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A B S T R A C T   

Many mechanical products including rolling/sliding parts are used with various lubricants and operating con-
ditions. Increasing the efficiency and reliability of products requires an essential understanding of the traction 
characteristics of the rolling/sliding parts. Many researchers have investigated the traction characteristics of 
rolling/sliding EHL contacts considering shear-thinning, thermal effects, and roller compliance. There are, 
however, only a few papers concerning the modeling of traction characteristics in the linear isothermal region at 
low slide-to-roll ratios. We propose a prediction formula for the dimensionless traction coefficient for EHL line 
contacts in the linear isothermal region. The formula was obtained by numerical simulations using a fully- 
coupled finite-element EHL line contact solver, and it is applicable for the piezoviscous rigid/elastic, and the 
isoviscous rigid/elastic regimes.   

1. Introduction 

Understanding the mechanisms involved in the lubrication of engi-
neering components is a key requirement when trying to increase the 
efficiency and reliability of products involving rolling/sliding parts. This 
includes reduction of friction, wear, and risk of seizure in the critical 
interfaces of the tribological system. For the rolling/sliding parts, the 
traction coefficient and elastohydrodynamic lubrication regimes, which 
are the linear isothermal, non-linear, plateau, and thermal regimes, with 
varying slide-to-roll ratio (SRR) are represented by the traction curve 
[1]. Traction curves can be obtained by experiments and numerical or 
analytical calculation results. The slope of the traction curve in the 
linear isothermal region is depending on several factors, involving 
lubricant properties and operating conditions. Hence, the development 
of computationally efficient calculation formulae, that can be used to 
predict the traction coefficient in the linear isothermal region under a 
wide range of operating conditions, require comprehensive traction data 
acquisition and analysis. 

Most research is focused on thermal effects in the PE and IE regions 
and high SRR. In [2], Shirzadegan et al. presented a semi-analytical 
numerical prediction method for circular EHL contacts up to SRR 1, 
and the results showed good agreement with the measurements, con-
ducted in a ball-on-disk machine. Later, Liu et al. [3], developed and 

employed a similar model as in [2], which showed good agreement with 
experimental results up to SRR= 1 by Björling et al. [4]. In [5], Shir-
zadegan et al. provided an extension of [6] applicable to finite line 
contacts and this work was continued by Habchi et al. in [7]. Chong et al. 
[8], Cheng et al. [9] investigated the effect of roughness on friction in 
EHL point contacts operating in the mixed lubrication regime in the PE 
region under pure sliding motion. Wei et al. [10] and Xiu-jiang et al. 
[11] developed a 3D mixed lubrication model for rolling point and line 
contacts operating in the piezoviscous elastic region (PE), in order to 
investigate friction and temperature development in gears. Orgeldinger 
et al. [12], investigated the friction losses for the time-dependent 
cam-follower in two-dimensional line contact in the isoviscous elastic 
(IE) region by using a numerical model. These investigations didn’t 
focus on an SRR low region. 

Jacod et al. [13,14] presented so-called “master curves” to predict 
the average friction coefficient for sliding smooth isothermal elliptical 
EHL contacts in the PE- and IE regions at wide range SRR. The master 
curves were obtained by numerical simulations incorporating the Eyr-
ing- and limiting shear stress fluid rheology models, based on multilevel 
techniques. This method is, however, limited to traction coefficient 
predictions at high load, hence the results do not cover the piezoviscous 
rigid (PR)- and isoviscous rigid (IR) regions. Habchi et al. [15,16], 
developed a fully-coupled finite elements-based solver for circular EHL 
contacts. This kind of model has been used in many investigations since 

* Corresponding author at: Division of Machine Elements, Luleå University of Technology, Luleå SE-971 87, Sweden. 
E-mail address: yuko.higashitani@associated.ltu.se (Y. Higashitani).  

Contents lists available at ScienceDirect 

Tribology International 

journal homepage: www.elsevier.com/locate/triboint 

https://doi.org/10.1016/j.triboint.2023.108216 
Received 15 November 2022; Received in revised form 25 December 2022; Accepted 3 January 2023   

mailto:yuko.higashitani@associated.ltu.se
www.sciencedirect.com/science/journal/0301679X
https://www.elsevier.com/locate/triboint
https://doi.org/10.1016/j.triboint.2023.108216
https://doi.org/10.1016/j.triboint.2023.108216
https://doi.org/10.1016/j.triboint.2023.108216
http://crossmark.crossref.org/dialog/?doi=10.1016/j.triboint.2023.108216&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Tribology International 180 (2023) 108216

2

then. One example can be found in [1], where an attempt to give a 
quantitative identification of the four most commonly encountered 
traction regimes by utilizing dimensionless numbers were presented, 
other examples are [17–24]. 

