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Abstract: Despite the importance of solid concentration in froth flotation, its effect on flotation
kinetics and entrainment has rarely been studied. In this study, the flotation kinetics and entrainment
in quartz and hematite single-mineral flotation systems as a function of the solid concentration and
particle size were investigated using dodecylamine acetate as a collector. Kinetics modeling showed
that the Gamma distribution achieved the best agreement with the experimental data, whereas the
Classical and Klimpel models poorly fit the data (e.g., RMSE). The flotation rate constants (k) of
both quartz and hematite at a higher solid concentration showed a concave shape, with the inflexion
point at the middle-size range, whereas this trend altered at lower solid concentrations. Overall,
quartz exhibited higher equilibrium recoveries (R∞) than hematite, which indicates its better overall
rate constants. The degree of water recovery in both the quartz and hematite systems was higher
at higher solid concentrations, but the hematite system exhibited higher water R∞ than the quartz
system, meaning that the entrainment of gangue could be higher in direct hematite flotation than the
reverse one. Therefore, a higher solid concentration is associated with better overall quartz recovery
and can reduce hematite loss by entrainment during reverse flotation. An inverse relationship was
identified between the solid concentration and particle size in terms of the ratio of water recovery to
the concentrate. In the reverse flotation of iron ore, refraining from achieving equilibrium recovery
could help limit entrainment, but this was not necessarily the case in direct flotation. No entrainment
model or method other than the Warren and Ross model approximated the overall trends of flotation
at the finest size range (−38 µm). However, extending the Warren method to polynomial distribution
led to an improved fit with the experimental results. In addition to the solid concentration, particle
density and size were revealed to be key to developing new entrainment models. Finally, after the fast
recovery period (true flotation) was over, the slow recoveries were mainly driven by the slow-floating
water fraction.

Keywords: rate constant; equilibrium recovery; solid concentration; iron ore flotation

1. Introduction

Froth flotation is one of the most-used routes for iron ore beneficiation, especially
in cases of low-grade, finely grained ores with iron-bearing silicate content. It is also
useful as a cleaning step of the concentration process for the production of the so-called
“superconcentrates” and can be performed as a reverse or direct process [1–3]. In direct
flotation (e.g., [4]), the valuable iron mineral is collected and recovered in the froth zone,
whereas in reverse flotation it is recovered in the underflow, thereby allowing the gangue
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to be driven to the overflow. Among the exploited iron ores, banded iron formations are
among the most dominant [5], and in terms of their processing through flotation, hematite
is the main valuable mineral and quartz the main gangue [6]. There are three main flotation
methods applied in iron ore flotation [1,6], namely, the direct anionic flotation of hematite
and reverse anionic or cationic flotation of activated and non-activated quartz. The selection
of an appropriate route depends on the ore’s geometallurgical characteristics, which are
intrinsic to each ore; the proportion of gangue; the technological capacity of the operation;
and the process costs. For instance, Pereira et al. [3] demonstrated the feasibility of the direct
flotation of hematite using a biosurfactant and were able to achieve up to 44% grade and
65% recovery, with a reduced environmental footprint. However, reverse cationic flotation
remains by far the most widely used flotation route both in laboratories and industry,
owing to the higher selectivity and process rate performance than direct flotation [2,6].

A flotation system involves three phases, namely, an aqueous solution, gas bubbles,
and solid particles. Flotation performance is controlled by the interaction of these phases
at their interfaces as well as the complex relationship between various flotation reagents
and the different processes operating conditions governing hydrodynamics [7,8]. Flotation
performance, in terms of particle recovery and its rates, varies over time and differs for
each mineral and operating condition. Any changes to one of the working variables can
significantly impact flotation performance [9,10]. In a flotation system, the variation in
process performance for different mineral components can be studied by the flotation
kinetics, which provide the degree of variability in the process rates and the mineral
recoveries over time [11]. The foundation of flotation kinetics was first introduced in
1935 by Zúñiga [12], who showed that mineral recovery is an exponential function of
time (Equation (1)):

dP
dt

= −kP, (1)

where P is the number of mineral particles in the flotation cell at time t, and k (referred to
as the rate constant) is the speed at which particles float, considered to be the engineering
measure of floatability. The minus sign indicates the removal of the floatable particles
with time.

Based on this chemical-reaction-kinetics-type analogy, several flotation kinetics models
have since been developed to account for the flotation process response [13]. Due the lack of
agreement among researchers on a single, ideal kinetic model capable of fitting all flotation
operations [13,14], four commonly successful models were selected and tested in this study
(Table 1), namely, the Classical, Kelsall, discretized rectangular (Klimpel), and Gamma
models [14]. The description of these models is presented in Section 2.2.

Table 1. Description of the flotation kinetics models tested in this study.

