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Abstract 

The Response Surface Method (RSM) has become an essential tool to solve structural reliability 
problems due to its accuracy, efficacy, and facility for coupling with Nonlinear Finite Element 
Analysis (NLFEA). In this paper, some strategies to improve the RSM efficacy without compromising 
its accuracy are tested. Initially, each strategy is implemented to assess the safety level of a highly 
nonlinear explicit limit state function. The strategy with the best results is then identified and used 
to carry out a reliability analysis of a prestressed concrete bridge, considering the nonlinear material 
behavior through NLFEA simulation. The calculated value of 𝛽 is compared with the target value 
established in Eurocode for ULS. The results showed how RSM can be a practical methodology and 
how the improvements presented can reduce the computational cost of a traditional RSM giving a 
good alternative to simulation methods such as Monte Carlo.  

Keywords: Structural reliability; Response surface method; Prestressed concrete; Nonlinear 
analysis; Bridge. 

1 Introduction 

The necessity of assessing the structural safety 
level for both design and monitoring stages has 
highlighted the importance of implementing 
reliability analysis. When predicting structural 
capacity, there are inherent uncertainties that a 
deterministic approach is unable to consider. Some 
of the uncertainties can be found in the material 
properties, geometry, and loads. Therefore, 
probabilistic analyses are usually implemented to 
take into account those uncertainties. Several 
methods to quantify the reliability of the structures 

have been developed and implemented, such as 
the Monte Carlo simulations (MCS), the First and 
Second Order Reliability Methods (FORM, SORM), 
and the Latin Hypercube Sampling (LHS), which are 
widely used because of their simplicity and 
accuracy. However, when Nonlinear Finite Element 
Analysis (NLFEA) is used, those methods become 
time-consuming, or convergence is never achieved 
[1,2].  

Several authors implemented the Response 
Surface Method (RSM) to coupling NLFEA and 
structural reliability assessment without requiring 
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a high computational cost [3-5]. Nowadays, several 
improvements to increase the effectiveness of the 
RSM can be found in the current literature [6-8].  

Despite the RSM being a well-studied method and 
being applied to several example applications, to 
our knowledge, some of the developed techniques 
have not been implemented for large scale 
structure problems, such as bridges, tall buildings 
or dams. For more complex structures, the NLFEA 
is a useful method to obtain an accurate response. 
This type of analysis may include material 
nonlinearities such as cracking and reinforcement 
yielding to assess concrete structures. The 
combination of NLFEA and reliability analysis is an 
interesting alternative for checking the structure's 
safety level. However, in most cases, structural 
problems include many random variables 
(materials properties, loads acting on the structure, 
etc.) that can make the analysis time-consuming 
[9].  

The different improvements of RSM can speed up 
the safety assessment of structural high-
dimensional problems. Therefore, the objective of 
this work is to implement the RSM improvements 
proposed by Devictor et al. [10], Nguyen et al. [11], 
and Allaix and Carbone [12] and study If the 
computational effort is reduced indeed.  

The improvements were initially tested in an 
explicit equation to identify the most accurate and 
effective one. The accuracy was determined by 
comparing the Reliability Index 𝛽 values of the 
improvements to those obtained through a crude 
Monte Carlo simulation. Afterwards, a prestressed 
concrete bridge's reliability analysis is executed 
using an NLFEA coupled with the best RSM 
improvement previously identified. A code in 
MATLAB was developed for linking the RSM and 
the NLFEA, and applied to structural problems. The 
numerical model was executed in the software 
ATENA v. 5.6.1.  

2 Reliability Analysis 

2.1 General aspects 

The reliability assessment of a structure consists of 
determining its safety level, generally considering 
some of the problem parameters as random 
variables. Probability Density Functions (PDFs) 

commonly characterize the uncertainties of each 
parameter.  

The definition of a Limit State Function 𝐺(𝑋), plays 
a crucial role in the safety assessment because it 
describes the behavior of the structure in a specific 
failure event. In a reliability analysis the total 
failure of the structural system can be considered 
as the collapse of one of its principal members. 
Eqn. (1) represents the general problem of 
reliability: 

𝐺(𝑋) = 𝑅 − 𝑆 (1) 

where R represents the resistance of an element or 
system, S represents the demand or load effect, 
and X is the vector of the random variables 𝑥𝑖. 

