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Abstract

Porous media, here defined as any permeable structure allowing a fluid to flow
through, are relevant to a multitude of engineering applications and natural
processes. The observed macroscopic properties of the porous media such as
mixing, heat transfer and apparent permeability are properties which are affected
by the flow and especially the type of flow, or flow region. The flow regions are
characterized by the ratio of the convective to viscous forces, called the Reynolds
number (Re). Of these regions the transition from inertial laminar flow to fully
turbulent flow is the least understood. In comparison to flows in straight pipes
the onset of inertial and unsteady phenomena in porous beds do not coincide, also
the transition region stretches over orders of magnitude in Re for most porous
beds. In porous media this domain is characterized by temporally long-lived and
spatially large scale flow structures which interact in unpredictable ways leading
to dramatic shifts of the behavior of the macroscopic properties. To improve
the understanding of this transitional domain, ordered materials, that reduce
geometrically induced flow complexities, are studied with both numerical and
experimental methods.

In Paper A two types of ordered porous media with the same porosity but
varying tortuosity are investigated using tomographic Particle Image Velocimetry
and pressure measurements. The variation of Re gives an almost complete
overview from the onset of inertial effects up to the start of the turbulent region.
Two pore-scale phenomena were disclosed from the complex flow patterns that
appeared. The first is an inertial steady effect first assumed to be caused by
wall effects. In Paper D it was, however, discovered that the phenomenon
materializes independently of wall effects. Instead it is a specific case of a more
general inertial transition occurring for a wide range of porous media. A second
pore-scale effect is a form of inertial core symmetry break-up that occurs in
low-tortuosity porous media. This symmetry break-up is correlated to a sharp
increase in the average pressure drop. The second flow structure was reproduced

v
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vi Abstract

using numerical methods in Paper B forming the basis of a more comprehensive
discussion on how these structures impact the usage of periodic conditions when
modelling porous media.

The possibility of using high performance Graphics Processing Unit (GPU)
implementations of the Lattice Boltzmann Method (LBM) for simulating thermal
turbulent flows in porous media has also been investigated in Paper C. It is
concluded that the GPU LBM implementations provide fast, efficient and accurate
simulations of thermal turbulent flows in porous media, as well as for a wide
range of other flows. Furthermore, in Paper E, a multiple GPU implementation
of a hydrodynamic LBM model is presented.
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iv Contents

Nomenclature

General

ν: Kinematic viscosity
µ: Dynamic viscosity
ρ: Density
ui: Velocity vector
u,ux: x-direction velocity component
v,uy : y-direction velocity component
w,uz : z-direction velocity component
xi: Spatial coordinate vector
t: Time coordinate
Re: Generic Reynolds number
Pe: Peclét number
Pr: Prandtl number

Porous media

Ω: Fluid phase domain
Γ: Solid phase domain
φ: Porosity
Uint: Interstitial velocity

∫
Ω uxdΩ∫
Ω dΩ

Dp: Obstruction diameter
Rep: Dp based Reynolds number UintDp

ν

LBM
dt: Timestep size (= 1)
dx: Element size (= 1)
eij : Discrete velocity vector
fi: Distribution function post-relaxation
f̃i: Distribution function pre-relaxation
fB
i : Equilibrium distribution function

τ : BGK-SRT Relaxation factor
Mij : Moment matrix
mi: Moment vector
sn: Relaxation factor operating on moment n

Vector & scalar field operations
T̄ : Time average of T
< T >: Spatial average of T
T ′: Fluctuating value of T
σ(T ): Standard deviation of T
|T |: Absolute value of T
|Ti|: Norm of vector Ti

max(T ): The maximum value of T
min(T ): The minimum value of T
range(T ): max(T )−min(T )
Ti �Ki: Element-wise multiplication
φ,j : Spatial derivative of φ ∂φ

∂xj
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Part I

Summary

1
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Chapter 1

Introduction

A porous medium is usually defined as a solid matrix containing pockets of void
regions. This broad definition includes materials which are impermeable such
as pumice stone, styrofoam and bubble wrap. In the context of this work only
permeable porous media will be of interest, i.e. materials with an interconnected
void allowing liquids and particles to pass through, see Fig.1. Some commonly
occurring examples include sand beds, soil, metal foams and forests. This type
of porous media, in both natural and man-made structures, are ubiquitous to
the extent that they are almost covert. As such, this class of porous media is
present in a wide range of engineering and natural processes including composite
manufacturing [1–3], iron ore pelletization [4, 5], dam construction [6] and hydro-
logical processes [7,8]. The porous bed obtains its so called macroscopic properties
from the interaction between the fluid and solid. These are the properties of
the bed which would be observable even if the pore-scale itself is not visible and
includes flow resistance, heat transfer and dispersion. These properties are fully
determined by the flow field, which in turn are determined by the bed structure
and flow properties.

3
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4 Chapter 1. Introduction

Figure 1: Examples of porous mediums, from left to right a random packing of mono-
radii spheres, a structured foam and a cubic packing of spheres.

1.1 Thesis aim and scope

The aim of this work is to increase the understanding of the transition between
Stokes flow and turbulent flow, the so-called transition region in porous media.
This will be done by using experimental methods together with both the de-
velopment and application of novel numerical methods. The focus will be on
the interaction between pore-scale phenomena and observed macroscopic prop-
erties by resolving structures, scrutinizing them, and linking them to observed
macroscopic behavior.
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Chapter 2

Porous media flow

A permeable porous media system can be divided into two main phases, a solid
phase and a liquid phase. The liquid phase, here denoted Ω, and the solid phase
denoted Γ. Note that, in general, the liquid phase may consist of a multitude
of other phases as well, similarly for the solid phase. These two main phases
have an overlapping region referred to as ∂Ω for the fluid border and ∂Γ for the
solid border, see Fig. 2. These are governed by different field equations, usually
the fluid phase Ω is governed by some version of the hydrodynamic equations
which may be modeled as either compressible or incompressible dependent on
the conditions of the system studied. The solid phase is described with some
appropriate response model. If the deformation of the solid material can be
neglected and the bed is nondeformable the solid border can be treated as static.
With these assumptions the problem of obtaining the macroscopic properties of a
porous medium can be reduced to a pure stationary boundary fluid mechanics
problem.

5
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6 Chapter 2. Porous media flow

Ω

Γ∂Γ

∂Ω

Figure 2: Porous media division into the hydrodynamic domain Ω, solid domain Γ and
their corresponding overlapping regions ∂Ω and ∂Γ.

2.1 The Navier-Stokes equations

In essence, the study of incompressible fluids is the study of the Navier-Stokes
equations, defined as

∂ui
∂t

+ ujui,j = −1

ρ
p,i + νui,jj + ai, (1)

uj,j = 0. (2)

Where ui is the velocity, p is the pressure, ρ is the density and ai is acceleration.
Solving the Navier-Stokes equation is non-trivial and the cases where exact
analytical solutions exist are few. The complexity in solving the equations
is mainly due to the to the non-linearity caused by the inertial term ujui,j .
With appropriate scaling the kinematic viscosity ν can also be considered as a
characteristic Reynolds number. For this scaling some characteristic length scale
L and velocity scale U is chosen. Setting u∗ = u/U , φ∗

,j = Lφ,j where φ is any
field variable and t∗ = t

LU Eq. (1) can be written as

∂u∗i
∂t∗

+ u∗ju
∗
i,j = −Cp∗

ρ
p,i +

ν

LU
u∗i,jj (3)

With the acceleration term omitted. With this scaling it can be observed that LU
ν is

the only dimensionless number which characterizes the dynamics of incompressible
single-phase flow. The reader is referred to [9,10] for further details on the scaling

5579872_Inlaga_20 okt.indd   215579872_Inlaga_20 okt.indd   21 2022-10-20   13:022022-10-20   13:02



2.2. The advection-diffusion equation 7

procedure. the quantity LU
ν is referred to as the Reynolds number

Res =
LU

ν
. (4)

Looking at the scaling in Eq. (3) it can be seen that the scaling factor between
the inertial and visous term neglecting the temporal and pressure term is

u∗ju
∗
i,j =

1

Res
u∗i,jj → Res =

u∗ju
∗
i,j

u∗i,jj
. (5)

Beacause of this Res is commonly described as the ratio between viscous and
inertial forces, this is however not entirely true. The value of Res is dependent
on the choice of the parameters L and U , which are arbitrary. Therefore it is
sometimes useful to use an objective definition of the local Reynolds number as
the true ratio of viscous to inertial forces

ujui,j
νui,jj

= Re. (6)

Which can be integrated over some arbitrary fluid domain Ω to obtain an objective
value of Re for these regions. The value of C∗

p depends on the choice of scaling for
the pressure, for viscous dominated flows C∗

p = L
µU is usually chosen, for inertia

dominated flows C∗
p = 1

ρU2 . These scalings leads to either the Stokes equation for
low values of Res and the Euler equations for large values of Res [11].

