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Abstract

The present thesis is devoted to the derivation of Darcy’s law for
incompressible viscous fluid flows in perforated and thin domains
by means of homogenization techniques.

The problem of describing asymptotic flows in porous/thin do-
mains occurs in the study of various physical phenomena such as
filtration in sandy soils, blood circulation in capillaries, lubrication
and heationg/cooling processes. In all such cases flow characteris-
tics are obviously dependent of microstructure of the fluid domains.
However in the most of practical applications the significant role is
played by average (or integral) quantities, such as permeability and
macroscopic pressure. In order to obtain them there exist several
mathematical approaches collectively referred to as homogenisation
theory.

This thesis consists of five papers. Papers I and V represent
the general case of thin porous domains where both parameters ε
– the period of perforation, and δ – the thickness of the domain,
are involved. We assume that the flow is governed by the Stokes
equation and driven by an external pressure, i.e. the normal stress
is prescribed on a part of the boundary and no-slip is assumed
on the rest of the boundary. Let us note that from the physical
point of view such mixed boundary condition is natural whereas in
mathematical context it appears quite seldom and raises therefore
some essential difficulties in analytical theory. Depending on the
limit value λ of mutual δ/ε-ratio, a form of Darcy’s law appears
as both δ and ε tend to zero. The three principal cases namely
are very thin porous medium (λ = 0), proportionally thin porous
medium (0 < λ < ∞) and homogeneously thin porous medium
(λ =∞).

The results are obtained first by using the formal method of
multiple scale asymptotic expansions (Paper I) and then rigorously

v



vi ABSTRACT

justified in Paper V. Various aspects of such justification (a pri-
ori estimates, two-scale and strong convergence results) are done
separately for porous media (Paper II) and thin domains (Paper
III). The vast part of Papers II and III is devoted to the adapta-
tion of already existing results for systems that satisfy to no-slip
condition everywhere on the boundary to the case of mixed bound-
ary condition mentioned above. Alternative justification approach
(asymptotic expansion method accomplished by error estimates) is
presented in Paper IV for flows in thin rough pipes.
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Introduction

The motion of any viscous fluid can be described by a system
of differential equations known as the Navier-Stokes equations. Be-
cause of the system’s complexity, its theoretical understanding is
still incomplete, e.g. the question of existence and smoothness of
its solutions in 3D-case remains an open problem. However, the
particular solutions of the Navier-Stokes equations are widely used
in numerous applications and, moreover, for many problems aris-
ing in engineering it is enough to work with approximate solutions
satisfying simplified fluid models.

The present work is dedicated to the asymptotic study of creep-
ing flows in thin domains, rough pipes and porous materials. On the
one hand, such flows obey the Stokes system whose formal math-
ematical properties are already well known. On the other hand,
the geometries above do not allow the analytical solutions for the
Stokes system being explicitly calculated. However, there exist sim-
ple macroscopic laws governing such flows that were discovered a
long time ago and are sufficiently accurate for most of applications.

Therefore, the aim of our research is to derive in a mathemati-
cally rigorous way the average equations for creeping flows occurring
in domains that contain small geometric parameters.

In the next sections we briefly cover the empirical derivation
of macroscopic laws of the fluid motion as it historically happened.
Also, in Section 1.4 we give a short discussion concerning the Stokes
limit of the full Navier-Stokes system.

1. Overview of fluid flow laws

Here we describe from the layman’s point of view there consid-
erably simplified models for fluid flow that are the main theme of
the present thesis.
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2 INTRODUCTION

All three macroscopic laws, namely Darcy’s law, Poisseuile’s
law and Reynolds’ equation were discovered in the XIX century in
France, Germany and England.

1.1. Darcy’s law. Darcy’s law is an equation describing the
fluid flow through a solid material with holes and pores filled with
fluid. In 1840s Henry Darcy by working on the fountains system
in Dijon investigated the flow of water in a saturated homogeneous
sand filter [27]. In the experiments (see Figure 1 for the setup) by

Figure 1. Darcy’s experiment (www.interpore.org)

varying column’s length and diameter, type of porous material in
it, and the water levels in inlet and outlet reservoirs, he noted that
the average velocity 〈v〉 of the flow through a sand column of length
L in the direction of the column axis is

- proportional to the difference ∆h = h1 − h2 in water level
elevations, h1 and h2, in the inflow and outflow reservoirs
of the column, respectively, and

- inversely proportional to the column length, L.
When combined, these conclusions give the formula known as Darcy’s
law

〈v〉 = k
∆h

L
,
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where k is a coefficient of proportionality called hydraulic conduc-
tivity. The difference ∆h between the water elevations h1, h2 is
proportional to the pressure difference ∆p: ∆h = ∆p

ρg
, where ρ is

the fluid mass density and g is the gravitational acceleration. Thus
the corresponding relation between 〈v〉 and∇p = ∆p

L
takes the form

(1) 〈v〉 =
K

µ
∇p,

where µ is the fluid dynamic viscosity and K = k µ
ρg

is called per-
meability coefficient and contains information about the local mi-
crostructure of the column material.

Figure 2. Poiseulle’s law. The experimental setup [93]

1.2. Poiseuille’s Law. Poiseuille’s law (or Hagen-Poiseuille’s
equation) is a physical law that gives the pressure drop in flow
in pipes. It was experimentally derived independently by Jean
Léonard Marie Poiseuille in 1838 [93] (see Fig 2 for the experi-
mental setup) and Gotthilf Heinrich Ludwig Hagen in 1839 [50]
and published by J. Poiseuille in 1840 [79, 80].

According to this law, the flow rate Q depends on the fluid
viscosity µ, the pipe’s length L, its radius R (see Fig. 3), and the
pressure difference between the ends ∆p by

Q =
πR4

8µL
∆p.
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It is assumed in the equation that
- the fluid is incompressible and Newtonian
- the flow is laminar through the pipe
- the pipe has a constant circular cross-section and is sub-
stantially longer than its diameter

- the flow is stationary.
Thus, Poiseuille’s law can be successfully applied to air flow in
lung alveoli, for the flow through a drinking straw or through a
hypodermic needle or transportation of oil in pipelines.

Figure 3. Poiseulle’s law. The pipe structure (sciencedirect.com)

1.3. Reynolds’ Equation. Reynolds’ equation describes the
Newtonian flow in a thin film of between two surfaces and is the
basis of lubrication theory. It was first demonstrated by Beauchamp
Tower in a series of experiments (see Fig. 4) devoted to study of
the bearing friction. He noted that

- the hydrodynamic pressure increases sharply before the
center of the contact

- the efficiency of lubrication depends on the viscosity, the
speed of the lubricant and the bearing dimensions.

Osborne Reynolds was the first person who in 1886 developed
a theory to describe these relations through the equation [83] (see
Fig. 5 for the notation)

∂

∂t
(ρh) = ∇ ·

(
ρh3

12µ
∇p− ρh

2
U

)
.

The first derivation of Reynolds’ equation from the Navier-
Stokes equations is due to R. Cameron [46] under assumptions of
laminar Newtonian flow, thin domain, neglecting gravity forces and
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Figure 4. Reynolds’ experiment (www.tribology-abc.com)

Figure 5. Reynolds’ equation (sciencedirect.com)

a perfect stick of the lubricant to the walls (see also [43] for deriva-
tion done by B. Hamrock).

All of the above laws illustrate some particular patterns in fluid
motion and can be obtained from the general Navier-Stokes system
by averaging and certain simplifications. In the next section we go
through the main physical principles that on which Navier-Stokes
equations are based and derive the Stokes system describing the
creeping flow regime as their particular case.

1.4. Navier-Stokes Equations. The equation of motion for
any continuous medium, i.e. the vector equation expressing the
linear momentum balance for a continuous medium, was obtained
by A.-L. Cauchy in 1823 (see [20] and [21] for the full version) and
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in Eulerian coordinates has the following form:

(2) ρ

(
∂u

∂t
+ u · ∇u

)
= ∇ · σ + f,

where ρ and u denote mass density and velocity, σ is the stress
tensor and f is a term representing all external body forces. The
stress tensor σ is represented in the form

σ = −pI + τ,

where the first and the last terms on the right hand side correspond
to normal stresses and viscous effects respectively and p denotes
the thermodynamical pressure. From the conservation of angular
momentum it follows that the viscous stress tensor τ is symmetric.
To specify the form of τ the assumption of a Newtonian fluid is
widely used. This includes the following:

- τ is a linear function of the velocity gradient ∇u,
- τ is invariant with respect to rigid body motions (rotations
and translations),

- the fluid is isotropic.
Combined these three conditions imply

(3) τ = µ(∇u+ (∇u)T ) + λ∇ · uI,
where µ and λ are called Lamé viscosity coefficients.

Thus for a Newtonian fluid, (2) yields

(4a) ρ

(
∂u

∂t
+ u · ∇u

)
=

−∇p+∇ ·
(
µ(∇u+ (∇u)T ) + λ(∇ · u)I

)
+ f.

Here the left hand side term corresponds to the rate of change of
momentum, first term on the right hand side represents compression
effects, the second one relates to viscous forces and the last term
represents all the external body forces applied to the fluid.

The equation (4a) was derived by Navier, Poisson, Saint-Venant,
and Stokes between 1827 and 1845 and is nowadays known as
Navier-Stokes equation (see [10], [49] and references therein). This
equation is always solved together with the continuity equation

∂ρ

∂t
+∇ · (ρu) = 0.(4b)
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Thus constructed in this way system (4) contains Newton’s second
law of motion (4a) and the conservation of mass (4b).

Further simplifications can be achieved by assuming

ρ, µ = const and
∂u

∂t
= 0.

This corresponds to a so called steady incompressible fluid. Finally
under all assumptions above the system (4) has the form

(5)
{
ρu · ∇u = ∇ · (−pI + µ

(
∇u+ (∇u)T

)
) + f

∇ · u = 0.

If in addition we suppose that the Reynolds number

Re =
ρU L

µ
,

where U is the fluid characteristic velocity and L is the characteris-
tic length (e.g., the diameter of the pipe) is very small, i.e. Re� 1,
then one can argue that inertial forces are negligible compared with
viscous forces. We come to the next simplification called the Stokes
system or creeping flow model

(6)
{ ∇ · (−pI + µ

(
∇u+ (∇u)T

)
) + f = 0

∇ · u = 0.

Remark. It is friction between fluid and solid walls that affects
the characteristic velocity U . Since in case of porous media the fluid
flow is always prevented by solid inclusions and the flow in thin do-
mains does not blow up due to thickness parameter constraints, U
in both cases admits small estimates (see also [30, Ch. 3], [60] for
flows in porous media and [11] for thin film flows) and all assump-
tions required for (6) are reasonable.

2. Types of boundary conditions

In order to solve the system (5) (or (6)) and also to obtain
the unique solution, one has to make some assumptions on the
fluid behaviour on the boundary ∂Ω of the domain Ω occupied by
the fluid, i.e. to impose some boundary conditions. A system of
differential equations together with a set of boundary conditions
(BCs) is called a boundary value problem (BVP).
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In the present research the boundary is divided into two disjoint
parts ΓN and ΓD. We focus on pressure-driven flows, i.e. a flow sat-
isfying the normal stress boundary condition (which is of Neumann
type) together with no-slip condition. More precisely, the following
BCs are imposed:

u = 0 on ΓD(7a)

σn̂ = −pbn̂ on ΓN ,(7b)

which for the Newtonian (see (3)) incompressible (∇ · u = 0) fluid
becomes of the form
(7b′)

(
−pI + µ(∇u+ (∇u)T )

)
n̂ = −pbn̂,

where n̂ is an outward unit normal vector and pb is prescribed ex-
ternal pressure.

2.1. No-slip condition. The condition (7a) is a homogeneous
Dirichlet BC called no-slip BC and was first observed empirically
by Stokes [91, 92]. Nowadays, it is a standard choice of BC for
"solid-fluid" interfaces based on experiments.

The natural assumption for such boundaries would be that the
fluid particles cannot enter solid regions, i.e. that the normal com-
ponent un = u · n̂ of the velocity u is continuous along solid walls
and thus is zero for non-moving boundaries:

un = 0.

Concerning the behaviour of the tangential component uτ of the
velocity field, three alternative viewpoints existed in the XIX cen-
tury [39, 75]. The no-slip assumption irrespectively of the material
was supported by C.-A. Coulomb and D. Bernoulli. P.-S. Gerard
had a different opinion. According to him, there exists a stagnant
boundary layer that is zero only when the fluid does not wet the
wall, i.e. the fluid was allowed to slip at the outer edge of the
layer. The third viewpoint is due to C.-L. Navier and states that
the tangential velocity uτ = n̂× (u× n̂) should be proportional to
the stress with some proportionality coefficient a:

uτ = a(σn̂)τ .

As it turned out, the last equation is close to the truth but the coef-
ficient µa is so small that uτ is effectively zero and (7a) holds. So, in



2. TYPES OF BOUNDARY CONDITIONS 9

the most of "regular" cases the no-slip condition finds good exper-
imental and numerical confirmation (see discussion in [10, p. 149]
and overview in [52, Ch. 15]). However, as was observed by J. Ser-
rin in 1959 [87], it is not always suitable since it does not reflect
the behaviour of the fluid on or near the boundary in the general
case, it does not contain information on physical boundary layers
near the walls. We also note that imposing (7a) everywhere on
the boundary leads to the uniqueness of the velocity whereas the
pressure can be defined only up to some constant.

2.2. Normal stress condition. The second condition (7b)
represents so called normal stress BC. This type of BC is com-
monly used on "fluid–fluid" boundaries and can be interpreted as
a BC for the stress vector σn̂ or momentum flux. In context of
free boundary problems it was studied in [14, 89], case of liquids in
"solid-fluid" wedges was considered in [7, 84]. To get the existence
and uniqueness result in this case one has to keep in mind that the
external pressure which appears in the boundary condition, must be
compatible in appropriate sense with the external force in the mo-
mentum equation (see e.g. [18, Theorem IV.7.1]). However, even if
such compatibility condition is satisfied, then the velocity cannot
be uniquely defined. Therefore, to obtain the unique solution it is
necessary to impose boundary condition of another type on some
part of boundary [19, 62]. Together (7a) and (7b) allow well-posed
Stokes system (see [38, 78]).

Along with the condition (7b) one can also find explicit pressure
BC

(8) p = pb

which aries in variety of applications. Pressure boundaries repre-
sent such things as confined reservoirs of fluid, ambient laboratory
conditions, and applied pressures arising from mechanical devices,
boundaries of seals and bearings (see [12, 94]). In general, a pres-
sure condition cannot be used at a boundary where velocities are
also specified, because velocities are influenced by pressure gradi-
ents, but in some situations pressure is necessary to specify the fluid
properties, e.g., density crossing a boundary through an equation of
state (in case of compressible fluids). Regarding the well-posedness
of the boundary value problem which is necessary from physical
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point of view (see [12, p. 271]), as in the previous case the sys-
tem (5) cannot be considered with pressure BC only — such BC
is always supplemented by other BCs [26, 40, 53, 57]. But even in
such cases the uniqueness of the solution is still an open question
(see [26]).

In hydrodynamics the two last types of BC are widely used and
are related to so called seepage face and phreatic surface corre-
spondingly, but they are never imposed "alone" due to the physical
reality (see [12, Ch. 7.1]). However, in some cases the pressure BC
is asymptotically equivalent to the normal stress one (see [6, 34]).
Discussions regarding other types of BCs can be found in e.g. [6]
and [18, Ch. 4].

3. Geometry of domains with small parameters

The present research focuses on asymptotic analysis of flows
occurring in domains whose geometries contain one or several small
parameters. In this section we describe various fluid domains that
have been considered.

3.1. Porous media (Paper II). The concept of porous me-
dia is used in many areas of applied science and engineering: fil-
tration, mechanics (acoustics, geomechanics, soil mechanics, rock
mechanics), engineering (petroleum engineering, bio-remediation,
construction engineering), geosciences (hydrogeology, petroleum ge-
ology, geophysics), biology and biophysics, material science, etc. To
study porous media by means of analytical methods and numeri-
cal simulations many idealized models of pore structures are used
[12, 29].

In the present work we consider an idealized porous media with
the solid part consisting of separated particles arranged with the
period ε � 1. E.g. such model in 2D case can be considered as
ε–scaling of some unbounded domain ω (see Figure 6).

As one can see, there exists a so called representative volume
(RV) Qf = ω∩Q (Q = (0, 1)2 denotes a unit square in R2), and the
whole ω consists in fact of its integer translations. Solid part Qs =
Q/Qf can be any finite union of simply connected obstacles with
Lipschitz boundary which intersect neither with the boundaries of
Q nor with each other. Sometimes avoidance of these intersections
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Figure 6. 2D perforated geometry ω and its repre-
sentative cell ω ∩Q

Figure 7. Example of multi-connected Qs

Figure 8. Different choices of RV in the case of
hexagonal packing

can be done by choosing different lattice and representative volume
(see Figure 8).

In addition, an inclusion-free boundary layer is assumed. We
consider the fluid motion in a bounded perforated domain Ωε =
Ω ∩ εω — the intersection between the porous structure εω and an
arbitrary finite simply connected domain Ω with Lipschitz bound-
ary ∂Ω. Solid obstacles located close to the boundary ∂Ω (or inter-
secting it) are excluded (see Figure 9).
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Figure 9. Bounded domain Ω and corresponding
perforated domain Ωε

Thus, the boundary ∂Ωε allows the following representation

(9) ∂Ωε = ΓN ∪ ΓD,

where
- ΓN = ∂Ω is the "global" boundary of Ω and in is going to
be considered as the Neumann boundary ΓN in the further
analysis, see (7b),

- ΓD = Sε = ∂Ωε/∂Ω is the "local" boundary represent-
ing the solid inclusions where the no-slip condition (7a) is
imposed.

This type of porous geometry is considered in many papers (see e.g.
[85, 3, 96, 71]). Asymptotic behavior of pressure-driven Stokes flow
in Ωε is the subject of study in Paper II.

3.2. Thin domains (Paper III). To describe an appropriate
for flow analysis thin structure we follow the approach suggested in
[58]. Namely, we assume that the thin domain Ωδ is constructed as

Ωδ =
{

(x1, x2) ∈ Rm+l : x1 ∈ ω, x2 ∈ δS(x1)
}
,

— δ-scaling of a unit domain Ω ≡ Ω1 for some Lipschitz set ω ⊂ Rm

and a sequence {S(x1)}x1∈ω that forms a Lipschitz domain in Rl.
In 3D space only two configurations are possible: slabs R2+1 and
pipes R1+2 (see Fig. 10).

Also, an additional requirement

B(0, α) ⊂ S(x1) ⊂ (−1/2, 1/2)l ∀x1 ∈ ω,
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Figure 10. Thin slab R2+1 and thin pipe R1+2

Figure 11. thin rough pipe Ωεµ and its representa-
tive volume Q

where B(0, α) = {y ∈ Rl : |y| < α}, α > 0, is imposed. In
a pipe case such embedding is necessary for flow to occur. For
the film flow it allows to avoid singularities and use non-weighted
functional spaces.

3.3. Thin rough pipes (Paper IV). As before, we assume
that for each z ∈ [0, 1] the set Q(z)(⊂ R2) represents a bounded
domain and a family {Q(z)}z∈(0,1) forms a Lipschitz pipe Q ⊂ R3

with the cylindrical (longitudinal) axis z:

Q = {(y, z) ∈ R2+1; z ∈ (0, 1), y ∈ Q(z)}.
The analysis done in Paper IV is valid in case when there exists
α > 0 such that the distance d(∂Q(z), (0, 0, z)) > α for all z ∈ [0, 1],
i.e. when an α-thin straight z-cylinder is contained in the pipe Q.
Under this condition we can define a smooth rough pipe Ω as a
union of finite integer translations of Q along z-axis and Ωεµ as its
ε, µ-scaling with respect to y and z correspondingly (see Fig. 11).

3.4. Thin porous domains (Papers I and V). In Papers I
and V we study fluid flow in thin perforated domains. In a simple
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Figure 12. Thin domain Ωεδ and its boundary
∂Ωεδ = ΓεδD ∪ ΓεδN

case (Paper I) Ωεδ can be considered as a translation of any 2D
perforated set ωε along the third dimension:

Ωεδ = ωε × (0, δ),

where the parameter δ � 1 corresponds to the film thickness. In
other words we deal with porous material confined between two
parallel plates with distance δ from each other. In order to use
mixed boundary condition we split the boundary

∂Ωεδ = ΓεδN ∪ ΓεδD

into two parts (see Figure 12):
-

ΓεδD =

(⋃

i

∂(εQs
i )× (0, δ)

)⋃
(ωε × {0, δ})

— the union of boundaries of solid inclusions Qs
i and the

lateral boundary of the thin film
-

ΓεδN = ∂Ωε × (0, δ),

— a δ-thin boundary of the domain where the stress bound-
ary condition is imposed.
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Fig. 12 represents the simplest case of thin porous media per-
forated by cylindrical inclusions of constant diameter and confined
between two parallel plates. This geometry is chosen by numerical
reasons and is generalized to arbitrary lateral surfaces in paper V.
However, the case of inclusions with a variable cross-section or in-
clusions of non-cylindrical structure is not covered and is a subject
of further investigations.

4. Fluid flow in domains with small parameters in
geometry

Below we give a short overview on existing mathematical meth-
ods in asymptotic analysis of Stokes flows in domains described in
the previous section.

4.1. Homogenization in porous media. The term "Homog-
enization" means an approach to study the macro-behavior of a
medium by taking into account its micro-properties. The origin of
this word is related to the question of replacement of a heterogenous
material by an effective homogenous one.

The ideas of homogenization arose long time ago. Already in
the XIX century the the problem of this type can be found in
works done by S.-D. Poission [81], J. C. Maxwell [61] and oth-
ers (see e.g. [31, 82]). But the term "homogenization" itself was
first introduced only in 1974 by I. Babuška [9]. The systematic
mathematical theory of homogenization was built by A. Bensous-
san, G. Chechkin, S. Kozlov, J.-L. Lions, F. Murat, G. Nguetseng,
O. Oleinik, A. Piatnitski, S. Spanglo, L. Tartar, V. Zhikov and oth-
ers [2, 3, 15, 22, 48, 66, 68, 90, 95, 97, 103]. See also [22, 45] for the
overview.

Mathematical works concerning the homogenization of flow in
porous media appeared mainly in the second part of the XX cen-
tury. Many of them are devoted to the derivation of Darcy’s law
as an asymptotic limit of the Stokes system in porous media. First
attempts were done by applying the asymptotic expansions method
since the 1960s by N. Bogoliubov, J. B. Keller, E. Sanchez-Palencia,
J.-L. Lions (see [15, 16, 47, 51, 85]). For more details concerning the
idea of this method see Appendix A. The first rigorous mathemat-
ical derivation of Darcy’s law was presented in 1980 by L. Tartar
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[96]. In this work the Stokes system with homogeneous Dirichlet
data on a periodic perforated domain with disconnected solid part
was considered:

(10)





−∇pε + µ∆uε + f = 0 in Ωε

∇ · uε = 0 in Ωε

uε = 0 on ∂Ωε.

By using method of oscillating test functions he derived Darcy’s
law as a limit of (10) as ε→ 0:

(11)





v = 1
µ
K(f −∇p) in Ω

∇ · v = 0 in Ω

v · n̂ = 0 on ∂Ω,

where v represents the average flow velocity and K is a positive
symmetrical permeability tensor, whose components

(12) Kij =
1

|Q|

∫

Qf

∇wi · ∇wj dy, i, j = 1, . . . , n,

are defined by wi, i = 1, . . . , n, — the unique periodic solutions of
the cell problems

(13)





∇qi −∆wi = ei in Qf

∇ · wi = 0 in Qf

wi = 0 on ∂Qs,

with ei, i = 1, . . . , n, the standard basis vectors in Rn. Similar
results were later obtained in [32] for suspension of solid radiant
spheres (where fluid was governed by the Stokes-Boussinesq sys-
tem), assumption of disconnectedness of solid matrix was raised by
G. Allaire [1], case of double periodic structure was considered by
J.-L. Lions [54]. R. Lipton and M. Avellaneda were the first who
provided an explicit characterization of the extension of the pres-
sure (which was introduced already in [96]). Generalization to the
porous medium with double porosity is made in [8, 28].

However, Tartar’s method was introduced in the context of H-
convergence [23, 66] and is does not fully use power of periodical
structure of the domain. The robust approach taking into account
the periodic geometry was suggested by G. Nguetseng [68] (see also
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[55, 104]) but not in the context of the present problem. The name
"two-scale convergence" to this new method was later suggested
by G. Allaire [3], who proposed his own approach to the proof of
Nguetseng’s compactness theorem and further studied properties
of the two-scale convergence method. So, by using this technique
G. Allaire realised homogenization of (10) and came to Darcy’s
law (11) but under more common geometrical assumptions on the
domain [3].

Homogenization techniques above were developed in various di-
rections: case of multi-phase flow is investigated e.g. by A. Mikelič
[63], A. Bourgeat [17], B. Amazine, L. Pankratov and A. Piatnitski
[5], non-Newtonian flow is considered by A. Mikelič [64], C. Cho-
quet and L. Pankratov [24], studying of coupling effects can be
found in works by M. A. Peter and M. Böhm [77], C. Conca [25],
D. Polişevschi [41] etc. Also the approach to non-periodic struc-
tures is suggested by A. Beliaev and S. Kozlov in [13].

4.2. Flow in thin domains. There are two main research
subjects related to this field. They correspond to two different
geometries and namely are flows of thin films and flows in pipes.

4.2.1. Thin films. A common approach to the thin film theory
consists of dimensional reduction through asymptotic analysis from
the three dimensions model to a two dimensional one. This process
is usually achieved by a suitable scaling on one of the dimensions
which is much smaller than the other (one or two) dimensions. This
method was used by G. Bayada and M. Chambat in [11] where
they studied the asymptotic behavior of a thin layer of lubricant
film between two surfaces. The same method was also used by
P. M. Santos [86]. Notion of two-scale convergence in the case of
thin domains was introduced by S. Marušić and E. Marušić-Paloka
[58]. Among other works in this field we mention also [42, 67, 74].

One can also find a lot of recent papers devoted to fluid flows in
porous media in a context of thin films. Important applications of
this type of flow include simulation of tidal flows, storm surges, river
flows, and dam-break waves (see e.g. [35, 70]). Mathematically,
such geometries are studied in [99] by complex analysis methods
and in [33, 102] in the framework of two-scale convergence.
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4.2.2. Thin pipes. In experiments done by J. Nikuradse in 1933
[69] it was shown that “... for small Reynolds numbers there is no
influence of wall roughness on the flow resistance” and since then
for many years the roughness phenomenon has been traditionally
taken into account only in case of turbulent flow ( [4, 36, 98, 101],.

By means of classical analysis different geometries were anal-
ysed — detailed velocity and pressure profiles for flows with small
Reynolds’ numbers in sinusoidal capillaries were obtained numeri-
cally in [44]; for creeping flow in pipes of varying radius [88] pressure
drop was estimated by using stream function method; in [100] the
Stokes flow through a tube with a bumpy wall was solved through
a perturbation in the small amplitude of the three-dimensional
bumps.

There are several mathematical approaches to analyze thin pipe
flow, e.g. asymptotic expansions with variations [72] and 2-scale
convergence [68] adopted for thin structures in [58] (see also [59, 65,
73]). The study of flow in curved pipes can be found in [37, 56, 76].

5. Results

This section is aimed to give a short overview of the results
presenting in the five papers including inner connections between
them.

In all papers consisting the thesis we investigate pressure-driven
Stokes flow (6) in various geometries containing small parameters
(as described in Section 3). For each domain we assume pre-
scribed normal stress BC (7b′) on corresponding ΓN -boundary ac-
complished by no-slip (see (7a)) on the rest of the boundary, ΓD. In
all cases such mixed BC leads to the well-posed BVP and provides
the uniqueness of fluid pressure p and velocity v field.

The asymptotic limits are calculated by letting the small pa-
rameters in the geometry of domains tend to zero. The correspond-
ing macro-equations (Darcy’s law, Poiseuille’s Law and Reynolds’
equation) with Dirichlet pressure BC are obtained. In cases of two
parameters (Papers I, IV and V) different expressions for perme-
ability factors are obtained depending on the relative rate at which
corresponding small parameters converge.

Summing up, one can give the following structure of the thesis:
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List of papers
Paper I thin porous

domains Ωεδ

• contains the main "engineering"
result
• the method of formal asymptotic
expansions and Comsol MF are used
•Darcy’s law is obtained for all rates
δ/ε→ λ ∈ [0,∞]

• the limit cases λ = 0, λ ∈ (0,∞),
λ =∞ are identified
• the permeability tensor Kλ is de-
rived for all λ ∈ [0,∞]

Paper II porous media
Ωε

• the two-scale convergence is used
• Darcy’s law is derived
• a priori ε-estimates for velocity
and pressure are deduced
• ε-Korn’s inequality is proven
• ε-restriction operator is con-
structed

Paper III thin domains
Ωδ

• the two-scale convergence is used
• Poiseuille’s Law and Reynolds’
equation are obtained
• a priori δ-estimates for velocity
and pressure are deduced
• δ-Korn’s inequality is proven
• δ-Bogovskĭı operator is con-
structed
• strong convergence of (vδ, pδ) is
shown

Paper IV thin rough
pipes Ωεµ

• the method of formal asymptotic
expansions and Comsol MF are used
• Poiseuille’s law is obtained for all
rates ε/µ→ λ ∈ [0,∞]

• the limit cases λ = 0, λ ∈ (0,∞),
λ =∞ are identified
• error estimates are presented
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Paper V thin porous
domains Ωεδ

• the two-scale convergence is used
• Darcy’s law rigorously is derived
• a priori εδ-estimates for velocity
and pressure are deduced
• εδ-Korn’s inequality is proven
• Papers II and III are actively used
• the permeability tensor Kλ is rig-
orously obtained for all rates δ/ε→
λ ∈ [0,∞]
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à un problème de convection-diffusion. C.R.Acad. Sci. Paris, 6:312–581,
1991.

[3] G. Allaire. Homogenization and two-scale convergence. SIAM J. Math.
Anal., 23(6):1482–1518, 1992.

[4] J. Allen, M. Shockling, G. Kunkel, and A. Smits. Turbulent flow in
smooth and rough pipes. Philosophical Transactions of the Royal Society
A: Mathematical, Physical and Engineering Sciences, 365, Jan 2007.

