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Abstract 
Modeling the dynamics of hydropower generators has been the aim pursued 

by many studies, as providing a reliable model would lead to more cost-effective 
designs. Hydropower generators comprise many parts, tilting-pad bearings, shaft, 
rotor rim, and stator among them, that contribute to the system's nonlinearities. In 
this thesis, the dynamics of hydropower generator is studied first by characterizing 
tilting-pad bearings. Multiple pad bearings are common in the industry; an eight-
pad tilting-pad bearing has been studied on vertical rotors. Previous studies have 
shown that multiple pad bearings display stiffness and damping coefficients 
dependent on eccentricity and position. A model for eight-pad tilting pad bearings 
has been proposed and compared to experiments. The effect of cross-coupled 
phenomena was also investigated. 

 
On the other hand, the generators are not rigid bodies, and the flexibility of 

either rotor rim or stator influences the distribution of the magnetic field, thus the 
force distribution. An uneven force distribution endangers the integrity of the 
machine. This thesis also proposes a model for a generator with flexible rotor rims 
and rigid stators using Lagrange equations, considering the centrifugal and Coriolis 
effects, the electromagnetic interaction between rotor and stator, and static and 
dynamic eccentricities. This model was tried on a generator prototype, discussing 
the impact of the connecting plates and the magnetic forces on the natural 
frequencies and the effect of static eccentricity. 
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Nomenclature 

B Magnetic flux density 
c Damping coefficient 
CC  Damping matrix 
dp  Distance between centerline rotor-rim and center of poles 
FF  Vector of force 
F Force 

F(α,t) Fundamental Magnetomotive Force of the air-gap 
f Frequency 
�̂�𝒊𝒊𝒊 Vector in x-direction 
II Identity Matrix 
𝒋𝒋𝒋𝒋 ̂ Vector in y-direction 
J Polar moment of Inertia 
KK  Stiffness matrix 
k Stiffness coefficient 
MM  Mass matrix 
m Mass coefficient 
n Number of poles 

nplates Number of Plates 
q Generalized coordinate 
rr  Position vector 
rr11  Vector position of rotor center 
rr22  Vector position of pole relative to rotor center  
𝒓𝒓𝒓𝒓�  Vector in radial direction 
P Electromagnetic force at the pole 
R Radius 
T Kinetic Energy 

Thyd Hydraulic Torque 
t time 
uu  Vector of degrees of freedom of the system 
U Potential energy 
xx  Vector of degrees of freedom for a single node 
x Position of rotor in x-axis 
xs Static position of rotor in x-axis 
y Position of rotor in y-axis 
ys Static position of rotor in y-axis 
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Greek letters 

 

α Load angle of Bearing 
δα Tangential displacement 
δθ Tangential displacement of the free ring 
δr Radial displacement 
δ Load angle 

𝛿𝛿𝛿𝛿(𝛼𝛼𝛼𝛼) Air-gap length function 
ΔΔrr Distance between pole and stator’s inner radius 
ΔΔαα  Discrete angle length 
ε Eccentricity 
η Local coordinate in the tangential direction 
θ Initial node angle position 
𝜽𝜽𝜽𝜽� Vector in tangential direction 
Λ Air-gap Permeance 
𝝁𝝁𝝁𝝁𝟎𝟎𝟎𝟎 Magnetic Permeability of free-space 
𝝈𝝈𝝈𝝈𝒏𝒏𝒏𝒏 Normal component of Maxwell Stress Tensor 
ξ Local coordinate in the radial direction 
φ Node rotation 
ω Rotational speed 

 

Subscripts 

 

a Armature/Stator 
cent Centrifugal Load 
con Connections 
cor Coriolis 
B Bearing 
e electrical 
f Field/Rotor 
j node 
k Node with plate 
m magnetic 
p Pole 
pre Preload 
R Rotor 
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r Radial direction 
t Tangential direction 
s Stator 
soft Centrifugal Softening 
unb unbalance 
x X position 
y Y position 

 

Supercripts 

 

extra Extra Components and Reformulated 
total Total 
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3 

 
CHAPTER 1 

 

1 Introduction 
 

1.1 Overview of hydropower generators 

A significant percentage of the total energy production in Sweden is contributed by 
hydropower, supplying approximately 65 TWh yearly to the Swedish electrical grid. 
With the emergence of solar and wind power in the last decades, hydropower plays 
an essential role in energy storage to cover the intermittency of these power sources. 
Therefore, it is necessary to design and maintain new hydropower units. 
 
The generator is the component of a hydropower machine designed to convert the 
mechanical energy into the electrical power that energizes our day-to-day activities. 
The generator is composed of a rotating part called the rotor, whose rotation in the 
presence of the stator would produce alternant voltage and current. Understanding 
this rotor-stator interaction is crucial not only for the electricity sent through the 
grid but also for the machine's health. 
 
The variating magnetic field flows through the air gap that separates rotor and 
stator; at each pole, an attraction force increases when the pole approaches the 
stator, though they cancel each out when the air-gap distribution is uniform. 
Consequently, any distortion in the air-gap distribution would create harmful forces, 
which the resultant force is commonly referred to as Unbalance Magnetic Pull.  
 
The forces acting on the generator produce vibrations and noise in the machine that 
could damage the guide bearings that support the shaft and deform the shapes of 
the generator, creating economic losses. 
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1.2 Rotordynamics in hydropower generators 

It is well known that rotordynamics deals with rotating equipment performance, 
from gearboxes to turbines and compressors, in all the ranges of industries: 
hydropower, aircraft, wind power, and nuclear power, among others[1]. 

Hydropower generators endure forces that cause shape deformation in both rotor 
and stator, compromising the performance of their guide bearings, locking the 
machine in a cycle of stress and deformation, which could end up in catastrophic 
failure. In this context, rotordynamics becomes relevant.  

Developing models for generators would improve the reliability of the machines. 
By considering several factors such as electromagnetic interactions, rotor-bearing 
interaction, unbalancing forces, couplings, and torsional and lateral vibrations, 
rotordynamics as a multidisciplinary science can study the stability of transient and 
steady-state behaviors of the machine[2]. Assessing properties of the system, such 
as its natural frequencies, is done by using Campbell diagrams or Frequency 
Response Functions, which would show their dependency on rotating speed [3]. 
These models would characterize the vibrations of the system and their causes, 
which aided by signal processing and machine monitoring would be part of any 
troubleshooting and preventive maintenance program of the generator. The 
designing of new generators would also profit from developing these models to 
produce more cost-efficient machines[4]. 

1.3 Research Question 

The rotor and stator parts of a hydropower generator may be considered rigid at 
the designing stage to simplify calculations at the design stage. Still, they endure 
substantial stress and strain due to their interaction, which would deform them and 
affect their dynamics. Most scientific research has focused on monitoring the air-
gap between rotor and stator, showing that more than 10% variation would cause 
fatigue in the supports after a long operation [5]. Many studies focus on the stator 
deformation either from measurements or Finite element models; the former 
report's conclusions from specific machines that may not apply to others, and the 
latter require a large amount of computational time. Few resources have been spent 
studying the dynamics of flexible rotors and their deformation. In that line of 
reasoning, the present thesis focuses on answering the following research question: 
How can the dynamics of hydropower generators with floating rotor rim be modeled effectively in 
2D?  
 
The dynamics of generators are affected by the electromagnetic forces that produce 
the torque and attraction of the rotor poles to the stator, the forces exerted by the 
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bearings, the coupling between shaft and turbine, the connections between rotor 
rim and rotor spider, the tilting of the rotor, the thermal forces, the distortions in 
air-gap distribution, the geometry, and many other factors that make the task of 
estimating the performance rather demanding in terms of computational time. 
Many of the factors mentioned are highly nonlinear. Still, this thesis is restricted to 
investigating the nonlinearities of tilting-pad bearings and radial magnetic forces: in 
Paper A we will study the rotordynamic characteristics of eight-pads tilting-pad 
bearings and explore possibilities for simplifying their stiffness and damping 
coefficients. In contrast, in Paper B, a linear model of radial magnetic forces will be 
proposed and applied in the modeling of the rotor. The thesis is also restricted to 
studying the in-plane vibrations in a generator to obtain results faster. This thesis 
aims to propose a simple yet reliable model that can predict the behavior of 
generators under several conditions and can serve both at the troubleshooting of 
old and current generators and the design stage of new generators. 
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CHAPTER 2 

 

2 Tilting-Pad Bearings 
 

2.1 Introduction 

The guide bearings of generators are responsible for keeping the shaft centered. 
Tilting-pad bearings have the advantage of providing more stability to the system 
than journal bearings. Most research focuses on horizontal machines where gravity 
usually makes the rotor operate at a static position, allowing us to describe the 
dynamic performance of bearings as linear. In contrast, bearing coefficients for 
vertical rotors are not linear, affecting the dynamics of the machine. 

2.2 Bearing geometry 

A tilting-pad bearing consists of a bearing that contains pads supported by pivots, 
which can be located in what is called an offset position. For example, an offset of 
0.5 refers to a pivot located in the center of the pad. Pads are defined by their 
geometrical and material properties. We can name the pad radial and bearing center 
clearances and the arc and axial length, among other geometrical properties.  
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Fig. 2.1. Tilting -Pad Bearing with Load Between Pads. Source: Nicholas et al. (1979)[6] 
 
The eccentricity (ε) is the distance between the position of the journal relative to 
the center of the bearing and depending on the position of this eccentricity or load 
angle (θ), the journal is located at LOAD ON PAD position, the area adjacent to 
the pivot and LOAD BETWEEN PAD position, or the space between each pad. 
Because there is no deadweight in vertical rotors causing static loads on the bearings, 
the rotordynamic properties of the bearings are nonlinear, and can be described as 
functions of eccentricity and load angle; this means that each position of the journal 
provides with distinctive stiffness and damping coefficients. This is shown in Fig. 
2.2 and Fig 2.3 where the stiffness and damping coefficients, direct and cross-
coupling and at 70% eccentricity, vary throughout a pad with the peg located at 0 
rad. 
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Figure 2.2. Comparison of the stiffness coefficients of a pad in local coordinates between 
the data obtained by RAPPID and the curves obtained by the Eqs. (2.1)-(2.4). 

 

Figure 2.3. Comparison of the damping coefficients of a pad in local coordinates between 
the data obtained by RAPPID and the curves obtained by the Eqs. (2.5)-(2.8). 
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2.3 Bearing model 

In many studies [7–10], the process of estimation of the rotordynamic coefficients 
of tilting-pad bearings has been simplified to estimating maximum and minimum 
stiffness and damping coefficients depending on both eccentricity and local 
position, which would coincide with the LOAD ON PAD and LOAD BETWEEN 
PAD coefficients. Each equation is periodic and depends on the number of pads, 
as seen in the following expressions for eight-pad tilting-pad bearings: 

 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
+
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 

(2.1) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(2.2) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(2.3) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 (2.4) 

 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
+
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 

(2.5) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(2.6) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(2.7) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 (2.8) 

 

Eqs. (2.1)-(2.8) are the stiffness and damping coefficients in the local coordinate 
systems. Maximum and minimum values of the parameters are estimated in Paper 
A using a commercial software called RAPPID[11] by solving the fluid film 
averaged Navier-Stokes, continuity, and energy equations, using perturbation 
analysis around static shaft position. Depending on the eccentricity alone, the 
maximum and minimum values for stiffness and damping are approximated to an 
exponential function using curve fitting tools, simplifying the calculation process 
and reducing computational time. An example is shown in Fig. 2.4, where the 
stiffness coefficients are approximated to exponential functions dependent on the 
eccentricity. However, the stiffness coefficients are nonlinear, which contradicts the 
assumption of linear coefficients in the equation of motion. A linearization of these 
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coefficients must be carried out by integrating the exponential function over the 
eccentricity, resulting in the equivalent coefficients shown in Fig. 2.4. 

 

 

Fig. 2.4. Comparison of the stiffness coefficients at local coordinates and the equivalent 
stiffness calculated by integration. 

 

Estimating the stiffness and damping values requires following the procedure steps 
in Nässelqvist et al.[10]: once the bearing properties in local coordinates are 
estimated using the load angle and eccentricity, they are transformed to a fixed 
coordinate system at each time step. 
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CHAPTER 3 

 

3 Generators 

 

3.1 Description of the generator 

Hydraulic power is converted into electrical power through hydropower units. The 
hydraulic power transforms into mechanical energy when water flows from the 
control gates to a turbine. This turbine is simultaneously coupled to a shaft that 
moves the rotor part of a generator, whose moving magnetic field produces 
electrical energy and sends it to power lines. The generator is thus comprised of a 
rotating part called the rotor, and a stationary part called the stator. 

 

 

Fig 3.1. Diagram of a hydroelectric turbine and generator. Source: U.S. Army Corps of 
Engineers [12] 
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3.1.1 Rotor 

In vertical generators, the rotor system is a complex structure consisting of a rotor 
attached to a shaft structure supported by two guide bearings, commonly of the 
tilting-pad type. 

 

Fig. 3.2. Design of Rotor. Source: Gustavsson et al. (2012) [13] 

The rotor encompasses a rotor-spider, a structure consisting of a hub and upper 
and lower flanges with radial beams connected to rings containing vertical beams. 
The vertical beams connect the hub to the rotor rim using tangential plates. 

 

Fig. 3.3. Design of Rotor spider. Source: Vuksic et al. (2016) [14] 

The rotor's primary function is to create a rotating magnetic field that would induce 
a magnetic field in the stator. According to Ampere's circuital and Faraday's laws, 
this induction is done by passing a direct current through poles protruding from the 
rotor rim. 

Centrifugal loads arise when a body is rotating, and they are of particular concern 
in structures such as generators. For that reason, thin laminated steel overlapping 
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segments stacked and pre-tensioned by bolts form the rotor rim, whose friction 
between layers should withstand the centrifugal forces. 

Thermal effects are also other factors of concern, requiring certain designs to allow 
the structure's cooling. The vertical beams in the rotor spider serve as fans. The 
flanges also have openings for cooling the inside of the rotor. The rotor rim 
segments are manufactured with ventilation ducts located between poles, providing 
ventilation. 

 

3.1.2 Stator 

The stator comprises three main structures: core, windings, and frame. 

 

Fig. 3.4. Stator winding inside core slots. Source: Åstrom (2014) [15] 
 

Supporting the core and the windings is the primary function of the stator frame. It 
consists of many rings made of horizontal steel plates supported by vertical steel 
plates, welded to vertical dovetail bars and outer shell plates, and supported by 
pillars. On the outside, the stator is polygon-shaped and circular on the inside. 

The stator frame supports the other parts of the stator and transmits the forces 
from the core to the ground. The forces can be magnetic (radial and tangential) as 
a product of the interaction with the rotor, thermal due to the eddy currents in the 
windings and the core, or internal due to its shape and weight. 
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Fig 3.5. Assembled stator frame. Source: Åstrom (2014) [15] 

 

Stator windings, on the other hand, conduct the electrical energy produced in the 
core through isolated copper coils into a three-phase electrical circuit. In the case 
of hydropower generators, most of the circuits are three-phase star connected with 
an earthed neutral. The insulation of the windings is critical to the machine's 
performance and sensitive to high temperatures; thus, they are tight fitted to prevent 
them from vibrating during machine operation. 

 

The core works as a ring composed of stacked thin lamination sheets, each 
separated by spacers for ventilation purposes. Conducting the magnetic flux is the 
main purpose of the core; if the core were made of solid steel segments, the induced 
currents (perpendicular to the magnetic field) would rotate in a loop, turning power 
into heat. Hence the core is made of stacked layers. However, the stator core also 
hosts the stator windings, providing support and assistance for thermal expansion 
forces, and transfer torque. 