2.2 The advection-diffusion equation

The advection-diffusion equation describes a quantity which is advected, i.e.
transported by the flow while also spreading diffusively. Examples of this type of
quantity includes particulates, chemical species and temperature. The evolution
of some generic advected quantity φ is governed by the equation

∂φ

∂t
+ ujφ,j = αφ,jj + Sφ. (7)

Where Sφ is a source term, uj is the velocity of the advecting fluid and α is the
diffusion coefficient. A value analogous to the Reynolds number can be obtained
for this equation as well using the same scaling. This dimensionless number is
called the Peclet number and is, using the same argument as for the Reynolds
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8 Chapter 2. Porous media flow

Number, usually referred to as the ratio between advective and diffusive transport
rate

Pe =
LU

α
. (8)

Here L and U are, as for the scaling of the Navier-Stokes equations, arbitrary,
but are usually defined by some system characterizing length and velocity scale.
For thermal species a similar number called the Prandtl number is usually used
instead, this number is defined as the momentum diffusivity ν divided by the
species diffusivity α, in the case of thermal flows called the thermal diffusivity

Pr =
ν

α
. (9)

If the same scales for L and U is used for both Pe and Re then the Prandtl
number can be written as ratio between the Peclet number and Reynolds number
Pr = Pe

Re .

2.3 Porous media flow regions

There are four main flow regions occuring in porous media, see Fig. 3 for an
overview of the flow fields in the regions simulated with the solver presented
in Paper C. If Re is some Reynolds number characterizing the flow then the
regions are, in ascending order.

Stokes region: Sometimes referred to as the Darcy region, due to the linear
relation between the pressure drop and fluid velocity called Darcys law that is
observed in this region

p,i = − µ

K
ui (10)

Where K is the permeability. This flow region is defined by viscous forces
dominating over inertial forces and a flow field that can be accurately described
by the Stokes equation

1

ρ
p,i =

1

ν
ui,jj + ai. (11)

ui,i = 0. (12)

Inertial steady region: Also called the Forchheimer region, here a quadratic
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2.3. Porous media flow regions 9

correction term is added to Darcy’s law to model the impact of inertial effects on
the pressure drop [12]

p,i = − µ

K
ui − cFK

−1/2ρf
√
ujujui. (13)

Here cF is a dimensionless drag constant and ρf is the density of the fluid, the
flow field can be accurately described by the steady-state Navier-Stokes equations

1

ρ
p,i + ujui,j =

1

ν
ui,jj + ai, (14)

ui,i = 0. (15)

Inertial unsteady region: The characterizing feature of this region is the
presence of temporal fluctuations

∫

Ω

∣∣∣∣
∂ui
∂t

∣∣∣∣ dΩ �= 0, (16)

To describe the flow field in this region the full Navier-Stokes equations as defined
by Eq. (1)-Eq. (2) are necessary. There is no commonly agreed upon cutoff where
the flow can be considered turbulent instead of transitional. For example, Seguin
et al [13] defines the transition to turbulence as where a sustained turbulent
energy cascade can be observed in the turbulent energy spectrum. This is the
definition that is used in this work as well, in this definition what separates the
inertial unsteady region from the turbulent region is the size of the smallest flow
structures in comparison to the porous media geometry. A way to put this more
succinctly is that the flow in a porous media is considered transitional rather
than turbulent if the dissipating scales are of the same order of magnitude as the
energy-containing range.

Turbulent region: This region is defined by the presence of a turbulent energy
cascade, i.e. the turbulent energy spectra has a significant region in the inertial
subrange where

F{ujuj} ∝ f−5/3 (17)

holds true, here F is the Fourier transform f is a frequency.
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10 Chapter 2. Porous media flow

Re << 1 Re ≈ 60 Re ≈ 200 Re ≈ 800

Figure 3: The changes in the flow features over the different flow regions visualized by a
volume rendering of the instantaneous absolute velocity scaled by interstitial
velocity. The simulation were carried out using the LBM code presented
in Paper C. The mesh, which can be seen in the top of the figure, is a
nx × ny × nz = 128× 128× 64 voxel grid which is periodic in all directions
with walls on top and bottom.
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2.4. Ordered porous media 11

Figure 4: Examples of two-dimensional ordered porous media, from left to right, a
cubic array of cylinders, a staggered array of cylinders and a cubic array of
some general obstruction.

2.4 Ordered porous media

Ordered porous media are permeable porous structures which can be represented
as spatial repetitions of a Representative Elementary Volume (REV) [14]. Even
though these types of porous media are prevalent in a wide range engineering
applications, for research, they are of interest for two reasons. First, it enables
the domain to be resolved using periodic boundary conditions, which enables
pore-scale modeling of idealized beds of infinite extent. Secondly, variation of
porous media parameters such as porosity and tortuosity can be carried out in a
controlled manner. For these reasons ordered porous media are valuable as model
systems. In Fig. 4 some examples of ordered porous media can be seen.
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Chapter 3

Kinetic theory of gases

Much of the numerical work presented in this thesis is carried out using a specific
type of computational fluid dynamics method called the Lattice Boltzmann
Method (LBM). This method is based on ideas from from the kinetic theory of
gases and recreates the incompressible hydrodynamic equations emergently. This
chapter introduces some fundamental concepts of said theory, this to provide the
reader with a better understanding of the concepts which underpins the LBM
method.

3.1 Gases on different scales

On the smallest scale a gas consists of molecules which move and collide chaotically.
This scale is sometimes referred to as the molecular scale, or micro scale. At
this detail of resolution the state of the gas is determined by each individual
particle position, orientation, momentum and angular velocity; as well as any
other internal energies or properties that the molecules or atoms that make up
the gas may have. Calculations on the molecular scale are sometimes carried out
when the interactions between the particles are complex and therefore relevant
to the phenomena studied. But as discovered by Boltzmann [15], the behaviour
of gases can often be described statistically without resolving the microscopic
scale directly. The volume averaged, sometimes called mesoscopic scale of the
gas, is entirely defined by the local velocity distribution function f(xj , ui, t).
Here xj is the position vector in mesoscopic space, i.e. the location of the
control volume in space, ui is the velocity vector and t is time. A well known
result is that the distribution function of an ideal gas, in equilibrium, is the

13
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14 Chapter 3. Kinetic theory of gases

Microscopic scale
Particle variables

Mesoscopic scale
f(ui, xj , t)

Macroscopic scale
ūi, ρ̄

Figure 5: Visualization of a monatomic gas at micro scale (left), mesoscopic scale
(middle) and macroscopic scale (right). The regions are defined by the scales
at which the dynamics is resolved.

Boltzmann-distribution [16]

f(xj , ui, t) =

[
m

2πkBT (xj , t)

]3/2
e
−m[ūi−ui(xj,t)]

2

2kBT (xj,t) , (18)

where m is a mass, kB is the Boltzmann constant, T is the temperature and ūi is
the macroscopic velocity. This result will be useful in the next chapter. At the
macroscopic scale the gas reproduces the hydrodynamic equations and lead to
the commonly observed continuum behavior, see Fig. 5 for an overview of the
different scales.

3.2 The Boltzmann equation

The Boltzmann equation governs the evolution of the distribution function, it
was originally derived by Ludwig Boltzmann using non-rigorous arguments in
his seminal 1872 paper [15]. The equation has later been derived from particle
dynamics directly [17]. The derivation starts from the assumption that the rate
of change of the distribution function can be separated into two components; an
interaction term which describes how the particle collision affect the state and
a streaming term which described the change of control volume values by the
exchange of particles [18]

∂f

∂t
=

(
∂f

∂t

)

str

+

(
∂f

∂t

)

int

. (19)
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3.3. The hydrodynamic limit of the Boltzmann equation 15

The
(
∂f
∂t

)
int

is taken to be some general function Ω(f) which operates on the
distribution function over some control volume, from here on referred to as the
collision operator. In the next chapter it will be further explored exactly how it
can be described. The streaming term describes the advection of the distribution
and is therefore modelled with a standard convective term ujf,j . This results in
the well known Boltzmann equation

∂f

∂t
+ uj

∂f

∂xj
= Ω(f). (20)

3.3 The hydrodynamic limit of the Boltzmann equa-
tion

Since Eq. (20) describes the time evolution of a gas and gases behave as fluids
it is known that it has to recreate the hydrodynamic equations emergently.
Enskog and Chapman independently found a way of retrieving the hydrodynamic
equations from the Boltzmann equation [16]. This so-called Chapman-Enskog
procedure provides a bridge between the mesoscopic world of kinetic theory and
the macroscopic world of observed gas behavior. The procedure starts from an
expansion of the distribution function f and time derivative ∂

∂t in the parameter
ε [16, 19]

f = f (0) + εf (1) + ε2f (2) + ... (21)
∂

∂t
=

∂

∂t(0)
+ ε

∂

∂t(1)
+ ε

∂

∂t(2)
+ ... (22)

The expansion parameter is the so-called Knudsen number ε = Kn = λ/L, where
λ is the mean free path and L is some arbitrary characteristic length scale for the
macroscopic scale. These expansions are inserted into Eq. (20) and continuity is
derived as a zeroth order effect in the parameter ε, the hydrodynamic momentum
equations are retrieved as a first order effect [20]. Through this expansion the
viscosity can be related to the mean free path λ which in turn are related to the
gas dynamics. In the context of this work it is more informative to follow the
derivation of the hydrodynamic equation as moments of the Boltzmann equation,
which will be presented in the following sections.