Designation Equation Kinetic Parameters

Classical Model [13] R = R∞

(
1 − e−kt

)
(2) R∞ and k

Kelsall Model [15] R = θ
(

1 − e−kst
)
+ (1 − θ)

(
1 − e−k f t

)
(3) θ, ks and kf

Klimpel Model [16] R = R∞

[
1 − 1

kt

(
1 − e−kt

)]
(4) R∞ and k

Gamma Model [14] R = R∞

[
1 − 1

(1+k0t)α

]
(5) R∞ and k = αk0

Entrainment in a flotation process is the mechanism by which, independently from
hydrophobicity, mineral particles are unselectively transported from the pulp zone to the
flotation froth zone and then to the concentrate by water hydrodynamics processes [17–23].
Entrainment decreases the value of quartz recovery in the case of reverse iron flotation
due to fine iron minerals transporting to the froth product, while it decreases the grade of
iron in the case of direct iron ore flotation due to fine silicate minerals transporting to the
concentrate. Thus, water recovery and its kinetics have also been studied and assumed
herein in order to represent the floatable gangue [24]. Single mineral flotation studies have
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revolutionized flotation science by enabling the determination of each single mineral’s
intrinsic behavior, which is key to the optimization of iron ore beneficiation. For instance,
Braga et al. [2] studied changes in the kinetics of the reverse flotation of iron ore and
unraveled a competing degree of adsorption of amine collectors on quartz and hematite,
which they ascribed to the differences in the flotation kinetics observed for different size
fractions. However, water kinetics were not considered in their study, which could account
for the vector of fine hematite (74 to 212 µm) observed during coarse quartz flotation (212
to 600 µm). In addition, the effect of particle size on flotation performance has been well
established [25,26], and the relevant studies commonly involve iron ore flotation. The
significance of particle size and, to a limited extent, that of the solid concentration on
flotation performance was first reported by Trahar in 1981 [15], who examined both plant
survey data and associated batch flotation tests. Through that work, he demonstrated
that the recovery–size curves constitute an invaluable method for evaluating flotation
performance, since the minimum hydrophobicity of a mineral depends on its particle
size. The shape of recovery–size curves as well as their evolution with time are valuable
diagnostics for assessing flotation data. More recently, Safari et al. [27] showed that the
decrease in the solid concentration does not affect quartz recovery but leads to a significantly
reduced loss in fine hematite during reverse pneumatic flotation. However, so far, little
research has emphasized the combined impact of the size range and solid concentration on
flotation performance in terms of kinetics and entrainment.

In this study, the flotation kinetics of quartz and hematite single mineral systems
were studied for a range of particle sizes at different solid concentrations in order to
understand their respective flotation behaviors and implications for entrainment during
iron ore flotation. In addition, kinetic and entrainment models and entrainment evaluation
methods were tested.

2. Materials and Methods
2.1. Experimental Procedure

Quartz (from Fontainebleau, France) and hematite (from Brazil purchased through
Minerama) were used for this investigation. Their ball-milled products in four typical
flotation size fractions (−38, +38–75, +75–150, and +150–300 µm) were prepared and used.
Ceramic ball mill was used to grind quartz while the combination of jaw crusher, gyratory
crusher, roll mill, and iron ball mill were used to crush and grind hematite. Following
a previously reported procedure, 37% hydrochloric acid and 30% NaOH were used to
clean quartz [28].

A 2 L laboratory mechanical flotation cell was used for flotation experiments. Flotation
experiments were conducted on the four size fractions of quartz at 5 and 10 vol% and
hematite at 2.5 and 5 vol% solid concentrations. The solid concentrations of hematite and
quartz were selected based on observations of particle behavior under different solid
concentrations in the mechanical flotation cell to assure adequate particle dispersion.
Experiments were conducted at pH 10, while the pH was adjusted by using 0.1 M KOH
aqueous solution and is the common pH value for reverse flotation of iron oxide [29,30].
A 200 g/t of dodecylamine acetate (DDA) aqueous solution was added as a collector. A
0.1 M DDA stock solution was first prepared by mixing 1.89 g of 98% purity dodecyamine
(i.e., 0.1 M in 100 mL), 10 mL of 1 M acetic acid, and 20 mL of demineralized water, and
then massing the mixture up to 100 mL with demineralized water; a small portion of this
stock solution was then added to the 2 L flotation cell in order to yield 200 g/t. A 10 g/t of
MIBC (methylisobutyl carbinol) was added as a frother. Upon the initiation of air injection,
froth was collected at 0.5, 1, 2, 4, and 8 min, and the cumulative flotation recovery was then
calculated. All experiments were performed two times, and their average values were used
in this study.
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2.2. Flotation Kinetics Models

Based on an analogy to a chemical reaction, in the kinetics of flotation process, the
reactants are assumed to be the air bubbles and mineral particles, and the product is the
bubble–particle aggregate. Ever since flotation kinetics was first introduced (Equation (1)),
efforts have been made to provide a better description of the flotation process by incorpo-
rating several factors affecting the flotation performance. A more general expression of
Equation (1) is given in Equation (6) [31], where the rate constant k can implicitly include
additional parameters:

dP(t)
dt

= −k(t)Pn(t)Bm(t), (6)

where P, k, B, and t denote the particle concentration, the distributed rate constant, the
concentration of bubbles, and flotation time, respectively. The exponents n and m represent
the order of the process. It is widely acknowledged that the first order flotation kinetics
models (n = 1) explain most of flotation processes, assuming that the number of bubbles
in the flotation cell remains constant [32]. Integrating Equation (6) into P and introducing
R = (P0 − P)/P0—where R and P0 denote the particle recovery fraction and the initial
particle concentration—produces the relation in Equation (2). R∞ represents the equilibrium
recovery, also called maximum recovery or ultimate recovery, which can be achieved in
the case of prolonged flotation (t = ∞). This equation represents the classical flotation
kinetics model.

Despite continuous improvement, no single model can explain all flotation processes,
and different models are always compared to find the best fit. In this study, owing to their
widespread success in several studies, four models were tested (Table 1). In particular, the
Kelsall model is used to separate fast- and slow-floating fractions and aids the interpretation
of entrainment. In order to limit overfitting, which is responsible for reduced predictability
in most modeling studies [13], only models with a maximum of three parameters are
considered in this study, since only five data pairs were collected during each flotation test.
For instance, the modified Kelsall model can be implemented with up to six parameters,
which very often leads to models being over-fitted to the experimental data [2].