2.2 Reliability Methods 

The safety of a structure is usually measured by the 
Reliability Index 𝛽 and the Probability of Failure Pf. 
Geometrically, 𝛽 is the distance between the origin 
of the standard space and the Most Probable Point 
(MPP) or design point xD, which is the point with 
the highest density probability in the zone where  
𝐺(𝑋) = 0; (see Figure 1 for graphical 
interpretation).  

 

 

Figure 1. Limit State Function representation in the 
stochastic space.  

There are several methods available in the 
literature to calculate both 𝛽 and 𝑋𝐷. When the 
finite element method is implemented, simulation 
methods such as Monte Carlo are widely used due 
to their practicality and accuracy. However, those 
methods become time-consuming. The use of the 
Response Surface Method (RSM) provides a 
solution to this issue. 
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2.3 Response Surface Method 

Since the RSM can be useful to assess the structural 
reliability for high-dimensional problems, it was 
used in this work to determine a prestressed 
concrete bridge's safety level. Several strategies 
implemented in research studies to improve the 
RSM were tested and compared. 

2.3.1 Response Surface Method according to 
Bucher and Bourgund Algorithm 

The RSM was first proposed by Box and Wilson 
[13], but it was Bucher and Bourgund [14] who 
introduced it to Structural Reliability. The method 
can be summarized in three general steps [15]: 

● Selection of an Experimental Design (ED) 
and the Experimental Points (EP). 

● Construction of a new function (Response 
Surface) to substitute the Limit State 
Function 𝐺(𝑋)  

●  Calculation of the Reliability Index β using 
an optimization method.  

Bucher and Bourgund [14] used as ED the midpoint 
method. The midpoint method consists of selecting 
the EP around a central point at a certain distance, 
commonly denoted as f.  The central point (or mid-
point) is usually chosen as the origin of the 
standard normal space for a first iteration, as is 
shown in Figure 2a and Figure 2b. Once the EP are 
selected, the limit state function 𝐺(𝑋) is evaluated 
and approximated into a quadratic polynomial 
without crossing terms. The Design Point xD is then 
found by using the FORM approach, and a new 
central point 𝑥𝑀 is calculated using Eqn.  (2): 

𝑥𝑀 = �̅� + (�̅�𝐷 − �̅�)
𝐺(�̅�)

𝐺(�̅�) − 𝐺(�̅�𝐷)
 

           (2) 

where 𝐺(�̅�) and 𝐺(�̅�𝐷) are the values of the limit-
state function evaluated in the initial central point 
�̅� and in the design point 𝑥𝐷, respectively.  This 
equation is a linear interpolation to ensure that the 
new central point is close enough to the design 
point. In a second iteration, the EP are selected 
around the new center point, as shown in Figure 2.  

Finally, with the new approximated function (Eqn.  
3), the 𝛽 is obtained, and Monte Carlo simulations 
are carried out to find the Probability of Failure Pf : 

𝐺 = 𝑎0 + ∑ 𝑎1,𝑖 𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝑎2,𝑖 𝑥𝑖
2

𝑛

𝑖=1

 (3) 

where, 𝑎0, 𝑎1,𝑖 and 𝑎2,𝑖 are the coefficients of each 

variable 𝑥𝑖 (𝑖 = 1,2, . . . , 𝑛) and n the total number 
of variables. 

The EP are represented by the matrix D, (Eqn.  (4)): 

𝐷 = [

𝑥11 𝑥12 𝑥13 ⋯ 𝑥1𝑘

𝑥21 𝑥22 𝑥23 … 𝑥2𝑘

⋮
𝑥𝑛1

⋮
𝑥𝑛2

⋮
𝑥𝑛3

⋱
…

⋮
𝑥𝑛𝑘

] 

 

(4) 

 

Each row, n, represents one sample (or 
experimental point), and each column, k, 
represents the vector of each random variable 
value xk. 

2.3.2 Response Surface Method improvements 

There are many RSM improvements, which have 
been developed either to increase the efficacy or 
accuracy of the method. In this work, some of these 
strategies are tested in the safety assessment of a 
limit-state function described as high-nonlinear. 
The improvements were chosen in such a way that 

Figure  SEQ Figure \* ARABIC 2.  Selection of Experimental Points. 

