠𝑠 ≤ 1.3m. In contrary to the numerical results, the Zaeske model results showed far 
less value of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 in the triangular pile arrangement than for the square pile arrangement. In 
general, both the numerical results of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% were lower than the analytical results 
for 𝑠𝑠 < 1.6m. In the simulations, full arching or fully mobilised soil shear strength was not 
achieved, since the differential settlements between the pile heads and the subsoil were too 
small. In comparison, the analytical models assume full arching to be on the safe side with 
regard to the design load per pile. Thus, the numerical results were closer to the analytical 
results for 𝑠𝑠 ≥ 1.6m, as the differential settlements between the pile heads and the subsoil 
became larger. 

 
Figure 22. Comparison of the pile head load (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒) from the numerical and analytical 
results, plotted against 𝑠𝑠, as well as the tributary load. 



 

Optimal design av träpålar, Optimal design of timber piles 35 

 
Figure 23. Comparison of the pile efficacy (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒%) from the numerical and analytical 
results, plotted against 𝑠𝑠. 

Figure 24 shows the resulting values of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 for the modelled range of 𝑠𝑠. The numerical 
results are the average values of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 above the pile heads located below the pavement on 
top of the embankment. As can be seen in Figure 24, the Extended Carlsson, SINTEF and 
H&R model greatly overestimated the numerical result of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 for the modelled range of 𝑠𝑠, 
which is due to the exclusion of subsoil support in these models. The Zaeske(Sq) and CA 
model results show similar trend as the numerical results for the range of 𝑠𝑠, with the CA model 
results being closer in magnitude to the numerical results. The values of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 was lower for 
Zaeske(Tri) than Zaeske(Sq), since the sum of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 and 𝑇𝑇𝐺𝐺𝐺𝐺,𝑆𝑆 in the transversal road direction 
was lower than 𝑇𝑇𝐺𝐺𝐺𝐺,𝑀𝑀 in the longitudinal road direction in the triangular pile arrangement. The 
Zaeske(Tri) results of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 decreased for 𝑠𝑠 > 1.5m as the long diagonal of the rhombus-
shaped arch base (length of 2𝑠𝑠) became too great, in relation to the embankment height, to 
support a stable arch. However, the numerical results showed no arch instability for any value 
of 𝑠𝑠 for the triangular pile arrangement. The numerical results of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 were significantly lower 
than the analytical results, with the exception of Zaeske(Tri) for 𝑠𝑠 = 2.0m. This was firstly due 
to the active earth pressure not being fully mobilised in the numerical simulations, as assumed 
in the analytical models, giving lower values of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒. Secondly, the simulated magnitudes of 
the GR deflection were less than what was analytically calculated, and thus lower values of 
𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 due to greater simulated subsoil support than what was analytically calculated. 
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Figure 24. Comparison of the maximum tensile load in the GR (𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒) from the 
numerical and analytical results, plotted against 𝑠𝑠. 

In conclusion, the results of the analytical calculations show that the numerical simulations are 
reliable in terms of load distribution in the embankment. The numerical and analytical results 
of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% were in good agreement overall. The numerical results of 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒 are 
deemed reasonable, albeit low in comparison to the analytical results. As expected, the more 
advanced analytical models (the Zaeske and CA model) were better at predicting the numerical 
results. The results of the Zaeske model came closest to the numerical results of 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 
𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒%. However, the difference in the results between the square and triangular pile 
arrangements was larger for the Zaeske model than the numerical models. The CA model was 
the most consistent of the analytical models in the comparison, showing almost the same trend 
as the numerical results for not only 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 and 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% but also 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒. In contrast, the Extended 
Carlsson model greatly overestimated the numerical results. Especially the results for 𝑇𝑇𝐺𝐺𝐺𝐺,𝑚𝑚𝑎𝑎𝑒𝑒. 
Thus, it would be more suitable to use primarily the CA model instead of the Extended Carlsson 
model for the design of lightly piled embankments. Through its strength of simplicity, the 
Extended Carlsson model could still be used for a first estimation when designing, if 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 is 
substituted for 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒. 

The discussed guidelines (Table 3) present geometrical limits for stable arch formation in terms 
of 𝑠𝑠, embankment height 𝐻𝐻 and square pile head width (𝑎𝑎) or pile/pile head diameter (𝑒𝑒). These 
geometrical limits were compared with the hypothesis of an increased maximum allowable 
value of 𝑠𝑠 (𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒) in TK Geo 13 (Trafikverket 2016) for lightly piled embankments, currently at 
1.2m. ASIRI and EBGEO present geometrical limits for both square triangular pile 
arrangements. Note that ASIRI only includes geometrical limits for unreinforced (no GR) piled 
embankments. The geometrical limits found by Rui et al. (2016) for stable triangular arch 
formation in unreinforced piled embankments was also included in the comparison, as primarily 
triangular arches were formed in the numerical modelling in this paper.   
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Table 4 shows a summary of 𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒 for 𝐻𝐻 = 2.5m according to each of the guidelines. 𝑠𝑠𝑒𝑒 is the 
diagonal centre-to-centre pile spacing, equal to √2𝑠𝑠 for the square pile arrangements and 2𝑠𝑠 
for the triangular pile arrangements (longest diagonal between four piles). The results show 
that 𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒 = 1.6m satisfies all of the geometrical limits in Table 4. For reinforced embankments 
with square or triangular pile arrangement, 𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒 equals to 2.2 or 1.6m, respectively. This 
supports the hypothesis that 𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒 > 1.2m for lightly piled embankments. 

Table 4. Maximum value of 𝑠𝑠 (𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒) for 𝐻𝐻 = 2.5m, calculated using the studied geometrical 
limits. 

Guideline/Standard 𝐻𝐻 = 2.5m 𝑠𝑠𝑚𝑚𝑎𝑎𝑒𝑒 [m] 

