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Abstract

The present licentiate thesis is devoted to the rigorous derivation of the equations governing
thin-film flow of incompressible Newtonian and non-Newtonian fluids. More precisely, we con-
sider flow in a generalized Hele-Shaw cell, which is a thin three-dimensional domain confined
between two surfaces connected by cylindrical obstacles of various shapes.

Thin-film flows arise naturally in several applications. For instance, it is commonly used
when the domain itself has different characteristic lengths in different directions, i.e. when the
domain is a thin layer or a slender tube. Mathematically, the flow is described by a set of partial
differential equations in a thin domain which depends on a small parameter ε, e.g. the ratio of
two characteristic lengths. By letting ε tend to zero, one can obtain a better understanding of
the properties of solutions of such equations. In this limit process, all variables involved (e.g.
velocity and pressure) depend on ε and the resulting limit problem yields a simplified model of
the flow. There exist several mathematical techniques that have been developed to deal with
such problems, e.g. asymptotic expansions, two-scale convergence for thin domains, etc.

The scientific results in this thesis are presented in two papers (I and II) and a complemen-
tary appendix. The results are discussed in a more general context in an introduction which
also gives an overview of the subject. In both papers, we assume that the flow is governed by
the Stokes system posed in a generalized Hele-Shaw cell satisfying a mixed boundary condition.
The so-called no-slip and no-penetration conditions require that the velocity vanishes on the
solid surfaces of the cell. This condition is complemented by the normal stress condition on
the lateral boundary which is defined by an external pressure. Physically this means that the
motion of the fluid is caused by the external pressure gradient, which acts in a direction parallel
to the surfaces. One of the main objectives of this thesis is to develop a rigorous mathematical
description of pressure-driven flow in thin domains.

In paper I, we consider Hele-Shaw flow of an incompressible Newtonian fluid. The results
are based on the formal asymptotic expansion method, i.e. by introducing a small parameter
ε representing the thickness of the domain, rescaling the problem to a fixed domain, and
considering solutions in the form of power series of ε. It is shown that the leading term of the
velocity satisfies the so-called Poiseuille-law, i.e. the velocity is a linear function of the pressure
gradient, whereas the leading pressure term satisfies the generalized Hele-Shaw equation. The
main result is the construction of an approximate solution, which is justified by estimating the
L2-norm of the error, i.e. the difference between the exact solution and the approximation.

In paper II, the situation is similar to that of paper I, but the fluid obeys a more general
constitutive relationship between the stress and the shear rate. More precisely, the functional
relationship between the viscosity and the symmetrical part of the velocity gradient is given
by a power-law. We develop techniques of functional analysis and calculus of variations in
order to justify theorems concerning the existence and uniqueness of weak solutions of the
corresponding Stokes system. The nonlinear Poiseuille-law, i.e. the limit velocity and the limit
pressure gradient follow a power-law, is derived by using a two-scale convergence procedure and
monotonicity arguments. Finally, uniqueness and regularity results for the solution of the limit
problem are proved.
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Preface

The present licentiate thesis is based on two papers I and II with a complementary appendix
and an introduction, which puts these publications in a larger context.

I J. Fabricius, S. Manjate, P. Wall. Error estimates for pressure-driven Hele-Shaw flow,
To appear in Quarterly of Applied Mathematics, (18 pages) 2022.

II J. Fabricius, S. Manjate, P. Wall. On pressure-driven Hele-Shaw flow of power-law
fluids, Applicable Analysis, (24 pages) 2021. With an appendix, S. Manjate. (7 pages),
DOI: 10.1080/00036811.2021.1880570.

vii





Acknowledgment

First and foremost, I would like to express my sincere appreciation to my supervisors Ph.D.
John Fabricius and Professor Peter Wall, who accepted to take me as your Ph.D. student and
introduce me to this research field. I thank my assistant supervisor Ph.D. Johan Bryström for
all support provided whenever is necessary. I thank Peter my main supervisor for your incredible
way to see science, patient guidance, management of the program, enthusiasm, encouragement,
and useful critiques during the development of this work. To John my assistant supervisor,
I have no words to describe your personality and how important you are in building up my
knowledge in this field. I am thankful for taking part in your remarkable knowledge, outstanding
pedagogical ability, and endless patient for sharing constructive ideas and maintaining a very
good working relationship with me.

I would like to thank all staff of the Department of Engineering Sciences and Mathematics
of Lule̊a University of Technology for providing a wonderful academic and research environ-
ment in Mathematics. In particular, I would like to thank Docent Thomas Strömberg, Ph.D.
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Introduction

In nature, we can find a wide variety of fluids which are materials that deform continuously
under an applied force. The branch of science that deals with the behavior and properties of
fluids is called Fluid Mechanics and has two classifications: fluid statics and fluid dynamics
which deal with fluids at rest and motion respectively.

We will be interested in studying fluids in motion, which based upon the nature of fluid can
be divided into two classes: aerodynamics which discusses the motion of gases, and hydrody-
namics which is related to the motion of liquids. Mathematically speaking, the motion of any
fluid can be described by a system of the differential equations known as the Navier–Stokes
equations, that give a good experimental validation in the case of laminar flows (i.e. for smooth
or regular flows). Even for irregular or disordered flows (i.e. so-called turbulent flow) it is
generally believed that the Navier–Stokes equations is an accurate model for fluid motion, in
spite of the fact that exact solutions are beyond reach.

Coupled with appropriate boundary and initial conditions, one can investigate the solvability
of the Navier–Stokes system, i.e. studying the existence and uniqueness of solutions from
arbitrary data. However, in the general formulation in three dimensional space this question
remains open. A more pragmatic point of view is to seek for simplifications of the model because
it is known from physical experiments that for low Reynolds number the motion can change
slowly under small perturbation of the data. Our research is based on the studies primordially
made by H. S. Hele-Shaw experimentally (in 1898) concerning the steady motion of a fluid
under pressure between two fixed closely spaced parallel plates. In those experiments it was
observed that for small Reynolds number the Navier–Stokes equation can be linearized and
due to the peculiar geometry further simplifications can be made. In this direction, we will be
interested in an approach to deal with functions whose domains depend on a small parameter
and also in defining an appropriate notion of convergence in order to establish a simplified
model.

In this work, we are interested in studying the asymptotic behavior of solutions of the
Stokes system posed in a generalized Hele-Shaw cell containing a small positive parameter
related to the variable thickness of the thin domain, which tends to zero. Problems related to
the Hele-Shaw cell are some of the oldest problems in fluid dynamics and continue to attract
the attention of numerous mathematicians giving a rather comprehensive review of this topic
and making it a current topic of increasing utility. However, the novelty brought here concerns
the geometrical description and combined with methods that allow a rigorous derivation of the
limit equations for Stokes flows occurring in such domains varying with small parameters.

In the next four sections, we give a brief derivation of the equations of motion, the fluid
classification, and the description of the different kinds of boundary conditions. Due to its
relevancy, we give the geometrical description of the domains and summarize the main results
of this work. Finally, in the last section, we give a brief evolution of the topic from a historic
perspective and its applications.
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2 INTRODUCTION

1. Governing equations

In this section, we describe some basic concepts essential to the understanding of the research
problems addressed in this thesis. This material is covered mainly in [1, 4, 5, 10, 17, 39, 64].

1.1. Kinematic description. A continuous body consists of a set points moving in space that
changes its shape as time involves. Our objective is to describe the motion of fluid. For that,
we need to collect some elements necessary to describe the flow.

Let us denote by Ω an open subset of R3 the initial or referential configuration of a continuous
body at time t = 0 and let x be a point in R3. The configuration of the body at time t > 0 is
given by

Ω(t) = Φt(Ω) = {x = Φ(ξ, t), ξ ∈ Ω},
where Φ : R3 × R → R3 is called flow of the body. We assume that

Φ(ξ, 0) = ξ, for all ξ ∈ Ω,

and for a fixed t, Φt : R3 → R3 defined by

Φt(ξ) = Φ(ξ, t)

is invertible. In particular, if the flow of a rigid body is given by

Φt(ξ) = R(t)ξ + q(t),

the function R(t) denotes a rotation and q(t) is a translation see [3, Chap. 6] or [32, Chap. 1]
for more details.

The function Φ provides a description of the motion of individual particles in the reference
configuration, as well as their velocities and accelerations, in terms of the coordinates of ξ. This
corresponds to a so-called Lagrangian description of the motion. An alternative description,
called Eulerian, is to describe the velocity and other fields in terms of a fixed point in space x.

Remark 1.1. The state of a continuous body is described by various fields, the most
important of which are

The velocity field : u(x, t) [m/s],

The pressure : p(x, t) [N/m2],

The mass density fluid : ρ(x, t) [kg/m3],

which are assumed to be sufficiently smooth functions defined on the time interval [0, T ] and
the fluid domain Ω. Both Lagrangian and Eulerian specifications are valid descriptions of the
motion of the system, but for the remainder of this thesis we will use the Eulerian description.

1.1.1. Velocity field. Let u = u(x, t) denote velocity of the particle of fluid that is moving
through x at time t in Ω(t). Thus, for each fixed time u is a vector field on Ω and is called
velocity field of the fluid.

(1) ẋ(t) = ∂tΦ(ξ, t) ⇐⇒ u(x, t) = v(ξ, t),

where v is the velocity field in the Lagrangian description. The velocity field is the main
unknown variables of the motion. Note that for a given velocity field u : R3 ×R → R3, we can
determine the corresponding flow by solving the following ordinary differential equation





ẋ(t) = u(x(t), t)

x(0) = ξ,

=⇒ Φ(ξ, t) = x(t).
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Provided that a solution x(t) exist and is unique by Picard-Lindelöf theorem (assuming that u
is Lipschitz continuous). In Cartesian coordinates the velocity field is represented as

u(x, t) = (u1(x, t), u2(x, t), u3(x, t)).

The acceleration of a fluid particles is defined as

a(x, t) =
d2x(t)

dt
=
du(x(t), t)

dt
.

By using the chain rule of differentiation of this composite, we find

a(x, t) = ∂tu+ (u · ∇)u,

with ui (i = 1, 2, 3) understanding as ui = dxi/dt. The partial derivative ∂tu is the local
acceleration or unsteady acceleration reflects the rate of velocity with respect to time observed
point in the flow and the nonlinear term (u · ∇)u is the convective acceleration and reflects the
rate of velocity in space due to transport of the element to a different point in the flow field.
Furthermore, (u ·∇)u means that u ·∇ is acting on the velocity field u and that u ·∇ is defined
as

u · ∇ = u1∂x1 + u2∂x2 + u3∂x3 .

The gradient of the velocity is defined as the tensor

∇u = (∂xjui)
3
i,j=1.

We introduce the notation

(2) Dt = ∂t + u · ∇,
the so-called material or convective derivative. Note that the operator D has meaning only
applied to a variable (i.e, a function of x and t) and is said to give a time derivative following
the motion of the fluid or a material derivative. The flow is said to be steady or stationary if

∂tu = 0,

so that u depend only on x, i.e. u = u(x). It means that at any fixed point in space the velocity
is constant over time.

1.1.2. Pressure. Another unknown variable of the state of the fluid is the pressure

p = p(x, t),

which is a scalar function describing the forces acting on the surface of an arbitrary volume of
fluid. More precisely, the pressure p acts as a force per unit area normal to that surface of fluid
volume and it is directed into the volume. Thus, the total force exerted by the pressure acting
on the fluid domain is

−
∫

∂Ω

pn̂ dS = −
∫

Ω

∇p dx,

where n̂ is the outward unit normal to ∂Ω and dS the element of the area of the surrounding
surface.

1.1.3. Density. The fluid density

ρ = ρ(x, t),

is defined as mass per unit volume. Throughout this research we will assume that the density
is constant, i.e. is the same for all fluid elements and for all time t, but in general, the density
is a function of the pressure and temperature see [40, Chap. 1].
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1.2. The continuity equation. Let Ω be an arbitrary open fixed volume in space with
sufficiently smooth surface ∂Ω which is constant in time and with mass

m(t) =

∫

Ω

ρ(x, t) dx.

The continuity equation for a fluid flow is a differential equation obtained from the principle
of conservation of mass, i.e. the rate of change of mass in Ω must be equal to the flux of mass
ρu across the boundary ∂Ω of Ω, i.e.

d

dt
m(t) =

d

dt

∫

Ω

ρ(x, t) dx = −
∫

∂Ω

ρ(x, t)u(x, t) · n̂ dS.

Then, the continuity equation is defined as

(3) ∂tρ+ div(ρu) = 0

or written in different form

(4) Dtρ+ ρ div u = 0.

A fluid is said incompressible or volume preserving if and only if

(5) div u = 0.

It is readily checked that for an incompressible fluid, the density of a given parcel cannot change,
thus from (4) we have that Dtρ = 0, i.e. ∂tρ = −(u · ∇)ρ. If the fluid is homogeneous, the
density does not depend on the position, thus we have ∂tρ = 0, hence we conclude that the
fluid density ρ is constant in time and space. This means that the density ρ of an element is
not affected by a change in the pressure.

1.3. Equation of motion. The rate of change of linear momentum in an arbitrary volume Ω
which is given by

(6)

∫

Ω

ρ(x, t)Dtu(x, t) dx =

∫

Ω

ρ(x, t) (∂tu+ (u · ∇)u) (x, t) dx.

According to Newton’s second law of motion this expression (6) must be balanced by the forces
acting on Ω which are composed of external (body) forces (volume forces) and internal forces
(surface forces) see, e.g. [5, Sec. 3.2].

1.3.1. External forces. We denote the vector resultant of the volume forces per unit mass
of fluid by f (e.g. gravity force), so that the total force acting on the body is given by

(7)

∫

Ω

ρ(x, t)f(x, t) dx.

1.3.2. Stress tensor. The general principles of Mechanics apply to all bodies, motions,
and the diversity of materials in nature, is represented in the theory as constitutive equations
which relates forces, in particular stresses, to the kinematic state of the fluid, e.g. strain or
strain rate. In continuum mechanics the forces of interest are contact forces, which are specified
by the stress tensor σ = (σij)

3
i,j=1, expressed for a general fluid in the form

(8) σij = −pδij + τij,

where δ = (δij)
3
i,j=1 is the Kronecker delta and τ = (τij)

3
i,j=1 is the viscous stress tensor defined

through a constitutive relation. The pressure term is negative, since the sign convention being
used for the normal stress are positive.

The internal forces are forces which a fluid exerts on itself in trying to get out of its own
way. As we said above, such forces of a fluid are contact forces, i.e. they act on the surface
of the element fluid Ω. Let t = t(n̂) denote this internal stress vector, which is called Cauchy
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stress vector, is the contact force exerted across a surface of area dS and normal n̂ may be
represented as σ · n̂ where σ is the stress tensor, then the contribution of the internal forces on
Ω is

(9)

∫

∂Ω

t(n̂) dS =

∫

∂Ω

σ · n̂ dS.

Thus, from (6), (7) and (9) the equation for the conservation of linear momentum is for an
arbitrary constant-in-time volume Ω is∫

Ω

ρ(x, t) (∂tu+ (u · ∇)u) (x, t) dx =

∫

Ω

ρ(x, t)f(x, t) dx+

∫

∂Ω

t(n̂) dS.(10)

The right hand side of (10) describe the net forces acting on inside. The complete description
of the internal forces is achieved by using the Divergence theorem, i.e.∫

∂Ω

σ · n̂ dS =

∫

Ω

div σ dx,

where the divergence of a matrix (tensor) is defined as

divA =



∂x1a11 + ∂x2a12 + ∂x3a13
∂x1a21 + ∂x2a22 + ∂x3a23
∂x1a31 + ∂x2a32 + ∂x3a33


 .

We can summarize this by saying that the general equation of motion may be derived by
applying Newton’s law of motion and the principle of conservation of linear momentum

(11) ρ (∂tu+ (u · ∇)u) = div σ + ρf,

obtained by A. L. Cauchy [13, 14]. Note that (11) is valid for any fluid, or even for any
continuous medium, independently of the form the stress tensor σ may take. The term on the
left-hand side gives the acceleration of the fluid in terms of the local volume and the terms in the
right-hand side arise due to surface forces and body forces is usually understood as “equation
of motion” or “momentum equation”. If we introduce the notation (2) in (11) we can write the
equation of motion in the so-called convective form, i.e.

(12) ρDtu = div σ + ρf.

1.4. Viscous stress tensor. We return to give a description of a viscous stress tensor τ
introduced in (8). The fluid is called inviscid, non-viscous, ideal or perfect fluid, if the viscous
stress tensor τij is zero, i.e.

τij = 0, for all 1 ≤ i, j ≤ 3.

Otherwise, the fluid is called viscous, i.e. when τij is different from zero.
For a viscous fluid, the stress tensor (8) represents the basic form for the constitutive

equation to model the fluid. It has been confirmed experimentally that the viscous stress

tensor τ depends on the density of fluid and the gradient of the fluid velocity ∇u =
(
∂xjui

)3
i,j=1

which can be written as the sum of symmetric and skew-symmetric parts, i.e.

∂xjui =
1

2

(
∂xjui + ∂xiuj

)
+

1

2

(
∂xjui − ∂xiuj

)
,

where the skew-symmetric part (Ωij)
3
i,j=1 represents a rigid body rotation element (rate of

rotation) and the symmetric part (eij)
3
i,j=1 the rate of strain tensor is deformation tensor.

Thus, performing experiments of the common fluids (see [76, p. 24 and App. A]), the viscous
stress tensor is a unique function of the strain rate, i.e.

(13) τ = τ(∇u).



6 INTRODUCTION

This mean that the classification of fluid is based on the relation with the viscous tensor and
the shear rate (rate of deformation), depending on the linearity or non-linearity of (13). The
empirical non-linear function τ is given by the following equation

(14) τ(t) = A+Btn,

in which A,B and n are constants. The equation (14) constitutes some categories of the fluids
namely:

• If A = 0, B = µ and n = 1, represent a Newtonian fluids ;
• If A = 0, B = µ0, represent a power-law fluids ;
• If n = 1, represent a Bingham plastic fluid.

These three types of fluids are characterized below. Note that the equation (14) is not a
generalized constitutive equations for all types of non-Newtonian fluids [4, 6, 10]. A rigorous
and more general form to describe the Newtonian and non-Newtonian fluids are given in [64, 65]
by using the so-called invariants of the rate of deformation tensor.

1.4.1. Newtonian fluids. A fluid is said to be Newtonian if:

• The relation (13) is expressible as a linear function of ∇u and independent of all other
kinematics quantities;

• The shear stress vanishes when the fluid is like a rigid body, i.e.

eij = 0 ⇒ τij = 0 for all i, j,

reducing to the hydrostatic pressure condition σij = −pδij.
• The relationship between viscous stress τ and velocity gradients is isotropic, i.e, its
properties are independent of direction and therefore, the rate of deformation is inde-
pendent of the coordinates axes in which it is expressed.

These three conditions imply that the viscous stress tensor can be written as

(15) τij = λekk + 2µeij,

where

ekk = e11 + e22 + e33 = div u, 2eij = ∂xjui + ∂xiuj

and λ, µ are constants, but in general are thermodynamic scalar fields that vary with tempe-
rature and pressure and are called coefficients of viscosity, i.e. the coefficient of viscosity in
Newtonian fluid are the constant of proportionality. The stress tensor (8) can be expressed
through the constitutive relation

(16) σij = −pδij + λδijekk + 2µeij.

Indeed, by inserting the constitutive relation for a Newtonian fluid (16) into the momentum
equation (12), yield the following equation in convective form

ρDtu = −∇p+ λ∇(div u) + 2µ div(e(∇u)) + ρf,(17)

where the term of left hand side corresponds to the inertial forces and on the right hand side,
the first term is the pressure force, the second and third terms correspond to viscous forces,
and finally the fourth term the external body forces applied to the fluid.

The equation (17) governing the flow of viscous fluid, was first derived by C. -L. Navier
[48], S. D. Poisson [57], by A. B. Saint-Venant [63] and G. G. Stokes [70] (see [5, p. 145], [39,
p. 577]) and thereafter, it was re-obtained by different arguments by many authors, becoming
a fundamental subject of interest in Mathematics. This equation is usually called as Navier–
Stokes equation (see [1, 5, 10, 17, 64] and other reference related) which relate the acceleration
of the fluid element to the net force (the viscous and the external forces) in each direction.



1. GOVERNING EQUATIONS 7

Furthermore, this equation provide a more realistic treatment of fluids by including terms that
reflects the fluid’s viscosity or internal friction.

The Navier–Stokes equation (17) is always solved together with the continuity equation
(11). In particular, the equations (17) and (5) provide a complete mathematical description of
the flow of an incompressible Newtonian fluid

(18)





ρDtu = −∇p+ 2µ div(e(∇u)) + ρf

div u = 0.

If the velocity of the fluid is constant at any fixed point then, the system (18) becomes
steady or stationary

(19)





ρ(u · ∇)u = −∇p+ 2µ div(e(∇u)) + ρf

div u = 0.

1.4.2. Non-Newtonian fluids. If the functional relationship (13) is a nonlinear function,
the fluid is said to be non-Newtonian. These type of fluids involve complex structures such
as pastes, slurries, polymer metals and other mixtures. The non-Newtonian fluids have many
important industrial applications see e.g. [4, 6, 10, 76].

For non-Newtonian fluids, different constitutive relations exist depending on the relationship
between stress tensor and the shear rate. We consider the incompressible Newtonian fluids the
expression of viscous stress tensor (15) is given by

τ = 2µe(∇u).
Then, by simply replacing µ by the non-Newtonian viscosity η, which is a function of the rate-of
stress tensor that in general can be written as

(20) |e(∇u)| def
=
√
e(∇u) : e(∇u),

where |e(∇u)| is often referred as the intensity of deformation rate or magnitude of the rate of
strain tensor. Thus, the the expression for generalized Newtonian fluid model, is obtained

(21) τ = 2ηe(∇u),
with η = η(|e(∇u)|) is so-called shear viscosity or apparent viscosity. This suggest that the
stress tensor (8) becomes the total stress tensor defined as

(22) σ = −pI + 2η(|e(∇u)|)e(∇u).
Several forms of the function η have been proposed in the literature, and are widely used

in flow calculations, but we mention only some of them here:
(a) power-law fluid A simple form of the apparent viscosity η is given by the expression

(23) η(t) = µ0t
n−2 (t > 0),

where n and µ0 are constants characteristic to the fluid called power-law index and consistency
respectively. Thus, the total stress tensor (22) becomes

(24) σ = −pI + 2µ0|e(∇u)|n−2e(∇u).
The parameter n is dimensionless while µ0 has units that depend on the value of n. The
exponent n in relation (23) delineates three type of fluids namely Newtonian fluid if n = 2;
pseudoplastic fluid or shear thinning if n < 2, predicting that the apparent viscosity decrease
with increasing shear rate and dilatant fluid or shear thickening if n > 2, predicting that the
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apparent viscosity increase with increasing shear rate. In particular, if the thinning effect is
very strong the fluid may be termed plastic.