3.2 Modeling of the generator 

3.2.1 Stator 

The structure is complex, consisting mainly of a laminated core with windings, 
frame rings, bracing and joint plates, a cooling system, shell plates, and pillars. The 
stator core is subjected to forces such as the attraction forces between the rotor 
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poles and the stator, thermal loads, frictional force between elements, and reaction 
forces; the consequences of these loads are the deformation of the stator.  

In Paper B, the stator is considered rigid, and its inclusion in the model is done by 
using its inner radius: 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠(𝛼𝛼𝛼𝛼) = 𝑓𝑓𝑓𝑓(𝛼𝛼𝛼𝛼) (3.1) 
 

The estimation of the air-gap between the rotor and stator depends on the definition 
of the stator’s radius, which would be utilized when defining the radial magnetic 
forces. 

 

3.2.2 Rotor 

As mentioned before, rotors comprise the shaft, the rotor spider, the connecting 
plates, the rotor rim, and the poles.  

Paper B considers the stator rigid. Conversely, some components of the rotor are 
treated as flexible and deformable, in this case, the rotor rim. The rotor rim 
encompasses many steel sheets stacked in an annular structure; hence it can be 
simplified as a solid ring structure for modeling purposes.  

Modeling a ring using finite element methods could be done differently depending 
on the assumptions and discretization. We discretize the ring as an ensemble of 
many straight or curved beams. Curved beam elements were preferred because they 
are more efficient in transferring load than straight beams[16]. Wu and Chiang [17] 
accounted for the effect of rotary inertia and shear deformation in developing a 
model for curved beams, deriving simple implicit shape functions. Their research 
was focused on the premise that in-plane and out-of-plane vibrations could be 
regarded as uncoupled and derived inertia and stiffness element matrices in local 
coordinates, simplifying the model substantially. 

The model in Paper B aims to estimate the deformation of the rotor in the presence 
of radial magnetic forces. The axial modes are of no interest. In-plane vibrations 
have been taken into account. From Wu and Chiang[17], the ring element can be 
defined as: 
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Fig. 3.6. Definition of a curved beam element for in-plane displacements. Source: Wu and 
Chiang(2003) [18] 

Each element, as shown in Fig. 3.6. has two nodes with three degrees of freedom. 
After using displacement functions, the Element Stiffness matrix is derived as, 

𝐾𝐾𝐾𝐾 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝜙𝜙𝜙𝜙1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙1 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙1 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝜙𝜙𝜙𝜙1
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2
𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝜙𝜙𝜙𝜙2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙2 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙2 𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙2𝜙𝜙𝜙𝜙2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.2) 
 

With the Element mass matrix derived by the Kinetic energy equation 

 

𝑀𝑀𝑀𝑀 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑚𝑚𝑚𝑚1 0 0 0 0 0
0 𝑚𝑚𝑚𝑚1 0 0 0 0
0 0 𝐽𝐽𝐽𝐽1 0 0 0
0 0 0 𝑚𝑚𝑚𝑚2 0 0
0 0 0 0 𝑚𝑚𝑚𝑚2 0
0 0 0 0 0 𝐽𝐽𝐽𝐽2⎦

⎥
⎥
⎥
⎥
⎤

 

 (3.3) 
 

𝒙𝒙𝒙𝒙 = [𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝜙𝜙𝜙𝜙1 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝜙𝜙𝜙𝜙2]𝑇𝑇𝑇𝑇 (3.4) 
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The model proposed by Wu and Chiang[17] was thought for the free ring. However, 
for this model, external forces would deform the ring. Each element at the rotor 
expands due to the influence of radial forces, and this radial deformation is 
compensated by tangential displacement, thus redefining the tangential 
displacement is done by: 

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 = 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛
 (3.5) 

 

The variable 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 is the deviation between the armature and the field’s magnetic 
fields, which is defined as the load angle (𝛿𝛿𝛿𝛿). An schematic is shown in Fig. 3.7. 

 

Fig. 3.7. Schematic of the dynamics of a pole under the influence of the magnetic field in 
the stator. 

By defining the tangential displacement of the free ring in terms of the load angle 
and the radial displacement, it redefines the vector of nodal displacements for each 
curved beam element as: 

 

𝒙𝒙𝒙𝒙𝒏𝒏𝒏𝒏 = �𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼1 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1

𝑛𝑛𝑛𝑛
𝜙𝜙𝜙𝜙1 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼2 +

2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2
𝑛𝑛𝑛𝑛

𝜙𝜙𝜙𝜙2�
𝑇𝑇𝑇𝑇
 (3.6) 

 

The effect of the radial expansion of the element would modify the stiffness matrix 
in Eq. (3.2) by adding an extra stiffness matrix: 

𝑲𝑲𝑲𝑲𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 = 𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒆𝒆𝒆𝒆𝒙𝒙𝒙𝒙𝒕𝒕𝒕𝒕𝒙𝒙𝒙𝒙𝒕𝒕𝒕𝒕  (3.7) 
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20  Rondon et al. 

 

The total stiffness matrix is used by the potential energy: 

𝑈𝑈𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 =
1
2
𝒙𝒙𝒙𝒙𝒏𝒏𝒏𝒏𝑻𝑻𝑻𝑻 ∙ 𝑲𝑲𝑲𝑲 ∙ 𝒙𝒙𝒙𝒙𝒏𝒏𝒏𝒏 (3.8) 

 

The extra stiffness matrix due to the radial expansion effect can be estimated in 
terms of the potential energy: 

𝑈𝑈𝑈𝑈𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
1
2
𝒙𝒙𝒙𝒙𝒏𝒏𝒏𝒏𝑻𝑻𝑻𝑻 ∙ 𝑲𝑲𝑲𝑲 ∙ 𝒙𝒙𝒙𝒙𝒏𝒏𝒏𝒏 −

1
2
𝒙𝒙𝒙𝒙𝑻𝑻𝑻𝑻 ∙ 𝑲𝑲𝑲𝑲 ∙ 𝒙𝒙𝒙𝒙 (3.9) 

 

And using Lagrange equations and assuming that the stiffness matrix in Eq.(3.2) is 
symmetric, the extra stiffness matrix for each element would be defined as: 

𝐾𝐾𝐾𝐾𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝛾𝛾𝛾𝛾�2𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 + 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1� 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙1 𝛾𝛾𝛾𝛾�𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 + 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚2 + 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1� 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙2

𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1 0 0 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 0 0
𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙1 0 0 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 0 0

𝛾𝛾𝛾𝛾�𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 + 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚2 + 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1� 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝜙𝜙𝜙𝜙1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛾𝛾𝛾𝛾�2𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 + 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2� 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙2
𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 0 0 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2 0 0
𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿1𝜙𝜙𝜙𝜙2 0 0 𝛾𝛾𝛾𝛾𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿2𝜙𝜙𝜙𝜙2 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.10) 
 

With 𝛾𝛾𝛾𝛾 = 2𝜋𝜋𝜋𝜋 𝑛𝑛𝑛𝑛⁄ . n corresponds to the number of poles. 

The analysis of each rotor rim's segment that supports a pole starts by illustrating 
that segment in terms of its degrees of freedom, as shown in Fig 3.8. 

 

Fig. 3.8. Description of the rotating system in two coordinate systems (a) Schematic of the 
position of the lumped mass in the rotor (b) Description of the displacement of the 

lumped mass, including eccentricity, and radial, tangential, and bending displacement. 

The position of each node of the rotor-rim can be described in the fixed reference 
frame as: 
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Generators  21 

 

𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑥𝑥𝑥𝑥 + �𝑅𝑅𝑅𝑅 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ �̂�𝒊𝒊𝒊 + �𝑦𝑦𝑦𝑦 + �𝑅𝑅𝑅𝑅 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝒋𝒋𝒋𝒋̂ (3.11) 
 

Or in cylindrical coordinates, where each node has a rotating frame coordinate to 
describe its position:  

𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑥𝑥𝑥𝑥 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑦𝑦𝑦𝑦 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑅𝑅𝑅𝑅 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 + �𝑦𝑦𝑦𝑦 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑥𝑥𝑥𝑥 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗� ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 (3.12) 
 

The position of each pole can be described similarly, as it would only differ on the 
radius. The rotating coordinates follow the nodes, which rotate at a constant 
rotational speed. 

�̂�𝒊𝒊𝒊 = cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 − sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 
𝒋𝒋𝒋𝒋̂ = sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 + cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 

 

(3.13) 

And each node is moving as: 

𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 = 𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 + 𝜔𝜔𝜔𝜔 ∙ 𝑡𝑡𝑡𝑡 (3.14) 
 

Because this is a synchronous machine, the speed at which the rotor is moving is 
constant; for real machines, this assertion is not true since there will be small 
oscillations in the rotating speed, and this will affect the shaft and the rotor rim, this 
translates to the angle of the rotor. The kinetic energy of the rotor can be written 
as: 

𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 =
1
2
∙ 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 ∙ (�̇�𝑥𝑥𝑥2 + �̇�𝑦𝑦𝑦2) +

1
2
∙ 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ∙ �𝜔𝜔𝜔𝜔 + 𝜙𝜙𝜙𝜙�̇�𝑅𝑅𝑅�

2
 (3.15) 

 

And each node’s kinetic energy is written as: 

𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗 =
1
2
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ ��̇�𝒓𝒓𝒓𝒋𝒋𝒋𝒋�

2 +
1
2
𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 ∙ 𝜙𝜙𝜙𝜙𝚥𝚥𝚥𝚥̇

2
 (3.16) 

 

The total kinetic energy of the rotor is thus expressed as: 

𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 + �𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝑗𝑗𝑗𝑗

 (3.17) 
 

3.3 Dynamic Model 

The equation of motion is derived from the system's Lagrange equations using the 
rotor's kinetic and potential energy equations. These equations are shown in matrix 
form in Eq. (3.18). 
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22  Rondon et al. 

 

𝑴𝑴𝑴𝑴 ∙ {�̈�𝒖𝒖𝒖} + (𝑪𝑪𝑪𝑪 + 𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕){�̇�𝒖𝒖𝒖} + �𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 − 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 + 𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕� ∙ {𝒖𝒖𝒖𝒖} = 𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒕𝒕𝒕𝒕𝒖𝒖𝒖𝒖 + 𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 + 𝑭𝑭𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  (3.18) 
 

with the displacement vector u, 

𝒖𝒖𝒖𝒖 = (𝑥𝑥𝑥𝑥 𝑦𝑦𝑦𝑦 𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅 … 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗)𝑇𝑇𝑇𝑇 (3.19) 
 

The inertia effects are summarized in the mass matrix M in Eq. (3.20). The Mass 
Matrix contains the mass of the shaft (mR), the mass (mp) and moment of inertia 
(Jp) of each pole, and the mass (mj) and moment of inertia (Jj) of each node. The 
distance (dp) between the pole and the centerline of the rotor rim is included due to 
the parallel axis theorem. Combining rotating and fixed coordinate systems results 
in each pole’s contribution to the dynamic of the shaft and the shaft affecting the 
dynamics of each pole, depending on the position in time dictated by 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 . 

𝑴𝑴𝑴𝑴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + 𝑛𝑛𝑛𝑛 ∙ 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 0 ⋯ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

0 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + 𝑛𝑛𝑛𝑛 ∙ 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 ⋯ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ⋯ 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 0 0
−�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 0 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 0

0 0 0 … 0 0 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 + 𝐽𝐽𝐽𝐽𝑝𝑝𝑝𝑝 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝
2⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.20) 
 

The damping C corresponds to the damping of bearings and the added damping 
due to the air. The Coriolis matrix Ccor appears whenever a mass moves relative to 
a rotating coordinate system[19]. The Coriolis forces are proportional to the 
rotating speed and the vibratory velocities, taking the mass out of the axis and 
providing the system with self-centering characteristics that allow machines to 
operate above critical speed. The nature of these forces are conservative, unlike the 
viscous damping forces[19], and form skew-symmetric matrices. However, this is 
not clearly shown in Eq. (3.21) due to the mixing of different coordinate systems. 

 

The stiffness matrix K represents the stiffness from the guide bearings on the shaft. 
Similar to the Coriolis effect, the Centrifugal Softening effect also appears when 
rotating coordinates are used to describe the dynamics of machines. It is referred to 

𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 0 0 … −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … 0 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 0
0 0 0 … 2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 0 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.21) 

4855944_Inlaga.indd   364855944_Inlaga.indd   36 2022-02-01   14:192022-02-01   14:19



Generators  23 

 

as "softening" because it reduces the system's stiffness [20]. Unlike the Coriolis 
matrix, the centrifugal softening matrix is symmetrical, and the dependency on the 
rotating speed is nonlinear. However, it produces forward and backward whirl 
branches featured in a Campbell diagram[21]. It has been reported that the 
centrifugal softening effects are not especially relevant at low speeds, though it 
becomes more prominent at high speeds. 

𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 0 0
0 0 0 … 0 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.22) 
 

The centrifugal force vector Fcent also emerges from using a rotating frame of 
reference. It is important to note that when the mass of the rotor rim and the poles 
is equally distributed, these forces cancel each other for the shaft displacements but 
affect each pole's radial displacement. 

𝑭𝑭𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒕𝒕𝒕𝒕 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛
𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙� cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗

𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙� sinφj

𝑇𝑇𝑇𝑇ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
⋮

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2

0
0 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

 (3.23) 
 

The connections stiffness matrix Kcon is the added stiffness produced by the flexible 
connections between the rotor rim and rotor spider. These connections act as radial 
and tangential springs and only apply to specific nodes. 

𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒆𝒆𝒆𝒆 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 0

𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛2 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 0

0 0 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝑅𝑅𝑅𝑅2 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 … 0 −𝑅𝑅𝑅𝑅 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

−𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 0 0
0 0 −𝑅𝑅𝑅𝑅 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 … 0 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (3.24) 
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24  Rondon et al. 

 

The magnetic stiffness matrix Km, the magnetic force vector Fm, and the unbalance 
force vector Funb are discussed in the next chapter. 
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Electromagnetic model  25 

 

 
CHAPTER 4 

 

4 Electromagnetic model 

4.1 Introduction 

A generator comprises a rotor part and a stator part. DC circuits embedded in every 
pole, called field windings, produce a magnetic field in the rotor. This rotating 
magnetic field produces an alternant voltage and current in the stator’s windings, 
also called armature winding, producing a magnetic field.  

The magnetic fields in both rotor and stator have different polarities. Thus, they 
create an attractive force that increases when the gap separating rotor and stator 
diminishes. For ideal conditions, i.e., centered position of the rotor and undeformed 
conditions, the magnetic flux density distribution in the gap is uniform. 
Consequently, the attraction forces between the poles and the stator cancel each 
other out.  

However, distortions in the flux distribution would produce harmful forces that 
affect both rotor and stator, and this force is usually referred to as Unbalance 
Magnetic Pull (UMP). The distortions can be mechanical or electromagnetic [22]. 
Variations in the rotor and stator dimensions, static and dynamic eccentricities are 
among the factors that affect the magnetic flux distribution in the generator and 
could produce UMP. These conditions will be considered when modeling the 
electromagnetic forces in the generator. 

4.2 Maxwell Stress Tensor Method 

The Maxwell Stress Tensor is based in the Maxwell’s equations for 
electromagnetism, and it represents the interaction between the electromagnetic 
forces and mechanical momentum. By integrating the Maxwell stress tensor over a 
closed surface of an object, the total force on that object can be obtained.  
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26  Rondon et al. 