Biboulet and Houpert [25], investigated the rolling resistance in line 
contacts and proposed a curve-fitted formula for the moment around the 
roller center, applicable to starved contacts in the isoviscous rigid- (IR) 
and IE- regions. Their study addresses the pure rolling contact, i.e., 
where the SRR= 0, and the results do not cover the PE- and the PR re-
gions. This calculation model used a pressure term to calculate the 
Hydrodynamic rolling force and moments. This calculation model can 
be used to clarify the load balance of the rolling components, and the 
rolling resistance at pure rolling, but cannot be used to calculate traction 
in rolling/sliding conditions. Bair et al. [26], presented a successful 
prediction of the viscous traction curve in the linear (Newtonian) region 
at low SRR, at low and moderately high pressures, by using a combi-
nation of molecular dynamics simulations and traction measurements. 
The oil film thickness within the PE region was calculated by using 
Dowson and Hamrock’s approximate expression. The shear stress term 
was used to calculate the traction coefficient. More recently, Bair et al. 
[27], investigated traction for dry and lubricated contacts operating at 
low SRR within the PE region. The measurement results were compared 
with Kalker’s creepage theory. The measured dry and lubricated traction 
coefficients were very similar in these conditions but different from the 
viscous traction calculations. This investigation, limited to the PE re-
gion, shows that at low SRR and sufficiently high pressures condition, 
elastic roller compliance cannot be neglected when predicting the 
traction coefficient. Prajapati et al. [28] investigated the effect of surface 
topography on EHL friction under mixed lubrication conditions. This 
calculation model incorporates Moes’ approximate expression for cen-
tral film thickness in line contact by using only the shear term of the 

Reynolds equation, and the results are validated against experiments at 
rolling speeds within the range of 0.01 – 1.26 m/s at an SRR of 0.05. To 
the authors’ knowledge, a prediction formula for the traction coefficient, 
covering a wide range of the conditions within the Johnson chart [29], 
for EHL contacts operating under low SRR, has, however, not yet been 
presented. 

In previous works, the traction coefficient for rolling contacts, 
operating in the isothermal linear region with sliding present, is typi-
cally modeled as shear-stress induced, sometimes using creepage theory. 
This is also the case in the present work, in which we propose a pre-
diction formula for the dimensionless traction coefficient slope in the 
linear isothermal region, where the slide-to-roll ratio (SRR) is low, up to 
about 0.01. In this case, the impact of thermal effects and the shear- 
thinning behavior of the lubricating fluid is expected to be negligible 
and they are, therefore, not considered in the present analysis. The 
prediction formula is a curve fit, based on the results obtained using a 
fully-coupled finite element approach for the EHL line contact assuming 
isothermal conditions [22]. Finally, to improve the applicability, we 
combined our prediction formula with Bair’s approximate expression for 
the traction coefficient for dry sliding, including the effect of roller 
compliance [27]. The proposed formula can be used to obtain an ac-
curate prediction of the traction coefficient for EHL line contacts oper-
ating in the isothermal linear region, under low SRR (close to pure 
rolling), including the transition regions between PE, IE, PR, and IR. As 
such, the proposed curve-fit formula gives virtually immediate pre-
dictions and may, therefore, be incorporated in multi-body dynamics 
calculations of a system involving one or several EHL line contacts. 

2. Calculation model 

In this section, the theoretical foundation of the fully-coupled finite 

Nomenclature 

a Hertzian radius (m). 
b′ Inlet distance (m). 
ci Elements of the stiffness matrix, i = 1, 2,3 (-). 
D Dimensionless traction coefficient slope. 
D̃ Prediction value of the dimensionless traction slope. 
D̃i,j Asymptotic plane (dimensionless). 
D0

i,j Reference point’s dimensionless traction slope D 
(dimensionless). 

E′ Reduced elastic modulus (Pa), 2/E′ = (1 − ν2
1)/E1 + (1 −

ν2
2)/E2. 