(b) Bingham plastic1 In order to characterize a simple case of what is called viscoplastic
fluids we introduce the Bingham model to describe the shear stress/shear rate behavior of many
shear-thinning material at low shear rates. In such fluids a finite stress called yield stress τ0,
is required before the fluid begins to flow at all. From this properties the fluid is distinguished
from Newtonian fluids. The form of the apparent viscosity is given by the expression

η(t) = µ+
τ0
t
, (t > 0)

where µ is the constant of viscosity as before and τ0 is the yield viscous stress (both constants).
The Bingham fluid is a non-Newtonian fluid that moves like rigid body, i.e. e(∇u) = 0 if the

magnitude of strain rate |e| is smaller than the yield stress τ0. For the opposite case (|e| ≥ τ0)
we have the non-linear constitutive equation for the Bingham model

σB = −pI + 2µe(∇u) + 2τ0
e(∇u)
|e(∇u)|

def
= σ + λpe(∇u),(25)

where σ is the stress tensor (16) and λp represent the so-called Bingham or plastic viscosity, is
given by

λp =
2τ0

|e(∇u)| .

If |e| < τ0, the constitutive equation (25) is undetermined, beyond this, if τ0 = 0, the
equation (25) coincide with the definition of the Newtonian fluid with viscosity µ see [15] for
more details.

1.5. Generalized Navier–Stokes equation. The derived problem formulation can be stated
in the framework of the equation of motion

ρDtu = div σ + ρf.

If we define the nonlinear the total stress σ as in (24) or (25) for example, we can show that
various types of apparent viscosity η can be ranged within different generalizations of the
incompressible Navier–Stokes equation together with the continuity equation

(26)





ρDtu = −∇p+ div(2η(|e|)e(∇u)) + ρf

div u = 0.

In the similar form as in (19) we write in the stationary generalized of the incompressible
Navier-Stokes

(27)





ρ(u · ∇)u = −∇p+ div(2η(|e|)e(∇u)) + ρf

div u = 0.

1It is out of scope of this research, it is include here only to complete the description of fluid classification
given by equation (14).
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2. Description of Boundary conditions

In applications of the Navier-Stokes equations, it is necessary to provide mathematically
tenable and physically realistic Boundary Conditions (BCs). Let Γ = ∂Ω denote the boundary
of the domain Ω occupied by the fluid. For example, the fluid is usually assumed to stick to solid
boundaries and we are interested to understand the physical mechanism behind the behavior of
fluids near boundaries. Furthermore, there are existence theorems that provide unique solutions
to various problems presuming certain BCs. Differential equations together with a set of BCs
are called Boundary Value Problems (BV P ). According to O. A. Ladyzhenskaya [37, p. 45],
there exist the following three kinds of boundary conditions:
(a) The Dirichlet problem or BVP of the first kind, which consists of finding a function u(x)
satisfying

(28) u
∣∣
Γ
= g(x, t)

on the boundary Γ of Ω.
(b) The Neumann problem or BVP of the second kind in which we seek a solution satisfying

(29) ∇u · n̂
∣∣
Γ
= g(x, t)

where n̂ is outward unit normal to Γ.
(c) The Robin problem or BVP of the third kind in which the BC is a linear combination of
(28) and (29) and has the form

(30) ∇u · n̂+ β(x, t)u
∣∣
Γ
= g(x, t).

In all of these problems the function g as well as Ω and the coefficient β is assumed to be
known, only u(x) is unknown function.

In the Navier–Stokes context, several kinds of BCs can be prescribed for incompressible
flows. The first kind BC is a kinematic condition that describes the velocity fluid particles at
each point of a part of boundary, i.e.

(31) u = g on ΓD ⊂ Γ,

and is called Dirichlet BC. If ΓD = Γ, in view of the equation div u = 0 (see [38, p. 35] or [21,
Remark 3.3]) it is necessary to place on g the restriction

∫

ΓD

g · n̂ dS = 0.

The Dirichlet BC is imposed if ΓD is the contact surface between a fluid (“solid-fluid”) and
body moving with prescribed velocity, provided that all components of the velocity vector are
continuous across the interface. The special case occur when g vanishes on ΓD, and therefore

(32) u = 0 on ΓD,

which means that fluid particles adhere to the solid wall which is not moving. This BC is
composed of two separate conditions

(33a)

(33b)

“no-penetration” un̂
def
= u · n̂ = 0

“no-slip” ut̂
def
= u− un̂n̂ = 0



 on ΓD,

where n̂ and t̂ denote respectively outward unit normal and unit tangent of the boundary. Note
that ut̂ is the projection of u onto tangent plane of ΓD. Furthermore, in some literature the
condition (33b) is called adherence boundary condition (see [64, 77]).
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2.1. No-slip and no-penetration conditions. The BC (32) has the unit outward n̂ and
unit tangent t̂ associated with it. Two types of boundary conditions at such rigid surface are
posed, namely the so-called no-penetration and no-slip conditions involving the normal and the
tangential components of the fluid velocity respectively.

(a) The no-penetration condition (33a) requires that the normal components must equal
zero at this surface. This means that the fluid does not penetrate the wall.

(b) The empirical no-slip boundary condition (33b) was conceived first by Stokes [70, 69]
at the interface between solid surface and liquid, and requires that tangential components of
the fluid velocity must equal these imposed velocities at this surface (see e.g. [77, Sec. 10.1],
[51, Sec. 6.4]). This condition describes that the fluid does not slip along the wall. We finalize
this subsection by saying that the BV P (19) or (27) with BC (32) is necessary to ensure the
uniqueness of the velocity while the pressure is only unique up to some additive constant. An
additional condition to determine the constant should be introduced, e.g. that the integral
mean value of the pressure should vanish, i.e.

∫

Ω

p dx = 0.

2.2. normal stress condition. The second kind BC corresponding to the Neumann problem
that is derived from the stress tensor at the boundary Γ. It is a dynamic condition that
prescribes the stress vector (traction) at each point of the boundary ΓN ⊂ Γ. Physically,
it means that the fluid is subjected to an external applied surface force as a result of the
mechanical contact with a surrounding body, i.e.

(34) (−pI + 2µe(∇u))n̂ = g on ΓN .

This condition is also called Neumann BC or stress condition. Usually, ΓN is called open
boundary condition. In particular the pressure in (34) is implicitly prescribed in terms of the
given function g and the viscous stress.

In [30] the authors proposed that for flow in pipes it is reasonable to choose

g = −pn̂,
with a prescribed average pressure p, and that

(35) (−pI + 2µe(∇u))n̂ = −pn̂ on ΓN .

If g = 0 the normal stress BC becomes no friction condition or no viscous stress condition
specifying that the viscous stress vanishes on ΓN , i.e.

(−pI + 2µe(∇u))n̂ = 0 on ΓN .

This BC arises if the fluids in mechanically driven through boundary forcing or surface
tensor or even interfacial tensor that permits the fluid to both enter and leave on the domain
by an interface. We specify in flow and outflow boundaries which may need to prescribe normal
stress σn̂ or momentum flux rather than velocity components. Furthermore, this BC appears
also in problems involving two fluids sep arated by an interface, i.e. “fluid-fluid interface”
not necessarily of the same constitutive type (see [51, Chap. 23] for more general discussion
of interfaces). The BCs discussed above (subsection 2.1) are not alone sufficient to determine
fully the velocity, which is only unique up to the velocity of a rigid body and the interface
shape, all of which are unknowns. For more details see [42, Chap. 2], [26, Sec. 4.3]. In contrast
to the Dirichlet BC, here the pressure is determined in unique form by using an appropriate
compatibility condition (see [11, Chap. 7]).
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2.3. Navier boundary condition2. Many applications of fluid dynamics require that the
borders are watertight and thus non-penetrative by default, so the condition (33a) says that
the velocity component normal to the surface is naturally zero as mass cannot penetrate an
impermeable solid surface [35, Sec. 1.10.4]. Concerning the behavior of ut̂ (33b), one may
assume a discontinuity in the velocity function, i.e. a relative movement between the fluid and
the boundary, therefore there is slip. Many famous names in fluid dynamics have expressed
an opinion on these subjects namely, Bernoulli, Euler, Coulomb, Darcy, Navier, Helmholtz,
Poisson, Poiseuille, Hagen, Couette, Maxwell, etc during their carrier. We refer the reader to
[24, pp. 676–680], [19], [40] for a historical review. Thanks to Navier [48] (following by Maxwell
[44] in gases context) who introduced the linear boundary condition, which remains the standard
characterization of the so-called Navier boundary condition or merely slip boundary condition:
The component of the fluid velocity tangent to the surface ut̂ is proportional to the rate of
strain, (or shear rate) at the surface,

(36) ut̂ + λ(e(∇u)n̂)t̂ = 0,

where the friction parameter λ is the coefficient of proportionality, has the unit of length, and
is referred to as the slip length. The difficulty in the application of this boundary condition
consists in the determination of the friction parameter λ, which might depend, e.g. on the local
flow field or the roughness of the wall. Note that the Navier BC (36) corresponds to the third
kind BV P (30). Since n̂ and t̂ are orthogonal components, the values of the pressure do not
play any role in the BC (36). Hence, an additional condition for the pressure is needed to fix
the additive constant.

Remark 2.1. The Navier or slip BC can be justified whenever the no-slip condition is
not applicable, hence, slip has to be considered. For example, if we have porosity or may be
a grid we can permit fluid to pass through, but not tangentially, i.e. the no-slip condition
is relaxed (see [41] where the “relaxed” method of no-slip condition (33b) is imposed) on the
velocity component normal to the wall. In this case it make sense to distinguish no-slip (no
tangential components) from no-penetration. The proper conditions in this type of situations
are complicated, but in general, it is assumed that

(37a)

(37b)

“no-penetration” un̂ = 0

“no-slip” ut̂ ̸= 0.

}

We mention [76, Sec. 1-4] where five type of boundary for fluid flow are considered.

2.4. Mixed boundary conditions (MBCs). TheMBCs is defined as a BV P whose solution
of the given equation is required to satisfy different BCs on disjoint parts of the boundary of
the domain. The onset of MBCs is due to combination of the BCs described in subsections
2.1, 2.2 and 2.3. For example, in [45, 46, 60] the authors have combined arbitrarily different
BCs (Dirichlet, Neumann, slip condition, free-surface) on the faces of a polyhedron for the
Stokes and Navier–Stokes system and proved the existence and regularity theorems for weak
solutions in weighted in Lp spaces. Considering the Stokes system with the BCs (31) and
(29) in Lipschitz domain [21] the author has established the condition of the existence and
uniqueness for both velocity and pressure. In [9, 25, 74] BVPs for Stokes and Navier–Stokes
systems involving pressure BC, Dirichlet condition are considered. See also [54].

The MBC also arises in free-surface flows, which occur at the interface between two fluids.
Such interface require that two BCs are applied: A kinematic condition (relating the motion of

2It is out of the scope of this research, it is included here only as a generalization of the no-slip condition
in which the fluid is allowed to slip tangentially along the solid boundary.
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the free-surface to the fluid velocity) and a dynamic condition (concerning the force balance at
the free-surface, i.e. the stress to be continuous across the free-surface). The traction exerted
by the first fluid onto the second fluid is equal and opposite to traction exerted by the second
fluid on the first fluid. The term free-surface means that the gas lying of the liquid has no
effect except to impose pressure on the interface see [35, 76].

3. Hele-Shaw flow

The main goal of the present research is to obtain a precise description, by using asymptotic
analysis, of the flow in a generalized Hele-Shaw cell, as the thickness of the domain tends to
zero. First, we give a precise description of the geometry and collect the necessary tools for
this purpose, and finally, the the results are presented.

3.1. Generalized Hele-Shaw cell. Let ω denote a perforated Lipschitz domain in R2, say

ω = (−ℓ, ℓ)× (−ℓ, ℓ)−D,

where ℓ > 0 and D is the closed disc

D = {(x1, x2) : x21 + x22 ≤ R2}
of radius 0 < R < ℓ. The boundary of ω is decomposed into two disjoint parts

γD = ∂D

γN = ∂ω − γD.

Thus, both γD and γN have positive measures (arc length).
The (unscaled) fluid domain is defined as

Ω = {(x′, y) ∈ R3 : x′ = (x1, x2) ∈ ω; h−(x′) < y < h+(x′)},
where h+, h− are Lipschitz functions defined on the closure of ω, i.e. h+, h− ∈ C0,1(ω) and
satisfy the conditions

(38)





− 1

2
≤ h−(x′) ≤ −α, α ≤ h+(x′) ≤ 1

2
,

2α ≤ h(x′)
def
= h+(x′)− h−(x′) ≤ 1

m(x′)
def
=
h+(x′) + h−(x′)

2

where 0 < α < 1/2 is a given constant where h(x′) with
1

2
≤ h(x′) ≤ 1 and m(x′) is the

center surface of the fluid domain. The fluid domain Ω is called a generalized Hele-Shaw cell
of variable thickness h(x′). The boundary of Ω is divided into two disjoint parts

ΓD = ∂Ω ∩ {(x′, y) : y = h+(x′) or y = h−(x′) or x′ ∈ ∂D}
ΓN = ∂Ω− ΓD.

The thin domain Ωε is defined by anisotropic scaling of the unscaled domain Ω of unit
thickness, using the parameter 0 < ε ≤ 1, i.e.

Ωε = {(x′, x3) ∈ R3 : x′ = (x1, x2) ∈ ω, εh−(x′) < x3 < εh+(x′)}.
In other words Ωε is a generalized Hele-Shaw cell of variable thickness εh(x′). Moreover, the
boundary of Ωε is divided into two disjoint parts

ΓεD = ∂Ωε ∩ {(x′, x3) : x3 = εh+(x′) or x3 = εh−(x′) or x′ ∈ ∂D}
ΓεN = ∂Ωε − ΓεD.
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3.2. Dimensional analysis and Reynolds numbers. The Mathematical Analysis and Nu-
merical Simulations are based on dimensionless equations and (19) is written in physical varia-
bles. To derive a dimensionless equations we make a list of variables and identify their dimen-
sions through the fundamental dimensions mass (M), length (ℓ) and time (T ) and that we
introduce the quantities

• d = max
x′∈ω

h(x′) the characteristic length of the flow problem [ℓ]. Note that ℓ, the length

of ω, is also a characteristic length of the problem;
• µ = kinematic viscosity [M · ℓ−1 · T−1];
• ρ = fluid density [M · ℓ−3];
• G = ∥∇pb∥∞ = max

x′∈ω
|∇pb| norm of the gradient pressure [M · ℓ−2 · T−2].

A dimensional analysis shows that a characteristic velocity U can be formed out of these
quantities and we choose

(39) U =
Gd2

µ
=
d2∥∇pb∥∞

µ
.

Let us now introduce the so-called Reynolds number which is dimensionless quantities and
correlates the inertial forces to the viscous force

(40) Re =
ρℓU

µ
=
ρℓd2∥∇pb∥∞

µ2

[inertial term]

[viscous term]
.

3.2.1. The Navier-Stokes equation in dimensionless form. We introduce the follo-
wing dimensionless variables:

x̂ =
x′

ℓ
and ŷ =

y

ℓ
and by scaling, we define the dimensionless velocity field and pressure as

û(x̂, ŷ) =
u(x′, y)

U
and p̂(x̂, ŷ) =

p(x′, y)

P
,

where P is the characteristic pressure. Thus, by applying this change of variables in (19) we
obtain

ρ
U2

ℓ
(û · ∇)û = −P

ℓ
∇p̂+ 2µ

U

ℓ2
div(e(∇û)) + ρf and div û = 0,

where all derivatives are taken with respect to the new variables. Right now, multiplying
the momentum equation by ℓ2/µU and introducing the characteristic velocity and Reynolds
numbers given by (39) and (40) respectively, we can choose the characteristic pressure P as

P
def
=
d2∥∇pb∥∞

ℓ
to obtain the Navier–Stokes equation in dimensionless form

(41)





Re(û · ∇)û = −∇p̂+ 2div(e(∇û)) + f̂

div û = 0,

where the dimensionless external force f̂ is given by

f̂
def
=

ρ

∥∇pb∥∞

(
ℓ

d

)2

f.

Note that the system (41) constitute the basis for the Mathematical Analysis and the
numerical simulation of the Navier–Stokes equations. However, the presence of the nonlinear



14 INTRODUCTION

term (û·∇)û in the expression of acceleration of the fluid makes the solution of (41) very difficult
for any but the simplest flow. It happens that in some practical interest situations the nonlinear
term, although not identically zero, is small, and can be neglected as an approximation see [1,
Sec. 7.1] or [5, Sec. 4.8]. This can be made by making the Reynolds numbers (40) very small,
i.e.

(42) Re ≪ 1,

so that the nonlinear term (û · ∇)û in the equation of motion (41) can be neglected and thus,
the simplified equation of motion, we obtain the so-called Stokes system or creeping flow model
is

(43)





−∇p̂+ 2div(e(∇û)) = 0

div û = 0,

in the absence body force f̂ . Now by writing (43) in the the physical variables p and u, thus
the Stokes system (43) becomes

(44)





−∇p+ 2µ div(e(∇u)) = 0

div u = 0.

Note that the Stokes system (44) is a linearization of the Navier–Stokes equations and
thus, can be solved by different methods. Our objective is to develop a rigorous mathematical
approach to simplify the model (44) even further. Let assume that

(45) ε
def
=
d

ℓ
≪ 1.

is the ratio of the relative length. Introducing this parameter in (42), since the quantities ρ, ℓ, µ
and ∥∇pb∥∞ are fixed, we see that

(46)
ρℓ3ε2∥∇pb∥∞

µ2
≪ 1,

and thus, we obtain the system (44). These two assumptions (45) and (46), form the basis
of the so-called thin film theory, which consists of dimensional reduction through asymptotic
analysis, from the three-dimensional model to a two-dimensional model (see [1, Sec. 7.6]). The
dimensional reduction is usually achieved by using appropriate scaling on one dimension which
is much small than the rest dimensions (one or two). Next we give a description of the results
obtained in this thesis.

3.3. Asymptotic analysis in thin domain. We consider the Newtonian and non-Newtonian
incompressible fluids in a generalized Hele-Shaw cell of variable thickness εh(x′) which is a thin
three-dimensional with is confined between two surfaces and contains vertical obstacles, e.g.
cylinders of various shapes connecting them. The space between the surfaces is occupied by
a viscous fluid that flows in the horizontal direction past the cylinders under the action of
a pressure gradient applied on the lateral sides of the cell as a surface force. The flow is
assumed to be governed by the Stokes equation, therefore inertial effects are neglected. It is
also assumed that the flow is isothermal and that gravity can be neglected. Such flows, referred
to as Hele-Shaw flows, appear naturally in many applications.

The BV P withMBCs satisfy no-slip and no-penetration conditions require that the velocity
vanishes on the solid surfaces of the cell. This condition is complemented by the normal stress
condition on the lateral boundary which is defined by an external pressure. Physically this



3. HELE-SHAW FLOW 15

means that the motion of the fluid is caused by the external pressure gradient, which acts in a
direction parallel to the surfaces.

More precisely, in papers I and II we deal with the boundary ∂Ωε such that

∂Ωε = ΓεD ∪ ΓεN , with ΓεD ∩ ΓεN = ∅,

where ΓεN corresponds the normal stress condition which is of Neumann type and ΓεD corres-
ponds to the homogeneous Dirichlet condition. For the Newtonian/non-Newtonian incompressi-
ble fluids, the following BCs are imposed:

u = 0 on ΓεD(47a)

σn̂ = −pbn̂ on ΓεN(47b)

where σ is the stress tensor defined in (16) and (22) respectively. For paper I

u = 0 on ΓεD

(−pI + 2µe(∇u))n̂ = −pbn̂ on ΓεN

and for paper II

u = 0 on ΓεD

(−pI + 2µ0|e(∇u)|n−2e(∇u))n̂ = −pbn̂ on ΓεN ,

where pb, the prescribed external pressure is given function and 1 < n < ∞ with conjugate
exponent n′ = n/(n − 1). We will see that MBCs imposed, predict the uniqueness of both
pressure and velocity, whereas uniqueness of pressure follows from the normal stress condition
on ΓεN and uniqueness of velocity follows from the no-slip condition and no-penetration on ΓεD.
Recall that if a Dirichlet condition is imposed on the whole boundary, then the pressure is only
determined up to a constant (see subsection 2.1). Correspondingly, if a Neumann condition is
imposed on the whole boundary, the pressure is unique but the velocity can only be determined
up to a rigid body velocity (see subsection 2.2).

Let ϕ be a scalar function and v = (v′, v3) where v′
def
= (v1, v2) be a vector function, then we

define the following differential operators ∇x′ , ∇y, divx̂ and divy by

∇x′ϕ = (∂x1ϕ, ∂x2ϕ, 0) , ∇yϕ = (0, 0, ∂yϕ)

and

divx′ v = ∂x1v1 + ∂x2v2, divy v = ∂yv3.

After applied the asymptotic methods when ε tends to zero, we will see that in the limit the
flow velocity given initially in three-dimensional space becomes a two-dimensional flow and the
limit pressure satisfies the so-called generalized Hele-Shaw equation which has a unique solution
with MBCs of the form: For paper I

p = pb on γN

∇x′p · n̂ = 0 on γD

and for paper II

p = pb on γN

|∇x′p|n−2∇x′p · n̂ = 0 on γD.
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3.3.1. Paper I. We consider pressure-driven flow in a Hele-Shaw cell given by the following
Stokes system with mixed boundary conditions

(52)





−∇P ε + 2µ div(e(∇U ε)) = 0 in Ωε

divU ε = 0 in Ωε

U ε = 0 on ΓεD

(−P εI + 2µe(∇U ε)) N̂ = −pbN̂ on ΓεN .

After rescaling from the domain Ωε to Ω via y = x3/ε the Stokes problem (52) is formulated
in new variables as follows,

uε(x′, y) = U ε(x′, εy) and pε(x′, y) = P ε(x′, εy).

We introduce the asymptotic expansions for the velocity and the pressure (uε, pε) in order to
derive the thin film equation from which the Poiseuille-law is obtained, i.e. the leading term of
the velocity field u0 = (u0, 0). More precisely,

(53) u0(x′, y) = − 1

2µ
(h+ − y)(y − h−)∇x′p

0.