[5] B. Amaziane, L. Pankratov, and A. Piatnitski. Homogenization of immis-
cible compressible two-phase flow in highly heterogeneous porous media
with discontinuous capillary pressures. Math. Models Methods Appl. Sci.,
24(7):1421–1451, 2014.

[6] Ch. Amrouche, P. Penel, and N. Seloula. Some remarks on the boundary
conditions in the theory of Navier-Stokes equations. Ann. Math. Blaise
Pascal, 20(1):37–73, 2013.

[7] D. M. Anderson and S. H. Davis. Two-fluid viscous flow in a corner. J.
Fluid Mech., 257:1–31, 1993.

[8] T. Arbogast, J. Douglas, and U. Hornung. Derivation of the double poros-
ity modell of single phase flow via homogenization theory. SIAM J. Math.
Anal., 21:823–836, 1990.
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[21] A.-L. Cauchy. Sur les équations qui expriment les conditions d’équilibre
ou les lois du mouvement intérieur d’un corps solide, élastiques ou non
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Paper I





Darcy’s law for flow in a periodic thin
porous medium confined between two

parallel plates
John Fabricius, J. Gunnar I. Hellström, T. Staffan Lundström, Elena

Miroshnikova, Peter Wall

Abstract. We study stationary incompressible fluid flow in
a thin periodic porous medium. The medium under consider-
ation is a bounded perforated 3D–domain confined between
two parallel plates. The distance between the plates is δ
and the perforation consists of ε-periodically distributed solid
cylinders which connect the plates in perpendicular direction.
Both parameters ε, δ are assumed to be small in compari-
son with the planar dimensions of the plates. By constructing
asymptotic expansions three cases are analysed: 1) ε � δ,
2) δ/ε ∼ constant, 3) ε � δ. For each case a permeability
tensor is obtained by solving local problems. In the intermedi-
ate case the cell problems are 3D whereas they are 2D in the
other cases, which is a considerable simplification. The dimen-
sional reduction can be used for a wide range of ε and δ with
maintained accuracy. This is illustrated by some numerical
examples.

Keywords Thin porous media, Asymptotic analysis, Homoge-
nization, Darcy’s law, Mixed boundary condition, Stress boundary
condition, Permeability

Introduction

There exist several mathematical approaches, collectively re-
ferred to as homogenization theory, for deriving Darcy’s law (see
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e.g. [1, 5, 15, 19, 24] and the references therein), as well as meth-
ods based on phase averaging [27]. The present paper is devoted to
deriving Darcy’s law corresponding to incompressible viscous flow
in a Thin Porous Medium (TPM) by the multiscale expansion
method which is a formal but powerful tool to analyse homogeniza-
tion problems.

The TPM considered involves two small parameters: the inter-
spatial distance between obstacles ε and the thickness of the domain
δ. More precisely, we consider pressure driven flow through a peri-
odic array of vertical cylinders confined between two parallel plates.
The parallel plates make the geometry different from those studied
in [3, 7, 8, 10, 12, 13, 9, 16, 20]. A representative elementary
volume for such TPM is a cube of lateral length ε and vertical
length δ. The cube is repeated periodically in the space between
the plates. Each cube can be divided into a fluid part and a solid
part, where the solid part has the shape of a vertical cylinder (of
length δ). Hence the permeability of this TPM, denoted by Kεδ,
depends on both ε and δ as well as the geometry of the inclusions.

Pressure driven flow within the plane of a confined thin porous
medium takes place in a number of natural and industrial processes.
This includes flow during manufacturing of fibre reinforced polymer
composites with liquid moulding processes [6, 18, 23], passive mix-
ing in microfluidic systems [11] and paper-making [17, 22].

Boundary value problems involving several small parameters are
delicate to analyse as letting the parameters tend to zero at different
rates may cause different asymptotic behaviour of the solutions.
Therefore one must distinguish three kinds of TPM whether ε tends
to zero slower, faster or at the same rate as δ:

VTPM: The Very Thin Porous Medium is characterised by
δ(ε)� ε, i.e. the cylinder height is much smaller than the
interspatial distance. The permeability tensor of VTPM
satisfies Kεδ ∼ δ2(ε)K0 as ε→ 0, where K0 depends only
on the microgeometry.

PTPM: The Proportionally Thin Porous Medium is char-
acterised by δ(ε)/ε ∼ λ, where λ is a positive constant.
For example, this is the case when the cylinder height is
proportional to the interspatial distance with λ denoting
the proportionality constant. The permeability tensor of
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PTPM satisfies Kεδ ∼ δ2(ε)Kλ as ε → 0, where Kλ de-
pends on both λ and the microgeometry.

HTPM: The Homogeneously Thin Porous Medium is char-
acterized by δ(ε) � ε, i.e. the cylinder height is much
larger than interspatial distance. The permeability tensor
of HTPM satisfies Kεδ ∼ ε2K∞ as ε → 0, where K∞
depends only on the microgeometry.

In all three cases the asymptotic (or homogenized) pressure pλ
is governed by a 2D Darcy equation

(1) ∇ · (Kλ∇pλ) = 0 (0 ≤ λ ≤ ∞)

satisfying a Dirichlet condition. The permeability tensor Kλ is
found by solving local boundary value problems, so called cell prob-
lems, that involve neither ε nor δ. However, the local problems are
different in each case. In the intermediate case (PTPM) the cell
problems are three-dimensional and the coefficient of proportion-
ality λ appears as a parameter in the equations. In the extreme
cases (VTPM andHTPM) the cell problems are two-dimensional,
which is a considerable simplification compared to the intermedi-
ate case. VTPM and HTPM can also be considered as limiting
cases of the intermediate case. Indeed, if (scaled) permeability Kλ

is regarded as a function of λ and

K0 = lim
λ→0

Kλ, K∞ = lim
λ→∞

λ2Kλ

then K0 and K∞ are the permeabilities corresponding to VTPM
and HTPM respectively. This relation is confirmed both theoret-
ically, by constructing asymptotic expansions in λ, and by solving
the cell problems numerically.

Mathematically the VTPM regime is analogous to flow in a
Hele-Shaw cell. But this approximation is only valid for λ � 1,
i.e. when the distance between the plates is much smaller than
the interspatial distance between the obstacles. As λ increases this
approximation deviates more and more from the generic PTPM
regime. Hele-Shaw flows have been studied by many authors see
e.g. [2] [18, 21, 25]. For beautiful pictures of streamlines around
obstacles between parallell plates see the book [4].

Flow past an array of circular cylindrical fibres confined between
two parallel walls has been studied by Tsay and Weinbaum in [26],
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who extended a result obtained by Lee and Fung [14]. Their anal-
ysis is based on an approximate series solution of the Stokes equa-
tion. They claim that this solution describes the transition from the
Hele-Shaw potential flow limit (corresponding to VTPM) to the
viscous two-dimensional limiting case (corresponding to HTPM).
However, their analysis does not give a distinct characterization of
the PTPM regime, which is rigorously defined here. Moreover,
their method is restricted to the particular geometry of circular
cylinders whereas our method can be applied to other geometries
as well (see Remark 1 below).

1. Preliminaries

1.1. Geometry of media. We consider flow in a thin domain
which is perforated by periodically distributed vertical cylinders. In
order to describe the geometry precisely we introduce the following
notation (which should be read together with Figures 1–3). All 3D
geometrical objects are denoted by bold font letters whereas regular
font letters are used for 2D objects.

1.2. Differential operators. We consider fluid flow in the
domain Ωεδ. To have a domain that depends neither on ε nor
δ we shall reformulate the problem in the domain Ω × Qf by a
change of variables. By convention, a point in Ω ×Qf is denoted
by (x1, x2, y1, y2, z), where (x1, x2) ∈ Ω, (y1, y2, z) ∈ Qf . For the
subsequent analysis it is convenient to introduce abbreviations for
various differential operators involving these variables.

Remark 1. The present analysis also holds true for any periodic
arrangement of axial fibres of arbitrary cross-sectional shape. We
have considered a square array of perpendicular cylinders for the
sake of simplicity. However, it is possible to extend the analysis to
inclined, curved or even crossing fibres. The main restriction is the
assumption of periodicity.

Remark 2. The superscript notation for domains and other
variables should not be confused with exponents.
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Table 1. Geometrical notation

ε Dimensionless small parameter related to the inter-
spatial distance between the cylinders

δ Dimensionless small parameter related to the thick-
ness of the porous medium

λ Dimensionless parameter, 0 < λ < ∞, ratio between
δ and ε in PTPM

Ωεδ Fluid domain of thin porous medium, see Figure 1 a)
Ωε Rescaled fluid domain of thin porous medium, Ωε =

Ωε1

Ω 2D unperforated fluid domain (independent of ε and
δ)

∂Ωεδ Boundary of fluid domain, ∂Ωεδ = Sεδ ∪ Γεδ

∂Ωε Boundary of rescaled fluid domain, ∂Ωε = Sε ∪ Γε

Sεδ Solid boundary of Ωεδ, see Figure 2 a)
Sε Solid boundary of Ωε

Γεδ Lateral boundary of Ωεδ, see Figure 2 b)
Γε Lateral boundary of Ωε

n Outward unit normal to boundary of fluid domain
(Ωεδ, Qf etc.)

Q (0, 1)3, unit cube in R3 corresponding to representa-
tive elementary volume of TPM, see Figure 1 b)

Qf Fluid part of unit cube, see Figure 3 a)
S Solid boundary of Qf

Q (0, 1)2, unit square in R2

Qf Fluid part of unit square, see Figure 3 b)
S Solid boundary of Qf

R Radius of solid cylinders, 0 < R < 0.5

1.3. Mathematical model and scaling of Ωεδ into Ωε. An
incompressible viscous fluid is well-known to be described by the
Navier-Stokes equations, coupled with boundary conditions of vari-
ous types. We assume no-slip (Dirichlet) boundary condition on the
solid boundary Sεδ and a prescribed stress (Neumann) boundary
condition on the lateral boundary Γεδ. More precisely, we consider
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Table 2. Differential operators

∇δ, ∆δ

(
∂
∂x1
, ∂
∂x2
, 1
δ
∂
∂z

)
, ∂2

∂x21
+ ∂2

∂x22
+ 1

δ2
∂2

∂z2

∇x, ∆x

(
∂
∂x1
, ∂
∂x2
, 0
)
, ∂2

∂x21
+ ∂2

∂x22

∇y, ∆y

(
∂
∂y1
, ∂
∂y2
, 0
)
, ∂2

∂y21
+ ∂2

∂y22

∆xy
∂2

∂x1∂y1
+ ∂2

∂x2∂y2

∇z, ∆z

(
0, 0, ∂

∂z

)
, ∂2

∂z2

∇λ, ∆λ ∇y + 1
λ
∇z, ∆y + 1

λ2
∆z

Table 3. Other symbols

P εδ, pεδ (Kinematic) pressure of incompressible fluid (see (2)
and (3) respectively)

pλ Homogenized pressure, 0 ≤ λ ≤ ∞
pb Pressure on the lateral boundary
U εδ, uεδ Velocity field of incompressible fluid (see (2) and (3)

respectively)
uλ Homogenized velocity, 0 ≤ λ ≤ ∞
ν Kinematic viscosity of incompressible fluid
Kλ, K0, K∞ Scaled permeability of PTPM (0 < λ < ∞),

VTPM, HTPM respectively
kλ, k0, k∞ Diagonal elements of Kλ, K0, K∞ in the case of

isotropic permeability
Kεδ Permeability of TPM
(W i, qi) Solutions of cell problems, i = 1, 2

the Navier-Stokes system with a mixed boundary condition:

(2)





−∇P εδ + ν∆U εδ =
(
U εδ · ∇

)
U εδ in Ωεδ,

∇ · U εδ = 0 in Ωεδ,(
−P εδI+

+ν
(
∇U εδ + (∇U εδ)t

))
n = −pbn on Γεδ,

U εδ = 0 on Sεδ,
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a) Ωεδ b) Representative elementary
volume

Figure 1. Thin and perforated 3D domain Ωεδ

a) Sεδ b) Γεδ

Figure 2. Boundary ∂Ωεδ = Sεδ ∪ Γεδ.

a) Qf b) Qf

Figure 3. 3D and 2D unit cells

where ν > 0 is a kinematic viscosity coefficient, pb : Γεδ → R is
an external kinematic pressure which drives the flow in Ωεδ, P εδ :
Ωεδ → R is the fluid kinematic pressure and U εδ : Ωεδ → R3

is the fluid velocity (unknown functions). The function pb is also
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assumed to depend only on global variables x1, x2, hence it is a
macro characteristic of the flow.

As it mentioned before, the first step for studying (2) is to
replace the domain Ωεδ with one that is independent of δ. It can be
easy done by changing variables x3 → x3/δ. Under such rescaling,
the domain Ωεδ is transformed into the domain Ωε that has the
same periodical structure in x1, x2–directions but with the unit
length in z = x3/δ–direction. The boundary–value problem (2)
turns to the following one

(3)





−∇δp
εδ + ν∆δu

εδ =
(
uεδ · ∇δ

)
uεδ in Ωε,

∇δ · uεδ = 0 in Ωε,(
−pεδI+

+ ν
(
∇δu

εδ + (∇δu
εδ)t
))

n = −pbn on Γε,

uεδ = 0 on Sε,

where

pεδ(x1, x2, z) = P εδ(x1, x2, δz),

uεδ(x1, x2, z) = U εδ(x1, x2, δz),
(x1, x2, z) ∈ Ωε.

Remark 3. As one can see the flow in (2) is driven by the
external pressure pb only. We would like to mention that it is also
possible to include the force term in the first equation in (2), i.e.
to consider

−∇P εδ + ν∆U εδ + f =
(
U εδ · ∇

)
U εδ in Ωεδ,

where f : Ωεδ → R3 as an external force acting on the unit mass of
fluid, e.g. gravitational force.

2. The multiscale asymptotic expansion method

We seek a solution (uεδ, pεδ) of (3) in the form of asymptotic
expansions. The general idea of asymptotic expansions is to con-
sider macro- and micro-behaviour of the solution separately, i.e. to
suppose x and y = x/ε to be independent variables. Under such as-
sumptions on x and y the unknown functions uεδ, pεδ are presented
as series with respect to small parameters δ and ε.
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As it was shown in many classical papers (see e.g. [1, 5, 24]) if
the velocity of flow is of 0 order (with respect to some small param-
eter of the domain geometry) then one should expect an extremely
high fluid pressure and on the contrary, for 0 order fluid pressure
the corresponding flow is very slow. Since in our problem (2) the
flow in governed by an external pressure pb which is independent
of ε and δ (in other words of 0 order), we assume the same order
behaviour for unknown fluid pressure pεδ. This allows us to start
pressure series from 0 order terms for both ε and δ parameters and
velocity series — from higher order terms.

As announced in the introduction, three different flow regimes
can be reached depending on the relation between ε and δ.

2.1. Proportionally Thin Porous Medium (PTPM). Sup-
pose that the thickness δ of the original domain Ωεδ is proportional
to the size of inclusions ε: δ = λε. Then we are looking for uεδ, pεδ
in the following form:

(4)
uεδ(x, z) =

∞∑
i=2

εiλiui
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

pεδ(x, z) =
∞∑
j=0

εjλjpj
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

where (x1, x2) ∈ Ωε, (x1/ε, x2/ε, z) = (y1, y2, z) ∈ Qf and functions
ui, pj, i = 2, 3, ..., j = 0, 1, ..., are assumed to be the solution of the
"extended" system (3) defined on the domain Ω×Qf :
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(5)





−
∞∑
i=0

εiλi
(
∇x + 1

ε
∇λ

)
pi+

+ν
∞∑
i=2

εiλi
(
∆x + 2

ε
∆xy + 1

ε2
∆λ

)
ui = in Ω×Qf ,

=
∞∑
i=2

εiλi
(
ui ·
(
∇x + 1

ε
∇λ

) ) ∞∑
j=2

εjλjuj

∞∑
i=2

εiλi
(
∇x + 1

ε
∇λ

)
· ui = 0 in Ω×Qf ,

∞∑
i=2

εiλiui = 0 on Ω× S,

ν
∞∑
i=2

εiλi ((∇xu
i + (∇xu

i)t) +

+ 1
ε

(∇λu
i + (∇λu

i)t)
)
− on ∂Ω×Qf .

−
∞∑
i=0

εiλipiI = −pbI

Due to periodicity of ω another natural assumption on ui, pj, i =
2, 3, ..., j = 0, 1, ..., is to suppose them to be 1-periodic with respect
to y.

All further results are based on collecting terms in (5) with equal
powers of ε. For the momentum equation we have

ε−1 : ∇λp
0 = 0,(6a)

ε0 : −
(
∇xp

0 + λ∇λp
1
)

+ νλ2∆λ(u
2) = 0,(6b)

...

and

ε1 : ∇λ · u2 = 0,(7a)

ε2 : ∇x · u2 + λ∇λ · u3 = 0,(7b)

...

for the conservation of mass (here we have divided equations by
λ2). Boundary conditions provide the following

ui = 0 on Ω× S, i = 0, 1, ...(8)
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for the boundary on micro scale and

p0 = pb on ∂Ω×Qf ,(9a)

−p1I + νλ
(
∇λu

2 + (∇λu
2)t
)

= 0 on ∂Ω×Qf ,(9b)

...

for the global boundary.

Remark 4. Note that the inertial term does not appear in
equations (6a–9b). Inertial effects may be included by taking higher
order terms into account or by choosing a different scaling of the
problem.

Thus (6a) implies that p0 is a function of x alone, i.e. p0 = p0(x),
and satisfies (9a) on ∂Ω. From (6b), (7a), (8) and (9b) we get the
next system:

(10)





− 1
λ2
∇xp

0 − 1
λ
∇λp

1 + ν∆λ(u
2) = 0 in Ω×Qf ,

∇λ · u2 = 0 in Ω×Qf ,

u2 = 0 on Ω× S,

−p1I + νλ (∇λu
2 + (∇λu

2)t) = 0 on ∂Ω×Qf .

Taking into account that p0 does not depend on (y, z) ∈ Qf , we
can write u2, p1 as a linear combinations

(11)
u2(x, y, z) =

1

ν

2∑
i=1

∂p0(x)

∂xi
W i(y, z),

p1(x, y, z) =
2∑
i=1

∂p0(x)

∂xi
qi(y, z),

(x, y, z) ∈ Ω×Qf ,

where (W i, qi), i = 1, 2, 3, are 1-periodic (in Qf ) solutions of the
following cell problems :

(12)





− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S.

Here ei = (δ1i, δ2i, 0), i = 1, 2, 3, and δji is the Kronecker delta. One
can see that W 3 = 0, q3 = const since for i = 3 the force term is
absent.
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Substitution of (11) into (7b) and integration of it with respect
to (y, z) over Qf (with additional factor 1/|Q|) provide Darcy’s law
(the term with ∇λ · u3 vanishes because of periodicity of u3 with
respect to y and since u3 = 0 on S):

(13)
1

|Q|

∫

Qf

(∇x · u2 + λ∇λ · u3)dydz =
1

|Q|

∫

Qf

∇x · u2dydz =

=
1

ν

1

|Q|

∫

Qf

∇x ·
(

2∑

i=1

∂p0(x)

∂xi
W i(y, z)

)
dydz =

1

ν
∇x ·

(
Kλ(∇xp

0)
)

= 0,

where Kλ is the permeability matrix 3× 3 with components given
by the expression
(14)

Kλ
ij =

1

|Q|

∫

Qf

W i
jdydz, W i = (W i

1,W
i
2,W

i
3), i, j = 1, 2, 3.

By multiplying (12) with W j and integrating by parts one de-
duces the equivalent expression for the permeability:

(15) Kλ
ij = − λ2

|Q|

∫

Qf

∇λW
i : ∇λW

jdydz, i, j = 1, 2, 3.

In particular this implies that Kλ

(16) Kλ =



kλ 0 0

0 kλ 0

0 0 0


.

In further asymptotic analysis we will concentrate on the form of
the permeability matrix Kλ. This is due to the fact that the values
for elements of Kλ are verified by numerical calculations in section
3.

2.2. Limit cases. In this section two different approaches for
analyzing VTPM and HTPM are presented.
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2.2.1. Asymptotic λ–analysis (λ→ 0). To pass to the limit λ→
0 we start from (12)
(17)



− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S,

i = 1, 2, 3.

By changing a variable z → λz, z ∈ (0, 1), one can see that the unit
domain Qf is transferred to the thin cell Qf × (0, λ) with λ → 0
and for Qf × (0, λ) the corresponding momentum equation has the
following form

(18) −1

λ
∇qi + ∆W i − 1

λ2
ei = 0.

So in fact we deal now with a thin domain and because of it in this
section we will use lower limits different from previous. As one can
see from (18), the magnitude of viscous forces λ−2ei is proportional
to λ−2, then the fluid pressure is assumed to balance viscous force
and now we are looking for the solutions in the following form

(19)
W i(y, z) =

∞∑
j=0

λjwi,j(y1, y2, z),

qi(y, z) =
∞∑

j=−2
λjqi,j(y1, y2, z),

(y, z) ∈ Qf .

As before all functions wi,j, qi,j are assumed to be 1–periodic in
the y-directions and to satisfy the next problem (we multiply the
momentum equation with λ2 for the simplicity):

(20)





−
∞∑

j=−2
λj+1

(
∇y + 1

λ
∇z

)
qi,j+ in Qf ,

+
∞∑
j=0

λj+2
(
∆y + 1

λ2
∆z

)
wi,j − ei = 0

∞∑
j=0

λj
(
∇y + 1

λ
∇z

)
· wi,j = 0 in Qf ,

∞∑
j=0

λjwi,j = 0 on S,

i = 1, 2, 3. Recall that q3 and W 3 vanish in Qf . Then expansions
for i = 3 in (19) are trivial and all terms w3,j, q3,j are also assumed
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to be zero. So further analysis should be considered mostly for
i = 1, 2 (for i = 3 it is also valid but all solutions are trivial again).

For different powers of λ in the momentum equation we get

λ−2 : ∇zq
i,−2 = 0,(21a)

λ−1 : ∇yq
i,−2 +∇zq

i,−1 = 0,(21b)

λ0 : −
(
∇yq

i,−1 +∇zq
i,0
)

+ ∆z(w
i,0)− ei = 0,(21c)

...

and

λ−1 : ∇z · wi,0 = 0,(22a)

λ0 : ∇y · wi,0 +∇z · wi,1 = 0,(22b)

...

for the conservation of mass. The last equation in (20) implies

wi,j = 0 on Ω× S, j = 0, 1, ...(23)

Such collecting terms with equal powers of λ provides the fol-
lowing results:

• wi,03 = 0 (from (22a) and (23)).
• qi,−2 = const and qi,−1 = qi,−1(y), (from (21a) and (21b)).

For the third component in (21c) we have qi,0 = qi,0(y), (since
wi,03 = 0). Taking these facts and boundary condition for wi,0 into
account, by integration of (21c) we get

(24) wi,0(y, z) =
z(z − 1)

2

(
∇yq

i,−1(y) + ei
)
, (y, z) ∈ Qf .

Integrating (22b) over (0, 1) we also obtain
∫

(0,1)

∇y ·
2∑

j=1

(
∇yq

i,−1(y) + ei
) z(z − 1)

2
dz =

=
1

12

2∑

j=1

∇y ·
(
∇yq

i,−1(y) + ei
)

=

=
1

12
∇y ·

(
ei +∇yq

i,−1) =
1

12
∆yq

i,−1 = 0.
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To "extract" boundary conditions we multiply ∇y ·(ei +∇yq
i,−1) =

0 by an arbitrary periodic divergence–free vector–function ϕ : Qf →
R3 vanishing on S and integrate over Qf :

0 =

∫

Qf

∇y ·
(
ei +∇yq

i,−1)ϕdy =

∫

S

(
ei +∇yq

i,−1)ϕndS−

−
∫

Qf

(
∇yq

i,−1 + ei
)
∇y · ϕdy = 0,

due to periodicity of ϕ we get
(
ei +∇yq

i,−1) · n = 0 on S.

Returning to (15) and using (24) we obtain the final expression
for the permeability matrix K0

(25)

K0
ij =

1

|Q|

∫

Qf

wi,0j dydz =
1

12|Q|

∫

Qf

(∇yq
i,−1 + ei) · ejdy, i = 1, 2, 3,

where qi,−1, i = 1, 2, are the 1–periodic solutions of the problem

(26)
{

∆yq
i,−1 = 0 in Qf ,

(∇yq
i,−1 + ei) · n = 0 on S.

We recall again that q3,−1 = 0.

Remark 5. Taking into account that the first non-vanishing
term in the asymptotic expansion for the velocity W i in (19) is of
the order λ0 we can conclude from comparison of (15) and (25) that

(27) Kλ ∼ K0 as λ→ 0,

where

(28) K0 =



k0 0 0

0 k0 0

0 0 0


.
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2.2.2. Asymptotic λ–analysis (λ → ∞). For this case we have
1/λ tending to zero. To use the same technique with respect to a
small parameter let us introduce σ = 1/λ→ 0. After such changes
for (12) we obtain

(29)





− 1
σ
(∇y + σ∇z)q

i + 1
σ2 (∆y + σ2∆z)W

i = ei in Qf ,

(∇y + σ∇z) ·W i = 0 in Qf ,

W i = 0 on S.

We use the following 1–periodic (in y–directions) series for qi
and W i, i = 1, 2:

(30)
W i(y, z) =

∞∑
j=2

σjwi,j(y1, y2, z),

qi(y, z) =
∞∑
j=0

σjqi,j(y1, y2, z),
(y, z) ∈ Qf .

As it was mentioned in previous section, all corresponding terms
w3,j, q3,j are trivial.

By substituting (30) into (29) we obtain

σ−1 : ∇yq
i,0 = 0,(31a)

σ0 : −
(
∇yq

i,1 +∇zq
i,0
)

+ ∆yw
i,2 − ei = 0,(31b)

...

and

σ1 : ∇y · wi,2 = 0,(32a)

σ3 : ∇y · wi,2 +∇z · wi,3 = 0,(32b)

...

for the first and second equations in (29). Boundary conditions are

(33) wi,j = 0 on S ∀j = 2, ...

From (31a) we have that qi,0 doesn’t depend on y ∈ Qf .
By integration of (32b) over Qf we get

∂

∂z

∫

Qf

wi,23 dy =

∫

Qf

∂wi,23
∂z

dy = 0,
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but we can also integrate with respect to z:
z∫

0

∫

Qf

∂wi,23
∂z

dydz =

∫

Qf

wi,23 dy = 0.

So, wi,23 has zero mean value.
Write (31b) in componentwise form:

−




∂qi,1

∂y1
∂qi,1

∂y2
∂qi,0

∂z


+




∂2wi,2
1

∂y21
+

∂2wi,2
1

∂y22
∂2wi,2

2

∂y21
+

∂2wi,2
2

∂y22
∂2wi,2

3

∂y21
+

∂2wi,2
3

∂y22


− e

i =




0

0

0


 .

Regarding the third component, we multiply it by an arbitrary
periodic (with respect to y) function φ which has zero mean value,
and integrate with respect to y by parts. It provides us

∫

Qf

(
−∇zq

i,0 + ∆yw
i,2
3

)
φdy = −

∫

Qf

∇yw
i,2
3 : ∇yφdy = 0,

since qi,0 = qi,0(z). By substituting φ = wi,23 and using boundary
condition for wi,2 on S we get

wi,23 = 0.

For the first two components we have

(34)





−∇yq
i,1 + ∆yw

i,2 − ei = 0 in Qf

∇y · wi,2 = 0 in Qf ,

wi,2 = 0 on S.

Also there is no z–dependence in the system above, then it is correct
to consider all equations in 2D–domain Qf (instead of Qf ). Finally
for the permeability (15) we have

(35) K∞ij =
1

|Q|

∫

Qf

wi,2 · ejdy, i, j = 1, 2, 3,
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where wi,2, i = 1, 2, are the solutions of

(36)





−∇yq
i,1 + ∆yw

i,2 − ei = 0 in Qf

∇y · wi,2 = 0 in Qf ,

wi,2 = 0 on S

and w3,2 = 0 again.

Remark 6. Since the first non-vanishing term in σ–expansions
for the velocity W i in (30) is of the order σ2 = λ−2, from the
corresponding expressions (15) and (35) for the permeability we
obtain

(37) Kλ ∼ 1

λ2
K∞ as λ→∞,

where

(38) K∞ =



k∞ 0 0

0 k∞ 0

0 0 0


.

2.2.3. Very Thin Porous Medium (VTPM). The case δ � ε can
be modeled e.g. by the relation δ = ε2. Since δ is a function of ε we
simply write uε = uεδ and pε = pεδ. We choose the following series
representation for the solution of (3)

(39)
uε(x, z) =

∞∑
i=4

εiui
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

pε(x, z) =
∞∑
i=0

εipi
(
x1, x2,

x1
ε
, x2
ε
, z
)
,

where (x1, x2) ∈ Ωε,
(
x1
ε
, x2
ε
, z
)

= (y, z) ∈ Qf .
By the same method as before we come to the following conclu-

sions:
• p0 = p0(x), p1,2 = p1,2(x, y), u43 = 0;

• u41,2(x, y, z) = z(z−1)
2ν

2∑
i=1

∇xp
0(x) (∇yq

i + ei), (x, y, z) ∈ Ω×
Qf , where

(40)
{

∆yq
i,2 = 0 in Qf ,

(∇yq
i,2 + ei) · n = 0 on S.
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• Darcy’s law has the following form:

(41) ∇x · (K0(∇xp
0)) = 0,

where

K0 =
1

12|Q|

∫

Qf




1 + ∂q1

∂y1

∂q2

∂y1
0

∂q1

∂y2
1 + ∂q2

∂y2
0

0 0 0


 dy

is the permeability matrix.

Remark 7. One can see that the difference between the lowest
ε limits for pressure and velocity series in (39) is of four orders
instead of two (compare with (4), (19), (30)). But let us note that
in this case ε is not the smallest parameter. In terms of δ (now the
smallest one) the difference is still of two orders (since ε4 = δ2).

Remark 8. Another important moment is the scale of real per-
meability. Since in (39) the lowest term in the velocity expansions
is of the order ε4 = δ2, then to obtain the real value of permeability,
the matrix K0 should be scaled by factor δ2.

