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Abstract

Seismic hazard is used for national, regional, and local level to ensure safe construc-
tions in specific areas. In the mining industry this information is valuable e.g. to design
infrastructure or rock support, to reduce the risk of rock burst and to minimise the risk
of locating personnel in hazardous areas. Seismic hazard can be estimated by different
approaches. Probabilistic Seismic Hazard Assessment (PSHA) is one approach to esti-
mate the seismic hazard and is defined as the probability that an earthquake will occur
within a certain area and time interval causing vibrations with an intensity larger than
a given threshold.

This thesis contains an introduction to various aspects of PSHA and highlights some
of the limitations with current assumptions and methods, together with a summary of
my scientific contributions to PSHA. These contributions aim to improve PSHA in mines
at different steps of the calculation chain. Their primary focus is on obtaining reliable
input and output parameters (i.e. with uncertainties) at each step in the calculation
chain, necessary for a reliable hazard assessment. This is done by adopting a Bayesian
workflow, with comprehensive model validation, and where the underlying uncertainties
are included for proper weighting of the covariates in each step. Additionally, it contains
a collection of three papers (Paper A, Paper B and Paper C) focusing on these aspects.
The short summary of these papers follows.

Paper A Provides a path to reliable auto-processing of seismic events by describing
how to capture the unknown and changing environment. It also highlights some
of the human limitations with today’s Routine Manual Processing (RMP) in terms
of data truncation and discrepancies in processing results between individuals (e.g.
in classification and hypocentre estimation). Additionally, the paper compares the
automatic processing system BEMIS (developed by Wille Törnman and Jesper Mar-
tinsson) with RMP regarding event classification and hypocentre estimation when
both approaches are subjected to the same data. This paper is an overview of the
philosophy adopted in BEMIS, highlighting the strengths of using a Bayesian ap-
proach by: capturing, including, and propagating further the uncertainties in each
step in the processing chain to obtain robust and valid estimates of the estimands
of interest.

Paper B Describes a fully automatic and robust Bayesian method to estimate precise
and reliable model parameters describing the observed S-wave spectra. These model
parameters are essential for determination of source parameters of an earthquake

v



(e.g. source radius, seismic moment, magnitude etc). The model includes the
observed noise and a combined empirical Green’s function. It captures source-,
receiver-, and path-dependent terms in the description of the observed spectra by
combining a physical source and attenuation model with a spatially and event-size
dependent empirical compensation. The proposed method propagates estimation
uncertainties along the entire processing chain starting from the hypocentre location
and delivers reliable uncertainty description of the estimands.

Paper C Describes the relationship between the recorded seismic activity and the: seis-
mic decay time, planned production rate, production size and mining depth, for
the seven largest orebodies in LKAB’s iron ore mine in Malmberget. This relation-
ship is described by a mine-wide Bayesian hierarchical model and is an important
part to individually customise the production rate for each orebody in the mine,
make short-term predictions of future seismicity given planned productions, and to
find out in what way the available predictors affect the seismicity. The model is
validated using a comprehensive procedure and the results are precise and valid in
terms of central tendency and dispersion.
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Chapter 1

Thesis Introduction

“When emotion brings us ghosts from the past, only
logic can root us in the present.”

Sarek (Star Trek)

1.1 Introduction

Seismicity typically increases as mining depth increases. This results in increased seismic
activity [Vallejos and McKinnon, 2011] and more violent rock burst, if no actions are
taken. There are various ways to cope with these challenges, e.g. by preconditioning the
rock mass or installing stronger rock support. However, both ways are expensive in both
time and resources and it would be more efficient for the mine to customise the efforts
towards more hazardous areas (i.e. areas where large seismic events and vibrations are
more likely), rather than using systematic support design and preconditioning all over
the mine.

Today there exist methods to estimate in which areas the large seismic events and
vibrations are expected to occur in mines [see e.g. Wesseloo, 2018]. They are based
on the original Probabilistic Seismic hazard Assessment (PSHA) [developed by Cornell,
1968] commonly used for national, regional or local scales to ensure safe constructions.
However, PSHA is prone to questionable assumptions, especially in mines, and the quality
of the underlying covariates obtained from today’s routine manual processing systems
usually lacks measure of confidence. If one don’t have any confidence in a value, that
value is meaningless, and may impair subsequent analysis and conclusions. For example,
estimates of stress drop may vary several orders of magnitude between individual studies
[as discussed in Abercrombie, 2015, Abercrombie et al., 2016] and if used for estimation
of strong ground motions [see e.g. Oth et al., 2017] for hazard assessments it may have
severe consequences, especially if the estimates lack confidence or the sequential models
do not account for it.

This thesis does not fully solve the hazard assessment in mines. Instead, the aim is to
shed some light on currently used methods and propose new methods to obtain reliable
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4 Thesis Introduction

estimates of the underlying covariates (e.g. hypocentre location, source spectra, event
magnitudes, and the earthquake occurrence rate) necessary for reliable hazard assessment
in mines.

The mines under investigation here are LKAB’s iron ore mines in Kiruna and Malm-
berget (Sweden), described in Paper B and Paper C, respectively. Additionally, this
thesis also provides examples on how to perform model validation using e.g. posterior
predictive checks and residual analysis to detect deficiencies with respect to central ten-
dency, dispersion, and residual trends. Model validation is a central part in justifying the
proposed model and trusting conclusions drawn based upon it [Gelman et al., 2004, Kr-
uschke, 2014, Gelman and Shalizi, 2013, Paper B–C]. The developed methods described
in this thesis are or to be included in the automatic processing platform BEMIS [devel-
oped by Törnman and Martinsson, 2015], where the focus is to provide robust, precise
and reliable estimates for each step in the processing chain. For reliable estimates the
underlying uncertainties need to be included in the corresponding step (module) and
propagate further along the processing chain. For example, the uncertainties in arrival
times need to be included when estimating the hypocentre, and the uncertainties in
hypocentre needs to be included when estimating the seismic source parameters (e.g.
magnitude), and so on.

1.2 Aim and research questions

The overall aim of the research included in this thesis is to: provide a path toward a
safer mining environment, by providing the mines with tools to minimise the exposure of
personnel and infrastructure to hazardous areas. The following research questions were
investigated:

RQ1 In mines the seismic data interpretation is commonly provided by Routine Manual
Processing (RMP). For reliable hazard estimation it is important to know the un-
derlying limitations and discrepancies caused by the processing system. The ques-
tion is, what are the limitations and how large is the discrepancy, when different
processors are subjected to the same data in terms of classification and hypocentre
estimation of seismic events?

RQ2 For fast response and rapid decisions it is essential to have automatic processing
methods. How reliable is today’s state of the art automatic processing system
compared to routine manual processing in terms of hypocenter estimation and
classification of seismic events, when subjected to the same data?

RQ3 A reliable description of the observed spectra is essential for reliable estimate of
the source parameters of the seismic event (e.g. energy, moment, source radius and
magnitude). To achieve this, methods need to capture both the complexity of the
source, path, site, and ambient noise. The question is how to get a precise and
reliable description of the observed spectra in a complex mining environment (i.e.
the model mimics the observe spectra and captures the spectral variations)?
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RQ4 To obtain reliable predictions of seismic activity it is important to determine the
underlying covariates affecting the seismicity. Which of the common factors (e.g.
production, depth, size of the orebody) in the mines significantly affect the seismic
activity, and how to combine them to make reliable short time predictions of the
seismicity?

1.3 Key contributions

The overall process of the PSHA is shortly summarised in Fig. 1.1 and my contributions
in Papers A–C to different parts of this process are highlighted in different colours.
Paper A is a more general paper describing the workflow and the ideas of how to obtain
robust, precise and reliable automatic processing in a complex mining environment. For
example, how to account for outliers, noise, heterogeneities in the rock mass and how to
include the uncertainties along the calculation chain. Paper B follows these guidelines
to obtain robust, precise and valid description of the observed spectra of an earthquake
that is necessary for reliable source parameters. Paper C investigates how the occurrence
of events in a mine is related to commonly available in-mine predictors like: production,
depth, size and previous activity.

All papers follow a Bayesian workflow [Gelman et al., 2020] that includes three steps:
model building, inference, and model checking/improvement, to determine the best and
most reasonable model for precise and understandable results (as opposed to AI meth-
ods like deep learning). The inferential results in all papers are obtained using Bayesian
methods, leaning on the support of informative priors, using Markov Chain Monte Carlo
(MCMC) methods [Gelman et al., 2004, Kruschke, 2014]. MCMC methods provide real-
istic estimates of credible intervals of parameter values [Martinsson, 2012] compared to,
e.g., approximations based on derivatives. Additionally, all results are properly cross-
validated to ensure that the results apply to new data and are precise and valid in terms
of central tendency and dispersion.

Uncertainties in PSHA are sometimes classified into two categories: aleatoric and
epistemic [see e.g. Kiureghian and Ditlevsen, 2009]. Aleatoric uncertainty is also known
as statistical uncertainty and is independent of trials (i.e. random), while epistemic un-
certainty is systematic. Therefore, epistemic uncertainty may be captured by adding
more complex models or by introducing empirical compensations terms. In both Pa-
per A and B the focus is on capturing systematic model deficiencies (i.e. solving the
Swiss cheese problem), thereby significantly reducing the epistemic uncertainties. In a
Bayesian workflow the aleatoric uncertainties are also captured by dispersion parameters
as described in all papers but discussed more thoroughly in Paper B.

This compilation thesis is divided into two sections: probabilistic seismic hazard and
Bayesian inferential and model validation methods.

The first section starts with a description of the probabilistic seismic hazard and
its limitations. It is followed by a brief introduction to seismic hazard in mines and a
description of what to expect from the underlying covariates (e.g. arrival time estimation,
event classification and hypocenter estimation) from today’s processing systems in mines.
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Figure 1.1: The structure of the thesis weaved in to the workflow of the PSHA, where the
contribution from Paper A, Paper B and Paper C are colored in cyan, magenta and grey,
respectively. The orange parts are briefly summarised in this compilation thesis (Kappa).

Then follows an explanation of how to estimate the seismic volumes, and a description
of the observed spectra by modelling the source, the impulse response of the channel
(i.e. Greens function), and the noise to obtain reliable source parameters (e.g. energy
and moment). The source parameters are necessary to estimate e.g. event magnitudes
relying on physical parameters [see e.g. Kanamori, 1977, Choy and Boatwright, 1995].
Then a description of the magnitude distribution and its components are given (e.g. a
and b value), followed by a discussion of the maximum magnitude distribution for each
seismogenic source. Thereafter a description is given for the relationship between ground
motion intensity and magnitude, necessary for estimating the probability of a ground
motion larger than a threshold for a certain interpretation point (i.e. probabilistic seismic
hazard). Finally, a brief introduction towards hazard predictions in mines is provided.

The second section describes Bayesian inference, robust models, inferential methods
and how to perform model validation. Additionally, it describes different Bayesian models
and their suitability, e.g., Paper B uses an empirical Bayesian method while Paper C



1.3. Key contributions 7

adopts a full hierarchical Bayesian method.
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Chapter 2

Probabilistic Seismic Hazard
Assessment

“There are hazards in everything one does, but there
is greater hazards in doing nothing.”

Shirley Williams

2.1 Probabilistic Seismic Hazard Assessment

Probabilistic Seismic Hazard Assessment (PSHA) in comparison to Deterministic Seismic
Hazard Assessment (DSHA) do not just find the worst-case ground motion intensity
it also has a unit of time [Bommer, 2002]. Additionally, PSHA considers all possible
earthquakes and resulting ground motions, along with their associated probabilities of
occurrence. The PSHA is defined as the probability that an earthquake will occur within
a certain area and time-interval causing vibrations with an intensity larger than a given
threshold [see e.g. Cornell, 1968, McGuire, 1976, Kijko and Mayshree, 2011, Baker, 2015].

Hazard analysis is used for national, regional, and local scales to ensure safe construc-
tions in specific areas and usually consider a time window of 30 to 50 years, which are
typical demands for building code purposes [Gerstenberger et al., 2020]. In mines this
information is considered in a much shorter time frames (usually less than a year) and is
valuable e.g. to design the infrastructure or rock support in order to reduce the risk of
rock bursts and to minimise the risk for the personnel in hazardous areas. The seismic
hazard is usually derived from a well-defined population of earthquakes and depends on:
the magnitude distribution of the events; the effect of propagation of seismic waves in
the medium; and site effects. These three components are connected to the source, the
path, and the site, respectively.

The original work of Cornell [1968] defines the Probabilistic Seismic Hazard Assess-
ment (PSHA) in four steps as shown in Fig. 2.1 and listed below.

Step 1: Identify all seismogenic sources (e.g. faults or volumes) capable of producing

9



10 Probabilistic Seismic Hazard Assessment

Figure 2.1: Four steps of a PSHA [image copied from Kijko, 2011]

large ground motions. Additionally, define the distance distributions Pd between
the seismogenic sources and the interpretation points.

Step 2: Define size (i.e. magnitude) distribution for each seismogenic source.

Step 3: Define the size and distance dependent ground motion distribution.

Step 4: Perform probability analysis (i.e. obtain the probability of exceeding a specified
ground motion), that combines the distributions of size, distance and ground motion
intensity for all sources to corresponding site.

More recent description of PSHA and the steps within it can be found in McGuire
[1976], Kijko [2011], Baker [2015]. Step 1 for example is divided into two steps in Baker
[2015] to emphasise the non-triviality in defining the seismogenic sources, capable of
producing large ground motions.

Note that the source in the context of seismic hazard assessment is equivalent to a
seismogenic zone, containing multiple events, and should not to be confused with the
source of an individual event.

2.2 Limitations and assumptions

The PSHA defined in Cornell [1968] assumes that the source, the path and the site are
constant over time and the earthquakes occur independently (i.e. the occurrence of one
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event in one source does not affect the occurrence of other events in corresponding or
other sources). The method is and has been widely used for more than half a century
for natural earthquakes despite some criticism [e.g. the source may vary over time, the
events do not act independently but tend to follow larger events, see Bommer, 2002,
Kijko, 2011, Musson, 2012, Mulargia et al., 2017, for more details].

2.3 Seismic hazard assessment in mines

For natural earthquakes the source may vary over time, but the path as well as the site
response are usually constant. However, in mines the extracted volumes of rock mass sig-
nificantly change the propagation paths, since the length of the seismic rays between the
source and receivers are usually short compared to the extent of the affected rock mass.
Additionally, the active volumes in mines are time-dependent and non-stationary, since
they tend to depend on the production in both rate and space, respectively. Therefore,
in mines the observed seismicity clearly violates the assumptions, which PSHA [see e.g.
Cornell, 1968, McGuire, 1976, Kijko, 2011, Baker, 2015] is based upon, and makes the
standard procedure and the results even more questionable than for natural earthquakes.

Based on the attributes above, studies of the absolute values (describing the source,
the path and the site) estimated over a long time period make no real sense in a mining
environment [according to Leptokaropoulos et al., 2020]. Instead studies over temporal
changes of the underlying parameters [see e.g. De Gori et al., 2015, Leptokaropoulos
and Lasocki, 2020, Scholz, 2015], in the vicinity of the production, may provide a more
realistic description of the hazard [see e.g. De Gori et al., 2015, Leptokaropoulos and
Lasocki, 2020, Scholz, 2015]. These kinds of temporal changes in the sources can today
be observed using e.g. analysis tools in software like mXrap [Harris and Wesseloo, 2015] or
SHAPE [Leptokaropoulos and Lasocki, 2020]. However, the temporal variation estimates
are prone to large errors [especially the b−value see e.g. Amorèse et al., 2010, Martinsson
and Jonsson, 2018, Marzocchi et al., 2019, Wiemer and Wyss, 2000] and in the spatial
variations there are also likely artifacts due to systematic effects (e.g. spatial variations
in sensor coverage and resolution) rather than true variations in the rock mass [according
to Kagan, 1999].

Hazard in mines is usually defined for short-, medium- and long-terms where the
intervals are approximately a day to a few days, a month to 3 months, and a year,
respectively [Van Aswegen, 2005, Nordström et al., 2020]. To compare this to tectonic
earthquakes and national hazard assessments (e.g. by U.S. Geological Survey) a year is
labeled as short-term hazard. In mines there exist multiple other indicators to attempt do
quantify the short-term hazard (e.g. Activity Rate, Cumulative Seismic Moment, Energy
Index, Cumulative Apparent Volume and Seismic Apparent Stress Frequency) [see e.g.
Nordström et al., 2020, for more details]. Today, the Receiver Operating Characteristic
(ROC) [Fawcett, 2006] for using these indicators as covariates for short-term hazard
classifiers in mines is not yet available and needs further investigation.

There is limited success in fully adopting short-term hazard classifiers for closing
down areas in mines today, but there are methods adopted for opening areas after large
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events or blasts [see e.g. Vallejos and Mckinnon, 2010]. Despite that the PSHA relies on
questionable assumptions, especially in mines, it may still provide valuable information
like, what size of event do we expect, or which areas have been more troublesome. In the
mine in Kiruna, for example, these troublesome areas usually follow the production level
and may therefore be addressed in a planing and development stages, using the hazard
maps.

2.4 Seismic processing in mines

Processing of the waveforms of the induced seismic events to obtain the source parame-
ters is a challenging task since the observed waveforms are affected by the heterogeneous
environment, ambient noise, and in some case consist of multiple events within the same
triggering window as illustrated in Fig. 2.2 and shown in Fig. 2.3. Additionally, in mines
only a small part of the triggered events are classified as genuine events (< 30% as ob-
served in Paper A), the rest are assumed to be noise-type events (e.g. hydraulic hammers,
mucking in ore pass or blast). Noise-type events should be discarded in sequential anal-
ysis as e.g. in hazard assessments [see e.g. Wesseloo, 2018]. However, these events are
valuable for calibration and validation of the precision of the processing systems (see e.g.
Fig. 2.4 for a comparison of the spreading around ore passes between RMP and BEMIS)
or in creation of tomographic images. Processing of seismic events has historically been
manually addressed due to the complex environments. Nowadays, part of the events are
automatically handled. For the automatic methods to fully work it is essential to have
robust models that adapts to the heterogeneous, unknown and constantly changing envi-
ronment and also to handle the influence of mining noises. Additionally, it is essential for
these methods to provide a measure of confidence, for proper weighing in the sequential
steps, or to filter data based on quality, as shown in Fig. 2.4.

Current RMP in mines are mainly using the closest sensors to the source since the
models do not compensate or properly weight the estimates for the heterogeneous rock
mass as shown in Nordström et al. [2017], where the location residuals increased when
more (distant) sensors where included in the analysis. In comparison, the location method
used in BEMIS described in Martinsson [2012], where the Bayesian method properly
weights each sensor and includes a description of the heterogeneous rock mass, resulting
in more certain estimates when additional sensors where included [see e.g. Martinsson,
2012, for more details].

Paper A describes how to handle the noisy unknown and constantly changing envi-
ronment in order to obtain fully automatic results that are robust, precise and reliable.
Paper B also describes how to properly handle the influence of the noise in observed
spectra, by including the noise in the model rather than truncate the observed spectra
based on signal-to-noise ratio. This makes the estimates of the source parameters less
biased and insensitive to truncation boundaries (i.e. cut-off frequencies) as opposed to
other existing methods [see e.g. Oye et al., 2005, Shearer et al., 2006].

In Paper A, the Routine Manual Processing (RMP) of seismic events in terms of
hypocentre estimation and classification when different processors (i.e. humans) were
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Figure 2.2: Illustration of the difficulties of studying mining-induced earthquakes, where the
recorded waves suffers from propagation effects caused by large heterogeneities (with respect
to the the ray lengths), induced noises and additional events present in the same recordings.
The red star symbolises the event to be inferred. The curved arrows in red represent the wave
propagation arriving at the sensors represented by black diamonds. The angles of arrivals deviate
from a homogeneous medium assumption of straight paths. The different symbol sizes for the
sensors represent site effects that needs to be addressed to obtain correct estimates of, e.g., the
event energy. The difficulties with additional arrivals and outliers from multiple events (green
star) and mining noises (magenta stars) are also illustrated. This simplification illustrates the
effects of cavities but in reality, the acoustic properties in the entire rock mass differs with
geology, fractures and stresses (i.e. not the same cheese along the propagation path).

subjected to the same data was investigated. It was found that RMP caused large
discrepancies between processors in both hypocentre estimation and event classification.
Where:

- The coordinate of large events (ML > 1) in the Kiruna mine moves on average
322 meters (with a 95% confidence interval of 283 to 360 m) when reprocessed by
another processor.

- The classification if an event is ’accepted’ or ’rejected’ varies greatly among 16
human processors, where the similarity was in general around 80% but for some
processors as low as 50%.

In Paper A, the automatic processing platform, BEMIS, as also compared towards
RMP in terms of data rejection, hypocentre estimation and classification. It was found
that:

- RMP only uses a fraction of the triggered sensors to locate larger events in com-
parison to BEMIS (i.e. RMP usually includes sensors that are in the proximity of
the source) due to human (time) limitations and too simple models, not properly
accounting for the heterogeneous rock mass, since the location residuals increase
when more distant sensors are included in the analysis [Nordström et al., 2017].
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- BEMIS surpasses RMP for the hypocentre estimation in both location error and
standard deviation by a factor of 3.7 and 7.0 for Kiruna (229 blasts) and 4.6 and
4.8 for Malmberget (61 blasts), respectively.

- Indirect data (such as Gutenberg-Richter relationship combined with hypocentre
estimations in the vicinity of ore passes) indicates that BEMIS improves the clas-
sification of the triggered events in comparison to RMP (e.g. where the majority
of the ore pass noise seems to be correctly rejected).

The ore pass noise events have a significantly different magnitude distribution compared
to normal events (e.g. the b-value is significantly larger than 1.0), and the occurrence
rate of these events (a-value) is directly related to the production. These events are
usually filtered in sequential analysis by applying a cylindrical volume around the ore
pass Dineva and Boskovic [2017], however doing so, will remove genuine events present
in these volumes. To obtain a good noise rejection it is beneficial to run all associated
events through the entire processing chain, prior to the classification step, as opposed
to rejecting the event based only on waveform analysis. The advantage is that the
classification algorithms can work with significantly more covariates than just waveform
characteristics (e.g. hypocentre estimation quality and spectral parameters describing
the source). This approach may also provide an opportunity to classify events in more
classes (e.g. ore pass noise, different types of blasts, hydraulic hammers, etc). When
conducting manual processing, these events are often left unprocessed due to limited
resources.

In Fig. 2.5, the black curve represents the events that BEMIS rejects but RMP accepts.
These events have significantly different statistics (b-value) compared to, for example, the
events that both BEMIS and RMP accepts in pink. Paper A concludes that the majority
of the events in the black curve are mainly ore pass noise (since they are mainly located
around the ore pass (see Fig. 2.4) with b−value significantly larger than 1) and keeping
these events will affect current hazard assessment methods [as discussed in Wesseloo,
2018].
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Figure 2.3: Examples of different recorded waveforms in the mine where horizontal axis is time
and vertical axis is amplitude (velocity). Top figure shows a clear waveform with negligible noise
influence, middle figure shows noise-influenced waveform, and bottom figure shows multiple
events in the same waveform. Zoomed in box-windows show the distribution of the estimated
P- and S-arrivals in cyan and magenta, respectively, using BEMIS arrival time estimation
algorithm [described in Martinsson, 2012].
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Figure 2.4: Verical plane view from Paper A comparing the hypocenter locations in Kiruna mine
between: (left) routine manual processing and (right) BEMIS auto-processing. The ore passes
are visualized as vertical gray dashed lines. The right figure shows only well located events (i.e.
with small uncertainty volume), to emphasise this filtration feature present in BEMIS. The
effect is that ore pass noise is significantly reduced while preserving genuine events (i.e. the
main event and aftershocks). The middle cluster contains one large event in orange, (occurred
in Dec. 2019) and multiple aftershocks that are preserved despite filtration of location quality.
Dark blue colors shows the extracted rock mass.
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Figure 2.5: Classification comparison from Paper A seen from a Gutenberg-Richter perspective
between BEMIS and routine manual processing (RMP). The data shown is recorded for 20 days
in Malmberget mine using default classification settings in BEMIS. Black curve represents the
events that BEMIS rejects but RMP accepts. The green curve represents the events that BEMIS
accepts but RMP rejects.
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2.5 Seismogenic sources

In mines, seismogenic sources (i.e. volumes of events) are not well defined compared
to tectonic earthquakes where the sources can be described more or less as lineaments
or planes [Cornell, 1968] and thereby obtain a simplified expression for the distance
distribution from each source to a point of interest.

In mines there exist no real standard procedure to define these seismogenic sources.
They can be defined by event clusters, by volumes [Martinsson and Törnman, 2019,
Wettainen and Martinsson, 2014], nearest neighbours to a certain grid point [see e.g.
Wiemer and Wyss, 1997, Wesseloo, 2013, 2018] or stochastically using a parametric model
as in Smyth and Mori [2011], Martinsson [2012]. Depending on the method applied
to define the seismogenic sources, the choice will affect the distance and magnitude
distribution, thereby affecting the hazard estimate itself.

2.6 Spectral parameters

To obtain a valid description of the seismic source of individual events in mines it is
essential to have a model that can describe the observations in both central tendency
and dispersion. For earthquakes this can be done e.g. in frequency domain by fitting
the observed spectra to a source and attenuation model, described by some spectral
parameters. However, for earthquakes: the source, the paths and the site effects are
challenging to distinguish into separate terms from the observations since the effects of
the contributions are interrelated. On the other hand, the additive noise characteristics N
can be estimated directly from the recorded waveforms prior to the P-wave onset. From
a modelling perspective, we need to describe the observed spectra Y using commonly
accepted models describing the source S and the attenuation A. These models usually are
an oversimplification, which leads to un-captured behaviour embedded in the residuals. If
this behavior is systematic for certain ray paths, it can be estimated from training data by
introducing an empirical compensation term E. The origin of E will remain unknown as
Shearer et al. [2019] stated, and we can assume for simplicity that E describes site effects
at the source [as in Shearer et al., 2006] or describes the propagation effects (channel)
as in this study. However, due to the commutative property of the terms in the model
Y = S(E)A + N , the result is the same regardless if the empirical compensation term
E is devoted to the source, the propagation channel or a mix of both. In the following
three subsections the source S, the attenuation A, and the noise N will be described
more thoroughly.

2.6.1 Spectral source model

Two commonly used seismic source models are Brune [1970] and Boatwright [1980], both
built for circular cracks and based on far-field assumptions. The Brune model has a
broader corner compared to the Boatwright model and this causes larger uncertainties
in general for the estimates of the corner frequency. However, the broader corner may
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allow for more realistic estimates of the corner frequency near the maximum frequency
in the observed spectra, as noticed by Ruhl et al. [2017], since the broader corner allows
for more use of the curvature in spectra. There exist more complex source models that
contain an additional source dimension like rectangular or elliptical rupture geometries
[see e.g. Savage, 1972, Denolle and Shearer, 2016], or models that include directional
effects [Kaneko and Shearer, 2015, Abercrombie et al., 2017]. Paper B used a simple
Brune-type source model

S =
2πfΩ0

1 + (f/fc)n
, (2.1)

expressed in velocity rather than displacement as in Brune [1970], with the parameters:
corner frequency fc, spectral amplitude Ω0 (∝ seismic moment M0), and the spectral fit
parameter n (also known as the high-frequency falloff rate for the displacement spectra).
Brune [1970] proposed n = 2 which is the value most commonly used for source models
[see e.g. Shearer et al., 2006, Oye et al., 2005]. However, there are many cases where
n needs to be adjusted to obtain reasonable fit [see e.g. Patanè et al., 1994, Iio, 1992,
Brune et al., 1986, Zhang et al., 2011, Abercrombie, 1995, Van Houtte and Denolle, 2018,
Prieto et al., 2007, Ross and Ben-Zion, 2016]. Despite that n is mainly used as a model
fit parameter, there are some attempts to define the physical meaning of n. For example,
Frankel [1991] suggested that n depends on the strength along the fault zone, Brune et al.
[1986] observed a positive correlation to stress drop and Lee et al. [2003] stated that the
radiated energy remains finite only if n > 1.5.

In Paper B the training data using Brune’s model (expressed in velocity rather than
displacement) without informative priors were processed, it was observed that n = 2.3
resulted in the best overall fit for the seismic data in Kiruna mine, which is slightly
larger than in the Brune’s original model. Interestingly a fair amount of events favouring
a unrealistic flat model [i.e. n < 1.5 Lee et al., 2003] was also observed, likely caused
by near-field effects [Mikumo and Miyatake, 1978]. For these events the estimates of
fc and Ω0 deviate significantly from the expected log linear trend of their relationship
[Aki, 1967]. Two models where cross-validated, Model A where n is fixed (i.e. n = 2.3),
and Model B where n is individually estimated with constrains (i.e. where n > 1.5).
Model B was favourable in terms of model fit, based on residual analysis. However, using
Model B, resulted in larger estimation uncertainties for the individual model parameters
(e.g. median uncertainty of fc increased from 4.9 to 8.2 Hz) compared to Model A. This
increase in uncertainties for the individual parameters are likely caused by the additional
model flexibility increasing the multicollinearity. Additionally, there was no need for
more complex source model [see e.g. Savage, 1972, Denolle and Shearer, 2016], since
the Brune model gave a valid description of the observed spectra and no evidence of
model deficiencies based on cross-validation with respect to either frequency, distance
or size of the seismic events was found. However, due to the commutative property
of the terms in the model describing the observed spectra Y = S(E)A + N , part of
the true source complexities may have been captured in the empirical compensation E,
which is attributed to the Green’s function G in Paper B. Anyhow an interesting model
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extension would be to include directional effects, e.g. by fitting some directivity function
[Boatwright, 2007] to the variations in spectral amplitude [Kane et al., 2013, Calderoni
et al., 2015]. However, in Paper B there is no clear evidence of directional effects such as
spectral splitting [Calderoni et al., 2015] in the representative events. This may be since
99% of the events in the validation data set are with magnitudes less than one, which
was the detectable limit for rupture effects in Folesky et al. [2016].

2.6.2 Spectral attenuation model

The attenuation A can be modeled in many ways, Paper B uses a simple attenuation
model that involves intrinsic attenuation and geometric spreading, defined as

A = e−πft/Q︸ ︷︷ ︸
intrinsic

× r−β︸︷︷︸
spreading

, (2.2)

where the quality factor Q depends on the medium and usually increases with depth
[Patanè et al., 1994]. At our shallow depths we expect Q < 300 [Johnson and McEvilly,
1974, Oye et al., 2005, Wang, 2004, O’Neill and Healy, 1973, Ge et al., 2009]. The
geometric spreading parameter β describes the decrease in amplitude of seismic waves,
respectively the spectral level when the wave propagates away from a source. For far-field
body-waves in homogeneous medium the wavefront is spherical with β = 1, in comparison
to surface waves where the wavefront is cylindrical with β = 0.5. For heterogeneous
medium Drouet et al. [2011] expect β > 1 due to scattering and reflections. Some
empirical estimates of β > 1 are observed for example by Chun [1991], Atkinson [2004],
Edwards et al. [2011], Drouet et al. [2011], Akinci et al. [2006].

In Kiruna mine described in Paper B the best estimate of Q = 88.3 is in line with
observations at similar depths [see e.g. Johnson and McEvilly, 1974, Oye et al., 2005,
Wang, 2004, O’Neill and Healy, 1973, Ge et al., 2009]. Estimated β = 1.19 is slightly
larger than for expected spherical spreading in a homogeneous rock mass.

There exist more complex attenuation models, for example where Q and β are fre-
quency dependent [see e.g. Chun, 1991] or Q increases with travel time [see e.g. Wang,
2004]. The mining environment is extremely heterogeneous [Martinsson, 2012, Martins-
son and Törnman, 2019], containing excavated volumes, complex geology and it is con-
tinuously changing due to on-going mining [see e.g. Vatcher et al., 2015, 2018, Nordqvist
and Wimmer, 2016]. This changing environment causes frequency-dependent spatio-
temporal attenuation effects on the seismic waves. These complex effects are difficult to
model in order to get a valid description (in terms of central tendency and dispersion)
of the observed spectra, necessary for reliable source parameters. However these path
and site related effects can be empirically estimated using traditional empirical Green’s
function EGF [Mueller, 1985], multiple empirical Green’s function MEGF [Hough, 1997]
or combined empirical Green’s function CEGF [Shearer et al., 2006].

Traditional EGF and MEGF use smaller events in the proximity of the source with
similar source-time function to estimate the impulse response, assuming that the inter-
event-distance is much smaller than the event-receiver distance. The reason for using
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small EGF-events to estimate path and site-related effects is that the source-time function
is shorter, generating a flatter frequency response that hopefully spans the frequencies of
larger events. The CEGF proposed by Shearer et al. [2006] uses spatially homogeneous
attenuation (i.e. the path effects are a simple function of travel time) together with an
empirical correction for the un-modelled behaviour in the EGF events.

G︸︷︷︸
CEGF

= A︸︷︷︸
Fixed

× E︸︷︷︸
Empirical

(2.3)

The CEGF works for events spanning a broad range of magnitudes [Shearer et al.,
2006], not limited to events with one or two magnitude units greater than the smallest
EGF events (calibration events) as traditional EGF or MEGF, where the smallest events
must be discarded.

In Shearer et al. [2006, 2019], the empirical correction is based on stacking of a large
number of EGF events, resulting in a smooth correction spectra, where each EGF event
has equal impact due to stacking. While in Abercrombie [2015], Abercrombie et al. [2016],
Ruhl et al. [2017] the empirical correction is based only on EGF events in the proximity of
the source (i.e. within distance related to the source radius) and that mimics the target
event (i.e. with cross-correlation above a threshold). Abercrombie [2015] observed that,
including distant or dissimilar EGF events resulted in biased estimates compared to using
only similar EGF events in the proximity of the source. Shearer et al. [2019] observed
that stacking of a large number of EGF events resulted in more consistent estimates for
densely clustered earthquakes compared to traditional EGF approaches.

In Paper B a new CEGF approach that uses all EGF events was decribed, resulting in
a smooth compensation spectra as in Shearer et al. [2006, 2019], but which also favours
similar (i.e. in magnitude) and nearby EGF events as in Abercrombie [2015], Abercrombie
et al. [2016], Ruhl et al. [2017]. The new method does not truncate calibration data with
respect to size, correlation or distance as in Shearer et al. [2006], Abercrombie [2015],
Abercrombie et al. [2016], Ruhl et al. [2017]. Instead, the new method interpolates with
respect to both size and distance, where calibration events near the source and with
similar size will have a larger impact in the estimate of the Green’s function G (i.e.
the impulse response of the propagation channel). Paper B also investigates appropriate
interpolation weights for the EGF events based on residual analysis using cross-validation
and simply proposes one that provides the best description of our observations at hand,
in terms of central tendency and dispersion. Additionally, the method also estimates
the underlying uncertainties σ2

E for the empirical compensation spectra E, which is part
of G. The frequency- and sensor-dependent uncertainty σ2

E was used in the Bayesian
inference for proper weighting.

2.6.3 Background noise

The background noise affects the observed spectra for both induced and natural earth-
quakes [Zamani and Murrell, 1978]. The recorded signal yt = st + nt contains both the
received signal st from the source and the noise nt for time sample t. In a mining envi-
ronment the noise nt is caused by vibrations from drilling, pumps, fans, traffic, etc. Its
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spatio-temporal characteristics may significantly influence the estimated result if nt is
not properly dealt with. A typical example of spatio-temporal mining noises is shown in
Fig. 2.3, where the second seismogram contains periodic bursts not related to the seismic
event.

