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A B S T R A C T

The generation of reliable data in the high cycle fatigue domain is crucial to support further metallurgic
developments of fatigue optimized steel grades. Commonly employed for this aim, traditional standardized
characterization methods are expensive and time-consuming. Thus, to circumvent these limitations, different
accelerated fatigue testing methodologies have been proposed. In this work, the rapid fatigue test based on
stiffness evolution is numerically reproduced using the finite element method for a specific grade of twinning-
induced plasticity steel. A high cycle fatigue constitutive law grounded on the continuum damage mechanics
framework is employed for this purpose. To adequately capture the material non-linear behavior observed in
the experiments, a novel hardening–softening stress–strain curve for damage is proposed. The entire load
history in the fatigue domain is modeled. A cycle-jump algorithm is used to improve the computational
efficiency of the simulations. It is shown that a reduction of about 55% in the analysis elapsed time is
reached by using this algorithm, while the result accuracy is maintained. Finally, the good agreement between
numerical and experimental results, revealed by a maximum relative error smaller than 6.0%, evidences the
potential of the present constitutive formulation to model the behavior of metals in the high cycle fatigue
domain.
1. Introduction

Twinning-induced plasticity (TWIP) steels are high-content man-
ganese austenitic steels classified as the second generation of advanced
high strength steels (AHSS) [1,2]. The combination of superior mechan-
ical properties poses TWIP steels as suitable candidates for light-weight
applications in a variety of industrial segments, such as oil and gas,
shipbuilding and automotive, to name a few [1,3]. They are well-
suited for production of automobile body-in-white and chassis parts due
to their remarkable formability and crashworthiness. In chassis parts,
however, special attention should be directed to their fatigue behavior,
because these components undergo cyclic loading during the usage
phase [2,4]. Vehicle parts subjected to cyclic loads are usually designed
to withstand a high number of cycles (over 106 cycles) throughout their
lifetime. Then, the availability of engineering data in the high cycle
fatigue (HCF) domain is crucial for the efficient development of such
components.

Since the first work published by Cornette et al. [5], the perfor-
mance of TWIP steels in the HCF domain has been widely investigated
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[6–9]. Despite their outstanding mechanical properties under mono-
tonic loading, it has been found that they usually exhibit low fatigue
limit to ultimate strength ratios (𝑆𝑒∕𝑆𝑢) when compared to other AHSS.
For instance, according to the data reported by Seo et al. [10], TWIP
steels show 𝑆𝑒∕𝑆𝑢 ratios that converge to about 0.2 for a stress ratio
R = 0.1, whereas these values are greater than 0.25 for other AHSS,
such as complex-phase (CP) [11] and dual-phase (DP) [12] steels. It
means that the HCF resistance of TWIP steel may be further improved.
With this aim, several approaches based on pre-straining strategies
[7,13–16], grain refinement [17,18], alloy optimization [19–21] and
surface treatments [22–24] have been exploited. In particular, it is well
established that pre-straining methods enhance their HCF resistance
through the formation of mechanical-induced twins [25]. Addition-
ally, they also produce an improvement of the alloy ultimate tensile
strength due their deformation mechanisms. However, an increase in
the material notch sensitivity arises as a detrimental consequence of
these approaches, leading to crack nucleation at inclusions or surface
defects and, ultimately, to a worsening of its 𝑆𝑒∕𝑆𝑢 ratio [7]. Owing
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Nomenclature

𝛼𝑡 (𝑅), 𝐵0
(

𝑅, 𝜎𝑚𝑎𝑥
)

Coefficient of the constitutive model
𝝈, 𝝈0, 𝝈𝑖 Stress, effective stress and inelastic stress

tensors
𝜺 Strain tensor
𝛥𝑑𝑠, 𝛥𝑑𝑖 Specimen elongation at the undamaged and

damaged states
𝛥𝐹 Reaction force variation
�̇� Damage consistency factor
�̇� Dissipation potential
𝜂, 𝑡𝑜𝑙 Relative error and convergence tolerance of

the advance in time strategy algorithm
C0, C𝑠, C𝑡 Constitutive, secant constitutive and tan-

gent constitutive tensors
F
(

𝑓
(

𝝈0
)

,0
)

Threshold damage function
, 0 Damage and effective damage thresholds
𝜈 Poisson’s ratio
𝜎, 𝜎0 Uniaxial stress and uniaxial stress at the

proportional limit
𝜎𝑎, 𝜎𝑡ℎ Stress amplitude and fatigue limit in terms

of stress amplitude
𝜎𝑚𝑎𝑥, 𝜎𝑚𝑖𝑛 Maximum and minimum uniaxial stresses

applied at each load block
𝜀 Uniaxial strain
𝛹 , 𝛹0 Free and free initial energies per unit mass
𝐷 Global damage variable
𝑑 Damage internal variable
𝑑𝑖𝑚𝑎𝑥, 𝑑

𝑖
𝑚𝑖𝑛 Maximum and minimum imposed displace-

ments at each load block
𝑑𝑠 Reference displacement for the reaction

force evaluation
𝐸, 𝐸 Young’s modulus in the undamaged and

damaged states
𝑓
(

𝝈0
)

Stress norm function
𝐹𝑠, 𝐹 𝑖 Reference force and reaction forces in the

damaged state
𝑓𝑟𝑒𝑑 (𝜸) Function of residual strength reduction due

to fatigue
𝐺 (⋅) Monotonically increasing scalar function
𝐺𝑓 , 𝑔𝑓 Fracture energy and volumetric fracture

energy
𝐽2 Second invariant of the stress deviator
𝐾, 𝐾 Specimen stiffness in the undamaged and

damaged states
𝑙𝑐 Characteristic length
𝑚0 Material density
𝑁𝑐 , 𝑁𝑓 Number of cycles and number of cycles at

the intersection between the normalized S-
N-R surface and the function of residual
strength reduction due to fatigue

𝑅 Stress ratio
𝑆
(

𝑅,𝑁𝑐
)

, 𝑆𝑡ℎ (𝑅) Fatigue strength and fatigue limit functions
𝑆𝑒, 𝑆𝑢 Material fatigue limit at 𝑅 = −1 and

ultimate tensile strength
𝑆𝑡ℎ,𝑅1, AUX R1, 𝛼𝑓 ,
𝛽𝑓 , 𝑆𝑡ℎ,𝑅2, AUX R2

Fatigue material parameters

to that, further research is needed to build a more comprehensive
understanding on how microstructural features and HCF resistance are
related in TWIP steels.
2

The generation of HCF data is commonly dependent on expensive
and time-consuming test campaigns. For instance, the execution of a
whole TWIP fatigue experiment employing the standardized staircase
method [26] takes about two weeks and nineteen specimens to be
concluded using a high-frequency testing machine [2]. Thus, in order
to adequately support further developments on fatigue properties of
steel grades as well as to provide faster and, yet, reliable data for
engineering designs at a component level, several accelerated tests have
been proposed since the pioneering work by Stromeyer [27]. Among
them, methods based on the measurement of the specimen self-heating
[28] and, more recently, on the degradation of its stiffness [2] have
been employed to rapidly determine the material fatigue limit.