2.2.4. Homogeneously Thin Porous Medium (HTPM). To model
case δ � ε we can suppose e.g. that the square of the thickness δ
of Ωεδ is proportional to ε: ε = δ2. Since ε is a function of δ we
simply write uδ = uεδ and pδ = pεδ.

We consider the following series:

(42)
uδ(x, z) =

∞∑
i=4

δiui
(
x1, x2,

x1
δ2
, x2
δ2
, z
)
,

pδ(x, z) =
∞∑
i=0

δipi
(
x1, x2,

x1
δ2
, x2
δ2
, z
)
,

where (x1, x2) ∈ Ωε, (x1/δ
2, x2/δ

2, z) = (y, z) ∈ Qf .
All further manipulations are similar to those which were done

in section 2.2.2. Finally we obtain

• p0,1 = p0,1(x), u43 = 0;
• u41,2 = u41,2(x, y), p2 = p2(x, y);
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• u4(x, y) = 1
ν

2∑
i=1

∇xp
0W i(y), p2(x, y) =

2∑
i=1

∇xp
0qi(y) in Ω×

Qf , where (W i, qi), i = 1, 2, are solutions of cell problem

(43)





−ei −∇yq
i + ∆yW

i = 0 in Qf ,

∇y ·W i = 0 in Qf ,

W i = 0 on S

and (W 3, q3) = (0, 0). Originally system (43) was defined
in Qf but one can easy see that equations above do not
depend on z. It means that their solutions are independent
of z also and problem (43) can be considered only for the
flat domain Qf without any contradiction.
• the Darcy’s law can be written in the next form

(44)
1

ν
∇x · (K∞∇xp

0) = 0,

where

K∞ij =
1

|Q|

∫

Qf

W i
jdy, i, j = 1, 2, 3.

By using the similar argumentation as it was presented in pre-
vious section (see remarks 7, 8) we would like to mention that the
difference between the lowest terms for pressure and velocity in (42)
is still of two orders with respect to the smallest parameter (which
is ε now); and that the permeability for the real problem is ε2K∞.

3. Numerics

In this section we present some numerical results which illustrate
the asymptotic relations between the intermediate case (PTPM)
and the limiting cases (VTPM and HTPM). All numerical com-
putations were done in COMSOLMultiphysics (‘creeping flow’ mod-
ule) which is a software based on the finite element method. The
geometries Qf and Qf (see Figure 3) are divided into triangular
mesh elements of variable size. The mesh was refined successively
until we obtain the required convergence. In the computations pre-
sented below we used 12570 elements for the 3D cell problems and
762 elements for the 2D problems.
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In particular it is shown that Kλ ∼ K0 for small values of λ and
that Kλ ∼ λ−2K∞ for large values of λ. Recall that cell problems to
compute permeability depend only on the dimensionless parameter
λ and the radius R of the cylinder inclusions. Thus we can regard
K0 and K∞ as functions of R only. For this particular geometry
the permeability tensors are described by single scalars kλ, k0 and
k∞ (see (16), (28) and (38)) in all three cases respectively.

Solving the PTPM cell problem (12) in the domain Qf for
different radii R = 0.1, 0, 2, 0.3, 0.4 and different λ ∈ [2−8, 24] allows
us to compute permeability as a function of R and λ. In order to
compare kλ with the limit cases (k0 and k∞) we also solve the
problems (43) and (26).

In view of (37) kλ ∼ k∞/λ2, for the HTPM-case. Figure 4
shows λ2kλ as a function of λ for various fixed R, where the dotted
lines correspond to k∞ which is a function of R alone. This suggests
that k∞ may be used as a good approximation for λ2kλ for large
values of λ as shown in the above analysis. The relative error in this
HTPM-approximation is displayed in Table 4. It can be observed
that the convergence seems faster for larger values of R.

Table 4. k∞ vs λ2kλ

R 0.1 0.2 0.3 0.4
λ (k∞ − λ2kλ)/k∞ (relative error)
2 30.9% 22.3% 15.4% 8.2%
4 15.6% 11.2% 7.7% 4.4%
6 10.4% 7.6% 5.1% 2.7%
8 7.8% 5.6% 3.8% 2.2%
10 6.3% 4.5% 3.1% 1.6%
12 5.3% 3.8% 2.6% 1.6%
14 4.5% 3.3% 2.3% 1.6%
16 4.0% 2.9% 2.0% 1.0%

In view of (27) kλ ∼ k0, for the VTPM-case. Figure 5 shows
kλ as a function of λ for various fixed R, where the dotted lines cor-
respond to k0 which is a function of R alone. Here a logarithmical
scale is used for the λ-axis. This suggests that k0 may be used as
a good approximation for kλ for small values of λ as shown in the
above analysis. The relative error in this VTPM-approximation is
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Figure 4. λ2kλ vs k∞

displayed in Table 5. Here it can be observed that the convergence
seems faster for smaller values of R, as opposed to theHTPM-case.

Table 5. k0 vs kλ

R 0.1 0.2 0.3 0.4
λ (k0 − kλ)/k0 (relative error)

2−2 12.5% 21.6% 32.6% 56.1%
2−3 6.0% 10.5% 16.4% 30.1%
2−4 2.7% 5.1% 8.2% 15.0%
2−5 1.3% 2.5% 4.1% 7.5%
2−6 0.6% 1.3% 2.0% 3.7%
2−7 0.3% 0.6% 1.0% 1.9%
2−8 0.2% 0.3% 0.5% 0.9%

In the limit cases k∞ and k0 are functions that only depend on
R (the micro geometry). These dependencies are shown in Figure 6
and Figure 7 respectively.
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Figure 5. kλ vs k0
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4. Conclusions

Summing up, we have considered flow in a thin porous medium
with two small parameters ε and δ, related to the microstructure
and the thickness of the domain. Letting ε and δ tend to zero at
different rates, asymptotic analysis leads to the following results.

For PTPM,VTPM andHTPM the flow is governed by equa-
tions (13), (41) and (44) correspondingly. These equations are two-
dimensional versions of Darcy’s law (third components in all equa-
tions vanish). We therefore regard Kλ, K0 and K∞ as 2D tensors
throughout this section. The asymptotic behaviour of the flow can
be described by the diagrams shown in Figures 8–10. In Figure 9,
pλ, 0 ≤ λ ≤ ∞, is the solution of the well-known 2D Darcy equation

(45)

{
∇ · (Kλ∇pλ) = 0 in Ω,

pλ = pb on ∂Ω.

Observe that the Dirichlet boundary condition on ∂Ω in (45) cor-
responds to the Neumann boundary condition on Γεδ in (2). The
reverse also holds, i.e. a Dirichlet boundary condition on Γεδ in
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the original problem would imply a Neumann boundary condition
in the Darcy law. Although (45) holds in all three cases, the per-
meability is fundamentally different in the limiting cases λ = 0
and λ = ∞ compared to the intermediate case 0 < λ < ∞. More
precisely:

• Darcy’s law for VTPM can be obtained as an asymptotic
limit in two different ways (see flow diagram). This is
because the local problems (26) and (40) to compute K0

are identical. Here, the permeability is given by

(46) K0 = − 1

12|Q|

∫

Qf

(
∂q1

∂y1
+ 1 ∂q2

∂y1

∂q1

∂y2

∂q2

∂y2
+ 1

)
dy,

where qi are solutions of the Hele-Shaw type 2D cell prob-
lems

(47)





∆qi = 0 in Qf ,

(∇qi + ei) · n = 0 on S,
qi Q-periodic,

(i = 1, 2)

where e1 = (1, 0) and e2 = (0, 1).
• Darcy’s law for PTPM is obtained by assuming δ = λε
(see flow diagram). Here, the permeability is given by

(48) Kλ =
1

|Q|

∫

Qf

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy dz,

where (W i, qi) are solutions of the 3D Stokes cell problems

(49)





− 1
λ
∇λq

i + ∆λW
i − 1

λ2
ei = 0 in Qf ,

∇λ ·W i = 0 in Qf ,

W i = 0 on S,

W i, qi Q-periodic,

where e1 = (1, 0, 0), e2 = (0, 1, 0), i = 1, 2.
• Darcy’s law for HTPM can also be obtained as an asymp-
totic limit in two different ways, as the local problems (36)
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and (43) to compute K∞ are identical. Here, the perme-
ability is given by

(50) K∞ =
1

|Q|

∫

Qf

(
W 1

1 W 2
1

W 1
2 W 2

2

)
dy,

where (W i, qi) are solutions of the 2D Stokes cell problems

(51)





−∇qi + ∆W i − ei = 0 in Qf ,

∇ ·W i = 0 in Qf ,

W i = 0 on S,
W i, qi Q-periodic,

(i = 1, 2)

where e1 = (1, 0) and e2 = (0, 1).

From an engineering point of view, the present analysis shows
that the two-dimensional approaches to compute the permeability
of thin porous media must be used carefully. As seen in Tables 4
and 5 the error can be substantial if one uses the 2D cell problems
(47) or (51) instead of (49). Hence it is important to distinguish
between three kinds of porous media, namely VTPM, PTPM and
HTPM.

− 1
ν
K0∇p0

U εδ

δ =
√
ε

×ε−2, ε→ 0

&&

δ = ε2

×δ−2, ε→ 0

88

δ = λε

×δ−2, ε→ 0
// − 1

ν
Kλ∇pλ

λ→ 0

OO

×λ2
λ→∞
��

− 1
ν
K∞∇p∞

Figure 8. Asymptotic behavior of U εδ
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√
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$$
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��
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Figure 9. Asymptotic behavior of P εδ
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Figure 10. Asymptotic behavior of Kεδ
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HOMOGENIZATION OF THE STOKES EQUATION
WITH MIXED BOUNDARY CONDITION IN A

POROUS MEDIUM

JOHN FABRICIUS, ELENA MIROSHNIKOVA, PETER WALL

Abstract We homogenize stationary incompressible Stokes flow in
a periodic porous medium. The fluid is assumed to satisfy a no-slip
condition on the boundary of solid inclusions and a normal stress (trac-
tion) condition on the global boundary. Under these assumptions, the
homogenized equation becomes the classical Darcy law with a Dirichlet
condition for the pressure.

Keywords: porous media, Darcy’s law, homogenization, two-scale
convergence, stress boundary condition, traction condition.

Introduction

Various physical phenomena can be described in terms of fluid flow
in porous media. It occurs e.g. in the study of filtration in sandy
soils or blood circulation in capillaries, see [4, 16] for more examples
and motivation. In the study of such processes one would like to find
some averaged characteristics of the flow, e.g. permeability, macro-
velocity and macro-pressure. To obtain such quantities there exist
several mathematical approaches collectively referred to as homoge-
nization theory (see e.g. [1,16,19,27,29] and the references therein) as
well as heuristic methods based on phase averaging [32].

In the present study we consider the flow of an incompressible fluid
in a perforated domain which depends on a small parameter ε. More
precisely, let Ω be a bounded Lipschitz domain in Rn which is per-
forated by ε-periodically distributed obstacles. The fluid part of Ω
is denoted as Ωε. The boundary ∂Ωε = ∂Ω ∪ Sε of the domain Ωε

consists of two disjoint parts: Sε — the boundary of micro–inclusions
1
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(interior boundary) — and ∂Ω — the exterior boundary. The flow of
an incompressible fluid in Ωε is assumed to be governed by the Stokes
equations. Moreover, we impose a standard no-slip condition on Sε,
whereas a normal stress is prescribed on the global boundary ∂Ω. The
non-standard (but physically appropriate) stress condition is the main
novelty of the present analysis. All previous studies related to flow in
porous media impose the no-slip condition on the global boundary as
well.

The mixed boundary value problem for the Stokes system in non-
perforated domains has been studied in [13, 22]. An important con-
sequence of the mixed boundary condition is that both pressure and
velocity are unique. More precisely, uniqueness of pressure follows
from the normal stress condition on ∂Ω whereas uniqueness of velocity
follows from the no-slip condition on Sε. It is well known, that if a
Dirichlet condition is imposed on the whole boundary, then the pres-
sure can only be determined up to a constant. Correspondingly, if a
Neumann condition is imposed on the whole boundary, the pressure
is unique but the velocity can only be determined up to a rigid body
velocity.

Our objective is to homogenize the Stokes system under the mixed
boundary condition, i.e. we want to find the effective (or macroscopic)
set of equations that govern pressure and velocity in the limit as the
parameter ε tends to zero. This includes

- to define a suitable notion of convergence for solutions defined
on a sequence of perforated domains Ωε as ε→ 0

- to deduce the limit (homogenized) boundary value problem in
the unperforated domain Ω

- to rigorously derive the corresponding Darcy law in terms of
homogenized problem solution.

To accomplish this we use the two-scale convergence technique in-
troduced by Nguetseng [26], see also [3, 20]. Tartar [29] proved the
homogenization result corresponding to the Dirichlet problem for the
Stokes system using the method of oscillating test functions. A proof of
that result based on two-scale convergence has been given by Allaire
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in [16, Ch. 3]. Tartar’s result has been developed in various direc-
tions, e.g. by starting from a more general model for fluid flow [23];
by relaxing the geometrical requirements on the domain Ωε [1, 14]; by
considering a compressible fluid [21] or a non-Newtonian fluid [6, 17].

To our knowledge all previous mathematical studies concern the
Dirichlet problem for the velocity field. This leads to Darcy’s equation
with a Neumann condition, which implies that the homogenized pres-
sure distribution can only be determined up to a constant. However,
in applications where the flow is driven by a pressure gradient [28],
or more generally a prescribed boundary stress (traction) [18], it is
natural to use a Dirichlet condition for the pressure in Darcy’s law.
For a thorough discussion regarding boundary conditions for flow in
porous media we refer to Chapter 7 of [4]. The present analysis shows
that a normal stress condition for the Stokes system implies a Dirichlet
condition for the pressure in Darcy’s law. The latter condition seems
more accurate from a physical point of view, because it gives a unique
homogenized pressure. Since this is also the condition that is used
in many applications, our result provides a rigorous link between a
microscopic model and its macroscopic counterpart that has not been
explained before.

1. Preliminaries

To formulate the problem and state the main results we first describe
the class of domains where the flow is considered, introduce some func-
tion spaces and state some versions of well-known results that are used
in the subsequent analysis.

1.1. Perforated domain Ωε. Let Ω ⊂ Rn be a bounded domain with
a Lipschitz boundary ∂Ω. For any ε > 0, set

Ω(ε) = {x ∈ Ω : dist(x, ∂Ω) > 2ε}, I(ε) = Ω(ε) ∩ εZn,

Furthermore, let ω be an unbounded Lipschitz domain of Rn with Q-
periodic structure, where Q = (−1/2, 1/2)n denotes the unit cube in
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a) w b) Ω and Ωε

Figure 1. Structure of perforated domain Ωε

Rn. Set

Qf = ω ∩Q (fluid part of Q)

Qs = Q\Qf (solid part of Q).

We assume a positive distance between Qs and the boundary ∂Q. Thus
∂Qf = ∂Q ∪ S, where S = ∂ω ∩Q denotes the boundary of Qs.

The domain Ωε (see Figure 1) is defined by

Ωε = Ω\
( ⋃

i∈I(ε)
Qs
i,ε

)
,

where Qs
i,ε is the set Qs scaled by a factor ε and translated by the vector

i. Thus there exists so called "safety region" in the neighborhood of
∂Ω without inclusions. From the figure one sees that ∂Ωε consists of
two disjoint parts: ∂Ω (the exterior boundary) and Sε = ∂Ωε ∩Ω (the
interior boundary of solid inclusions).

1.2. Function spaces. Given u = (u1, ..., un) in H1(Ω;Rn) we denote
as ∇u, e(u) the n× n matrix valued functions defined by

∇u =

(
∂ui
∂xj

)

ij

, e(u) =
1

2

(
∇u+ (∇u)t

)
=

(
1

2

(
∂ui
∂xj

+
∂uj
∂xi

))

ij

.

In other words, e(u) is the symmetric part of ∇u.
For a given set Σ ⊂ ∂Ω, we define H1(Ω,Σ;Rn), as the subspace

of H1(Ω;Rn) consisting of all functions u that have zero trace on Σ.
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Consequently, H1
0 (Ω;Rn) = H1(Ω, ∂Ω;Rn). The letter V is reserved

for divergence free function spaces. Thus, we define

V (Ω) = {u ∈ H1(Ω;Rn) : ∇ · u = 0 in Ω}
V (Ω,Σ) = {u ∈ V (Ω) : u = 0 on Σ}
V0(Ω) = V (Ω, ∂Ω).

L2
0(Ω) is defined as the set of all p in L2(Ω) such that

∫
Ω
p dx = 0. For

the unit cube Q, H1
per(Q;Rn) denotes the closure of the space of smooth

Q-periodic functions in H1-norm. To distinguish between macro- and
micro-variables, the following differential operators will be used:

∇x =

(
∂

∂x1

, ...,
∂

∂xn

)
, ∇y =

(
∂

∂y1

, ...,
∂

∂yn

)
, (x, y) ∈ Ω×Q.

The space Hdiv(Ω;Rn) consists of functions F ∈ L2(Ω;Rn×n) such
that ∇ · F ∈ L2(Ω;Rn). Since ∂Ω is assumed to be of class C0,1 the
outward unit normal n̂ is defined almost everywhere on ∂Ω and there
exists a continuous normal trace operator

γn̂ : Hdiv(Ω;Rn)→ H−1/2(∂Ω;Rn)

such that γn̂(F ) = Fn̂ for any F ∈ C1(Ω;Rn×n) and the divergence
theorem holds

(1)
∫

Ω

F : ∇u+ (∇ · F ) · u dx = 〈γn̂(F ), u〉H−1/2(∂Ω;Rn);H1/2(∂Ω;Rn)

for any F ∈ Hdiv(Ω;Rn), u ∈ H1(Ω;Rn). The operator γn̂ is in fact
onto (see [7, pp. 248–249] and [31, pp. 9–20]). For simplicity we shall
write Fn̂ in place of γn̂(F ) and 〈·, ·〉∂Ω in place of 〈·, ·〉H−1/2(∂Ω;Rn);H1/2(∂Ω;Rn).

1.3. Auxiliary results in function analysis. The stress bound-
ary condition implies some essential difficulties compared to the clas-
sical no-slip condition. To deal with the stress condition we need
some generalizations of classical results. For Lipschitz domains this
is achieved by following the approach based on Nečas’ inequality de-
scribed in [7,25,30]. In particular we need a version of Korn’s inequality
for perforated domains and a “strong” version of de Rham’s theorem.
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1.3.1. Korn’s inequality. We need to control the constant in the clas-
sical Korn inequality (see e.g. [9]) for vector functions defined in Ωε

satisfying a homogeneous Dirichlet condition on the boundary of solid
inclusions.

Theorem 1 (Korn’s inequality). There exists a constant C > 0
independent of ε such that for all sufficiently small ε > 0 any function
u ∈ H1(Ωε, Sε;Rn) satisfies

(2) ‖u‖L2(Ωε;Rn) 6 Cε‖e(u)‖L2(Ωε;Rn×n);

(3) ‖u‖H1(Ωε;Rn) 6 C‖e(u)‖L2(Ωε;Rn×n).

The proof is based on covering the domain Ω by a finite collection
of cubes Qi,Mε, M > 1, i ∈ I(ε) and applying the Korn inequality
(see e.g. Theorem 3.3 in [11, Ch. 3]) locally on each cube (see [24] for
details).

1.3.2. Bogovskĭı operator. To prove a strong version of de Rham’s the-
orem we use the notion of a so called Bogovskĭı operator (see [5] or [15,
Ch. III.3]).

Theorem 2. For any f ∈ L2(Ω) there exists v ∈ H1(Ω;Rn) such that

(4) f = ∇ · v in Ω.

Moreover, v is unique in H1(Ω;Rn) modulo V (Ω) and

‖v‖H1(Ω;Rn)/V (Ω) 6 CΩ‖f‖L2(Ω).

Remark 1. Theorem 2 is usually formulated with
∫

Ω
f dx = 0, v ∈

H1
0 (Ω;Rn) (see [5] and [15, Ch. III.3]). The present result follows

from the classical result and the simple observation that there exists
ϕ̂ ∈ H1(Ω;Rn) such that∫

∂Ω

ϕ̂ · n̂ dS =

∫

Ω

∇ · ϕ̂ dx = 1.

For example, ϕ̂(x) = (n|Ω|)−1x has this property.
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Remark 2. Theorem 2 asserts the existence of a bounded linear oper-
ator B : L2(Ω)→ H1(Ω;Rn)/V (Ω) such that ∇ · (Bf) = f .

1.3.3. The strong de Rham theorem. The key result to prove existence
of a pressure corresponding to an incompressible flow is de Rham’s
theorem [10] (see e.g. [7, pp. 241–245]). It can be formulated as follows:

Theorem 3 (de Rham’s theorem). Suppose G ∈ L2(Ω;Rn×n) and
g ∈ L2(Ω;Rn) satisfy

∫

Ω

G : ∇v + g · v dx = 0 ∀v ∈ V0(Ω).

Then there exists a unique p ∈ L2
0(Ω) such that

∫

Ω

(−p I +G) : ∇v + g · v dx = 0 ∀v ∈ H1
0 (Ω;Rn).

Moreover, p satisfies the estimate

‖p‖L2(Ω;Rn) 6 CΩ

(
‖G‖2

L2(Ω;Rn×n) + ‖g‖2
L2(Ω;Rn)

)1/2

.

Remark 3. Note that p is unique only because of the artificial require-
ment that

∫
Ω
p dx = 0. If this condition is omitted, then p is only

unique up to a constant.

The following result is a variant of Theorem 3 for periodic functions
that can be deduced from [31, p. 14].

Theorem 4. Suppose G ∈ L2(Ω × Q;Rn×n) and g ∈ L2(Ω × Q;Rn)
satisfy ∫

Ω×Qf

G : ∇yv + g · v dx = 0 ∀v ∈ L2(Ω;Vper(Q
f , S)).

Then there exists p ∈ L2(Ω;L2
0(Qf )) such that

∫

Ω×Qf

(−p I +G) : ∇yv + g · v dx = 0 ∀v ∈ L2(Ω;H1
per(Q

f , S;Rn)).
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However, as observed in [7, Ch. IV], Theorem 3 is not directly appli-
cable when the boundary condition is of Neumann type. The abstract
problem that must be solved is to characterise V (Ω)⊥, i.e. the bounded
linear functionals on H1(Ω;Rn) that vanish on V (Ω). This can be done
by considering the transpose BT : (H1(Ω;Rn)/V (Ω))′ → L2(Ω) of the
Bogovskĭı operator (see Remark 1). In concrete terms, we have the
following result:

Theorem 5 (The strong de Rham theorem). Suppose that F ∈
L2(Ω;Rn×n) and f ∈ L2(Ω;Rn) satisfy

(5)
∫

Ω

F : ∇v + f · v dx = 0 ∀v ∈ V (Ω).

Then there exists a unique p ∈ L2(Ω) such that

〈(−pI + F )n̂, v〉∂Ω =

∫

Ω

(−pI + F ) : ∇v + f · v dx = 0

for all v ∈ H1(Ω;Rn). Moreover

(6) ‖p‖L2(Ω;Rn) 6 C
(
‖F‖2

L2(Ω;Rn×n) + ‖f‖2
L2(Ω;Rn)

)1/2

,

where the constant C depends only on Ω.

2. Model and results

The steady flow of a viscous fluid at low Reynolds number can be
modeled by the Stokes equation. Consider the following boundary
value problem:

(7)





∇ ·
(
− pεI + 2µe(uε)

)
+ f = 0 in Ωε,

∇ · uε = 0 in Ωε,(
− pεI + 2µe(uε)

)
n̂ = −pbn̂ on ∂Ω,

uε = 0 on Sε,

where µ > 0 is a kinematic viscosity coefficient, f ∈ L2(Ω;Rn) is an
external force acting on the unit mass of fluid, pb ∈ H1/2(∂Ω) is an
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external stress (known functions), pε is a scalar function of the fluid
pressure and uε is vector valued function of the fluid velocity (unknown
functions). As mentioned in the introduction, the originality in the
problem formulation resides in the non-standard boundary condition
imposed on ∂Ω which is of Neumann type. Homogenizing (7) means
that we study the asymptotic behavior of uε and pε as ε tends to zero.

Remark 4. Since pb belongs to H1/2(∂Ω), there exists ρb ∈ H1(Ω) such
that γ(ρb) = pb on ∂Ω. Further we keep notation pb for ρb.

We say that a pair (uε, pε) of functions uε ∈ V (Ωε, Sε) and pε ∈
L2(Ωε) is a weak solution of the problem (7) if for any test function
v ∈ H1(Ωε, Sε;Rn) the following integral equality holds:

(8)
∫

Ωε

(−pεI + 2µe(uε)) : ∇v − f · v dx = −〈pbn̂, v〉∂Ω,

which is equivalent to

(9)
∫

Ωε

(−p̃εI + 2µe(uε)) : ∇v − f̃ · v dx = 0 ∀v ∈ H1(Ωε, Sε;Rn),

with p̃ε = pε − pb, f̃ = f −∇pb.
The main results of this paper are the following two theorems.

Theorem 6 (Existence, uniqueness and extension). For each
ε > 0 the boundary value problem (7) has a unique weak solution uε ∈
V (Ωε, Sε), pε ∈ L2(Ωε). Moreover, there exist extensions

U ε =

{
uε in Ωε

0 in Ω\Ωε

P ε =





pε in Ωε

1
εn|Qf |

∫

Qf
i,ε

pε dx in Qs
i,ε, i ∈ I(ε),

such that U ε ∈ V (Ω) and P ε ∈ L2(Ω) satisfy

(10) ε−2‖U ε‖L2(Ω;Rn) + ε−1‖e(U ε)‖L2(Ω;Rn×n) 6 C,
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(11) ‖P ε‖L2(Ω) 6 C,

where the constant C is independent of ε.

Let the homogenized permeability tensor K = (Kij) be defined as

(12) Kij =
1

|Q|

∫

Qf

∇wi · ∇wj dy, i, j = 1, . . . , n,

where (wi, qi), i = 1, . . . , n, are the unique solutions in H1
per(Q;Rn)×

L2
0(Qf ) of the cell problems

(13)





∇qi −∆wi = ei in Qf ,

∇ · wi = 0 in Qf ,

wi = 0 in Qs,

and ei, i = 1, . . . , n, denote the standard basis vectors in Rn.

Theorem 7 (Darcy’s law). The extended solution (U ε, P ε) of (7)
satisfies: velocity ε−2U ε converges weakly in L2(Ω;Rn) to v ∈ L2(Ω;Rn)
and the pressure P ε converges strongly in L2(Ω) to p ∈ H1(Ω), where
v and p are related through Darcy’s law

(14)





v =
1

µ
K (f −∇p) in Ω,

∇ · v = 0 in Ω,

p = pb on ∂Ω,

and K is given by (12).

Remark 5. The above Darcy law agrees with that of [16,29] except for
the boundary condition. In [16, 29] the Dirichlet condition uε = 0 on
∂Ω implies the Neumann condition v · n̂ = 0 on ∂Ω in Darcy’s law.
In the present study we start with the Neumann condition (−pεI +
2µe(uε))n̂ = −pbn̂ on ∂Ω (prescribed normal stress) and end up with
the Dirichlet condition p = pb on ∂Ω in Darcy’s law. Thus there is
a dual correspondence between Dirichlet and Neumann conditions in
the original problem and the homogenized problem.
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3. Proof of Theorem 6

The proof is divided into two parts. Since the existence, uniqueness
and extension of the velocity are obtained as in the Dirichlet case
(see [3,16]) we do not give the details. The most interesting part here
concerns the uniqueness of the pressure, where the strong de Rham
theorem is essentially applied.

3.1. Velocity. The equation (8) provides the bilinear form B acting
on the space V (Ωε, Sε):

B[u, v] = 2µ

∫

Ωε

e(u) : e(v) dx.

The inequality (3) allow us to apply the Lax-Milgram lemma (see [12,
p. 297]) to obtain a unique solution uε ∈ V (Ωε, Sε) of (7).

It is natural to extend uε by zero in Ω\Ωε since this is compatible
with the no-slip boundary condition on Sε:

U ε =

{
uε in Ωε

0 in Ω\Ωε
, U ε ∈ H1(Ω;Rn).

The estimates (10) are achieved by applying (1), (2) to (8) when
v = uε.

3.2. Pressure. The existence of pressure is based on the construction
of a restriction operator H1(Ω;Rn) → H1(Ωε, Sε;Rn) (see [3, 23, 29])
and the strong de Rham theorem. Note that the restriction operator
that appears in these papers is defined on H1

0 (Ω;Rn), but since the
construction is local it works also in our case.

Lemma 1. There exists a linear continuous operator

Rε : H1(Ω;Rn)→ H1(Ωε, Sε;Rn),

such that
Rε(v) = v in Ωε if v = 0 on Sε,

∇ ·Rε(v) = 0 in Ωε if ∇ · v = 0 in Ω.
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(see [16, pp. 52–53] and [24] for details)
By using the same approach as for Theorem 2 one can show that

(15) {∇ · v : v ∈ H1(Ωε, Sε;Rn)} = L2(Ωε).

To prove the existence of pressure in Ω we define

Lε(v) =

∫

Ωε

2µe(uε) : ∇Rε(v)− f̃ ·Rε(v) dx, v ∈ H1(Ω;Rn),

which is a bounded linear functional on H1(Ω;Rn). In view of the
strong de Rham theorem (Theorem 5) there exists a unique P̃ ε ∈ L2(Ω)
such that

(16) Lε(v) =

∫

Ω

P̃ ε∇ · v dx and ‖P̃ ε‖L2(Ω) < C.

By choosing v ∈ H1(Ω;Rn) such that v = 0 on Sε it is clear that
p̃ε = P̃ ε|Ωε , the restriction of P̃ ε to Ωε is a solution of (9). Uniqueness
of p̃ε follows from (15) and the equality

∫

Ω

P̃ ε∇ · v dx =

∫

Ωε

p̃ε∇ ·Rε(v) dx.

By density arguments (see Theorem 2) from (16) we obtain the unique-
ness of P̃ ε. To show that P ε = P̃ ε + pb is a constant in Ω\Ωε one can
choose v ∈ H1(Ω;Rn) such that supp(v) ⊂⊂ Qi,ε, i ∈ I(ε), and use
properties of ∇ ·Rε(v) (see [16, p. 53]).