The common way to handle noise in estimating S-wave spectra is either to consider
only the frequency coefficients where the signal-to-noise ratio (SNR) is above a specified
threshold (usually set to 2 or 3) [Oth et al., 2011, Drouet et al., 2011, Shearer et al., 2006,
Denolle and Shearer, 2016, Van Houtte and Denolle, 2018, Ross and Ben-Zion, 2016], or to
weigh the spectral coefficients by the SNR in the estimation process [Maranò et al., 2017,
Boatwright et al., 1991]. Truncating above a SNR threshold neglects certain frequencies
or distant sensors despite the fact that they still carry useful information. Also, applying
SNR weighting increases the impact of sensors near the source, where part of the spectra
may violate the far-field assumption and, additionally, these near-source sensors are more
sensitive to location errors. Due to the above, near-source sensors should preferably be
downweighted in the estimation process, especially those installed close to or inside the
estimated source radius.

Estimation of the source model parameters is commonly done in the frequency domain
e.g. using Brune’s model. A frequency-domain representation is often favourable from an
estimation and a modelling point of view, providing not only a simple mapping of models
between continuous- and discrete-domain using the Discrete Fourier Transform (DFT)
[Pintelton and Schoukens, 2001]. The DFT also has beneficial asymptotic statistical
properties of the recorded noise [Brillinger, 1981, Ljung, 1985], such as uncorrelated and
complex normal distributed DFT coefficients, particularly useful in the estimation step
[Pintelon and Schoukens, 2007, Kay, 1993, Martinsson, 2008]. The Fourier transform F
is a linear transform where the observed spectra F(yt) can be expressed as F(st + nt) =
F(st) + F(nt). Here the received DFT from the source F(st) can be expressed as the
source model S multiplied by the Green’s function G. The additive noise spectra F(nt)
can be estimated from a time window prior to P-wave onset (shown e.g. in Fig. 2.3).

To handle the influence of the background noise, Paper B used a model Ŷ = SG+N
of the spectra that includes the noise N [Pintelton and Schoukens, 2001] rather than
to truncate or weight the spectral coefficients by SNR. With this approach the spectral
coefficients can be properly modelled even under great influence from the noise [Pintelton
and Schoukens, 2001, Ljung, 1987, Söderström and Stoica, 1989].

2.7 Seismic source parameters

The source parameters like average seismic moment M0 and energy E0 can be defined
from the amplitude parameter Ω0 describing the source spectrum and the integral of the
squared source model S(f) in (2.1) (or the squared source velocity spectrum) [see e.g.
Oye et al., 2005, Venkataraman and Kanamori, 2004], respectively. The source spectrum
is usually defined as the average of all observed spectra, corrected for the path and
sometimes site effects near the sensors or the source [see e.g. Oye et al., 2005, Shearer
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et al., 2006]. Moment and energy can be defined as

M0 = k1(p0)Ω0, (2.4)

E0 = k2(p0)

∫ ∞
0

|S(f)|2df, (2.5)

respectively. The constants k1 and k2 are usually treated as mine-wide constants despite
dependencies on radiation pattern density and velocity at the hypocentre p0 for both
P- and S-waves. The expressions for the constants also vary slightly in the literature,
especially for k2 [see e.g. Oye et al., 2005, Venkataraman and Kanamori, 2004, Drouet
et al., 2011, Ross and Ben-Zion, 2016, Kijko, 1994]. The magnitudes are usually estimated
from the average seismic energy E0 or the average seismic moment M0, both usually
derived from the stacked average source spectra [see e.g. Oye et al., 2005, Shearer et al.,
2006]. Thereby the radiation-pattern effects smooth out towards average values for both
P- and S-waves spectra, especially if there is good angular coverage and multiple sensors
included in the estimate.

In Paper A it was observed that RMP tends to reject more than 90 % of the wave-
forms (for large events) due to human (time) limitations in the processing, and RMP
is therefore more sensitive to directional source effect, likely causing variations in the
estimates depending on what sensors were included.

2.8 Magnitude of seismic events

Initially, the magnitude scales were based on the recorded maximum amplitude of the
seismic waves (e.g. the Richter magnitude scale) but it is well known that amplitude
scales underestimates the true size of larger earthquakes. However, there is indication
that this is the case for smaller earthquakes as well [Uchide and Imanishi, 2018]. There
exist other magnitude scales, like the moment magnitude Mw [Kanamori, 1977], that is
physically well defined (∝ log(Moment)) and is assumed to be a non-saturating estimator
of the earthquake size [see e.g. Bormann and Giacomo, 2011]. The seismic moment is
defined by the strength of the rock mass at the source (i.e. shear modulus), the surface
area that slips, and the slip along the fault. The moment magnitude [Kanamori, 1977]
is expressed as

Mw =
2

3
log10(Moment)− 6.07, (2.6)

(where the moment is measured in N·m). There exist pure magnitude energy scale as
well [see e.g. Choy and Boatwright, 1995], expressed as

ME =
2

3
log10(Energy)− 3.2 (2.7)

(where the energy is expressed in Jouls). Additionally, in the mines there exist other
magnitude scales that are based on e.g. amplitude, energy, moment or a mix of them. In



24 Probabilistic Seismic Hazard Assessment

LKAB’s mines, the magnitude scale used in the current seismic production system uses
a mix of both Energy and Moment and is expressed as

ML = CE · log10(Energy) + CM · log10(Moment) + C, (2.8)

where the constants (CE, CM and C) might vary between mines [see e.g. Erguncu Guclu
et al., 2020, for example values].

There is usually a significant discrepancy between the magnitudes estimated by the
mining seismic systems and national/regional seismic systems, especially for large events
(ML > 0). This discrepancy is mainly caused by the limited sensor bandwidth for sensors
installed in the mines [see e.g. Wesseloo, 2018, Cochrane et al., 2014], where the high
energetic low-frequency waves are not recorded properly, resulting in underestimation of
the true magnitude, especially for large events. For example, in Cochrane et al. [2014]
the magnitude of a 2.3 event was faithfully recorded (i.e. no sign of saturation effects) on
a accelerometer, but understated by 0.5 and 1.5 magnitude units on the 4.5 Hz and 15 Hz
geophones, respectively. Magnitude estimates based on the energy and/or the moment
derived from the Brune’s source model, which rely on far-field assumptions [Brune, 1970]
may be questionable if close to source sensors are used. Therefore it is important in
the analysis of the data from a mining seismic system to include more distant sensors,
relative to the source radius [Martinsson and Jonsson, 2018, Haenggi, 2005].

In Paper A it was observed that the current RMP usually includes only a fraction of
the triggered sensors for larger events, and the sensors that RMP includes in the analysis
are usually in the proximity of the source, which may violate the far-field assumption,
necessary for the models to be valid [Brune, 1970]. However, in Papers A–B describing
the automatic Bayesian procedure, all associated sensors are included in the analysis.
Additionally, in Paper B, which describes a new method to estimate the source spectra,
the sensors in the proximity of the source are also naturally downweighted in the Bayesian
framework, thereby reducing the influence of possible near-field effects in the estimates.

2.9 Magnitude distribution

In seismology, the Gutenberg–Richter (GR) recurrence law is widely accepted and ex-
presses the distribution of magnitudes (ML) in an earthquake population as

log10(λm) = a− bML. (2.9)

where λm is the rate of earthquakes with magnitudes greater than ML, defined by the
constants a and b. The constant a relates to the activity (i.e. overall rate of earthquakes
in the population) and b to the relationship between small an large earthquakes, and is
usually around one for earthquakes [Crampin and Gao, 2015] (i.e. if b = 1 we expect 10
times less earthquakes for each whole number increase of ML ). The constants (i.e. a
and b) are important to define the seismic hazard (i.e. if either a increase or b decreases
the probability will increase for a large earthquake to occur) and they are estimated from
historical observations.
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There exist also other methods to estimate the magnitude distribution e.g. using
kernel densities [Lasocki and Orlecka-Sikora, 2008], which will result in a precise de-
scription of the underlying data [Pawel et al., 2016]. However, when predicting data, or
fitting additional data, a simpler model (i.e. a model described by less parameters) is
usually preferable, since it avoids or reduces the problem of overfitting [see e.g. Hawkins,
2004]. Additionally, as pointed by Pawel et al. [2016], Martinsson and Jonsson [2018]
the GR relation often underfitts the data (i.e. The GR model cannot adequately capture
the underlying structure of the data). Instead of using kernel density method [Lasocki
and Orlecka-Sikora, 2008] there is an alternative method proposed by Martinsson and
Jonsson [2018] where the number of kernels (i.e. mixtures in the model) are estimated
based on the Bayesian Information Criteria (BIC) [Schwarz, 1978]. The BIC resolves the
problem with overfitting by introducing a penalty term that increases with the number
of parameters used in the model, when picking from several models (e.g. different num-
ber of kernels), the model with the lowest BIC is preferred [see e.g. Martinsson, 2012,
Martinsson and Jonsson, 2018, for more details].

2.9.1 Maximum magnitude

All hazard analysis is dependent on the estimated maximum magnitude Mmax within
the region, despite that there is no real standard how to estimate Mmax. There exist a
wast number of methods which result in different estimates [see e.g. Kijko and Mayshree,
2011, for 12 existing procedures]. Mmax is generally estimated using either deterministic
or probabilistic methods. Deterministic methods [see e.g. Wells and Coppersmith, 1994]
usually add a small increment to the maximum observed magnitude Mobsmax within the
region or estimate Mmax from geophysical or geological observations of a fault.

There may be significant difference in estimates of Mmax for a seismogenic zone (i.e.
seismic volume) between a deterministic and probabilistic methods, since the data usually
is limited in time. For example, in one of the seismic volumes (Prinsköld 1) defined for
Malmberget mine in Wettainen and Martinsson [2014], the maximum observed magnitude
Mobsmax = 1.7 and using a deterministic approach [Mendecki, 2008] the estimate would
be near this value, and it was (i.e. Mmax = 1.8). This is also the case with kernel
density methods [Lasocki and Orlecka-Sikora, 2008, Pawel et al., 2016], since the width
of the kernels are usually small, and therefore not providing any possibility to predict a
magnitude significantly larger than the observed magnitudes. However, Wettainen and
Martinsson [2014], Martinsson et al. [2017] used probabilistic methods instead for the
same data, where the expected annual Mmax = 3.1 in Wettainen and Martinsson [2014]
and Mmax = 2.81 (with a 95% CI between 2.11 to 4.19) in Martinsson et al. [2017]. Later
on, the same volume [named Prinsköld 1 in Wettainen and Martinsson, 2014, Martinsson
et al., 2017] observed events with local magnitude around 3, thereby in favour of the
probabilistic methods [Wettainen and Martinsson, 2014, Martinsson et al., 2017].

In a probabilistic method relying on the GR-relationship both the a and b values
affect the estimated Mmax, where both constants are expected to change with depth to
the worse. The activity (a-value) is expected to almost double for an increase of 100 m
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in depth according to Vallejos and McKinnon [2011] and Spada et al. [2013] suggest that
b-values are negatively correlated with differential stress. Gischig and Wiemer [2013]
investigated how the relationship (i.e. between b-values and differential stress) affected
the estimate of Mmax toward the depth (between 1 and 5 km) and suggested that Mmax

increases strongly with depth due to this relationship.
In Paper C a similar activity-depth relationship was observed for Malmberget mine

as in Vallejos and McKinnon [2011] (but not as certain) and this relationship was used in
Martinsson et al. [2017] to investigate the expected increase of Mmax due to the proposed
activity increase only. This increase in Mmax is also shown in the difference between the
blue and green curve in Fig. 2.6. However, to get the worst case scenario of Mmax both
the change in slope (b−value) suggested by Gischig and Wiemer [2013] and change in
activity suggested by Vallejos and McKinnon [2011], rather than keeping one constant in
the estimate of Mmax.

2.9.2 Earthquake occurrence (a-value)

In Probabilistic Seismic Hazard Assessment (PSHA) the occurrence of an event within
a volume is assumed to be Poissonian distributed and independent of other events. To
achieve this the earthquake catalog needs to be declustered (i.e. removing foreshocks and
the aftershocks from the catalog). Declustering can be done both automatically [see e.g.
Zhuang et al., 2002] or manually. However, the data may still show poor fit to a Poisson
distribution after declustering [see e.g. Knopoff, 1964].

The Poisson distribution results in a good description of the data only if the variance
is equal to the mean of the data [Gelman and Hill, 2006]. In practice, the distribution of
count data usually is overdispersed [Gelman and Hill, 2006] with variance greater than
the mean. An robust alternative (to Poisson) for overdispersed count data is the negative
binomial distribution, which contains an additional parameter that adjusts the variance
independently from the mean. In fact, the Poisson distribution is a special case of the
negative binomial distribution (i.e. the mean is equal to the variance). The negative
binomial distribution has also been used for improved modelling of earthquake occurrence
[see e.g. Rao and Kaila, 1986] in relation to the commonly used Poisson distribution.

In mines the occurrence of events relates to the production, which causes different
caving mechanisms, that behaves more or less like earthquake swarms [see e.g. Jenatton
et al., 2007], where the temporal activity may last for weeks or months as observed in
Paper C, as opposed to aftershocks [see e.g. Špičák et al., 1999]. Thereby, to improve
the modelling of earthquake occurrence it may instead be more valuable to use a non-
homogeneous Poisson process [see e.g. Hainzl and Ogata, 2005] where the rate is expressed
by background and temporal activity (e.g. aftershock events or swarms), respectively.

λ︸︷︷︸
rate

= λ0︸︷︷︸
background

+ λ(t)︸︷︷︸
temporal

, (2.10)

In Paper C, these ideas are combined and a non-homogeneous negative binomial
process to handle both dependent and overdispersed count data (i.e. activity of seismic
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Figure 2.6: Magnitude distribution for volume ”Printzsköld 1” (Malmberget mine) based on two
years of data [see Wettainen and Martinsson, 2014]. Here a) is linear scale and b) logarithmic
scale. Black dots are the observed data, black curve is the model [Martinsson and Jonsson,
2018], and red curve is an alternative model [Aki, 1965, Utsu, 1965]. Blue and green curve are
the estimated maximum magnitude distribution for a similar time period and for a twice longer
period, respectively. The figure is explained in more detail in Martinsson et al. [2017].

events). The model predicts the seismic activity in LKAB’s mine in Malmberget and
includes both background activity and temporal variations described by orebody specific
covariates (i.e. size, depth, planned production and previous activity).

2.9.3 Earthquake size relationship (b-value)

Many old seismicity studies have led to the conclusion that the b-value is approximately
constant [see e.g. Allen et al., 1965]. However, more recent studies seem to favour spatio-
temporal variations of the b-value [see e.g Wyss, 1973, Scholz, 2015, Wu et al., 2018].
Still the spatio-temporal variations of the b-values, are under debate [Zuhair, 2018] and
may depend on e.g. stresses [Scholz, 1968, 2015, Wu et al., 2018], strength of the ma-
terial, focal mechanism of the fault [Schorlemmer and Wiemer, 2005, Wu et al., 2018],
presence of macro-failures, or simply problems with the data set or estimation procedure
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[Martinsson and Jonsson, 2018, Marzocchi et al., 2019, Amorèse et al., 2010]. The varia-
tion in b-value is often not significant and may be an artefact due to a lack of statistical
rigour [Kagan, 1999, Amorèse et al., 2010]. The estimate depends on a variety of factors
e.g. changes in the network, choice of the threshold magnitude [Wiemer and Wyss, 2000,
Martinsson and Jonsson, 2018], bin size [Marzocchi et al., 2019], sample size [Wesseloo,
2013], time or event-count window, source clustering, presence of aftershocks in the pop-
ulation and especially in mines contamination by noise-type events [e.g. blast, ore pass
noise, hydraulic hammers, etc. Wesseloo, 2018]. The noise-type events usually have a
significantly larger b-value than normal events (since the magnitudes are small and there
are plenty of them) as shown for the black curve in Fig. 2.5. However, there are multiple
studies in favour of spatio-temporal variations of the b-value, but many of these studies
draw conclusions without performing any statistical hypothesis testing or simply apply
the Utsu’s ”goodness of fit” test [Utsu and Tokuji, 1999, Wiemer and Wyss, 1997], which
is biased towards rejection of the null hypothesis and may cause erroneous conclusions
[according to Amorèse et al., 2010]. According to Wesseloo [2013] it is important to
have a large sample size (e.g. one year of data in a mine) to estimate the b-value, since
the variance of the estimated b-value is inversely proportional to the number of events
used. Additionally, spatial variations of b-values seem to be larger in relation to temporal
variations [see e.g. Wiemer and Wyss, 1997].

Calculation of b-values can be achieved e.g. by using linear regression (e.g. fit model
to a binned or cumulative frequency-magnitude distribution) or Maximum Likelihood
Estimation (MLE) methods. With linear regression methods, large earthquakes will have
exponentially larger impact on the estimates, in comparison to MLE methods [see e.g.
Martinsson and Jonsson, 2018] where each earthquake is equally or individually weighted
(e.g. by the size of the underlying uncertainties). Additionally, each magnitude estimate
relies on underlying covariates e.g. the estimates of the hypocentre, attenuation in the
rock mass and site effects. To increase the robustness (especially for small sample size)
for MLE estimators of the b-value or b-values [Martinsson and Jonsson, 2018], the impact
from each magnitude estimate should be weighed by the corresponding uncertainties,
propagated along the entire processing chain.

2.10 Ground motion intensity

To assess seismic hazard at a site, it is necessary to define the site amplification and
attenuation between the site and the seismogenic sources [Papaioannou and Papazachos,
2000]. A commonly used ground motion relation, is defined by Cornell [1968] as

I = b1ML + b2 log(d+ b3) + b4. (2.11)

The relationship is also used e.g. in McGuire [1976] software where ML is the magnitude
of the earthquake, I is the intensity at distance d (in km), and b1, b2 and b3 are empirically
estimated constants, where b4 is site dependent (i.e. site amplification). However, mines
are extremely heterogeneous and constantly changing. To capture these properties pre-
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cisely the models need to describe path and site effects in the heterogeneous rock mass,
to obtain precise estimates of the intensity given a certain source size (i.e. magnitude).

Both Paper A and Paper B describe how to solve this problem (i.e. the Swiss cheese
problem) by adding spatio-temporal behaviour to the model parameters, as shown on the
example for the deviation from the expected homogeneous energy attenuation in Fig 2.7.
Paper B shows that, by solving the Swiss cheese problem (i.e. capture the unknown and
changing environment), both the precision and robustness of the parameter estimates
significantly improved, compared to using e.g. spatially homogeneous assumptions for
the attenuation together with a pure site compensation.

Figure 2.7: Example from Paper A of the empirical compensation for the expected energies
between a sensor (black diamond) placed in (left) the foot-wall and in (right) the hanging wall,
shown in the lake-ore part in the Kiruna mine. The dots are the events, coloured as a logged
gain factor (including the site amplification for the sensor) in relation to the expected event
energy in a homogeneous rock mass. The figures show the large energy absorption caused by
the extracted rock mass in the middle of the sensors (i.e. between the “bunny-ears” in both
figures). This compensation is needed for example to obtain more precise energy and magnitude
estimations.

2.11 Prediction of seismic hazard

Today’s hazard assessments in mines are designed for the current state [Wesseloo, 2018]
only. In order to predict the future state (i.e. hazard) the method needs to predict both
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the spatial and size distribution of the future events, and the propagation effects, which
are great challenges.

To predict the future state it is needed to know what affects and drives the seismicity
in mines. There exist some observational seismic dependencies in mines as e.g. seismic
activity has a positive correlation to production volume [Mendecki and Lotter, 2011],
depth [Vallejos and McKinnon, 2011], previous seismic activity [Weglarczyk and Lasocki,
2009], and the spatial distribution of events is more likely in the areas close to production
[Dineva and Boskovic, 2017, Erguncu Guclu et al., 2020], in areas with large differential
stress [see e.g. Snelling et al., 2013] or in areas with specific geological conditions [Vatcher
et al., 2018, Erguncu Guclu et al., 2020]. Additionally, the proportion of large events
is expected to increase with both depth [according to Wiemer and Wyss, 1997] and
increased differential stress [according to Spada et al., 2013] as well.

There exist methods to forecast the spatial distribution of tectonic earthquakes [see
e.g. Smyth and Mori, 2011] under the assumption that earthquakes more likely in areas
where they have already occurred. However, from a long term perspective this assumption
may not be valid for mining induced events as the spatial distribution of events tends
to follow the production. Instead (in mines), a feasible approach to forecast the spatial
distribution of seismic events for long term, might be numerical stress modeling, since
the seismically active volumes are likely to occur where the rock mass is over stressed
[Snelling et al., 2013, Sjöberg, 2020]. However, for more accurate stress modelling the
properties of the rock mass need to be known, which is rarely the case.

To determine the properties of the rock mass to be used in the stress models, data
like e.g. in-situ stress measurements [McKinnon, 2001] and sampling of drill cores can
be considered. Although this data is very valuable, the methods are expensive and data
only cover a few coordinates in the rock mass. Instead, a more feasible approach would
be to use indirect volumetric methods like seismic tomography to describe the spatio-
temporal variations in acoustic properties in the rock mass. For example, the P-wave
velocity in the rock mass depends both on geological properties [see e.g. Christensen
and Mooney, 1995, Dondurur, 2018, Vatcher et al., 2018] and induced stresses [see e.g.
Eberhart-Phillips et al., 1989, Grana, 2016, Huang et al., 2012, Cao et al., 2015]. Using
time-lapse tomography of the P-wave may reveal both stress changes and geological
features, witch may be valuable in both calibration and design of future numerical stress
models. Additionally, attenuation tomography or S-wave tomography may be used as
well, but S-waves arrivals are more uncertain to estimate and they may not always be
related to the source since they can be converted from P-waves along the propagation
path.

In BEMIS [developed by Törnman and Martinsson, 2015], described in Paper A, a
unique Bayesian tomographic solution was developed based on the residues of the self-
calibration. This tomographic method describes the P-wave velocities in the rock mass,
shown in Fig 2.8, and consist of an accurate ray-tracer and Bayesian tomographic solver.

For shorter hazard time periods as e.g. next week, the spatial distribution of the
events and the slope of GR recurrence law (i.e. relation between large and small events,
b-value) can be assumed as stationary [Wesseloo, 2018], especially when the seismically
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Figure 2.8: Example from Paper A of a tomographic slice along the dip of one orebody in
Malmberget mine where the black dots are recent events recorded in the slice. The events are
mainly located in high P-velocity zones or in boundaries between high and low P-velocity zones.

active volumes are large in relation to extracted rock mass. This makes sense since the
slope is assumed to be related to the rock mass conditions [see e.g. Wyss, 1973, Scholz,
2015, Wu et al., 2018] and for shorter time periods we only expect changes in smaller
volumes of the rock mass. This coincides with findings from Vatcher et al. [2018] relying
on data presented in Lund et al. [2017], where the average annual P-velocity changes
in the investigated volume in Kiruna mine was less than one percent. Additionally, by
investigating the temporal changes in e.g. attenuation and velocity in the residues of
the self calibration in BEMIS, we only observe small variations for the rays in general.
Therefore we expect the temporal variations in the slope (i.e. b-value) to be small as
well. However the occurrence of events (i.e. a-value) may vary greatly depending on
production (i.e. volume blasted) or previous seismicity (e.g. seasonal burst or other
types of temporal activity) within each volume.

Paper C includes the previously observed dependencies (i.e. depth, production and
previous seismic activity) together with some additional available mine data into a mine-
wide Bayesian hierarchical model [see e.g. Kruschke, 2014, Gelman et al., 2004] to de-
termine which covariates are significantly affecting seismic activity in Malmberget mine.
Interestingly, the paper showed that depth, production, previous activity and size of the
orebody, all affect the occurrence of the events. The paper also found a similar depth
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dependency as in Vallejos and McKinnon [2011], where the number of events almost dou-
bles for each 100 meter increase in depth. The paper also showed large decay times of
the activity where the seismic half-life (i.e. the time required for the activity to reduce to
half, due to a sudden change in production) ranges from weeks up to two months for the
studied orebodies. Additionally, it was observed that the effect of the weekly production
on the induced seismic activity depends exponentially on the average production size in
the orebody. Combining these relationships is the first step to individually customise the
production rate for each orebody in the mine with respect to the seismic activity.



Chapter 3

Inferential and validation methods

“Most people use statistics like a drunk man uses a
lamppost; more for support than illumination.”

Andrew Lang

3.1 Inferential and validation methods

To obtain reliable estimates it is important to validate the models, thereby confirming
that the proposed model describes the complexity of the data. The results in the Pa-
pers A–C adopts Bayesian models and inference are based on sampling methods. With
sampling methods one is able to summarise the joint distribution of the estimated pa-
rameters, in comparison to descriptive statistics where the distribution of the parameters
are summarised by, e.g., the mean and the variance. Bayesian methods can result in ro-
bust estimates even in presence of poor and inconsistent data, especially when the prior
distributions are informative and likelihood functions are robust. Additionally, Bayesian
methods have nice properties like, the minimum mean square error estimate which can be
said to be optimal on average [Kay, 1993] given that the prior distributions are correct.

3.2 Bayesian inference

Bayesian inference takes us from our prior beliefs to our posterior beliefs given some
observations (i.e. likelihood) by using the Bayes’ rule which can be expressed as

p(θ|D)︸ ︷︷ ︸
posterior

= p(D|θ)︸ ︷︷ ︸
likelihood

· p(θ)︸︷︷︸
prior

/ p(D)︸ ︷︷ ︸
evidence

, (3.1)

where p is the probability density (or mass) function, θ represents the parameter vector
to be inferred, and D is the observed data. The evidence p(D) scales the posterior
distribution to be proper (i.e. to have unit probability mass). In reality one is mainly
interested in the distributional shape of the parameter given the observed data, and not

33
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the true probability density for a certain parameter value. One can therefore ignore
the evidence p(D) term which is challenging to compute, and work with the following
simplified expression

p(θ|D)︸ ︷︷ ︸
posterior

∝ p(D|θ)︸ ︷︷ ︸
likelihood

· p(θ)︸︷︷︸
prior

. (3.2)

For automatic methods relying on poor and inconsistent data as e.g. seismic data
in mines, it is important to have robust and reliable methods. Paper A proposes three
guidelines on how to obtain this: 1) assign robust likelihood functions and informative
prior distributions; 2) capture and include the underlying uncertainties; 3) automatically
compensate for systematic errors that deviate from the assumed model (i.e. solving the
Swiss cheese problem). Following these three guidelines will result in robust, reliable
and precise estimates, respectively. Additionally, these guidelines have been used in the
development of the modules in the automatic processing system BEMIS.

Paper B follows these guidelines exactly: 1) using informative prior distributions
estimated from calibration data, together with a heavy tailed likelihood function (i.e.
a t-distribution); 2) includes the underlying uncertainties in the rock mass, travel time
and ray length into the model; 3) capture the unknown and changing behaviour of the
rock mass (i.e. solving the Swiss cheese problem) using a combined empirical Green’s
function.

3.3 Robust statistics

Robust statistics are associated with methods that are less sensitive to outliers or extreme
values. Many estimation problems today are addressed assuming normally distributed
errors, often resulting in least square estimators such as the mean value for the central
tendency (i.e. `2 norm). Unfortunately, in presence of outliers, these estimators often
cause biased results and large uncertainty descriptions of the estimated parameters [see
e.g. Martinsson, 2012, Kruschke, 2014, Gelman et al., 2004]. Using more robust estimators
based on e.g. Laplacian distributed errors, (e.g. `1 norm), results in the median rather
than the mean for the central tendency, by minimizing the absolute error [Keynes, 1911].
The median estimator (i.e. `1 norm) is preferable in presence of outliers, but the reality
will always contain some Gaussian errors together with outliers where the spikiness of the
Laplace distribution provides a poor description of the errors as shown in Fig. 3.1, thereby
causing unrealistic uncertainty descriptions of the estimated parameters. Additionally,
the tails of the Laplace distribution may not be wide enough to handle all outliers and
the tail mass can not be adjusted to adapt to the amount of outliers in the measured
data.

The goal of a robust estimator is to sufficiently capture the pattern in the bulk of
the data so the best estimator may lie somewhere between the mean (Normal) and the
median (Laplace) estimator.

The t-distribution is both symmetric and bell-shaped like the normal distribution
but has heavier tails to handle outliers. The tail mass is controlled with an additional
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parameter ν called the degrees of freedom when used in the Student’s t-test or the
normality parameter when used in the proposed model to increase the robustness against
outliers [see e.g. Kruschke, 2014, Gelman et al., 2004]. When ν = 1 the t-distribution
takes the form of the Cauchy distribution and when ν > 30 it is similar to the Normal
distribution as shown in Fig. 3.1.

There exist other alternatives to improve the likelihood with respect to outliers. For
example, using a mixture model, with two normal distributions, both having the same
mean but different dispersions as in Martinsson and Gustafsson [2018], Kruschke [2014].
These type of mixture models often include a mixing coefficient that has the role of the
normality parameter and is often called the contamination parameter.

In Paper B, the data observed in the Kiruna mine was influenced by the extreme
environment resulting in both extreme values and outliers. To handle these challenges a
t-distribution as the likelihood function in the estimation process was applied, with its
well known robustness to extreme values and its ability to adjust the tail mass to describe
the amount of outliers [see e.g. Martinsson, 2012, Kruschke, 2014, Gelman et al., 2004].
The data was processed with and without empirical compensation of the rock mass to
be able to differentiate between modelling deficiencies (e.g. insufficient description of
heterogeneities or site resonances) and outliers and extreme values caused by random
disturbances and contamination (e.g. waveforms added from multiple sources due to
poor event association, inconsistent measurements and mining noises, etc).

By measuring the estimated value of the normality parameter for all events, it is pos-
sible to obtain an estimate of the proportion of the processed events where the observed
modelling errors are normally distributed. Without empirical compensation, the as-
sumption of normally distributed errors was inadequate for 50 % of the processed events,
indicated by the necessity of much heavier tails (i.e. ν < 30). However, with empirical
compensation only 15 % of the processed events was subjected to more extreme values
than described by a normal distribution. These results indicate two things: 1) the model
deficiency in neglecting heterogeneities and site effects leading to extreme values and
outliers that can not be described by a normal distribution, and 2) necessity of robust
distributions in both cases.
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Figure 3.1: Comparison of distributional shapes between Cauchy, Normal and Laplace distri-
bution in the upper figure, colored by cyan, magenta and black, respectively. Bottom figure
illustrates the effect of the normality parameter ν = 1 and ν = 30 as black dashed and black
dotted line, respectively, for the t-distribution. These are also compared to the Cauchy and the
Normal distribution in cyan and magenta, respectively.

3.4 Inferential methods

Inferential methods for the Bayesian inference are necessary to obtain point estimates
and credible regions for the parameters of interest. Using sampling methods like Markov
Chain Monte Carlo (MCMC) methods [Gelman et al., 2004, Kruschke, 2014] provide
realistic credible regions [Martinsson, 2012] compared to, e.g., approximations based
on derivatives. The credible regions of the estimated parameters can be expressed in
different ways e.g. taking the Highest Density Interval (HDI) or the equal-tailed interval
as credible interval. The HDI is the narrowest interval where all parameter values within
the interval have higher probability density than parameter values outside the interval
[see e.g. Gelman et al., 2004, Kruschke, 2014]. In the equal-tailed interval the probability
of being below the interval is equal likely as being above it.
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There exist different MCMC methods (e.g. Gibbs, Metropolis and Slice sampling)
where all have their own advantages and disadvantages [see e.g. Kruschke, 2014, Gel-
man et al., 2013, Martinsson, 2012]. Slice sampling automatically adjusts the step size
to match the local shape of the density function, and it does not reject any samples in
comparison to Metropolis. In multivariate cases Metropolis method includes the corre-
lation between the parameters in the ”burn in-steps” using a proposal distribution and
may therefore be more efficient when the parameters are highly correlated, in compari-
son to traditional Gibbs and Slice sampling (i.e. treating each variable independently).
However, there exist ways to improve the efficiency of multivariate (i.e. when parame-
ters are correlated) Slice sampling, e.g. by using ”reflection” from the edges of the slice
[Neal, 2003]. Gibbs sampling is appealing but requires that the conditional distribution
of each parameter is known, witch is rarely the case and to estimate it numerically may
be computationally heavy in the end.

The best sampler may depend on the problem. To obtain a fast and efficient sampler
one can measure the computational cost in relation to, e.g., the Effective Sample Size
(ESS) [Kruschke, 2014]. The ESS is a measure of how independent the estimated samples
are, if there exist large auto-correlation between the samples in a chain, the calculated
ESS value is significantly smaller than the total number of samples in the chain. What
ESS value that is sufficient depends on the aim and on the problem, e.g., if the interest
is in tail properties (e.g. HDI 99%), it may need more effective samples compared to
estimates like mean or variance. According to Kruschke [2014], an ESS value of 10 000
is usually more than enough for most problems.

Slice sampling was used in both Paper B and Paper C, following the idea of Neal
[2003], but modified to slice in the directions along the eigenvectors of the estimated co-
variance matrix obtained from the burn in samples. The latter modification improves the
efficiency significantly in presence of intercorrelation. In Paper B, the average efficiency
of the sampler was a factor 0.64 (ranging between 0.31 to 1.0) which is high compared to
e.g. Metropolis sampler or varieties of it, as used in Martinsson [2012]. To create all fig-
ures in both papers an ESS value significantly larger than Kruschke [2014] proposed was
used, mainly to obtain smoother histograms. The credible intervals in Paper B used the
HDI while Paper C used equal-tail intervals. The reason for using equal-tail intervals in
Paper C was to be able to calculate the confidence intervals of derived parameters as e.g.
seismic half-life directly from the confidence intervals of the autoregressive parameter.

3.5 Model validation

Model validation is crucial in order to justify if the proposed model is valid and precise and
if there are any uncaptured behaviours in the residuals [Gelman et al., 2004, Kruschke,
2014, Gelman and Shalizi, 2013, Gelman et al., 2013].

To determine if a model is valid is the same as if it is reliable. A reliable model
captures the underlying structure and variations in the data. A common way to test
if the model is valid is to measure the inclusion level of data within certain confidence
regions (e.g. if 95 % confidence region captures 95 % of the data).
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The uncaptured behaviours in the model can be evaluated by Posterior Predictive
Check (PPC) [Gelman et al., 2004, Kruschke, 2014] and residual analysis. Posterior
predictive checks are based on replicated data, when using the same covariates. The
replicated data should mimic the actual observations. Residual analysis can be con-
ducted on individual estimates or multiple estimates to highlight uncaptured trends or
correlations in the residual with respect to input data. A good model should describe
the data in terms of central tendency and dispersion, and the residual should mimic
independent noise (i.e. no autocorrelation in the residual).

The precision of the model can be determined by residual analysis, meaning that
if there are little leftovers then the model is precise in comparison to another model
with more leftovers (see e.g. the residual histograms in Fig. 3.2 a) for a Brune-type
model with and without empirical compensation in magenta and cyan, respectively). To
evaluate a model it is always preferable to separate data into a validation and training
set (i.e. cross-validation). If the model is validated on the same data there is a risk to
overpametrise the model since the fit will always improve with more parameters when
subjected to the same data [Gelman et al., 2013, Kruschke, 2014]. To reduce the problem
with overparameterisation one can let the data lean on the support of informative prior
distributions [Gelman and Hill, 2006]. However, there exist different information criteria
[see e.g. Gelman et al., 2013], like the Bayesian Information Criteria (BIC) [Schwarz,
1978], that penalise the result based on the number of parameters used in the model,
thereby reducing the risk of overfitting the data [see e.g. Martinsson, 2012, Martinsson
and Jonsson, 2018].

To determine the validity of the model in Paper C, the inclusion rate of the confidence
regions at different percentiles was used, and posterior predictive p-values [Gelman et al.,
2004] of different discrepancy measures of the replicated data. The paper showed no
evidence that would indicate model deficiencies based on posterior predictive checks on
standard discrepancy measures, and the actual observations are typical of the replicated
observations generated using the model. The prediction intervals where realistic and the
fraction of observations within them matches their predefined probability as shown for
50 and 95 % confidence regions in Fig. 3.3.

