
LICENTIATE T H E S I S

Department of Computer Science, Electrical and Space Engineering
Division of Signals and Systems

Design, Analysis and Prototyping of 

Spectrally Precoded OFDM
ISSN 1402-1757

ISBN 978-91-7583-680-5 (print)
ISBN 978-91-7583-681-2 (pdf)

Luleå University of Technology 2016

M
edhat M

oham
ad   D

esign, A
nalysis and Prototyping of Spectrally Precoded O

FD
M

 
Medhat Mohamad

Signal Processing 



 



Design, Analysis and Prototyping of
Spectrally Precoded OFDM

Medhat Mohamad

Department of Computer Science, Electrical and Space Engineering
Lule̊a University of Technology

Lule̊a, Sweden

Supervisors:

Professor Jaap van de Beek
Dr. Rickard Nilsson



Printed by Luleå University of Technology, Graphic Production 2016

ISSN 1402-1757  
ISBN 978-91-7583-680-5 (print)
ISBN 978-91-7583-681-2 (pdf)

Luleå 2016

www.ltu.se



To Master Mohammad for being great,
to Mom, Dad and my brothers for being amazing,

and to hope for always being with me.

iii



iv



Abstract

Despite shifting towards mm-wave bands, the sub 6-GHz band will continue to be a fun-
damental spectral band in 5G. Yet, the severe crowdedness of this band makes a well
constrained spectrum one of the critical 5G requirements. A well constrained spectrum
means that the communications regimes should dwell politely within their dedicated
spectral bands and not interfere with other systems working on neighboring bands. Con-
sequently, communications community seeks convenient modulation schemes.

Accordingly, high Out Of Band (OOB) emission phenomenon in Orthogonal Fre-
quency Division Multiplexing (OFDM) is unfavorable for some regimes operating in 5G.
Therefore, to legitimize OFDM with all 5G regimes, we need to suppress OFDM OOB
emission.

Since the discontinuous nature of the OFDM signal is the main reason for the high
OOB emission, one solution is to render the discontinuous OFDM signal continuous.
Two factors control this discontinuity: the physical shape of the modulated signal and
the correlation property of the data symbols that modulate the OFDM signal.

While most of the traditional approaches focus on reshaping the OFDM signal to
render it continuous, in this work we give our attention to the spectral precoding ap-
proaches. These approaches manipulate the correlation property of the data symbols to
control the high OOB emission in OFDM.

On the other hand, tweaking the correlation property of the modulating data symbols
will violate their orthogonality. This violation will yield in-band interference within the
OFDM signal which would degrade the bit error performance of the received data.

The thesis explains the spectral precoding techniques from conceptual and mathemat-
ical point of view. We discuss the OOB emission suppression capability of the precoding
techniques and study their drawbacks and limitations. We provide analytical trade off
study between precoding approaches and classical OFDM treatment approaches at the
level of OOB emission suppression and in-band interference. We show that the in-band
interference in precoding techniques is independent on the communications channel be-
havior contrary to that of classical techniques. Moreover, we define the optimal precoder
that minimizes the in-band interference. Consequently, we design a novel practical pre-
coder that approaches the performance of the optimal precoder. Furthermore, we analyze
the complexity of the precoding approaches and study the implementation computational
requirements.

Finally, we test the real time performance of these precoding techniques using Software
Designed Radio (SDR) Universal Software Radio Peripherals (USRPs). We spotlight the
hardware limitations and show that despite these limitations, the spectral precoder is

v



able to suppress the OOB emissions by tens of decibels. We check the reliability of
spectral precoding in practical over air communications systems by setting up the first
spectral precoding proof of concept prototype. The prototype proves that precoded
OFDM systems cause less OOB interference on neighboring communications systems.
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Chapter 1

Introduction

“Surely, that’s We who give life and bring death, and
to Us is the final return.”

Quraan 50:43

1.1 Background

65 millions Americans use a mobile application that started as an April fools joke [1].
”Pokemon GO” is simply an augmented reality game that takes users out of their homes
onto the streets as they collect virtual Pokemons on their mobile phones. The user spots a
Pokemon throughout a virtual map around his geographical area, approaches the virtual
Pokemon and captures it using his mobile phone camera.

Such an application is one of thousands of applications that show the massive de-
mands relying on communications systems. The different features of such applications
requires consistency in the mobile data traffic wherever, whenever, and for whomever
while neglecting the requirements and limitations of communications systems.

Under these continuous demands, the communications society needs to continuously
search for approaches that fulfill those requirements. Reports show an annual growth of
mobile data traffic that can reach 50% [2, 3]. This means that mobile traffic will increase
7 times its current value by the end of 2020 (the deadline year to finalize 5G standards).

Strict limitations on the available spectral resources accompany this exponential
growth of mobile traffic. Figure 1.1 shows the United States’ frequency allocations.
The figure reveals that the current spectral band used nowadays is already crowded. The
mobile communications systems occupy small fragments of the used spectrum.

So, to surpass those limitations, the communications society has an option of moving
toward higher spectral millimeter wave (mm-wave) bands [4, 5, 6]. Those bands are very
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4 Introduction

Figure 1.1: United States frequency allocations. The sub-6 GHz band is very croweded while
wide Spectral band is dedicated for mobile communications in the mm-wave band.

less crowded and, therefore, grant new spectral resources that can be harvested. Figure
1.1 shows the mobile communications dedicated spectra in mm-wave bands. The figure
implies that the mobile communications in the mm-wave band have more resources than
has been used by every satellite, cellular, WiFi, AM Radio, FM Radio, and television
station in the world!

Yet, the communications society faces serious challenges while investigating the reli-
ability of the mm-wave spectrum. The physical characteristics of mm-wave channels are
more challenging than channels in sub-6 GHz bands, the currently used spectral bands.
The channel of the sub-6 GHz band, has been investigated and well known for decades.
Moreover, mm-wave transceivers are highly costly compared to the transceivers used
in sub-6 GHz band. The high cost is due to energy consumption and implementation
expenses. [7].

Thus, while we are shifting gradually and partially toward mm-waves spectral bands,
we still need to harvest the sub-6 GHz band more wisely and efficiently. For example, we

3 kHz 300 kHz

300 kHz 3 MHz

3MHz 30 MHz

30 MHz 300 MHz

300 MHz

 ± .075 GHz

30 GHz

FI
XE

D

30GHz 300 GHz

3 GHz

3 GHz

MOBILE36 to 40 GHz and         
55 to 75 GHz



1.2. OOB emission and multicarrier systems 5

can focus on exploiting the white spaces in TV bands. The white spaces TV bands are
empty, not used, fragments of the sub-6 GHz band [8, 9]. Moreover, we can opportunisti-
cally use the spectra of the systems while those systems are idle. We can do that through
cognitive radio strategies [10]. Hence, we need a reliable modulation scheme that fits the
cognitive radio requirements.

3GPP group-1 decided in their last meeting (August 2016) that cyclic prefix OFDM
(CP-OFDM) will continue to be the base waveform for 5G systems operating up to 40
GHz. OFDM shows powerful characteristics that make it favorable for communications
society. To mention some, OFDM only requires IFFT/FFT operations making it easy to
implement [11]. Orthogonality between the subcarriers combats the frequency selectivity
of the channel. This simplifies the complexity of equalization process at the receiver side.
Moreover, OFDM is reliable with Multi Input Multi Output (MIMO) technology [12].

Yet, the OFDM signal has some unfavorable characteristics that would limit its per-
formance with some 5G regimes, especially cognitive radio regimes. Spectral efficiency
of OFDM is one of those limitations. The OFDM signal is naturally discontinuous. The
subcarriers constituting OFDM symbols are rectangularly windowed sinusoids. Those
windowed sinusoids are orthogonal sinc functions in the frequency domain. Thus, the
spectrum of the discontinuous OFDM signal decays only as a factor of 1/f 2. This slow
decay makes OFDM possess high out of band (OOB) emission.

In their recent meeting 3GPP group also agreed that the OOB emission reduction
techniques will be transparent. This means that it is up to the vendor to choose the OOB
emission suppression methodology. The only requirement regarding the OOB suppression
techniques is that they stick with the suppression levels set by 5G standards. This is
crucial to limit the interference with communications systems that operate on neighboring
bands.

Under these considerations, the communications society is looking for suppression
techniques that force communications systems to reside tightly and politely in their
spectral bands. Therefore, communications systems should treat the OFDM signals to
assure as low OOB emission as possible.

1.2 OOB emission and multicarrier systems

Traditionally, communications systems treat high OOB emissions in OFDM by classical
low-pass filtering of the baseband OFDM signal. The system applies filtering in the time
domain after modulating the subcarriers [13]. Another traditional approach is to render
the OFDM signal smooth by multiplying it (in the time domain) with a pulse shaping
window [14, 15]. We illustrate these traditional approaches in Figure 1.2. The two
approaches deform the original shape of the OFDM signal to force it continuous. This
deformation appears in the form of Inter-Symbol Interference (ISI) and Inter-Carrier
Interference (ICI). We can avoid ISI and ICI by extending the length of the CP.

Naturally, the level of ISI and ICI will increase as the suppression of the OOB emission
level increases. The OOB emission suppression in 4G, where OFDM is also used, wasn’t
that critical compared to 5G where the spectral requirements may be more demanding,
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Figure 1.2: A scheme of a plain OFDM versus traditionally treated OFDM for the suppression
of OOB emission. s(t) is the OFDM signal.

therefore, with a relatively low OOB emission suppression in 4G, the ISI and ICI levels
that filtering and/or windowing introduce were manageable. Then, the OFDM system
mitigate the ISI and ICI by a relatively small extension of the CP length. But when it
comes to 5G, where the system needs to suppress the OOB emission as much as possible,
the ISI and the ICI levels are not manageable anymore. Therefore, to mitigate the ISI
and the ICI, the extended length of the CP becomes remarkable compared to the total
length of the OFDM symbol. This extension of the CP becomes a severe waste in the
spectral resources.

These limitations in classical OOB emission suppression approaches in OFDM per-
suaded a part of the communications society to look for multicarrier modulation schemes
other than OFDM. Figure 1.3 shows a schematic comparison between these different
multicarrier systems. These multicarrier systems include Filtered Bank MultiCarrier
(FBMC) [16], Universal Filtered MultiCCarrier (UFMC) [16], Generalized Frequency
Division Multiplexing (GFDM) [17] and filtered OFDM (f-OFDM)[18, 19].