Moments of the distribution function

Moments are macroscopic variables of the control volumes which are obtained
from integration of the distribution function over the particle velocity space, the
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16 Chapter 3. Kinetic theory of gases

density is simply the integral

ρ̄(xj , t) =

∫

Γui

f(ui, xj , t)dΓui . (23)

Where Γui is the velocity-space, which is Rn in n dimensions and the overbar
denotes that the variable is in macroscopic space, i.e. averaged over particle
velocity. The α direction momentum is obtained as

m̄α(xj , t) =

∫

Γui

uαf(ui, xj , t)dΓui . (24)

The macroscopic momentum is related to the macroscopic velocity via the relation
m̄α = ūαρ̄. Furthermore, the stress tensor can be related to the central second
order moment and non-central moment as [19]

σ̄αβ(xj , t) = −
∫

Γui

uαuβf(ui, xj , t)dΓui + ρ̄ūαūβ = ... (25)

σ̄αβ(xj , t) = −
∫

Γui

(uα − ūα) (uβ − ūβ) f(ui, xj , t)dΓui . (26)

This moment, in contrast to the momentum and density is non-conserved, meaning
that the conservation laws during collision allows for this quantity to change. A
general continuous moment in three dimensions is denoted as µ̄αkβmγn and is
equal to

µ̄αkβmγn(xj , t) =

∫

Γui

ukαu
m
β unγf(ui, xj , t)dΓui . (27)

Here the k, m and n superscripts indicate exponentiation.

Moments of the Boltzmann equation

This section aims to give insight into how the hydrodynamic equations are related
to the Boltzmann equation by application of moment transformations to it and
investigating the emergent conservation laws. The result is well known and is
presented in [19,21] among others. Our starting point is to observe that if the
Boltzmann equation holds true, then for any arbitrary moment of the Boltzmann
equation it will also hold true

∫

Γui

ukαu
m
β unγ

(
∂f

∂t
+ uj

∂f

∂xj

)
dΓui =

∫

Γui

ukαu
m
β unγΩ(f)dΓui . (28)
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3.3. The hydrodynamic limit of the Boltzmann equation 17

Setting k = m = n = 0 the zeroth order moment relation is obtained
∫

Γui

(
∂f

∂t
+ uj

∂f

∂xj

)
dΓui =

∫

Γui

Ω(f)dΓui . (29)

The collision function Ω(f) necessarily conserves mass for systems of particles
and therefore the right hand side is zero

∫

Γui

(
∂f

∂t
+ uj

∂f

∂xj

)
dΓui = 0, (30)

∂

∂t

∫

Γui

f +
∂

∂xj

∫

Γui

ujfdΓui = 0. (31)

Where the ∂
∂xj

derivative can be placed outside the expression since uj is a
mesoscopic space variable. Identifying the moments of the distribution function
gives the continuity equation

∂ρ̄

∂t
+ (m̄j),j = 0, (32)

∂ρ̄

∂t
+ (ρ̄ūj),j = 0. (33)

To obtain the momentum conservation relation a first order moment transfor-
mation is applied to the Boltzmann equation, i.e. in Eq. (28) k = 1 and
m = n = 0 ∫

Γui

uα

(
∂f

∂t
+ uj

∂f

∂xj

)
dΓui =

∫

Γui

uαΩ(f)dΓui . (34)

The collision function Ω(f) necessarily conserves momentum, therefore the right
hand side is, similarly to the last case, zero

∫

Γui

uα

(
∂f

∂t
+ uj

∂f

∂xj

)
dΓui = 0, (35)

∂

∂t

∫

Γui

uαf +
∂

∂xj

∫

Γui

uαujfdΓui = 0. (36)

The first term can be identified as the temporal derivative of α direction momen-
tum ∂m̄α

∂t and the second term can be written as

∂

∂xj

∫

Γui

uαujfdΓui = ... (37)

∂

∂xj

[ ∫

Γui

(uα − ūα) (uj − ūj) f(ui, xj , t)dΓui − ρ̄ūαūj

]
. (38)
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18 Chapter 3. Kinetic theory of gases

The first term can be identified as the derivative of the negative stress tensor −σ̄αj,j
from Eq. (26). The second term becomes (ρ̄ūαūj),j , putting these expressions
into Eq. (36) with an index change α → i results in the compressible momentum
equation for a fluid

∂ρ̄ūi
∂t

+ (ρ̄ūiūj),j = σ̄ij,j . (39)

So far the only assumptions made of the collision function Ω(f) is that it conserves
mass and momentum. To obtain an explicit expression for the stress tensor the
operation that Ω(f) performs needs to be specified.

3.4 The Lattice Gas Automata

The Lattice Gas Automata (LGA) is the spiritual precursor to the Lattice
Boltzmann Method, which will be discussed at length in the next chapter. We can
conclude from kinetic gas theory that the hydrodynamic equations arise emergently
from simple kinetic particle interactions. Therefore the natural question arises of
whether a simplified kinetic gas model, which does not necessarily describe any
physical system of particles, can be used to solve the hydrodynamic equations.
Such a solution method would bypass the complexity of numerical schemes
necessary to directly solving the Navier-Stokes equations. While this approach
may not be the best for all classes of fluid dynamics problems and computational
architectures we will see that they are appropriate for some problems.

3.4.1 Lattices & the microdynamical equation

The lattice defines the possible directions of motion for the particles in the
simulation and needs to be a Bravais lattice [22]. Each channel in the lattice
has only two possible states, 1 and 0, or on and off, these states correspond to
whether a particle occupies that specific channel. This configuration is a vector
called the boolean field which is denoted ni(xj , t), where xj is the position of the
lattice point in mesoscopic space and t is the time. The microdynamical equation
describes the development of ni(xj , t) explicitly as

ni(xj + ci, t+ 1) = Ωi(nk(xj , t)) (40)

where ci is the velocity of link i and Ωi is some general collision function with an
output value of either 0 or 1. This operation can be subdivided into a propagation
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3.4. The Lattice Gas Automata 19

step and a collision step

ñi(xj , t+ 1) = ni(xj + ci, t), (41)
ni(xj , t+ 1) = Ωi(ñk(xj , t+ 1)), (42)

where ñi is the boolean field pre-collision and ni is post collision. The function
Ωi(nk) determines the behaviour of the "gas" and is usually made to fulfill certain
conservation laws which we know occur in physical systems such as conservation
of mass ∑

i

Ωi(nk) =
∑

i

ni, (43)

and conservation of momentum
∑

i

Ωi(nk)ci =
∑

i

nici. (44)

The collision function does not necessarily need to be designed in a manner so
that the system behaves as a physical gas and conserves these specific quantities
suggested above.
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Chapter 4

The Lattice Boltzmann Method

The Lattice Boltzmann Method (LBM) is a development of the Lattice Gas
Automata (LGA) discussed in the previous chapter. In contrast to the LGA
method, LBM does not track discrete particles. Instead it makes use of a
discretized distribution function which describes the state of each control volume.
In other words, we go from the continuous distribution function in the Boltzmann
equation f(xj , ui, t), to a discrete distribution function fi(xj , t) where i is the
discrete distribution index. The discrete lattice velocity set eij describes both
the velocity of the represented distributions and the connectivity of the nodes.
See Fig. 6 for some of the commonly used discrete velocity sets. The lattices
are denoted by their dimension and amount of distributions, for example the
common two-dimensional hydrodynamic lattice on a cubic grid which connects to
all neighbouring elements would be denoted D2Q9. In general a discrete lattice
with n dimensions and m distributions would be denoted DnQm.

Figure 6: Discretized 2D lattices with red arrows indicating the connectivity. From
left to right the lattice types are the D2Q9, D2Q5, D2Q7 and D2Q25.

21
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22 Chapter 4. The Lattice Boltzmann Method

4.1 The discretized Boltzmann equation & the BGK
model

The discrete version of the Boltzmann equation, Eq. (20), for a unitary time-step
and spatial increment can be written in a single operation as

fi(xj + eij , t+ 1) = fi(xj , t) + Ωi(fk). (45)

Where Ωi(fk) is the discrete collision function operating on the discretized velocity
distribution fk. Similarly to the LGA method the equation can be separated into
two steps, the so-called streaming step and relaxation step as

f̃i(xj + eij , t+ 1) = fi(xj , t), (46)
fi(xj , t) = fi(xj , t) + Ωi(f̃k), (47)

In this expression fi is the post-relaxation distribution and f̃i is pre-relaxation.
During the streaming step the distributions are moved to the destination cell
and during the collision step the distributions interact in a way defined by the
collision operator Ωi(fk). The choice of collision operator will determine the set
of macroscopic PDEs that are solved, the discrete lattice also needs to be chosen
carefully to ensure that all properties of interest for solving the PDE can be
represented, this point is further expanded in the next section. Sticking to gas
dynamics for now, it is known that the gas within a control volume will, given
enough time, relax to the local Boltzmann distribution denoted as fB

j (ui). The
continuous version is given by Eq. (18). For computations in LBM the following
second order Taylor expansion for the equilibrium distribution is commonly
utilized [23, 24]

fB
i = ρωi �

(
1 + 3eijuj + 4.5(eijuj)

2 − 1.5ujuj
)
. (48)

Where ωi are the weights, these values are dependent on the lattice structure and
an in-depth explanation of the weights are available in [25]. The values for the
density ρ and velocity ui are obtained in a manner analogous to the continuous
moment calculation

ρ =
∑

i

fi (49)

uj =
1

ρ
fieij (50)
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4.2. Moment basis & the MRT-LBM 23

Now assume that the distribution tends towards the equilibrium state at some
rate τ , referred to as the relaxation rate, resulting in the following expression for
the collision operator

Ωi(fi) = (fB
i − fi)

1

τ
. (51)

This assumption was first utilized by Bhatnagar, Gross and Krook in 1954 [26]
and is therefore called the BGK model. A complete closed model capable of
solving the hydrodynamic equation can therefore be written as

fi(x̄+ ēi, t+ 1) = f̃i(x̄, t), (52)
fi(xj , t) = fi(xj , t) + Ωi(f̃k), (53)

Using a Chapman-Enskog expansion the hydro-dynamic viscosity can be related
to the relaxation rate as [23]

ν = c2s

(
τ − 1

2

)
(54)

Where c2s is the lattice velocity. This model type, referred to as Single Relaxation
Time (SRT) model since the same relaxation rate is utilized for all moments, is
generally very unstable and is outperformed by other methods in all aspects [27].