In Paper B, the model gave a valid description (i.e. in terms of central tendency
and dispersion) of observed spectra (see e.g. Fig. 3.4 and the arbitrary chosen events in
Paper B) with no evidence of model deficiencies with respect to frequency, distance or
size of the earthquakes (see Fig. 3.2) using both posterior predictive checks and residual
analysis.
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Figure 3.2: Histograms for the all model residuals Rijk (i.e. for ith frequency coefficient for
jth sensor in kth event) of the validation data set using a Brune-type model. The histogram in
a) shows the residual with and without a solution to the Swiss cheese problem (i.e. empirically
compensated) in magenta and cyan colours, respectively. The figures in b), c) and d) repre-
sent 2D histograms with empirical compensation to expose remaining dependencies of Rijk with
respect to either distance, frequency or Ω0, respectively.
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Figure 3.3: Weekly predictions in Paper C of the induced seismic activity in the first four of
the seven studied orebodies. The predictions summarise the posterior predictive distribution
and are compared against the actual observations shown as black dots. The green dashed curve
represents the planned weekly cumulative rock mass retrieved by the production blasts in the
orebody, and is used as a predictor in the model. The red curve shows the median prediction.
The light and dark red regions are the 50% and 95% prediction intervals, respectively.
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Figure 3.4: Bayesian inference of one event in Paper B. The lower left corner depicts the
observed spectra Yij coloured by distance rj to the estimated hypocentre p̂. The scatter plots to
the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations
ρ (with 95% CI) of credible values of Ω0, fc and n in φ. Diagonal figures are histograms
of posterior samples with corresponding 95% HDI. The middle plot in the last row shows the
estimated source spectra Ŝi (in black) and the 95% HDI (in grey). The plots in the right column
are the observed spectra for closest sensor, middle sensor and furthest sensor from top to bottom
coloured by distance, together with the estimate of the observed spectra Ŷ = exp(µij(φ̂)) (in

black) using the posterior mode φ̂ and 95% HDIs (in grey). Histograms for the statistical
parameters ν and σ20 are also provided to the left of the diagonal.
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3.6 Bayesian models

How to adopt the best Bayesian framework depends on the studied problem. For ex-
ample, if we are interested in group specific behaviors within a population, where the
groups share common features, this type of higher level relationship suggests the use of
hierarchical modelling [see e.g. Kruschke, 2014, Gelman and Hill, 2007, Gelman et al.,
2004]. This modelling approach has the ability to treat the model parameters for each
group in the population as one observation from a population-wide distribution that de-
scribes the groups. The population-wide model has in turn group-level predictors and
hyperparameters [Gelman and Hill, 2007] that are estimated from the data by treating
the estimation problem jointly. The hierarchical structure allows the data to inform us
of similarities across the groups and to use this information in the estimation process
for the individual models and group-level parameters. If the groups behave similar given
the group-level predictors, this similarity information will shrink the posterior distribu-
tions of the parameters towards a population-wide average [Kruschke, 2014, Gelman and
Hill, 2007]. The prior distributions of the model parameters are then more informative
and their shape is defined by the group-level predictors and hyperparameters, which are
jointly estimated from the data. This means that with access to group-level predictors
the prior distributions are sharper and more informative, which reduces the prediction
uncertainties for new outcomes.

The Bayesian framework is best visualised by a Kruschke-style graph [Kruschke, 2014],
which summarises both the model and distributional assumptions in a simple graph
without extensive notations as shown in Figs. 3.5 & 3.6 describing the models used in
Paper B and Paper C, respectively. The graphical representation in a Kruschke-style
graph can be used in combination with open-source statistical packages, such as Stan
[Carpenter et al., 2017] or JAGS [Plummer, 2003], to implement proposed method with
limited programming efforts (see e.g. Kruschke [2014] for a introductory explanation on
how to do it).

Paper B used a traditional (i.e. empirical) Bayesian framework as shown in Fig. 3.5
where the prior distributions where estimated from a training set. Bayesian framework
allows us to estimate the ith frequency coefficient in the jth spectra jointly in comparison
to e.g. fit to an average stacked spectrum [see e.g. Oye et al., 2005, Shearer et al.,
2006]. Estimating jointly allows for proper uncertainty weighting since the ith frequency
coefficient in the jth spectra is associated with underlying uncertainties σij, where σij
depends on the estimated uncertainties in the rock mass, ray length and travel time.

In Paper C the effect on the activity is different for each orebody, but the orebodies are
still related. They share not only the geological features present in the region [Bergman
et al., 2001, Debras, 2010], but they are also subjected to the same mining method (sub-
level caving) and fairly similar mining conditions [Wettainen and Martinsson, 2014].
This type of higher level relationship suggests the use of hierarchical modelling [see e.g.
Kruschke, 2014, Gelman and Hill, 2007, Gelman et al., 2004] with the ability to treat
the model parameters for each orebody in the mine as one observation from a mine-
wide distribution that describes the group of orebodies. The mine-wide model shown
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Figure 3.5: Kruschke-style diagram [Kruschke, 2014] from Paper B for the more flexible model
(n > 1.5) that summarises both the model and the distributional assumptions. Upper row
describes the prior distributions and corresponding hyperparameters, for the parameters to be
inferred (φ, σ20, ν). The box in the middle describes the central tendency (µij), and dispersion
(σ2ij) for the ith frequency coefficient in jth observed logged spectra log Yij (µij and σ2ij correspond
to the expected value and variance, respectively, under normal assumptions, i.e. when ν →∞).
The same diagram applies for the less flexible model (n = 2.3) in Paper B if the Gamma
distributed prior on n is replaced with a Dirac delta distribution centred at a fixed value and
thereby treating n as a known constant (i.e. as done for Q and β). Here log([Ω0, fc]) =
[log(Ω0), log(fc)].

in Fig. 3.6 has in turn group-level predictors and hyperparameters [Gelman and Hill,
2007] that are estimated from the data by treating the estimation problem jointly. The
group-level predictors (i.e. size and depth) in our hierarchical model shown in Fig. 3.6
are orebody-specific data. As opposed to non-hierarchical Bayesian models, data can
enter a hierarchical model at different levels of the hierarchy and is not limited to the
likelihood function. The model parameters and corresponding predictors for each orebody
is embedded in the likelihood function in the same way as with non-hierarchical models,
while hyperparameters and corresponding group-level predictors is embedded in the prior
distributions.
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Figure 3.6: Kruschke-style graph from Paper C that summarises both the model and distribu-
tional assumptions in a three-level hierarchical Bayesian model for the prediction of the weekly
seismic activity in each orebody of Malmberget mine. The first level (bottom part) shows the
individual model for each orebody. The second level (middle part) shows the prior distributions
for the parameters at the first layer and describes the mine-wide distribution. The third level
(top part) shows the hyperprior distributions for the parameters in the prior distributions at the
second level.



Chapter 4

Conclusions

4.1 Conclusions

This compilation thesis summarises the result of three papers that contribute towards a
more reliable hazard assessment in mines. The papers investigate four research questions,
defined in the Chapter 1. Below I summarise the main findings.

The first research question aimed to find and quantify current limitations and discrep-
ancies in both classification and hypocentre estimation of currently used Routine Manual
Processing (RMP) of seismic events in mines. In Paper A, different human processors
were subjected to the same seismic data, obtained from LKAB’s underground mines in
Malmberget and Kiruna, and it was found that:

- The coordinate of large events (ML > 1) in the Kiruna mine moves on average
322 meters (with a 95% confidence interval of 283 to 360 m) when reprocessed by
another processor.

- The classification of an event as accepted (i.e. genuine) or rejected (i.e. noise)
varies greatly among (16) different human processors, where the similarity was in
general around 80% but for some processors as low as 50%.

The second research question aimed to compare the automatic processing methods
(e.g. BEMIS) towards RMP in terms of event classification and hypocentre estimation.
In Paper A, BEMIS and RMP where subjected to the same data and it was found that:

- BEMIS surpasses RMP for the hypocentre estimation in both average location
error and standard deviation by a factor of 3.7 and 7.0, respectively, in Kiruna (229
known calibration blasts) and a factor 4.6 and 4.8, respectively, in Malmberget (61
known calibration blasts).

- BEMIS was able to detect 6 times more genuine events in an area with sparse
sensor coverage, and the resulting clusters of events where more sharply resolved
compared to RMP.
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- BEMIS was able to process an event on average 40 times faster than RMP.

- Indirect data (such as Gutenberg-Richter relationship combined with hypocentre
estimations in the vicinity of ore passes) indicates that BEMIS improves the clas-
sification of the triggered events in comparison to RMP (e.g. the majority of the
ore pass noise seems to be correctly rejected).

- RMP mainly uses less than 18 sensors in the proximity of the source to process
seismic events due to a combination of human (time) limitations and models not
properly accounting for the heterogeneous rock mass.

The third research question aimed to provide a reliable description of the observed
spectra, necessary for reliable estimate of the source parameters. In Paper B, a robust,
precise and reliable Bayesian method was proposed to describe the observed S-wave
spectra. Here:

- The model includes a combined empirical Green’s function. It captures source-,
receiver- and path-dependent terms in the description of the observed spectra by
combining a physical source and attenuation model with a spatially and event-size
dependent empirical compensation.

- The model includes the observed noise rather than truncating observed spectra
based on the signal-to-noise ratio, resulting in less biased parameter estimates and
makes the estimates less sensitive to truncation boundaries (i.e. cutoff frequencies).

- The model includes the underlying uncertainties in the rock mass properties, hypocen-
tre and travel times, resulting in proper weighing of the covariates necessary for
proving robust and reliable estimates of the observed spectra.

- The model is based on a Bayesian framework with robust statistics (i.e. heavy
tailed likelihood distributions) and informative priors to obtain robust and realistic
estimates of the observed spectra in the presence of outliers or insufficient data.

In the fourth research question the aim was to find possible predictors (i.e. covariates)
that may have an effect on the observed seismic activity, and if it is possible to make a
short-time predictions of the activity in each orebody in Malmberget mine, given access
to these covariates. In Paper C, various covariates were investigated with respect to the
seismic activity. Based on commonly available covariates (such as: planned production,
previous activity, production depth, and size of the ore body) it was possible to predict
next week’s activity given today’s data and next week’s production plan. Here:

- The seismic activity in Malmberget mine depends on previous week’s activity, the
planned production rate, mining depth and size of the orebodies.

- The Bayesian hierarchical model gives a valid prediction of the activity in the seven
largest orebodies in Malmberget, given the covariates above.
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- Inference from the model reveals that the seismic half-life ranges from weeks up to
two months for the studied orebodies.

- The effect of the planned weekly production on the induced activity depends ex-
ponentially on the average production size in the orebody, where the planned pro-
duction has a larger direct effect for a smaller sized orebody.

- The seismic exposure term reveals a dependency on production depth and, for
example, an increase in mining depth by 100 m almost doubles the seismic activity,
which is in agreement with the result obtained by [Vallejos and McKinnon, 2011]
in Canadian mines.

Finding common predictors and suitable prediction models are important for seismically
active mines as they may serve as basis for future tools to optimise production under the
condition of limiting the seismic risk.

As the mining operations go deeper, the mining-induced challenges will increase [ex-
ponentially Vallejos and McKinnon, 2011, Kim et al., 2014, Paper C]. At greater depths
it is essential to understand mining affects rock mass locally. This understanding may
provide the tools necessary for aiding both long- and short-term decisions and actions,
for example: improved mine design/methods with respect to seismic hazard (long-term),
customised production planning with respect to predicted seismicity (medium-term),
anomaly detection/closing criteria (short-term), fast evacuation (immediate-term). To
obtain a detailed understanding of the seismicity the mines need: dense seismic instru-
mentation; fast and accurate automatic processing that scales with computer power and
reaches far beyond today’s human limitations (Paper A); robust and reliable descriptions
of the source, the path and the site effects (Paper B); detailed tomographic imaging
(Paper A); and prediction models based on future planned production (Paper C).

4.2 Future work

Future work will be devoted to the tomographic imaging method (developed within the
BEMIS framework), shown in Fig 2.8, based on the residues of solving the Swiss cheese
problem explained in Paper A. Tomographic images can be used to map stress changes,
excavated volumes and geological variations in the rock mass during exploitation. There-
fore it may provide valuable information with respect to mine design and exploration.
Additionally, these tomographic images may also be valuable for hazard assessments in
mines [Cao et al., 2015].
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J. Sjöberg. Solving rock mechanics issues through modelling: then, now, and in the
future? In J. Wesseloo, editor, Proceedings of the Second International Conference on
Underground Mining Technology, pages 27–46. Australian Centre for Geomechanics,
2020. URL https://papers.acg.uwa.edu.au/p/2035-0-02.

C. Smyth and J. Mori. Statistical models for temporal variations of seismicity parameters
to forecast seismicity rates in japan. Earth, Planets and Space, 63(3):7, Mar 2011.

P. E. Snelling, L. Godin, and S. D. McKinnon. The role of geologic structure
and stress in triggering remote seismicity in creighton mine, sudbury, canada.
International Journal of Rock Mechanics and Mining Sciences, 58:166 – 179,
2013. ISSN 1365-1609. doi: https://doi.org/10.1016/j.ijrmms.2012.10.005. URL
http://www.sciencedirect.com/science/article/pii/S1365160912002158.
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70 Paper A

Summary: BEMIS (Bayesian Estimation of Mining Induced Seismicity) is a fully au-
tomatic, near real-time, robust and self-learning seismic processing solution for
mining induced seismic events. A prototype solution is tested in parallel with rou-
tine manual processing in LKAB’s underground mines in Malmberget and Kiruna,
providing: 4 times more accurate earthquake locations based on 290 known blasts,
40 times faster processing time that scales with computer power, and the ability to
detect and locate up to 6 times more events given the same input data. In addition
to a fully automatic system, BEMIS provides a variety of unique functions such as:
quality control of all results, self-learning adaptation and calibrations, tomography,
and prediction models of future seismicity. In this paper we summarise the results
from different investigations throughout time and discuss the unique approach con-
sidered to obtain reliable auto-processing in a challenging, unknown and changing
environment.
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Abstract 

BEMIS (Bayesian estimation of mining-induced seismicity) is a fully automatic, near real-time, robust and  

self-learning seismic processing solution for mining-induced seismic events. A prototype solution is tested in 

parallel with IMS’s routine manual processing in LKAB’s underground mines in Malmberget and Kiruna, 

providing four times more accurate earthquake locations based on 290 known blasts, 40 times faster 

processing time that scales with computer power, and the ability to detect and locate up to six times more 

events given the same input data. In addition to a fully automatic system, BEMIS provides a variety of unique 

functions such as quality control of all results, self-learning adaptation and calibrations, tomography, and 

prediction models of future seismicity. In this paper, we summarise the results from different investigations 

throughout time and discuss the unique approach considered to obtain reliable auto-processing in a 

challenging, unknown and changing environment. 
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1 Introduction 

In seismically active mines, decisions based on seismic data are often essential to continue mining. These 

decisions often span from short-term evacuation of areas subjected to increased activity or large seismic 

events, all the way to long-term production and mine design planning with the aim to limit future induced 

seismicity. The seismic data is also used to understand the effects of mining and stress redistribution on the 

surrounding rock mass. This can be achieved either by investigating individual, often large events and their 

seismic parameters and stresses (Sjöberg et al. 2011) or by considering many events in combination with 

different mining data as covariates in statistical models to infer effects or predict future activity (Martinsson 

& Törnman 2019) as well as future environmental impact on residents nearby (Wettainen & 

Martinsson 2014). Additionally, many events and their source-sensor rays can be used along with 

tomographic techniques to visualise the rock’s acoustic properties and changes over time. 

Mining environments are often very heterogeneous (Martinsson 2012; Martinsson & Törnman 2019), 

containing complex geology and excavated volumes that are continuously changing due to further excavation 

(Nordqvist & Wimmer 2016; Troll et al. 2019; Vatcher et al. 2015, 2018). A changing environment leads to 

frequency-dependent and spatiotemporal velocities, attenuations and direction of arrivals, affecting the 

measured seismic waveforms and their arrivals. In comparison to the study of tectonic movements over 

larger distances, the measurement system in a mine can be thought of as sensors located in the middle of a 

Swiss cheese, where the ray paths, velocities, attenuations and direction of first arrivals between the event 

location and corresponding sensors differs significantly compared to a homogeneous medium, as illustrated 

in Figure 1. 
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(a) (b) 

Figure 1 Illustration of the difficulties of studying mining-induced earthquakes with two different types 

of propagation medium in relation to the length of the ray paths. (a) We illustrate a measurement 

system at large distances where the rock mass can be modelled as homogeneous; (b) We have a 

measurement system in a mine where the rays and waveforms are significantly affected by 

heterogeneities. This simplification illustrates the effects of cavities but in reality, the acoustic 

properties in the entire rock mass differs with geology, fractures and stresses 

These challenges, denoted here as the ‘Swiss cheese problem’, are often the main obstacles for obtaining 

reliable auto-processing of seismic events and today, mines usually resort to manual processing to obtain 

reasonable hypocentre location and additional seismic parameters. However, addressing these challenges 

are also difficult for a human processor, needing to adjust for these unknowns with the aim to obtain realistic 

results. In difficult processing situations this will lead to significant discrepancies of the end result when 

comparing the processing of different human processors of the same data. We will touch more on this in 

Section 2. 

To obtain reliable results prior to any processing is conducted, we must instead calibrate each sensor to its 

surrounding rock mass (i.e. compensate for the Swiss cheese). This can be done either by using known events 

(e.g. blasts) from different locations or by using the seismic data itself and machine learning techniques 

(e.g. see Martinsson 2012 for a more detailed description of these approaches). For auto-processing in 

particular, it is also essential to include robust statistics and prior information to handle surrounding noise, 

outliers, and inconsistent data (Martinsson 2012). 

BEMIS (Bayesian estimation of mining-induced seismicity) is a module-based, auto-processing platform for 

seismic data that addresses the Swiss cheese problem. The modules in the platform are results obtained over 

a number of years from LKAB’s internal research and development, and Luleå University of Technology. The 

long-term goal with BEMIS is to replace today’s manual processing with a fully automatic processing routine 

that delivers fast, accurate and reliable seismic results as the basis for short- and long-term decisions. 

In this paper, we will start by introducing the challenges with manual processing as this is one of the driving 

forces behind the research and the development of BEMIS. We will then summarise a few interesting results 

from various investigations throughout time and motivate the approach taken in BEMIS to solve the Swiss 

cheese problem. 

2 Human limitations 

As with all manual interventions, there are discrepancies between individuals. To process seismic data 

manually, each processor makes a number of decisions. For example, how to classify the event (e.g. labelling 

it as a seismic event, a blast, or mining noise), what sensors to include in the processing, how to pick the 

arrival times, is the end processing result realistic and satisfying or do we need to make adjustments, etc. 

In this section, we will highlight a few challenges we encounter and provide some comparisons to the 

automatic processing solutions in BEMIS. 
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2.1 Data decimation 

Data is often discarded in a number of steps to reduce noise and to make it manually manageable. The first 

step is in associating triggered waveforms to single events, which is done automatically by the seismic 

measurement systems in LKAB (Kiruna and Malmberget) and in Boliden (Garpenberg). The sensitivity of the 

association can often be adjusted by different settings (e.g. minimum number of triggers) and also the 

triggering levels can be set to limit the number of triggered waveforms. Reducing the sensitivity by these 

settings means that only significant events are detected and processed, limiting the number of waveforms 

to be manually processed and classified. 

In Malmberget and Kiruna, the settings in the association step discards approximately 85% of the triggered 

waveforms, leaving 15% to be associated with events. Out of the remaining data, approximately 70–85% of 

the associated events are then rejected as noise by the routine manual processing applied in Malmberget 

and Kiruna mines. 

After the association step, a manual processor will further decimate the data in the sequential analysis. For 

example, in the localisation step, a manual processor usually picks and includes a maximum of 18 sensors 

regardless of how many sensors have been associated to the event, as shown in Figure 2 (both LKAB mines 

contain more than 200 installed sensors). There are mainly two reasons for this reduction of data: 1) To make 

it manually manageable; and 2) The first sensors are considered more important in the analysis. 

   

(a) (b) 

Figure 2 The dots represent the number of sensors used when processing the event (on the vertical axis) 

versus the event-times on the horizontal axis. The dots are coloured by event magnitude 

(according to the colour scale) and both figures are for the same time period in the Malmberget 

mine: (a) Sensors used in routine manual processing; (b) Sensors used for auto-processing in 

BEMIS 

With limited human resources, these two reasons make sense. However, adopting this criterion may give 

undesired artefacts such as ambiguity in locating events and biased source parameters. From a hypocentre 

estimation perspective, it is essential that we solve the Swiss cheese problem as the closest sensors are more 

affected by the heterogeneities relative to the propagation path, compared to more distant sensors 

(Martinsson 2012). A good hypocentre estimate depends on good angular sensor coverage, and neglecting 

distant sensors may cause instabilities like mirroring events commonly observed in Kiruna and described 

more in Section 2.2. Also, it is important to include a valid uncertainty description in the statistical model to 

obtain proper weighting with respect to distance (Martinsson 2012). Here, the validity of the uncertainty 
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description (or weighting) must be tested using residual analysis (Martinsson 2012) or it may corrupt the 

sequential analysis. An invalid description often favours a truncation of distant sensors as they may harm the 

localisation step. A valid description on the other hand weights the information with respect to its uncertainty 

and can be shown to be optimal (Kay 1993; Pintelon & Schoukens 2001). Additionally, the closest sensors 

may violate the far-field assumption and relying only on these for source parameter estimation may 

be questionable. 

Increasing the sensitivity of the measurement system will increase the number of locatable events using the 

same measurement system. Increased sensitivity will also increase the quality of existing events by 

incorporating more data, under the condition that we apply robust statistics to handle additional outliers and 

noise. This is particularly valuable in studying precursors (Nordström et al. 2020), creating prediction models 

(Martinsson & Törnman 2019; Wettainen & Martinsson 2014), or generating tomographic images of the rock 

mass, all directly depending on the amount and quality of detectable events. 

From an auto-processing perspective, computer resources are the limitation. There is generally no need to 

limit the amount of triggered data or associated events. The association can additionally be done using more 

advanced arrival time estimation algorithms combined with heterogeneous model assumptions that is 

calibrated for the Swiss cheese (Martinsson 2012). Today, the association relies on trigger times between 

sensor pairs along with homogeneous assumptions, where the trigger times are estimated using simple  

short-time long-time average techniques. 

Noise rejection also improves with more data, described more in Section 3.1 and Appendix A, providing more 

evidence to the classification algorithms. It is beneficial to run all associated events through the entire 

processing chain, prior to the classification step, as opposed to rejecting the event based only on waveform 

analysis. The advantage is that the classification algorithms can work with significantly more covariates than 

just waveform characteristics (e.g. hypocentre estimation quality and spectral parameters describing the 

source). This approach may also provide an opportunity to classify events in more classes (e.g. orepass noise, 

different types of blasts, hydraulic hammers, etc.). When conducting manual processing, these events are 

often left unprocessed due to limited resources. However, in automatic processing all associated events are 

processed, providing not only more data for improved classification but also additional events that can be 

used for other applications (e.g. orepass level and volume estimation, blast analysis, tomographic images and 

general system calibrations). 

2.2 Human dependent results 

Classification of events is a challenging task and is both mine- and site-dependent. Among individuals within 

a group of processors, there are naturally discrepancies in how events are classified when the processors are 

subjected to the same dataset. The difference in similarity between individuals in determining if an event is 

accepted or rejected can be as low as 50% but is generally around 80% (see Appendix A and Figure A1 for 

more details). 

The hypocentre location also differs between individuals. In LKAB, the largest events (m≥1) are routinely sent 

for manual reprocessing by a more experienced processor as a precaution. Documenting the relocation after 

reprocessing we can obtain statistics of the effects of manual reprocessing on the largest events. Here we 

used data between 26 April 2016 and 13 July 2017 in Kiruna, resulting in 1,209 events with m≥1 and out of 

which 506 events had documented coordinates after reprocessing. A histogram of the relocation distance of 

the 506 events due to reprocessing are shown in Figure 3a, and the movement of each event is shown in 

Figure 3b represented as a line between the dots. 
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(a) (b) 

Figure 3 Shows the relocation of 506 large events (m≥1) due to manual reprocessing in Kiruna mine: 

(a) Histogram of the moved distance due to manual reprocessing; (b) Event locations 

represented as red dots where the lines between the dots mark the moved distance of an event’s 

coordinates due to reprocessing 

We can summarise the result and conclude that the coordinates of a large event in Kiruna moves on average 

a distance of 322 m due to reprocessing (with a 95% confidence interval of 283 to 360 m). In Figure 3b, we 

can see the difficulty in manually locating large events with only a few sensors as we mentioned in the 

introduction and showed in Section 2.1. Changing a few arrivals or replacing a few sensors that are used in 

the hypocentre location procedure may result in a large movement of the event’s coordinates. We also see 

movements of coordinates between different clusters. Many of the larger events in Kiruna are located in the 

hanging wall where the sensor coverage and configuration are far from optimal. The poor coverage in this 

area, combined with neglecting sensors further away, contributes to false hypocentres and mirroring effects 

where two clusters are almost equally likely. Here, a solution to the Swiss cheese problem is especially 

important as sensors on the footwall will otherwise not compensate for the large excavated regions between 

the sensors and the event (e.g. visualised in Figure A2 and illustrated in Figure B2). This will result in 

inconsistent arrivals, extreme values or outliers in the localisation step resulting in very different coordinates 

for an event depending on which sensors are included in the analysis, as shown in Martinsson (2012). 

2.3 Processing time 

Manual processing time may affect short-term decisions and algorithms acting on precursors to detect 

anomalies or increased seismic risk. In cases of a sudden increase in activity in the mine, the processing time 

increases and events are queued due to finite resources. Here, automatic processing can easily scale with 

computer resources and, if necessary, the computations can use dynamic resource allocation to adjust for 

the temporary increased load while keeping computational cost low during normal activity. The automatic 

processing of events in Kiruna and Malmberget takes on average a minute per event and cpu core (e.g. in 

Malmberget the average compute capacity is 64 events per minute) and the time will decrease further with 

code optimisations and extended parallelisation in the near future. 

2.4 Number of sensors 

Today, LKAB has more than 200 sensors in each underground mine, ranking the systems to be among the 

largest in the world for detecting mining-induced events. These two networks detect between 10,000 up to 

20,000 events per day, and for which only 15-30% of these are provided with accepted coordinates after 

manual processing (e.g. 31% in Kiruna and 13% in Malmberget between 25 July 2020 and 4 August 2020. 

Increasing the sensitivity of the measurement system by introducing more sensors will quickly approach the 

limit of what manual processing is capable of. This is also a consequence of the Gutenberg-Richter law, where 

there are exponentially more smaller events detectable with a denser network (e.g. Martinsson & 
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Jonsson 2018). Additionally, as the mine goes deeper, the stresses increase and there are observations 

indicating that the number of events doubles per 100 m increase in depth. Vallejos & Mckinnon (2011) 

reported a factor 1.90 more events for Creighton Deep (or more precisely 0.0001exp(0.0064z) where z is the 

depth in metres) and Martinsson & Törnman (2019) reported a factor 1.94 for the Malmberget mine 

(although rather uncertain due to limited data). The conditions mentioned above emphasise the need for 

fast and accurate automatic processing without human limitations. 

3 Bayesian estimation of mining-induced seismicity 

BEMIS is a module-based processing platform for seismic data. The guidelines used in the development of 

each module in BEMIS are to apply: 1) robust Bayesian statistics; 2) capture and include the underlying 

uncertainties; and 3) automatically compensate for systematic errors that deviate from the assumed model 

(i.e. solve the Swiss cheese problem). Following these three guidelines, the objective is to obtain robust, 

reliable and precise estimates, respectively, in each module. 

To keep realistic descriptions of the uncertainties throughout the entire processing chain, the input to and 

output from each module in BEMIS are described by probability distributions, rather than values. We also 

use customised Markov-Chain Monte-Carlo (MCMC) methods for inference (Martinsson 2012), enabling us 

to work with realistic distributions and non-linear relationships of model parameters at the cost of increased 

computational complexity and convergence analysis (Kruschke 2014). 

In sequential analysis based on BEMIS results, the information delivered can easily be filtered or weighted 

based on the associated uncertainties with all values. The uncertainties give a measure of estimation quality 

and we will show a few examples of this below. Without confidence in a value, that value is meaningless and 

may impair subsequent analysis and conclusions. 

3.1 Classification 

The classification in the current BEMIS platform is defined by several measures (e.g. waveform time-series 

analysis, volume of the hypocentre distribution, uncertainty in magnitude, etc.). For further analysis, e.g. in 

mXrap (Harris & Wesseloo 2015), the more interested users are allowed to adjust the classification criterion 

from the default settings. For example, to detect seismic structures, it is favourable to only include 

well-located events (i.e. where the uncertainty volume is small), while studying the activity in an area with 

poor sensor coverage (see Section 3.2 and Figure 5), it may be interesting to include events where the 

location is more uncertain. 

In Figure 4, we compare the classification of events between BEMIS and routine manual processing (RMP) 

using a frequency–magnitude chart. The black curve represents the events that BEMIS rejects but RMP 

accepts. These events have significantly different statistics (b-values) compared to, for example, the events 

that both BEMIS and RMP accepts in pink. The majority of the events in black are orepass noises based on 

waveform analysis, size (Figure 4) and spatial (Figure A2) distribution of the events. In sequential analysis, 

like estimating the seismic hazard within the area, these events should be discarded. 

The green curve represents the events that BEMIS accepts but RMP rejects and it follows the same 

characteristics as the pink curve. This partly explains the difference seen between BEMIS and RMP in Figure 5 

where genuine events are lost. 
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Figure 4 Here we see how Bayesian estimation of mining-induced seismicity (BEMIS) automatically 

classifies events compared to routine manual processing (RMP) seen from a Gutenberg–Richter 

perspective. The data shown is for 20 days in Malmberget using default classification settings in 

BEMIS. Black curve represents the events that BEMIS rejects but RMP accepts. The green curve 

represents the events that BEMIS accepts but RMP rejects. The events in the black curve are 

mainly orepass noise (e.g. Figure A2) and should be discarded to not degrade the quality of 

seismological analysis of the catalogue. 

3.2 Location and source parameters 

The hypocentre estimation algorithm described in Martinsson (2012) consists of both soft and hard 

restrictions where the soft restrictions regularise the solution towards realistic and more likely regions when 

the evidence (i.e. likelihood) is weak. The hard restrictions consist of the extracted rock mass and surface 

restrictions, forcing the estimates to occur in the rock mass. In both LKAB mines, these restriction models 

(i.e. prior distributions) are estimated automatically. We use previous seismicity for the soft restrictions to 

model the seismically active regions, and production blasts and surface topology map for the 

hard restrictions. 

Using a prior distribution in BEMIS is optional but highly recommended. The prior distribution captures our 

prior beliefs and is particularly useful when we have inconsistent or too few arrivals to form a single 

conclusion (i.e. a unique hypocentre), as shown in Martinsson (2012). It can be shown that if the prior 

information is correct, the Bayesian solution is optimal on average (Kay 1993). Here we must emphasise that 

our prior distribution is a model based on recent observations and is never perfect, however, a model that 

captures the main features of the seismically active regions is considerably better (from a mean square error 

perspective) than neglecting prior information and resorting to flat prior distributions where events equally 

likely can occur anywhere. 

An advantage of applying robust Bayesian statistics is that we increase the sensitivity of the measurement 

system without adding more sensors, simply by providing algorithms that can locate events with far less 

arrivals or events containing outliers. In Figure 5, we see a comparison in Malmberget, during the same time 

period, between the RMP and automatic processing using robust Bayesian statistics in BEMIS. In areas with 

low sensor coverage, BEMIS can locate up to six times more events using the same data. We also see the 

effects of neglecting prior information in Figure 5a, e.g. where events are located above the surface and 

within extracted rock mass. 
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(a) (b) 

Figure 5 A comparison in Malmberget of located events between: (a) Routine manual processing; 

(b) BEMIS auto-processing. The grey surveys are the surface map and blue and red surveys 

correspond to the orebody and extracted rock mass, respectively. The dots correspond to the 

event locations and are coloured by magnitude. Black triangles are the sensors 

The algorithm has been evaluated using blasts with known coordinates (Martinsson 2012) and is currently 

running in parallel with RMP since 2015 in Malmberget and since 2017 in Kiruna. Additionally, off-line batch 

processing has been conducted of the seismic data from Boliden’s mine in Garpenberg (Sweden). Here we 

will present some of the findings explaining the strengths of using BEMIS and comparisons to RMP. 

In Table 1, a comparison of the location accuracy and precision between RMP and BEMIS automatic 

processing is given, and the results are based on 290 blasts with known coordinates. Using BEMIS reduces 

the location errors by a factor 3.7 in Kiruna (based on 229 blasts) and by a factor 4.6 in Malmberget (based 

on 61 blasts). Additionally, the standard deviations of the location errors are reduced by a factor 7.0 in Kiruna 

and a factor 4.8 in Malmberget indicating a significant improvement in hypocentre precision (in a  

least-squares sense). 

Table 1 Comparison of the location accuracy and precision using routine manual processing (RMP) and 

BEMIS automatic processing based on 290 blasts (between year 2008 to 2017) with known 

coordinates out of which 229 are in the Kiruna mine and 61 are in the Malmberget mine 

 Kiruna 229 blasts 

RMP/BEMIS 

Malmberget 61 blasts 

RMP/BEMIS 

Mean location error (m): 51.8/13.9 48.3/10.6 

Standard deviation of location error (m): 140.2/19.9 54.2/11.3 

The inclusion of uncertainties in arrival times, velocities, and ray paths, is naturally propagated to the 

hypocentre estimates using MCMC sampling methods (Martinsson 2012). This approach in combination with 

sampling algorithms provides realistic uncertainty estimates that depend on all the involved uncertainties as 

well as the configuration of the sensors (Martinsson 2012). Here, 95% of the known blasts are within the 95% 

uncertainty region (Martinsson 2012). In Figure 6, we see an example of the uncertainty region visualised 

in mXrap. 
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Figure 6 Example of a hypocentre distribution for an event in Malmberget and shown here in mXrap. The 

hypocentre distribution is represented by the most probable coordinate (the pink sphere) and 

different degrees of location uncertainty as volume contours in different colours. The uncertainty 

volume appears automatically in mXrap by clicking on the event marker 

A solution to the Swiss cheese problem is essential in locating events, whether processing is done manually 

or automatically. In the location algorithm, a solution can be obtained by calibration events with known 

locations (such as blasts or mechanically induced events), or the surrounding seismicity itself, or both (see 

Martinsson 2012 for more details). The benefits of using the surrounding seismicity is that calibration can be 

conducted automatically without any additional resources and it will also give us significantly more 

calibration points. Additionally, calibrations based on the surrounding seismicity is not restricted to the 

mine’s infrastructure where specific calibration events can be conducted, and consequently we obtain 

calibrations from the most important regions where we have induced seismicity. 

In BEMIS, we continuously calibrate each sensor for the Swiss cheese and corresponding changes, and new 

sensors that are installed follow the same approach. These calibrations are all spatiotemporal and include, 

for example, velocities, angle of first arrivals, and size and frequency-dependent attenuations. These are all 

needed to calibrate for the heterogeneities (i.e. the Swiss cheese) when estimating parameters such as 

hypocentre, moment tensors, energies and dynamic source parameters. We visualise some interesting 

calibration data for a few sensors in Appendix B. 