Unreinforced embankment   

Rui et al. (2016) 𝐻𝐻 ≥ 1.75(𝑠𝑠 − 𝑎𝑎) 1.61 

ASIRI (IREX 2013) 𝐻𝐻 ≥ 0.5(𝑠𝑠𝑒𝑒 − 𝑒𝑒) 3.68 
  2.60* 

Reinforced embankment   
TR Geo 13 (Trafikverket 2016b) 𝐻𝐻 ≥ 1.2(𝑠𝑠 − 𝑎𝑎) 2.26 

BS8006 (BSI 2010) 𝐻𝐻 ≥ 0.7(𝑠𝑠 − 𝑎𝑎) 3.75 

EBGEO (DGGT 2011) 𝐻𝐻 ≥ 0.8(𝑠𝑠𝑒𝑒 − 𝑒𝑒) 2.35 
  1.66* 

CUR226 (SBRCURnet 2016) 𝐻𝐻 ≥ 0.66(𝑠𝑠𝑒𝑒 − 𝑒𝑒) 2.82 
*Triangular pile arrangement, 𝑠𝑠𝑒𝑒 = 2𝑠𝑠. 
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7 Concluding remarks 
The objective with the presented study was to evaluate the current design criteria in the 
Swedish national standards, TK Geo 13 (Trafikverket 2016a), in terms of optimal pile 
arrangements (square or triangular) and centre-to-centre distance pile spacing (𝑠𝑠), with the 
aim of reducing the amount of timber piles used in light embankment piling. The hypothesis 
was that a triangular pile arrangement would results in the most stable arches and that the 
maximum viable value of 𝑠𝑠 was above the TK Geo 13 design criteria of 0.8 ≤ 𝑠𝑠 ≤ 1.2m. The 
optimisation of the design criteria was done numerically by three-dimensional finite element 
(FE) simulations of a typical lightly piled road embankment with two traffic lanes. The 
parameters used in the optimisation included the differential and total settlements, the load 
transfer onto piles and in the geosynthetic reinforcement (GR) as well as the formation of 
arches, with a focus on resource efficiency. The modelled value of 𝑠𝑠 ranged from 0.8 to 2.0m, 
including the TK Geo 13 design criteria of 0.8 ≤ 𝑠𝑠 ≤ 1.2m. Both floating and semi-floating pile 
groups were modelled with either square or triangular pile arrangement, resulting in 38 different 
cases in total. The boundary conditions for the optimisation were the serviceability limits in TK 
Geo 13 for the total and differential settlements as well as the structural bearing capacity of 
the piles and GR. 

A state-of-the-art study was carried out of the mechanisms of the load transfer in a 
geosynthetic reinforced pile-supported embankment (GRPSE) as well as the GRPSE 
guidelines and analytical models used in practice. The numerical results from FE simulations 
were compared with and validated against results from five analytical models implemented in 
European national standards or recommendations, e.g. the Extended Carlsson model by 
Rogbeck et al. (1998) and the Concentric Arches (CA) model by van Eekelen (2015). The 
former being the prescribed analytical model in TR Geo 13 (Trafikverket 2016b) for the design 
of lightly piled embankments. The results of the comparison show that the numerical 
simulations are reliable in terms of load distribution in the embankment. The numerical results 
of the GR tensile load were deemed reasonable, albeit low in comparison with the analytical 
results. The Extended Carlsson model greatly overestimated the numerical results. Thus, it is 
recommended to use primarily the CA model instead of the Extended Carlsson model for the 
design of lightly piled embankments. However, the Extended Carlsson model could still be 
used for a first estimation when designing. 

Primarily triangular arches were observed in between the piles, due to lack of differential 
settlements between the piles and subsoil for semi-circular arches to form. Stable arches 
should in the present study form for 𝑠𝑠 ≤ 1.6m, following the geometrical limits of the studied 
national standards and recommendations. The simulations showed no significant arch 
instabilities for the modelled range of 𝑠𝑠, i.e. 0.8 ≤ 𝑠𝑠 ≤ 2.0m. However, the slopes of the 
embankment had a significant influence on the overall arch formation. Due to the spreading 
effect of the embankment slopes, the arch formation was asymmetrical with arches primarily 
forming in the longitudinal road direction. By instead modelling a uniform embankment, the 
arch formation was symmetrical in transversal and longitudinal road direction. The overall 
arching effect was also greater in comparison to the sloped embankment. In GRPSE design, 
the embankments are in general assumed as uniform when calculating the arching and 
membrane effect and the spreading effect is only taken into account when calculating the 
tensile force in the GR. Thus, assuming a uniform embankment in GRPSE design neglects 
asymmetrical arch formation caused by the spreading effect of the embankment slopes. 

The simulations conclude that the pile arrangement, square or triangular, has no significant 
influence on the settlements of a lightly piled embankment. Nor did the type of pile arrangement 
have any significant influence on the arching and membrane effect. The results conclude that 
the maximum allowable value of 𝑠𝑠 in TK Geo 13 can increase from 1.2 to 1.6m without reaching 
the characteristic bearing capacity of the timber piles. The structural bearing capacity of the 
GR was far from exceeded for any value of 𝑠𝑠. However, the GR tensile load increased by 6% 
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on average when modelling the piles in a triangular arrangement instead of a square 
arrangement. Further, the settlements did not exceed the serviceability limits in TK Geo 13 for 
the modelled range of 𝑠𝑠. The settlements of the embankments with floating pile group remained 
almost constant for 0.8 ≤ 𝑠𝑠 ≤ 1.2m. In contrast, the settlements increased by roughly 30% on 
average for the semi-floating pile groups when increasing 𝑠𝑠 from 0.8 to 1.2m. Thus, it might 
only be beneficial in terms of settlement reduction to install the piles with 𝑠𝑠 < 1.2m if the piles 
can be driven down to a firm soil layer or bedrock. By increasing 𝑠𝑠 from 1.2 to 1.4m, the 
resource efficiency, in terms of settlement reduction per pile, increased by 30% for both the 
floating and semi-floating piles, and the number of piles reduced by almost 1/3. Increasing 𝑠𝑠 
above 1.4m resulted in significantly less gain in resource efficiency. Based on the results, it is 
recommended to set the TK Geo 13 design criterion of 𝑠𝑠 to 0.8 ≤ 𝑠𝑠 ≤ 1.4m. 

For further research on the topic, the research group will examine the arching and membrane 
effect in lightly piled embankments for different embankment heights and locations of the GR. 
Also, the effect of the natural tapering of timber piles on the geotechnical pile bearing capacity 
will be investigated. Field tests or scale model experiments will be used as the main method 
or for verification. 
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Bilaga A Load transfer graphs 
 

 

Figure A 1. Axial pile load (𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒) across a pile row (as an average of the three pile rows 
modelled) in the modelled floating and semi-floating pile groups with either triangular 
and square pile arrangement. The horizontal axis denotes the horizontal distance from 
the embankment longitudinal centreline. The structural pile capacity of 106kN is marked 
with a dashed horizontal line. 
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Figure A 2. Pile head load (𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒) across a pile row (as an average of the three pile rows 
modelled) in the modelled floating and semi-floating pile groups with either triangular 
and square pile arrangement. The horizontal axis denotes the horizontal distance from 
the embankment longitudinal centreline. 
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Bilaga B Analytical calculations 
B.1 Extended Carlsson model 
Table B 1. Analytical calculations using the Extended Carlsson model (Rogbeck et al. 1998), 
following TR Geo 13 (Trafikverket 2016b) and the Nordic guidelines for reinforced soils and fills 
(Rogbeck et al. 2005). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing 𝑠𝑠 0.8 1.4 2.0 m  