 

The procedure here is based on Guo et al.[23]. It starts by approximating the air-
gap as a function of the relative eccentricity (ε), average air-gap length (δ0) and 
eccentricity angle (θ): 

𝛿𝛿𝛿𝛿(𝛼𝛼𝛼𝛼) = 𝛿𝛿𝛿𝛿0 ∙ (1 − 𝜀𝜀𝜀𝜀 ∙ cos(𝛼𝛼𝛼𝛼 − 𝛿𝛿𝛿𝛿)) (4.1) 
 
The air-gap permeance (Λ), which is the result of the ratio of the magnetic 
permeability of free space (μ0) and the air-gap, can be expanded using Fourier series: 

Λ(𝛼𝛼𝛼𝛼) =
𝜇𝜇𝜇𝜇0
𝛿𝛿𝛿𝛿(𝛼𝛼𝛼𝛼)

= �Λ𝑚𝑚𝑚𝑚 ∙ cos𝑛𝑛𝑛𝑛(𝛼𝛼𝛼𝛼 − 𝛿𝛿𝛿𝛿)
∞

𝑚𝑚𝑚𝑚=0

 
(4.2) 

 
And the Fourier coefficients (Λn) are estimated as: 

Λ𝑚𝑚𝑚𝑚 =

⎩
⎪
⎨

⎪
⎧

𝜇𝜇𝜇𝜇0
𝛿𝛿𝛿𝛿0

1
√1 − 𝜀𝜀𝜀𝜀2

(𝑛𝑛𝑛𝑛 = 0),

2 ∙ 𝜇𝜇𝜇𝜇0
𝛿𝛿𝛿𝛿0

1
√1 − 𝜀𝜀𝜀𝜀2

∙ �
1 − √1 − 𝜀𝜀𝜀𝜀2

𝜀𝜀𝜀𝜀
�
𝑚𝑚𝑚𝑚

(𝑛𝑛𝑛𝑛 > 0).
 (4.3) 

 
This method is based on modulating the fundamental magnetomotive force (MMF) 
wave by the Fourier expression of the air-gap permeance to estimate the air-gap 
magnetic flux distribution: 

𝐵𝐵𝐵𝐵 = Λ(𝛼𝛼𝛼𝛼) ∙ 𝐹𝐹𝐹𝐹(𝛼𝛼𝛼𝛼, 𝑡𝑡𝑡𝑡) (4.4) 
 
With F as the fundamental MMF of the air gap in a three-phase generator. The 
Maxwell stress normal component is estimated as: 

𝜎𝜎𝜎𝜎𝑚𝑚𝑚𝑚 =
𝐵𝐵𝐵𝐵2

2 ∙ 𝜇𝜇𝜇𝜇0
 (4.5) 

 
Integrating Maxwell stress normal component over the surface gives the magnitude 
of the resultant force in the direction of eccentricity: 

𝑃𝑃𝑃𝑃 = � 𝜎𝜎𝜎𝜎𝑚𝑚𝑚𝑚 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝐿𝐿𝐿𝐿 ∙ 𝑑𝑑𝑑𝑑𝛼𝛼𝛼𝛼
2𝜋𝜋𝜋𝜋

0
 (4.6) 

 

4.3 Linearization 

Given that the surface can be discretized in nd spaces, the force at each space can 
be estimated by transforming Eq. (4.6) into: 

𝑃𝑃𝑃𝑃(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚) = 𝜎𝜎𝜎𝜎𝑚𝑚𝑚𝑚(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚) ∙ 𝑅𝑅𝑅𝑅 ∙ 𝐿𝐿𝐿𝐿 ∙ ∆𝛼𝛼𝛼𝛼 (4.7) 
 

4855944_Inlaga.indd   404855944_Inlaga.indd   40 2022-02-01   14:192022-02-01   14:19



Electromagnetic model  27 

 

Where R is the radius of the pole, L the axial length of the pole and ∆𝛼𝛼𝛼𝛼 is the angle 
length. We can estimate the UMP force by adding up all the forces.  

𝑃𝑃𝑃𝑃 = �𝜎𝜎𝜎𝜎𝑚𝑚𝑚𝑚(𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚) ∙ 𝑅𝑅𝑅𝑅 ∙ 𝐿𝐿𝐿𝐿 ∙ ∆𝛼𝛼𝛼𝛼 (4.8) 
 

One example of applying Eq. 4.7 is illustrated in Fig. 4.1. In this example, a ten 
poles' machine was used; the circumferential area was discretized with 4000 data 
points, and it was simulated for eccentricities from 0% to 50% at 0° position. At 
0% eccentricity, the forces at each pole are of equal magnitude; thus, the total force 
will be 0. However, as the eccentricity increases, the forces near 0° increase. In 
contrast, the forces at poles near 180° decrease. 

 

Fig. 4.1. Pole Force vs the angle position for a rotor approaching the stator at the pole 
located at 0°. 

However, the total UMP force does not increase linearly, as seen in Fig 4.2. At 
low eccentricity, this force could be considered linear, while this increase is 
exponential at high eccentricity. These forces would produce deformations in the 
rotor’s and the stator’s geometry. 
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Fig. 4.2. Unbalance Magnetic Pull as a function of the relative eccentricity. 

 

This behavior is very similar at the Pole level. An example is shown in Fig. 4.3, 
where the pole force can be linearized at eccentricities lower than 10%. After 10% 
eccentricity, the pole force separates itself from the linear trend and increases 
exponentially. So, the radial forces can be linearized up to 10% eccentricity. 

 

Fig 4.3. Pole force as a function of the relative eccentricity. 
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4.3.1 Effect of saturation 

It has been discussed that the UMP increases when the rotor approaches the stator, 
but this force will not increase unrestrictedly; it is due to the effect of magnetic 
saturation [24]. When the magnetization of the stator’s winding does not increase 
with the presence of the external magnetic field of the rotor, we say that it reached 
magnetic saturation. The saturation in the generator depends on two main factors: 
the properties of the material and the distortions in the air-gap distribution. The 
influence of magnetic properties of materials will not be discussed in this thesis.  

Higher saturation happens at a narrow air-gap, where the magnetic flux may not 
pass through the material, a phenomenon commonly referred to as magnetic flux 
leakage. Only the magnetic flux through the air-gap magnetizes the stator; thus, flux 
leakage would decrease the attraction forces at the poles, affecting the UMP. 

 

 

Fig. 4.4. The electromagnetic force in the basic unit for different rotor displacements. 
Source: Xu et al. (2018)[24]. 

Not only the UMP would not increase as the rotor gets closer to the stator but could 
even decrease if saturation is heavy[25]. An example is shown in Fig 4.5. 
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Fig 4.5. Forces acting on the rotor in the direction of the eccentricity. Source: Dorrell 
(1999)[25] 

Many studies include the effect of saturation by modifying the expression of 
magnetic flux density[26], increasing the nonlinearities in the modeling of the UMP. 
To simplify the model and the calculation presented in Paper B, the effects of 
saturation have been neglected. 

4.4 Linear model for electromagnetic interaction 

Different magnetic forces act on the pole, and each has its characteristics. The radial 
forces depend on the distance between the pole and the stator, depending on the 
eccentricity. At eccentricities lower than 10%, we can assume that the effective force 
at each pole can be described as: 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ ∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋  (4.9) 
 

with 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 is the magnetic radial stiffness coefficient, Fpre is the preload force, and 
∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 is the distance between the pole and the stator in the radial direction. The 
magnetic radial stiffness coefficient is negative; thus, the pole force will increase 
when the gap between pole and stator diminishes. 

On the other hand, tangential force at each pole depends on the load angle, which 
oscillates, though strongly damped, around an equilibrium point when disturbed 
and acts as a spring in the following expression. 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 = −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋  (4.10) 
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with 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 as the magnetic tangential stiffness coefficient, which is of positive 
magnitude and the load angle at each pole 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 . 

The magnetic forces at each pole can be modelled as the sum of these forces as 
expressed in: 

𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 = 𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 + 𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋  (4.11) 
Using Lagrange equations with the pole position, the generalized forces can be 
summarized as: 

𝑸𝑸𝑸𝑸 = 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 ∙ {𝒖𝒖𝒖𝒖} + 𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎  (4.12) 
where the magnetic stiffness matrix 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 and the magnetic force vector 𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 are 
defined as: 

𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

−𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛2 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

−𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 0 0
0 0 0 … 0 −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (4.13) 
 

𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙��𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� − 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗

𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙��𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� − 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗
0
⋮

𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ �𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� − 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝�
0
0 ⎭

⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

 

 (4.14) 
 
 

 

Similar to the other matrices, the forces also affect the shaft center's position since 
each pole's position is expressed in both fixed and rotating frames. The two first 
rows show that the radial and tangential magnetic forces influence the dynamics of 
the shaft center. In contrast, the shaft center dynamics only affect the radial 
displacement of the pole.  

It is important to note that for nonuniform stators, the stator radius Rs changes 
with 𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 , the angle (concerning the center of the bearings) of the radial position of 
the stator relative to the pole. Because the average gap between the poles and the 
stator is significantly small compared to both rotor's and stator's radii, Eqs. 4.13 and 
4.14 simplify by assuming: 
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4.5 Eccentricities 

There are multiple types of eccentricities depending on the shape and direction of 
the axis [22]. Still, for this model, we will focus on straight parallel axis types of 
eccentricities: static, dynamic, and mixed eccentricities. Fig. 4.6 illustrates the 
different types of eccentricities.  

Misalignment is commonly responsible for static eccentricity. The rotor’s center 
position is placed at a distance from the stator’s center, causing unbalance forces in 
the direction of the eccentricity. Knowing the position of this eccentricity and the 
bearings’ stiffness, the model proposes that the static unbalance force can be 
modeled as a preload force as: 

𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒏𝒏𝒏𝒏𝒖𝒖𝒖𝒖 = �
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑦𝑦𝑦𝑦𝑠𝑠𝑠𝑠
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑦𝑦𝑦𝑦𝑠𝑠𝑠𝑠

� (4.16) 

 

Mass unbalance on the rotor may cause dynamic eccentricity, which produces a 
force that rotates with speed due to both the centrifugal and the magnetic forces. 
The model contemplates two ways of adding mass unbalance: adding an extra pass 
at any pole, modifying the mass, stiffness, and damping matrices in section 5, and 
adding an unbalance force on the shaft, which would depend on the mass of 
unbalance, the radius of said unbalance and the rotating speed as in: 

𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒏𝒏𝒏𝒏𝒖𝒖𝒖𝒖 = 𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢 ∙ 𝜀𝜀𝜀𝜀 ∙ 𝜔𝜔𝜔𝜔2 ∙ �
cos𝜑𝜑𝜑𝜑1
sin𝜑𝜑𝜑𝜑1� 

(4.17) 
 

Finally, mixed eccentricities which combine static and dynamic eccentricity occur in 
electrical machines.  

𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 ≅ 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 (4.15) 
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Fig. 4.6. Schematics of different types of eccentricities: (a) static eccentricity (b) dynamic 
eccentricity (c) mix of static and dynamic eccentricities 
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CHAPTER 5 

 

5 Dynamics of Generators 

5.1 Scope of papers 

5.1.1 Paper A 

Rotordynamic characterization of tilting-pad bearings with eight pads in 
vertical rotors: 

The paper aims to characterize eight-pad tilting-pad bearings similar to the work 
done by Synnegård et al.[8], focusing on the nonlinearities in the stiffness and 
damping coefficients, which was done by comparing the experiments done in the 
facilities of Vattenfall R&D to the modeling of a rigid vertical rotor supported by 
two identical bearings connected to the ground by brackets. For eight-pad tilting-
pad bearings, the use of software such as RAPPID to estimate the rotordynamic 
coefficients represents a reduction in computational time compared to a model 
based on solving the Navier-Stokes Equations at each time-step. The cross-coupled 
coefficients hold a strong influence when predicting the shape of the force of the 
tilting-pad bearings, with the largest at peg position; however, the larger the number 
of pads, the smaller is the difference between the forces at peg position or between 
pads, and mean values of the force can be estimated by not taking into account the 
cross-coupled coefficients, precisely the cross-coupled damping coefficients 

5.1.2 Paper B 

Dynamic model for hydropower generators with floating rotor rim 

This paper proposes a model to characterize the dynamics of generators whose 
rotor rims are flexible in contrast to their stators. This model uses Lagrange 
equations and obtains the Mass, Stiffness, and Damping matrices that help analyze 
the system’s natural frequencies, mode shapes, and performance. The rotor rim is 
discretized into several curved beam elements, each node’s position in local 
cylindrical coordinates. However, with this approach, time-varying coefficients 
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emerge that would difficult the analysis of eigenvalues. The model can estimate the 
effects of static and dynamic unbalance, magnetic forces, and stator’s shape on the 
dynamics of the generator and how the rotor may deform. The model for radial 
magnetic forces is linear, which can only apply at 10% of eccentricity, thus limiting 
its validity to that range. One advantage of this model is that it estimates the forces 
at each pole. 

5.2 Key results 

5.2.1 Tilting-Pad Bearing 

The validation of the model for tilting-pad bearings was carried out using the test 
rig described in Nässelqvist et al. [10] and Synnegård et al. [8]. The rotor was 
modeled as rigid, with a node in the center of the disc, which has two degrees of 
freedom, supported by two tilting-pad bearings, each with eight pads connected 
through brackets to the ground. An unbalance mass was applied at a distance from 
the rotor's center, and the system was simulated at three different rotating speeds.  

The simulation results agree with the experiments in both displacement and force. 
Similar to what has been found by Synnegård et al.[8], the force reaches its 
maximum value at peg position. However, the orbit and force from the bearing 
appear linear, not having a strong influence on the tilting pads; thus, the stiffness 
and damping matrices were modified, assuming different conditions. The results 
show similar trends for the force at different conditions, taking no cross-coupled 
damping in local coordinates as the most notable influence; it contributes to the 
peaks and valleys of the force. 

5.2.2 Generator’s model 

The standard eigenvalue problem analysis requires that the mass, damping, and 
stiffness matrices do not vary as a function of time. Hence it might not apply to this 
model, whose matrices contain periodic functions of time that could destabilize the 
system due to what is known as Parametric excitation. Yet using the eigenvalue 
problem analysis for an entire revolution at different rotating speeds shows that the 
eigenvalues did not change at time-step, probably due to the time-varying 
parameters not being located in the diagonal components of the matrices. 
Consequently, the eigenvalue problem analysis may be used in this model to analyze 
the natural frequencies of the generator.  

The existence of connection plates and the additional mass provided by the poles 
alter the values of the natural frequencies of the rotor rim, whose modes' order 
differs from the free ring modes, see Table 5.1. 
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Table 5.1. Most significant mode shapes for the rotor ring system, and at 0 Hz and 50 Hz 
electrical frequency. 