Together with experiments, accurate and efficient fatigue models
constitute important tools to bridge the gaps of information left by
the experimental data, assisting engineers in the decision-making pro-
cess when designing fatigue-enhanced grades and new components.
In this work, a HCF finite element model is employed to numerically
reproduce the rapid fatigue test results obtained by Parareda et al. [2]
for a TWIP steel grade. The nonlinear HCF constitutive law based
on isotropic damage firstly proposed by Oller et al. [29] and further
developed by Barbu et al. [30], Jiménez et al. [31] and Granados
et al. [32] was applied for this purpose. A novel uniaxial stress–strain
curve for damage composed by a linear branch followed by a fitted-
by-points hardening segment and an exponential softening part was
implemented to properly capture the specimen stiffness loss observed in
the experiments. A calibration of the material parameters was carried
out considering results of monotonic and fatigue tests. The entire load
history in the fatigue damage domain was taken into account in the
finite element analyses. For the sake of computational efficiency, the
cycle-jump algorithm presented in [33] was used as advance in time
strategy. A comparison between simulations with and without this
algorithm was performed in order to assess its effectiveness in obtaining
accurate results at lower computational costs.

The remainder of this paper is organized as follows. In Section 2,
the constitutive formulation and the advance in time strategy are pre-
sented. Section 3 describes monotonic and fatigue calibrations required
to define the model material parameters. In Section 4, the calibrated
model is employed to reproduce the rapid fatigue test based on stiffness
evolution. In Section 5, the obtained numerical results are validated
against the experimental measurements and the computational effi-
ciency of advance in time strategy is verified. Finally, concluding
remarks are provided in Section 6.

2. Constitutive formulation

The constitutive formulation proposed by Oller et al. [29] is
grounded in the conception that, from a phenomenological perspective,
HCF in metals is mainly driven by two dominant mechanisms, namely:
strength reduction under sub-critical stresses (well below 𝑆𝑢) due to the
propagation of micro- and macrocracks and stiffness degradation result-
ing from the coalescence of microcracks, with a consequent reduction of
resistant cross-sectional area. Established within the framework of the
continuum damage mechanics (CDM), the proposed model incorporates
both effects by means of an isotropic damage formulation modified to
account for the progressive reduction in the material strength due to the
application of cyclic loads. A general description of this formulation is
presented in the following.

2.1. Isotropic damage model

The principles underlying the isotropic damage formulation pre-
sented in this section derive from the constitutive theory of internal
variables which are associated with the dissipative phenomena ob-
served in the material at a macroscopic level. In this particular case,
the scalar-valued internal variable 𝑑 accounts for the degradation of
the material stiffness. It ranges from 1 in the undamaged state to 0 in
the fully damaged condition.
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2.1.1. Thermodynamic principles and constitutive equation
Although the constitutive theory of internal variables provides a

general framework which allows the incorporation of thermomechan-
ical processes into the material formulation, the thermal effects are
neglected here. Thus, for a purely mechanical process, the assumption
of a free energy

𝑚0𝛹 (𝜺, 𝑑) = (1 − 𝑑)𝛹0, (1)

efined as a function of the strain tensor, 𝜺, and the damage internal
ariable, 𝑑, may be taken as a starting point for development of the
resent model.

In Eq. (1), 𝑚0 refers to the material density, whereas 𝛹0 represents
he free initial energy per unit mass of the material. Here, 𝛹0 is defined
y the standard quadratic strain–energy function as follows

0 =
1
2
𝜺 ∶ C0 ∶ 𝜺, (2)

where C0 is constitutive tensor in the undamaged state.
As a second ingredient, the second law of thermodynamics is in-

voked to account for irreversible phenomena in the constitutive for-
mulation. Thus, following the same assumption of purely mechanical
processes, one may easily write it in the form of the Clausius-Planck
inequality

�̇� =
(

𝝈 − 𝜕𝛹
𝜕𝜺

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
constitutive

relation

∶ �̇� − 𝜕𝛹
𝜕𝑑

⋅ �̇�
⏟⏟⏟
damage

dissipation

⩾ 0. (3)

Since Eq. (3) must hold for any mechanical process (i.e., ∀ �̇� admissi-
le), one can obtain the Cauchy stress tensor substituting the derivative
f Eq. (1) with respect to 𝜺 into the constitutive relation, 𝜎 = 𝜕𝜓

𝜕𝜺 ,
resulting from inequality (3) (Coleman’s method [34])

𝝈 = 𝑚0 𝜕𝛹
𝜕𝜺

= (1 − 𝑑) ⋅ C0 ∶ 𝜺 = C0 ∶ 𝜺
⏟⏟⏟
effective

stress, 𝝈0

− 𝑑 ⋅ C0 ∶ 𝜺
⏟⏞⏞⏞⏟⏞⏞⏞⏟

inelastic
stress, 𝝈𝑖

. (4)

Additionally, the secant constitutive tensor may be derived taking
he derivative of Eq. (4) with respect to 𝜺 as follows

𝑠 = 𝜕𝝈
𝜕𝜺

= 𝑚0 𝜕2𝛹
𝜕𝜺2

= (1 − 𝑑) ⋅ C0. (5)

Finally, the energy dissipation rate may be obtained combining the
erivative of Eq. (1) with respect to 𝑑 with the remaining part of the
nequality (3)

0 ⋅ �̇� ⩾ 0. (6)

.1.2. Threshold damage function and evolution law
To identify whether a given material point is being damaged or not,

threshold damage function, F, of the form
(

𝑓
(

𝝈0
)

,0
)

= 𝑓
(

𝝈0
)

−0 ≤ 0, (7)

s here introduced. Where 𝑓
(

𝝈0
)

is a stress norm function and 0 the
ffective damage threshold. From a geometric perspective, inequality
7) may be seen as the region delimited by a bounding surface, the
o-called damage surface, in the undamaged stress space.

The definition of the damage surface depends on the choice of a
tress norm, 𝑓

(

𝝈0
)

, that suits to the behavior of the material to be
odeled. Since the main goal of this work is to model TWIP steels,
hich are pressure-insensitivity materials, the von Mises equivalent

tress
(

𝝈0
)

=
√

3𝐽2, (8)

is used as stress norm here, with 𝐽2 referring to the second invariant of
he deviatoric stress tensor.