From this, together with the conservation of volume we prove that the leading term of the
pressure p0 is uniquely determined in H1(ω) by the generalized Hele-Shaw equation

(54)





divx′(h
3∇x′p

0) = 0 in ω

p0 = pb on γN

∇x′p
0 · n̂ = 0 on γD,

where h is the thickness of the domain defined in (38) and n̂ is the outward unit normal to the
surface of the obstacle.

However, it turns out that the leading terms of the asymptotic expansions is not of Stokes
type since the leading term of the velocity is not divergence-free. Thus an approximate solution

ũ(x′, y) = (ε2u0(x′, y), ε3u13(x
′, y)) and p̃(x′, y) = p0(x′),

where u13 is the third component of the first-order term of the velocity, is constructed which
satisfies the error estimates

∥uε − ũ∥ ≤ C1ε
3, ∥∇uε −∇ũ∥ ≤ C2ε

2 and ∥pε − p̃∥ ≤ C3ε,

where Ci (i = 1, 2, 3) are constants independent of ε. These errors are obtained with respect
to ε by

uε − ũ = O(ε3), (uε, u0 = O(ε2)),

pε − p̃ = O(ε), (pε, p̃ = O(1))

in L2(Ω) as ε tends to zero, thus our approximation is rigorously justified.
3.3.2. Paper II. In non-Newtonian context, the situation is similar to paper I, but the

fluid obeys a more general constitutive relationship between the stress and the shear rate.
More precisely, the functional relationship between the viscosity and the symmetrical part of
the velocity gradient is given by a power-law (23). We consider the following non-Newtonian
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incompressible fluid problem

(55)





−∇qε + 2µ0 div(|e(∇uε)|p−2e(∇uε)) = 0 in Ωε

div uε = 0 in Ωε

uε = 0 on ΓεD

(−qεI + 2µ0|e(∇uε)|p−2e(∇uε))n̂ = −pbn̂ on ΓεN .

To obtain a reasonable justification of the convergence, we first prove a priori estimates of
the velocity uε and the pressure qε, that are given by

1

|Ωε|1/p
(
∥ε−p′uε∥Lp(Ωε) + ∥ε1−p′∇uε∥Lp(Ωε)

)
≤ C1∥∇pb∥p

′−1

Lp′ (Ω)

1

|Ωε|1/p′
(
∥qε∥Lp′ (Ωε) + ||ε−1a(∇uε)||Lp′ (Ωε)

)
≤ C2∥∇pb∥Lp′ (Ω),

(56)

where the constants C1 and C2 depends only on Ω and ΓD and a(∇uε) = µ0|e(∇uε)|p−2e(∇uε).
The second step is to use the compactness results and the definition of two-scale convergence

for thin domains introduced by Marušić and Marušić-Paloka which states that a sequence uε,
where ε > 0, in Lp(Ωε) two-scale converges to u in Lp(Ω) provided that

lim
ε→0

1

|Ωε|

∫

Ωε

uε(x) v
(
x′, ε−1x3

)
dx =

1

|Ω|

∫

Ω

u(x′, y) v(x′, y) dx′ dy,

for all v in Lp
′
(Ω) and we write uε

2
⇀ u, in order to prove that

ε−p
′
uε

2
⇀ u and qε

2
⇀ q,

where u = (u′, 0) ∈ Lp(Ω;R3).
The Permeability function ψ and the flow factor ϱ for a thin domain, both depending

on the rheology of the fluid and the geometry of the domain, play an important role in the
characterization of the limit velocity. The permeability function ψ in Ω is defined as a solution
of the BV P

(57)

{
−∆p,yψ = 1 in Ω

ψ = 0 on Γ±
D,

where

Γ±
D =

{
(x′, y) ∈ ΓD : y = h±(x′)

}
and ∆p,y(·) = ∂y

(
|∂y(·)|p−2 ∂y(·)

)

is the Dirichlet boundary (in the absence of obstacles) and p-laplacian in the variable y respec-
tively. The flow factor ϱ of Ω is defined as

(58) ϱ(x′) =

∫ h+(x′)

h−(x′)
ψ(x′, y) dy, x′ ∈ ω.

We prove that the permeability function and flow factor function are given explicitly by

(59) ψ(x′, y) =
1

p′

(∣∣∣∣
h(x′)

2

∣∣∣∣
p′

− |m(x′)− y|p′
)
,

for all y ∈ [h−(x′), h+(x′)] and

(60) ϱ(x′) =
2−p

′

p′ + 1
hp

′+1(x′),
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respectively for all x′ ∈ ω where h(x′) and m(x′) are defined in (38). Then, the limit velocity
u can be characterized as

u(x′, y) = −ψ(x′, y)
∣∣∣∣
1

µ0

∇x′q(x
′)

∣∣∣∣
p′−2

1

µ0

∇x′q(x
′),

where ψ is the permeability function and q ∈ W 1,p′(ω) is the unique solution of the boundary
value problem

(61)





divx′(ϱ|∇x′q|p
′−2∇x′q) = 0 in ω

q = pb on γN

|∇x′q|p
′−2∇x′q · n̂ = 0 on γD,

where ϱ is the flow factor and n̂ is the outward unit normal to the surface of the obstacle.
In both papers I and II we conclude that the Dirichlet condition ΓεD for the velocity field in

the original problem becomes a Neumann condition γD for the limit pressure and the Neumann
condition ΓεN for the stress tensor on the original problem becomes a Dirichlet condition γN for
the limit pressure.

4. Classical results

To be able the exhibit the streamlines of the flow in a thin liquid layer projected onto a
large screen, H. S. Hele-Shaw [29] invented a device to make such experiments. This device
is called Hele-Shaw cell, which consists of two closely parallel plates, held in place by a frame
between which is a layer of viscous liquid, with some form of vertical obstacles, e.g. cylinder of
various shape connecting them. From these experiments, Hele-Shaw has

(a) developed the method to visualize the flow patterns past a variety of objects;
(b) discovered that when the distance between the two plates was very small, the flow

pattern around a circular cylinder to the plates closely matched the potential flow
solution that was known from the theory of the two-dimensional flow of an ideal fluid.

Later G. G. Stokes able to explain that the results observed in Hele-Shaw’s experiments
by writing the equation of motion for a viscous fluid, i.e. the Navier–Stokes equations [68].
In the process, Stokes also justified theoretically the Poiseuille’s experiments [55, 56], what is
well-known as Poiseuille-law or Hagen–Poiseuille law which is a physical law that gives the
pressure drop in an laminar flow fluid (liquid or gas) through a long cylindrical pipe of constant
cross section. This experimental law was derived independently by J. L. M. Poiseuille and G.
H. L. Hagen [71].

By introducing the thin film assumption, Stokes computed the average flow across the
narrow gap between the two bounding plates in the Hele-Shaw cell. Thus, flow in a Hele-
Show cell is potential flow [27, 72] with the velocity potential proportional to the gradient of
pressure, i.e. the parabolic Poiseuille velocity profile is obtained in each horizontal component
of the velocity. This explains the relation between Hele-Shaw’s observation and the theory of
two-dimensional ideal flow written by Stokes. Note that Hele-Shaw’s experiments give us a
complete graphical solution of the problem concerned see [67, p. 400] or [75]. For more details
regarding the classical Hele-Shaw approximation, see e.g. [39, p. 577], [12], [5, p. 222], [1,
p. 241], [51, p. 664].

The Hele-Shaw contribution in Reynolds experiment’s [59] sparked the investigations of
turbulent motion which became renowned as the dimensionless Reynolds numbers serving solely
as the criterion of transition turbulent, was to demonstrate visually how these flows operated
in the real world. It is worth mentioning that the Hele-Shaw cell was named by O. Reynolds
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upon the validity of such experiments [29], i.e. recognizing that at small Reynolds number the
Navier–Stokes equations of motion in a Hele-Shaw cell take the form of Poiseuille. Furthermore,
Reynolds developed the basis of the so-called theory of lubrication fundamental to study the
thin-film flows. This theory can be used to describe the pressure distribution in a fluid film
bearing [58]. The fundamental problem of lubrication consists in describe the fluid flow in the
gap between two adjacent surfaces which are in relative motion. The pressure field is governed
by the so-called Reynolds equation’s, i.e.

∂

∂t
(hρ) + div

(
− ρh3

12µ
∇p+ ρh

2
U

)
= 0.

By using methods of asymptotic analysis, G. Bayada and M. Chambat [8], gave the first
rigorous mathematical derivation of the Reynolds equation, considering the Stokes problem in
a thin domain and assuming that the velocity field satisfies a Dirichlet condition on the whole
boundary. See also [49, 22, 33] where related problems are considered. The notion of two-scale
convergence for thin domain was introduced by S. Marušić and E. Marušić-Paloka in [43].

Problems in the Hele-Shaw context arise, e.g. the modeling of flow of oil in a bearing; in
laminar flow past an airfoil, from the problem of a moving free-boundary between two fluids
in two dimensions providing a very useful tool to visualize such problems and mathematical
treatment patterns produced by a free boundary between a viscous and the inviscid fluid [7, 80],
see also [72, Sec. 5.2]. The Hele-Shaw cell has been also considered on motion of fluids in porous
media where the macroscopic fluid flow obeys Darcy’s law which is an equation that describes
the fluid flow material with holes and pores with fluid. This law was purposed by H. Darcy
[18] on experiments results on the flow of water through a porous media (such as aquifer),
stating that the velocity field is determined by the pressure gradient, the fluid viscosity, and
the structure of the porous medium (permeability) [16, Sec. 2.12.1], [53, 73]. In particular,
when two immiscible fluids of different viscosity are present in a Hele-Shaw cell occur the so-
called fingering phenomenon when a less viscous fluid (air) was driven into a more viscous fluid
(water, glycerin, or oil). This phenomenon was explored by P. G. Saffman and G. I. Taylor in
[62] and thereafter calling Saffman-Taylor phenomena [61, 31, 79].

Non-Newtonian flow in Hele-Shaw-like domains appears in many industrial applications, e.g.
polymer processing, transportation of oil in pipelines, hydrology, as well as in food processing.
In particular, we focus on some works where analysis and mathematical modeling of Poiseuille
flow of power-law fluids are considered. G. Aronsson and U. Janfalk [2] derived the equations of
motion and proved some exact solutions and a representation theorem see also [20, 28]. A more
rigorous study was performed by A. Mikelić and R. Tapiéro [47] without obstacle in the interior
of the domain obstacle, who derived a nonlinear Poiseuille law as a limit case of the Navier-
Stokes equations when the thickness of the cell tends to zero. However, to avoid technical
difficulties the authors chose to employ a no-slip condition on the whole boundary. Related
models take thermal effects and other types than power-law relation have been considered in
[23, 50, 34, 52].
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ERROR ESTIMATES FOR PRESSURE-DRIVEN HELE-SHAW FLOW

JOHN FABRICIUS∗, SALVADOR MANJATE∗,∗∗ AND PETER WALL∗

Abstract. We consider Stokes flow past cylindrical obstacles in a generalized Hele-Shaw cell,
i.e. a thin three-dimensional domain confined between two surfaces. The flow is assumed to be
driven by an external pressure gradient, which is modeled by a normal stress condition on the
lateral boundary of the cell. On the remaining part of the boundary we assume that the velocity
is zero. We derive a divergence-free (volume preserving) approximation of the flow by studying
its asymptotic behavior as the thickness of the domain tends to zero. The approximation is
verified by error estimates for both the velocity and pressure in H1- and L2-norms, respectively.

1. Introduction

A classical Hele-Shaw cell is bounded by two closely spaced parallel plates in the horizontal
plane with some form of vertical obstacles in between, e.g. cylinders of various shapes connecting
the plates. The space between the plates is occupied by a viscous fluid that flows in the
horizontal direction past the cylinders under the action of a pressure gradient applied on the
lateral sides of the thin layer. Inertial forces are assumed to be small compared to viscous forces
and pressure gradient so that the flow is governed by the Stokes equation. Such flows, hereafter
referred to as Hele-Shaw flows, appear naturally in many applications. Examples can be found
in several fields of natural sciences, engineering as well as industrial processes like thin film
lubrication, liquid moulding of fibre reinforced polymer composites or leakage through seals.

The Hele-Shaw cell was first devised as an experimental method to visualize streamlines
around obstacles [21]. Later Stokes proved that the streamlines observed in Hele-Shaw’s ex-
periments coincide with those of a two-dimensional inviscid fluid with zero vorticity [34]. By
introducing the thin film assumption, Stokes showed that the parabolic Poiseuille velocity pro-
file is obtained in each horizontal component of the velocity, i.e. parallel to the bounding plates,
and the velocity is a linear function of the pressure gradient. For more details regarding the
classical Hele-Shaw approximation, see e.g. [22, p. 577], [6, p. 222], [1, p. 241], [32, p. 664].

The present paper is devoted to the derivation of a leading order approximation of Stokes
flow in a generalized Hele-Shaw cell of variable thickness and a rigorous verification of the
approximation. The first part will be achieved by the so-calledmethod of asymptotic expansions,
i.e. by introducing a small parameter ε representing the height or thickness of the domain,
rescaling the problem to a fixed domain and considering solutions in the form of power series
of ε. The asymptotic expansions method is a well established technique that can be applied
to a wide range of problems involving several length scales [7, 9, 32, 35]. Combined with
other techniques, e.g. weak convergence methods or error estimations the expansions can be
rigorously justified. From the leading terms of our expansions of the velocity field uε and the
pressure pε, we are able to construct a divergence-free approximate solution (ũ, p̃). The second
part, consists of showing that the solution to the rescaled problem converges to the approximate
solution, when ε tends to zero. Here the error is measured in L2-norm for the pressure and
H1-norm for the velocity and error estimates are presented that give the rate of convergence.

The asymptotic analysis of Stokes or Navier–Stokes flow in thin domains has been studied
in numerous papers. An important example is Reynolds’ lubrication approximation which
describes the flow and pressure build-up in a thin converging gap between two surfaces [33],
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see also [32, Ch. 22]. As opposed to the classical Hele-Shaw flow the driving mechanism of
the flow in a lubricated contact is usually the sliding of the surfaces against each other, i.e. a
so-called Couette flow. Hence no vertical obstacles can be present as they would prevent the
sliding motion. By using formal asymptotic expansions, energy estimates and compactness,
Bayada and Chambat [4], see also [27], gave the first rigorous mathematical derivation of the
Reynolds equation, considering the Stokes problem in a thin domain and assuming that the
velocity field satisfies a Dirichlet condition on the whole boundary. The authors proved that the
limit pressure satisfies the classical Reynolds equation with a Neumann condition, but the rates
of convergence were not given. An extension of these results was given by Nazarov [29] who
constructed an asymptotic expansions of the solution of the Navier–Stokes equation in a thin
layer of viscous fluid complemented with error estimates of arbitrary order. In this direction,
we mention the papers [11, 17, 25, 28] where higher-order approximations, correctors and error
estimates for problems in thin domains are considered. A detailed analysis showing how the
error estimates in the two-dimensional lubrication approximation depend on the function h(x)
which describes the thickness of the thin domain can be found in [37]. The connection between
Hele-Shaw flow and lubrication has been further explored in [3, 38]. Similar results in the
context of non-Newtonian fluids can be found in [2, 13, 26]. It can also be mentioned that
Stokes flow with mixed boundary condition is considered in [12, 15, 16].

As mentioned above, our main goal is to obtain a precise asymptotic description of Stokes
flow in a generalized Hele-Shaw cell confined between two surfaces as the gap separating them
tends to zero. As in many realistic applications see e.g. [5, 10, 14, 13, 23], we assume that the
flow is pressure-driven, i.e. the fluid is brought into a steady motion by an external pressure
gradient. The external pressure is imposed as a normal stress condition on the lateral surface
of the thin layer. This means the fluid is free to flow across this part of the boundary. However,
the net flux must be zero, since the Stokes system is volume preserving. On the remaining
parts of the boundary we impose homogeneous Dirichlet condition for the velocity field. This
results in a well-posed boundary value problem, i.e. both velocity and pressure are uniquely
defined. The main contribution of the present paper is a divergence-free approximation of the
solution to this boundary value problem which is constructed by means of formal asymptotic
expansions. The validity of the approximation is justified by proving error estimates, showing
that the solution of the rescaled problem converges to the approximate solution as ε tends to
zero.

The paper is organized as follows: In Sec. 2 we give a precise description of the generalized
Hele-Shaw cell Ωε which is a thin domain of thickness εh(x1, x2), where h is a given function,
and define our model problem. In Sec. 3, we rescale the problem so that it is posed in a
fixed domain, i.e. one which is independent of the thickness parameter ε and postulate an
asymptotic expansion of the solution (uε, pε) to the rescaled problem. Explicit characterizations
of the leading order terms in the expansions of the velocity and pressure are presented in
Sec. 4. More precisely, the zeroth order terms (u0, p0) are given by the Poiseuille law and the
two-dimensional generalized Hele-Shaw equation respectively (Theorem 4.3). Furthermore, we
determine explicitly the third component of the first order term u1 for the velocity (Lemma
4.6), which will be used as a corrector in Sec. 5, where the divergence-free approximation is
constructed. In Sec. 6, the main result Theorem 6.3 concerning the error estimates is stated.
That is, for a fixed ε, the L2-norm of the difference between the exact solution of the rescaled
Stokes problem (uε, pε) and our approximation (ũ, p̃) is given by

∥uε − ũ∥ ≤ C1ε
3, ∥∇uε −∇ũ∥ ≤ C2ε

2 and ∥pε − p̃∥ ≤ C3ε,

where Ci (i = 1, 2, 3) are constants independent of ε, uε = O(ε2) and pε = O(1). The error
tends to zero as ε tends to zero which means that our approximation is rigorously verified.
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2. Notation and setting problem

2.1. Euclidean structure. We fix the following notation concerning matrices and vectors in
R3. Let R3×3 denote the set of real 3× 3 matrices X = (xij) equipped with the scalar product

X : Y = tr(XTY ) =
3∑

j=1

3∑

i=1

xijyij, |X| = (X : X)1/2,

where XT in R3×3 denotes the transpose of X, the symmetrical part e(X) and the skew-
symmetric part ω(X) of X are defined as

e(X) =
1

2
(X +XT ), ω(X) =

1

2
(X −XT ),

respectively. The identity element in R3×3 is denoted by I = (δij). We identify R3 with R3×1

(column vectors) and denote the scalar product in R3 as

x · y = xTy =
3∑

i=1

xiyi, |x| = (x · x)1/2.

2.2. Formulation of the model problem. In this subsection we formulate a Stokes problem
in a Hele-Shaw cell. Let ω be a perforated Lipschitz domain in R2, defined as

ω = (−L,L)× (−L,L)−D,

where L > 0 and D is the closed disc, i.e.

D = {(x1, x2) : x21 + x22 ≤ R2}
of radius 0 < R < L. The boundary of ω is decomposed into two disjoint parts

γD = ∂D and γN = ∂ω − γD.

Remark 2.1. Note that all results presented in this paper are also valid for more general
domains ω with multiple obstacles Di (i = 1, 2, . . . N), whose boundaries are piecewise smooth
of class C1,1.

Let h+, h− be Lipschitz functions defined on the closure of ω, i.e. h+, h− ∈ C0,1(ω), such that

− 1

2
≤ h−(x1, x2) ≤ −α, α ≤ h+(x1, x2) ≤

1

2
,

2α ≤ h(x1, x2)
def
= h+(x1, x2)− h−(x1, x2) ≤ 1,

(1)

where 0 < α < 1/2 is a given constant. Given a small positive parameter ε, we define the thin
domain

Ωε = {(x1, x2, x3) ∈ R3 : (x1, x2) ∈ ω, εh−(x1, x2) < x3 < εh+(x1, x2)},
the so-called generalized Hele-Shaw cell of thickness εh(x1, x2). The boundary of Ωε is divided
into two disjoint parts

ΓεD = ∂Ωε ∩ {(x1, x2, x3) : x3 = εh±(x1, x2) or (x1, x2) ∈ ∂D}
ΓεN = ∂Ωε − ΓεD.

Let us now consider the Stokes problem:

(2)





−∇P ε + 2µ div(e(∇U ε)) = 0 in Ωε

divU ε = 0 in Ωε

U ε = 0 on ΓεD

(−P εI + 2µe(∇U ε)) N̂ = −pbN̂ on ΓεN ,
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where U ε is the velocity field, P ε is the pressure, µ (kinematic viscosity) is a positive constant, N̂
is the outward unit normal of ∂Ωε and e = (eij(∇U ε)) is the symmetric part of ∇U ε =

(
∂xiU

ε
j

)
,

i.e.

e(∇U ε) =
1

2
(∇U ε + (∇U ε)T ).

The physical interpretation of the boundary condition at the lateral boundary ΓεN of the cell,
is that normal stress is prescribed. This means that this part of the boundary can be regarded
as a penetrable inlet/outlet zone where an external pressure pb = pb(x

′) is applied.

3. Asymptotic expansions

Our main objective is to study the asymptotic behavior of the solutions (U ε, P ε) of equation
(2), as the thickness parameter ε tends to zero. The goal is to obtain the so-called thin-film
equations (14) from which we can derive a single equation for the pressure (the generalized
Hele-Shaw equation (18)) . We will use the asymptotic expansion technique to analyze the
asymptotic behavior.

3.1. Rescaled Stokes problem. Since U ε and P ε are defined in a thin domain Ωε which
varies with ε, it is convenient to transform the equation (2) posed in a Ωε into an equation
posed in a domain Ω which does not depend on ε, even though singular terms are introduced
into the equation. To this end, we introduce the variable y = x3/ε, so that the transformation
(x′, x3) 7→ (x′, x3/ε) = (x′, y) which consists in stretching the vertical variable x3 by a factor
1/ε, maps the thin domain Ωε onto the fixed domain

Ω = {(x1, x2, y) ∈ R3 : (x1, x2) ∈ ω, h−(x1, x2) < y < h+(x1, x2)}.
A point in Ω will be denoted as (x′, y) where x′ = (x1, x2). Similarly, the components of a

vector function v : Ω → R3 are denoted as v = (v, v3), where v = (v1, v2). Let ϕ be a scalar
function and v be a vector function, then we introduce the following differential operators

∇x′ϕ = (∂x1ϕ, ∂x2ϕ, 0) , ∇yϕ = (0, 0, ∂yϕ) ,

divx′ v = ∂x1v1 + ∂x2v2, divy v = ∂yv3,

e(∇x′v) =
1

2
(∇x′v + (∇x′v)

T ), e(∇yv) =
1

2
(∇yv + (∇yv)

T ).