Source parameters like seismic moment, source radius, and apparent stress are of importance for the mine 

and necessary in determining the physics of the event. These parameters are usually derived from the 

spectral parameters (Ω0, fc) in Brune’s model (Brune 1970). However, the estimated parameters are 

commonly associated with large uncertainties and this is especially true in mines where the data are 

subjected to near-field effects, ambient noises, as well as large path and size dependent variations in the rock 

mass. These effects are difficult to physically model but they can be compensated for in BEMIS by solving the 

Swiss cheese problem. In Figure 7, we see an example of this in BEMIS when estimating the spectral 

parameters (Ω0, fc) for an arbitrary event in Kiruna. The plots in the rightmost column are the observed 

spectra in cyan, blue and magenta for closest sensor, middle sensor and furthest sensor from source, 

respectively. The observed spectra are shown together with the modelled spectra with and without a solution 

to the Swiss cheese problem in black and red, respectively.  

We clearly see the effect of solving the Swiss cheese problem as the model in black captures both 

heterogeneities and site effects. The reduced modelling errors leads to improved precision compared to the 

homogeneous model shown in red. 
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Figure 7 Bayesian inference of the underlying parameters (Ω0, fc) in Brunes’s model (Brune 1970) to 

determine the source parameters (e.g. seismic moment, seismic energy, and apparent stress) for 

one arbitrary event. The lower left corner depicts the observed site spectra coloured by  

ray-length. The plots in the rightmost column are the observed spectra in cyan, blue and 

magenta for closest sensor, middle sensor and furthest sensor from source, respectively, and are 

shown together with the modelled spectra in red using homogeneous assumption and in black 

(with corresponding 95% uncertainty) using BEMIS. The solution to the Swiss cheese problem is 

clearly visible as frequency-dependent resonances in black resemble the observed spectra and 

depart significantly from the homogeneous assumptions provided in red 

3.3 Prediction models 

The increased number of locatable events (Figure 5) in combination with quality measures on all parameters 

(Figures 6 and 7) given by BEMIS auto-processing, provides a unique opportunity for robust prediction of 

future seismicity (Martinsson & Törnman 2019). In Figure 8, an example of weekly predictions of the activity 

is presented for three orebodies in Malmberget, capturing the observed activity. We also see exponential 

decays of the activity when mining stops and accumulation when mining continues. These decay times can 

be expressed as seismic half-lives (Martinsson & Törnman 2019) and is defined here as the amount of time 

required for the activity to fall (or rise) half ways to its steady-state value, if we would decrease (or increase) 

the production by a certain amount at present time. Interestingly, the half-lives for the seven orebodies in 

the study ranges from two weeks up to 10 weeks (Martinsson & Törnman 2019). 
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Figure 8 Weekly predictions of the induced activity in the three out of seven orebodies (from Martinsson 

& Törnman 2019). The predictions are compared against the actual observations shown as black 

dots. The green dashed curve represents the planned weekly accumulative rock mass retrieved 

by the planned production blasts in the orebody, and is used as a predictor in the model. The 

red curve shows the median prediction and the light red and dark red regions are the 50% and 

95% prediction intervals, respectively 

The activity is one important piece of information in customising production plans and gives an indication of 

the seismic response to production. However, it does not tell us about the size of the events. In Figure 9, we 

generalised the Gutenberg–Richter relationship to incorporate the measurement system and spatiotemporal 

variations of both the system’s sensitivity as well as the seismic activity (Martinsson & Jonsson 2018). This is 

important as spatiotemporal variations are common due to the excavation being the driving force combined 

with local changes and expansions of the measurement system. 
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(a) (b) 

Figure 9 Observations (dots) and fitted probability density (black curves) in linear (top) and logarithmic 

(bottom) vertical scales (from Martinsson & Jonsson 2018): (a) Malmberget and the orebody 

Dennewitz; (b) Southern California. Black curves are the proposed generalised  

Gutenberg–Richter law. Red curve represents the maximum likelihood estimate based on 

estimated magnitude of completeness using the goodness-of-fit test (Martinsson & Jonsson 2018). 

Dashed green curve is the simplest distribution model (Martinsson & Jonsson 2018) 

3.4 Tomographic models 

From the residues of solving the Swiss cheese problem, tomographic images can be created to describe the 

rock mass. The resolution of the tomographic images depends on the amount of data (i.e. ray coverage) and 

the quality of the data. Applying BEMIS auto-processing, the ray coverage is increased an order of magnitude 

compared to manual processing. It is a multiplicative effect of the increased number of sensors considered 

in the processing of the events as shown in Figure 2 and the increased number of detectable events seen in 

Figure 5. Additionally, the statistical approach adopted in all modules in BEMIS means that all values are 

associated with a measure of quality. As with all sequential processing in BEMIS, this quality measure is taken 

into account when constructing tomographic images of the rock mass. Tomographic images can be used to 

map stress changes, excavated volumes and geological variations in the rock mass and may therefore, be 

valuable information in the design of infrastructure, exploration and in hazard assessments in mines. 

In Figure 10, we observe a slice of the estimated P-velocity along one of the orebodies in Malmberget for a 

certain time window. Images of the rock mass can also be generated from other parameters in the calibration 

such as the S-wave velocity and the energy attenuation in the rock mass (see Appendix B). 

 

Figure 10 Example of a tomographic slice along the dip of one orebody in Malmberget mine where the 

black dots are recent events recorded in the slice, where shown events are mainly located in high 

P-velocity zones or in boundaries between high and low P-velocity zones 
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4 Automatic processing limitations 

Automatic algorithms also have limitations. The algorithms are commonly developed based on assumed 

operating conditions and special cases. If events are recorded that do not fulfil these conditions, automatic 

algorithms may fail in delivering satisfying results in rare cases. These could be, for example, if several events 

occur at the same time and are associated as one by the system, or if the data is corrupted. Normally, these 

are conditions that are equally difficult for manual processing. Fortunately, for failed events, alarms can easily 

be raised when automatic algorithms fail to deliver satisfying results based on numerous quality measures. 

Natural covariates for alarm algorithms are different quality measures that are delivered with the final result 

(e.g. the Deviance Information Criteria in Gelman et al. 2004) in combination with the number of waveforms 

included. This easily detects if a large event is problematic to process, which is of primarily importance. For 

smaller events, with only a handful of waveforms, it is naturally more difficult for algorithms and humans as 

there is little evidence provided. Fortunately, these events are of lesser importance for the mine. In BEMIS, 

failed events are logged for further analysis and currently these logs contain far less than one per thousand 

processed events. This could be compared against individual differences in rejection and acceptance shown 

in Appendix A and Figure A1. As opposed to manual processing, algorithmic fixes to special scenarios that do 

not fulfil previously assumed operating conditions will apply to all data. 

5 Conclusion 

Increasing the sensitivity of the seismic measurement system by introducing more sensors will quickly 

approach the limit of the capabilities of manual processing. For Malmberget and Kiruna mines only a fraction 

of the available data is used to locate the events. The future of mining involves a huge amount of sensors of 

different kinds and this future should also belong to seismic monitoring and analysis. We need more sensors 

to understand the rock mass and our impact on it in both small local volumes of interest and scaling up to 

large, mine-wide volumes. The future of seismic monitoring requires fast and accurate automatic processing 

of all events without human limitations. 

Processing seismic data with satisfying results in a mining environment is a challenging task due to excavated 

volumes, complex geology, large stress changes and spatiotemporal noises. We show that this task can be 

solved automatically by compensating for the environment at each site, using the surrounding seismicity as 

calibration data. Additionally, we show that the compensation data itself can be used to analyse the rock 

mass using tomographic techniques. 

Based on 290 blasts with known locations, the automatic processing surpasses human processing in both 

accuracy and precision by an order of magnitude. For mining-induced events, the algorithm detects 

significantly more events and resulting clusters of events are more sharply resolved. Additionally, the 

frequency–magnitude charts indicate improved classification of the events, e.g. the majority of the orepass 

noise is correctly identified, leading to a much improved catalogue for better seismological analysis than is 

possible with manually processed data. The inclusion of uncertainties and the use of statistical models 

combined with customised inference methods, means that the automatic algorithms can use significantly 

more data to process the events and additionally provide realistic uncertainties of the resulting parameters. 

These uncertainties (quality measures) are used to weight or filter the result in sequential analysis. 

The automatic algorithms developed are included in a processing package for mining-induced events called 

BEMIS. It provides a faster, more accurate and cost-effective alternative for bulk processing of the seismic 

data, allowing the mine’s seismic specialist to focus their attention on the largest or the most complex events 

and provide expert interpretation. 
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Appendix 

This section contains additional information regarding classification of events in Section A and illustrations of 

heterogeneous rock mass seen from the sensors at different mines in Section B. 

A Classification 
In Figure A1, we have used the same 500 events from Malmberget that were processed by the RMP and 

additionally processed by 16 professional processors. Here we compare against the RMP conducted by a 

larger group of individuals. From Figure 2 we can conclude that compared to RMP: 

 Each professional processor differs significantly in similarity against RMP in determining if an event 

should be rejected or accepted. 

 There is a significant difference between the classification results among the 16 professional 

processors. 

 Given a certain classification threshold, an automatic algorithm cannot be distinguished among the 

16 processors. 

 

Figure A1 Receiver operating characteristic curves for the classification algorithm (red square) and 

16 experienced processors (blue dots) when compared against routine manual processing (RMP) 

in Malmberget. The true positive (TP) factor and true negative (TN) factor are shown on different 

axes. A high TN factor means that we reject the events as noise similar to RMP and a high TP 

factor means that we accept the events as seismic events similar to RMP (where a factor 1.0 on 

both axes gives identical results to routine manual processing). The red curve shows the TP and 

TN for different classification thresholds in the classification algorithm and we select a value 

trying to obtain both a high TP and TN provided by the red square 

In Figure A2, we compare RMP with BEMIS auto-processing with emphasis to reduce orepass noise while 

preserving genuine events. We observe an improved resolution using BEMIS especially around the orepasses 

where we are able to easily distinguish them apart and associate clusters of events to the specific orepasses 

shown as vertical lines. 
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(a) (b) 

Figure A2 Comparison in Kiruna between (a) Routine manual processing and (b) BEMIS auto-processing. 

Orepasses are visualised as vertical grey dashed lines. As opposed to the comparison in Figure 5, 

using default BEMIS settings, we choose in (b) to visualise only well-located events with small 

uncertainty volume to emphasise this feature in BEMIS. The effect is that orepass noise is 

significantly reduced while preserving genuine events. The middle cluster contains one large 

event in orange (occurred in December 2019) and multiple aftershocks are preserved. The blue 

surveys are the extracted rock mass 

B Calibration data for each sensor 

Here we look into the internal workings of BEMIS and visualise the raw data used to solve the Swiss cheese 

problem for each site. Examples are shown for three different mines (Malberget, Kiruna and Garpenberg) 

and illustrate the heterogeneities in the rock mass. In Figure B1, we see examples of velocity and rotation as 

seen by different sensors. In Figure B2, we see the differences in attenuation as seen by two sensors opposite 

the excavated rock. 

  

(a) (b) 

Figure B1 Examples of calibration data used to solve Swiss cheese problem: (a) P-wave velocities for 

sensor 44 in Malmberget; (b) Angular deviation θc (radians) of first motion in relation to 

homogeneous rock mass for sensor 27 in Garpenberg 
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(a) (b) 

Figure B2 Example of the compensation for the expected energies between a sensor (black diamond) 

placed in (a) Footwall, and (b) Hanging wall, shown in the lake-ore part in the Kiruna mine. 

The dots are the events, coloured as a logged gain factor (including the site amplification for the 

sensor) in relation to the expected event energy in a homogeneous rock mass. The figures show 

the large energy absorption caused by the extracted rock mass in the middle of the sensors 

(i.e. between the ‘bunny-ears’ in both figures). This compensation is needed to obtain more 

precise event energy estimation 

References 

Brune, J 1970, ’Tectonic stress and the spectra of seismic shear waves from earthquakes’, Journal of Geophysical Research, vol. 75, 

issue 26, pp. 4997–5009. 

Gelman, A, Carlin, JB, Stern, HS & Rubin, DB 2004, Bayesian Data Analysis, 2nd edn, Chapman & Hall/CRC, London. 
Harris, PH & Wesseloo, J 2015, mXrap, version 5, computer software, Australian Centre for Geomechanics, The University of Western 

Australia, Perth, www.mxrap.com 
Kay, S 1993, Fundamentals of Statistical Signal Processing: Estimation Theory, volume 1, Prentice Hall, Upper Saddle River. 
Kruschke, J 2014, Doing Bayesian Data Analysis: A Tutorial Introduction with R, JAGS and Stan, 2nd edn, Elsevier Science, London. 

Martinsson, J 2012, ‘Robust Bayesian hypocentre and uncertainty region estimation: the effect of heavy-tailed distributions and prior 

information in cases with poor, inconsistent and insufficient arrival times’, Geophysical Journal International, vol. 192, issue 3, 

pp. 1156–1178. 
Martinsson, J & Jonsson, A 2018, ‘A new model for the distribution of observable earthquake magnitudes and applications to b-value 

estimation’, IEEE Geoscience and Remote Sensing Letters, vol. 15, issue 6, pp. 833–837. 
Martinsson, J & Törnman, W 2019, ‘Modelling the Dynamic Relationship Between Mining Induced Seismic Activity and Production 

Rates, Depth and Size: A Mine-Wide Hierarchical Model’, Pure and Applied Geophysics, vol. 177, pp. 2619–2639. 
Nordqvist, A & Wimmer, M 2016, ‘Holistic approach to study gravity flow at the Kiruna sublevel caving mine’, Proceedings of the 

Seventh International Conference and Exhibition on Mass Mining, The Australasian Institute of Mining and Metallurgy, 

Carlton, pp. 401–414. 
Nordström, E, Dineva, S & Nordlund, E 2020, ‘Back analysis of short-term seismic hazard indicators of larger seismic events in deep 

underground mines (LKAB, Kiirunavaara mine, Sweden)’, Pure and Applied Geophysics, vol. 177, issue 2, pp. 763–785. 
Pintelton, R & Schoukens, J 2001, System Identification: A Frequency Domain Approach, Wiley-IEEE Press, Piscataway. 
Wettainen, T & Martinsson, J 2014, ‘Estimation of future ground vibration levels in Malmberget town due to mining-induced seismic 

activity’, Journal of the Southern African Institute of Mining and Metallurgy, Johannesburg, vol. 114, pp. 835–843. 
Sjöberg, J, Dahnér, C, Malmgren, L & Perman, F 2011, ‘Forensic analysis of a rockburst event at the Kiirunavaara Mine – results and 

implications for the future’, in D Sainsbury, R Hart, C Detournay & M Nelson (eds), Proceedings of the 2nd International 

FLAC/DEM Symposium, Itasca International Inc., Minneapolis, pp. 67–74. 

Reliable automatic processing of seismic events: solving
the Swiss cheese problem

W Törnman and J Martinsson

170 Underground Mining Technology 2020



Troll, VR, Weis, FA, Jonsson, E, Andersson, UB, Majidi, SA, Högdahl, K…& Nilsson, KP 2019, ‘Global Fe–O isotope correlation reveals 

magmatic origin of Kiruna-type apatite-iron oxide ores’, Nature Communications, vol. 10, https://doi.org/ 10.1038/s41467-

019-09244-4 

Vallejos, J & McKinnon, S 2011, ‘Correlations between mining and seismicity for re-entry protocol development’, International Journal 

of Rock Mechanics and Mining Sciences, vol. 48, issue 4, pp. 616–625. 

Vatcher, J, McKinnon, S & Sjöberg, J 2015, ‘Developing 3-D mine-scale geomechanical models in complex geological environments, 

as applied to the Kiirunavaara mine’, Engineering Geology, vol. 36, https://doi.org/10.1016/j.enggeo.2015.07.020 
Vatcher, J, McKinnon, S & Sjöberg, J 2018, ‘Rock mass characteristics and tomographic data’, Rock Mechanics and Rock Engineering, 

vol. 51, pp. 1615–1619. 

  

Seismicity

Underground Mining Technology 2020 171



 

Reliable automatic processing of seismic events: solving
the Swiss cheese problem

W Törnman and J Martinsson

172 Underground Mining Technology 2020



Paper B

Robust Bayesian Estimator for
S-Wave Spectra, Using a Combined

Empirical Green’s Function.

Authors:
W. Törnman, J. Martinsson & S. Dineva.

Paper originally published in:
Geophys. J. Int. (2021) 00, 1

c© 2021, The Author(s), doi: 10.1093/gji/ggab184.

89



90 Paper B
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as likelihood function together with informative prior distributions for increased
robustness against outliers and extreme values. The model includes the observed
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and path-dependent terms in the description of the observed spectra by combining
a physical source and attenuation model with a spatially and event-size dependent
empirical compensation. The proposed method propagates estimation uncertain-
ties along the entire processing chain starting from the hypocentre location and
delivers reliable uncertainty description of the estimands. The objective is to au-
tomatically provide robust and valid descriptions of the observed S-wave spectra
generated from an earthquake source in a noisy and heterogeneous environment.
The efficiency of the method is tested with synthetic seismograms, and the model
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S U M M A R Y
We propose a new fully automatic and robust Bayesian method to estimate precise and reliable
model parameters describing the observed S-wave spectra. All the spectra associated with
each event are modelled jointly, using a t-distribution as likelihood function together with
informative prior distributions for increased robustness against outliers and extreme values.
The model includes the observed noise and a combined empirical Green’s function. It cap-
tures source-, receiver- and path-dependent terms in the description of the observed spectra by
combining a physical source and attenuation model with a spatially and event-size dependent
empirical compensation. The proposed method propagates estimation uncertainties along the
entire processing chain starting from the hypocentre location and delivers reliable uncertainty
description of the estimands. The objective is to automatically provide robust and valid de-
scriptions of the observed S-wave spectra generated from an earthquake source in a noisy
and heterogeneous environment. The efficiency of the method is tested with synthetic seismo-
grams, and the model is calibrated and cross-validated using 31 640 mining induced seismic
events in a iron ore mine (in north of Sweden) with an comprehensive seismic network. The
model is evaluated using both posterior predictive checks and residual analysis and we found
no evidence that indicates any model deficiencies with respect to central tendency, dispersion
and residual trends.

Key words: Probability distributions; Earthquake dynamics; Induced seismicity; Statistical
seismology.

L I S T O F S Y M B O L S

F Fourier transform.

ijk The ith frequency coefficient for jth sensor in kth event.

Yij Observed S-wave spectra.

φ Parameter vector [�0, fc, n, Q, β] used in μij(φ) and σ 2
i j (φ).

μij Combined model (for the logged S-wave spectra).

Si Source model.

�0 Amplitude of source model (∝M0).

fc Corner frequency.

n Spectral fit parameter (high-frequency falloff rate).

Gij Combined Empirical Green’s Function (CEGF).

Aij Modelled attenuation.

Q Quality factor.

β Spreading parameter.

Eij Empirical compensation.

Nij Observed noise spectra (obtained prior to P-wave onset).

σ 2
i j Propagated uncertainty.

σ 2
Ei j

Uncertainty in Eij.

σ 2
r j

Uncertainties in ray length.

σ 2
t0

Uncertainties in origin time.

C© The Author(s) 2021. Published by Oxford University Press on behalf of the American Society for Nutrition. This is an Open Access
article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which
permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited 1
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σ 2
0 Uncaptured uncertainties.

Rijk Model residual.

p̂ Estimated hypocentre.

V Expected S-wave velocity between jth sensor and p̂.

rj Expected distance between jth sensor and p̂.

tj Expected travel time between jth sensor and p̂.

K j Set of event indices triggered by the jth sensor in the calibration
data set.

ν Normality parameter, parameter controlling the tail width in a
t-distribution.

θ Parameter vector [φ, ν, σ 2
0 ], containing both the physical param-

eter vector φ and the statistical parameters ν, σ 2
0 .

λν , λσ Hyperparameters, defines the prior distributions for ν and
σ 2

0 , respectively.

μm, 	m Hyperparameters, defines the prior distributions for
log ([�0, fc]) in model m ∈ {A, B}.

aB, bB Hyperparameters, defines the prior distributions for n in
Model B.

1 I N T RO D U C T I O N

Seismic source parameters like seismic moment, seismic energy,
source radius and stress drop are important parameters for under-
standing the physics of earthquakes (Prieto et al. 2007; Van Houtte
& Denolle 2018). Additionally, these parameters are commonly
used in subsequent analysis, for example in hazard assessments
(Cornell 1968; Wesseloo 2018) or aftershock analysis (Kozlowska
et al. 2020), but their estimation uncertainties and systematic de-
viations are often overlooked. For instance, in sequential analysis
using cumulative measures (see e.g. Thelen et al. 2010; Nordström
et al. 2020) there is a risk of aggravating the biases as a result of
the accumulation of systematic errors. For induced seismicity, like
mining, the seismic waves are significantly influenced by hetero-
geneities along the propagation path and ambient noises causing
uncertain estimates of the source parameters.

While this is also valid for tectonic seismicity, it is especially
challenging for mining induced seismicity as investigated here in
LKAB’s underground iron-ore mine located in Kiruna, Sweden (see
Fig. 1 for a horizontal overview). In this mine, the rock mass con-
tains large heterogeneities relative to the lengths of the ray paths be-
tween the events and the sensors (e.g. extracted rock mass, zones of
fractured rock, large geological and stress variations as explained in
Sjöberg et al. 2012; Vatcher et al. 2014; Nordqvist & Wimmer 2016;
Vatcher 2017; Svartsjaern & Saiang 2017; Troll et al. 2019). Also,
the earthquakes are usually small in size (99 per cent with Mw < 1)
with low signal-to-noise ratio (SNR) and the recorded waveforms
are commonly contaminated with disturbances from mining oper-
ations (e.g. blasting, scaling, drilling, crushing, mucking, pumps,
ventilation and heavy vehicles). Additionally, the sensors are placed
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Figure 1. Horizontal view of the mine depicted in the mine’s coordinate
system. Grey lines correspond to the old haulage level (z = 1045 m) and
the closest production level (z = 1051 m). Orange triangles represent the
sensors in seismic measurement system. The coloured dots represent a subset
of events used for model validation (further information in Section 3) and
are coloured according to the estimated event size �0. The histograms in
subfigure to the right-hand side shows the depth (z) distribution of the events
and sensors in magenta and orange, respectively.

within active event clusters as shown in Fig. 1 where multiple sen-
sors may end up within the source radius, causing near-field effects
like complex waveforms, flat spectra and resonans patterns (see e.g
Mikumo & Miyatake 1978; Vidale et al. 1995; Legrand & Delouis
1999; Yamada & Mori 2009). Therefore we claim that it is of equal
importance to estimate the corresponding uncertainties as the source
parameter values themselves. If we do not have any confidence in a
value, that value is meaningless, and may impair subsequent anal-
ysis and conclusions. For example, estimates of stress drop may
vary several orders of magnitude between individual studies (as
discussed in Abercrombie 2015; Abercrombie et al. 2016) and if
used for estimation of strong ground motions (see e.g. Oth et al.
2017) for hazard assessments it may have severe consequences. Es-
pecially, if the estimates lack confidence or the sequential models
do not account for it.

Source parameters can be estimated by fitting the source model to
attenuation-corrected spectra (see e.g. Oye et al. 2005; Shearer et al.
2006) or by fitting the observed spectra where the model describes
the attenuation (see e.g. Ide et al. 2003; Supino et al. 2019). The
benefit with attenuation-corrected spectra is that they can be stacked
together to estimate a mean spectrum for every sensor and therefore
partly compensates for radiation-pattern effects (Oye et al. 2005).
It is a computationally fast method that results in a smooth source-
spectra, but it relies on removing the frequency coefficients that are
under the influence of noise to obtain good model fit. Additionally,
stacking based on sample mean is also sensitive to outliers (see e.g.
Gelman et al. 2004; Martinsson 2012; Kruschke 2014).

Challenges such as mining disturbances, extreme values and out-
liers, associated with arrival times obtained from automatic location
procedures (see e.g. Martinsson 2012) in heterogeneous environ-
ments increase the demand on robust automatic source parameter
estimation with respect to uncertainties and outliers in the input data
(Ross & Ben-Zion 2016). Estimates of the uncertainty can be ob-
tained in different ways. For example, it can be estimated by: taking
the standard deviation of the estimates for each spectrum (Caprio
et al. 2011); removing one sensor at a time using the jackknife
method (Prieto et al. 2007); taking the variance weighted uncer-
tainly (Supino et al. 2019) where the variance for each spectrum are
obtained using Gaussian assumptions and estimated with Markov
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chain Monte Carlo (MCMC) methods (Gelman & Hill 2006; Kr-
uschke 2014); evaluating the skewness of the misfit function (De-
nolle & Shearer 2016).

Instead of iterative methods, we rely on the benefits provided by
a joint estimation procedure (see e.g. Gelman et al. 2004; Kruschke
2014; Martinsson & Törnman 2019) and propose a MCMC estima-
tion method similar as Supino et al. (2019) but here the observed
spectra Yij are modelled jointly for the ith frequency coefficient in the
jth site. A valid description of all the observations are an important
part of model validation (Pintelton & Schoukens 2001; Gelman et al.
2004; Kruschke 2014; Martinsson & Törnman 2019). If a model is
not able to properly describe all the observations, in terms of central
tendency and dispersion, then inference obtained using the model
can not be trusted. For robust methods, this description must also
include disturbances, outliers and extreme values. As opposed to us-
ing a Gaussian distribution for the likelihood (Supino et al. 2019),
we propose instead a Student’s t-distribution due to its robustness
against outliers and extreme values (Gelman et al. 2004; Martinsson
2012; Kruschke 2014). For example, in Martinsson (2012) it has
been shown that the Gaussian distribution in particular, performs
poorly and is very sensitive to a single outlier value when estimating
the hypocentre. Using it in presence of possible outliers, will result
in biased estimates and unrealistic uncertainty regions; favouring
heavy-tailed distributions. The t-distribution is symmetric and bell-
shaped like the normal distribution but has heavier tails. The tail
mass is controlled with an additional parameter ν called the degrees
of freedom when used in the Student’s t-test or the normality param-
eter when used in the proposed model to increases the robustness
against outliers (see e.g. Gelman et al. 2004; Kruschke 2014). When
ν = 1 the t-distribution takes the form of the Cauchy distribution
and when ν > 30 it is similar to the Normal distribution.

To obtain realistic estimates of the source parameters, the model
parameters need to be restricted to physically reasonable values (e.g.
they need to be larger then zero). To obtain reliable estimates with
corresponding uncertainties, the method needs to capture the cumu-
lative uncertainties along the processing chain. We propose a fully
automatic Bayesian method as in Pugh et al. (2016) that both re-
stricts the estimates with prior information as in Martinsson (2012);
Stähler & Sigloch (2014) and includes the estimated uncertainties
prior to source inversion. For instance, we include the estimated un-
certainties in the origin time σt0 and the source receiver distance σ r,
both obtained from the hypocentre estimation algorithm (described
in Martinsson 2012).

All these properties described above (e.g. robustness against out-
liers and extreme values, informative prior distributions to regu-
larize the solution, uncertainty description of the input covariates
for proper weighting) are needed to meet our objective: to de-
rive a fully automated and robust method that provides a valid
description of the observed S-wave spectra of mining induced
events. A valid description needs to capture: the variations in the
propagation medium, the variations at the source and the influ-
ence of temporal noises. We will introduce these more in the next
section.

The rest of the manuscript is structured in the following way. In
Section 2, we introduce the attenuation and source model considered
here, together with a description of the background noise. Section 3
is devoted to the mine site, the measurement system and the data.
A short introduction to Bayesian inference is given in Section 4
followed by a more detailed presentation of the Bayesian model in
Section 5. The stepwise estimation procedure is described in Sec-
tion 6 and the inferential results are presented in Section 7 followed
by discussion and conclusion in Sections 8 and 9, respectively.

2 T H E O RY

For earthquakes, the source, the paths and site effects are challeng-
ing to distinguish into separate terms from the observations since
the effect of each contribution is jointly connected. On the other
hand, the additive noise characteristics N can be estimated directly
from the recorded wave forms prior to the P-wave onset. From a
modelling perspective, we need to describe the observed spectra
Y using commonly accepted models describing the source S and
the attenuation A. These models usually are an oversimplification,
which leads to uncaptured behaviour embedded in the residuals. If
these behaviours are systematic for certain ray paths, they can be
estimated from training data by introducing an empirical compensa-
tion term E. The origin of E will remain unknown as Shearer et al.
(2019) stated, and we can for simplicity assume that E describes
site effects at the source (as in Shearer et al. 2006) or describes the
propagation channel as in this study. However, due to the commu-
tative property of these terms in the model Y = S(E)A + N, the
result is the same regardless if the empirical compensation term E
is devoted to the source, the propagation channel or a mix of both.
In the following three subsections we will describe the source S, the
attenuation A and the noise N more thoroughly.

2.1 Attenuation

The attenuation can be modeled in many ways and here we use a
simple model A that involves intrinsic attenuation and geometric
spreading and is defined as

A = e−π f t/Q︸ ︷︷ ︸
intrinsic

× r−β︸︷︷︸
spreading

, (1)

where the quality factor Q depends on the medium and usually
increases with depth (Patanè et al. 1994). At our shallow depths
we expect Q < 300 (O’Neill & Healy 1973; Johnson & McEvilly
1974; Wang 2004; Oye et al. 2005; Ge et al. 2009). The geometric
spreading parameter β describes the decrease in spectral level when
the wave propagates away from a source. For far-field body-waves
in homogeneous medium the wavefront is spherical with β = 1 in
comparison to surface waves where the wavefront is cylindrical with
β = 0.5. For heterogeneous medium (Drouet et al. 2011) expect β

> 1 due to scattering and reflections. Some empirical estimates of
β > 1 are observed for example by Zhu et al. (1991), Atkinson
(2004), Akinci et al. (2006), Edwards et al. (2011) and Drouet et al.
(2011).

There exist more complex attenuation models for example where
Q and β are frequency dependent (see e.g. Zhu et al. 1991) or Q in-
crease with travel time (see e.g. Wang 2004). However, the mining
environment is extremely heterogeneous (Martinsson 2012; Mar-
tinsson & Törnman 2019), containing excavated volumes, complex
geology and it is continuously changing due to continuous mining
(see e.g. Vatcher et al. 2015, 2018; Nordqvist & Wimmer 2016;
Troll et al. 2019). This changing environment causes frequency-
dependent spatiotemporal attenuation effects on the seismic waves.
These complex effects are difficult to model but can be empir-
ically estimated using traditional empirical Green’s function EGF
(Mueller 1985), multiple empirical Green’s function MEGF (Hough
1997) or combined empirical Green’s function CEGF (Shearer et al.
2006).

Traditional EGF and MEGF use smaller events in the proximity of
the source with similar source time function to estimate the impulse
response, assuming that the interevent-distance is much smaller
than the event-receiver distance. The reason for small events is that
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the source time function is shorter, generating a flatter frequency
response that hopefully spans the frequencies of larger events. The
CEGF proposed by Shearer et al. (2006) uses spatially homogeneous
attenuation (i.e. the path effects are a simple function of travel time)
together with an empirical correction for the unmodelled behaviours
in the EGF events. The CEGF works for events spanning a broad
range of magnitudes (Shearer et al. 2006), not limited to events with
one or two magnitude units greater than the smallest EGF events
(calibration events) as traditional EGF or MEGF, where the smallest
events must be discarded.

In Shearer et al. (2006, 2019), the empirical correction is based
on stacking of a large number of EGF events, resulting in a smooth
correction spectra, where each EGF event has equal impact due to
stacking. While in Abercrombie (2015), Abercrombie et al. (2016)
and Ruhl et al. (2017) the empirical correction is based only on
EGF events in the proximity of the source (i.e. within distance re-
lated to the source radius) and that mimics the target event (i.e. with
cross-correlation above a threshold). Abercrombie (2015) observed
that, including distant or dissimilar EGF events resulted in biased
estimates compared to using only similar EGF events in the prox-
imity of the source. Shearer et al. (2019) observed that stacking
of a large number of EGF events resulted in more consistent es-
timates for densely clustered earthquakes compared to traditional
EGF approaches.

Here we propose a new CEGF approach that uses all EGF events,
resulting in a smooth compensation spectra as in Shearer et al.
(2006, 2019), but it also favours similar (i.e. in size) and nearby
EGF events as in Abercrombie (2015), Abercrombie et al. (2016)
and Ruhl et al. (2017).

However, our method does not truncate calibration data with re-
spect to size, correlation or distance. Instead, we interpolate with
respect to both size and distance, where calibration events near
the source and with similar size will have a larger impact in the
estimate of the Green’s function G. We investigate appropriate in-
terpolation of the EGF events based on residual analysis using
cross-validation and simply propose one that provides the best de-
scription of our observations at hand, in terms of central tendency
and dispersion. Additionally, we also estimate the underlying un-
certainties σ 2

E for the empirical compensation spectra E, which is
part of G. The frequency- and sensor dependent uncertainty σ 2

E is
used in the Bayesian inference for proper weighting.

2.2 Source model

Two commonly used seismic source models are Brune (1970) and
Boatwright (1980), both built for circular cracks and based on far-
field assumptions. The Brune model has a broader corner compared
to the Boatwright model and this causes larger uncertainties in gen-
eral for the estimates of the frequency that defines the corner (i.e.
corner frequency). However, the broader corner may allow for more
realistic estimates of the corner frequency near the maximum fre-
quency, as observed by Ruhl et al. (2017), since the broader corner
allows for more use of the curvature in spectra. There exist more
complex source models that contain an additional source dimension
like rectangular or elliptical rupture geometries (see e.g. Savage
1972; Denolle & Shearer 2016), or models that include directional
effects (Kaneko & Shearer 2015; Abercrombie et al. 2017). Here
we use a simple Brune-type source model

S = 2π f M0

1 + ( f/ fc)n
, (2)

expressed in velocity since it is the format of the measured data, with
the parameters: corner frequency fc, seismic moment M0, and the
spectral fit parameter n (also known as the high-frequency falloff
rate for the displacement spectra). Brune (1970) proposed n = 2
which is the value most commonly used for source models (see
e.g. Oye et al. 2005; Shearer et al. 2006). However, there are many
cases where n needs to be adjusted to obtain reasonable fit (see
e.g. Brune et al. 1986; Iio 1992; Patanè et al. 1994; Abercrombie
1995; Prieto et al. 2007; Zhang et al. 2011; Ross & Ben-Zion 2016;
Van Houtte & Denolle 2018). Despite that n is mainly used as a
model fit parameter, there are some attempts to define the physical
meaning of n. For example, Frankel (1991) suggested that n depends
on the strength along the fault zone, Brune et al. (1986) observed a
positive correlation to stress drop and Lee et al. (2003) stated that
the radiated energy remains finite only if n > 1.5. Here we evaluate
two possible options of the source models

Model A:Brune-type model with fixed n (i.e. n = 2.31)
Model B:Brune-type model with event specific n, given some con-
straints (i.e. n > 1.5)

More information about the value and constraints of n in Model A
and Model B is defined in Sections 6.1 and 6.2, respectively.

2.3 Background noise

The background noise affects the observed spectra for both induced
and natural earthquakes (Zamani & Murrell 1978). The recorded
signal yt = st + nt contains both the received signal st from the
source and the noise nt for time sample t. In a mining environment
the characteristics of the noise nt are spatio-temporal (e.g. caused
by vibrations from drilling, pumps, fans, traffic, etc.) and may sig-
nificantly influence the estimated result if nt is not properly dealt
with. A typical example of spatio-temporal mining noises is shown
in Fig. 2 where the second seismogram contains periodic bursts not
related to the seismic event.