The complete characterization of a constitutive formulation of in-
ernal variables requires the definition of their evolution laws. In
3

particular, the evolution law for the damage variable 𝑑 is needed in
the present model. To express this law in a convenient form, a damage
criterion fully equivalent to the threshold damage function of inequality
(7) is firstly introduced

F
(

𝑓
(

𝝈0
)

,0
)

= 𝐺
(

𝑓
(

𝝈0
))

− 𝐺
(

0
)

≤ 0, (9)

where 𝐺 (⋅) is a suitable monotonically increasing scalar function.
Then, following the definition proposed by Simo and Ju [35], the

damage evolution law is given here by

�̇� = �̇� ⋅
𝜕F

(

𝑓
(

𝝈0
)

,0
)

𝜕𝑓
(

𝝈0
) = �̇� ⋅

𝜕𝐺
(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) ;

̇0 = �̇�,

(10)

where �̇� is a non-negative scalar-valued parameter called damage
consistency factor that allows the definition of loading/unloading con-
ditions according to the Kuhn–Tucker relations

̇ ≥ 0; F
(

𝑓
(

𝝈0
)

,0
)

≤ 0; �̇� ⋅ F
(

𝑓
(

𝝈0
)

,0
)

= 0. (11)

These conditions establish that when the damage criterion is satis-
fied, i.e., F

(

𝑓
(

𝝈0
)

,0
)

< 0, the consistency parameter �̇� is equal to 0,
implying that �̇� = 0 and, therefore, no further damage is taking place.
On the other hand, if the damage is evolving, F

(

𝑓
(

𝝈0
)

,0
)

= 0 and
̇ ≥ 0, what leads to the following relations

𝐺
(

𝑓
(

𝝈0
))

= 𝐺
(

0
)

; 𝑓
(

𝝈0
)

= 0;
𝜕𝐺

(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) =

𝜕𝐺
(

0
)

𝜕0
. (12)

Under damage evolution, an additional complementarity equation
s needed to determine the value of �̇�. It is written here as follows

�̇� ⋅ Ḟ
(

𝑓
(

𝝈0
)

,0
)

= 0. (13)

Eq. (13) gives rise to the so-called damage consistency condition,
Ḟ
(

𝑓
(

𝝈0
)

,0
)

= 0. Thus, making use of the chain rule in inequality (9)
to obtain the rate expression for F

(

𝑓
(

𝝈0
)

,0
)

and, then, imposing the
additional consistency condition to the resulting expression leads to

Ḟ
(

𝑓
(

𝝈0
)

,0
)

=
𝜕𝐺

(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) ⋅ ̇𝑓

(

𝝈0
)

−
𝜕𝐺

(

0
)

𝜕0
⋅ ̇0 = 0. (14)

Hence, substituting Eqs. (10)2 and (12)3 into (14), one is able to
btain the consistency factor

�̇� = ̇𝑓
(

𝝈0
)

= ̇0. (15)

As an immediate consequence of Eq. (15), one may conclude that
the effective damage threshold acts as a historical variable that stores
the maximum stress norm reached at a given material point, i.e.,

0
|

|𝑡 = 𝑚𝑎𝑥
{

0
0, 𝑚𝑎𝑥

{

𝑓
(

𝝈0
)

|

|

|𝑠

}}

0 ≤ 𝑠 ≤ 𝑡, (16)

where 0
0 = 𝑓 0 (𝝈0

)

defines the initial damage threshold.
Additionally, given the rate expression of 𝐺

(

𝑓
(

𝝈0
))

,

�̇�
(

𝑓
(

𝝈0
))

=
𝜕𝐺

(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) ⋅ ̇𝑓

(

𝝈0
)

, (17)

together with Eqs. (10)1 and (15), one may obtain �̇�. Finally, the
damage internal variable 𝑑 may be explicitly integrated with respect
to time resulting in

�̇� = �̇�
(

𝑓
(

𝝈0
))

; 𝑑|𝑡 = ∫𝑡
�̇�
(

𝑓
(

𝝈0
))

𝑑𝑡 = 𝐺
(

𝑓
(

𝝈0
))

. (18)

2.1.3. Tangent constitutive tensor of damage
The damage tangent operator is derived from the rate constitutive

law under damage evolution, i.e., �̇� > 0. Thus, combining the time
derivative of Eq. (4) with Eqs. (10)1 and (15), one may write

�̇� = (1 − 𝑑) ⋅ C0 ∶ �̇� − ̇𝑓
(

𝝈0
)

⋅
𝜕𝐺

(

𝑓
(

𝝈0
))

( ) ⋅ C0 ∶ 𝜺. (19)

𝜕𝑓 𝝈0
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Fig. 1. Uniaxial stress–strain curve for damage.
w
r
t
r

a
r

d
s
i

𝑑

Eq. (19) may be further simplified expanding ̇𝑓
(

𝝈0
)

through the
chain rule,

̇𝑓
(

𝝈0
)

=
𝜕𝑓

(

𝝈0
)

𝜕𝝈0
∶ �̇�0 =

𝜕𝑓
(

C0 ∶ 𝜺
)

𝜕𝜺
∶ �̇�. (20)

Thus, making use of Eq. (20), one may rewrite Eq. (19) after some
mathematical manipulation as

�̇� =

[

(1 − 𝑑) ⋅ C0 −
𝜕𝐺

(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) ⋅

(

C0 ∶ 𝜺
)

⊗
𝜕𝑓

(

C0 ∶ 𝜺
)

𝜕𝜺

]

∶ �̇�. (21)

Finally, the tangent constitutive tensor of damage may be obtained
rom Eq. (21)

𝑡 = C𝑠 −
𝜕𝐺

(

𝑓
(

𝝈0
))

𝜕𝑓
(

𝝈0
) ⋅

(

C0 ∶ 𝜺
)

⊗
𝜕𝑓

(

C0 ∶ 𝜺
)

𝜕𝜺
, (22)

here C𝑠 is the secant constitutive tensor devised in Eq. (5).

.1.4. Hardening–softening uniaxial stress–strain curve for isotropic dam-
ge

The present formulation constitutes a direct model in which the
amage internal variable 𝑑 may be explicitly defined for each stress
tate of a given material point, if a monotonic uniaxial stress–strain
urve is provided. Following experimental observations of ordinary
niaxial tensile tests for a variety of different steels, the uniaxial stress–
train curve shown in Fig. 1 is proposed here. To properly approximate
he behavior observed experimentally, this curve is divided into three
egions encompassing: a linear branch in which the relation between
tress and strains is described by

= 𝐸 ⋅ 𝜀, (23)

ollowed by a fitted-by-point hardening segment and a softening part
xpressed by an exponential function.

Eq. (23) is obtained particularizing the constitutive Eq. (4) for an
niaxial process subjected to a monotonically growing load. In this
ase, the damage internal variable is set to zero, i.e., 𝑑 = 0, 𝜀 and 𝜎
re uniaxial strain and stress quantities and the constitutive tensor C0
s simplified to 𝐸, the so-called Young’s modulus.

The initial damage threshold defines the beginning of the second
egion. From this point on, the degradation process takes place and
o compute the damage internal variable 𝑑 thoroughly, the damage
hreshold is expressed, here, in terms of the effective damage threshold,

= 1 − 𝑑 ⋅ . (24)
4

( ) 0
In region II, damage threshold-strain pairs are defined by (𝑖−1, 𝜀𝑖−1),
ith 𝑖 = 1∶ 𝑛 + 1. Accordingly, (0, 𝜀0) = (𝜎0, 𝜀0) is the pair cor-

esponding to the first degradation threshold, whereas (𝑛, 𝜀𝑛) refers
o the starting point of region III. Furthermore, points in-between the
eference pairs are obtained by means of linear interpolation.