Number Mode Frequency at 
fe = 0 Hz 

Frequency at 
fe = 50 Hz Number Mode Frequency at 

fe = 0 Hz 
Frequency at 
fe = 50 Hz 

1 
 

0.000023* 0.000053* 9 
 

210.0542 
206.1946 

207.3765 

2 
 

6.4290 6.1435 10 
 

274.5743 
274.0760 

275.0594 

3 
 

77.8524 
76.8078 

11 
 

643.3094 
643.0275 

78.8619 643.5847 

4 
 

79.4813 
78.1556 

12 

 

718.1939 
718.1120 

80.7788 719.0355 

5 
 

105.9875 
105.1497 

13 
 

794.9446 
794.7100 

106.7963 795.1736 

6 
 

112.3281 110.5803 
14 

 
1062.1316 1062.1318 

112.3311 114.0726 

7 
 

152.7118 
152.0225 

15 
 

1209.8389 1209.8389 153.3793 

8 
 

168.7660 168.7974 16 
 

1225.8679 
1225.8053 

1225.9310 

* Denotes overdamped frequencies  

The mode shapes in Table 5.1 were obtained using the Eigenvalue Problem. The 
Frequency Response Functions of each degree-of-freedom of the system was the 
approach proposed in Paper B to further corroborate the validity of these 
eigenfrequencies and eigenmodes. This was done by simulating a finite momentum 
at Pole 1 of 0.001 s duration and the responses recorded and compared to the FFT 
of the excitation. The Frequency Response Functions of the degrees-of-freedom of 
the shaft and Pole 26 are shown in Fig. 5.1. 
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Fig. 5.1. Frequency Response Functions: (a) Frequency Response Functions for X, (b) 
Frequency Response Functions for Y, (c) Frequency Response Functions for ϕR, (d) 

Frequency Response Functions for δr26, (e) Frequency Response Functions for δα26, (f) 
Frequency Response Functions for ϕ26 

Table 5.2 compares the frequencies of each mode obtained using the Eigenvalue 
Problem in Table 5.1 and the frequencies displayed in Fig 5.1.  

 

(a)  

 

(d) 

 

(b) 

 

(e) 

 
(c) 

 

(f) 
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Table 5.2. Comparison between the modes shown in Table 5.1 and the Frequency 
Response Functions in Fig. 5.1. The tick symbol represents which mode’s frequency is 

shown in the Frequency Response Functions. 

 

 

The frequencies of modes 6, 11, 13, and 16 emerge for the translational degrees of 
freedom of the rotor; this is the result of using isotropic bearings. Modes 6 and 16 
involve translation of the rotor, while the bending modes 11 and 13 appear to have 
an important influence on the translational movements of the rotor.  
These frequencies do not coincide with the modes that appear for the rotational 
degree of freedom of the rotor. Mode 2 represents the rotor's rotation relative to 
the stator, while the other modes are bending modes in combination with the 
rotation of the rotor due to the connections between the rotor rim and rotor spider. 
And finally, most frequencies are shown in the Frequency Response Function of 
the degrees of freedom of each rotor rim segment, in this case, the segment 
supporting Pole 26, with the radial translation of the segment displaying most 
frequencies. 
 
 
 
 
 

Mode x y 𝜙𝜙𝜙𝜙r δr26 δα26 𝜙𝜙𝜙𝜙26 

2 - -     
3 - - -    
4 - - -    
5 - - -    
6   - -  - 
7 - - -    
8 - - -   - 
9 - - -    

10 - - -    
11   -  -  
12 - -   -  
13   -  -  
14 - -   - - 
15 - -     
16   - - - - 
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CHAPTER 6 

 

6 Conclusions and Future outlooks 

6.1 Conclusions 

Estimating the dynamics of hydropower generators is an arduous endeavor that 
depends on many factors. Thus, considering their complexities, it is necessary to 
simplify them to produce a reliable model that could serve the industry in designing 
more cost-effective machines.  
 
One of the simplifications involves the characteristics of tilting-pad bearings, whose 
rotordynamic coefficients depend on the load angle, eccentricity, and speed. The 
results in Paper A showed that bearings with a high number of pads produce forces 
less influenced by the number of pads, for which mean values would suffice to 
describe the rotor dynamics with enough accuracy. 
 
Another simplification is the consideration of the stator as rigid, which allows 
presenting a model to estimate the natural frequencies, mode shapes, and vibration 
characteristics of rotor rims when subjected to the effect of the magnetic and 
unbalance forces present in generators.  
 
Assuming that the vibrations in-plane of the generator are more impactful than the 
out-of-plane vibrations also allows a reduction in the complexity of the dynamics 
of generators, leading to less computational costly models to estimate the 
performance of generators than alternative 3D FE models. 
 

6.2 Future work 

This thesis aimed to present a reliable model to estimate the dynamics of 
hydropower generators accounting for their many components; this model leans on 
assumptions and simplifications that need to be validated. 
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The next step is to produce a reliable 3D FE model of hydropower generators and 
compare it to the proposed model and the measurements in real machines, not only 
the effects of magnetized poles and centrifugal forces but also the behavior of rotors 
experiencing static and dynamic unbalance. 
 
A generator model with a deformable stator is needed to examine the stresses 
produced by the rotation of rigid rotors. Contrary to the rotor's design, the stator's 
design and structure are more complex due to multiple factors such as its support 
of the bearings, the multiple rings at the core, and the coupling with the foundation. 
 
The design of generators needs to consider extreme case scenarios such as short-
circuits, which produce very high stresses in both the rotor and the stator. 
Therefore, it would be of great interest for the industry to model the short circuit 
forces and use them to estimate the dynamic behavior of the generator using the 
proposed model. 
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ABSTRACT 

It has been documented that stiffness and damping for a four-pad bearing are dependent not only the 
magnitude of the load but also on the position of the rotor in the bearing. However, 8-pad bearings are not 
commonly employed on horizontal turbines, and the presence of several pads in the bearing will decisively 
affect the dynamics of the system. This paper evaluates the stiffness and damping coefficients of tilting-pad 
bearings with eight pads and explore the main frequencies acting on the forced response of a vertical rotor. 
The bearing properties were modeled as a function of eccentricity and position in the stationary coordinate 
system by Navier-Stokes equations whose results are taken from commercial software. The simulated 
unbalanced response is compared to experimental results; the changing position of the shaft produces a periodic 
stiffness and damping, which is dependent on the number of pads. Cross-coupled coefficients influence is 
discussed, showing that their absence makes an accurate model for the mean values. The results indicate that 
simulation of vertical rotors with 8-pad bearings can be simplified which allow more effective simulations and 
dynamic analysis 

Keywords: tilting-pad bearing, vertical rotor 
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1   INTRODUCTION 

It is well known that the two most important parameters to estimate the dynamics 
of rotating machinery are stiffness and damping. Vertical rotors’ weight does not 
create a load, unlike horizontal rotors, that would be utilized in calculating the 
dynamic properties. A vertical machine can experience more instability in the 
supports due to low radial loads; it is for that reason that tilting-pad bearings are 
implemented to stabilize the system, providing static support and good dynamic 
properties. However, these properties are variable because of the rotating unbalance 
load acting on the rotor, hence the need to estimate the bearing properties at each 
time-step. 

Lund [1] proposed a method to calculate stiffness and damping coefficients using 
the Reynolds equation. Other research has been conducted in this direction, which 
[2] reviewed and commented on the advances in tilting-pad bearing lubrication 
theory due to the inclusion of the effect of, among many factors, heat transfer [3–
9] and mechanical deformations [3,5,10]. Pivot flexibility and support stiffness play 
essential roles in the system’s stability, and several studies are focused on including 
them in estimating the rotor response [11–14]. On the other hand, Cha and 
Glavatskih [15] discussed the dynamic behavior of horizontal and vertical rotors 
using tilting-pad bearings, where the study was based on the bearing material and 
its effect on the bearing response. 

Thiery et al. [16] remarked that it is a common practice in the industry to assume 
constant coefficients when estimating the rotor performance; however, for vertical 
machines, bearing display a strong nonlinear behavior; White et al. [17] stated that 
bearing clearance is a significant factor in this nonlinearity, especially for low static 
load machines, establishing that stiffness and damping coefficients are dependent 
on the shaft’s orbit. 

Many studies [4,15,18–21] have determined the stiffness and damping coefficients 
by solving the Reynolds equation. Cardinali et al. [19] noted that the Reynolds 
equation must be solved at each time-step, which would increase the time to 
compute the results. Other studies [22,23] have estimated the stiffness damping 
coefficients by solving the Reynolds equation and a Navier–Stokes-based model and 
compared the results with experimental data; the studies concluded that a Navier–
Stokes bulk flow model shows better agreement with empirical data. 

The dependency of stiffness and damping on the shaft position and load angle was 
reflected in Ref. [24]. The method proposed periodic coefficients depending on the 
number of pads and assumed no cross-coupling effects, which was later included in 
Ref. [25], documenting the importance of those coefficients in the rotor modeling. 
It is important to mention that hydropower turbines in Sweden are supported by 
tilting-pad bearings using eight pads or more [26]. 
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The aims of this paper are to study the performance of eight pads tilting-pad 
bearings, to characterize it, and to determine the effect of the pads on the nonlinear 
behavior of the system, which effect was strong in four-pad bearings, showing that 
cross-coupled coefficients hold a strong influence, which might not be the case for 
eight-pad bearings. To achieve such goals, a numerical model and experiments were 
compared and analyzed. 

 

2   METHODS 

 

2.1   Rotor description 

The simulation model is a vertically oriented rotor (Fig. 1), similar to the model 
proposed by Synnegård et al. [25], illustrated in Fig. 2. The rotor is rigid, whose first 
natural frequency is estimated about 12,500 rpm [25]. The model consists of one 
node with two degrees-of-freedom, supported by two identical tilting-pad bearings 
with eight pads connected to ground using brackets; each bracket gives two 
additional degrees-of-freedom for a total of six in the model. The properties of the 
rotor system are presented in Table 1. 

 

  
Fig. 1 Test rig Fig. 2 Rotor model 
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Table 1 Rotor properties 
 

Symbol Item Value Unit 
d Shaft diameter 49.82 mm 
D Disc diameter 168 mm 
L Shaft length 500 mm 
r Mass unbalance radius 70 mm 
Kbracket Bearing bracket stiffness 500 MN/m 

 

2.2   Bearing Model 

The rotordynamic properties of tiltingpad bearings supporting vertical machines 
display a nonlinear behavior that varies depending on the number of pads in the 
bearing, as explained in Ref. [25]. Table 2 contains data on the bearing properties. 

Table 2 Bearing properties. 
 

Symbol Item Value Unit 
Db Bearing diameter 50 mm 
θ Pad angle 25.9  
N Number of pads 8  
Cb Diametrical 

bearing clearance 
0.26 mm 

Cp Diametrical pad 
clearance 

0.317 mm 

m Preload factor 0.18  
p Pad pivot offset 0.60  

 

 

The bearing consists of eight tilting pads positioned as suggested in Fig. 3. The peg 
position of every pad is positioned at every 45 deg distance starting from 0 deg as 
shown in Fig. 4. 
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Fig. 3 Sketch of the bearing 
model with local coordinates (ξ,η) and 
stationary coordinates (x,y) 

Fig. 4 Schematic figure of an 
8-pads bearing 
 

 

Stiffness and damping of the bearing will depend on the load angle and radial 
position of the shaft since there is no deadweight causing static load on the bearings 
for vertical machinery. The bearing data were obtained using commercial software 
RAPPID. RAPPID estimates the stiffness and damping coefficients of the bearing in the 
local coordinate system by solving the fluid film averaged Navier–Stokes-based 
momentum, continuity, and energy equations and using perturbation analysis at a 
static shaft position. It includes the effects of convection to the shaft and both 
convection and conduction to the pad in the thermal model. A fine grid was chosen 
to estimate the local bearing properties. The analysis was performed at different 
eccentricities and load angles. 

 

Fig. 5 Direct stiffness in local coordinates, a comparison between the 
results from the software RAPPID and Eq. 1 for a bearing at 2000 rpm and 70% 
eccentricity 

4855944_Inlaga.indd   694855944_Inlaga.indd   69 2022-02-01   14:192022-02-01   14:19



56  Rondon et al. 

 

 

Fig. 6 Cross-coupled stiffness in local coordinates, a comparison between 
the results from the software RAPPID and Eq. 2 for a bearing at 2000 rpm and 
70% eccentricity 

 

The procedure to calculate the bearing properties is similar to Nässelqvist et al.’s 
procedure [24]. The bearing’s dynamic properties vary with respect to the load angle 
(α) and eccentricity ɛ. The load angle is defined as the angle between the local 
coordinate ξ and the stationary coordinate x. The load angle α in Fig. 7(a) is varied 
in the interval α ∈ [−22.5 deg, 22.5 deg] for one pad, where 0 deg corresponds to 
the peg position, and at constant eccentricity the bearing properties are obtained 
using the software RAPPID. When the journal is positioned at 0 deg, there will be a 
peak in direct stiffness in local coordinates; when the journal is located between the 
pads, this direct stiffness reaches minimum values, as shown in Fig. 5. Stiffness and 
damping, whether direct or cross-coupled coefficients, show periodic values and 
can be described as a function of their maxima and minima values in a harmonic 
equation (Figs. 5 and 6). Figure 7(a) compares the bearing direct stiffness coefficient 
for local coordinates at 70% eccentricity to the curve obtained using Eqs. (1)–(4), 
for one pad. It was found that though the values for stiffness and damping vary 
with α, the shape of the function is the same, and the maximum and minimum 
values change as a function of the eccentricity. These conclusions were portrayed in 
Eqs. (1)–(4) for local stiffness and in Eqs. (5)–(8) for local damping, which are valid 
for αɛ-[−180 deg, 180 deg]. 
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𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
+
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 

(1) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(2) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉max(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ sin 8𝛼𝛼𝛼𝛼 

(3) 

𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
−
𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑘𝑘𝑘𝑘𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉min(𝜀𝜀𝜀𝜀)

2
∙ cos 8𝛼𝛼𝛼𝛼 

(4) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
+
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 8𝛼𝛼𝛼𝛼 

(5) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 8𝛼𝛼𝛼𝛼 

(6) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 8𝛼𝛼𝛼𝛼 

(7) 

𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) + 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
−
𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀) − 𝑐𝑐𝑐𝑐𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝜀𝜀𝜀𝜀)

2
∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 8𝛼𝛼𝛼𝛼 

(8) 

 

The local coordinates are ξ and η, which are part of the coordinate system that 
follows the unbalance load. Damping coefficients in the local coordinate can be 
estimated using similar equations. 

The data of maximum and minimum values in the local coordinate system for 
several shaft eccentricities were used to estimate the bearing properties, solely as a 
function of eccentricity, which can be approximated in an exponential function such 
as, for example, kξmax = aebε + cedε where ɛ is the eccentricity, and a, b, c, and d are 
coefficients calculated using curve fitting. In Fig. 7(b), with maximum and minimum 
values of kξξ at 2000 rpm, two curves were produced using the previous exponential 
function and the data fit with good accuracy. 

 

Fig. 7 (a) Direct stiffness in the local coordinate ξ for 70% eccentricity at 
2000rpm. (b) Data of maximum and minimum values of the direct stiffness 
coefficient in the local coordinate ξ as function of the eccentricity 
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However, the equation of motion in the form mx¨ + cx˙ + kx = 0 requires linear 
stiffness coefficients, while Eqs. (1)–(4) show that they are highly nonlinear; thus, a 
new approach is needed. For nonlinear springs, the stiffness coefficient is calculated 
as 

𝑘𝑘𝑘𝑘 =
𝑑𝑑𝑑𝑑𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 (9) 

 
where f is the force, and z is the displacement from the spring’s neutral position. 
Stiffness, as it has been estimated using the Navier–Stokes equations, cannot be 
used directly due to the nonlinearity; therefore, a linearization is needed to solve the 
differential equation. Using the curve fit equation and its coefficients, the equations 
can be linearized using the following equation: 

𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚,𝑗𝑗𝑗𝑗
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝜀𝜀𝜀𝜀,𝛼𝛼𝛼𝛼) =

∫ 𝑘𝑘𝑘𝑘(𝜁𝜁𝜁𝜁) ∙ 𝑑𝑑𝑑𝑑𝜁𝜁𝜁𝜁𝜀𝜀𝜀𝜀
0

𝜀𝜀𝜀𝜀
 (10) 

 

kieq,j represents the equivalent stiffness coefficients in local coordinates. Each 
stiffness coefficient in local coordinates in Eqs. (1)–(4) is integrated using Eq. (10). 
Figure 8 compares the magnitude of the different stiffness and the equivalent values, 
and attention must be taken to how lower the equivalent stiffness is corresponding 
to the stiffness estimated with the Navier–Stokes equations. 

