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Abstract 

Fiber reinforced polymer composite laminates make up more than 50% of modern aircrafts. 

Such composite laminates are exposed to various environmental and in-service thermo-

mechanical load conditions. Transverse/intralaminar cracking is usually the first form of 

damage appears in a composite laminate and they tend to increase in number during the 

service life. The growth in number of these cracks significantly degrades the thermo-elastic 

properties of the composite laminate and eventually leads to final failure. Thus, it is important 

to predict the crack density (number of cracks per unit length) growth in both non-interactive 

crack density region and interactive crack density region and its effect in thermo-elastic 

properties degradation. Non-interactive crack density region is the region where the cracks 

are far apart and stress perturbation between cracks do not overlap. Interactive crack density 

region is where the cracks are close to each other and stress perturbation between cracks 

overlaps and affects the formation of new cracks.  In this study, transverse cracks in thick Glass 

Fiber Epoxy (GF/EP) cross-ply composite laminates under quasi-static tensile loading and 

tension-tension fatigue loading have been analyzed and predicted. 

In the first paper attached here, increase in number of transverse cracks in GF/EP cross-ply 

laminates under quasi-static tensile loading at room temperature (RT) are analyzed using 2 

material systems. The failure stress distribution in 90° plies of the laminates is defined by 

Weibull distribution and the Weibull parameters are determined from crack density versus 

applied thermo-mechanical transverse stress in 90° layer (𝜎𝑇
𝐶𝐿𝑇) data points within the non-

interactive crack density region. The crack density growth is then predicted versus the 𝜎𝑇
𝐶𝐿𝑇  

and applied mechanical strain in the laminate from the determined Weibull parameters using 

Monte Carlo method and the stress distribution models between adjacent cracks. The 

predicted results using the novel stress distribution model introduced here were in good 

agreement with the non-interactive and interactive crack density regions of test results. The 

importance of using the Monte Carlo method and novel stress distribution model to predict 

the whole crack density region have been emphasized in the article, in addition to that it also 

redefined the interval of non-interactive crack density region.  

The second paper expands the concept from the first paper, to address the tension-tension 

fatigue loading at RT. It deals with the crack density analysis and prediction in [0/90]s GF/EP 

laminate under fatigue loading at RT. The fatigue tests were performed at 3 maximum stress 

levels. Here the Weibull parameters were determined from the data points within the non-

interactive crack density region in quasi-static and fatigue loading. From the determined 

Weibull parameters of each stress level and using Monte Carlo method and the novel stress 

distribution model, the crack density versus the number of fatigue cycles were predicted and 

in good agreement with the fatigue test results at the respective stress level. The intention 

here was to use Weibull parameters of one stress level to predict crack density at arbitrary 

stress levels. Based on it, the predicted results were not sufficiently good and suggested to 

revisit the Weibull parameter determination by performing fatigue tests at two stress levels.  
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In the attached paper 3, new methodology on crack density growth simulation and Weibull 

parameter determination in tension-tension fatigue loading has been developed. In the newly 

developed methodology, in detailed fatigue tests are performed at one maximum stress level 

to obtain all data points and at higher stress level to obtain one data point that is a crack 

density data point at certain number of cycles to determine Weibull parameters. Using the 

determined Weibull parameters from non-interactive crack density region, the whole crack 

density region was successfully predicted for other stress levels. 
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1. Introduction 

Composite materials are heterogenous materials, made of two or more constituents. Often 

fiber reinforced polymer composite materials are replacement to metals, to give advantage 

of light weight from low density of its constituents, high strength to weight ratio, offers 

corrosion resistance, etc. Long fiber reinforced polymer composites, for example carbon fiber, 

glass fiber or aramid fibers reinforced in thermoset resins like epoxy, bismaleimide or 

polyimide, are mostly used for high temperature load bearing applications. The long fibers are 

either pre-impregnated with resin (called prepregs) and manufactured in autoclave, hot press 

or fibers are reinforced with resin using Resin Transfer Molding (RTM) or vacuum assisted RTM 

methods and manufactured into an individual ply or multiple plies stacked upon each other. 

A single ply of long fiber reinforced polymer composite has anisotropic elastic properties. So, 

individual plies can be stacked up on each other in different orientations of fibers to form a 

composite laminate to give desired thermo-elastic constants and failure behavior at minimum 

weight. Based on the orientations of fibers in the individual plies in a composite laminate, it 

can be classified into symmetric or asymmetric, balanced or unbalanced laminates. A 

composite laminate with layup [0/90]s called cross-ply laminate is symmetric (denoted by ‘s’ 

at the end of layup code) and balanced (see fig 1a for a cross-ply laminate with global 

coordinates marked) and a layup, for example [0,-45,90,+45]s is the quasi-isotropic laminate 

(symmetric and balanced, see fig 1b). 

 

Figure 1: Graphical representation of a) [0/90/0] cross-ply laminate b) [0/-45/90/45]s, where 

individual plies are stacked upon each other in different orientation (marked on right side of 

fig 1b) to form a quasi-isotropic laminate 

Most common load bearing applications of such composite laminates are in automobiles, 

boat, aircraft industries and sports appliances. Especially in modern aircrafts like Boeing 787 

Dreamliner, composite materials make up more than 50% in weight [1,2] and give advantage 

of reduced weight and thus less fuel consumption and less CO2 emission. By 2050, the 

European Union and the aviation industry have set a goal to reduce 75% of CO2 emission per 

passenger kilometer [3]. Towards that goal, the recent trend [4] is the usage of such composite 
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laminates in aeroengines especially in the low compressor region fan blades, casing, and other 

parts in fig 2a (marked in yellow box). The service temperature in that parts may vary from 

ambient temperature to around 100℃. The new challenge is to push the limit of composite 

laminates usage in the aeroengine parts in low compressor region fig 2b (marked in red box 

in fig 2a) with service temperature around 150°-200℃. At that service conditions, damage 

accumulates in the composite laminates, due to its exposure to complex combination of 

mechanical and hygro-thermal load. Hygroscopic stresses develop during matrix shrinkage 

which occurs as a result of diffusion driven moisture or volatile component escape from the 

composite at service temperature. Thermal load is developed during cool-down from 

manufacturing temperature to room temperature due to the differences in Coefficient of 

Thermal Expansions (CTE) in different layers in the laminate.  Thermal load also depends on 

the service temperature in the aero-engine; hence it is important to characterize and predict 

the life of composite laminates for its hygro-thermo-mechanical behavior at that service 

conditions. In general, material life prediction is mostly based on stiffness degradation models 

of the material. Zero damage model is one such, which is based on concept that a material 

cannot carry load if it is damaged, and structure are designed in such a way that it has zero 

damage in service life. However, in case of a composite laminate, experimentally it is proven 

that it can continuously carry load in spite of certain damage level in its layers. To design a 

material that has damage and still can sustain load, it is important to incorporate the 

progressive damage growth and its resulting residual stiffness of the material in the life 

prediction model. Hence progressive damage model has been adapted here to predict the life 

of composite laminates. A reliable prediction model should potentially save time in testing 

stages and cost of testing. To begin with, damage accumulation in terms of transverse crack 

growth in numbers under quasi-static tensile loading and tension-tension fatigue loading in 

Glass Fiber reinforced in Epoxy (GF/EP) cross-ply prepreg laminates was characterized at room 

temperature (RT) and prediction model was developed and validated in this thesis. 
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Figure 2: a) Cross section of a jet engine; region in yellow box experiences from ambient 

temperature to around 100℃ and region in red box experiences temperature around 150℃-

200℃ in low compressor region; b) Typical component that in red box marked in fig 2a. 

2.    Transverse cracks 
2.1. Development of cracks 

Often transverse/intralaminar cracks are the first mode of damage in off-axis layer with 

respect to the loading direction in a composite laminate. At most occasions here, cracks are 

represented in terms of crack density (number of cracks per unit length in transverse direction 

of the ply or inversely proportional to the distance between two cracks ′2𝑙′ as in fig 3c). 

Transverse cracks cover the whole thickness of the 90° layer in the prepreg cross-ply 

laminates, see fig 3a, when tensile load is applied along the direction of 0° layer.  This occurs 

in 90° layer because the stiffness and strength of the long fiber reinforced in polymer 

composite laminates are lower in transverse direction than in longitudinal direction [5]. 

Transverse cracks are mostly caused by the inplane transverse and shear stress in the 

damaged layer [6,7]. Since in this work the 90° layer is the damaged layer, the effect of shear 

stress could be neglected. Fully grown transverse crack, in addition to covering the whole 90° 

layer thickness, also runs along fiber direction to form a tunnel like shape, as in fig 3b and the 

crack face plane is perpendicular to the midplane, see fig 3c. Such transverse cracks grow in 

number when they are subjected to the quasi-static tensile loading or tension-tension fatigue 

loading and results in degradation of the thermo-elastic constants of the laminate [8,9]. 
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Figure 3: a) Microscopic edge view of GF/EP [0/90]s having two through the thickness cracks 

seperated by a distance; b) Surface view of the GF/EP cross-ply laminate showing tunneling 

cracks as dark visible lines; c) Schematic diagram of a cross-ply [0/90/0] having two 

transverse cracks, with 90° layer thickness 𝑡90 and stress 𝜎𝑥
𝐿𝐴𝑀 applied in 0° direction.  

When composite laminates are subjected to quasi-static tensile load, one crack appears at a 

certain stress and stress needs to be increased to have next crack and so on [10-13]. Based on 

the Linear Elastic Fracture Mechanics (LEFM) [14], concept of energy release rate due to crack 

propagation is used to analyse the development of an individual transverse crack in the 90° 

layer in cross-ply laminate. Two stages of crack development have to be recognized: 1) Crack 

initiation and 2) Crack propagation. 

Crack initiation: Debonding between the fiber and matrix interphase [8,15] and/or the matrix 

cracking [16,17] between fibers develops upon loading and the existing defects or flaws at the 

edge coalescence together to grow in the thickness direction to a critical size. The energy 

release rate (ERR) from the applied thermo-mechanical transverse stress increases with the 

increase in crack size. Once the crack reaches the critical size, the ERR is sufficient for growth 

of the crack unstably in the thickness direction [18] and it is then arrested at the interface of 

adjacent layer. The transverse stress in a homogenized 90° layer required to reach the critical 

size of the crack in a position is called failure initiation stress at that position. The stress value 

can be calculated using Classical Laminate Theory (CLT) from known thermal (transverse load 

developed in 90° layer during the cool-down from the manufacturing temperature to room 

temperature) and  applied (mechanical) load.  

Crack propagation: At certain stress level in the layer, the initiated crack propagates along the 

fiber direction to form a tunnel-like shape. The analysis of the crack propagation is based on 

assumption that a discontinuity (that is a transverse crack) grows in a homogenized material 

along the width direction in a specimen.  

The ERR for crack propagation along fiber direction is proportional to the size of the crack in 

thickness direction and it has quadratic dependence on the stress in the layer. As the crack 

grows in thickness direction in 90° layer, the ERR for the crack growth in fiber direction grows 

proportionally. The size of the transverse crack in the thickness direction is limited by the 

thickness of the 90° layer.  Therefore, at given stress the propagation along fibers may or may 
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not start before the crack reaches the interface between two layers. In the latter case that is 

common for thin layers, the transverse stress required for propagation along fibers depends 

on the thickness of the 90° layer 𝑡90 and the 1 √𝑡90⁄  relationship applies [9,19]. The 

dependence of transverse crack propagation on ply thickness of 90° layer has been analysed 

in [5,9,20,21].  

Thus, at given stress the ERR available for through-the-thickness crack propagation along 

fibers is larger in thick 90° layers than in thin 90° layers. Hence, for the case of thick 90° layers 

as the one analysed in this thesis, the stress required for the propagation of the crack along 

fiber direction (to have ERR equal to fracture toughness) is less than it is for the crack initiation.  

That is, once at failure initiation stress, the crack is initiated and it grows instantly in fiber 

direction to form tunnel-like shape. Thus, in case of quasi-static loading in laminate with thick 

90° layer, it can be assumed that, the failure initiation stress is the failure stress in that 

position.  

However, in case of stress controlled tension-tension fatigue loading, certain number of 

fatigue cycles are required to initiate a crack at a certain position in 90° layer and certain 

number of cycles to propagate it along the fiber direction. Experimental results provide 

evidence on number of cycles required to initiate a crack. In the model, we describe the fatigue 

effect as reduction of resistance to failure in each positions of the 90° layer, that is failure 

stress in the positions of 90° layer is reducing upon cyclic loading. Thus for the initiation of a 

crack at given loading, certain number of cycles is required and due to nonuniformity of the 

fiber distribution and/or defects, a different number of cycles is required for different 

positions in the 90° layer. For the crack propagation along fibers, the Paris law with respect to 

the ERR changes in one cycle is often assumed as governing [6]. It was confirmed that the 

transverse crack growth rate along fibers in off-axis ply in tension-tension fatigue loading has 

a power function dependence on total ERR. That is, at the same applied stress in thick plies, 

the ERR is larger and the crack (tunnel) grows through the width of the specimen much faster. 

In the presented work, most of the cracks observed from the surface of the specimens as in 

fig 3b, were fully developed tunnels through the width of the specimen. It suggests that the 

number of cycles required for propagation of cracks along fibers to form tunnel is much less 

than what is taken for the crack initation. Hence, it is assumed that the number of cycles 

required to create a individual tunneling crack is same as the number of cycles required to 

initiate a crack.  

2.2. Stress distribution between cracks 

After transverse cracks are created, depending on the distance between the cracks, the stress 

distribution between the cracks changes. For instance, between a pair of far apart cracks (at 

low crack density called non-interactive crack density region corresponding to initial loading 

stage), the transverse stress distribution between the cracks has large plateau region and is 

almost equal to the thermo-mechanical transverse stress in the 90° layer calculated using CLT. 

That is a reason, why at initial stages of loading, hardly any stiffness reduction is observed. 

Whereas at high crack density, stress between cracks has distinct maximum and it is lower 
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than the CLT thermo-mechanical transverse stress in the layer. This difference in stress 

distribution at a given crack density or the distance between cracks affects the formation of 

new crack, even if there are large variations in the failure stress (or high stress concentrated 

regions) in the 90° layer. Fig 4 gives an example of normalized transverse stress distribution 

between the cracks in 90° layer from applied thermo-mechanical transverse stress 50 MPa. 

The variations or the distribution of the failure stress in 90° layer is explained in section 3.  

 

Figure 4: Normalized transverse stress distribution along the transverse direction of 90° layer. 

Trenches in the plot denotes the crack location because at the vicinity of crack face the stress 

is zero.  

Hence, to find the position of the next crack in the predictive model for transverse crack 

density growth, there is a necessity to determine the stress distribution between cracks using 

a reliable model. The stress analysis in a homogenized material between discontinuities (i.e., 

transverse cracks) is the micro mechanics problem and there are several micro mechanics 

models to determine stress between cracks. In general, transverse stress distribution 𝜎2 

between two cracks in 90° layer can be expressed as  
 

𝜎2 = 𝜎𝑇
𝐶𝐿𝑇(1 − 𝑓(𝑥)).                                                                                                                         (1) 

 

𝜎𝑇
𝐶𝐿𝑇  is the thermo-mechanical transverse stress in 90° layers calculated using CLT, 𝑓(𝑥) is the 

stress perturbation function that depends on the distance between two cracks. The stress 

perturbation function is different in different models for the same distance between cracks. 

So, it is important to select a reliable model to determine the stress perturbation function 

accurate enough. Some of the models describing the stress transfer between cracks are shear 

lag model, variational model and average stress based model. 

Shear lag model is based on one-dimensional analysis and is applicable only for balanced 

symmetric laminates, with cracks in 90° layer to the loading direction [22]. Since the use of 
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shear lag model for damaged laminates [10,23,24], several modifications to the shear lag 

models with different assumptions to deterimine the shear lag parameter have been done 

[25,26,27]. Some of the main assumptions are, 1) the transverse stress and the displacement 

in 90° layer is constant along thickness direction; and 2) the stress transfer from 0° layer to 

90° layer happens through the shear layer between the interface of the 0° and 90° layer. 

Hashin’s variational approach in [28], was based on minimizing complementary energy and 

assumed the thermo-mechanical transverse stress between cracks is constant along thickness 

of the ply, but depends on the transverse direction. This model was developed for cross-ply 

laminate. Later this approach was modified for non zero constraint layer (by homogenizing it 

to orthotropic material) in [29].  

Average stress based stress distribution model: The average value of the thermo-mechanical 

transverse stress 𝜎𝑇(𝑎𝑣) between two cracks can be written as  

 

𝜎𝑇(𝑎𝑣) = 𝜎𝑇
𝐶𝐿𝑇(1 − 𝑓(𝑎𝑣)).                                                                                                                          (2) 

 

The 𝜎𝑇(𝑎𝑣) dependence on the elastic and geometrical properties of the laminate has been 

estabilished using the average stress perturbation function (𝑓(𝑎𝑣)) which was determined 

from FEM [30,31]. 𝜎𝑇(𝑎𝑣) is a robust paramter since the 𝑓(𝑎𝑣) in it determines the stiffness 

change in the damaged laminate. This 𝑓(𝑎𝑣) can be described by the hyperbolic functions as in 

(3) with unknown shape parameter 𝛼,  
 

  𝑓(𝑎𝑣) =
𝑡90

2𝑙

1

𝛼
tanh (

2𝛼𝑙

𝑡90
) .                                                                                                                   (3) 

 
 

 

 

The shape parameter 𝛼 is determined from having the 𝑓(𝑎𝑣) same as in 𝑓(𝑎𝑣)
𝐹𝐸𝑀 which is stress 

perturbation function obtained from FEM. In [31,32], an exact relationship between 𝑓(𝑎𝑣)
𝐹𝐸𝑀 and 

the average values of normalized crack opening displacement 𝑢2𝑎𝑛 (COD) and crack sliding 

displacement (CSD) 𝑢1𝑎𝑛 were found. The relation between 𝑓(𝑎𝑣)
𝐹𝐸𝑀 and 𝑢2𝑎𝑛 in  balanced and 

symmetric laminate with  damaged central 90° layer is 
 

𝑢2𝑎𝑛 = 𝑘𝑓𝑓𝑎𝑣
𝐹𝐸𝑀,                                                                                                                                    (4) 

 

where 𝑘𝑓 parameter depends on the elastic and geometrical properties of the laminate 

[30,31]. 

Determination methodology of normalized COD and CSD has been explained in [31,32,33]. 

Using the determined normalized COD and (4),  𝑓(𝑎𝑣)
𝐹𝐸𝑀 is calculated for every neighboring 

cracks with distance defined by 2𝑙 and eventually the respective shape parameter 𝛼 is 

determined. 
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2.3. Axial modulus reduction 

One of the causes of reduction in axial modulus is the multiple transverse cracks in the 90° 

layer, which corresponds to the stress between the cracks and the distance between the 

cracks. Ply discount model is a zero damage model, which was modified to determine the 

stiffness of the laminate by changing the stiffness of the damaged layer to almost zero, it is by 

assuming the damaged layer can no more carry the load. In reality, the damaged layer that is 

the 90° layer here, can still sustain a part of load even if it has cracks. Thus ply discount model 

overestimates the reduction in stiffness of composite laminates. Also in addition to transverse 

cracks, growth of delamination from the tip of cracks between different layers will also affect 

the stiffness of the laminate. However focus of this thesis is axial modulus reduction induced 

by multiple transverse cracking.  