We define ∇ε, and divε as

∇εϕ = ∇x′ϕ+
1

ε
∇yϕ, divε v = divx′ v +

1

ε
∂yv3.(3)

In the new variables (x′, y) the Stokes problem (2) becomes

(4)





−∇εp
ε + 2µ divε(e(∇εu

ε)) = 0 in Ω

divε u
ε = 0 in Ω

uε = 0 on ΓD

(−pεI + 2µe(∇εu
ε)) n̂ = −pbn̂ on ΓN ,

where n̂ is the outward unit normal of ∂Ω and (uε, pε) is related to (U ε, P ε) as follows

uε(x′, y) = U ε(x′, εy) and pε(x′, y) = P ε(x′, εy),

and consequently,

∇εu
ε = ∇U ε and divε u

ε = divU ε.
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3.2. Asymptotic expansions. Now, we want to study the asymptotic behavior of the solu-
tions (uε, pε) of the rescaled Stokes problem (4) as ε tends to zero. We seek a solution (uε, pε)
as an expansion of the form

(5) uε(x′, y) = ε2
∞∑

k=0

εkuk(x′, y) and pε(x′, y) =
∞∑

k=0

εkpk(x′, y),

where uk = (uk, uk3) and pk, k = 0, 1, 2, . . . are unknown functions. Note that the first term
in the expansion of uε is of order ε2, while the first term in the expansion is of pε is order ε0.
This can be motivated by dimensional analysis and scaling or by deriving a priori estimates
(see Sec. 6).

The main idea is to insert the asymptotic expansions (5) in the problem (4), collect terms of
the same power of ε and then analyze the obtained system of equations until the leading terms
can be fully identified. Indeed, he momentum and continuity equations can be written as

(6)





−ε−1∇yp
0 − ε0(∇x′p

0 +∇yp
1) +

∞∑

k=1

−εk
(
∇x′p

k +∇yp
k+1
)

+2µ divy

{
ε0e(∇yu

0) +
∞∑

k=0

εk+1
(
e(∇x′u

k) + e(∇yu
k+1)

)
}

+2µ divx′

{
ε1e(∇yu

0) +
∞∑

k=0

εk+2
(
e(∇x′u

k) + e(∇yu
k+1)

)
}

= 0

ε−1∂yu
0
3 +

∞∑

k=1

εk−1
(
divx′ u

k−1 + ∂yu
k
3

)
= 0.

Collecting terms of the orders ε−1, ε0 and ε1 in the momentum equation yields

ε−1 : ∂yp
0 = 0(7a)

ε0 : −(∇x′p
0 + ∂yp

1) + 2µ∂y(e(∇yu
0)) = 0.(7b)

Similarly, for the continuity equation we obtain

ε−1 : ∂yu
0
3 = 0(8a)

ε0 : divx′ u
0 + ∂yu

1
3 = 0.(8b)

As to the boundary conditions, we note that the Dirichlet condition implies that uk vanishes
on ΓD for all k. For the Neumann condition ΓN we have,

− ε0p0n̂+ ε
(
−p1I + 2µe(∇yu

0)
)
n̂

+
∞∑

k=1

εk+1
{
−pk+1I + 2µ(e(∇x′u

k−1) + e(∇yu
k))
}
n̂ = −pbn̂.

(9)

By equating terms of orders ε0 and ε1 we obtain

ε0 : u0 = 0 on ΓD(10a)

ε0 : p0 = pb on ΓN(10b)

ε1 : (−p1I + 2µe(∇yu
0))n̂ = 0 on ΓN .(10c)

Observe that e(∇x′u
0) and e(∇yu

0) can be written as block matrix of the form

d =

(
d11 d12
d21 d22

)
=

(
2× 2 2× 1
1× 2 1× 1

)
.
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Thus,

e(∇x′u
0) =




e(∇x′u
0)

1

2
(∇x′u

0
3)
T

1

2
∇x′u

0
3 0




and

e(∇yu
0) =




0
1

2
∂yu

0

1

2
(∂yu

0)T ∂yu
0
3


 .

Similarly for e(∇x′u
1), e(∇yu

1), and so on for e(∇x′u
k), e(∇yu

k), k ≥ 2.

4. Analysis of equations

The goal of this section is to characterize the leading terms in the expansions of the velocity
and the pressure, by analyzing the equations (7) and (8) together with the boundary conditions
(10).

4.1. Conservation of volume. Recall that equation (8) arises from the incompressibility of
the flow. For the leading terms of the velocity this implies the following

Lemma 4.1. The incompressibility condition for u0 = (u0, u03) is satisfied only as

(11) u03 = 0 in Ω

and

(12)





divx′

(∫ h+

h−
u0 dy

)
= 0 in ω

(∫ h+

h−
u0 dy

)
· n̂ = 0 on γD.

Proof. From (8a), we conclude that u03 constant along line parallel to the y-direction. This
together with the homogeneous Dirichlet condition (10a) implies (11).

Let φ = φ(x′) be a smooth function in Ω, such that φ = 0 on γN . Multiply (8b) by φ,
integrate over Ω and use the Divergence theorem we obtain

0 =

∫

Ω

φ(x′)(divx′ u
0 + ∂yu

1
3) dx

′ dy

=

∫

∂Ω

φ(x′)(u0, u13) · n̂ dS −
∫

Ω

∇x′φ(x
′) · (u0, u13) dx′ dy.

(13)

Note that the surface integral vanishes, since φ = 0 on ΓN and (u0, u13) = 0 on ΓD due to (10a).
Thus, (13) becomes

0 = −
∫

Ω

∇x′φ(x
′) · (u0, u13) dx′ dy = −

∫

Ω

∇x′φ(x
′) · u0 dx′ dy = −

∫

ω

∇x′φ ·
(∫ h+

h−
u0 dy

)
dx′

=

∫

ω

φ divx′

(∫ h+

h−
u0 dy

)
dx′ −

∫

γD

φ

(∫ h+

h−
u0 dy

)
· n̂ dS.

Since the last relation is valid for all smooth φ = φ(x′) such that φ = 0 on γN , we conclude
that u0 satisfies (12). □
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4.2. The thin film equations. Let us now deduce some consequence of (7) which expresses
balance of momentum.

Lemma 4.2. The terms u0 = (u0, 0) and p0 satisfy the following system of equations

(14a)

(14b)

(14c)

(14d)

(14e)

−∇x′p
0 + µ∂2yu

0 = 0 in Ω

∂yp
0 = 0 in Ω

u0 = 0 on ΓD

p0 = pb on ΓN

∂yu
0 · n̂ = 0 on ΓN





Proof. We only need to prove (14a) and (14e), since the other three assertions are already
stated above. In view of Lemma 4.1 (11), the momentum equation (7b) can be written as

µ∂2y(u
0, 0) = ∇x′p

0 + (0, ∂yp
1).

This equation can be decoupled into two equations of the form

(15a)

(15b)

µ∂2yu
0 = ∇x′p

0

∂yp
1 = 0

}
in Ω.

To prove the corresponding decoupling in the boundary condition, we will use a geometrical
property of ΓN . Using again the Lemma 4.1 (11) together with (10c), we see that

p1n̂ = 2µ




0
1

2
∂yu

0

(
1

2
∂yu

0

)T
0


 n̂ on ΓN .

Using the fact that the normal vector has the form n̂ =




n̂1

n̂2

0


, we obtain




p1n̂1

p1n̂2

0


 =




0
0

µ∂yu
0 · n̂


 on ΓN .

Thus, we obtain decoupled boundary conditions for u0 and p1, i.e.

(16a)

(16b)

p1 = 0

∂yu
0 · n̂ = 0

}
on ΓN .

□
4.3. Solvability of the thin-film equations. Next we analyze the equations (14) together
with (12) in order to obtain a complete characterization of the leading terms u0 and p0 in the
expansions of the velocity and the pressure. Let us first note that equation (14b) says that the
pressure variation across the film, up to zeroth order approximation, can be neglected, i.e.

p0 = p0(x′).

Then we establish the Poiseuille law, i.e. that the velocity and the gradient of pressure are
connected by a linear dependence and from that, we derive the leading equation for the pressure
the so-called generalized Hele-Shaw equation.

Theorem 4.3. Let (uε, pε) be the solution of the rescaled problem (4) with formal asymptotic
expansion (5) and pb ∈ H1/2(γN). Then the leading term u0 = (u0, 0) is

(17) u0(x′, y) = − 1

2µ
(h+ − y)(y − h−)∇x′p

0
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and the leading term for the pressure p0 is uniquely determined in H1(ω) by the generalized
Hele-Shaw equation

(18)





divx′(h
3∇x′p

0) = 0 in ω

p0 = pb on γN

∇x′p
0 · n̂ = 0 on γD,

where h is the thickness of the domain defined in (1) and n̂ is the outward unit normal to the
surface of the obstacle.

Proof. We see from equation (14a) that u0 is the solution of the following Poisson equation
on variable y with Dirichlet condition

(19)

{
µ∂2yu

0 = ∇x′p
0 in

(
h−, h+

)

u0 = 0 on y = h±.

Since p0 does not depend on y we can integrate (19) twice to yield

u0(x′, y) =
y2

2µ
∇x′p

0 + C1(x
′)y + C2(x

′),

where C1(x
′) and C2(x

′) are two functions that can be determined from the no-slip condition
on ΓD. Thus (17) is proved.

Now, from (17) it is readily checked that

(20)

∫ h+

h−
u0 dy = −(h+ − h−)3

12µ
∇x′p

0 = − h3

12µ
∇x′p

0,

where h is the thickness of the domain defined in (1). Therefore, from (14d) we infer the
Dirichlet boundary condition for pb on γN . Then, by inserting (20) into the incompressibility
condition (12) together with the boundary condition (14d), we arrive at the mixed boundary
value problem (18). □

Remark 4.4. 1) Note that all components of the velocity u0 vanish on the upper and lower
parts of the cell, but on the surface of the obstacle it is only the normal component of the velocity
that vanishes. 2) Note also that the vector field u0 is not divergence-free which means that the
zeroth order approximation is not volume-preserving (a correction for this is suggested in Sec. 5).

The regularity of p0 defined by (18) is determined by the functions h, pb and the geometry
of the Hele-Shaw cell. From (17) we see that u0 belongs to L2(Ω,R3) since p0 belongs to
H1(ω). In order to have u0 in H1(Ω) we need to improve the regularity of p0 by adding further
assumptions.

Lemma 4.5. Assume that ω is a Lipschitz domain, with ∂ω piecewise smooth of class C1,1,
h is a Lipschitz function satisfying the condition (1) and pb ∈ H3/2(γN). Then, there exists a
unique solution p0 ∈ H2(ω) of the mixed boundary value problem (18).

Proof. By writing (18) in the form

(21)





−∆x′p
0 = f in ω

p0 = pb on γN

∇x′p
0 · n̂ = 0 on γD,

where ∆x′
def
= ∂2x1 + ∂2x2 is the Laplacian with respect to x′ and f

def
=

3

h
∇x′h · ∇x′p

0. Since f

belongs to L2(ω) we conclude from [19, Theorem 1] or [20, Theorem 5.1.2.4] that p0 ∈ H2(ω). □
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Next, we determine the third component of leading order term for velocity u13. In the next
section we will see that this term works as a corrector to obtain a velocity that is consistent
with conservation of volume.

Lemma 4.6. The third component u13 of the first-order term of the velocity is given by

(22) u13(x
′, y) = − h3

12µ
∇x′ψ · ∇x′p

0,

where h is the thickness of the fluid domain defined in (1) and

(23) ψ(x′, y) = g2(x′, y))(3− 2g(x′, y)), where g(x′, y) =
y − h−(x′)

h(x′)
.

Proof. By integrating both sides of (8b) with respect to y, we obtain

(24) u13(x
′, y) = u13(x

′, h−)−
∫ y

h−
divx′ u

0 dy

By taking into account the no-slip condition we see that u13(x
′, h−) = 0. By applying the Leibniz

rule, we obtain

divx′

(∫ y

h−
u0 dy

)
=

∫ y

h−
divx′ u

0 dy − u0(x′, h−) · ∇x′h
−.

Using that u0(x′, h−) = 0 and (17), we see that (24) can be written as

(25) u13(x
′, y) = − 1

2µ
divx′

(∫ y

h−
(h+(x′)− s)(s− h−(x′)) ds∇x′p

0

)
.

A straightforward computation yields

1

2

∫ y

h−
(h+ − s)(s− h−) ds =

1

12
(y − h−)2(3h− 2(y − h−))

=
h3

12
ψ(x′, y),

where ψ, defined in (23), is dimensionless and depends only on the geometry of the domain.
This together with (25) and (18) implies

u13(x
′, y) = − divx′

(
h3

12µ
ψ∇x′p

0

)
= − h3

12µ
∇x′ψ · ∇x′p

0.

□
So far, we have applied the asymptotic expansion method to analyze the asymptotic behavior

of the rescaled Stokes problem (4). This method is only formal and by mathematical standards
not rigorous. The following two sections are devoted to proving the formal results. Indeed, in
Sec. 5 we formulate an approximation problem and in Sec. 6 we derive error estimates which
justify the leading terms in the expansions of the velocity and the pressure.

5. Construction of the approximation

In this section we choose an approximation to the solution (uε, pε) of the rescaled Stokes
problem (4). The natural choice, would be to include the zeroth-order terms u0 = (u0, 0), given
explicitly by (17), and p0, determined uniquely by the generalized Hele-Shaw equation (18).
However, such an approximation is not of Stokes type since the velocity field is not divergence-
free. In order to obtain a divergence-free approximation, we take also the leading term of the
third component in the expansion of the velocity field into account, i.e. u13 which is given
explicitly by (22).
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5.1. Approximation problem. Let us define an approximate solution (ũ, p̃) of the rescaled
problem (4) such that

(26) ũ(x′, y)
def
= (ε2u0(x′, y), ε3u13(x

′, y)) and p̃(x′, y)
def
= p0(x′).

The third component of the approximate velocity field ũ works as a corrector for the zeroth
order term u0, so that the approximation becomes divergence-free, i.e.

divε ũ = 0.

Let us now construct the correspondent problem whose solution is given by (26). To this
end, we derive some expansions related to the approximation in terms of the parameter ε. For
the velocity gradient we obtain the expansion

∇εũ = ∇x′ũ+
1

ε
∇yũ = ε




0 ∂yu
0

0 0


+ ε2




∇x′u
0 0

0 ∂yu
1
3


+ ε3




0 0

∇x′u
1
3 0


 .

By linearity the corresponding expansion for the symmetrical part of ∇εũ is

(27) e(∇εũ)
def
= εA0 + ε2A1 + ε3A2,

where A0, A1 and A2 are defined by the following matrices

A0 =




0
1

2
∂yu

0

1

2
(∂yu

0)T 0


 , A1 =




e(∇x′u
0) 0

0 ∂yu
1
3


 ,

A2 =




0
1

2
(∇x′u

1
3)
T

1

2
∇x′u

1
3 0


 .

It follows that

divε(e(∇εũ)) = ε0 divy(A0) + ε (divx′(A0) + divy(A1)) + ε2 divy(A2)

+ ε3 divx′(A2) = ε0




1

2
∂2yu

0

0


+ ε




0

1

2
divx′(∂yu

0) + ∂2yu
1
3




+ ε2




divx′(e(∇x′u
0)) +

1

2
∂y(∇x′u

1
3)
T

0


+ ε3




0

1

2
divx′(∇x′u

1
3)


 .

(28)

By differentiating the continuity equation (8b) with respect to y, we see that the last component
in the term of order ε in (28), becomes

1

2
divx′(∂yu

0) + ∂2yu
1
3 =

1

2
∂2yu

1
3.

For the first component of the term of order ε2 in (28), we use (8b) again to obtain

divx′(e(∇x′u
0)) +

1

2
∂y(∇x′u

1
3)
T =

1

2
divx′(∇x′u

0).

Therefore, (28) multiplied by 2µ, can be written as

(29) 2µ divε(e(∇εũ))
def
= ε0F0 + εF1 + ε2F2 + ε3F3,
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where F0, F1, F2 and F3 are defined as

F0 =




µ∂2yu
0

0


 , F1 =




0

µ∂2yu
1
3


 , F2 =




µ divx′(∇x′u
0)

0


 ,

and

F3 =




0

µ divx′(∇x′u
1
3)


 .

Furthermore, we see from the thin film equation (14) together with (26), taking into account
that p0 does not depends on the variable y, that

(30) F0 = 2µ divy(A0) = ∇x′p
0 = ∇εp̃,

and therefore, (29) becomes

−∇εp̃+ 2µ divε(e(∇εũ)) = εF1 + ε2F2 + ε3F3.

For the boundary condition we see that since u0 and u13 vanish on ΓD, we obtain

ũ = 0 on ΓD.

The boundary conditions on ΓN can be formulated as

(31a)

(31b)

p̃ = pb

2µe(∇εũ)n̂ = 2µε(A0n̂) + 2µε2(A1n̂) + 2µε3(A2n̂)

}
on ΓN .

Note that the term of order ε in the last equality vanishes, due to the condition (16b), i.e.

(32) 2µε(A0n̂) = 0 on ΓN .

We summarized the calculation performed above as follows: (ũ, p̃) satisfies the approximation
boundary value problem

(33)





−∇εp̃+ 2µ divε(e(∇εũ)) = F ε in Ω

divε ũ = 0 in Ω

ũ = 0 on ΓD

(−p̃I + 2µe(∇εũ))n̂ = (−pb + 2µAε)n̂ on ΓN ,

where

F ε def
= ε(F1 + εF2 + ε2F3),(34a)

Aε def
= ε2(A1 + εA2),(34b)

and, Aj, (j = 1, 2), Fi, (i = 1, 2, 3) are given in (27) and (29). Note that the approximation
(ũ, p̃) does not satisfy exactly the rescaled problem (4) due to the presence of F ε = O(ε) and
Aε = O(ε2). These terms and their impact will be discussed below.

5.2. Derivation of the weak formulation of the approximation problem. We multiply
(32) by any test function φ such that φ = 0 on ΓD and apply the Divergence theorem together
with (27) to obtain

0 =

∫

∂Ω

2µ0ε(A0n̂) · φdS =

∫

Ω

{2µεA0 : ∇εφ+ 2µε divε(A0) · φ} dx′ dy

=

∫

Ω

{2µ0(e(∇εũ)−Aε) : ∇εφ+ 2µ(divy(A0) + ε divx′(A0)) · φ} dx′ dy

=

∫

Ω



2µ0(e(∇εũ)−Aε) : ∇εφ+






µ∂2yu
0

0


 + ε




0

µ∂2yu
1
3




 · φ



 dx′ dy.
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Hence, by (30) and from the definition of F1, we conclude that (ũ, p̃) satisfies
∫

Ω

{2µe(∇εũ) : ∇εφ+∇εp̃ · φ} dx′ dy =

∫

Ω

{2µAε : ∇εφ− εF1 · φ} dx′ dy,(35)

for all test function φ such that φ = 0 on ΓD.
The crucial roles played by F1 and Aε require some arguments as regularity or smoothness

which depend on the first and second derivatives of u0 and u13 independent of ε, defined by (17)
and (22) respectively.

Lemma 5.1. The functions F1 and Aε defined by (29) and (34b) are well defined in L2(Ω)
and satisfy the following estimates

∥F1∥L2(Ω) ≤ C0,(36a)

∥Aε∥L2(Ω) ≤ ε2C1 + ε3C2,(36b)

where C0, C1 and C2 are positive constants independent of ε.

Proof. By the definition of F1, we see that

∥F1∥L2(Ω) = ∥∂2yu13∥L2(Ω).

So we need to show that ∂2yu
1
3 belongs to L2(Ω). From Lemma 4.6, we deduced that

∥∂2yu13∥L2(Ω) ≤
1

12µ
∥h3∂2y∇x′ψ∥L∞(Ω)∥∇x′p

0∥L2(Ω)
def
= C0 <∞.

This proves that F1 is well defined in L2(Ω), i.e. (36a) holds.
Similarly, for Aε we have

∥Aε∥L2(Ω) = ε2∥A1∥L2(Ω) + ε3∥A2∥L2(Ω).

Therefore, it suffices to show that A1 and A2 belong to L2(Ω). Then, we see from the definition
of A1 that depend only of ∇x′u

0 and ∂yu
1
3 and therefore, by using the Lemmas 4.5, 4.6 and the

smoothness of the upper and lower boundaries h+, h− ∈ C0,1(ω) that

∥A1∥L2(Ω) =

∥∥∥∥∥∥




e(∇x′u
0) 0

0 ∂yu
1
3



∥∥∥∥∥∥
L2(Ω)

≤ ∥e(∇x′u
0)∥L2(Ω) + ∥∂yu13∥L2(Ω)

≤ ∥∇x′u
0∥L2(Ω) + ∥∂yu13∥L2(Ω)

def
= C1 <∞.

By similar arguments, we conclude that

∥A2∥L2(Ω) =

∥∥∥∥∥∥∥∥




0
1

2
(∇x′u

1
3)
T

1

2
∇x′u

1
3 0




∥∥∥∥∥∥∥∥
L2(Ω)

≤ 1√
2
∥∇x′u

1
3∥L2(Ω)

def
= C2 <∞.

Thus, (36b) is proved □

6. Error estimates

Our aim in this section is to obtain precise error estimates for the approximation defined by
(26) that allows us to justify the leading terms in the expansions (5).
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6.1. Technical results. We recall some technical results which will be used in our further
analysis, whose proofs can be found in [13]. For that, it is convenient to introduce the rescaled
functions spaces Wε(Ω) and Vε(Ω) of the form

Wε(Ω) = {φ ∈ H1(Ω;R3) : φ = 0 on ΓD}
Vε(Ω) = {φ ∈ Wε(Ω) : divε φ = 0 in Ω}.

The rescaled space Wε(Ω) is equipped with the norm

∥φ∥Wε(Ω) = ∥∇εv∥L2(Ω) =

(∫

Ω

{
|∇x′φ|2 +

1

ε2
|∇yφ|2

}
dx′ dy

)1/2

,

which is also equivalent to the usual H1-norm by Korn’s inequality.

6.1.1. The Korn inequality. We establish the relation between L2-norm of the velocity field
with the symmetrical part of the gradient of velocity by the Korn inequalities, i.e.

||u||L2(Ω) ≤ εK1||e(∇εu)||L2(Ω),(37a)

||∇εu||L2(Ω) ≤ K2||e(∇εu)||L2(Ω),(37b)

for all v ∈ Wε(Ω), where the constants K1 and K2 depending only on Ω and ΓD. This inequal-
ities was proved in [13, Theorem 2.1].

6.1.2. Bogovskĭı operator. The present material is covered mainly in [12], where the mixed
boundary value problem for the Stokes system was considered. We define the Bogovskĭı operator

B : L2(Ω) → Wε(Ω)/Vε(Ω)

as the inverse of the divergence operator when Null divε = Vε(Ω) is collapsed to zero. Wε(Ω)/Vε(Ω)
denote the quotient space ofWε(Ω) by Vε(Ω) which is defined as the set of all equivalence classes

{u} = u+ Vε(Ω),

equipped with the norm

∥{u}∥Wε(Ω)/Vε(Ω) = inf
v∈Vε(Ω)

∥u− v∥H1(Ω).