Effective damage thresholds and uniaxial strains are related by
n one-to-one mapping so that the set of points of region II may be
ewritten as follows
(

𝑖, 𝜀𝑖
)

⟷
0=𝐸⋅𝜀

(

𝑖, 𝑖
0
)

. (25)

The obtained damage thresholds in the undamaged space may be
irectly compared to the stress norm, 𝑓 (𝜎0). Thus, the damage corre-
ponding to a certain stress norm, 𝑓 𝑗 (𝜎0), such that 𝑖−1

0 ≤ 𝑓 𝑗 (𝜎0) ≤ 𝑖
0

s computed by

𝑗
II = 𝐺

(

𝑓
(

𝝈0
))𝑗

II = 1 − 𝑗

𝑓 𝑗 (𝜎0)
= 1 − 1

𝑓 𝑗 (𝜎0)

×
[

𝑖−1 +
(

𝑓 𝑗 (𝜎0)
𝐸

− 𝜀𝑖−1
)

⋅
(

𝑖 −𝑖−1

𝜀𝑖 − 𝜀𝑖−1

)]

= 𝑑𝑖−1 ⋅
𝑖−1

0
𝑓 𝑗 (𝜎0)

⋅
𝑖

0 − 𝑓
𝑗 (𝜎0)

𝑖
0 −𝑖−1

0

+ 𝑑𝑖 ⋅
𝑖

0
𝑓 𝑗 (𝜎0)

⋅
𝑓 𝑗 (𝜎0) −𝑖−1

0

𝑖
0 −𝑖−1

0

,

(26)

where 𝑑𝑖−1 = 1 − 𝑖−1

𝑖−1
0

with 𝑖 = 1∶ 𝑛 are the damage values at the

reference points.
When it comes to the region III, the following exponential function

is adopted to the describe the damage threshold,

III = 𝑛 ⋅ exp

⎡

⎢

⎢

⎢

⎣

𝑛 ⋅ (𝜀 − 𝜀𝑛)
1
2
𝑛𝜀𝑛 − 𝑔𝑓III

⎤

⎥

⎥

⎥

⎦

= 𝑛 ⋅ exp

⎧

⎪

⎨

⎪

⎩

𝑛

𝐸
⋅
[

𝑓 (𝜎0) −𝑛
0
]

𝑛𝑛
0

2𝐸
− 𝑔𝑓III

⎫

⎪

⎬

⎪

⎭

, (27)

where 𝑔𝑓𝐼𝐼𝐼 is the amount of volumetric fracture energy to be dissipated
in this region. It may be computed as follows

𝑔𝑓III = 𝑔𝑓 −

(

◁◁�
0
𝑔𝑓I + 𝑔𝑓II

)

= 𝑔𝑓 −

{

1
2
𝑓 0(𝜎0)2

𝐸
+

𝑛
∑

𝑖=2

[(

𝑖 +𝑖−1) ⋅
(

𝑖
0 −𝑖−1

0
)

2𝐸

]

−
𝑛𝑛

0
2𝐸

}

.

(28)
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Eq. (28) is described in terms of the total volumetric fracture energy,
𝑔𝑓 , which is obtained from the material fracture energy, 𝐺𝑓 , normalized
by the characteristic length, 𝑙𝑐 . In a finite element framework, this
normalization ensures mesh objectivity.

Finally, the damage variable throughout the third region is given by

𝑑III = 𝐺
(

𝑓
(

𝝈0
))

III = 1 −
III
𝑓 (𝜎0)

= 1 − 𝑛

𝑓 (𝜎0)
⋅ exp

⎧

⎪

⎨

⎪

⎩

𝑛

𝐸
⋅
[

𝑓 (𝜎0) −𝑛
0
]

𝑛𝑛
0

2𝐸
− 𝑔𝑓III

⎫

⎪

⎬

⎪

⎭

.

(29)

.2. Function of residual strength reduction due to fatigue

In this section, the isotropic damage formulation previously pre-
ented is further developed to account for the effect of material strength
egradation due to the application of cyclic loads. For this purpose,
he damage criterion expression defined in inequality (9) is modified
s follows

F
(

𝑓
(

𝝈0
)

,0
)

=
𝐺
(

𝑓
(

𝝈0
))

𝑓𝑟𝑒𝑑 (𝜸)
− 𝐺

(

0
)

, (30)

here 𝑓𝑟𝑒𝑑 (𝜸) is a function ranging from 1 to 0 which accounts for
he reduction in the material residual strength due to fatigue, whereas
=

{

𝛾𝑘
}

is the set of arguments associated with the corresponding
egradation function.

The function 𝑓𝑟𝑒𝑑 (𝜸) is generically stated in Eq. (30) so that it can
ccommodate any suitable mechanistic rationale or phenomenological
nterpretation. Among the possible approaches, one can think of defin-
ng it through the direct fitting of experimental residual strength curves.

curve of this type is generally obtained in terms of the number of load
ycles, 𝑁𝑐 , for a given stress ratio, 𝑅 = 𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
, and maximum stress, 𝜎𝑚𝑎𝑥,

esulting from the applied load. Thus, a comprehensive calibration of
𝑟𝑒𝑑 (𝜸) would require the realization of experiments for several different
tress levels. However, the characterization of even a single residual
trength curve is extremely expensive and time-consuming, usually tak-
ng several times the effort required to generate a Wöhler (S-N) curve
or the same stress ratio [36]. In order to circumvent this limitation, the
𝑟𝑒𝑑 (𝜸) expression is, here, alternatively obtained from the experimental
nformation provided by S-N curves, as proposed by Oller et al. [29].
ne of the main advantages of this approach resides in the fact that
significant part of the fatigue data available is stored into this type

f curves and, since they are widely used in engineering common
ractices, well-established test methodologies are already defined [26]
o that no additional experimental procedure is required for the 𝑓𝑟𝑒𝑑 (𝜸)
alibration. The general concept of this formulation is presented in the
ollowing.

As starting point, a S-N-R surface is postulated through the analytical
xpression
(

𝑅,𝑁𝑐
)

= 𝑆𝑡ℎ (𝑅) +
[

𝑆𝑢 − 𝑆𝑡ℎ (𝑅)
]

⋅ exp
[

−𝛼𝑡 (𝑅) ⋅
(

log10𝑁𝑐
)𝛽𝑓

]

, (31)

where 𝑆𝑡ℎ (𝑅) is the fatigue limit function

𝑆𝑡ℎ (𝑅) ∶

⎧

⎪

⎨

⎪

⎩

|𝑅| ≤ 1 ⇒ 𝑆𝑡ℎ (𝑅) = 𝑆𝑒 +
(

𝑆𝑢 − 𝑆𝑒
)

⋅
( 1 + 𝑅

2

)𝑆𝑡ℎ,𝑅1

|𝑅| > 1 ⇒ 𝑆𝑡ℎ (𝑅) = 𝑆𝑒 +
(

𝑆𝑢 − 𝑆𝑒
)

⋅
( 1 + 𝑅

2𝑅

)𝑆𝑡ℎ,𝑅2
,

(32)

hat establishes the minimum stress level above which cyclic loads
nduce fatigue degradation on the material and 𝛼𝑡 (𝑅) is a model pa-
ameter given by

𝑡 (𝑅) ∶

⎧

⎪

⎨

⎪

⎩

|𝑅| ≤ 1 ⇒ 𝛼𝑡 (𝑅) = 𝛼𝑓 +
( 1 + 𝑅

2

)

⋅ AUX R1

|𝑅| > 1 ⇒ 𝛼𝑡 (𝑅) = 𝛼𝑓 −
( 1 + 𝑅

2𝑅

)

⋅ AUX R2.
(33)

Additionally, 𝑆𝑢 and 𝑆𝑒 represent the material ultimate strength and
atigue limit for 𝑅 = −1, respectively, whereas 𝑆 , 𝑆 , 𝛼 , 𝛽 ,
5

𝑡ℎ,𝑅1 𝑡ℎ,𝑅2 𝑓 𝑓
UX R1 and AUX R2 are material parameters to be calibrated from the
-N experimental data.