Based on the crack opening displacement COD and crack sliding displacement CSD that are 

used in determining stress between cracks in section 2.2, elastic constants degradation are 

expressed in the framework of CLT [30,31,34]. This is called as the GLOB-LOC approach. In 

GLOB-LOC approach, exact expressions for thermo-elastic constants can be presented for an 

symmetric and balanced laminate assuming the damaged layer has ideal cracks and no 

delamination and no fiber breakage in 90° layer. It uses parameters like elastic constants and 

geometry of undamaged laminate, crack density and average values of normalized COD and 

CSD.  Based on GLOB-LOC approach, effective stiffness of the damage ply concept was also 

developed in [35,36], which is simpler and accurate. 

3.    Weibull distribution 

3.1. Quasi-static tensile loading  

From the section 2.1, transverse failure stress required to initiate a crack in a position in 90° 

layer is based on the distribution of the fiber clustering or defects and the distribution has 

statistical nature. Assuming uniform distribution of failure stress, number of cracks initiated 

are more than one at a certain stress, which is not the case in real time scenario. Thus it is 

claimed that the failure stress distribution is random and it is due to the non-uniform 

distribution of the fibers in the 90° layer. That is the fiber clustering, and the local stress 

concentrated regions are different in different positions. Manufacturing defects like voids and 

pores could also possibly affect the failure stress distribution in the 90° layer. Hence the 

different positions in 90° layer has different resistance to failure. This distribution can be 

described by the Weibull distribution in which assuming the elements in 90° layers as chain of 

weak links or elements, each with different failure stress. Using Weibull distribution, the 

probability of failure 𝑃𝑓 of the elements for element length 𝑙𝑒𝑙 in  90° layer can be determined 

when thermo-mechanical transverse stress increases from 0 to 𝜎𝑇.  
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For quasi-static loading, the Weibull distribution has been defined using the shape parameter 

𝑚 and scale parameter 𝜎0 corresponding to the reference element length 𝑙𝑟𝑒𝑓 at a certain 𝜎𝑇, 

is given by  
 

𝑃𝑓 = 1 − 𝑒𝑥𝑝 (−
𝑙𝑒𝑙

𝑙𝑟𝑒𝑓
(

𝜎𝑇

𝜎0
)

𝑚
) .                                                                                           (5) 

 

Also, 𝑃𝑓 =
𝜌

𝜌𝑚𝑎𝑥
 , where 𝜌 is the crack density at a certain stress and 𝜌𝑚𝑎𝑥  is the maximum 

possible crack density in the 90° layer. 

Reference element length 𝑙𝑟𝑒𝑓 for a given 90° layer is often related to the maximum possible 

crack density at that layer. In [7], it was observed that at maximum crack density, distance 

between cracks is approximately equal to the thickness of the 90° layers, 𝜌𝑚𝑎𝑥 = 1 𝑡90⁄ . 

Assuming each element can have only one crack in it, the element length 𝑙𝑟𝑒𝑓 is considered it 

to be 𝑡90. 

When reference layer is used in Weibull parameter determination, then 𝑙𝑒𝑙 = 𝑙𝑟𝑒𝑓, and (5) 

becomes, 
 

𝜌

𝜌𝑚𝑎𝑥
= 1 − 𝑒𝑥𝑝 (− (

𝜎𝑇

𝜎0
)

𝑚

).                                                                                                                 (6) 

 

To simplify data reduction, 𝜎𝑇 = 𝜎𝑇0, 𝜎𝑇0 is the thermo-mechanical transverse stress in 

undamaged 90° layer and data points selected are within non-interactive crack density region. 

Data reduction is performed in log-log axes as in (7), 
 

ln (− (ln(1 −
𝜌

𝜌𝑚𝑎𝑥
)) = 𝑚 ln 𝜎𝑇0 − 𝑚 ln 𝜎0.                                                                                                  (7) 

From the linear fit of ln (− (ln(1 −
𝜌

𝜌𝑚𝑎𝑥
)) and ln 𝜎𝑇0, the shape parameter 𝑚 and scale 

parameter 𝜎0 is determined for the quasi-static tensile loading. From the determined 

parameters, probabilistic crack density growth could be estimated for an element length in 

90° layer. 

3.2. Tension-tension fatigue loading 

In a stress controlled tension-tension fatigue loading, the resistance to failure in each element 

is reducing after every cycle of load. Thus, the failure stress distribution is changing after every 

cycle of load. To implement this changes in failure stress distributions in 90° layer upon cyclic 

loading, two assumptions were made. They are, 
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1) Weibull shape parameter 𝑚, that reflects the nonuniformity in the fiber distribution or the 

stress concentrated regions in the 90° layer, is assumed same in both fatigue and quasi-static 

loading. 

2) Another assumption is that the overall reduction in the failure resistance of the 90° layer 

upon cyclic loading can be described in terms of monotonous decrease in scale parameter 𝜎0 

with the number of fatigue cycles and the maximum stress in 90° layer in cyclic loading. This 

can be expressed in simple power function, 
 

𝜎0 = 𝐴 ∙ 𝑁−𝛼 (
𝜎𝑇

𝑓𝑎𝑡

𝐵
)

−𝛾

, 𝛾 ≥ 0, 𝛼 ≥ 0, 𝑁 ≫ 1,                                                  (8) 

 

where 𝐴, 𝛼,  𝛾 and B are unknown material constants. Substituting (8) in (6) gives 
 

 

𝜌

𝜌𝑚𝑎𝑥
= 1 − 𝑒𝑥𝑝 [−𝑁𝛼∙𝑚 [(

𝜎𝑇
𝑓𝑎𝑡

𝐵
)

𝛾
𝜎𝑇

𝐴
]

𝑚

].                                                                                           (9) 

 

Expression (9) describes the failure stress distribution after N cycles at maximum stress in 90° 

layer in cyclic loading and the transverse cracking dependence on the transverse stress 𝜎𝑇  in 

the subsequent quasi-static loading. For pure cyclic loading, 𝜎𝑇 = 𝜎𝑇
𝑓𝑎𝑡

. Also, without losing 

generality of the expression, we can assume 𝐵 = 𝐴. Then (9) becomes,      

                                             

𝜌

𝜌𝑚𝑎𝑥
= 1 − 𝑒𝑥𝑝 [−𝑁𝑛 [

𝜎𝑇
𝑓𝑎𝑡

𝜎∗ ]
𝑚∗

],                                                                                                       (10)  

 

where, 𝑛 = 𝛼 ∙ 𝑚, is the fatigue parameter and 𝜎∗ = 𝐴 is the scale parameter. 

𝑚∗ = 𝑚(1 + 𝛾) is the shape parameter for the stress dependence in the cyclic loading. The 

shape parameter 𝑚∗ could be larger than in the quasi-static loading, depending on  𝛾. From 

the analysis of Non-crimp Fabric (NCF) reinforced in epoxy in [37], it was shown that 𝛾 ≪ 1 

and the 𝑚∗ = 𝑚.  

As in section 3.1, to simplify data reduction process, thermo-mechanical transverse stress 

𝜎𝑇
𝑓𝑎𝑡

 is assumed to be equal to the thermo-mechanical transverse stress in the undamaged 

90° layer 𝜎𝑇0
𝑓𝑎𝑡

 and data points are selected within non-interactive crack density region. Data 

reduction is performed in log-log axes of (10) as in (11), 

 

ln (− ln (1 −
𝜌

𝜌𝑚𝑎𝑥
)) = 𝑛 ln 𝑁 + 𝑚 ln

𝜎𝑇0
𝑓𝑎𝑡

𝜎∗
.                                                                (11) 

 
 

From the linear fit of ln (− (ln(1 −
𝜌

𝜌𝑚𝑎𝑥
)) and ln 𝑁 from the selected data points, within 

noninteractive crack density region in the fatigue test, the fatigue parameter 𝑛 is determined. 
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Then using the shape parameter 𝑚 determined from the quasi-static test, scale parameter 𝜎∗ 

can be calculated by comparing the linear fit of selected data points and (11).  

4.    Monte Carlo method 

Monte Carlo method is a methodology that generates random set of elements to produce 

results of an uncertain event [38,39]. Monte Carlo simulation have already been used to 

analyze multiple transverse cracking in [40,41]. In prediction of crack density, it is employed 

to create a sample of randomly distributed elements with different transverse failure stress 

(using Weibull distribution) in 90° layer of the virtual specimen. Here the Monte Carlo method 

is employed in particular for the simulation at high crack density region, where the space 

between cracks is smaller and the position of next crack is governed by the stress distribution 

between existing cracks. The Monte Carlo simulation is well explained in “Monte-Carlo 

simulations” section in paper 1 for quasi-static tensile loading and in section 3.2 in paper 2 for 

tension-tension fatigue loading.   

5.    Present study 
5.1. Research background 

The research project is performed as part of a programme within the Swedish Aeronautical 

Research Program (NFFP7) (project 2019-02777). The project was initiated with an intention 

to enable the use of composite laminates replacing conventional metals in the aero-engine 

parts at service temperature of around 150°-200℃. At such service conditions, composite 

laminates experiences both mechanical and hygro-thermal loads at various scenarios. Hence, 

there is a necessity to have a fundamental understanding and reliable prediction methodology 

for the damage accumulation and stiffness degradation of the composite laminates at that 

service condition. So, the progressive damage model is to be developed for tension-tension 

fatigue loading at various test conditions to reflect the actual service conditions in the aero-

engine. 
  

In this work, the damage model was developed and validated for quasi-static tensile loading 

and tension-tension fatigue loading at RT and has been summarized in the section 5.3. The 

results obtained here are for the thermo-mechanical loading at RT. The next step is to develop 

an extension of this damage model to incorporate the effect of hygro-thermo-mechanical 

loads at various temperatures and validate it with different material system.  

 

5.2. Materials and testing 
Glass fibers pre-impregnated in epoxy matrix GF/EP was used to manufacture composite 

laminates of different layups using autoclave techniques and using vacuum bag and hot press 

for the attached papers. Edges of the prepared coupon sized specimens from the 

manufactured cross-ply laminates were grinded and polished to minimize the edge defects 
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and for optical observation of the edges. The edge structure of the specimens from 

manufactured cross-ply laminate revealed the fiber distribution within resin region in 90° layer 

is non-uniform and forming fiber clustering.  

The displacement-controlled quasi-static tensile tests and stress-controlled tension-tension 

fatigue tests were performed in the cross-ply specimens. The elastic constants determination 

and the experimental methodology are explained in detail in the section “Experimental 

details” in the paper 1 and section 4 in the paper 2. Then the transverse cracks were 

quantified, and the corresponding stiffness degradation was calculated. 

5.3. Summary of the appended papers 

5.3.1. Paper 1  

Transverse crack growth in numbers has been analyzed in two different [±𝜃/90𝑛]s (where n 

= 1, 2...) GF/EP material system under quasi-static tensile loading at room temperature (RT) in 

paper 1. The distribution of the failure stress to create the cracks in 90° layers in the cross-ply 

laminate is defined by the Weibull distribution and corresponding Weibull shape parameter 

𝑚 and scale parameter 𝜎0  has been determined from the test results of crack density and the 

corresponding applied thermo-mechanical transverse stress in 90° layer. The data points 

selected for the Weibull parameter determination are within the non-interactive crack density 

region. From the determined Weibull parameters, using the Monte Carlo method and stress 

distribution models, the crack density growth with respect to applied thermo-mechanical 

transverse stress and applied mechanical strain has been predicted. The stress distribution 

models used here are the Hashin’s model and novel stress distribution model based on 

approach in which average transverse stress between the cracks is similar to FEM solution. As 

expected, the predicted crack density using Hashin’s model has underpredicted with respect 

to the test results. Also, performed transverse cracking simulation helped in tuning the 

Weibull parameters by redefining the noninteractive crack density region empirically. The 

predicted results, using the tuned Weibull parameters, Monte Carlo simulation and novel 

stress distribution model, had good agreement with the test results in whole crack density 

region with respect to increase in transverse stress in 90° layer and applied mechanical strain 

(see fig 5). The predicted results also highlights the importance of using a reliable stress 

analysis model. The predicted stiffness degradation using GLOB-LOC approach with increase 

in applied mechanical strain is also in good agreement with test results.  
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Figure 5: Crack density Cr/mm vs applied mechanical strain % of GF/EP [𝜃/−𝜃/904]s; a) 𝜃° =

15°; b) 𝜃° = 30°; Circle marks are test results; Solid line is the probabilistic prediction (𝑃𝑓 −

𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ); Dotted lines are Monte Carlo method with novel stress distribution model 

(denoted as GLOB LOC) predictions 

5.3.2. Paper 2 

Successful prediction of whole crack density region under quasi-static tensile loading using 

Weibull distribution, Monte Carlo method and novel stress distribution model, motivated to 

employ this methodology to transverse cracking under tension-tension fatigue loading in 

paper 2. First, the transverse cracking in GF/EP cross-ply laminate was analysed under Quasi-

static tensile loading and the shape parameter was determined. Then the fatigue loading at 3 

maximum stress levels was performed for transverse cracking analysis. Probability of failure 

using Weibull distribution was modified to incorporate the fatigue effect by using several 

assumptions. Then the Weibull parameters were determined for each maximum stress level 

using the respective test data points within redefined interval (from paper 1) of non-

interactive crack density region. Using the Monte Carlo method and novel stress analysis 

model, and from the Weibull parameters of each stress level, the crack density growth versus 

the number of cycles were predicted. The predicted results coincide well with the test results 

in whole crack density region for all respective stress levels. However the real intention of the 

paper was to predict the crack density in arbitrary stress levels using the Weibull parameters 

determined from one stress level. The predicted results based on that was either 

overpredicted or underpredicted. It suggests that the assumption of shape paremeter was 

underestimated, and 𝛾 ≠ 0 for the tested material system. By assuming 𝛾 = 0.25, the 

predicted results were in good agreement. 

5.3.3. Paper 3 

Methodology for transverse cracking simulation under fatigue loading and Weibull shape 

parameter determination, was developed and drafted in the attached paper 3. The 

methodology involves indetailed fatigue testing at one maximum stress level to obtain all data 

points for fatigue parameter determination. In addition to that, another fatigue test at higher 

maximum stress level to obtain one data point. The data points obtained are all within non-
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interactive crack density region. In the new methodology developed, the quasi-static testing 

is not needed for Weibull parameter determination. The Weibull parameters are determined 

using the data points obtained from fatigue tests at two stress levels. Then using the 

determined Weibull parameters, Monte Carlo method and novel stress analaysis model, the 

crack density versus numbers of cycles has been successfully predicted for all three maximum 

stress levels, shown in fig 6.  

 

Figure 6: Crack density Cr/mm vs Number of cycles N of GF/EP [0/90]s; fatigue tested at 

a) 70.27 MPa b) 61.1 MPa c) 52 MPa maximum thermo-mechanical transverse stress in 

90° layer; Black dots are test results; Solid line is the probabilistic prediction; Dotted lines 

are Monte Carlo method with novel stress distribution model based predictions; Here 

Weibull parameters obtained from 61.1 MPa and 70.27 MPa test results. 

 

6.    Future study 

In the near future, the plan is to simulate the service life of the composites in the aero-engines 

at temperature around 150°-200℃ with comparable tests of coupon level specimens in the 

laboratory. For that purpose, high temperature polymer composite laminates in different 

layups are manufactured using RTM method. The specimens as of from the manufactured 

laminates and heat treated specimens are planned to be subjected to quasi-static tensile 

loading and tension-tension fatigue loading in different stress levels at various temperatures. 

The experimental results of intralaminar cracking and respective laminate stiffness 

degradation are expected to potentially give the sufficient knowledge on the effect of hygro-

thermal loading in combination with the mechanical load. Based on the obtained knowledge, 

the Weibull failure stress distribution is to be modified to determine the probability of failure 

of the elements in the damaged layers at various test conditions and validated.  

 

Thereupon, the developed damage prediction model could potentially be enhanced for 

accurate prediction of growth of interlaminar cracks/delamination between different layers 

under static and fatigue loading at different test conditions. Multi-axial mechanical loading 
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together with the hygro-thermal load is another complex loading situation in composite 

laminates which could be analyzed in the distant future to obtain comprehensive 

understanding of the material behavior at various test conditions. 
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Analysis of intralaminar cracking in
90-plies of GF/EP laminates with
distributed ply strength
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and Janis Varna1,4

Abstract

Intralaminar cracking in relatively thick 90-plies of [�h=90n]s laminates is analyzed using experimental data for two Glass

fiber/Epoxy (GF/EP) material systems. Weibull parameters for transverse failure stress of the 90-ply are obtained from

experimental intralaminar crack density versus applied strain data, showing that a reliable analysis requires sufficient

amount of data in so called noninteractive crack density region. Monte Carlo simulations of cracking were performed

using stress distribution between two cracks calculated using two models: Hashin’s model and a novel model that

ensures that the average stress is exactly the same as in FEM solution. Due to its features, the Hashin’s model predicts

too low intralaminar crack density (it predicts too strong interaction between cracks). The results emphasize the

importance of having a proper stress distribution model when performing Monte Carlo simulations. Simulations

were used not only to simulate intralaminar cracking in high and very low crack density regions but also for improving

the procedure of Weibull parameter determination.

Keywords

Transverse cracks, intralaminar cracking, Weibull distribution, Monte Carlo simulations, initiation strength

Introduction

In composite laminates, extensive intralaminar cracking
in plies often precedes and triggers the final failure,
which most often is fiber failure in the critical ply1 or
large delaminations between plies.2 During quasi-static
tensile loading the number of these cracks, often called
matrix cracks, transverse cracks, tunneling cracks etc.,
grows. It is characterized by crack density in a ply q,
which is the number of cracks per unit length.
Intralaminar cracks, see Figure 1(a), run parallel to
the fiber direction in the ply and the crack plane is per-
pendicular to the laminate middle-plane (x-y plane in
Figure 1(b)). They usually cover the thickness and the
width of the ply creating well defined tunnels, signifi-
cantly changing the thermo-elastic constants of the lam-
inate.3–6 They initiate other damage modes, for example,
local delaminations starting from the intralaminar crack
tip that are also identifiable in Figure 1(a).

Two stages (events on different scales) may be rec-
ognized in the development of each intralaminar crack:
initiation and propagation. The initiation is a process
on the fiber/matrix scale, which leads to development

of a growing mesoscale damage entity (defect, “flaw”).

The propagation of this growing “flaw” into tunneling

crack is usually analyzed considering the crack as dis-
continuity in a homogenized ply.

The sequence of events during the initiation stage is
known: it is a combination of fiber/matrix interface

cracks (debonds)6,7 and/or the matrix failure followed
by the coalescence of these small damage entities into a

larger crack-like “flaw”,6,7 which, after reaching a crit-
ical size, acr, grows unstably in the ply thickness
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direction8 (the energy release rate (ERR) increases with
the entities size a) before it is arrested at the interface
between plies. The nominal transverse stress in the ply
required to reach the critical size acr, is called
“initiation strength” and denoted rTin. The Classical
Laminate Theory (CLT) is utilized to calculate it,
using the measured applied load at this event and the
thermally induced residual stresses (referred as residual
stress in following).