4. Homogenization

4.1. Two-scale convergence.

Definition 1. A bounded sequence {uε} ⊂ L2(Ω;Rn) is said to two-
scale converge to a limit u ∈ L2(Ω × Q;Rn) if for any function ϕ ∈
C∞c (Ω; (C∞per(Q;Rn)))

lim
ε→0

∫

Ω

uε(x) · ϕ
(
x,
x

ε

)
dx =

∫

Ω

∫

Q

u(x, y) · ϕ(x, y) dx dy.
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Moreover, a bounded sequence {f ε} in H−1(Ω;Rn) is said to two-
scale converge to a limit f ∈ H−1(Ω × Q;Rn) if for any function
ϕ ∈ C∞c (Ω; (C∞per(Q;Rn)))

lim
ε→0
〈f ε, ϕ

(
x,
x

ε

)
〉H−1(Ω;Rn),H1

0 (Ω;Rn) = 〈f, ϕ〉H−1(Ω×Q;Rn),H1
0 (Ω×Q;Rn).

Theorem 8. Let {uε} be some bounded sequence in L2(Ω;Rn). Then
there exists a subsequence {uε} which two-scale converges to u ∈ L2(Ω×
Q;Rn).

The proof can be found in [20].
The following result is a consequence of [3, Prop. 1.14].

Theorem 9. Let {uε} be a sequence in H1(Ω;Rn) such that for any
uε

‖uε‖L2(Ω;Rn) + ε‖e(uε)‖L2(Ω;Rn×n) 6 ε2C,

where the constant C is independent of ε. Then there exists a function
u ∈ L2(Ω;H1

per(Q;Rn)) such that, up to a subsequence, {ε−2uε} and
{ε−1e (uε)} two-scale converge to u and ey(u) = 1/2 (∇yu+ (∇yu)t)
respectively.

4.2. Homogenized problem. The following convergence result holds:

Theorem 10. Let U ε and P ε be as in Theorem 6. Then

i. {ε−2U ε} two-scale converges to u ∈ L2(Ω×Q;Rn);
ii. {ε−1e(U ε)} two-scale converges to ey(u) ∈ L2(Ω×Q;Rn×n);
iii. {P ε} converges strongly to p in L2(Ω);
iv. {ε∇P ε} two-scale converges to ∇yp1 ∈ H−1(Ω×Q;Rn),

where u, p, p1 constitute the unique solution

(u, p, p1) ∈ L2(Ω;H1
per(Q;Rn))×H1(Ω)× L2(Ω;L2

0(Qf ))
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of the following two-pressure Stokes problem:

(17)





∇xp+∇yp1 + µ∆yu = f in Ω×Qf ,

∇y · u = 0 in Ω×Qf ,

∇x ·
∫
Q

u dy = 0 in Ω,

u = 0 in Ω×Qs,

p = pb on ∂Ω,

u, p1 are Q-periodic with respect to y.

Proof. From Theorem 9 and estimate (10) it follows that all two-scale
limits exist. Moreover, since U ε is zero in Ω\Ωε and divergence free it
satisfies

(18)
∫

Ω

U ε · ∇ψ
(
x,
x

ε

)
dx = 0 ∀ψ ∈ C∞c (Ω;C∞per(Q)).

By standard procedure [2,16] choosing different types of text function
ψ ∈ C∞c (Ω;C∞per(Q)) in (18) and passing to the limit ε→ 0 we obtain





∇y · u(x, y) = 0 (x, y) ∈ Ω×Q,
∇x ·

∫
Q

u(x, y) dy = 0 x ∈ Ω,

u(x, y) = 0 (x, y) ∈ Ω×Qs.

Since {P̃ ε} is bounded (see (11)), it has a two-scale limit p̃ ∈ L2(Ω×
Q).

Consider the weak formulation (9), i.e.

(19)
∫

Ω

(
−P̃ εI + 2µe(U ε)

)
: ∇ψ

(
x,
x

ε

)
− f̃ · ψ

(
x,
x

ε

)
dx = 0,

with ψ(x, y) ∈ C∞(Ω;C∞per(Q;Rn)) such that ψ = 0 in Ω×Qs.
Multiplying (19) with ε and passing to the limit ε → 0 in (19) we

obtain ∫

Ω×Qf

p̃(x, y)∇y · ψ(x, y) dy dx = 0.
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Since Qf is connected we conclude that p̃ depends only on x, i.e. p̃ ∈
L2(Ω).

Next step is to use test functions that are divergence-free with re-
spect to y. By passing to the limit in (19) we obtain

(20)
∫

Ω×Qf

−p̃∇x · ψ + 2µey(u) : ∇yψ − f̃ · ψ dy dx = 0.

Choosing ψ(x, y) = φ(x)Φi(y), φ ∈ C∞(Ω), Φi ∈ C∞per(Q;Rn), so
that Φi = 0 in Qs, ∇ · Φi = 0 and

∫
Qf Φi dx = ei, i = 1, ..., n, (the

existence of such functions Φi is shown in [24]) gives
∫

Ω

−p̃∇xφ ·
(∫

Qf

Φi dy
)

+ φ
(∫

Qf

2µey(u) : ∇yΦ
i − f̃ · Φi dy

)
dx = 0,

which is equivalent to∫

Ω

−p̃ ∂φ
∂xi

+Giφ dx = 0 ∀φ ∈ C∞(Ω),

where
Gi =

∫

Qf

2µey(u) : ∇yΦ
i − f̃ · Φi dy.

Since Gi ∈ L2(Ω) it follows from [8, Proposition IX.18] that

(21) p̃ ∈ H1
0 (Ω) with

∂p̃

∂xi
= −Gi.

Thus (20) can be written as
∫

Ω×Qf

2µey(u) : ∇yψ +
(
∇p̃− f̃

)
· ψ dy dx = 0.

By Theorem 4 there exists p1 ∈ L2(Ω;L2
0(Q)), such that

(22)
∫

Ω×Qf

(−p1I + 2µey(u)) : ∇yψ + (∇p̃− f̃) · ψ dy dx = 0
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for all ψ ∈ C∞(Ω;C∞per(Q;Rn)) such that ψ = 0 in Ω×Qs.
Since p̃ = p− pb where p is the two-scale limit of {pε}, we can write

(22) as
∫

Ω×Qf

(−p1I + 2µey(u)) : ∇yψ + (∇p− f) · ψ dy dx = 0.

By similar arguments, the two-scale convergence of ε∇P ε in H−1 fol-
lows directly and the strong convergence of P ε in L2(Ω) was shown by
G. Allaire [3, 16]. This completes the proof. �

The only statement that has to be proved is Darcy’s law, formulated
in Theorem 7. Now it is a direct corollary of Theorem 10.

4.3. Proof of Theorem 7. The existence of extensions U ε and P ε

and their convergence have been demonstrated in Theorems 6 and 10
correspondingly. There remains to derive the Darcy law (14).

From the first equation in (17) by linearity we have

u(x, y) =
1

µ

n∑

i=1

(
fi(x)− ∂p(x)

∂xi

)
wi(y), (x, y) ∈ Ω×Qf ,

p1(x, y) =
n∑

i=1

(
∂p(x)

∂xi
− fi(x)

)
qi(y), (x, y) ∈ Ω×Qf ,

where (wi, qi), i = 1, ..., n, are solutions of corresponding cell-problems
(13).

Averaging u over Q yields u = 1
µ
K (f −∇p), where K is as in (12).
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[8] H. Brezis. Analyse Fonctionelle. Théorie et Applications. Dunod, Paris, 2005.
[9] P. G. Ciarlet. On Korn’s inequality. Chinn. Ann. Math., 31B(5):607–618, 2010.
[10] G. de Rham. Differentiable manifolds, volume 266. Springer-Velag, Berlin,

1984.
[11] G. Duvaut and J.-L. Lions. Inequalities in mechanics and physics. Springer-

Verlag, Berlin-New York, 1976. Translated from the French by C. W. John,
Grundlehren der Mathematischen Wissenschaften, 219.

[12] L. C. Evans. Partial Differential Equations. American Mathematical Sosiety,
Providence, Rhode Island, 1998.

[13] J. Fabricius. Stokes flow with kinematic and dynamic boundary conditions.
Research report No. 3, Department of Engineering Sciences and Mathematics,
Lule̊a University of Technology, ISSN:1400–4003, 2016. arXiv:1702.03155
[math.AP].

[14] E. Feireisl, Yu. Namlyeyeva, and Š. Nečasová. Homogenization of the evolu-
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PRESSURE-DRIVEN FLOW IN THIN DOMAINS

JOHN FABRICIUS1, ELENA MIROSHNIKOVA1,
AFONSO TSANDZANA2, AND PETER WALL1

Abstract. We study the asymptotic behavior of pressure-
driven Stokes flow in a thin domain. By letting the thickness
of the domain tend to zero we derive a generalized form of the
classical Reynolds–Poiseuille law, i.e. the limit velocity field
is a linear function of the pressure gradient. By prescribing
the external pressure as a normal stress condition, we recover
a Dirichlet condition for the limit pressure. In contrast, a
Dirichlet condition for the velocity yields a Neumann condition
for the limit pressure.

1. Introduction

We consider the flow of an incompressible Newtonian fluid in a
thin domain Ωε in Rm+l whose characteristic length ε in the l di-
rections is much smaller than those in the other m directions. Such
thin structures allow the following representation of the boundary:
∂Ωε = Γε

N ∪ Γε
D, where the measure of Γε

N (Neumann boundary) is
of the order εl while the measure of Γε

D (Dirichlet boundary) is of
order unity. The Dirichlet part is modelled as a solid wall by im-
posing a no-slip condition for the velocity field. The Neumann part
is modelled as a penetrable inlet/outlet boundary, by prescribing
the normal stress. Thus, the flow is driven by an external pressure
gradient alone, which is applied as a surface force along Γε

N . That
is, no body forces or moving boundaries are contributing to the mo-
tion of the fluid, although such effects can be superimposed. Since
the flow is assumed to be governed by the Stokes equation, inertial
effects are also neglected.
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Key words and phrases. Stokes equation, pressure boundary condition, two-

scale convergence, thin domain, Bogovskii operator, Korn inequality.
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Our aim is to obtain a precise asymptotic description of the flow
by letting the thickness parameter ε tend to zero. A dimensional
reduction of the problem is accomplished by a technique called
two-scale convergence for thin domains, which was developed by
Marušić and Marušić-Paloka [7]. This framework offers an elegant
approach compared to previous methods which have relied mostly
on rescaling techniques.

As a result we obtain a generalized form of the Reynolds–Poiseuille
law. The original laws were formulated by Reynolds [16] in the con-
text of lubrication theory (moving boundaries) and Poiseuille [15]
who studied flow of water through thin glass tubes and the effects
of pressure drop. The first rigorous mathematical derivation of
Reynolds work was done by Bayada and Chambat [9]. Starting
from the Stokes system and assuming that the velocity field satis-
fies a Dirichlet condition on the whole boundary, the authors prove
that the limit pressure satisfies the classical Reynolds equation with
a Neumann condition. In real-life applications, however, it is more
common that the Reynolds equation is solved by prescribing the
boundary values of the pressure [13]. Under present assumptions
we obtain the Reynolds equation with a Dirichlet boundary condi-
tion for the pressure, which is in better agreement with engineering
practice. Furthermore, this illustrates the general manner in which
boundary conditions are preserved for asymptotic limits:

(i) A Dirichlet condition for the velocity field in the original
problem, posed in a thin domain, becomes a Neumann con-
dition for the pressure in the limit problem, posed in a
domain of unit thickness.

(ii) A Neumann condition for the stress tensor in the original
problem becomes a Dirichlet condition for the pressure in
the limit problem.

A similar result holds for Stokes flow in a porous medium [11].
Let us also mention that there seems to be no precise definition

of the term “pressure-driven flow” in the scientific literature. From
a physical point of view one can argue that the stress vector (trac-
tion) should be continuous across the interface between two similar
fluids, see e.g. Lamb [6, Art. 327]. It therefore makes sense to
prescribe all components of the stress vector on some part of the
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boundary provided that the surrounding fluid is of the same con-
stitutive type. The situation is more complicated for the interface
between two dissimilar fluids, say a droplet of water surrounded by
air, which is characterized by a jump in the density and continu-
ity of the tangential velocity. For a general discussion regarding
boundary conditions at fluid-fluid interfaces we refer to Ch. 5 of
Panton [12]. Although the pressure of an incompressible fluid has a
precise mathematical definition, it does not have a clearly defined
physical meaning — one can measure only the normal component
of the total stress (including the viscous part). We therefore choose
to prescribe the boundary values for the pressure implicitly as a
Neumann condition for the stress tensor. As shown in the works of
Glowinski [4, 5] and Pironneau [14], the resulting boundary value
problem is well-posed. In particular, for the mixed boundary value
problem both pressure and velocity are uniquely determined. Nev-
ertheless, alternative formulations exist. For example, it is possible
to impose an explicit boundary condition for the pressure on one
part of the boundary as shown in [2, 8], provided that the tangen-
tial component of the velocity is prescribed on the same part. Both
formulations could be legitimate — the preferred choice depends
on the boundary data available. Suppose that one could measure
only the average stresses at the inlet and the outlet of a finite pipe
connecting two large reservoirs of fluid, where the streamlines bend
slightly at both ends of the pipe. Then the normal stress condition
seems like the most realistic alternative.

2. Problem formulation

2.1. Thin geometry. Following [7], let ω be a bounded domain in
Rm with a Lipschitz boundary ∂ω and let {S(x1)}x1∈ω be a family
of domains in Rl such that:

(i) For each x1 ∈ ω, the set S(x1) is contained in the unit cube
(−1/2, 1/2)l in Rl.

(ii) There exists α > 0 such that the ball

B(0, α) = {y ∈ Rl : |y| < α}

of radius α is contained in S(x1) for each x1 ∈ ω.
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(iii) The set

Ω =
{

(x1, y) ∈ Rm+l : x1 ∈ ω, y ∈ S(x1)
}

forms a Lipschitz domain in Rm+l.

The boundary of Ω is divided into two disjoint parts

∂Ω = ΓD ∪ ΓN

ΓD =
{

(x1, y) ∈ Rm+l : x1 ∈ ω, y ∈ ∂S(x1)
}

ΓN =
{

(x1, y) ∈ Rm+l : x1 ∈ ∂ω, y ∈ S(x1)
}
.

The thin geometry Ωε is defined by anisotropic scaling of the do-
main Ω using the parameter 0 < ε ≤ 1:

(1)

Ωε =
{

(x1, x2) ∈ Rm+l : x1 ∈ ω, x2 ∈ εS(x1)
}

Γε
D =

{
(x1, x2) ∈ Rm+l : x1 ∈ ω, x2 ∈ ε∂S(x1)

}

Γε
N =

{
(x1, x2) ∈ Rm+l : x1 ∈ ∂ω, x2 ∈ εS(x1)

}
.

In particular, for m + l = 3 there are two possible configurations:
the thin film and the thin pipe (see Fig. 1 and 2 respectively).

ω, S(x1) Ω, ∂Ω = ΓD ∪ ΓN

Figure 1. Structure of Ω (thin film)

2.2. Function spaces. Let n = m+ l. We shall work mainly with
the following spaces

W (Ωε) =
{
ϕ ∈ H1(Ωε;Rn) : ϕ = 0 on Γε

D

}

V (Ωε) =
{
ϕ ∈ W (Ωε) : divϕ = 0 in Ωε

}
.
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ω, S(x1) Ω, ∂Ω = ΓD ∪ ΓN

Figure 2. Structure of Ω (thin pipe)

Clearly V (Ωε) ⊂ W (Ωε), both being closed subspaces ofH1(Ωε;Rn).
Since Γε

D has positive surface measure (by assumption) we can equip
W (Ωε) with the norm

‖v‖W (Ωε) = ‖∇v‖L2(Ωε) =

(∫

Ωε

|∇v|2 dx
)1/2

,

which is equivalent to the usual H1-norm by Friedrichs’ inequality.

2.3. Problem. In Ωε we pose the following boundary value prob-
lem for the velocity field uε and the pressure field pε:

(2)





div
(
−pεI + 2µ e(∇uε)

)
= 0 in Ωε (2a)

div uε = 0 in Ωε (2b)
(
−pεI + 2µ e(∇uε)

)
n̂ = −pb n̂ on Γε

N (2c)

uε = 0 on Γε
D (2d)

.

Here n̂ is the outward unit normal of ∂Ωε and

e(∇uε) =
1

2

(
∇uε + (∇uε)T

)

denotes the symmetric part of the velocity gradient. Thus, (2)
becomes the Stokes system, driven by an external pressure pb, which
is implicitly imposed by condition (2c). The scalar function pb ∈
H1(Ωε) is assumed to depend only on the variable x1 ∈ Rm. Such
a restriction seems reasonable as it excludes circular or re-entrant
flow in the vicinity of Γε

N . Note also that the system (2) depends
only the boundary values of pb restricted to Γε

N .
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2.4. Existence and uniqueness. Let the normalized pressure qε

be defined by

qε = pε − pb.
Then a weak formulation of (2) is given by

(3)

∫

Ωε

−qε divϕ+ 2µ e(∇uε) : ∇ϕ+∇pb · ϕ dx = 0,

for all ϕ ∈ W (Ωε), where ∇pb = (∂pb/∂x
1
1, . . . , ∂pb/∂x

1
m, 0, . . . , 0).

By standard arguments, such as the Korn inequality and the Lax–
Milgram theorem, it can be shown that the weak formulation (3)
has a unique solution (uε, qε) in V (Ωε)×L2(Ωε). For the details we
refer to [5, Ch. 4] or [10]. However, to prove the homogenization
result (see Theorem 3.4 below) we need careful a priori estimates
for the velocity and the pressure. This question is addressed in
Section 4.

3. Main result

The notion of two-scale convergence for thin domains was intro-
duced by Marušić and Marušić-Paloka in [7]. We recall here the
definition.

Definition 3.1. Following the notation in Section 2.1 we say that
a sequence {uε}ε>0 in L2(Ωε) two-scale converges to u in L2(Ω)
provided that
(4)

lim
ε→0

1

|Ωε|

∫

Ωε

uε(x)ϕ
(
x1, x2/ε

)
dx =

1

|Ω|

∫

Ω

u(x1, y)ϕ(x1, y) dx1 dy

for all ϕ in L2(Ω) and we write uε
2
⇀ u. Moreover, we say that uε

two-scale converges strongly to u if

(5) lim
ε→0

1

|Ωε|

∫

Ωε

∣∣uε(x)− u(x1, x2/ε)
∣∣2 dx = 0

and we write uε
2→ u (strongly).

Next, we introduce the concept of permeability function for thin
domains.
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Definition 3.2. The solution φ of the boundary value problem

(6)

{−∆yφ = 1 in Ω

φ = 0 on ΓD,

is called the permeability function of Ω. That is, for each x1 ∈ ω,
φ(x1, ·) is the solution of

{
−∆yφ(x1, ·) = 1 in S(x1)

φ(x1, ·) = 0 on ∂S(x1),

where

∆y =
∂2

∂y2
1

+ · · ·+ ∂2

∂y2
l

.

The permeability of the domain S(x1) is defined as

(7) a(x1) =

∫

S(x1)

φ(x1, y) dy (x1 ∈ ω).

Remark 3.3. The regularity of the function φ, defined by equation
(6), depends on the smoothness of the boundary ∂Ω. For the main
result to hold it seems that a minimum requirement would be

ess sup
x1∈ω

∫

S(x1)

|∇yφ|2 dy <∞

with a ∈ W 1,∞(ω). Furthermore, hypothesis (ii) in Section 2.1 is
necessary to have 1/a ∈ W 1,∞(ω). To avoid technicalities, we as-
sume the stronger condition that φ belongs to W 1,∞(Ω). Indeed,
this is the case for Examples 3.1 and 3.2 below (both very impor-
tant from application point of view). In the general case, however,
it is not clear to us if the requirement that ∂Ω is of class C0,1 is
sufficient to ensure W 1,∞-regularity for φ.

Theorem 3.4 (Main result). For each 0 < ε ≤ 1 the boundary
value problem (2) has a unique solution (uε, pε) ∈ V (Ωε)× L2(Ωε)
such that

(8)
1

|Ωε|1/2

(
µ
∥∥ε−2uε

∥∥
L2(Ωε)

+ µ
∥∥ε−1∇uε

∥∥
L2(Ωε)

+ ‖pε‖L2(Ωε)

)

≤ C ‖∇pb‖L2(Ω) ,
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where the constant C depends only on Ω and ΓD. Let φ denote
the permeability function defined by (6). Then the following strong
two-scale convergence holds,

ε−2uε
2→ u, pε

2→ p,

where u in L2(Ω;Rn) is defined by

u(x1, y) = − 1

µ
φ(x1, y)∇p(x1),

and p in H1(ω) is the solution of the boundary value problem

(9)

{
div(a∇p) = 0 in ω (9a)

p = pb on ∂ω (9b)
,

where a is defined by (7).

Note that the Dirichlet boundary condition (9b) for the limit
pressure arises from the Neumann condition (2c) for the stress ten-
sor in the original problem. By contrast, if one imposes a non-
homogeneous Dirchlet condition for the velocity field on Γε

N , one
ends up with a Neumann condition in (9) (see equation (5.7) in
[9]). For practical purposes, the main difference between the two is
that the limit pressure is uniquely determined by (9b), whereas it is
only defined up to an additive constant for the Neumann problem.
The limit velocity u is uniquely defined in both formulations.

3.1. Example 1 (Reynolds’ law). Let m = 2 and l = 1. For
simplicity x1 ∈ ω is denoted as x. Suppose ω is a Lipschitz domain
in R2 and that S(x) is the line segment

S(x) =
{
y ∈ R : h−(x) < y < h+(x)

}
,

where h± ∈ C0,1(ω) (see Fig. 1 and Fig. 3(a)). Thus, the thickness
of the film is given by the function h = h+−h−, which is assumed to
be bounded from below by the constant 2α. Then the permeability
function satisfies




−∂

2φ

∂y2
= 1, if h−(x) < y < h+(y)

φ = 0, if y = h±(x),
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whose solution is given by

φ(x, y) =
1

2

(
h+(x)− y

)(
y − h−(x)

)
, a(x) =

h(x)3

12
.

Hence, the pressure equation (9) becomes the classical Reynolds
equation with a Dirichlet boundary condition:

(10)

{
div(h3∇p) = 0 in ω

p = pb on ∂ω.

This equation together with

u(x, y) = − 1

2µ

(
h+(x)− y

)(
y − h−(x)

)
∇p(x)

gives the asymptotic solution for pressure-driven incompressible
flow in a thin film of variable thickness h(x).

(a) Film-shaped domain Ω (b) Pipe-shaped domain Ω

Figure 3. Fluid domains

3.2. Example 2 (Poiseuille’s law). Let m = 1 and l = 2. As
above, x1 ∈ ω is denoted as x. Suppose ω ⊂ R is the line segment
0 < x < L and that S(x) is the disc

S(x) =
{
y ∈ R2 : |y| < h(x)

}
,

where h ∈ C0,1(ω) (see Fig. 2 and Fig. 3(b)). The radius h(x) is
assumed to be bounded from below by the constant α. Switching to
polar coordinates, y = (r cos θ, r sin θ), we see that the permeability
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function φ satisfies



−1

r

∂

∂r

(
r
∂φ

∂r

)
− 1

r2

∂2φ

∂θ2
= 1, if 0 ≤ r < h(x)

φ = 0, if r = h(x).

Solving this equation gives

φ(x, y) =
h(x)2 − |y|2

4
, a(x) =

πh(x)4

8
.

Hence, (9) becomes the classical Poiseuille equation with a Dirichlet
boundary condition:

(11)





d

dx

(
h4 dp

dx

)
= 0, in 0 < x < L

p = pb, on x = 0, x = L.

Thus, the last equation together with

u(x, y) = − 1

4µ

(
h(x)2 − |y|2

)
∇p(x)

gives the asymptotic solution for pressure-driven incompressible
flow in a thin circular pipe of length L and of variable radius h(x).

4. Estimates

4.1. Korn inequality. To obtain precise a priori estimates of the
velocity field uε in (3) we need to control the constant in the Korn
inequality for the domain Ωε as ε tends to zero. The following
estimates show how the constant depends on the parameter ε.

Theorem 4.1. Let Kε
1 and Kε

2 denote the best constants in the
inequalities

‖v‖L2(Ωε) ≤ Kε
1 ‖e(∇v)‖L2(Ωε)(12)

‖∇v‖L2(Ωε) ≤ Kε
2 ‖e(∇v)‖L2(Ωε)(13)

for all v ∈ W (Ωε). Then there exist constants K1 and K2 depending
only on Ω and ΓD such that

sup
0<ε≤1

ε−1Kε
1 ≤ K1, sup

0<ε≤1
Kε

2 ≤ K2.

Proof. For a proof see Appendix A. �
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4.2. Velocity estimates.

Theorem 4.2. For the velocity uε, the following estimates hold

(14)

∥∥ε−1∇uε
∥∥
L2(Ωε)

≤ K1K2

2µ
‖∇pb‖L2(Ωε)

∥∥ε−2uε
∥∥
L2(Ωε)

≤ K2
1

2µ
‖∇pb‖L2(Ωε) ,

where K1 and K2 are the constants in Theorem 4.1.

Proof. By choosing v = uε in (3), using div uε = 0, we establish

(15)

∫

Ωε

2µ |e(∇uε)|2 dx = −
∫

Ωε

∇pb · uε dx.

By the Korn inequality (12), the right-hand side can be estimated
as

−
∫

Ωε

∇pb · uε dx ≤ ‖∇pb‖L2(Ωε) ‖uε‖L2(Ωε)

≤ εK1 ‖∇pb‖L2(Ωε) ‖e(∇uε)‖L2(Ωε) .

Thus, we obtain

2µ ‖e(∇uε)‖L2(Ωε) ≤ εK1 ‖∇pb‖L2(Ωε) .

Applying the Korn inequality anew (to the left side) gives

2µ ‖uε‖L2(Ωε) ≤ ε2K2
1 ‖∇pb‖L2(Ωε) ,

2µ ‖∇uε‖L2(Ωε) ≤ εK1K2 ‖∇pb‖L2(Ωε) .

�

4.3. The Bogovskĭı operator. Let W/V (Ωε) denote the quotient
space of W (Ωε) by V (Ωε). Thus, W/V (Ωε) consists of equivalence
classes {v} of elements v ∈ W (Ωε) modulo the space of divergence
free elements. By a result of Bogovskĭı [1] (see also [3, 10, 17]) the
operator

A : W/V (Ωε)→ L2(Ωε)

defined by A{v} = div v is an isomorphism, provided that Γε
N has

positive surface measure and non-empty interior. The so called
Bogovskĭı operator

B : L2(Ωε)→ W/V (Ωε),
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is defined as the inverse of the operator A. It follows that the dual
operator

B′ : V ⊥(Ωε)→ L2(Ωε)

is an isomorphism called the pressure operator (or de Rham–Tartar
operator). Subsequently we write B = BΩε to emphasize the de-
pendence of B on the domain Ωε. To obtain a L2-bound for the
pressure, we estimate the operator norm

‖B′Ωε‖ = ‖BΩε‖ = sup
p∈L2(Ωε)
‖p‖=1

inf
v∈W (Ωε)
div v=p

(∫

Ωε

|∇v|2 dx
)1/2

.

Theorem 4.3. Let

BΩε : L2(Ωε)→ W/V (Ωε),

denote the Bogovskĭı operator. Then there exist positive constants
C1 and C2 depending only on Ω and ΓD such that

C1 ≤ inf
0<ε≤1

ε ‖BΩε‖ ≤ sup
0<ε≤1

ε ‖BΩε‖ ≤ C2.

Proof. For a proof see Appendix B. �

Remark 4.4. We would like to point out that the lower bound in
Theorem 4.3 for the norm of the Bogovskĭı operator is not needed
to prove the main result, nor is it used anywhere in the analysis. It
is included only to show that the norm does indeed “blow up” as
ε→ 0 and that an upper bound of the form ‖BΩε‖ ≤ C2 ε

−1 is the
best possible.

4.4. Pressure estimate.

Theorem 4.5. The normalized pressure qε satisfies the estimate

(16) ‖qε‖L2(Ωε) ≤ 2C2K1 ‖∇pb‖L2(Ωε) ,

where K1 is the constant in Theorem 4.1 and C2 is the constant in
Theorem 4.3.

Proof. Let F ε ∈ W ′(Ωε) be defined by

〈F ε, ϕ〉 =

∫

Ωε

2µ e(∇uε) : ∇ϕ+∇pb · ϕdx.
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From (3), we see that F ε belongs to V ⊥(Ωε). Since

|〈F ε, ϕ〉| ≤ 2µ ‖e(∇uε)‖L2(Ωε) ‖∇ϕ‖L2(Ωε) + ‖∇pb‖L2(Ωε) ‖ϕ‖L2(Ωε)

≤ εK1 ‖∇pb‖L2(Ωε) ‖∇ϕ‖L2(Ωε) + εK1 ‖∇pb‖L2(Ωε) ‖∇ϕ‖L2(Ωε)

= 2εK1 ‖∇pb‖L2(Ωε) ‖∇ϕ‖L2(Ωε) ,

we deduce
‖F ε‖W ′(Ωε) ≤ 2εK1 ‖∇pb‖L2(Ωε) .

Let qε in L2(Ωε) be defined by the pressure operator, i.e.

qε = B′ΩεF ε ⇐⇒
∫

Ωε

qε divϕdx = 〈F ε, ϕ〉 ∀ϕ ∈ W (Ωε).

From Theorem 4.3 we infer

‖qε‖L2(Ωε) ≤ ‖B′Ωε‖ ‖F ε‖W ′(Ωε) ≤ 2εK1 ‖B′Ωε‖ ‖∇pb‖L2(Ωε)

≤ 2C2K1 ‖∇pb‖L2(Ωε) .

�

5. Two-scale convergence

5.1. Convergence result. Since pb ∈ H1(ω), we have

1

|Ωε|1/2
‖∇pb‖L2(Ωε) =

1

|Ω|1/2
‖∇pb‖L2(Ω) .