The common way to handle noise in estimating S-wave spectra is
either to only consider the frequency coefficients where the signal-
to-noise ratio (SNR) is above a specified threshold (usually set to
2 or 3, Shearer et al. 2006; Oth et al. 2011; Drouet et al. 2011;
Denolle & Shearer 2016; Ross & Ben-Zion 2016; Van Houtte &
Denolle 2018), or to weight the spectral coefficients by the SNR in
the estimation process (Boatwright et al. 1991; Maranó et al. 2017).
Truncating above a SNR threshold will neglect certain frequencies
or distant sensors despite the fact that they still carry useful in-
formation. Also, applying SNR weighting increases the impact of
sensors near the source, where part of the spectra may violate the
far-field assumption and, additionally, these near-source sensors are
more sensitive to location errors. Due to the above, near-source sen-
sors should preferably be downweighted in the estimation process,
especially those installed close to or inside the estimated source
radius.

Estimation of the source model parameters is commonly done
in the frequency domain, for example using Brune’s model. A
frequency-domain representation is often favourable from an es-
timation and a modelling point of view, providing not only a simple
mapping of models between continuous- and discrete-domain us-
ing the discrete Fourier transform (DFT, Pintelton & Schoukens
2001). The DFT also has beneficial asymptotic statistical proper-
ties of the measurement noise (Brillinger 1981; Ljung 1985), such
as uncorrelated and complex normal distributed DFT coefficients,
particularly useful in the estimation step (Kay 1993; Pintelon &
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Figure 2. Example of time, frequency and model residual representation of
two different seismograms belonging to the same event, remaining seismo-
grams for this event are shown in Fig. C1 in Appendix C. The first and third
rows show examples of two seismograms at different sensors triggered by
the event. The noise and S-wave signal windows are coloured in grey and
black, respectively, and red parts (i.e. P-wave and coda) are not considered
in the analysis. The model fit and the model residuals for both seismograms
at different sensors are provided below the seismograms in the left- and
right-hand panels, respectively. The left-hand panels show the resampled
(logarithmically spaced) noise (Nij) and signal spectra of S wave (Yij) in
grey and black, respectively, and cyan and red curves represents the model
spectra [exp (μij)] given the combined model in (5) with and without empir-
ical compensation, respectively. The modelled noise N̂i j and corresponding
uncertainty Ni j ± σN j are in solid and dashed magenta lines, respectively.
The right-hand panels show the model residuals (Rij) for the two sensors
with and without empirical compensation and noise description in cyan and
red, respectively. The orange dots in both left- and right-hand panels are the
estimated cut-off frequencies defined in Appendix A.

Schoukens 2007; Martinsson 2008). The Fourier transform F is a
linear transform where the observed spectra F(yt ) can be expressed
as F(st + nt ) = F(st ) + F(nt ). Here the received spectrum from
the source F(st ) can be expressed as the source model S multiplied
by the Green’s function G. The additive noise spectra F(nt ) can be
estimated from a time window prior to P-wave onset (shown e.g. in
Fig. 2).

To handle the influence of the background noise, we propose
a model Ŷ = SG + N of the spectra that includes the noise N
(Pintelton & Schoukens 2001) rather than to truncate or weight the
spectral coefficients by SNR. With this approach we can properly
model the spectral coefficients even under great influence from
the noise (Söderström & Stoica 1989; Ljung 1987; Pintelton &
Schoukens 2001).

3 T H E M I N E S I T E , M E A S U R E M E N T
S Y S T E M A N D DATA

The data used in the current investigation is recorded in the LKAB’s
underground mine in Kiruna, located in northern Sweden. The mine
contains the largest deposit of apatite-iron-oxide mineralizations in
the world and is the main supplier of iron ore in Europe (Troll et al.
2019). The ore body is irregular and approximately 100 m thick,
≈5 km long (in north-south direction) and plunging ≈65◦ to the east
(see e.g. Kozlowska et al. 2020, for more details). The rock mass
is heterogeneous with large variations in material density (Vatcher
et al. 2014), rock strength (Svartsjaern & Saiang 2017), wave veloc-
ity (Vatcher et al. 2018) and stresses (Sjöberg et al. 2012; Vatcher
2017). Additionally, the rock mass contains extracted volumes, al-
tered zones, clay and crush zones (Vatcher 2017), all together in-
fluencing the wave propagation in the medium. Additionally, the
sensors are usually placed where the events occur, causing small
separation between the waves (i.e. P and S wave) and multiple sen-
sors may end up inside the estimated source radius, especially for
larger events.

The seismic measurement system shown in Fig. 1 is dense es-
pecially on the footwall side where most infrastructure is placed)
and mine wide (i.e. covers the entire length of the orebody) with
approximately 250 active geophones (totally 287 installed and some
depleted thru time). Approximately half of the geophones are tri-
axial and the other half are uniaxial. The frequency responses also
differ, depending on sensor type, and roughly 47 per cent of the
geophones in the system have a natural frequency at 4.5Hz, another
49 per cent at 14Hz and finally 4 per cent at 30 Hz. The 30 Hz
sensors correspond to the oldest sensors and these are not included
in this study. The majority of the sensors are installed inside drilled
holes, mainly vertically oriented, and grouted into the rock mass.
For the three-axial sensors, we only use the sensor component that is
parallel with the hole which is for the moment the only known com-
ponent direction. The system is provided by a commercial company
(Institute of Mine Seismology) and is likely one of the largest under-
ground in-mine seismic systems in the world (Dineva & Boskovic
2017; Kozlowska et al. 2020).

The complete data set contains 31 640 seismic events recorded
between the time period from 2018.12.10 to 2019.01.24. The events
in the complete data set are chosen to have well defined locations,
with 95 per cent confidence volume of the hypocentre distribution
(Martinsson 2012) of less than 105 m3 (equivalent to a sphere with
a radius of 28.8 m). The hypocentre locations and corresponding
uncertainties are automatically estimated (see Fig 3), including the
arrival times, according to the technique described in Martinsson
(2012). The events are randomly divided into two data sets where
70 per cent of the events are used for calibration (defined as the
calibration data set) and 30 per cent for validation (defined as the
validation data set and shown in Fig. 1). For each trace (illustrated
in Fig. 2) we use the noise window nt (in grey) obtained prior to
P-wave onset, and the signal window yt (in black) defined from the
onset of the S wave with a length up to 500 ms. The S-wave windows
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Figure 3. Hypocentre and centred origin time (where t̂0 is the posterior
mode estimate of the origin time) distribution of the event in Fig. 2, where
the cyan star is the posterior mode estimate of the hypocentre. Red areas are
extracted rock-mass at the depth of the hypocentre (i.e. z ≈ 820 m), used
as hard prior restrictions in the Bayesian hypocentre estimation algorithm
(Martinsson 2012). Orange triangles are the triggered sensors by the event.
The total number of sensors are visible in Fig. 1). The lines in light and dark
grey are the tunnels at two different depths, where the depths are marked as
triangles in the z-axis on right-hand side.

considered here are slightly larger than those reported in Oye et al.
(2005) for a mine with a similar seismic measurement system.
The reason is to capture more energy for larger events. We choose
to keep the observed spectra as untampered as possible following
the guidelines in Pintelton & Schoukens (2001) using rectangular
window functions (for both yt and nt). This will also preserve the
high energetic part in yt due to the uneven energy versus time
distribution (i.e. the largest part of the energy is generally located in
the beginning of the signal window). Furthermore, we are primarily
interested in finding a model that describes our frequency-domain
observations (Kay 1993; Pintelton & Schoukens 2001) rather than
in, for example, detecting single frequency components by pushing
down side lobes (see e.g. Oye et al. 2005,using cosine taper) or
smoothing the observed spectra (see e.g. Thomson 1982; Prieto
et al. 2007, 2009, using multitaper) to reduce spectral variation.
Adopting a statistical approach as we do here, there is generally
no need to reduce spectral variations since this part is included in
the model description as dispersion. The noise spectra N and signal
spectra Y are first estimated using the DFT then resampled to 128
logarithmically spaced frequency coefficients in the interval from
14 to 1000 Hz, to reduce the number of coefficients and enhance
the impact at low frequencies (see e.g. Ide et al. 2003; Lior &
Ziv 2018). Additionally, to reduce possible electrical disturbances
that may contaminate the sensor measurements, that is 50 Hz and
overtones, we remove the corresponding DFT coefficients prior to
resampling.

4 B AY E S I A N I N F E R E N C E

One of the advantages with a Bayesian method is that it can provide
a solution even if the data is poor or inconsistent, by leaning on
the support of informative prior distributions (see e.g. Martinsson
2012). The aim of adopting Bayesian inference here is to embed
prior knowledge when estimating the source spectral parameters
of a particular event. Informed prior distributions will regularize
the Bayesian inference and provide the necessary robustness for
dealing with, for example events triggered by only a few sensors or

contaminated with outliers, inconsistent data or disturbances from
mining noise.

Bayesian inference takes us from our prior beliefs to our posterior
beliefs given some observations (i.e. likelihood) by using the Bayes’
rule which can be expressed as

p(θ |D)︸ ︷︷ ︸
posterior

= p(D|θ )︸ ︷︷ ︸
likelihood

· p(θ )︸︷︷︸
prior

/ p(D)︸ ︷︷ ︸
evidence

, (3)

where p is the probability density (or mass) function, θ represents the
parameter vector we like to infer, and D is the input data that we will
specify more in Section 5. The evidence p(D) scales the posterior
distribution to be proper (i.e. to have unit probability mass). In
reality we are mainly interested in the location and dispersion of
the parameters given the observed data, and not the true probability
density for a certain parameter value. We can therefore ignore the
evidence p(D) term which is challenging to compute, and work with
the following simplified expression

p(θ |D)︸ ︷︷ ︸
posterior

∝ p(D|θ )︸ ︷︷ ︸
likelihood

· p(θ )︸︷︷︸
prior

. (4)

For a more detailed introduction of Bayesian inference (see e.g.
Tarantola 2005; Gelman & Hill 2006; Kruschke 2014).

4.1 Inferential methods

We rely on Markov Chain Monte Carlo (MCMC) methods (Gel-
man et al. 2004; Kruschke 2014) providing realistic estimates of
credible intervals of parameter values (Martinsson 2012) compared
to, for example approximations based on derivatives. The Bayesian
inference here is based on MCMC samples from the posterior distri-
bution and the posterior predictive distribution (Gelman et al. 2004;
Kruschke 2014), with converged MCMC chains. The MCMC sam-
ples are provided by a slice sampler (Neal 2003) that are here modi-
fied to slice in the directions along the eigenvectors of the estimated
covariance matrix obtained from the burn in samples (Martinsson
& Törnman 2019). This approach is more efficient compared to
the traditional slice sampler or the commonly used Metropolis al-
gorithm (Gelman et al. 2004; Kruschke 2014) or variations of it
(Martinsson 2012). The efficiency of a sampler is usually defined
by the effective sample size (ESS, see e.g. Kruschke 2014), which
is a rough measure of number of independent samples in a chain.
Events in both the calibration and the validation data set are evalu-
ated based on 10 000 MCMC samples and with an average efficiency
of a factor 0.64 (ranging between 0.31 and 1.0) in this study, it is
more than enough to infer measures like the mean, the mode or the
standard deviation of a trace (see e.g. Kruschke 2014). Individual
events shown in this manuscript are not time critical, therefore they
are evaluated with 100 000 samples to obtain smoother histograms.
The estimated posterior distributions are summarised by the poste-
rior mode as point estimate and Highest Density Interval (HDI) as
credible interval. The HDI is the interval where all parameter values
within the interval have higher probability density than parameter
values outside the interval (see e.g. Gelman et al. 2004; Kruschke
2014).

Model validation is a central part in justifying the proposed model
(Gelman et al. 2004; Gelman & Shalizi 2013; Kruschke 2014; Mar-
tinsson & Törnman 2019). Here we evaluate the models using both
synthetic and real data. In order to trust inference obtained using
the model, the predicted data generated using the same covariates
should mimic to the actual observations. This kind of comparison
is generally termed posterior predictive check (PPC) and is useful



Robust Bayesian estimator for S-wave spectra 7

σ2 μij

aB , bBμm , ∑m
exponentialexponentialgammanormal

ij
t-distrib.

�� ��

�

Figure 4. Kruschke style diagram (Kruschke 2014) for Model B that sum-
marises both the hierarchical model and the distributional assumptions.
Upper row describes the prior distributions and corresponding hyperparam-
eters (μB, 	B, aB, bB, λσ , λν ), for the parameters to be inferred (φ, σ 2

0 , ν),
where the subscript B is used to denote Model B. The box in the middle de-
scribes the central tendency (μij), and dispersion (σ 2

i j ) for the ith frequency

coefficient in jth observed logged spectra log Yij (μij and σ 2
i j correspond to

the expected value and variance, respectively, under normal assumptions,
i.e. when ν → ∞). The same diagram applies for Model A if we replace
the Gamma distributed prior on n with a Dirac delta distribution centred at
a fixed value and thereby treating n as a known constant (i.e. as we do for Q
and β) and change the subscript to μA, 	A. Here log ([�0, fc]) = [log (�0),
log (fc)].

to detect model deficiencies. Predicted data can also be used to gen-
erate confidence regions around the observed data (Gelman et al.
2004; Kruschke 2014). The confidence regions are important to de-
termine the validity of the model and to highlight the impact of the
underlying covariates in the model (discussed later in Section 7.1
and shown in Fig. 9).

5 T H E B AY E S I A N M O D E L

We use a Bayesian framework (see e.g. Gelman et al. 2004; Kr-
uschke 2014) for joint estimation (i.e. the likelihood is a product
over i and j) of the logged observed spectra log (Yij) triggered by
the earthquake. The log-transformation provides more symmetric
model residuals (Prieto et al. 2007). A graphical illustration is pro-
vided in Fig. 4 (following Kruschke 2014; Martinsson & Törnman
2019) which summarizes both the model and distributional assump-
tions in a simple graph without extensive notations. The graphical
representation in Fig. 4 can be used in combination with open-source
statistical packages, such as Stan (Carpenter et al. 2017) or JAGS
(Plummer 2003), to implement the proposed method with limited
programming efforts (see e.g. Kruschke 2014,for an introductory
explanation on how to do it).

The estimands of interest here are the source model parameters
(�0, fc, n, where �0∝M0), the attenuation parameters (Q, β) and
the statistical parameters (ν, σ 2

0 ) which characterize the likelihood
function. To simplify notations in the equations further on, we de-
fine a joint parameter vector φ = [�0, fc, n, Q, β], that contains
the physical parameters describing the source (i.e. �0, fc, n) and
the attenuation (i.e. Q, β). The frameworks provides the posterior
distribution p(θ |D) where θ = [φ, ν, σ 2

0 ] and the input data D is the
EGF (i.e. events in training set) events, the heterogeneous velocity
model, the hypocentre and origin time distribution and the observed
noise and S-wave spectra for all sensors triggered by the earthquake.

In Bayesian statistics, the posterior probability is proportional to
the likelihood function times the prior probability, and both terms
are specified in the next two sections, respectively. After the model
is defined we continue in Section 6 to estimate the hyperparameters
and the empirical compensation data from the calibration data set,
and finally we cross-validate the proposed models in Section 7.

5.1 The likelihood

To obtain robust parameter estimates, we propose a likelihood
function [i.e. p(D|θ ) in (4)] given by the Student’s t-distribution
Li j (φ, ν, σ 2

0 |Di j ) = p(μi j (φ), σ 2
i j (φ, σ 2

0 ), ν) for ith frequency co-
efficient at the jth sensor, where ν is the normality parameter (Kr-
uschke 2014). The combined model μij(φ) in (5) and the propagating
uncertainty σ 2

i j (φ, σ 2
0 ) in (6) depends on the additional parameters:

μi j = μi j (φ) = log(Si (φ)Gi j (φ) + Ni j ), (5)

σ 2
i j = σ 2

i j (φ, σ 2
0 ) = σ 2

r j

(
∂μi j

∂r j

)2

+ σ 2
t0

(
∂μi j

∂t j

)2

+ σ 2
Ei j (φ) + σ 2

0 , (6)

where the source model and the Green’s function are given by

Si = Si (φ) = fi�0

1 + ( fi/ fc)n
, (7)

Gi j = Gi j (φ) = Ai j e
Ei j (φ), (8)

respectively, and Gij depends on the modelled attenuation

Ai j = Ai j (φ) = e−π fi t j /Q × r−β

j . (9)

The terms above depend on the model parameter vector φ = [�0,
fc, n, Q, β]. We explain these parameters more in Sections 5.1.1
and 5.1.2 next. To simplify expressions we will, when possible,
omit dependencies and use the more compact leftmost expressions
in (5)–(9). Note that Si in (7) is proportional to S in (2) as the
amplitude is proportional to the seismic moment (�0∝M0). We
have also embedded 2π in this proportionality.

Given the asymptotic statistical properties of the DFT (Brillinger
1981; Ljung 1985; Kay 1993; Pintelon & Schoukens 2007; Mar-
tinsson 2008), the joint likelihood is the product over i and j

p(D|θ ) =
∏

∀i∈I

∏
∀ j∈J

Li j (φ, ν, σ 2
0 |Di j )

=
∏

∀i∈I

∏
∀ j∈J

p(μi j (φ), σ 2
i j (φ, σ 2

0 ), ν), (10)

where I is a set of frequency coefficients (defined between the cut-
off frequencies in observed spectra as shown in Fig. 2), and J is a
set of spectra obtained from the sensors triggered by the event, as
shown in Fig. 3.

5.1.1 The combined model (μij)

The combined model μij in (5) describes the expected logged ob-
served spectra log Yij and depends on the source model Si in (7), the
combined empirical Green’s function Gij in (8) and the observed
noise spectra Nij obtained prior to the P-wave onset. Gij contains
both modelled physical attenuation Aij in (9) and the empirical
compensation Eij, where Aij combines both the intrinsic attenuation
and geometric spreading where Q and β are treated as mine wide
constants.
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5.1.2 The propagating uncertainty (σ 2
i j )

The propagating uncertainty σ 2
i j in (6) depends on the uncertainties

in: the origin time σ 2
t0

, the ray-length σ 2
r j

, the empirical compensation

σ 2
Ei j

, and the uncaptured uncertainty σ 2
0 . The uncertainties σ 2

r j
and

σ 2
t0

are obtained a priori by the location algorithm (Martinsson
2012) and the MCMC samples, where σ 2

r j
is the variance of the

distance between the jth sensor and the hypocentre distribution,
and σ 2

t0
is the variance of the origin-time estimate. See Fig. 3 for an

illustration of the MCMC samples describing the posterior estimates
of the hypocentre and the origin time. The last term σ 2

0 describes
the uncaptured uncertainty and is treated as an additional parameter
that is estimated jointly together with ν and φ for each event.

5.2 The prior probability

Prior distributions are important to restrict the estimates to realistic
values.This is also frequently applied in similar studies using non-
Bayesian methods simply by restricting the parameter space to or
between certain values (e.g. 2 ≤ n ≤ 3 or 0 < fc ≤ 0.7fmax as in
Huang et al. 2016), which is in a Bayesian context the equivalent
of uniform prior distributions spanning these domains. Restrictions
are especially important in cases with dependencies between the
parameters (Gelman & Hill 2006), as previously observed for the
source model parameters (Van Houtte & Denolle 2018; Supino
et al. 2019). For example, without restrictions we can obtain a
reasonable model-fit with unrealistic parameter estimates (e.g. n <

1.5 as observed for the grey dots in Figs 6 and 7) since one can
compensate for the other due to the pairwise correlation between
the parameters.

Instead of assigning equally likely parameter values within these
restrictions, Bayesian methods give us much more flexibility to
shape the prior distributions within these restrictions based on rel-
evant data. Relevant data can be, for example historical data as in
Martinsson (2012), data obtained from similar studies, hierarchical
approaches that estimates the prior distributions jointly with the
model parameters as in Martinsson & Törnman (2019), or using a
separate calibration data set as we do here.

To avoid unrealistic parameter estimates we define reasonable
boundaries according to the literature of credible values for φ in
Table 1, labelled as Region of Reasonable Values (RORV). These
boundaries are not to be confused with the parameter space defined
by the prior distributions and is simply used to remove unrealistic
estimates for proper model calibration of the prior distributions
used in the model. We return to it in Section 6 when we describe
the estimation process.

Without the filtering step using RORV, occasional unrealistic pa-
rameter values and outliers would widen the prior distributions and
prevent the regularization effect we are looking for by using infor-
mative prior distributions. One of the benefits of Bayesian models
is to apply informative prior distributions and the necessary support
in cases with noisy, inconclusive, and inconsistent data (see e.g.
Martinsson 2012, for the benefits of informative prior distributions
in hypocentre estimation).

The prior distribution can be factored into three different parts

p
(
φ, ν, σ 2

0

) = p (�0, fc, n) p (Q, β) p
(
ν, σ 2

0

)
, (11)

where p(�0, fc, n) is the prior of the source model parameters, p(Q,
β) is the prior of the attenuation parameters, and p(ν, σ 2

0 ) is the
prior for the statistical parameters. These three parts are defined in
the next three subsections, respectively.

5.2.1 Prior for the source model parameters p(�0, fc, n)

There is a relationship between �0 and fc (Aki 1967) that holds
for all event sizes (Sellers et al. 2003; Goodfellow & Young 2014),
where fc decrease when �0 increase. To capture the relationship
between the logged parameters we use a bivariate normal distribu-
tion as prior for [log( fc), log(�0)] ∼ N (μm, 	m), where m ∈ {A,
B} for Model A and B, respectively. In comparison to Van Houtte
& Denolle (2018), where the logged parameters are assumed inde-
pendent and assigned a normal distribution for each parameter, we
include this dependency with a joint distribution. For the falloff rate
n we have two different priors that define the difference between the
model structures defined as Model A and Model B (see Fig. 4). In
Model A, n is fixed for all events which is equivalent to assigning a
Dirac delta distribution as prior on n centred at the fixed value, while
in Model B the falloff rate n is event specific and therefore we assign
a Gamma distributed prior with shift of 1.5 to avoid non-physical
estimates according to Lee et al. (2003). The estimation procedure
for the priors based on the calibration data set is explained later in
Sections 6.1 and 6.2.

5.2.2 Prior for the attenuation parameters p(Q, β)

The attenuation parameters Q and β are treated as known constants
in the modelled attenuation Aij in (9). In Section 6.1, we describe
how the values of Q and β are obtained. Treating them as known
constants is equivalent to assigning Dirac delta distributed priors
centred around their known values.

5.2.3 Prior for the statistical parameters p(ν, σ 2
0 )

For the statistical parameters ν and σ 2
0 in the likelihood, we use ex-

ponential distributed priors following (Kruschke 2014). The prior
for the normality parameter ν is an exponential distribution shifted
with one, using an expected value of 30 as proposed by Kruschke
(2014). In Fig. 4 we adopt the simplified notations proposed by
Kruschke (2014) for the shifted exponential distribution ν − 1 ∼
Exp(λν), where λ−1

ν = 29. The shift of the prior for ν is to restrict the
likelihood to not be more extreme in the tail width than a Cauchy
distribution (i.e. when ν = 1 the t-distribution is equivalent to a
Cauchy distribution). The expected value for the prior of ν is as-
signed as the boundary when the model residual can be assumed as
Gaussian distributed (i.e. when the estimate of ν > 30).

The prior for the uncaptured uncertainty parameter is σ 2
0 ∼

Exp(λσ ). As estimated values of σ 2
0 are close to zero for the majority

of the events (see e.g. Figs 12 and D1–D7), we follow (Kruschke
2014) and choose to assign a weakly informed prior in relation to
these values using an expected value of λ−1

σ = 1. This is to obtain
a more robust Bayesian inference and to obtain converged MCMC
chain in all cases.

6 T H E E S T I M AT I O N P RO C E D U R E

We are following the principles described in Gelman & Hill (2006);
Gelman & Shalizi (2013); Lemoine (2019) to estimate the parame-
ters: starting with a model with a large degree of freedom to deter-
mine the limitations of the inference, and then narrowing it down
stepwise to obtain a well restricted model in the final analysis. Here
the estimation procedure is summarized in Fig. 5 and performed in 4
steps in a hierarchical manner, where Steps 1–3 are the calibrations
performed on calibration data to obtain informed prior distributions
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Step 1: Estimate mine wide constants (n, Q, β)
or (Q, β) for Model A or Model B, respectively.

Step 2: Estimate informative priors p(Ω0, fc) or
p(Ω0, fc, n) for Model A or Model B, respectively.

Step 3: Estimation of empirical compensation data
(Rijk, φ̂k, p̂k) necessary for E(φ, p, j) and σ2

E(φ, p, j).

Step 4: Model validation of Model A and Model B with
(E = E) and without (E = 0) empirical compensation for
different spatial (c1) and size (c2) weighting coefficients.

Model calibration, based on the calibration data set (70%)

Model validation, based on the validation data set (30%)

Figure 5. A summary of the estimation procedure. Steps 1–3 is model
calibration based on the calibration data set and Step 4 is model validation
based on the validation data set (i.e. cross-validation). In Step 1 we estimate
the fixed values assumed as known constants in the models using weakly
informative priors on φ defined in Appendix B. In Step 2 we estimate
informative priors for the event specific parameters in the models using
weakly informative priors on remaining parameters in φ, given the known
constants in Step 1. In Step 3 we estimate the empirical compensation data
necessary for the empirical model (Eij and σ 2

Ei j
), given the estimates in

Step 1, Step 2 and Model A. In Step 4 we validate the models with different
weighing coefficients to determine proper spatial and size impact in the
estimate, given Step 1, Step 2 and the empirical model relying on data from
Step 3.

Table 1. Region of Reasonable Values (RORV). To be on the safe side
we use boundaries of φ that are slightly larger than those reported in the
literature. For estimates of Q: O’Neill & Healy (1973), Johnson & McEvilly
(1974), Wang (2004), Oye et al. (2005), Ge et al. (2009), and for estimates
of n: Brune et al. (1986), Iio (1992), Patanè et al. (1994), Abercrombie
(1995), Zhang et al. (2011), Van Houtte & Denolle (2018) and for estimates
of β: Zhu et al. (1991), Kijko (1994), Legrand & Delouis (1999), Atkinson
(2004), Akinci et al. (2006), Edwards et al. (2011) and Drouet et al. (2011).

φ φmin φmax

n 1.5 4.5
Q 1.0 1000.0
β 0.5 3.0

and underlying data for the empirical compensation, and the final
Step 4 is the validation performed on validation data.

Note that in Steps 1–3 we use good quality events from the cali-
bration data set (i.e. with the certain requirements defined in Table 1)
to avoid extreme values and outliers that may affect calibration. In
the final Step 4 we process and estimate source model parameters
for all events in the validation data set, relying on the constraints
provided by the informative prior distributions and the help from
the empirical compensation given by the calibrations.

In the first step, we estimate the fixed values assumed as known
constants in the models. These fixed parameters correspond to n, Q,
β in Model A and Q, β in Model B. The second step is to estimate
the event specific priors for both models, given the fixed values in
Step 1. The third step is to estimate the data used for the empirical
compensation Eij in the Green’s function Gij, given the fixed values
in Step 1 and the informative priors in Step 2. The final step is the
model validation performed on all events in the validation data set.
Here we evaluate both source models (Model A and Model B) and
we determine the proper impact between size and distance for the
training events used in the empirical compensation, given the fixed
parameters (Step 1), estimated priors (Step 2) and the empirical

1.5 4.5

2.31

n

0 1000

88.33

Q

0.5 3.0

1.19

β

10−9 10−7 10−5 10−3 10−1 101

Ω0

100

102

f c

n < 1.5

Figure 6. Posterior mode estimate of φ = [�0, fc, n, Q, β] for events in
the calibration set, estimated with flat and weakly informative priors. The
magenta coloured histograms of n, Q and β are shown together with the
weighed average estimate for each parameter in cyan. The magenta dots in
the scatter plot, represent the accepted events with the criteria that the entire
95 per cent HDI of φk are inside the RORV (see Table 1). The corresponding
grey dots are part of the rejected events where the estimated posterior mode
of n is less than 1.5.

compensations (Step 3). We describe each of the four steps in more
detail next.

6.1 Step 1: Estimation of fixed parameters (n, Q and β)

The attenuation parameters (Q, β) and the source parameter n are
often set to constants for the combined model μij (see e.g. Oye
et al. 2005; Shearer et al. 2006). The parameters are dependent
with respect to model fit, as observed in Fig. 8, and changing one
parameter’s value will affect the estimate of the other parameter’s
value. Therefore we estimate all parameters in φ simultaneously
in this step (Gelman et al. 2004; Kruschke 2014), using weakly
informative priors on φ defined in Appendix B. The priors p(ν, σ 2

0 )
are defined in Section 5.2.3.

Since the parameters are correlated and not well restricted in
Step 1, there will be estimates where one parameter value will
compensate for another causing non-realistic parameter estimates.
Therefore, we only accept estimates of φ in the calibration set
where 95 per cent HDI of φ are in the RORV defined in Table 1. The
accepted events within the RORV are represented as the magenta
coloured dots and magenta coloured histograms in Fig. 6. The fixed
values (n, Q and β) are estimated from the accepted events as
the weighted average, where the weights are the variance of each
posterior trace. The resulting estimates in Step 1 of the mine wide
constants to be used in Steps 2–4 are: Q = 88.33, β = 1.19 (and n
= 2.31 in Model A).

6.2 Step 2: Estimation of event specific priors

In this step we narrow down credible parameter values further for
the sequential steps, by estimating informative prior distributions
for the event specific parameters (�, fc) for Model A and (�0, fc, n)
for Model B. These informative priors will increase both the robust-
ness against outliers and extreme values and also the precision of
the estimates by adding the necessary support needed in cases with
noisy, inconclusive, and inconsistent data (Martinsson 2012) and
also limit the effect of intercorrelation. The prior distributions are
illustrated in the top panel in Fig. 4 together with the hyperparame-
ters describing them. Here the hyperparameters are estimated from
the calibration data set for both models, given the fixed parameters
from Step 1 and weakly informative priors (see Appendix B) for
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Figure 7. Estimated informed prior distributions for the event specific pa-
rameters for Model A (i.e. �0 and fc) and Model B (i.e. �0, fc and n)
are shown together with the parameter estimates obtained using flat prior
distributions. Top two figures are the estimated priors for Model B based
on events where the entire 95 per cent HDI of φ is inside the RORV (see
Table 1). The dashed black contour lines correspond to log density values
for the bivariate normal, and the solid black line in the right-hand figure
corresponds to the shifted gamma distribution. The dots are coloured by
the J integral (approximated here using the Riemann sum Ĵ = ∑

∀i S2
i � fi ,

for fi = 1, 2, . . . , 104) which is proportional to the radiated seismic energy
(Ross & Ben-Zion 2016) and displays here the relationship between Ĵ , fc
and �0. The grey dots correspond to the events where 95 per cent HDI of
n �⊂ RORV and these are not used for estimating the priors in Model B. The
bottom figure shows the estimated prior for Model A based on all events in
the calibration set (coloured dots) since we consider fixed values of n, Q and
β within RORV.

the remaining parameters in φ together with the statistical priors
p(ν, σ 2

0 ) defined in Section 5.2.3.
For Model A, where n is fixed, we estimate the expected value μA

and the covariance 	A based on posterior estimates obtained from
the calibration data. These values will shape the prior distribution of
the logged parameters [log (fc), log (�0)] described in Section 5.2.1.

In Model B, where n is event specific, we estimate the prior
parameters μB and 	B as in Model A along with the shape aB

and rate bB for the shifted gamma distributed prior for n explained
in Section 5.2.1. For estimation of the priors in Model B, we also
reject events where 95 per cent HDI of n �⊂ RORV (see Table 1).
The rejected events are illustrated as grey dots in Fig. 7.

The estimated informative priors are compared with the estimated
parameter values using weakly informed priors in Fig. 7. The dashed
black contour lines to the left correspond to log density values for
the bivariate normal, and the solid black line to the right corresponds
to the shifted gamma distribution. More specifically, the estimated
values for the informative priors are

μA = (5.07, −9.62), 	A =
(

1.35 −1.68
−1.68 4.22

)
,

for Model A, and

μB = (4.42, −8.92), 	B =
(

1.79 −3.25
−3.25 7.27

)
,

aB = 2.60, bB = 3.01,

for Model B. The difference between the estimated values of μm and
	m for different models m ∈ {A, B} is due to the difference in the
flexibility between the models (i.e. Model B is more flexible as n is
estimated for each event as opposed to being fixed as in Model A).

6.3 Step 3: Estimation of empirical compensation (Eij and
σ 2

Ei j
)

Here we process the events in the calibration data set using Model A,
given the fixed parameters in Step 1 and the informative priors in
Step 2, to obtain data for the estimation of the empirical compensa-
tion Eij and corresponding uncertainties σ 2

Ei j
.

The estimates obtained from Step 3 are: the model residuals
Ri jk = log(Yi j )k − μi jk , the size log(�̂0)k and the location p̂k for
the kth event. Here the size and the distance (between the target
event and the events in the calibration set) are used to weight the
kth impact of Rijk on the jth sensors. This approach will not truncate
the calibration data with respect to size or distance as Shearer et al.
(2006) proposed. Instead, all calibration events are used and those
located near the target event with similar size will have a larger
impact on the estimation of the empirical compensation Eij and the
corresponding uncertainties σ 2

Ei j
. However, using a truncation free

approach it is important to find the appropriate impacts (or weights)
of the calibration events with respect to the size and distance when
estimating the target event. Here we use the weighted average of Rjk

to estimate Eij and the weighted variance to estimate σ 2
Ei j

as

Ei j =

∑
k∈K j

wk Ri jk

∑
k∈K j

wk
, (12)

σ 2
Ei j

=

∑
k∈K j

wk(Ri jk − Ei j )2

∑
k∈K j

wk
. (13)

The weights

wk =

2∏
l=1

wlk (cl )∑
k∈K j

wlk (cl )

∑
k∈K j

2∏
l=1

wlk (cl )∑
k∈K j

wlk (cl )

, (14)

are jointly estimated from the distance and size related impact func-
tions

w1k(c1) = 1

‖ p̂ − p̂k‖c1 + σr
, (15)

w2k(c2) = L(μw, c2σw| log(�̂0)k ∀k ∈ K j ), (16)

parametrized by the coefficients c1 and c2. The impact function w1k

in (15) is defined as the inverse distance (between target event and
the events in the calibration set) interpolation (see e.g. Martinsson
2012; Wettainen & Martinsson 2014) with the power of c1 in (15).
For the size dependent impact function w2k in (16) we apply likeli-
hood weighting based on a fitted normal distribution, centred around
the current target size (μw = log (�0)) and with a standard devia-
tion (σ w) estimated from all events triggered by the jth sensor in
the calibration set (i.e. the standard deviation of log(�0)k ∀k ∈ K j ,
where K j is the set of event indices triggered by the jth sensor in
the calibration data set). In Section 7.2, we investigate the impact
of different values of the coefficients c1 and c2.

6.4 Step 4: Estimation of source model parameters

Here we process the source models based on the validation data
set, using different combination of the compensation coefficients
(c1, c2). The input data for Step 4 are: the fixed values obtained in
Step 1, the informative priors given in Step 2, and the underlying
data for the empirical compensation gathered in Step 3.
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The data obtained from Steps 1–3 needed to estimate the source
model parameters for one event consists of: the observed spectra
(Yij), noise spectra (Nij), calibration data ([Ri jk, φ̂k, p̂k]), ray-lengths
(rj), traveltimes (tj), hypocentre ( p̂), uncertainty in origin-time (σ 2

t0
)

and uncertainties in ray-lengths (σ 2
r j

). Here we use the modelled
travel times (t j = r j/V ( p̂, j)) to reduce the sensitivity to inconsis-
tent arrival-time estimates, where the expected velocity along the
ray path V ( p̂, j) is both sensor and spatial dependent and explained
in Martinsson (2012).