The classical and Kelsall models are discrete models, and the others are distributed
models, but discretized forms of the latter are used herein with the intent of facilitating
comparison. In particular, the Kelsall model, also called the floatability component model
(FCM), has an advantage of separating slow-(θ) and fast (1 − θ)-floating fractions and their
associated rate constants (ks and kf), and can be used to relate water and particle flotation
kinetics [24], and it also allows for entrainment to be studied.

The flotation kinetics rate constants (k) and equilibrium recoveries (R∞) were computed
using non-linear regression with constrained optimization using the optimization toolbox in
MATLAB [33]. For this tool, the equilibrium recovery of experimental data is constrained to
match the lower bound of the modeled equilibrium recovery of the considered model. The
best model fit was estimated by minimizing the root-mean-square errors (RMSE) between
experimental and modeled data [31], as well as the non-linear correlation coefficient (r).
Interpreting kinetic parameters (R∞ and k) separately can be misleading because a change
applied to one operating condition in a laboratory operation can significantly affect this
parameter but not the other. For instance, modifying gas flow rate may lead to significant
change in the mass recovery rate from flotation, without any effect on the equilibrium
recovery. Likewise, the equilibrium recovery can be significantly impacted by a change
in the collector dosage, but not the rate constant, thus maintaining the required flotation
time [34]. In this study, R and k are first calculated separately but interpreted together.

2.3. Entrainment

The non-selective mass transfer of fine particles to the froth zone by water hydrody-
namics, rather than true flotation, is referred to as entrainment. Therefore, the total recovery
includes two components: true flotation and flotation by mechanical and hydraulic en-
trainment [35]. In this study, any physical entrapment/carrier flotation is not considered
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separately and is assumed to be part of the overall entrainment. Recovery by true flotation
is related to particles’ hydrophobicity and its efficiency is known to be size-dependent,
among other factors. Hydrophobic particles exhibit strong floatability in the intermediate
size range (typically 20–100 µm) [36] and lower floatability at finer (<20 µm) and coarser
particle size ranges (>100 µm) due to low bubble–particle collision probability and low
attachment stability, respectively [27]. Entrainment in iron ore flotation can be estimated
based on water recovery and residence time [37]. Although the entrainment can be limited
by the experimental set-up design [38], the recovery by entrainment is usually proportional
to the percentage of fine particles present in the slurry and flotation time but decreases
with particle density [39]. The latter aspect plays a critical role in this study due to the
density difference between quartz (2.65 g/cm3) and hematite (5.3 g/cm3). The main factors
influencing entrainment include water recovery, particle size, solid concentration, froth
structure, froth residence time, and mineral density [22,40,41]. However, none of the exist-
ing methods and models consider all these factors simultaneously, hence the necessity of
testing different methods/models to find a good approximation.

It is widely recognized that there is a strong relationship between water recovery and
the recovery by entrainment. This correlation is close to linear above a minimum degree of
water recovery [19,42,43] and parabolic for lower water recovery [44]. On the other hand,
the degree of entrainment increases with the decrease in particle size. The size below which
the degree of entrainment (generally below 50 µm) becomes significant depends on froth
properties [41]. Thus, this study focused on the two finest particle size fractions, namely,
−38 µm and +38–75 µm, which were considered fine particle size fractions in previous and
similar studies (e.g., [45]).

Wang et al. [20] published a critical review of existing entrainment models as well as
the methods for measuring and calculating the degree of entrainment and the recovery by
entrainment. Among these models/methods, some were selected (Table 2) and tested in this
study. The choice of the tested models was based on the availability of data on parameters
involved in the model, as well as their frequency of use in the literature. Furthermore,
polynomial fitting was also compared to linear fitting in our discussion. In the Warren
model [19], Rm, Tm, Wwater, and Rg denote the total recovery of hydrophobic particles, the
recovery of hydrophobic particles by true flotation, water recovery, and gangue recovery,
respectively. The factors em and eg are the entrainment factors of the valuable and gangue
minerals in the considered system. However, because we are only considering the case of
single mineral flotation, only em was used in this study. In Maachar and Dobby’s model [43],
Re, Rw, ∆ρ, and di, denote the recovery of entrained particles, water recovery, difference in
density of the mineral and water, and particle size, respectively. In the Ross method (cited
by [41]), P, Cw, W, and Cp, are the cumulative mass of entrained particles (g), cumulative
mass of recovered water (g), water concentration in pulp (g/L), and particle concentration
in pulp (g/L), respectively. As to the Rahal [40] model, a and b are the model parameters,
with a = 0.2 and b varying between 1.27 and 1.41. Finally, in the Ross and Van Deventer
model [20], ENT is the degree of entrainment of the ith size fraction, di (m) is the particle
diameter, and ρ (g/cm3) is the density of particles. However, the last model was developed
for column flotation; thus, its application to cell flotation in this work was approached
with caution.

Table 2. Entrainment methods and models selected and tested in this study.