4.2 Moment basis & the MRT-LBM

This section will discuss the discrete lattice vectors eij extensively, and for clarity
the index j will sometimes be replaced by the coordinate direction of the discrete
distribution. I.e. ei0 will be referred to as eix, ei1 by eiy and so on. The choice of
discrete lattice will determine how many linearly independent quantities that can
be represented by it. As an example, one can easily see that a D2Q5 lattice can
not be used to solve the complete hydrodynamic equation since it is not possible
to represent all of the necessary moments of the two-dimensional hydrodynamic
equation. Those being the following

ρ ,
∑

i fi , Density (55)
mx , eixfi , X momentum (56)
my , eiyfi , Y momentum (57)
σxx , (eix � eix)fi , XX stress (58)
σyy , (eiy � eiy)fi , YY stress (59)
σxy , (eix � eiy)fi , XY stress (60)
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24 Chapter 4. The Lattice Boltzmann Method

Here � is an operator which denotes pairwise multiplication, the so-called
Hadamard product. Specifically, the D2Q5 model can not represent the σxy
component of stress since the distributions does not have any cross terms in the
x-y plane. I.e. mxy = eix � eiy is a zero vector. Generally, a lattice denoted
DnQm can form m independent moments given that none of the distribution
vectors are linearly dependent. This is the reason why the discrete lattice set eij
needs to be chosen carefully depending on the macroscopic dynamics that are
to be modelled. The matrix that transforms the discrete distribution function
fi into some moment basis is called the moment matrix and is defined by its
relation to the moments as

mi = fjMij . (61)

Where mi is called the moment space distribution and Mij is the moment matrix
which defines the moment basis.

4.2.1 MRT Operator

After transforming the discrete distribution function fi into moment space mi the
moments can be relaxed independently, given that moment matrix is orthogonal,
the relaxation factors can then be tuned for stability and accuracy. This procedure
results in the following collision operator for the MRT model

Ωi(fj) = −(Mik)
−1Ŝki[Mijfj −Mijf

B
j ]. (62)

In this expression Ŝki is the relaxation matrix which can have off-diagonal
components in certain anisotropic diffusion models [28] but is usually chosen to
be a diagonal matrix. If the relaxation matrix is chosen as an identity matrix
times a constant, the model reduces back into a BGK model. Therefore the
central question of any MRT-LBM model is how the relaxation factors should
be chosen so as to maximize stability and accuracy. This is the type of collision
operator utilized in Paper C for both the hydrodynamic and thermal lattices.

4.2.2 The Two Relaxation Time model

A special case of the MRT model that is often mentioned for its simplicity and
low computational complexity is the so called Two Relaxation Time (TRT)
model [29]. This method decomposes the distribution function into its symmetric
and anti-symmetric parts called f+

i and f−
i which are relaxed independently.

All even moments such as the density ρ and those corresponding to viscosity
eix�eix, eiy�eiy, eix�eiy are separated from the odd order moments corresponding
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4.3. Generalized local equilibrium & the cascaded LBM model 25

to momentum and third-order moments {eix, eiy, eix�eix�eiy}. Since the viscosity
is found in the symmetric part the relaxation factor for the non-symmetric part
can be adjusted independently for accuracy and stability. For reasons relating to
the choice of computational architecture, discussed in the next chapter, the TRT
operator will not be applied in this work.

4.3 Generalized local equilibrium & the cascaded LBM
model

Even though the MRT-LBM grants major stability and accuracy improvements
over the standard BGK-LBM, it still has a limited stability domain. Given that a
sufficient discrete velocity set is utilized there are two main sources of instability
as noted by Geier et al [30]

• Lack of Galilean invariance during relaxation because the relaxation function
is chosen to only be accurate to second order in Mach number. I.e. Eq.
(48) is chosen as the equilibrium distribution.

• The inability to relax the moments independently in a moving reference
frame, so called cross-talk between raw moments.

The procedure as proposed by Geier et al [30] and further developed by
Premnath et al [31–33] builds on the idea that the distribution should be relaxed
towards the central/rest-frame moments which are Galilean invariant. The
expression for the central moments denoted by µ̂ are given by

µ̂xmynzo =
∑

i

fi � (eix − ux)
m � (eiy − uy)

n � (eiz − uz)
o. (63)

The general procedure for the cascaded algorithm is to compute the central
moments µ̂xmynzo from the raw moments µxmynzo , relax them towards the equilib-
rium central moments, transform back to raw moment space and finally retrieve
the updated distribution function from these relaxed raw moments. In practical
implementations, such as the one used for the computations in Paper B, the
calculation of the central moments can be obtained directly from the distribu-
tion function in a single operation; like-wise for the transformation back into
the distribution function during the second step. Therefore the computational
complexity for the D2Q9 cascaded model is comparable to that of a standard
MRT-LBM. This, however, is not true for the D3Q27 lattice since the amount
of terms for expressing the central moments in terms of the raw moments grow
quickly for higher order moments [30, 33].
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26 Chapter 4. The Lattice Boltzmann Method

4.4 Thermal modelling

There are three main approaches to thermal modelling in LBM:

• Single lattice models [34]

• LBM Finite Difference Hybrid models [35]

• Dual lattice models [36]

The single lattice models uses a single distribution function and represents the
temperature as one of the moments of the distribution, usually the internal energy.
This model type suffers from severe numerical instabilities and requires high node
connectivity [37]. The LBM-FDM hybrid models solve the advection-diffusion
equation using a standard finite difference scheme coupled to the solution of the
hydrodynamic equations provided by the LBM. The dual lattice models utilizes a
different lattice for the hydrodynamic and thermal solution, since the advection-
diffusion equation has less terms than the hydrodynamic equation simpler lattices
can be used to represent it such as the D2Q5 for two-dimensional flows and D3Q7
for three-dimensional flows. For technical details on the implementation of a
dual-lattice model see Paper C.

4.5 Boundary conditions

In contrast to standard CFD methods where the macroscopic conditions are
directly imposed on boundaries, the LBM need to impose mesoscopic boundary
conditions which emergently recreate the desired macroscopic condition. Because
of this it is often remarked that boundary conditions in LBM are hard to imple-
ment. Two types of boundary conditions will be presented here, periodic and
bounce-back.

Periodic boundary conditions

Periodic boundary conditions map the edges of the domain together, see Fig.
7. The mapping of these domain edges are arbitrary but has an impact on the
possible large scale flow structures in the domain. The impact of the choice of
mapping is investigated in detail in Paper B.
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Elements
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Figure 7: Visualization of the periodic boundary condition, the nodes wrap around at
the edges.

Wall bounce-back

The wall bounce-back condition are used for solid nodes and correspond to a
simple no-slip condition in macroscopic space. Two different types are commonly
used, the so called full-way bounce-back, see Fig. 8, and the half-way bounce-back.
For the solver presented in Paper C and the solver used in Paper B the full-way
bounce-back scheme is utilized.
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Pre-stream Post-stream

Pre-stream Post-stream

t = t

t = t+ 1

Figure 8: Illustration of the full way bounce-back condition for a D2Q9 lattice, grey
nodes are walls.

4.6 Turbulence modelling in LBM

Because of the explicit nature of the LBM it is usually used to resolve spatial
and temporal scales. Therefore the traditional RANS models, which exhibit
substantial temporal and spatial filtering, are usually of limited interest even
though implementations exist [38]. These implementations are similar to the
LBM-FDM hybrid and dual lattice thermal models in that a separate lattice
or discrete formulation is utilized to advect and update the turbulent kinetic
energy k and turbulent dissipation ε. Because the temporal and spatial structure
of the eddies are usually of interest when using LBM, it is more common to
resolve the sub-grid scale using an LES model. One type of LES model will be
discussed here, a Smagorinsky model where the local eddy-viscosity νt can be
directly calculated from the distribution function. This is a desirable feature for
parallel codes since no additional information from neighbour nodes are necessary
and thereby improves performance.