Once the S-N-R surface is defined, the expression of 𝑓𝑟𝑒𝑑 (𝜸) may
e postulated. Here, the following exponential function with 𝜸 =
𝑁𝑐 , 𝑅, 𝜎𝑚𝑎𝑥

}

is proposed,

𝑟𝑒𝑑
(

𝑁𝑐 , 𝑅, 𝜎𝑚𝑎𝑥
)

= exp
[

−𝐵0
(

𝑅, 𝜎𝑚𝑎𝑥
)

⋅
(

log10𝑁𝑐
)𝛽2𝑓

]

, (34)

such that, it intercepts the S-N-R surface normalized by the ultimate
trength, i.e., 𝑆(𝑅,𝑁𝑐 )∕𝑆𝑢, at the number of cycles, 𝑁𝑓 , corresponding
o the normalized maximum stress, 𝜎𝑚𝑎𝑥∕𝑆𝑢, developed by the applied
yclic load. This condition leads to the definition of the 𝐵0 coefficient

expression as follows

𝐵0
(

𝑅, 𝜎𝑚𝑎𝑥
)

= −
ln
(

𝜎𝑚𝑎𝑥∕𝑆𝑢
)

(

log10𝑁𝑓
)𝛽2𝑓

, (35)

here the number of cycles, 𝑁𝑓 , can be obtained imposing 𝜎𝑚𝑎𝑥 value
n Eq. (31), which results in

𝑓
(

𝑅, 𝜎𝑚𝑎𝑥
)

= 10

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−
1

𝛼𝑡 (𝑅)
⋅ln

[𝜎𝑚𝑎𝑥 − 𝑆𝑡ℎ (𝑅)
𝑆𝑢 − 𝑆𝑡ℎ (𝑅)

]

1
𝛽𝑓

⎫

⎪

⎪

⎬

⎪

⎪

⎭. (36)

Fig. 2 shows, in a plane representation, the relation between the
analytical S-N-R surface and the function of residual strength reduction,
𝑓𝑟𝑒𝑑

(

𝑁𝑐 , 𝑅, 𝜎𝑚𝑎𝑥
)

. Although illustrated for a specific stress ratio, 𝑅, the
coupling of this function with the S-N-R surface allows its evaluation
at any value of 𝑅 and maximum stress, 𝜎𝑚𝑎𝑥, enabling the automatic
accommodation of changes in the applied load. Nevertheless, in order
to fully define 𝑓𝑟𝑒𝑑

(

𝑁𝑐 , 𝜎𝑚𝑎𝑥, 𝑅
)

, a cycle counting procedure is also
needed. It is accomplished, here, by tracking the uniaxial stress values
at each material point. Thus, whenever maximum and minimum stress
values are found, a new cycle 𝑁𝑐 is computed.

2.3. Advance in time strategy

The present constitutive model is destined to the simulation of the
material behavior in the HCF domain. In this regime, a high number
of load cycles (over 104) is expected to be applied before reaching the
failure condition of the material. This fact leads to high computational
costs to run even small finite element cases, compromising the use of
this formulation for practical applications. In order to reduce simulation
times, the advance in time strategy (AITS) proposed by Oller et al. [29]
and further developed by Barbu et al. [33] is coupled with this model.
This AITS consists of a loading-tracking phase and a large increments
one, as briefly described in the following.

2.3.1. Load-tracking phase
In this phase, each cycle of load is divided into small steps defined

by the user, while the magnitude of the uniaxial stress calculated
in each Gauss Point (GP) is tracked. Once maximum and minimum
stress values are detected, the stress ratio, 𝑅, is calculated and, then,
compared to the previous one. When 𝑅 converges to constant values at
each GP, a stable condition of load is reached. This condition may be
checked by

𝜂 =
∑

𝐺𝑃

‖

‖

‖

‖

‖

‖

𝑅𝑗+1𝐺𝑃 − 𝑅𝑗𝐺𝑃
𝑅𝑗+1𝐺𝑃

‖

‖

‖

‖

‖

‖

≤ 𝑡𝑜𝑙, (37)

where 𝑡𝑜𝑙 is a user-defined convergence tolerance and 𝑅𝑗𝐺𝑃 = 𝜎𝑚𝑖𝑛
𝜎𝑚𝑎𝑥

|

|

|

|

𝑗

𝐺𝑃
the "𝑗-𝑡ℎ" stress ratio computed at the "GP-𝑡ℎ" integration point. Once

inequality (33) is fulfilled, the large increment phase is activated.
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Fig. 2. Normalized Wöhler curve and 𝑓𝑟𝑒𝑑 as function of the number of cycles, 𝑁𝑐 , for a given stress ratio 𝑅 and maximum stress 𝜎𝑚𝑎𝑥.
Source: Adapted from [31].
2.3.2. Large increments phase
In this phase, the values of 𝜎𝑚𝑎𝑥 and "𝑗-𝑡ℎ" 𝑅 are held constant.

Therefore, the only variable of 𝑓𝑟𝑒𝑑
(

𝑁𝑐 , 𝜎𝑚𝑎𝑥, 𝑅
)

function is the number
of cycles, 𝑁𝑐 . Taking this into consideration, a user-defined number of
cycles is advanced and 𝑓𝑟𝑒𝑑

(

𝑁 𝑗𝑢𝑚𝑝
𝑐

)

updated accordingly. After apply-
ing this cycle increment, the fulfillment of inequality (9) is checked and,
while the current damage threshold is not reached, new cycle-jumps
are applied. Otherwise, the large increment phase stops and a new
load-tracking stage is performed. Following this procedure, the AITS
automatically recognizes when a shorter cycle-jump should be applied
before reaching the initial damage threshold. Similarly, changes in the
boundary conditions and applied load are detected and also trigger the
beginning of a new load-tracking phase.

For the sake of finite element implementation, the constitutive
model described in this section at the material point level is translated
into GP calculations, as summarized by the Algorithm 1.

3. Material calibration

The material properties required by the constitutive model pre-
sented in Section 2 are obtained from calibration procedures on small
scale testing. Experimental data resulting from tensile monotonic and
fatigue tests are used for this purpose. In this work, the TWIP steel
with chemical composition shown in Table 1 is considered for this
calibration, as described in the following.