Ei,νi Young’s modulus (Pa) and Poisson ratio (-) of body i. 
Eeq,veq Equivalent Young’s modulus (Nm− 2) and Poisson ratio (-). 
Eeq Dimensionless equivalent Young’s modulus. 
Enorm Average error. 
Emax Maximum error. 
h Oil film thickness (m). 
f Traction force f (N). 
F Dimensionless traction force F. 
Geq Equivalent shear modulus (Pa), 2/Geq = 1/G1 + 1/G2. 
H Dimensionless representation using a multiple of inlet 

distance b′. 
h00 Rigid body separation (m). 
H00 Rigid body separation dimensionless representation. 
L,M Moes’ dimensionless parameters. 

h̃
Moes
min (M,L) Moes’ approximate expression of dimensionless 

minimum oil film thickness. 
p,P Pressure (Pa), and its dimensionless representation  = p/p′

h 

(-). 
p′

h Hertzian contact pressure modified by inlet distance b′

(Pa). 
p0 Roelands’ reference pressure of the pressure-viscosity 

relationship. 
p0 p0/ph

′ (-). 
pr Dowson and Higginson’s reference pressure of the 

pressure-density relationship. 
pr pr/ph

′(-). 
R′ Reduced radius of curvature (m). 
Sf Inlet distance, fully flooded inlet distance (m). 
U1,U2 Velocity of surface (m/s). 
Ue Mean entrainment velocity (m/s). 
u,v Displacement in the x- and y-direction (m). 
u,v Dimensionless displacement in the x- and y-direction. 
v∂Ω,v∂Ω Total displacement in the y-direction, and its 

dimensionless representation. 
w Load applied per unit width (N/m). 
X,Y Dimensionless space coordinates. 
x,y Space coordinates (m). 
α Pressure-viscosity coefficient (Pa− 1). 
α Dimensionless pressure-viscosity coefficient. 
η0 Lubricant’s viscosity at zero pressure (Pa s). 
η Dimensionless lubricant’s viscosity, = η/η0 (-). 
ρ0 Lubricant’s density at zero pressure (kg/m3). 
ρ Dimensionless lubricant’s density, = ρ/ρ0 (-). 
σn Normal stress (Pa). 
σt Tangential stress (Pa). 
τ Shear stress [N]. 
τ Dimensionless shear stress.  
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element approach, in which the Reynolds equation and the equations 
governing linear elasticity are solved simultaneously, is presented. The 
governing equations are presented first, and thereafter they are trans-
formed into dimensionless form based on a set of reference parameters 
that ensure fully-flooded conditions to calculate the dimensionless 
traction coefficient slope D over a wide range of conditions. When D is 
known, the traction coefficient can be calculated as D× Σ, where Σ 
denotes the SRR. In this work, we are using the following definition of 
the SRR Σ, given by, 

Σ =
U1 − U2

Ue
,Ue =

U1 + U2

2
, (1)  

where U1, U2, Ue, are the velocities of the surfaces and the mean 
entrainment speed, respectively. 

2.1. Governing equations 

For line contacts, the Reynolds equation governing stationary flow is 
given by: 

d
dx

(
ρh3

12η
dp
dx

)

= Ue
d(ρh)

dx
+ θinxb < x < xo, (2)  

where ρ is the oil density, η the oil viscosity, h the oil film thickness, p the 
oil film pressure, and θ is a penalty term, see [19]. The computational 
domain is defined by [xb,xo], where xb is the lubricant inlet location and 
xo is specified to ensure that it is larger than the point where the film 
ruptures and cavitation occur. The fluid-structure interaction in the EHL 
contact is manifested by the appearance of the total vertical displace-
ment v∂Ω of the boundaries of the deforming solids’ ∂Ω, in the oil film 
thickness equation, i.e. 

h = h00 +
x2

2R′
− v∂Ω, (3)  

where h00 and R′ is a measure of rigid body separation and reduced 
radius of curvature, respectively. This parameter is determined via force 
balance in the y-direction, i.e. 
∫ xo

xb

p(x)dx − w = 0, (4)  

where w is the applied load per unit width. For a schematic illustration 
of the EHL line contact using present nomenclature, see Fig. 1. 

The system of equations governing the mechanics of the linear elastic 
body is 

−
∂
∂x

(

c1
∂u
∂x

+ c2
∂v
∂y

)

−
∂
∂y

(

c3

(
∂u
∂y

+
∂v
∂x

))

= 0,

−
∂
∂x

(

c3

(
∂u
∂y

+
∂v
∂x

))

−
∂
∂y

(

c2
∂u
∂x

+ c1
∂v
∂y

)

= 0, (5)  

where u and v are the displacements in the x- and y-direction, respec-

tively, and ci, i = 1, 2,3, are the equivalent components of the stiffness 
matrix given by 

c1 =

(
1 − νeq

)
Eeq

(1 + νeq)(1 − 2νeq)
, c2 =

νeqEeq

(1 + νeq)(1 − 2νeq)
, c3 =

Eeq

2(1 + νeq)
, (6)  

where Eeq and νeq are the equivalent Young’s modulus and the equiva-
lent Poisson’s ratio of the contacting bodies, respectively. These are 
defined as in [30], i.e., 