The propagation of the “flaw” in the direction along
fibers also requires certain value of ERR that depends
on the ply stress and the size of the “flaw”. For exam-
ple, the ERR in Mode I is proportional to the square of
the in-plane thermo-mechanical transverse stress in the
ply and it is linear with respect to the size of the “flaw”
in the thickness direction a. The reason why an exten-
sive propagation of a single fiber/matrix debonds along
the fiber is not a typical scenario, is the small arc size.
An unstable increase of the a is triggered at rTin and the
ERR for propagation along fibers is growing propor-
tionally to the increasing a. The ERR may reach the
critical value (fracture toughness) before the growing
“flaw” is arrested at the interface between plies or, may
be, the critical value is not reached even when it covers
the whole thickness of the ply. Thus, the ply stress nec-
essary for crack propagation along fibers rTprop
decreases with increasing size of the damage entity. In
thick plies the rTprop becomes lower than rTin, whereas
in thin plies it is larger than rTin even when the “flaw”
has reached its largest possible size covering the whole
thickness of the ply. Thus, in thick plies the “flaw”
becomes a tunnel at rT ¼ rTin but for thin plies an
increase of the applied load to rT ¼ rTprop is required
to have propagation. For a “flaw” covering the whole
thickness of the ply ¼ tk, the ERR depends on the ply
thickness tk resulting in the well-known 1=

ffiffiffiffi
tk

p
depen-

dence of the propagation stress rTprop:
3 Hence, we have

to distinguish two ply thickness regions when analyzing
intralaminar cracking in laminates: a) rather thick plies

where the crack propagates along fibers as soon as it is
initiated at rTin; b) thin plies where the stress required
for crack propagation along fibers, rTprop is higher than
rTin. The transition thickness between these two cases
depends on the material system used and has to be
determined experimentally. For laminates used in this
study rTprop < rTin. Hence, the cracking analysis has to
be based on the initiation stress that is very weakly
dependent on ply thickness. Plies were rather thick,
significant acoustic signals accompanied each event9

and optical observations showed that cracks were
always covering the whole width of the specimen and
the entire thickness of the 90-ply.

In quasi-static tensile tests4,10–14 only one crack
appears at certain strain, the next crack requires
higher strain and so on. The crack density is low in
the beginning and therefore the stress perturbations
caused by the cracks are not overlapping at all. Large
plateau regions exist between cracks where the stress is
as in the undamaged laminate. A uniform failure stress
based approach for this situation would predict not one
but many cracks appearing at once. Since, this is not
what happens, we claim that the reason is non-uniform
fiber distribution in the ply, which leads to fiber clus-
tering and local stress concentrations, different in dif-
ferent positions. As a result, different positions have
different resistance to failure. Similarly, as in the
Single fiber fragmentation test (SFFT), in this paper
the variability of the in-situ transverse failure stress of
the 90-ply in the laminate (called “failure stress” in
following) is described by Weibull distribution, visual-
izing the ply as a chain of small elements, each with
specific failure stress value (initiation stress rTin). The
Weibull distribution has been widely used for descrip-
tion of the failure stress distribution,,4,10,11,13,15 deter-
mining Weibull parameters from intralaminar crack
density data. In this procedure, the stress perturbation
regions close to existing cracks are assumed as very
small comparing with the distance between cracks

Figure 1. Damaged laminate with intralaminar cracks in the central 90-ply: a) micrograph showing the central ply and parts of the
support layers in GF/EP [02/904]s laminate; b) schematic showing of the repeating unit between two cracks in [S/90n]s laminate, where
S is the support lay-up, t90 is the thickness of the 90 layer and ts is the thickness of the support layer.
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and, therefore, the CLT transverse stress can represent
the transverse stress in the survived elements of the
damaged ply.

Thus, the above described method has limitations. It
assumes that the transverse stress in an adjacent ele-
ment to the cracked one is still as according to CLT.
Therefore, this approach is applicable at low crack den-
sity only. On the other hand, at low crack density the
cracking data obtained from a small number of speci-
mens (usually just 4–5 specimens are used in these
tests), is not statistically reliable. For example, a large
amount of specimens would be required to obtain reli-
able statistical characterization of the failure stress for
the first crack. These are severe limitations to the used
crack density data and this approach is considered as
first approximation requiring tuning.

At low crack density the plateau regions, where the
transverse stress is constant, are large and the mono-
tonic crack density increase with applied load mostly
depends on parameters of the statistical initiation stress
distribution. In contrary, at high crack density, the
stress distribution between two existing cracks has a
very distinct maximum and the probability to have
the crack at the maximum point is high even if the
failure stress variation along the ply is large.

Therefore, a realistic intralaminar cracking simula-
tion requires both: a) statistical distribution of the fail-
ure stress in the ply and b) reliable stress analysis
between cracks. The Monte-Carlo method has been
used to account for statistical aspects in this type of
simulations.16–18 In,16 calculating the impregnated
fiber bundle strength, the Weibull distribution was
used to assign varying strength values along an individ-
ual fiber and a shear lag model was used to calculate
the stress, transferred to the broken fiber from the adja-
cent fibers. In,17 the intralaminar cracking evolution in
cross-ply laminates was analyzed assuming that the
fracture toughness of the 90-ply follows Weibull distri-
bution. The shear lag model similar to the suggested in5

was used for stress analysis. Since, the test data for GF/
EP 90-plies used in Weibull parameter determination
were for only one (rather large) ply thickness, the well-
known ply thickness effect on damage evolution and
the necessity for using Linear Elastic Fracture
Mechanics (LEFM) was not demonstrated.

The stress model used in18 analyzing cracking is of
an exceptional accuracy, comparable with FEM solu-
tions.19 Even these authors used ERR based criterion
and the Normal distribution when randomly assigning
fracture toughness values to different elements. In fact,
their results for thick (8 and 4 prepreg plies) GF/EP 90-
plies show, see Fig. 11 and 13 in literature,18 ply thick-
ness effect whereas experimental data do not have this
effect, which is an indication that initiation stress based
criteria may be preferable in this case. Since for other

results on GF/EP laminates the simulated and the
experimental crack density evolution with strain is
not presented in,18 a direct comparison with other
models is not possible. However, in spite of a very
accurate stress model, the simulated axial modulus
reduction with strain is significantly more severe than
the measured in the test (20% reduction versus 10% at
0.8% strain in Figure 14 of literature18) which ques-
tions the applicability of the used Normal distribution
and/or the energy approach itself for the used lami-
nates with eight prepreg layers in the 90-ply.

The used stress distribution model has to be suffi-
ciently accurate, simple to use and computationally
efficient, because it has to be used in each step of sim-
ulations where the damage evolution crack by crack is
followed.

Analytical or numerical stress state analysis in lam-
inates with homogenized plies containing discontinu-
ities (intralaminar cracks) is often referred as
“micromechanics modelling”, see review for example
in.20 The simplest solutions use shear lag assumptions
or variational principles together with assumptions
regarding the stress distribution along the thickness
coordinate.3,10,21 Usually, these solutions are applica-
ble to cross-ply type of laminates with cracks in 90-plies
only. More accurate analytical models require complex
and sophisticated calculation codes often available only
to authors themselves.19,22 The two most distinct direc-
tions of refinement ((a) improving the stress state
approximation in the ply; (b) dividing the real ply in
several sub-layers and keeping simple approximation in
each of them) heavily rely on numerical methods and
they hardly deserve the name “analytical”.

Using FEM to calculate the stress between cracks
would be accurate, but not efficient in schemes where
cracks are appearing in random positions, defined by
stress and initiation stress distributions.

In this paper, we suggest a novel, approximate ana-
lytical method for the transverse stress distribution in
the transverse direction between two neighboring arbi-
trary located cracks. In this method, the average value
of the used transverse stress distribution coincides with
the value from FEM. The shape of the stress distribu-
tion is described by hyperbolical functions (as in shear
lag models) with an unknown shape parameter. This
parameter is found by fitting the average stress to the
value from FEM. The found parameter depends on
crack density.

In fact, simulations in this study do not involve any
FEM calculations. Instead, the average transverse
stress between cracks is obtained using FEM data pre-
sented in previously published papers.4,23,24 As shown
in,23 the average in-plane transverse and shear stress
perturbations can be uniquely expressed through the
average values of the normalized crack opening and
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sliding displacements (COD, CSD). The dependence of
COD and CSD on material and geometrical parame-
ters has been described by fitting functions.4,24

These fitting functions are used also in the so called
GLOB LOC approach4,24 which uses them in exact
closed form formulas for thermo-elastic constants of
the damaged laminate with a known damage state.

The objective of this paper is to present and validate
methodology for damage simulation in laminates with
relatively thick plies, where the intralaminar crack after
its initiation at rTin, immediately propagates making a
tunnel.

First, the Weibull parameters for the in-situ trans-
verse failure stress are estimated using experimental
data in the assumed non-interactive crack density
region. Then, Monte Carlo process and the novel
stress model based simulations are performed in the
whole crack density region, using experimental data
to tune the estimated Weibull parameters and to vali-
date the approach. The Monte Carlo process is used to
“create” several virtual specimens with Weibull failure
stress distribution. After that, thermo-mechanical
stress distribution and failure index (transverse stress
divided by failure stress) are calculated in each element
to obtain the location and stress value for the next
cracking event. The crack distribution is non-uniform
and after each cracking event, the stress distribution
has to be recalculated. Finally, the simulated damage
state is used in the GLOB LOC expressions4,24,25 to
predict laminate stiffness degradation with increasing
strain.

Thus, the Weibull parameter determination is an
iterative process and two iterations were used in this
paper.

The definition of the non-interactive crack density
region is not straight-forward, and the region is rather
narrow with limited number of data. Therefore, a bal-
ance has to be found between the need to have a larger
number of data points and the error due to deviation
from “non-interactivity”. In the first iteration, Weibull
parameters were obtained considering rather high
crack density as non-interactive. It resulted in too
slow cracking evolution with strain when the parame-
ters were used in Monte-Carlo simulations to predict
behavior outside the region. This was an indication
that the non-interactive crack density region is smaller
than initially assumed. With the new Weibull

parameters found in the second iteration, simulations

outside were significantly closer to test data.
It is important to note, that the data analysis, which

was repeated two times with narrowing the crack den-
sity region, is not an arbitrary variation of Weibull

parameters to fit data with Monte-Carlo simulations.
To the contrary, certain “physically sound rules”

regarding the non-interactive crack density region
usable in Weibull parameter determination are formu-
lated and systematically implemented.

Experimental details

Two types of GF/EP composite laminates were pro-

duced using an autoclave technique. According to
manufacturer’s description, one of the matrix systems

was relatively brittle (notation Std GF/EP used in this
paper) whereas the other was toughened (notation GF/

EP-3). Unidirectional plates and [45/�45]s plates were
used to determine elastic constants (see Table 1).

Laminate lay-ups used in tests were: [02/902]s for Std
GF/EP; [�h/904]s with h ¼ 0�; 15�; 30� for GF/EP-3.

Thickness t of one prepreg ply in the laminate is
given in Table 1. Coefficients of thermal expansion,
a1 and a2, were calculated from the principal curvatures

of the [02/902] laminate at room temperature (RT). DT
is the temperature difference between the manufactur-

ing temperature and the RT.
Edges of specimens were polished with a sand paper

to minimize the effect of edge defects introduced during
cutting and to facilitate optical observation of cracks.

Tensile tests were carried out on a servo-hydraulic

testing machine of 25 kN load capacity. Tests were per-
formed in displacement control with a cross-head rate
of 2mm/min. The axial displacement was measured

during loading by an extensometer with gauge length
50mm. The axial Young’s modulus ELAM

x of the dam-

aged laminate was calculated from the stress-strain
data corresponding to the axial strain interval of

0.10–0.35%. No additional damage was introduced in
the specimens by this procedure.

The test consisted of several steps. In each step the
specimen was monotonically loaded to pre-determined

strain, introducing a damage state corresponding to
this strain. After that, the specimen was unloaded

about 0.05% strain below the reached maximum, the
testing machine was stopped, and cracks were counted.

Table 1. Thermo-elastic constants and prepreg ply thickness of the used composites.

Material

E1
(GPa)

E2
(GPa) �12

G12

(GPa) �23

G23

(GPa) a1 1=�C a2 1=�C DT �C t (mm)

GF/EP-3 44.73 12.76 0.297 5.8 0.42 4.49 8.6e-6 22.1e-6 �105 0.144

Std GF/EP 45.5 12.7 0.28 3.45 0.41 4.5 7e-6 20e-6 �100 0.131
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This slight reduction of the load was sufficient to pre-
vent new transverse cracks appearing due to creep rup-
ture or other time effects. At this load, cracks were
counted over a specimen length to determine the
crack density. The crack density was calculated as an
average from the number of cracks counted on both
specimen edges. It was verified that cracks in these
thick 90-plies were going through the width of the
specimen making well-defined “tunnels”. That was
checked putting a bright light source behind the speci-
men and counting cracks visible as dark lines on the
specimen surface. Then, the specimen was further
unloaded to a low strain and reloaded to obtain the
elastic modulus corresponding to this damage state.
In the next loading step the strain maximum was
higher than in the previous.

Data reduction methodology: theoretical
aspects

Weibull analysis of crack density data (at low crack
density)

In this study, intralaminar cracks are present in 90-ply
only. Therefore, index specifying the damaged 90-ply is
omitted (except for cases when it can make confusion).

For laminates with relatively thick plies, as the ones
analyzed in this paper, the initiation strength rTin >
rTprop and, therefore, cracks initiated at rT ¼ rTin
instantly propagate across the whole width of the speci-
men. In the following analysis each ply is a homogenized
composite with constant (coordinate independent) elas-
tic properties. Following the concept described in,10,11,13

the 90-ply is considered as consisting of a chain of inde-
pendent elements of certain length lref . The failure stress
(initiation stress rTin) of different elements along the
transverse direction of the ply is different. It seems rea-
sonable to assume that the failure stress follows the
Weibull distribution and the transverse failure stress in
a certain element has one of the values from this
distribution.

The Weibull distribution is characterized by shape
parameter m and by scale parameter r0ref correspond-
ing to element length lref called “reference length”. The
two Weibull parameters are obtained from experimen-
tal crack density versus applied strain data, see Section
Determination of parameters. Defining Pf as the
expected fraction of elements that have failed during
the stress increase from 0 to rT and assuming that the
Weibull distribution is valid, the Pf at rT for elements
of different length lel is

Pf ¼ Mf

M0
¼ 1� exp � lel

lref

rT
r0ref

� �m
 !

(1)

In equation (1) Mf rTð Þ is the number of failed ele-

ments in the 90-ply at rT and M0 the total number of
elements. The meaning of the stress rT in Pf expression

(1) has to be discussed. In a ply with cracks, the trans-
verse stress is not uniform. Nevertheless, the analysis

becomes much easier if we use the CLT transverse
stress rCLTT in the ply as rT, rT ¼ rCLTT . The rCLTT is
the CLT transverse stress (mechanical plus thermal

residual) in the 90-ply of the undamaged laminate cor-
responding to the load applied to the damaged lami-

nate. This approximation is rather accurate in the low
crack density region, where large plateau regions with

the stress are typical and rT ¼ rCLTT is used in the first
iteration of Weibull parameter determination.

If during the parameter m and r0ref determination,
rCLTT is used in equation (1) instead of the rT, which
close to a broken element is much lower than rCLTT , the
cracking statistics is distorted. To minimize the intro-
duced error, following conditions on the highest crack

density data suitable for analysis using equation (1)
have to be satisfied

• The transverse stress in the center of an element adja-
cent to a failed element is not reduced by the presence

of the crack. This implies that the distance between
centers of two adjacent elements has to be long
enough to allow for decay of all stress perturbations.

• The number of elements in the specimen has to be

larger than the highest number of cracks possible in
the test (otherwise some elements would fail twice,
making the probability of ply-cracking larger than

one, Pf > 1). Empirical data suggests that the distance
between cracks at very high crack density is approxi-

mately equal to the 90-ply thickness and, therefore,
the element length should not be larger than that.

Hence, we assume that the highest crack density
qmax, often called “saturation crack density”, is

qmax ¼ 1=t90 (2)

where t90 is the thickness of the 90-ply.
These two conditions on element length (smaller

than t90 and large enough to make the stress perturba-

tion in the middle of the adjacent element negligible)
are contradicting. FEM calculations show that even at

a distance 3t90 from the crack, the stress perturbations
are still noticeable. In this study the solution to this

dilemma is in assuming the element length equal to
the 90-ply thickness and putting limitations on the

region of crack density used in data reduction.
However, a new problem appears: the number of
data points has to be sufficiently large for statistical

analysis. Therefore, a compromise has to be made
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between using data for noninteractive cracks only and
having a sufficiently large number of data.

It was assumed that data are usable for analysis
when less than 50% of all elements have failed
(q � 1

2
qmax). The average distance between cracks in

this case is larger than 2t90. This means that in average
there is at least one unbroken element between the
broken one and the next one to fail. FEM calculations
show that this distance between cracks is not sufficient
for stress concentrations to decay fully, but at least the
number of usable data points is sufficient.

The ratio of failed elements versus the total number
of elements can be written as the ratio of the crack
density at this stress versus the maximum possible
crack density qmax, leading to

Pf ¼ q
qmax

and
q

qmax

¼ 1� exp � lel
lref

rCLTT

r0ref

 !m
0
@

1
A

(3)

For the reference lay-up used in Weibull parameter
determination, lel ¼ lref . The routine for determination
of Weibull parameters starts with rewriting equation
(3) in logarithmic axes

ln � lnð1� q
qmax

� �� �
¼ mlnrCLTT �mlnr0ref (4)

Expression (4) implies that the experimental

ln � lnð1� q
qmax

� �� �
versus lnrCLTT relationship has to

be linear if it follows the Weibull distribution. Linear
fitting function has to be used to find parameters

y ¼ kxþ b m ¼ k mlnr0ref ¼ �b (5)

One more problem using this procedure is that the
low crack density data has very large scatter. For exam-
ple, having zero cracks at certain low strain in one
100mm long specimen and 2 cracks in another one is
a very realistic situation. However, these two specimens
have a huge difference in the value of

ln � lnð1� q
qmax

� �� �
(with zero crack density, the value

is �1). Hence, to have a representative data for low
crack density, a very large amount of specimens would
be required. Therefore, as a rule of thumb, data corre-
sponding to less than 5 cracks over 100mm specimen
length was not used during fitting.

The scale parameter r0ref corresponds to the used
element length and, performing Monte Carlo simula-
tions with much smaller element length, in equation (3)
the ratio lel=lref � 1.

On rCLTT calculation in the Weibull parameter
determination routine

To introduce damage in coupons, uniaxial tensile test
described in Section Experimental details was per-
formed. After k-th loading-unloading step in which

uniaxial strain eLAM kð Þ
x was reached (index LAM is

used to denote laminate characteristics and k is an
index referring to k-th loading step), we count cracks

and calculate crack density q kð Þ (cracks/mm), obtaining

qðkÞ ¼ q eLAMðkÞ
x

� �
. This is the experimental informa-

tion that has to be converted in terms of the crack

density versus rCLTðkÞT , to be used in equation (4).