By Theorems 4.2 and 4.5, the solution (uε, qε) of (3) satifies

(17)
1

|Ωε|1/2

(∥∥ε−2uε
∥∥
L2(Ωε)

+
∥∥ε−1∇uε

∥∥
L2(Ωε)

+ ‖qε‖L2(Ωε)

)
≤ C

for some constant C that does not depend on ε. Indeed, C can be
chosen as

C =

(
K2

1 +K1K2

2µ
+ 2C2K1

)
1

|Ω|1/2
‖∇pb‖L2(Ω) .

Lemma 5.1. For any sequence {(uε, qε)}0<ε≤1 in W (Ωε)× L2(Ωε)
satisfying the bound (17), there exists u ∈ L2(Ω;Rn) with ∇yu ∈
L2(Ω;Rn×l), where

∇y =

(
∂

∂y1

, . . . ,
∂

∂yl

)
,

and q ∈ L2(Ω) such that, up to a subsequence,
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(i)

ε−2uε
2
⇀ u = (u1, u2),

where u1 denotes the m first components of u and u2 de-
notes the l last components of u,

(ii)

ε−1∇uε 2
⇀ D(u) =

(
0 ∇yu1

0 ∇yu2

)
and u = 0 on ΓD,

(iii)

ε−1e(∇uε) 2
⇀ =

1

2

(
D(u) +D(u)T

)

=
1

2

(
0 ∇yu1

(∇yu1)T 2e(∇yu2)

)
,

(iv)

qε
2
⇀ q.

Proof. For the sake of completeness we provide the proof which
follows the same ideas as in [7]. In view of (17) and Theorem 1 in
[7] there exists u ∈ L2(Ω;Rn) such that, up to a subsequence,

lim
ε→0

1

|Ωε|

∫

Ωε

ε−2uε · ϕ(x1, x2/ε) dx =
1

|Ω|

∫

Ω

u(x1, y) · ϕ(x1, y) dx1 dy

for any ϕ ∈ L2(Ω;Rn). Furthermore, there exists δ ∈ L2(Ω;Rn×n)
such that, up to a subsequence,

lim
ε→0

1

|Ωε|

∫

Ωε

ε−1∇uε : Φ(x1, x2/ε) dx

=
1

|Ω|

∫

Ω

δ(x1, y) : Φ(x1, y) dx1 dy

for any Φ ∈ L2(Ω;Rn×n).
Since uε vanishes on ΓD we have

(18)

0 =

∫

∂Ωε

uε · Φ(x1, x2/ε)n̂ dS

=

∫

Ωε

∇uε : Φ(x1, x2/ε) + uε ·
(
divx1 +ε−1 divy

)
Φ(x1, x2/ε) dx
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for all Φ ∈ H1(Ω;Rn×n) such that Φn̂ = 0 on ΓN . Multiplying (18)
with ε−1/ |Ωε| and passing to the limit ε→ 0 gives

(19) 0 =

∫

Ω

δ(x1, y) : Φ(x1, y) + u(x1, y) · divy Φ(x1, y) dx1 dy.

Choosing Φ ∈ C∞c (Ω;Rn×n) we see that u is weakly differentiable
w.r.t. to the variable y, with (0,∇yu) = δ ∈ L2(Ω;Rn×n). Hence the
trace of u on ΓD is well defined. Applying the divergence theorem
to (19) we obtain

0 =

∫

ΓD

u(x1, y) · Φ(x1, y)n̂ dS(x1, y)

for all Φ ∈ H1(Ω;Rn×n) such that Φn̂ = 0 on ΓN . We conclude that
u satisfies the Dirichlet condition u = 0 on ΓD. Convergence of the
symmetric part of the gradient follows by linearity. �
5.2. Conservation of volume.

Lemma 5.2. Let {uε}0<ε≤1 be as in Lemma 5.1 with the additional
condition that div uε = 0 in Ωε. Then any subsequential two-scale
limit u = (u1, u2) satisfies

(20) divy u2 = 0 in Ω

and

(21) divx1

(∫

S(x1)

u1(x1, y) dy

)
= 0 in ω.

Proof. The proof is very similar to the proof of [7, Proposition 4].
We include it only for the sake of completeness. The divergence
free condition for uε can be stated as∫

∂Ωε

ϕuε · n̂ dS =

∫

Ωε

∇ϕ · uε dx

for all scalar test-functions ϕ ∈ H1(Ωε). It follows that

(22) 0 =

∫

Ωε

∇x1ϕ(x1, x2/ε) · uε1 + ε−1∇yϕ(x1, x2/ε) · uε2 dx.

for all ϕ ∈ H1(Ω) such that ϕ = 0 on ΓN . Multiplying (22) with
ε−1/ |Ωε| and passing to the limit ε→ 0 we obtain

0 =

∫

Ω

∇yϕ(x1, y) · u2(x1, y) dx1 dy,
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hence (20).
Choosing ϕ(x1, y) = ϕ(x1) such that ϕ = 0 on ∂ω in (22) and

multiplying with ε−2/ |Ωε| , the limit equation becomes

0 =

∫

Ω

∇x1ϕ(x1) · u1(x1, y) dx1 dy

=

∫

ω

∇x1ϕ(x1) ·
(∫

S(x1)

u1(x1, y) dy

)
dx1,

hence (21). �

5.3. Momentum equation.

Lemma 5.3 (The thin film equations). Let u = (u1, u2) and q be
as in Lemma 5.1. Then the first component u1 and q satisfy

(23)





−∇x1q + µ∆yu1 = ∇x1pb in Ω

−∇yq = 0 in Ω

u1 = 0 on ΓD(
−q µ∇yu1

0 −q

)
n̂ = 0 on ΓN ,

whereas the second component u2 = 0.

Proof. By taking ϕ in (3) of the form

ϕ(x) =
(
ϕ1(x1, x2/ε), εϕ2(x1, x2/ε)

)

we obtain

(24)

∫

Ωε

−qε (divx1 ϕ1 + divy ϕ2)

+ 2µ e(∇uε) :

(
∇x1ϕ1 ε−1∇yϕ1

ε∇x1ϕ2 ∇yϕ2

)
+∇x1pb · ϕ1 dx = 0

for all (ϕ1, ϕ2) ∈ W (Ω). Letting ε→ 0 gives

∫

Ω

−q (divx1 ϕ1 + divy ϕ2)

+ µ
(
D(u) +D(u)T

)
:

(
0 ∇yϕ1

0 0

)
+∇x1pb · ϕ1 dx

1 dy = 0,
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where D(u) is defined in Lemma 5.1. Consequently
(25)∫

Ω

−q
(
divx1 ϕ1 + divy ϕ2

)
+ µ∇yu1 : ∇yϕ1 +∇x1pb · ϕ1 dx

1 dy = 0

for all (ϕ1, ϕ2) ∈ W (Ω). Clearly, the last equality is the weak form
of the homogenized problem (23).

By taking ϕ in (3) of the form

ϕ(x) =
(
0, ϕ2(x1, x2/ε)

)
,

where ϕ2 is a smooth function such that divy ϕ2 = 0, we obtain
∫

Ωε

2µ e(∇uε) :

(
0 0

∇x1ϕ2 ε−1∇yϕ2

)
dx = 0

Letting ε→ 0 gives
∫

Ω

2µ e(∇yu2) : ∇yϕ2 dx
1 dy = 0.

By density, this relation is valid also for ϕ2 = u2. Thus, from Korn’s
inequality we conclude that u2 = 0, due to the Dirichlet condition
on ΓD. �
Lemma 5.4. The class of test functions ϕ = (ϕ1, ϕ2) ∈ W (Ω) for
which (25) holds can be enlarged to Wy(Ω) which consists of all
ϕ = (ϕ1, ϕ2) ∈ L2(Ω;Rn) such that

(i) ∇yϕ ∈ L2(Ω;Rn×l),
(ii) ϕ = 0 on ΓD,

(iii) divx1

(∫
S(x1)

ϕ1(x1, y) dy
)
∈ L2(ω).

Moreover, u = (u1, 0) belongs to Wy(Ω).

Proof. Since ∇yq = 0 and ϕ1 can be extended by zero outside ΓD,
we can write the first term in (25) as

∫

Ω

q divx1 ϕ1 dx
1 dy =

∫

ω

q(x1)

∫

S(x1)

divx1 ϕ1 dy dx
1

=

∫

ω

q

∫

Rl

divx1 ϕ1 dy dx
1 =

∫

ω

q divx1

(∫

Rl

ϕ1 dy

)
dx1

=

∫

ω

q divx1

(∫

S(x1)

ϕ1 dy

)
dx1.
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Thus (25) can be written as

(26)

∫

ω

−q divx1

(∫

S(x1)

ϕ1 dy

)

+

(∫

S(x1)

µ∇yu1 : ∇yϕ1 +∇x1pb · ϕ1 dy

)
dx1 = 0.

This relation holds for all ϕ = (ϕ1, ϕ2) ∈ Wy(Ω), since W (Ω) is
dense in Wy(Ω). �

5.4. Pressure equation. Let φ ∈ W 1,∞(Ω) be the permeability
function defined by (6). Upon substituting p = pb + q it is readily
seen that

u1(x1, y) = − 1

µ
φ(x1, y)∇x1p(x1)

is a solution of (23) in the sense of distributions. There remains to
prove H1-regularity for p and to find the boundary value problem
that this function satisfies. To this end we take in (26),

ϕ1(x1, y) = φ(x1, y) Φ(x1), ϕ2 = 0,

where Φ is an arbitrary vector field in H1(ω;Rm). Thus we obtain

∫

ω

−q divx1

(∫

S(x1)

φΦ dy

)

+

(∫

S(x1)

µ∇yu1 : Φ(∇yφ)T +∇x1pb · (φΦ) dy

)
dx1 = 0.

Using (6) we obtain

(27) 0 =

∫

ω

−q divx1 (aΦ) +
(
a∇x1pb + µ ū1

)
· Φ dx1,

where a is defined by (7) and

ū1(x1) =

∫

S(x1)

u1(x1, y) dy.

Relation (27) proves that q belongs to H1
0 (ω) with

−∇x1q =
µ

a
ū1 + ∇x1pb,
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provided that 1/a ∈ W 1,∞(ω) (see Remark 3.3), which is equivalent
to

−a∇x1p = µ ū1 in ω.

Using the divergence free condition for ū1 (Lemma 5.2) we see that
p = q + pb belongs to H1(ω) and is a solution of (9). Hence p and
u are uniquely determined and we conclude that the convergence
holds for the whole sequence.

6. Strong convergence

There remains to prove the strong two-scale convergence of the
velocity and the pressure. By Lemma 1, part (i) of [7] it suffices to
prove that

lim
ε→0

1

|Ωε|

∫

Ωε

∣∣ε−2uε
∣∣2 dx =

1

|Ω|

∫

Ω

|u|2 dx

lim
ε→0

1

|Ωε|

∫

Ωε

|pε|2 dx =
1

|Ω|

∫

Ω

|p|2 dx.

Choosing ϕ = uε in (3), we obtain

1

|Ωε|

∫

Ωε

∣∣ε−1e(∇uε)
∣∣2 dx = − 1

|Ωε|

∫

Ωε

1

2µ
∇pb · (ε−2uε)dx

→ − 1

|Ω|

∫

Ω

1

2µ
∇pb · u1 dx

1 dy

as ε → 0. Using (26) with test function (ϕ1, ϕ2) = (u1, 0) (see
Lemma 5.4) we see that

−
∫

Ω

∇pb · u1 dx
1 dy =

∫

Ω

µ |∇yu1|2 dx1 dy.

This proves the strong two-scale convergence

(28) ε−1e(∇uε) 2→ 1

2

(
0 ∇yu1

(∇yu1)T 0

)
.
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6.1. Strong two-scale convergence of the velocity. To prove
strong two-scale convergence of ε−2uε, consider the auxiliary prob-
lem

(29)





div
(
−ρεI + 2µ e(∇zε)

)
= ε−2uε in Ωε

div zε = 0 in Ωε

(
−ρεI + 2µ e(∇zε)

)
n̂ = 0 on Γε

N

zε = 0 on Γε
D.

For each 0 < ε ≤ 1 this problem has a unique solution (zε, ρε) ∈
V (Ωε)× L2(Ωε) such that

1

|Ωε|1/2

(∥∥ε−2zε
∥∥
L2(Ωε)

+
∥∥ε−1∇zε

∥∥
L2(Ωε)

+ ‖ρε‖L2(Ωε)

)
≤ C,

where the constant C does not depend on ε. The derivation of this
inequality is analogous to the derivation of (17), so is the limit
process when ε → 0. We therefore omit all arguments that are
similar to those used in Section 5 and state merely the conlusions.
Extracting subsequences such that

ε−2zε
2
⇀ z = (z1, z2), ε−1∇zε 2

⇀ (0,∇yz), ρε
2
⇀ ρ,

we find that the limit (z, ρ) satisfies
∫

Ω

−ρ (divx1 ϕ1 + divy ϕ2) + µ∇yz1 : ∇yϕ1 + u1 · ϕ1 dx
1 dy = 0

for all (ϕ1, ϕ2) ∈ W (Ω) and by density (see Lemma 5.4) we have

(30)

∫

ω

−ρ divx1

(∫

S(x1)

ϕ1 dy

)

+

(∫

S(x1)

µ∇yz1 : ∇yϕ1 + u1 · ϕ1 dy

)
dx1 = 0

for all (ϕ1, ϕ2) ∈ Wy(Ω).
Using the weak formulation of (29), with test function uε, and

the strong convergence (28), we can pass to the limit in

1

|Ωε|

∫

Ωε

∣∣ε−2uε
∣∣2 dx = − 1

|Ωε|

∫

Ωε

2µ ε−2e(∇zε) : e(∇uε)dx

→ − 1

|Ω|

∫

Ω

µ∇yz1 : ∇yu1 dx
1 dy
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as ε→ 0. Choosing ϕ1 = u1 in (30), using Lemma 5.2, we deduce

−
∫

Ω

µ∇yz1 : ∇yu1 dx
1 dy =

∫

Ω

|u1|2 dx1 dy.

Hence ε−2uε
2→ u strongly.

6.2. Strong two-scale convergence of the pressure. To prove
the strong convergence of pε, we consider another auxiliary problem:

(31)





div
(
−ρεI + 2µ e(∇zε)

)
= 0 in Ωε

div zε = pε in Ωε

(
−ρεI + 2µ e(∇zε)

)
n̂ = 0 on Γε

N

zε = 0 on Γε
D.

For each 0 < ε ≤ 1 this problem has a unique solution (zε, ρε) ∈
W (Ωε)× L2(Ωε) such that

1

|Ωε|1/2

(
‖zε‖L2(Ωε) + ‖ε∇zε‖L2(Ωε) +

∥∥ε2ρε
∥∥
L2(Ωε)

)
≤ C,

where the constant C does not depend on ε. By compactness, as in
Lemma 5.1, we can extract a subsequence such that

zε
2
⇀ z = (z1, z2), ε∇zε 2

⇀ (0,∇yz), ε2ρε
2
⇀ ρ,

with z = 0 on ΓD and ∇yz ∈ L2(Ω;Rn×l). Here there is no need to
find the limit problem satisfied by (z, ρ), but we need to show that
z ∈ Wy(Ω). From the second and fourth equation of (31) it follows
that

(32) 0 =

∫

Ωε

(∇x1ϕ+ ε−1∇yϕ)(x1, x2/ε) · zε + ϕ(x1, x2/ε) pε dx

for all scalar test functions ϕ ∈ H1(Ω) such that ϕ = 0 on ΓN .
Multiplying (32) with ε/ |Ωε| and passing to the limit ε → 0 we
obtain

0 =

∫

Ω

∇yϕ(x1, y) · z2(x1, y) dx1 dy,
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so divy z2 = 0 in Ω. Choosing ϕ(x1, y) = ϕ(x1) such that ϕ = 0 on
∂ω in (32) and multiplying with 1/ |Ωε| , the limit equation becomes

0 =

∫

Ω

∇x1ϕ(x1) · z1(x1, y) + ϕ(x1) p(x1) dx1 dy

=

∫

ω

∇x1ϕ(x1) ·
(∫

S(x1)

z1(x1, y) dy

)
+ ϕ(x1) p(x1)

∣∣S(x1)
∣∣ dx1,

so

divx1

(∫

S(x1)

z1(x1, y) dy

)
= p(x1)

∣∣S(x1)
∣∣ in ω.

This proves that z belongs to the extended class of test functions
Wy(Ω) defined in Lemma 5.4.

Taking ϕ = zε in the weak formulation (3) with pb = p, gives

1

|Ωε|

∫

Ωε

|pε|2 dx =
1

|Ωε|

∫

Ωε

p pε + 2µ e(∇uε) : ∇zε +∇x1p · zε dx

→ 1

|Ω|

∫

Ω

|p|2 + µ∇yu1 : ∇yz1 +∇x1p · z1 dx
1 dy,

thanks to the strong convergence of e(∇uε) as ε → 0. Choosing
ϕ1 = z1 in (26) with pb = p (note that in this case q = 0), we see
that ∫

Ω

µ∇yu1 : ∇yz1 +∇x1p · z1 dx
1 dy = 0

Hence pε
2→ p strongly.
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Appendix A. Proof of Theorem 4.1

First we show how the constant in the Korn inequality behaves
under isotropic scaling of the domain. To this end, let �ε =
(−ε/2, ε/2)n denote the cube in Rn of length ε confined between
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the hyperplanes

Γε
± = {(x1, . . . , xn) ∈ Rn : xn = ±ε/2}.

For ε = 1 we omit the superscripts.

Lemma A.1. Let K1 and K2 denote the best constants in the in-
equalities

‖v‖L2(�) ≤ K1 ‖e(∇v)‖L2(�)(33)

‖∇v‖L2(�) ≤ K2 ‖e(∇v)‖L2(�)(34)

for all v ∈ H1(�;Rn) such that v = 0 on Γ+ ∪ Γ−. Then

‖v‖L2(�ε) ≤ εK1 ‖e(∇v)‖L2(�ε)(35)

‖∇v‖L2(�ε) ≤ K2 ‖e(∇v)‖L2(�ε)(36)

for all v ∈ H1(�ε;Rn) such that v = 0 on Γε
+ ∪ Γε

−.

Proof. Changing variables x→ εx in (33), gives
∫

�ε

∣∣∣v
(x
ε

)∣∣∣
2 dx

εn
≤ K2

1

∫

�ε

ε2
∣∣∣e(∇v)

(x
ε

)∣∣∣
2 dx

εn
,

which implies (35). The inequality (36) is obtained similarly. �

To estimate the constant in the Korn inequality under anisotropic
scaling of the domain we use an extension operator in combination
with a covering argument. In view of the assumptions stated in
Section 2.1, we can assume, without loss of generality, that

S(x1) = (−1/2, 1/2)l ∀x1 ∈ ω
so that Ω = ω×(−1/2, 1/2)l. Indeed, due to the Dirichlet condition
on ∂S(x1), we can extend any v ∈ W (Ω) by zero to ω×(−1/2, 1/2)l

which is confined between the hyperplanes Γ±. Moreover, we choose
L > 0 large enough so that the set

Ω̃ = (−L/2, L/2)m × (−1/2, 1/2)l

satisfies

Ω ⊂ Ω̃.
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Extension operator.

Lemma A.2. There exists a bounded linear operator

E : W (Ω)→ W (Ω̃)

such that

(i) Ev = v a.e. in Ω,
(ii) for some constant Cω > 0, which depends only on ω, it

holds that

‖e(∇(Ev))‖L2(Ω̃) ≤ Cω ‖e(∇v)‖L2(Ω) ,

for all v in W (Ω).

Proof. Let E be any H1-continuous linear extension operator from
Ω into Ω̃. Since the Korn inequality holds for all v in W (Ω), part
(ii) follows. �

Covering argument. For z ∈ Rm let Q(z, ε) denote the cube in
Rm of length ε centered at z, i.e.

Q(z, ε) = {y ∈ Rm : |yi − zi| < ε/2, i = 1, . . . ,m}.
For each 0 < ε ≤ 1, there exists a finite collection of points {zi} in
εZm such that

ω ⊂
⋃

i

Q(zi, ε) ⊂ (−L/2, L/2)m.

Set

�ε
i = Q(zi, ε)× (−ε/2, ε/2)l.

Then

Ωε ⊂
⋃

i

�ε
i ⊂ Ω̃

for all 0 < ε ≤ 1. Since each cube �ε
i is a translation of the cube

�ε = (−ε/2, ε/2)n we can use the inequality (35) locally.

Proof of Theorem 4.1. Suppose v in W (Ωε). In order to use the
extension operator in Lemma A.2, let v̄ in W (Ω) be defined by

v̄ =

{
v in Ωε

0 in Ω− Ωε.
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Thus we obtain
∫

Ωε

|v|2 dx =

∫

Ωε

|Ev̄|2 dx ≤
∑

i

∫

�ε
i

|Ev̄|2 dx

≤
∑

i

ε2K2
1

∫

�ε
i

|e(∇(Ev̄))|2 dx ≤ ε2K2
1

∫

Ω̃

|e(∇(Ev̄))|2 dx,

or

‖v‖L2(Ωε) ≤ εK1 ‖e(∇(Ev̄))‖L2(Ω̃) .

Hence

‖v‖L2(Ωε) ≤ εK1Cω ‖e(∇v̄)‖L2(Ω) = εK1Cω ‖e(∇v)‖L2(Ωε) .

This gives an upper bound for Kε
1 in (12). The estimation of Kε

2 in
(13) is completely analogous. �

Appendix B. Proof of Theorem 4.3

The upper bound is proved by a simple scaling argument. For
the lower bound we estimate Bψ for a special function ψ.

For any 0 < ε ≤ 1, let Sε denote the scaling operator defined by

Sεf(x) = f(x1, x2/ε) (f is a scalar function)

Sεv(x) =
(
v1(x1, x2/ε), εv2(x1, x2/ε)

)
(v is a vector field),

where x = (x1, x2) ∈ Rm×Rl and similarly for v = (v1, v2). Clearly,
Sε is invertible with (Sε)−1 = S1/ε. A simple change of variables
shows that Sε maps L2(Ω) onto L2(Ωε) with

1

|Ωε|1/2
‖Sεf‖L2(Ωε) =

1

|Ω|1/2
‖f‖L2(Ω) .

Moreover, Sε maps W (Ω) onto W (Ωε) with

div(Sεv) = Sε(div v) in Ωε.

In particular, Sε acting on {v} ∈ W/V (Ω) through

Sε{v} = {Sεv}
is well defined in W/V (Ωε).
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Lemma B.1. Let

B : L2(Ω)→ W/V (Ω), Bε : L2(Ωε)→ W/V (Ωε)

denote the Bogovskĭı operators for Ω and Ωε respectively. Then

SεB(Sε)−1f = Bεf ∀f ∈ L2(Ωε)(37)

(Sε)−1BεSεf = Bf ∀f ∈ L2(Ω).(38)

Proof. The statements (37) and (38) are equivalent, so it suffices to
prove the second one. Given f in L2(Ω) suppose u in W (Ω) satisfies

div u = f in Ω ⇐⇒ {u} = Bf.

Then Sεu in W (Ωε) satisfies

div(Sεu) = Sεf in Ω ⇐⇒ Sε{u} = BεSεf.

Inverting the last relation gives

Bf = {u} = (Sε)−1BεSεf.

�

Lemma B.2. For all v in W (Ω) and all 0 < ε ≤ 1 we have

1

|Ωε|1/2
‖Sε{v}‖W/V (Ωε) ≤ ε−1 1

|Ω|1/2
‖{v}‖W/V (Ω) .

Proof. Writing

∇(Sεv)(x) =

(
∇x1v1 ε−1∇yv1

ε∇x1v2 ∇yv2

)
(x1, x2/ε)

we obtain

|∇(Sεv)(x)|2 =
∣∣∇x1v1(x1, x2/ε)

∣∣2 + ε−2
∣∣∇yv1(x1, x2/ε)

∣∣2

+ ε2
∣∣∇x1v2(x1, x2/ε)

∣∣2 +
∣∣∇yv2(x1, x2/ε)

∣∣2

≤ ε−2
∣∣∇v(x1, x2/ε)

∣∣2 .
Integrating this inequality over Ωε gives

1

|Ωε| ‖∇(Sεv)‖2
L2(Ωε) ≤ ε−2 1

|Ω| ‖∇v‖
2
L2(Ω) .

�
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Proof of Theorem 4.3. Assume f in L2(Ωε). From Lemma B.1 and
Lemma B.2 we deduce

1

|Ωε|1/2
‖Bεf‖W/V (Ωε) =

1

|Ωε|1/2

∥∥SεB(Sε)−1f
∥∥
W/V (Ωε)

≤ ε−1 1

|Ω|1/2

∥∥B(Sε)−1f
∥∥
W/V (Ω)

≤ ε−1 ‖B‖ 1

|Ω|1/2

∥∥(Sε)−1f
∥∥
L2(Ω)

= ε−1 ‖B‖ 1

|Ωε|1/2
‖f‖L2(Ωε) .

This implies the upper bound

‖BΩε‖ ≤ ε−1 ‖BΩ‖ .
For the lower bound, consider the eigenfunction ψ in H1

0 (ω) such
that {−∆ψ = λψ in ω

ψ = 0 on ∂ω,

where λ > 0 is the smallest eigenvalue of −∆ on ω. Suppose u ∈
W (Ωε) satisfies

div u = ψ in Ωε.

Since u = 0 on Γε
D and ψ = 0 on Γε

N we have

(39)

∫

Ωε

|ψ|2 dx =

∫

Ωε

ψ div u dx = −
∫

Ωε

∇x1ψ · u dx

≤
(∫

Ωε

|∇ψ|2 dx
)1/2(∫

Ωε

|u1|2 dx1

)1/2

dx.

Using condition (i) in Section 2 and the properties of ψ we obtain
∫

Ωε

|∇ψ|2 dx = εl
∫

ω

|∇ψ|2
∣∣S(x1)

∣∣ dx1 ≤ εlλ

∫

ω

|ψ|2 dx1.

From condition (ii) in Section 2 we deduce
∫

Ωε

|ψ|2 dx = εl
∫

ω

|ψ|2
∣∣S(x1)

∣∣ dx1 ≥ εl |B(0, α)|
∫

ω

|ψ|2 dx1.
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Inserting this into inequality (39) gives

εl/2 |B(0, α)|
(∫

ω

|ψ|2 dx1

)1/2

≤
√
λ

(∫

Ωε

|u1|2 dx1

)1/2

dx

Applying condition (i) in Section 2 anew to the left-hand side gives

(40) |B(0, α)|
(∫

Ωε

|ψ|2 dx1

)1/2

≤
√
λ

(∫

Ωε

|u1|2 dx1

)1/2

dx.

Since u satisfies u = 0 on Γε
D, we can extend u by zero to ω ×�ε.

By Friedrichs’ inequality, the extended function u ∈ W (ω × �ε)
satisfies(∫

ω×�ε

|u1|2 dx
)1/2

≤ πε

(∫

ω×�ε

|∇x2u1|2 dx
)1/2

,

where the constant π is sharp for the domain �. Inserting this into
inequality (40) we obtain

|B(0, α)|
(∫

Ωε

|ψ|2 dx
)1/2

≤ πε
√
λ

(∫

Ωε

|∇u|2 dx
)1/2

for all u ∈ W (Ωε) such that div u = ψ. Hence

|B(0, α)| ‖ψ‖L2(Ωε) ≤ πε
√
λ ‖{u}‖W/V (Ωε) .

Estimating the right-hand side with the norm of the Bogovskĭı op-
erator, we deduce

|B(0, α)| ≤ πε
√
λ ‖BΩε‖ .

This proves the lower bound with

C1 =
|B(0, α)|
π
√
λ

.

�
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PRESSURE-DRIVEN FLOW IN A THIN PIPE WITH
ROUGH BOUNDARY

ELENA MIROSHNIKOVA

Abstract. Stationary incompressible Newtonian fluid flow
governed by external force and external pressure is considered
in a thin rough pipe. The transversal size of the pipe is as-
sumed to be of the order ε, i.e. cross-sectional area is about
ε2; and the wavelength in longitudinal direction is modeled by
a small parameter µ. Under general assumption ε, µ → 0 the
Poiseuille law is obtained. Depending on ε, µ-relation (ε� µ,
ε/µ ∼ constant, ε � µ) different cell problems describing the
local behaviour of the fluid are deduced and analyzed. Error
estimates are presented.

Introduction

Laminar fluid flow through pipes appears in various applications
(blood circulation, heating/cooling processes etc.). Experimental
studies of the pipe flow go back to 1840s when J.L. Poiseuille [32,33]
established the relationship between the volumetric efflux rate of
fluid from the tube, the driving pressure differential, the tube length
and the tube diameter. The distinction between laminar, transi-
tional and turbulent regimes for fluid flows was done by G. Stokes
[37] and later was popularized by O. Reynolds [34]. In 1886 he also
obtained limit equations similar to Poiseuille’s law but for flows
in thin films [35]. In further experiments done by J. Nikuradse in
1933 [27] it was shown that “... for small Reynolds numbers there
is no influence of wall roughness on the flow resistance” and since
then for many years the roughness phenomenon has been tradition-
ally taken into account only in case of turbulent flow [2,12, 38,40].

2010 Mathematics Subject Classification. 76D03,76D05,76D07.
Key words and phrases. fluid mechanics, incompressible viscous flow, Stokes

equation, mixed boundary condition, stress boundary condition, Neumann con-
dition, thin pipe, rough pipe.
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2 E. MIROSHNIKOVA

However, in 2000s his experiments were reassessed [17, 18] and the
importance of considering roughness effects for laminar flows was
emphasized [14]. By means of classical analysis different geome-
tries were analysed, e.g. detailed velocity and pressure profiles for
flows with small Reynolds’ numbers in sinusoidal capillaries were
obtained numerically in [16]; for creeping flow in pipes of varying
radius [36] pressure drop was estimated by using a stream function
method; in [39] the Stokes flow through a tube with a bumpy wall
was solved through a perturbation in the small amplitude of the
three-dimensional bumps.

There are several mathematical approaches to analyze thin pipe
flow, e.g. asymptotic expansions with variations (see [20] for the
case of helical pipes and [28] for an extended overview of such meth-
ods) and two-scale convergence [1,19,26] adapted for thin structures
in [22] (see also [23,25,29]). The same techniques appear in analysis
of thin film flows ( [3, 4, 11, 24]), where involving surface roughness
effects are often connected to problems in sliding or rolling con-
tacts [7,31]. For the case of flow in curved pipes we refer the reader
to [13,21,30].