All those approaches use subcarriers’ waveforms different than the rectangular si-
nusoids used in OFDM. The multicarrier system shapes the new waveforms through
filtering. Yet, filtering, as in classical OFDM, will either extend the length of the CP
and, therefore, cause extra loss of resources (like in GFDM [17], UFMC [16] and f-OFDM
[18]) or filtering will introduce extra ISI in systems where CP is not used (like in FBMC)
leading to a complex equalization process at the receiver side [16]. Furthermore, some of
these systems (FBMC for example) are not compatible with MIMO technology which is
a cornerstone in the coming 5G standards [16].

All the above mentioned disadvantages motivate us to give our attention back to the
OFDM system. Yet, classically treated OFDM scheme suffers from the drawbacks we
mentioned earlier. Thus, we need to look for other ways to treat the OFDM signals so
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Figure 1.3: Comparison between different multicarrier systems. Here, dk is the kth data symbol
modulating the kth subcarrier and s(t) is the multicarrier signal.

that we suppress their high OOB emission.

1.3 Spectrally precoded OFDM

The subcarrier’s waveform is not the only factor that controls OOB emission in the
OFDM system. The data symbols modulating those subcarriers also control the OOB
emission throughout their correlation property [20]. Therefore, we can suppress the OOB
emission by precoding the data symbols that modulate the subcarriers. After mapping
the bits into data symbols, we introduce a spectral precoder that precodes the original
data symbols [21, 22, 23, 24]. Thus, we carry the precoding in the frequency domain.
Consequently, the precoded data symbols modulate the subcarriers of the OFDM system
rather than the original data symbols. Figure 1.4 shows a schematic diagram of the
precoded OFDM system compared to a plain untreated OFDM system.

The literature defines various spectral precoding approaches. The approaches control
the OOB emission in OFDM by viewing the OFDM behavior from two different perspec-
tives. The first perspective views the OFDM signal in the time domain. Therefore, the
precoder, similar to traditional windowing or low-pass filtering techniques, attacks the
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Figure 1.4: Plain OFDM versus Precoded OFDM.

discontinuity of the OFDM signal [22, 23]. The second perspective directly views the
spectrum of the OFDM signal. The precoder in this case minimizes the side lobes of the
sinc subcarriers constituting the OFDM symbol.

Spectrally precoded OFDM reveals attractive features that give it advantage over
other multicarrier systems. The technique treats the data symbols rather than treating
the subcarriers. As a consequence, no filtering is required at all. Absence of filtering
means that the system doesn’t need to deal with the ISI and ICI induced from filtering
[25].

Moreover, the technique shows compatibility with MIMO systems. This feature
boosts its competitive capabilities compared with some other multicarrier systems (Specif-
ically FBMC and UFMC). In addition, precoding doesn’t have any drawbacks on the
dynamic range of the OFDM signal. Precoded OFDM has Peak to Average Power Ratio
(PAPR) similar to that of plain untreated OFDM. Another important feature for cog-
nitive systems is the adaptivity. The precoder can adjust instantly to meet the system
spectral requirements [20]. Furthermore, as we will see in the next chapter, precoding
can have a great support for opportunistic communications systems that work within
the spectral band of the OFDM system. Finally, we can design our precoder so that
the precoding excludes the training data symbols (the pilots). As a result, precoding,
contrary to the classical systems, can preserve pilot signals [26].

The attractive features of precoding come at a price. Essentially, the precoder, as we
will see in the next chapter, manipulates the correlation property between the original
data symbols. The original data symbols are orthogonal while the precoded data symbols
are not. The violation of orthogonality will appear in the form of in-band interference
[25].

Moreover, precoding will add up extra computational complexity to the original
OFDM system [27]. Yet, we comparatively argue that filtering of subcarriers in clas-
sical OFDM as well as other multicarrier systems will also increase the complexity of
implementation.

Finally, precoding performance is very sensitive to hardware impairments. Hardware
impairments can unavoidably bound the efficiency of spectral precoding approaches [28].
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Figure 1.5: Different multicarrier systems versus various approaches for well localized OFDM.

As a summary, Figure 1.5 shows an overview of the various multicarrier systems
including the different approaches used to well localize the OFDM spectrum.

1.4 Thesis outline

We divide the thesis into two parts. Part I includes three chapters. In chapter 1 we
give an introduction and motivation to our work. Chapter 2 discusses the theory behind
OOB emission in OFDM and how to mitigate it through spectral precoding. Finally, we
summarize our contribution in chapter 3.

Part II includes the scientific papers that constitute the backbone of our work. One of
the papers [28] gives an overview of spectral precoding in OFDM. The paper is submitted
to IEEE Vehicular Technology magazine.

The other three papers focus on the three drawbacks mentioned in the previous sec-
tion. The second paper [25] analyzes the in-band interference that results from the
spectral precoding. It provides a comparative study between the in-band interference
due to precoding and the in-band interference due to classical low-pass filtering. We
published the paper in proceedings of 21st European wireless conference 2015.

The third paper [27] introduces a novel approach that minimizes the in-band interfer-
ence due to spectral precoding. The paper was presented in the international conference
on communications: IEEEICC 2016. In this paper we discuss, also, the computational
complexity requirements of spectrally precoded OFDM.

Furthermore, we implemented the first proof of concept prototype of spectrally pre-
coded OFDM. We presented a demonstration regarding the prototype at the 11th EAI
International Conference on Cognitive Radio Oriented Wireless Networks (CROWNCOM
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2016).
We developed the results of the demonstration in a fourth paper [29]. The paper

studies the effects of the hardware impairments on spectral precoding. Moreover, we set
up an experiment to measure the OOB interference of the spectrally precoded OFDM
systems. We submitted the paper to the IEEE international symposium of Dynamic
Spectrum Access Networks: DYSPAN 2017.



Chapter 2

Approaches for Spectrally Well
Localized OFDM

2.1 Plain OFDM

In this chapter we discuss the theory behind OOB emission in OFDM and its suppression.
We overview the classical low-pass filtering approach for the suppression of the OOB
emission in OFDM. We focus, as well, on the spectral precoding techniques used to
conceal OFDM OOB emission.

We mathematically represent an OFDM signal as

s(t) =
+∞∑
i=−∞

si(t− i(T )). (2.1)

In (2.1), T = Ts + Tg, where Ts is the OFDM symbol duration and Tg is the guard time
interval [27],

si(t) =
∑
k∈K

dk,ie
−j2π k

Ts
tI(t), (2.2)

is the ith OFDM transmitted symbol, dk,i ∈ C is the data symbol modulating the kth sub-
carrier of the ith OFDM symbol, k ∈ K = {k0, k1, . . . , kK−1} and the indicator function
I(t) = 1 for −Tg ≤ t ≤ Ts and I(t) = 0 elsewhere.

As (2.2) shows, each OFDM subcarrier is a rectangularly windowed sinusoid in the
time domain. The OFDM symbol, si(t), is the sum of those subcarriers. Using the
Fourier transform operation, si(t) in the frequency domain becomes [30]

Si(f) = F{si(t)} = F
{∑

k∈K

dk,ie
−j2π k

Ts
tI(t)

}
=
∑
k∈K

dk,iF{e−j2π
k
Ts
tI(t)} =

∑
k∈K

dk,iak(f).

(2.3)

11



12 Approaches for Spectrally Well Localized OFDM

Tg

si(t)si−1(t)

Tg

Th

Figure 2.1: ISI of symbol si−1(t) on symbol si(t). The cyclic prefix of length Tg mitigates part of
the filter’s impulse response of length Th but the remaining part will interfere with the following
OFDM symbol.

From (2.3), we derive the spectrum of the plain OFDM signal, s(t) as

P (f) =
1

T
E{|Si(f)|22} =

1

T
E

{∣∣∣∣∑
k∈K

dk,iak(f)

∣∣∣∣2
2

}
(2.4)

In (2.3) and (2.4), ak(f) = Tsinc(πT (f − k
Ts

)) represents the kth subcarrier in the

frequency domain. ak(f) is a sinc function that decays only as a factor of 1/f 2. This
means that plain untreated OFDM system causes high OOB emission. A property that
we should treat so that we validate OFDM with all 5G regimes’ requirements.

2.2 Classical approach

The classical approach for the treatment of high OOB emission in OFDM is low-pass
filtering of the baseband OFDM signal

sf (t) = s(t) ∗ h(t), (2.5)

where ∗ is the convolution operator and h(t) is the impulse response of the low-pass filter
with duration Th. Equivalently, in a symbol-wise manner, the low-pass filtered ith OFDM
symbol becomes

sfi (t) = si(t) ∗ h(t). (2.6)

Therefore, the power spectral density of the classically low-pass filtered OFDM signal is

P f (f) = |H(f)|2P (f). (2.7)

Here, H(f) is the frequency response of the low-pass filter (the Fourier transform of the
impulse response of the filter) [31].

As we show in Figure 2, low-pass filtering will extend the length of the original OFDM
symbol. If we don’t mitigate the extension in the original symbol length, low-pass filtering
will cause ISI on the subsequent OFDM symbols as well as ICI on the subcarriers of the
current OFDM symbol [32].

To avoid those drawbacks of classical low-pass filtering, we can extend the length
of the CP. Extension of the CP length means extension in the guard time interval, Tg.
Consequently, the extension will provoke extra loss of spectral resources.
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2.3 Precoding approach

As low-pass filtering approach causes extra loss in spectral efficiency, we need to inves-
tigate other methods that control the OOB emission drawback. Spectral precoding is a
new technique that suppresses the OOB emission in OFDM systems.

While classical spectral treatment approaches focus on shaping the subcarriers, the
precoding approach focus on the data symbols modulating the subcarriers. For the sake
of suppressing the OOB emission, the spectral precoder precodes the kth original data
symbol, dk,i, into d̄k,i. Then d̄k,i modulates the kth subcarrier. Modulating the subcarriers
with the precoded data symbols guarantees the suppression of the OOB emission.