Input parameters      
 

pile diameter 𝐷𝐷 0.20 0.20 0.20 m  

equivalent square pile width 𝑎𝑎 0.177 0.177 0.177 m �𝜋𝜋 · 𝐷𝐷2/4 
height embankment 𝐻𝐻 2.5 2.5 2.5 m  

unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  

effective friction angle 𝜑𝜑' 45 45 45 °  
surcharge load 𝑞𝑞 15 15 15 kN/m2  
tributary load per metre 𝑄𝑄𝑡𝑡𝑟𝑟𝑡𝑡,𝑚𝑚 55.4 96.9 138.4 kN/m (𝛾𝛾𝑒𝑒𝐻𝐻 +  𝑞𝑞) · 𝑠𝑠  
tributary load per pile area 𝑄𝑄𝑡𝑡𝑟𝑟𝑡𝑡,𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒 44.3 135.6 276.8 kN/pile (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2  

GR tensile load       
weight of soil wedge (2D) 𝑊𝑊2𝐷𝐷𝑒𝑒 7.8 30.2 67.2 kN/m (6.3)* 
weight of soil wedge (3D) 𝑊𝑊3𝐷𝐷𝑒𝑒 21.6 134.6 412.8 kN/pile (6.4)* 
reinforcement strain (chosen) 𝜀𝜀 0.06 0.06 0.06  max 6% strain 
reinforcement displacement 𝑒𝑒 0.09 0.18 0.27 m (6.6)* 
reinforcement tensile force 
per metre (2D) 𝑇𝑇𝑎𝑎𝑝𝑝2𝐷𝐷 7.6 29.4 65.3 kN/m (6.7)* 

reinforcement tensile force 
per metre (3D) 𝑇𝑇𝑎𝑎𝑝𝑝3𝐷𝐷 21.0 130.8 401.1 kN/m (6.7)* 

coefficient of active earth pressure 𝐾𝐾𝑎𝑎 0.17 0.17 0.17 - (5.3)* 
horizontal load due to active earth 
pressure 𝑇𝑇𝑒𝑒𝑠𝑠 18.1 18.1 18.1 kN/m (5.2)* 

total reinforcement tensile force 
per metre (3D) 𝑇𝑇𝑡𝑡𝑟𝑟𝑡𝑡 39.1 148.8 419.2 kN/m (6.8)* 

Load on pile head (unofficial calculations based on the geometry of the model) 
wedge height ℎ 1.16 2.28 3.40 m (𝑠𝑠 − 𝑎𝑎)/(2𝑡𝑡𝑎𝑎𝑛𝑛15°)  
embankment height above wedge 𝛥𝛥ℎ 1.34 0.22 0.00 m 𝐻𝐻 − ℎ >  0  
height of inverted wedge 𝐻𝐻 - 𝛥𝛥ℎ 1.16 2.28 2.50 m  

weight of soil above pile head 𝑄𝑄2𝐷𝐷𝑒𝑒 35.5 45.6 45.9 kN/m 
𝛾𝛾𝑒𝑒 · [½(𝑎𝑎 + (𝑎𝑎 + 2(𝐻𝐻 −
𝛥𝛥ℎ) · 𝑡𝑡𝑎𝑎𝑛𝑛15°) · (𝐻𝐻 − 𝛥𝛥ℎ) +
𝑠𝑠 · 𝛥𝛥ℎ]   

surcharge load on pile head 𝑞𝑞2𝐷𝐷𝑒𝑒 12.0 21.0 22.8 kN/m 𝑞𝑞 · [𝑎𝑎 + 2(𝐻𝐻 − 𝛥𝛥ℎ) ·
𝑡𝑡𝑎𝑎𝑛𝑛15°]  

arched load on pile head per metre 𝑄𝑄2𝐷𝐷𝑒𝑒,𝑡𝑡𝑟𝑟𝑡𝑡 47.5 66.6 68.7 kN/m 𝑄𝑄2𝐷𝐷𝑒𝑒 + 𝑞𝑞2𝐷𝐷𝑒𝑒  

arched load on pile head per pile 𝑄𝑄3𝐷𝐷𝑒𝑒,𝑡𝑡𝑟𝑟𝑡𝑡 38.0 93.3 137.3 kN/pile 𝑄𝑄2𝐷𝐷𝑒𝑒,𝑒𝑒𝑡𝑡𝑒𝑒 · 𝑠𝑠  
arching efficacy 𝑄𝑄3𝐷𝐷𝑒𝑒,𝑡𝑡𝑟𝑟𝑡𝑡% 85.8 68.8 49.6 % 𝑄𝑄3𝐷𝐷𝑒𝑒,𝑒𝑒𝑡𝑡𝑒𝑒/𝑄𝑄𝑒𝑒𝑡𝑡𝑒𝑒,𝑝𝑝𝑖𝑖𝑙𝑙𝑒𝑒 · 100  

total load on pile head (tributary load) 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 44.29 135.6 276.8 kN/pile 𝑄𝑄𝑒𝑒𝑡𝑡𝑒𝑒,𝑝𝑝𝑖𝑖𝑙𝑙𝑒𝑒 = (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2 
pile head load efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% 100 100 100 % 𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒/𝑊𝑊 · 100  

*see Rogbeck et al. (2005) 
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B.2 SINTEF model 
Table B 2. Analytical calculations using the SINTEF model (Svanø et al. 2000), following the 
Nordic guidelines for reinforced soils and fills (Rogbeck et al. 2005). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing 𝑠𝑠 0.8 1.4 2.0 m  

Input parameters      
 

pile diameter 𝐷𝐷 0.20 0.20 0.20 m  

equivalent square pile width 𝑎𝑎 0.177 0.177 0.177 m �𝜋𝜋 · 𝐷𝐷2/4  
height embankment 𝐻𝐻 2.5 2.5 2.5 m  

unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  
effective friction angle 𝜑𝜑' 45 45 45 °  
surcharge load 𝑞𝑞 15 15 15 kPa  
tributary load per pile area 𝑊𝑊 44.3 135.6 276.8 kN/pile (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2  

Load on pile head 
wedge apex angle  32 32 32 ° chosen value 
wedge slope (2.5< β <3.5) β 3.49 3.49 3.49 -  
wedge height (full height) ℎgeo 1.09 2.13 3.18 m 𝛽𝛽/2 · (𝑠𝑠 − 𝑎𝑎) 
wedge height ℎ 1.09 2.13 2.50 m ≤ 𝐻𝐻 
embankment height above wedge 𝛥𝛥ℎ 1.41 0.37 0.00 m 𝐻𝐻 − ℎ ≥  0  
weight of soil above pile head (plus 
surcharge) per pile 𝛥𝛥𝑊𝑊𝑝𝑝 29.22 45.03 38.93 kN/pile 𝛾𝛾𝑒𝑒𝑎𝑎2 · 𝛥𝛥ℎ + [𝑠𝑠𝑠𝑠𝑎𝑎𝑎𝑎ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑒𝑒] 

arched load on pile head per pile 𝑊𝑊𝑝𝑝 35.6 79.5 91.5 kN/pile (8)* + 𝛥𝛥𝑊𝑊𝑝𝑝 
arching efficacy 𝑊𝑊𝑝𝑝% 80.4 58.6 33.1 % 𝑊𝑊𝑝𝑝/𝑊𝑊 

total load on pile head (tributary load) 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 44.3 135.6 276.8 kN/pile 𝑊𝑊 = (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2 
pile head load efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% 100 100 100 % 𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒/𝑊𝑊 · 100  

