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A B S T R A C T   

Methodology for cracking evolution simulation in 90-plies during cyclic loading is suggested in this paper. It 
includes using low crack density (where the neighboring cracks do not interact with each other) data from quasi- 
static and cyclic testing (at one load) to determine parameters in Weibull transverse failure stress distribution 
generalized for fatigue. Then, Monte Carlo process is used to assign failure stress to elements in the 90-ply. In the 
model, the failure stress of the element degrades with number of cycles and a crack appears when the failure 
stress becomes equal to the stress in the element, calculated with computationally efficient analytical method. 
The model is successfully used to predict cracking in the whole crack density range. In this model, data from 
cyclic test at one load is sufficient to predict damage at different load. The results suggest that the dependence on 
stress is slightly underestimated and the shape parameter in fatigue may be higher than in quasi-static tests. 
Therefore, fatigue tests at least at two load levels are recommended for reliable predictions.   

1. Introduction 

Intralaminar cracking in plies often precedes final failure of the 
laminate, which most often is caused by fiber failure in the critical ply 
[1] or large delaminations between plies [2]. These cracks are caused by 
in-plane transverse tensile and shear stresses in the ply [1,3]. In loading 
cases analyzed in this study, the shear stress contribution to failure can 
be neglected. During service, the number of cracks, often called 
“transverse cracks”, “tunneling cracks” etc., increases. Crack density ρ in 
a ply, which is the number of cracks per unit length, is used to charac-
terize the damage state. Intralaminar cracks run parallel to fiber direc-
tion in the ply, the crack plane is perpendicular to the laminate middle- 
plane (x-z plane in Fig. 1(c)). Usually cracks cover the whole thickness as 
in Fig. 1(a) and width of the ply, forming well-defined tunnels as shown 
in Fig. 1(b). They may lead to significant degradation of thermo-elastic 
constants of the laminate [4-6]. 

The methodology used in this study, is based on the concept of a two- 
stage “evolution” of each intralaminar crack: initiation and propagation. 
In the initiation stage fiber/matrix debonding [7,8] and matrix cracking 
between fibers takes place [9,10] followed by coalescing of these entities 
in a growing mesoscale damage entity (defect, “flaw”). 

After reaching critical size in ply thickness direction, the damage 

entity is able to propagate along fiber direction, creating a tunnel. 
Usually, tunneling is analyzed as a discontinuity growing in a homog-
enized ply. In quasi-static loading the tunnel propagates when the crit-
ical value of the potential energy release rate (ERR) (called also “fracture 
toughness”) is reached, whereas in cyclic loading the Paris law with 
respect to the ERR change in the cycle is often assumed as governing. 
The growth of an individual off-axis ply crack in tension–tension cyclic 
loading was studied in [3], measuring the crack length growth rate in 
plies with different orientations and thicknesses at several applied stress 
levels and calculating the ERR with FEM. It was confirmed that the crack 
growth rate has a power function dependence on the total ERR. 

The ERR for crack propagation as a tunnel is proportional to its size 
in the ply thickness direction a, which is limited by the ply thickness. 
Hence, for a through-the-ply-thickness flaw, in thick ply the ERR that at 
certain stress in the ply is available for crack propagation is much larger 
than in a thin ply. In quasi-static loading, it results in the well-known 1/
̅̅̅̅
tk

√
dependence on ply thickness tk of the stress required for propagation 

[11]. In cyclic loading, cracks in thick plies at the same stress have much 
higher propagation rate and the crack may propagate almost instantly 
from one edge of the specimen to another as soon as a sufficiently large 
flaw is created in the initiation stage. 
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The laminate lay-up analyzed in this study belongs to the “thick ply” 
family and, indeed, optical surface observations in transmitted light 
show that large majority are through-the-width cracks and, hence, the 
propagation stage is much shorter than the initiation stage. Therefore, 
the cracking analysis in this study focuses on the number of cycles 
required for initiation of sufficiently large flaws assuming that they 
propagate very rapidly. In this context, the term “failure stress” is used 
in quasi-static tensile loading to describe the stress in a given position of 
the homogenized ply that is required to create a large flaw that almost 
instantly propagates, making a tunnel. In cyclic loading, the “number of 
cycles to failure” is the number of cycles for crack initiation in a given 
position at a given stress. 

Fiber distribution in plies is not uniform and, therefore, different 
positions in the ply have different local stress concentrations. Hence, at a 
given load applied to the laminate a different number of cycles is 
required for damage initiation in different positions. 

In quasi-static loading the Weibull distribution is widely used to 
describe the local variability of the transverse failure stress, [12-14], 
determining Weibull parameters from intralaminar crack density data in 
low crack density region. In transverse direction, the ply is visualized as 
a chain of small elements, each with specific failure stress value. In the 
parameter determination procedure, assumption is made that the stress 
perturbation regions close to existing cracks are very small comparing 
with the distance between cracks (cracks are non-interactive). Hence, 
the transverse stress in the ply calculated using the Classical Laminate 
Theory (CLT) may represent the transverse stress in the survived ele-
ments of the damaged ply. 

This assumption is not valid when the crack density increases and the 
transverse stress in any position between the existing cracks is lower 
than the stress predicted by CLT. At high crack density, the stress dis-
tribution between two existing cracks has a very distinct maximum and 
the probability to have the crack at the maximum point is high even if 
the failure stress variation along the ply is large. This assumption was 
used by Nairn et al [15,16], proposing in addition that not the individual 
crack length growth but the crack density growth rate is a power func-
tion of the energy release rate change during one cycle. In [15,16] the 
ERR was calculated using Hashin’s model [17]. In [18] the same prop-
agation criterion was used together with a refined stress analysis, 
dividing each ply in sublayers and using Hashin’s stress assumptions in 
each of them. 