As a consequence of precoding, the ith precoded OFDM symbol becomes [27]

spi (t) =
∑
k∈K

d̄k,ie
−j2π k

Ts
tI(t), (2.8)

and in vector notation
spi (t) = pT (t)d̄i. (2.9)

In (2.9), p(t) , [e−j2π
k0
Ts
t, . . . , e−j2π

kK−1
Ts

t]T I(t) while d̄i , [d̄k0,i, d̄k1,i, . . . , d̄kK−1,i]
T is the

precoded data vector.
The original data vector, di , [dk0,i, dk1,i, . . . , dkK−1,i]

T , is precoded such that

d̄i = Gdi, (2.10)

where G is the precoding matrix. The question now is how to choose G.
The choice of G depends on the perspective of the precoder towards the OOB emis-

sion. Some precoders view the OOB emission directly in the frequency domain and, thus,
manage the OFDM spectrum to suppress the OOB emission. Other precoders view the
OOB emission in the time domain as a result of the discontinuity in the OFDM sig-
nal. Here, we focus on three main techniques: subcarriers’ weighting, frequency nulling
precoding, and N -continuous precoding.

2.3.1 Subcarriers’ weighting

This technique views the OOB emission from the frequency domain aspect. It weights
the data symbols modulating the subcarriers [ak0(f), ak1(f), . . . , akK−1

(f)] so that the side
lobes of each subcarrier are suppressed [21]. Figure 2.2 shows a scheme of the subcarrier
weighting principle. This technique chooses

G ,


gk0 0 . . . 0
0 gk1 . . . 0
...

...
. . .

...
0 0 . . . gkK−1

 (2.11)

as a diagonal matrix.
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. . . . .

di

. . . . .

G

dk0,i dk1,i dk2,i dkK−1,i

gk0
gk1

gk2 gkK−1

×
. . . . .

d̄i
d̄k0,i d̄k1,i d̄k2,i d̄kK−1,i

=

Figure 2.2: Subcarriers’ weighting. Each data symbol is multiplied by a weight so that the
modulated subcarriers’ side lobes decay faster than 1/f2.

The precoder minimizes the side lobes of the subcarriers at well chosen frequencies
[f0, f1, . . . , fM−1]. Therefore, if we define

A ,


ak0(f0) ak1(f0) . . . akK−1

(f0)
ak0(f1) ak1(f1) . . . akK−1

(f1)
...

...
. . .

...
ak0(fM−1) ak1(fM−1) . . . akK−1

(fM−1)

 (2.12)

as M ×K matrix then we get G by solving the optimization problem

g = argmin
ĝ
||Aĝ||2. (2.13)

g = diag(G) is the weighting array and ĝ is an estimate value of g to be minimized.
We constrain the entries of G to positive real values ranging between gmin < gk ≤ gmax

to assure that the weighted data symbols, d̄i, remain in the same constellation decision
region as the original data symbols, di.

The drawback of this precoding technique is, firstly, its limited performance where
it can suppress the OOB emission up to 10 dB only. Secondly, the precoder, G, is
dependent on the data vector, di. This means the system computes G online. Finally,
the constrained optimization problem is a nonlinear programming problem that doesn’t
have a closed form formula.

2.3.2 Frequency nulling precoding

This approach removes the constraints that the subcarriers’ weighting approach put on
G. Therefore, G is no more a diagonal matrix. In the frequency nulling approach, G
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Figure 2.3: Frequency nulling precoder: OOB emission suppression. We place the frequency
nulls outside the spectral band dedicated for the OFDM sytem.

Figure 2.4: Frequency nulling precoder: in-band gap deepening. We place the frequency nulls
within the spectral band of the OFDM system.

completely nulls the subcarriers at the well-chosen frequencies [f0, f1, . . . , fM−1] rather
than just minimizing the side lobes. Figure 2.3 shows how the spectrum behaves after
we null few chosen frequencies. In Figure 2.3, to suppress the OOB emission, we pick
the frequency nulls outside the spectral band dedicated for the OFDM system i.e. we
choose ([f0, f1, . . . , fm, . . . , fM−1] <

−B
2

)∪ ([f0, f1, . . . , fm, . . . , fM−1] >
B
2

) where B is the
OFDM system bandwidth.

Likewise, We can design the precoder to introduce some frequency nulls within the
spectral band such that −B

2
< [f0, f1, . . . , fl, . . . , fL−1] <

B
2

where L ≤ M . This design
would support the opportunistic communications systems working within the OFDM
band.

To allow other opportunistic systems to operate within OFDM spectral band, OFDM
systems can switch off a set of subcarriers to create a spectral gap within the OFDM
dedicated spectral band. In-band frequency nulls introduced by the frequency nulling
precoder will deepen the spectral gap. Deepening the gap decreases the interference
coming form the OFDM system on the opportunistic system working within the gap.
Figure 2.4 compares the depth of the gap for plain untreated OFDM versus frequency
nulling precoded OFDM systems.
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Figure 2.5: The geometry of the frequency nulling precoding. G is the complementary projection
matrix and d̄i falls in the nullspace N (A) of A.

Geometrically, frequency nulling means that the precoded data vector, d̄i, should
reside in the the nullspace N (A) of A [24]. Therefore, the precoder, G, is the comple-
mentary projection matrix of the original data vector di onto the nullspace N (A) of A,
i.e.

G = I−AH(AAH)−1A, (2.14)

where H is the hermitian operator and I is a K × K identity matrix [33]. Figure 2.5
schemes the frequency nulling approach geometry.

Since G is no more diagonal, then the precoded data symbols are linear combina-
tions of the original data symbols and, thus, they are no more orthogonal. The loss of
orthogonality between the data symbols causes distortion wi such that

di = d̄i + wi. (2.15)

The distortion wi appears as in-band interference within the precoded OFDM symbol.
Since G is a projection matrix then the process is not invertible at the receiver. Hence,

we cannot compensate for the distortion wi.
Yet, this approach supersedes the subcarriers’ weighting approach since it suppresses

the OOB emission by tens of decibels more [24]. The suppression level increases with the
number (as well as the values) of nulling frequencies. On the other hand, the distortion
power also increases with the number of the nulling frequencies such that

Davg =
M

K
, (2.16)

where Davg is the average distortion power over the K subcarriers.
It is noteworthy to mention that contrary to the subcarriers’ weighting technique, G

in frequency nulling technique has a closed form formula. This simplifies its calculation.
Moreover, it is independent on the data symbols and, thus, can be computed off-line.

2.3.3 N-continuous precoding

Rather than viewing the OOB emission in OFDM from the spectrum aspect, we can
view the phenomenon considering the discontinuous nature of the OFDM signal in the
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Figure 2.6: An abrupt jump between two consecutive OFDM symbols in an untreated discontin-
uous OFDM signal.

time domain. Since the OFDM symbol is the sum of rectangularly windowed sinusoids,
the OFDM signal is discontinuous in nature. Figure 2.6 shows a plot of two consecutive
OFDM symbols. The figure clearly shows the discontinuity with in the OFDM signal.

N -continuous precoding is a precoding approach that forces the OFDM signal N -
continuous. We call a signal N -continuous if dn

dtn
s(t) is continuous for whatever n =

0, 1, 2, . . . , N but not continuous for n = N + 1 [22].
From here, one choice to achieve N -continuity on OFDM signal is to fulfill

∀i :
dn

dtn
si(t)

∣∣∣
t=−Tg

=
dn

dtn
si−1(t)

∣∣∣
t=Ts

= 0, (2.17)

for all n = 0, 1, . . . , N .
In words, (2.17) means that we force the beginning of the current OFDM symbol

and its N -derivatives and the end of the previous OFDM symbol and its N derivatives
to zero. Equivalently, we force the beginning and the end of the current OFDM symbol
and its N -derivatives to zero [23]

∀i :
dn

dtn
si(t)

∣∣∣
t=−Tg

=
dn

dtn
si(t)

∣∣∣
t=Ts

= 0, (2.18)

for all n = 0, 1, . . . , N . Figure 2.7 shows a part of the N -continuous OFDM signal where
there is no abrupt discontinuity between the two successive OFDM symbols anymore.

To derive the N -continuous OFDM precoder we substitute (2.18) in (2.8) and use the
vector notation to obtain

∀i : AΦd̄i = Ad̄i = 0. (2.19)
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Figure 2.7: N -continuous OFDM signal. No abrupt discontinuity between the consecutive
OFDM symbols.

Here, N -continuous precoding defines

A ,


1 1 . . . 1
k0 k1 . . . kK−1
...

...
...

kN0 kN1 . . . kNK−1

 ,
as a (N + 1)×K matrix and

Φ ,


ejφk0 0 . . . 0

0 ejφk1 . . . 0
...

...
. . .

...
0 0 . . . ejφkK−1

 ,
as a K ×K diagonal matrix. Equivalently, we write (2.19) as

Bd̄i = 0, (2.20)

where

B ,

[
AΦ
A

]
.
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Equalizer +

Delaywj−1
i = Pd̂

j−1

i

ri r̂i d̂j
i

Figure 2.8: Iterative receiver of spectrally precoded OFDM system. The receiver iteratively tries
to estimate the distortion weights and use the estimates to improve the BER.

Equation (2.20) shows that the N -continuous precoder, G, is the complementary projec-
tion matrix of the original data vector di onto the nullspace, N (B) of B, i.e. [33]

G = I−BH(BBH)−1B. (2.21)

Similar to the frequency nulling precoding, N -continuous precoding is a linear com-
bination of the original data symbols. So, the orthogonality between the precoded data
symbols is destroyed. Again, this appears in the form of in-band interference, wi as in
(2.15).

2.3.4 Reception

As subsections 2.3.2 and 2.3.3 reveal, the precoding approach causes in-band interference
in the form of distortion of the original data symbols. This in-band interference will
degrade the Bit Error Rate (BER) performance of the communications system. The
precoder, G, is a projection matrix which means that precoding is not an invertible
process [33]. Therefore, we cannot compensate precoding distortion at the receiver side.

To limit the precoding distortion and improve the precoded OFDM BER, we consider
an iterative receiver as in Figure 2.8.

We define the ith received OFDM symbol after the FFT block as [22]

ri = Hid̄i + ni, (2.22)

where Hi is a K ×K diagonal matrix with entries representing the channel attenuation
over the subcarriers of the ith OFDM symbol and ni is a K × 1 vector of AWGN with
zero mean and variance σ2.