GR tensile load       

weight carried by GR 𝑊𝑊𝑠𝑠 24.5 158.2 463.2 kN/m (9)* 
GR strain (chosen) 𝜀𝜀 0.06 0.06 0.06 - max 6% strain 
GR displacement 𝑒𝑒 0.09 0.18 0.27 m (2)* 
GR tensile load 𝑇𝑇𝑠𝑠 18.0 123.2 368.5 kN/m (13)* 
coefficient of active earth pressure 𝐾𝐾𝑎𝑎 0.17 0.17 0.17 - (5.3)** 
horizontal load due to active earth 
pressure 𝑇𝑇𝑒𝑒𝑠𝑠 18.1 18.1 18.1 kN/m (5.2)** 

total GR tensile load 𝑇𝑇𝑡𝑡𝑟𝑟𝑡𝑡 36.1 141.3 386.5 kN/m (6.8)** 

*see Svanø et al. (2000) 

**see Rogbeck et al. (2005)  
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B.3 Hewlett & Randolph model 
Table B 3. Analytical calculations using the Hewlett & Randolph model (Hewlett and Randolph 
1988), following the British standard BS8006-1 (BSI 2010). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing 𝑠𝑠 0.8 1.4 2.0 m  

Input parameters      
 

pile diameter 𝐷𝐷 0.20 0.20 0.20 m  

equivalent square pile width 𝑎𝑎 0.18 0.18 0.18 m �𝜋𝜋 · 𝐷𝐷2/4  
height embankment 𝐻𝐻 2.5 2.5 2.5 m  

unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  
effective friction angle 𝜑𝜑' 45 45 45 °  
surcharge load 𝑟𝑟𝑠𝑠 15 15 15 kPa  

Arching efficacy 
passive earth pressure coefficient 𝐾𝐾𝑝𝑝 5.83 5.83 5.83 - 8.3.3.7.2* 

calculation coefficients 

𝐴𝐴 0.09 0.27 0.41  -“- 
𝐵𝐵 0.25 0.44 0.41  -“- 
𝐶𝐶 0.20 0.39 0.58  -“- 
β 2.8 0.7 0.3  -“- 

arching efficacy at arch crown 𝐸𝐸𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑛𝑛 74.99 47.18 28.00 % -“- 
arching efficacy at pile head 𝐸𝐸𝑎𝑎𝑎𝑎𝑝𝑝 73.78 41.24 23.96 % -“- 
minimum pile load arching efficacy 𝐸𝐸𝑚𝑚𝑝𝑝𝑛𝑛 73.78 41.24 23.96 % -“- 
tributary load per pile area 𝑊𝑊𝑡𝑡𝑟𝑟𝑡𝑡 44.29 135.63 276.80 kN/pile (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2 
arched load on pile head 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑒𝑒𝑒𝑒 32.68 55.94 66.33 kN/pile 𝑊𝑊𝑒𝑒𝑡𝑡𝑒𝑒 · 𝐸𝐸𝑡𝑡𝑖𝑖𝑚𝑚 

GR tensile load       

maximum weight carried by GR 𝑊𝑊𝑇𝑇 15.26 57.85 106.07 kN/pile 8.3.3.7.2* 
minimum weight carried by GR 𝑊𝑊𝑇𝑇𝑚𝑚𝑝𝑝𝑛𝑛 8.30 14.53 20.76 kN/pile -“- 
reinforcement strain (chosen) 𝜀𝜀 0.06 0.06 0.06 - max 6% strain 
maximum mid-span GR deflection 𝑦𝑦 0.093 0.183 0.273 m 8.3.3.14* 
GR tensile load 𝑇𝑇𝑎𝑎𝑝𝑝 52.1 387.9 1060.1 kN/m 8.3.3.9* 
min. GR tensile load 𝑇𝑇𝑎𝑎𝑝𝑝,𝑚𝑚𝑝𝑝𝑛𝑛 28.4 97.4 207.5 kN/m -“- 
coefficient of active earth pressure 𝐾𝐾𝑎𝑎 0.17 0.17 0.17 - 8.3.3.11* 
horizontal load due to active earth 
pressure (lateral sliding) 𝑇𝑇𝑒𝑒𝑠𝑠 18.06 18.06 18.06 kN/m -“- 

total reinforcement tensile load 𝑇𝑇𝑡𝑡𝑟𝑟𝑡𝑡 36.1 141.3 386.5 kN/m 𝑇𝑇𝑡𝑡𝑝𝑝 + 𝑇𝑇𝑒𝑒𝑠𝑠 

Pile head load       
minimum total load on pile head 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑚𝑚𝑝𝑝n 41.0 70.5 87.1 kN/pile 𝑄𝑄𝑒𝑒𝑡𝑡𝑎𝑎ℎ𝑒𝑒𝑒𝑒 + 𝑊𝑊𝑇𝑇,𝑡𝑡𝑖𝑖𝑚𝑚 
minimum pile head load efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒,𝑚𝑚𝑝𝑝n% 92.5 52.0 31.5 % 𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒,𝑡𝑡𝑖𝑖𝑚𝑚/𝑊𝑊𝑒𝑒𝑡𝑡𝑒𝑒  · 100  

total load on pile head 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 44.29 135.63 276.80 kN/pile 𝑄𝑄𝑒𝑒𝑡𝑡𝑎𝑎ℎ𝑒𝑒𝑒𝑒 + 𝑊𝑊𝑇𝑇 = 𝑊𝑊𝑒𝑒𝑡𝑡𝑒𝑒
= (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑞𝑞) · 𝑠𝑠2 

pile head load efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% 100 100 100 % 𝑄𝑄ℎ𝑒𝑒𝑒𝑒𝑒𝑒/𝑊𝑊𝑒𝑒𝑡𝑡𝑒𝑒 · 100  

*see BSI (2010)  
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B.4 Zaeske model 

B.4.1 Square pile arrangement 
Table B 4. Analytical calculations using the Zaeske model (Zaeske 2001), following the German 
recommendations EBGEO (DGGT 2011) and the Dutch standards CUR226 (SBRCURnet 2016). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing  0.8 1.4 2.0 m  