At low crack density, the constant stress regions are large and the 
curve of the crack density increase with load in quasi-static tests mostly 
reflects the failure stress distribution. 

In cyclic loading, more applied cycles are required to initiate each 
following crack [3,19,20]. In [21] an analytical model, based on an 
optimal shear lag analysis, was proposed for predicting stiffness degra-
dation of symmetric laminate due to matrix cracks and delamination. 

Both crack density and delamination length are parameters needed to be 
determined, experimentally and with FEM, to use the developed 
analytical model. 

A phenomenological model describing the fatigue life prediction of 
glass fiber reinforced plastics (GFRPs) through the evolution of stiffness 
was developed in [22]. A fatigue damage parameter, for the whole 
laminate, was calculated in the proposed model using stiffness degra-
dation and the effect of stress ratio and stress amplitude was considered. 

An attempt to apply the Weibull distribution to cyclic loading in low 
crack density region was made in [23,24] assuming that the weakest 
position in quasi-static loading is also the weakest in cyclic loading. 
Hence, the Weibull shape parameter that reflects the non-uniformity is 
the same. However, the failure stress in elements was assumed to 
degrade during cycling and the degradation was expressed as a mono-
tonic decrease of the Weibull scale parameter with the number of cycles. 
Methodology for parameter determination in the failure stress distri-
bution is described in [25]. 

In contrast to the low crack density region where the stress is rather 
uniform and the failure stress distribution in the ply governs damage 
evolution, in the intermediate and high crack density region (when the 
crack density gets closer to the saturation region and where the stress 
between two existing cracks is lesser than the far field stress) a realistic 
intralaminar cracking simulation requires also reliable stress analysis 
between cracks. Review of stress state models for laminates containing 
intralaminar cracks can be found, for example, in [26]. The simplest 
models use shear lag assumptions or variational principles together with 
simple assumptions regarding the stress distribution along the thickness 
coordinate [6,17]. Improved analytical models have been developed in 
[27,28]. The two typical methods of improving (a) more accurate stress 
approximation in the ply and b) dividing the ply in several sub-layers 
and keeping simple approximation in each of them) heavily rely on 
numerical methods. 

In the presented study, Weibull parameters are defined from exper-
imental data in low crack density region and failure stress values to very 
small elements are randomly assigned using the Monte Carlo method. At 
a given damage state, the stress distribution between all pairs of adja-
cent cracks is calculated and stress in each element is compared with 
failure stress to find the position of the next crack. The result strongly 
depends on the accuracy of stress calculations. FEM and models pre-
sented in [27,28] would give very accurate stress distributions. How-
ever, the stress distribution in the specimen has to be recalculated after 
each cracking event. Therefore, the used model has to be sufficiently 
accurate, but also computationally efficient. 

The objective is to present simple simulation methodology for 
intralaminar cracking development during cyclic loading of laminates 
with relatively thick 90-plies, in the crack density region where cracks 
are interacting and the stress state between cracks is non-uniform. In the 

Fig. 1. a) Micrograph of two through-the-thickness transverse cracks in 90-ply; b) Tunneling cracks (surface view of [0/90]s specimen) c) Schematic showing of the 
repeating unit between two cracks in [S/90]s laminate (S- support lay-up which for cross-ply is 0-ply, t90 – thickness of the 90-ply and ts – thickness of support 
lay-up). 
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model, the failure resistance (failure stress value) in elements is 
degrading with the number of cycles according to experimentally 
identified relationship. A new crack is created in a given position when 
the maximum stress in the cycle in this position becomes equal to the 
reduced failure stress in this position. The transverse stress distribution 
between two neighboring cracks is found using a simple method 
described in [25]. In this method, the average transverse stress between 
cracks is calculated using fitting functions from FEM analysis and an 
exponential shape function describes the stress distribution. 

In Section 2, the well-known procedure for finding Weibull param-
eters in the in-situ transverse failure stress distribution using quasi-static 
crack density data in the non-interactive crack density region is briefly 
explained and the used assumption regarding failure stress degradation 
in fatigue is presented. The Monte Carlo process, used to “create” several 
virtual specimens with Weibull failure stress distribution, is described in 
Section 3 and a novel stress distribution model between a pair of cracks 
is presented. Experimental details and results of “fatigue parameter” 
determination are given in Section 4 and 5. Results of Monte Carlo 
simulations are compared with experimental fatigue data in Section 6. 

Similar procedure, assuming that not the failure stress but the frac-
ture toughness of the 90-ply follows Weibull distribution, was used 
[25,29,30] to predict crack density in quasi-static loading. In [29], shear 
lag model was used. In [30], authors used ERR based criterion and the 
Gauss distribution instead of Weibull distribution, randomly assigning 
fracture toughness values to elements. In spite of the very accurate stress 
model used, the simulated axial modulus reduction with strain was more 
severe than the measured. 

2. Theoretical aspects 

2.1. Laminate stiffness and stresses in undamaged plies 

In this study, only the 90-ply has intralaminar cracks. Therefore, 
index specifying that the damaged is the 90-ply is omitted. Usually, 
uniaxial cyclic tests are performed at constant applied maximum load in 
the cycle (stress σLAM

x applied to the laminate). Index LAM is used to 
denote laminate characteristics and index 0 is used for stiffness, stresses 
and strains in undamaged laminate. For undamaged laminate with axial 
modulus ELAM

x0 and for damaged laminate with modulus ELAM
x (ρ) depen-

dent on crack density ρ, the strains at σLAM
x are different. 