 

Fig. 8 Comparison of the stiffness at local coordinates and the equivalent 
stiffness calculated by integration. 
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Once the stiffness and damping values in the local coordinate are obtained using 
Eqs. (1)–(4) and integrated using Eq. (10), they must be transformed to the fixed 
coordinate system using the following transformation matrix: 

𝑇𝑇𝑇𝑇 = � 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝛼𝛼 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝛼𝛼𝛼𝛼
−𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝛼𝛼𝛼𝛼 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝛼𝛼� 

 
(11) 

 

The stiffness and damping matrices in the fixed coordinate system are the result of 
transforming the local coordinate system matrices at each time-step using the 
following expressions: 

𝐾𝐾𝐾𝐾𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾𝐾𝐾𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇 (12) 
𝐶𝐶𝐶𝐶𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝐶𝐶𝐶𝐶𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇 (13) 

 

This transformation is valid for all angles in the range [−180 deg, 180 deg] 

2.3   Numerical Modelling 

Simulations of the rotor-bearing system were performed by subjecting the disc to 
an unbalance mass of magnitude mu=8·10−2 kg at a radius ɛ stated in Table 1. The 
magnitude of the unbalance force is given by the following equation: 

𝑓𝑓𝑓𝑓𝑢𝑢𝑢𝑢𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢 = 𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢 ∙ 𝜀𝜀𝜀𝜀 ∙ Ω2 (14) 
 

The rotor is modeled as rigid, supported by two eight-pad tiltingpad bearings. The 
system was simulated under three rotating speeds: 1500 rpm, 1750 rpm, and 2000 
rpm. The equation of motion to solve is 

𝑴𝑴𝑴𝑴 ∙ �̈�𝒖𝒖𝒖 + 𝑪𝑪𝑪𝑪 ∙ �̇�𝒖𝒖𝒖 + 𝑲𝑲𝑲𝑲 ∙ 𝒖𝒖𝒖𝒖 = 𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒏𝒏𝒏𝒏𝒖𝒖𝒖𝒖 (15) 
With 

𝒖𝒖𝒖𝒖 = [𝑥𝑥𝑥𝑥1 𝑦𝑦𝑦𝑦1 𝑥𝑥𝑥𝑥2 𝑦𝑦𝑦𝑦2 𝑥𝑥𝑥𝑥 𝑦𝑦𝑦𝑦 𝛿𝛿𝛿𝛿 𝜑𝜑𝜑𝜑]𝑇𝑇𝑇𝑇 (16) 
 

with the vector u denoting the displacement vector, M as the mass matrix, C as the 
damping matrix, K as the stiffness of the system, and Funb as the unbalance force in 
vector form (see Ref. [28]). The unbalance load is assumed to be applied in the disc, 
equidistant from each bearing, and the bearings and lubricant are assumed to be 
massless. 
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Equation (15) is solved using a MATLAB variable step, variable order ordinary 
differential equation solver ode15s. It is an implicit numerical differentiation 
formula method in which stiffness and damping coefficients, defined as functions 
of α and ɛ, are estimated at each time-step. 

 

3   RESULTS AND DISCUSSIONS 

3.1   Orbit and Forces 

The model is simulated for 10 s at each rotating speed. Figure 9 displays the orbit 
and forces acting on the shaft at the bearing position at 1500 rpm. Though the orbit 
is circular shaped, the loads are octagon-shaped; it is influenced by the number of 
pads (n=8), however not as pronounced as in Ref. [25]. The maximum force is 
achieved at the peg position. Both upper and lower bearings show similar 
performance in displacement and force, and the lower bearing presents larger 
eccentricity. 

 

Fig. 9 Orbit of the rotor and force acting at the upper bearing, lower 
bearing and from the model at 1500 rpm, maximum eccentricity is 75% 

 

Comparing the results from the model and the experiments, the model reproduces 
better the orbit of the shaft at the lower bearing than at the upper bearing. The 
model seems to replicate the experiments with good accuracy for both displacement 
and force. Average values for displacement indicate a difference of up to 1.2% for 
the lower bearing and 16% for the upper bearing, reaching a maximum difference 
in the minimum values of 25% at the upper bearing. Similarly, the difference 
between the model and both bearings in terms of force at average value is up to 5% 
for the lower bearing and 6% for the upper bearing. It can be considered that the 
model can predict with around 6% accuracy the average values for the force. 
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Nevertheless, in the model and experiments, there is another tendency emerging. 
With a larger number of pads, the peaks at maximum values for the displacement 
and force seem to be less prominent than what has been seen for lesser pad bearings. 
The difference between peaks and valleys for the force and displacement with 
respect to the average values is up to 12%, which could indicate that the nonlinear 
components of the dynamic properties of the bearings may not appreciably 
influence its performance. 

3.2   Modeling Stiffness and Damping 

The analysis on the orbit and force from the bearing makes the appearance of 
linearity in the stiffness and damping coefficients. Therefore, the matrices of 
stiffness and damping were modified to compare the influence of constant local 
stiffness and damping by assuming maximum and minimum values at given 
eccentricity, regardless of load angle, and the absence of cross-coupled stiffness and 
damping individually and then together. 

Figure 10 illustrates that all models display similar results for the orbit, showing the 
major discrepancies between the orbit predicted by the model with the original 
stiffness and damping matrices and the models assuming maximum and minimum 
values (no dependency on alpha), with a maximum value of 3.5%. The results from 
models neglecting the effect of cross-coupled coefficients, either stiffness, damping, 
or both, show that overall, they are very close to the original model, especially 
neglecting cross-coupled stiffness which show the lowest errors (0.34%). 

 

Fig. 10 Comparison of the effect of different values for stiffness and 
damping matrices on the model at 2000 rpm 
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Most of the results from the force display a similar trend. Assuming maximum or 
minimum values for the stiffness and damping coefficients in local coordinates 
makes the model predict a circular shaped force, disregarding the effect of the pads 
or minimizing it. It does not, however, affect the estimate of the mean values, 
contrasting with the results for four-pad bearings from Ref. [25]. 

On the other hand, neglecting any cross-coupled coefficient may have a deeper 
impact on the estimate of the force. Figure 11 shows the effect of assuming no 
cross-coupled stiffness, damping, and both at the same time. Neglecting cross-
coupled damping has the largest effect on the estimate of the force with up to 5% 
error from the original model, contributing to the emergence of peaks and valleys, 
while neglecting cross-coupled stiffness has no significant influence on the estimate. 
For the average eccentricity at every rotating speed, the ratio kξη/kξξ is maximum 
0.04 while the ratio cξη/cξξ is 0.036, meaning that the cross-coupling stiffness 
represents only 4% of the direct stiffness value and the cross-coupled damping 
represents less than 4%, thought it holds a larger influence on the model. Assuming 
constant values for stiffness and damping in local coordinates without using Eqs. 
(1)–(4) would have the same effects as the absence of cross-coupled damping. It 
could, therefore, be concluded that for detailed dynamics of the rotor, the model 
with varying stiffness and damping with respect to shaft position is a good 
approximation to the experiments, yet assuming constant stiffness and damping in 
local coordinates simplifies the simulations and the calculations of the natural 
frequencies and modes of vibration. 

 

Fig. 11 Comparison of the effect of different neglecting cross-coupled 
coefficients for stiffness, damping and both simultaneously on the estimate of the 
force at 2000 rpm 
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4   CONCLUSIONS 

The eight-pad tilting-pad bearing influences the rotordynamic performance of 
vertical machines by providing periodic stiffness and damping (both direct and 
cross-coupled), which characteristic shapes denote each pad’s impact on the orbit 
load of the shaft. The average eccentricity and load of the shaft will increase with 
rotating speed, albeit peaks in the force will appear when the load angle coincides 
with the peg location of the pads. The proposed model can estimate with high 
accuracy the eccentricity of the shaft and force exerted from the bearing, predicting 
the peaks of maximum load present at the peg of the pads. In eight-pad tiltingpad 
bearings, the cross-coupled damping coefficients contribute significantly to the 
rising of these distinctive peaks of maximum loads at peg positions. The absence of 
cross-coupled coefficients makes the model accurate for mean eccentricity and force 
despite not representing significant magnitudes respect to the direct coefficients. 
The results indicate that simplified models (independent of load angle) of stiffness 
and damping are possible for bearings with high number of pads. This simplification 
is useful in simulations and dynamic analysis. 
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NOMENCLATURE 

c Damping coefficient 
C Damping matrix 
Cb Diametrical bearing clearance 
Cp Diametrical pad clearance 
d Shaft diameter 
D Disc diameter 
Db Bearing diameter 
f Force 
F Vector of force 
k Stiffness coefficient 
K Stiffness matrix 
L Shaft length 
m Mass coefficient 
M Mass matrix 
N Number of pads 
p Pad pivot offset 
r Mass unbalance radius 
s Preload factor 
T Transformation matrix 
x Pad pivot offset 
z Displacement from spring’s neutral position 
  

Greek letters 

 

α Load angle 
ε Eccentricity 
η Local coordinate in the tangential direction 
ξ Local coordinate in the radial direction 
Ω Rotating speed 
θ Pad angle 

 

Subscripts 

bracket Bracket 
B Bearing in local coordinate system 
T Bearing in fixed coordinate system 
unb Unbalance 
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ABSTRACT 

For rotordynamic analysis of hydropower units, the generator is treated as a rotating rigid body. 
However, previous studies have confirmed that certain designs of generators are elastic, so the 
complex geometry of generators cannot be considered rigid. This work produced a model of 
hydropower generators with floating rotor rims, consisting of a rigid hub and a flexible rotor rim 
coupled with flexible connections. The model takes into account the influence of centrifugal and 
Coriolis effects, and the electromagnetic interaction between rotor and stator. The model also 
reproduces the dynamics of the generator with static and dynamic eccentricities. A generator 
prototype was employed to test the model, showing its different applications. Once validated by 
empirical data, this model could be used when designing generators. 

Keywords: Rotordynamics; Magnetic Force; Generator Model; Hydropower; Dynamic Modeling; 
Curved Beam 
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1   INTRODUCTION 

Hydropower generators are usually modeled as rigid bodies when analyzing the 
dynamics of the machine subjected to an Unbalanced Magnetic Pull (UMP). Studies, 
such as those by Ohishi et al. (1987)[27] and Guo et al.(2002)[23], among others, 
focused on the radial component of the UMP. Guo et al. (2002)[23] produced an 
analytical expression of the force and used it to evaluate the effect of eccentricity 
on the vibration of the rotor. Wu et al. (2011)[28] proposed a model for a generator 
rotor experiencing UMP and eccentricity forces using a rotating coordinate frame 
to study the system's stability. However, neither rotor nor stator can be considered 
rigid. The measurements made by Gustavsson et al. (2012)[13] illustrated the effect 
of a slightly elliptical stator on the shape of the rotor rim, with the rotor shape 
becoming oval when rotating, changing twice in every revolution. The deforming 
forces are regarded as negative springs produced by the UMP. Gustavsson et al. 
(2012)[13] noted the impossibility of determining the performance of the rotor rim 
only by specifying the shaft position, which suggests that a method to estimate it is 
needed. 

Pollock and Lyle (1992)[29] highlighted the many forces acting simultaneously apart 
from the UMP, such as thermal, centrifugal, and structural loads, among other 
influences. Both rotor and stator are assemblies of multiple bodies and, therefore, 
the impact of each element on the generator must be considered. The rotor rim 
holds the poles and is supported by flexible suspension to avoid stress due to 
thermal expansion.  

The dynamics of the rotor rim can be estimated by modeling it as a circular ring. 
There are a wide variety of studies that have investigated the vibration of flexible 
rings [30–33]; some models coupled the in-plane and out-of-plane vibrations [32] 
while others considered them uncoupled [34–36]. Lebeck and Knowlton (1985)[32] 
were one of the first to use local coordinates to discretize the geometry of the ring, 
and Palaninathan and Chadrasekharan (1985)[33] incorporated the effects of 
normal and transversal shear forces into their model. Wu and Chiang (2003)[18] 
considered rotary inertia in their model of in-plane vibrations of uniform circular 
beams, influenced by the previous studies.  

Rotating beams are subjected to additional effects. Genta and Silvagni (2014)[21] 
studied both the centrifugal softening and gyroscopic effects on rotating rings, and 
how they affect the natural frequencies of the structure. Kirchgäβner (2016)[37] 
derived expressions for the gyroscopic and centrifugal stiffness matrix using 
Lagrange equations with co-rotating and fixed reference systems.  

This work proposes a generator model with flexible isotropic rotor rim and rigid 
stators, using Lagrange equations with Coriolis and centrifugal load effects. The aim 
was to investigate the dynamics of the rim and connections to the shaft by analyzing 
the system's natural frequencies and performance when subjected to the effects of 
eccentricity, dynamic unbalance, and magnetized poles. This model considers 
axisymmetric rotors that are equidistantly supported by isotropic rigid bearings. 
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2   MODEL DESCRIPTION 

The model consists of a flexible rotor and a rigid stator, as shown in Fig. 1. The 
rotor comprises a rigid shaft that connects the generator and turbine sections, 
supported by two radial bearings. The generator section contains a rotor spider 
connecting the shaft to a flexible rim that contains the magnetic poles. Due to high 
temperatures inside the generator, flexible connections made of small plates welded 
to the rotor spider connect it to the rim to avoid thermal stresses.  

 

Fig. 1. Schematic overview of a Kaplan turbine: (a) Turbine-generator structure; 
(b) Top view of an example of the rotor part of the generator; (c) Top view of an 

example of the stator part of the generator. 

 

 

2.1   Rotor rim 

The shaft is considered to be a rigid lumped mass supported by bearings. The rotor 
rim is considered isotropic and discretized by the number of poles in the generator, 
with each node representing a pole. Fig. 2 shows a schematic example of a beam 
element and its dimensions. The rotor rim is discretized as 2D elements, with each 
node having three degrees of freedom corresponding to radial displacement δr, 
tangential displacement δθ, and rotation ϕ.  
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Fig. 2. Description of the curved beam elements, including their different 

dimensions. 

 

Wu and Chiang [18] proposed a model of stiffness matrices for curved beams using 
a Timoshenko beam model, including rotary inertia from torsional and bending 
vibrations and accounting for shear deformation in the element. Such stiffness 
matrices are based on local polar coordinates. The model also presented a consistent 
mass matrix, however, the same research proved that the lumped mass model 
provided good results for the first natural frequencies. 

Nevertheless, the model proposed by Wu and Chiang [18] was developed to handle 
free vibrations for static rings. Therefore, the stiffness matrix must be adapted for 
dynamic modeling. In synchronous generators [38–40], the angle between the 
magnetic field produced by the poles (Bf) and the induced magnetic field of the 
stator (Ba) is called the load angle (δ). This depends on the mechanical and electrical 
characteristics of the machine and varies primarily with a change in the rotor’s speed 
[39]. 

Fig. 3 shows a schematic of the dynamics of a single pole in the generator. The 
generator is loaded, therefore, the load angle separates pole from the stator’s 
magnetic fields. The position of the armature’s magnetic field can be expressed by 
Eq. (1), where 𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 is the original position of the pole and ω is the synchronous speed. 

𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 = 𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 + 𝜔𝜔𝜔𝜔 ∙ 𝑡𝑡𝑡𝑡 (1) 
However, each element of the ring will deform in radial and tangential directions in 
the presence of an external force. Thus, radial deformation must be compensated 
for and, because the radius R is much larger than both radial and tangential 
displacements, Eq. (2) can used. 

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 = 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛
 (2) 

Such compensation is employed to modify the stiffness matrix created by Wu and 
Chiang [18] using the vector of the potential energy function. Using a 3 x 3 element 
matrix with three degrees of freedom as an example gives:  
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𝑈𝑈𝑈𝑈 =
1
2
𝒙𝒙𝒙𝒙𝑻𝑻𝑻𝑻 ∙ 𝑲𝑲𝑲𝑲 ∙ 𝒙𝒙𝒙𝒙 (3) 

Eq. (3) is the expression of the potential energy of the element, where KK is the 
stiffness matrix of the element and xx is the vector denoting the displacement of the 
degrees of freedom. This vector can be described as: 

𝒙𝒙𝒙𝒙 = [𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗]𝑇𝑇𝑇𝑇 (4) 
Using Eq. (2) in Eq. (4): 

𝒙𝒙𝒙𝒙 = �𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗�

𝑇𝑇𝑇𝑇
 (5) 

The new stiffness matrix can be obtained by adding extra terms to the original 
stiffness matrix, expressed by the following equation: 

𝑲𝑲𝑲𝑲𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 = 𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒆𝒆𝒆𝒆𝒙𝒙𝒙𝒙𝒕𝒕𝒕𝒕𝒙𝒙𝒙𝒙𝒕𝒕𝒕𝒕  (6) 
where KKeexxttrraa is obtained by using Lagrange Equations in the following expression: 

𝑈𝑈𝑈𝑈𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =

⎣
⎢
⎢
⎡

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗 ⎦

⎥
⎥
⎤
𝑇𝑇𝑇𝑇

∙ 𝑲𝑲𝑲𝑲 ∙

⎣
⎢
⎢
⎡

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 +
2 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗 ⎦

⎥
⎥
⎤
− �

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗
�

𝑇𝑇𝑇𝑇

∙ 𝑲𝑲𝑲𝑲 ∙ �
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� (7) 

 

 

Fig. 3. Schematic of the dynamics of a pole under the influence of the magnetic 
field in the stator. 

 

In Fig. 4, the displacement of an arbitrary node in the rotor ring is described using 
both a stationary frame of reference and a local polar coordinate system. The node 
is moving primarily radially and tangentially, but also due to the eccentricity of the 
shaft. It is assumed that the rotor is rotating at synchronous speed, the radius at 
each element is constant, and both bending and torsional displacement of each 
element can be ignored. 
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Fig. 4. Description of the rotating system in two coordinate systems (a) Schematic 
of the position of the lumped mass in the rotor (b) Description of the 

displacement of the lumped mass, including eccentricity, and radial, tangential, and 
bending displacement. 

 

The position vector of each node can be written in cartesian coordinates as: 

𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑥𝑥𝑥𝑥 + �𝑅𝑅𝑅𝑅 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ �̂�𝒊𝒊𝒊 + �𝑦𝑦𝑦𝑦 + �𝑅𝑅𝑅𝑅 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝒋𝒋𝒋𝒋̂ (8) 
 

The variables x and y correspond to the position of the shaft’s center, R, 
corresponds to the undeformed radius of the rotor rim, and δrj and δαj correspond 
to the displacement of the node in the radial and tangential directions. Each node 
position has cylindrical coordinates �̂�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 and 𝛿𝛿𝛿𝛿�𝑗𝑗𝑗𝑗 dependent on the angle φj. The 
subscript j corresponds to the nodes.  

The kinetic energy for each node can be written as: 

𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗 =
1
2
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ ��̇�𝒓𝒓𝒓𝒋𝒋𝒋𝒋�

2 +
1
2
𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 ∙ 𝜙𝜙𝜙𝜙𝚥𝚥𝚥𝚥̇

2
 (9) 

 

The quantities mj and Jj are the mass and polar moment of inertia of each node on 
the rotor rim. Using Lagrange equations in Eq. (9) (see Appendix A), the matrices 
for Mass, Centrifugal Softening and Coriolis are: 

𝑴𝑴𝑴𝑴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 0 ⋯ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

0 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 ⋯ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

0 0 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ⋯ 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 0
−𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 0 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0

0 0 0 … 0 0 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (10) 
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𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 0 0 … −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 0 0
0 0 0 … 0 −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (11) 
 

𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 0 0 … −2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … 0 −2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 0
0 0 0 … 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 0 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

 (12) 
 

For a displacement vector: 

𝒖𝒖𝒖𝒖 = (𝑥𝑥𝑥𝑥 𝑦𝑦𝑦𝑦 𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅 … 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗)𝑇𝑇𝑇𝑇 (13) 
 

and the centrifugal load vector: 

𝑭𝑭𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒕𝒕𝒕𝒕 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛
𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗

𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗
0
⋮

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2

0
0 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

 (14) 
with the development of the equations in the rotating frame [41], the Coriolis and 
the Centrifugal softening matrices become Eqs. (11) and (12), and show the effect 
of those terms on the dynamics of the shaft i.e. the terms in the two first rows. Eq. 
(14) shows the centrifugal load vector, which affects the radial component of each 
node and the dynamics of the shaft. 

 

2.2   Radial Bearings 

The radial bearings are assumed to have no mass and provide equivalent stiffness 
and damping matrices: 

𝐹𝐹𝐹𝐹𝐵𝐵𝐵𝐵 = �
𝑐𝑐𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑐𝑐𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑐𝑐𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑐𝑐𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚� �

�̇�𝑥𝑥𝑥
�̇�𝑦𝑦𝑦� + �

𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

� �
𝑥𝑥𝑥𝑥
𝑦𝑦𝑦𝑦� (15) 
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A schematic view of the system rotor bearing is shown in Fig. 5. 

 
Fig. 5. Example of the discretized model of the generator with a certain number 
of nodes, the rotor rim/shaft connection and the bearings that support the shaft. 

2.3   Rotor rim/shaft connection 

The flexible connections between the rotor rim and the rotor spider are modeled as 
springs, and are placed tangentially to the rotor spider, as shown in Fig. 6. These 
connections can be considered as radial and tangential springs in the model. The 
potential energy of the connections is written as: 

𝑈𝑈𝑈𝑈𝑘𝑘𝑘𝑘 =
1
2
∙ 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ (𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑘𝑘𝑘𝑘 − 𝑥𝑥𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 − 𝑦𝑦𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘)2 +

1
2
∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ (𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑘𝑘𝑘𝑘 − 𝑅𝑅𝑅𝑅 ∙ 𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅)2 (16) 

 

where 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 and 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 correspond to the radial and tangential stiffness coefficients. The 
connections are only applied to certain nodes, therefore, the subscript k denotes the 
node where the spring connects the rotor rim to the shaft. Using the Lagrange 
equation, the force at each spring is expressed as: 

𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 0

𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙�𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛2 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 0

0 0 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝑅𝑅𝑅𝑅2 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 … 0 −𝑅𝑅𝑅𝑅 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

−𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 −𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑘𝑘𝑘𝑘 0 … 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 0 0
0 0 −𝑅𝑅𝑅𝑅 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 … 0 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (17) 
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Fig. 6. Connection between the rotor rim and the rotor spider. 

2.4   Poles 

The poles are located at the extreme of the rotor rim, as shown in Fig. 7. However, 
the model described in section 2.1 applies to the center of the rotor rim, which does 
not take the poles into account. For that reason, they need to be incorporated into 
the model. There is a distance, dp, between the center of the rotor rim and the center 
of the poles. Eqs. (10), (11), (12) and (14) were modified to add this, as shown in 
Appendix B. 

 
Fig. 7. Schematic view of the structure of the rotor spider, including the rotor rim 

and the pole. 
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2.5   Stator 

The stator is assumed to remain undeformed during its interaction with the rotor, 
thus, it is treated as rigid. The inner radius of the stator (Rs) is represented as a 
function of the angular position. Hence: 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠(𝛼𝛼𝛼𝛼) = 𝑓𝑓𝑓𝑓(𝛼𝛼𝛼𝛼) (18) 

 

2.6   Model for eccentricity 

There are two types of instability: static and dynamic eccentricities. Fig. 8 shows a 
sketch of the different types of eccentricities. In generators, assuming that the rotor 
and stator geometric axes are parallel, the static eccentricity is the separation 
between those axes, as shown in Fig. 8(a). This misalignment might be the result of 
a faulty installation of the machine [22]. Dynamic eccentricities are produced by 
mass unbalance of the rotor, whose centrifugal force induces the rotor’s center to 
rotate around the stator’s center, as shown in Fig. 8(b). Both types of eccentricity 
are treated separately although, in practice, both exist simultaneously and further 
increase stress in the machine [42]. The mixed eccentricity is shown in Fig. 8(c). 

 
Fig. 8. Schematics of different types of eccentricities: (a) static eccentricity (b) 

dynamic eccentricity (c) mix of static and dynamic eccentricities. 

2.6.1   Static eccentricity 

4855944_Inlaga.indd   944855944_Inlaga.indd   94 2022-02-01   14:192022-02-01   14:19



Paper B  81 
 

 

Misalignment causes static eccentricity in the rotor, as shown in Fig. 8(a). It can be 
exemplified by positioning the center of the rotor at a distance 𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠 from the center 
of the stator. This will produce unbalance forces that will act in the same direction 
as the eccentricity. In general, when the static eccentricity is known (𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠,𝑦𝑦𝑦𝑦𝑠𝑠𝑠𝑠) from 
the stiffness of the bearing in Eq. (15), the preload of the bearing can be estimated 
using: 

𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒏𝒏𝒏𝒏𝒖𝒖𝒖𝒖 = �
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑦𝑦𝑦𝑦𝑠𝑠𝑠𝑠
𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑥𝑥𝑥𝑥𝑠𝑠𝑠𝑠 + 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝑦𝑦𝑦𝑦𝑠𝑠𝑠𝑠

� (19) 

2.6.2   Dynamic eccentricity 

The dynamic eccentricity shown in Fig. 8(b) results from unbalance forces acting 
on the rotor, inducing it to spin around its equilibrium location. There are two ways 
of adding an unbalance force in this model. The first is to add an extra mass at any 
pole position; the second is to add an unbalance force, as written in Eq. (20). In the 
model, the chosen angular position of the unbalance coincides with the position of 
the first node. 𝑚𝑚𝑚𝑚𝜀𝜀𝜀𝜀 corresponds to the mass of the unbalance, and 𝜀𝜀𝜀𝜀 corresponds to 
the radius of that unbalance: 

𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒏𝒏𝒏𝒏𝒖𝒖𝒖𝒖 = 𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢 ∙ 𝜀𝜀𝜀𝜀 ∙ 𝜔𝜔𝜔𝜔2 ∙ �
cos𝜑𝜑𝜑𝜑1
sin𝜑𝜑𝜑𝜑1� 

(20) 

 

2.7   Model for Magnetic Forces 

Magnetic forces in a pole can be described as radial and tangential forces acting on 
each pole. Radial forces depend on the distance between a pole and the stator, 
increasing when the pole approaches the stator. By contrast, tangential forces at 
each pole have been ignored in most studies [22]. In general, the magnetic forces 
are described with the following equation: 

𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 = 𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 + 𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋  (21) 
where 𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 is the radial force vector and 𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 is the tangential force vector. 

2.7.1   Model for Radial Forces 

A simple model describing the forces acting on a generator is shown in Fig. 9. We 
start by describing the radius of the stator as a vector, first in cartesian 
coordinates: 

𝑹𝑹𝑹𝑹𝒔𝒔𝒔𝒔 = 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ cos𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 ∙ �̂�𝒊𝒊𝒊 + 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ sin𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 ∙ 𝒋𝒋𝒋𝒋̂ (22) 
and then convert to cylindrical coordinates for each node: 

𝑹𝑹𝑹𝑹𝒔𝒔𝒔𝒔 = 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ cos�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 + 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ sin�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 (23) 
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where the angle 𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 refers to the angle of vector 𝑹𝑹𝑹𝑹𝒔𝒔𝒔𝒔, the calculations for which are 
included in Appendix C. 

 

 
Fig. 9. Representation of the rotor-stator system: (a) Rotor and stator schematic 

(b) Representation of the different vectors associated with the displacement of the 
rotor, including the eccentricity, the position of the pole with respect to the fixed 

coordinates and the radius of the stator. 

 

The magnetic force at each pole can be described as a negative spring. For 
eccentricities less than 10%, the magnetic force can be considered to be linear, thus: 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ ∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋  (24) 
 

where 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 is the stiffness coefficient, Fpre is an offset factor, and ∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 is the 
distance between a node and the stator in the radial direction, which can be 
obtained by Eq. (25): 

∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 = �𝑹𝑹𝑹𝑹𝒔𝒔𝒔𝒔 − 𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 (25) 
 

Substituting Eq. (23) and Eq. (C.1) from Appendix C in Eq. (25) yields: 

∆𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 = 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ cos�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗�  − 𝑥𝑥𝑥𝑥 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑦𝑦𝑦𝑦 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝  −  𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 (26) 
 

Substituting Eq. (26) in Eq. (24) gives: 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 = �𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ �𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗�  − 𝑥𝑥𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑦𝑦𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝  −  𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋  (27) 
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Using the Lagrange equations, a magnetic stiffness matrix and a magnetic force 
vector can be obtained. These are detailed in Appendix C. 

2.7.2   Model for Radial Forces 

The tangential force components of the magnetic force are dependent on the load 
angle. Any disturbance causes the load angle to oscillate around an equilibrium point 
[39]. In a stable machine, this oscillation is minimal, and strongly damped. This 
force acts as a spring and can be described in the following equation: 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 = −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋  (28) 
 

Using the Lagrange equations, the effect of the tangential magnetic force is 
incorporated into the magnetic stiffness matrix found in Appendix C. 

3   SIMULATION METHOD 

The equation of motion to solve is presented as: 

𝑴𝑴𝑴𝑴 ∙ {�̈�𝒖𝒖𝒖} + (𝑪𝑪𝑪𝑪 + 𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕){�̇�𝒖𝒖𝒖} + �𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 − 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 + 𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕� ∙ {𝒖𝒖𝒖𝒖} = 𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒕𝒕𝒕𝒕𝒖𝒖𝒖𝒖 + 𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 + 𝑭𝑭𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  (29) 
 

Eq. (29) includes the total mass matrix M, the stiffness K and damping C from the 
structure and bearings, the centrifugal softening matrix Ksoft, the magnetic stiffness 
matrix Km, the connections matrix Kcon, the Coriolis matrix Ccor, the unbalance 
force Funb, the centrifugal force Fcent, and the magnetic force Fm. 

3.1   Eigenvalue analysis 

The natural frequencies of the system can be analyzed by writing Eq. (29) in state-
space as: 

�̇�𝒒𝒒𝒒 = �
𝟎𝟎𝟎𝟎 𝑰𝑰𝑰𝑰

−𝑴𝑴𝑴𝑴−𝟏𝟏𝟏𝟏 ∙ �𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 − 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 + 𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕� −𝑴𝑴𝑴𝑴−𝟏𝟏𝟏𝟏 ∙ (𝑪𝑪𝑪𝑪 + 𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕)� ∙ 𝒒𝒒𝒒𝒒  (30) 

 

Eq. (30) only deals with the effect of the centrifugal softening and Coriolis matrices 
in estimating the eigenvalues and eigenvectors, which provide information about 
the natural frequencies and mode shapes, among other variables. 