3.1. Monotonic tensile test

The stress–strain data obtained from ordinary monotonic tensile
testing was used to calibrate the hardening–softening curve for isotropic
damage required for the fatigue simulations. To account for statistical
scattering, the tests were performed in three uniform gauge specimens
with dimensions shown in Fig. 3.

The linear stress–strain relation of region I is defined by the Young’s
modulus, 𝐸, and, although this property is often provided by the
material supplier, a significant difference was found (of about 20%)
between the catalog value and the actual slope of the experimental
curves . For this reason, a calibration of this parameters was carried out
according to the ISO6892-1 standard [37]. Fig. 4(a) shows the average
Young’s modulus resulting from the performed tests.
6

Fig. 3. Uniform gauge specimen for monotonic tensile testing. Dimensions are
expressed in mm.

The hardening behavior of region II was calibrated by means of
curve fitting. Firstly, each of the three experimental curves was fitted
by a 6th-order polynomial. Then, a stress vector corresponding to
each polynomial was obtained from strain values ranging between the
ending point of region I and the first of region III. Finally, the strain
and average stress vectors resulting from this procedure were used as
the input data of this region.

To check the performed calibration, the monotonic tensile tests
carried out experimentally were reproduced using the finite element
method. The constitutive formulation presented in Section 2 was im-
plemented in the open-source code Kratos Multi-physics [38–40] to
perform the calculations. The universal pre- and post-processor GID
[41] was employed to generate the finite element mesh and visualize
the simulation results. Due to double symmetry of the test specimen,
only one quarter of it was modeled. The geometry was discretized with
a total of 1104 8-node hexahedral elements. The load was applied
through a prescribed displacement on the face at the specimen end.
Appropriate boundary conditions were defined on the symmetry faces.
Furthermore, the initial stress of region II, 𝜎0 = 564 MPa, and Poisson’s
ratio, 𝜈 = 0.265, were defined as remaining material properties.

The uniaxial stress–strain curve obtained from this simulation is
shown in Fig. 4(b) together with the experimental results. The excellent
matching between them confirms a proper calibration of this curve.

3.2. Fatigue test

The material parameters defining the S-N-R surface of Eq. (31)
were obtained through curve fitting of fatigue strength versus number-
of-cycle points (S-N pairs) extracted from standardized fatigue tests
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Fig. 4. Uniaxial stress–strain curve for damage: (a) Young’s modulus calibration and (b) comparison between numerical and experimental curves.
Fig. 5. S-N-R surface resulting from the material parameters 𝑆𝑡ℎ,𝑅1, 𝛼𝑓 , 𝛽𝑓 and AUX R1 calibration. Parametric adjustment performed with S-N pairs extracted from fatigue tests
for R = −1 and R = 0.1.
[26,42], performed for two stress ratios, R = −1 and R = 0.1. More
information about these tests can be found in [2]. Since the calibration
was carried out for |𝑅| ≤ 1, only four of the six parameters were
determined, namely 𝑆𝑡ℎ,𝑅1, 𝛼𝑓 , 𝛽𝑓 and AUX R1. The ultimate strength,
𝑆𝑢 = 947 MPa, obtained from the monotonic tensile tests and the fatigue
limit, 𝑆𝑒 = 272 MPa, were used as material properties. Furthermore,
as the fatigue limit, 𝑆𝑡ℎ (𝑅) = 579 MPa, for 𝑅 = 0.1 was previously
determined through the staircase fatigue test, it was also used as an
additional input parameter to enhance the calibration. A Matlab [43]
code based on built-in fitting functions was implemented to perform
the parametric adjustment. Fig. 5 shows the resulting S-N-R surface as
well as the experimental points used as reference for this calibration.
7

4. Rapid fatigue test based on stiffness evolution

In this section, the experimental procedure of the rapid fatigue
test performed by Parareda et al. [2] is, firstly, summarized. Then,
benefiting from the analogies to the experiments, the finite element
model proposed to reproduce this test is described in the final part of
the section.

4.1. Experimental setup

The fatigue behavior of the TWIP steel of Table 1 was investigated
using the rapid fatigue test described in [2]. The test consists of
applying consecutive fatigue load blocks with increasing amplitude to
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Algorithm 1: Variables update of the HCF constitutive model at
P level .
// Strain update.
(𝜀𝜀𝜀)𝑡 = (𝜀𝜀𝜀)𝑡−1 + (𝛥𝜀𝜀𝜀)𝑡 ;
// Stress calculation.
𝑖 = 0 ; // First iteration
(𝑑)0𝑡 = (𝑑)𝑡−1 ;
(𝜎𝜎𝜎)0𝑡 =

(

1 − (𝑑)0𝑡
)

⋅ C0 ∶ (𝜀𝜀𝜀)𝑡 ∼ (𝜎)0𝑡 ;
(

𝜎𝜎𝜎0
)0
𝑡 = C0 ∶ (𝜀𝜀𝜀)𝑡 ∼ 𝑓

(

(

𝜎𝜎𝜎0
)0
𝑡

)

;
// Damage criterion.
(

0
)0
𝑡 =

(

0
)

𝑡−1 ;
(

𝑓𝑟𝑒𝑑
)

𝑡 =
(

𝑓𝑟𝑒𝑑
)

𝑡−1 ;
(

F𝑑0
)0
𝑡 =

𝑓
(

(𝜎𝜎𝜎0)0𝑡
)

(𝑓𝑟𝑒𝑑 )𝑡
−
(

0
)0
𝑡 ;

if
(

F𝑑0
)0
𝑡 ≤ 0 then // Case without damage evolution

// Variables update
(

0
)

𝑡 =
(

0
)0
𝑡 ∧ (𝑑)𝑡 = (𝑑)0𝑡 ;

else // Case with damage evolution
// Stress calculation
𝑖 = 1 ;
(

0
)1
𝑡 ∧ (𝑑)1𝑡 ;

; // Computed as a function of 𝑓
(

𝜎𝜎𝜎0
)

∕𝑓𝑟𝑒𝑑
(𝜎𝜎𝜎)1𝑡 =

(

1 − (𝑑)1𝑡
)

⋅ C0 ∶ (𝜀𝜀𝜀)𝑡 ;
// Variables update
(

0
)

𝑡 =
(

0
)1
𝑡 ∧ (𝑑)𝑡 = (𝑑)1𝑡 ;

end
// Update of the residual strength reduction

function
if for 𝑡𝑝 ≤ 𝑞 ≤ 𝑡 ∼ 𝜎𝑚𝑖𝑛 ≤ 𝜎𝑞 ≤ 𝜎𝑚𝑎𝑥 then // New cycle
detected (𝑡𝑝 is the end of the previous cycle)
𝜎𝑚𝑖𝑛 ∧ 𝜎𝑚𝑎𝑥 ; // Storage of min and max uniaxial
stresses

𝑅𝑗+1 = 𝜎𝑚𝑖𝑛
𝜎𝑚𝑎𝑥

|

|

|

|

𝑗+1
;

// Call the AITS algorithm [33] to compute 𝜂
and 𝑁𝑐

if 𝜂 > 𝑡𝑜𝑙 then
(

𝑓𝑟𝑒𝑑
)

𝑡 ∼ 𝑓𝑟𝑒𝑑
(

𝑁 𝑗+1
𝑐 ,

(

𝜎𝑚𝑎𝑥
)

𝑡 , 𝑅
𝑗+1

)

// 𝑁 𝑗+1
𝑐 = 𝑁 𝑗

𝑐 + 1,
computed in the load-tracking phase

else
(

𝑓𝑟𝑒𝑑
)

𝑡 ∼ 𝑓𝑟𝑒𝑑
(

𝑁 𝑗𝑢𝑚𝑝
𝑐

)

// 𝑁 𝑗𝑢𝑚𝑝
𝑐 = 𝑁𝑢𝑠𝑒𝑟

𝑐 , computed
in the large increments phase

end
end

Table 1
Chemical composition of the investigated TWIP steel in weight percentage.