After the equalization process, r̂i represents the estimates of the transmitted precoded
data vector d̄i. Assuming the receiver is acquainted with precoding at the transmitter,
after j iterations, it is able to generate estimates wj−1

i of the weights wi. Then, similar
to (2.15), we can calculate the original data vector estimates after j iterations as

d̂ji = r̂i + ŵj−1
i . (2.23)

As the number of iterations increases the weight estimates, ŵj−1
i , approach the real

weights, wi. Therefore, the compensation for the in-band interference effect will improve
and, thus, the BER will improve.
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Figure 2.9: Hybrid OFDM. Spectral precoding and classical low-pass filtering are implemented
in conjunction.

2.4 Hybrid approach

We can set up a hybrid approach to suppress the OOB emission in OFDM systems by
combining the classical low-pass filtering approach and the precoding approach. Hybrid
approach performs spectral treatment over two stages. Firstly, spectral precoding will
precode the data symbols modulating the subcarriers in the frequency domain. Secondly,
low-pass filtering will shape the physical subcarriers in the time domain [28]. Figure 2.9
shows a scheme of a hybrid OFDM system.

Precoding in this hybrid system, will relax the implementation requirements of the
low-pass filter. These requirements include controlling the cutoff frequency transitions,
impulse response length and filter complexity. On the other hand, filtering would relax
precoding requirements. These requirements include the number of frequency nulls for
frequency nulling precoders or the degree of continuity for N -continuous precoders.

Hence, the implementation requirements of the hybrid system is a trade off between
precoding requirements and capabilities on one hand and filtering requirements and ca-
pabilities on the other hand.



Chapter 3

Contributions and Future Work

3.1 Contributions

3.1.1 Paper A

An analysis of out-of-band emission and in-band interference for precoded
and classical OFDM systems

In this paper [25] we analyze the distortion caused by spectral precoding which ap-
pears in the form of in-band interference within the precoded OFDM system. We provide
a comparative analysis of the in-band interference due to spectral precoding versus the
in-band interference due to classical low-pass filtering.

We show that the in-band interference of the low-pass filtering is dependent on the
channel behavior while that of the precoding is not. We also show that the in-band inter-
ference of the two approaches is not equally distributed over the subcarriers. The analysis
shows that edge subcarriers suffer higher in-band interference than central subcarriers.

3.1.2 Paper B

Minimum-EVM N-continuous OFDM

In this paper [27] we introduce the optimal N -continuous precoder that minimizes the
in-band interference that results from precoding. We prove that the minimum in-band
interference resulting from optimal N -continuous precoder is half the in-band interfer-
ence resulting from existing N -continuous precoders. We also suggest a practical block
precoder that approaches in performance the optimal N -continuous precoder.

Moreover, we spotlight the complexity performance of the suggested block precoder.
This paper proves that the number of complex multiplications required by the precoder

21
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per subcarrier is linear with the degree of continuity and block size. This is despite the
fact that the precoder grows with the square of the number of subcarriers, K.

3.1.3 Paper C

Spectral Precoding for well-localized OFDM transmission

This journal paper [28] provides a tutorial study about spectral precoding approach.
It spotlights the importance of spectral treatment for systems working in the sub-6 GHz
spectrum. The paper discusses spectral precoding as powerful approach for the suppres-
sion of OOB emission. Moreover, the paper discusses the reliability of precoding with
MIMO systems.

Our contribution in this journal focuses on the hardware implementation of spectral
precoding. We show that despite hardware impairments’ drawbacks, spectral precoding is
indeed able to suppress the OOB emission with tens of decibels in real, over air, systems.

3.1.4 Paper D

An SDR-based Prototype of Spectrally Precoded OFDM

In this paper [29] we practically implement the first proof of concept prototype of
spectrally precoded OFDM.

The paper describes two experiments. In the first experiment, we setup two commu-
nications systems. The two systems work at neighboring spectral bands. One system
uses a single carrier D-QPSK modulation scheme while the second system uses an OFDM
modulation scheme. We toggle the OFDM system between plain and precoded OFDM.
The precoded OFDM shows a reduction in the interference level OFDM causes on the
single carrier system.

In the second experiment, we place the single carrier system within the in-band gap
of the OFDM system. The OFDM system toggles between plain OFDM and precoded
OFDM. The precoded OFDM shows a reduction in the interference level OFDM causes
on the single carrier system.

3.2 What’s Next?

As paper D shows, the hardware impairments play a degrading role in the performance
of spectral precoding. So, it is noteworthy to analyze these hardware impairments and
find techniques to mitigate their effects.

Furthermore, the precoding techniques introduced in the literature works on contin-
uous time OFDM signal models. They assume that communications systems implement
OFDM signals using analogue setup. Yet, communications systems use discrete time
OFDM models [34]. Therefore, there is a mismatch between the suggested precoding
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approach and the practical implementation of OFDM systems. This fact means that we
need to investigate discrete precoding approaches that work on discrete OFDM signals.

It is also necessary to give a deep examination of precoded OFDM reliability with
MIMO systems. MIMO technology is a requirement in every new communications system
and, therefore, spectral precoding researches should take this point in consideration.
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An analysis of out-of-band emission and in-band

interference for precoded and classical OFDM

systems

Medhat Mohamad, Rickard Nilsson and Jaap van de Beek

Abstract

In this paper we present analytical expressions for the out-of-band (OOB) emission and
in-band interference of two different OOB suppressed OFDM-systems; classical low-pass
filtered and precoded. Then, we analytically compare their performance in terms of
OOB emission suppression and introduced level of in-band interference. We analyze the
fact that the in-band interference introduced by the filter depends on the length of the
cyclic prefix as well as the behavior of the channel while that of the precoded OFDM
does not. The analysis confirms that edged subcarriers suffer higher in-band interference
than central subcarriers. Moreover, frequency precoders, for a specific choice of notching
frequencies, can outperform time precoders.

1 Introduction

One of the few drawbacks with traditional OFDM is its relative high levels of out-of-
band (OOB) emission which results in strong interference into neighbouring frequency
bands. This plays a crucial role in the legitimacy of OFDM in the coming communication
systems and standards especially with the cognitive radio where many different radio-
systems must be able to co-reside politely in densely packed spectrum bands.

One track is to replace the whole OFDM system with lower OOB emission sys-
tems such as the filter bank multicarrier (FBMC) or the universal filtered multicarrier
(UFMC)[1, 2, 3]. Although those techniques show impressive results at the level of su-
pression of OOB emission, yet their drawbacks appear in implementation complexity
issues as well as their degraded performance in MIMO channels.

On the other track, suppression of the OOB emission can be done by processing the
plain OFDM signal. This is done by either treating the OFDM signal after modula-
tion (low pass filtering and windowing) or before modulation (carrier cancellation and
precoding)[4].

While any of these approaches can be efficient in suppressing the OOB emission, all of
them inevitably comes with a certain price. Carrier cancellation is spectrally inefficient
due to sacrificing of subcarriers. Filtering and windowing introduce in-band interference
by smearing the OFDM signal to suppress the OOB emission. Precoding introduces ICI
by linearly combining the independent data symbols.
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Many precoding schemes are presented in the literature. In [5], OOB emission are
suppressed by modulating the subcarriers with well-chosen precoded data symbols. In [6]
the main goal is to push the OFDM signal continuous in time, as well as its N -derivatives
by forcing the edges of the OFDM symbol to zero. In [5], the main goal is to introduce
nulls at well chosen frequencies in the OFDM spectrum. In [7] the constraints on the
precoding matrix suggested in [5] are relaxed. In [8], the precoder is designed to limit
the OOB emission suppressed below a particular power mask.

A comparison between the different schemes regarding the OOB emission suppression
is carried out [4]. Yet, to our knowledge, no comparison at the level of the in-band
interference introduced by the different schemes has been carried out.

In this paper, we focus on the two precoding approaches presented in [6] and [7]
respectively and compare them with the classical OFDM (we refer to the low pass filtered
OFDM as classical OFDM). We present analytical expressions for the introduced in-band
interference at different subcarriers in both cases. Then, we make a comparative analysis
of the OOB emission suppression performance and the amount of in-band interference.
We investigate the effect of the channel behaviour as well as the length of the cyclic
prefix on the in-band interference level. We also discuss the fact that in both cases edge
subcarriers are more affected by interference than centrally located subcarriers. and
finally, we support our analytical results with simulations of the bit error rate (BER).

In Section 2, we describe the two different OOB suppression approaches: classical and
precoded OFDM. In section 3, we derive analytical expressions of the in-band interference
for the two approaches. We check the effect of cyclic prefix length on the level of in-band
interference introduced. In section 4, we analyse and compare the OOB suppression
performance and in-band interference effect for both precoded and classical OFDM under
different channels behaviour. Finally, we summarize our work in Section 6.

2 Out-of-band emission suppression

We will investigate the baseband OFDM transmitted signal, given by

s(t) =
∞∑

i=−∞

si(t− i(Ts + Tg)), (1)

where Ts is the symbol duration, Tg is the duration of the cyclic prefix and si(t) is the

ith OFDM transmitted symbol represented by si(t) =
K−1∑
k=0

dk,ie
−j2π k

Ts
t, −Tg ≤ t ≤ Ts.

Here, dk,i represents an information symbol taken from some symbol constellation C
where k ∈ [0, 1, ..., K − 1] represents the subcarrier index.

The power spectrum of the OFDM signal (1) is [7]

S(f) =
1

T
||a(f)||22, (2)
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Figure 1: OFDM system model with a filter (top) or a precoder (bottom) used for the suppression
of out-of-band emission.

where a(f) is a vector collecting the modulated subcarriers in the frequency domain such
that

a(f) = [a0(f), a1(f) . . . aK−1(f)]T , (3)

and ak(f) is the kth modulated subcarrier given by

ak(f) = Te−jπ(Ts−Tg)(f−
k
Ts

)sinc(πT (f − k

Ts
)), (4)

where T = Ts + Tg. As is well known, the spectrum (2) decays with 1/f 2.
In what follows, we study the suppression of OOB emission of signal (1) by a classical

approach and a precoding approach.