εLAM
x0 = ELAM

xn (ρ)εLAM
x , ELAM

xn =
ELAM

x

ELAM
x0

(1) 

The undamaged elastic modulus ELAM
x0 is measured or calculated using 

CLT. The axial modulus of the damaged laminate with crack density ρ is 
either measured experimentally or calculated. A very effective and ac-
curate calculation routine using CLT and the effective stiffness of the 
damaged ply was presented in [31,32], According to FEM results in 
[31,32], the effective transverse modulus of the damaged ply may be 
calculated as. 

Eeff
T = ET

(
3
5
•e− 2.5Mρn +

2
5
• e− 0.9Mρn

)

(2a)  

and effective shear modulus is calculated as 

Geff
LT = GLT Re− βρn (2b)  

where, β = 0.9 • M[1 − 0.05(1 − M•t90
h− M•t90

), R = 1+0.4• (M − 1)(0.5 −

M•t90
h )ρ4

n and the thickness of the laminate is h. 
In (2a and 2b), ρn is the normalized crack density in the 90-ply, 

defined as. 

ρn = ρ • t90 (3) 

Parameter M = 1 for central cracked ply and M = 2 for surface plies. 
The effect of adjacent ply properties on effective transverse modulus is 

very small and it is neglected in (2). 
The thermo-elastic transverse stress in the 90- ply of the undamaged 

laminate σT0 can be calculated using CLT. It consists of two terms a) 
mechanical stress caused by the applied stress σLAM

x and b) thermal re-
sidual stress caused by cool-down from manufacturing/cure to room 
temperature TRT. 

σT0 = σmech
T0 + σth

T0 (4) 

In quasi-static tests, strain εLAM
x is applied to the damaged laminate 

and the corresponding laminate stress is σLAM
x . According to (1), this 

stress, when applied to the undamaged laminate, would cause smaller 
strain εLAM

x0 . Stresses in plies can be calculated using CLT. 
In this study, simulating damage in quasi-static tests the crack den-

sity is obtained as a function of σT0. However, experimental data are 
usually in terms of the crack density as a function of the mechanical 
strain applied to the damaged laminate εLAM

x . Therefore, it is useful to 
express the simulated crack density as a function of εLAM

x . For axially 
loaded symmetric undamaged laminate the mechanical part of the ply 
stress, σmech

T0 in a ply with orientation θ is related to the undamaged 
laminate strain .εLAM

x0 

εLAM
x0 =

σmech
T0

Q12(cosθ)2
+ Q22(sinθ)2

− νLAM
xy0
(
Q12(sinθ)2

+ Q22(cosθ)2) (5) 

In (5) Qij are the stiffness matrix elements of the undamaged ply, νLAM
xy0 

is the Poisson’s ratio of the undamaged laminate. Finally, (1) is used to 
find corresponding strain for the damaged laminate, εLAM

x . 

2.2. Failure stress distribution in quasi-static loading 

For laminates with relatively thick plies, cracks instantly propagate 
across the whole width of the specimen. Following the concept described 
in [12,13,25], the 90-ply along the transverse direction is considered as 
consisting of a chain of elements of certain length lref . The transverse 
failure stress of each element is different and the variability is described 
by Weibull distribution. The transverse failure stress in a certain element 
has one of the values from this distribution. 

The two Weibull parameters (the shape parameter m and the scale 
parameter σ0) are obtained from experimental crack density versus 
applied strain data in low crack density region. In Weibull distribution, 
Pf is the expected fraction of elements that have failed during the stress 
increase from 0 to σT. 

Pf =
Mf

M0
= 1 − exp

(

−

(
σT

σ0

)m )

(6) 

In (6) Mf is the number of failed elements and M0 is the total number 
of elements. The fraction of failed elements can be written as the ratio of 
the crack density at this stress and the maximum possible crack density 
ρmax (when all elements failed) leading to. 

ρ
ρmax

= 1 − exp
(

−

(
σT

σ0

)m )

(7a) 

The thermo-elastic transverse stress σT in a ply with cracks is not 
uniform and it is lower than σT0 that is calculated using CLT. Never-
theless, the data reduction becomes much easier if we use in (6) and in 
(7a) σT = σT0. This approximation is acceptable a) in the low crack 
density region, where the distance between cracks is large and the 
plateau regions are much larger than the stress perturbation zones 
caused by the presence of the crack and b) if the elements are relatively 
large comparing with the size of the stress perturbation zone. Hence, 
estimating Weibull parameters in Section 5 expression (7b) is used. 

ρ
ρmax

= 1 − exp
(

−

(
σT0

σ0

)m )

(7b) 

To minimize the error introduced using (7b), the distance between 

V.R.P. Gabriel et al.                                                                                                                                                                                                                            



International Journal of Fatigue 161 (2022) 106909

4

centers of two adjacent elements has to be large enough to allow the 
transverse stress in the center of the element be close to σT0. According to 
FEM, when the distance between cracks 2l = 6t90 the stress in the middle 
is close to σT0 and the crack created there is only slightly affected by 
neighbors. On the other hand, at the so called “saturation crack density” 
ρmax the distance between cracks is approximately equal to the 90-ply 
thickness.t90 

ρmax = 1/t90 (8) 

To satisfy the condition that in the position of the crack σT ≈ σT0, 
performing data reduction in Section 5 the selected element length is t90 

and only a limited range of crack density data ρ ≤ 0.3ρmax is included. 
As usually, the determination of Weibull parameters is in log–log 

axes. From (7b). 

ln
(

−

(

ln(1 −
ρ

ρmax

))

= mlnσT0 − mlnσ0 (9) 

The data for first cracks obtained from a small number of specimens 
(just 3–4 specimens were used in this study), is not statistically reliable. 
Therefore, they were excluded from Weibull analysis. 