The present paper studies Stokes flow in a µ-periodic rough pipe
Ωεµ of thickness ε with x3-length L and an arbitrary transversal
geometry, i.e. the representative volume of Ωεµ is a cylinder Qεµ of
length µ and arbitrary cross-section with the area of order O(ε2).

We assume that the flow is governed by two factors — an exter-
nal volume force f imposed all over Ωεµ and an external pressure
pb acting on both ends of the pipe. The standard no-slip boundary
condition is imposed on the walls of the pipe, whereas a Neumann
stress boundary condition involving the external pressure pb, is ap-
plied on its ends. The similar case of pressure-governed flow in
helical pipes is considered in [20].

As all laminar flows in tubes, the asymptotic flow as ε, µ→ 0, in
Ωεµ satisfies the one-dimensional Poiseuille law. Due to the choice
of Neumann boundary condition for the original Stokes problem,
the asymptotic limit satisfies Dirichlet boundary condition for the
pressure.

The scalar parameter k appearing in Poiseuille’s law (see (2)) cor-
responds to geometrical part of Darcy’s friction factor. Depending
on mutual ε, µ-rate three cases are obtained:
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HRTP — homogeneously rough thin pipe is characterised by ε(µ)�
µ. The corresponding factor k = k0 is built on the solution
of the parameterized 2D Laplace equation.

PRTP — proportionally rough thin pipe is described by the rate
ε(µ)/µ ∼ λ, where λ > 0 corresponds to the proportions of
transverse size and longitudinal length of Qεµ. The factor
k = kλ is derived through the solution of 3D Stokes cell
problem in (1, 1)-scaled representative volume Qεµ.

ROTP — rapidly oscillating thin pipe satisfies ε(µ)� µ. The flow
occurs only in non-rough region of the pipe and the limit
parameter k = k∞ comes from 2D Laplace equation for a
fixed domain.

Analogous problems for the flow in thin films are studied by
Y. Amirat and J. Simon [3] and also in series of works by G. Bayada
et al. (see [4–6]), where Reynolds, Stokes and high frequency
roughness regimes as thin film analogues of HRTP, PRTP and
ROTP were established and analyzed. Moreover, the equations
for HRTP-approximation were rigorously proven by means of two-
scale convergence technique in [9].

1. Problem formulation

1.1. Geometry. For each z ∈ [0, 1] we denote by Q(z)(⊂ R2) a
bounded domain such that a family {Q(z)}z∈(0,1) forms a smooth
(actually Lipschitz) pipeQ ⊂ R3 with the cylindrical (longitudinal)
axis z:

Q = {(y, z) ∈ R2 × R; z ∈ (0, 1), y ∈ Q(z)}
with boundaries

γN = {(y, z) ∈ R2 × R; z ∈ {0, 1}, y ∈ Q(z)},

γD = {(y, z) ∈ R2 × R; z ∈ (0, 1), y ∈ ∂Q(z)}
(see Fig. 1, b) In order for the fluid to pass through the pipe, we as-
sume that there exists α > 0 such that the distance d(∂Q(z), (0, 0, z)) >
α for all z ∈ [0, 1]. Let also

Qmin = {y ∈ R2; y ∈ int(Q(z)) ∀z ∈ [0, 1]},
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where int(X) denotes the interior of a set X, and Qmin be the
largest straight pipe of cross-section Qmin that is contained in Q:

Qmin = Qmin × (0, 1) ⊂ Q.

In addition we impose the periodicity condition Q(0) = Q(1)
that allows us to extend Q smoothly along its longitudinal z-axis
to infinitely long pipe Q as follows

Q = {(y, ζ) ∈ R2+1; ζ ∈ R, y ∈ Q(z), z ∈ [0, 1), z = ζmodZ}.

a) b)

Figure 1. Geometry of the pipe: a) Pipe Ωεµ, b)
Representative volume Q.

For small parameters µ, ε � 1 we define a smooth rough pipe
Ωεµ of the length L (see Fig. 1,a)

Ωεµ = {x ∈ R3;x3 = µz ∈ (0, L), (x1, x2) = εy ∈ εQ(x3) = Q(x3+µZ)}

with the boundary ∂Ωεµ = ΓεµN ∪ ΓεµD , where

ΓεµN = {x ∈ R3;x3 ∈ {0, L}, (x1, x2) ∈ εQ(x3)},

ΓεµD = {x ∈ R3;x3 ∈ (0, L), (x1, x2) ∈ ∂(εQ(x3))}.

1.2. Notation for differential operators. For convenience’ sake
in this section we introduce all specific notation that will be used
further. Thus, for variables x = (x1, x2, x3) ∈ R3, y = (y1, y2) ∈
R2, z ∈ [0, 1] and parameters ε, µ, λ > 0 we define the following



PAPER IV 5

differential operators:

∇y =

(
∂

∂y1

,
∂

∂y2

, 0

)
, ∆y =

∂2

∂y2
1

+
∂2

∂y2
1

,

∇x3 =

(
0, 0,

∂

∂x3

)
, ∆x3 =

∂2

∂x2
3

,

∇ε =
1

ε
∇y +∇x3 , ∆ε =

1

ε2
∆y + ∆x3 .

∇z =

(
0, 0,

∂

∂z

)
, ∆z =

∂2

∂z2
,

∇λ =
1

λ
∇y +∇z, ∆λ =

1

λ2
∆y + ∆z.

1.3. Problem statement. We consider the Stokes equations for
incompressible Newtonian fluid

(1)





−∇P εµ + η∆U εµ + f = 0 in Ωεµ (a)

∇ · U εµ = 0 in Ωεµ (b)

(−P εµI + 2ηe(∇U εµ))n̂ = −pb n̂ on ΓεµN (c)

U εµ = 0 on ΓεµD (d)

,

where 2e(∇U εµ) = ∇U εµ + (∇U εµ)t, η is fluid’s viscosity and f , pb

are external volume force and boundary pressure correspondingly.
We assume that the force f = (0, 0, f) acts only in longitudinal
x3-direction and both f and pb depend only on variable x3 — such
limitation excludes circular or re-entrant flow in the vicinity of ΓεµN .

2. Main result

Under the assumption of small ε, µ, the solution (U εµ, P εµ) of (1)
can be approximated in terms of asymptotic expansions by an ef-
fective flow (uλ, pλ) satisfying the one-dimensional Poiseuille’s law:
(2)



∇x3

(
kλ
(
∇x3p

λ − f
))

= 0, in (0, L)

uλ = −1

η
kλ
(
∇x3p

λ − f
)

in (0, L)

pλ = pb, on {0, L}

,
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(see also Fig. 2) where parameter λ ∼ ε(µ)/µ represents mutual
ε, µ-rate and thus even by letting ε, µ→ 0 can take high values, i.e.
λ ∈ [0,∞].

The scalar parameter kλ ≥ 0 arising in (2), takes the micro-
geometry of the pipe into account and is built on the solutions of
cell problems that depend on mutual ε, µ-ratio.

• PRTP (Proportionally rough thin pipe) In proportional regime,
0 < λ <∞, the expression for kλ has the form

(3) kλ =
1

|Q|

∫

Q

W3 dy dz,

whereW3 is the 3rd velocity component of the solution (W, q)
for the Stokes problem in a 3D unit cell Q governed by the
unit force e3 = (0, 0, 1)

(4)





−1

λ
∇λq + ∆λW +

1

λ2
e3 = 0 in Q

∇λ ·W = 0 in Q

W = 0 on γD

.

• HRTP (Homogeneously rough thin pipe) For the very thin
regime, λ = 0, the coefficient k0 can be expressed as follows

(5) k0 =
1

|Q|




1∫

0

1

a(z)
dz



−1

,

where

a(z) =

∫

Q(z)

φ(y, z) dy

and φ is the solution of the 2D Laplace equation for z-
parameterized, z ∈ (0, 1), domain Q(z):

(6)

{−∆yφ = 1 in Q(z)

φ = 0 on ∂Q(z).

• ROTP (Rapidly oscillating thin pipe) In the very rough
regime, λ = ∞, the flow takes place only in the non-rough
part of the pipe. In other words, the micro-structure of the



PAPER IV 7

roughness can be ignored. This regime is characterized by
the factor k∞

(7) k∞ =
1

|Q|

∫

Qmin

W3 dy,

that is built on the solution of 2D Laplace equation for a
fixed domain Qmin:

(8)

{−∆yW3 = 1 in Qmin

W3 = 0 on ∂Qmin.

Figure 2. Velocity approximation

− 1
η
k0 (∇x3p

0 − f)

U εµ

ε =
√
µ

×ε−2, µ→ 0

))

ε = µ2

×ε−2, µ→ 0

55

ε = λµ

×ε−2, µ→ 0
// − 1

η
kλ
(
∇x3p

λ − f
)

λ→ 0

OO

λ→∞

��
− 1
η
k∞ (∇x3p

∞ − f)

Remark 2.1. Let us note that in case of periodic pipe Ωεµ (see
Sec. 1.1), the parameter kλ, λ ∈ [0,∞], is constant with respect to
the longitudinal coordinate x3. It allows to simplify the Poiseuille
law (2) and obtain an explicit expression for the approximated pres-
sure:

pλ =

pb(L)− pb(0)−
L∫
0

f dz

L
z +

z∫

0

f dz + pb(0).
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However, the analysis provided below can be applied for more gen-
eral geometries which allow nontrivial dependence kλ = kλ(x3),
x3 ∈ (0, L). The geometrical notation and corresponding results
are presented in Appendix I (see p.24).

Remark 2.2. As one can see, by starting from Neumann condition
(1c) for the original Stokes problem we come up with Dirichlet
pressure condition in the limit equation (2). Such switching in
boundary conditions (and in opposite order) is observed also in
context of flows in porous media [1, 10] and thin domains [9].

Remark 2.3. Instead of (1) one can also consider the full Navier-
Stokes system. As it is expected for laminar flows, the inertial term
does not affect the analysis and the approximation results above
would still be valid.

3. Asymptotic expansions

3.1. Rescaling Ωεµ → Ωµ. First of all, in order to get rid of ε from
geometry of the pipe, we change variables (x1, x2) → (y1, y2) =
(x1/ε, x2/ε) and get

(9)





−∇εp
εµ + η∆εu

εµ + f = 0 in Ωµ (a)

∇ε · uεµ = 0 in Ωµ (b)

(−pεµI + 2ηe(∇εu
εµ))n̂ = −pb n̂ on ΓµN (c)

uεµ = 0 on ΓµD (d)

,

where Ωµ = Ω1µ, ΓµN,D = Γ1µ
N,D and

uεµ(y, x3) = U εµ(εy, x3),

pεµ(y, x3) = P εµ(εy, x3).

3.2. Proportional case ε = λµ. Assume that

uεµ(y, x3) =
∞∑

i=2

µiλiui
(
y,
x3

µ
, x3

)
,

pεµ(y, x3) =
∞∑

i=0

µiλipi
(
y,
x3

µ
, x3

)
,

(10)
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and let z = x3/µ. Since the geometry of the pipe becomes to be
1-periodic in z, we assume the same behaviour for functions pi,
i = 0, ...,∞, uj, j = 2, ...,∞.

By substituting (10) into (9) and collecting terms with the same
powers of λ we get the following:

(1) Momentum equation. From (9a) one can extract

µ−1 : −∇λp
0 = 0,(11)

µ0 : − 1

λ2
∇x3p

0 − 1

λ
∇λp

1 + η∆λu
2 +

1

λ2
f = 0.(12)

(2) Mass equation. Equation (9b) gives

µ1 : ∇λ · u2 = 0,(13)

µ2 :
1

λ
∇x3 · u2 +∇λ · u3 = 0.(14)

(3) Neumann condition. Equation (9c) gives

µ0 : p0 n̂ = pb n̂.(15)

(4) Dirichlet condition. Equation (9d) gives

(16) ui = 0 for all i ≥ 2.

3.2.1. Analysis of equations.

• Macro-pressure p0. Equation (11) provides

(17) p0 = p0(x3).

By adding the boundary condition (15) we get

(18) p0
∣∣
0,L

= pb
∣∣
0,L
.

• Two-pressure problem. Higher order terms (see (12),
(13) and (16)) constitute the system for (p0, p1, u2):

(19)



− 1

λ2
∇x3p

0 − 1

λ
∇λp

1 + η∆λu
2 +

1

λ2
f = 0 in Q× (0, L) (a)

∇λ · u2 = 0 in Q× (0, L) (b)

u2 = 0 on γD × (0, L) (c)

.
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Due to the linearity of Problem (19) one can write

(20)
u2 = 1/η (∇x3p

0 − f)W,

p1 = (∇x3p
0 − f) q,

where (W, q) is the 1-periodical in z-direction solution of the
cell problem (compare with (4)):





−1

λ
∇λq + ∆λW +

1

λ2
e3 = 0 in Q

∇λ ·W = 0 in Q

W = 0 on γD

.

Here e3 = (0, 0, 1) — the unit vector in z-direction.
• Poiseuille’s law. The system (2) for renamed functions




pλ = p0

uλ =
∫
Q

u2 dy dz

together with expression (3) for kλ-factor is obtained by
integrating (14) over Q and using equations (16), (20) to-
gether with z-periodicity assumption for u2.

3.3. Homogeneously rough thin pipe. The case ε � µ corre-
sponds to considering the limit λ = ε/µ → 0. Thus, we start with
the cell problem (4) and look for the its solution (W, q) in the form

W (y, z) =
∞∑

i=0

λiW i (y, z) ,

q(y, z) =
∞∑

i=−2

λiqi (y, z) .

(21)

Substituting the expansions into (4) gives the following series of
equations with different powers of parameter λ.

3.3.1. Momentum equation.

λ−2 : −∇yq
−2 = 0,(22)

λ−1 : −
(
∇yq

−1 +∇zq
−2
)

= 0.(23)

The equations above imply

q−2 = const, q−1 = q−1(z).
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The next order terms satisfy

λ0 : −
(
∇yq

0 +∇zq
−1
)

+ ∆yW
0 + e3 = 0.(24)

3.3.2. Mass equation. gives in addition

λ−1 : ∇y ·W 0 = 0,(25)

λ0 : ∇y ·W 1 +∇z ·W 0 = 0.(26)

3.3.3. Analysis of equations. Let’s consider a weak formulation of
(24) with a smooth function ϕ, ϕ = 0 on γD, as a test function:

∫

Q

q0∇y · ϕ+ q−1∇z · ϕ−∇yW 0 : ∇yϕ+ e3 · ϕ dy dz = 0.

For ϕ = (ϕ1, ϕ2, 0) such that ∇y · ϕ = 0 in Q, it reads as
∫

Q

∇yW
0 : ∇yϕ dy dz = 0.

By taking ϕi = W 0
i , i = 1, 2, we obtain

∇yW
0
1 = ∇yW

0
2 = 0,

that together with boundary conditions W i = 0 on γD, i = 0, 1, ...,
implies

W 0
1,2 = 0.

Thus (see (24)), q0 = q0(z) and the lowest order nontrivial terms
(q−1,W 0

3 ) satisfy

−dq
−1

dz
+ ∆yW

0
3 + 1 = 0,(27)

∫

Q(z)

∇z ·W 0 dy = 0.(28)

The velocity-solution W 0
3 of (27) can be written as

(29) W 0
3 =

(
1− dq−1

dz

)
φ,
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where φ is the solution of (6). Substituting (29) into (28) gives

∫

Q(z)

∂

∂z

(
1− dq−1

dz

)
φ(y, z) dy = 0

Since φ = 0 on ∂Q(z) the last equation is equivalent to

(30)
d

dz

((
1− dq−1

dz

)
a(z)

)
= 0 with a(z) =

∫

Q(z)

φ(y, z) dy.

Integration of (30) gives

q−1 = C1

z∫

0

1

a(z)
dz − z + C2,

where by periodicity assumption q−1(0) = q−1(1)

C1 =




1∫

0

a−1(z) dz



−1

.

Finally,

W 0
3 (y, z) =

(
1− dq−1

dz

)
φ =

1
1∫
0

1
a(z)

dz

φ(y, z)

a(z)

and (compare with (5))

k0 =
1

|Q|

∫

Q

W 0
3 dy dz =

1

|Q|




1∫

0

1

a(z)
dz



−1

.

3.4. Rapidly oscillating thin pipe. The fact that in ROTP-
limit the flow occurs only in no-rough region is expected from a
physical point of view. However, its mathematical justification is
not trivial and can be of a particular interest.
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The case ε � µ corresponds to λ = µ/ε → 0. So, we replace
λ→ 1/λ in (4):
(31)



−
(
∇y +

1

λ
∇z

)
q +

(
∆y +

1

λ2
∆z

)
W + e3 = 0 in Q (a)

(λ∇y +∇z) ·W = 0 in Q (b)

W = 0 on γD (c)

and look for (W, q) in form of (21) with respect to λ = µ/ε.
Substituting (21) into (31) gives

(32)





−
∞∑

i=−2

(
λi∇y + λi−1∇z

)
qi

+
∞∑

i=0

(
λi∆y + λi−2∆z

)
W i + e3 = 0 in Q (a)

∞∑

i=0

(
λi+1∇y + λi∇z

)
·W i = 0 in Q (b)

W i = 0 on γD (c)

3.4.1. Momentum equation. From (32a) we get

λ−3 : −∇zq
−2 = 0,(33)

λ−2 : −∇yq
−2 −∇zq

−1 + ∆zW
0 = 0,(34)

λ−1 : −∇yq
−1 −∇zq

0 + ∆zW
1 = 0,(35)

λ0 : −∇yq
0 −∇zq

1 + +∆yW
0 + ∆zW

2 + e3 = 0.(36)

3.4.2. Mass equation. Equation (32b) gives in addition

λ0 : ∇z ·W 0 = 0,(37)

λ1 : ∇y ·W 0 +∇z ·W 1 = 0,(38)

λ2 : ∇y ·W 1 +∇z ·W 2 = 0.(39)

3.4.3. Analysis of equations.

(i) Equation (33) implies q−2 = q−2(y).
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(ii) The next order terms satisfy (34) and (37).
Equation (37) implies

W 0
3 = W 0

3 (y), q−1 = q−1(y).

By multiplying (34) by ϕ(y, z) = (ϕ1, ϕ2, 0), such that ϕ = 0
on γD, 1-periodical with respect to z, and integrating over
Q we get

0 =

∫

Q

−∇yq
−2 · ϕ+ ∆zW

0 · ϕ dy dz =

∫

Q

q−2∇y · ϕ−∇zW
0 : ∇zϕ dy dz.

The expression above is valid in all Lipschitz domains (such
that the divergence theorem holds).

Now let us consider ϕ1,2 = W 0
1,2 and take into account

(38). It gives us the following:

0 =

∫

Q

q−2∇y·W 0−|∇zW
0|2 dy dz =

∫

Q

−q−2∇z·W 1−|∇zW
0|2 dy dz =

∫

Q

∇zq
−2 ·W 1 − |∇zW

0|2 dy dz =

∫

Q

−|∇zW
0|2 dy dz

(since q−2 doesn’t depend on z).
It implies

W 0 = W 0(y),

that together with (34) additionally gives

q−2 = const.

Moreover, if we consider y /∈ Qmin and z-line passing through
the point y, we obtain that the constant (in z) velocity W 0

has to be zero at points of intersection with the boundary
γD that means

W 0 = 0 in Q/Qmin.

SinceW 0 is a function of y only, (38) provides that ∂W 1
3 /∂z

depends also only on y. By periodicity assumption, we get
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that ∂W 1
3 /∂z must be zero then and thus

W 1
3 = W 1

3 (y), ∇y ·W 0 = 0.

(iii) The next couple to consider is (35), (39). This system can be
analyzed in the same way as at step (ii). Below we provide
the summary of results obtained:

(40)

q−2,−1 = const

q0 = q0(y)

W 0,1 = W 0,1(y)

∇y ·W 0,1 = 0

W 0,1 = 0, y /∈ Qmin

W 2
3 = W 2

3 (y).

(iv) Finally, we come to the equation (36) that involves the force
term e3. By integrating it overQ with a test-function ϕ such
that ϕ = 0 on γD and 1-periodic in z, we get

0 =

∫

Q

(
−∇yq

0 −∇zq
1 + ∆yW

0 + ∆zW
2 + e3

)
· ϕ dy dz =

∫

Q

−∇yq
0 ·ϕ+ q1∇z ·ϕ−∇zW

2 : ∇zϕ+
(
∆yW

0 + e3

)
·ϕ dy dz.

(as before the expression above is valid in all Lipschitz do-
mains, i.e. such that divergence theorem holds)

By choosing ϕ = ϕ(y) such that ϕ = 0 outside of Qmin,
we get∫

Qmin

(
−∇yq

0 + ∆yW
0 + e3

)
·ϕ dy dz =

∫

Qmin

(
−∇yq

0 + ∆yW
0 + e3

)
·ϕ dy.

That is a weak formulation of

(41) −∇yq
0 + ∆yW

0 + e3 in Qmin.

By taking ϕ = (W 0
1 ,W

0
2 , 0) we gain

∫

Qmin

|∇y(W
0
1 ,W

0
2 , 0)|2 dy = 0,
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that together with Friedrichs’ inequality implies

W 0
1,2 ≡ 0.

Thus, (41) can be rewritten as

−∆yW
0
3 = 1 and ∇yq

0 = 0,

that completes analysis and leads to expressions (7), (8).

Remark 3.1. The same results (5), (6) ((7), (8)) for the limit case
HRTP (ROTP) can also be obtained by modeling ε, µ-relation in
(9) as ε = µ2 (µ = ε2 correspondingly) and considering (uεµ, pεµ)
as series with respect to µ (ε) only.

4. Model example

To illustrate the results above numerically we consider sinusoidal
pipes Ωεµ with representative volume Q:

(42) Q = {(y, z) ∈ R3, |y| < a cos(2πz) + b, z ∈ (0, 1)},
where b > a > 0, a+ b = 1, and circular cross-section Q(z)

(43) Q(z) = {y ∈ R2, |y| < R(z) = a cos(2πz) + b}
of variable radius Rmin < R < Rmax. The maximal value of R is
preserved to be 1 (Rmax = 1) whereas Rmin takes values Rmin =
0.4, 0.5, 0.6. (see Fig. 3 and Tab. 1).

Rmin a b |Q|
0.4 0.3 0.7 0.5350π ≈ 1.6808
0.5 0.25 0.75 0.5938π ≈ 1.8653
0.6 0.2 0.8 0.6600π ≈ 2.0735

Table 1. Volume |Q| for different Rmin, a and b.

For each value of Rmin all three cases (ε/µ = 0, ε/µ ∈ (0,∞),
µ/ε = 0) are considered.

• PRTP case is calculated by means of FEM software Comsol
Multiphysics and the values for the friction factor kλ are
presented in Tab. 2.
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a) b)

c) d)

Figure 3. Elementary volume Q: a) 3D-view, b)
XY -view, c) Y Z-view, d) ZX-view.

λ Rmin = 0.4 Rmin = 0.5 Rmin = 0.6
2−4 0.021489 0.037623 0.056387
2−3 0.021124 0.037090 0.055807
2−2 0.019849 0.035191 0.053682
2−1 0.016563 0.030072 0.047543
20 0.011995 0.022738 0.037988
21 0.008801 0.017748 0.031238
22 0.007305 0.015393 0.027855
23 0.006640 0.014278 0.026242

Table 2. Values of kλ for different radii Rmin.

• HRTP In this case the coefficient k0 is built on the solution
of (6) that for circular Q(z) (see (43)) has the form:

φ = −1

4

(
|y|2 −R2(z)

)
.
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Thus,

k0 =
1

|Q|




1∫

0

1

a(z)
dz



−1

=
1

4 (a2 + 2b2)




1∫

0

1

R4(z)
dz



−1

has the following values (see Tab. 3).

Rmin k0 k∞

0.4 0.021617 0.005981
0.5 0.037807 0.013158
0.6 0.056586 0.024545

Table 3. k0 and k∞ for different values of Rmin.

• ROTP The flow occurs only in the region

Qmin = Qmin × (0, 1), Qmin = {y ∈ R2, |y| < Rmin}.
The velocity W3 is the solution of (8):

W3 = −1

4

(
|y|2 −R2

min

)

and according to (7)

k∞ =
π

8|Q|(b− a)4 =
(b− a)4

4 (a2 + 2b2)

(see also Tab. 3).

The comparison between intermediate PRTP and limit cases
HRTP, ROTP is presented in Figures 4 and 5, x-axis is chosen
as 1/λ = µ/ε due to better resolution of the graph. As one can
see from Fig. 4, the curves kλ = kλ(1/λ) for all values of Rmin have
log-shapes and fast rate of convergence kλ → k0. According to
Fig. 5, kλ allows the linear approximation for 1/λ ∈ (0, 1) and the
corresponding convergence kλ → k∞ has a linear rate in this region.

5. Justification of the result

The approximation results stated in Section 2 are obtained by
using asymptotic series with respect to small parameters ε, µ. This
analysis is a formal method and needs to be combined with other
techniques in order to make conclusions mathematically rigorous.
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Figure 4. HRTP-limit

It is known [8, 15] that the Stokes system (1) allows the unique
solution (U εµ, P εµ). In this section we provide a priori estimates for
(U εµ, P εµ) and error estimates for its approximation (εu2, p0 + εp1)
(see (19)).

Both, a priori and error estimates are based on two main meth-
ods:

• the Korn inequality

(44) ‖v‖2 6 εK‖e(∇v)‖2, v, e(∇v) ∈ L2(Ωεµ), v = 0 on ΓεµD ,

that establishes the relation between L2-norms of a function
and the symmetric part of its gradient;
• the Bogovskǐı operator B : ∇ · v 7→ [v] that recovers (as an

equivalence class) an original function v ∈ L2(Ωεµ), v = 0 on
ΓεµD , from its L2-divergence ∇ · v and provides the estimate

(45) ‖v‖2 6 ε−1B‖∇ · v‖2.
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Figure 5. ROTP-limit

Both constants K,B > 0 are independent on ε, µ. Moreover, the
estimate (45) in case of functions v = (v1, v2, 0) can be improved to

‖v‖2 6 B‖∇ · v‖2. (45′)

For more details and proofs of (44), (45) we refer the reader to
Theorems 4.1 and 4.3 in [9] where general thin domains are consid-
ered. The case of the rough pipe Ωεµ can be reduced to one in [9]
by extending arguments. More precise, due to no-slip boundary
condition (1d) one can always prolong U εµ by zero to any straight
pipe Ωε = εY × (0, L) containing Ωεµ. Here Y ⊂ R2 is a sufficiently
big circle (or square) such that Y ⊃ Q(x3) for any x3 ∈ (0, L). The
comments on Inequality (45′) can be found in Appendix II (see
p. 26).
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5.1. A priori estimates. There exists a constant C > 0 indepen-
dent of parameters ε, µ such that the following estimates

1

ε2
‖U εµ‖2 +

1

ε
‖∇U εµ‖2 + ‖P εµ‖2 6 C|Ωεµ|1/2

are valid for the solution (U εµ, P εµ) of (1). The estimates above
are proved in [9] (see Theorem 4.2, 4.5) for any smooth enough
thin domain Ωε. The proof is also valid for the rough pipe Ωεµ due
to no-slip condition on the rough surface.

As one can see, these estimates for U εµ, P εµ do not depend on µ
and give corresponding orders of convergence for the problem (1)
to the system (2) with respect to the pipe thickness ε.

5.2. Errors-problem statement. After rescaling in (19) to the
original variables (y, z, x3)→ (x1/ε, x2/ε, x3/µ, x3) and subtracting
it from (1) one gets the following system

(46)





−∇perr + η∆uerr + f ε = 0 in Ωεµ (a)

∇ · uerr = hε in Ωεµ (b)

(−perrI + 2ηe(∇uerr))n̂ = −gε n̂ on ΓεµN (c)

uerr = 0 on ΓεµD (d)

for the error-functions

uerr(x) = U εµ(x)− ε2u2

(
x1

ε
,
x2

ε
,
x3

µ
, x3

)
,

perr(x) = P εµ(x)− p0(x3)− εp1

(
x1

ε
,
x2

ε
,
x3

µ
, x3

)
.

Here

(47)

f ε = ε2η∆x3u
2 − ε∇x3p

1

hε = −ε2∇x3 · u2

gε = 2ε2η∇x3 · u2 = −2ηhε.

Note that all derivatives in expressions for f ε, hε, gε are taken with
respect to unscaled x3 only and do not affect cell-functions W , q
constituting u2 and p1 (see (20)).

For any test function v such that∇·v = 0 in Ωεµ and v = 0 on ΓεµD ,
the divergence theorem provides the following weak formulation of
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(46)

(48) 2η

∫

Ωεµ

e(∇uerr) : e(∇v) dx =

∫

Ωεµ

jε · v dx,

with jε = −∇gε + f ε− η∇hε as a source term. Since the functions
u2, p1 on the right-hand side of (47) are independent of ε and µ,
the next norm-estimate holds:

(49) ‖jε‖2 6 ‖f ε‖2 + ‖∇hε‖2 + ‖∇gε‖2 6 εC|Ωεµ|1/2.
5.3. Error estimates. Now let us estimate the L2-norm of uerr.
For this we take the difference v = uerr − ϕ where ϕ is such that

∇ · ϕ = ∇ · uerr = hε, ϕ = 0 on ΓεµD ,

as a test function in (48):

2η

∫

Ωεµ

|e(∇U)|2dx =

∫

Ωεµ

jε · (U − ϕ) dx+ 2η

∫

Ωεµ

e(∇U) : e(∇ϕ) dx.

Using the Young inequality in the last term leads us to

(50) η

∫

Ωεµ

|e(∇U)|2dx 6
∫

Ωεµ

jε · (U − ϕ) dx+ η‖e(∇ϕ)‖2
2.

The further application of Hölder, Korn (44) and Young inequal-
ities allows the following
∫

Ωεµ

jε ·(U−ϕ) dx 6 ‖jε‖2‖(U−ϕ)‖2 6 εK‖jε‖2‖e(∇(U−ϕ))‖2 6

6 εK‖jε‖2 (‖e(∇U)‖2 + ‖e(∇ϕ)‖2) 6

6 ε2K2

2η
‖jε‖2

2 +
η

2
‖e(∇U)‖2

2 + εK‖jε‖2‖e(∇ϕ)‖2 6

6 ε2K2

2‘η
‖jε‖2

2 +
η

2
‖e(∇U)‖2

2 +
ε2K2

2
‖jε‖2

2 +
1

2
‖e(∇ϕ)‖2

2.