Figure 2. Selection of Experimental Points. 
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the number of iterations can be reduced to use the 
minimum amount of experimental points possible.  

Improvement 1. The first improvement proposes 
the enrichment of the experimental points (EP) by 
retaining all the EP selected from the first iteration, 
as made by Devictor et al. [10]. In this way, the new 
function approximated will be adjusted to a more 
significant number of responses obtained.   

Improvement 2. The improvement proposed by 
Nguyen et al. [11] uses a double weighting factor 
technique for the determination of the quadratic 
polynomial coefficients (�̅�). This technique includes 
a matrix W in the regression, assigning a respective 
weight to each variable (Eqn. 5). 

�̅� = (𝐷𝑇𝑊𝐷)−1𝐷𝑇𝑊𝐺 (5) 

Nguyen et al. [11] proposed the use of two 
weighting factors. Eqn. (6) obtains the first one 
(𝑤𝐺), and it penalizes the points located far from 
the Limit State Function.  

𝑤𝐺 = 𝑒𝑥𝑝 (−
𝐺(𝑢𝑖) − 𝐺(𝑢𝑜)

𝐺(𝑢𝑜)
) 

 (6) 

The second factor (𝑤𝐷) penalizes the points located 
far from the previous design point 𝑥𝐷, and it is 
obtained using the expression in Eqn. (7): 

𝑤𝐷 = 𝑒𝑥𝑝 (−
𝐷𝑘

2

2
) 

(7) 

where Dk is the distance between 𝑥𝐷 and the k-th 
experimental point. 

The matrix W in Eqn. (5) is a diagonal matrix with 
the w coefficients obtained by the expression: 

𝑤 = 𝑤𝐺  𝑤𝐷 (8) 

Improvement 3.  This improvement was suggested 
by Allaix and Carbone [12], and Hadidi et al. [16] 
proposed a similar idea. The improvement consists 
in selecting the EP no longer along the principal 
axes but another coordinate system. In [12], the 
rotation of the coordinate system is made, so the 
axis of the most important variable coincides with 
the MPP direction.  

The selection of the EP could be represented 
graphically, as shown in Figure 3.  

 

Figure 3. Strategy 3, improvement by Allix and 
Carbone [12] and Hadidi et al. [16]. 

The identification of the most important variable is 
made using the sensitivity factors obtained by 
FORM. For high-dimensional problems, the 
implementation of a rotation matrix could be 
complicated; therefore, in this work, the strategy 
proposed by Olsson et al. [17] was used. The 
strategy consists of finding the axis’ directions 
based on the fact that they are orthogonal to each 
other and that one of them will coincide with the 
MPP direction.  

3 Application example  

3.1 General description 

An analysis of a beam and slab bridge illustrates the 
applicability of the reliability methods presented in 
the previous section. The example was taken from 
[18] and represents a typical example of a 
prestressed bridge designed to EN 1992-2:2005 
[19] specifications. The bridge consists of 13 
precast prestressed concrete beams with a center-
to-center distance of 1.0 m and an in-situ 
reinforced concrete slab of 160 mm thick. The 
structure has a single span of 24 m, and its cross-
section is shown in Figure 4. A concrete class of 
C40/45 and C25/30 are specified for the beams and 
the slab, respectively.  

The loads were defined following the EN 1992-
2:2005 specifications. For the bridge analysis, the 
Load Model (LM1) represented the traffic loads, 
consisting of two parts: a double-axle loading and a 
uniform load (UDL). 
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According to the stress checks and ULS analysis, 22 
tendons are required in each prestressed beam. 
The tendons are constituted by 7-wire strands of 15 
mm diameter. The tendons are arranged as 
follows: ten tendons at the height of 60 mm (from 
the soffit), ten tendons at the height of 110 mm, 
and two tendons are placed to assist in tying shear 
links at 1000 mm height. The force at jacking per 
tendon was considered as 200 kN. The cables had a 
straight profile. In this work, the bridge's failure is 
assumed as the failure of one of its beams, and the 
function G(x) is defined to its ultimate flexural 
capacity. 