Designation Equation

Warren [19] Rm = Tm + em.Wwater, (7) and
Rg = eg.Wwater (8),

Maachar and Dobby [43] Re = Rw.
(
e−0.0325∆ρ

)
.(e−0.063di ) (9)

Ross [41] ENT = PCw
WCp

(10)
Rahal et al. [40] Re = aRb

w (11)
Ross and Van Deventer [20] ENT = 1 − 0.429[log(di) − 1].[ρ − 1] (12)
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3. Results and Discussion
3.1. Effect of Particle Size and Solid Concentration

Figure 1 presents the cumulative recoveries over time, for both quartz and hematite
flotation systems, corresponding to all size fractions and solid concentrations. Overall,
in the quartz flotation system, a higher solid concentration (10 vol.%) and lower particle
size ranges exhibit higher cumulative recoveries (96.82–99.19%) along with higher water
cumulative recoveries (23.80–31.28) over time (Figure 1a,b). At a lower solid concentration
(5 vol.%), those values are in the ranges of 96–97.51% for quartz cumulative recoveries
and 15.06–21.88% for water recovery. In the hematite flotation system, on the other hand,
over time, higher hematite recoveries (73.10–96.25%), together with lower water cumu-
lative recoveries (27.27–51.10%), are exhibited at a lower solid concentration (2.5 vol.%)
(Figure 1c,d). In contrast, at a higher solid concentration (5 vol.%), hematite cumulative
recoveries drop (56.30–94.89%), whereas water cumulative recoveries appear to increase
(33.84–58.10%).
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The results regarding the higher water recoveries at fine particle sizes in all situations
were expected since fine particle recoveries are known to correlate well with water recov-
ery [19]. However, in the hematite system, water recovery reaches a maximum of almost
60% at the finest particle size fraction (−38 µm) at the higher solid concentration (5 vol.%)
compared to only 30% in the case of quartz at 10 vol.% for the same size range. This
suggests that, in a direct hematite flotation, a great quantity of water would be recovered
by the hematite concentrate, along with a higher amount of entrained gangue (quartz),
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but in reverse flotation, less water would be recovered by quartz concentrate; therefore,
there would be decreased hematite loss by entrainment. These observations supported
reverse flotation, targeting silicate minerals, as the best flotation route applicable to iron
ore beneficiation over direct flotation, which targets hematite. This was further supported
by our result showing higher quartz recovery at the higher solid concentration (10 vol.%),
reaching over 99% against a maximum of only 96% hematite recovery at the lower solid
concentration (2.5 vol.%). In short, a high solid concentration is associated with higher
quartz recovery and can reduce hematite loss during reverse flotation.

Figure 2 summarizes the experimental recoveries per size fraction, at different times,
from 0.5 to 8 min. The overall analysis of Figure 2a,b shows that the curves of mineral
recovery by size tend to display a concave shape at the early times of flotation (0 to 1 min),
especially in the quartz system (Figure 2a). This shape is quickly altered after 1 min,
which can be explained by the increasing fine particle recoveries due to entrainment as the
flotation time increases. This tends to lead to an inverse linear relation between mineral
particle recovery and particle size, especially in the case of hematite (Figure 2b). A concave
relationship is generally recognized between mineral recovery and particle size (e.g., [15]).
In this study, this typical trend was also observed, where, in the case of quartz, it was
always (0.5 to 8 min) observed for the lower solid concentrations (5 vol.%) (Figure 2a, solid
lines). The degree of water recovery under the same conditions (quartz at 5 vol.%, shown
in Figure 2c with solid lines) shows curves that are all rather linear and nearly horizontal,
with only a slightly low negative slope. This means that significant entrainment does not
occur, whatever the size fraction.
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Figure 2. Recovery by size at different times. (a) Quartz recovery, (b) hematite recovery, (c) water
recovery in quartz system, (d) water recovery in hematite system. Dashed lines represent 10 vol.%
and 5 vol.% solid concentrations in the quartz and hematite systems, respectively, whereas solid lines
depict 5 vol.% and 2.5 vol.% concentrations in both systems.
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For quartz at 10 vol.% (Figure 2a, dashed lines), the concave relationship disappears
after 1 min of flotation. Beyond one minute, the cumulative recovery of fine particles
increases more quickly than coarse particles, reaching a total value of 99.18% of the −38 µm
fraction—which can be compared to 96.82% of the +150–300 µm fraction—at 8 min of
flotation, and the curve becomes close to inverse-linear in nature. Concerning water
recovery under the same conditions (quartz at 10 vol.%, Figure 2c, dashed lines), a concave
shape was observed at up to 1 to 2 min. Beyond 2 min, there is high entrainment of the
fine size fractions, and the curve becomes obviously inverse-linear. At 8 min of flotation, a
total water recovery of 31.22% in the −38 µm system is achieved, which can be compared
to 23.80% in the flotation of the +150–300 µm quartz.

The difference in behaviors between quartz and hematite at different size ranges can
be attributed in part to the particle densities as well as the solid concentration. Indeed,
the density of particles in the flotation cell plays a crucial role in particle–bubble collision.
As demonstrated by numerical simulations [46], higher particle density can increase or
decrease the efficiency of particle–bubble encounters, depending on the region in the
flotation cell.

The solid concentration, on the other hand, is known to increase particle–bubble
encounter efficiency, which may lead to better recoveries such as that for quartz in this
study but can negatively impact collision frequency due to the increased viscosity of the
pulp [36,47]. The increase in viscosity, especially at fine particle sizes, is caused by an
increase in interaction forces between particles, explaining the poor flotation performance
observed for the finer particles and higher solid concentrations in the case of quartz in this
study. It is important to note, especially over a long flotation period (over 2 min) and at
higher solid concentrations, that mineral recovery tracks water recovery in general, which
suggests a high contribution of entrainment to mineral recovery, as discussed above. This
behavior is even more noticeable in the case of hematite (Figure 2b,d). High entrainment
can be a major contributing factor to the breaking of the classical concave relationship
expected between recovery and particle size.