4.6.1 LES with Smagorinsky & Van Driest damping factor

The Smagorinsky model approximates the turbulent intensity from the rate of
strain Sij , resulting in the following expression for the turbulent viscosity

νt = Cs∆
2
√

(SijSij). (64)
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4.6. Turbulence modelling in LBM 29

Where Cs is some constant that is flow dependent and ∆ is the spatial filter scale,
for LBM simulations an element size of 1 is usually used. The value of the rate
of strain tensor can be calculated directly from the distribution function fk and
equilibrium distribution function fB

i as [39]

√
SijSij = 1.5sν

√
((fk − fB

k )ekiekj)((fk − fB
k )ekiekj). (65)

Where sν is the relaxation factor for the viscosity, the following second order
equation is obtained for the relaxation factor if a unitary time and spatial step is
used

νtot = ν0 + νt → sν,tot =


 1

2sν
+

1

2

√
1

s2ν
+

18
√
2C2

s

√
SijSij

sν




−1

. (66)

Although the Smagorinsky model has proven to work well for free shear flows,
the high shear rates near walls leads to an inaccurate estimation of the turbulent
intensity [40]. For standard CFD codes better wall treatment can be obtained by
using a so-called Wall-Adapting Local Eddy viscosity (WALE) model, this type of
model requires the computation of vorticity and therefore the computations can
no longer be carried out based on the local distribution function for a reasonably
sized lattice. Therefore LBM implementations often use a Van-Driest damping
factor which lowers the turbulent viscosity close to the wall according to the
relation [41]

Cdamp =
[
1− e−z+/A+

]m
. (67)

Where z+ is the dimensionless wall distance and the values of m and A+ are
dependent on the flow problem studied. For turbulent plane channel flow m = 2
and A+ = 26 are commonly used parameters [42].
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Chapter 5

GPU programming for CFD

In comparison to a normal desktop CPU, which has few versatile cores, the GPU
has many simple cores. The architecture was originally designed to handle large
amounts of identical and simultaneous computations which naturally appear in
image processing algorithms. Therefore GPUs have multiple cores that share the
same control unit and cache memory whereas for a CPU each core would have a
separate one, enabling completely independent operation, see Fig. 9. Therefore
the GPU can be considered to sacrifice versatility of computations and possible
algorithmic complexity for throughput. Because of this not all algorithms are
suitable for GPU implementation, especially those with large computational
kernels and branching program structures [43]. The computations carried out on
the GPU are abstracted into two layers with a so-called thread block and a grid
block, see Fig. 10. The thread block is executed on the same stream processor,
which shares the same control unit and cache memory. For optimal performance
the in-going memory should be arranged in way such that reads are coalesced, see

Core

L1 Cache
Control

L2 Cache

Core

L1 Cache
Control

L2 Cache

L3 Cache L2 Cache

Figure 9: Simplified illustration of a dual core CPU (left) and a 60 core GPU architec-
ture (right).

31
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Grid
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Thread
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Thread
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Figure 10: The division of thread blocks and grid blocks, the grid to the left and one
of the blocks to the right.

Fig. 11. When the memory reads are coalesced the full width of the memory bus
can be utilized and this leads to optimal performance. Sometimes uncoalesced
accesses can not be avoided, such as for the streaming step in the LBM algorithm,
then if possible uncoalesced reads should be preferred over uncoalesced writes [44].
Any branching of the threads within the same streaming processor leads to delay
since all threads need to wait for the branching thread to finish. Because of this,
logical conditions such as if statements should be used only when absolutely
necessary.
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m0 m1 m2 . . . m0 m1 m2 m0 m0 m0 . . . m1 m1 m1

ThreadblockThreadblock

Figure 11: Coalesced (right) and non-coalesced (left) memory access, non-collocated
memory leads to bad bandwidth utilization from split transfers, indicated
by arrow colours.

5.1 Implementation

In this section a general outline of the implementation of the MRT-LBM and
Artificial Compressibility Finite Difference Method (ACM-FDM) model is pre-
sented. The LBM model type is utilized in Paper B, Paper C and Paper
E. The ACM-FDM model type is used in Paper D, see the appended paper
for further details on the model. The models are implemented in the Compute
Unified Device Architecture (CUDA) API. For the live rendering a combination of
Open Graphics Library (OpenGL) and The OpenGL Extension Wrangler Library
(GLEW) is utilized.

5.1.1 LBM

The Lattice Boltzmann Method is well suited for GPU implementation, the
computational nodes are ordered on a voxel grid which are easily translatable into
a thread and block grid. The position of the node and its neighbours are implicit
from the position it has in the block and thread which saves bandwidth, and
the information specifying the current and next state is entirely local following
the streaming step. Because of these properties the LBM has two orders of
magnitude in possible acceleration over workstation CPU implementations [44].
The computational domain is a voxel grid of dimensions nx×ny×nz with periodic
boundary conditions in all directions. The value of the distribution function fi
for point x, y, z in the voxel coordinate system is indexed by

fi(x, y, z) = f [x+ ynx + znxny + inxnynz]. (68)
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34 Chapter 5. GPU programming for CFD

Which leads to a collocated memory structure along the x-axis, therefore this axis
is appropriate to use as the thread axis, the block and grid structure is defined as.

dim3 block(nx ,1,1);
dim3 grid(1,ny ,nz);

The collision operation is combined with the streaming operation in a collide-
AndStream() function. To save bandwidth the uncoalesced streaming is carried
out in the beginning of the collideAndStream() function by uncoalesced reads
which saves computational time [44]. The general structure of the function is the
following in pseudo-code
collideAndStream(args)
{

//Read in relevant variables.
readVariables(args);

//Check if the node is a wall.
if(!wall)
{

// Streaming step.
stream ();

// Collision step.
calculateEquilibriumDistributions ();
calculateRelaxedMoments ();
transformRelaxedMoments ();

}
else
{

doWallStreaming ();
}

//Save data to memory before next time -step.
save();

}

All relevant variables to be read are specified implicitly from the position of the
thread in the block and the blocks position in the grid. A branching statement is
necessary for the wall treatment since the program flow is necessarily different
for the wall and fluid elements, therefore the program flow is split into two parts
from here.

Fluid element: During the streaming step the values are read in from the
neighbour nodes in accordance with the streaming operator specified by Eq. (52).
The equilibrium distributions fB

i , specified by Eq. (48) are calculated from the
values in the non-relaxed distribution function f̃i. Next the relaxed moments
mk = Ŝki[Mij f̃j −Mijf

B
j ] are calculated, these are then transformed back into
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distribution space with the inverse moment matrix fi = fi − (Mik)
−1mk. The

distribution function is then saved into device memory to be used as the ingoing
distribution the next time-step.

Wall element: The wall streaming is a function which recreates the the full-
way bounce back boundary condition; this by reading in the distributions in an
ordering that depends on the specification of the discretized velocity vector eij .
The distribution function is then saved into device memory to be used again the
next time step.

Validation

The code is extensively validated against existing DNS results for turbulent
thermal plane channel flow [45], thermal transitional porous media flow [46] and
Rayleigh-Beńard convection [47] in Paper C.

Availability

The source code is published at https://gitlab.com/c8383/thermal-mrt-
lbm.

5.1.2 ACM-FDM

The advantages of a voxel grid is not specific to the LBM and can also be used
in, for example, the ACM-FDM introduced in Paper D. In comparison to the
LBM, FDM models do not perform operations on all ingoing data within each
node. Therefore the voxel division of the FDM model is expected to generate
some additional bandwidth overhead from the additional reads per node. Details
regarding the performance on some typical GPUs are provided in the next section.
Similarly to the LBM implementation the computational domain is a voxel grid
of dimensions nx × ny × nz with periodic boundary conditions in all directions,
the value of any voxel variable φi for point x, y, z in the voxel coordinate system
is indexed by

φi(x, y, z) = φ[x+ ynx + znxny + inxnynz]. (69)

As for the LBM implementation the collocated memory structure along the x-axis
makes it appropriate as the thread block axis, which leads to the same block and
grid structure.
dim3 block(nx ,1,1);
dim3 grid(1,ny ,nz);
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36 Chapter 5. GPU programming for CFD

The main loop alternates between two functions, the function which takes the
current field variables and updates them explicitly using an Euler-forward method
stepCDS(args) and a pressure smoothing function which smooths the pressure
and reduces instability smoothPressure(args). In pseudo-code the main program
flow is.
mainLoop(args)
{

while (!stop)
{

stepCDS(args);
smoothPressure(args);

}
}

The general structure for the stepCDS(args) function is similar to the collideAnd-
Stream(args) function of the LBM equation and can be summarized as
stepCDS(args)
{

//Read in relevant variables.
readVariables(args);

//Check if the node is a wall.
if(!wall)
{

//Step the momentum equation
stepMomentum ();

//Step the convection -diffusion equation for any included
species.

stepConvectionDiffusion ();

// Update the pressure.
stepPressure ();

}
else
{

doWallCalculations ();
}

//Save data to memory before next time -step.
save();

}

A branching statement is necessary for the wall treatment and the doWallCal-
culations() function implements the FDM equations to be solved for the solid
nodes. The fluid node program flow is divided into three parts

stepMomentum(): This function implements the momentum equation by utiliz-
ing a first order accurate Euler-forward scheme in time and second order accurate
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central difference scheme for the spatial differences.

stepConvectiveDiffusion(): Utilizes the same time and spatial discretization
scheme as for the momentum equation on the convection diffusion equation.

stepPressure(): Updates the pressure in each node according to the artificial
compressibility condition with a central difference approximation accurate to
second order in space and first order in time.

Following these calculations the updated values of velocity, pressure and temper-
ature are saved into device memory. The smoothPressure() function smooths the
pressure over surrounding nodes, excluding wall nodes, using a standard diffusion
operator with some diffusion coefficient Sp. This condition enhances stability.

Validation

The code is validated against existing analytical and numerical results for thermal
laminar plane channel flow [48] and porous media flow [49] in Paper D. To
show the capability of the method a comparison against a turbulent thermal
plane channel flow case at Reτ = 180 on a voxel grid of size 768× 384× 256 is
provided here. For the definition of the dimensionless numbers and the details of
the kinetic energy budget see Paper C and the plane channel flow section. The
parameters used for the calculation are summarized in Table 1. The initialization
Nt,init and sample time Nt,sample corresponds to ≈ 60 washouts. The results are
compared to the DNS solutions of [45] and gives good agreement, see Fig. 12 for
the comparison summary and a render overview of the temperature. Note that
the wall y+ was larger than 1 for this case meaning that exact agreement is not
expected.