3.2 Validation and comparison of RSM 
improvements 

Initially, an explicit limit-state function 𝐺1 (see Eqn. 
(9)) is used to test the three RSM improvements 
explained in item 2.3.2: 

𝐺1 = 0.5(𝑢1 − 2)2 − 1.5(𝑢2 − 5)3 − 3          (9) 

 

From the results obtained, the efficacy of the 
different strategies is evaluated, and the best one 
will be used to obtain the reliability of the case 
study. The function is highly nonlinear, with two 
normal random variables (u1 and u2) with zero 
mean and deviation 1. 

The different strategies for improvements of the 
RSM were tested, and the value obtained for 𝛽 was 
compared to that of a crude Monte Carlo 
simulation (MCS). The results and the number 
Experimental Points (EP) required are provided in  
Based on the results obtained, it can be affirmed 
that improvement 3 presented a greater reduction 

of the EP and the 𝛽 value was closer to the one 
obtained using MCS.  

Table 1. Based on the results obtained, it can be 
affirmed that improvement 3 presented a greater 
reduction of the EP and the 𝛽 value was closer to 
the one obtained using MCS.  

Table 1. Comparison between RSM improvements 
and Monte Carlo (MCS) using G1. 

 
MCS RSM 

tradit
ional 

RSM improvements 

 1 2 3 

β 4.018 4.013 4.020 3.980 4.017 

error(%) 
-- 0.12 0.05 0.90 0.02 

EP 8x107 48 38 33 23 

 

3.3 Reliability analysis based on NLFEA 
approach 

The structural behavior assessment using NLFEA is 
implemented through ATENA software (v.5.6.1). 
The implicit Limit State Function 𝐺2 for the 
nonlinear approach is expressed in Eqn. (10): 

𝐺2(𝑓′𝑐, 𝑓𝑡, 𝐸𝑐 , 𝐺𝑓 , 𝐴𝑝𝑠, 𝜀, 𝐷𝐿, 𝑃𝑣𝑒) = 𝑃𝑟 − 𝑃𝑣𝑒  (10) 

where 𝑓′𝑐, 𝑓𝑡, 𝐸𝑐  and 𝐺𝑓 are the compression 

strength, tensile strength, the modulus of 
elasticity, and the fracture energy of the concrete 
of the concrete, respectively, 𝐴𝑝𝑠 is the area of the 

prestressing tendons, 𝜀 is the strain in tendons 
representing the prestress, DL is the dead load,  

Figure 4. Cross-section of beam and slab bridge deck (dimensions in mm). 
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𝑃𝑣𝑒 the design vehicle weight and 𝑃𝑟 is the 
resistance of the system.  

In the reliability analysis based on NLFEA, the 
correlation between the concrete properties is 
considered. The correlation coefficients are based 
on [20] and shown in Table 2. The random variables 
considered, as well as their parameters and PDFs 
are shown in  

Table 3. 

Table 2. Correlations coefficients between 
concrete parameters 

Variables f’c ft Ec Gf 

f’c 1 0,8 0,9 0,6 

ft 0,8 1 0,7 0,9 

Ec 0,9 0,7 1 0,5 

Gf 0,6 0,9 0,5 1 

3.4 Numerical modeling 

The constitutive model of concrete includes the 
cracking and softening of concrete in tension, 
shear, and compression. The model is based on the 
crack band method, in which a band of smeared 
cracks models a discrete crack. Among the different 
formulations of that method, the fixed crack 
approach was chosen. The tensile behavior of 

concrete is defined using the softening exponential 
curve proposed by Hordrijk [21]. For compression, 
is implemented the Menétrey-William model, 
which considers the plasticity of concrete in the 
multi-axial state. All the reinforcement bars and 
tendons were modeled using the embedded 
technique as discrete bars. The material had an 
elastoplastic behavior with hardening. A perfect 
bond was assumed between the concrete and 
rebar. The constitutive models of the concrete are 
represented in Figure 5. 

 

Figure 5. a) Model of fracture energy-based crack 
band b) Concrete failure surface in a 3D stress state. 

 

Table 3. Random variables and probabilistic parameters. 