The comparison of quartz and hematite (Figure 2a–d) indicates a strong detach-
ment of hematite at coarser particle sizes, which is exacerbated at a higher solid con-
centration (5 vol.%). This is because hematite’s density is almost double that of quartz
(5.3 vs. 2.65 g/cm3), making it heavier and readily detachable [22]. Moreover, the collector
used in this study, DDA, is of a cationic nature: at pH 10, which was used in the present
study, the surface charge of quartz (Figure 3a) is far more negative than hematite [48–51],
entailing much stronger collector adsorption on quartz mineral surfaces by electrostatic
interaction; therefore, quartz is less susceptible to detachment than hematite, which is also
heavier. This entails greater quartz recovery than hematite, as observed in this study and
in the literature (Figure 3b), with everything else remaining equal. Overall, both the quartz
and hematite systems, at finer fractions and lower solid concentrations, show increased
water recovery. The exception to this is in the quartz flotation system, which exhibited up
to 1 min of flotation (Figure 2c, dashed lines). This has implications for entrainment, for
which the results are discussed further in the Section 3.3 of this paper.
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3.2. Kinetic Modeling
3.2.1. Equation Fitting

Figure 4 presents the values of the root-mean-square errors (RMSE) calculated between
the experimental data and the four models tested in this study in order to estimate their
fitness. For both quartz and hematite, the discretized Gamma distribution is in the best
agreement with the experimental data as it shows the minimum RMSE, whereas the
Classical model shows the poorest agreement (Figure 4). In a few instances, however, the
result obtained with the Kelsal model displays a better fit to the data than the Gamma
model. Due to small increases in the RMSE for the Gamma model (e.g., Figure 4c), it was
necessary to test more than one fitting method. Therefore, model fitting was also conducted
using the non-linear regression coefficient and the results (see supporting data, Figure A1)
still indicate that the Gamma model best fit the experimental data, followed by the Kelsal
model. However, the Classical model is superior to the Klimpel model, for which the latter
shows the poorest fit when tested by the non-linear regression coefficient. It is important to
note that the slight increases in the fitting errors of the Gamma model that appear using
the RMSE are no longer present with r (Figure A1).

Remarkably, there is no evidence of any single tested model consistently showing good
agreement for both fine and coarse particles. This, on the other hand, suggests that both
fine and coarse particles can be modelled by the same kinetic model, despite displaying
significant differences with respect to recoveries over time. The same is true for the solid
concentration, which shows inverse behaviors of the models between quartz and hematite.

Figure 5 gives two examples of the different fitting of the models. As can be seen,
almost all these models yield an acceptable fit with the experimental data, although the
Gamma model is the most robust. Therefore, the derived kinetic parameters can be used to
model the flotation process.
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Figure 4. RMSE as a result of model fitting for the different methods in all experiments. (a) Quartz
flotation recovery at 5 vol.%, (b) water recovery in quartz flotation at 5 vol.%, (c) quartz flotation
recovery at 10 vol.%, (d) water recovery in quartz flotation at 10 vol.%, (e) hematite flotation recovery
at 2.5 vol.%, (f) water recovery in hematite flotation at 2.5 vol.%, (g) hematite flotation recovery at
5 vol.%, (h) water recovery in hematite flotation at 5 vol.%.
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3.2.2. Kinetic Parameters

Figure 6 summarizes the relationship between the kinetics parameters (R∞ and k)
of the Gamma model. For the convenience of presentation, particle size fractions are
represented by a single value of the geometrical mean size, with the lower limit of the finest
fraction taken at −20 µm. The rate constants are also presented as relative rate constants
(k/kmax) to allow for interpretation between different flotation systems. The experiments
show that R∞ and k are size-, solid concentration-, and mineral type- (density and surface
chemistry) dependent (Figure 6a,b). At lower solid concentrations (5 vol.% in the quartz
system and 2.5 vol.% in the hematite system), quartz exhibits higher rate constants than
hematite. Quartz exhibits overall higher R∞ (equilibrium recovery) than hematite, and
the latter shows better overall rate constants than quartz. As to the influence of size, at
finer size fractions, quartz has better kinetics and recoveries for lower solid concentrations,
and in the middle size ranges, better performance appears at higher solid concentrations.
Hematite, on the other hand, presents better kinetics at a higher solid concentration in the
middle-particle-size fraction. For the lower solid concentration, hematite exhibits better
kinetics in the coarser particle size fractions. As for equilibrium recovery, overall, hematite
is better recovered at a lower solid concentration, but the recovery steadily decreases
towards higher particle size fractions. The differences observed in the behaviors of quartz
and hematite are mainly due to their differences in densities, with hematite being almost
two times heavier than quartz (5.3 vs. 2.65 g/cm3), but also their interactions with flotation
reagents and with other particles in the pulp.