Eeq =
E2

1E2(1 + ν2)
2
+ E2

2E1(1 + ν1)
2

(E1(1 + ν2) + E2(1 + ν1) )
2 , (7)  

veq =
E1ν2(1 + ν2) + E2ν1(1 + ν1)

E1(1 + ν2) + E2(1 + ν1)
. (8) 

As an approximate equation of the pressure-viscosity relationship, 
Roelands’ equation is used. This equation can be expressed as, 

η(p) = η0exp

(
αp0

z

[

− 1+
(

1 +
p
p0

)Z
])

, (9)  

αp0

z
= ln(η0)+ 9.67, (10)  

where p0 = 1.9608 × 108 Pa and α is the Pressure-viscosity coefficient. 
To describe the density’s variation with pressure, Dowson and Higgin-
son’s relationship is adopted here. That is, 

ρ(p) = ρ0
pr + 1.34p

pr + p
. (11)  

where pr = 5.9 × 108 Pa and ρ0 is lubricant’s density at zero pressure. 
This value for pr and the value 1.34 for the asymptote at infinite pressure 
are used to enable comparison with frequently available results, but it 
should be noticed that a much closer fit may be obtained by fitting to 
experimental data for a specific lubricant, see e.g. [31]. The EHL line 
contact numerical calculation model employed in this paper in-
corporates Roeland’s viscosity-pressure relationship and Dowson and 
Higginson’s density-pressure relationship, and it has been verified 
against available results [22]. At high load conditions, the oil pressure 
distribution has fluctuations. This instability can be avoided with the 
Galerkin least-squares finite element method (GLS). For details, the 
reader is referred to [32]. 

The expression for the total friction force, Ff , can be formulated as 

Ff = Fτ +Fr, (12)  

where Fτ is the traction force and Fr is the rolling friction force which can 
be calculated as 

Fτ = −

∫ x0

xb

η U2 − U1

h(x)
dx, (13a)  

Fr = −

∫ x0

xb

h(x)
2

∂p
∂x

dx, (13b)  

respectively. Since the objective of the present paper is to obtain a 
prediction formula for the traction coefficient slope, which is related to 
the SRR, we are only interested in the former of the two terms in (12), i. 
e., Fτ, given by (13a). 

2.2. Dimensionless model 

A non-dimensional model for numerical calculation with which nu-
merical starvation can be avoided is adopted here. This is realized by the 
introduction of a parameter b′ , which defines an inlet length that ensures 
that numerical starvation does not occur [22]. More precisely, in order 
to ensure fully-flooded conditions, the computational domain for the 

Fig. 1. Schematic illustration of the EHL line contact model, where R′, h(x), U1, 
U2 are the reduced radius of curvature, oil film thickness, and velocities of the 
surfaces, respectively. 
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EHL line contact model employed in the present analysis is normalized 
with the inlet distance b′

= a + Sf , instead of the Hertzian radius a. 
Moreover, since the minimum oil film thickness occurs at the center of 
the contact in the IR and PR regions, h0 in (14) was replaced by Moes’ 
approximate expression of the dimensionless minimum oil film thick-

ness, h̃
Moes
min (M,L), presented in [33], and thus: 

R′h0

a2 ≈
π
8

h̃
Moes
min (M,L)

M
. (14) 

Based on this, the formula for the inlet distance b′ is defined as 

b′

= a+ Sf ≈ a

(

1+ 3.52
(

π
8

h̃
Moes
min (M, L)

M

)2
3
)

. (15) 

The majority of the studies devoted to numerical calculations of EHL 
contacts are using a multiple of the Hertzian radius a to define the 
computational domain. The computational domain in the present 
approach is normalized by using b′ to define the inlet distance. b′ has 
been used as normalization in the numerical calculation (over a wide 
range of conditions), the calculation results presented are re-normalized 
with the Hertzian radius a to express a prediction formula by using λ and 
α, where λ and α are based on normalized by a, 

X =
x
a
,P =

p
ph
,H =

hR′

a2 , v =
vR′

a2 , u =
uR′

a2 ,Y =
y
a
,

H00 =
h00R′

a2 , ρ =
ρ
ρ0
, η =

η
η0
, α = αph, (16)  

where 

a =

̅̅̅̅̅̅̅̅̅̅
8R′ w
πE

√

, ph =
2w
πa

=

̅̅̅̅̅̅̅̅̅̅
wE′

2πR′

√

. (17) 

In this case, the dimensionless representation of the Reynolds 
equation becomes 

d
dX

(
ρH3

ηλ
dP
dX

)

=
d(ρH)

dX
+ θ, (18)  

where λ is given by 

λ =
12η0UeR′2

a′3ph
. (19) 

At the same time, the dimensionless film thickness equation becomes 

H = H00 +
X2

2
− v∂Ω, (20)  

where H00 is the dimensionless rigid-body displacement and v∂Ω the 
dimensionless total displacement of the solid’s upper surface in the 
vertical direction. 