Variable Distribution Characteristic Mean CoV      Reference 

fc  (MPa) Lognormal 40.0 48.0 0.18 [22][23] 

ft (MPa) Weibull 2.5 3.51 0.18 [20] [24] 

Ec (GPa) Lognormal 35 36.267 0.15 [20][24] 

Gf (N/m) Weibull 145 146.537 0.2 [20] [24] 

Aps (mm2) Normal 140 140 0.0125  [25][26] 

ε Normal 0.0053 0.0053 0.05 [25][26] 

DL (kN/m3) Normal 24 25.2 0.1 [25][26] 

Pve (kN) Gumbel 137 180 0.061 [27] 
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The beam and slab were modelled using the eight-
node quadrilateral element for discretization with 
an average size of 8x8 cm. The boundary 
conditions, mesh discretization and tendons in the 
beam are presented in Figure 6a.  

Initially, in the NLFEA, the prestressing force and 
the self-weight were applied without considering 
the traffic loads, in which the Newton-Raphson 
method was implemented. Afterwards, 
incremental loads (located in the vehicle axles and 
occupation area) were applied until the structure 
reached its ultimate capacity. 

The prestress of the cables was modeled as an 
initial strain 𝜀𝑖𝑛𝑖, which considers the losses due to 
the elastic deformation of the structure resulting 
from the prestress applied. The 𝜀𝑖𝑛𝑖 value is 
calculated through the expression  

𝜀𝑖𝑛𝑖 =
𝜎𝑝

𝐸𝑝𝑠
                            (9) 

where, 𝜎𝑝 is the prestress value and 𝐸𝑝𝑠 is de 

elasticity modulus of the prestressing cables.  

Using the characteristic values of the parameters, 
Figure 6b presents the crack pattern and the 
minimum principal stress of an internal beam of 
the bridge. At ultimate condition, the beam 
attained a flexure failure reaching a mid-span 
moment 𝑀𝑢 = 2661 𝑘𝑁. 𝑚.  

4 Reliability approach 

4.1 Results from the reliability analysis 
based on the Nonlinear approach 

The improvement 3 was chosen to be implemented 
in the nonlinear approach since it showed both 

accuracy and efficacy. Figure 7 shows the surface 
and the experimental points to check the Response 
Surface approximation. They are presented by 
simplifying the variables into two variables (the 
resistance and the demand). It can be seen how the 
response surface includes the points close to the 
plane 𝐺(𝑥) = 0 representing the failure zone.  

In Table 4, it is observed that the value of 𝛽 is close 
to the value suggested by fib Model Code 2010 [24] 
(𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 3.8). The number of experimental 

points used was 111, which is low compared to 
Monte Carlo simulation.  

Table 4. Reliability analysis results for G2. 

Reliability Analysis Results 

β 3.91 

Pf 4.614x10-5 

EP 111 

Most Probable Point MPP 

f’c (MPa) 45.0 

ft (MPa) 3.38 

Ec (GPa) 34.50 

Gf (N/m) 141.0 

Aps (mm2) 139.2 

ε   0.0053 

DL (kN/m3) 28.2 

Pve (kN) 226.8 

Figure 6. Numerical model: a) Mesh discretization and boundary conditions b) Crack pattern and principal 
minimum stress contour. 

a. 

b. 
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Figure 7. Response surface for G2, Experimental 
Points, and Failure plane G=0. 

5 Conclusions 

Three different RSM improvements were tested 
and compared in this paper. Initially, a highly 
nonlinear equation was used to identify the most 
efficient one and then used in an application 
example. The RSM, in comparison with MCS, 
showed a significant reduction in the number of 
experimental points needed to achieve 
convergence. The improvements tested 
demonstrated that by adapting the traditional 
RSM, a solution for time-consuming problems can 
be found. 

The improvement 3 obtained a β value close to the 
one calculated by the MCS for limit state function 
G1. This comparison indicates that this 
improvement had better accuracy than the others. 
This improvement also required fewer 
experimental points to reach the convergence, so 
it can be concluded that the MPP direction's 
consideration can help obtain a better selection of 
the experimental points for reliability problems.  

The structure studied in the application example 
was designed following the Eurocode standard. 
Therefore, for the ULS, the value of 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 should 

be around 𝛽𝑡𝑎𝑟𝑔𝑒𝑡 = 3.8. Using the RSM, it was 

obtained a value of 𝛽 = 3.91. Hence it can be 
affirmed that the strategy used was accurate. Also, 
the number of simulations needed to achieve this 
value was small, indicating that the computation 
cost is not that high and it is possible to be used 
together with NLFEA.      
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