Input parameters      
 

pile diameter 𝑒𝑒 0.20 0.20 0.20 m  

height embankment 𝐻𝐻 2.5 2.5 2.5 m  
GR level above pile heads 𝑧𝑧 0.30 0.30 0.30 m 𝑧𝑧 ≤ 0.30 
unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  
effective friction angle 𝜑𝜑' 45 45 45 °  

surcharge load 𝑝𝑝 15 15 15 kPa  
GR axial stiffness 𝐽𝐽𝑘𝑘 2200 2200 2200 kN/m  

Stress between the bearing elements (piles) 
pile spacing x-axis (transversal) 𝑠𝑠𝑒𝑒 0.8 1.4 2.0 m  
pile spacing y-axis (longitudinal) 𝑠𝑠𝑦𝑦 0.8 1.4 2.0 m  

pile diagonal spacing 𝑠𝑠 1.13 1.98 2.83 m �𝑠𝑠𝑒𝑒2 + 𝑠𝑠𝑦𝑦2 

arch height ℎ𝑎𝑎 0.57 0.99 1.41 m (9.6)* 
critical principal stress ratio 
(passive earth pressure coefficient) 𝐾𝐾𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡 5.83 5.83 5.83 - (9.7)* 

active earth pressure coefficient 𝐾𝐾𝑎𝑎ℎ 0.172 0.172 0.172 - tan2(45 − 𝜑𝜑′/2) 

calculation factors 
λ1 0.108 0.396 0.864 m2 (9.9)* 
λ2 0.661 0.596 0.568 - (9.10)* 
χ 0.661 0.596 0.568 - (9.8)* 

normal stress between piles σ𝑧𝑧𝑟𝑟,𝐺𝐺,𝑘𝑘 22.62 41.10 51.14 kPa (9.5)* 

Stress on the bearing elements (piles) 
support surface 𝐴𝐴𝑆𝑆 0.0314 0.0314 0.0314 m2 𝑒𝑒2/4 ∙ 𝜋𝜋 (Figure 9.4*) 
tributary area 𝐴𝐴𝐸𝐸 0.64 1.96 4.00 m2 𝑠𝑠𝑒𝑒 ∙ 𝑠𝑠𝑦𝑦 (Figure 9.4*) 
stress on pile head σ𝑧𝑧𝑠𝑠,𝐺𝐺,𝑘𝑘 971.6 1794.0 2350.5 kPa (9.11)* 
pile head load 𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 30.5 56.4 73.8 kN/pile (9.13)* 
pile head load (conservative) 𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘,𝑚𝑚𝑎𝑎𝑒𝑒 44.3 135.6 276.8 kN/pile (9.15)* 
load distribution factor (arching 
efficacy) 𝐸𝐸𝐿𝐿 68.9 41.6 26.7 % (9.4)* 

GR tensile load       
equivalent square pile width 𝑠𝑠𝑒𝑒𝑎𝑎𝑠𝑠 0.47 0.48 0.48 m (9.17)* 
effective diameter of supporting 
element at level z 𝑒𝑒’ 0.53 0.55 0.55 m 𝑒𝑒 + 2 ∙ 𝑧𝑧 ∙ 𝑡𝑡𝑎𝑎𝑛𝑛(30°) 

clear spacing between piles 𝐿𝐿𝑊𝑊𝑒𝑒,𝑦𝑦 0.33 0.92 1.52 m 𝑠𝑠𝑒𝑒 − 𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 = 𝑠𝑠𝑦𝑦 − 𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 
load coverage area of GR 𝐴𝐴𝐿𝐿𝑒𝑒,𝑦𝑦 0.32 0.98 2.0 m2 (9.18)* 
normal stress on GR at level z σ𝑧𝑧[𝑧𝑧] 24.91 25.02 21.32 kPa (7.7)** 

friction angle 𝜑𝜑' 40 40 40 ° ≤ 40° 
critical principal stress ratio  𝐾𝐾𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡 4.60 4.60 4.60 - (9.7)* 

  



 

Optimal design av träpålar, Optimal design of timber piles 51 

calculation factors 
λ1 0.046 0.257 0.651 m2 (9.9)* 
λ2 0.857 0.738 0.675 - (9.10)* 
χ 0.962 0.610 0.448 - (9.8)* 

resulting load on GR 𝐹𝐹𝐺𝐺,𝑘𝑘 1.80 5.52 11.26 kN/pile (9.20)* 
subgrade reaction modulus 𝑘𝑘𝑠𝑠 304.0 304.0 304.0 kN/m3 (9.27)* 

calculation factor 
𝐹𝐹𝑘𝑘 ∙ 𝐽𝐽𝑘𝑘 
𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠

 0.007 0.023 0.040 - Figure 9.16* 

calculation factor 
𝑘𝑘𝑠𝑠,𝑘𝑘 ∙ 𝐿𝐿𝑊𝑊𝑒𝑒,𝑦𝑦

2

𝐽𝐽𝑘𝑘
 0.015 0.116 0.318 - -“- 

maximum GR strain 𝜀𝜀𝐺𝐺,𝑘𝑘 1.30 2.64 3.00 % -“- 
effects from spreading forces 
(active earth pressure above GR) Δ𝐸𝐸𝐺𝐺,𝑘𝑘 13.09 13.09 13.09 kN/m (9.28)* 

tensile load from membrane action 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘 28.60 58.08 66.00 kN/m (9.25)* 

total GR tensile load 𝐸𝐸𝐺𝐺,𝑘𝑘 41.69 71.17 79.09 kN/m 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘+Δ𝐸𝐸𝐺𝐺,𝑘𝑘 

Normal force at the pile head from membrane effect, based on CUR226 (SBRCURnet 2016) 
horizontal component of max. GR 
tensile load (based on uniform load 
distribution) 

𝑇𝑇𝐻𝐻 28.40 58.04 65.99 kN/m (4.37)*** 

solver to determine 𝑇𝑇𝐻𝐻 𝑇𝑇(𝑇𝑇𝐻𝐻)
= 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘 28.60 58.08 65.99 kN/m (4.38)*** 

calculation factor α 10.70 5.24 4.61 - (4.33)*** 

GR deflection rate at pile head 𝑧𝑧′ �𝑒𝑒 =
𝐿𝐿𝑊𝑊
2 � -0.12 -0.04 -0.01 m/m (4.31)*** 

max GR deflection 𝑧𝑧(𝑒𝑒 = 0) 0.08 0.08 0.07 m (4.31)*** 
vertical component of max GR 
tensile load 𝑇𝑇𝑉𝑉 3.4 2.2 1.1 kN/m �𝑇𝑇2 − 𝑇𝑇𝐻𝐻2 (Table 5.5***) 
load on pile head from membrane 
effect 𝐵𝐵 6.3 4.2 2.2 kN/pile 𝑇𝑇𝑉𝑉 ∙ 4𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 (Table 5.5***) 

Load on pile head, based on CUR226 (SBRCURnet 2016) 
load on pile head 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 36.8 60.5 76.1 kN/pile 𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 + 𝐵𝐵 
pile head efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% 83.2 44.6 27.5 % �𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 + 𝐵𝐵�/𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘,𝑡𝑡𝑒𝑒𝑒𝑒 

*see DGGT (2011) 

**see Zaeske (2001) 

***see SBRCURnet (2016)  
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B.4.2 Triangular pile arrangement 

Table B 5. Analytical calculations using the Zaeske model (Zaeske 2001), following the German 
recommendations EBGEO (DGGT 2011) and the Dutch standards CUR226 (SBRCURnet 2016). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing  0.8 1.4 2.0 m  