Related results can be found in [8, 30, 36]. Let A : Wε(Ω)/Vε(Ω) → L2(Ω) be the linear operator
defined by

(38) A{u} = divε u for all u ∈ Wε(Ω).

A is an isomorphism, and the continuity is ensured by

∥A{u}∥L2(Ω) = ∥divε u∥L2(Ω) ≤
√
3∥∇εu∥L2(Ω) for all u ∈ {u},

which implies A ≤
√
3. Thus, thanks to the open mapping theorem its inverse B is continuous,

and we can identify (Wε(Ω)/Vε(Ω))
′ with V ⊥

ε (Ω). The dual operator

B′ : V ⊥
ε (Ω) → L2(Ω)

is called de Rham’s operator or “pressure operator”. Note that B′ is also continuous with
∥B′∥ = ∥B∥. The norm of the operator B is defined as

∥B′∥ = ∥B∥ def
= sup

h∈L2(Ω)
∥h∥=1

inf
v∈Wε(Ω)
divε v=h

(∫

Ω

|∇εu|2 dx
)1/2

.

To estimate the norm of B, we choose u ∈ Wε(Ω) such that f = divε u. By using the
invertibility of the Bogovskĭı operator we see that {u} = Bf , we obtain

(39) ∥{u}∥Wε(Ω)/Vε(Ω) = ∥Bf∥Wε(Ω)/Vε(Ω) ≤ ∥B∥∥f∥L2(Ω).

Note that, from [13, Theorem 2.2] we can deduce that

(40) ∥B∥ ≤ CBε
−1,
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where CB is a positive constant independent of ε.

6.2. Existence and uniqueness for the rescaled problem. The pair of functions (uε, pε) ∈
Wε(Ω)× L2(Ω) is a weak solution of equation (4) if and only if

∫

Ω

(pε − p0) divε φdx
′ dy =

∫

Ω

{2µe(∇εu
ε) : e(∇εφ) +∇x′p

0 · φ} dx′ dy,(41)

holds for all φ ∈ Wε(Ω), where p
0 ∈ H1(ω) is the unique weak solution of (18). Note that p0

can be replaced with any function that is equal to pb on ΓN . Furthermore, the equation (4) has
a unique solution (uε, pε), a detailed proof can be found in [13, Theorem 3.2], see also [14, Sec.
2.4].

6.3. A priori estimates. The a priori estimates for (U ε, P ε) in Ωε of the problem (2) were
proved in detailed in [13, Sec. 4 and 5]. In order to obtain the equivalent a priori estimates for
(uε, pε), we establish a relation between the norms of L2(Ωε) and L2(Ω).

Lemma 6.1. If V ∈ L2(Ωε) the rescaled function v satisfies

1

|Ωε|1/2∥v∥L2(Ω) =
1

|Ω|1/2∥V ∥L2(Ωε),(42a)

∥∇x′v∥L2(Ω) = ∥∇x′V ∥L2(Ωε),(42b)

1

|Ωε|1/2∥∇yv∥L2(Ω) =
1

|Ω|1/2∥∇yV ∥L2(Ωε).(42c)

Proof. Suppose V ∈ L2(Ωε), define v ∈ L2(Ω) as the function which satisfies

v(x′, y) = V (x′, εy), (x′, y) ∈ Ω.

Making the change of variable x3 = εy we obtain
∫

Ω

|v(x′, y)|2 dx′ dy =
1

ε

∫

Ωε

|V (x′, x3)|2 dx′ dx3,

which implies (42a), since |Ω| = ε|Ωε|. Similarly, by writing v(x′, 0) and v(0, y), we conclude
that (42b) and (42c), are established by the same procedure. □

Lemma 6.2 (A priori estimates for rescaled problem). There exists a constant C inde-
pendent of ε such that the following estimate

∥ε−2uε∥L2(Ω) + ∥ε−1∇εu
ε∥L2(Ω) + ∥pε∥L2(Ω) ≤ C|Ω| 12(43)

holds for the solution (uε, pε) of the problem (4).

Proof. By taking uε as the test function in the weak formulation (4) and use the Korn’s
inequalities (37), and the Rham’s operator for the pressure pε, together with the Lemma 6.1,
we obtain the a priori estimates (43) for the rescaled problem (4). For more details with these
proofs see [13, Theorem 4.1 and 4.3] or [14, Theorem 4.2 and 4.5]. □

The a priori estimates (43) imply that the L2-norms of ε−2uε and pε are bounded independent
of ε. This suggest that the leading term for the velocity described by the Poiseuille law (17)
is O(ε2) and the pressure described by the generalized Hele-Shaw equation (18) is O(1) in the
asymptotic expansions (5).
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6.4. Error estimates. We are now in a position to establish the accuracy of the approxima-
tion. Let us start by introducing the following notation:

(44) uεerr(x
′, y)

def
= uε(x′, y)− ũ(x′, y) and πεerr(x

′, y)
def
= pε(x′, y)− p0(x′).

Hence, uεerr and πεerr represent the error in the approximations. By subtracting (41) by (35),
we see that (uεerr, π

ε
err) satisfies the so-called error problem:

∫

Ω

{−πεerr divε φ+ 2µe(∇εu
ε
err) : e(∇εφ)} dx′ dy = −⟨Lε, φ⟩+

∫

Ω

εF1 · φdx′ dy,(45)

for all φ ∈ Wε(Ω), where F1 is defined in (29) and

(46) ⟨Lε, φ⟩ def
=

∫

Ω

2µAε : e(∇εφ) dx
′ dy.

Next we prove the main result concerning the error estimates for our approximate solutions.
In the proof below, C denotes a positive constants which does not depend on ε and may vary
in different estimates.

Theorem 6.3 (errors estimates). Assume that p0 belongs to H2(ω), then the errors uεerr and
πεerr, satisfy the following estimates of the velocity and pressure

∥uεerr∥L2(Ω) ≤ Cε3,(47a)

∥∇εu
ε
err∥L2(Ω) ≤ Cε2,(47b)

∥πεerr∥L2(Ω) ≤ Cε,(47c)

where C is a positive constant independent of ε.

Proof. We choose φ = uεerr in (45), then divε u
ε
err = 0 and from Lemma 5.1, we can deduce

from the Hölder inequality and the Korn inequality (37b) that

2µ

∫

Ω

|e(∇εu
ε
err)|2 dx′ dy ≤

∣∣∣∣
∫

Ω

εF1 · uεerr dx′ dy
∣∣∣∣+ |⟨Lε, uεerr⟩|

≤ C0ε∥uεerr∥L2(Ω) + (ε2C1 + ε3C2)∥e(∇εu
ε
err)∥L2(Ω)

≤ (C0ε
2K1 + ε2C1 + ε3C2)∥e(∇εu

ε
err)∥L2(Ω).

This implies that

(48) ∥e(∇εu
ε
err)∥L2(Ω) ≤ Cε2,

for some positive constant C as ε tends to zero. Thus, (47a)-(47b) are obtained by using the
Korn inequality in the left hand side of (48).

To obtain the pressure estimates, we define the functional F ε as

⟨F ε, φ⟩ def
=

∫

Ω

−πεerr divε φdx′ dy = ⟨Lε, φ⟩ −
∫

Ω

{2µe(∇εu
ε
err) : e(∇εφ)−F1 · φ} dx′ dy,

for all test function φ ∈ Wε(Ω).
From the Hölder inequality, Lemma 5.1 and the estimate (48), we obtain

|⟨F ε, φ⟩| ≤ Cε2∥e(∇εφ)∥L2(Ω).

Using

∥e(∇εφ)∥L2(Ω) ≤ ∥∇εφ∥L2(Ω),

we deduce that

∥F ε∥W ′
ε(Ω) ≤ Cε2,

where W ′
ε(Ω) is the dual of Wε(Ω). From Corollary 5.5 (de Rham–Tartar) in [12], we obtain

πεerr = B′F ε ⇔
∫

Ω

πεerr divε φ = ⟨F ε, φ⟩ ∀φ ∈ Wε(Ω).
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Thus, πεerr can be estimating by using (39) and (40), i.e.

(49) ∥πεerr∥L2(Ω) ≤ ∥B′∥∥F ε∥W ′
ε(Ω) ≤ εC,

where C is a positive constant independent of ε. This proves (47c). □

6.5. The leading order approximation and error in original domain. We conclude this
section by writing the leading order approximation for the velocity and the pressure in the
original variables, i.e. in the domain Ωε. Note that the estimates (47a) and (47c), correspond
to the solution of the rescaled problem (4). These errors are obtained with respect to ε by

uε − ũ = O(ε3), (uε, u0 = O(ε2)),

pε − p̃ = O(ε), (pε, p̃ = O(1))

in L2(Ω) as ε tends to zero. Upon rescaling (26) to original variables we have

Ũ(x′, x3)
def
= ũ(x′, x3/ε) and P̃ (x′, x3)

def
= p̃(x′, x3/ε),

for all (x′, x3) ∈ Ωε, and in the aftermath, we can reformulate Theorem 6.3 in terms of strong
two-scale convergence for thin domain introduced by Marušić and Marušić-Paloka in [24].

Theorem 6.4. There exist a positive constant C independent of ε, such that

1

|Ωε| 12
(
ε−2∥U ε − Ũ∥L2(Ωε) + ε−1∥∇U ε −∇Ũ∥L2(Ωε) + ∥P ε − P̃∥L2(Ωε)

)
≤ Cε.(50)

In particular, this estimate implies the strong two-scale convergence of the sequence (ε−2U ε, P ε),
to the limit (u0, p0) i.e.

lim
ε→0

1

|Ωε|

∫

Ωε

|ε−2U ε(x)− u0(x′, x3/ε)|2 dx = 0,

lim
ε→0

1

|Ωε|

∫

Ωε

|P ε(x)− p0(x′)|2 dx = 0

and the rate of convergence is of order ε.
The strong two-scale convergence of the sequence (ε−2U ε, P ε) was established in [14], for a

thin domain without obstacles, but the rate of convergence was not specified. To improve the
rate of the convergence further, we need to take into account the higher order terms in the
asymptotic expansions for the velocity and pressure (5). The procedure described above can be
repeated indefinitely to determine uk and pk for any k ≥ 1 to obtain improved approximations.
It is worth mentioning that for similar problems the asymptotic expansions method has been
used to obtain recursive formulas for uk and pk, see for e.g. [17, 25, 37].
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ON PRESSURE-DRIVEN HELE-SHAW FLOW OF POWER-LAW FLUIDS

JOHN FABRICIUS∗, SALVADOR MANJATE∗,∗∗ AND PETER WALL∗

Abstract. We analyze the asymptotic behavior of a non-Newtonian Stokes system, posed in
a Hele-Shaw cell, i.e. a thin three-dimensional domain which is confined between two curved
surfaces and contains a cylindrical obstacle. The fluid is assumed to be of power-law type
defined by the exponent 1 < p < ∞. By letting the thickness of the domain tend to zero we
obtain a generalized form of the Poiseuille law, i.e. the limit velocity is a nonlinear function of
the limit pressure gradient. The flow is assumed to be driven by an external pressure which
is applied as a normal stress along the lateral part of the boundary. On the remaining part
of the boundary we impose a no-slip condition. The two-dimensional limit problem for the
pressure is a generalized form of the p′-Laplace equation, 1/p + 1/p′ = 1, with a coefficient
called “flow factor”, which depends on the of the geometry as well as the power-law exponent.
The boundary conditions are preserved in the limit as a Dirichlet condition for the pressure on
the lateral boundary and as a Neumann condition for the pressure on the solid obstacle.

1. Introduction

In this paper we consider stationary flow of an incompressible non-Newtonian fluid in a
thin domain Ωε in R3, where ε is a positive small parameter related to the thickness of the
domain. More precisely, we consider a Hele-Shaw cell, i.e. the domain is confined between two
curved surfaces in close proximity and contains a cylindrical obstacle. The fluid is modeled as a
power-law fluid, i.e. the viscosity depends on the rate of strain via a power-law. The boundary
∂Ωε consists of two disjoints part ΓεD (Dirichlet boundary) and ΓεN (Neumann boundary). The
Dirichlet part corresponds to the upper and lower surfaces which are separated by a non-
uniform thickness, as well as the lateral surface of the obstacle. The Neumann part, which
corresponds to the lateral boundary of the cell, is regarded as a penetrable inlet/outlet zone
where an external pressure gradient is applied as a surface force along ΓεN . Moreover, the flow
is assumed to be governed by the Stokes equation, therefore inertial effects are neglected. It is
also assumed that the flow is isothermal and that gravity can be neglected.

The main aim of the present work is to derive a lower-dimensional model for the flow by
studying the asymptotic behavior of the system described above, as ε → 0. This dimensional
reduction will be achieved by using an adaptation of a technique called two-scale convergence
for thin domains which was developed by Marušić and Marušić-Paloka [24]. The present results
generalize [14] where the Newtonian case was considered without any obstacle in the geometry.
Moreover, we generalize the classical Poiseuille law, e.g. [7, p. 222] formulated in the Newto-
nian Hele-Shaw context. In particular the Newtonian Hele-Shaw flow is suitable to visualize
streamlines around an obstacle [18], as well as, connecting the velocity to the gradient of the
pressure by linear dependence. The main result of the present paper is a nonlinear Poiseuille
law, more precisely the limit velocity and the limit pressure gradient follows a power-law [19,
Sec. 7.3.1]. A novelty is that we consider pressure-driven flow that can be found in many
realistic applications, see e.g. [12, 20, 22, 30].

2010 Mathematics Subject Classification. 76A05, 76D27, 76A20.
Key words and phrases. stress boundary condition, Hele-Shaw cell, power-law fluid, p-Laplace equation, thin

film flow.
1



2 J. FABRICIUS, S. MANJATE, P. WALL

Non-Newtonian flow in Hele-Shaw like domains appears in many industrial applications, e.g.
polymer processing, transportation of oil in pipelines, hydrology, as well as in food processing.
In particular, we focus on some works where analysis and mathematical modeling of Poiseuille
flow of power-law fluids are considered. Aronsson and Janfalk [3] derived the equations of
motion and proved some exact solutions and a representation theorem. A more rigorous study
was performed by Mikelić and Tapiéro [25] who derived a nonlinear Poiseuille law as a limit
case of the Navier-Stokes equations when the thickness of the cell tends to zero. However,
to avoid technical difficulties the authors chose to employ a no-slip condition on the whole
boundary. The typical situation in a Hele-Shaw cell is that some part of the boundary should
be penetrable, thus allowing fluid particles to enter and leave the domain. At such boundaries
it is natural to prescribe the mass flux or impose a boundary condition for the pressure, i.e.
by prescribing the momentum flux. Note also that, most examples in Hele-Shaw’s original
paper showed domains where a solid obstacle was placed in the interior of the domain, which is
another characteristic of Hele-Shaw flow. Thus, the present work complements [25] in the sense
that a mixed boundary condition is employed, both surfaces may be curved and the domain
may contain an interior obstacle. Related models that take thermal effects into account can
be found in [16, 26]. Non-Newtonian Hele-shaw flow of other type than power-law relation has
been studied in [21, 29].

Poiseuille’s law also plays an important role in lubrication theory, formulated in the New-
tonian case by Reynolds [31], see also [28, Ch. 22]. Recall that the fundamental problem in
lubrication theory is to describe fluid flow in the gap between adjacent surfaces which are in
relative motion to each other and in general there are no obstacle in the domain. Bayada and
Chambat [6], gave the first rigorous mathematical derivation of Reynolds equation, considering
the Stokes problem in a thin domain and assuming that the velocity field satisfies a Dirichlet
condition on the whole boundary. The authors proved that the limit pressure satisfies the
classical Reynolds equation with a Neumann condition. In contrast, our limit equation has a
Dirichlet condition for the pressure. The connection between Hele-Shaw theory and lubrication
theory has been further explored in [5]. A lubrication problem with power-law fluids was con-
sidered in [1], under the assumption that the lower surface is flat and moving whereas the upper
surface is rough and stationary. Flow of power-law fluids through a thin porous medium, i.e.
periodic array of vertical cylinders confined between two parallel plates with no-slip boundary
condition on the whole boundary was studied in [2].

The paper is organized as follows: In Sec. 2 we give a precise description of the Hele-shaw
cell and present some notation and preliminary results. In Sec. 3 we set the problem and
formulate our main result. To prove the main result we need several a priori estimates and
some results related to two-scale convergence for thin domains. These results are proved in
Sec. 4-5. Finally, the main result is proved in Sec. 5-6. In addition, several technical results
are proved is Appendices A-D.

2. Preliminaries, Notation and some technical results

2.1. Euclidean structure. Let Rm×n denote the set of real m × n matrices X = (xij)
m,n
i,j=1

equipped with the Euclidean scalar product

X : Y = tr(XTY ) =
n∑

j=1

m∑

i=1

xijyij, |X| = (X : X)1/2,

whereXT = (xji)
n,m
i,j=1 in Rm×n denotes the transpose ofX, the symmetrical and skew-symmetric

parts of X are defined respectively
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e(X) =
1

2
(X +XT ), ω(X) =

1

2
(X −XT ).

The identity element in Rn×n is denoted as I = (δij)
n,n
i,j=1. We identify Rn with Rn×1 (column

vectors) and denote the scalar product in Rn as

x · y = xTy =
n∑

i=1

xiyi, |x| = (x · x)1/2.

2.2. Geometry of the domain. Let ω denote a perforated Lipschitz domain in R2, say

ω = (−L,L)× (−L,L)−D,

where L > 0 and D is the closed disc

D = {(x1, x2) : x21 + x22 ≤ R2}
of radius 0 < R < L. The boundary of ω is decomposed into two disjoint parts

γD = ∂D

γN = ∂ω − γD.

Thus, both γD and γN have positive measure (arc length). Note that the main result of this
paper is valid for more general domains ω that share the essential properties of the definition
given above.

The (unscaled) fluid domain is defined as

Ω = {(x1, x2, x3) ∈ R3 : (x1, x2) ∈ ω, h−(x1, x2) < x3 < h+(x1, x2)},
where h+, h− are Lipschitz functions defined on the closure of ω, i.e. h+, h− ∈ C0,1(ω) and
satisfy the conditions

(1)





1

2
≤ h−(x1, x2) ≤ −1

4
and

1

4
≤ h+(x1, x2) ≤

1

2
;

h(x1, x2)
def
= h+(x1, x2)− h−(x1, x2);

m(x1, x2)
def
=
h+(x1, x2) + h−(x1, x2)

2
,

where h(x1, x2) with
1

2
≤ h(x1, x2) ≤ 1 is the thickness of the fluid domain and m(x1, x2) is the

center surface of the fluid domain.
A point in the domain Ω will be denoted as (x′, y), where x′ = (x1, x2) and y = x3. Similarly,

the components of a vector function u : Ω → R3 are denoted as u = (u′, u3), where u′ = (u1, u2).
The boundary of Ω is divided into two disjoint parts

ΓD = ∂Ω ∩ {(x′, y) : y = h+(x′) or y = h−(x′) or x′ ∈ ∂D}
ΓN = ∂Ω− ΓD,

where ΓN is referred to as the “lateral” surface.
The thin domain Ωε is defined by anisotropic scaling of the unscaled domain Ω of unit

thickness, using the parameter 0 < ε ≤ 1, i.e.

Ωε = {(x′, x3) ∈ R3 : x′ ∈ ω, εh−(x′) < x3 < εh+(x′)}.
In other words Ωε is a Hele-Shaw cell of thickness εh(x′). Also, the boundary of Ωε is divided
into two disjoint parts

ΓεD = ∂Ωε ∩ {(x′, x3) : x3 = εh+(x′) or x3 = εh−(x′) or x′ ∈ ∂D}
ΓεN = ∂Ωε − ΓεD.
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2.3. Function spaces. We shall work mainly with the following function spaces

W p(Ωε) = {v ∈ W 1,p(Ωε;R3) : v = 0 on ΓεD}
V p(Ωε) = {v ∈ W p(Ωε) : div v = 0 in Ωε, v = 0 on ΓεD},

where 1 < p < ∞ with conjugate exponent p′ = p/(p − 1) and the divergence operator
div : W p(Ωε) → Lp(Ωε) is defined by

(2) div v =
3∑

i=1

∂vi
∂xi

.

V p(Ωε) ⊂ W p(Ωε) are closed subspace of W 1,p(Ωε;R3). Since ΓεD has positive surface measure
we can equip W p(Ωε) with the norm

∥v∥W p(Ωε) = ∥e(∇v)∥Lp(Ωε) =

(∫

Ωε

|e(∇v)|p dx
)1/p

which is equivalent to the usualW 1,p-norm by Korn’s inequality [15]. Moreover,W p(Ωε)/V p(Ωε)
denotes the quotient space of W p(Ωε) by V p(Ωε) defined as the set of all equivalence classes

{u} = u+ V p(Ωε),

equipped with the norm

∥{v}∥W p(Ωε)/V p(Ωε) = inf
u∈V p(Ωε)

∥v − u∥W p(Ωε).

For more details concerning the characterization of this space, see e.g. [11, 13].
We introduce the operator a : R3×3 → R3×3 defined by

(3) a(X) = 2µ0|e(X)|p−2e(X) (X ∈ R3×3),

where e(X) is the symmetrical part of X. Then a has the following properties

(i) a is continuous (1 < p <∞), with a(0) = 0;
(ii) a is (p− 1)-homogeneous, i.e.

(4) a(λX) = λp−1a(X), (λ > 0);

(iii) a is monotone, i.e.

(5) (a(X)− a(Y )) : (X − Y ) ≥ 0,

holds for all X, Y ∈ R3×3.

For more details, see e.g. [33].
In the following subsections, we give some variants of Korn’s inequality, Bogovskĭı and de

Rham’s operators for our thin domain.

2.4. Korn’s inequality. These estimates show how the constants depend on the parameter
in the thin domain Ωε.

Theorem 2.1. (Korn’s inequality) There exist constants K1 and K2 depending only on Ω
and ΓD such that

||v||Lp(Ωε) ≤ εK1||e(∇v)||Lp(Ωε)(6)

||∇v||Lp(Ωε) ≤ K2||e(∇v)||Lp(Ωε),(7)

for all v ∈ W p(Ωε). These constants are such that

sup
0<ε≤1

ε−1Kε
1 ≤ K1, sup

0<ε≤1
Kε

2 ≤ K2,

where Kε
1 and Kε

2 denote the best constants in the inequalities (6) and (7).