2.1 Classical approach

The first approach we study applies a low pass filter to (1) to suppress the OOB emission
as shown in Figure 1 (top). Assuming that the filter has impulse response h(t) with
length Th and support on [0, Th], then after introducing symbol si(t) into the filter, the
ith classical filtered output symbol is

sfi (t) = si(t) ∗ h(t), (5)

and the power spectrum of the classical signal becomes

Sf (f) = |H(f)|2S(f), (6)

where H(f) is the frequency response of the filter (the Fourier transform of the impulse
response of the filter). The spectrum of a classical OFDM system is reperesented in
Figure 2.

The classical baseband transmitted signal sf (t) will be longer than the baseband
transmitted signal s(t) since the filtering process extends the length of the output signal.
If the length of the cyclic prefix is not long enough to mitigate the joint dispersion caused
by the filter and the channel impulse response, the following OFDM symbol is affected
by ISI. Figure 2 illustrates this situation. It shows the tail of the impulse response from
symbol si−1 that is not absorbed by the cyclic prefix, thus causing interference with the
following OFDM symbol si. In section 3 we show how much ISI will affect the OFDM
symbols subcarriers.
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Tg

si(t)si−1(t)

Tg

Th

Figure 2: ISI of symbol si−1(t) on symbol si(t). The cyclic prefix of length Tg mitigates part of
the filter’s impulse response of length Th but the remaining part will interfere with the following
OFDM symbol.

2.2 Precoding approach

A second recent approach for suppressing the OOB emission is through precoding of the
symbols that modulate the subcarriers. Controlled weights are added to our data symbols
before modulating the subcarriers. This is illustrated in Figure 1 (bottom). Naturally,
those weights will cause distortion in the OFDM system.

The ith precoded OFDM symbol is

spi (t) =
K−1∑
k=0

d̄k,ie
−j2π k

Ts
t, −Tg ≤ t ≤ Ts, (7)

where d̄i = [d̄1,i, d̄2,i, . . . , d̄K−1,i]
T is the linearly precoded data symbol vector such that

d̄i = Gdi, (8)

where di = [d1,i, d2,i, . . . , dK−1,i]
T and G is the precoding matrix given by [6, 7]

G , I−BH(BBH)
−1

B. (9)

The precoding matrix G, then, is the projection onto the nullspace N (B) of B. The
choice of B depends on the precoding technique followed. We recall two choices from the
literature here.

In the time precoding approach proposed in [6], the OOB emission are treated by
managing the discontinuity property of the OFDM signal. In [6], the OOB emission
are suppressed by rendering the OFDM signal represented by (1) as well as its first N
derivatives continuous by pushing the beginning and the end of the OFDM symbol to
the origin, i.e.

dn

dtn
spi (t)

∣∣∣∣
t=−Tg

=
dn

dtn
spi (t)

∣∣∣∣
t=Ts

= 0. (10)

This is accomplished by choosing B in (9) as

B ,

[
AΦ
A

]
, (11)
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Figure 3: Power spectral densities of (plain, 8th ordered Chebyshev II classical filtered, frequency
precoded with 8 notching frequencies, and 6-continuous time precoded) OFDM systems. The
out-of-band emission are suppressed below the spectral mask.

where A is an (N + 1)×K matrix with entries [A]ij = kj
i , i = 0 . . . N , j = 0 . . . K − 1

and Φ = diag(ej2πk0 , ej2πk1 . . . ej2πkK−1) [6].
In the frequency precoding approach proposed in [7], the core idea falls in nulling the

spectrum of s(t) , S(f), at certain set of frequencies,M = {f0 . . . fm . . . fM−1}, such that
S(fm) = 0. Here, the frequency precoder, B is an M ×K matrix collecting the notching
vectors at different notching frequencies.

B = [a(f0) . . . a(fm) . . . a(fM−1)]
T , (12)

where a(fm) is the subcarriers vector at frequency fm as defined in (4).
For both the time precoder and the frequency precoder, the precoded OFDM spectrum

is given by [7]

Sp(f) =
1

T
||GTa(f)||22, (13)

where G is defined either through (11) or (12). Figure 2 shows a precoded OFDM
spectrum for both N -continuous time precoder and frequency precoder.

3 In-band interference analysis

Both the classical and the precoding approaches cause a loss of orthogonality between
subcarriers, and hence in-band interference. Since this interference will affect the bit
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error rate (BER) at the receiver side, we analyse interference here. While [6] and [7]
show the total interference power introduced by time and frequency precoders, here we
extend these results by analysing the interference in each particular subcarrier and study
the interference introduced by filtering.

3.1 Classical interference

To estimate the classical filtering interference, the approach used in [9] is useful. While [9]
analyses the interference introduced into OFDM system due to the excess of the length
of the channel over that of the cyclic prefix, here, we use the fact that the nature of
the interference produced by the filter is similar to that of the channel. We derive the
interference for the continuous-time model represented in (5).

The ISI from symbol sfi−1(t) that affects symbol sfi (t) is

qi(t) =

∫ Th

τ=Tg+t

h(τ)si−1(t− τ)dτ, 0 ≤ t ≤ Th − Tg, (14)

provided that the classical filtered OFDM symbol affects only the immediately succeeding
OFDM symbol, Th ≤ Ts.

Since the amount of interference the ISI causes on each subcarrier is the subject of
study of this paper, we evaluate the power spectral density of the ISI (see also [9]). The
ISI on the system’s subcarriers is given by the Fourier transform of (14) evaluated at the
frequencies f = k

Ts
,

Qi(k) =

∫ Ts

0

qi(t)e
−j2π k

Ts
tdt,

=

∫ Ts

0

∫ Th

τ=Tg+t

h(τ)si−1(t− τ)e−j2π
k
Ts
tdτdt,

(15)

for k = 0, 1, . . . , K − 1.
Assuming that the data symbols are uncorrelated, the power spectral density of the

interference then becomes

DISI(k) , E{Qi(k)Q∗i (k)} = σ2

∫ Th

Tg

|Hk(t)|2dt, (16)

where Hk(t) is the Fourier transform of the tail of the filter’s impulse response defined as

Hk(t) ,
∫ Th

τ=t

h(τ)e−j2π
k
Ts
τdτ, (17)

and σ2 is the average power of the modulated data symbols dk.
In [9], it has been also proven that the spectral density of the inter-carrier interference

(ICI) is the same as that of the ISI. Therefore, the total spectral interference on the kth

subcarrier due to filtering is

Df
total(k) = 2DISI(k). (18)
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Figure 4: Classical filtering interference (18) (relative to the subcarriers power) with different
lengths of the cyclic prefix (number of subcarriers = 600).

To examine the distortion level introduced due to classical filtering, We adopt an
OFDM system complying with 3GPP E-UTRA/LTE specifications [10] of sampling time
Ts = 1

15
ms, 9 MHz bandwidth, 600 subcarriers (i.e. 15 kHz spacing between the adjacent

subcarriers) and a guard time interval Tg = 3
640

ms ≈ 4.7µs.
We adopt a Chebyshev type II filter in our discussion and analysis. In [11] it was

concluded that this filter outperforms other types of filters, generating the least ISI energy
under identical complexity constraints compared with other filter types. Yet, the analysis
here can be generalized for any other types of filters.

In Figure 4, we plot the distortion level introduced due to classical filtering of the
OFDM system defined above but with different lengths of the OFDM symbol cyclic prefix.
The system is operating in 1-tap channel. Figure 4 shows that the relative interference
increases as the length of the cyclic prefix decreases especially at central subcarriers.

3.2 Precoding interference

The total interference power for the time precoder is 2N+2 and for the frequency precoder
is M (see [6] and [7] respectively). These results show that the interference power of the
frequency precoder and the time precoder is directly related to the number of constraints
on B matrix. For the time precoder, increasing the degree of continuity (i.e. increase
the derivative order) will suppress more OOB emission at the cost of increasing total
interference as well as the interference per each subcarrier. For the frequency precoder
increasing the number of notching frequencies will also reduce the OOB emission at the
cost of increasing the interference. But how much is the in-band interference at each
subcarrier?
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For the precoder we define the in-band interference vector

wi , di − d̄i = BH(BBH)−1Bdi = Pdi, (19)

where P = BH(BBH)−1B is the projection matrix of d̄i onto the orthogonal complement
of the nullspace N (B) of B.

The power of the interference throughout the subcarriers is collected in [Θ]kk where
Θ is defined as

Θ , E{wiwi
H} = PE{didi

H}PH . (20)

Under the assumption that symbols di are uncorrelated, E{didi
H} = I, (20) becomes

Θ = PPH = P. (21)

From (21) we find the interference power at each subcarrier on the diagonal of P, i.e.

Dp
total(k) = [P]kk. (22)

From (22), we can see that the in-band interference introduced due to precoding is
indpendent on the length of the cyclic prefix.

It is noteworthy to mention that for the frequency precoder, the choice of the notching
frequencies set, M, plays a critical rule on the amount of emission suppressed, on the
shape of the precoded OFDM spectrum, as well as the amount of interference introduced
at each subcarrier (yet, the total amount of interference in OFDM symbol is only related
to the number of the notching frequencies but not their location). The choice of the
optimal notching frequencies M is still subject of research and beyond the scope of this
paper.

4 Comparative analysis of in-band interferences

In this section, we compare the in-band interferences (18) and (22) by revisiting the
OFDM system adopted in Figures 2 and 4. We concentrate our study regarding three
aspects: distortion level, capacity performance and BER.

Since for cognitive radio technology we need a very low OOB emission, our require-
ment then is to suppress the OOB emission more than 77 dB at 150% of the bandwidth
(i.e. 35 dB lower than the spectral mask specified by LTE) . This is represented by the
spectral mask shown in Figure 2. To achieve that at least an 8th order Chebyshev II filter,
a 6-continuous time precoder (N = 6) or a frequency precoder of 8 notching frequencies
(M = 8) is required. For the frequency precoder, the spectrum is notched at −10001
kHz, −10000 kHz,−7001 kHz, −7000 kHz, 7000 kHz, 7001 kHz, 10000 kHz and 10001
kHz. Under these conditions, we can make a fair investigation of the level of interference
each system presents.

As described in Figure 2 and analysed in Figure 4 (for 1-tap channel), if the length of
the channel impulse response is shorter than the length of the cyclic prefix, the cyclic pre-
fix will absorb part of the interference introduced by the filter. Therefore, the behaviour
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Figure 5: In-band intereference (18) ( relative to the subcarriers power) for the OFDM signals
in Figure 2 due to 8th order Chebyshev II filter (2-taps channel) , and (22) due to precoding
with 8 notching frequencies-frequency precoder, and 6-continuous time precoder.

of the channel plays a crucial rule on the level of in-band interference. Notice that for
ideal 1-tap channel, a small cyclic prefix length is enough to mitigate the distortion effect
of the filter.