Fe C Mn Si Al Ti N S Others

Bal. 0.35 19.90 0.20 1.00 0.006 0.013 0.0003 Cr, Ni, Cu, V

the specimen for the assessment of the damage evolution through its
stiffness degradation. The associated fatigue damage is computed, for
the uniaxial loading case, by means of the global damage variable,
𝐷 ∈ [0, 1],

= 1 − 𝐸
𝐸

= 1 − 𝐾
𝐾

= 1 −

(

𝐹𝑠∕𝛥𝑑𝑖
)

(

𝐹𝑠∕𝛥𝑑𝑠
) =

𝛥𝑑𝑠
𝛥𝑑𝑖

, (38)

where 𝐸, 𝐾 and 𝛥𝑑𝑠 are the Young’s modulus, global stiffness and
ariation of the specimen elongation evaluated at the reference load,
8

𝐹𝑠, in the undamaged condition, while 𝐸, 𝐾 and 𝛥𝑑𝑖 correspond to the
ame quantities in the damaged states. The index 𝑖 = 1 ∶ 𝑛 refers to the

evaluation point at which the specimen elongation is measured.
According to the CDM theory, there is a damage threshold, 𝐷𝑐 ,

elow which no crack growth is triggered due to fatigue. In this phase,
he material response is governed by an elastic behavior in which
nly incipient damage associated with microplasticity occurs. On the
ther hand, when 𝐷 is greater than 𝐷𝑐 , the initiation and propagation
f microcrack under cyclic loads is observed [44,45]. In particular,
igh values of damage, typically 𝐷 ≈ 1, lead to the coalescence
f microcracks, forming rapidly propagating macrocracks, usually ap-
roached in the framework of the linear elastic fracture mechanics
LEFM). Following the work of Lemaitre and Desmorat [46], 𝐷𝑐 was

defined as 0.5 for the case of the investigated TWIP. The definition
of these three damage accumulation phases allows the determination
of the material fatigue limit, described as the value below which the
microcracks neither nucleate nor propagate. Specifically, the elongation
variations computed from data belonging to the microcracks stage are
used to determine this value by extrapolating the corresponding linear
fitting to the abscissa axis, where the associated damage is 0.

Fig. 6(a) and (b) illustrate the load pattern of the test and the proce-
dure to determine the material fatigue limit respectively. In particular,
for the case of investigated TWIP, the specimen was load with suc-
cessive fatigue blocks of 6000 cycles, increasing 500 N the maximum
load between each block until its failure. The specimen elongation
was measured after each fatigue block at a nominal reference load,
𝐹𝑠, of 4000 N. The elongation measurements were carried out using
a digital image correlation (DIC) system, GOM Aramis SRX. The digital
extensometer was placed at the center of the specimen with a gauge
length of 25 mm to include the fatigue-damaged zone. The tests were
performed at room temperature in a servo-hydraulic testing machine
MTS 322 Test Frame, with a frequency of 30 Hz and a stress ratio, 𝑅,
of 0.1.

4.2. FEM model

A finite element model was built to numerically reproduce the rapid
fatigue test briefly presented in the previous section. Taking advantage
of the symmetry of the test specimen, only one quarter of it was
modeled, as shown in Fig. 7. The geometry was discretized with a total
of 440 8-node hexahedral elements. Appropriate boundary conditions
were defined on the symmetry faces. Analogously to the experiments,
fatigue load blocks of 6000 cycles were defined for the simulations.
Each block was carried out by means of a sinusoidal prescribed dis-
placements of constant amplitude applied on the face at the specimen
end. On the opposite side (symmetry plane 1), the reaction force was
computed (see Fig. 7(b)). The maximum prescribed displacement 𝑑𝑖𝑚𝑎𝑥,
of the load block number 𝑖 = 𝐼 ∶ 𝑛 was set to make the reaction force
coincide, at the beginning of the block, with the maximum value of
the corresponding drive force used in the actual test. Increments of
500 N were applied between the initial forces of subsequent blocks.
The minimum displacement, 𝑑𝑖𝑚𝑖𝑛, was computed from the maximum,
𝑑𝑖𝑚𝑎𝑥, and the stress ratio, 𝑅 = 0.1, defined for the experiment. Fig. 8(a)
llustrates the load history pattern employed in the simulations.

When the combination of the number of cycles and stresses induced
n the specimen are high enough to promote the degradation of the
aterial stiffness, the application of a sinusoidal displacement of con-

tant amplitude leads to a reduction in the reaction force throughout
he analyzed load block, as schematically represented by Fig. 8(b). To
omparatively evaluate the reaction force after each block, a reference
isplacement, 𝑑𝑠, was set (see Fig. 8(a)). The magnitude of 𝑑𝑠 was
hosen to produce a reaction force 𝐹𝑠 = 4000 N on the intact specimen,
he same as the nominal reference load adopted in the experiments.

Finally, the material properties summarized in Table 2 were adopted
or the simulations.
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Fig. 6. Schematic representation for: (a) successive load blocks with elongation measurement points and (b) interpolation procedure to obtain the material fatigue limit from the
elongation variation points.
Source: Adapted from [2].
Fig. 7. Rapid fatigue test: (a) specimen with dimensions in mm and (b) FEM model.
Fig. 8. Schematic representation for: (a) successive load blocks with the evaluation points of the reaction force and (b) stiffness reduction resulting from the reaction force drop
throughout the simulations.
Table 2
TWIP steel properties used in the FEM simulations. Density (𝑚0), Young’s modulus (𝐸), Poisson’s ratio (𝜈), uniaxial stress at the proportional limit (𝜎0), ultimate strength, (𝑆𝑢),
fracture energy, (𝐺𝑓 ), fatigue limit (𝑆𝑒), S-N-R surface fitting parameters (𝛼𝑓 , 𝛽𝑓 , 𝑆𝑡ℎ,𝑅1, 𝐴𝑈𝑋𝑅1).