Proof. See Appendix A. □
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2.5. The Bogovskĭı operator. The divergence operator is onto, see [13, Theorem 5.4] where
the case p = 2 was considered. The generalization to 1 < p < ∞ is straight-forward since the
vector field v̂ in [13, Lemma 5.1] is of class C0,1. Related results can also be found in [9, 27, 32].
However, the divergence operator is not one-to-one since Null div = V p(Ωε) is always nontrivial.
By collapsing the nullspace to zero we can construct an invertible operator

A : W p(Ωε)/V p(Ωε) → Lp(Ωε)

defined by A{u} = div u, for all u ∈ W p(Ωε), which is one-to-one, onto and therefore A is an
isomorphism. From Jensen’s inequality it follows that

||A{u}||Lp(Ωε) = || div u||Lp(Ωε) ≤ p′√
3||∇u||Lp(Ωε),

for all u ∈ {u}, hence A is continuous. The Open Mapping theorem asserts that the inverse

B : Lp(Ωε) → W p(Ωε)/V p(Ωε)

of A is continuous. The operator B is called the Bogovskĭı operator.

2.6. De Rham’s operator. Since B is a continuous isomorphism, we can identify

(W p(Ωε)/V p(Ωε))′ ≃ V p(Ωε)⊥,

where V p(Ωε)⊥ is the annihilator of V (Ωε) defined as

V p(Ωε)⊥ = {F ∈ W p(Ωε)′ : ⟨F, φ⟩W p(Ωε)′,W p(Ωε) = 0, ∀φ ∈ V p(Ωε)},
and by the Riesz Representation theorem, we have (Lp(Ωε))′ ≃ Lp

′
(Ωε). The dual operator

B′ : V p(Ωε)⊥ → Lp
′
(Ωε),

of B is usually called De Rham’s operator or the “pressure operator”. Note that B′ is also
continuous with ||B′|| = ||B||. To emphasize that B depends on the domain Ωε, we write
B = BΩε . Thus, to obtain a Lp

′
-bound for the pressure we need to investigate how the operator

norm

||B′
Ωε|| = ||BΩε|| def

= sup
h∈Lp(Ωε)
∥h∥=1

inf
v∈W p(Ωε)
div v=h

(∫

Ωε

|e(∇v)|pdx
)1/p

depends on ε.

Theorem 2.2. Let

BΩε : Lp(Ωε) → W p(Ωε)/V p(Ωε),

denote the Bogovskĭı operator. Then there exist positive constants C1 and C2 depending only
on Ω and ΓD such that

(8) C1 ≤ inf
0<ε≤1

ε∥BΩε∥ ≤ sup
0<ε≤1

ε∥BΩε∥ ≤ C2.

Proof. See Appendix B. □

Remark 2.3. We would like to point out that the lower bound in the Theorem 2.2 for the
norm of the Bogovskĭı operator is not needed to prove the main result, it is included only to
show that the norm ∥BΩε∥ → ∞ as ε→ 0 and that an upper bound of the form ∥BΩε∥ ≤ ε−1C2

is the best possible estimate that can be obtained.

Theorem 2.4. (De Rham’s Theorem) Let F ∈ W p(Ωε)′ be such that

⟨F, φ⟩W p(Ωε)′,W p(Ωε) = 0, for all φ ∈ V p(Ωε).
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Then, there exists a unique q ∈ Lp
′
(Ωε), such that

⟨F, φ⟩W p(Ωε)′,W p(Ωε) =

∫

Ωε

q divφ dx, for all φ ∈ W p(Ωε).

Proof. Since F ∈ W p(Ωε)′ satisfying ⟨F, φ⟩ = 0 for all φ ∈ V p(Ωε) this implies that F ∈ V p(Ωε)⊥,
therefore, we can choose q in Lp

′
(Ωε) such that q = B′F . Furthermore, by duality we have

⟨B′F, ϕ⟩Lp′ (Ωε),Lp(Ωε) = ⟨F,Bϕ⟩W p(Ωε)′,W p(Ωε).

Then, we define {φ} = Bϕ ∈ W p(Ωε)/V p(Ωε), which implies that ϕ = A{φ} = divφ, conse-
quently,

⟨q, divφ⟩Lp′ (Ωε),Lp(Ωε) = ⟨F, φ⟩W p(Ωε)′,W p(Ωε),

i.e.

⟨F, φ⟩W p(Ωε)′,W p(Ωε) =

∫

Ωε

q divφdx,

as desired. □

3. Setting the problem and the main result

3.1. Power-law fluid. Let us suppose that uε is the velocity field, qε is the pressure and
∇uε = (∂uεi/∂xj)

3,3
i,j=1 is the gradient of velocity. The rate of strain tensor e = (eij)

3,3
i,j=1 is

defined by

eij =
1

2

(
∂uεi
∂xj

+
∂uεj
∂xi

)
.

The stress tensor σε = (σεij)
3,3
i,j=1 is defined by the following non-Newtonian constitutive law

(9) σεij = −qε δij + 2µ(|e|)eij.
When the function µ (dynamic viscosity) is constant, we say that the fluid is Newtonian. In
the present paper we study the flow of a power-law fluid, where the viscosity µ : [0,∞) → R is
a nonlinear function. More precisely, we assume that

(10) µ(t) = µ0t
p−2 (t > 0),

which defines the rheology of the fluid, where 1 < p < ∞ and µ0 > 0 are constant parameters
called power-law index and the consistency respectively. For more details see [8, pp. 16-22] or
[4, p. 55]. The parameter p is dimensionless while µ0 has units which depend on the value of
p. When p = 2 we recover the case of a Newtonian fluid studied in [14].

3.2. Boundary value problem. Let us consider stationary pressure-driven isothermal fluid
flow in the Hele-Shaw cell Ωε. We assume that inertial and body forces can be neglected.
Moreover, we assume that the fluid is incompressible and obeys the non-Newtonian constitutive
relation (9). We model the flow by the following boundary value problem in Ωε

(11)





div σε = 0 in Ωε

div uε = 0 in Ωε

uε = 0 on ΓεD
σεn̂ = −pbn̂ on ΓεN ,

where uε and qε are the unknowns, n̂ is the outward unit normal of ∂Ωε and pb, the external
pressure, is a given function. We assume that pb is defined on the whole domain, more precisely
pb ∈ W 1,p′(ω), i.e. pb depends only on the variable x′.
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3.3. Existence and uniqueness. In order to prove existence and uniqueness of solutions, we
consider the problem (11) in the general form

(12)





div σε = f in Ωε

div uε = 0 in Ωε

uε = 0 on ΓεD
σεn̂ = g on ΓεN ,

where f ∈ Lp
′
(Ωε;R3) and g ∈ Lp

′
(ΓεN ;R3) are given vector functions, which are interpreted as

body force and surface force respectively.
We use the standard methods of the calculus of variations to interpret the problem (12) as

a problem of minimization.

Lemma 3.1. Let J be the functional defined as

J(v) =

∫

Ωε

(
2µ0

p
|e(∇v)|p − f · v

)
dx−

∫

Γε
N

g · v dS.

Then, there exists a unique minimizer uε in V p(Ωε), i.e. J(uε) ≤ J(v) for all v in the admissible
class V p(Ωε).

Proof. See Appendix C. □
3.4. Weak formulation. Take a test function v ∈ W p(Ωε) and apply the Divergence theorem
to σεn̂ · v, we have

∫

∂Ωε

σεn̂ · v dS =

∫

∂Ωε

n∑

i,j=1

σεijnjvi dS =
n∑

i=1

∫

Ωε

n∑

j=1

∂

∂xj
(σεijvi) dx

=
n∑

i,j=1

∫

Ωε

(
vi
∂σεij
∂xj

+ σεij
∂vi
∂xj

)
dx =

∫

Ωε

(v · div σε + σε : ∇v) dx.

Since v = 0 on ΓεD and σεn̂ = g, from the definition of the stress tensor σε we see that,∫

Γε
N

g · v dS +

∫

Ωε

f · v dx =

∫

Ωε

(−qεI + 2µ(|e(∇uε)|)e(∇uε)) : ∇v dx

= −
∫

Ωε

qε div v dx+

∫

Ωε

2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v dx.

Thus, the weak formulation of problem (12) is∫

Ωε

qε div v dx

∫

Ωε

(2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v − f · v) dx−
∫

Γε
N

g · v dS,(13)

for all v in W p(Ωε).

Theorem 3.2. Given f ∈ Lp
′
(Ωε) and g ∈ Lp

′
(ΓεN), there exists a unique weak solution

(uε, qε) ∈ V p(Ωε)× Lp
′
(Ωε) of the problem (12) satisfying the weak formulation (13).

Proof. By Lemma 3.1, there exists a unique minimizer uε ∈ V p(Ωε) which satisfies the Euler-
Lagrange equation,

(14)

∫

Ωε

2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v dx =

∫

Ωε

f · v dx+
∫

Γε
N

g · v dS,

for all v ∈ V p(Ωε). Define F ε ∈ W p(Ωε)′ by

⟨F ε, v⟩ def
=

∫

Ωε

(2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v − f · v) dx−
∫

Γε
N

g · v dS.
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In this notation (14) becomes

⟨F ε, v⟩ = 0 for all v ∈ V p(Ωε).

From De Rham’s theorem we deduce the existence and uniqueness of a pressure function
qε ∈ Lp

′
(Ωε), such that

⟨F ε, v⟩ =
∫

Ωε

qε div v dx, for all v ∈ W p(Ωε).

This is the weak formulation (13) and therefore (uε, qε) ∈ V p(Ωε)×Lp
′
(Ωε) is the unique weak

solution of (12). □

3.5. Main result. Taking f = 0 and g = −pbn̂ in the weak formulation (13) we have that the
weak solution uε ∈ V p(Ωε) of (11) satisfies

(15)

∫

Ωε

qε div v dx =

∫

Ωε

2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v dx+
∫

∂Ωε

pbv · n̂ dS,

for all v ∈ W p(Ωε). Applying the Divergence theorem to the surface integral and using that
v = 0 on ΓεD, yields

(16)

∫

Ωε

πε div v dx =

∫

Ωε

(2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v +∇pb · v) dx,

for all v ∈ W p(Ωε), where πε denotes the normalized pressure defined by

(17) πε = qε − pb.

Recall that, by assumptions pb depends only of x′ ∈ ω. This implies that the third component
in ∇pb is zero, i.e,

∇pb = (∂pb/∂x1, ∂pb/∂x2, 0) .

To give a precise asymptotic description of the system (11), we need the definition of two-scale
convergence for thin domains introduced by Marušić and Marušić-Paloka in [24].

Definition 3.3. We say that a sequence uε, where ε > 0, in Lp(Ωε) two-scale converges to u
in Lp(Ω) provided that

(18) lim
ε→0

1

|Ωε|

∫

Ωε

uε(x) v
(
x′, ε−1x3

)
dx =

1

|Ω|

∫

Ω

u(x′, y) v(x′, y) dx′ dy,

for all v in Lp
′
(Ω) and we write uε

2
⇀ u. Moreover, we say that uε two-scale converges strongly

to u if

(19) lim
ε→0

1

|Ωε|

∫

Ωε

∣∣uε(x)− u(x′, ε−1x3)
∣∣p dx = 0

and we write uε
2→ u (strongly).

To characterize the limit velocity, we introduce the so-called permeability function and the
flow factor for a thin domain, both depending on the rheology of the fluid and the geometry of
the domain.

Definition 3.4. The solution ψ of the boundary value problem

(20)

{
−∆p,yψ = 1 in Ω

ψ = 0 on Γ±
D,

where

Γ±
D =

{
(x′, y) ∈ ΓD : y = h±(x′)

}
,



9

is called the permeability function of Ω. i.e. for each x′ ∈ ω, ψ(x′, ·) is the solution of
{
−∆p,yψ(x

′, ·) = 1 in
(
h−(x′), h+(x′)

)

ψ(x′, ·) = 0 on y = h±(x′),

where ∆p,y(·) =
∂

∂y

(∣∣∣∣
∂

∂y
(·)
∣∣∣∣
p−2

∂

∂y
(·)
)

is the p-laplacian in the variable y.

Definition 3.5. The flow factor of Ω is defined as

(21) ϱ(x′) =

∫ h+(x′)

h−(x′)
ψ(x′, y) dy, x′ ∈ ω,

where ψ is the permeability function, i.e. the solution of boundary value problem (20).

Lemma 3.6. For our geometry the permeability function ψ and the flow factor ϱ for Ω, are
given by

(22) ψ(x′, y) =
1

p′

(∣∣∣∣
h(x′)

2

∣∣∣∣
p′

− |m(x′)− y|p′
)
,

for all y ∈ [h−(x′), h+(x′)] and

(23) ϱ(x′) =
2−p

′

p′ + 1
hp

′+1(x′),

for all x′ ∈ ω where h(x′) and m(x′) are defined in (1).

Proof. The proof of this lemma will be given in Sec. 6. □

Remark 3.7. The smoothness of ψ depends on the smoothness of ∂Ω. From (22) we see that
ψ is of class C0,1(Ω), since h is a Lipschitz function on ω. From (23) and the fact that h is
bounded from below by the positive constant by (1), we deduce also that the flow factor ϱ and
1/ϱ belong to W 1,∞(ω).

Before we formulate the main result, let us introduce the following definitions that will be
used throughout this paper: Let ϕ be a scalar function and u = (u1, u2, u3) be a vector function,
then we define ∇x′ , ∇y, divx′ and divy as

∇x′ϕ =

(
∂ϕ

∂x1
,
∂ϕ

∂x2
, 0

)
, ∇yϕ =

(
0, 0,

∂ϕ

∂y

)

and

divx′ u =
∂u1
∂x1

+
∂u2
∂x2

, divy u =
∂u3
∂y

.

Theorem 3.8. (Main result) For each 0 < ε ≤ 1 the boundary problem (11) has a unique
solution (uε, qε) ∈ V p(Ωε)× Lp

′
(Ωε) such that

1

|Ωε|1/p
(
∥ε−p′uε∥Lp(Ωε) + ∥ε1−p′∇uε∥Lp(Ωε)

)
≤ C1∥∇pb∥p

′−1

Lp′ (Ω)

1

|Ωε|1/p′
(
∥qε∥Lp′ (Ωε) + ||ε−1a(∇uε)||Lp′ (Ωε)

)
≤ C2∥∇pb∥Lp′ (Ω),

(24)

where the constants C1 and C2 depends only on Ω and ΓD. Let ψ be the permeability function
defined by (22). Then, the following two-scale convergence holds,

ε−p
′
uε

2
⇀ u and qε

2
⇀ q,
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where u ∈ Lp(Ω;R3) is the limit velocity defined by

u(x′, y) = −ψ(x′, y)
∣∣∣∣
1

µ0

∇x′q(x
′)

∣∣∣∣
p′−2

1

µ0

∇x′q(x
′),

and q ∈ W 1,p′(ω) is the unique solution of the boundary value problem

(25)





divx′(ϱ|∇x′q|p
′−2∇x′q) = 0 in ω

q = pb on γN

ϱ|∇x′q|p
′−2∇x′q · n̂ = 0 on γD,

where ϱ is the flow factor defined by (23) and n̂ is the outward unit normal to the surface of
the obstacle.

We observe that the Dirichlet condition ΓεD for the velocity field in the original problem
becomes a Neumann condition γD for the limit pressure and the Neumann condition ΓεN for the
stress tensor on the original problem becomes a Dirichlet condition γN for the limit pressure.

Furthermore, by contrast, if one imposes a non-homogeneous Dirichlet condition for the
velocity field on ΓεN one ends up with a Neumann condition γN (this is shown in [6] equation
(5.7)). A major difference between the two boundary conditions is that the limit pressure is
uniquely determined by the Dirichlet condition, whereas it is only determined up to an additive
constant in the case of a Neumann condition. Moreover, under the Neumann condition the
obstacle becomes a streamline of the y-averaged flow (see Lemma 5.4 (iv)). The limit velocity
u is uniquely determined in both formulations and the equation

∂q

∂y
= 0 in Ω,

tells us that pressure variation in the thickness of Ω can be neglected. In the Newtonian case,
p = 2, the flow factor is given by ϱ(x′) = h3(x′)/12 and therefore, the pressure equation (25)
becomes the classical coefficient in the Reynolds equation formulated in [31]. This shows that
our results can be extended to the context of lubrication theory, see e.g. [5]. In addition, for
future work, it would be interesting to allow the upper and lower surfaces to be in contact, i.e.
h+(x′) = h−(x′) in some points x′ of ω, thus creating more obstacles in the domain. Then,
the problem (12) becomes a singular Hele-Shaw flow problem and therefore, the limit problem
(25) will be degenerate. For some results in the Newtonian case and h+ = h− on γD see [24,
Sec. 3.3.].

4. Estimates

To prove the main result (Theorem 3.8) we need uniform a priori estimates for the velocity,
the monotone operator and the pressure with respect to the parameter ε.

Theorem 4.1. (Velocity estimates) For the velocity field uε the following estimates hold

(26)

∣∣∣
∣∣∣ε−p′uε

∣∣∣
∣∣∣
Lp(Ωε)

≤ K1

(
K1

2µ0

||∇pb||Lp′ (Ωε)

)p′−1

∣∣∣
∣∣∣ε1−p′∇uε

∣∣∣
∣∣∣
Lp(Ωε)

≤ K2

(
K1

2µ0

||∇pb||Lp′ (Ωε)

)p′−1

,

where K1 and K2 are the constants in Theorem 2.1.

Proof. Taking v = uε in (16) and using the fact that div uε = 0 we have,∫

Ωε

2µ0|e(∇uε)|p dx =

∫

Ωε

−∇pb · uε dx.(27)
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Applying the Hölder inequality in (27) and the Korn inequality (6) we find
∫

Ωε

2µ0|e(∇uε)|p dx ≤ ∥uε∥Lp(Ωε)∥∇pb∥Lp′ (Ωε) ≤ εK1∥e(∇uε)∥Lp(Ωε)∥∇pb∥Lp′ (Ωε).

Thus,

(28) ∥e(∇uε)∥Lp(Ωε) ≤
(
εK1

2µ0

∥∇pb∥Lp′ (Ωε)

)p′−1

.

This together with the first and second inequalities in the Korn inequality again in the left
hand side, we obtain

∥uε∥Lp(Ωε) ≤ εK1

(
εK1

2µ0

∥∇pb∥Lp′ (Ωε)

)p′−1

∥∇uε∥Lp(Ωε) ≤ K2

(
εK1

2µ0

∥∇pb∥Lp′ (Ωε)

)p′−1

.

□

Theorem 4.2. (Monotone operator estimate) The monotone operator (3) satisfies the
following estimate

(29) ||ε−1a(∇uε)||Lp′ (Ωε) ≤ K1||∇pb||Lp′ (Ωε),

where K1 is the constants in Theorem 2.1.

Proof. Follows from the estimate obtained in the proof of Theorem 4.1. □

Theorem 4.3. (Pressure estimate) The normalized pressure πε satisfies the estimate

(30) ∥πε∥Lp′ (Ωε) ≤ C2K1(K2 + 1)∥∇pb∥Lp′ (Ωε),

where K1, K2 and C2 are the constants defined in Theorems 2.1 and 2.2 respectively.

Proof. Let F ε ∈ W p(Ωε)′ be defined by

⟨F ε, v⟩ =
∫

Ωε

(2µ0 |e(∇uε)|p−2 e(∇uε) : ∇v +∇pb · v) dx.

From (16) we see that F ε belongs to (V p(Ω))⊥, and by the Hölder inequality and the Korn
inequalities (6) and (7) we obtain,

|⟨F ε, v⟩| ≤
∫

Ωε

(2µ0|e(∇uε)|p−1|∇v|+ |∇pb| · |v|) dx ≤ 2µ0K2∥e(∇uε)∥p−1
Lp(Ωε)∥e(∇v)∥Lp(Ωε)

+ εK1∥∇pb∥Lp′ (Ωε)∥e(∇v)∥Lp(Ωε).

This together with inequality (28) it follows

|⟨F ε, v⟩| ≤ εK1(K2 + 1)∥∇pb∥Lp′ (Ωε)∥v∥W p(Ωε),

whence, we deduce that

∥F ε∥W p(Ωε)′ ≤ εK1(K2 + 1)∥∇pb∥Lp′ (Ωε).

Let πε in Lp
′
(Ωε) be defined by the pressure operator, i.e.

πε = B′
ΩεF ε ⇐⇒

∫

Ωε

πε div v dx = ⟨F ε, v⟩ ∀v ∈ W p(Ωε).
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This means that the unknown pressure function in (11) can be recovered via (17), i.e. qε =
πε + pb. Note that qε depends only on the boundary values of pb on ΓεN . From (8) in Theorem
2.2 we infer,

∥πε∥Lp′ (Ωε) ≤ ∥B′
Ωε∥∥F ε∥W p(Ωε)′

≤ εK1(K2 + 1)∥B′
Ωε∥∥∇pb∥Lp′ (Ωε) ≤ C2K1(K2 + 1)∥∇pb∥Lp′ (Ωε).

□

5. Two-scale convergence results

Here we prove some compactness results for two-scale convergence

5.1. Compactness results. Since pb ∈ W 1,p′(ω) we have

1

|Ωε|1/p′ ∥∇pb∥Lp′ (Ωε) =
1

|Ω|1/p′ ∥∇pb∥Lp′ (Ω).

So, raising both sides to power p′ − 1 and using the Theorems 4.1, 4.2 and 4.3 yield

∥ε−p′uε∥Lp(Ωε) + ∥ε1−p′∇uε∥Lp(Ωε) ≤
(
K1

2µ0

)p′−1

(K1 +K2) ∥∇pb∥p
′−1

Lp′ (Ωε)

and

∥πε∥Lp′ (Ωε) + ||ε−1a(∇uε)||Lp′ (Ωε) ≤ K1[C2(K2 + 1) + 1]∥∇pb∥Lp′ (Ωε).

Thus, we can choose some constants C and C̃, which are independent of ε as

C =

(
K1

2µ0

)p′−1

(K1 +K2)
1

|Ω|1/p∥∇pb∥
p′−1

Lp′ (Ω)
and

C̃ = K1[C2(K2 + 1) + 1]
1

|Ω|1/p∥∇pb∥Lp′ (Ω)

such that 



1

|Ωε|1/p
(
∥ε−p′uε∥Lp(Ωε) + ∥ε1−p′∇uε∥Lp(Ωε)

)
≤ C,

1

|Ωε|1/p′
(
∥πε∥Lp′ (Ωε) + ||ε−1a(∇uε)||Lp′ (Ωε)

)
≤ C̃.