On the other hand, we analyse two equal taps channel separated by 4.7µs i.e. the full
cyclic prefix specified by LTE standards is dedicated to mitigate the ISI of the channel.
Figure 5 shows the in-band interferences (18) and (22). The interference introduced by the
filter dramatically changes under the influence of the channel’s behaviour. Contrary to
1-tap channel where the interference of the filter is lower than those of the two precoders,
Figure 5 shows that for the 2-taps channel the precoders performance is superior over
that of the classical filtering. On the other hand, the length of the channel has no effect
on the precoding distortion level. Also we notice that the interference of the frequency
precoder is approximately 3 dB better than that of the time precoder.

Both in-band interferences (18) and (22) are higher at the edges (especially (22)) and
decreases toward the center. Since OOB power leaking from edged subcarriers is higher
than that of central subcarriers, edge subcarriers will face higher emission suppression
and therefore, will get higher in-band interference.

Figure 6 shows the average capacity performance per OFDM subcarrier for classi-
cal (in 1-tap and 2-taps channel scenarios) and precoded OFDM systems compared to
original plain OFDM system. The capacity performance for the classical and precoded
systems is near that for the plain OFDM system at signal to noise ratio (SNR) less than 3
dB. The performance of the precoded as well as the (2-taps channel) classical system start
to degrade away from that of the plain system as the SNR starts to increase. Yet, for the
1-tap channel, the capacity performance stays very similar to that of the plain OFDM.
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Figure 6: Capacity performance of 8 notches frequency precoded, 6-continuous time precoded
and 8th-order Chebyshev II classical filtered (with 1-tap and 2-taps channel) OFDM system with
600 subcarriers compared to plain OFDM system.

For the precoders, although, both frequency and time precoded systems appear to have
very close capacity performance but still the frequency precoded system supercedes that
of the time precoded system.

Finally, we support our analytical results with BER curves simulations presented in
Figure 7. We choose a QPSK mapped symbols to be modulated over the OFDM system
defined above. We assume no knowledge of the precoding (or filtering) at the receiver
side.

The results show that for the 1-tap channel (when the cyclic prefix is compensating
most of the in-band interference effect of the filter), the BER performance of the classical
OFDM is very similar to that of plain OFDM. The result degrades extensively with the
2-taps channel (when the full length of the cyclic prefix is dedicated to get rid of the
channel ISI) where the curve drift away from the typical system after 6 dB SNR. On the
other hand, we can see that the performance of the precoding techniques falls between
the two classical cases. We can also notice that for this particular choice of notching
frequencies, the frequency precoder performance of this OFDM setup is superior over
that of the time precoder performance.

5 Conclusion

We hold analytical comparison between two OFDM OOB emission suppresion approaches:
classical low pass filtering and precoding. We provide closed form expressions of the sup-
pressed spectrum as well as the in-band interference introduced by the two approaches.
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Figure 7: BER of plain, 8 notches frequency precoded, 6-continuous time precoded and 8th-order
Chebyshev II classical filtered (with 1-tap and 2-taps channel) 600 subcarriers OFDM, QPSK
system in AWGN.

For the classical case, we prove the dependency of the in-band interference on the cyclic
prefix length as well as the behaviour of the channel. This can dramatically increase or
decrease the in-band interference level. Precoders’ interference on the other hand is inde-
pendent on the length of the cyclic prefix and channel behaviour. Our analysis shows that
for this introduced spectrum and special choice of notching frequencies, frequency notch-
ing precoder appears to outperform the N -continuity time precoder. We also confirm the
claim that the interference is larger at the edged subcarriers and decreases towards the
central subcarriers.
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[9] W. Henkel, G. Tauböck, P. Ödling, P. O. Börjesson, and N. Petersson, “The cyclic
prefix of OFDM/DMT-an analysis,” in Broadband Communications, 2002. Access,
Transmission, Networking. 2002 International Zürich Seminar on. IEEE, 2002, pp.
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Minimum-EVM N-continuous OFDM

Medhat Mohamad, Rickard Nilsson and Jaap van de Beek

Abstract

The N -continuous precoder for the suppression of OOB emission in OFDM systems that
minimizes the EVM is introduced. We show that the minimum in-band interference due
to the introduced precoding approach is 3 dB less than the in-band interference of existing
N -continuous precoders. Moreover, we introduce a novel practical block precoder that
approaches the performance of the suggested optimal precoder. We analyze the spectrum
of the OFDM signal after block precoding, the in-band interference due to block precoding
and the effect of block precoding on the BER. The price to pay for block precoding is
the computational complexity that grows linearly with the block size.

1 Introduction

Efficient spectral containment is an important requirement for the reliability of any mod-
ulation scheme. The efficiency of the spectral containment requires that the large guard
bands between neighboring systems in the frequency spectrum is minimized. Therefore,
the interference leaking from the out of band emission (OOB) has to be under a tight
control. OFDM possesses high OOB emission due to the discontinuous nature of the
OFDM signal.

Any signal s(t) is said to be N -continuous if for all t, dn

dtn
s(t) is continuous over all

n = 0, 1, . . . , N but not continuous over N + 1 [1].
To force s(t) N -continuous, one approach is to linearly precode the information sym-

bols that modulate the subcarriers. Different precoders are defined in the literature to
achieve this continuity property. In [1], continuity is achieved by forcing the current
OFDM symbol N -continuous with the previous OFDM symbol. In [2], the edges of the
OFDM symbol (and their N derivatives) are forced to zero. In [3], the OFDM signal is
processed in time domain to achieve N -continuity and in [4], precoding is performed over
the cyclic prefix extension after generating the OFDM symbol.

Precoding linearly combines the information symbols. Thus precoded symbols could
lose orthogonality. The loss of orthogonality between the precoded symbols appears in the
form of in-band interference [5]. This in-band interference will increase the receiver’s bit
error rate (BER). To quantify the transmitted signal’s quality, one performance measure
used is the error vector magnitude (EVM). EVM is the normalized square root of the
mean square error between the original data symbols and the precoded data symbols.
The average in-band interference power is the square of the EVM.

The above mentioned precoders operate in a symbol-wise manner. They try to min-
imize the instantaneous EVM (or equivalently the instantaneous in-band interference
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power) by precoding one OFDM symbol at a time assuming that past OFDM symbols
have been already transmitted and future OFDM symbols are not available yet.

In this paper we introduce the optimal precoder that performs precoding jointly over
a number of subsequent OFDM symbols. We show that the existing precoding causes in-
band interference power double the in-band interference power caused by our new optimal
precoding. Moreover, we introduce a practical precoder that approaches in performance
the optimal precoder. In this practical implementation, we precode a block of OFDM
symbols jointly such that the in-band interference in the OFDM block is minimized.

In section 2, we explain the continuity property in OFDM. In section 3 we introduce
the optimal N -continuous precoder. We study the in-band interference that appears as
a consequence of optimal precoding. We compare the in-band interference power due
to symbol wise precoders defined in the literature with that due to optimal precoder we
introduce here. We discuss the block precoder in section 4 and we analyze it in section
5. Section 6 concludes our work.

2 N-continuity signal model

An OFDM signal in the baseband is of the form

s(t) =
+∞∑
i=−∞

si(t− i(T )), (1)

where T = Ts + Tg , Ts is the symbol duration, Tg is the guard time and

si(t) =
∑
k∈K

d̄k,ie
−j2π k

Ts
tI(t), (2)

is the ith OFDM transmitted symbol, d̄k,i ∈ C is the symbol modulating the kth subcarrier,
k ∈ K = {k0, k1, . . . , kK−1} and the indicator function I(t) = 1 for −Tg ≤ t ≤ Ts and
I(t) = 0 elsewhere. We can rewrite (1) in vector notation as

s(t) =
+∞∑
i=−∞

pT (t− iT )d̄i, (3)

where p(t) , [e−j2π
k0
Ts
t, . . . , e−j2π

kK−1
Ts

t]T I(t) and d̄i , [d̄k0,i, d̄k1,i, . . . , d̄kK−1,i]
T .

If the symbol modulating the kth subcarrier is an information symbol, dk,i, chosen
from constellation C, then d̄k,i = dk,i and therefore d̄i = di , [dk0,i, dk1,i, . . . , dkK−1,i]

T .
In this case s(t) is discontinuous. This discontinuity appears because the modulated

subcarriers are base pulses represented by finite length exponentials e−j2π
k
Ts
tI(t). The

power spectrum of those finite length exponentials decays with a factor of 1
f2

which causes
high OOB emission in OFDM systems.
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Treating this discontinuity will suppress the OOB emission. For s(t) to be N -
continuous we would need [1]

∀i :
dn

dtn
si(t)

∣∣∣
t=−Tg

=
dn

dtn
si−1(t)

∣∣∣
t=Ts

, (4)

for all n = 0, 1, . . . , N .
Substituting (2) in (5) and using vector notation gives the equivalent requirement [1]

∀i : AΦd̄i = Ad̄i−1 (5)

where A is a matrix of size (N + 1) × K with entries [A]i,j = ki−1j , i = 0 . . . N and

j = 0 . . . K − 1, Φ , diag(ejφk0 , ejφk1 , . . . , ejφkK−1) and φ , −2πTg
Ts

.
We now rewrite (6) into a form that will facilitate the derivation of a joint precoder.

In particular, we can write (3) more compactly as

s(t) = p̃T (t)d̄, (6)

where we define p̃(t) , [pT (t −M1T ), . . . ,pT (t −M2T )]T as M1 and M2 grow without
bound. In words, p̃(t) is a vector collecting the same set of K subcarriers to be modulated
repetitively over the M = M2−M1+1 OFDM symbols and d̄ , [d̄TM1

. . . d̄TM2
]T as a vector

stacking the precoded data vectors modulating the subcarriers of M OFDM symbols.
Again, if the data symbols modulating the subcarriers are the original data symbols then
d̄ = d where d , [dTM1

. . .dTM2
]T . Note that we drop the subscript i to indicate that d̄

and d reflect a large number of consecutive OFDM symbols in contrast to the per-symbol
model (3).