2.3. Assumptions regarding failure stress degradation in cyclic (fatigue) 
loading 

In the suggested scenario, the resistance to transverse failure initia-
tion in a given position (the transverse failure stress) reduces during 
cyclic loading and the Weibull failure stress distribution is changing. 
Similarly as in [24], we assume that the Weibull shape parameter m 
reflects the non-uniformity of fiber distribution in the ply and, hence, it 
has the same value in quasi-static and in cyclic tests. Further, we assume 
that the overall reduction of the resistance of the ply to transverse failure 
during cyclic loading can be interpreted as a monotonous decrease of the 

scale parameter σ0 = f
(

σ fat
T ,N

)
, where σfat

T is the maximum stress in the 

cycle. A power function is one of the simplest forms. 

σ0 = A • N − α

(
σfat

T

B

)− γ

, γ ≥ 0 α ≥ 0 N≫1 (10) 

Parameters A, α, γ and B are unknown material constants. 
Substituting (10) in (6) we obtain. 

Pf = 1 − exp

[

− Nα•m

[(
σ fat

T

B

)γ
σ fat

T

A

]m ]

(11) 

Without losing generality, we can introduce new unknown param-
eters and rewrite (11) as. 

ρ
ρmax

= 1 − exp

⎡

⎣ − Nn

(
σ fat

T

σ*

)m(1+γ)
⎤

⎦ (12) 

According to (12) the shape parameter in fatigue, m* = m(1+γ) may 
be larger than in quasi-static loading. Analysis in [24] showed that 
parameter γ≪1 and therefore m* = m is used in following, finding it 
from quasi-static test. 

Parameter n is defined using data at low crack density where σT ≈

σT0 and (12) can be written as. 

ρ
ρmax

= 1 − exp

[

− Nn

(
σ fat

T0

σ*

)m ]

(13) 

Similar expression based on different arguments was suggested in 
[19]. From (13). 

ln
(

− ln
(

1 −
ρ

ρmax

))

= nlnN +mln
σ fat

T0

σ* (14) 

According to (14), the dependence of experimental  

ln
(
− ln
(

1 −
ρ

ρmax

))
on lnN has to be linear if this distribution is valid, 

with the slope being equal to. Similarly, as in quasi-static loading, the 
data points corresponding to first cracks (extremely low crack density) 
are not reliable. They and also the data in high crack density region 
should be excluded using (14). The cycle independent term in the linear 
fitting function is used to find σ*. 

3. Monte Carlo method for assigning failure stress to elements 

3.1. Quasi-static tensile test 

Virtual specimens with failure stress distribution are created using 
the Monte Carlo method. The 90-ply in the specimen consists of very 
small elements, but the length of the element should not be smaller than 
the size of a typical cluster of non-uniformly distributed fibers. Assuming 
that the cluster should contain at least 7–9 fibers to nucleate a defect that 
is sufficiently large for propagation, the appropriate element length used 
in this study is lMC

el = 4 0 μm. The shape parameter m in (7) does not 
depend on the element length, but the scale parameter, which was found 
for element of length t90, must be recalculated to σMC

0 using. 

σ0

σMC
0

=

(
lMC
el

t90

)1/m

(15) 

The failure stress value to element is assigned by randomly selecting 
a value from a very large pool of data (107 values that follow the Weibull 
distribution with previously determined parameters is used). Since the 
sample of the selected failure stress values is finite (2500 elements are 
used for a 100 mm long specimens) each Monte Carlo realization leads to 
slightly different virtual specimen. One more reason for variability in 
failure behavior between specimens is the random relative position of, 
for example, two elements with low failure stress. If these elements 
happen to be adjacent, the crack in one element will prevent failure of 
the second element. 

The stress distribution is calculated between each pair of two 
neighboring cracks. The transverse stress distribution between two 
cracks is. 

σT (x) = σT0(1 − f (x)) (16) 

In (16), x is the axial direction in the laminate that coincides with the 
transverse direction in the 90-ply, f(x) is the through-the-thickness 
averaged stress perturbation function caused by cracks. Putting the 
origin, x = 0 in the middle between two adjacent cracks with a distance 
2l between them, the stress free condition on both crack surfaces is: 
σT ( ± l) = 0. 

The position of the next crack and the corresponding stress value σT0 
is found as described below. First, a “unit stress”, for example σunit

T0 =

1MPa, is applied and the transverse stress value is calculated in each 
element of the ply. Dividing the stress in the middle of an element by the 
failure stress of this element, we obtain “failure index” Fi for each 
element. The element with the highest failure index will fail next. Since 
the analyzed problem is linear elastic, the required stress σT0 for failure 
can be calculated from the value of the failure index in this element, 
σT0 = σunit

T0 /Fi. An example of the stress distribution in the 90-ply and the 
failure index distribution is shown schematically in Fig. 2. 

Then, a crack is introduced in the middle of the failed element and 
the procedure is repeated for the new distribution of cracks. The simu-
lation data is presented as the crack density versus σT0. Finally, σT0 is 
expressed through the strain applied to the laminate εLAM

x using ex-
pressions (1) and (5). 