(31)

□

Lemma 5.1. For any sequence (uε, πε) with 0 < ε ≤ 1 in W p(Ωε) × Lp
′
(Ωε) satisfying the

bounds (31), then, there exist a u ∈ Lp(Ω;R3) with ∂u/∂y ∈ Lp(Ω,R3×1), and a π0 ∈ Lp
′
(Ω)

such that, up to a subsequence

(i) ε−p
′
uε

2
⇀ u = (u′, u3),

(ii) ε1−p
′∇uε 2

⇀ D(u) =




0
∂u′

∂y

0
∂u3
∂y


 ,

(iii) ε1−p
′
e(∇uε) 2

⇀ e(D(u)) =
1

2




0
∂u′

∂y(
∂u′

∂y

)T
2
∂u3
∂y


 ,

(iv) πε
2
⇀ π0.
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Proof. For the sake of completeness we provide the proof which follows the same ideas as in
[24, Theorem 1]. Since (31) holds, there exist a subsequence which is still denoted by uε and
u ∈ Lp(Ω;R3) such that

lim
ε→0

1

|Ωε|

∫

Ωε

ε−p
′
uε(x) · v

(
x′, ε−1x3

)
dx =

1

|Ω|

∫

Ω

u(x′, y) · v(x′, y) dx′ dy,

for any v ∈ Lp
′
(Ω;R3). Similarly, there exists d ∈ Lp(Ω;R3×3) such that, up to a subsequence

lim
ε→0

1

|Ωε|

∫

Ωε

ε1−p
′∇uε(x) : Φ(x′, ε−1x3) dx =

1

|Ω|

∫

Ω

d(x′, y) : Φ(x′, y) dx′ dy,

for any Φ ∈ Lp
′
(Ω;R3×3).

Since uε vanishes on ΓεD we have

0 =

∫

∂Ωε

uε(x)Φ(x′, ε−1x3) · n̂ dS =

∫

Ωε

div(ΦTuε) dx

=

∫

Ωε

(
∇uε(x) : Φ(x′, ε−1x3)

+ uε(x) ·
[
divx′ Φ + ε−1 divy Φ

]
(x′, ε−1x3)

)
dx,

(32)

for all Φ ∈ W 1,p′(Ω;R3×3) such that Φ · n̂ = 0 on ΓN . Multiplying (32) by ε1−p
′
/|Ωε| and passing

to the limit as ε→ 0 we see that

(33)

∫

Ω

(d(x′, y) : Φ(x′, y) + u(x′, y) · divy Φ(x′, y) dx′) dy = 0.

Let us characterize the subsequence limit d, by considering it block by block, i.e.

d =

(
d11 d12
d21 d22

)
=

(
2× 2 2× 1
1× 2 1× 1

)
.

Similarly the blocks of the matrix Φ are denoted as

Φ =

(
Φ11 Φ12

Φ21 Φ22

)
=

(
2× 2 2× 1
1× 2 1× 1

)
.

Choosing Φ12 = 0 and Φ22 = 0 in (33) gives
∫

Ω

(d11 : Φ11 + d21 : Φ21) dx
′ dy = 0 for all Φ ∈ C∞

c (Ω;R3×3).

We conclude that d11 = 0 and d21 = 0. Next, choosing Φ11 = 0 and Φ21 = 0 in (33) gives
∫

Ω

(
d12 · Φ12 + d22Φ22 + u′ · ∂Φ12

∂y
+ u3

∂Φ22

∂y

)
dx′ dy = 0,

for all Φ ∈ C∞
c (Ω;R3×3). By definition of weak derivative we deduce that d12 = ∂u′/∂y and

d22 = ∂u3/∂y. Thus,

d =




0
∂u′

∂y

0
∂u3
∂y


 def

= D(u).

Hence the trace of u on ΓD is well defined by [24, Lemma 4 (i)]. Applying the Divergence
theorem to (33) we obtain

0 =

∫

ΓD

u(x′, y)Φ(x′, y) · n̂ dS,

for all Φ ∈ W 1,p(Ω;R3×3) such that Φ · n̂ = 0 on ΓN . We conclude that u satisfies the
Dirichlet condition u = 0 on ΓD. The convergence of the symmetrical part of gradient u follows
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by linearity. The two-scale convergence for the normalized pressure follows directly from the
definition. □

5.2. Two-scale convergence and the monotone operator. We introduce the monotone
operator (3) in the weak formulation (16), i.e.

(34)

∫

Ωε

(−πε div v + a(∇uε) : ∇v +∇pb · v) dx = 0,

for all v ∈ W p(Ω).

Lemma 5.2. Let v ∈ W p(Ω), define vε ∈ W p(Ωε) such that vε(x) = εp
′
v(x′, ε−1x3). Then, we

have the strong two-scale convergences

(i) ε1−p
′∇vε 2→ D(v),

(ii) a(ε1−p
′∇vε) 2→ a(D(v)).

In particular, vε is an admissible test function in the two-scale sense.

Proof. The gradient of vε ∈ W p(Ωε) is defined as

∇vε(x) =




εp
′∇x′v

′ εp
′−1∂v

′

∂y

εp
′∇x′v3 εp

′−1∂v3
∂y


 (x′, ε−1x3),

for all v ∈ W p(Ωε). Therefore, the weak two-scale convergence (i) follows from Lemma 5.1 (ii).
The weak two-scale convergence (ii) is deduced from the homogeneity property of a defined in
(4). Thus, it is enough to prove

(35) lim
ε→0

1

|Ωε|
1
p′
∥a(ε1−p′∇vε)∥Lp′ (Ωε) =

1

|Ω|
1
p′
∥a(D(v))∥Lp′ (Ω).

Then, by the Change of Variable theorem, and noting that |Ωε| = ε|Ω|, we obtain

1

|Ωε|1/p′
(∫

Ωε

|a(∇vε)|p′dx
)1/p′

=
1

|Ω|1/p′



∫

Ω

∣∣∣∣∣∣∣
a




εp
′∇x′v

′ εp
′−1∂v

′

∂y

εp
′∇x′v3 εp

′−1∂v3
∂y




∣∣∣∣∣∣∣

p′

dx′ dy




1/p′

.

Multiplying by ε−1 = ε−(p−1)(p′−1) and homogeneity property, we find that

1

|Ωε|1/p′
(∫

Ωε

|a(ε1−p′∇vε)|p′ dx
)1/p′

=
1

|Ω|1/p′



∫

Ω

∣∣∣∣∣∣∣
a




ε∇x′v
′ ∂v′

∂y

ε∇x′v3
∂v3
∂y




∣∣∣∣∣∣∣

p′

dx′ dy




1/p′

.

Passing to the limit as ε → 0, using the Dominated Convergence theorem and the continuity
of a, we obtain (35). □

Lemma 5.3. The sequence a(∇uε), (0 < ε ≤ 1) in Lp
′
(Ωε) satisfies the bound (31). There

exists ζ ∈ Lp
′
(Ω;R3×3) such that up to a subsequence

ε−1a(∇uε) 2
⇀ ζ.

Moreover,

lim
ε→0

inf
1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇uε dx ≥ 1

|Ω|

∫

Ω

ζ : D(u) dx′ dy,(36)
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and if (36) holds as an equality, then

(37)

∫

Ω

ζ : D(v) dx′ dy =

∫

Ω

a(D(u)) : D(v) dx′ dy,

for all test functions v in W p(Ω).

Proof. In view of the monotonicity condition (5), we have

(38)

∫

Ωε

(a(∇uε)− a(∇vε)) : (∇uε −∇vε) dx ≥ 0,

where vε is a test function of the same form as in Lemma 5.2. This inequality yields
∫

Ωε

a(∇uε) : ∇uε dx ≥
∫

Ωε

(a(∇uε) : ∇vε + a(∇vε) : (∇uε −∇vε)) dx.

Multiplying this inequality by the factor
ε−p

′

|Ωε| =
ε−1

|Ωε|1/p′ ·
ε1−p

′

|Ωε|1/p , we find

1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇uε dx ≥ 1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇vε dx

+
1

|Ωε|

∫

Ωε

ε−1a(∇vε) : ε1−p′(∇uε −∇vε) dx.

(39)

Let us analyze the integrals on the right hand side in (39) in terms of limits as ε → 0. The
limit of the first integral exists by hypothesis and is given by

lim
ε→0

1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇vε dx =
1

|Ω|

∫

Ω

ζ : D(v) dx′ dy.(40)

The second integral is convergent by Lemma 5.1(ii) and Lemma 5.2, as the integrand is a
product of strongly two-scale convergent and two-scale convergent sequences and [24, Lemma 2].

lim
ε→0

1

|Ωε|

∫

Ωε

ε−1a(∇vε) : ε1−p′(∇uε −∇vε) dx =
1

|Ω|

∫

Ω

a(D(v)) : D(u− v) dx′ dy.(41)

Thus, we can estimate the inferior limit of the integral on the left hand side in (39), by means
of limits (40) and (41), as ε→ 0, obtaining

lim
ε→0

inf
1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇uε dx

≥ 1

|Ω|

∫

Ω

(ζ : D(v) + a(D(v)) : D(u− v)) dx′ dy,

(42)

and the inequality (36) is established by taking u = v.
Assuming that equality holds in (36), we see from (42) that

1

|Ω|

∫

Ω

ζ : D(u)dx′ dy ≥ 1

|Ω|

∫

Ω

(ζ : D(v) + a(D(v)) : D(u− v)) dx′ dy.

After some rearranging, it follows that

(43)

∫

Ω

(ζ −D(v)) : (D(u)−D(v)) dx′ dy ≥ 0.

Fix w ∈ W p(Ω) and set v
def
= u− tw with (t > 0) in (43), we obtain

t

∫

Ω

(ζ − a(D(u)− tD(w))) : D(w) dx′ dy ≥ 0.
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Dividing by t, using the continuity of a, and letting t→ 0 give
∫

Ω

(ζ − a(D(u))) : D(w) dx′ dy ≥ 0.

Finally, replacing w by −w, we deduce that
∫

Ω

ζ : D(w) dx′ dy =

∫

Ω

a(D(u)) : D(w) dx′ dy,

for all w ∈ W p(Ω). □

5.3. Conservation of volume. In this subsection we investigate the conservation of the in-
compressibility of the flow when we let ε → 0. To this end it is convenient to introduce the
following space of functions.

Definition 5.4. Let W p
y (Ω) be defined as the closure of W p(Ω) in the norm

∥v∥W p
y (Ω)

def
= ∥v∥Lp(Ω) +

∥∥∥∥
∂v

∂y

∥∥∥∥
Lp(Ω)

.

Lemma 5.5. Let uε, (0 < ε ≤ 1) be a sequence as in Lemma 5.1 with the additional condition
that div uε = 0 in Ωε. Then any subsequential two-scale limit u = (u′, u3) satisfies

(44) u3 = 0 in Ω

and

(45)





divx′

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
= 0 in ω

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
· n̂ = 0 on γD.

Proof. As in [24, Proposition 4], the divergence free condition for uε can be stated as
∫

∂Ωε

uεv · n̂ dS =

∫

Ωε

uε · ∇v dx,

for all scalar test functions v ∈ W 1,p′(Ωε). It follows that

(46) 0 =

∫

Ωε

(
(uε)′(x) · ∇x′v(x

′, ε−1x3) + ε−1uε3(x)
∂v

∂y
(x′, ε−1x3)

)
dx,

for all v ∈ W 1,p′(Ω) such that v = 0 on ΓN . Multiplying (46) by ε1−p
′
/|Ωε| and passing to the

limit, as ε→ 0 yield

1

|Ω|

∫

Ω

u3(x
′, y)

∂v

∂y
(x′, y) dx′ dy = 0,

hence ∂u3/∂y = 0. From this and the no-slip boundary conditions on Γ±
D we deduce (44).

By choosing v in (46) which does not depend on y, i.e. v = v(x′), such that v = 0 on γN and
passing to the limit, as ε→ 0, we obtain

0 =
1

|Ω|

∫

Ω

u′(x′, y) · ∇x′v(x
′) dx′ dy =

1

|Ω|

∫

ω

(∫ h+(x′)

h−(x′)
u′(x′, y)dy

)
· ∇x′v(x

′) dx′,



17

for all v ∈ W 1,p′(ω) such that v = 0 on γN . This implies that the line integral on ∂ω depends
only on γD, whence by the Divergence theorem, we have

∫

ω

divx′

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
v(x′) dx′ =

∫

γD

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
v(x′) · n̂ dS.

Since u′ ∈ Lp(Ω;R2) we see that

divx′

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
∈ Lp(ω).

It follows from [15, Proposition 2.] that the trace in the dual sense is the restriction of(∫ h+(x′)
h−(x′) u

′(x′, y) dy
)
· n̂ on γD, which is well defined as,

(47)

(∫ h+(x′)

h−(x′)
u′(x′, y) dy

)
· n̂ ∈ W−1/p′,p′(γD;R2).

Thus, (45) is proved. □

Lemma 5.6. All functions v ∈ W p
y (Ω) satisfy

(i) ∂v/∂y ∈ Lp(Ω;R3×1),
(ii) v = 0 on ΓD,

(iii) divx′

(∫ h+(x′)

h−(x′)
v(x′, y)dy

)
∈ Lp(ω),

(iv)

(∫ h+(x′)

h−(x′)
v(x′, y)dy

)
· n̂ = 0 on γD.

Proof. The proofs of (i)-(ii) follow by the same arguments used in the proof of Lemma 5.1
and (iii)-(iv) can be deduced by following the ideas used in the proof of Lemma 5.5. □

5.4. Momentum equation. We end this Section, by proving the main result of this paper.
Indeed, we will derive a lower-dimensional model for the flow from the Stokes equation (11).

Lemma 5.7. (The thin film equation) Let u = (u′, u3) and π0 be as in Lemma 5.1 and let
ζ denote a subsequential limit of ε−1a(∇uε) as in Lemma 5.3. Then the first component u′ of
u and π0 satisfy

(48)





∇x′(−π0 + pb) + µ0∆p,yu
′ = 0 in Ω

−∂π
0

∂y
= 0 in Ω

u′ = 0 on ΓD



−π0 µ0

∣∣∣∣
∂u′

∂y

∣∣∣∣
p−2

∂u′

∂y

µ0

∣∣∣∣
∂u′

∂y

∣∣∣∣
p−2(

∂u′

∂y

)T
−π0




· n̂ = 0 on ΓN .

Proof. By choosing test functions in (34), of the form

vε(x) = (v′(x′, ε−1x3), εv3(x
′, ε−1x3)),



18 J. FABRICIUS, S. MANJATE, P. WALL

we have

0 =
1

|Ωε|

∫

Ωε

{
−πε(x)

[
divx′ v +

∂v3
∂y

]
(x′, ε−1x3)

+ ε−1a(∇uε)(x) : ε




∇x′v
′ ε−1∂v

′

∂y

∇x′v3
∂v3
∂y


 (x′, ε−1x3)

+ ∇x′pb(x) · vε(x)} dx.
Passing to the limit as ε→ 0, we obtain

1

|Ω|

∫

Ω

{
−π0

[
divx′ v +

∂v3
∂y

]
+ ζ :


 0

∂v′

∂y
0 0


+∇x′pb · v′ dx′



 dy = 0,(49)

for all (v′, v3) ∈ W p(Ω). Choosing v′ = 0, we see that

0 =

∫

Ω

−π0∂v3
∂y

dx′ dy for all v3 ∈ W p(Ω),

or in other words, ∂π0/∂y = 0 in Ω. This shows that π0 does not depend of variable y, i.e.
π0(x′, y) = π0(x′).

Furthermore, multiplying (34) with ε−p
′
/|Ωε|, choosing vε = uε and using that div uε = 0 in

Ωε, we can assert that

lim
ε→0

1

|Ωε|

∫

Ωε

ε−1a(∇uε) : ε1−p′∇uε dx = − lim
ε→0

1

|Ωε|

∫

Ωε

∇pb · ε−p
′
uεdx

= − 1

|Ω|

∫

Ω

∇x′pb · u′ dx′ dy.

(50)

Using π0(x′, y) = π0(x′), we can rewrite the first term in (49) as

∫

Ω

π0

[
divx′ v +

∂v3
∂y

]
dx′ dy =

∫

ω

π0(x′) divx′

(∫ h+(x′)

h−(x′)
v dy

)
dx′

we deduce

∫

ω

−π0 divx′

(∫ h+(x′)

h−(x′)
v dy

)
dx′ +

∫

Ω



ζ :


 0

∂v′

∂y
0 0


+∇x′pb · v′



 dx′ dy = 0,(51)

which holds for all v = (v′, v3) ∈ W p
y (Ω) (see Definition 5.4), since W p(Ω) is dense in W p

y (Ω).
Then taking v = u in (51) and using Lemma 5.5, i.e. (44) and (45), we have

∫

Ω

ζ : D(u) dx′ dy = −
∫

Ω

∇x′pb · u′ dx′ dy.(52)

From (50) and (52) we deduce that equality holds in (36). Thus (37) implies that (49) can be
written as

(53)

∫

ω

−π0 divx′

(∫ h+(x′)

h−(x′)
v dy

)
dx′+

∫

Ω



a(D(u)) :


 0

∂v′

∂y
0 0


+∇x′pb · v′



 dx′ dy = 0.
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From the definition of the operator a, i.e. equality (3) and (44), we obtain

a(D(u)) =
µ0

2p−2

∣∣∣∣∣∣∣∣




0
∂u′

∂y(
∂u′

∂y

)T
0




∣∣∣∣∣∣∣∣

p−2


0
∂u′

∂y(
∂u′

∂y

)T
0


 .

Inserting this into (53) yields

(54)

∫

ω

(
−π0 divx′

(∫ h+(x′)

h−(x′)
v dy

)

+

∫ h+(x′)

h−(x′)

{
µ0

∣∣∣∣
∂u′

∂y

∣∣∣∣
p−2

∂u′

∂y
· ∂v

′

∂y
+∇x′pb · v′

}
dy

)
dx′ = 0,

for all (v′, 0) ∈ W p
y (Ω). This is the weak formulation of the boundary value problem (48). □

6. Regularity of pressure and pressure equation

In this section, we will prove some properties of solutions (u, q) to the lower-dimensional
problem. Indeed, we will prove a regularity result for the pressure q = π0 + pb and a nonlinear
relation between the velocity u and the gradient of q. However, to be able to do this we first
present the proof of Lemma 3.6.

Proof of Lemma 3.6. We note that the boundary value problem (20) is formally an ordinary
differential equation in variable y, with the parameter x′ ∈ ω, i.e.

− ∂

∂y

(∣∣∣∣
∂ψ

∂y
(x′, y)

∣∣∣∣
p−2

∂ψ

∂y
(x′, y)

)
= 1.

By formal integration, we see that there exist a scalar function C(x′) such that
∣∣∣∣
∂ψ

∂y
(x′, y)

∣∣∣∣
p−2

∂ψ

∂y
(x′, y) = C(x′)− y.

From the observation,
∣∣∣∣
∂ψ

∂y
(x′, y)

∣∣∣∣
p−1

= |C(x′)− y|
∣∣∣∣
∂ψ

∂y
(x′, y)

∣∣∣∣ = |C(x′)− y|p′−1





⇒
∣∣∣∣
∂ψ

∂y

∣∣∣∣
p−2

= |C(x′)− y|2−p′ ,

it follows that
∂ψ

∂y
(x′, y) = |C(x′)− y|p′−2(C(x′)− y).

Whence by integration once again the last equality becomes

ψ(x′, y) =

∫ y

h−(x′)
|C(x′)− s|p′−2(C(x′)− s) ds = −

∫ y

h−(x′)

d

ds

(
1

p′
|C(x′)− s|p′

)
ds

=
1

p′
(|C(x′)− h−(x′)|p′ − |C(x′)− y|p′).

(55)

From the boundary condition ψ(x′, h−(x′)) = 0 and ψ(x′, h+(x′)) = 0, we see that

C(x′) = m(x′),
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where m(x′) is defined in (1) and therefore we get (22) from (55). To obtain the flow factor
ϱ(x′), we integrate the permeability function on (h−(x′), h+(x′)), i.e.

ϱ(x′) =

∫ h+(x′)

h−(x′)
ψ(x′, y) dy =

2−p
′

p′
|h(x′)|p′+1 − 1

p′

∫ h+(x′)

h−(x′)
|m(x′)− y|p′ dy.

Observe that the last integral can be written as
∫ h+(x′)

h−(x′)
|m(x′)− y|p′ dy =

∫ m(x′)

h−(x′)
|m(x′)− y|p′−1(m(x′)− y) dy

+

∫ h+(x′)

m(x′)
|m(x′)− y|p′−1(y −m(x′)) dy =

2

p′ + 1

∣∣∣∣
h+(x′)− h−(x′)

2

∣∣∣∣
p′+1

.

□

Lemma 6.1. Let ψ ∈ W 1,∞(Ω) be the permeability function defined by (22) and (u, π0) ∈
W p
y (Ω)×Lp

′
(ω) be any solution of the boundary value problem (48). Then π0 belongs toW 1,p′(ω),

with π0 = 0 on γN .

Proof. To show the W 1,p′-regularity for π0, in view of the Lemma 5.4, we take test functions
v(x′, y) of the form

v′(x′, y) = ψ(x′, y)Θ(x′), v3(x
′, y) = 0

where Θ is any arbitrary vector field in W 1,p(ω;R2) such that Θ · n̂ = 0 on γD, in (54), we
obtain

∫

ω

π0 divx′(ϱΘ) dx′ =

∫

ω

{
µ0

∫ h+(x′)

h−(x′)

∂ψ

∂y

(∣∣∣∣
∂u

∂y

∣∣∣∣
p−2

∂u

∂y
·Θ
)
dy + ϱ∇x′pb ·Θ

}
dx′,

where ϱ is the flow factor defined in (23). Since π0 ∈ Lp
′
(ω), we can define a linear functional

with ∇x′π
0 ∈ W−1,p′(ω) determined by

⟨∇x′π
0, ϱ(x′)Θ(x′)⟩ def

=

∫

ω

π0 divx′(ϱΘ) dx′,

i.e.

⟨∇x′π
0, ϱ(x′)Θ(x′)⟩ =

∫

Ω

µ0
∂ψ

∂y

(∣∣∣∣
∂u

∂y

∣∣∣∣
p−2

∂u

∂y
·Θ
)
dx′ dy +

∫

ω

ϱ∇x′pb ·Θ dx′.

Thus,

|⟨∇x′π
0, ϱ(x′)Θ(x′)⟩| ≤ C∥Θ∥Lp(ω),(56)

where C is the a positive constant given by

C
def
= µ0

∥∥∥∥
∂ψ

∂y

∥∥∥∥
L∞(ω)

∥∥∥∥
∂u

∂y

∥∥∥∥
p−1

Lp(Ω)

+ ∥ϱ∥L∞(ω)∥∇x′pb∥Lp′ (ω).