7 I N F E R E N T I A L R E S U LT S

Inferential results using different variations of the proposed models
are presented here and the main focus is to address our aim, de-
clared in Section 1, to obtain: robust, reliable and precise source
model parameter estimands. We will start by using synthetic data to
investigate the: accuracy, precision, pairwise correlation, credible
regions, and the impact of underlying covariates. We then continue
with real data and cross-validation to: assess the two alternative
models; find appropriate values of the compensation coefficients;
investigate model deficiencies with respect to size, frequency and
distance using residual analysis and PPC; evaluate necessity of a
robustness against extreme values and outliers indicated by the nor-
mality parameter.

7.1 Synthetic model evaluation

With synthetic data we evaluate the Bayesian inference in terms of
accuracy, precision, pairwise correlation between parameters and
the ability to capture the synthetic data within the estimated credible
regions. Synthetic data are also used to evaluate the impact of the
covariates (i.e. σ 2

t0
, σ 2

r j
and Nij) using PPC (Gelman et al. 2004;

Kruschke 2014).
Fig. 8 shows the Bayesian inference of 10 synthetic spectra gen-

erated at different distances rj from the source, where the upper
triangular figures are scatter plots of the MCMC samples and depict
the pairwise correlations (ρ) of credible values of the parameter
vector φ. The 95 per cent Confidence Interval (CI) of the correla-
tion coefficient ρ is based on the Fisher’s Z transform. The diagonal
figures are the histograms of posterior samples of φ, with corre-
sponding 95 per cent HDI. The centre plot in the last row shows the
true (i.e. φ = φtrue) and the estimated (i.e. φ = φ̂) source spectra
Si(φ) in cyan and black, respectively, together with the estimated
95 per cent HDI in grey. The HDI regions are calculated for each fre-
quency coefficient given the source spectra Si(φ) in (7) calculated
from the posterior samples of φ and summarizes the dispersion
of the posterior distribution of the source given the observed data
[p(Si(φ)|D)]. Histograms showing the posterior samples of the sta-
tistical parameters ν and σ 2

0 are also provided, influencing the shape
and location of the likelihood.

In Fig. 8, we can see that the true parameters are within estimated
confidence regions and that there are statistically significant corre-
lations ρ (i.e. CI of ρ excludes zero) of different amounts between
the credible parameters in φ. The largest correlation is observed be-
tween the credible values of �0 and β, suggesting either to treat β

as a fixed parameter value or to assign informative prior distribution
to increase inferential robustness (Gelman & Hill 2006). The model
residuals of the estimates can be assumed Gaussian due to the large
estimated values of the normality parameter ν. This makes sense
as the synthetic spectra are generated using Gaussian assumptions.

Also, for synthetic data generated from the model, we expect cred-
ible values of σ 2

0 around zero as there is no additional uncertainty
term in the description of the total propagating uncertainty σ 2

i j , since
we assign σ 2

Ei j
as the variance of the model residual. We addition-

ally observe that the true source spectra Si (in cyan) are close to the
estimated Ŝi = Si (φ̂) (in black) and within the 95 per cent credible
regions (see e.g. Kruschke 2014).

Fig. 9 shows the credible regions of the posterior predictive distri-
bution (see e.g. Gelman et al. 2004; Gelman & Hill 2006; Kruschke
2014) for the same synthetic data as in Fig. 8, illustrating the impact
of the underlying covariates like σ 2

t0
, σ 2

r j
and Nij. Synthetic spectra

from top to bottom represent: the closest sensor, the middle sensor,
and the most distant sensor, respectively. The spectra are coloured
by the distance rj to the hypocentre. Three different 95 per cent
HDIs (shown in red dashed, light grey area and dark grey area) ob-
tained from the replicated data drawn from the posterior predictive
distribution (see e.g. Gelman et al. 2004; Kruschke 2014), illustrate
the separate impact of the propagating uncertainty σ ij in (6), given
different values of σt0 and σr j .

In Fig. 9 we also observe that an increase in σt0 results in larger
uncertainties at higher frequencies and an increase in σr j results
in larger uncertainties for sensors near the hypocentre. The impact
of the added noise description Nij in the combined model μij is
clearly observed when the received signal hits the noise floor, as the
credible region describes the observed spectra, in comparison to a
model neglecting the noise (e.g. as the model represented by the
red curves in describing the real event in Fig. 2). As mentioned in
Section 2.3, by including a description of the noise in the model, we
can properly model the spectral coefficients under great influence
from the noise (Ljung 1987; Söderström & Stoica 1989; Pintelton
& Schoukens 2001).

7.2 Compensation coefficients c1 and c2

The compensation coefficients c1 and c2 adjust the weights in the
empirical compensation Eij and the corresponding uncertainty σ 2

Ei j
,

where appropriate values will improve the general model-fit. The
impact of the compensation coefficients are explained in Section 6.3
and illustrated in Fig. 10, and their effect on the model-fit is sum-
marized in Table 2.

Fig. 10 illustrates the impact of different values of c1 and c2,
event sizes and locations on the unit-less empirical compensation
Eij and corresponding uncertainties σEi j . Here Eij is represented as
solid lines and Ei j ± σEi j as dotted lines coloured by event size
(�0 ∈ {10−6, 10−5, 10−4, 10−3, 10−2, 10−1}) for the jth sensor, and
evaluated at the average hypocentre location p̂ for the calibration
events that is triggered by the jth sensor. The top six figures are
plotted using the same sensor j = 122 but with different values of
c1 (related to distance) and c2 (related to the size). The bottom three
figures use the same c1 and c2 but evaluated at different sensors j ∈
{140, 241, 246} to illustrate the differences at the sensor specific
response.

In Fig. 10, the upper left-hand figure (where [c1, c2] = [0, ∞])
corresponds to the stacked average of the model residuals spectra
Rijk for the jth sensor, and for these values there are no dependencies
on either distance or size. The weighting in (14) will therefore
solely act as a sensor-dependent compensation. However, neglecting
dependencies on distance and size will increase the residuals in
Table 2 and reduce the model’s description of the validation data
set. The upper middle and upper right-hand figures show the impact
when dependencies on the size only are introduced. In general, we
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Figure 8. Bayesian inference of synthetic spectra. The lower left-hand subfigure depicts 10 noisy synthetic spectra Yij coloured by distance rj to the source,
given predefined model parameters and noise characteristics (φ, Nij, rj) defined in the legend. A homogeneous velocity V = 3400 m s–1 is considered for
simplicity. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of credible
values of the parameter vector φ. Diagonal figures are histograms of posterior samples of φ, with corresponding 95 per cent HDI. The centre plot in the last row
show the true source spectra Si (in cyan) shown together with Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. Histograms
for the statistical parameters ν and σ 2

0 are also provided.

observe flatter empirical compensations for smaller �0 and more
frequency dependent compensation for larger �0. The left-hand and
middle figures in the second row show the empirical compensation
using only the dependency on distance, neglecting the dependency
on event size. We observe a slight difference between the inverse
distance (i.e. c1 = 1) and the inverse squared distance weighting
(i.e. c1 = 2). The right-hand figure in the middle row shows the
compensation for the same sensor using the values that provides the
best model-fit given in Table 2. Finally, the bottom three figures use
the same and proposed values c1 = 2 and c2 = 1, but evaluated at
different sensors j ∈ {140, 241, 246} to illustrate the large sensor
specific differences observed between sensors, like: resonances at
different frequencies, high-pass or low-pass compensation.

Table 2 summarizes the validation of the model fit in terms of
dispersion of the residual, given the two different source models
and different values of the empirical compensation coefficients. The
inference is based on dispersion measures of the model residuals
Rijk for all frequency coefficients in the validation set. Model A use
fixed n = 2.31 while in Model B the parameter n is estimated for
each event. The columns are: Model type, size of the 25 per cent
HDI of Rijk, size of the 75 per cent HDI of Rijk, and the standard
deviation σRi jk of Rijk.

In Table 2, we observe that the compensation coefficients c1 =
2 and c2 = 1 result in the lowest dispersion of the model residuals,
therefore indicating favourable values in terms of model-fit relative
to the other evaluated alternatives. These values correspond to the
inverse square distance weighting, combined with default likelihood

weighting with respect to the size (i.e. using simply the standard
deviation σ w in (16)).

7.3 Residual analysis

Residual analysis is conducted by investigating the histograms of
all residuals in the validation data set. The main purpose is to detect
general remaining model deficiencies and asymmetries with respect
to: frequency, distance and size (similar as Drouet et al. 2011).
Residual analysis can be done on individual seismograms as shown
in Fig. 2, but is too comprehensive for the large data set and would
not detect general model deficiencies and trends. Also, quantitative
measures like those in Table 2 are important in determining the
model fit, but they don’t indicate remaining dependencies in the
residuals.

Fig. 11 shows the histograms for all frequency coefficients of
the model residuals Rijk in the validation set using the less flexi-
ble Model A. The histogram in a) shows the residual with (E =
E) and without (E = 0) empirical compensation in magenta and
cyan colours, respectively. The figures in b), c) and d) represent
2D histograms estimated with empirical compensation, to highlight
remaining dependencies of Rijk on either: sensor’s hypocentre dis-
tance, frequency or event size, respectively. The colours of the bin
counts in b)–d) are in log-scale to enhance tail differences.

In Fig. 11(a), with empirical compensation (E = E) we obtain
significantly less dispersion in the model residuals compared to
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Figure 9. Posterior predict checks (PPC) replicated from the posterior esti-
mate of 3 out of 10 spectra in Fig. 8, illustrating the impact of the underlying
covariates like σt0 , σr j and Nij. Synthetic spectra from top to bottom rep-
resent: the closest sensor, the middle sensor and the most distant sensor
respectively. The spectra are coloured by the distance to the source rj. Two
different 95 per cent HDI (in light and dark grey) are obtained from the repli-
cated data drawn from the posterior predictive distribution (see e.g. Gelman
et al. 2004; Kruschke 2014), showing the separate impact of the propagating
uncertainty σ ij given different values of σt0 and σr j in our model defined
in (6). The combined impact (i.e. including both uncertainties) is shown as
dashed red lines.

without compensation (E = 0). This was also observed in the qual-
itative measures in Table 2. A measure of the residual dispersion
gives an indication of how well the model describes the observations
in the validation data set and provides a value of the “left-overs” that
the model could not describe. In Fig. 11(a)–(d), the histograms are
centred symmetrically around zero, indicating no significant model
deficiencies with respect to: b) distance, c) frequency, or d) size,
despite the use of the less flexible Model A.

For individual seismograms, as those in Fig. 2, the residuals are
pushed towards zero, as the combined model includes both the em-
pirical compensation as well as the noise spectra in the description
of the observations. The effect of modelling the noise using the pro-
posed method is also visible, where the impact of high frequency
noise components are reduced. The more precise model fit for indi-
vidual seismograms is also observed in Fig. 12 and in Figs D1–D7 in
Appendix D, showing the model’s ability to describe sensor-specific
frequency-dependencies and extreme values.

For model validation, we assess replicated data from the distri-
bution to detect aspects of the data not captured by the model (see
e.g. Gelman et al. 2004). For both challenging events, such as the
one in Figs 2, 3, and 12, and for the representative events in the data
set Figs D1–D7, we observe that the posterior predicted distribution
(summarised by the mode and the HDI in the figures) captures the

observed spectra and includes extreme values such as resonances at
different frequencies, high-pass or low-pass compensation.

7.4 Extreme values and outliers

The likelihood described in Section 5.1 and Fig. 4, is given by a
Student’s t-distribution with the ability to adjust the tail width using
the normality parameter ν to handle extreme values and outliers. In
cases where the estimate of ν < 30 the data contains either extreme
values (e.g. sensor resonances) or outliers (e.g. poorly associated
seismograms) with respect to the model and underlying covariates.
In Fig. 12 we observe both extreme values like sensor specific res-
onances (top right-hand panel) and outliers caused by wrongful
arrival times (see e.g. bottom left-hand panel and low amplitude
spectra that is located near the hypocentre). Using a normal distri-
bution as a likelihood function for the events where the estimate of
ν < 30 would result in biased parameter estimates and a poor model
fit. Extreme values are here described by a more complex model
(e.g. with the empirical compensation) and the outliers are handled
by adjusting the tail width in the likelihood function, improving the
robustness and model fit of the proposed model (see e.g. Gelman
et al. 2004; Martinsson 2012; Kruschke 2014).

Table 3 shows the estimates of the normality parameter ν for the
validation set, with and without empirical compensation, and for
Model A and Model B. The columns are: the model, the compen-
sation coefficients, the percentage of events where the estimates of
ν < 30 with 95 per cent confidence level, and the percentage of the
events where the mode estimate ν̂ < 30

In Table 3, we can see a vague difference of the estimates of
ν between Model A and Model B in row two and three, respec-
tively, in comparison to the estimates with and without empirical
compensation in row one and two, respectively. Without empirical
compensation 50 per cent of the events have a mode estimate of ν

< 30 in comparison with empirical compensation, where the corre-
sponding result was less than 15 per cent of the validation events. An
explanation is that many of the observed extreme values are caused
by sensor specific resonances (see e.g. Fig. 10) that are captured by
the distribution of the empirical compensation described by Eij and
σEi j .

7.5 Model A or Model B

Here we evaluate the less flexible Model A compared to Model B
where n is not fixed but instead event specific. In Section 7.4 the
focus was on outliers and extreme values and here the evaluation
is based on quantifying the distribution of the model residuals in
terms of dispersion that is summarized in Table 2. We also observe
the impact of model choice on the estimates of fc and �0 in Fig. 13.

Fig. 13 compares the estimates of fc and �0 obtained using
Model A with and without empirical compensation, and Model A
and Model B both with empirical compensation. Different panels
show posterior mode estimates of fc (with confidence regions) and
�0 for the events in the validation set.

In Figs 13(a) and (c), we observe the relationship (Aki 1967)
between fc and �0. In panel (c), with Model B, we observe a in-
creased number of low frequency events (fc < 10) and less high
frequency events (fc > 1000) compared to Model A. In panels (b)
and (d), the impact on fc for both models with and whiteout empir-
ical compensation are evaluated. We observe that for events where
the estimates between the models differ more, the confidence re-
gions are usually larger as indicated by the thin whiskers. Panel (d)
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Figure 10. The impact of different compensation coefficients, event sizes, and sites on the distribution of the estimated empirical compensation, parametrized
by Eij and σEi j , for an arbitrary point in space. Here Eij is represented as solid lines and Ei j ± σEi j in dotted lines, coloured by size, respectively. Each figure

shows the empirical compensation for different sizes �0 = [10−6, 10−5, 10−4, 10−3, 10−2, 10−1] for the jth sensor, evaluated at the average hypocentre
location for all triggered events in K j (i.e. set of event indices triggered by the jth sensor in the calibration data set). The top six figures are plotted using same
sensor j = 122 but different compensation coefficients [c1, c2], where c1 is related to distance and c2 to log (�0). The bottom three figures use the same c1 and
c2 but evaluated at different sensors j ∈ {140, 241, 246} to show the differences at the sensor specific response. (The empirical compensation is unit-less).

Table 2. Validation of the model-fit, evaluated with and without empirical
compensation using different compensation coefficients (c1, c2) and source
models (A,B). The inference are based on different dispersion measures of
the model residuals Rijk for the entire validation data set. The columns are:
Model, size of the 25 per cent HDI of Rijk, size of the 75 per cent HDI of
Rijk, and the standard deviation σRi jk of Rijk.

Model (c1, c2) |25 % HDI| |75 % HDI| σRi jk

A None 0.4398 1.6729 0.7963
A (0, ∞) 0.3869 1.4562 0.6900
A (1, ∞) 0.3662 1.3878 0.6644
A (2, ∞) 0.3404 1.2991 0.6207
A (0,1) 0.3733 1.4062 0.6622
A (1,1) 0.3582 1.3530 0.6404
A (2,1) 0.3344 1.2761 0.6075
B (2, ∞) 0.3294 1.2592 0.5997
B (2,1) 0.3244 1.239 0.5883

shows a difference in the estimated corner frequencies between the
two models. In panel (e), where we compare the estimates of �0

between Model A and Model B, we only observe minor differences
in comparison to the estimates of fc. A possible reason is that there
is a stronger correlation between fc and n compared to �0 and n
as indicated in Fig. 12 and Figs D1–D7. The strong correlation
between fc and n has also been observed in other studies (see e.g.
Van Houtte & Denolle 2018). In panels (a) and (b) we observe that
the empirical compensation has only a minor effect on the source
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Figure 11. Histograms for the all model residuals Rijk (i.e. ∀i, ∀j, ∀k) of the
validation data set using less flexible Model A. The histogram in (a) shows
the residual with and without empirical compensation in magenta and cyan
colours, respectively. The figures in (b), (c) and (d) represent 2D histograms
with empirical compensation to investigate if there exist remaining depen-
dencies of Rijk on either distance, frequency or �0, respectively. The 2D
histograms (b), (c) and (d) are coloured by bin counts in log-scale.

model parameters in terms of the central tendency of the estimates,
due to the robustness and flexibility of the proposed likelihood
function in presence of extreme values as mentioned in Section 7.4
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Figure 12. Bayesian inference of the challenging validation event (same as in Figs 2 and 3) using Model B, where c1 = 2 and c2 = 1 for the weighting of Eij.
The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated hypocentre p̂. The scatter plots to the right of the diagonal
shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of credible values of �0, fc and n in φ. Diagonal figures are
histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last row shows the estimated source spectra Ŝi (in black) and the
95 per cent HDI (in grey). The plots in the right-hand column are the observed spectra for closest sensor, middle sensor and furthest sensor from top to bottom
coloured by distance, together with the estimate of the observed spectra Ŷ = exp(μi j (φ̂)) (in black) using the posterior mode φ̂ and 95 per cent HDIs (in grey).
Histograms for the statistical parameters ν and σ 2

0 are also provided to the left of the diagonal.

Table 3. The normality parameter ν describes how Gaussian distributed the
model residuals are. If ν > 30 the model residuals can be assumed Gaussian.
Columns in table are the model, the compensation coefficients, the percents
of events where the estimates of ν < 30 with 95 per cent confidence level
and the percents of the events where the mode estimate ν̂ < 30

Model (c1, c2)
max(CI(ν) 95 %)

<30 ν̂ < 30

A None 22.1 % 50.0 %
A (2,1) 3.3 % 14.9 %
B (2, 1) 2.7 % 11.5 %

(see e.g. Gelman et al. 2004; Martinsson 2012; Kruschke 2014).
However, in panel (a) we can observe that with empirical com-
pensation the most extreme dots are contracted towards the centre,
indicating more robust estimates due to the increased description
obtained with the empirical compensation as previously shown in
Section 7.3. In panel (f) we observe truncation effects in the his-
togram of n using Model B for approximately 10 per cent of the
events, these events seem to favour a flatter model than is allowed
by the prior restrictions (i.e. n < 1.5). In panels (g) and (h) we
observe that the corresponding uncertainties σ�0 and σ fc (i.e. the
standard deviation of the posterior samples of �0 and fc) increase
with the estimated size for both �0 and fc, respectively, for both
models. The thin whiskers (i.e. HDI 95 per cent) in panel (b) and
(d) overlap for 75.89 per cent (for Model A with and without em-
pirical compensation) and 49.64 per cent (between Model A and

Model B with empirical compensation) of the events, respectively.
The use of empirical compensation for Model A reduced the av-
erage uncertainties in fc (i.e. mean of σ fc ) by 27.62 per cent (i.e.
from 39.06 to 28.27 Hz) and median uncertainties (i.e. median of
σ fc ) by 13.55 per cent (i.e. 5.69 to 4.91 Hz). For Model B with em-
pirical compensation the mean and median uncertainty of σ fc are
24.24 and 8.21 Hz, respectively. The median value of σ fc increases
for Model B compared to Model A, indicating more uncertain es-
timates of fc in general. This is caused by the increased degrees of
freedom in Model B. A reduced mean value for Model B indicates
that there are less extreme values.

Table 2 shows different dispersion measures of the model resid-
uals as an indication of model fit. We see that given same c1 and c2

for both models, Model B is always favourable in terms of model
fit. Also, a similar model fit is given using Model B without size
compensation (c2 → ∞ in row 8), compared to using Model A with
size compensation (c1 = 1 in row 7). The best model fit are obtained
using both size and distance compensation (c1 = 2, c2 = 1) together
with the more flexible Model B.

8 D I S C U S S I O N

The focus in this study is to derive a robust Bayesian framework
that provides a precise and valid description of the observed S-wave
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Figure 13. Comparison of the estimates of fc and �0 obtained using Model A with (E=E) and without (E = 0) empirical compensation, and Model A and
Model B both with empirical compensation. Different panels show estimation results for (a) fc versus �0 for Model A with and without empirical compensation;
(b) fc for Model A with (y-axis) and without (x-axis) empirical compensation; (c) fc versus �0 for Model A and Model B with empirical compensation; (d) fc
for Model A (x-axis) and Model B (y-axis) with empirical compensation; (e) �0 for Model A (x-axis) and Model B (y-axis) with empirical compensation; (f)
shows the histogram of the estimates of n for Model B; (g) and (h) shows fc and �0 as a function of corresponding standard deviation σ fc and σ�0 for Model A
and Model B in cyan and magenta, respectively. The thin black vertical (y-axis) and horizontal(x-axis) whiskers mark the 95 per cent HDI in (b) and (d).

spectra recorded in challenging environments. The model uses dis-
tributions to handle uncertainties and unknowns together with phys-
ical models for the central tendency in combination with a spatial
and earthquake size dependent empirical compensation to capture
systematic deviations. The proposed model is trained and evalu-
ated on two separate data sets, consisting of 31 640 mining induced
events in total. The processing is fully automatic and is applied
without manual interaction. Processing of mining induced events is
especially challenging due to the extreme environment containing
excavated volumes, complex geology, stresses that is continuously
changing (see e.g. Sjöberg et al. 2012; Vatcher et al. 2014; Vatcher
2017; Svartsjaern & Saiang 2017, for further description of the
complexities in the mine) along with recorded waves influenced by
mining noises (e.g. shown for multiple seismograms for the event
in Fig. C1). Also, due to the extreme environment, it is difficult to
obtain and set reliable physical properties such as material densi-
ties, velocities and stiffness in the rock mass in the studied region.
Therefore, we mainly focus here on a description of the source
model parameters (i.e. �0, fc and n) that can be estimated directly
from the observed spectra and is not dependent on material prop-
erties as opposed to: seismic moment, radiated seismic energy, and
stress drop (Kijko 1994).

Stress drop is often assumed to be independent of source size (Aki
1967) and log-normally distributed (Baltay et al. 2011) and is com-
monly used as a quality measure of source parameters. Despite this,
it seems to depend on the source model (Abercrombie et al. 2016),

frequency bandwidth (Ruhl et al. 2017) or what EGF events are
included (Abercrombie 2015) and may therefore be a poor measure
to quantify variations in earthquake source spectra (Shearer et al.
2019). In Fig. A3, we explore the values of �0 × f 3

c (which is pro-
portional to stress drop) with respect to: location, �0, fc and n. We
find no statistical significant correlation (i.e. CI 95 per cent of ρ in-
cludes zero) with respect to �0 and we have no evidence that would
suggest size dependency and reject standard scaling (i.e. �0 ∝ f 1/3

c

Aki 1967). We observe some correlation with respect to fc and n,
together with some spatial patterns (i.e. cluster of events with larger
stress drop) as in Shearer et al. (2006). The positive correlation with
respect to fc may indicate that stress drop is overestimated for larger
frequencies (which is the opposite of the observations made by Ruhl
et al. 2017) and the positive correlation with respect to n coincides
with the finding made by Brune et al. (1986). The histogram in
the bottom right rejects the log-normal assumptions, since the data
is slightly skewed towards higher estimates in log-scale. This may
be related to limited bandwidth since the high frequency events,
especially those above fmax, have significantly larger stress drop.

8.1 The Bayesian approach and possible model extensions

To avoid additional complexity, the Bayesian framework is pre-
sented here using a well known and simple description of the source
(Brune 1970) and the attenuation (Shearer et al. 2006). It is straight-
forward to replace the components in μij(φ) to more complex ones.
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Modelling errors (in the path, at the site, and of the source) are
always inevitable and the emphasis here is on capturing the errors
adequately using a combination of empirical compensation terms
and statistical parameters.

Our model empirically captures the unmodelled errors by favor-
ing similar (in terms of earthquake size and spatially closeness)
EGF events with respect to the target event. The empirical compen-
sation terms (described in Step 3) capture both path and site and
sometimes source related terms (e.g. if a cluster of similar sized
events has similar rupture behaviour as observed in Folesky et al.
(2016)). In general, systematic errors that are not captured by our
source and attenuation model in μij(φ) will end up in the empir-
ical compensation term Eij. Non-systematic errors will end up in
the uncertainty terms (σ 2

E or σ 2
0 ) in the statistical description and

therefore expand the HDIs for the inferred parameters and spectra
in different ways depending on their origin.

This does not mean that the modelling errors are lost and if we
would like to extend the model, the information is still available
in the residuals (see e.g. Fig. C2) and the empirical compensation
spectra (see e.g. Fig. 10). With a more complex model we would
reduce the systematic errors related to the source and consequently
also reduce these unmodelled source characteristics embedded in
the EGF (e.g. as we do with the more complex Model B).

An interesting extension is to include directional effects, e.g. by
fitting some directivity function (Boatwright 2007) to the variations
in spectral amplitude (Kane et al. 2013; Calderoni et al. 2015).
However, we do not observe any evidence of directional effects
such as spectral splitting (i.e. between the modelled and observed
spectra) in the representative events in Figs D1–D7. This may be
since 99 per cent of the events in the validation data set are less than
magnitude one which was the detectable limit for rupture effects in
Folesky et al. (2016).

Another aspect we need to consider when extending the model,
is that an increased number of degrees of freedom generally leads
to increased estimation uncertainties for the individual model pa-
rameters. With additional parameters and possible multicollinearity
(i.e. intercorrelation), it is essential to restrict the parameters with
informed prior distributions to provide the necessary robustness as
mentioned in Section 4. This was observed when investigating the
estimation uncertainty σ fc of fc between Model A and Model B
in Section 7.5. In general, model parameters in physical models
[e.g. eqs (1) and (2)] are often prone to intercorrelation, as we are
constrained to a specific parametrization. One of the strengths with
Bayesian modelling in this regard is that we have an inbuilt mecha-
nism to deal with overparametrization. This opens up the possibility
to apply complex models with many parameters in combination with
insufficient or inconsistent data, as long as these parameters are con-
strained by informative prior distributions (see e.g. Gelman & Hill
2006).

An important additional value associated with the full probabil-
ity description proposed here, is that the uncertainties in the input
data are propagated all the way to the resulting source model pa-
rameters, providing realistic uncertainty descriptions of the model
parameters and observed spectra. This means that they can in turn
be propagated to the next step when deriving source parameters. In
the next step, the uncertainties in density and velocity can easily
be incorporated and combined with those from the source model
parameters to provide realistic uncertainties of, for example seismic
moment, seismic energy and stress drop.

The extreme environment means that the model needs to be ro-
bust with respect to the input data and corresponding uncertainties.

This is particularly important in this work when we rely on auto-
processed input data in the form of hypocentre location, origin time
and arrival times (described in more detail in Martinsson 2012).
Here we depend on the unique strengths of Bayesian statistics us-
ing informed prior distributions of the source model parameters
in combination with robust likelihood functions that incorporates
the uncertainties delivered together with the input data (Martinsson
2012) as shown in Fig. 3.

The estimation procedure could be addressed differently, for ex-
ample by correcting the observed spectra for attenuation and fit the
stacked average spectrum to the source model (Oye et al. 2005;
Shearer et al. 2006). The stacked average alternative is computa-
tionally fast and results in a simple source spectra. However, using
our proposed joint estimation method includes several benefits in
comparison. For example:

(i)The possibility to include additive model terms such as the mea-
sured noise Nij in the combined model μij in (5). By including a
description of the noise in the model, we can properly model the
spectral coefficients under great influence from the noise (Pintelton
& Schoukens 2001; Ljung 1987; Söderström & Stoica 1989). With-
out this description a stacked method requires large SNRs, resulting
in valuable information being discarded in the estimation process.
(ii)Obtaining a valid description of the underlying individual obser-
vations that can be tested using standard model validation pro-
cedures (Ljung 1987; Söderström & Stoica 1989; Pintelton &
Schoukens 2001; Gelman et al. 2004; Kruschke 2014) such as
residual analysis and PPCs described in Section 4.1 and illustrated
in Figs 2, 9, 12 and Figs D1–D7.
(iii)Proper uncertainty weighting of ith frequency coefficient in the
jth spectra, depending on the underlying covariates (see e.g. Figs 9,
10 or 12). Standard stacking based on sample mean results in equal
weights for all spectra and over all frequencies.
(iv)Increased robustness against outliers and extreme values us-
ing heavy-tailed likelihood functions (see e.g. Gelman et al. 2004;
Martinsson 2012; Kruschke 2014). Stacking based on sample mean
follows Gaussian assumptions and is therefore sensitive to outliers
(Ross & Ben-Zion 2016).

8.2 Prior knowledge

There are different alternatives to obtain informed prior distribu-
tions. One option is to adopt a full hierarchical Bayesian model,
where the source model parameters for all the events in a study are
jointly estimated along with the parameters in the prior distribu-
tion (see e.g Gelman & Hill 2006; Kruschke 2014; Martinsson &
Törnman 2019). This approach is theoretically appealing but unfor-
tunately not practical in this study with 31 640 events. Instead, we
take an empirical Bayesian approach (see e.g. Gelman et al. 2004)
where the prior knowledge that will be described by our prior dis-
tributions is based on parameter estimates obtained from a separate
calibration data set. Here parameter estimates from the calibration
data set will shape our prior distributions used for estimating the
source model parameters of an event. Additionally, we also incorpo-
rate hard restrictions of the parameters that are physically motivated
(see e.g. Table 1). These restrictions should be considered using any
of the above options to obtain informative prior distributions.

Another direction is to adopt non-informative or vague prior
distributions (Gelman et al. 2004; Kruschke 2014) to reduce the in-
fluence of the prior distribution and consequently neglect available
prior information. The estimates of each source model parameters
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would be driven by the data observed for that particular event only.
This would, however, suffer from the same limitations as with clas-
sical inference methods, with estimates available only for events
providing adequate data. To increase robustness, reduce intercorre-
lation, and limit the model’s flexibility, model parameters are often
set to constant fixed values (e.g. n = 2 as in Shearer et al. 2006) or
restricted by measurement limitations (e.g. fc restricted to frequency
bandwidth as in Huang et al. 2016) based on optimization strategies
prior to inference. These approaches can also be seen as empirical
Bayesian but with very informative prior distribution (i.e. a Dirac
delta distribution centred at the particular parameter value).

The approach taken here is not set parameters to fix values (e.g.
n = 2), but instead let the calibration data set shape our prior
distributions for the model parameters as we describe in Step 1 and
Step 2 (see e.g. Fig. 5)

8.3 Empirical compensation

The empirical compensation term is sensor, frequency, spatial and
event-size dependent, to account for the heterogeneous rock-mass
and unique sensor effects (shown e.g. in Figs 10 and 12). This
term reduces the uncertainties of credible intervals of the param-
eters as well as prediction intervals for the observed spectra, and
consequently decreasing the estimated value of σ 2

0 that describes
uncaptured variations. Without the empirical term, the proposed
model is still applicable but the uncaptured variations (parametrized
by σ 2

0 ) would increase in order to describe the unmodelled varia-
tions in observed spectra caused by the heterogeneous rock-mass
and sensor effects. This is also the case when the combined model
(5) is not flexible enough (e.g. when the spectra is flatter than the
model allows) to capture the observed spectra, as shown in Fig. E1
where σ 2

0 is significantly larger then zero. This can be compared to
the posterior distributions of σ 2

0 in, for example the representative
events of the data set shown in Figs D1–D7 when all the 95 per cent
HDIs include zero. This is an indication that the model describes the
data well and also an indication that data originates from genuine
mining-induced seismic events. Here σ 2

0 would likely act as a good
additional classification variable to reject non-genuine events like,
for example ore-pass noises, mucking, drilling or crushing that are
commonly observed in the mine.

Typical challenges in a mining environment such as: induced
noises, resonances and wrongful arrival times are all shown for the
event in Figs 2, 3, 12 and C1. The results show the strengths of
our model in coping with these challenges by using the spatial-
and size-dependent CEGF and including the observed noise spectra
Nij in the combined model, together with proper weighting based
on underlying covariates. In Appendix D, we provide additional
modelling results in Figs D1–D7 that are more representative of
the entire validation data set and for different event sizes (�0). The
events are not picked to show challenges and strengths, but instead
correspond to the specific event indices matching exactly the: 1st,
5th, 25th, 50th, 75th, 95th and 99th percentiles with respect to size
(�0) for all events in the validation data set. These results will
provide a more representative picture of the validity and modelling
performance in general. For model validation, we assess replicated
data from the distribution to detect aspects of the data not captured
by the model (see e.g. Gelman et al. 2004) and we found no evidence
that would indicate model deficiencies or flaws as seen from a
statistical modelling perspective.

In a mining environment there is likely to be considerable Q
variations in the rock mass, with lower values in more disturbed

rock. These variations are likely to be systematic for certain ray
paths and should manifest as slope variations in the residual spectra
Rijk if not accounted for. Therefore, these variations are likely to
be captured by our spatial and size dependent empirical model Eij,
in a similar manner as seen e.g. in the lower left-hand subfigure in
Fig. 10.

By observing the residual spectra in Fig. C2, or the model fit for
the representative events shown in Figs D1–D7, we can not see any
signs of uncaptured Q (i.e. slope) variations in the proposed method.
Anyhow, these variations in the slope for the residual spectra Rijk

obtained in the model calibration step (see Step 3 in Fig. 5) could
be studied further to see, for example, if the attenuation being less
per unit travel time for more distant sensors (e.g. shown in Wang
2004; Eberhart-Phillips 2016) or if the slope of the residuals (i.e.
Rijk obtained in Step 3) for the ray paths are included in tomographic
models the result may prevail interesting anomalies in the rock mass.

8.4 Near-field effect and P-wave residues

Source parameter estimation is usually done in the frequency do-
main. Here we use the S-wave spectra due to their relatively large
energy content compared to P-wave spectra in general (see e.g.
Haskell 1964; Hofstetter & Shapira 2000; Oye et al. 2005). How-
ever, the method could easily be extended to apply for P-wave
spectra as well, at least for more distant sensors from the source
where the measurement window for the P wave is larger and the
P-wave near-field effects are less prominent (see e.g. Vidale et al.
1995; Yamada & Mori 2009). Other common near-field effects like:
complex interference patterns and resonances (see e.g. Fig E2) have
been reported in Bouchon & Aid (1977), flatter frequency responses
(see e.g. Fig E1) in Mikumo & Miyatake (1978) observing n = 1,
and larger geometrical decays (Legrand & Delouis 1999) proposing
β = 2; may be present in our data set as well. These effects would
cause poor model behaviour for observed spectra in the proximity
of the source if not compensated for.

The remaining part of the P wave in the observed S-wave spectra
is usually neglected due to its low energy content (see e.g. Haskell
1964; Hofstetter & Shapira 2000). However, it will have a notable
effect for sensors near the source (Kijko 1994) as the P wave usually
contains higher frequencies than the S wave and may cause poor
model fit at higher frequencies if not compensated for.