3.2. Cyclic tension–tension test 

Assuming, that in cyclic loading the scale parameter degrades as 
described in Section 2.3 and keeping the shape parameter the same as in 
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the quasi-static test, the average value of the failure stress distribution 
has the same degradation “law” (10) as the scale parameter. The 
simplest solution for reducing the average failure stress according to 
(10) is by reducing the failure stress in each element according to (10). 
The element fails when the failure stress in the element decreases to the 
highest local cyclic stress value σfat

T during the cycle. In fatigue damage 
simulations presented in Section 5, this approach is further simplified 
using σfat

T0 for failure stress degradation instead of the local cyclic stress 
σfat

T . Since σfat
T0 > σfat

T , the failure stress degradation is slightly over-
estimated and the crack density in the ply could be over-predicted. 
However, the used approach is consistent with the used assumption 
that γ = 0, see Section 2.3. 

It has to be noted that usage of the same shape parameter m in quasi- 
static and cyclic loading is based on assumption that the variability is 
related to non-uniform fiber distribution. A rather different conclusion 
would be reached if a pre-existing defect state as usual in Weibull sta-
tistics is assumed, expecting that the initial defects of different size 
would have different evolution during the cyclic loading. Following the 
Paris law, larger defects would grow faster than smaller, leading to 
larger defect size variation with increasing number of cycles. This means 
that the Weibull shape parameter m would be reduced. Comparison of 
results from quasi-static and cyclic loading tests on CF/EP NCF com-
posites was done in [24] concluding that m is the same in both loadings. 

3.3. Stress distribution expressions 

The simulation routine described in Sections 3.1 and 3.2 is based on 
failure index calculation in each element and, hence, it heavily relies on 
the accuracy of the calculated stress distribution between two cracks. In 
this study, the stress distribution between each pair of cracks is obtained 
as follows. 

The shape of the stress distribution is described by hyperbolical 
functions with unknown shape parameter α. The transverse stress 
perturbation function in (16) is chosen as. 

f (x) =
cosh

(
2αx
t90

)

cosh
(

2αl
t90

) (17) 

In (17) 2l is the distance between cracks in the considered pair. The 
parameter α is calculated asking that the average value f(av) of the 
transverse thermo-mechanical stress between two adjacent cracks with 
an arbitrary distance between them coincides with the value obtained 

from FEM. 

f FEM
(av) =

t90

2l
1
α tanh

(
2αl
t90

)

, (18) 

Obviously, the parameter α depends on the distance between these 
cracks. It would be very time-consuming to use FEM for obtaining value 
of the average stress between cracks in each step of simulations. 
Fortunately, it is not necessary. Instead, the theoretical relationship 
established in [31] between f(av) and the average value of the normalized 
crack opening displacement, u2an can be used. For a damaged central 90- 
ply in a symmetric laminate, the relationship in terms of FEM results is. 

f FEM
(av) =

1
kf

uFEM
2an (19)  

kf =
E2l
t90

[
Q22t90 + QSL

x2x2
tSL

tSLQSL
x2x2

Q22
+
(

ν12 − νSL
x1x2

)2 t90

ESL
x1

tSL + E1t90

]

(20) 

The set of all layers (connected or separated by the damaged ply) 
excluding the damaged ply is called “sub-laminate” with notation “SL” 
in (20). For example,tSL = h − t90 (h is the laminate thickness) is the 
thickness of this fictitious sub-laminate. The values of QSL

x2x2 
and other 

constants of the sub-laminate follows from A-matrix of the “sub-lami-
nate” calculated using standard expressions of CLT. The coordinate 
system for the SL is related to the symmetry axes of the 90-ply: 1 or x1 is 
the longitudinal direction of the damaged 90-ply. 

Fitting expressions for the average normalized crack opening 
displacement uFEM

2an are published in many papers, see for example [5]. 
The expressions given below were obtained by fitting FEM data. 

uFEM
2an = λ(ρn)u

0FEM
2an , λ(ρn) = tanh(μ/ρn) (21)  

where μ = 1.12 for CF/EP laminates andμ = 0.84 or slightly larger for 
GF/EP laminates. For central 90-ply 

u0FEM
2an = A+B

(
E2

Es
x2

)n

, A = 0.52, B = 0.3075+ 0.1652
(

t90

2ts
− 1
)

n = 0.030667
(

t90

2ts

)2

− 0.0626
t90

2ts
+ 0.7037 (22)  

Es
x2 

is the Young’s modulus of the support lay-up in the direction 
transverse to fiber orientation in the damaged ply, ts is the thickness of 

Fig. 2. Stress distribution and failure index distribution in part of the 90-layer: Average stress model (Section 3.3) is used.  
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the support lay-up on one side of the damaged ply, E2 is transverse 
modulus of the UD composite. 

4. Material and test description 

GF/EP [0/90]s laminates from Unidirectional (UD) prepregs were 
produced using vacuum bag and hot press. UD and [45/-45]s laminates 
were used to determine elastic constants that are given in Table 1. 

The difference between thermal expansion coefficients, α1 and α2, 
Δα = 2.389e− 51/

◦

C was calculated from the curvatures of an unsym-
metrical [0/902] laminate at room temperature (RT). ΔT = − 95◦ C is the 
temperature difference between the manufacturing temperature and the 
RT. 

Rectangular specimens with dimensions 200 mm × 16 mm and 
average thickness h = 1.5mm were cut and reinforced with glass fiber/ 
epoxy end tabs. The gauge length between the tabs was 100 mm. Edges 
of the specimen were well polished to minimize the effect of edge defects 
introduced during cutting and to facilitate optical observation of cracks. 