3.2   Dynamic Simulation 

The analysis of the dynamic performance of the system uses Eq. (29) in state-
space thus: 

�̇�𝒒𝒒𝒒 = �
𝟎𝟎𝟎𝟎 𝑰𝑰𝑰𝑰

−𝑴𝑴𝑴𝑴−𝟏𝟏𝟏𝟏 ∙ �𝑲𝑲𝑲𝑲 + 𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 − 𝑲𝑲𝑲𝑲𝒎𝒎𝒎𝒎 + 𝑲𝑲𝑲𝑲𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕� −𝑴𝑴𝑴𝑴−𝟏𝟏𝟏𝟏 ∙ (𝑪𝑪𝑪𝑪 + 𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕)� ∙ 𝒒𝒒𝒒𝒒 + � 𝟎𝟎𝟎𝟎
𝑭𝑭𝑭𝑭𝒖𝒖𝒖𝒖𝒕𝒕𝒕𝒕𝒖𝒖𝒖𝒖 + 𝑭𝑭𝑭𝑭𝒎𝒎𝒎𝒎 + 𝑭𝑭𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕

�  (31) 

 

4855944_Inlaga.indd   974855944_Inlaga.indd   97 2022-02-01   14:192022-02-01   14:19



84  Rondon et al. 

 

Unlike the eigenvalue analysis, the dynamic simulation requires the use of the 
unbalance and the magnetic forces. The advantage of the proposed model is that 
the multiple forces affecting the system's dynamics do not need to be transformed 
from, or in, the rotating frame. 

4   EXAMPLE 

The model was used for a machine whose main dimensions and properties are 
summarized in Table 1. Two types of analysis were carried out: a modal analysis 
ignoring and adding the plates that connect the rotor ring to the rotor spider, and 
a simulation of a centered rotor with and without magnetization. 

Table 1. Properties of the generator used in the model. 

Parameter Symbol Value Unit 
Density 𝜌𝜌𝜌𝜌 7900 kg·m-3 

Young’s Modulus 𝐸𝐸𝐸𝐸 210 GPa 
Poisson ratio 𝜈𝜈𝜈𝜈 0.3 - 

Mean radius of ring 𝑅𝑅𝑅𝑅 4040 mm 
Thickness 𝑎𝑎𝑎𝑎 1600 mm 

Height 𝑏𝑏𝑏𝑏 580 mm 
Distance between pole and ring 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝 431 mm 

Radius of pole 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 4611 mm 
Mass of rotor 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 154900 kg 

Number of connection plates 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 13 - 
Number of poles 𝑛𝑛𝑛𝑛 52 - 
Mass of each pole 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 1600 kg 

Tangential stiffness of plates 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 2.82·1010 N·m-1 
Radial stiffness of plates 𝑘𝑘𝑘𝑘𝛿𝛿𝛿𝛿 7.05·107 N·m-1 

Bearing Stiffness 𝑘𝑘𝑘𝑘 3.16·109 N·m-1 
Bearing Damping 𝑐𝑐𝑐𝑐 4.12·108 N·s·m-1 

Radius Stator 𝑅𝑅𝑅𝑅𝑡𝑡𝑡𝑡 4636 mm 
Radial Magnetic Stiffness Component 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 -1.67·107 N·m-1 

Tangential Magnetic Stiffness Component 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 8.75·106 N·m-1 
Preload Factor 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝑡𝑡𝑡𝑡 6.27·105 N 

4.1   Eigenvalue Problem 

Eqs. (B.1)–(B.3) show components of the Mass, Damping, and Stiffness matrices 
that contain periodic functions of time. Such parameters could cause instability in 
the system, a phenomenon called Parametric Excitation [43–48]. For that reason, a 
standard eigenvalue problem analysis may not be used for this model. However, the 
time-varying parameters are not present in the diagonal components of matrices in 
Eqs. (B.1)–(B.3), affecting only some cross-coupling components. The standard 
eigenvalue problem analysis has been applied to the system at electrical frequencies 
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10 Hz and 50 Hz for an entire revolution, as shown in Fig.10. The electrical 
frequency is related to the rotating speed of the machine thus: 

𝜔𝜔𝜔𝜔 =
4 ∙ 𝜋𝜋𝜋𝜋 ∙ 𝑓𝑓𝑓𝑓𝑒𝑒𝑒𝑒

𝑛𝑛𝑛𝑛  (32) 
 

Both Fig.10(a) and Fig.10(b) show no variation of the natural frequencies at any 
position, suggesting that the said components may not influence the natural 
frequencies when using this model. 

 

Fig.10. Natural Frequencies of the system. (a) at 10 Hz electrical frequency (b) at 
50 Hz electrical frequency. 

4.2   Eigenvalues and mode shapes 

Using the method developed by Wu and Chiang [18], the natural frequencies of the 
free ring were estimated and compared to the classical theory values of stationary 
rings without support calculated by Lin and Soedel [49]. These values are shown in 
Table D.1 in Appendix D. 

Adding the connection plates and the poles will alter the values of the natural 
frequencies. Table 2 shows the different mode shapes of the ring and shaft for 
stiffness coefficients of the connections lower than those shown in Table 1. The 
value for stiffness was 1x103 N/m. Comparing the results of Table 2 to the mode 
shapes in Table D.1, additional stiffness from the bearings, the connections between 
the ring and the rotor, and mass from the poles would increase the value of the 
natural frequencies of the system. Furthermore, the inclusion of three degrees of 
freedom from the rotor adds new mode shape combinations, notably the first 
modes corresponding to translation and the twisting modes of the rotor. 

The rigid body mode can be estimated using the system's mass and the stiffness of 
the bearings, and theoretically corresponds to 13.73 Hz. However, the damping 
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coefficient produced by the bearing makes this mode overdamped, reducing the 
frequency to 0.00035 Hz for fe = 0 Hz. On the other hand, many mode shapes for 
the free ring are repeated in the system rotor ring, with some being influenced and 
modified by other phenomena. The mode at 6.5263 Hz with fe = 0 Hz is a twisting 
mode for the ring, showing purely tangential displacement in their nodes, yet once 
the ring is set in motion, its expansion becomes more prominent than its twisting. 
By contrast, the mode at 168.5105 Hz starts as an extensional mode, expanding and 
contracting at fe = 0 Hz. Still, at fe = 50 Hz, it is apparent that this expansion 
becomes smaller than the tangential displacement of the ring nodes. These 
behaviors are the results of the centrifugal and Coriolis forces acting on the ring, 
which are dependent on the rotating speed of the system. The centrifugal softening 
effect is evident, especially in the twisting mode, since this natural frequency 
decreases from fe = 0 Hz to fe = 50 Hz. 

 

Table 2. Different mode shapes for the rotor ring system using connection 
stiffness 1x103 N/m, and at 0 Hz and 50 Hz electrical frequency. 

Mode Frequency 
at fe = 0 Hz 

Frequency 
at fe = 50 

Hz 
Mode Frequency 

at fe = 0 Hz 

Frequency 
at fe = 50 

Hz 

 
0.00035* 0.00041* 

 
50.7849 

49.6355 

51.8868 

 
0.19982 0.19982 

 
94.2805 

93.3904 

95.1395 

 

4.6402 2.7292 

 
146.9008 

146.1819 

4.6452 6.5424 147.5975 

 
6.5263 6.2364 

 
168.5105 168.5433 

 
18.6244 

17.0729 

 
206.7939 

206.1946 

20.1013 207.3765 

* Denotes overdamped frequencies 

 

Moreover, the Coriolis matrix produces a split in some of the natural frequencies 
as shown in Fig. 10. These splits can be seen in all the ring bending modes, as 
shown in Table 2. 
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Fig 11. Campbell Diagram of the rotor ring system with low stiffness connections 

Increasing the stiffness coefficients of the plates in the model also increases the 
system's natural frequencies, as shown in Table 3. For example, the frequency for 
the first bending mode rises by 327.0%, and the second bending mode increases by 
53.0%, changing orders for the system with low plate stiffness. This increase affects 
mainly the lower modes while at higher modes, it diminishes. For example, the fifth 
bending mode only increases 1.6%. 

Table 3. Most significant mode shapes for the rotor ring system using connection 
stiffness as shown in Table 1, and at 0 Hz and 50 Hz electrical frequency. 

* Denotes overdamped frequencies  

Number Mode Frequency at fe 
= 0 Hz 

Frequency at 
fe = 50 Hz Number Mode Frequency at 

fe = 0 Hz 
Frequency at 
fe = 50 Hz 

1 
 

0.000023* 0.000053* 9 
 

210.0542 
206.1946 

207.3765 

2 
 

6.4290 6.1435 10 

 

274.5743 
274.0760 

275.0594 

3 
 

77.8524 
76.8078 

11 
 

643.3094 
643.0275 

78.8619 643.5847 

4 
 

79.4813 
78.1556 

12 

 

718.1939 
718.1120 

80.7788 719.0355 

5 
 

105.9875 
105.1497 

13 
 

794.9446 
794.7100 

106.7963 795.1736 

6 
 

112.3281 110.5803 
14 

 

1062.1316 1062.1318 
112.3311 114.0726 

7 
 

152.7118 
152.0225 

15 

 

1209.8389 1209.8389 153.3793 

8 
 

168.7660 168.7974 16 
 

1225.8679 
1225.8053 

1225.9310 

4855944_Inlaga.indd   1014855944_Inlaga.indd   101 2022-02-01   14:192022-02-01   14:19



88  Rondon et al. 

 

Increasing the stiffness of the plates also affects the mode shapes. The mode at 
6.4290 Hz now describes a rigid twist of the whole system at fe = 0 Hz instead of 
only being a twisting shaft with low plate stiffness. However, this mode changes by 
increasing the rotational speed, displaying a significant expansion of the ring in 
comparison to the twisting mode. Again, the centrifugal forces affect the 
extensional mode at 168.7660 Hz, when the twisting movement of the body is 
greater than the expansion of the ring. The data in Table 3 also display a similar 
trend for the rigid body mode to the data in Table 2, showing how some modes can 
be overdamped. 

 

Fig. 12. Campbell Diagram of the rotor ring system with high plate stiffness 
values. 

The Campbell Diagram of the rotor ring system with larger stiffness values does 
also show the effect of Coriolis and centrifugal forces on the natural  

4.3   Frequency Response Function 

An instantaneous momentum of magnitude 105 N·m was applied to Pole 1 for a 
duration of Δt=0.0001 s to produce a response at different rotating speeds. Once 
the Fast Fourier Transformations of the response and the momentum were 
obtained, transfer functions were estimated to cancel the excitation effect. Transfer 
functions for the degrees of freedom of the rotor and nodes at Pole 1 and Pole 26 
are shown in Fig. 13, with the most relevant frequencies and modes shown in Table 
3. Fig.13(a) and Fig.13(b), which correspond to the transfer functions of X and Y, 
show that the modes 6, 11, 13, and 16 from Table 3 are the most interesting 
frequencies. Modes 6 and 16 correspond to translation of the rotor, and modes 11 
and 13 correspond to a mix of bending and translation modes. Fig. 13(c), 
corresponding to the rotational degree of freedom of the rotor, shows that modes 
2, 14, and 15 were the main frequencies, and that mode 2, the twisting mode of the 
rotor, had the largest amplitude. The transfer functions of the degrees of freedom 
of poles 1 and 26 are shown in Fig.13(d)–Fig.13(i). Most frequencies are visible for 
the transfer functions. However, in the case of tangential displacement and rotation, 
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there are more noticeable frequencies whose amplitudes are much greater than most 
frequencies. For the tangential displacement, the most critical mode is number 2, 
with constant amplitudes, while mode 15 gives the greatest displacement. The latter 
increases with electrical frequency due to the low damping ratio in that mode. 

 

Fig. 13. Transfer functions: (a) Transfer function for X, (b) Transfer function for 
Y, (c) Transfer function for ϕR, (d) Transfer function for δr1, (e) Transfer function 

for δα1, (f) Transfer function for ϕ1, (g) Transfer function for δr26, (h) Transfer 
function for δα26, (i) Transfer function for ϕ26 

4.4   Effect of the radial magnetic force on eigenvalues 

Eq. (30) shows that the radial magnetic stiffness affects the eigenvalues. The radial 
magnetic stiffness coefficient is negative, therefore, it should decrease the values of 
the eigenvalues. While the eigenvalues of the system with radial magnetic stiffness 
are smaller than those without it, the difference is only 0.6% for the first bending 
mode, and decreases with higher modes. It appears to affect the most the 
translational modes, which are the lowest modes, increasing by 112%. 

Table 4. Frequencies (in Hz) of the first five bending modes with and without the 
influence of the radial magnetic stiffness 

(a)  

 

(d) 

 

(g) 

 
(b) 

 

(e) 

 

(h) 

 
(c) 

 

(f) 

 

(i) 

 
 

4855944_Inlaga.indd   1034855944_Inlaga.indd   103 2022-02-01   14:192022-02-01   14:19



90  Rondon et al. 

 

No Radial Magnetic Stiffness With Radial Magnetic Stiffness 
0.00002 0.00005 
77.8524 77.3908 
79.4813 79.0471 
105.9875 105.6478 
152.7118 152.4794 
210.0542 209.8888 

4.5   Effect of static unbalance 

These simulations assumed extra damping to the system of 10-4 times the system's 
stiffness, with and without radial magnetic forces, and with two different static 
positions of the rotor.  

Referring to Table 5, for the radial displacement, the maximum and minimum 
values at each pole increase by almost 1.0% when the static position is moved 1.0 
mm, with double this difference at static position 2.0 mm. However, adding the 
effect of the radial magnetic forces in the system doubles this difference to the 
centered position. Using average values, the difference remains around 0.1%.  

When comparing average values of radial displacement due to the influence of 
magnetic forces, there is an increase of 7.0% for the three cases. This increase is 
similar to all the surveyed poles. On the other hand, maximum values increase due 
to the influence of radial magnetic forces at different eccentricities, such as 8.0% at 
1.0 mm and 9% at 2.0 mm, while minimum values increase by 6.0% and 5.0%, 
respectively. This means that the variation between maximum and minimum values 
increases in the presence of a magnetic field. 

Table 5. Values of radial displacement for different poles, considering the 
influence of two different unbalance positions (1.0 mm and 2.0 mm) and the 

presence of radial magnetic forces 

  No Radial Magnetic Force With Radial Magnetic Force 

  Centered xs=1m
m xs=2mm Centered xs=1mm xs=2mm 

Pole 1 
(with connection) 

Maximum 0.54 0.55 0.55 0.58 0.59 0.60 
Minimum 0.54 0.54 0.53 0.58 0.57 0.56 
Average 0.54 0.54 0.54 0.58 0.58 0.58 

Pole 3 
(no connection) 

Maximum 0.54 0.55 0.55 0.58 0.59 0.60 
Minimum 0.54 0.54 0.53 0.58 0.57 0.56 
Average 0.54 0.54 0.54 0.58 0.58 0.58 

Pole 25 
(with connection) 

Maximum 0.54 0.55 0.55 0.58 0.59 0.60 
Minimum 0.54 0.54 0.53 0.58 0.57 0.56 
Average 0.54 0.54 0.54 0.58 0.58 0.58 

Pole 26 
(no connection) 

Maximum 0.54 0.55 0.55 0.58 0.59 0.60 
Minimum 0.54 0.54 0.53 0.58 0.57 0.56 
Average 0.54 0.54 0.54 0.58 0.58 0.58 
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From Table 6, a similar analysis for the radial displacement was carried out as for 
the tangential displacement. For the system without radial magnetic forces, the 
maximum values increased by 0.76% for 1.0 mm and 1.42% for 2.0 mm eccentricity 
at pole 25; these values rose by 0.81% and 1.51%, respectively at pole 26, the pole 
with a connection. The minimum values decreased by 0.42% and 1.15% at pole 25, 
while the average was around 0 mm. The radial magnetic forces raised these values 
by 1.34% and 2.71% for the maximum values at pole 25 and 1.44% and 2.90% at 
pole 26.  