Moreover, we define

B ,

 −A AΦ 0 0 . . . 0
...

. . . . . . . . . . . .
...

0 0 . . . 0 −A AΦ


︸ ︷︷ ︸

M blocks

}
M − 1
blocks (7)

as (N + 1)(M − 1) × KM matrix. Each block of N + 1 rows reflects the continuity
requirements (5) between one pair of consecutive OFDM symbols. From here, we, with
slight abuse of notations, can write (6) as

lim
M→∞

Bd̄ = 0. (8)

Thus, (8) describes The N -continuity property of the whole precoded OFDM signal (1)
. To determine d̄ we linearly precode d to fulfill (8) as

d̄ = Gd, (9)

where G is a linear precoder such that (8) is fulfilled.
Since precoding is a linear combination of the original data symbols, a distortion in the

form of in-band interference in the OFDM symbols is introduced [5]. So, we will choose
the optimal precoder, Gopt, in the sense that we minimize this in-band interference.
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3 Minimum EVM precoder for N-continuous OFDM

One measure for the in-band interference introduced due to precoding is the EVM defined
as [6]

EVM =

√
E{||d− d̄||22}
E{||d||22}

=

√
E{||d− d̄||22}

KM
. (10)

In [1] and [2], the precoders suggested seek to minimize the instantaneous EVM since
they perform precoding in a symbol wise manner. Here, we minimize the EVM over the
whole N-continuous OFDM signal to fulfill (8). Equivalently we minimize the average
in-band interference power by solving

min
d̄
||d− d̄||22 subject to Bd̄ = 0, (11)

as M grows without bounds.
By solving (11), the optimal precoder, Gopt, is the orthogonal projection of d onto

the nullspace of B, N (B), as M grows to infinity

Gopt = I−BH(BBH)−1B. (12)

Now, what is the average minimum in-band interference power over the whole OFDM
signal introduced by Gopt? The average minimum in-band interference power

D(M)
avg =

E{||d− d̄||22}
KM

=
E{||(I−Gopt)d||22}

KM

=
E{Tr{(I−Gopt)ddH(I−Gopt)}}

KM
=

rank{I−Gopt}
KM

=
rank{B}
KM

=
(N + 1)(M − 1)

KM

(13)

where we use the assumption that the data symbols are uncorrelated. As M grows to
infinity

Davg = lim
M→∞

(N + 1)(M − 1)

KM
=
N + 1

K
. (14)

On the other hand, the average in-band interference power over each subcarrier due
to the single-symbol precoding schemes is given by [1]

D̃avg =
2N + 2

K
= 2Davg. (15)

So, the average in-band interference power due to the single symbol precoding schemes
is twice that of the optimal precoding scheme.

The optimal precoding analyzed here is not practical since Gopt is of infinite dimen-
sions (M → ∞). In section 4 we introduce a practical block precoder that approaches
the performance of Gopt.
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Block of M
OFDM symbols

Inner symbols
forced continuous

Edges forced
to zero

Figure 1: A block of precoded OFDM symbols. Inner symbols are forced N -continuous while
edges and their N derivatives are forced to zero.

4 A novel practical block precoder

We now present a practical block precoder for the suppression of the OOB emission.
In the suggested scheme, we precode a block of M (1 < M < ∞) OFDM symbols
jointly. Since in most of OFDM standards, OFDM symbols are processed blockwise
before transmission (see for instance [7]), the suggested precoding scheme is convenient.

In the practical block-precoding approach, we adopt (7) with two extra requirements.
As in (6), we force the inner symbols inside each of the OFDM blocks N -continuous i.e.
AΦdi = Adi−1 for 1 ≤ i ≤ M − 1. Moreover, we force the edges of the blocks (the
beginning of the first symbol and the end of the last symbol inside the block) and their
N derivatives to zero i.e. AΦd0 = −AdM−1 = 0. We require this step to make the
OFDM blocks continuous with each other and thus, the whole OFDM signal continuous.
This is illustrated in Figure 1.

Then the block precoder becomes

Gb , I−BH
b (BbB

H
b )−1Bb (16)

and Bb ,



AΦ 0 0 0 . . . 0
−A AΦ 0 0 . . . 0
0 −A AΦ 0 . . . 0
...

. . .
. . .

. . .
. . .

...
0 0 0 0 −A AΦ
0 0 0 0 0 −A


is an (N + 1)(M + 1) × KM matrix, where Bbd̄ = 0 defines the N -continuity that
block precoded OFDM fulfills.

Note that for the special case where M = 1, i.e. when the size of the block is one
OFDM symbol, (16) reduces to the symbol-wise precoding approach defined in [2]. Then,
Bb becomes

Bb ,

[
AΦ
−A

]
. (17)
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5 Block precoder analysis

In this section we study the performance of the block precoder. We analyze the OOB
emissions suppression (section 5.1) and the EVM (section 5.2) as well as its effect on the
receiver’s BER (section 5.3). We also study the complexity performance due to precoding
(section 5.4).

In our analysis we adopt an OFDM system compliant with 3GPP E-UTRA/LTE
specifications [7] i.e. the system is of Ts = 1

15
ms, 9 MHz bandwidth, k = 600 subcarriers

where K = {−300, . . . ,−1, 1, . . . , 300} and cyclic prefix of length Tg = 4.7µs. Moreover,
to stick with LTE standards we choose the size of OFDM block equal to the size of the
subframe defined by LTE. Thus in our analysis an OFDM block consists of M = 14
OFDM symbols.

5.1 Spectrum

The lth block of OFDM signal, (1), composed of M OFDM symbols is

sl(t) =


M−1∑
i=0

si(t− iT ), (l − 1) ≤ t+ Tg
MT

≤ l

0, elsewhere

(18)

The frequency domain representation of the lth block is

Sl(f) = F{sl(t)} = F
{M−1∑

i=0

si(t− iT )

}

= F
{M−1∑

i=0

∑
k∈K

d̄k,ie
−j2πk (t−iT )

Ts I(t− iT )

}

=
M−1∑
i=0

∑
k∈K

d̄k,iF{e−j2πk
(t−iT )

Ts I(t− iT )}

(19)

where F{} is the Fourier transform operator. Since the delay shift in time domain is
phase shift in frequency domain, (19) becomes [8]

Sl(f) =
M−1∑
i=0

∑
k∈K

d̄k,iak(f)e−j2π
iT
Ts , (20)

where ak(f) is the kth subcarrier represented in the frequency domain. In vector notation,
we can represent (20) as

Sl(f) =
M−1∑
i=0

aT (f)Ψid̄i (21)
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Figure 2: Spectra of 4-continuous and 7-continuous single-symbol vs block precoded OFDM
compared to plain OFDM. The plots represent the spectra of an OFDM system which complies
with the LTE standard. The spectra shows the similarity of OOB suppression efficiency between
the block and single-symbol precoder.

where Ψi , e−j2π
(i−1)T

Ts IK is a K ×K diagonal matrix and a(f) , [ak0(f) . . . akK−1
(f)] or

finally,

Sl(f) = aT (f)Ψbd̄ = aT (f)ΨbGbd, (22)

and Ψb , [Ψ0,Ψ1, . . . ,ΨM−1].

The power spectrum of signal (1) is given by

P (f) =
1

TM
E{|Sl(f)|22}

=
1

TM
[aT (f)ΨbGbE{ddH}GT

bΨH
b a∗(f)]

=
1

TM
[aT (f)ΨbGbG

T
bΨH

b a∗(f)].

=
1

TM
|GT

bΨT
ba(f)|22,

(23)

where we assumed that the information data symbols d are uncorrelated.

Figure 2 shows the block precoded OFDM spectrum compared to the single-symbol
precoded OFDM spectrum and the plain OFDM spectrum. The figure shows the spec-
trum of 4-continuous and 7-continuous precoded OFDM systems. Surprisingly, the two
precoders (single-symbol and block precoders) give very similar (yet not identical) spec-
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tra, i.e. similar OOB emission suppression (yet not identical). Although, the two pre-
coders are different.

5.2 In-band interference

The average in-band interference power introduced due to block precoding is (see (13))

D
(M)
b =

rank{Bb}
MK

=
(N + 1)(M + 1)

MK
. (24)

Hence, Db depends on the block size and naturally decreases to (14) as the block size
tends to infinity where the block precoder becomes optimal precoder.

In (24), we show the in-band interference power average over the whole block of OFDM
symbols, but what is the in-band interference power affecting each single subcarrier of
the whole OFDM block? For the single symbol precoders defined in [1] and [2], [5] shows
that the in-band interference power over the kth subcarrier of the OFDM symbol is given
by

D̃k = [I−G]kk, (25)

where G is the single-symbol precoder as defined in [5] and 0 ≤ k ≤ K − 1. Similarly,
for the block precoder the in-band interference power over the kth subcarrier of the mth

OFDM symbol in the OFDM block is given by

Dk,m = [I−Gopt](Km+k)(Km+k), (26)

where 0 ≤ k ≤ K − 1 and 0 ≤ m ≤M − 1.
Figure 3 confirms the fact that the block precoder has lower in-band interference

power than single symbol precoders. Moreover, for the single symbol precoders, since the
same precoding is repeated over successive OFDM symbols, the ensemble average of the
in-band interference power of each subcarrier repeats over successive OFDM symbols.
In contrast, the case is not the same for block precoders where precoding is carried out
jointly. Figure 3 shows that outer OFDM symbols of the M -size block suffer higher
in-band interference power than inner OFDM symbols. Forcing the outer symbols to
zero causes in-band interference that spreads over those outer symbols only. In contrast,
forcing the inner symbols continuous causes in-band interference that spreads over those
two adjacent symbols.

We can also see that similar to single-symbol precoders edge subcarriers of each
OFDM symbol suffers higher in-band interference power than central subcarriers.