The last estimate implies the next inequality for (50)

(51)
η

2

∫

Ωεµ

|e(∇U)|2dx 6 ε2C1‖jε‖2
2 + C2‖e(∇ϕ)‖2

2

with C1 = K2(1 + η)/2η, C2 = (η + 1/2).
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Equation (49) provides ‖jε‖2 6 εC|Ωεµ|1/2. To estimate the ϕ-
term in (51) Inequality (45′) can be used — it is enough to show
that there exists ϕ = (ϕ1, ϕ2, 0) such that

∇ · ϕ = hε = −ε2∇x3 · u2 = −ε2
(
p0,′ − f

)′
W3.

This can be done due to the properties of the cell problem (4).
Indeed, ∇λ ·W = 0 in (4) provides

∇λ ·
(∫

W1 dz,

∫
W2 dz, 0

)
= −

∫
∂W3

∂z
dz = −W3.

That gives us ∇ · ϕ = hε for ϕ = (ϕ1, ϕ2, 0),

ϕ1,2(x) = ε2
(
p0,′(x3)− f(x3)

)′
x3/µ∫

0

W1,2

(x1

ε
,
x2

ε
, z
)
dz, x ∈ Ωεµ.

The condition ϕ = 0 on ΓεµD follows from W1,2 = 0 on γD (see (4)).
Finally, we obtain the following estimate for (51)

‖e(∇uerr)‖2 6 ε2C|Ωεµ|1/2,
which together with the Korn inequality (44) implies also

(52) ‖uerr‖2 6 ε‖e(∇uerr)‖2 6 ε3C|Ωεµ|1/2,
where the constant C is independent of ε and µ.

To obtain the pressure estimates we define perr through the func-
tional F by orthogonality:∫

Ωεµ

perr∇ · v dx = 〈F, v〉 =

∫

Ωεµ

2ηe(∇uerr) : e(∇v)− jε · v dx.

for any test function v such that v = 0 on ΓεµD .
By using the Korn inequality (44) one can show

|〈F, v〉| 6 2η‖e(∇uerr)‖2‖e(∇v)‖2 + ‖jε‖2‖v‖2 6
6 2η‖e(∇uerr)‖2‖e(∇v)‖2 + εK‖jε‖2‖e(∇v)‖2 = ε2C‖e(∇v)‖2,

that due to (45) implies the estimate for the pressure perr:

(53) ‖perr‖2 6 εC|Ωεµ|1/2

with C independent of ε, µ. , For the complete discussion regarding
the last estimate we refer the reader to Theorem 4.5 in [9], where
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the analogous result for thin domains is obtained and the detailed
calculations are presented.

Together Equations (52) and (53) constitute the error estimates.
The errors obtained are of the higher orders with respect to ε:

U εµ − u2 ∼ O(ε3) (whereas U εµ, u2 ∼ O(ε2)
)
,

P εµ − p0 ∼ O(ε) (whereas P εµ, p0 ∼ O(1))

and do not depend on µ. To improve them further, the next terms
in asymptotic expansions need to be considered.
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APPENDIX I

In this section we will comment on the general case kλ = kλ(z)
as it was mentioned in Remark 2.1.

x3-depending geometry. First, we introduce a straight pipe Ωεµ

that is quasi-periodical in longitudinal direction, i.e. in addition to
z-periodicity it’s geometry has a non-periodic global x3-trend. For
that purpose on par with the condition Q(0) = Q(1) (see Sec. 1.1)
we assume some x3-dependence of y-cross-section Q as below.

Let f be a 2× 2 diagonal functional matrix with smooth compo-
nents fi = fi(x3), i = 1, 2, that are bounded from 0, i.e.

f =

(
f1 0

0 f2

)
and ∀x3 ∈ [0, L] fi(x3) > a, i = 1, 2,

for some positive parameter a.
By [fQ] = [fQ](x3, z) we denote the following y-cross-section of

the pipe:

y ∈ [fQ](x3, z) if and only if f−1y =

(
y1

f1(x3)
,

y2

f2(x3)

)
∈ Q(z), z ∈ [0, 1],

where Q(z) is as in Sec. 1.1. By analogy with Q (see Sec 1.1)

[fQ] = [fQ](x3) = {(y, z) ∈ R2+1; z ∈ (0, 1), f−1y ∈ Q(x3, z)}
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has as its bounds

[fγ]N = {(y, z) ∈ R2+1; z ∈ {0, 1}, f−1y ∈ Q(z)},

[fγ]D = {(y, z) ∈ R2+1; z ∈ (0, 1), f−1y ∈ ∂Q(z)}.
The minimal region

[fQ]min = [fQ]min(x3) = {y ∈ R2; f−1y ∈ int(Q(z)) ∀z ∈ [0, 1]}
and [fQ]min be the largest pipe of cross-section [fQ]min = [fQ]min(x3)
that is contained in [fQ].

For small parameters µ, ε � 1 we define a smooth rough pipe
Ωεµ of the length L

Ωεµ = {x ∈ R3;x3 = µz ∈ (0, L), (x1, x2) = εy ∈ ε[fQ](x3, z)}
with the boundary ∂Ωεµ = ΓεµN ∪ ΓεµD , where

ΓεµN = {x ∈ R3;x3 ∈ {0, L}, (x1, x2) ∈ ε[fQ](x3, z)},

ΓεµD = {x ∈ R3;x3 ∈ (0, L), (x1, x2) ∈ ∂(ε[fQ](x3, z))}.

Reformulation of cell-problems. The more general geometry
of Ωεµ introduced above does not affect the analysis done in Sec. 3
and the main ”global” result, the Poiseulle law expressed by Sys-
tem (2) is still valid (see also Fig. 2 in Sec. 2). However, since a
new-introduced ”cells” [fQ] become depending on the global vari-
able x3, all expressions that are related to ”micro”-structure of Ωεµ

((3),(5),(7) etc) and stated in Sec. 2 need to be reformulated with
replacing Q-domains by their [fQ]-analogues. For the sake of com-
pleteness, the corresponding changes are provided below.

• PRTP The factor kλ is calculated as

kλ = kλ(x3) =
1

|[fQ]|

∫

[fQ]

W3 dy dz,

for W3 — the 3rd component of W in




−1

λ
∇λq + ∆λW +

1

λ2
e3 = 0 in [fQ]

∇λ ·W = 0 in [fQ]

W = 0 on [fγ]D

.
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• HRTP limit value k0 is represented by

k0 = k0(x3) =
1

|[fQ]|




1∫

0

1

a(z, x3)
dz



−1

,

where

a(z, x3) =

∫

[fQ](x3,z)

φ(y, z) dy

and φ comes from
{−∆yφ = 1 in [fQ](x3, z)

φ = 0 on ∂[fQ](x3, z).

• ROTP As before, the flow does not come into [fQ]/[fQ]min

and

k∞ = k∞(x3) =
1

|[fQ]|

∫

[fQ]min

W3 dy,

where W3 satisfies
{−∆yW3 = 1 in [fQ]min

W3 = 0 on ∂[fQ]min.

APPENDIX II

Here we discuss the estimate (45′). Without going into details
about (45) (which can be found in Appendix B of [9]), we point out
that the proof is based on a simple rescaling (y, x3)→ (x1/ε, x2/ε, x3)
of a unit-pipe Ω to its thin version Ωε and the factor ε−1 appearing
on the right-hand side of (45) is caused only by ε−2 in the inequality

(54)
1

|Ωε|‖∇(Sεv)‖2
L2(Ωε) 6 ε−2 1

|Ω|‖∇v‖
2
L2(Ω)

for the gradient-norm of the scaling operator Sε : L2(Ω)→ L2(Ωε)

(Sεv)(x) =
(
εv1

(x1

ε
,
x2

ε
, x3

)
, εv2

(x1

ε
,
x2

ε
, x3

)
, v3

(x1

ε
,
x2

ε
, x3

))
.

Thus, to prove (45′) is enough to show that (54) can be improved
in case v3 = 0.
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Indeed, for y1,2 = x1,2/ε one can write

∇(Sεv)(x) =




∂v1
∂y1

∂v1
∂y2

ε ∂v1
∂x3

∂v2
∂y1

∂v2
∂y2

ε ∂v2
∂x3

0 0 0



(x1

ε
,
x2

ε
, x3

)

and thus

|∇(Sεv)(x)| =
∑

i,j=1,2

∣∣∣∣
∂vi
∂yj

∣∣∣∣
2 (x1

ε
,
x2

ε
, x3

)
+ε2

∑

i=1,2

∣∣∣∣
∂vi
∂x3

∣∣∣∣
2 (x1

ε
,
x2

ε
, x3

)
.

After integration over Ωεµ one gets a better version of (54):

1

|Ωε|‖∇(Sεv)‖2
L2(Ωε) 6

1

|Ω|‖∇v‖
2
L2(Ω),

that allows to gain one more ε in (45) and obtain (45′).
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[22] S. Marušić and E. Marušić-Paloka. Two-scale convergence for thin domains
and its applications to some lower-dimensional models in fluid mechanics.
Asymptot. Anal., 23(1):23–57, 2000.

[23] E. Marušić-Paloka and M. Starčević. Asymptotic analysis of an isothermal
gas flow through a long or thin pipe. Mathematical Models and Methods
in Applied Sciences, 19(04):631–649, 2009.

[24] I. Moise, R. Temam, and Ziane M. Asymptotic analysis of the navier–
stokes equations in thin domains. Topological methods in nonlinear analy-
sis, 10(2):249–282, 1997.

[25] P. Mucha. Asymptotic behavior of a steady flow in a two-dimensional pipe.
Studia Math., 158(1):39–58, 2003.

[26] G. Nguetseng. A general convergence result for a functional related to the
theory of homogenization. SIAM J. Math. Anal., 20(3):608–623, 1989.

[27] J. Nikuradse. Laws of flow in rough pipes. VDI Forschungsheft, pages 1–
361, 1933.



PAPER IV 29

[28] G. Panasenko. Multi-scale Modelling for Structures and Composites.
Springer, Berlin, 2005.

[29] G. Panasenko and K. Pileckas. Asymptotic analysis of the nonsteady
viscous flow with a given flow rate in a thin pipe. Applicable Analysis,
91(3):559–574, 2012.
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PRESSURE-DRIVEN FLOW IN A THIN POROUS
DOMAIN — JUSTIFICATION OF ASYMPTOTIC

REGIMES

J. FABRICIUS AND E. HALLER

Abstract. We consider stationary laminar flow of a Newto-

nian fluid that occurs in a thin porous three-dimensional do-

main which depends on two small positive parameters ε and δ.

More precisely, the fluid domain is confined in the gap between

two surfaces of thickness δ and perforated by solid inclusions

that are periodically distributed in the domain with period ε.

The fluid motion is assumed to be governed by Stokes system

complemented with a mixed boundary condition, namely a no-

slip condition is imposed on the solid inclusions and the upper

and lower surfaces of the domain whereas the normal stress

is prescribed on the remaining part of the boundary (lateral

surface). An asymptotic analysis is carried out by letting the

parameters ε and δ tend to zero at different rates relative to

each other. The limit process is done by means of the two-scale

convergence method and results in the two-dimensional Darcy

law as a limit equation describing the macroscopic behaviour

of the fluid. However, depending on the limit ratio δ/ε, several

asymptotic flow regimes can be reached, each of which have

different cell problems and expressions for the permeability

tensor.

Introduction

The present paper joins and elaborates on results concerning fluid

flow in thin or porous domains that the authors have obtained in a
1
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series of previously published works. Such problems involve either

one or both of two small parameters called ε and δ, where ε is

related to the periodic porous structure of the domain, e.g. the

size of the representative volume element, and δ corresponds to the

thickness of the domain. For problems involving only one small

parameter, it is well known that simplified models governing the

fluid flow in such domains, whose solutions describe the asymptotic

behavior of solutions to the original problem, can be obtained by

letting ε or δ tend to zero, see e.g. [7] and [6]. The same is true

also for problems involving two (or more) parameters. However,

as every mathematician knows, it is crucial to the outcome of the

analysis how the limit process is executed. For example, if one first

lets ε → 0, and then let δ → 0 in the resulting problem, it may

happen that one reaches a different conclusion than if the limits are

taken in the reverse order. From physical point of view it seems

more natural to consider subsequences {εn}∞n=1 and {δn}∞n=1 that

tend to zero simultaneously as n → ∞, but at different rates. As

it turns out, multiple subsequential limits exist depending on the

value of λ defined as

λ = lim
n→∞

δn
εn

(0 ≤ λ ≤ ∞),

and multiple flow regimes can be characterized in terms of the limit

ratio λ.

The asymptotic behavior of pressure-driven flow in a domain con-

fined between two planes and perforated by an array of vertical

cylinders was studied in [5], where three asymptotic regimes were

derived by means of formal asymptotic expansion method and the

convergence rate was illustrated numerically. The main result of the

current paper is to provide a rigorous mathematical justification of
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the results obtained in [5]. To this end, we first prove so called a

priori estimates of the solutions of the Stokes system, both velocity

and pressure field, that depend on ε and δ. To pass to the limit

as ε and δ tends to zero, we choose a strictly decreasing function

δ : (0,∞)→ (0,∞) such that

(1)





lim
ε→0+

δ(ε) = 0

lim
ε→0+

δ(ε)

ε
= λ

with 0 ≤ λ ≤ ∞. Then the framework of two-scale convergence

for periodic structures and thin domains developed by Allaire [1],

Nguetseng [12] and Marušić–Marušić-Paloka [10] allows us to pass

to the limit in the governing equations. Upon analyzing the re-

sulting set of equations, we derive the two-dimensional Darcy law

which is the governing equation for the limit pressure. It should

be emphasized that the permeability tensor is defined through lo-

cal problems that depend on the limit ratio λ. Furthermore, the

local problems of the generic case, 0 < λ < ∞, are more compli-

cated than the corresponding equations in the limit cases λ = 0

and λ =∞. We refer to these flow regimes as Proportionally Thin

Porous Medium (PTPM), when 0 < λ < ∞, Very Thin Porous

Medium (VTPM), when λ = 0, and Homogeneously Thin Porous

Medium (HTPM), when λ =∞.

1. Geometry

Here we define the geometry of the thin porous medium under

consideration.

1.1. Perforated square (�f). Consider a unit square

� = �0,1 = {−1/2 < xi < 1/2, i = 1, 2} ⊂ R2.
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Let a unit solid inclusion �s be a convex subset of � such that

dist(∂�s, ∂�) > 0. Then the fluid part �f = �/�s is a connected

subset of � with the boundary ∂�f = ∂� ∪ ∂�s.

1.2. Perforated plane (ωε). Let �c = �c,1 denote a c-shift of �
and ε� = �0,ε be its ε-scaling, i.e. ε�c = �c,ε = {−ε/2 < xi− ci <
ε/2, i = 1, 2} is a square centered in c ∈ R2 with the side length

ε > 0.

Consider a bounded domain ω ⊂ R2 with a Lipschitz boundary

∂ω. Let

ωε = ω/
⋃

i

ε�s
i , for all i such that ε�i ⊂ ω.

Thus the boundary ∂ωε becomes a union of disjoint sets

∂ωε = γεD ∪ γεN ,where

γεD =
⋃

i

∂ε�s
i

γεN = ∂ω.

1.3. 3D-domain (Ω). let x′ = (x1, x2) and {S(x′)}x′∈ω be a family

of domains in R such that:

(i) For each x′ ∈ ω, the set S(x′) is contained in (−1/2, 1/2).

(ii) There exists α > 0 such that

(−α, α) ⊂ S(x′) ∀x′ ∈ ω.

(iii) The set

Ω =
{

(x′, z) ∈ R3 : x′ ∈ ω, z ∈ S(x′)
}

forms a Lipschitz domain in R3.
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The boundary of Ω can be divided into two disjoint parts

∂Ω = ΓD ∪ ΓN

ΓD =
{

(x′, z) ∈ R3 : x′ ∈ ω, z ∈ ∂S(x′)
}

ΓN =
{

(x′, z) ∈ R3 : x′ ∈ ∂ω, z ∈ S(x′)
}
.

1.4. Thin 3D-domain (Ωδ). The thin geometry is defined by a

small scaling parameter 0 < δ ≤ 1:

(2)

Ωδ =
{
x ∈ R3 : x′ ∈ ω, x3 ∈ δS(x′)

}

∂Ωδ = ΓδD ∪ ΓδN ,

ΓδD =
{
x ∈ R3 : x′ ∈ ω, x3 ∈ δ∂S(x′)

}

ΓδN =
{
x ∈ R3 : x′ ∈ ∂ω, x3 ∈ δS(x′)

}
.

1.5. Perforated 3D-domain (Ωε). The perforated domain Ωε is

performed in the same way as Ω but with ωε as the base:

Ωε =
{

(x′, z) ∈ R3 : x′ ∈ ωε, z ∈ S(x′)
}

with the boundary

∂Ωε =ΓεD ∪ ΓεN

ΓεD =
{

(x′, z) ∈ R3 : x′ ∈ ωε, z ∈ ∂S(x′)
}

∪
{

(x′, z) ∈ R3 : x′ ∈ γεD, z ∈ S(x′)
}

ΓεN =
{

(x′, z) ∈ R3 : x′ ∈ γεN , z ∈ S(x′)
}
.
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1.6. Thin perforated 3D-domain (Ωεδ). Based on previous def-

initions the thin geometry is defined as follows

(3)

Ωεδ =
{
x ∈ R3 : x′ ∈ ωε, x3 ∈ δS(x′)

}

∂Ωεδ =ΓεδD ∪ ΓεδN ,

ΓεδD =
{
x ∈ R3 : x′ ∈ ωε, x3 ∈ δ∂S(x′)

}

∪
{
x ∈ R3 : x′ ∈ γεD, x3 ∈ δS(x′)

}

ΓεδN =
{
x ∈ R3 : x′ ∈ γεN , x3 ∈ δS(x′)

}
.

2. Notation

The following definitions will be used throughout this paper:

- x = (x1, x2, x3) denotes a point in Ωδ.

- x′ = (x1, x2) denotes a point in ω.

- y = (y1, y2) denotes a point in �.
- z denotes a point in S(x′), x′ ∈ ω.

∇ = ∇x =

(
∂

∂x1

,
∂

∂x2

,
∂

∂x3

)
, ∇x′ =

(
∂

∂x1

,
∂

∂x2

, 0

)
,

∇y =

(
∂

∂y1

,
∂

∂y2

, 0

)
, ∇z =

(
0, 0,

∂

∂z

)

and

∇λ = min{1, λ}∇y + min{1/λ, 1}∇z, for all λ ∈ [0,∞].

- For any vector-valued function ϕ = (ϕ1, ϕ2, ϕ3) and some

λ ∈ [0,∞] we define its λ-version as follows:

ϕλ = (min{1/λ, 1}ϕ′,min{λ, 1}ϕ3) ,

where ϕ′ = (ϕ1, ϕ2) — its first two components.
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- Symbols W (Ω) and V (Ω) denote the following functional

spaces:

W (Ω) = {ϕ ∈ H1(Ω) : ϕ = 0 on ΓD}
V (Ω) = {ϕ ∈ W (Ω) : ∇ · ϕ = 0 in Ω}.

Moreover, W/V (Ω) denotes the quotient space of W (Ω) by

V (Ω)and thus, W/V (Ω) consists of equivalence classes {u}
of elements u ∈ W (Ω) modulo the space of divergence free

elements. The annihilator of V (Ω) is denoted as

V ⊥(Ω) = {f ∈ H−1(Ω) : f(ϕ) = 0 for all ϕ ∈ V (Ω)}.

3. Preliminaries

In this section, some auxiliary results pertaining to velocity and

pressure estimates are provided.

3.1. The Korn inequality in thin perforated domains. The

Korn inequality (see e.g. [3] for a discussion regarding classical

results) in case of ε, δ-domains needs additional control of the con-

stant. For functions from W (Ωδ) the controlled estimates are ob-

tained in [6, Theorem 4.1]. The version for W (Ωε) can be found in

[7, Theorem 1]. Since the space W (Ωεδ) can be embedded in both,

W (Ωδ) and W (Ωε), by trivially extending the functions by zero,

the following statement holds.

Theorem 1 (εδ-Korn inequality). Let Kεδ
1 and Kεδ

2 denote the

best constants in the inequalities

(4) ‖v‖L2(Ωεδ) ≤ Kεδ
1 ‖e(∇v)‖L2(Ωεδ),

(5) ‖∇v‖L2(Ωεδ) ≤ Kεδ
2 ‖e(∇v)‖L2(Ωεδ)
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for all v ∈ W (Ωεδ). Then there exist constants K1 and K2 depend-

ing only on Ω, �s and ΓD such that

(6) Kεδ
1 ≤ min{ε, δ}K1, Kεδ

2 ≤ K2.

3.2. The Bogovskĭı operator. By a result of Bogovskĭı [2] the

operator

A : W/V (Ω)→ L2(Ω)

defined by A{v} = ∇ · v is an isomorphism given that ΓN has

positive measure and nonempty interior. The so called Bogovskĭı

operator

B : L2(Ω)→ W/V (Ω),

is defined as the inverse of the operator A. It follows that the dual

operator

B′ : V ⊥(Ω)→ L2(Ω)

is an isomorphism called the pressure operator (or de Rham-Tartar

operator). The norm of such operator(s) is defined as follows

(7) ‖B′‖ = ‖B‖ = sup

p ∈ L2(Ω)

‖p‖ = 1

inf
u ∈ W (Ω)

∇ · u = p

‖∇u‖L2(Ω).

In [6] the following result is proven (see Theorem 4.3):

Theorem 2 (δ-Bogovskĭı operator). Let

Bδ : L2(Ωδ)→ W/V (Ωδ),

denote the Bogovskĭı operator. Then there exist positive constants

C1 and C2 depending only on Ω and ΓD such that

C1 ≤ inf
0<δ≤1

δ‖Bδ‖ ≤ sup
0<δ≤1

δ‖Bδ‖ ≤ C2.
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3.3. De Rham Theorem.

Theorem 3 (y-De Rham Theorem). We also provide a ”partial”

version of the strong de Rham theorem (see [4] and [8]) that has been

explained in [7] (see Theorems 4-5). Let U ∈ L2(Ω;W ′(�f )) satisfy

〈U, v〉 = 0 ∀v ∈ L2(Ω;Vper(�f )).

Then there exists a unique p ∈ L2(Ω;L2
0(�f )) such that

〈U, u〉 =

∫

Ω

p∇ · u dx ∀u ∈ L2(Ω;Wper(�f ))

and

‖p‖L2(Ω) ≤ C‖U‖L2(Ω;W ′(�f )),

where C depends only on Ω and �f .

3.4. The restriction operator Ωδ → Ωεδ. The standard tool to

work with porous media is the so called restriction operator intro-

duced by Tartar [13] (see also [9]). For the purposes of the present

paper we only provide the construction and norm estimates of the

restriction operator from thin Ωδ to thin and porous Ωεδ domain.

Lemma 4 (ε-restriction). There exists a linear continuous oper-

ator

Rε : W (Ωδ)→ W (Ωεδ),

such that

Rε(v) = v in Ωεδ if v = 0 on Ωδ/Ωεδ,

∇ ·Rε(v) = 0 in Ωεδ if ∇ · v = 0 in Ωδ

and

‖Rε(v)‖L2(Ωεδ) ≤ C
(
‖v‖L2(Ωδ) + ε‖∇v‖L2(Ωδ)

)
(8)

‖∇Rε(v)‖L2(Ωεδ) ≤ C

(
1

ε
‖v‖L2(Ωδ) + ‖∇v‖L2(Ωδ)

)
(9)
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Proof.

[-] For any function w ∈ H1(Q) there exists a unique solution

R(w) ∈ W (Qf ) of the Stokes problem

(10)





∇q −∆R(w) = −∆w in Qf

∇ ·R(w) = ∇ · w + 1
|Qf |

∫
Qs
∇ · w dx in Qf

R(w) = 0 on γD

R(w) = w on γN .

The standard estimates for nonhomogeneous Stokes problem pro-

vide

(11) ‖R(w)‖W (Qf ) ≤ C‖w‖H1(Q),

where C > 0 depends only on Qf . Defined by this way operator R

is a linear bounded operator from H1(Q) into W (Qf ).

[-] By rescaling x → εx and translation we obtain operator Rε :

W (Ωδ)→ W (Ωεδ) defined as follows:

(i) in each cell εQf
i where index i is such that εQi ⊂ Ωδ (all

inner cells), Rε(u) is defined as a solution of the following problem

(12)





∇qε −∆Rε(u) = −∆u in εQf
i

∇ ·Rε(u) = ∇ · u+ 1
|εQf |

∫
εQsi

∇ · u dx in εQf
i

Rε(u) = 0 on γεi,D

Rε(u) = u on γεi,N .

(ii) For cells εQf
i such that εQi ⊂ Ωε, εQi∩Ωδ 6= ∅ but εQi * Ωδ

(all cells crossing Dirichlet boundary of Ωδ (i.e. upper and lower

lateral boundaries) the restriction operator Rε(v), v ∈ W (Ωδ), is

defined as in (12) but for the extended function v:

u = v̄ =

{
v in εQi ∩ Ωδ

0 otherwise.
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(iii) and as an identity operator Rε(u) = u in Ωεδ/
⋃
i

εQf
i (bound-

ary region close to ΓεδN , that is without inclusions).

By ε-scaling we deduce from (11) that

∫

εQfi

|R(v)|2dx+ ε2

∫

εQfi

|∇R(v)|2dx

≤ C



∫

εQi

|v|2dx+ ε2

∫

εQi

|∇v|2dx


 .

Note, that in non-perforated boundary region the last inequality

becomes the identity with C = 1. By summing over i and adding

this identity for area close to ΓδN , Rε allows the estimates (8)-(9).

[-] Other properties of Rε required in Lemma are satisfied and

can be directly verified. �

4. Problem statement

In Ωεδ we pose the following boundary value problem (BVP):

(13)





∇ ·
(
− pεδI + 2µe(∇uεδ)

)
+ f = 0 in Ωεδ

∇ · uεδ = 0 in Ωεδ

(
− pεδI + 2µe(∇uεδ)

)
n̂ = −pbn̂ on ΓεδN

uεδ = 0 on ΓεδD .

Here µ > 0 is a kinematic viscosity coefficient, f ∈ L2(Ωεδ) is an

external force acting on a unit mass of fluid, pb ∈ H1(Ωεδ) is an

external pressure depending only on x′ (to exclude circular or re-

entrant flow in the vicinity of ΓεδN ), pεδ is a scalar function of the

fluid pressure and uεδ is a vector-valued function of the fluid velocity

(unknown functions), n̂ denotes the unit outward normal to ΓεδN .
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To write a weak formulation of (13) we multiply (13c) with a test

function ϕ ∈ W (Ωεδ) and integrate over ΓεδN :

0 =

∫

ΓεδN

(
− (pεδ − pb)I + 2µe(∇uεδ)

)
n̂ · ϕ dS

=

∫

∂Ωεδ

(
− (pεδ − pb)I + 2µe(∇uεδ)

)
n̂ · ϕ dS

=

∫

Ωεδ

(
− (pεδ − pb)I + 2µe(∇uεδ)

)
: ∇ϕ dx

+

∫

Ωεδ

∇ ·
(
− (pεδ − pb)I + 2µe(∇uεδ)

)
· ϕ dx

=

∫

Ωεδ

(
− (pεδ − pb)I + 2µe(∇uεδ)

)
: ∇ϕ+

(
−f +∇pb

)
· ϕ dx.

This is equivalent to

(14) 0 =

∫

Ωεδ

−p̃εδ∇ · ϕ+ 2µe(∇uεδ) : ∇ϕ− f̃ · ϕ dx,

where p̃εδ = pεδ−pb and f̃ = f−∇pb. The last equation corresponds

to the following BVP:

(15)





∇ ·
(
− p̃εδI + 2µe(∇uεδ)

)
+ f̃ = 0 in Ωεδ

∇ · uεδ = 0 in Ωεδ

(
− p̃εδI + 2µe(∇uεδ)

)
n̂ = 0 on ΓεδN

uεδ = 0 on ΓεδD .
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Theorem 5 (Existence & uniqueness). For each pair (ε, δ),

ε, δ > 0, the boundary value problem (14) has a unique weak solu-

tion
(
uεδ, p̃εδ

)
∈ W (Ωεδ)×L2(Ωεδ). Moreover, there exist extensions

U εδ =

{
uεδ in Ωεδ

0 in Ωδ\Ωεδ,
(16)

P̃ εδ =





p̃εδ in Ωεδ

1
|εQf |

∫

εQfi

p̃εδ dx in εQs
i ,

(17)

such that U εδ ∈ V (Ωδ) and P εδ ∈ L2(Ωδ) satisfy the following a

priori estimates:

(18) ‖U εδ‖L2(Ωδ) ≤ min{ε2, δ2}K1

2µ
‖f̃‖L2(Ωεδ),

(19) ‖e(U εδ)‖L2(Ωδ) ≤ min{ε, δ}K1

2µ
‖f̃‖L2(Ωεδ),

(20) ‖P̃ εδ‖L2(Ωδ) ≤ C‖f̃‖L2(Ωεδ),

where the constant C is independent of ε, δ.

Proof. (a) Velocity. The existence and uniqueness follow from

the Lax-Milgram theorem and the estimate — from Theorem 1.

More precisely, by choosing ϕ = uεδ in (14) we get
∫

Ωεδ

2µ|e(∇uεδ)|2dx =

∫

Ωεδ

f̃ · uεδdx.

From Theorem 1 the right-hand side allows the estimate:

∫

Ωεδ

f̃ · uεδdx ≤ ‖f̃‖L2(Ωεδ)‖uεδ‖L2(Ωεδ)

≤ min{ε, δ}K1‖f̃‖L2(Ωεδ)‖e(∇uεδ)‖L2(Ωεδ)
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that implies

‖e(∇uεδ)‖L2(Ωεδ) ≤ min{ε, δ}K1

2µ
‖f̃‖L2(Ωεδ).