In general, the presence of the radial magnetic forces increases the variation in 
tangential displacement from maximum to minimum values. For example, the 
maximum values rose 7.1%, and the minimum values decreased 7.0% for a centered 
position. At 1.0 mm eccentricity, these values are 7.7% and 7.9%, and at 2.0 mm, 
the values increased to 8.5% and 8.3%. 

Table 6. Values of tangential displacement for different poles, considering the 
influence of two different unbalance positions (1.0 mm and 2.0 mm) and the 

presence of radial magnetic forces 

 

  No Radial Magnetic Force With Radial Magnetic Force 

  Centered xs=1mm xs=2mm Centered xs=1mm xs=2mm 

Pole 25 
(with connection) 

Maximum 0.32 0.32 0.32 0.34 0.34 0.35 
Minimum -0.32 -0.32 -0.32 -0.34 -0.34 -0.35 

Average 0.00 -0.01 -0.02 0.00 -0.03 -0.02 

Pole 26 
(no connection) 

Maximum 0.32 0.32 0.32 0.34 0.34 0.35 
Minimum -0.32 -0.32 -0.32 -0.34 -0.34 -0.35 

Average 0.00 -0.01 -0.02 0.00 -0.03 -0.02 

 

5   CONCLUSIONS 

The proposed model aimed to estimate the steady-state dynamic performance of a 
hydropower generator using rotors with flexible rotor rings and rigid stators. This 
work was in response to the need to describe the dynamics of such generators under 
different conditions with faster, more reliable models. The rotor ring was modeled 
using Timoshenko curved beams, and the poles were modeled as lumped masses. 
The model mixes stationary and rotating frames of reference, the effect of which 
can be seen in the equations of motion. Many assumptions were used, including in-
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plane vibrations and linearization of the magnetic forces produced at each pole. As 
well as magnetic, the model incorporates many other forces, such as static and 
dynamic unbalance. The application of the model for a prototype allowed these 
conclusions to be drawn: 

• Although the standard eigenvalue problem does not apply to this model 
due to time-varying mass, stiffness, and damping matrices, the eigenvalues 
do not vary for one revolution at different rotating speeds. Thus, the 
method might still help estimate the natural frequencies and mode shapes, 
confirmed by simulating a momentum impulse in one pole and calculating 
the transfer functions for different degrees of freedom. 

• Including plates between the rotor spider and the rotor ring increases the 
system's stiffness, thus raising its natural frequencies and altering the order 
of the bending modes found for free ring vibrations. The centrifugal forces 
affect the mode shapes as well, especially the torsional and extensional 
modes. 

• Both centrifugal forces and magnetic forces affect the expansion of the 
rotor ring, with the former being the main factor. 

The present model requires validation through both experiments and FE models. 
Once validated, it can be used to estimate the expansion of the rotor ring due to 
centrifugal and magnetic forces, and the stresses in the system. 

 
 

ACKNOWLEGEMENTS 

The research presented in this thesis was carried out as a part of "Swedish 
Hydropower Centre - SVC". SVC has been established by the Swedish Energy 
Agency, Energiforsk and Svenska Kraftnät together with Luleå University of 
Technology, KTH Royal Institute of Technology, Chalmers University of 
Technology, Uppsala University and Lund University.  

Participating companies and industry associations are: Andritz Hydro, Boliden, 
Fortum Sweden, Holmen Energi, Jämtkraft, Karlstads Energi, LKAB, Mälarenergi, 
Norconsult, Rainpower, Skellefteå Kraft, Sollefteåforsen, Statkraft Sverige, Sweco 
Sverige, Tekniska verken i Linköping, Uniper, Vattenfall R&D, Vattenfall 
Vattenkraft, Voith Hydro, WSP Sverige, Zinkgruvan and AFRY. 

 

 

4855944_Inlaga.indd   1064855944_Inlaga.indd   106 2022-02-01   14:192022-02-01   14:19



Paper B  93 
 

 

APPENDIX A 

Applying Lagrange equations for the kinetic energy and using the variables x, y, 
ϕR, δrj, δθj and φj as the generalized coordinates: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕�̇�𝑞𝑞𝑞𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝑞𝑞𝑞𝑞𝑗𝑗𝑗𝑗

+
𝜕𝜕𝜕𝜕𝑈𝑈𝑈𝑈𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝑞𝑞𝑞𝑞𝑗𝑗𝑗𝑗

= 𝑄𝑄𝑄𝑄𝑗𝑗𝑗𝑗 

𝑄𝑄𝑄𝑄𝑗𝑗𝑗𝑗 = 𝑭𝑭𝑭𝑭𝑗𝑗𝑗𝑗 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑞𝑞𝑞𝑞𝑗𝑗𝑗𝑗

 
(A.1) 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕�̇�𝑥𝑥𝑥

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑥𝑥𝑥 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿̇ 𝑗𝑗𝑗𝑗

∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕�̇�𝑦𝑦𝑦

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑦𝑦𝑦 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿̈ 𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔

∙ 𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙�̇�𝑅𝑅𝑅

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 0 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑥𝑥𝑥 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑦𝑦𝑦 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿̈ 𝑗𝑗𝑗𝑗 − 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑥𝑥𝑥 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑦𝑦𝑦 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 + 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕�̇�𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 ∙ �̈�𝜙𝜙𝜙𝑗𝑗𝑗𝑗 
 (A.2) 

 

When including the kinetic energy of the shaft TR, the total kinetic energy of the 
rotor is: 

𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 + �𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗
𝑗𝑗𝑗𝑗

 (A.3) 

 

The kinetic energy of the shaft can be written as: 

𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 =
1
2
∙ 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 ∙ (�̇�𝑥𝑥𝑥2 + �̇�𝑦𝑦𝑦2) +

1
2
∙ 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 (A.4) 

 

where mR and JR are, respectively, the mass and polar moment of the inertia of the 
shaft. Applying Lagrange equations to the total kinetic energy results in the 
following equations: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝑥𝑥𝑥
� −

𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= �𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗� ∙ �̈�𝑥𝑥𝑥 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝜔𝜔𝜔𝜔 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗

∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝜔𝜔𝜔𝜔 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 
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94  Rondon et al. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝑦𝑦𝑦
� −

𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= �𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗� ∙ �̈�𝑦𝑦𝑦 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 2 ∙ 𝜔𝜔𝜔𝜔 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗

∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 2 ∙ 𝜔𝜔𝜔𝜔 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝜙𝜙𝜙𝑅𝑅𝑅𝑅

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ∙ �̈�𝜙𝜙𝜙𝑅𝑅𝑅𝑅 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑥𝑥𝑥 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑦𝑦𝑦 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅

∙ 𝜔𝜔𝜔𝜔2 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑥𝑥𝑥 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ �̈�𝑦𝑦𝑦 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗 + 2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 ∙ 𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 ∙ �̈�𝜙𝜙𝜙𝑗𝑗𝑗𝑗 
 (A.5) 

 

The generalized forces can be written as: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝑥𝑥𝑥
� −

𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= 0 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝑦𝑦𝑦
� −

𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= 0 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝜙𝜙𝜙𝑅𝑅𝑅𝑅

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 𝑇𝑇𝑇𝑇ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= 0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
�
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕�̇�𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� −
𝜕𝜕𝜕𝜕𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 0 

(A.6) 

where 𝑇𝑇𝑇𝑇ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 is the torque provided by the turbine part of the generator. 

For the shaft coordinates x and y, the mass matrix can be written as: 

�
𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0

0 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗

� ��̈�𝑥𝑥𝑥�̈�𝑦𝑦𝑦� = �
𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗

𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗
� 

(A.7) 

 

For each node the mass, stiffness and damping matrices, and the centrifugal force 
acting can be written as: 

�
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 0
0 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0
0 0 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗

��
𝛿𝛿𝛿𝛿�̈�𝛿𝛿𝛿𝑗𝑗𝑗𝑗
𝛿𝛿𝛿𝛿�̈�𝛼𝛼𝛼𝑗𝑗𝑗𝑗
�̈�𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� + �
0 −2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 0

2 ∙ 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔 0 0
0 0 0

��
𝛿𝛿𝛿𝛿�̇�𝛿𝛿𝛿𝑗𝑗𝑗𝑗
𝛿𝛿𝛿𝛿�̇�𝛼𝛼𝛼𝑗𝑗𝑗𝑗
�̇�𝜙𝜙𝜙𝑗𝑗𝑗𝑗

� + �
−𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 0 0

0 −𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝜔𝜔𝜔𝜔2 0
0 0 0

� �
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗
𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗
�

= �
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2

0
0

� 

 (A.8) 
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APPENDIX B 

𝑴𝑴𝑴𝑴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + 𝑛𝑛𝑛𝑛 ∙ 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 + ∑𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 0 ⋯ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0

0 𝑚𝑚𝑚𝑚𝑅𝑅𝑅𝑅 + 𝑛𝑛𝑛𝑛 ∙ 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 + ∑𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 0 ⋯ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 𝐽𝐽𝐽𝐽𝑅𝑅𝑅𝑅 ⋯ 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 0 0
−�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0 … 0 𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 0

0 0 0 … 0 0 𝐽𝐽𝐽𝐽𝑗𝑗𝑗𝑗 + 𝐽𝐽𝐽𝐽𝑝𝑝𝑝𝑝 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝
2⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  

 (B.1) 
 

𝑲𝑲𝑲𝑲𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 0 0
0 0 0 … 0 −�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (B.2) 
 

𝑪𝑪𝑪𝑪𝒄𝒄𝒄𝒄𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 0 0 … −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 0
0 0 0 … 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … 0 −2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 0
0 0 0 … 2 ∙ �𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔 0 0
0 0 0 … 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 (B.3) 
 

𝑭𝑭𝑭𝑭 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛
𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙� cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗

𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 ∙�𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2 ∙� sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗
𝑇𝑇𝑇𝑇ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
⋮

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗 ∙ 𝑅𝑅𝑅𝑅 ∙ 𝜔𝜔𝜔𝜔2 + 𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝 ∙ �𝑅𝑅𝑅𝑅 + 𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝� ∙ 𝜔𝜔𝜔𝜔2

0
0 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

 (B.4) 
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96  Rondon et al. 

 

APPENDIX C 

To use the Lagrange equations, the position of the external face of an arbitrary 
pole is described as: 

𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋 = �𝑥𝑥𝑥𝑥 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑦𝑦𝑦𝑦 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 + 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗� ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 + �𝑦𝑦𝑦𝑦 ∙ cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑥𝑥𝑥𝑥 ∙ sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗� ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 (C.1) 
 

The virtual displacement for each generalized coordinate is written as: 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 − sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= sin𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 + cos𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 0 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 𝒓𝒓𝒓𝒓�𝒋𝒋𝒋𝒋 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= 𝜽𝜽𝜽𝜽�𝒋𝒋𝒋𝒋 

𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 0 
 (C.2) 

 

Using Eqs. (22) and (C.2), the generalized forces associated with the generalized 
coordinates for the radial component can be expressed as: 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑥𝑥𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑦𝑦𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗
∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑥𝑥𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑦𝑦𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛2 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗
∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 0 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗� ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 − 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗� − 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑥𝑥𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑦𝑦𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 −  𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝛿𝛿𝛿𝛿 ∙ 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= 0 

𝑭𝑭𝑭𝑭𝒓𝒓𝒓𝒓𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 0 
 (C.3) 

For the tangential component, using Eqs. (23) and (C.2): 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

= 𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 
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Paper B  97 
 

 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑅𝑅𝑅𝑅

= 0 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗

= 0 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗

= −𝑘𝑘𝑘𝑘𝑚𝑚𝑚𝑚𝑡𝑡𝑡𝑡 ∙ 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 

𝑭𝑭𝑭𝑭𝒕𝒕𝒕𝒕𝒋𝒋𝒋𝒋 ∙
𝜕𝜕𝜕𝜕𝒓𝒓𝒓𝒓𝒑𝒑𝒑𝒑𝒋𝒋𝒋𝒋
𝜕𝜕𝜕𝜕𝜙𝜙𝜙𝜙𝑗𝑗𝑗𝑗

= 0 

 (C.4) 
 

In matrix form, it can be written as: 

𝑄𝑄𝑄𝑄 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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 (C.5) 
 

By using Lagrange equations, the magnetic force can be represented by a stiffness 
matrix component, which can be added with the opposite sign to the global stiffness 
matrix, and a vector component which can be added to the centrifugal force vector, 
as described in Appendices A and B. 

The angle 𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 can be found by using trigonometry. If 𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝 and 𝑅𝑅𝑅𝑅sare larger than 𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗 , 
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 , 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦, it can be found that: 

𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗 ≅ 𝛼𝛼𝛼𝛼𝑗𝑗𝑗𝑗 ≅ 𝜑𝜑𝜑𝜑𝑗𝑗𝑗𝑗 (C.6) 
 

Thus, Eq. (C.5) simplifies to: 
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APPENDIX D 

Table D.1 First Modes of the free ring using the data from Table 1. 

Mode Description Theoretical Frequency Model Frequency 

 

First Bending mode 22.5869 22.3055 

 

Second Bending mode 63.8855 62.0328 

 

Third Bending mode 122.4948 116.2968 

 

Fourth Bending mode 198.1004 182.9895 

 

Extensional mode 203.1117 202.717 

 

Fifth Bending mode 290.6092 260.0831 
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NOMENCLATURE 

 

a Thickness of ring 

b Height of ring 

c Damping coefficient 

CC  Damping matrix 

dp  Distance between centerline rotor-rim and center of poles 

E Young’s Modulus 

FF  Vector of force 

F Force 

f Frequency 

�̂�𝒊𝒊𝒊 Vector in x-direction 

II Identity Matrix 

𝒋𝒋𝒋𝒋 ̂ Vector in y-direction 

J Polar moment of Inertia 

KK  Stiffness matrix 

k Stiffness coefficient 

MM  Mass matrix 

m Mass coefficient 

n Number of poles 

nplates Number of Plates 

q Generalized coordinate 

rr  Position vector 

rr11  Vector position of rotor center 

rr22  Vector position of pole relative to rotor center  

𝒓𝒓𝒓𝒓�  Vector in radial direction 

R Radius 

T Kinetic Energy 
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Thyd Hydraulic Torque 

t time 

uu  Vector of degrees of freedom of the system 

U Potential energy 

xx  Vector of degrees of freedom for a single node 

x Position of rotor in x-axis 

xs Static position of rotor in x-axis 

y Position of rotor in y-axis 

ys Static position of rotor in y-axis 

 

Greek letters 

 

α Load angle 

δα Tangential displacement 

δθ Tangential displacement of the free ring 

δr Radial displacement 

δ Load angle 

ΔΔrr Distance between pole and stator’s inner radius 

ε Eccentricity 

θ Initial node angle position 

𝜽𝜽𝜽𝜽� Vector in tangential direction 

ν Poisson Ratio 

ρ Density 

φ Node rotation 

φ Node angle position 

ψ Angle of curved beam element  

ω Rotational speed 
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Subscripts 

 

cent Centrifugal Load 

con Connections 

cor Coriolis 

B Bearing 

e electrical 

j node 

k Node with plate 

m magnetic 

p Pole 

pre Preload 

R Rotor 

r Radial direction 

t Tangential direction 

s Stator 

soft Centrifugal Softening 

unb unbalance 

x X position 

y Y position 

 

Supercripts 

 

extra Extra Components and Reformulated 

total Total 
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