Availability

The source code is published at https://gitlab.com/c8383/gpu-fdm.

5.1.3 Performance

The measurement of performance of these type of voxel solvers are usually given
in Lattice Updates Per Second (LUPS), describing the amount of lattice points
updated each second. In Table 2 the performance of the LBM is presented in
MLUPS depending on grid size for four different GPUs. As the amount of nodes
increase the bandwidth utilization approaches ≈ 80% for all cases except the
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Figure 12: The comparison between FDM calculations and Kawamura et als [45] DNS
simulations. A volume render overview of the instantaneous temperature at
time (t = 2500000) is shown in the bottom right. For the turbulent kinetic
energy budget P is the turbulent production, V is viscous diffusion, pT is
pressure transport, T is turbulent convection and εK is dissipation.
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5.1. Implementation 39

Table 1: Summary of the specified parameters for the FDM plane channel turbulence
case. β is the compressibility factor and Tw is the wall temperature.

Parameter Value
(nx × ny × nz) (768× 384× 256)

ν 0.0015
α 0.0015
β 0.0125
Fx 3.6× 10−8

Tw 0
∆t 1

Nt,init 1250000
Nt,sample 1250000

Table 2: The performance in MLUPS for the dual lattice hydrodynamic-thermal model
(upper) and in percentage of theoretical maximum based on the GPU model
maximum bandwidth (lower).

Grid size nx × ny × nz

GPU Model 323 643 1283 2563 3843

GTX1080 504 879 913 899 -
P5000 470 807 847 810 -

RTX4000 524 1106 1139 1123 -
RTX8000 937 1810 2003 2032 1993
GTX1080 43% 75% 78% 76% -

P5000 44% 76% 80% 76% -
RTX4000 34% 72% 74% 73% -
RTX8000 38% 73% 81% 82% 81%

RTX4000, this bandwidth utilization is in line with what is reported in [44]. In
Table 3 the performance of the FDM method in MLUPS depending on grid size
is presented for the same GPUs as the LBM case. It can be observed that the
execution time is significantly faster compared to the LBM algorithm in raw
nodes updated per second but that the performance is reduced as the amount of
nodes are increased. Therefore if the system modelled can be made to fulfill the
stability criterion for the FDM solver it can be a more appropriate model than
the LBM.

5.1.4 Multi-GPU implementations

Although GPUs provide the possibility of fast computations they are severely
limited in the amount of possible on-board memory. In comparison to a modern
server or desktop which can have on the magnitude of tera-bytes of working
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Table 3: The performance in MLUPS for the FDM model presented in Paper D for
different GPUs and mesh sizes.

Grid size nx × ny × nz

GPU Model 323 643 1283 2563 3843

GTX1080 2052 3551 4103 2776 2734
P5000 1546 3153 3872 2573 2506

RTX4000 1516 4797 6150 4035 3812
RTX8000 2159 7382 10123 7993 6045

GPU0 GPU1 GPU2

00,0 01,0 02,0 03,0

00,1 01,1 02,1 03,1

00,2 01,2 02,2 03,2

00,3 01,3 02,3 03,3
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10,0 11,0 12,0 13,0

10,1 11,1 12,1 13,1

10,2 11,2 12,2 13,2

10,3 11,3 12,3 13,3

20,0

20,1

20,2

20,3

13,0

13,1

13,2

13,3

20,0 21,0 22,0 23,0

20,1 21,1 22,1 23,1

20,2 21,2 22,2 23,2

20,3 21,3 22,3 23,3

Figure 13: The halo exchange regions between three GPUs labeled 0, 1 and 2. Grey
values are halos and red are inner nodes.

memory the highest end GPUs are limited to ≈ 100 GB. Because of this limitation
the possible size of the computational domains becomes limited for GPU imple-
mentations. To alleviate this, multi-GPU implementations such as those proposed
by [50,51] are available. This segmentation of the computational domain between
devices require memory to be exchanged between them, so-called halo memory,
see Fig. 13. For the transfers to be quick the arrangement of the memory needs
to be collocated, leading to coalesced transfers that utilizes the full memory bus.
Some computational domains can not effectively be subdivided in a way which
results in coalesced transfers without adding significant computational overhead.
In Paper E a method consisting of a packing and unpacking algorithm is tested
for a hydrodynamic D3Q27 LBM solver and shown to yield some computational
overhead. But still maintaining comparatively fast GPU-level computational
performance even though the halo regions consists of non-collocated memory.
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5.2. Live rendering of results using OpenGL 41

Table 4: The fractional performance difference of the GTX1080 with rendering turned
on and off. The flow field is rendered using a combination of OpenGL with
GLEW every 200th timestep.

Grid size nx × ny × nz

GPU Model 323 643 1283 2563

GTX1080 95% 97% 99% 98%

5.2 Live rendering of results using OpenGL

The GPU is, after all, most well-suited for graphical applications. Therefore
an additional perk of doing the computations on the GPU is that live feedback
of the simulation domain can be provided during computation without large
additional overhead, as would be the case if, for example, a CPU implementation
was used. Due to the relatively small size of the time-step necessary to stay
in the incompressible limit of the LBM and ACM equations, feedback of the
flow field at each time step is not necessary to get a good idea of the general
structures and development of the flow. Hence, a graphical window into the
ongoing processes of the flow generates a minimal overhead see Table 4 for the
difference in computational efficiency if rendering is activated or not.
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Chapter 6

Experimental methods for fluid
dynamics

Flow measurement methods are normally arranged into two overarching categories
called intrusive and non-intrusive. The so-called intrusive methods normally
include some sort of probe which interacts with and disturbs the flow. Examples
of such methods include acoustic measurement methods such as Acoustic Doppler
Velocimetry (ADV), pitot tubes and anemometers. These types of probes are
normally used in experimental and industrial setups where flow intrusion is ir-
relevant or insignificant in impact compared to the fluid dynamics of interest.
Non-intrusive methods are usually based on some type of optical method, there-
fore these types of measurements usually require specific consideration to allow
optical transmission into, and out of the studied system. This usually comes at
considerable additional cost and complexity, therefore these methods are normally
utilized where intrusive measurement techniques would impact the fluid behaviour
as to render the measurement pointless. Examples of non-intrusive measurement
techniques are Particle Image Velocimetry, Laser Doppler Velocimetry, Particle
Tracking Velocimetry and Planar laser-induced Fluorescence.

6.1 Particle Image Velocimetry

Particle Image Velocimetry (PIV) is a non-intrusive technique for imaging flow
fields in transparent fluids which is based on illumination of light scattering
particles distributed throughout the fluid. To capture the particle distribution
one or several cameras are used depending on the type of PIV-system, and images
are taken with a short known time difference. The imaged domain is separated

43
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44 Chapter 6. Experimental methods for fluid dynamics

into interrogation windows and the average particle displacement in the windows
is decided by a cross-correlation procedure [52]. If the interrogation window
size and the time difference is known the velocity in that interrogation window
can be calculated. Vendors of PIV-measurement systems such as LaVision &
Dantec Dynamics offer self-calibration techniques which take care of perspective
correction and/or compensation from optical distortion.

6.1.1 2D-PIV & Stereoscopic PIV

For planar and stereoscopic PIV the particles are illuminated by some planar
illumination method, usually a laser in combination with planar optics producing
a light sheet. For the case of 2D-PIV a single camera captures the flow field
according to the procedure described in the preceding section, for stereoscopic-PIV
two cameras are utilized which enables calculation of the out-of-plane component
of the flow field. A graphical illustration of a 2D-PIV and stereoscopic-PIV
system is presented in Fig.14.

Figure 14: 2D-PIV & Stereoscopic-PIV system, image courtesy of LaVision Gmbh.

6.1.2 Tomographic PIV

A tomographic-PIV system utilizes three or more cameras to determine all three
velocity components in a volume. To make this possible volumetric optics has
to be used instead of planar optics, this creates a problem with the particle
illumination process. Objects in and surrounding the experimental setup will,
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6.2. Laser Doppler Velocimetry 45

in addition to the particles, scatter laser-light leading to the particles becoming
drowned out in the ambient scattered light. There are two options to remedy this,
the first is to remove the surrounding equipment that may scatter the light. The
other option is to use seeding particles with a fluorescent coating that absorbs the
frequency of the laser and emits another light frequency. Optical filters may then
be used to remove the original laser-light and enable a clear illumination of the
particles. This is also a common problem for planar-PIV, but the comparatively
more powerful laser necessary for the volumetric illumination means that it is
harder to avoid when designing the experiment. Additional complexities that

Figure 15: Tomographic-PIV system, image courtesy of LaVision Gmbh.

arise for tomographic PIV imaging as compared to planar PIV is a substantially
more complex and computationally demanding reconstruction procedure and
larger data-sets. The additional cameras and the more powerful laser required
also leads to the systems in general being more cumbersome.