Quasi-static tensile tests to introduce damage and measure the axial 
modulus were carried out on Instron 3366 servo-hydraulic testing ma-
chine with 10 kN load cell and pneumatic grips. Tests were performed in 
displacement control with a cross-head rate of 2 mm/min. The axial 
displacement was measured during loading by an extensometer with 
gauge length 50 mm. The axial Young’s modulus ELAM

x of the damaged 
laminate was calculated from the stress–strain data in unloading in the 
axial strain interval of 0.05–0.25%. Additional damage was not intro-
duced in the specimens during unloading. The tensile test consisted of 
several similar steps. In each step the specimen was loaded to pre- 
determined strain level, introducing damage. After that, the specimen 
was unloaded about 0.05% strain below the reached maximum, the 
testing machine was stopped, and cracks were counted. This slight 
reduction of the load was sufficient to prevent new transverse cracks 
appearing. The crack density was calculated as an average from the 
number of cracks counted on both specimen edges. Optical observations 
of the specimen surface in transmitted light proved that cracks in these 
thick 90-plies were going through the width of the specimen as shown in 
Fig. 1(b). Then, the specimen was further unloaded to a low strain to 
obtain the elastic modulus corresponding to this damage state. In the 
next loading step, the strain maximum was higher than in the previous. 
This experimental information was converted in terms of the crack 
density versus σT0. 

Cyclic tests with R = 0.1 and at frequency of 6 Hz were performed 
using Instron ElectroPulsTM E10000 Linear-Torsion machine with load 
cell of 10 kN in a load controlled mode. The dynamic extensometer with 
50 mm gauge length was used. The crack density increase with the 
number of cycles was obtained for several maximum stress levels. The 
reference to these levels is in this paper in terms of maximum strain level 
(0.4%, 0.5% or 0.6%) in the beginning of the test. This means that for 
each specimen the elastic modulus was determined first and used to 
calculate the load corresponding to the selected maximum strain. The 
test results are referred to as data for strain level εLAM

x . Such “strain 
representation” of results is more informative than representation with 
respect to the applied macroscopic stress σLAM

x , which depends on the 
rest of plies in the laminate. However, the CLT transverse stress level in a 
ply σT0 , which contains thermal as well as mechanical terms and cor-
responds to σLAM

x is the best for use in the data reduction. The cyclic 
tension–tension tests were interrupted after a certain number of cycles 
and specimens were inspected for damage in the same way as during 
quasi-static tests. 

It has to be noted that the applied mechanical stress ratio R = 0.1 is 
not the same as the transverse stress ratio in the 90-ply. Tensile residual 
thermal stress change the ratio. For example, in the test with εx = 0.4% 
the maximum and the minimum values of the thermo-mechanical stress 
in the 90-ply were σfat

T0 = 51.93MPa and 18.91 MPa leading to R90 =

0.36. The ratio decreases with increasing mechanical stress reaching 0.3 
in the test with εx = 0.6%. The R-effect was studied in [33] showing that 
at higher R the fatigue resistance is higher. 

5. Data reduction 

As described in section 2, the shape parameter m was determined 
from quasi-static tests using (9), whereas parameters n, σ* were deter-
mined, see (14), from fatigue tests performed at different stress levels 
σfat

T0 (characterized in graphs by maximum strain in the first cycle). 

5.1. Weibull shape parameter m 

The technique of Weibull shape parameter m determination using (9) 
is described in more details in [25]. The data points were selected in the 
region of noninteractive or the low crack density, that is 0.05 < Pf < 0.3 
(0.12 cr/mm < ρ < 0.39 cr/mm). They are shown in logarithmic axes in 
Fig. 3. 

In data reduction, the thickness of each individual specimen was 
used which leads to some differences in the used element length lref , see 
(8). However, the shape factor does not depend on the used element 
length and the dependence of the scale factor in this range of length 
change is negligible. Therefore, the obtained values of parameters are 
considered as representative for element length lref = 0.75 mm that is 
equal to the average ply thickness. The values are m = 11.123, σ0 =

104.88 MPa. 

5.2. Parameters n, σ* describing fatigue effects 

As suggested in section 2.2 and 2.3 and similarly as analyzing data of 
the quasi-static test, the selected data points are in the range of 0.05 <

Pf < 0.3 (For example, 0.07 cr/mm < ρ < 0.36 cr/mm range in case of 
cyclic test at 0.5% maximum strain) which is a “non-interactive” region, 
see details in [23]. Using (14) and the value of the shape parameter m =

11.123 obtained from quasi-static tests, the Weibull parameters n, σ* are 

Table 1 
Thermo-elastic constants and average thickness of the 90-ply in the [0/90]s laminate.  