The expression of the dimensionless shear stress τ is given by, 

τ =
R′

a
τ
ph

=
ηλΣ
12H

, (21)  

where R′τ is the torque and a′ph is the normal force on the contact. This 
equation is included in the moment balance of the contact. The 
dimensionless traction force Fτ and the global force balance condition W 
can be defined by, 

Fτ =

∫ 2.5

− 4.5
τdX, (22)  

W =

∫ 2.5

− 4.5
P(X)dX =

π
2
. (23) 

The dimensionless traction coefficient f can be expressed as 

f =
Fτ

W
R′

a
, (24)  

the dimensionless traction slope D, can be defined as 

D =
f
Σ
=

1
6π

ηλ
H
. (25) 

In dimensionless form, the system of equations for the elastic dis-
placements is given by, 

−
∂

∂X

(

c1
∂u
∂X

+ c2
∂v
∂Y

)

−
∂

∂Y

(

c3

(
∂u
∂Y

+
∂v
∂X

))

= 0,

−
∂

∂X

(

c3

(
∂u
∂Y

+
∂v
∂X

))

−
∂

∂Y

(

c2
∂u
∂X

+ c1
∂v
∂Y

)

= 0, (26)  

where c1, c2, and c3 are defined in Section 2.1. Notice that for the 
dimensionless representation (26), Eeq in (7) has been redefined and is 
now given by 

Eeq =
Eeq

ph

a
R′
. (27) 

In dimensionless form, Roelands’ equation can be defined as 

η(P) = exp
(

αP0

z

[

− 1+
(

1 +
P
P0

)z ])

, (28)  

z = ln(η0)+ 9.67, (29)  

where P0 = p0/ph. Notice that for the dimensionless representation (28), 
η(P) in (9) has been defined ph. The dimensionless Dowson and Hig-
ginson relationship can be expressed as 

ρ(P) = Pr + 1.34P
Pr + P

, (30)  

where Pr = pr/ph. Notice that for the dimensionless representation (30), 
ρ(P) in (11) has been defined as ph. 

In the case of a line contact, a 2D computational domain can be used 
for the linear elasticity equations, by assuming plane strain condition in 
the z-direction. The non-dimensional size with respect to b′ of the 
computational domain ΩD is taken as 60 × 60, based on the study by 
Habchi et al. [32], which revealed that this is sufficiently large to cap-
ture the stresses and displacements with adequate accuracy. A graphical 
illustration of ΩD and its boundary ∂ΩD = ∂ΩE ∪ ∂ΩW ∪ ∂ΩS ∪ ∂ΩN is 
given in Fig. 2, where ΩC⊂∂ΩN. 

The dimensionless computational domain ΩC for the EHL contact 
problem (where Reynolds’ Eq. (18) and the film thickness Eq. (20) are 
defined), which is part of the upper boundary of ΩD, is also depicted in 
Fig. 2. As illustrated in the insert to the right, the EHL contact spans the 
inlet region − 4.5 < X < − 1.5, the central region − 1.5 < X < 1.5, and 
the outlet region 1.5 < X < 2.5. The same dimensionless domain was also 

Fig. 2. Graphical illustration of the computational domain ΩD for the elastic 
body, including the boundaries ∂ΩD = ∂ΩE ∪ ∂ΩW ∪ ∂ΩS ∪ ∂ΩN, where 
ΩC⊂∂ΩN. The latter represents the computational domain for the EHL 
line contact. 
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used by Hultqvist [19], but in contrast to the present work, where the 
inlet zone length b′ is used to transform the equations into dimensionless 
form in the numerical calculation (over a wide range of conditions), 
Hultqvist used the Hertzian radius a. As will be shown in the results 
section, using b′ as the length of the dimensionless computational 
domain renders a fully-flooded condition in the inlet region, thus nu-
merical starvation is effectively avoided. 

Each boundary condition is defined by 
⎧
⎨

⎩

σn = − Pandσt = 0, onΩC
σn = 0, σt = 0, on∂ΩD\ΩC

U = V = 0, on∂ΩS

⎫
⎬

⎭
(31)  

where σn and σt are the normal- and tangential stress, respectively. 

3. Results and discussions 

In this study, prediction formulas, D̃, for the dimensionless traction 
slope, D, were derived by using a curve fit constructed on a set of 
asymptotic planes based on using reference points, similar to what Moes 
did in [34]. Section 3.1 presents the numerical calculation results for the 
dimensionless traction slope D, and the prediction formula, D̃, which can 
be used to approximate D, is presented in Section 3.2. 