6.2 Laser Doppler Velocimetry

Laser Doppler Velocimetry (LDV), sometimes denoted Laser Doppler Anemometry
(LDA) is a method for capturing highly resolved transient velocity data in a small
localized point. Because of this LDV is a good choice for characterizing turbulence.
The method is based on the interference pattern formed when two monochromatic
lasers cross at an angle. To create these two beams a single beam from a coherent
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light source, a laser, is split and then rejoined in the fluid that is seeded with
particles. As the particles pass through the illuminated and non-illuminated
regions in the interference pattern the velocity can be calculated from the burst
signal produced. While the fringe pattern provides a way of determining the
flow velocity, the flow direction can not be decided by this method. To resolve
this one or both of the beams are passed through an opto-acoustic modulator
(Bragg cell) modulating their relative frequencies slightly [53]. This leads to a
velocity shift for the fringe pattern in a direction normal to the fringes, now the
burst signal from a single particle will have different frequency depending on the
direction in which it travels through the beam. An illustration of a LDV-system
is presented in Fig.16.

Figure 16: LDV-system, image courtesy of LaVision Gmbh.

6.3 Refractive index matching methods

The usage of non-intrusive measurement methods require clear optical transmis-
sion into and out of the system studied. For imaging of porous media, which
usually consists of opaque bed particles, this poses a challenge. Such as in the case
of Khayamyan et al [54,55] a bed consisting of the investigated packing geometry
in glass can be used, this creates another issue if the refractive index between the
packing and fluid is different. The optical path to the fluid zone being imaged
may be obstructed due to the refractive index changes, this creates so called dead
zones and can occur even at low relative refractive indexes for packed beds of
spheres (≈ 1e− 4) [56]. This means that no matter how the optical distortions
are accounted for there are zones that will not be imaged. This problem is solved
by matching the refractive index of the fluid to the refractive index of the solids,
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6.3. Refractive index matching methods 47

Fig.17 shows how the relative refractive indexes impacts the optical distortion.

Figure 17: Refractive index matching of cylinders to the environment, from left to
right the relative refractive indexes nCylinder/nEnvironment are 1.2, 1.1 and
1.01.
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Chapter 7

Investigation of transitional flow
in a porous cell

In this chapter a combination of tomographic PIV, LDV and LBM is used to
investigate the transition to turbulence of the staggered cell presented in Paper
A. The purpose of this analysis is to show that the LBM can be used to simulate
the transition to turbulent flow in large porous structures both efficiently and with
high resolution. Two dimensionless quantities are of interest for characterizing
the flow. For dynamical similarity the Reynolds number based on interstitial
velocity Uint and obstruction diameter Dc is used according to

Rep =
UintDc

ν
. (70)

For comparison of time-resolved data the following scaling of the time is adopted

t∗ =
Uintt

L
, (71)

where Uint is the interstitial velocity, t is the time and L is some length scale.
From this expression the interstitial velocity scaled frequency can also be obtained
as

f∗ =
Lf

Uint
. (72)

In this expression f∗ is the scaled frequency and f is the unscaled frequency.
Similarly, the dimensionless velocity vector u∗i is defined as a rescaling of the
velocity vector ui based on the interstitial velocity

u∗i =
ui
Uint

. (73)

49
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50 Chapter 7. Investigation of transitional flow in a porous cell

7.1 LDV measurements

The details regarding the tomographic PIV measurements are presented in Paper
A. The data from the LDV measurement is not yet published and hence the
experimental procedure and results are further described here. The same experi-
mental setup was utilized for both the tomographic PIV and LDV measurements,
but with different working fluids. An overview of the system can be seen in Fig.
18 where the components are numbered and their function are as follows

1. Experimental cell: Container for the porous bed.

2. Coriolis flowmeter: Accurately measures the density and flowrate of the
liquid in mass units per time.

3. Pump: Drives the flow.

4. Liquid tank: Serves as a cooling reservoar for the liquid flowing out of
the cell.

5. Coolant: Cools the liquid.

6. Temperature controlled valve: Activates the flow of coolant when the
temperature goes above 25oC.

7. Air release valve: Valve for releasing air trapped in cell.

The LDV system used in this work is a commercially available two-component
system from TSI, with a focal length of 363 mm and wavelengths of 561 nm and
532 nm. The setup can be seen in Fig. 19 where the probe (1) is attached to
a 3 axis traverse system (2) with three possible directions of motion, x (red), y
(green) and z (blue). All measurements were carried out from the top, measuring
into the cell (3), meaning that the out-of-plane velocity component (z) is not
captured. The liquid was seeded with 10 µm hollow glass particles.

Since measurements are made in a liquid that has a higher refractive index
than air, some special considerations must be made. As shown by Zhang [53],
the fringe spacing is not changed when measuring in a liquid. However, the
measurement depth ∆Zvol changes according to

∆Zvol =
∆Ztraversen2

n1
, (74)

where n1 and n2 are the refractive indices of air and the liquid, respectively
and ∆Ztraverse is the traverse offset. The change in angle of the beams when the
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1○

2○

3○

4○

5○

6○

7○

Figure 18: The experimental setup with components marked by numbers.

light passes through the plexiglass wall of the cell and into the liquid, affects the
size of the measurement volume. This effect can be neglected since the angle of
the laser to the plexiglass surface is small. The orientation of the cell and the
traverse were not identical, and therefore the desired measurement points in the
cell had to be converted into traverse coordinates to allow a repositioning of the
measurement volume with high accuracy. The transformation was carried out by
determining the position of the edges of the cell in traverse coordinates and then
finding the correct rotational transformation to get to cell coordinates.

The working fluid used was a mixture of mineral oil and heptane to enable
refractive index matching between the cylinders and the liquid. For the exper-
iments presented in this chapter two different mixtures were utilized, one for
the tomographic PIV measurements and one for the LDV measurements. The
viscosity and density of the mixture varied between the batches, but the refractive
index was kept constant. The fluid properties are listed in Table 5. The system
has an Rep range of ≈ 10 − 1000 based on the fluid properties listed and an
obstructing cylinder size of 15 mm in diameter.

The measurements were carried out at the middle of the cell in the z-direction
and in 45 different points as indicated in Fig. 20. Four different mass flow rates
were investigated, namely 1000 kg/hr, 2000 kg/hr, 3000 kg/hr and 4000 kg/hr.
These values correspond to interstitial velocities Uint = {0.2, 0.4, 0.6, 0.8} m/s,
equal to Rep = {240, 480, 720, 960}. The total acquisition time for each point

5579872_Inlaga_20 okt.indd   665579872_Inlaga_20 okt.indd   66 2022-10-20   13:032022-10-20   13:03



52 Chapter 7. Investigation of transitional flow in a porous cell

1○

2○

3○

Figure 19: Illustration of the experimental setup for the LDV measurements. (1)
Probe, (2) traverse and (3) porous cell. The traverse system can move along
the three axes x (red), y (green) and z (blue).

depended on the amount of recorded bursts. Maximum burst recordings were set
for each flow rate at 30000, 50000, 50000 and 75000, respectively, which lead to
≈ 20 seconds of sampling time at each point.
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7.2. LBM modelling of experimental cell 53

Table 5: Summary of fluid properties obtained from the manufacturer and measured
on the mixtures.

Substance ρ [ kg
m3 ] ν [mm2

s
] Refractive index n at 589 nm

Heptane 694 at 15oC 0.55 at 25oC 1.389 at 20oC
Mineral oil 827-862 at 15oC 33-42 at 20oC 1.462-1.473 at 20oC

Working fluid tomo-PIV 825.1 at 25oC 16.19 at 25oC 1.459 at 25oC
Working fluid LDV 826.6 at 25oC 12.63 at 25oC 1.459 at 25oC

Figure 20: Top view of the 45 LDV measurement points marked in red. The black
circles are the cylindrical obstructions.

7.2 LBM modelling of experimental cell

The LBM model used for the simulations is the hydrodynamic D3Q27 model
presented in Paper C. The geometry is presented in Fig. 21, and consists of
a voxel grid of size 12Lc × 6Lc × Lc with boundary nodes on the edges making
the total voxel grid (12Lc + 2)× (6Lc + 2)× (Lc + 2). At the inlet and outlet of
the cell a constant velocity is set to enforce a specified bed interstitial velocity,
Uint. Values are set as either walls or fluid elements and the geometry is therefore
approximated using the so-called step-wise approximation [57]. No LES model is
used, I.e. Cs ≡ 0 in Eq. (64). The flow field is set as zero everywhere initially,
and allowed to initialize before data sampling begins.

7.2.1 Mesh study

In order to assess the impact of mesh resolution on accuracy computations were
carried out for the mesh sizes presented in Table 6. Four values of the Reynolds
number, Rep = {240, 480, 720, 960}, were simulated.
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54 Chapter 7. Investigation of transitional flow in a porous cell

Figure 21: The geometry of the experimental cell, red is a constant velocity inlet, green
is a constant velocity outlet, blue and gray are walls.

Table 6: Input data for the mesh study. Here nel is the amount of elements in the
voxel grid, N is the total amount of time steps and t is the total amount of
computational time in hours on a single RTX8000 GPU.

Lc nel N t
32 2546056 1200k 0.38 hours
64 19616520 2400k 5.9 hours
96 65367176 3600k 30.5 hours
128 153953800 2400k 46.9 hours

Near wall resolution

The y+ value is a dimensionless wall distance defined as [9]

y+ =
uτ∆y

ν
=

√

∆y

√
uwj u

w
j

ν
. (75)

Where ∆y is the distance from the wall and uwj is the velocity at it, the expression√
uwj u

w
j evaluates to the the absolute velocity tangential to the wall. For LBM

the distance ∆y varies depending on the location of the wall elements relative to
wall adjacent fluid element. The cumulative distribution function of the y+ values
for all near wall elements in the simulation domain can be seen in Fig. 22. For full
wall resolution a y+ value of 1 is commonly cited as necessary. For the Lc = 128
and Rep = 960 case this value is reached for ≈ 60% of the elements. Almost all
elements are below y+ = 2 meaning that the laminar sub-layer (0 < y+ < 5) [9]
is reached, even for the most turbulent case. As concluded by Wang et al [58]
the wall resolution in LBM can be above y+ = 1 and still yield accurate results.
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Figure 22: The cumulative distribution function of y+ for the different mesh sizes
based on the average wall velocity.