In uniaxial loading the relationship between the lam-
inate stress rLAMðkÞ

x and the applied strain eLAMðkÞ
x is

rLAMðkÞ
x ¼ ELAM

x qðkÞ
� �

eLAMðkÞ
x (6)

where ELAM
x is the elastic modulus of the laminate in the

given damage state. Residual thermal stress related
terms are not included in equation (6) because lami-
nates were tested at constant room temperature and
thermally induced residual stresses in a homogenized
ply do not affect the elastic modulus measured at

fixed damage state. ELAM
x can be obtained from exper-

imental stress-strain curves in unloading or from
models. The initial value (before damage) of the lami-

nate elastic modulus is ELAM
x0 : The transverse stress in

the 90- ply of the undamaged laminate rCLTðkÞT at the

applied stress rLAMðkÞ
x can be calculated using CLT.

The same definition of rCLTðkÞT (thermo-mechanical
transverse stress in the 90-ply of the undamaged lami-

nate corresponding to rLAMðkÞ
x applied to the damaged

laminate) is used in a vast majority of models describ-
ing the stress distribution between two cracks.3,6,19 The
transverse stress distribution between cracks is sought

in form rðkÞT ¼ rCLTðkÞT 1� fðx; zÞð Þ where f x; zð Þ is a

stress perturbation function, different in different
stress distribution models (it depends also on the
crack density). These stress distributions will be used
in Monte-Carlo simulations. The same definition of

rCLTðkÞT was also used in4 deriving stiffness degradation

expressions for general symmetric laminates.
Summarizing, the definition of rCLTðkÞT is as follows:

At certain strain eLAMðkÞ
x applied to the damaged lami-

nate, the average laminate stress is rLAMðkÞ
x . This stress

rLAMðkÞ
x , when applied to the undamaged laminate,

causes stresses in all plies and rCLTðkÞT is the sum of
the thermal residual and mechanical transverse stress
in the undamaged 90-ply.

An alternative calculation, leading to the same value
of rCLTðkÞT , is by using the strain of the undamaged
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laminate eLAMðkÞ
x0 that corresponds to the eLAMðkÞ

x mea-
sured on the damaged laminate. The relationship is
obtained writing for the undamaged laminate

rLAMðkÞ
x ¼ ELAM

x0 eLAMðkÞ
x0 (7)

Dividing equations (6) and (7) and introducing nor-
malized elastic modulus ELAM

xn as

ELAM
xn ¼ ELAM

x

ELAM
x0

(8)

we obtain

eLAMðkÞ
x0 ¼ ELAM

xn qðkÞ
� �

eLAMðkÞ
x (9)

Finally, eLAMðkÞ
x0 with additional conditions Ny ¼

Nxy ¼ 0 is used in CLT to calculate the mechanical
part of the rCLTðkÞT .

Parameters in Weibull distribution

First, the Weibull parameter determination from the
crack density versus the applied strain data in the low
crack density region will be demonstrated for the two
used composites, elucidating existing problems and dis-
cussing possible solution. After that, the obtained
Weibull parameters will be used to perform simple
crack density growth predictions using approach
where the stress perturbations from cracks are not
accounted for. The approach is based on the same
assumptions as the methodology used to find Weibull
parameters, see Section Weibull analysis of crack den-
sity data (at low crack density). Finally, the Weibull
parameters will be used in Monte Carlo simulations

of damage development. In this part, it is crucial to
have reliable model for stress state between two
cracks. Simulating damage evolution, the Hashin’s
stress distribution model will be compared with a
novel model that ensures that the average of the
stress between two arbitrary cracks is the same as in
FEM calculations.

Determination of parameters

Experimental data used in Weibull analysis are the
crack density as a function of the axial strain applied
to the laminate and the dependence of the axial modu-
lus of the laminate on the crack density in the 90-ply.
Examples of the normalized axial modulus are given in
Figure 2. Stiffness predictions of the GLOB-LOC
model, discussed in Section Probabilistic crack density
simulation, and the ply-discount value are also pre-
sented in Figure 2. One may notice that the experimen-
tal data in some cases are below the GLOB-LOC
predictions, which is based on FEM model with uni-
formly distributed “ideal cracks with sharp tips” with-
out local delaminations at the crack tip. FEM
simulations for cross-ply laminates with nonuniform
crack spacing26 have shown that for GF/EP laminates
with lay-ups used in the present paper the axial
modulus predicted assuming uniform crack distribution
is 1–2% lower (prediction based on uniform crack dis-
tribution is conservative). More detailed description of
the GLOB-LOC model is given in Section Probabilistic
crack density simulation and in Appendix 1.

Hence, the experimentally observed lower values at
high crack density in Figure 2(a) is an indication of an
onset of local delaminations and, therefore, elastic
modulus approaches to the ply-discount value faster.
For the same reason, it seems that the GF/EP-3 lami-
nates are prone to local delaminations even at low

Figure 2. Effect of transverse crack density on normalized axial modulus of Std GF/EP and GF/EP3 cross-ply laminates: symbols are
experimental data, Glob- Loc are predictions of the GLOB LOC model;4,24 the solid line is the ply-discount value assuming zero value
of E2 and G12 in the 90-ply.
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crack density. Nevertheless, the effect of delaminations
on elastic modulus in Figure 2 at low crack density is
rather small. This means that the effect of delamina-
tions on the average stress between cracks is also small.

The experimental crack density versus applied strain
data was converted to the Pf dependence on the applied
strain eLAMðkÞ

x , following expressions (2) and (3). Then,
the experimental normalized axial modulus values for
each specimen, presented in Figure 2 were used to cal-
culate what would be the corresponding strain values
eLAMðkÞ
x0 in the undamaged laminate for the same applied
load (see the explanation in Section On rCLTT calcula-
tion in the Weibull parameter determination routine
and the calculation expression (9)). Finally, the strain
eLAMðkÞ
x0 was applied to the undamaged laminate and
CLT was used to find the value of the mechanical
transverse stress in the 90-ply.

The obtained crack density versus rCLTðkÞT data is
presented in logarithmic axes as required by equation
(4). For materials obeying Weibull distribution the
dependence must be linear. The available data points
are presented in Figure 3 as open symbols. Obviously,
the relationship is not linear and the main reasons for
that, as described in Section Weibull analysis of crack
density data (at low crack density), is the unreliability
of data at very low crack density (low strain) and crack
interaction at high crack density.

Weibull parameters determined using data in logarith-
mic axes were always presented also in linear axes, com-
paring the cumulative probability of ply-cracking
calculated with these parameters and the experimental
values determined using equation (3). Figure 4 shows
that for two pairs of Weibull parameters (m¼ 5.35,
r0ref ¼ 114.6MPa andm ¼ 5:71; r0ref ¼ 135:3 MPa) fit-
ting in the Pf 2 0:05;0:5½ � region is almost equally good
and differences are notable only at higher Pf values.

Following instructions discussed in Section Weibull
analysis of crack density data (at low crack density),
the data points in the range where Pf < 0:5 were select-
ed to perform linear fitting. These data points are indi-
cated by dots inside the open symbols in Figure 3.
The equation of the linear fitting function was used
to determine Weibull parameters, see equations (5).
The Weibull parameter values for the used materials
are given in Table 2.

The GF/EP-3 02=904½ �s and �15=904½ �s laminates
have the same 90-ply thickness. Nevertheless, they
were analyzed separately, and the Weibull parameters
were calculated as an arithmetic mean (average) of
both lay-ups to describe the failure behavior “in
average”. The shape and scale parameter in both
cases should be the same (if we assume they depend
on nonuniformity of the fiber distribution, which sup-
posedly is the same in both laminates of the same mate-
rial). This choice was made due to rather small amount
of data for this material.

As one can see in Figure 3, the accuracy of the deter-
mined parameters is far lower than the number of digits
shown in Table 2. Nevertheless, they are shown because
they were the input values used in following simulations.

The shape parameters for both GF/EP composite
systems are rather similar, indicating that

Figure 3. Weibull parameter determination using linear fit to selected data set in logarithmic axes. Open symbols represent all
available data points. Symbols with dots inside are the selected data points for linear fitting. Equations of linear fit are shown: 1) using
all points; 2) using selected points only.

Table 2. Weibull parameters for the used GF/EP systems.

Material

Reference

element length

lref (mm)

Shape

parameter

m

Scale parameter

r0ref (MPa)

GF/EP-3a 1.152 5.71 135.3

Std GF/EP 0.524 5.35 114.6

aParameters are calculated as an arithmetic mean (average) of parameters

for 02=904½ �s and �15=904½ �s laminates.

8 Journal of Composite Materials 0(0)
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nonuniformity of local fiber distribution is rather sim-

ilar. The scale parameter r0ref is lower for the Std GF/

EP composite which in all tests showed more brittle

cracking behavior. After recalculating to the same ele-

ment length as the data for the Std GF/EP, the GF/EP-

3 has even higher r0ref (152.3MPa).
In Figure 4 the same crack density data as in

Figure 3 are shown versus the sum of the thermal resid-

ual and mechanical 90-ply stress in linear stress axis.

For Std GF/EP the agreement of the fitting with test

data is good in a rather wide noninteractive crack den-

sity region. For GF/EP-3 that has a thicker 90-ply, the

noninteractive crack density region is much smaller but

the agreement with the test is good even at high crack

density where the interaction is strong. This discrepan-

cy is a strong indication (confirmed by Monte-Carlo

simulations in Section Crack density simulations with

Weibull parameters in Table 2) that for this material

the Weibull parameters obtained in the described first

iteration are inaccurate. The Weibull parameter deter-

mination is revisited in Section Simulations with mod-

ified Weibull parameters (second iteration) and in

Figure 4(b) the crack density fitted with the modified

Weibull parameters is also shown.

Probabilistic crack density simulation

The simplistic approach for crack density simulation

used in this section does not account for local stress

state changes due to crack interaction. In this

approach, the crack density increase depends on fea-

tures of the Weibull distribution: there is a small

amount of elements in the ply with low in-situ failure

stress, small number of elements with very high failure

stress and a large number of elements between these

two extremes. This means that, increasing the applied

load with a constant rate, we will first have just a few

cracks. Then the cracking rate will increase rather fast

and slow down after reaching the region where only
high failure stress elements are left, resulting in S-
shaped crack density versus load curve.

Considering, as before, the 90-ply as consisting of
elements of length lel ¼ t90 and assuming that the crack
in one element does not affect the stress in the adjacent
element, we can use equation (3) to predict the crack
density at any stress, including the very high and very
low crack density regions (these regions were excluded
performing Weibull parameter identification). We call
this approach “Pf-approach” because it is entirely sta-
tistical and it ignores the fact that the in-plane stresses
in an element between two existing cracks are lower
than in undamaged laminate under the same load.
Actually, in the high crack density region, where
stress perturbations from two neighboring cracks over-
lap, expression (3) is not applicable. Using equation (3)
at high crack density the amount of cracks is overesti-
mated, because the stress between the cracks is always
lower than the rCLTðkÞT . Therefore, the crack density
curve using Pf-approach should be an upper bound
to experimental crack density.

In tests, the cracking evolution is usually expressed
in terms of the crack density as a function of the
strain applied to the damaged laminate. Using equa-
tion (3) the simulated crack density is calculated as a
function of rCLTT and we have to express the latter
through the damaged laminate axial strain eLAMx , revers-
ing the sequence of calculations described in Section
On rCLTT calculation in the Weibull parameter determi-
nation routine. We select a set of the thermo-
mechanical stress rCLTðkÞT values and calculate using
equation (3) the corresponding crack density qðkÞ

values in the analyzed ply. Then, the undamaged
laminate strain eLAMðkÞ

x0 value corresponding to the
mechanical part of the ply stress rCLTðkÞTmech is calculated.
For axially loaded symmetric laminates with cracks in
a ply with orientation h, the relationship between

Figure 4. Crack density versus the thermo-mechanical transverse stress in 90-ply. Open symbols are experimental values, solid line
and dashed line are results, calculated according to equation (3).
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rCLTðkÞTmech and eLAMðkÞ
x0 is as follows

eLAMðkÞ
x0 ¼ rCLTðkÞTmech

Q12m2 þQ22n2 � �LAMxy0 Q12n2 þQ22m2ð Þ
(10)

In equation (10) Qij is the CLT stiffness matrix of
the ply, m ¼ cosh, n ¼ sinh, �LAMxy0 is the Poisson’s ratio
of the undamaged laminate.Finally, with the calculated
eLAMxk0 values, we can use equation (9) to find corre-
sponding strain for the damaged laminate

eLAMðkÞ
x ¼ eLAMðkÞ

x0

ELAM
xn qðkÞ
� � (11)

The normalized axial stiffness ELAM
xn of the laminate

can be calculated theoretically or taken from experi-
mental data (if available).

In this paper, ELAM
xn calculations for the Pf-approach

were performed using the GLOB-LOC4 model. From
the GLOB-LOC we have exact expressions linking the
damaged laminate elastic constants with the crack den-
sity. Expressions contain two characteristics of the
crack: its average opening (COD) and sliding displace-
ments (CSD) normalized with respect to the CLT stress
in the ply. For symmetric and balanced laminates with
cracks in central 90-ply analyzed in this study, the
expression for the axial modulus is

ELAM
x

ELAM
x0

¼ 1

1þ 2qn
t90
h u2anc2

c2 ¼ E2

ELAM
x0

1� �12�
LAM
xy0

� �2

1� �12�21ð Þ2
(12)

In equation (12) h is thickness of the laminate, qn is
the normalized crack density in the 90-ply, defined as

qn ¼ q � t90 (13)

Expression (12) is an exact expression,4,24 derived
without any additional assumptions. Parameter u2an
in equation (12) is the normalized average crack open-
ing displacement (COD), which has been previously
analyzed using FEM25 and can be calculated using
the fitting functions given in Appendix 1.

The normalized axial modulus predicted using
GLOB-LOC is shown in Figure 2. The elastic proper-
ties predictions using GLOB-LOC are very accurate for
cracks with ideal geometry (straight cracks, no local
delaminations at the crack tip).

Using the Pf-approach the crack interaction is not
accounted for. Therefore, the Pf-approach simulations
for the Std GF/EP laminate in Figure 5(a) give a good
description of the damage process in the crack density
region 0:3 < q < 0:9 cr/mm only. As expected, the
experimental crack density at higher loads is much
lower than according to the Pf- approach. The Monte
Carlo simulations, presented in the next section, correct
for this drawback.

The Pf-simulations for GF/EP-3 laminates, shown
together with the test data in Figures 5(b) and,6 using
the average of parameters for [02/904]s and �15=904½ �s
laminates, work well in the crack density region 0:1 <
q < 0:4 cr/mm. Outside this region the deviation is
small even at high crack density. That is impossible
unless a part of the cracks used in the Weibull param-
eter determination are from the interactive region. It
will be further discussed using Monte-Carlo simula-
tions in the next section. Since the 90-ply in GF/EP-3

Figure 5. Crack density increase with strain applied to the cross-ply laminate. Open symbols are experimental values, solid curve is
Pf - prediction according to equations (3), (10), (11), Monte Carlo simulations according to two stress models are shown as dotted
lines and dashed lines.
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laminates is approximately two times thicker than in

the Std GF/EP laminate, the crack interaction begins at

much lower crack density.
Pf-simulations with the same parameters were applied

also to GF/EP-3 [�30/904]s laminate that was not

involved in parameter determination, see Figure 6(b).

Monte-Carlo simulations

Methodology

The Monte Carlo method was used to create virtual

specimens consisting of very small elements. The ele-

ment length should be very small but not smaller than

the size of a typical cluster of nonuniformly distributed

fibers. We assume that the cluster size should be at least

4–5 fibers to be a nucleus for a defect sufficiently large

for propagation, estimating the appropriate element

size lel in equation (3) to be 40 mm.
In each virtual specimen, the failure stress value is

assigned to an element by randomly selecting a value

from a very large pool of data (107 values) that follows

the Weibull distribution with previously determined

parameters given in Table 2. Since the sample of select-

ed failure stress values is finite (2500 elements for

100mm long specimens) each Monte Carlo realization

leads to slightly different specimen. Another reason for

differences in failure behavior of specimens is the

random position of, for example, two low failure

stress elements. Comparing two specimens, one with

these two elements located close to each other and

another one were they are far apart, it becomes obvious

that in the former case, the crack in the element with

the slightly lower strength will prevent cracking in the

second element (because of the stress perturbation). In

the second specimen where these elements are far apart,

both elements will fail at rather similar strain.
To include “tab region” in simulations, 10mm long

“tab regions” were added to both ends of the 100mm

long specimen. This region contained elements of the

same size and material but with extremely high

assigned failure stress. The high failure stress of these

elements prevent cracking in the tab region during sim-

ulations. A crack was introduced at each end of the

specimen with total length 120mm to use the same

stress distribution calculation routine: the stress distri-

bution is always calculated between two neighboring

cracks. Two alternative methods of stress calculation

are presented in Section Stress distribution between

two cracks. Both of them describe the stress distribu-

tion between two adjacent cracks in the damaged ply as

rT xð Þ ¼ rCLTT 1� fðxÞð Þ (14)

In equation (14) rCLTT is the transverse thermo-

mechanical stress value for the given applied load in

the same laminate in undamaged state, defined in

Section On rCLTT calculation in the Weibull parameter

determination routine; f xð Þ is the stress perturbation

function caused by the crack (it is different in different

models), x�is the axial direction in the laminate that

coincides with the direction transverse to fibers in the

90-ply. Putting the origin x ¼ 0 in the middle between

two arbitrary neighboring cracks with a distance 2l

between them, we have to satisfy the stress free condi-

tion on both crack surfaces: rT �lð Þ ¼ 0.
The routine for determination of the position of the

next crack and the stress value rCLTT for that event is the

same for all pairs of existing cracks. First, we select a

“unit stress”, for example rCLTT ¼ 1 MPa and calculate

Figure 6. Crack density increase with strain applied to GF/EP-3 laminates. Open symbols are the experimental values, solid curve is
the Pf -prediction according to equations (3), (10), (11), Monte Carlo simulations according to two stress models are shown as dotted
lines and dashed lines.
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the transverse stress, corresponding to this value, in
each element of the specimen. Dividing the stress in
the middle of an element by the failure stress of this
element, we obtain “failure index” Fi for each element.
The element with the highest failure index will fail next.
The required stress rCLTT for that can be calculated from
the value of the failure index in this element, rCLTT ¼
1MPa=Fi (the analyzed problem is linear elastic). An
example of the stress distribution according to Hashin’s
stress model and the failure index distribution is given
in Figure 7.

Next, the same calculations are repeated for the new
distribution of cracks (one more crack in the position
were the failure index was the highest). The simulation
data is presented as the crack density versus rCLTT .
Finally, rCLTT is replaced with the strain applied to the
laminate eLAMx using expressions in Section Probabilistic
crack density simulation.

The described simulation routine that is based on
failure index calculation in each element, heavily
relies on the accuracy of the stress distribution between
two cracks.

Stress distribution between two cracks

Many so called “micromechanics” models have been
developed during the last four decades5,21,22 to describe
the stress distribution between two cracks in a ply.
Exact analytical solution does not exist even for the
simplest cross-ply laminate. To be efficient in the
described cracking simulation, where each crack is
introduced separately and the stress calculations are
repeated after each new crack, the stress distribution
has to be described by simple functions. Apparently,
the choice is between some kind of shear lag model

(where often the shear lag parameter is selected in a

rather questionable way) and a variational model

where Hashin’s model is the simplest among this
group. Our goal, using Hashin’s model as one of two

options, is to show that the simplicity of the model is

obviously important for time-efficient simulations, but
the accuracy of stress distributions is crucial for reliable

predictions.
Expressions for the transverse stress distribution12

according to Hashin’s model are given in Appendix 2.
They slightly differ from Hashin’s original expres-

sions:21 Hashin developed his model for cross-ply lam-

inates where the constraint layer is made of the same

material as the 90-ply with cracks. To use this stress
model for [�h=904]s laminates, we homogenize the �h
plies in an orthotropic support material. The model

presented in Appendix 2 is for a transverse isotropic
90-ply constrained by two orthotropic support plies.