Input parameters      
 

pile diameter 𝑒𝑒 0.20 0.20 0.20 m  

height embankment 𝐻𝐻 2.5 2.5 2.5 m  
GR level above pile heads 𝑧𝑧 0.30 0.30 0.30 m 𝑧𝑧 ≤ 0.30 
unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  
effective friction angle 𝜑𝜑' 45 45 45 °  

surcharge load 𝑝𝑝 15 15 15 kPa  
GR axial stiffness 𝐽𝐽𝑘𝑘 2200 2200 2200 kN/m  

Stress between the bearing elements (piles) 
pile spacing x-axis (transversal) 𝑠𝑠𝑒𝑒 1.6 2.8 4.0 m Figure 7.2** 
pile spacing y-axis (longitudinal) 𝑠𝑠𝑦𝑦 0.8 1.4 2.0 m Figure 7.2** 
pile diagonal spacing 𝑠𝑠 1.6 2.8 4.00 m max(𝑠𝑠𝑒𝑒; 𝑠𝑠𝑦𝑦) (Figure 7.2**) 
arch height ℎ𝑎𝑎 0.80 1.40 2.00 m (9.6)* 
critical principal stress ratio 
(passive earth pressure coefficient) 𝐾𝐾𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡 5.83 5.83 5.83 - (9.7)* 

active earth pressure coefficient 𝐾𝐾𝑎𝑎ℎ 0.172 0.172 0.172 - tan2(45 − 𝜑𝜑′/2) 

calculation factors 
λ1 0.245 0.845 1.805 m2 (9.9)* 
λ2 0.617 0.569 0.549 - (9.10)* 
χ 0.978 0.606 0.440 - (9.8)* 

normal stress between piles σ𝑧𝑧𝑟𝑟,𝐺𝐺,𝑘𝑘 34.30 50.88 59.01 kPa (9.5)* 

Stress on the bearing elements (piles) 
support surface 𝐴𝐴𝑆𝑆 0.0314 0.0314 0.0314 m2 𝑒𝑒2/4 ∙ 𝜋𝜋 (Figure 9.4*) 
tributary area 𝐴𝐴𝐸𝐸 0.64 1.96 4.00 m2 𝑠𝑠𝑒𝑒 ∙ 𝑠𝑠𝑦𝑦/2 (Figure 9.4*) 
stress on pile head σ𝑧𝑧𝑠𝑠,𝐺𝐺,𝑘𝑘 745.3 1194 1356 kPa (9.11)* 
pile head load 𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 23.4 37.5 42.6 kN/pile (9.13)* 
pile head load (conservative) max(𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘) 44.3 135.6 276.8 kN/pile (9.15)* 
load distribution factor (arching 
efficacy) 𝐸𝐸𝐿𝐿 52.9 27.6 15.4 % (9.4)* 

GR tensile load       
equivalent square pile width 𝑠𝑠𝑒𝑒𝑎𝑎𝑠𝑠 0.48 0.48 0.48 m (9.17)* 
effective diameter of supporting 
element at level z 𝑒𝑒’ 0.53 0.55 0.55 m 𝑒𝑒 + 2 ∙ 𝑧𝑧 ∙ 𝑡𝑡𝑎𝑎𝑛𝑛(30°) 

clear spacing between piles 
𝐿𝐿𝑊𝑊𝑒𝑒 1.12 2.32 3.52 m 𝑠𝑠𝑒𝑒 − 𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 
𝐿𝐿𝑊𝑊𝑦𝑦 0.33 0.92 1.52 m 𝑠𝑠𝑦𝑦 − 𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 

load coverage area of GR 𝐴𝐴𝐿𝐿𝑒𝑒,𝑦𝑦 0.61 1.93 3.97 m2 (9.18)* 
normal stress on GR at level z σ𝑧𝑧[𝑧𝑧] 25.43 21.50 9.88 kPa (7.7)** 
friction angle 𝜑𝜑' 40 40 40 ° ≤ 40° 
critical principal stress ratio  𝐾𝐾𝑎𝑎𝑎𝑎𝑝𝑝𝑡𝑡 4.60 4.60 4.60 - (9.7)* 
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calculation factors 
λ1 0.139 0.635 0.934 m2 (9.9)* 
λ2 0.783 0.676 0.653 - (9.10)* 
χ 0.729 0.452 0.400 - (9.8)* 

resulting load on GR 𝐹𝐹𝐺𝐺,𝑘𝑘 7.74 20.73 19.60 kN/pile (9.20)* 
subgrade reaction modulus 
(at GR level z) 𝑘𝑘𝑠𝑠 304.0 304.0 304.0 kN/m3 (9.27)* based on the 

oedometer modulus 

calculation factor 
𝐹𝐹𝑘𝑘 ∙ 𝐽𝐽𝑘𝑘 
𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠

 0.007 0.023 0.040 - Figure 9.16* 

calculation factor 
(transversal, x-direction) 

𝑘𝑘𝑠𝑠,𝑘𝑘 ∙ 𝐿𝐿𝑊𝑊𝑒𝑒
2

𝐽𝐽𝑘𝑘
 0.172 0.741 1.708 - -“- 

maximum GR strain (x-direction) 𝜀𝜀𝐺𝐺,𝑘𝑘,𝑒𝑒 0.60 0.44 0.10 % -“- 
tensile load from membrane action 
(x-direction) 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑒𝑒 13.20 9.68 2.09 kN/m (9.25)* 

calculation factor 
(longitudinal, y-direction) 

𝑘𝑘𝑠𝑠,𝑘𝑘 ∙ 𝐿𝐿𝑊𝑊𝑦𝑦
2

𝐽𝐽𝑘𝑘
 0.014 0.116 0.318 - Figure 9.16* 

maximum GR strain (y-direction) 𝜀𝜀𝐺𝐺,𝑘𝑘,𝑦𝑦 1.25 2.23 0.95 % -“- 
tensile load from membrane action 
(y-direction) 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑦𝑦 27.50 49.06 20.90 kN/m (9.25)* 

maximum tensile load from 
membrane action 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑚𝑚𝑎𝑎𝑒𝑒 27.50 49.06 20.90 kN/m 𝑚𝑚𝑎𝑎𝑒𝑒(𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑒𝑒;𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑦𝑦) 

effects from spreading forces 
(active earth pressure above GR) Δ𝐸𝐸𝐺𝐺,𝑘𝑘 0 0 0 kN/m no spreading force in 

longitudinal direction 
total GR tensile load 𝐸𝐸𝐺𝐺,𝑘𝑘 26.29 22.77 15.18 kN/m 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑡𝑡𝑒𝑒𝑒𝑒 + 𝛥𝛥𝐸𝐸𝐺𝐺,𝑘𝑘 

Normal force at the pile head from membrane effect, based on CUR226 (SBRCURnet 2016) 
horizontal component of max. GR 
tensile load (based on uniform load 
distribution) 