Material E1(GPa) E2(GPa) ν12 G12(GPa) ν23 G23(GPa) ΔT◦C t90(mm)

GF/EP  37.86  9.28  0.28  4.77  0.42  3.27 − 95  0.75  

Fig. 3. Linear regression curve of the quasi-static test data. Linear fit to test 
data selected within 0.05 < Pf < 0.3 is shown. 
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determined and given in Table 2. 
The data and the linear regression curves are presented in Fig. 4 and 

Fig. 5. 
In Fig. 4, it can be noticed that the fatigue parameters found at 

εLAM
x = 0.5% and εLAM

x = 0.6% are rather similar. Only one specimen was 
tested for εLAM

x = 0.4% and the results, especially at low number of cy-
cles, are rather peculiar and not too trustful. For example, the crack 
density at low cycles was even higher than in the 0.5% strain test. 
Therefore, two sets of fatigue parameter n, σ* values are given in Table 2. 
The experimental relationship in Fig. 5 is not linear and, may be, a bi- 
linear description would be more appropriate. Two different fits were 
applied to these data. In the first case, shown in Fig. 5a, linear fit by one 
single function was enforced over the entire used lnN region and the 
agreement with data is not good. In the second case, see Fig. 5b, the 
linear fit is applied only to encircled region in Fig. 5a, and the param-
eters are similar as for the two cyclic tests at higher used maximum 
strain values. These results indicate that fatigue cracking in low strain 
and low cycle region does not follow the model used in this study or that 
the used specimen had a higher manufacturing defect state. On the other 
hand, similarity of parameters in the two higher strain level cases is 
promising in the context of reducing the number of required fatigue 
tests. 

6. Monte Carlo simulations 

6.1. Simulations assuming σT = σT0 (Pf -approach) 

Before starting simulations using Monte Carlo process to distribute 
the failure stress between elements and stress analysis between cracks, a 
very simple simulation was performed assuming that the stress in any 
position between two cracks is the same as in the undamaged laminate at 
the same load. This assumption, which is acceptable at low crack density 
were cracks are far from each other, was applied determining Weibull 
parameters. With increasing crack density, even in the middle between 
two cracks the stress σT becomes significantly lower than σT0. In result, 
predictions based on σT0 overestimate the crack density at a given stress 
or the given number of cycles. In the σT0 based crack density predictions 
(called in the following Pf -approach) (7b) is used in quasi-static tests and 
(13) in cyclic tests. Simulation results using the Pf – approach and the 
Weibull parameters determined in section 5.1 are presented in Fig. 6 for 
the quasi-static tension test and in Fig. 7 for the cyclic loading test with 
parameters listed in Table 2. In all cases, the solid lines of the Pf – 
approach are in a good agreement with test data in the region that was 
used for parameter determination. As expected, outside that region, the 
Pf – approach predicted crack density is too high. An exception is the 
fatigue test simulation at εLAM

x = 0.4% shown in Fig. 7c) and d). It has to 
be noted that all cracks in Fig. 7c) and d) belong to low crack density 
region and the described deviations at increasing crack density can not 
be seen. 

6.2. Cracks and axial modulus in quasi-static and in cyclic loading 

Performing simulations using the Monte Carlo process for failure 
stress determination, the accuracy of the calculated stress state between 
two cracks is of paramount importance. The stress distribution strongly 
depends on the appearance of cracks, in particular on the geometrical 
details at the crack tip in the interface region. Large local delaminations 

at the crack tip would significantly reduce the in-plane transverse stress 
between cracks. It is possible that cracks developed in cyclic loading are 
more prone to have local delaminations than cracks created in quasi- 
static loading. Instead of measuring crack openings, an indirect 
method can be applied, comparing the laminate axial modulus reduction 
with the number of cracks in both loadings. If, indeed, the cracks in 
fatigue introduce larger delaminations, the axial modulus at a given 
crack density would be reduced more. 

The axial modulus reduction with crack density in quasi-static and in 
cyclic tests shown in Fig. 8 does not reveal any systematic differences 
between the two loading cases. Hence, local delaminations (if existing) 
have to be similar in both cases. The predicted normalized axial modulus 
degradation based on the effective ply stiffness approach described in 
section 2.1 and the ply-discount value are also shown in Fig. 8. The 
predicted modulus is slightly higher than the experimental towards the 
high crack density. The model assumes an ideal intralaminar crack with 
sharp tips with no local delaminations nor local fiber breaks. Hence, a 
probable cause for deviations may be the onset of local delaminations in 
high crack density region. In the early stage of the test, the deviation is 
not significant and we can assume that delaminations grow during the 
test. According to these results, the stress model used in Monte-Carlo 
simulations may overestimate the stress in the damaged ply if the 
crack density is high. This would lead to too high predicted crack density 
in this region. 

6.3. Monte Carlo simulations 

The methodology for damage simulation in quasi-static tests is 
described in section 3.1 and for cyclic tests in section 3.2. The simulation 
for prediction of crack density under fatigue test takes around five mi-
nutes to complete for one virtual specimen, whereas for a static test, it is 
done within few seconds. The time of simulation depends on the number 
of fatigue cycle intervals (steps) at which the crack density is calculated. 
In the calculations presented in this paper 1000 steps were used. After 
each step, the failure stress in elements is recalculated. Simulations were 
performed for more than 10 virtual specimens but, for clarity, only three 
are presented in Fig. 6 and Fig. 7. 

In Fig. 6a, the crack density evolution as a function of the CLT 90-ply 
transverse stress in quasi-static test is shown. The dotted lines are 
simulated results. The crack density is expressed versus the applied 
strain in Fig. 6b. The simulations are in a good agreement in interme-
diate crack density region showing an insignificant overestimation of 
crack density in the very high crack density region. The reason, as 
explained in section 6.2, could be local delaminations not accounted for 
in the stress model. These results prove that the stress distribution model 
used in the Monte Carlo approach is reliable. 

The simulated crack density in cyclic loading is shown in Fig. 7. The 
fatigue parameter values obtained for the particular load level, see 
Table 2, were used. Simulations in Fig. 7a and Fig. 7b are in a good 
agreement with experimental results over the whole crack density re-
gion. Since the specimen tested at 0.4% strain has low crack density, the 
Monte Carlo results are not shown in Fig. 7c and Fig. 7d. They are rather 
close to results of the Pf - approach and can not be used to evaluate the 
routine. 