Thermal residual stresses are included in expressions,

but the model is in plane stress formulation. The goal

was not to develop a new (better) version of a varia-
tional model but to keep it as close as possible to the

well-known and often used Hashin’s model.
Since the Hashin’s model is derived minimizing the

complementary energy under simple assumption

regarding the stress distribution, the damaged laminate

stiffness predicted with this model is conservative

(lower than the exact solution or numerical solution
with any FEM model), which means that the stress

between two cracks in the Hashin’s model is too low.

Hence, the crack density predicted by this model

should be a lower bound to experimental crack density.
This expectation is justified only for cracks without

considerable local delaminations.

Figure 7. An example of the stress distribution according to Hashin’s model in a part of the 90-ply containing 20 cracks and the
failure index distribution in elements.
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Average stress based stress distribution. In all approximate
analytical models the stress distributions are described
by hyperbolical functions. The following approach is
used in this study: it is required that for an arbitrary
distance between a pair of cracks the used stress
distribution gives an accurate average transverse
thermo-mechanical stress value. The average thermo-
mechanical stress that depends on material and geomet-
rical parameters is calculated using analytical fitting
functions obtained in previous FEM analysis.4,23,24

Then, the shape of the stress distribution is described
by hyperbolical functions with unknown shape param-
eters. The shape parameter is found from fitting the
average stress value and it depends on the distance
between cracks. It means that in simulations the shape
parameters are different for regions between different
pairs of cracks. According to equation (14) the expres-
sion for average stress is

rTðavÞ ¼ rCLTT 1� fðavÞ
� �

(15)

The average value of the in-plane stress between two
cracks is a very robust and important parameter. In fact,
the average value, fðavÞ of the stress perturbation func-
tion in equation (15), is the quantity that governs the
amount of the laminate stiffness change. Since the crack
spacing is not uniform, summation over the average
stresses in regions between all pairs of cracks determines
the stiffness reduction of the laminate. For example, in
the ply-discount model the average value of the trans-
verse stress between cracks is equal to zero (fðavÞ ¼ 1) ,
which leads to very “extreme” stiffness drop.

The used exponential shape function for transverse
stress perturbation in equation (14) is in the form

f xð Þ ¼
cosh 2ax

t90

� �

cosh 2al
t90

� � leading to fðavÞ ¼
t90
2l

1

a
tanh

2al
t90

� �

(16)

In equation (16) 2l is the distance between the con-
sidered pair of cracks. Parameter a is found requiring
that fðavÞ has the same value as obtained in FEM
calculations.

fFEMðavÞ ¼ t90
2l

1

a
tanh

2al
t90

� �
(17)

A closed form analytical solution of equation (17)
does not exist and it has to be found in numerical
iterations for each value of 2l .

It is not feasible to use FEM for obtaining value of
the average stress between each pair of cracks and the

fFEMðavÞ in each step of simulations. Fortunately, it is not

necessary. Instead, we can use the relationship between

fFEMðavÞ and the average value of the crack opening dis-

placement, u2an established in.25 For a damaged central

90-ply in a symmetric laminate, the exact relationships

are as follows

u2an ¼ kff
FEM
ðavÞ (18)

kf ¼ E2l

t90

Q22t90 þQSL
22 tSL

tSLQ
SL
22 Q22

þ �12 � �SLx1x2

� �2 t90
ESL
x1
tSL þ E1t90

" #

(19)

Index “SL” is used to denote parameters character-

izing the set of all layers (connected or separated by the

damaged ply) except the damaged ply under consider-

ation. Thus tSL ¼ h� t90. This set of plies (even if some

of them are on different sides of the damaged ply) is

called “sublaminate” with notation “SL”. This means,

for example, that QSL
22 follows from ASL

22 of this

“sublaminate” calculated using standard expression of

CLT for the “sublaminate”. The coordinate system

used for SL calculations is related to the symmetry

axes of the 90-ply: x1 is in the longitudinal direction

of the 90-ply.
There is one more condition which is automatically

satisfied for quasi-isotropic and cross-ply laminates:

the “sublaminate” would make a macroscopically

orthotropic material in the x1; x2 system, which is

always the case if the set of layers in the sublaminate

in the x1; x2 system is balanced.
The advantages in expressing fFEMðavÞ through uFEM2an are

a. In FEM calculations, finding displacement on the

boundary of the model is easier and more accurate

than finding the average stress perturbation;
b. There is a lot of information published regarding the

average opening uFEM2an
24,25 calculation and it may be

done for any composite with known elastic constants

and laminate lay-up.

Calculation expressions for uFEM2an are summarized in

Appendix 1.

Crack density simulations with Weibull parameters in

Table 2

Since each Monte-Carlo simulation takes less than

1minute on a regular laptop, simulations for large

amount of virtual specimens were performed to see

the variability in damage evolution. Damage evolution

in two selected rather different virtual specimens of

each lay-up is shown in Figures 5 and 6 The dotted
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lines are simulations using the average stress based

stress distribution model. The dashed lines are results

using Hashin’s model. The simulated crack density as a

function of rCLTT was recalculated as a function of the

strain applied to the damaged laminate using equation

(11). The ELAM
xn qkð Þ required in equation (11) was cal-

culated using equation (12), meaning that in this step

uniform crack distribution was assumed. As discussed

in Section Determination of parameters the assumption

of uniformity may lead to 1–2% lower laminate nor-

malized modulus and similar overestimation of the

applied strain. Using the GLOB-LOC model, u2an in

equation (12) was calculated applying expressions in

Appendix 1. Using the Hashin’s model for ELAM
xn qkð Þ,

u2an in equation (12) was linked with fðavÞ using equa-

tion (18), further using equation (32) in the Hashin’s

stress distribution model.
In the crack density region, that was used for

Weibull parameter determination, the Monte Carlo

simulation with both stress models gives similar but

slightly lower results than the Pf-approach. This

means that the crack interaction starts even earlier

than the assumed threshold Pf ¼ 0:5 and some of the

cracks used in determination of Weibull parameters

belong to the interaction region.
In all presented cases the Hashin’s model based sim-

ulations under-predict the crack density. The reason for

that is the principle of minimum complementary energy

used in solving this model: its usage always gives lower

stress between two cracks than more accurate solu-

tions, for example FEM.
Using the average stress model, the agreement with

test data for Std GF/EP laminate in Figure 5(a) is rather

good. There may be a trend that the predicted curve

generally is slightly lower than the experimental points.
The average stress based simulations for GF/EP-3

laminates in Figures 5(b) and 6 systematically predict

lower crack density than the observed. The opposite

was expected: in the test the stiffness reduction in

Figure 2(b) was systematically larger than according

to the GLOB-LOC model, which is an indication of

local delaminations. If delaminations really exist, they

would reduce the stress between cracks and the crack

density would be lower than the simulated, if a model

that does not account for delaminations is used.

Simulation results being systematically lower than the

experimental, and the described discrepancy motivated

revisiting the data reduction methodology used in

Section Determination of parameters for Weibull

parameter determination.

Simulations with modified Weibull parameters

(second iteration)

As discussed in Section Crack density simulations with

Weibull parameters in Table 2 the assumption that the

data region where Pf < 0:5 is non interactive can be too

optimistic: the stress perturbation zone is larger than

2t90. In this Section we perform a modified Weibull

analysis using in the data reduction only points where

Pf < 0:3. Inspecting Figure 3(a) for Std GF/EP lami-

nate, we conclude that the slope of the trendline would

change insignificantly by exclusion some more points

corresponding to higher stress.
On the contrary, using the new “noninteraction

criterion” Pf < 0:3, for GF/EP-3 cross-ply data, the

slope in Figure 8(a) becomes very different and the

modified Weibull parameters are

m ¼ 9:08; r0ref ¼ 125:2 MPa

The first impression from Figures 5(b) and 8(b) is

that the new parameters are performing even worse

than the values from the first parameter iteration.

Figure 8. GF/EP-3 cross-ply laminate: a) modified Weibull parameter determination; b) predictions with the modified parameters.
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The Pf-approach predictions that are not accounting
for the crack interaction are even less useful outside
the noninteractive region than before (actually it is a
good sign). The Monte Carlo simulations using a) these
parameters and b) the stress distributions between
cracks found using the model described in Section
Stress distribution between two cracks, give rather
good prediction of the cracking in the whole crack den-
sity region, see Figures 8(b) and 9.

The presented examples show, that defining the
crack density region for Weibull parameter determina-
tion, special attention has to be paid to ensure that
cracks are not interactive in the selected region and
that the number of the available data points is
sufficient.

Finally, the laminate axial modulus reduction with
increasing applied strain was simulated and compared
with the experimental behavior. Since the crack distri-
bution is non-uniform, using equations in26 would
be preferable. Nevertheless, equation (12) was used

because the difference according to26 is not more
than 1–2% and equation (12) is much simpler.
Figure 10 shows rather good agreement with data
achieved combining the Monte Carlo damage simula-
tions with the GLOB-LOC expressions for the GF/EP-
3 damaged laminate stiffness.

According to Figure 10, the predicted modulus deg-
radation is slightly smaller than the experimental. We
can clearly see that: a) using in simulations the described
routine, we are predicting slightly lower crack density
than the experimental (Figures 8(b) and 9) b) at a given
crack density the predicted modulus, see Figure 2, is
slightly higher than in test. These two effects together
(at a given strain we predict too low crack density and
for this crack density we predict too small modulus
reduction) lead to the observed slight underestimation
of modulus degradation. At least two possible reasons
can be mentioned to explain this result: a) predicting
stiffness we use assumption that cracks are “ideal”
with sharp tips and there are no local delaminations,

Figure 9. Cracking simulations in GF/EP-3 �h=904½ �s laminates using modified Weibull parameters, a) h ¼ 15, b) h ¼ 30.

Figure 10. Axial modulus degradation in GF/EP-3 laminates with increasing strain: a) cross-ply 02=904½ �s; b). �15=904½ �s

Pakkam Gabriel et al. 15
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local fiber breaks etc; b) the used stress model and fail-
ure criterion has limitations because it assumes that the
stress between cracks depends only on the in-plane
coordinate that is not a valid assumption when the
crack density is high. At low crack density the
through-the-thickness distribution of the transverse
stress is non-uniform only in the vicinity of the crack,
whereas at high crack density it is highly non-uniform
everywhere, sometimes reaching negative values on the
symmetry axis of the ply. A crack initiated at the inter-
face may be “arrested” when approaching the low stress
region. That may be an important limitation for using
any criterion that is based on stress that is averaged over
ply thickness (the problem remains even using very
accurate stress calculations18,19) Both factors contribut-
ed to deviations shown in Figure 10.

Conclusions

Weibull distribution of the in-situ transverse failure
stress in relatively thick 90-plies of [�h=90n]s laminates
is analyzed using two GF/EP material systems, deter-
mining parameters from the intralaminar crack density
versus applied strain data. It is demonstrated, that a
proper Weibull parameter determination requires suf-
ficient amount of data in so called noninteractive crack
density region where stress perturbation caused by one
crack does not affect appearance of another.

Monte Carlo simulations of the cracking sequence in
several virtual specimens, covering the whole crack
density region were performed using the identified
Weibull parameters. Stress distribution between two
cracks was calculated using Hashin’s model and also
a novel model that ensures equivalence of the average
stress with that from FEM solution. Analysis shows
that, due to the features of the model (too low stress
between cracks), the Hashin’s model systematically
predicts too low intralaminar crack density. The aver-
age stress based model when used in Monte Carlo sim-
ulations first had problems in high crack density
region. Revisiting the Weibull parameter determination
routine, it was found that the problem is not in the
stress distribution calculation but in the used Weibull
parameters: part of the initially used data points
belonged to the interactive region. A very good agree-
ment with experimental data was achieved after
improving the parameter identification routine and
using modified Weibull parameters.

The simulated axial modulus reduction with increas-
ing strain is in a rather good agreement with experi-
mental data.

The presented results emphasize the significance of
having a proper stress distribution model when per-
forming Monte Carlo simulations. Simulations can be
used not only to simulate intralaminar cracking in high

and very low crack density regions but also to tune the
values of Weibull parameters.
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Appendix 1. FEM based fitting expressions

for COD

u2a is the average value of the crack face opening

displacement (COD) in the local 2-direction of the

damaged 90-ply. The profile of the opening displace-

ment calculated with FEM is averaged (index av) and

normalized (index n) as follows

u2ðavÞ ¼
1

tk

Z þt90
2

�t90
2

u2 zð Þdz; u2an ¼
u2ðavÞ
rCLTT t90

E2 (20)

In equation (20) rCLTT is the transverse stress that

before any damage would be in the 90-ply where the

damage is now analysed. It is calculated using CLT,

applying to the undamaged laminate the same stress

rLAMx as in FEM calculations was applied to the damaged

laminate. Details are given in Section On rCLTT calcula-

tion in the Weibull parameter determination routine.
If the crack density is low, u2 zð Þ; does not depend

on the distance to the next crack (the stress perturba-

tions caused by cracks do not overlap). For this case,

which is called “non-interactive” crack case, simple and

accurate expressions based on FEM analysis have been

proposed.25 They are given below using upper index 0

to indicate the non-interactive case.

Crack face opening displacements (COD)

of non-interactive cracks

The fitting function for normalized average COD, u02an
of non-interactive crack is

u02an ¼ Aþ B
E2

Es
x2

 !n

(21)

In equation (21) Es
x2

is the Young’s modulus of the

support lay-up (0-ply or [�h� in our case) in the

x2-direction (transverse with respect to fiber orienta-

tion in the damaged ply) . For a crack in internal cen-

tral layer

A ¼ 0:52 B ¼ 0:3075þ 0:1652
t90
2ts

� 1

� �

n ¼ 0:030667
t90
2ts

� �2

� 0:0626
t90
2ts

þ 0:7037 (22)

In equation (22) ts is the thickness of the support lay-

up on one side of the damaged ply (in our case it is the

thickness of the upper 0-ply in cross-ply laminate or
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thickness of the [�h] block in [�h=904]s laminates) and

t90 is the thickness of the cracked layer.
Expressions (21) and (22) show that the normalized

average CODs are larger for less stiff support layers

and the COD values approach to certain asymptotic

value with increasing support layer and cracked

layer stiffness ratio. For thicker support layers the

COD is smaller.

Interaction function: COD at high

crack density

When the distance between cracks decreases (high nor-

malized crack density) the stress perturbation regions of

individual cracks overlap and the normalized average

COD becomes smaller. In the interactive region the

u2an has been expressed through COD of non-

interactive cracks, u02an by the relationship first given in25

u2an ¼ k qnð Þu02an (23)

The crack interaction function k is a function of

crack density in the ply and it depends on the material

and the geometrical parameters of the cracked ply and

surrounding plies. For non-interactive cracks k ¼ 1.

The interaction function is a monotonously decreasing

function of the normalized crack density.
Detailed analysis of the effect of different parameters

on the interaction function is presented in.4,24 The

values of the interaction function from the FEM anal-

ysis where fitted with an empirical relationship

k ¼ tanh l=qnð Þ (24)

l¼1.12 for CF/EP laminates and l¼0.84 or slightly

larger for GF/EP laminates.

Appendix 2. Hashin’s model for laminates

with orthotropic constraint layers

In Hashin’s model21 the stress perturbation function is

obtained by minimizing the complementary energy. An

assumption is used that the axial stress between two

cracks does not depend on the thickness coordinate z,

it depends on x only. We present the expression for

stress distribution according to Hashin’s model, gener-

alized for a case [S/90]s where the support (constraint)

ply “S” is a homogenized orthotropic material12

f xð Þ ¼ A1cosh A
2x

t90

� �
cos B

2x

t90

� �

þ A2sinh A
2x

t90

� �
sin B

2x

t90

� �
(25)

A1 ¼ 2
Acosh A 2l

t90

� �
sin B 2l

t90

� �
þ Bsinh A 2l

t90

� �
cos B 2l

t90

� �

Asin 4B l
t90

� �
þ Bsinh 4A l

t90

� �

(26)

A2 ¼ 2
Bcosh A 2l

t90

� �
sin B 2l

t90

� �
� Asinh A 2l

t90

� �
cos B 2l

t90

� �

Asin 4B l
t90

� �
þ Bsinh 4A l

t90

� �

(27)

A ¼ q
1
4cos

h
2

B ¼ q
1
4sin

h
2

tanh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q

p2
� 1

s
(28)

p ¼ C02 � C11ð Þ=C22 q ¼ C00=C22 (29)

C00 ¼ 1

E2
þ t90
2tsEs

x2

C02 ¼ �23
E2

2ts
t90

þ 2

3

� �
� 2ts�

s
x2x3

3t90E
s
2

C11 ¼ 1

3G23
þ 2ts
3t90Gs

x2x3

(30)

C22 ¼ 1

20Es
3

2ts
t90

� �3

þ 1

60E2
15

2ts
t90

� �2

þ 20
2ts
t90

� �
þ 8

" #

(31)

In expressions ts is the thickness of the support lay-
up on one side of the damaged ply, which in the con-
sidered cases is the 0-ply thickness or the thickness of
the ½�h� block. Es

x2
and other elastic constants charac-

terizing the support lay-up are calculated in a coordi-
nate system related to the 90-ply, with x1 being in fiber
direction. Calculating homogenized elastic constants of
the ½�h� block it has to be realized that in the laminate
this block is forced to behave as a symmetric ½�h�s and
its elastic response will be as for the latter. To avoid
using 3-D laminate theory, the out-of-plane constants
of this block were assumed the same as for UD
composite.

This solution is applicable if 4q=p2 > 1, which for
typical polymeric composites is satisfied.

In the above expressions 2l is the distance between
two cracks.

The average stress between two cracks in the
Hashin’s model is

fðavÞ ¼ t90
2l

2AB

A2 þ B2

cosh 4A l
t90

� �
� cos 4B l

t90

� �

B � sinh 4A l
t90

� �
þ A � sin 4B l

t90

� �

(32)
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A B S T R A C T   

Methodology for cracking evolution simulation in 90-plies during cyclic loading is suggested in this paper. It 
includes using low crack density (where the neighboring cracks do not interact with each other) data from quasi- 
static and cyclic testing (at one load) to determine parameters in Weibull transverse failure stress distribution 
generalized for fatigue. Then, Monte Carlo process is used to assign failure stress to elements in the 90-ply. In the 
model, the failure stress of the element degrades with number of cycles and a crack appears when the failure 
stress becomes equal to the stress in the element, calculated with computationally efficient analytical method. 
The model is successfully used to predict cracking in the whole crack density range. In this model, data from 
cyclic test at one load is sufficient to predict damage at different load. The results suggest that the dependence on 
stress is slightly underestimated and the shape parameter in fatigue may be higher than in quasi-static tests. 
Therefore, fatigue tests at least at two load levels are recommended for reliable predictions.   