3.1. Dimensionless traction coefficient slope 

The results for the dimensionless traction coefficient slope D pre-
sented in this subsection, are calculated with the fully-coupled finite 
element approach presented in Section 2. The calculations were ob-
tained for a wide range of operating conditions, here represented by two 
dimensionless parameters 9.25 × 10− 5 < λ < 3.70 × 102 and 1.26×

10− 1 < α < 2.15 × 101, covering the chart that Johnson presented in 
[18]. Fig. 3 depicts the numerical calculation results and the division 
into 5 regions used to derivate the prediction formula. 

In the left of Fig. 3, the lubrication regions PR, IR, IE, PE, and the 
contour of the dimensionless traction coefficient slope D are shown. The 
horizontal axis shows the dimensionless parameters λ and the vertical 
axis shows the dimensionless parameters α, and these are based on the 
derivation presented in Section 2.2. In the IR region, the contour traction 

coefficient D is vertical along the λ axis at the same pitch and the 
gradient of the contour traction coefficient slope D is almost constant. In 
the IE region, the contour traction coefficient D shows the same gradient 
at a lower α and different gradients at higher α. In the PR and PE region, 
the contour of the dimensionless traction coefficient slope D appears 
curved at any position, besides the steepness contour line. Ohnoa et al. 
[35], at α > 10, this region’s EHL film shearing behavior is viscoelastic, 
and this is not considered in the present model. Hence, in the region 
where α > 10, our calculation results of the dimensionless traction co-
efficient D should be used with precaution. 

The right part of Fig. 3 shows that the numerical calculation was 
conducted for a discrete set of (λ,α), within the range 9.25 × 10− 5 < λ <

3.70 × 102 and 1.26× 10− 1 < α < 2.15 × 101, but, only converged 
calculation conditions are shown by the colored dots. The dashed lines 
in the figure represent the boundaries of the regions. Note that, a pre-
diction formula for the dimensionless traction slope, exhibiting accept-
able accuracy could not be obtained for the above (λ, α) representing 
L ≥ 10, i.e., in the region above the corresponding diagonal dash-dotted 
line. 

3.2. A prediction formula of the dimensionless traction slope D 

The curve fit for the dimensionless traction slope D is constructed 
based on asymptotic planes. First, a prediction formula D̃ is defined as 

(D̃i)
e
=
(
D̃i,1
)a

+
(
D̃i,2
)b

+
(
D̃i,3
)c
+
(
D̃i,4
)d
, (32)  

where the D̃i,1, D̃i,2, D̃i,3, and D̃i,4 are the asymptotic planes of the 
dimensionless traction slope D constructed based on the reference points 
(λ,α), depicted in Fig. 4, and the subscript i indicates the region number. 
For each reference point, Pi,j, the asymptotic plane surface was defined 
by the value of the dimensionless traction slope, D′0

i,1, and two gradients 
Aλ and Bα along λ and α axis, respectively. A table including the nu-
merical values for the fitting parameters, i.e., D′0

i,1, Aλ and Bα, and the 
exponents a-e, can be found in the appendix, and the procedure for 
obtaining them is given below. 

Fig. 4 shows that below L = 10, the asymptotic planes of each of the 
five regions were created by using reference points, Pi,j, where j 

Fig. 3. Calculation results and divided regions for prediction formulae. Left: Contours of the dimensionless traction coefficient slope D in each lubrication region. 
Right: The calculation points, in each one of the five regions, are indicated with colored dots, with dashed lines for the boundaries between the regions. The dash- 
dotted boundary lines are for values of (λ, α) representing L = 0.22 and L = 10. 

Y. Higashitani et al.                                                                                                                                                                                                                            



Tribology International 180 (2023) 108216

6

corresponds to the location of the reference point within region i. 
Initially, two reference points were taken on a line orthogonal to the 
contours, like P2,1, and P2,2. Consequently, one or two reference points 
are added to reduce the approximation errors, where the large error 
appeared, like P2,3. Finally, either 3 or 4 reference points, Pi,j, are chosen 
for each one of the regions. 