So far, it was shown that using Monte Carlo simulations and test data 
in low crack density region we are able to predict damage evolution 
during cyclic loading in high crack density region. However, the real 
challenge and the practical significance is in ability to predict the 
damage evolution at an arbitrary load level using input data from fatigue 
test at one level of load only. Therefore, in simulations presented below, 
the fatigue parameters for εLAM

x = 0.5% from Table 2 were used to 
simulate damage evolution at strain εLAM

x = 0.6% and εLAM
x = 0.4%. 

The simulation results in Fig. 9 show that the crack density at εLAM
x =

0.6% is under-predicted using the parameters for εLAM
x = 0.5% and at 

εLAM
x = 0.4% it is slightly over-predicted. Thus, the crack density 

Table 2 
Weibull parameters determined from Fatigue tests performed at different strain 
levels.  

εLAM
x (%) 0.4 0.5 0.6 

Thermo-mechanical Stress (MPa) 52 52 61.1 70.27 
n 0.16 0.48 0.72 0.74 
σ*(MPa) 72.05 105.18 132.88 130  
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Fig. 4. Probability of failure versus number of fatigue cycles in logarithmic axis showing data points between 0.05 < Pf > 0.3 and linear fit for parameter deter-
mination. Two loading cases: 0.6% and 0.5% maximum strain in the first cycle. 

Fig. 5. Probability of failure versus number of fatigue cycles in logarithmic axis showing data points between 0.05 < Pf < 0.3 and linear fit for parameter deter-
mination. Maximum strain in the first cycle 0.4%. Two options of fitting the bi-linear curve; a) the best fit over the whole range; b) the best fit of the encircled region 
from a). 

Fig. 6. Crack density in quasi-static loading: a) versus thermo-mechanical transverse stress σT0; b) versus the applied strain εLAM
x . The solid line is Pf-approach and 

dotted lines are simulations using Monte-Carlo method with average stress model (section 3.3). 
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dependence on the stress level in the ply during the fatigue test is 
stronger than in the used simulations assuming in equation (12)γ = 0. 
The stress-dependence was described by parameter m that was defined 
in quasi-static tests. It seems that the assumption that the shape 
parameter is the same in both types of tests should be revisited or, 
referring to (12), parameter γ ∕= 0 for the used material. This conclusion 

is consistent with (10), the shape parameter degradation with the 
number of cycles can not be stress level independent. Therefore, opti-
mizing testing methodology for gathering input data in simulations, 
some cyclic tests at a different load would help to adjust the shape 
parameter in fatigue. However, that would increase the necessary time 
for fatigue testing. Simulations with assumed γ = 0.25 presented in 

Fig. 7. Crack density versus number of fatigue cycles. Solid line is the Pf-approach and dotted lines are simulated results of Monte Carlo method with average stress 
model (section 3.3) and with data in Table 2. Cyclic tests at εLAM

x = 0.6% and 0.5% are in fig a) and b). Tests at εLAM
x = 0.4% and simulations using the Pf– approach 

and different parameters are in fig c) and d). 

Fig. 8. Normalized axial modulus versus the crack density in quasi-static and cyclic tests. The dotted line is prediction using the effective ply stiffness, see section 3.3 
and the solid line is the ply- discount value. 
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Fig. 9a, shows that simulation approaches the test data. 
It has to be noted that the stress model and the failure criterion used 

above has limitations not discussed before that may affect the prediction 
accuracy at extremely high crack density. It was implicitly assumed that 
the stress between cracks in the ply entering the failure criterion de-
pends only on the in-plane transverse coordinate. That is not correct at 
high crack density. In case of low crack density, the transverse stress 
distribution is the thickness-coordinate z dependent only on the vicinity 
of the crack, while it is nonuniform everywhere at high crack density. In 
an extreme, it may reach negative value on the symmetry axis of the ply. 
In this situation, the progression of a crack that is initiated at the 
interface may be arrested when it reaches the low stress region, leading 
to “partial” cracks. In this region, the use of a failure initiation criterion 
based on stress that is averaged over the ply thickness might be not 
justified. This criterion-problem also pertains in the models that use very 
accurate stress calculation [28,30]. Another source of error may be the 
used routine of failure stress degradation using the CLT transverse stress 
in the ply instead of the local stress in the element. Using the local stress 
is more complex because the stress in the element changes during the 
fatigue life and a degradation summation law has to be defined to ac-
count for it. 

7. Conclusions 

Ability to simulate cracking evolution in 90-plies during cyclic 
loading of a model that uses Monte Carlo process to assign transverse 
failure stress, which follows Weibull distribution, to small elements in 
the 90-ply is inspected. In the used routine, the crack density data from 
quasi-static and cyclic tests in low crack density region are used to 
identify model parameters. Assumption is made that the failure stress in 
the element reduces with the number of cycles and a new crack appears 
when the failure stress becomes equal to the maximum stress in the cycle 
in this position. An analytical stress distribution model is successfully 
used in this routine to predict cracking in the whole crack density range. 
The Weibull shape parameter in the used methodology is determined in 
quasi-static tests and used in fatigue to describe the crack density 
dependence on the stress level. The presented analysis suggests that in 
fatigue the shape parameter may be larger than in quasi-static tests. 
Therefore, an optimized testing methodology needs to be performed to 
gather input data that includes crack density in quasi-static tests, in 
detailed fatigue tests at one stress level and at least some data at 
different stress level. 
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