1. Introduction 

Intralaminar cracking in plies often precedes final failure of the 
laminate, which most often is caused by fiber failure in the critical ply 
[1] or large delaminations between plies [2]. These cracks are caused by 
in-plane transverse tensile and shear stresses in the ply [1,3]. In loading 
cases analyzed in this study, the shear stress contribution to failure can 
be neglected. During service, the number of cracks, often called 
“transverse cracks”, “tunneling cracks” etc., increases. Crack density ρ in 
a ply, which is the number of cracks per unit length, is used to charac-
terize the damage state. Intralaminar cracks run parallel to fiber direc-
tion in the ply, the crack plane is perpendicular to the laminate middle- 
plane (x-z plane in Fig. 1(c)). Usually cracks cover the whole thickness as 
in Fig. 1(a) and width of the ply, forming well-defined tunnels as shown 
in Fig. 1(b). They may lead to significant degradation of thermo-elastic 
constants of the laminate [4-6]. 

The methodology used in this study, is based on the concept of a two- 
stage “evolution” of each intralaminar crack: initiation and propagation. 
In the initiation stage fiber/matrix debonding [7,8] and matrix cracking 
between fibers takes place [9,10] followed by coalescing of these entities 
in a growing mesoscale damage entity (defect, “flaw”). 

After reaching critical size in ply thickness direction, the damage 

entity is able to propagate along fiber direction, creating a tunnel. 
Usually, tunneling is analyzed as a discontinuity growing in a homog-
enized ply. In quasi-static loading the tunnel propagates when the crit-
ical value of the potential energy release rate (ERR) (called also “fracture 
toughness”) is reached, whereas in cyclic loading the Paris law with 
respect to the ERR change in the cycle is often assumed as governing. 
The growth of an individual off-axis ply crack in tension–tension cyclic 
loading was studied in [3], measuring the crack length growth rate in 
plies with different orientations and thicknesses at several applied stress 
levels and calculating the ERR with FEM. It was confirmed that the crack 
growth rate has a power function dependence on the total ERR. 

The ERR for crack propagation as a tunnel is proportional to its size 
in the ply thickness direction a, which is limited by the ply thickness. 
Hence, for a through-the-ply-thickness flaw, in thick ply the ERR that at 
certain stress in the ply is available for crack propagation is much larger 
than in a thin ply. In quasi-static loading, it results in the well-known 1/
̅̅̅̅
tk

√
dependence on ply thickness tk of the stress required for propagation 

[11]. In cyclic loading, cracks in thick plies at the same stress have much 
higher propagation rate and the crack may propagate almost instantly 
from one edge of the specimen to another as soon as a sufficiently large 
flaw is created in the initiation stage. 
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The laminate lay-up analyzed in this study belongs to the “thick ply” 
family and, indeed, optical surface observations in transmitted light 
show that large majority are through-the-width cracks and, hence, the 
propagation stage is much shorter than the initiation stage. Therefore, 
the cracking analysis in this study focuses on the number of cycles 
required for initiation of sufficiently large flaws assuming that they 
propagate very rapidly. In this context, the term “failure stress” is used 
in quasi-static tensile loading to describe the stress in a given position of 
the homogenized ply that is required to create a large flaw that almost 
instantly propagates, making a tunnel. In cyclic loading, the “number of 
cycles to failure” is the number of cycles for crack initiation in a given 
position at a given stress. 

Fiber distribution in plies is not uniform and, therefore, different 
positions in the ply have different local stress concentrations. Hence, at a 
given load applied to the laminate a different number of cycles is 
required for damage initiation in different positions. 

In quasi-static loading the Weibull distribution is widely used to 
describe the local variability of the transverse failure stress, [12-14], 
determining Weibull parameters from intralaminar crack density data in 
low crack density region. In transverse direction, the ply is visualized as 
a chain of small elements, each with specific failure stress value. In the 
parameter determination procedure, assumption is made that the stress 
perturbation regions close to existing cracks are very small comparing 
with the distance between cracks (cracks are non-interactive). Hence, 
the transverse stress in the ply calculated using the Classical Laminate 
Theory (CLT) may represent the transverse stress in the survived ele-
ments of the damaged ply. 

This assumption is not valid when the crack density increases and the 
transverse stress in any position between the existing cracks is lower 
than the stress predicted by CLT. At high crack density, the stress dis-
tribution between two existing cracks has a very distinct maximum and 
the probability to have the crack at the maximum point is high even if 
the failure stress variation along the ply is large. This assumption was 
used by Nairn et al [15,16], proposing in addition that not the individual 
crack length growth but the crack density growth rate is a power func-
tion of the energy release rate change during one cycle. In [15,16] the 
ERR was calculated using Hashin’s model [17]. In [18] the same prop-
agation criterion was used together with a refined stress analysis, 
dividing each ply in sublayers and using Hashin’s stress assumptions in 
each of them. 

At low crack density, the constant stress regions are large and the 
curve of the crack density increase with load in quasi-static tests mostly 
reflects the failure stress distribution. 

In cyclic loading, more applied cycles are required to initiate each 
following crack [3,19,20]. In [21] an analytical model, based on an 
optimal shear lag analysis, was proposed for predicting stiffness degra-
dation of symmetric laminate due to matrix cracks and delamination. 

Both crack density and delamination length are parameters needed to be 
determined, experimentally and with FEM, to use the developed 
analytical model. 

A phenomenological model describing the fatigue life prediction of 
glass fiber reinforced plastics (GFRPs) through the evolution of stiffness 
was developed in [22]. A fatigue damage parameter, for the whole 
laminate, was calculated in the proposed model using stiffness degra-
dation and the effect of stress ratio and stress amplitude was considered. 

An attempt to apply the Weibull distribution to cyclic loading in low 
crack density region was made in [23,24] assuming that the weakest 
position in quasi-static loading is also the weakest in cyclic loading. 
Hence, the Weibull shape parameter that reflects the non-uniformity is 
the same. However, the failure stress in elements was assumed to 
degrade during cycling and the degradation was expressed as a mono-
tonic decrease of the Weibull scale parameter with the number of cycles. 
Methodology for parameter determination in the failure stress distri-
bution is described in [25]. 

In contrast to the low crack density region where the stress is rather 
uniform and the failure stress distribution in the ply governs damage 
evolution, in the intermediate and high crack density region (when the 
crack density gets closer to the saturation region and where the stress 
between two existing cracks is lesser than the far field stress) a realistic 
intralaminar cracking simulation requires also reliable stress analysis 
between cracks. Review of stress state models for laminates containing 
intralaminar cracks can be found, for example, in [26]. The simplest 
models use shear lag assumptions or variational principles together with 
simple assumptions regarding the stress distribution along the thickness 
coordinate [6,17]. Improved analytical models have been developed in 
[27,28]. The two typical methods of improving (a) more accurate stress 
approximation in the ply and b) dividing the ply in several sub-layers 
and keeping simple approximation in each of them) heavily rely on 
numerical methods. 

In the presented study, Weibull parameters are defined from exper-
imental data in low crack density region and failure stress values to very 
small elements are randomly assigned using the Monte Carlo method. At 
a given damage state, the stress distribution between all pairs of adja-
cent cracks is calculated and stress in each element is compared with 
failure stress to find the position of the next crack. The result strongly 
depends on the accuracy of stress calculations. FEM and models pre-
sented in [27,28] would give very accurate stress distributions. How-
ever, the stress distribution in the specimen has to be recalculated after 
each cracking event. Therefore, the used model has to be sufficiently 
accurate, but also computationally efficient. 

The objective is to present simple simulation methodology for 
intralaminar cracking development during cyclic loading of laminates 
with relatively thick 90-plies, in the crack density region where cracks 
are interacting and the stress state between cracks is non-uniform. In the 

Fig. 1. a) Micrograph of two through-the-thickness transverse cracks in 90-ply; b) Tunneling cracks (surface view of [0/90]s specimen) c) Schematic showing of the 
repeating unit between two cracks in [S/90]s laminate (S- support lay-up which for cross-ply is 0-ply, t90 – thickness of the 90-ply and ts – thickness of support 
lay-up). 
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model, the failure resistance (failure stress value) in elements is 
degrading with the number of cycles according to experimentally 
identified relationship. A new crack is created in a given position when 
the maximum stress in the cycle in this position becomes equal to the 
reduced failure stress in this position. The transverse stress distribution 
between two neighboring cracks is found using a simple method 
described in [25]. In this method, the average transverse stress between 
cracks is calculated using fitting functions from FEM analysis and an 
exponential shape function describes the stress distribution. 

In Section 2, the well-known procedure for finding Weibull param-
eters in the in-situ transverse failure stress distribution using quasi-static 
crack density data in the non-interactive crack density region is briefly 
explained and the used assumption regarding failure stress degradation 
in fatigue is presented. The Monte Carlo process, used to “create” several 
virtual specimens with Weibull failure stress distribution, is described in 
Section 3 and a novel stress distribution model between a pair of cracks 
is presented. Experimental details and results of “fatigue parameter” 
determination are given in Section 4 and 5. Results of Monte Carlo 
simulations are compared with experimental fatigue data in Section 6. 

Similar procedure, assuming that not the failure stress but the frac-
ture toughness of the 90-ply follows Weibull distribution, was used 
[25,29,30] to predict crack density in quasi-static loading. In [29], shear 
lag model was used. In [30], authors used ERR based criterion and the 
Gauss distribution instead of Weibull distribution, randomly assigning 
fracture toughness values to elements. In spite of the very accurate stress 
model used, the simulated axial modulus reduction with strain was more 
severe than the measured. 

2. Theoretical aspects 

2.1. Laminate stiffness and stresses in undamaged plies 

In this study, only the 90-ply has intralaminar cracks. Therefore, 
index specifying that the damaged is the 90-ply is omitted. Usually, 
uniaxial cyclic tests are performed at constant applied maximum load in 
the cycle (stress σLAM

x applied to the laminate). Index LAM is used to 
denote laminate characteristics and index 0 is used for stiffness, stresses 
and strains in undamaged laminate. For undamaged laminate with axial 
modulus ELAM

x0 and for damaged laminate with modulus ELAM
x (ρ) depen-

dent on crack density ρ, the strains at σLAM
x are different. 

εLAM
x0 = ELAM

xn (ρ)εLAM
x , ELAM

xn =
ELAM

x

ELAM
x0

(1) 

The undamaged elastic modulus ELAM
x0 is measured or calculated using 

CLT. The axial modulus of the damaged laminate with crack density ρ is 
either measured experimentally or calculated. A very effective and ac-
curate calculation routine using CLT and the effective stiffness of the 
damaged ply was presented in [31,32], According to FEM results in 
[31,32], the effective transverse modulus of the damaged ply may be 
calculated as. 

Eeff
T = ET

(
3
5
•e− 2.5Mρn +

2
5
• e− 0.9Mρn

)

(2a)  

and effective shear modulus is calculated as 

Geff
LT = GLT Re− βρn (2b)  

where, β = 0.9 • M[1 − 0.05(1 − M•t90
h− M•t90

), R = 1+0.4• (M − 1)(0.5 −

M•t90
h )ρ4

n and the thickness of the laminate is h. 
In (2a and 2b), ρn is the normalized crack density in the 90-ply, 

defined as. 

ρn = ρ • t90 (3) 

Parameter M = 1 for central cracked ply and M = 2 for surface plies. 
The effect of adjacent ply properties on effective transverse modulus is 

very small and it is neglected in (2). 
The thermo-elastic transverse stress in the 90- ply of the undamaged 

laminate σT0 can be calculated using CLT. It consists of two terms a) 
mechanical stress caused by the applied stress σLAM

x and b) thermal re-
sidual stress caused by cool-down from manufacturing/cure to room 
temperature TRT. 

σT0 = σmech
T0 + σth

T0 (4) 

In quasi-static tests, strain εLAM
x is applied to the damaged laminate 

and the corresponding laminate stress is σLAM
x . According to (1), this 

stress, when applied to the undamaged laminate, would cause smaller 
strain εLAM

x0 . Stresses in plies can be calculated using CLT. 
In this study, simulating damage in quasi-static tests the crack den-

sity is obtained as a function of σT0. However, experimental data are 
usually in terms of the crack density as a function of the mechanical 
strain applied to the damaged laminate εLAM

x . Therefore, it is useful to 
express the simulated crack density as a function of εLAM

x . For axially 
loaded symmetric undamaged laminate the mechanical part of the ply 
stress, σmech

T0 in a ply with orientation θ is related to the undamaged 
laminate strain .εLAM

x0 

εLAM
x0 =

σmech
T0

Q12(cosθ)2
+ Q22(sinθ)2

− νLAM
xy0
(
Q12(sinθ)2

+ Q22(cosθ)2) (5) 

In (5) Qij are the stiffness matrix elements of the undamaged ply, νLAM
xy0 

is the Poisson’s ratio of the undamaged laminate. Finally, (1) is used to 
find corresponding strain for the damaged laminate, εLAM

x . 

2.2. Failure stress distribution in quasi-static loading 

For laminates with relatively thick plies, cracks instantly propagate 
across the whole width of the specimen. Following the concept described 
in [12,13,25], the 90-ply along the transverse direction is considered as 
consisting of a chain of elements of certain length lref . The transverse 
failure stress of each element is different and the variability is described 
by Weibull distribution. The transverse failure stress in a certain element 
has one of the values from this distribution. 

The two Weibull parameters (the shape parameter m and the scale 
parameter σ0) are obtained from experimental crack density versus 
applied strain data in low crack density region. In Weibull distribution, 
Pf is the expected fraction of elements that have failed during the stress 
increase from 0 to σT. 

Pf =
Mf

M0
= 1 − exp

(

−

(
σT

σ0

)m )

(6) 

In (6) Mf is the number of failed elements and M0 is the total number 
of elements. The fraction of failed elements can be written as the ratio of 
the crack density at this stress and the maximum possible crack density 
ρmax (when all elements failed) leading to. 

ρ
ρmax

= 1 − exp
(

−

(
σT

σ0

)m )

(7a) 

The thermo-elastic transverse stress σT in a ply with cracks is not 
uniform and it is lower than σT0 that is calculated using CLT. Never-
theless, the data reduction becomes much easier if we use in (6) and in 
(7a) σT = σT0. This approximation is acceptable a) in the low crack 
density region, where the distance between cracks is large and the 
plateau regions are much larger than the stress perturbation zones 
caused by the presence of the crack and b) if the elements are relatively 
large comparing with the size of the stress perturbation zone. Hence, 
estimating Weibull parameters in Section 5 expression (7b) is used. 

ρ
ρmax

= 1 − exp
(

−

(
σT0

σ0

)m )

(7b) 

To minimize the error introduced using (7b), the distance between 

V.R.P. Gabriel et al.                                                                                                                                                                                                                            

43



International Journal of Fatigue 161 (2022) 106909

4

centers of two adjacent elements has to be large enough to allow the 
transverse stress in the center of the element be close to σT0. According to 
FEM, when the distance between cracks 2l = 6t90 the stress in the middle 
is close to σT0 and the crack created there is only slightly affected by 
neighbors. On the other hand, at the so called “saturation crack density” 
ρmax the distance between cracks is approximately equal to the 90-ply 
thickness.t90 

ρmax = 1/t90 (8) 

To satisfy the condition that in the position of the crack σT ≈ σT0, 
performing data reduction in Section 5 the selected element length is t90 

and only a limited range of crack density data ρ ≤ 0.3ρmax is included. 
As usually, the determination of Weibull parameters is in log–log 

axes. From (7b). 

ln
(

−

(

ln(1 −
ρ

ρmax

))

= mlnσT0 − mlnσ0 (9) 

The data for first cracks obtained from a small number of specimens 
(just 3–4 specimens were used in this study), is not statistically reliable. 
Therefore, they were excluded from Weibull analysis. 

2.3. Assumptions regarding failure stress degradation in cyclic (fatigue) 
loading 

In the suggested scenario, the resistance to transverse failure initia-
tion in a given position (the transverse failure stress) reduces during 
cyclic loading and the Weibull failure stress distribution is changing. 
Similarly as in [24], we assume that the Weibull shape parameter m 
reflects the non-uniformity of fiber distribution in the ply and, hence, it 
has the same value in quasi-static and in cyclic tests. Further, we assume 
that the overall reduction of the resistance of the ply to transverse failure 
during cyclic loading can be interpreted as a monotonous decrease of the 

scale parameter σ0 = f
(

σ fat
T ,N

)
, where σfat

T is the maximum stress in the 

cycle. A power function is one of the simplest forms. 

σ0 = A • N − α

(
σfat

T

B

)− γ

, γ ≥ 0 α ≥ 0 N≫1 (10) 

Parameters A, α, γ and B are unknown material constants. 
Substituting (10) in (6) we obtain. 

Pf = 1 − exp

[

− Nα•m

[(
σ fat

T

B

)γ
σ fat

T

A

]m ]

(11) 

Without losing generality, we can introduce new unknown param-
eters and rewrite (11) as. 

ρ
ρmax

= 1 − exp

⎡

⎣ − Nn

(
σ fat

T

σ*

)m(1+γ)
⎤

⎦ (12) 

According to (12) the shape parameter in fatigue, m* = m(1+γ) may 
be larger than in quasi-static loading. Analysis in [24] showed that 
parameter γ≪1 and therefore m* = m is used in following, finding it 
from quasi-static test. 

Parameter n is defined using data at low crack density where σT ≈

σT0 and (12) can be written as. 

ρ
ρmax

= 1 − exp

[

− Nn

(
σ fat

T0

σ*

)m ]

(13) 

Similar expression based on different arguments was suggested in 
[19]. From (13). 

ln
(

− ln
(

1 −
ρ

ρmax

))

= nlnN +mln
σ fat

T0

σ* (14) 

According to (14), the dependence of experimental  

ln
(
− ln
(

1 −
ρ

ρmax

))
on lnN has to be linear if this distribution is valid, 

with the slope being equal to. Similarly, as in quasi-static loading, the 
data points corresponding to first cracks (extremely low crack density) 
are not reliable. They and also the data in high crack density region 
should be excluded using (14). The cycle independent term in the linear 
fitting function is used to find σ*. 

3. Monte Carlo method for assigning failure stress to elements 

3.1. Quasi-static tensile test 

Virtual specimens with failure stress distribution are created using 
the Monte Carlo method. The 90-ply in the specimen consists of very 
small elements, but the length of the element should not be smaller than 
the size of a typical cluster of non-uniformly distributed fibers. Assuming 
that the cluster should contain at least 7–9 fibers to nucleate a defect that 
is sufficiently large for propagation, the appropriate element length used 
in this study is lMC

el = 4 0 μm. The shape parameter m in (7) does not 
depend on the element length, but the scale parameter, which was found 
for element of length t90, must be recalculated to σMC

0 using. 

σ0

σMC
0

=

(
lMC
el

t90

)1/m

(15) 

The failure stress value to element is assigned by randomly selecting 
a value from a very large pool of data (107 values that follow the Weibull 
distribution with previously determined parameters is used). Since the 
sample of the selected failure stress values is finite (2500 elements are 
used for a 100 mm long specimens) each Monte Carlo realization leads to 
slightly different virtual specimen. One more reason for variability in 
failure behavior between specimens is the random relative position of, 
for example, two elements with low failure stress. If these elements 
happen to be adjacent, the crack in one element will prevent failure of 
the second element. 