The model we propose here reduces the impact of these effects
on estimated parameters with the following measures:

(i)Weights the estimates from ith frequency coefficient in jth spectra
in (6) with the underlying uncertainties (σr j and σt0 ) obtained from
the posterior samples (see Fig. 3) of the hypocentre and origin-time
distribution (Martinsson 2012), where:

σt0 represents the uncertainty in origin time (see Fig. 3), will down-
weight high frequencies in spectra (6) as shown in Fig. 9,

σr j is the uncertainty in ray length between sensor and hypocentre.
This uncertainty is given as the standard deviation of all credible
distances between the jth sensor and the credible hypocentre lo-
cations given by the posterior MCMC samples shown in Fig. 3.
For sensors near the source, this uncertainty is large relative to its
distance, and will therefore downweight the estimates in (6) from
spectra in the proximity of the source as shown in Fig. 9.
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(ii)Spatial- and size-dependent empirical compensation will partly
compensate for these challenges (i.e. P-wave residues and near-
field effects). If similar sized training events near the target reveal
similar behaviour then Eij will describe them (see e.g. Figs E1 or
E2). Otherwise, if there is large discrepancy between these training
events then σ Eij will increase and therefore downweighted in the
estimate.
(iii)Truncate the spectra above the upper cut-off frequency (ex-
plained more in Appendix A). This is primarily to increase the pro-
cessing speed, but it also reduces possible impact of high-frequency
artefacts from P-wave residue and uncaptured noises.

Additionally, for a properly configured measurement system, the
sensors closer to the source are outnumbered by more distant sen-
sors, relative to the source radius (Haenggi 2005; Martinsson &
Jonsson 2018). Instead of empirically compensating the observed
spectra, with respect to distance and size, an alternative approach
for dealing with some of these challenges would be to remove sen-
sors in the proximity of the source in the estimation process as
in Oth et al. (2017), at the cost of losing valuable information. A
more appealing approach would be to include the source radius as
an additional term in (6) that depends on the distance to source,
similar to σ 2

r j
, parametrized by fc and V ( p̂) (Kijko 1994). This

would downweight the nearest sensors even more and therefore re-
duce the impact of possible near-field effects. Possible near-field
effects are today compensated by σr j together with the size- and
distance-dependent empirical compensation where we rely on the
outnumbered assumption above. However, we have no evidence that
supports increasing the uncertainties for sensors near the source fur-
ther, since the confidence regions are already valid for these spectra
(see e.q. Figs D1–D7). On the contrary, a valid description of the
close-to-source spectra suggests that the measures taken in the list
above are sufficient.

8.5 High frequency falloff rate n

In the calibration Step 1 and Step 2, when n is estimated using a
flat positive prior, we obtain a fair amount of events with estimates
of n < 1.5 shown as grey dots in Figs 6 and 7. These dots devi-
ate significantly from the trend in the scatter between fc and �0

with respect to the majority of the dots. They are also unrealistic
according to Lee et al. (2003), arguing that the radiated energy re-
mains finite only when n > 1.5 under certain assumptions. In the
histogram of n in Fig. 13(f), we also see a fair amount of events
(≈10 per cent) favouring a flatter spectra with values of n at its
lower bound (i.e. n = 1.5). If these low estimates of n are due to:
near-field effects (Mikumo & Miyatake 1978); correlation between
n and fc (Ross & Ben-Zion 2016; Van Houtte & Denolle 2018); the
rupture propagation (e.g. direction or velocity of the cracking) in
relation to sensor placement (Kaneko & Shearer 2015); deficiencies
in the measurement system [e.g. high-frequency artefacts for these
sensors reported in Cochrane et al. (2014) and observed in Figs E3
and D7], we leave to further debate.

The model could be extended further in a hierarchical structure
as in Van Houtte & Denolle (2018), to incorporate, for example
near-field effects on n over distance (Mikumo & Miyatake 1978).
Instead of treating n as a fixed effect it would be more informative to
consider it as a random effect and applying, for example group-level
regression (Kruschke 2014; Martinsson & Törnman 2019) where
the location of the prior distribution of n could depend on distance.

Although, in terms of fit we only expect minor improvements by in-
creasing the complexity as proposed, since part of these behaviours
will be captured by the empirical compensation.

8.6 Spatial and size interpolation coefficients (c1, c2)

In Table 2, we see that using both size and distance interpolation
in the calculation of the weights wk in (14) improves the overall
model fit compared to using the average log residual spectra over
all calibration events for each sensor (i.e. corresponding to c1 = 0
and c2 → ∞). However, using the average is still a good choice
compared to no empirical compensation (as shown in Table 2 la-
belled ‘None’), since it will results in memory efficient code and
fast processing without the need to store all log residual spectra and
avoid computationally heavy interpolation in (14). Using a more
complex source model (e.g. Model B) will also improve the general
model fit (see Table 2) but it will also impact the behaviour of the
source model estimates (see Fig. 13), with increased number of low
fc estimates.

A few common alternatives of c1 and c2 are evaluated due to
study limitations. We use inverse distance weighting because of
the simplicity to implement and understand, remarking that further
investigation on type of interpolation method would be beneficial
to improve the model-fit. Here we simply evaluate c1 ∈ {0, 1, 2}
corresponding to: no distance weighting (i.e. average over all), and
the commonly used inverse distance and inverse squared distance
interpolation, respectively (see e.g. Martinsson 2012; Wettainen &
Martinsson 2014, applying these in similar context). The compensa-
tion coefficients seem to favour large values for c1 and small values
for c2 in terms of model-fit (see Table 2), providing more weight
on similar-sized events (c2) and spatially close events (c1) in the
calibration set compared to the target event. Since the weighting is
jointly combined in (14), and going to the extreme in the proposed
direction for either c1 or c2 may cause poor fit for individual events,
since the weighting may only rely on the closest or the most similar
sized event in the calibration set. More complex alternatives like
Gaussian process regression (or Kriging, Krige 1951) could also be
considered including covariance dependencies on distance and size.
Less complex alternatives like the nearest neighbour interpolation
could also be considered to reduce computational costs.

8.7 Robustness and extreme values

The data used in both calibration and validation are of higher qual-
ity compared to the majority of the triggered events observed in
the mine (see Section 3). Despite this, we still observe spikes, res-
onances and poor frequency behaviour in many individual spectra,
indicating the importance of a robust likelihood function. Part of
these poor behaviours is captured by including the noise Nij and
the empirical compensation Eij in the combined model μij in (5)
and its uncertainty (6). However, we still observe estimates of the
normality parameter ν < 30 (see Table 3) for some events, implying
the necessity of allowing the data to adjust the tail width in our
likelihood function. Robust likelihoods are needed here to reduce
biased parameter estimates that would otherwise be the result of
extreme values and outliers in the data set. Another alternative to
the Student’s t-distribution used here, is to consider a mixture of
two likelihoods with different dispersion as in Kruschke (2014),
Martinsson & Gustafsson (2018) and where the mixing coefficient
has the role of the normality parameter and is often called the
contamination parameter. This approach may be beneficial from a
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computational perspective, avoiding the computationally expensive
gamma functions in the t-distribution.

9 C O N C LU S I O N

We present a fully automatic approach for estimating the model
parameters describing the S-wave spectra. In comparison to tradi-
tional empirical Green’s function approaches (Mueller 1985; Hough
1997), our method works for earthquakes of any size where all spec-
tra associated with an event are modelled jointly within a Bayesian
framework.

For precise estimates we use a combined empirical Green’s func-
tion (CEGF), similar as proposed by Shearer et al. (2006), consist-
ing of both the modelled attenuation together with the spatial and
event-size dependent empirical compensation, where the model fit
significantly improved when favouring data from training events of
similar size in the proximity of the source. In addition to Shearer
et al. (2006) our new CEGF: (1) do not truncate the calibration data
but instead interpolate it with respect to distance and size between
target event and calibration events and (2) describes the variation in
the estimates of the empirical compensation for proper weighting
of the spectral coefficients.

To obtain reliable estimates, we additionally include the under-
lying uncertainties in ray-length and origin-time obtained from the
hypocentre and origin-time distribution (Martinsson 2012) in the
Bayesian model. The proposed method is first tested on synthetic
data and then calibrated and cross-validated using real mining in-
duced events. The model gives a valid description of observed spec-
tra and we found no evidence of model deficiencies with respect to
frequency, distance or size of the earthquakes, using both PPCs
and residual analysis. The model and underlying uncertainties are
incorporated in a heavy-tailed likelihood function together with in-
formative prior distributions (estimated from calibration data), that
together provide a Bayesian solution for robust, precise and reliable
estimates of S-wave spectra and corresponding model parameters.
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A P P E N D I X A : E S T I M AT I O N O F
C U T - O F F - F R E Q U E N C I E S

The cut-off frequencies shown as magenta dots in Fig. 2 defines the
frequency interval f̂i j in (A1) for jth spectrum

f̂i j ∈ { fi j | Si Ai j (φ̂ j ) > eN̂i j (ξ̂ j )+σ̂N j }, (A1)

where φ̂ j , ξ̂ j and σ̂N j are estimates given by

φ̂ j = argmin
φ

∑
i

∣∣log(Yi j ) − μi j (φ j )
∣∣ , (A2)

ξ̂ j = argmin
ξ

∑
i

∣∣∣log(Ni j ) − N̂i j (ξ j )
∣∣∣ , (A3)

σ̂N j =
√√√√ 1

I − 1

I∑
i

(
log(Ni j ) − N̂i j (ξ̂ j )

)2
, (A4)

using μij in (5) and

N̂i j (ξ j ) = ξ1 j + ξ2 j log( fi j ), (A5)

where ξ j = [ξ 1j, ξ 2j] is a parameter vector.
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A P P E N D I X B : W E A K LY I N F O R M AT I V E
P R I O R S U S E D I N E S T I M AT I O N S T E P 1
A N D 2

In the model calibration steps (i.e. Step 1 and Step 2) we use weakly
informative priors to find the informative priors used in the sequen-
tial steps (i.e. Step 3 and Step 4). The priors for the parameters in φ

= [�0, fc, n, Q, β] are here weakly informative with respect to: the
event size (see Fig. 6), the literature (see Table 1), and the frequency
bandwidth (with fmax = 1000 Hz).

�0 ∼ U(0, 100),

fc ∼ U(0, 3000 = 3 fmax),

n ∼ U(0, 5),

Q ∼ Exp(1/500),

β ∼ U(0, 4),

where U(a, b) denotes a uniformly distributed parameter between a
and b and Exp(λ) denotes exponentially distributed parameter with
the expected value at λ−1.

A P P E N D I X C : S U P P O RT I V E F I G U R E S

To provide additional evidence to manuscript we include four sup-
portive figures (i.e. Figs C1, C2, C3 and C4). Figs C1 and C2 con-
taining all the waveform and residuals, respectively for the events

shown in Fig. 2, Fig. 3 and in Fig. 12. Fig. C3 addresses scaling
and stress drop with respect to �0, fc and n. Fig. C4 provide an
additional synthetic example using heterogeneous assumptions for
Model B.

A P P E N D I X D : R E P R E S E N TAT I V E
E V E N T S

Here we provide additional modelling results in Figs D1–D7 that
are more representative of the entire validation data set and at dif-
ferent event sizes. The events are not picked to show challenges
and strengths, but instead correspond to the specific event indices
matching exactly the: 1st, 5th, 25th, 50th, 75th, 95th and 99th per-
centiles with respect to �0 in the entire validation data set. These
results will provide a more representative picture of the modelling
performance in general.

A P P E N D I X E : A D D I T I O NA L E V E N T S

Here we provide additional modelling results in Figs E1–E3 that
are picked to show additional challenges and strengths with the data
and proposed method.
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Figure C1. Amplitude normalized seismograms for the event shown in Fig. 2, Fig. 3 and in Fig. 12. The seismograms are plotted on the vertical axis at distance
r between sensors and hypocentre and coloured by peak amplitude. Black vertical line marks the origin time and the red seismograms highlight both traces
shown in Fig. 2.
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Figure C2. Residual plot using Model B for the event in Figs 2, 3, 12 and C1 where the radial and tangential axis in the polar plot shows the distance rj

and azimuth (where 0◦ and 90◦ correspond to the x- and y-axis, respectively, in the mine’s coordinate system shown in Fig. 1), respectively with respect to
the hypocentre of the triggers sensors (see Fig 3). Upper right-hand figure show the elevation between hypocentre and sensor (negative values correspond
to sensors below the hypocentre), with respect to distance. Lower right-hand figure shows the residual spectra Ri j = log Yi j − μi j (φ̂) for the event, where
φ̂ is the posterior mode of φ. All figure are coloured by the mean of the residual spectra (i.e. R j = mean(Ri j ) = |I|−1 ∑

∀i∈I Ri j ) for corresponding jth
sensor.
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Figure C4. Bayesian inference of 10 synthetic spectra generated from an arbitrary point p = [2223, 6247, −1048] to arbitrary sensors in the mine, with our
heterogeneous velocity model V(p, j) and empirical rock mass model described by E(φ, p, j) and σ 2

Ei j
(φ, p, j). The inference is provided with Model B. The

lower left-hand subfigure depicts 10 noisy synthetic spectra Yij coloured by distance rj to source, given predefined model parameters and noise characteristics
(φ, Nij) defined in the legend. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with
95 per cent CI) of credible values �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The centre
plot in the last row show the true source spectra Si (in cyan) shown together with the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI
(in grey). The plots in the right-hand most column are the synthetic spectra for closest sensor (this sensor is not triggered by the training data set, since
E = 0), middle sensor and furthest sensor from top to bottom coloured by distance, together with the estimate of the observed spectra Ŷ = exp(μi j (φ̂))
(in black) using the posterior mode φ̂ and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the
diagonal.
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Figure D1. Bayesian inference of the event index corresponding to the 1st percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the diagonal.
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Figure D2. Bayesian inference of the event index corresponding to the 5th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the diagonal.
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Figure D3. Bayesian inference of the event index corresponding to the 25th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the diagonal.
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Figure D4. Bayesian inference of the event index corresponding to the 50th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the diagonal.
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Figure D5. Bayesian inference of the event index corresponding to the 75th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2

0 are also provided left of the diagonal.
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Ŷ40

HDI 95 ∼ Y REP
40

0.00 2.22×10−3

σ2
0

HDI 95

6.04×101 2.30×102

ν

HDI 95

102 103

f (Hz)

10−3

10−2

10−1

Ŝi
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Figure D6. Bayesian inference of the event index corresponding to the 95th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2
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Figure D7. Bayesian inference of the event index corresponding to the 99th percentile with respect to �0 in the entire validation data set. Estimated using
Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed spectra Yij coloured by distance rj to the estimated
hypocentre p̂. The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of
credible values of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last
row shows the estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most
column are the observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra
Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2
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Figure E1. Bayesian inference of one validation event with flat spectra. Estimated using Model B, where c1 = 2 and c2 = 1 for the weighting of Eij. The lower
left-hand corner depicts the observed observed spectra Yij coloured by distance rj to the estimated hypocentre p̂. The scatter plots to the right of the diagonal
shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of credible values of �0, fc and n in φ. Diagonal figures are
histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last row shows the estimated source spectra Ŝi = Si (φ̂) (in black)
and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most column are the observed spectra for closest sensor, middle
sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra Ŷ (in black) and 95 per cent HDIs (in grey). Histograms for
the statistical parameters ν and σ 2
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Figure E2. Bayesian inference of one validation event containing resonances for the closest sensor to source. Estimated using Model B, where c1 = 2 and
c2 = 1 for the weighting of Eij. The lower left-hand corner depicts the observed observed spectra Yij coloured by distance rj to the estimated hypocentre p̂.
The scatter plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of credible values
of �0, fc and n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last row shows the
estimated source spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most column are the
observed spectra for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra Ŷ (in black) and
95 per cent HDIs (in grey). Histograms for the statistical parameters ν and σ 2
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Ŷ65

HDI 95 ∼ Y REP
65

102 103

f (Hz)

10−7

10−6

10−5

10−4
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Figure E3. Bayesian inference of one large validation event showing poor high frequency behaviour. Estimated using Model B, where c1 = 2 and c2 = 1 for
the weighting of Eij. The lower left-hand corner depicts the observed observed spectra Yij coloured by distance rj to the estimated hypocentre p̂. The scatter
plots to the right of the diagonal shows the MCMC samples, and also depict the pairwise correlations ρ (with 95 per cent CI) of credible values of �0, fc and
n in φ. Diagonal figures are histograms of posterior samples with corresponding 95 per cent HDI. The middle plot in the last row shows the estimated source
spectra Ŝi = Si (φ̂) (in black) and 95 per cent HDI (in grey), where φ̂ is the posterior mode. The plots in the right-hand most column are the observed spectra
for closest sensor, middle sensor and furthest sensor coloured by distance, together with the estimate of the observed spectra Ŷ (in black) and 95 per cent HDIs
(in grey). Histograms for the statistical parameters ν and σ 2
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Abstract—The dynamic properties of mining induced seismic

activity with respect to production rate, depth and size are studied

in seven orebodies in the same underground iron ore mine. The

objective is to understand the relationship between the measured

seismic activity and the: seismic decay time, planned production

rate, production size and mining depth. This relationship is the first

step to individually customise the production rate for each orebody

in the mine, make short-term predictions of future seismicity given

planned productions, and to find out in what way the available

predictors affect the seismicity. The seismic response with respect

to the dependent variables is parametrised and the estimated decay

times for each orebody, which are of particular interest here, are

compared. An autoregressive model is proposed to capture the

dynamic relationship between the induced seismic activity, the

current production rate and the past seismic activity. Bayesian

estimation of the parameters is considered and parameter con-

straints are incorporated in the prior distributions. The models for

all orebodies are tied together and modelled hierarchically to

capture the underlying joint structure of the problem, where the

mine-wide parameters are learnt together with the individual ore-

body parameters from the observed data. Comparisons between the

parameters from the hierarchical model and independent models

are given. Group-level regressions reveal dependencies on size and

mining depth. Model validation with posterior predictive checking

using several discrepancy measures could not detect any model

deficiencies or flaws. Posterior predictive intervals are evaluated

and inference of model parameters are presented.

Keywords: Induced seismicity, Bayesian hierarchical model,

Probabilistic forecasting, Time-series analysis, Statistical

seismology.

List of Symbols

yij Number of detected events per week

within the ith week and in the jth

orebody

pij Planned accumulative rock mass in

megatonne (Mt) retrieved by the

production blasts during the ith week

and in the jth orebody. This estimate is

based on planned production and is not

measured

lj Expected number of detected events in

the jth orebody

mj Dispersion parameter (or scale

parameter) describing the width of the

distribution modelling the activity in the

jth orebody

h First level model parameters, describing

the individual orebody

h1j Autoregressive parameter describing the

seismic decay in the jth orebody

h2j Effect of the production in the jth

orebody

h3j Seismic exposure in the jth orebody

h4j ¼ mj Dispersion parameter (or scale

parameter) describing the width of the

distribution

sj Half-life

/ Second level model parameters, i.e. the

hyperparameters, describing the

behaviour of the group of orebodies

/1;/2 Hyperparameters for prior distribution

for the autoregressive parameter h1j

/3;/4;/5 Hyperparameters for prior distribution

for the effect of the production h2j,

where /4 is the effect of the production

size sj
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/6;/7;/8 Hyperparameters for prior distribution

for the seismic exposure h3j, where /7 is

the effect of the production depth dj

/9;/10 Hyperparameters for prior distribution

for the dispersion h4j

sj Planned production size in the jth

orebody in megatonne (Mt/week),

estimated based on the average weekly

production rate in the orebody. This

estimate is based on planned production

and is not measured

dj Production depth in the jth orebody

1. Introduction

To individually customise the mining operations

with respect to the seismic impact in a certain ore-

body, it is important to understand how mining

operations and mining conditions affect the measured

seismic activity in the volume. Even though this

effect is different for each orebody in the mine con-

sidered here (LKAB’s iron-ore mine in Malmberget,

northern Sweden) the orebodies are still related. They

share not only the geological features present in the

region (Bergman et al. 2001; Debras 2010), but they

are also subjected to the same mining method (sub-

level caving) and fairly similar mining conditions

(Wettainen and Martinsson 2014). This type of higher

level relationship suggests the use of hierarchical

modelling (see e.g. Kruschke 2014; Gelman and Hill

2007; Gelman et al. 2004) with the ability to treat the

model parameters for each orebody in the mine as

one observation from a mine-wide distribution that

describes the group of orebodies. The mine-wide

model has in turn group-level predictors and hyper-

parameters (Gelman and Hill 2007) that are

estimated from the data by treating the estimation

problem jointly. The group-level predictors are ore-

body specific data (e.g. mining depth, average

production rate, rock mechanic properties, spatial

orientation and shape) that might affect the lower

level parameters describing the seismic activity in

each orebody. As opposed to non-hierarchical Baye-

sian models, data can enter a hierarchical model at

different levels of the hierarchy and is not limited to

the likelihood function. The model parameters and

corresponding predictors for each orebody are

embedded in the likelihood function in the same way

as with non-hierarchical models, while hyperparam-

eters and corresponding group-level predictors are

embedded in the prior distributions.

The hierarchical structure allows the data to

inform us of similarities across the orebodies and to

use this information in the estimation process for the

individual models and group-level parameters. If the

orebodies behave similar given the group-level pre-

dictors, this similarity information is used to shrink

the posterior distributions of the parameters towards a

mine-wide average (Kruschke 2014; Gelman and Hill

2007). The prior distributions of the model parame-

ters are then more informative and their shape are

defined by the group-level predictors and hyperpa-

rameters which are jointly estimated from the data.

This means that with access to group-level predictors

the prior distributions are sharper and more infor-

mative which helps in reducing the prediction

uncertainty when predicting new outcomes. This

process is analogous to non-hierarchical Bayesian or

maximum likelihood regression where access to

individual-level predictors often contracts the likeli-

hood around a regression line.

For example, in the time interval we are studying

here, mining depth and the size of the production are

constant (or nearly constant) and can not be distin-

guished from the constant term in the model if the

orebodies are modelled independently. However,

constant orebody-specific properties can be analysed

with group-level (or mine-wide) regression models

by adapting a hierarchical model structure.

This is interesting, not just from an analysis point

of view, but it will also yield more certain predictions

when data is sparse. We will show that in the most

extreme case, predictions can be made without any

measurements of seismicity, based only on prior

distributions and group-level predictors. This is con-

venient in areas not yet covered by the seismic

system and the Bayesian reliance on prior distribu-

tions when data is sparse gives an intuitive solution.

The best we can do when we have no data, is to base

our prediction on the similarity information of the

orebodies in the mine.

2620 J. Martinsson and W. Törnman Pure Appl. Geophys.



Depth dependencies can also be explored as in

Vallejos and McKinnon (2011) by pooling the ore-

bodies and consider a single model for the entire

mine but at different mining levels. This will, how-

ever, eliminate the possibility to explore

dissimilarities among the orebodies and our aim to

customise the production for each one of them would

be lost. Also, if the orebodies are not equal, pooling

will inflate the overall uncertainty to handle the dif-

ferences between the orebodies and produce less

certain individual predictions.

For weekly or monthly predictions, the data

shows a dynamic behaviour and, e.g., a high seismic

activity this week increases the probability of high

seismicity the following week. Dynamic behaviours

that remembers past mining induced seismicity have

been studied in Polish mines (Węglarczyk and

S. Lasocki 2009) by evaluating the auto-correlation

function. In this paper we are more interested in a

model that includes this property in its structure to

obtain better predictions. The straightforward way to

capture this is with an autoregressive model (see e.g.

Smyth and Mori 2011), where the past week’s

activity is included in the model as a predictor. Using

the previous week as a predictor, the memory of the

past activity will decrease exponentially with time

and the autoregressive parameter can also be repre-

sented as the seismic half-life (see Appendix for more

details). The impulse response of the autoregressive

process will not follow Omori’s Law (Omori 1894)

but instead decay exponentially similar to many

physical relaxation processes. This was also one of

the early criticisms of the Omori’s law (see e.g.

Burridge and Knopoff 1967; Richter 1958). For

longer time periods, those of interest in this study, it

has been shown that the exponential decay predom-

inates over power-law decay (Otsuka 1985, 1987;

Souriau et al. 1982) for aftershocks. Also, the decay

times in this study are in the order of weeks as

opposed to hours or days for major events in mines

(Vallejos and Mckinnon 2010; Olivier et al. 2015).

Furthermore, as no single earthquake in our sequen-

ces is a main shock but the result of weakly

production in the mine, the process may have a closer

relation to that of earthquake swarms as opposed to

aftershocks (see e.g. Špičák et al. 1999). The decay of

earthquake swarms has been shown to follow both

exponential decays (Mogi 1987, 1991; Tsukuda

1991, 1993) and power-law decays (Mogi 1991;

Tsukuda 1993) and may depend on the magnitude of

strength at the source (Ogasawara 2002) or a change

in fracture condition (Hirata 1987).

The aim of this study is to find a suitable model

that describes the observed seismicity in each ore-

body in the mine, given a set of the most commonly

available predictors in a mine: weekly production,

past seismicity, mining depth, production size. From

this model we then want to:

• Make short-term predictions of future seismicity

with realistic prediction uncertainties, given

planned productions. From predictions it is possi-

ble to customise the production rates for each

orebody under the constraints of limited induced

seismicity.

• Estimate the effects of the different predictors on

the observed seismicity.

• Find possible similarities between the orebodies.

• Find important group-level predictors to obtain

more informative prior distributions for the indi-

vidual parameters.

Additional predictors can easily be included in the

model, but we limit our analysis to data that are

commonly available in most mines; making the

proposed model applicable in similar settings. A

deeper understanding of the underlying causes of the

effects and their correlation to rock mechanical

properties is not the objective here as it would

require much more comprehensive data that are

absent in most settings. The magnitude information is

not included in the analysis, but this information can

easily be combined with the predicted activity from

the model proposed here to give a more comprehen-

sive probabilistic earthquake hazard assessment in the

mine (see e.g. Martinsson and Jonsson 2018).

Planned weekly production (Mt), estimated using

production layouts and expected densities, is used

here as a predictor when modelling mining induced

seismicity and it is roughly proportional to the

excavated volume per week that in turn is related to

the accumulated moment McGarr (1976). This is a

natural choice as information of planned production

is commonly available in mines and relationships

between induced seismicity and related predictors
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such as the total injected volume or the injection rate

has been established before (see e.g. Shapiro et al.

2007, 2010; Bachmann et al. 2011; Mena et al. 2013;

Leptokaropoulos et al. 2017; Garcia-Aristizabal

2018).

2. Data and Methods

The mine under investigation is LKAB’s under-

ground iron ore mine in Malmberget, located in

northern Sweden. Long-term predictions of mining

induced seismicity in this mine has be studied earlier

(Wettainen and Martinsson 2014), aiming to deliver

long-term prognosis of future ground vibration levels

as a function of the production years ahead. The work

here is instead devoted to short-term predictions

(1 week ahead), exploiting the short-term dynamic

behaviour of the observed induced seismicity. The

Malmberget mine consists of around twenty orebod-

ies of varying sizes, shapes and depths. The seven

major orebodies are covered by the seismic mea-

surement system and considered in the analysis here.

The other orebodies are smaller, partly mined out,

and not expected to cause significant seismic events

(Wettainen and Martinsson 2014).

2.1. Data

The seismic and mine specific data used in this

analysis was collect between 2010.01.01 and

2013.10.14 under which the seismic system remained

constant. The measured seismic events are all man-

ually processed and accepted as seismic events in the

catalogue, with average location errors of � 33 me-

ters (Martinsson 2012). The data set used here is

exported from the analysis software mXrap (formerly

MS-RAP), developed by the Australian Centre for

Geomechanics. In this software the events are

automatically placed, based on their location, in

clusters that are manually associated with one of the

seven major magnetite orebodies covered by the

measurement system. These orebodies are indexed by

j ¼ 1; . . .; 7 and correspond to Alliansen, Dennewitz,

Fabian, Kapten, Parta, Printzsköld and Viri (Vitåfors/

ridderstolpe), respectively, shown in Figs. 1 and 2.

The spatial clustering enables us also to remove

events caused by stationary mining noises (such as

ore-passes and crushers) that occasionally slips

through manual rejection. This is important as it

may otherwise affect the analysis with respect to the

production.

2.2. Inferential Methods

The main reasons for applying Bayesian hierar-

chical analysis are: (1) that the Bayesian hierarchical

structure matches our situation with one mine

Figure 2
Cross sections of the seven major magnetite orebodies shown in

Fig. 1 based on planned production at the individual depths shown

in Fig. 6. The orebodies are coloured and indexed by j ¼ 1; . . .; 7

and correspond to Alliansen, Dennewitz, Fabian, Kapten, Parta,

Printzsköld and Viri (Vitåfors/ridderstolpe), respectively. The grid

size is 500 � 500 m and the coordinate system is rotated 45�

(relative to the original mine coordinates) to match the view in

Fig. 1

Figure 1
Illustrating the ore bodies at the Malmberget mine where the major

orebodies shown in blue are all magnetite and plunging 40–50�

towards SSW (LKAB photo archive)
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containing several orebodies (Kruschke 2014; Gel-

man and Hill 2007); (2) to account for individual- and

group-level variation in estimating group-level

regression coefficients (Gelman and Hill 2007); (3)

to obtain reasonable estimates for orebodies with

small sample sizes; (4) to provide richer inference

and avoid the common problems associated with

p-values (e.g. dependencies on the sampling and

testing intentions (Kruschke 2013); (5) to make direct

probability statements about the effect given the

observed evidence (Kruschke 2014).

The inference is based on Markov Chain Monte

Carlo (MCMC) methods (Gelman et al. 2004;

Kruschke 2014; Chen et al. 2000) providing realistic

estimates of credible intervals of parameter values

(Martinsson 2012) compared to, e.g., approximations

based on derivatives. Slice sampling (Neal 2003) is

used and inference is calculated from 100,000

samples from the posterior distribution with con-

verged chains. However, alternative open-source

statistical packages such as Stan (Carpenter et al.

2017) or JAGS (Plummer 2003) are available for both

sampling and modelling, (see e.g. Kruschke (2014),

for an nice introduction.)

Credible intervals are here based on equal-tail

intervals using empirical percentiles and point esti-

mates are obtained using the sample median rather

than the sample mean. The main reason is to preserve

point estimates (location, and interval values) under

monotonic transformations. For example, this means

that point estimates and intervals obtained for the

autoregressive parameter can easily be recalculated to

the seismic half-life (or the other way around).

3. Model Selection

In ideal cases the occurrence of the seismic events

in time can be described by a Poissonian process with

an area-specific mean activity rate (see e.g. Kijko and

Graham 1999). In practice, the distribution of count

data are often overdispersed (Gelman and Hill 2007)

with variance greater than the mean value. The

Poisson distribution, commonly used to describe

counts, requires the variance to be equal to the mean

value and this restriction often results in underesti-

mated uncertainties when applied to real data. This is

also the case for the count data in this study (i.e.

measured number of events per week). Instead, we

apply the negative binomial distribution (Campbell

1982; Rao and Kaila 1986) with the ability to

describe overdispersed count data. This distribution

allows the variance to be greater than the mean value

by adding a separate dispersion parameter (Gelman

and Hill 2007) to adjust the width of the distribution.

The dispersion parameter is estimated jointly with the

other parameters based on the observed data, result-

ing in realistic uncertainty estimates.

Except for the autoregressive term, we use an

exponential link function (Kruschke 2014; Gelman

and Hill 2007) for the other predictors for two rea-

sons. Firstly, the average seismic activity must be

positive so it makes sense to fit a regression on the

logarithmic scale following Kruschke (2014) and

Gelman and Hill (2007). Secondly, the exponential

link function will result in a multiplicative effect of

the predictors on the average seismic activity, and the

constant term (i.e. the intercept in linear regression)

will act as an exposure term in relation to the other

predictors (Gelman and Hill 2007). This means that

the sensitivity of the measurement system (i.e. the

probability of detecting an event of a certain magni-

tude) in the specific volume will act as an exposure

term and will not affect the other estimands of

interest and limit its role as a potential confounding

variable, as opposed to using e.g. a linear link func-

tion. Also, discarding events below the magnitude of

completeness threshold in our catalogue to compen-

sate against differences in sensitivity would in our

case lead to a significant loss in information and the

usefulness of our data. Including all events in the

analysis provides us with significantly more infor-

mation for predicting the activity, which is the focus

in this paper, but it has also been shown to give richer

inference and significantly improved b-value esti-

mates in terms of bias and uncertainty (Martinsson

and Jonsson 2018).

The autoregressive term is of special interest here

since it describes how long the current mining oper-

ation will be ‘‘remembered’’ by the orebody in the

future. For example, the autoregressive term can be

expressed as the seismic half-life and is here defined

as the amount of time required for the activity to fall

half ways to its steady state value if we would
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decrease the production by a certain amount at pre-

sent time. Production in orebodies with long seismic

half-life must be less frequent to avoid accumulated

activity.

3.1. The Hierarchical Model Structure

A three-level hierarchical Bayesian model is

needed for the data in this study and an overview

of the model is given in Fig. 3. The graphical

representation illustrates the complete hierarchy

(following Kruschke 2014), and summarises the

model in simple graphs and figures without extensive

notations of the distributions and the dependencies

between parameters. Figure 3 can directly be used in

combination with open-source statistical packages,

such as STAN (Carpenter et al. 2017) or JAGS

(Plummer 2003), to implement the model we pro-

pose, with limited programming efforts (see e.g.

Kruschke (2014), for a introductory explanation on

how to do it). The choice of model structure and

distributions follow standard references in Bayesian

hierarchical modelling (see e.g Kruschke 2014;

Gelman and Hill 2007; Gelman et al. 2004) and we

also adopt standard notations to more easily match

the proposed model structure with standard models

found in these resources.

The first level in the hierarchy is the individual

model for each orebody with model parameters

denoted by h. This model is simple, preserves

physical constraints, and describes the activity in

the orebody using four basic parameters: one con-

stant, one parameter that describes the effect of past

seismicity, one parameter that describes the effect of

the planned production in the orebody, and one that

governs the width (or dispersion or scale) of the

distribution of activity. The second-level model

describes the mine-wide characteristics and contains

Figure 3
Overview of the proposed three-level hierarchical Bayesian model. The first level (bottom part) shows the individual model for each orebody.

The second level (middle part) shows the prior distributions for the parameters at the first layer and describes the mine-wide distribution. The

third level (top part) shows the hyperprior distributions for the parameters in the prior distributions at the second level

2624 J. Martinsson and W. Törnman Pure Appl. Geophys.



the prior distributions for the parameters in level one.

The prior parameters are often called hyperparame-

ters (Gelman et al. 2004; Kruschke 2014) and are

here denoted /. The mine-wide model describes the

behaviour of the group of orebodies in the studied

mine and, in contrast to non-hierarchical models

who’s second-level parameters (hyperparameters) for

the prior distributions are fixed, we use the data to

estimate their values given group-level predictors.

This means that the observed data will revile

similarities within the group of orebodies. The

second-level mine-wide information are then shared

by the individual models in the first level to obtain

better estimates. Group-level predictors and similar-

ities between the orebodies are of interest, not only

for inference on a mine-wide scale, but essential for

robust estimation in areas where the data is poor or

observations are sparse (Gelman and Hill 2007).

Below we present the proposed Bayesian hierarchical

model in detail. The model includes the group-level

relationships that we found: (1) agree with the

individual observations (Sect. 4.1) and group-level

behaviour (Sect. 4.2); (2) have intuitive group-level

relationships (Sect. 4.2) and (3) generate good

(Sect. 4.1 and Sect. 4.3) and valid predictions

(Sect. 4.4).

In Sect. 5 we mention other options and addi-

tional parameters that did not result in modelling

improvements for our data set.