Water kinetics, herein considered proportional to the floatable gangue, are also size,
pulp, and density dependent. The water kinetics in the quartz system are better (i.e., less
relative rate constant) at a higher solid concentration, which is opposite to the behavior of
the mineral itself (i.e., exhibiting a higher relative rate constant at a higher solid concen-
tration in general). This is not the case for hematite, which exhibits overall better water
kinetics (i.e., a lower relative rate constant) at lower solid concentrations. Water recovery
in the hematite mineral system is better than in the quartz system and exhibits a steady
decrease with an increasing particle size. This is understandable because, at lower particle
sizes, there is much greater entrainment of fine particles, whose movement involves more
water pull. Essentially, equilibrium recovery (R∞) and rate constants (k) are better in the
middle to higher particle size fractions of quartz, whereas in the case of hematite, better
kinetics are exhibited at lower to middle particle size fractions.
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3.3. Entrainment

Water recovery is plotted for different particle size fractions both in the quartz
and hematite systems (Figure 7) in order to visualize the influence of kinetics on en-
trainment [18–20]. The linear equations and associated coefficients of determination
(R2) for the respective linear correlations between minerals and water recoveries are
presented in Table 3.
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Metals 2023, 13, 53 13 of 21

Table 3. Summary of linear correlation between water recovery and particle recovery. Rw, Rq, and Rh
are the respective recoveries of water, quartz, and hematite.

System Solid Conc.
(vol.%) Size (µm) R2 y = mx + b

Quartz

5

+150–300 0.9183 Rw = 0.6314 Rq − 47.534
+75–150 0.8662 Rw = 0.842 Rq − 67.828
+38–75 0.9219 Rw = 1.0437 Rq − 85.198
−38 0.9036 Rw = 1.1696 Rq − 94.71

10

+150–300 0.9711 Rw = 0.2792 Rq − 3.9576
+75–150 0.9833 Rw = 0.4059 Rq − 13.157
+38–75 0.9286 Rw = 0.501 Rq − 21.845
−38 0.9448 Rw = 0.547 Rq − 25.049

Hematite

2.5

+150–300 0.9868 Rw = 2.4663 Rh − 154.82
+75–150 0.9059 Rw = 3.5921 Rh − 246.32
+38–75 0.9361 Rw = 0.9065 Rh − 35.401
−38 0.9557 Rw = 1.6056 Rh − 105.36

5

+150–300 0.9867 Rw = 2.7244 Rh − 118.55
+75–150 0.9751 Rw = 4.3682 Rh − 263.67
+38–75 0.8808 Rw = 2.631 Rh − 160.07
−38 0.9779 Rw = 1.7583 Rh − 109.48

Figure 7 shows an inverse relationship between solid concentration and particle size
with respect to the amount of water recovered by the concentrate. This anticorrelation is
more clearly visible in the case of hematite due to its higher density compared to quartz.
In both the quartz and hematite flotation systems, at lower solid concentrations, the
experimental data show a break in the linear trend (change in slope) (e.g., Figure 7a).
Therefore, most of the water recovery to the froth occurs and accelerates as mineral recovery
approaches its equilibrium recovery. The trend of higher water recovery at higher solid
concentrations is consistent with previous studies which showed that diluting the solid
concentration reduces water recovery [10]. Although this trend may seem counter-intuitive,
it is explained by the fact that water transport is done by the air bubbles. The dilution
of the flotation feed (i.e., low solid concentration) means that the feed rate of water rises.
However, if there is no change in the bubbling rate, then the rate of water carried to the
concentrate remains unchanged, at least to a first approximation [10]. Water recovery is the
ratio of water content in the concentrate compared to its content in the feed. If the former
remains unchanged while the latter increases, then water recovery decreases.

Despite the break in the linear trends, the overall individual linear equations of water
recovery vs. particle recovery (y = mx + b) show some remarkable trends (Table 3), which
are similar to those found in the literature (e.g., [53]). In almost all situations, the coefficients
of determination (R2) are higher in the hematite system than in the quartz system for the
same particle size fractions. This translates into the break (change in slope) expressed in
Figure 7a, which is more pronounced in the case of quartz than hematite. This suggests that
in the reverse flotation of iron ore, refraining from achieving equilibrium recovery could
help limit entrainment, but not necessarily in the case of direct flotation. The better linearity
observed for hematite was also observed for other heavy minerals in previous studies,
such as pyrite [54] and cassiterite [19]. Thus, the findings obtained in this study could
extend to other flotation systems including light (e.g., silicate minerals) and heavy minerals
(e.g., hematite, cassiterite). In the quartz system, the slopes (m values) of different lines
consistently increase as the particle size fractions decrease, with the highest values matching
the lowest particle size (−38 µm), whereas this is the contrary trend exhibited concerning
the y-intercept values (b values). This is expected since the water recovery relative to
entrainment is known to correlate well with the recovery of fine particles (e.g., [19,20,41]).
Remarkably, in the quartz system, the higher values of m and lower values of b are exhibited
with the lower solid concentration (5 vol.%). According to Warren et al. [19], smaller b
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values translate into lower water recovery, meaning that higher water recoveries, and,
therefore, higher entrainment, are observed at rather higher solid concentrations (here, at
10 vol.% in the quartz system). This observation is consistent with previous studies that
showed that increasing the solid concentration has an effect on pulp rheology, leading to
an increase in recovery by entrainment [36,47]. In the hematite system, although there is no
consistent trend, higher values of m and lower values of b are seen in the higher particle
size fractions, and this trend is not in accordance with the quartz system. The values of m
are, on average, slightly higher at the higher solid concentrations, and this further confirms
the increased entrainment due to an adverse effect of the high solid concentration on the
pulp rheology. The reason for this could be the differences in both the particles’ density
and their respective surface chemistries, for which the latter govern their ability to interact
with the DDA collector [47,55,56].