𝑇𝑇𝐻𝐻 27.27 49.05 20.89 kN/m (4.37)*** 

solver to determine 𝑇𝑇𝐻𝐻 𝑇𝑇(𝑇𝑇𝐻𝐻)
= 𝐸𝐸𝑀𝑀,𝐺𝐺,𝑘𝑘,𝑡𝑡𝑒𝑒𝑒𝑒  27.50 49.06 20.89 kN/m (4.38)*** 

calculation factor α 11.15 6.20 14.55 - (4.33)*** 

GR deflection rate at pile head 𝑧𝑧′ �𝑒𝑒 =
𝐿𝐿𝑤𝑤
2 � -0.13 -0.02 0.00 m/m (4.31)*** 

max GR deflection 𝑧𝑧(𝑒𝑒 = 0) 0.08 0.07 0.03 m (4.31)*** 
vertical component of max GR 
tensile load 𝑇𝑇𝑉𝑉 3.5 1.0 0.6 kN/m �𝑇𝑇2 − 𝑇𝑇𝐻𝐻2 (Table 5.5***) 
load on pile head from membrane 
effect 𝐵𝐵 6.9 1.9 1.3 kN/pile 𝑇𝑇𝑉𝑉 ∙ 4𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠 (Table 5.5***) 

Total load on pile head, based on CUR226 (SBRCURnet 2016) 
load on pile head 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒 30.3 39.4 43.9 kN/pile 𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 + 𝐵𝐵 
pile head efficacy 𝑄𝑄ℎ𝑒𝑒𝑎𝑎𝑒𝑒% 68.4 29.1 15.8 % �𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘 + 𝐵𝐵�/𝑚𝑚𝑎𝑎𝑒𝑒�𝐹𝐹𝑆𝑆,𝐺𝐺,𝑘𝑘� 

*see DGGT (2011) 

**see Zaeske (2001) 

***see SBRCURnet (2016) 
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B.5 Concentric Arches model 
Table B 6. Analytical calculations using the Concentric Arches model (van Eekelen 2015), 
following the Dutch standards CUR226 (SBRCURnet 2016). 
Parameter     Unit Equation/Comment 
centre-to-centre pile spacing  0.8 1.4 2.0 m  

Input parameters 
pile diameter 𝑒𝑒 0.20 0.20 0.20 m  

height embankment 𝐻𝐻 2.5 2.5 2.5 m  
pile spacing x-axis (transversal) 𝑠𝑠𝑒𝑒 0.8 1.4 2.0 m  
pile spacing y-axis (longitudinal) 𝑠𝑠𝑦𝑦 0.8 1.4 2.0 m  
pile diagonal spacing 𝑠𝑠𝑒𝑒 1.13 1.98 2.83 m (4.4)* 
unsaturated unit weight 𝛾𝛾𝑠𝑠𝑛𝑛𝑠𝑠𝑎𝑎𝑡𝑡 21 21 21 kN/m3  

saturated unit weight 𝛾𝛾𝑠𝑠𝑎𝑎𝑡𝑡 23 23 23 kN/m3  

GW level above pile heads  0.85 0.85 0.85 m  
unit weight (weighted average) 𝛾𝛾𝑒𝑒 21.7 21.7 21.7 kN/m3  

effective friction angle 𝜑𝜑' 45 45 45 °  
surcharge load 𝑝𝑝 15 15 15 kPa  

Step 1: Load distribution 
equivalent square pile head width 𝑠𝑠 = 𝑠𝑠𝑒𝑒𝑞𝑞 0.177 0.177 0.177 m (4.5)* 
area of GR strips 𝐴𝐴𝐿𝐿𝑒𝑒 = 𝐴𝐴𝐿𝐿𝑦𝑦 0.30 0.96 1.98 m2 (4.25)* & (4.26)* 
coeff. of passive earth pressure 𝐾𝐾𝑝𝑝 5.83 5.83 5.83 - (4.15)* 
height of 3D hemisphere 𝐻𝐻𝑎𝑎3𝐷𝐷 0.57 0.99 1.41 m (4.13)* 

height of 2D arches 𝐻𝐻𝑒𝑒𝑎𝑎2𝐷𝐷 

= 𝐻𝐻y𝑎𝑎2𝐷𝐷 0.40 0.70 1.00 m (4.19)* 

width of GR square under 3D hemi. 𝐿𝐿3𝐷𝐷  0.62 1.22 1.82 m (4.14)* 
length of GR strip under 2D arches 𝐿𝐿𝑒𝑒2𝐷𝐷 = 𝐿𝐿y2𝐷𝐷 0.62 1.22 1.82 m (4.18)* 

calculated parameters 

𝑃𝑃𝑒𝑒2𝐷𝐷 = 𝑃𝑃y2𝐷𝐷 58441 5941 1368 kPa/mKp-1 (4.21)* 
𝑄𝑄𝑒𝑒2𝐷𝐷 = 𝑄𝑄y2𝐷𝐷 33.01 33.01 33.01 kN/m3 (4.21)* 
𝑃𝑃3𝐷𝐷 57884 194.4 4.1 kPa/m2Kp-2 (4.12)* 
𝑄𝑄3𝐷𝐷 14.60 14.60 14.60 kN/m3 (4.12)* 

force inside circle in the GR square 𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞1;𝑝𝑝=0 0.96 7.32 23.89 kN/pile (4.11)* 
part 1 of the force within the 𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 
square, but outside the circle 1𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞2 2.16 18.89 41.85 kN/pile -“- 

part 2 of the force within the 𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 
square, but outside the circle 2𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞2 1.69 12.77 42.31 kN/pile -“- 

part 3 of the force within the 𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 
square, but outside the circle 3𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞2 -1.92 -16.77 -37.15 kN/pile -“- 

part 4 of the force within the 𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 
square, but outside the circle 4𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞2 -1.26 -9.55 -31.64 kN/pile -“- 

total force within the 𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 
square, but outside the circle 𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞2;𝑝𝑝=0 0.67 5.34 15.37 kN/pile -“- 

force on the area outside the 
𝐿𝐿3𝐷𝐷·𝐿𝐿3𝐷𝐷 square, but within the GR 
square 

𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞3;𝑝𝑝=0 0 0 0 kN/pile (4.16)* 

total force on the GR square 𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑞𝑞𝑠𝑠𝑎𝑎𝑎𝑎𝑒𝑒;𝑝𝑝=0 1.63 12.67 39.26 kN/pile (4.11)* 
transferred force 𝐹𝐹𝑡𝑡𝑎𝑎𝑎𝑎𝑛𝑛𝑠𝑠𝑡𝑡𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒 19.39 68.37 140.81 kN/pile (4.17)* 
resulting surcharge load on the 2D 
arches 𝑝𝑝𝑡𝑡𝑎𝑎𝑎𝑎𝑛𝑛𝑠𝑠𝑡𝑡𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒 76.89 147.07 207.82 kPa (4.17)* 