The stress distribution is calculated between each pair of two 
neighboring cracks. The transverse stress distribution between two 
cracks is. 

σT (x) = σT0(1 − f (x)) (16) 

In (16), x is the axial direction in the laminate that coincides with the 
transverse direction in the 90-ply, f(x) is the through-the-thickness 
averaged stress perturbation function caused by cracks. Putting the 
origin, x = 0 in the middle between two adjacent cracks with a distance 
2l between them, the stress free condition on both crack surfaces is: 
σT ( ± l) = 0. 

The position of the next crack and the corresponding stress value σT0 
is found as described below. First, a “unit stress”, for example σunit

T0 =

1MPa, is applied and the transverse stress value is calculated in each 
element of the ply. Dividing the stress in the middle of an element by the 
failure stress of this element, we obtain “failure index” Fi for each 
element. The element with the highest failure index will fail next. Since 
the analyzed problem is linear elastic, the required stress σT0 for failure 
can be calculated from the value of the failure index in this element, 
σT0 = σunit

T0 /Fi. An example of the stress distribution in the 90-ply and the 
failure index distribution is shown schematically in Fig. 2. 

Then, a crack is introduced in the middle of the failed element and 
the procedure is repeated for the new distribution of cracks. The simu-
lation data is presented as the crack density versus σT0. Finally, σT0 is 
expressed through the strain applied to the laminate εLAM

x using ex-
pressions (1) and (5). 

3.2. Cyclic tension–tension test 

Assuming, that in cyclic loading the scale parameter degrades as 
described in Section 2.3 and keeping the shape parameter the same as in 
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the quasi-static test, the average value of the failure stress distribution 
has the same degradation “law” (10) as the scale parameter. The 
simplest solution for reducing the average failure stress according to 
(10) is by reducing the failure stress in each element according to (10). 
The element fails when the failure stress in the element decreases to the 
highest local cyclic stress value σfat

T during the cycle. In fatigue damage 
simulations presented in Section 5, this approach is further simplified 
using σfat

T0 for failure stress degradation instead of the local cyclic stress 
σfat

T . Since σfat
T0 > σfat

T , the failure stress degradation is slightly over-
estimated and the crack density in the ply could be over-predicted. 
However, the used approach is consistent with the used assumption 
that γ = 0, see Section 2.3. 

It has to be noted that usage of the same shape parameter m in quasi- 
static and cyclic loading is based on assumption that the variability is 
related to non-uniform fiber distribution. A rather different conclusion 
would be reached if a pre-existing defect state as usual in Weibull sta-
tistics is assumed, expecting that the initial defects of different size 
would have different evolution during the cyclic loading. Following the 
Paris law, larger defects would grow faster than smaller, leading to 
larger defect size variation with increasing number of cycles. This means 
that the Weibull shape parameter m would be reduced. Comparison of 
results from quasi-static and cyclic loading tests on CF/EP NCF com-
posites was done in [24] concluding that m is the same in both loadings. 

3.3. Stress distribution expressions 

The simulation routine described in Sections 3.1 and 3.2 is based on 
failure index calculation in each element and, hence, it heavily relies on 
the accuracy of the calculated stress distribution between two cracks. In 
this study, the stress distribution between each pair of cracks is obtained 
as follows. 

The shape of the stress distribution is described by hyperbolical 
functions with unknown shape parameter α. The transverse stress 
perturbation function in (16) is chosen as. 

f (x) =
cosh

(
2αx
t90

)

cosh
(

2αl
t90

) (17) 

In (17) 2l is the distance between cracks in the considered pair. The 
parameter α is calculated asking that the average value f(av) of the 
transverse thermo-mechanical stress between two adjacent cracks with 
an arbitrary distance between them coincides with the value obtained 

from FEM. 

f FEM
(av) =

t90

2l
1
α tanh

(
2αl
t90

)

, (18) 

Obviously, the parameter α depends on the distance between these 
cracks. It would be very time-consuming to use FEM for obtaining value 
of the average stress between cracks in each step of simulations. 
Fortunately, it is not necessary. Instead, the theoretical relationship 
established in [31] between f(av) and the average value of the normalized 
crack opening displacement, u2an can be used. For a damaged central 90- 
ply in a symmetric laminate, the relationship in terms of FEM results is. 

f FEM
(av) =

1
kf

uFEM
2an (19)  

kf =
E2l
t90

[
Q22t90 + QSL

x2x2
tSL

tSLQSL
x2x2

Q22
+
(

ν12 − νSL
x1x2

)2 t90

ESL
x1

tSL + E1t90

]

(20) 

The set of all layers (connected or separated by the damaged ply) 
excluding the damaged ply is called “sub-laminate” with notation “SL” 
in (20). For example,tSL = h − t90 (h is the laminate thickness) is the 
thickness of this fictitious sub-laminate. The values of QSL

x2x2 
and other 

constants of the sub-laminate follows from A-matrix of the “sub-lami-
nate” calculated using standard expressions of CLT. The coordinate 
system for the SL is related to the symmetry axes of the 90-ply: 1 or x1 is 
the longitudinal direction of the damaged 90-ply. 

Fitting expressions for the average normalized crack opening 
displacement uFEM

2an are published in many papers, see for example [5]. 
The expressions given below were obtained by fitting FEM data. 

uFEM
2an = λ(ρn)u

0FEM
2an , λ(ρn) = tanh(μ/ρn) (21)  

where μ = 1.12 for CF/EP laminates andμ = 0.84 or slightly larger for 
GF/EP laminates. For central 90-ply 

u0FEM
2an = A+B

(
E2

Es
x2

)n

, A = 0.52, B = 0.3075+ 0.1652
(

t90

2ts
− 1
)

n = 0.030667
(

t90

2ts

)2

− 0.0626
t90

2ts
+ 0.7037 (22)  

Es
x2 

is the Young’s modulus of the support lay-up in the direction 
transverse to fiber orientation in the damaged ply, ts is the thickness of 

Fig. 2. Stress distribution and failure index distribution in part of the 90-layer: Average stress model (Section 3.3) is used.  

V.R.P. Gabriel et al.                                                                                                                                                                                                                            

45



International Journal of Fatigue 161 (2022) 106909

6

the support lay-up on one side of the damaged ply, E2 is transverse 
modulus of the UD composite. 

4. Material and test description 

GF/EP [0/90]s laminates from Unidirectional (UD) prepregs were 
produced using vacuum bag and hot press. UD and [45/-45]s laminates 
were used to determine elastic constants that are given in Table 1. 

The difference between thermal expansion coefficients, α1 and α2, 
Δα = 2.389e− 51/

◦

C was calculated from the curvatures of an unsym-
metrical [0/902] laminate at room temperature (RT). ΔT = − 95◦ C is the 
temperature difference between the manufacturing temperature and the 
RT. 

Rectangular specimens with dimensions 200 mm × 16 mm and 
average thickness h = 1.5mm were cut and reinforced with glass fiber/ 
epoxy end tabs. The gauge length between the tabs was 100 mm. Edges 
of the specimen were well polished to minimize the effect of edge defects 
introduced during cutting and to facilitate optical observation of cracks. 

Quasi-static tensile tests to introduce damage and measure the axial 
modulus were carried out on Instron 3366 servo-hydraulic testing ma-
chine with 10 kN load cell and pneumatic grips. Tests were performed in 
displacement control with a cross-head rate of 2 mm/min. The axial 
displacement was measured during loading by an extensometer with 
gauge length 50 mm. The axial Young’s modulus ELAM

x of the damaged 
laminate was calculated from the stress–strain data in unloading in the 
axial strain interval of 0.05–0.25%. Additional damage was not intro-
duced in the specimens during unloading. The tensile test consisted of 
several similar steps. In each step the specimen was loaded to pre- 
determined strain level, introducing damage. After that, the specimen 
was unloaded about 0.05% strain below the reached maximum, the 
testing machine was stopped, and cracks were counted. This slight 
reduction of the load was sufficient to prevent new transverse cracks 
appearing. The crack density was calculated as an average from the 
number of cracks counted on both specimen edges. Optical observations 
of the specimen surface in transmitted light proved that cracks in these 
thick 90-plies were going through the width of the specimen as shown in 
Fig. 1(b). Then, the specimen was further unloaded to a low strain to 
obtain the elastic modulus corresponding to this damage state. In the 
next loading step, the strain maximum was higher than in the previous. 
This experimental information was converted in terms of the crack 
density versus σT0. 

Cyclic tests with R = 0.1 and at frequency of 6 Hz were performed 
using Instron ElectroPulsTM E10000 Linear-Torsion machine with load 
cell of 10 kN in a load controlled mode. The dynamic extensometer with 
50 mm gauge length was used. The crack density increase with the 
number of cycles was obtained for several maximum stress levels. The 
reference to these levels is in this paper in terms of maximum strain level 
(0.4%, 0.5% or 0.6%) in the beginning of the test. This means that for 
each specimen the elastic modulus was determined first and used to 
calculate the load corresponding to the selected maximum strain. The 
test results are referred to as data for strain level εLAM

x . Such “strain 
representation” of results is more informative than representation with 
respect to the applied macroscopic stress σLAM

x , which depends on the 
rest of plies in the laminate. However, the CLT transverse stress level in a 
ply σT0 , which contains thermal as well as mechanical terms and cor-
responds to σLAM

x is the best for use in the data reduction. The cyclic 
tension–tension tests were interrupted after a certain number of cycles 
and specimens were inspected for damage in the same way as during 
quasi-static tests. 

It has to be noted that the applied mechanical stress ratio R = 0.1 is 
not the same as the transverse stress ratio in the 90-ply. Tensile residual 
thermal stress change the ratio. For example, in the test with εx = 0.4% 
the maximum and the minimum values of the thermo-mechanical stress 
in the 90-ply were σfat

T0 = 51.93MPa and 18.91 MPa leading to R90 =

0.36. The ratio decreases with increasing mechanical stress reaching 0.3 
in the test with εx = 0.6%. The R-effect was studied in [33] showing that 
at higher R the fatigue resistance is higher. 

5. Data reduction 

As described in section 2, the shape parameter m was determined 
from quasi-static tests using (9), whereas parameters n, σ* were deter-
mined, see (14), from fatigue tests performed at different stress levels 
σfat

T0 (characterized in graphs by maximum strain in the first cycle). 

5.1. Weibull shape parameter m 

The technique of Weibull shape parameter m determination using (9) 
is described in more details in [25]. The data points were selected in the 
region of noninteractive or the low crack density, that is 0.05 < Pf < 0.3 
(0.12 cr/mm < ρ < 0.39 cr/mm). They are shown in logarithmic axes in 
Fig. 3. 

In data reduction, the thickness of each individual specimen was 
used which leads to some differences in the used element length lref , see 
(8). However, the shape factor does not depend on the used element 
length and the dependence of the scale factor in this range of length 
change is negligible. Therefore, the obtained values of parameters are 
considered as representative for element length lref = 0.75 mm that is 
equal to the average ply thickness. The values are m = 11.123, σ0 =

104.88 MPa. 

5.2. Parameters n, σ* describing fatigue effects 

As suggested in section 2.2 and 2.3 and similarly as analyzing data of 
the quasi-static test, the selected data points are in the range of 0.05 <

Pf < 0.3 (For example, 0.07 cr/mm < ρ < 0.36 cr/mm range in case of 
cyclic test at 0.5% maximum strain) which is a “non-interactive” region, 
see details in [23]. Using (14) and the value of the shape parameter m =

11.123 obtained from quasi-static tests, the Weibull parameters n, σ* are 

Table 1 
Thermo-elastic constants and average thickness of the 90-ply in the [0/90]s laminate.  

Material E1(GPa) E2(GPa) ν12 G12(GPa) ν23 G23(GPa) ΔT◦C t90(mm)

GF/EP  37.86  9.28  0.28  4.77  0.42  3.27 − 95  0.75  

Fig. 3. Linear regression curve of the quasi-static test data. Linear fit to test 
data selected within 0.05 < Pf < 0.3 is shown. 
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determined and given in Table 2. 
The data and the linear regression curves are presented in Fig. 4 and 

Fig. 5. 
In Fig. 4, it can be noticed that the fatigue parameters found at 

εLAM
x = 0.5% and εLAM

x = 0.6% are rather similar. Only one specimen was 
tested for εLAM

x = 0.4% and the results, especially at low number of cy-
cles, are rather peculiar and not too trustful. For example, the crack 
density at low cycles was even higher than in the 0.5% strain test. 
Therefore, two sets of fatigue parameter n, σ* values are given in Table 2. 
The experimental relationship in Fig. 5 is not linear and, may be, a bi- 
linear description would be more appropriate. Two different fits were 
applied to these data. In the first case, shown in Fig. 5a, linear fit by one 
single function was enforced over the entire used lnN region and the 
agreement with data is not good. In the second case, see Fig. 5b, the 
linear fit is applied only to encircled region in Fig. 5a, and the param-
eters are similar as for the two cyclic tests at higher used maximum 
strain values. These results indicate that fatigue cracking in low strain 
and low cycle region does not follow the model used in this study or that 
the used specimen had a higher manufacturing defect state. On the other 
hand, similarity of parameters in the two higher strain level cases is 
promising in the context of reducing the number of required fatigue 
tests. 

6. Monte Carlo simulations 

6.1. Simulations assuming σT = σT0 (Pf -approach) 

Before starting simulations using Monte Carlo process to distribute 
the failure stress between elements and stress analysis between cracks, a 
very simple simulation was performed assuming that the stress in any 
position between two cracks is the same as in the undamaged laminate at 
the same load. This assumption, which is acceptable at low crack density 
were cracks are far from each other, was applied determining Weibull 
parameters. With increasing crack density, even in the middle between 
two cracks the stress σT becomes significantly lower than σT0. In result, 
predictions based on σT0 overestimate the crack density at a given stress 
or the given number of cycles. In the σT0 based crack density predictions 
(called in the following Pf -approach) (7b) is used in quasi-static tests and 
(13) in cyclic tests. Simulation results using the Pf – approach and the 
Weibull parameters determined in section 5.1 are presented in Fig. 6 for 
the quasi-static tension test and in Fig. 7 for the cyclic loading test with 
parameters listed in Table 2. In all cases, the solid lines of the Pf – 
approach are in a good agreement with test data in the region that was 
used for parameter determination. As expected, outside that region, the 
Pf – approach predicted crack density is too high. An exception is the 
fatigue test simulation at εLAM

x = 0.4% shown in Fig. 7c) and d). It has to 
be noted that all cracks in Fig. 7c) and d) belong to low crack density 
region and the described deviations at increasing crack density can not 
be seen. 

6.2. Cracks and axial modulus in quasi-static and in cyclic loading 

Performing simulations using the Monte Carlo process for failure 
stress determination, the accuracy of the calculated stress state between 
two cracks is of paramount importance. The stress distribution strongly 
depends on the appearance of cracks, in particular on the geometrical 
details at the crack tip in the interface region. Large local delaminations 

at the crack tip would significantly reduce the in-plane transverse stress 
between cracks. It is possible that cracks developed in cyclic loading are 
more prone to have local delaminations than cracks created in quasi- 
static loading. Instead of measuring crack openings, an indirect 
method can be applied, comparing the laminate axial modulus reduction 
with the number of cracks in both loadings. If, indeed, the cracks in 
fatigue introduce larger delaminations, the axial modulus at a given 
crack density would be reduced more. 

The axial modulus reduction with crack density in quasi-static and in 
cyclic tests shown in Fig. 8 does not reveal any systematic differences 
between the two loading cases. Hence, local delaminations (if existing) 
have to be similar in both cases. The predicted normalized axial modulus 
degradation based on the effective ply stiffness approach described in 
section 2.1 and the ply-discount value are also shown in Fig. 8. The 
predicted modulus is slightly higher than the experimental towards the 
high crack density. The model assumes an ideal intralaminar crack with 
sharp tips with no local delaminations nor local fiber breaks. Hence, a 
probable cause for deviations may be the onset of local delaminations in 
high crack density region. In the early stage of the test, the deviation is 
not significant and we can assume that delaminations grow during the 
test. According to these results, the stress model used in Monte-Carlo 
simulations may overestimate the stress in the damaged ply if the 
crack density is high. This would lead to too high predicted crack density 
in this region. 

6.3. Monte Carlo simulations 

The methodology for damage simulation in quasi-static tests is 
described in section 3.1 and for cyclic tests in section 3.2. The simulation 
for prediction of crack density under fatigue test takes around five mi-
nutes to complete for one virtual specimen, whereas for a static test, it is 
done within few seconds. The time of simulation depends on the number 
of fatigue cycle intervals (steps) at which the crack density is calculated. 
In the calculations presented in this paper 1000 steps were used. After 
each step, the failure stress in elements is recalculated. Simulations were 
performed for more than 10 virtual specimens but, for clarity, only three 
are presented in Fig. 6 and Fig. 7. 

In Fig. 6a, the crack density evolution as a function of the CLT 90-ply 
transverse stress in quasi-static test is shown. The dotted lines are 
simulated results. The crack density is expressed versus the applied 
strain in Fig. 6b. The simulations are in a good agreement in interme-
diate crack density region showing an insignificant overestimation of 
crack density in the very high crack density region. The reason, as 
explained in section 6.2, could be local delaminations not accounted for 
in the stress model. These results prove that the stress distribution model 
used in the Monte Carlo approach is reliable. 

The simulated crack density in cyclic loading is shown in Fig. 7. The 
fatigue parameter values obtained for the particular load level, see 
Table 2, were used. Simulations in Fig. 7a and Fig. 7b are in a good 
agreement with experimental results over the whole crack density re-
gion. Since the specimen tested at 0.4% strain has low crack density, the 
Monte Carlo results are not shown in Fig. 7c and Fig. 7d. They are rather 
close to results of the Pf - approach and can not be used to evaluate the 
routine. 

So far, it was shown that using Monte Carlo simulations and test data 
in low crack density region we are able to predict damage evolution 
during cyclic loading in high crack density region. However, the real 
challenge and the practical significance is in ability to predict the 
damage evolution at an arbitrary load level using input data from fatigue 
test at one level of load only. Therefore, in simulations presented below, 
the fatigue parameters for εLAM

x = 0.5% from Table 2 were used to 
simulate damage evolution at strain εLAM

x = 0.6% and εLAM
x = 0.4%. 

The simulation results in Fig. 9 show that the crack density at εLAM
x =

0.6% is under-predicted using the parameters for εLAM
x = 0.5% and at 

εLAM
x = 0.4% it is slightly over-predicted. Thus, the crack density 

Table 2 
Weibull parameters determined from Fatigue tests performed at different strain 
levels.  

εLAM
x (%) 0.4 0.5 0.6 

Thermo-mechanical Stress (MPa) 52 52 61.1 70.27 
n 0.16 0.48 0.72 0.74 
σ*(MPa) 72.05 105.18 132.88 130  
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Fig. 4. Probability of failure versus number of fatigue cycles in logarithmic axis showing data points between 0.05 < Pf > 0.3 and linear fit for parameter deter-
mination. Two loading cases: 0.6% and 0.5% maximum strain in the first cycle. 

Fig. 5. Probability of failure versus number of fatigue cycles in logarithmic axis showing data points between 0.05 < Pf < 0.3 and linear fit for parameter deter-
mination. Maximum strain in the first cycle 0.4%. Two options of fitting the bi-linear curve; a) the best fit over the whole range; b) the best fit of the encircled region 
from a). 