In the case of D̃i,1, an asymptotic plane can be defined by 

D̃i,1 = D′0
i,1λAλ αBα , (33)  

D′0
i,1 = D0

i,1

(
λi,1, αi,1

)
(

1
λi,1

)Aλ
(

1
αi,1

)Bα

, (34)  

where D0
i,1, Aλ, and Bα are the reference point’s dimensionless traction 

slope D, the slope along λ and α, respectively. The coefficients Aλ, and Bα 
can be defined by 

Aλ =
∂log10D0

i,1

∂log10λi,1
,Bα =

∂log10D0
i,1

∂log10αi,1
. (35) 

The asymptotic planes for the prediction formulas D̃i,2, D̃i,3, and D̃i,4 

are constructed in the same way. For each region, the numerical values 
of the relative errors between the prediction formula D̃ and the nu-
merical calculation result D, are defined as 

Enorm =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N

∑N

k

(

1 −
D̃k

Dk

)2
√
√
√
√ ,Emax =

(

1 −
D̃k

Dk

)

, (36)  

where N is the total number of calculation points, are given in Table 1. 
We note that the (relative) error Enorm is smaller than 10% over the 
whole range of λ and α, considered herein. 

It is also worth noting that, roller compliance may have an impact on 
the traction behavior at low SRR and sufficiently high-pressure condi-
tions. If the predicted dimensionless traction coefficient slope D exceeds 
the slope of roller compliance Geq/ph, that slope should be limited to a 
smaller value, where Geq is the equivalent shear modulus. In [27], an 
approximate formula of the dry traction coefficient fdry based on Kalker’s 
creep theory was presented. That is 

fdry = mdryΣdry, (37)  

where mdry is an approximation of the dry traction coefficient slope due 
to roller compliance, for low SRR and high pressures conditions, given 
by 

mdry ≈
Geq

ph
. (38) 

According to the authors of [27], the SRR may be obtained from 
traction measurements during dry and lubricated conditions. Moreover, 
it was approximated as the sum of a viscous Σvisc and a dry contribution 
Σdry. Hence, an estimate of the traction coefficient f can be obtained by 
solving the following equation, 

Σ = Σvisc +Σdry =
fvisc

mvisc
+

fdry

mdry
=

f
m
, (39)  

where, mvisc is the viscous traction coefficient slope and m = Da/R′. 
In the present paper, the dimensionless traction coefficient f is 

defined based on Eqs. (24) and (25), i.e., 

f =
DdryDvisc

Ddry + Dvisc
Σ = DΣ =

Fτ

W
R′

a
. (40)  

If 

Dvisc≪Ddry = mdry
R′

a
=

Geq

ph

R′

a
= 2
(
1 − νeq

)
(

R′

a

)2

, (41)  

then Dvisc ≈ D, and we can use the prediction formula (32), for the 

Fig. 4. The reference points, Pi,j, in each one of the five the regions i = 1…5 are 
indicated by the black dots. 

Table 1 
The coefficients for the prediction formulas D̃i,1, D̃i,2, D̃i,3, and D̃i,4, and relative 
error between the prediction formula D̃ and the dimensionless traction coeffi-
cient slope D (see Appendix for the detailed value).   

#1 #2 #3 #4 #5 

Pi,1 D′0
i,1 5.02×

10− 1 
5.01×

10− 1 
6.30×

10− 1 
1.43×

10− 4 
2.88×

10− 1 

Aλ 3.98×

10− 1 
4.93×

10− 1 
3.83×

10− 1 
3.51×

10− 1 
2.83×

10− 1 

Bα 1.07×

10− 1 
4.06×

10− 2 
4.67×

10− 1 
6.21 1.50 

Pi,2 D′0
i,2 5.06×

10− 1 
4.66×

10− 1 
5.34×

10− 1 
4.69×

10− 9 
6.56×

10− 1 

Aλ 4.52×

10− 1 
4.97×

10− 1 
3.54×

10− 1 
2.89×

10− 1 
3.53×

10− 1 

Bα 4.90×

10− 2 
2.95×

10− 3 
7.07×

10− 1 
9.88 3.39×

10− 1 

Pi,3 D′0
i,3 6.42×

10− 1 
5.37×

10− 1 
2.49×

10− 1 
8.19×

10− 6 
1.06×

10− 1 

Aλ 3.79×

10− 1 
3.97×

10− 1 
3.21×

10− 1 
8.87×

10− 1 
6.78×

10− 2 

Bα 7.38×

10− 1 
1.53×

10− 1 
1.75 1.04× 101 2.26 

Pi,4 D′0
i,4 

– – 5.03×

10− 1 
– – 

Aλ – – 4.86×

10− 1 
– – 

Bα – – 2.29×

10− 2 
– – 

Pi,1 a 5.07 1.33× 102 2.07× 101 7.11× 101 1.75× 101 

Pi,2 b 5.96 1.34× 102 2.09× 101 7.69× 101 2.57× 101 

Pi,3 c 5.07 1.32× 102 2.18× 101 2.79× 101 2.40× 101 

Pi,4 d – – 2.16× 101 – – 
e 5.05 1.34× 102 2.15× 101 7.70× 101 2.49× 101 

Enorm 1.15×

10− 2 
1.27×

10− 2 
6.30×

10− 2 
9.09×

10− 2 
6.04×

10− 2 

Emax 2.16×

10− 2 
3.85×

10− 2 
1.63×

10− 1 
2.23×

10− 1 
1.41×

10− 1  
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dimensionless traction coefficient slope D̃, to estimate the viscous 
dimensionless traction coefficient, i.e, fvisc ≈ D̃Σ. On the other hand, if 
Ddry≪Dvisc then fdry ≈ mdryΣR′

/a. 