General mechanical properties Fatigue parameters

𝑚0 (kg∕m3) 𝐸 (GPa) 𝜈 (–) 𝜎0 (MPa) 𝑆𝑢 (MPa) 𝐺𝑓 (J/mm2) 𝑆𝑒 (MPa) 𝛼𝑓 (–) 𝛽𝑓 (–) 𝑆𝑡ℎ,𝑅1 (–) 𝐴𝑈𝑋𝑅1 (–)

7850 158.3 0.263 564 947 1.7 [47] 272 0.02192 2.883 1.318 −0.01453
9
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f

𝐷

Fig. 9. Fatigue damage 𝐷: (a) comparison among the numerical curves obtained with and without the AITS algorithm as well as the experimental data reported by Parareda
et al. [2] and (b) analysis elapsed times with and without AITS.
o

5. Results

At a macroscopic level, the drop in the reaction force shown in
Fig. 8(b) reflects the reduction of load-bearing capacity and, ultimately,
the loss of global stiffness of the specimen triggered by the progres-
sive deterioration of its material properties. Analogously to the ideas
adopted for experimental assessment carried out by Parareda et al. [2],
this degradation is here related to the global damage variable, 𝐷, as
ollows

= 1 − 𝐹 𝑖
2𝐹𝑠

, (39)

where 𝐹𝑠 is the reference reaction force, 𝐹 𝑖 are the ones related to
damaged specimens and 𝑖 = 1 ∶ 𝑛 are the corresponding evaluation
points of these forces (see Fig. 8). The constitutive law presented in
Section 2 only captures degradation effects produced by cyclic loads in
the fatigue domain, i.e., when the stresses induced in the specimen are
above the fatigue limit, 𝑆𝑡ℎ(𝑅), for the corresponding stress ratio, 𝑅.
Accordingly, the factor 2 is introduced in the denominator of Eq. (39)
to account for the global damage from the fatigue damage threshold,
𝐷𝑐 , defined for the investigated TWIP steel as 0.5.

Fig. 9(a) shows the dependence of the fatigue damage, 𝐷, on the
number of cycles applied to the specimen, for a stress ratio 𝑅 = 0.1.
The entire load history in the fatigue domain was simulated to generate
the corresponding curves, i.e., the last six load blocks carried out in the
rapid test present by Parareda et al. [2]. Additionally, simulations with
and without the AITS were carried out to verify the efficiency of this
algorithm in terms of computation cost and result accuracy.

The analysis of Fig. 9(a) reveals a general good agreement between
the numerical curves and experimental data, although larger differ-
ences are noted toward the LEFM domain. The maximum relative error,
|

|

|

|

𝐷𝐹𝐸𝑀−𝐷𝑒𝑥𝑝
𝐷𝑒𝑥𝑝

|

|

|

|

× 100%, remained below 6.0% for all points. Apart from
that, the excellent overlapping of the numerical curves evidences that
no significant errors are introduced along the solution path by AITS
algorithm, even when advances as large as 100 cycles per jump are
used. Accordingly, a considerable reduction in the analysis elapsed time
(around 55%) was achieved by using the 100-cycle-jump setup when
compared with the simulation without the AITS algorithm, ensuring its
efficiency in saving computational time (see Fig. 9(b)).

In addition to the global damage, 𝐷, the rapid test proposed by
Parareda et al. [2] also provides a methodology to estimate the fatigue
limit at the respective stress ratio. This approach takes into considera-
tion the specimen elongation which results from load blocks carried
out with forces of constant amplitude. Conversely to this, imposed
10

p

Fig. 10. Force variation versus stress amplitude curve to determine the fatigue limit
of the investigated TWIP steel.

displacements of constant amplitude generate the load blocks in the
simulations, leading to reaction force drops as output. In analogy to the
experimental procedure, the fatigue limit is determined here by, firstly,
plotting the values of the change in the reaction force, 𝛥𝐹 , against
the stress amplitude, 𝜎𝑎 = (1−𝑅)

2 𝜎𝑚𝑎𝑥, computed at beginning of the
corresponding load block. Then, a linear fitting of the resulting plot is
performed. Only the points in the CDM domain are considered in this
curve adjustment. Finally, the fatigue limit is given by the intersection
of the fitted straight line with the stress amplitude axis.

Fig. 10 shows the fatigue limit, 𝜎𝑡ℎ, in terms of stress amplitude, of
the TWIP steel at R = 0.1, obtained through the numerical simulations.
To compare the finite element and experimental results under the same
reference, the specimen cross-sectional area measured in the test was
used to calculate the stress amplitude. The CDM threshold was defined
in the experiments by monitoring the crack propagation rate. Only
points with rates below 10−9 m/cycle were considered to be within the
CDM domain. The same points were used to numerically recover the
fatigue limit.

Table 3 shows a comparison between the fatigue limit, 𝜎𝑡ℎ(0.1),
btained numerically and by three different experimental methods re-

orted by Parareda et al. [2]. A maximum relative error of around 2.6%
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Table 3
Comparison of the fatigue limit at R = 0.1 obtained from the numerical simulation and
staircase, stiffness evolution and self-heating experimental methods. Fatigue Limit (𝜎𝑡ℎ)
in terms of stress amplitude, relative error (𝑅𝑒) and fatigue limit to tensile ultimate
strength (𝜎𝑡ℎ∕𝑆𝑢) ratio.

Method 𝜎𝑡ℎ (MPa) 𝑅𝑒 (%) 𝜎𝑡ℎ∕𝑆𝑢
Numerical 259 0.27
Staircase 266 ± 23 2.6 0.28
Stiffness evolution 261 ± 10 0.8 0.28
Self-heating 259 ± 11 0.0 0.27

was found when comparing the numerical and the staircase results,
which still lies within the measuring uncertainty associated with this
experimental method. Additionally, the ratio between the fatigue limit
and the ultimate strength, 𝜎𝑡ℎ∕𝑆𝑢, is also shown in this table.

. Conclusions

In this work, the rapid fatigue test based on stiffness evolution
ecently proposed by Parareda et al. [2] was numerically reproduced
sing the finite element method. A high cycle fatigue constitutive law
rounded on the continuum damage mechanics framework was em-
loyed for this purpose. To properly capture the non-linear effect of the
pecimen stiffness degradation observed in the test, a novel hardening–
oftening uniaxial stress–strain curve for damage was proposed. Addi-
ionally, an advance in time strategy algorithm was employed to reduce
he computational cost of the simulations.

The degradation due to fatigue in the specimen stiffness was as-
essed by means of the global damage variable, 𝐷, for a specific TWIP
teel grade. A general good agreement was obtained in the comparison
etween the finite element and experimental results. Numerical simula-
ions were carried out with and without the advance in time strategy to
valuate its effectiveness. A significant reduction in the analysis elapsed
ime (of about 55%) was reached using this algorithm, while the result
ccuracy was maintained. Apart from the global damage, an approach
ased on the reaction force variation was proposed to recover the
aterial fatigue limit. An excellent agreement between the numerical
rediction and experimental result was achieved.

The numerical reproduction of the rapid fatigue test was based on
he application of fatigue blocks through imposed displacements of con-
tant amplitude instead of the force controlled methodology employed
n the experiments. Accurate results were obtained by means of the
inite element simulations, indicating that a displacement controlled
pproach could also be a valuable option to experimentally assess the
atigue properties of metals.
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