3.1.1 Level 1: The Individual Model

The individual model at the first level describes the

measured seismic activity yij (i.e. number of detected

events per week) within the ith week and in the jth

orebody. Given the model parameters hj and covari-

ates, yij is assumed independently negative binomial

distributed

pðyijjhj; yi�1;j; pijÞ ¼
Cðmj þ yijÞ
yij!CðmjÞ

mj

mj þ lij

 !mj

�
lij

mj þ lij

 !yij

;

ð1Þ

lij ¼ h1jyi�1;j þ exp h2jpij þ h3j

� �
; ð2Þ

mj ¼ h4j; ð3Þ

during i ¼ 1; 2; . . .; nj observed weeks, in j ¼
1; 2; . . .; J orebodies. The covariates are the measured

seismic activity from the prior week yi�1;j and the

planned accumulative rock mass in megatonne (Mt)

retrieved by the production blasts pij during the cur-

rent week. The values of pij is not measured but based

on planned production. In Eq. (1) we adopt the

standard reparametrisation of the negative binomial

distribution in terms of the mean value lij and dis-

persion parameter mj, that is suitable for regression

(Hilbe 2011). The model parameter h1j describes the

seismic decay, h2j the multiplicative effects of the

production, h3j the seismic exposure term and mj ¼ h4j

the dispersion parameter.

The seismic decay can also be characterised by

the half-life

sj ¼ � logð2Þ= logðh1jÞ; ð4Þ

and is defined here as the amount of time required for

the activity to fall (or rise) halfway to its steady state

value, if we would decrease (or increase) the pro-

duction by a certain amount at the present time. If h1j

is close to one, the half-life is very long and the jth

orebody will accumulate past seismic activity. See

Appendix for more details.

The expected value in (2) is primarily applicable

to orebodies subjected to active mining. In this state

the activity will approach a steady-state level (or

background seismicity) rather than zero activity in

periods with no production, see Appendix. We

discuss possible model extensions in Sect. 5 to

additionally include transitions from active mining

to post mining.

3.1.2 Level 2: The Mine Wide Model

The second-level model describes the group of

orebodies and is the prior distributions for the

individual model parameters h in (1) given a set of

hyperparameters /.

The autoregressive parameter h1j, given the

hyperparameters /1 and /2, is assumed independent

identically beta distributed

pðh1jj/1;/2Þ ¼ Beta a; bð Þ; ð5Þ

a ¼ /1ð/2 � 2Þ þ 1; ð6Þ
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b ¼ ð1 � /1Þð/2 � 2Þ þ 1; ð7Þ

with the restricted support h1j 2 ½0; 1½ to guarantee

stability using autoregression (see e.g. Porat 1997).

Here we use the more intuitive parametrisation with

the mode /1 ¼ ða� 1Þ=ðaþ b� 2Þ and the samples

size /2 ¼ aþ b (see e.g. Kruschke 2014), where

Betaða;bÞ is the standard parametrisation of the beta

distribution.

The effect of the production is described by h2j

and is non-negative and gamma distributed

pðh2jj/3;/4;/5; sjÞ ¼
1

CðmÞh2j

mh2j

l

� �m

exp � mh2j

l

� �
;

ð8Þ

l ¼ expð/3 þ /4sjÞ; ð9Þ

m ¼ /5; ð10Þ

where the mean effect shows an exponential beha-

viour with respect to the size of the production sj. The

size sj is here is based on the average weekly pro-

duction rate in the orebody, following Gelman and

Hill (2007), but similar results are obtained using the

production area. The exponential relationship (i.e. a

regression in log-scale) makes sense as the mean

effect l must be positive (Gelman and Hill 2007;

Gelman et al. 2004).

The constant term h3j in (2), or the exposure

(Gelman and Hill 2007), is normally distributed

pðh3jj/6;/7;/8; djÞ ¼ N /6 þ /7dj;/8

� �
; ð11Þ

where the mean depends linearly on the production

depth.

As size sj and depth dj are nearly constants during

the studied time frame, it makes sense to use their

mean values as group-level predictors in the model

(see e.g. Kruschke 2014; Gelman and Hill 2007).

The exponential link-function in (2) means that

the dependency on depth in h3j will have a positive

exponential effect on the average seismicity (2) and

follows the results obtained by Vallejos and McKin-

non (2011).

The last parameter is the non-negative dispersion

term h4j in (3) and is gamma distributed

pðh4jj/9;/10Þ ¼
1

CðmÞh4j

mh4j

l

� �m

exp � mh4j

l

� �
;

ð12Þ

l ¼ /9; ð13Þ

m ¼ /10: ð14Þ

3.1.3 Level 3: The Distributions for the Mine-Wide

Parameters

The data consist of only seven individuals in the group

and some regularisation is needed in the structural level

to obtain stable inference (Gelman and Hill 2007). We

follow the hyperprior design for /1;/2 in (5) proposed

by Kruschke (2014), and we put a uniform hyperprior

distribution for the mode /1 and a gamma distribution

for the dispersion /2 � 2 with mean 1 and standard

deviation 5. Because the value of /2 � 2 must be non-

negative, the prior distribution on /2 � 2 must not

allow negative values (Kruschke 2014).

For the regression hyperparameters /3;/4;/6;/7

we consider weakly-informative Cauchy hyperprior

distributions proposed in Gelman et al. (2008), where

the effect of depth /7 is restricted to be positive

(Vallejos and McKinnon 2011) using a half-Cauchy

prior distribution (Kruschke 2014) and illustrated in

Fig. 3.

The dispersion parameter /5 þ 1 is gamma dis-

tributed and restricted to be non-negative to force

zero probability density at zero. The motivation for

this is that we know that the production must have a

positive effect on the observed seismicity. With this

restriction the resulting hyperprior distribution

matches both the independent non-hierarchical and

the hierarchical estimation result. For the standard

deviation /8 in the normal regression model in (11)

we consider the standard non-informative prior

pð/8Þ / /�1
8 (see e.g. Gelman et al. 2004; Kruschke

2014; Gelman and Hill 2007). The last dispersion

parameter /10 is gamma distributed (following

Kruschke 2014).

3.1.4 The Joint Posterior Distribution

The joint posterior distribution is given by collecting

the therms in the three levels under the assumption of

2626 J. Martinsson and W. Törnman Pure Appl. Geophys.



independence and conditional independence (see e.g.

Kruschke 2014; Gelman et al. 2004; Gelman and Hill

2007). Starting with the hyperprior distributions in

level 3 at the top layer in Fig. 3, and moving down

towards the prior distributions in level 2, and finally

ending with the likelihood in level 1, the joint

posterior can be expressed as

pðbjdÞ / pð/Þ
YJ

j¼1

pðhjjsj; djÞ
Ynj

i¼1

pðyijjhj; yi�1;j; pijÞ;

ð15Þ

where d represents both the measured data and

covariates, and b is a 38 dimensional parameter vector

containing all parameters in the joint model. The

hyper-prior (level 3) and prior distributions (level 2)

are given by

pð/Þ ¼
Y10

k¼1

pð/kÞ; ð16Þ

pðhjjsj; djÞ ¼ pðh1jj/1;/2Þpðh2jj/3;/4;/5; sjÞ
� pðh3jj/6;/7;/8; djÞpðh4jj/9;/10Þ;

ð17Þ

respectively, and summarises the terms in levels 2

and 3. As opposed to standard non-hierarchical

Bayesian models we have here an additional term

with hyperprior distributions pð/Þ.

4. Results

In this section we present inferential results obtained

from the model. The results mainly address our aim

previously declared in Sect. 1. The model’s predictabil-

ity is evaluated in Sect. 4.1 and general results are

initially discussed based on visual comparisons. A more

detailed analysis of the specific effects of the different

predictors are later presented in Sect. 4.2 along with

estimates of the seismic half-life. Finally, the model’s

ability to predict new areas are demonstrated in Sect. 4.3.

4.1. Predicting the Activity

Figures 4 and 5 show the proposed model’s

weekly predictions of the induced seismicity in the

seven studied orebodies. The predictions shown in

red summarises the posterior predictive distributions

(see e.g. Gelman and Hill 2007; Gelman et al. 2004;

Kruschke 2014) and are compared against the actual

observations shown as black dots. The green dashed

curve represents the weekly production in the

orebody and is used as a predictor in the model.

The red line shows the median prediction and the

light red and dark red regions are the 50% and 95%

prediction intervals, respectively. The number of

observations inside the prediction intervals matches

the specified percentages fairly well. A more detailed

evaluation of the model’s predictability is given later

in Sect. 4.1 using cross-validation (Söderström and

Stoica 1989) and Sect. 4.4 when validating the

model. A few interesting observations can be made

from a visual inspection:

• The effect of the production on the seismicity

varies between the orebodies. The production in

the second and the fifth orebody seems to correlate

more to the observed seismicity, compared to the

first, the third and the sixth orebody. There is only

a short production interval in the fourth orebody.

• There are indications of seismic decays at intervals

succeeding production stops. These are visible in

the second orebody between weeks 60–85 and

140–165, and in the fifth orebody between weeks

125–150. Also, successive seismic buildups are

visible as the production starts, e.g., in the fifth

orebody after week 150 and in the seventh orebody

after week 140. The seismic time constants asso-

ciated with changes in weekly production are

difficult to quantify visually, but indicate weeks

rather than hours reported in Vallejos and Mckin-

non (2010) or days reported in Olivier et al. (2015)

when associated with singe events or single blasts.

We return to a more detailed analysis in Sect. 4.2

and Fig. 7.

• There are bursts of activity in the third and fourth

orebody in Fig. 4 not directly driven by the current

production. We discuss causes likely related to the

applied mining method in Sect. 5.

4.2. Parameter Estimation

Estimation results for the individual parameters

hkj in (2–3) and their corresponding prior
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distributions (5–12) are shown in Fig. 6. The red

squares pðhkjjyjÞ are estimates of the parameters when

treating the orebodies independently and the blue

circles pðhkjjyÞ are estimates obtained using the

hierarchical model structure. The numbers j ¼
1; . . .; 7 inside the markers represent the seven

orebodies in our data set. The corresponding bold

and thin horizontal whiskers represent the 50% and
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Figure 4
Weekly predictions of the induced seismicity in the first four (j ¼ 1; . . .; 4) of our seven (J ¼ 7) studied orebodies. The predictions

summarises the posterior predictive distribution and are compared against the actual observations shown as black dots. The green dashed

curve represents the planned weekly accumulative rock mass retrieved by the production blasts in the orebody, and is used as a predictor in the

model. Note that the production is for visualisation proposes shown here in kilotonne (kt) rather than megatonne (Mt). The red curve shows

the median prediction and the light red are dark red regions are the 50% and 95% prediction intervals, respectively
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95% credible intervals, respectively. The blue curves

are the jointly estimated prior distributions for the

parameters in the hierarchical model, and describes

the group of orebodies (i.e. the mine-wide distribu-

tion). The green curves represent group-level

regression curves in (9) and (11) given size and

depth, respectively.

The first parameter h1j represent the seismic decay

term (or the autoregressive parameter). The similarity

of the seven orebodies means that the prior distribu-

tion in (5) contracts around its median value of 0.890

with the 95% interval ð0:665; 0:985Þ. Some shrink-

age (with respect to both location and uncertainty)

towards the mine-wide distribution is observed when

comparing the hierarchical estimated (blue circles)

against the independent estimates (red squares). This

rather small effect of the prior distribution is expected

as the likelihood is much more informative compared

to the similarity of the orebodies captured by the prior

distribution. The whiskers spanning the credible

intervals are considerably smaller than the estimated

prior distribution. Figure 7 shows the same estima-

tion results but viewed from the seismic half-life

using the relationship in (4). The median half-life for

the mine-wide distribution is 5.960 weeks and the

95% interval is ð1:697; 45:556Þ. We could not see
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Figure 5
Weekly predictions of the induced seismicity in the last three (j ¼ 5; 6; 7) of our seven (J ¼ 7) studied orebodies. The predictions summarises

the posterior predictive distribution and are compared against the actual observations shown as black dots. The green dashed curve represents

the weekly accumulative rock mass retrieved by the production blasts in the orebody, and is used as a predictor in the model. Note that the

production is for visualisation proposes shown here in kilotonne (kt) rather than megatonne (Mt). The red curve shows the median prediction

and the light red and dark red regions are the 50% and 95% prediction intervals, respectively
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Figure 6
Estimation results for the individual parameters in (2) and (3) and their prior distributions defined in (5–12). The red squares are the

independent estimates and the blue circles are estimates obtained using the hierarchical model structure for the seven orebodies. The

corresponding bold and the thin horizontal whiskers represent the 50% and 95% credible intervals, respectively. The blue curves are the

estimated prior distributions for the parameters the green curves represent group-level regression curves. The size sj is for visualisation

proposes shown here in kilotonne (kt/week) rather than megatonne (Mt/week)
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any group-level dependence of the decay times with

respect to depth (nor size) for the studied data, as was

found in Vallejos and McKinnon (2011).

The second parameter h2j is the effect of the

weekly accumulative rock mass retrieved by the

production blasts in (2) on the activity. The rock mass

is not based on actual measurements but on planned

production. The exponential effect in (9), motivated

in Sect. 3.1.2, seems reasonable and is shown as the

green curves in Fig. 6. The bold green curve repre-

sent the median regression curve and the thin curves

are credible regression curves generated using a

subset of 1000 posterior samples (Sect. 2.2). Note

also that the prior distributions in blue are more

informed as the location and the dispersion follows

the group-level relationship with respect to size sj.

Neglecting the dependency on size results in a much

wider prior distribution describing all sizes.

The third parameter h3j in Fig. 6 is the exposure

term in (2), Sect. 3.1.2, and depends linearly on depth

dj. The exponential link-function (2) means that

depth will have a positive exponential effect on the

average seismicity (Vallejos and McKinnon 2011).

As with the previous parameter, the prior distribu-

tions in blue are more informed as the location of the

normal distribution in blue follows the group-level

relationship. The bold green curve represents the

median regression line and, e.g., increasing the depth

dj by 100 m results in a factor 1.944 more events on

average. This is in agreement with Vallejos and

McKinnon (2011) reporting a factor 1.896 more

events for the same increase in Creighton Deep (or

more precisely 0:0001 expð0:0064ZÞ where Z is

depth). As indicated by the scattering of credible

regression lines with different slopes in Fig. 6, the

uncertainty of this effect is high and so is the

corresponding 95% credible interval (1.046, 7.331)

for this increase in depth. Access to only seven

orebodies with depths relatively close to each other is

one reason for this uncertainty.

The fourth parameter h4j in Fig. 6 is the disper-

sion term (3) and shows overdispersion with respect

to a Poisson distribution. Similar to the autoregres-

sive term, no group-level dependencies are observed.

4.3. Predicting the Activity in New Areas Using

Cross-Validation

Except for inferring group-level dependencies, the

Bayesian hierarchical model allows us to predict

seismicity when data is sparse or even missing. In

Fig. 8, cross-validation (Söderström and Stoica 1989)

is applied where one orebody is removed from the

data set and we use the similarity information of the

other orebodies to predict its activity from start. We

demonstrate this for the two most extreme orebodies,

in both size and depth, as these two will be the most

influential points in the group-level regressions in

Fig. 6.

In Fig. 8, the red box represents this prediction

and is compared against the blue circles that is the

prediction when the orebody is included as in Figs. 4

and 5. The prediction of the first week is only based

on the prior distributions and the similarity of the six

other orebodies, using cross-validation. As the week

progresses the uncertainties contracts as more data is

100 101 102 103

Half-life τj (week)

11

22

33

44

5 5

66

77
Prior p(τ)

Hierarchical p(τj |y)

Individual p(τj |yj)

Figure 7
Estimation results for the seismic half-life sj using the relationship in (4)
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available for this new orebody and the results

approaches the predictions in Figs. 4 and 5, for

which both types of predictions are identical when

i ¼ 197. The rapid convergence towards the results

shown in Figs. 4 and 5 is expected as each individual

orebody has only four parameters and after only a

few weeks we have enough data to estimate the

individual four parameters without the otherwise

necessary support from the prior distributions pro-

vided by the similarity information of the other

orebodies.

The small systematic differences seen between

the two types of predictions reduces as more weeks

progress but needs more data from this new orebody

to vanish. The reason for this difference is that these

are the two most extreme orebodies in the group and

therefore the most influential points in the group-

level regressions in Fig. 6, and we need more data to

influence the group-level relationships, compared to

the data that is available for the other orebodies. In a

hierarchical Bayesian model, the influence of the

added data from the new individual is weighted both

with respect to sample size nj and with respect to the

number of individuals in the group J and their

corresponding sample sizes (Kruschke 2014; Gelman

et al. 2004; Gelman and Hill 2007).

4.4. Model Validation

Model validation is a central part in justifying the

proposed model (Kruschke 2014; Gelman et al. 2004;

Pintelton and Schoukens 2001). In order to trust

inference obtained using the model, the predicted

data generated using the same covariates should look

similar to the actual observations in Figs. 4 and 5

(Gelman et al. 2004). In the model validation step we

try to detect any model deficiencies that may lead to

false inferences about parameters or predictions of

interest.

We start in Table 1 by evaluating the number of

actual observations that are inside the 50% and 95%

prediction intervals shown in Figs. 4 and 5 as light

red and dark red regions. We expect about half of the

50% intervals and about 5% of the 95% intervals to

exclude the true measured value (Gelman et al. 2004)

shown as black dots in Figs. 4 and 5. We conclude

that the fractions in Table 1 of observations inside

these prediction intervals are realistic. None out of

the fourteen intervals, or 0.0 (0.0, 21.8)%, contains

Table 1

Evaluation of the 1-week-ahead prediction intervals in Figs. 4 and

5

Orebody In 95% region In 50% region

j ¼ 1 0.970 (0.935, 0.986) 0.513 (0.443, 0.582)

j ¼ 2 0.964 (0.929, 0.982) 0.487 (0.418, 0.557)

j ¼ 3 0.964 (0.929, 0.982) 0.487 (0.418, 0.557)

j ¼ 4 0.964 (0.929, 0.982) 0.543 (0.473, 0.611)

j ¼ 5 0.970 (0.935, 0.986) 0.569 (0.499, 0.636)

j ¼ 6 0.980 (0.949, 0.992) 0.447 (0.379, 0.517)

j ¼ 7 0.970 (0.935, 0.986) 0.467 (0.399, 0.537)

The table shows the fraction of observations inside the 95% and

inside the 50% prediction intervals. The numbers in the parentheses

are 95% credible intervals of this fraction. All fractions are within

the specified uncertainty
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Figure 8
Predictions of weekly activities based on the similarity information

of the other six orebodies. The top and bottom panel shows

predictions of weekly activities for the largest and smallest

orebody, respectively, using cross-validation. The red squares

represent predictions when the data for the particular orebody is

removed from the data set (and this new data set is denoted zi). The

blue circles are the prediction when the orebody is included in the

data set and is identical to the prediction shown in Figs. 4 and 5.

The black dots are the observed seismicity
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more or less observations than the interval was

specified to do. This matches the predefined risk of

5%, considering multiple comparisons (see e.g.

Gelman and Hill 2007).

Good short-term forecasts generally rely on recent

measurements. Figures 4 and 5 showed weekly

predictions given measurements of the seismicity

the week before yi�1;j in (2), along with the other

covariates explained in Sect. 3.

Longer range forecasts (e.g. 2 weeks, 3 weeks,

months, years) from the currently known state are

less certain. The most extreme case is predictions

without any recent measurements at all. Table 2

shows an evaluation of the prediction intervals for

this extreme case, using the same parameter estimates

and covariates as in Figs. 4 and 5 but without access

to any observations. The observed value of the

seismicity the week before yi�1;j in (2) is replaced

with a replicated (or simulated) value the week

before. To trust the model for long-term predictions

the corresponding prediction intervals should be

realistic. One out of fourteen intervals in Table 2

contain more observations than specified, and we

draw the same conclusion as for Table 1 above.

To further test the validity of the model we use

posterior predictive p-value (Gelman et al. 2004) for

various discrepancy measures that are important for

our inferential goals. Although criticised (see e.g.

Kruschke 2013, 2014) it still gives a hint of possible

discrepancies between the model and the observa-

tions if we take multiple comparisons into account

(Gelman 2013).

Based on 100,000 predicted data sets, given the

same covariates as in the observations, the posterior

predictive p-vales of different measures are shown in

Table 3. Five out of 70 measures, or 7.1 (3.2, 15.7)%,

are more extreme and matches a predefined risk of

5% (Gelman 2013).

We also evaluate 100,000 replicated data sets

without access to the observed value of the seismicity

the week before yi�1;j in (2). The posterior predictive

p-vales of different measures are shown in Table 4.

One out of 70 measures, or 1.4 (0.3, 7.6)%, is more

extreme and matches a predefined risk of 5%.

Based on the evaluation of the prediction intervals

and the posterior predictive p-values of predicted and

replicated data, there is little evidence to indicate

significant discrepancies and the actual observations

are typical of the replicated observations generated

using the proposed model (Gelman et al. 2004).

5. Discussion

Good models are essential to understand the

relationship between induced seismicity and the

production rate in the mine. We need them to: make

predictions of induced seismicity, estimate the effects

of different predictors, customise production plans

that limits induced seismicity. In this study we pre-

sent a Bayesian hierarchical model that captures the

dynamic relationships and group-level dependencies.

We found no evidence that would indicate model

deficiencies based on posterior predictive checks on

standard discrepancy measures, and the actual

observations are typical of the replicated observations

generated using the model. The prediction intervals

are realistic and the fraction of observations within

them matches their predefined probability.

We found that the seismic half-life ranges from

weeks up to 2 months for the studied orebodies and a

visual examination of the observations agrees with

these findings. As opposed to sequences after a large

event or a single blast, that shows decay times of

hours reported in Vallejos and Mckinnon (2010) or

several days reported in Olivier et al. (2015), we

Table 2

Evaluation of the prediction intervals based on replicated data

without access to past measurements

Orebody In 95% region In 50% region

j ¼ 1 0.964 (0.929, 0.982) 0.533 (0.463, 0.601)

j ¼ 2 0.970 (0.935, 0.986) 0.503 (0.433, 0.572)

j ¼ 3 *0.893 (0.842, 0.929) 0.477 (0.408, 0.547)

j ¼ 4 0.949 (0.909, 0.972) 0.569 (0.499, 0.636)

j ¼ 5 0.964 (0.929, 0.982) 0.548 (0.478, 0.616)

j ¼ 6 0.970 (0.935, 0.986) *0.416 (0.350, 0.486)

j ¼ 7 0.964 (0.929, 0.982) 0.503 (0.433, 0.572)

The table shows the fraction of observations inside the 95% and

inside the 50% prediction intervals. The numbers in the parentheses

are 95% credible intervals of this fraction. Two out of fourteen

(marked with *) gives a fraction with a corresponding 95% credible

interval that do not contain the specified uncertainty
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model the accumulated retrieval of rock mass during

an entire week that is associated with several pro-

duction blasts. The larger decay times found in this

data set may partly be explained by a much larger

redistribution of stresses compared to a single event

or a single blast. For example, the weekly excavated

volume in the largest orebody (j ¼ 1) is 1600 times

larger compared to the blasted volume (20 m3) in the

mining tunnel investigated in Olivier et al. (2015).

The different caving processes associated with the

applied mining method (sub-level caving, Wettainen

and Martinsson 2014) may be another explanation for

the larger decay times and visible bursts of seismicity

not directly correlated with the production. In sub-

level caving, the hangingwall gradually caves into the

excavated volume as the production continuous (see

e.g. Svartsjaern 2018; Svartsjaern et al. 2016). This

rather complex caving processes are known to pro-

gress over weeks (or up to years for crown pillars),

and depend on size, location, geometry and geology

of the hangingwall (Malmgren, private communica-

tion, 2017). These caving mechanism often affects

large volumes and may be present in several seismic

volumes at the same time, and may explain the cor-

related burst, seen e.g. in Fig. 4 for the two

neighbouring orebodies and volumes j ¼ 3 and j ¼ 4.

As the caving moves upwards, it could also affect

neighbouring seismic volumes at slightly different

times as may be the case for j ¼ 3 and j ¼ 4. These

mechanisms are not directly related to the current

production but a result of decades of mining, hence

there is no direct correlation to the current production

term in Figs. 4 and 5. Bursts of seismicity that is not

directly caused by the recent production, may also be

a result of internal interrelations among seismic

events (Kijko and Funk 1996) that can modify future

activity rate (Orlecka-Sikora 2010). Additional pre-

dictors retrieved from the seismic system, such as

coseismic stress changes (Orlecka-Sikora 2010), may

improve the model’s predictability.

The model we propose models the seismic beha-

viour of the orebodies under active mining. In this

state the activity will approach a steady-state level

when there is no production rather than zero activity,

see Appendix for more details. This can also be seen

in our data in Fig. 4 and for j ¼ 4. At the end of this

data there is no production for a period of more than

Table 3

Posterior predictive p-values (Gelman et al. 2004) of different

discrepancy measures of predicted data

Orebody P2:5 P25 P50 P75 P97:5

j ¼ 1 0.084 0.390 0.320 0.724 0.947

j ¼ 2 0.346 *0.980 0.836 0.704 0.901

j ¼ 3 0.231 0.858 0.276 0.582 0.560

j ¼ 4 0.199 0.338 0.733 0.957 0.708

j ¼ 5 0.044 0.171 0.124 0.811 0.797

j ¼ 6 *0.003 0.667 0.967 0.073 0.910

j ¼ 7 0.099 0.862 0.392 0.424 0.765

Orebody Min Max Mean Std Iqr

j ¼ 1 0.156 0.350 0.793 0.771 0.771

j ¼ 2 0.065 0.924 0.810 0.906 0.545

j ¼ 3 0.419 0.616 0.629 0.661 0.433

j ¼ 4 0.837 0.373 0.728 0.490 *0.978

j ¼ 5 *0.011 0.831 0.907 0.911 0.866

j ¼ 6 *0.000 0.972 0.757 0.940 0.056

j ¼ 7 0.221 0.934 0.648 0.813 0.296

Here Px is the xth percentile, std the sample standard deviation and

iqr ¼ P75 � P25 is the interquartile range. Five out of 70 measures

(marked with *) are more extreme

Table 4

Posterior predictive p-values (Gelman et al. 2004) of different

discrepancy measures of replicated data

Orebody P2:5 P25 P50 P75 P97:5

j ¼ 1 0.214 0.466 0.540 0.709 0.881

j ¼ 2 0.539 0.904 0.751 0.680 0.834

j ¼ 3 0.575 0.756 0.509 0.575 0.513

j ¼ 4 0.367 0.484 0.684 0.846 0.711

j ¼ 5 0.210 0.513 0.504 0.774 0.853

j ¼ 6 0.039 0.608 0.796 0.413 0.688

j ¼ 7 0.368 0.779 0.574 0.557 0.703

Orebody Min Max Mean Std Iqr

j ¼ 1 0.214 0.390 0.727 0.777 0.786

j ¼ 2 0.187 0.884 0.767 0.818 0.598

j ¼ 3 0.623 0.409 0.577 0.494 0.501

j ¼ 4 0.846 0.240 0.704 0.492 0.900

j ¼ 5 0.059 0.850 0.852 0.873 0.792

j ¼ 6 *0.001 0.826 0.629 0.719 0.384

j ¼ 7 0.366 0.811 0.657 0.697 0.476

The data was replicated without access to the observed value of the

seismicity the week before. Here Px is the xth percentile, std the

sample standard deviation and iqr ¼ P75 � P25 is the interquartile

range. One out of 70 measures (marked with *) are more extreme
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20 weeks and the activity level is not decaying to

zero. When mining stops, the caving mechanism in

the mine-out areas will continue for many years to

come and for some orebodies the caving will even-

tually reach the surface as subsidence (Malmgren,

private communication, 2017) and is visible in Fig. 1

for the orebodies: Kapten, Parta, Dennewitz and

Alliansen. We could extend the model and include a

diminishing term to reduce the steady-state level, i.e.

expðh3Þ, over time with an additional parameter to

govern the rate of it (i.e. a time constant). However,

in this study we only have observations during active

mining and we have no information of the post-

mining seismic behaviour in our material. Hence, we

have no information to estimate such a parameter (i.e.

time constant). Modelling and studying a transition

from an active to passive mining state is not our

objective. Modelling it would require observations

from such a transition together with longer observa-

tion time for sub-level caving.

Another finding was that the effect of the pro-

duction on the induced seismicity depends

exponentially on the size of the production. The

weekly production has a larger direct effect in smaller

orebodies with lower average production, and this

effect decreases exponentially with production size.

As noted from the visual comparison between the

measured seismicity and the production in Sect. 4.1,

the production in the second and the fifth orebody

seems to correlate more to the observed seismicity,

compared to the first, third and the sixth orebody.

This agrees well with the estimation results shown in

Fig. 6 for the production parameter h2j and its group-

level dependency on size sj.

The size sj is estimated based on the average

planned production rate in the orebody, and we may

question the correctness of this information in the

future, as planned production pij may change and

affect the average production rate sj. For long term

predictions this may be an issue if the actual pro-

duction deviates heavily from planned production.

However, for short-term predictions (e.g. predicting

the activity next week) this is not an issue as an

estimate can easily be obtained by looking at histor-

ical data (either planned or measured if available).

For long-term predictions we may incorporate

uncertainties associated with both pij and sj that may

be based on historical evaluations of deviations

between planned and actual production. A straight-

forward Monte-Carlo implementation is to base our

predictions on not just one specific production

sequence, as we did in Figs. 4 and 5, but on many

credible production realisations taking these uncer-

tainties into account (following the discussion in

Mishra et al. 2017).

The seismic exposure term reveals a dependency

on depth. For example, an increase in depth by 100 m

doubles the seismic activity. Although rather uncer-

tain, the effect agrees well with the findings in

Creighton Deep (Vallejos and McKinnon 2011). The

uncertainty in our estimate is likely to be cased by

only seven orebodies at relatively similar depths.

In the analysis we have mainly followed Kruschke

(2014), Gelman et al. (2004, 2008) and considered

either non-informative, vague or weakly informed

prior distributions for the hyperparameters. However,

one strength with Bayesian analysis is to use infor-

mative priors and reuse findings from other research

in the current analysis. This is especially fruitful

when the accessible data is not informative enough.

In our case, we could have included the depth

dependencies found in Vallejos and McKinnon

(2011) and assigned a more informative hyperprior

distribution for /7 centred around the value estimated

in Vallejos and McKinnon (2011) and with a scale

reflecting reasonable uncertainties. This would not

only reduce the uncertainties in our estimate of /7 to

more realistic intervals, but also contribute to more

certain estimates of other parameters (Kruschke

2014) and more certain predictions when data is

sparse (Sect. 4.3).

More autoregressive terms (past week, past

2 weeks, etc.) have been included in the evaluation

process but without any significant modelling

improvements for the studied material. Different

combinations of the proposed group-level predictors

and additions of other predictors (e.g. the angle

towards the main stress field, the dip of the orebody,

the mayor horizontal length, the horizontal length

perpendicular to the main stress field, the size of the

hanging wall, and other size and volume measures)

have been evaluated in this study but without sig-

nificant modelling improvements. Also, an alternative

production term has been evaluated that is a weighted
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combination of the production rate in all orebodies,

where the weights are the inverse squared distance

from the production point to the centre of the volume,

but without improvements. Knowledge of rock

mechanic properties for the specified volumes are

currently limited to only a few locations in a small

subset of the investigated volumes. The limited

information and absence of prior knowledge of such

effects means that we can not test or include it as

group-level predictors.

A possible extensions to the model would be to

incorporate additional autoregressive terms from the

neighbouring orebodies. For instance, the first and the

second orebody are spatially close and share a com-

mon burst around week i ¼ 171 in Fig. 4 and such an

extension may improve inference. However, covari-

ation in other time intervals are absent. The third and

fourth orebody are also spatially close and share a

common burst around week i ¼ 130, but also seem to

lack covariation elsewhere. The lack of a more con-

sistent covariation in our material speaks against such

modelling extension. For other mines that show clear

covariation and have spatially closer volumes, ore-

bodies or blocks, this type of model extension may

improve inference.

No major events can be found in the vicinity of

the volumes for the time periods specified above, that

may have explained the common bursts. Also, the

decay times for these bursts are in the order of weeks

as opposed to hours or several days for major events

(Vallejos and Mckinnon 2010; Olivier et al. 2015).

However, the time periods are during or just after the

snow melting period that is known to increase seis-

micity (Ersholm, private communication, 2017).

The reported inference (e.g. the predictability, the

specific effects of the covariates, group-level depen-

dencies, etc.) is limited to the specific study setting

and the mine under investigation. However, the pro-

posed Bayesian hierarchical model structure and the

procedures used here are applicable in evaluating,

analysing and understanding the effects of similar

settings. Size and depth are clearly important group-

level predictors but additional predictors that are

missing in this study, might improve the model’s

predictability and reduce uncertainty.

The time steps investigated here are weeks, but

could be reduced to days or even hours depending on

the detailedness of the data. For hourly predictions,

more autoregressive terms might be needed to

describe seismic decays from both single events or

blasts (Vallejos and Mckinnon 2010) and decays

from daily or weekly productions (Fig. 7). For pro-

duction plan optimisations, which is the objective

here, time steps in weeks are appropriate.

We also consider the same seismically active

volumes used in Wettainen and Martinsson (2014) in

this study. These volumes can be redefined or divided

into sub-volumes to increase the detailedness in

specific areas of interest. Dividing the larger volumes

and corresponding production areas into smaller sizes

might also increase the effect of the production term

on the induced seismicity in a smaller nearby sub-

volume, Fig. 6. This, however, means that the

resulting sub-volumes are spatially closer and

dependencies between neighbouring volumes should

be investigated and included in the model.

The magnitude information of the events and the

corresponding b-values for the volumes are not

investigated in this study. It is an ongoing research

(see e.g. Martinsson and Jonsson 2018) that com-

bined with the results presented here can be used for

more comprehensive probabilistic earthquake hazard

assessment in the mine.

6. Conclusion

We present a Bayesian hierarchical model that

captures the dynamic relationships between seismic

activity and production rate, depth and size of the

orebodies. The induced seismic behaviour of seven

orebodies in the same iron-ore mine are modelled

jointly using hierarchical levels, where the mine-wide

parameters are learnt together with the individual

orebody parameters from the observed seismic data.

Model validation with posterior predictive checking

using several discrepancy measures could not detect

any model deficiencies or flaws. The weekly predic-

tion with corresponding intervals are realistic and the

fraction of observations within the intervals matches

their predefined probability. The model can be used

to evaluate the short and long-term impact of a pro-

duction plan on the induced seismicity in a specific

orebody. Inference from the model reveals that the
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seismic half-life ranges from weeks up to 2 months

for the studied orebodies. The effect of the weekly

production on the induced seismicity depends expo-

nentially on the average production size in the

orebody. The seismic exposure term reveals a

dependency on depth and, for example, an increase in

depth by 100 m doubles the seismic activity. Except

for inferring group-level dependencies on depth and

size, we show that the Bayesian hierarchical model

can predict seismicity when data is sparse or even

missing.
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Appendix: Steady State Level, Exponential Decay

and Seismic Half-Life

The expected steady state level of the activity in

(2) under constant production pij ¼ p0 is given by

lij ¼ expðh2jp0 þ h3jÞ=ð1 � h1jÞ: ð18Þ

Assume that for week i ¼ 0 the expected activity is at

this steady state level, i.e.

l0j ¼ expðh2jp0 þ h3jÞ=ð1 � h1jÞ, and that the pro-

duction is suddenly increased one unit at week i ¼ 1

as pij ¼ p0 þ di1, where

di1 ¼
0 if i 6¼ 1;

1 if i ¼ 1;

�
ð19Þ

is the Kronecker delta function. The impulse response

of such scenario is given by

lij ¼ l0j þ hi
1jC; ð20Þ

where C ¼ l0j 1 þ h�1
1j ðexpðh2jÞð1 � h1jÞ � 1Þ

� �
is a

constant term independent of the week index i. The

impulse response resulting from the increased pro-

duction at week i ¼ 1 decreases exponentially with

respect to i towards the steady state level l0j. The

half-life of the second term in (20) is determined by

hs1j ¼ 1=2 and leads to the seismic half-life in (4)

under the stability constraints provided by the beta

prior distribution in (5).
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