Summing up, the prediction formula (32) for D̃ proposed in this 
paper, can be used to calculate an approximative value of the traction 
coefficient at low SRR in the isothermal linear region. 

The reference points Pi,j of the asymptotic planes for each of the re-
gions, where i indicates the region and j reference point location within 
the region, are depicted in Fig. 4. 

3.3. Validation 

In an attempt to validate the results predicted with the present curve- 
fit formula of the dimensionless traction slope D, a comparison between 
the measurement data obtained by Stejskal and Cameron [36] was 
conducted. The measurements were obtained using a ball-on-disk 
apparatus, and the test conditions as well as the measurement data are 
shown in Fig. 5. For low SRR, a traction coefficient slope f/Σ of 1.00 ×

10− 1 could be obtained from the measurement data (see Fig. 5). 

R′

=
a
4

Eeq

ph
, (42) 

To enable a comparison between the present results and the mea-
surement data, the reduced radius of curvature representing the circular 
point contact of the ball-on-disk contact was used also for the line 
contact. More precisely, the reduced radius of curvature. 

was calculated using a = 1.93 × 10− 4 m, Eeq = 1.19 × 1011 Pa, and 
ph = 5.73 × 108 Pa. 

The viscosity of squalene, η0 = 1.54 × 10− 2 Pa s at ambient pressure 
and 40℃, and the pressure-viscosity coefficient α = 1.37 × 10− 8 Pa− 1 

was calculated by using η data for pressure in the range of 1.00 × 105 ≤

p ≤ 4.67 × 108 Pa at 40℃, see Table 1 in [26] for details. From the lu-
bricant’s properties and test conditions in [36], (λ,α) can be calculated 
(2.54× 10− 3,7.81), and this point belongs to Region #4 (Fig. 4). Hence, 
the dimensionless traction coefficient slope D can be calculated with the 
prediction formula (32), using the Region #4 coefficients found in 
Table 1. This gives a value of 5.33, for the dimensionless traction slope 
D, which in this case corresponds to a traction coefficient slope f/Σ of 
1.03× 10− 1, obtained from (39). Thus, the relative error between the 
prediction, i.e., 1.03× 10− 1, and the value 1.00× 10− 1, obtained based 
on the measurement data for the traction coefficient slope f/Σ, is less 
than 3% (2.61%). Although the measurement data corresponds to a 

circular contact and the present curve-fit formula is for line contact, the 
rather small difference underpins the credibility of using it to predict the 
traction slope, for EHL line contacts operating in the isothermal linear 
region, under low SRR (close to pure rolling). 

4. Concluding remarks 

In this paper, we present a prediction formula for the dimensionless 
traction coefficient slope, for EHL line contacts operating in the linear 
isothermal region, over a wide range of conditions covered in the 
Johnson chart [29]. The prediction formula was derived by curve fitting, 
and the region of interest was divided into 5 subregions, in order to 
improve the accuracy. In this way, the prediction formula is defined 
using the asymptotic planes D̃i,1, D̃i,2, D̃i,3, and D̃i,4 as in (32), viz. 

D̃ =
((

D̃i,1
)a

+
(
D̃i,2
)b

+
(
D̃i,3
)c

+
(
D̃i,4
)d
)1

e
,

proved to be able to predict the traction coefficient slope D with a 
relative error smaller than 10%. 

In Regions #1, #2, and #4, it was sufficient with 3 asymptotic planes 
to obtain a relative error below 10%. Region #3 did, however, require 4 
asymptotic planes to capture the variation in the dimensionless traction 
coefficient slope D with the requested accuracy. The region of interest 
was initially divided into 4 regions, but because of the high variability of 
D in the southeast part of Region #4, and in the northeast part of Region 
#3, Region #5 with 3 additional asymptotic planes was introduced to 
obtain a prediction formula, for the dimensionless traction coefficient 
slope D̃, with the desired accuracy. 

Under operating conditions represented by α > 10, the film shearing 
behavior is viscoelastic. Thus, obtaining an applicable prediction for-
mula requires a numerical calculation model incorporating a non- 
Newtonian fluid rheology model, e.g., the Eyring model or the Car-
reau model. This was not included in the present model, but it is subject 
to future research. 
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