total force on the GR strips 𝐹𝐹𝐺𝐺𝐺𝐺𝑠𝑠𝑡𝑡𝑎𝑎𝑝𝑝𝑝𝑝;𝑝𝑝=0 9.05 45.44 106.59 kN/pile (4.20)* 
total force on the GR with 𝑝𝑝 = 0 (𝐵𝐵 + 𝐶𝐶)𝑝𝑝=0𝑠𝑠𝑒𝑒𝑒𝑒𝑒𝑒  10.68 58.11 145.86 kN/pile (4.8)* 
force that goes directly via arching 
to the pile head with 𝑝𝑝 = 0 𝐴𝐴𝑝𝑝=0𝑠𝑠𝑒𝑒𝑒𝑒𝑒𝑒  33.61 77.53 130.94 kN/pile (4.8)* 
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total force on the GR with 𝑝𝑝 > 0 (𝐵𝐵 + 𝐶𝐶)𝑝𝑝>0𝑠𝑠𝑒𝑒𝑒𝑒𝑒𝑒  13.63 74.19 186.22 kN/pile (4.9)* 
average load on the GR strips with 
𝑝𝑝 > 0 𝑞𝑞𝑎𝑎𝑣𝑣 22.40 38.47 46.92 kPa (4.28)* 

force that goes directly via arching 
to the pile head with 𝑝𝑝 > 0 𝐴𝐴𝑝𝑝>0𝑠𝑠𝑒𝑒𝑒𝑒𝑒𝑒  30.65 61.45 90.58 kN/pile (4.9)* 

load that goes directly via arching 
to the pile head with 𝑝𝑝 > 0 𝑝𝑝𝐴𝐴 975.7 1955.9 2883.2 kPa 𝑝𝑝𝐴𝐴 = 𝐴𝐴/𝐴𝐴𝑝𝑝 

percentage of total force 
transferred to the pile head directly 𝐴𝐴% 69.2 45.3 32.7 % 𝐴𝐴% =

𝐴𝐴
(𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑝𝑝) ∙ 𝑠𝑠𝑒𝑒 ∙ 𝑠𝑠𝑦𝑦

 

Step 2: Determine GR stiffness, calculation of GR strain and GR tensile force 
GR axial stiffness 𝐽𝐽𝑘𝑘 2200 2200 2200 kN/m  
GR area associated with GR strips 𝐴𝐴𝐿𝐿𝑒𝑒 = 𝐴𝐴𝐿𝐿𝑦𝑦 0.30 0.96 1.98 m2 (4.25)* & (4.26)* 
length of GR strips 𝐿𝐿𝑊𝑊𝑒𝑒 = 𝐿𝐿𝑊𝑊y     (4.27)* 

subgrade reaction modulus 𝑘𝑘𝑠𝑠 151 151 151 kN/m3 (9.27)* based on the 
oedometer modulus 

modified subgrade reaction 
modulus 𝐾𝐾𝑠𝑠 416.3 416.3 416.3 kN/m3 (4.29)* 

term for Fig. 4.11 & 4.12* 𝑞𝑞𝑒𝑒𝑣𝑣 ∙ 𝐿𝐿𝑤𝑤/𝐽𝐽  0.0063 0.0214 0.0389 -  

term for Fig. 4.11 & 4.12* 
𝐾𝐾𝑠𝑠 ∙ 𝐴𝐴𝐿𝐿 ∙ 𝐿𝐿𝑤𝑤

𝐽𝐽 ∙ 𝑠𝑠  0.073 0.457 1.401 -  

max strain (at edge of pile head) ε𝑚𝑚𝑎𝑎𝑒𝑒 0.72 1.10 1.18 % Fig. 4.11 & 4.12* 
max tensile load (at edge of pile 
head, excluding lateral thrust) 𝑇𝑇𝑚𝑚𝑎𝑎𝑒𝑒  15.84 24.20 25.96 kN/m (4.38)* 

horizontal component of max. GR 
tensile load  𝑇𝑇𝐻𝐻 14.77 18.82 15.76 kN/m (4.37)* 

solver to determine 𝑇𝑇𝐻𝐻 𝑇𝑇𝑡𝑡𝑒𝑒𝑒𝑒(𝑇𝑇𝐻𝐻)
= 𝑇𝑇𝑡𝑡𝑒𝑒𝑒𝑒(𝜀𝜀max) 15.84 24.20 25.96 kN/m (4.38)* 

calculation factor α 3.20 2.83 3.10 - (4.33)* 
calculation parameter 𝑀𝑀 0.89 0.66 0.34 - (4.32)* 
GR deflection rate at edge of pile 
head (inverse triangular load dis.) 𝑧𝑧𝑖𝑖𝑚𝑚𝑣𝑣′ �𝑒𝑒 =

𝐿𝐿𝑤𝑤
2 � -0.39 -0.81 -1.31 m/m (4.31)* 

max GR deflection (inverse 
triangular load distribution) 𝑧𝑧𝑖𝑖𝑚𝑚𝑣𝑣(𝑒𝑒 = 0) 0.03 0.10 0.15 m (4.31)* 

vertical component of max GR 
tensile load 𝑇𝑇𝑉𝑉 5.7 15.2 20.6 kN/m �𝑇𝑇2 − 𝑇𝑇𝐻𝐻2 (Table 5.5*) 

level of GR above pile heads 𝑧𝑧 0.45 0.45 0.45 m Fig. 4.14* 
coeff. of passive earth pressure 𝐾𝐾𝑎𝑎 0.17 0.17 0.17 - (4.44)* 
lateral thrust due to active earth 
pressure 𝑇𝑇ℎ,𝑦𝑦 13.09 13.09 13.09 kN/m (4.44)* 

total GR tensile load 𝑇𝑇𝑠𝑠,𝑦𝑦 38.93 37.29 39.05 kN/m (4.45)* 

Step 3: Total load on pile head and subsoil support 
force that goes directly via arching 
to the pile head 𝐴𝐴 = 𝐴𝐴𝑝𝑝>0𝑠𝑠𝑒𝑒𝑒𝑒𝑒𝑒 30.65 61.45 90.58 kN/pile (4.9)* 

load on pile head from membrane 
effect 𝐵𝐵 4.1 10.8 14.6 kN/pile 𝑇𝑇𝑉𝑉 ∙ 4𝑠𝑠 (Table 5.5*) 

subsoil support 𝐶𝐶 9.6 63.4 171.6 kN/pile (𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑝𝑝) ∙ 𝑠𝑠𝑒𝑒 ∙ 𝑠𝑠𝑦𝑦
− (𝐴𝐴 + 𝐵𝐵) 

load on pile head 𝐴𝐴 + 𝐵𝐵 30.3 39.4 43.9 kN/pile  

pile head efficacy (𝐴𝐴 + 𝐵𝐵)% 68.4 29.1 15.8 % 
(𝐴𝐴 + 𝐵𝐵)

(𝛾𝛾𝑒𝑒𝐻𝐻 + 𝑝𝑝) ∙ 𝑠𝑠𝑒𝑒 ∙ 𝑠𝑠𝑦𝑦
 

*see SBRCURnet (2016) 

**see DGGT (2011)
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