(b) Pressure. We define Lεδ ∈ V ⊥(Ωδ) as

〈Lεδ, ϕ〉 =

∫

Ωεδ

2µe(∇uεδ) : ∇Rε(ϕ)− f̃ ·Rε(ϕ) dx ∀ϕ ∈ W (Ωδ)

that satisfies the following estimate:

‖〈Lεδ, ϕ〉‖ ≤ 2µ‖e(∇uεδ)‖L2(Ωεδ)‖∇Rεϕ‖L2(Ωεδ)

+ ‖f̃‖L2(Ωεδ)‖Rεϕ‖L2(Ωεδ) ≤ min{ε, δ}K1‖f̃‖L2(Ωεδ)‖∇Rεϕ‖L2(Ωεδ)

+ min{ε, δ}K1‖f̃‖L2(Ωεδ)‖∇Rεϕ‖L2(Ωεδ)

= 2 min{ε, δ}K1‖f̃‖L2(Ωεδ)‖∇Rεϕ‖L2(Ωεδ).

To estimate the norm of ∇Rεϕ we use estimate (9) with Ω = Ωδ

and Friedrichs’ inequality for thin films:

‖〈Lεδ, ϕ〉‖ ≤ 2 min{ε, δ}K1‖f̃‖L2(Ωεδ)‖∇Rεϕ‖L2(Ωεδ)

≤ 2 min{ε, δ}C‖f̃‖L2(Ωεδ)

(
1

ε
‖ϕ‖L2(Ωδ) + ‖∇ϕ‖L2(Ωδ)

)

≤ min{ε, δ}C‖f̃‖L2(Ωεδ)

(
δ

ε
‖∇ϕ‖L2(Ωδ) + ‖∇ϕ‖L2(Ωδ)

)

≤ 2 min{ε, δ}C‖f̃‖L2(Ωεδ) max

{
δ

ε
, 1

}
‖∇ϕ‖L2(Ωδ)

= 2 min{ε, δ}C‖f̃‖L2(Ωεδ)

δ

min{ε, δ}‖∇ϕ‖L2(Ωδ)

= 2Cδ‖f̃‖L2(Ωεδ)‖∇ϕ‖L2(Ωδ).

Thus,

‖Lεδ‖W ′(Ωδ) ≤ 2Cδ‖f̃‖L2(Ωεδ).
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Now we can define P̃ εδ ∈ L2(Ωδ) via the pressure operator

P̃ εδ = B′δL
εδ ⇐⇒

∫

Ωδ

P̃ εδ∇ · ϕ dx = 〈Lεδ, ϕ〉 ∀ϕ ∈ W (Ωδ).

Such extended pressure P̃ εδ can be estimated as follows

‖P̃ εδ‖L2(Ωδ) ≤ ‖B′δ‖‖Lεδ‖W ′(Ωδ)

≤ 2Cδ‖B′δ‖‖f̃‖L2(Ωεδ) ≤ 2C‖f̃‖L2(Ωεδ).

The extension (17) follows from the equality

∫

Ωδ

P̃ εδ∇ · ϕ dx =

∫

Ωεδ

p̃εδ∇ ·Rεϕ dx

5. Two-scale convergence

The notion of two-scale convergence used in context of porous Ωε

domains was introduced by Nguetseng in [12] and then developed

by Allaire [1]. Later Marušić and Marušić-Paloka suggested their

version of two-scale convergence arising in problems in thin domains

Ωδ (see [11]). In this paper we combine those two definitions to

obtain a convergence machinery appropriate for the geometry of

Ωεδ.

Up to this point, we have considered ε and δ as independent

parameters. However, in the subsequent sections, it is assumed

that δ is a strictly decreasing function of ε satisfying condition (1).

Thus, a family of functions {uεδ}ε,δ>0 generates a subset {uεδ(ε)}ε>0

which we shall call a sequence. To ease notation somewhat, we

write δ in place of δ(ε), assuming the latter relation holds.

Definition 1. A sequence {uεδ}ε>0, u
εδ ∈ L2(Ωδ), is said to

two-scale converges to u ∈ L2(Ω×�), we write uεδ
2
⇀ u, provided
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that

(21) lim
ε→0

1

|Ωδ|

∫

Ωδ

uεδ(x)ϕ

(
x′,

x′

ε
,
x3

δ

)
dx

=
1

|Ω|

∫

Ω

∫

�

u(x′, y, z)ϕ(x′, y, z) dy dz dx′

for all ϕ ∈ L2(Ω;Cper(�)).

Theorem 6 (compactness). For any bounded sequence {uεδ}ε>0,

uεδ ∈ L2(Ωδ), there exists a subsequence that two scale converges to

some function u ∈ L2(Ω×�).

Proof is based on the rescaling argument and is only a reduction

to [1] (see also [9]). Indeed, after change of variables x3 → z = x3/δ

on the left-hand side in (21), we get

lim
ε→0

1

|Ω|

∫

Ω

uεδ(x′, δz)ϕ

(
x′,

x′

ε
, z

)
dx′dz

=
1

|Ω|

∫

Ω

∫

�

u(x′, y, z)ϕ(x′, y, z) dy dz dx′.

That is for a redefined sequence {V ε}ε>0, V ε(x) = uεδ(x′, δz), δ =

δ(ε), equivalent to the original convergence result [12, 1]. �

5.1. Convergence result for
(
U εδ, P̃ εδ

)
.

Theorem 7. For any sequence
{(
U εδ, P̃ εδ

)}
0<ε≤1

,
(
U εδ, P̃ εδ

)
∈

W (Ωδ)× L2(Ωδ) satisfying the bound

(22)
1

|Ωδ|1/2
(

max

{
1

ε2
,

1

δ2

}
‖U εδ‖L2(Ωδ)

+ max

{
1

ε
,
1

δ

}
‖∇U εδ‖L2(Ωδ) + ‖P̃ εδ‖L2(Ωδ)

)
≤ C,
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and λ ∈ [0,∞] defined in (1), there exists a two-scale limit uλ such

that

PTPM i.e. λ ∈ (0,∞)

(23)
uλ ∈ L2(ω;H1(S(·)×�)),

uλ = 0 on (ΓD ×�) ∪ (Ω×�s);

VTPM i.e. λ = 0

(24)
u0 ∈ L2(ω ×�;H1(S(·))),
u0 = 0 on (ΓD ×�) ∪ (Ω×�s);

HTPM i.e. λ =∞

(25)
u∞ ∈ L2(Ω;H1(�)),

u∞ = 0 on Ω×�s;

with ∇λu
λ ∈ L2(Ω×�) and a two-scale limit p̃λ ∈ L2(Ω×�) such

that up to a subsequence,

(i)

P̃ εδ 2
⇀ p̃λ,

(ii)

max{ε−2, δ−2}U εδ 2
⇀ uλ,

(iii)

max{ε−1, δ−1}∇U εδ 2
⇀ ∇λu

λ,

(iv) and

max{ε−1, δ−1}e(∇U εδ)
2
⇀ e(∇λ(u

λ)),

Proof. In view of Theorem 6 and estimate (22) statements (i−ii)
follow directly with uλ ∈ L2(Ω × �), 0 ≤ λ ≤ ∞. To prove (iii)
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and further regularity of uλ as in (23)-(53) we note that there exists

some χλ ∈ L2(Ω×�) such that (up to a sequence)

lim
ε→0

1

|Ωδ|

∫

Ωδ

max{ε−1, δ−1}∇U εδ(x) : Φ

(
x′,

x′

ε
,
x3

δ

)
dx

=
1

|Ω|

∫

Ω

∫

�

χλ(x′, y, z) : Φ(x′, y, z) dy dz dx′

for all Φ ∈ L2(Ω;L2
per(�)). Since U εδ = 0 on ΓδD, for all Φ ∈

H1(Ω;H1
per(�)) such that Φn̂ = 0 on ΓN ×�,

0 =

∫

∂Ωδ

U εδ(x) · Φ
(
x′,

x′

ε
,
x3

δ

)
n̂ dS =

∫

Ωδ

∇U εδ : Φ

(
x′,

x′

ε
,
x3

δ

)

+ U εδ(x) ·
(
∇x′ +

1

ε
∇y +

1

δ
∇z

)
· Φ
(
x′,

x′

ε
,
x3

δ

)
dx.

Multiplying the last equation with max{ε−1, δ−1}/|Ωδ| and passing

to the limit ε→ 0 we get

(26) 0 =

∫

Ω

∫

�

χλ(x′, y, z) : Φ(x′, y, z)

+ uλ(x′, y, z) · (∇λ · Φ)(x′, y, z) dy dz dx′.

Taking Φ smooth with compact support in Ω we see that u is λ-

weakly differentiable with and

χλ = ∇λu
λ ∈ L2(Ω×�).

By [11, Lemma 4(i)] we can define the trace of uλ. To show the

trace properties we have to consider each case separately.
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[PTPM1] For test functions Φ ∈ H1(Ω), i.e. independent of y,

such that Φn̂ = 0 on ΓN , (26) becomes

0 =

∫

Ω

∫

�

∇λu
λ(x′, y, z) : Φ(x′, z)

+ uλ(x′, y, z) · (∇z · Φ)(x′, z) dy dz dx′.

Applying the divergence theorem with respect to z, z ∈ S(·),
gives

∫

ω

∫

∂S(x′)

∫

�

uλ(x′, y, z) · Φ(x′, z)n̂ dy dS(x′) dx′

=

∫

ΓD

∫

�

uλ(x′, y, z) · Φ(x′, z)n̂ dy dS = 0.

Thus, u = 0 on ΓD ×�.

[PTPM2] For test functions Φ ∈ H1
c (Ω;H1

per(�)) with �s com-

pact support, i.e. sup(Φ(x′, z, ·)) ⊂ �s for all (x′, z) ∈ Ω, (26)

becomes

0 =

∫

Ω

∫

�s

∇λu
λ(x′, y, z) : Φ(x′, y, z)

+ uλ(x′, y, z) · (∇λ · Φ)(x′, y, z) dy dz dx′.

Applying the divergence theorem gives in this case
∫

Ω

∫

�s

uλ(x′, y, z) · Φ(x′, z)n̂ dS = 0

Thus, uλ = 0 in Ω×�s.

The λ = 0 [VTPM] and λ = ∞ [HTPM] cases can be shown by

following steps [PTPM1,2] correspondingly.
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5.2. Volume conservation.

Lemma 8 (Volume conservation). For the two-scale velocity

limits uλ, 0 ≤ λ ≤ ∞, defined as in Theorem 7 the following con-

servation laws hold:

∇λ · uλ =0 in Ω×�(27)

∇y ·
∫

S(·)

uλ(x′, y, z) dz =0 in ω ×�(28)

∇z ·
∫

�

uλ(x′, y, z) dy =0 in Ω(29)

∇x′ ·
∫

S(·)

∫

�

uλ(x′, y, z) dy dz =0 in ω.(30)

Proof. The weak formulation of the conservation of volume in

(15) is ∫

Ωεδ

∇ · uεδϕ dx = 0.

For extended velocity function U εδ (see (16)) and a function

ϕ = ϕ (x′, y, z) ∈ H1(Ω;H1
per(�)), ϕ = 0 on ΓN ×�,

after partial integration the last equation is equivalent to the fol-

lowing:

(31)

∫

Ωδ

U εδ(x) ·
(
∇x′ +

1

ε
∇y +

1

δ
∇z

)
ϕ

(
x′,

x′

ε
,
x3

δ

)
dx = 0.

Multiplying (31) with factor max{ε−1, δ−1}/|Ωδ| and passing to

the limit as ε→ 0 gives

0 =

∫

Ω×�

uλ(x′, y, z) · ∇λϕ(x′, y, z) dy dz dx′,
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that implies (27).

For ϕ = ϕ(x′, y) ∈ H1(ω;H1
per(�)), ϕ = 0 on ∂ω ×�, passing to

the limit in (31) leads to

0 =

∫

Ω×�

uλ(x′, y, z) · ∇yϕ(x′, y) dy dz dx′

=

∫

ω×�



∫

S(x′)

uλ dz


 · ∇yϕ(x′, y) dy dx′,

that is (28). Also, for ϕ = ϕ(x′, z) ∈ H1(Ω), ϕ = 0 on ΓN =

∂ω × S(·), the limit equation reads as

0 =

∫

Ω×�

uλ(x′, y, z) · ∇zϕ(x′, z) dy dz dx′

=

∫

Ω



∫

�

uλ dy


 · ∇zϕ(x′, z) dz dx′,

i.e. implies (29).

Finally, by taking ϕ ∈ H1(ω), ϕ = 0 on ∂ω, and factorising (31)

with max{ε−2, δ−2}/|Ωδ| one also gets

0 =

∫

Ω×�

uλ(x′, y, z) · ∇x′ϕ(x′) dy dz dx′,

i.e. (30). �

5.3. Momentum equation.

Lemma 9 (Macroscopic pressure). The two-scale pressure lim-

its p̃λ, λ ∈ [0,∞], defined as in Theorem 7 only depend on x′ ∈ ω.
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Proof. We start with the weak formulation of the momentum

equation (15):

0 =

∫

Ωεδ

(
− p̃εδI + 2µe(∇uεδ)

)
: ∇ϕ+ f̃ · ϕ dx.

For extended functions U εδ, P̃ εδ and

ϕ = ϕ (x′, y, z) ∈ H1(Ω;H1
per(�)), ϕ = 0 in (ΓD ×�)∪(Ω×�s) ,

the last equation is equivalent to

(32) 0 =

∫

Ωδ

P̃ εδ(x)

(
∇x′ +

1

ε
∇y +

1

δ
∇z

)
· ϕ
(
x′,

x′

ε
,
x3

δ

)

− 2µe(∇U εδ)(x) :

(
∇x′ +

1

ε
∇y +

1

δ
∇z

)
ϕ

(
x′,

x′

ε
,
x3

δ

)

+ f̃(x′) · ϕ
(
x′,

x′

ε
,
x3

δ

)
dx.

Dilating the components of ϕ = (ϕ′, ϕ3) 7→ (εϕ′, δϕ3) in (32),

dividing by |Ωδ| and passing to the limit as ε→ 0 we obtain

(33)

∫

Ω

∫

�

p̃λ(x′, y, z) (∇y +∇z) · ϕ (x′, y, z) dy dz dx′ = 0,

for all ϕ ∈ H1(Ω;H1
per(�)). The last equality implies

(∇y +∇z)p̃
λ = 0 in Ω×�,

and thus the limit pressures p̃λ, 0 ≤ λ ≤ ∞, are functions of x′ ∈ ω
only. �

The next step is to show regularity of the pressure and obtain

the Darcy law. There are two ”universal” test function classes (i.e.

valid for all 0 ≤ λ ≤ ∞):
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(1) In (32) one can take dilated test functions ϕ of the form

(ϕ′, δϕ3), ∇y · ϕ = 0. It gives us in (32) as ε→ 0

(34)

∫

Ω×�

p̃λ(x′)(∇x′ +∇z) · (ϕ′, ϕ3)− 2µe(∇λu) : ∇λ(ϕ
′, 0)

+ f̃ · (ϕ′, 0) dx′dy dz = 0.

(2) For dilated test functions

ϕεδ = (min{ε/δ, 1}ϕ′,min{δ/ε, 1}ϕ3) = min{ε−1, δ−1}(εϕ′, δϕ3)

such that (∇y + ∇z) · ϕ = 0 (i.e. (1/ε∇y + 1/δ∇z) · ϕεδ = 0) the

limit ε→ 0 in (32) becomes

(35)

∫

Ω×�

p̃λ(x′)∇x′ · ϕλ − 2µe(∇λu) : ∇λϕ
λ + f̃ · ϕλ dx′dy dz = 0,

where ϕλ as in Section 2.

For further results, each λ-regime must be considered separately.

5.4. [PTPM].

[-] Definition of the PTPM cell problem and the perme-

ability tensor Kλ, λ ∈ (0,∞)

Let Ψ ∈ L2(ω;H1(�× S(·))), be the unique �-periodic solution

of the system

(36)



−∇λq
λ + ∆λΨ = ξ in �× S(x′)

∇λ ·Ψ = 0 in �× S(x′)

Ψ = 0 on (�× ∂S(x′)) ∪ (�s × S(x′))

for some ξ ∈ R3 and x′ ∈ ω, in weak sense, i.e.

(37)

∫

�×S(·)

−qλ∇λ · ϕ+∇λΨ : ∇λϕ dy dz = ξ ·
∫

�×S(·)

ϕ dy dz
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for all ϕ ∈ H1
per(�× S(·);R3), and

(38) Kλ(x′) ξ =

∫

�×S(x′)

Ψ dy dz, x′ ∈ ω.

Remark. The tensor Kλ, λ ∈ (0,∞), defined in (38), is symmetric

and positive definite.

[-] Regularity of pλ and existence of the second pressure

qλ, λ ∈ (0,∞)

By taking in (35) text functions of the form

ϕ(x′, y, z) = φ(x′)Ψ(x′, y, z), (x′, z, y) ∈ Ω×�,

where Ψ is the solution of (37) for ξ =
(
Kλ
)−1

ei we get

0 =

∫

ω

−p̃λ∇x′ ·
(
φ ei

)
+


2µ

(
Kλ
)−1

∫

�×S(x′)

uλ dy dz − f̃


·φ ei dx′,

that gives us

∇x′ p̃
λ = f̃ − 2µ

(
Kλ
)−1



∫

�×S(·)

uλdy dz


 ∈ L2(ω)

and

p̃λ = 0 on ∂ω (i.e. pλ = pb on ∂ω).

After integrating by parts de Rham’s Theorem (see Theorem 3)

gives the second pressure qλ ∈ L2(Ω;L2
0(�)) such that

(39)

0 =

∫

ω

∫

�×S(x′)

−qλ∇λϕ+2µe(∇λu
λ) : ∇λϕ+(∇x′p

λ−f)·ϕ dy dz dx′.

[-] The Darcy law
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By linearity we conclude that

(40)





uλ(x′, y, z) = 1
2µ

2∑
i=1

(
∂ip

λ(x′)− f(x′)
)
wi(x′, y, z)

qλ(x′, y, z) = 1
2µ

2∑
i=1

(
∂ip

λ(x′)− f(x′)
)
qi(x′, y, z),

where (qi, wi) ∈ L2(Ω;L2
0(�)) × L2(ω;H1(� × S(·))), i = 1, 2, ac-

cording to (23), (27), (39) are the solutions of the cell problem (37)

for ξ = ei, i = 1, 2, — standard unit vectors. From conservation of

mass (30) we obtain the Darcy law:

∇x′ ·Kλ
(
∇pλ − f

)
= 0, λ ∈ (0,∞).

5.5. [VTPM].

[-]Definition of the VTPM cell problem and the perme-

ability tensor K0

In VTPM case the cell problem splits into two independent y-

and z-components. However, both systems contain x′ ∈ ω as a

parameter. The z-system is as in [6]:

(41)

{
−∆zψ = 1 in S(x′)

ψ = 0 on ∂S(x′)
, a(x′) =

∫

S(x′)

ψ dz,

which uniquely determines ψ, as a smooth function in x′ ∈ ω, for

the geometry S(·) defined in Section 1.3.

The cell problem in the y-variable reads

(42)

{
−∆yq

0 = 0 in ω ×�f

(ξ +∇yq
0) · n̂ = 0 on ω × ∂�s.

This allows the following weak formulation:
∫

ω×�f

(
ξ +∇yq

0
)
· ∇yϕ dy dx′ = 0 ∀ϕ ∈ H1(ω;H1

per(�f )).
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And the permeability tensor takes the form

(43) K0(x′)ξ = a(x′)

∫

�f

(∇yq
0 + ξ)dy, x′ ∈ ω.

[-] u0
3 = 0

This statement follows directly from (27) for λ = 0 and the

Dirichlet BC on ΓD.

[-] Regularity of p̃0 and existence of the second pressure

q0

Equation (35) for δ � ε (λ = 0) takes the form

(44)

∫

Ω×�

p̃0(x′)∇x′ · ϕ0 − 2µe(∇zu
0) : ∇zϕ

0 + f̃ · ϕ0 dx′dy dz = 0,

where

ϕ0 = (ϕ′, 0).

Since ∇ · ϕ = 0 it can be rewritten as
∫

Ω×�

p̃0(x′)∇x′ · ϕ0 − µ∇zu
0 : ∇zϕ

0 + f̃ · ϕ0 dx′dy dz = 0.

Taking ϕ = ψ(x′, z)Φ(x′), Φ = (Φ′, 0) ∈ H1(ω) and ψ as in (42) we

get

0 =

∫

ω

−p̃0∇x′ · (aΦ) +


µ
a

∫

�×S(x′)

u0 dy dz − f̃


 · (aΦ)dy dz dx′.

Thus, for Φ = 1
a
Φ (see also Remark 3.3 in [6] concerning the regu-

larity of 1/a) the last equation implies

(45)




∇x′ p̃

0 = f̃ − µ
a

∫
�×S(x′)

u0dy dz ∈ L2(ω)

p̃0 = p0 − pb = 0 on ∂ω.
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De Rham Theorem 3 provides the existence of the second pressure

q0 ∈ L2(Ω;L2
0(�)) satisfying

∫

Ω×�

−q0∇1 · ϕ+ µ∇zu
0 : ∇zϕ

0 + (∇x′p
0 − f) · ϕ0 dy dz dx′

For ϕ = (0, 0, ϕ3) we get

∇zq
0 = 0 everywhere.

[-] The Darcy law

Taking ϕ = ψ(x′, z)Φ(x′, y), Φ ∈ H1(ω;H1
per(�)), Φ = 0 on

∂�s × ω, leads to

∇yq
0 = f −∇x′p

0 − µ

a
〈u0〉z ∈ L2(ω ×�f )

and thus Equation (35) takes the form

(46) 0 =

∫

Ω×�

µ∇zu
0 : ∇zϕ

0 +
(
∇x′p

0 +∇yq
0 − f

)
· ϕ dy dz dx′

for all ϕ ∈ H1(Ω;H1
per(�)) such that ϕ = 0 on ∂�s × ω.

The last equality (after z-integration) allows to conclude that

(47) u0(x′, y, z) = −ψ(x′, z)

µ

(
∇x′p

0(x′)− f(x′) +∇yq
0(y, x′)

)
.

From the conservation of volume (see Lemma 8) we have (28) with

a well-defined trace

(
∫

S(x′)
u0 dz

)
· n̂ ∈ H−1/2(ω × ∂�s) such that



∫

S(x′)

u0 dz


 · n̂ = 0 on ω × ∂�s.
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Taking ϕ = ψ(x′, z)∇yv(x′, y) in (46) we get

0 =

∫

ω×�

µ



∫

S(x′)

u0 dz


 · ∇yv

+ a
(
∇x′p

0 − f +∇yq
0
)
· ∇yv dy dz dx

′

=

∫

ω×�

a
(
∇x′p

0(x′)− f(x′) +∇yq
0(y, x′)

)
· ∇yv dy dz dx

′.

Thus,

∇y ·
(
a
(
∇x′p

0(x′)− f(x′) +∇yq
0(y, x′)

))
= a∆yq

0

and
{

a∆yq
0 = 0 in ω ×�f

(∇x′p
0(x′)− f(x′) +∇yq

0(y, x′)) · n̂ = 0 on ω × ∂�d.

In other words,

(48) q0(x′, y) =
2∑

i=1

(
∂ip

0(x′)− f(x′)
)
q0,i(x′, y),

where q0,i are the solutions of (41) for ξ = ei, i = 1, 2, — standard

unit vectors.

From (30) we obtain the Darcy law

∇x′ ·K0
(
∇pλ − f

)
=0,

with the permeability tensor K0 defined as in (43).

5.6. [HTPM].

[-] Definition of the HTPM cell problem and permeability

tensor K∞
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In HTPM the y-effects, i.e. period of solid inclusions and their

geometry, are dominating. Therefore the cell problem is indepen-

dent of z-variable:

(49)





−∇yq
∞ + ∆yΦ = ξ in �
∇y · Φ = 0 in �

Φ = 0 in �s

, x′ ∈ ω.

i.e. in a weak sense
∫

�

−q∞∇y ·ϕ+∇yΦ : ∇yϕ dy = ξ ·
∫

�

ϕ dy ∀ϕ ∈ H1
per(�);R3),

The same holds for the permeability tensor:

(50) K∞ξ =

∫

�

Φ dy.

[-] Proof of u∞3 = 0

To show this it is enough to consider the limit (35). For λ =∞
(ε� δ) it takes the form

−2µ

∫

Ω×�

e(∇yu
∞) : ∇yϕ

∞dy dz dx′ = 0, ϕ∞ = (0, 0, ϕ3).

By density and due to the boundary condition u∞ = 0 in Ω × �s

it implies

u∞3 ≡ 0 in Ω×�.

[-] Regularity of p̃∞ and existence of the second pressure

q∞

Equation (34) with ϕ = ϕ0 = (ϕ′, 0) reads as

(51)

∫

Ω×�

p̃∞(x′)∇x′ ·ϕ0−2µe(∇yu
∞) : ∇yϕ

0 + f̃ ·ϕ0 dy dz dx′ = 0.

To show the regularity of p̃∞ we consider in (51) the following

function ϕ0(x′, y, z) = φ(x′)ψ(x′, z)Φi(y), where φ ∈ H1(ω), ψ is
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any smooth function satisfying the Dirichlet boundary condition

on ∂S(·) (e.g. as in (42)), and Φi ∈ Hper(�) is the solution of (36)

for ξ = (K∞(x′))−1 ei, i = 1, 2. For such ϕ0 Equation (51) takes

the form

0 =

∫

ω

p̃∞(x′)∇x′ (aφ) · ei+


−2µ

a
(K∞)−1

∫

�×S(x′)

(u∞ dy)ψ dz + f̃


 · (aφ) ei dx′

where a is defined as in (42). Thus p̃∞ ∈ H1
0 (ω) with

∇x′ p̃
∞ = f̃ − 2µ

a
(K∞)−1

∫

S(x′)



∫

�

u∞dy


 ψ dz ∈ L2(ω)

and (51) can be rewritten as
∫

Ω×�

−2µe(∇yu
∞) : ∇yϕ+ (f̃ −∇x′ p̃

∞) · ϕ dy dz dx′

for all ϕ0 = (ϕ′, 0) ∈ H1(Ω;H1
per(�)) such that ∇y · ϕ0 ≡ 0 and

ϕ′ = 0 on (ΓD ×�) ∪ (Ω×�s).

From de Rham theorem (Theorem 3) it follows that there exists

q∞ ∈ L2(Ω;L2
0(�)) such that

(52)

∫

Ω×�

(q∞I − 2µe(∇yu
∞) : ∇yϕ

0

+ (f̃ −∇x′ p̃
∞) · ϕ0 dy dz dx′

=

∫

Ω×�

(q∞∇y · ϕ0 − 2µe(∇yu
∞) : ∇yϕ

0

+ (f −∇x′p
∞) · ϕ0 dy dz dx′.
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for all ϕ′ ∈ H1(Ω;H1
per(�)) such that ϕ′ = 0 on (ΓD ×�) ∪

(Ω×�s).

[-] z-independence of u∞,′

Consider ϕ0(y, z, x′) = φ(z, x′)Φ(y) where φ is a scalar satisfying

φ = 0 on ∂S(·) × ω and Φ = (Φ′, 0) is a �-periodic vector-valued

function. For such choice of ϕ0 Equation (52) becomes
∫

Ω

φ

∫

�

q∞∇y · Φ− 2µe(∇yu
∞) : ∇yΦ + (f̃ − p̃∞) · Φ dy dz dx′ = 0

The last equality does not depend on z ∈ S(·) and holds for any

choice of ψ. Thus, ∇zu
∞ = 0 almost everywhere in Ω×�.

[-] Reduction to the cell problem and the Darcy law

By linearity the problem above implied

(53)





u∞(x′, y) = 1
2µ

2∑
i=1

(∂ip
∞(x′)− f(x′))w∞,i(x′, y)

q∞(x′, y) = 1
2µ

2∑
i=1

(∂ip
∞(x′)− f(x′)) q∞,i(x′, y),

where (q∞,i, w∞,i) ∈ L2(ω;L2
0(�)) × H1(ω;H1

per(�)), i = 1, 2, ac-

cording to (23), (27), (39) are the solutions of the cell problem (36)

for ξ = ei, i = 1, 2. The Darcy law

∇x′ ·K∞ (∇p∞ − f) = 0

with the permeability tensor K∞ as in (50) follows from (30).

6. Summary

After considering all three limit cases we can formulate the fol-

lowing result for the asymptotic behaviour of the solutions of the

original problem (13) as ε, δ → 0:

Theorem 10. For a fixed λ ∈ [0,∞], and any function δ satisfy-

ing condition (1), the whole sequence {(U εδ, P̃ εδ)}0<ε≤1, of extended
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solutions of (15) two-scale converges to a (uniquely defined) limit

(uλ, p̃λ).

- PTPM uλ, λ ∈ (0,∞), is defined in (40),

- VTPM u0 is defined in (47)-(48),

- HTPM u∞ is defined in (53).

The pressure limits pλ = p̃λ + pb, λ ∈ [0,∞], satisfy the Darcy law

(54)

{
∇ ·Kλ

(
∇pλ − f

)
= 0 in ω

p = pb on ∂ω

with positive-definite symmetric permeability tensors Kλ as in (38),

(43) and (50) for PTPM (λ ∈ (0,∞)), VTPM (λ = 0) and HTPM

(λ =∞) cases correspondingly.

Proof. The existence of all limits is shown in Section 5. It

only remains to prove the uniqueness of (uλ, p̃λ) for a given value

of λ ∈ [0,∞]. To this end we note that the cell problems (36),

(41)-(42) and (49) allow unique weak solutions. Thus, the tensor

Kλ is uniquely defined for each fixed λ ∈ [0,∞]. This implies the

uniqueness of pλ, λ ∈ [0,∞], as the solution of (54). Uniqueness of

the cell problems solutions (Ψ, qλ), (ψ, q0) and (Φ, q∞) together with

the unique pressures pλ, λ ∈ [0,∞], imply finally the uniqueness

of the velocity limits uλ for the three asymptotic regimes PTPM,

VTPM and HTPM, i.e. for all λ ∈ [0,∞]. Thus, we can conclude

that the whole sequence {(U εδ, P̃ εδ)}0<ε≤1 two-scale converges to a

unique (uλ, p̃λ) as ε→ 0. �
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