Fig. 6. Crack density in quasi-static loading: a) versus thermo-mechanical transverse stress σT0; b) versus the applied strain εLAM
x . The solid line is Pf-approach and 

dotted lines are simulations using Monte-Carlo method with average stress model (section 3.3). 
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dependence on the stress level in the ply during the fatigue test is 
stronger than in the used simulations assuming in equation (12)γ = 0. 
The stress-dependence was described by parameter m that was defined 
in quasi-static tests. It seems that the assumption that the shape 
parameter is the same in both types of tests should be revisited or, 
referring to (12), parameter γ ∕= 0 for the used material. This conclusion 

is consistent with (10), the shape parameter degradation with the 
number of cycles can not be stress level independent. Therefore, opti-
mizing testing methodology for gathering input data in simulations, 
some cyclic tests at a different load would help to adjust the shape 
parameter in fatigue. However, that would increase the necessary time 
for fatigue testing. Simulations with assumed γ = 0.25 presented in 

Fig. 7. Crack density versus number of fatigue cycles. Solid line is the Pf-approach and dotted lines are simulated results of Monte Carlo method with average stress 
model (section 3.3) and with data in Table 2. Cyclic tests at εLAM

x = 0.6% and 0.5% are in fig a) and b). Tests at εLAM
x = 0.4% and simulations using the Pf– approach 

and different parameters are in fig c) and d). 

Fig. 8. Normalized axial modulus versus the crack density in quasi-static and cyclic tests. The dotted line is prediction using the effective ply stiffness, see section 3.3 
and the solid line is the ply- discount value. 
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Fig. 9a, shows that simulation approaches the test data. 
It has to be noted that the stress model and the failure criterion used 

above has limitations not discussed before that may affect the prediction 
accuracy at extremely high crack density. It was implicitly assumed that 
the stress between cracks in the ply entering the failure criterion de-
pends only on the in-plane transverse coordinate. That is not correct at 
high crack density. In case of low crack density, the transverse stress 
distribution is the thickness-coordinate z dependent only on the vicinity 
of the crack, while it is nonuniform everywhere at high crack density. In 
an extreme, it may reach negative value on the symmetry axis of the ply. 
In this situation, the progression of a crack that is initiated at the 
interface may be arrested when it reaches the low stress region, leading 
to “partial” cracks. In this region, the use of a failure initiation criterion 
based on stress that is averaged over the ply thickness might be not 
justified. This criterion-problem also pertains in the models that use very 
accurate stress calculation [28,30]. Another source of error may be the 
used routine of failure stress degradation using the CLT transverse stress 
in the ply instead of the local stress in the element. Using the local stress 
is more complex because the stress in the element changes during the 
fatigue life and a degradation summation law has to be defined to ac-
count for it. 

7. Conclusions 

Ability to simulate cracking evolution in 90-plies during cyclic 
loading of a model that uses Monte Carlo process to assign transverse 
failure stress, which follows Weibull distribution, to small elements in 
the 90-ply is inspected. In the used routine, the crack density data from 
quasi-static and cyclic tests in low crack density region are used to 
identify model parameters. Assumption is made that the failure stress in 
the element reduces with the number of cycles and a new crack appears 
when the failure stress becomes equal to the maximum stress in the cycle 
in this position. An analytical stress distribution model is successfully 
used in this routine to predict cracking in the whole crack density range. 
The Weibull shape parameter in the used methodology is determined in 
quasi-static tests and used in fatigue to describe the crack density 
dependence on the stress level. The presented analysis suggests that in 
fatigue the shape parameter may be larger than in quasi-static tests. 
Therefore, an optimized testing methodology needs to be performed to 
gather input data that includes crack density in quasi-static tests, in 
detailed fatigue tests at one stress level and at least some data at 
different stress level. 
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Abstract: Methodology for crack density evolution simulation in tension-tension fatigue and 

parameter determination in a model that relies on failure stress distribution (Weibull) in the 90 

ply is presented. Cyclic loading is performed at one stress level to obtain detailed crack density 

dependence on the number of cycles. In addition, one data point (crack density at specified 

number of cycles) is necessary at a different stress level. Non-interactive crack density region is 

used to determine Weibull parameters. Then, crack density in a whole crack density range and 

for arbitrary stress level is predicted using the obtained Weibull parameters, the Monte Carlo 

method for failure stress distribution and a novel model for stress distribution between cracks. 

The predictions are in good agreement with test results.  

Keywords: Transverse cracking; Weibull failure stress distribution; Fatigue loading; Monte-

Carlo simulations.  

1. Introduction 

Damage in composite laminate subjected to tensile loading, starts with intralaminar or 
transverse cracks in off-axis layers with respect to 0° layer. With increasing the loading, the 
number of transverse cracks increases. These cracks lead to significant degradation of thermo-
elastic constants of the laminate [1,2,3] and eventually to final failure of the laminate. In this 
study, the transverse cracks are analyzed and characterized as crack density 𝜌 in a ply, which is 
the number of cracks per unit length. The transverse crack covers the whole thickness of the ply 
as in fig 1(a), creating a crack plane which is perpendicular to the laminate middle-plane (x-z 
plane in fig 1(c)) and runs parallel to fiber direction in the ply, forming well-defined tunnels as 
shown in fig 1(b).  
The growth of each transverse crack is usually defined in two stages a) initiation and b) 
propagation. The initiation of the crack starts with fiber/matrix debonding [4,5], then matrix 
cracking between fibers takes place [6,7] followed by coalescing of these small defects into a 
critical size in thickness direction. In case of quasi-static loading the crack propagates along the 
fiber direction, creating a tunnel, once the critical value of the strain energy release rate (ERR) 
(called also “fracture toughness”) is reached. In cyclic loading the Paris law, relating crack growth 
rate to ERR changes during a single cycle when loading changes from min to max, is often 
assumed as governing. 
Also, the ERR for through-the-thickness crack propagation is limited by the ply thickness  𝑡𝑘. 
Thicker the ply, larger the ERR. In quasi-static loading, the dependence on ply thickness of the 
stress required for propagation is well known from [8]. In cyclic loading, cracks in thick plies at 
the same stress have much higher propagation rate and almost instantly form tunnel as soon as 
a sufficiently large flaw is created in the initiation stage. 
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Figure 1. a) Micrograph of two through-the-thickness transverse cracks in 90-ply; b) 
Tunneling cracks (surface view of GF/EP [0/90]s specimen); c) Schematic showing of the 

repeating unit between two cracks in  [S/90]s laminate (S- support lay-up which for cross-
ply  is 0-ply, 𝑡90 – thickness of the 90-ply  and 𝑡𝑠 – thickness of support lay-up) 

 
In the relatively thick laminate that is used here, optical surface observations showed that 
majority of cracks were tunneling through the width of the specimen and hence the additional 
number of cycles required for propagation is much smaller than for the initiation of a crack. 
Therefore, in the specimens used here, the number of cycles to create a tunneling crack is almost 
the same as the number of cycles required to initiate a crack at a sufficiently large stress 
concentration. The number of cycles for initiation in a given position depends on local fiber and 
flaw distribution (stress concentration) and can be described as statistical failure resistance 
distribution. 
Using this approach, a fatigue model was developed and presented in [9,10], where Weibull 
distribution assigned with Monte Carlo method and stress distribution model between cracks 
are employed to predict the crack density under fatigue loading. The Weibull scale parameter 
was assumed to degrade monotonically with increase in number of cycles, describing the effect 
by introduced fatigue parameter. The shape parameter in the fatigue model was assumed to be 
the same as in quasi-static loading. Results in [10] suggest that the shape parameter in fatigue 
may be different. In this paper, this possibility is investigated, validating new methodology to 
determine the Weibull shape parameter and to find the degradation rate of the scale parameter. 
Fatigue test at one stress level is used to gather detailed data on crack density development 
with the number of cycles. Then, fatigue test for a pre-determined number of cycles is 
performed at different stress level, counting the number of cracks after the test. All crack density 
data for parameter determination have to be within the non-interactive crack density region. 

 
2. Materials and experiment description 

From [10], using vacuum bag and hot press, glass fiber epoxy laminate with layup [0/90]s was 
made of UD prepreg. Elastic constants, experimentally obtained from unidirectional (UD) 
laminates, are in table 1. Laminate resulted in average thickness ℎ = 1.5𝑚𝑚. The difference 
between coefficients of thermal expansion in transverse and longitudinal direction is ∆𝛼 =

2.389𝑒−5 1/℃ and ∆𝑇 = −95℃ represents the difference between room and manufacturing 
temperature. Specimens were made with dimensions 200 mm x 16 mm and edge-polished to 
minimize free edge effect. The gauge length between tab region was 100mm and strain was 
measured by extensometer in 50mm in the middle of gauge length.  
Tension-tension fatigue tests were performed using INSTRON E10000, with stress ratio R=0.1, 
frequency 6 Hz. Fatigue tests were performed using three thermo-mechanical stress levels in 
the 90 ply and they are 70.27 MPa, 61.1 MPa and 52 MPa.  Thermal stress in the 90 ply was 
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15.24 MPa. The crack density versus number of fatigue cycle were obtained at these chosen 
stress levels.  
 
Table 1: Elastic constants from UD plate 

𝐸1 

(GPa) 

𝐸2 

(GPa) 
𝜈12 

𝐺12 

(GPa) 
𝜈23 

𝐺23 

(GPa) 

∆𝑇 

℃ 

𝑡90 

(mm) 

37.86 9.28 0.28 4.77 0.42 3.27 -95 0.75 

 
3. Intralaminar cracking in tension-tension fatigue. 

3.1 Weibull failure stress distribution 
The non-uniform distribution of fibers (fiber clustering), is the reason behind the distribution in 
local stress concentrations. We claim that it leads to distribution of transverse failure stress 
along the transverse direction of the 90 layer and this distribution can be described by Weibull 
distribution. Considering the ply as consisting of small elements, the Weibull failure stress 
distribution is the probability of failure 𝑃𝑓 of the elements for an element length equal to 𝑡90  

when the thermo-mechanical stress is changing from 0 to 𝜎𝑇. The Weibull distribution (1) is 
defined by two parameters, shape parameter 𝑚 and scale parameter 𝜎0𝑟𝑒𝑓 in case of quasi-

static loading. 

𝑃𝑓 =
𝑀𝑓

𝑀0
= 1 − 𝑒𝑥𝑝 (− (

𝜎𝑇

𝜎0𝑟𝑒𝑓
)

𝑚

)                                                                                                             (1) 

where  𝑀𝑓 is the number of failed elements and 𝑀0 is the total number of elements. 𝑃𝑓  can be 

expressed as crack density 𝜌 over maximum crack density 𝜌𝑚𝑎𝑥 when all elements are failed. 

3.2 Assumptions regarding failure stress degradation in cyclic (fatigue) loading 
As in [9] it is assumed that the Weibull shape parameter 𝑚 reflects the non-uniformity of fiber 
distribution in the layer and, hence, it has the same value in quasi-static and in cyclic tests.  In 
the suggested scenario, similarly as in [9,10], the transverse failure stress in a given position is 
degrading during cyclic loading and the Weibull failure stress distribution is changing. This 
overall reduction of the resistance of the ply to transverse failure during cyclic loading can be 

interpreted as a monotonous decrease of the scale parameter 𝜎0 = 𝑓(𝜎𝑇
𝑓𝑎𝑡

, 𝑁), where 𝜎𝑇
𝑓𝑎𝑡

 is 

the stress amplitude in the cycle. A power function represents one of the simplest relationships 

𝜎0 = 𝐴 ∙ 𝑁−𝛼 (
𝜎𝑇

𝑓𝑎𝑡

𝐵
)

−𝛾

  , 𝛾 ≥ 0  𝛼 ≥ 0 𝑁 ≫ 1             (2) 

Parameters A, 𝛼,  𝛾 and B are unknown material constants. Using (2) in (1) we obtain  

𝑃𝑓 = 1 − 𝑒𝑥𝑝 [−𝑁𝛼∙𝑚 [(
𝜎𝑇

𝑓𝑎𝑡

𝐵
)

𝛾
𝜎𝑇

𝑓𝑎𝑡

𝐴
]

𝑚

]                (3) 

Without losing generality, we can introduce new unknown parameters and rewrite (3) as 

𝜌

𝜌𝑚𝑎𝑥
 = 1 − 𝑒𝑥𝑝 [−𝑁𝑛 (

𝜎𝑇
𝑓𝑎𝑡

𝜎∗ )
𝑚(1+𝛾)

]                                                         (4) 

According to (4) the shape parameter in fatigue, 𝑚∗ = 𝑚(1 + 𝛾) may be larger than in quasi-
static loading. Analysis in [9] for non-crimp fiber composites showed that parameter  𝛾 ≪ 1 and 
therefore 𝑚∗ = 𝑚  from quasi-static test. However, results in [10] for GF/EP prepreg tape 
laminates showed that 𝛾 ≠ 0 for the used material. The new methodology on determining the 
shape 𝑚∗ and scale 𝜎∗ parameter is introduced in section 4.2. 
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Parameter 𝑛 in (4) is defined using data at non-interactive crack density where stress 𝜎𝑇
𝑓𝑎𝑡

 in an 
arbitrary position between two cracks is almost as the thermo-mechanical stress obtained with 

the Classical Laminate Theory (CLT),  𝜎𝑇
𝑓𝑎𝑡

≈ 𝜎𝑇0
𝑓𝑎𝑡

, and (4) can be written as 

𝜌

𝜌𝑚𝑎𝑥
 = 1 − 𝑒𝑥𝑝 [−𝑁𝑛 (

𝜎𝑇0
𝑓𝑎𝑡

𝜎∗ )
𝑚∗

]                 (5) 

In log-log axis the relationship (5) is linear with respect to number of cycles, 

ln (− ln (1 −
𝜌

𝜌𝑚𝑎𝑥
)) = 𝑛 ln 𝑁 + 𝑚∗ ln

𝜎𝑇0
𝑓𝑎𝑡

𝜎∗                 (6)                                                                             

 
4. Weibull parameter determination 

4.1 Fatigue 𝒏-parameter 

As discussed in section 1&3, the fatigue test at one stress level is performed and the data points 

selected within 0.05 < 𝑃𝑓 < 0.3, that belongs to the non-interactive crack density region, are 

used for Weibull parameter determination. The fatigue test was performed at 61.1 MPa thermo-

mechanical stress in the 90-layer and the data points for Weibull analysis were selected between 

0.07 cr/mm < 𝜌 < 0.36 cr/mm. Fig 2, shows the Weibull parameter determination. From the 

underlined linear fitting expression in the fig 2, which is in form of (6), the fatigue 𝑛-parameter 

is 0.72. 

 

 

 

 

 

 

Fig 2. Linear regression curve of the fatigue test performed at stress 61.1 MPa. Linear fit 

equation of data points selected within 0.05<𝑃𝑓<0.3 is underlined in black 

4.2 Shape parameter 𝒎∗ and Scale parameter 𝝈∗  

Since the presented approach on determining the shape 𝑚∗ and scale 𝜎∗ parameter does not 

involve static tests, one more fatigue test at a different stress level for a pre-determined number 

of cycles has to be performed. In this methodology, fatigue parameter 𝑛, shape parameter 𝑚∗ 

and scale parameter 𝜎∗ are same for fatigue tests at all stress levels. The second cyclic test was 

at stress level 70.27 MPa in the 90-layer and 1250 cycles were performed.  The test result was 

𝜌 = 0.25 cr/mm. Substituting these values in (6) we obtain 

ln (− ln (1 −
0.25

𝜌𝑚𝑎𝑥
)) = 0.72 ln(1250) + 𝑚∗ ln

70.27

𝜎∗                (7) 

where 𝜌𝑚𝑎𝑥 = 1.33 𝑐𝑟/𝑚𝑚. From eq (7)      

𝑚∗ ln
70.27

𝜎∗ = −6.71                                (8)  
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From the test at 61.1 MPa represented by equation shown in fig. 2  

𝑚∗ ln (
61.1

𝜎∗ ) = −8.64                                (9) 

Dividing (8) with (9) we obtain 𝜎∗ = 113.57 𝑀𝑃𝑎. 

Then, we use (8) to calculate 𝑚∗, then 𝑚∗ = 13.94. Analyzing transverse cracking in quasi-static 

test, see [10], the obtained value of shape parameter was 𝑚 = 11.123 . Hence, 𝛾 = 0.25. 

The Weibull parameters from [10] and Weibull parameters obtained in this work are 

summarized in table 2. 

Table 2: Weibull parameters obtained in [10] and presented work 

Test method Features 

Fatigue 

parameter 

𝑛 

Shape 

parameter 

𝑚∗ 

Scale 

parameter 

𝜎∗ (MPa) 

 𝛾 

[10] 
Detailed fatigue test at 

61.1 MPa and static test 
0.72 11.123 132.88 0 

Presented work 

Detailed fatigue test at 

61.1 MPa and one data 

point at 70.27 MPa 

0.72 13.94 113.57 0.25 

 

5. Crack density simulation 

First, we present the crack density prediction using Weibull failure stress distribution or as called 

here 𝑃𝑓-approach when the stress between two crack is assumed to be equal to the CLT stress 

of the undamaged laminate (𝜎𝑇
𝑓𝑎𝑡

= 𝜎𝑇0
𝑓𝑎𝑡

) and Eq. (5) is used.  This assumption is valid for the 

non-interactive crack density region. As shown, in the fig 3, the prediction using 𝑃𝑓-approach, 

gives good results only in the non-interactive crack density region. It is expected because, it is 

the region which was used to determine the Weibull parameters. However, it overestimates the 

crack density in the interactive crack density region, where stress between cracks is lower than 

the CLT stress as the cracks get closer.  

Monte Carlo simulations 

Monte Carlo simulation methodology is described in [10] and results are shown in fig.3. In fig 

3(a-c), Monte Carlo simulations expose the experimentally observed effect of interaction at high 

crack density but results are not in good agreement with the test results.   

The Monte Carlo simulated crack density in fig 3(d-f) using Weibull parameters obtained in this 

paper agree good with the test results both in non-interactive and interactive crack density 

region.   

Thus, performing detailed crack density analysis at one stress level (61.1 MPa) in the cyclic test 

and in addition obtaining one data point at a different (higher) stress level (70.27 MPa) is a better 
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option. The number of cycles and microscopy observations required to establish parameters are 

reduced at the same time as agreement between model and experiments are improved. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 3. Crack density vs Number of fatigue cycles. Black dots are test data, solid black line is 𝑃𝑓-

approach, and dotted black line is Monte Carlo simulated results, where, (a-c) based on Weibull 

parameters from [1], (d-f) based on Weibull parameters from the presented work. 

6. Conclusion 

Efficient methodology to determine parameters for transverse cracking simulation in fatigue 

test is explained.  

Detailed analysis of crack density evolution with the number of cycles in tension-tension fatigue 

test at one stress level is required. In addition, one more data point is obtained in another cyclic 

test with a different pre-determined stress. Data in the non-interactive crack density region are 

used to find parameters in modified Weibull failure stress distribution that is used to describe 

statistical variation of failure properties. Monte Carlo simulations are performed using the 

determined parameters, calculating the stress distribution in all positions between cracks, 

comparing with failure stress in this position and predicting cracking in the whole crack density 

region. The failure stress distribution degrades with the number of cycles according to power 

law with experimentally found parameters describing the scale parameter reduction. 
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