Free flow resolution

In DNS simulations the so-called Kolmogorov microscales, denoted by η, is usually
cited as the smallest scale which needs to be resolved in order to capture all
relevant length scales in a turbulent flow. As noted by Moin et al [59] this
condition is too stringent and a grid size on the order of η is sufficient for good
DNS results. η is defined by the expression [9]

η =

(
ν3

2µSijSij

)1/4

. (76)

Where Sij is the strain rate tensor defined as Sij = 1
2

(
∂ui
∂xj

+
∂uj

∂xi

)
. The local

value of ∆x/η for an instantaneous flow field in the y − z plane together with
the cumulative distribution function and the average value in the streamwise
direction for each plane is presented Fig. 23. This quantity gives an idea of how
much larger the cell side-length ∆x is compared to the approximated value of the
Kolmogorov length scale. For the Lc = 128 case 99.9% of the values are below
2.5η which is sufficient for fully resolving the free flow turbulence [59]. In fact,
when looking only at the free flow turbulence resolution even the Lc = 64 case
is sufficient with 99.9% of the values below 5η. Together with the result for the
near-wall resolution the Lc = 128 is chosen as the mesh resolution for continued
analysis. From the volume renders of vorticity presented in Fig. 24 it is clear
that the flow behaves physically for all values of Rep.
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Figure 23: The Kolmogorov microscales approximated from the instantaneous velocity
fields for the different mesh sizes using Eq. (76) for the plane indicated in
the graphic. The cumulative distribution function of ∆x/η for the rendered
plane and the variation of the plane spatially averaged value of ∆x/η along
streamwise cell position with the black line indicating the position of the
rendered plane.
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Figure 24: Volume render of instantaneous vorticity magnitude of LBM simulations
at the resolution Lc = 128 for Rep = 240, 480, 720 and 960, from top to
bottom.
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58 Chapter 7. Investigation of transitional flow in a porous cell

7.3 Comparison of numerical and experimental results

In this section LBM results are compared to data from tomographic PIV and
LDV measurements.

7.3.1 Comparison of tomographic PIV & LBM

An extended range of Rep is used for this comparison for which the details
of the LBM parameters are listed in Table 7. The unit cell edge length is
specified as Lc = 128, based on the mesh study. As can be seen in Fig. 25, the
qualitative agreement between experiments and simulations is good for both the
time-averaged and the standard deviation of the velocity data. The LBM model
captures the flow features occurring through the transition to turbulence, showing
the destabilization of the inertial cores and the emergence of the epsilon-like
structures presented in Paper A towards the cell walls. This steady state flow
structure is studied in detail in Paper D.

Table 7: Summary of the LBM parameters used for the comparison to the tomographic
PIV measurement.

Rep Ninit Nsamp ν Uint

10 80k 80k 0.00849719 0.000588235
80 80k 80k 0.00849719 0.004705882
170 80k 80k 0.00849719 0.01
250 80k 80k 0.00577809 0.01
360 80k 80k 0.00401256 0.01
460 80k 80k 0.00314026 0.01
500 80k 80k 0.00288904 0.01
790 80k 80k 0.00182851 0.01

7.3.2 Comparison of LDV & LBM

Overview

An overview comparison of the LDV and LBM results can be seen in Fig. 26,
the agreement between simulations and experiments is generally good. There
are, however, some key differences that justify some additional discussions. At
Rep = 480 anti-symmetric behaviours, not observed in the LBM data, arises
in the LDV measurements as disclosed by an alternating y-velocity for rows 4
(y-velocity downwards) to 5 (y-velocity upwards) from the left. The details of
the alternating flow is not understood but it is expected that the effect is similar
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Figure 25: Dimensionless streamwise velocity (left) and temporal standard deviation
of dimensionless streamwise velocity (right) in the central plane for the
tomographic PIV data (left) and LBM simulations of Lc = 128 (right). The
position of the slice in the global cell is indicated in the subfigure.

5579872_Inlaga_20 okt.indd   745579872_Inlaga_20 okt.indd   74 2022-10-20   13:032022-10-20   13:03



60 Chapter 7. Investigation of transitional flow in a porous cell

to the alternating flow features presented in Paper A and Paper B. Both the
magnitude and relative intensities between the standard deviations agree well
between simulation and experiments throughout the packing.

Frequency spectra

The scaled frequency spectra f∗ are compared for the central pore positions as
marked in Fig. 27. For Rep = 240 there are large deviations between experimental
and simulated data, while when Rep increases there is better agreement. Note
that in the first measurement point (top figures), the peaks in the frequency
spectra for higher Rep are captured for both the LBM and the LDV data. These
peaks around f∗ ≈ 1−4 correspond to vortex shedding frequencies in the domain.
The agreement is best for Rep = 960. The black lines in the figures correspond
to the Nyqvist frequency which indicates the resolution limit of the LDV system.
Data above this value are to be considered as interpolation noise. Looking closer
at the raw signal presented in Fig. 28 for Rep = 240, it is seen that it contains
outliers. The flow in this case is almost completely steady so it can be concluded
that the measurements contains significant noise. The source of the noise could
be due to the laser beams not fully overlapping in the measurement area, particles
passing at the outer regions of the control volume generating false signals, or
random shot noise. The reason in this case needs to be further investigated but
it is clear that the noise causes the deviation between the LDV and the LBM
data, especially for Rep = 240.
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Figure 26: Qualitative comparison between LDV measurements (left) and LBM com-
putations (right). The flow is visualized by arrows indicating the time
averaged direction of the flow in the x-y plane and the coloring indicates
the fluctuations as a fraction of the velocity magnitude.
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Figure 27: Frequency spectra of the streamwise component of the scaled velocity (u∗
x)

for the LDV and LBM data. The position of the measurement point is
shown in the graphic to the left and the black vertical line is the Nyqvist
frequency of the LDV measurement which indicates the resolution limit.
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Figure 28: The ux component of velocity in m/s for the point indicated in the cell
overview to the left at Rep = 240.

7.4 Concluding remarks

In general there is good agreement between the experimental data and the
numerical simulations, especially regarding the time-averaged velocity data. This
implies that the LBM model can be used to simulate the transition to turbulent
flow in large porous structures. The model is efficient and provides detailed,
high-resolution information about the flow. Although the trends are similar when
comparing LBM and LDV results, further time-resolved measurements are needed
to fully validate the transient data in this geometry. In Paper C the LBM
model is extended to also include thermal flow solver capabilities. The model is
validated against three benchmark cases and shown to be applicable to a wide
range of thermal flow problems, including turbulent flow in porous media.
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Chapter 8

Conclusions & future work

Pore-scale phenomena in ordered porous media have been investigated with
experimental and numerical methods with a focus on the transition from stokesian
to turbulent flow. The observed pore scale phenomena have been scrutinized
and linked to macroscopic observables of the porous bed. In addition to this, a
dual lattice LBM method has been developed, validated and implemented for
optimal performance on GPU architectures. Specifically, the model was shown to
be able to accurately model turbulent thermal porous media flow. A multiple
GPU implementation of said LBM model has also been proposed that yields
sub-optimal, but still acceptable performance. In the future, possible performance
improvements to this model should be investigated.

The pore scale phenomena observed in Paper A, Paper B and Paper D makes
it very clear that domain simplifying conditions are to be used with great caution
when modelling porous media. This means that conditions such as periodicity
and symmetry should always be investigated since, even for ordered porous
media, flow structures significantly larger than the REV may materialize. If these
flow structures are not correctly resolved by an appropriately chosen domain
representation the results can, as shown in Paper B, be wrong by up to an order
of magnitude. In addition, there is also no way to know, in advance, how large
these flow structures may become. For the periodic study presented in Paper
B average flow structures on the size of the largest domain representation were
observed. This indicates that larger flow structures, especially for high porosity
packings, could be established in ordered porous media. For future work, a study
that investigates how large these structures can get is proposed.

The LBM model described and implemented in Paper C and the cell study

65
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presented in Chapter 7 shows that the LBM model is an appropriate tool for
analysing transitional and turbulent thermal flows in porous media. The main
advantages with the LBM method on GPUs are not only performance-based, but
as shown in Chapter 6 the render capabilities of the GPU also yield real-time
feedback of the simulation domain. This can be used as a tool for engineers and
scientists to get an intuitive understanding of how flow structures propagate and
transitions occur in the flow.

The inertial flow structure observed in the staggered packing of Paper A is shown
in Paper D to be a specific case of a much more general inertial transition that
occurs in high tortuosity porous media. Three types of porous media packings
were investigated for the transition namely staggered circular cylinders, staggered
square shaped rods and a BCC packing of spheres. The general transition is linked
to discontinuities in a multitude of macroscopic properties and the property that
was found to be present and consistent in trends across all packings is the integral
of the pressure across the surfaces. Although not mentioned in the manuscript, it
has been observed that the transition does not occur for low tortuosity porous
media such as inline packings of cylinders. In future work it would be of interest
to investigate for which bed geometries this type of flow transition may occur.
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