The slow-floating fractions and rates are reasonable indicators of mineral entrainment
in flotation. The more the slow-floating particles (θ, Kelsall model) in a system and the
higher their associated flotation kinetics rate constant (ks), the higher the entrainment [57].
Analysis of fast- and slow-floating fractions is also used in this study to characterize
entrainment. The Kelsall kinetics model [15], as presented in Table 1, can be analyzed to
gain further insight into the correlation between flotation kinetics and entrainment. For this
purpose, the finest particle size fraction studied (−38 µm) is used (Figure 8) for illustration.
At this size fraction, the slow-floating fraction θ for hematite (5 vol.% solid concentration),
ks, and kf (Table 1) have respective values of 0.15, 0.18, and 5.09. Therefore, the fast and
slow recoveries of hematite are given in Equations (13) and (14) below:

R f = 0.85
(

1 − e−5.09t
)

(13)

Rs = 0.15
(

1 − e−0.18t
)
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Figure 8. Illustration of fast- and slow-floating components in both the quartz and hematite systems
(−38 µm fraction). (a) Quartz recovery, (b) hematite recovery, (c) water recovery from Quartz flotation,
and (d) water recovery from hematite flotation.
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At first glance at Figure 8, a difference appears between both the mineral particles and
associated water recoveries both at high and low solid concentrations. On the one hand, the
total mineral particles’ recoveries tend to follow the same trend as the fast-floating particles,
whereas the total water recovery follows the general trend of slow water fraction recovery.
On the other hand, the fast-floating mineral particles show better performance at lower
pulp densities, while the slow-floating particles perform better at higher pulp densities.
The opposite is obviously true for water kinetics in both systems for the fast-floating water
fraction. The slow-floating water fraction features a peculiar behavior though, with linear
and diverging curves over an extended duration of the flotation process. The conclusion
from these observations is that after fast recovery (true flotation) is over, the slow recoveries
and kinetics are mainly driven by the slow-floating water fraction.

Results for the Warren entrainment method are presented in Figure 9a,b (dotted lines),
and corresponding linear regression equations fitting presented in Table 4. This method
consists of separating the degree of entrainment, the recovery by entrainment, and the
recovery by true flotation. As a traditionally used method, it can provide an initial insight
into the impact of entrainment. In total, five entrainment models were tested on the −38 µm
and +38–75 µm size fractions and results are presented in Table 5.
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Figure 9. Equation fitting for mineral recovery. (a) Warren model applied to quartz, (b) Warren
model applied to hematite, (c) polynomial fitting applied to quartz, and (d) Polynomial fitting
applied to hematite.
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Table 4. Linear and polynomial fitting of entrainment.

System Size Density
Warren Method Fitted Method

Linear Equation R2 Polynomial Equation R2

Q
ua

rt
z −38

5 y = 0.035x + 82.2 0.9036 y = −0.0001x2 + 0.1048x + 72.916 0.9903
10 y = 0.08x + 48.2 0.9448 y = −0.0002x2 + 0.2662x + 6.1867 0.9998

+38–75
5 y = 0.04x + 82.6 0.9219 y = −0.0001x2 + 0.1139x + 74.294 0.9973

10 y = 0.0848x + 47.0 0.9286 y = −0.0003x2 + 0.348x − 16.681 0.9541

H
em

at
it

e −38
2.5 y = 0.0279x + 66.8 0.9557 y = −5 × 10−5x2 + 0.1221x + 25.967 0.9989
5 y = 0.0256x + 62.8 0.9779 y = −1 × 10−7x3 + 0.0004x2 − 0.36x + 180 0.9965

+38–75
2.5 y = 0.0471x + 42.0 0.9361 y = −0.0001x2 + 0.2998x − 68.755 0.9998
5 y = 0.0159x + 62.7 0.8808 y = −4 × 10−7x3 + 0.001x2 − 0.79x + 284 0.9889

Table 5. Numerical values of the tested entrainment methods/models.

Method/Model System Solid Conc.
(vol.%)

Degree of Entrainment Recovery by
Entrainment (%)

Recovery by True
Flotation (%)

−38 µm +38–75
µm −38 µm +38–75 µm −38 µm +38–75 µm

Warren

Qz
5 0.035 0.040 16.90 16.72 82.21 82.61
10 0.080 0.085 53.93 51.46 48.25 47.04

Hm
2.5 0.028 0.047 30.37 48.98 66.83 42.02
5 0.026 0.015 32.27 17.50 62.85 62.77

Maachar
and Dobby

Qz
5 - - 6.090 0.585 - -
10 - - 8.689 0.859 - -

Hm
2.5 - - 13.09 1.468 - -
5 - - 14.88 1.621 - -

Ross

Qz
5 0.220 0.043 - - - -
10 0.312 0.331 - - - -

Hm
2.5 0.009 0.012 - - - -
5 0.013 0.007 - - - -

Rahal et al.

Qz
5 - - 15.50 8.363 - -
10 - - 25.59 15.810 - -

Hm
2.5 - - 29.56 26.91 - -
5 - - 34.79 31.54 - -

Ross and
Van

Deventer

Qz
5 0.795 0.487 - - - -
10 0.795 0.487 - - - -

Hm
2.5 0.479 −0.305 - - - -
5 0.479 −0.305 - - - -

Although the entrainment values deduced from the Warren model are used for com-
parison with other methods, this method does not seem to fit well with the experimental
data on the graph. The reason for this discrepancy may be because the model was devel-
oped for finer particles and may not be directly extended to all the size ranges considered
in the present work. Based on our results and this observation, we suggest that polynomial
equations (Figure 9c,d), which yield better determination coefficients (Table 4) for most of
the flotation experiments in both quartz and hematite flotation systems, are used instead.
However, this polynomial-fitting method builds from the Warren model, as the 2D plot still
represents particle recovery as a function of the mass of water recovered by the concentrate.