Furthermore, since the functions ϱ and ϱ−1 = 1/ϱ belong to W 1,∞(ω), (see Remark 3.7) we can
replace Θ with ϱ−1Θ in (56) which gives

|⟨∇x′π
0,Θ⟩| ≤ C∥ϱ−1Θ∥Lp(ω) ≤ C∥ϱ−1∥L∞(ω)∥Θ∥Lp(ω) ≤ C̃∥Θ∥Lp(ω),

for all Θ ∈ W 1,p(ω;R2) such that Θ · n̂ = 0 on γD, and therefore, in view of Lemma D.1 in
Appendix D, we conclude that π0 belongs to W 1,p′(ω) with π0 = 0 on γN . □

Remark 6.2. Note that q = π0 + pb ∈ W 1,p′(ω) with q = pb on γN .
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Lemma 6.3. Let (u, π0) ∈ W p
y (Ω) × W 1,p′(ω) be any solution of (48). Then u is uniquely

determined by π0, more precisely

(57) u(x′, y) = −ψ(x′, y)
∣∣∣∣
1

µ0

∇x′q(x
′)

∣∣∣∣
p′−2

1

µ0

∇x′q(x
′),

where q = π0 + pb and ψ must satisfy the scalar ordinary differential equation (20).

Proof. In view of Lemma 6.1, the problem (48) can be written as an ordinary differential
equation in the variable y, i.e.

(58)

{
−∆p,yu(x

′, ·) = ξ in
(
h−(x′), h+(x′)

)

u(x′, ·) = 0 on y = h±(x′),

where x′ ∈ ω is a parameter and ξ =
1

µ0

∇x′q(x
′) can be regarded as a constant vector in R2.

We want to show that (57) is a solution of the form

u(x′, y) = −ψ(x′, y) |ξ|p′−2 ξ (ξ ∈ R2).

Indeed,

∂

∂y

(∣∣∣∣
∂u

∂y
(x′, y)

∣∣∣∣
p−2

∂u

∂y
(x′, y)

)
= −ξ.

As in [25, Propostion 3.4], by formal integration, we see that there exist a vector function
C(x′) ∈ Lp

′
(ω;R2) such that

∣∣∣∣
∂u

∂y
(x′, y)

∣∣∣∣
p−2

∂u

∂y
(x′, y) = C(x′)− yξ.

Thus,
∂u

∂y
(x′, y) = |C(x′)− yξ|p′−2(C(x′)− yξ)

whence by integration once again and taking into account the no-slip condition at y = h−(x′)
we obtain the velocity field

(59) u(x′, y) =

∫ y

h−(x′)
|C(x′)− zξ|p′−2(C(x′)− zξ) dz.

Since u(x′, y) = 0 on y = h+(x′), as well, we find that

g(C)
def
=

∫ h+(x′)

h−(x′)
|C(x′)− yξ|p′−2(C(x′)− yξ) dy = 0.

Observe that g(C) is the gradient with respect to C of a the integral functional

J(C)
def
=

∫

ω

F (x′, C) dx′,

with convex Lagrangian

F (x′, C)
def
=

1

p′

∫ h+(x′)

h−(x′)
|C(x′)− yξ|p′ dy.

Consequently using analogue of Lemma 3.1 we see that C is uniquely determined and the
unique solution to the Euler equation is

C(x′) = m(x′)ξ,
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where m(x′) is defined as in (1) and so u is uniquely determined, and finally (57) is deduced
from (59), using (55). □

To summarize this section, from Lemma 5.5, we deduce that q satisfies the boundary value
problem (25), hence q in W 1,p′(ω) is uniquely determined by pb. Thereafter it follows from
Lemma 6.3 that u in W p

y (Ω) is also unique. Since all subsequential limits u and q are the same,

we conclude that the whole sequence of solutions (ε−p
′
uε, qε) to the problem (11) two-scale

converges to (u, q).
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Appendix A. Proof of Theorem 2.1

In this appendix, we generalize the Korn inequalities proved in [14], where the case p = 2
was considered. Let □ be the cube in R3 defined by □ = (−1/2, 1/2)3 and let □ε be the cube
defined by □ε = (−ε/2, ε/2)3. Moreover we define the planes

Γ± = {(x1, x2, x3) ∈ R3 : x3 = ±1/2}
and

Γε± = {(x1, x2, x3) ∈ R3 : x3 = ±ε/2}.
Lemma A.1. Let K1 and K2 denote the best constants in the inequalities

||v||Lp(□) ≤ K1||e(∇v)||Lp(□)(60)

||∇v||Lp(□) ≤ K2||e(∇v)||Lp(□)(61)

for all v ∈ W 1,p(□,R3) such that v = 0 on Γ+ ∪ Γ−. Then

||v||Lp(□ε) ≤ εK1||e(∇v)||Lp(□ε)(62)

||∇v||Lp(□ε) ≤ K2||e(∇v)||Lp(□ε)(63)

for all v ∈ W 1,p(□ε,R3) such that v = 0 on Γε+ ∪ Γε−.

Proof. Suppose v ∈ W p(□ε) and define v̂ in W p(□) as the function which satisfies

v(x) = v̂(x/ε), (x ∈ □).

Making the change of variable x̂ = x/ε and applying (60) to v̂ we obtain∫

□ε

|v(x)|p dx =

∫

□
|v̂(x̂)|pε3 dx̂

≤ Kp
1

∫

□
|e(∇v̂)(x̂)|p ε3 dx̂ = Kp

1

∫

□ε

|e(ε∇v)(x)|p dx,

which implies (62). Similarly, but using (61) instead of (60), we obtain (63). □

To estimate the constant in the Korn inequality under anisotropic scaling of the domain, we
use an extension operator in combination with a covering argument. In view of assumptions in
(1) we can deduce that

Ωε ⊂ ω × (−ε/2, ε/2),
is also thin domain, so that we can consider the unscaled domain Ω defined as

Ω = ω × (−1/2, 1/2).

Indeed, due to the Dirichlet condition on Γ±
D, we can extend any v ∈ W p(Ω) by zero to

ω × (−1/2, 1/2), which is confined between the hyperplane Γ±.
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Finally, we can assume a sufficiently large domain Ω̃ of Ω given by

Ω̃ = (−L− 1, L+ 1)2 × (−1/2, 1/2),

such that
Ω ⊂ Ω̃.

A.1. Extension operator. By consideration above, we prove the result

Lemma A.2. There exists a bounded linear operator

E : W p(Ω) → W p(Ω̃),

such that:
(i) Ev = v, for all v in W p(Ω);
(ii) for some positive constant Cω which depend only on ω, it holds.

||e(∇(Ev))||Lp(Ω̃) ≤ Cω ||e(∇v)||Lp(Ω) ,

for all v in W p(Ω).

Proof. Since Ω is a bounded open subset of R3 with Lipschitz boundary, there exists a

continuous linear extension operator E from W p(Ω) into W p(Ω̃), such that

Ev(x′y) = v(x′, y), for a.e (x′, y) ∈ Ω.

See for instance, [17, p. 25. Theorem 1.4.3.4], whence (i) follows. To show (ii), first we note
that

||e(∇v)||Lp(Ω) ≤ ||∇v||Lp(Ω) .

Applying this inequality to Ev yields

||e(∇(Ev))||Lp(Ω̃) ≤ ||∇(Ev)||Lp(Ω̃) ≤ ||Ev||W 1,p(Ω̃) .

By the continuity of the extension operator, there exists a constant C1 > 0, which depends
only on Ω, such that

||Ev||W 1,p(Ω̃) ≤ C1 ||v||W 1,p(Ω) .

From the Korn inequality for W 1,p(Ω) (see [13, Theorem 4.8]) there exists a positive constant
C2 depends only in Ω,

∥v∥W 1,p(Ω) ≤ C2∥e(∇v)∥Lp(Ω).

Hence,
||e(∇(Ev))||Lp(Ω̃) ≤ Cω ||e(∇v)||Lp(Ω) ,

where Cω = C1 · C2, and thus, we conclude the proof of the lemma. □

A.2. Covering argument. For z ∈ R2, let Q(z, ε) denote the square in R2 of length ε centered
in z, ie,

Q(z, ε) = {y ∈ R2 : |yi − zi| < ε/2, i = 1, 2}.
For each 0 < ε ≤ 1, there exist a finite collection of points {zi} in εZ2 such that

ω ⊂
⋃

i

Q(zi, ε) ⊂ (−L− 1, L+ 1)2.

Define the cube
□ε
i = Q(zi, ε)× (−ε/2, ε/2).

Then

Ωε ⊂
⋃

i

□ε
i ⊂ Ω̃,
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for all 0 < ε ≤ 1. Since each cube □ε
i is a translation of the cube □ε = (−ε/2, ε/2)3 we can use

the inequality (62) locally in Lemma A.1.

Proof of Theorem 2.1. Suppose v ∈ W p(Ωε). To use the extension operator in Lemma A.2, let
v in W p(Ω) be defined by extension

v =





v , in Ωε

0 , in Ω− Ωε.

From Lemma A.1(i), the covering argument and inequality (62) of Lemma A.2 it follows that
∫

Ωε

|v|p dx =

∫

Ωε

|Ev|p dx ≤
∑

i=1

∫

□ε
i

|Ev|p dx

≤
∑

i=1

εpkp1

∫

□ε
i

|e(∇(Ev))|p dx ≤ εpkp1

∫

Ω̃

|e(∇(Ev))|p dx,

or

||v||Lp(Ωε) ≤ εK1 ||e(∇(Ev))||Lp(Ω̃) .

This together with Lemma A.2(ii) yields

||v||Lp(Ωε) ≤ εK1Cω ||e(∇(v))||Lp(Ω) = εK1Cω ||e(∇(v))||Lp(Ωε) .

This proves the first inequality in Theorem 2.1. The second inequality is proved in a similar
way. □

Appendix B. Proof of Theorem 2.2

We will need a simple scaling argument to prove the upper bound of norm of the Bogovskĭı
operator. To obtain a lower bound we consider an eigenvalue problem.

Simple scaling argument. For any 0 < ε ≤ 1, let Sε denote the linear scaling operator
defined by

Sεf(x) = f(x′, ε−1x3) (f is a scalar function)

Sεv(x) = (v′(x′, ε−1x3), εv3(x
′, ε−1x3)) (v is a vector function),

where x = (x′, x3) ∈ R2 × R and similarly for v = (v′, v3). We note that Sε is invertible with
(Sε)−1 = S1/ε. Using a simple change of variables we show that Sε maps Lp(Ω) onto Lp(Ωε)
with

1

|Ωε|1/p∥S
εf∥pLp(Ωε) =

1

|Ω|1/p∥f∥
p
Lp(Ω).

Moreover, Sε maps W p(Ω) onto W p(Ωε) such that

div(Sεv) = Sε(div v) in Ωε.

In particular, we define Sε acting on {v} ∈ W p(Ω)/V p(Ω), as

Sε{v} def
= {Sεv}.

It is readily checked that Sε{v} is well defined in W p(Ω)/V p(Ω).

Lemma B.1. Let

B : Lp(Ω) → W p(Ω)/V p(Ω), Bε : Lp(Ωε) → W p(Ωε)/V p(Ωε)
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denote the Bogovskĭı operators for Ω and Ωε respectively. Then

SεB(Sε)−1f = Bεf ∀f ∈ Lp(Ωε)(64)

(Sε)−1BεSεf = Bf ∀f ∈ Lp(Ω).(65)

Proof. The statements (64) and (65) are equivalent, so it suffices to prove the first one. Given
f ∈ Lp(Ωε), suppose that u in W p(Ωε) satisfies

div u = f in Ωε ⇐⇒ {u} = Bεf.

Then (Sε)−1u ∈ W p(Ω) satisfies

div((Sε)−1u) = (Sε)−1(div u)

= (Sε)−1f ⇐⇒ (Sε)−1{u} = B(Sε)−1f.

Inverting, the last relation we see that

Bεf = {u} = SεB(Sε)−1f.

□
Lemma B.2. For all v in W p(Ω) and all 0 < ε ≤ 1 we have

1

|Ωε|1/p∥S
ε{v}∥W p(Ωε)/V p(Ωε) ≤ ε−1 K2

|Ω|1/p∥{v}∥W p(Ω)/V p(Ω),

where K2 is the constant in Theorem 2.1.

Proof. From

∇(Sεv) =




∇x′v
′ ε−1∂v

′

∂y

ε∇x′v3
∂v3
∂y


 (x′, ε−1x3),

we obtain
|∇(Sεv)(x)|p ≤ ε−p|∇v(x′, ε−1x3)|p.

Integrating this inequality over Ωε gives
∫

Ωε

|∇(Sεv)(x)|p dx ≤ ε−p
∫

Ωε

|∇v(x′, ε−1x3)|p dx′ dx3 = ε−p
|Ωε|
|Ω|

∫

Ω

|∇v(x′, y)|p dx′ dy.

By the Korn inequality (7) and some rearrangement, we take infimum on both sides, the lemma
is proved. □
Proof of Theorem 2.2. Assume f ∈ Lp(Ωε). From Lemma B.1 and Lemma B.2 we deduce,

1

|Ωε|1/p∥B
εf∥W p(Ωε)/V p(Ωε) =

1

|Ωε|1/p∥S
εB(Sε)−1f∥W p(Ωε)/V p(Ωε)

≤ ε−1 K2

|Ω|1/p∥B(Sε)−1f∥W p(Ω)/V p(Ω)

≤ ε−1∥B∥ K2

|Ω|1/p∥(S
ε)−1f∥W p(Ω)/V p(Ω) = ε−1∥B∥ K2

|Ωε|1/p∥f∥Lp(Ωε),

which implies the upper bound in (8)

∥BΩε∥ ≤ K2ε
−1∥BΩ∥.

To prove the lower bound, we consider the eigenfunction ψ in W 1,p
0 (ω) corresponding to the

eigenvalue problem {
−∆pψ = λ|ψ|p−2ψ in ω

ψ = 0 on ∂ω.
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where −∆pψ = div(|∇ψ|p−2∇ψ), and λ is the smallest eigenvalue of −∆p on ω. It is well know
that λ can be characterized as the minimum of the Rayleigh quotient

λ = inf
ψ

∥∇ψ∥Lp(ω)

∥ψ∥Lp(ω)

,

see [23] for more details. Now suppose u in W p(Ωε) satisfying

div u = ψ in Ωε.

Since u = 0 on ΓεD and ψ = 0 on ΓεN we have
∫

Ωε

|ψ|p dx =

∫

Ωε

(|ψ|p−2ψ) div u dx = −
∫

Ωε

∇(|ψ|p−2ψ) · u dx

≤
(∫

Ωε

|∇(|ψ|p−2ψ)|p′ dx
)1/p′ (∫

Ωε

|u|p dx
)1/p

.

(66)

Using ∫

Ωε

|∇(|ψ|p−2ψ)|p′ dx = λ

∫

Ωε

|ψ|p dx,

and applying the Korn inequality (6) in the last integral on right hand side of (66) we deduce
that (∫

Ωε

|ψ|p dx
)1/p

≤ K1ελ
1/p′
(∫

Ωε

|e(∇u)|p dx
)1/p

,

for all u ∈ W p(Ωε) such that div u = ψ. Consequently, taking the infimum on the last integral
we obtain

∥ψ∥Lp(Ωε) ≤ K1ελ
1/p′∥{u}∥W p(Ωε)/V p(Ωε).

Estimating the right hand side with the norm of the Bogovskĭı operator, we see that

∥{u}∥W p(Ωε)/V p(Ωε) = ∥BΩεψ∥W p(Ωε)/V p(Ωε) ≤ ∥BΩε∥∥ψ∥Lp(Ωε),

whence, we deduce,
1

K1λ1/p
′ · ε−1 ≤ ∥BΩε∥.

This proves the lower bound in (8) with

C1 =
1

K1λ1/p
′ .

□

Appendix C. Proof of Lemma 3.1

Proof of Lemma 3.1. For fixed ε > 0, consider the minimization problem




J(uε) = min
v∈V p(Ωe)

J(v)

J(v) =

∫

Ωε

(
2µ0

p
|e(∇v)|p − f · v

)
dx−

∫

Γε
N

g · v dS

1. Let us begin to show that J(v) is weakly coercive on W 1,p(Ωε). By the Young inequality
with

x · y ≤ r−p
′

p′
|x|p′ + rp

p
|y|p,
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for appropriate r > 0, the Trace theorem (see [11, Sec. 2.5.]) and the Korn inequality (6), we
obtain

J(v) ≥
∫

Ωε

(
2µ0 − rp

C + 1

εK1

) |e(∇v)|p
p

dx− r−p
′

p′

(∫

Ωε

|f |p′ dx+
∫

Γε
N

|g|p′ dx
)
,

where C is a constant from the Trace inequality in the Trace theorem. We choose rp =
εK1µ0/(C + 1), to obtain that

J(v) ≥ µ0

p
||v||pV p(Ωε) −

K

p′

(
||f ||p′

Lp′ (Ωε)
+ ||g||p′

Lp′ (Γε
N )

)
.

where K is a positive constant which depends on Ωε. Hence, J(v) → ∞ if ||v||V p(Ωε) → ∞, this
proves the weak coercivity of J .
2. Choose any minimizing sequence {uk}∞k=1 such that

lim
k→∞

J(uk) = inf
v∈V p(Ωε)

J(v).

Then the weak coercivity condition implies that {uk}∞k=1 is bounded in W 1,p(Ωε), 1 < p < ∞,
and since,W 1,p(Ωε) is reflexive there exist a subsequence {ukj}∞j=1 and a function uε inW 1,p(Ωε)
such that

ukj ⇀ uε weakly in W 1,p(Ωε).

Since V p(Ωε) is a closed subspace of W 1,p(Ωε), then V p(Ωε) is weakly closed i.e.

ukj ⇀ uε weakly in V p(Ωε),

and so uε ∈ V p(Ωε).

3. The weak lower semi continuity of J implies that

J(uε) ≤ lim
j→∞

inf J(ukj) = inf
v∈V p(Ωε)

J(v),

therefore uε is a minimizer of J over V p(Ωε).

4. We turn to deriving the corresponding Euler-Lagrange equation. Let uε in V p(Ωε) be a
minimizer of J and pick v ∈ V p(Ωε). Then uε + tv belongs the admissible class V p(Ωε) for all

t ∈ R. Let j(t) def
= J(uε + tv), then

(67)
j(t)− j(0)

t
=

∫

Ωε

(
Lt(x)− f · v

)
dx−

∫

Γε
N

g · v dS,

where,

Lt(x) def
=

2µ0

p

|e(∇uε + t∇v)|p − |e(∇uε)|p
t

.

Note that,

Lt(x) → 2µ0 |e(∇uε)|p−2 e(∇uε) : e(∇v) as t→ 0.

Consequently, by Dominated Convergence theorem, the limit (67) exist as t→ 0, and thus,

j′(0) =

∫

Ωε

(2µ0 |e(∇uε)|p−2 e(∇uε) : e(∇v)− f · v) dx−
∫

Γε
N

g · v dS.

Since j(0) ≤ j(t) for all t it must hold that j′(0) = 0, hence the minimizer uε satisfies the weak
form of the Euler-Lagrange equation

∫

Ωε

2µ0 |e(∇uε)|p−2 e(∇uε) : e(∇v) dx =

∫

Ωε

f · v dx+
∫

Γε
N

g · v dS.
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5. Finally, let us prove the uniqueness of the minimizer uε. Let uε1 and uε2 be two different
minimizers, then by Korn’s inequality (6) we have e(∇uε1) ̸= e(∇uε2) on a set of positive measure.
Since J is strictly convex it follows that

J

(
1

2
uε1 +

1

2
uε2

)
<

1

2
J(uε1) +

1

2
J(uε2) = J(uε1),

which contradicts that uε1 is a minimizer, hence uε1 = uε2. □

Appendix D. Characterization of the normalized limit pressure π0

Following [10, p. 153. Proposition IX.3], we present a characterization of the subspace of
W 1,p′(ω) to which the normalized limit pressure π0 belongs.

Lemma D.1. The following statements are equivalent

(i) π0 ∈ Lp
′
(ω) and there exists a constant C̃ such that

|⟨∇x′π
0,Θ⟩| ≤ C̃∥Θ∥Lp(ω),

for all Θ ∈ W 1,p(ω;R2) such that Θ · n̂ = 0 on γD;
(ii) π0 ∈ W 1,p′(ω) with π0 = 0 on γN .

Proof. If π0 ∈ W 1,p′(ω) with π0 = 0 on γN , then by the Divergence theorem we have that
∫

∂ω

π0Θ · n̂ dS =

∫

ω

(∇x′π
0 ·Θ+ π0 divΘ) dx′,

for all Θ ∈ W 1,p(ω;R2) such that Θ · n̂ = 0 on γD. And therefore

−
∫

ω

π0 divΘ dx′ =

∫

ω

∇x′π
0 ·Θ dx′.

Hence,

|⟨∇x′π
0,Θ⟩| ≤ C̃∥Θ∥Lp(ω),

where C̃ = ∥∇x′π
0∥Lp′ (ω). By density [15, Lemma 2] this holds for all Θ ∈ Lp(ω;R2) such that

divΘ ∈ Lp(ω) and Θ · n̂ = 0 on γD.
Conversely, assuming that π0 ∈ Lp

′
(ω), we can define the gradient of π0 as the linear func-

tional ∇x′π
0 ∈ W−1,p′(ω;R2), given by

⟨∇x′π
0,Θ⟩ = −

∫

ω

π0 divΘ dx′,

defined on the subspace

{Θ ∈ W 1,p(ω;R2) : Θ · n̂ = 0 on γD} ⊂ Lp(ω;R2).

By assumption

|⟨∇x′π
0,Θ⟩| ≤ C̃∥Θ∥Lp(ω),

so, ∇x′π
0 is bounded. According to the Hahn-Banach theorem the ∇x′π

0 can be extended to a
bounded linear functional on Lp(ω;R2). Thus by the Riesz representation theorem, there exists
g ∈ Lp

′
(ω,R2) such that

⟨∇x′π
0,Θ⟩ =

∫

ω

g ·Θ dx′, for all Θ ∈ Lp(ω;R2).

Therefore,

−
∫

ω

π0 divΘ dx′ =

∫

ω

g ·Θ dx′,
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for all Θ ∈ W 1,p(ω;R2) such that Θ · n̂ = 0 on γD. This implies that g = ∇π0 ∈ Lp
′
(ω) and

therefore π0 ∈ W 1,p′(ω). Now by Divergence theorem we have∫

γN

π0Θ · n̂ dS =

∫

ω

(∇x′π
0 ·Θ+ π0 divΘ) dx′ = 0,

for all Θ ∈ W 1,p(ω;R2) such that Θ · n̂ = 0 on γD. We conclude that π0 ∈ W 1,p′(ω) with π0 = 0
on γN . □
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