The modeling results presented in Table 5 are very similar for entrainment at the
−38 µm and +38–75 µm size fractions and not consistent with the fact that coarser fractions
are expected to yield lower entrainment [19–22]. In addition, none of the models make
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use of the solid concentration, which does not correspond to the discussion provided
above, wherein the solid concentration has been proven to play an important role in
flotation kinetics and entrainment. Of all tested methods/models, only the Ross and Van
Deventer model [20] does not capture any differences in the degree of entrainment as the
solid concentration of particles in the pulp varies. This model is consistent in terms of
the size fraction and particle density, with coarser size fractions (+38–75 µm) presenting
lower entrainment than fine size fractions (−38 µm) and heavy particles leading to lower
entrainment. The Ross and Van Deventer model also yields negative values for hematite
at coarser particle sizes, an understandable outcome since they make use of both density
and particle size, which are both—according to the model (Table 2)—anticorrelated with
entrainment. Regarding the degree of entrainment, only the Ross model mostly satisfied
the condition for higher solid concentrations to show higher entrainment (e.g., 0.220 at
5 vol.% quartz < 0.312 at 10 vol.% quartz) and higher particle density to display lower
entrainment—especially for the −38 µm size fraction (i.e., 0.220 at 5 vol.% quartz > 0.013
at 5 vol.% hematite). Regarding the recovery by entrainment, at the −38 µm size range,
the tested models (Warren, Maachar and Dobby, and Rahal et al.) show that a higher solid
concentration leads to higher values for the recovery by entrainment for the -38 µm size
range (e.g., 16.90% with 5 vol.% quartz < 53.93% with 10 vol.% quartz by Warren model;
30.37% with 2.5 vol.% hematite < 32.27% with 5 vol.% hematite by Warren model). This
agreed with the higher water recovery obtained with the higher solid concentration (i.e.,
10 vol.% for quartz, 5 vol.% for hematite), as shown in Figure 2a,b.

In short, entrainment, the non-selective recovery of fine particles, is mainly driven by
slow-floating water towards the equilibrium recovery. The methods and models describing
this phenomenon should integrate both the solid concentration and particle size, in addition
to previously considered parameters such as particle density.

4. Conclusions

This study investigated the impact of the size fraction and solid concentration on the
flotation kinetics and entrainment in quartz and hematite single-mineral flotation systems
under similar flotation-related operating conditions. Four commonly used flotation kinetics
models, as well as five selected entrainment methods/models, were tested.

In the quartz flotation system, the higher solid concentration and lower particle
size fractions exhibited better quartz flotation recovery along with higher water pull
over time. Superior hematite flotation recovery was found at lower solid concentrations.
However, in the hematite system, water recovery reached the maximum of almost 60%
in the finest particle size range (−38 µm) at a higher solid concentration (5 vol.%), which
can be compared to only 30% in the case of quartz at 10 vol.% at the same size fraction.
Thus, during direct hematite flotation, a vast quantity of water can be recovered along with
a high quantity of entrained gangue (quartz), but in reverse flotation, less water can be
pulled to quartz concentrate, resulting in less entrained hematite. Therefore, the use of
reverse iron ore flotation is recommended, and the targeting of silicate minerals constitutes
the best flotation route applicable to iron ore beneficiation as opposed to direct flotation,
which is aimed at hematite.

Kinetics modeling showed that the discretized Gamma distribution was achieved
the best agreement with the experimental data as it produced the minimum RMSE and
non-linear correlation coefficient, whereas the Classical and Klimpel models showed the
poorest agreement. The equilibrium recovery (R∞) and rate constants (k) of both quartz
and hematite were better in the middle-particle-size fractions. The water kinetics in the
quartz system were faster at higher solid concentrations, which contrasts with the behavior
of the quartz itself. This is not the case for hematite, which exhibits overall faster water
kinetics at lower solid concentrations.

An inverse relationship was observed between the amount of water recovered by the
concentrate and both the solid concentration and particle size. As the flotation time is
extended, the majority of the water recovery by the froth occurs and accelerates as mineral
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recovery nears its equilibrium recovery. Therefore, in the reverse flotation of iron ore,
refraining from achieving the equilibrium recovery could help limit entrainment, but not
necessarily in direct flotation. No entrainment model or method gave satisfactory results
in accordance with the flotation rates, but the Warren and Ross models approximated the
overall performance at the finest size fraction. However, replacing the Warren method by
polynomial distribution led to better fits in all the experiments. In addition to the solid
concentration, particle size and density are key to the development of new entrainment
models. The separation of fast from slow flotation showed that after fast recovery was
finished, the slow recoveries were mainly driven by the slow-floating water fraction. In
order to complement this study, flotation tests and modeling of the mixture of hematite
and quartz can be carried out and the results can be compared with the ones obtained from
the single-mineral flotation tests presented in this study.
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Figure A1. Model fitting using the non-linear regression coefficient: (a) quartz 5 vol.% (b) water in
quartz 5 vol.%, (c) quartz sample 10 vol.%, (d) water in quartz 10 vol.%, (e) hematite sample 2.5 vol.%,
(f) water in hematite 2.5 vol.%, (g) hematite sample 5 vol.%, and (h) water in hematite 5 vol.%.
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