5.3 Bit error rate

The in-band interference will affect the BER at the receiver side especially when the
receiver has no knowledge of precoding done at the transmitter side. Figure 4 shows the
BER of 4-continuous block precoded versus single symbol precoded OFDM systems for
three constellations (QPSK, 16-QAM and 64-QAM). The simulations show that block



5. Block precoder analysis 55

−4.5 −3 −1.5 0 1.5 3 4.5
−22

−20

−18

−16

−14

−12

−10

−8

−6

Frequency [MHz]

D
is

to
rt

io
n 

[d
B

]

 

 

Single symbol precoding: symbols 1−14
Block precoding: edge symbols 1 and 14
Block precoding: symbols 2−13
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Figure 4: BER for 4-continuous single-symbol and block precoded OFDM with three constel-
lations: QPSK (dashed), 16-QAM (solid) and 64-QAM (dashed-dotted). The plots show that
block precoders have lower BER than single-symbol precoders.
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Figure 5: Coded BER for 4-continuous single-symbol and block precoded OFDM with three
constellations: QPSK (dashed), 16-QAM (solid) and 64-QAM (dashed-dotted).The code we use
is the LTE turbo code with rate 1/2.

precoding has lower BER than single symbol precoding. The error floor for the three
constellations is lower in the block precoding than that of the single-symbol precoding.
We can notice that the block precoded OFDM in the 64-QAM constellation has error
floor similar to that of single-symbol precoded OFDM in 16-QAM constellation. Figure
5 shows the coded BER for the three constellations with a 1/2 code rate. The code we
choose is that specified in the LTE standard. We show that with the block precoder the
price paid for the OOB reduction reduces to 0.2 dB for the QPSK, less than 0.5 dB for
16-QAM and 1 dB for 64-QAM for error rates down to 10−6.

5.4 Complexity

Finally, it has mistakingly been reported in the literature that the single-symbol pre-
coder’s complexity grows with the square of K because the size of G grows linearly with
K [3, 9, 10]. Although, [8] shows that the complexity grows linearly with K.

Here, we extend the complexity analysis in [8] for the block precoding. We can
rewrite the matrix Gb as Gb = I − VBb, where V = BH

b (BbB
H
b )−1 is an MK ×

(N + 1)(M + 1) matrix. Hence, we can perform the precoding in two computational
steps. In the first step, we compute d̄′ = Bbd. Since Bb is an (N + 1)(M + 1) ×MK
matrix, this requires (N + 1)(M + 1) multiplications for each data symbol. In the second
step we compute d̄ = d − Vd̄

′
. Since V is an MK × (N + 1)(M + 1) matrix, this

also requires (N + 1)(M + 1) multiplications for each data symbol. Then, in total, the
precoder requires 2(N + 1)(M + 1) multiplications for each data symbol contrary to the
square implementation that requires MK multiplications for each data symbol. Figure 6
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Figure 6: Illustration of the computation complexity of the block precoder. Each of the two steps
requires (N + 1)(M + 1) multiplications per subcarrier.

illustrates the two steps. For example, in LTE standards with k = 600 subcarriers and a
subframe of M = 14 OFDM symbols, then to achieve 4-continuous OFDM, the precoder
requires 150 complex multiplications per data symbol. As we can see, the implementation
complexity of the block precoder grows linearly with the block size M as well as K.

6 Conclusion

We present the OFDM precoder that minimizes the EVM and renders the signal N -
continuous. The average in-band interference power due to this optimal precoder is
half that of single symbol precoders. A practical block-precoder that approaches the
performance of the optimal precoder is introduced. The block-precoder shows similar
OOB emission suppression to single-symbol precoders while its EVM approaches the
minimum EVM. As a consequence, the block-precoder has lower BER than single-symbol
precoders. Furthermore, we show that the computational complexity linearly grows with
the number of subcarriers as well as the block size.
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Spectral Precoding for well-localized OFDM

transmission

M. Mohamad, R. Nilsson, J.J. van de Beek
R.-A. Pitaval, and B.M. Popović,

Abstract

This paper presents spectrally-precoded OFDM waveforms that are well-localized in both
time and frequency. Waveforms with good frequency-localization and low out-of-band
emissions are a critical component for 5G systems that operate in densely packed and
fragmented spectrum. Similarly, waveforms with good time-localization are critical in
low-latency (massive) machine-type communications. By precoding data symbols before
OFDM modulation, it is possible to simultaneously achieve both kinds of localization
while maintaining the classical cyclic-prefixed OFDM structure, thus enabling an efficient
and flexible usage of time and frequency resources. Spectrally-precoded OFDM shows
promising results for reaching 5G’s targets in high-data rate enhanced mobile broadband
and ultra-reliable low-latency communications use cases.

1 Introduction

Initial commercialization of 5G mobile communications is targeted for 2020. A few years
ago, the International Telecommunication Union (ITU) started the IMT-2020 program
to further develop the International Mobile Telecommunications (IMT) requirements and
achieve this target. In early recommendations, 5G is envisaged to support much more
data-hungry services than those supported by today’s 4G LTE technology. A variety
of new scenarios and operating regimes mark a host of new requirements that new 5G
transmission technologies and protocols must satisfy, two of which are relevant here.

First, spectrum regimes will change. Because new radio spectrum bands below 6
GHz are hard to find, a large amount of highly-needed new spectrum is prospected to be
found in new millimeter wave bands, i.e., in the range 6-100 GHz, mostly to support short-
range radio access. Meanwhile, regulatory actions for these high frequencies will not start
before the World Radio Conference (WRC) in 2019, just when 5G’s early deployments are
expected to be launched. Hence, inevitably, early 5G deployments will be operating in
sub-6GHz bands and it is widely believed that these lower frequency channels will remain
an essential component of 5G even in a longer perspective because their favorable radio
propagation characteristics allow ubiquitous and reliable connections. In the recent WRC
of 2015 several new sub-6GHz bands were identified for pre-IMT-2020 [1], as illustrated
in Fig. 1.
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Figure 1: The new bands for IMT/IMT-2020 allocated in November 2015 at WRC.

5G radio protocols and technologies must support a flexible and dynamic use of
the spectrum, in regimes where spectrum is fragmented with regulations that may be
different from today. This is illustrated by the increasing interest in the unlicensed
access regime of cellular networks. As operators forced by spectrum regulations need
to combine and aggregate more bands, non-contiguous spectrum use will become more
predominant. Densely packed fragmented spectrum in sub-6GHz bands requires bet-
ter frequency-localized radio waveforms than those used in state-of-the-art Orthogonal
Frequency Division Multiplexing (OFDM) transmission, where ten percent of a transmis-
sion band is lost as a guard band needed to accommodate the system’s inherently high
out-of-band (OOB) power emissions.

A second relevant 5G requirement relates to the emerging Internet-of-Things that
drives the development of new radio technologies in new, disruptive ways. Massive
machine-type communications and services come with new requirements related to data-
rates, reliability, and arguably most importantly, related to latency, response time and
speed of the access protocols. The latter requirements will spur the support of larger sub-
carrier spacings, the need for more bandwidth, fast random-access protocols, and a high
time-localization of the radio signals. Information must be concentrated and confined in
very short time-intervals.

Well-localized waveforms, both in time and frequency, are thus very much needed in
future 5G regimes and scenarios. Meanwhile, 3GPP has very recently established that
in sub-40GHz bands and for enhanced mobile broadband (eMBB) and ultra-reliable and
low-latency communications (URLLC) services, the new radio interface will be based
”on CP-OFDM based waveforms”. The conclusion adds that ”additional pre-processing
techniques on top of CP-OFDM are not precluded”. While classical CP-OFDM wave-
forms, specified in the LTE standards, exhibit a superb time-localization (only imperfect
by CP extension), their frequency-localization has been questioned and a host of recent
research has been devoted to new waveforms that improve in this respect over those
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used in LTE. With the above established course in 3GPP and in the light of the above
requirements, there is thus a need for new technologies that extend LTE’s CP-OFDM
into new directions where both time- and frequency-localization are key targets.

From the theoretical point of Fourier analysis, there is a fundamental trade-off be-
tween the time- and frequency- dispersions of a waveform. A sequence of CP-OFDM
symbols represents a set of orthogonal waveforms in the time-frequency plane, and for an
orthogonal set, the optimum time-frequency localization (TFL) is proportionally reduced
[2]. To improve the TFL of OFDM signals, one can either increase the time-dispersion
or/and relaxed the orthogonality among waveforms. Windowing and filtering are exam-
ples of OOB reduction methods that improve the frequency localization by degrading the
time-localization of the signal, but also relaxing the orthogonality between consecutive
symbols if the window/filter is chosen longer than the CP. In fact, perfect orthogonality
is costly in terms of TFL measure, while its loss can be mitigated by forward-error-
correcting codes. Spectral precoding may improve spectral containment by relaxing
orthogonality among subcarriers inside a single OFDM symbol without increasing the
time-dispersion of OFDM signals.

In this paper we present spectrally-precoded OFDM waveforms as a viable means to
address these challenges with low latency and low out-of-band emissions. In subsequent
sections we present a brief background to recently emerged variations on the classical
OFDM waveform. We conceptually describe OFDM spectral precoding and show that
spectrally-precoded OFDM can be used in MIMO communications in a transparent man-
ner by describing and evaluating a novel MIMO-OFDM transmission scheme that incor-
porates both a spectral and spatial precoder in the transmitter. Spectral precoding may
specifically be beneficial for low-latency services and fragmented spectrum usage, and
we provide a corresponding comparison with conventional spectrum-shaping methods as
low-pass filtering. We conclude this paper with our latest laboratory work and present a
first proof-of-concept prototyping system whose results show the robustness of spectral
precoding method against practical-system impairments.

2 OFDM-based waveforms

OFDM is the transmission technology of choice in many of today’s communications
systems. By definition, classical OFDM with a cyclic prefix does not extend beyond
a predefined symbol interval and hence transmit energy is well-confined in time. In
contrast, OFDM exhibits an infinite frequency dispersion with large out-of-band (OOB)
power emissions. These emissions reduce the system performance causing interference in
neighboring frequency bands and hence requiring maintenance of substantial frequency
guardbands to limit this interference.

2.1 Conventional OFDM

In 3G/UMTS and 4G/LTE networks, typically, out-of-band emissions are reduced by a
filtering or windowing operation at the transmitter. While the 3G standard (Universal
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Figure 2: Different transmitter variations for low OOB emission in OFDM: a) A conventional
way to suppress out-of-band emission in OFDM with a spectrum-shaping low-pass filter; b) an
alternative way with a spectral precoder.

Mobile Telecommunications System (UMTS); Base Station (BS) radio transmission and
reception (FDD) specifies a root-raised-cosine (RRC) transmit filter with roll-off factor
of 0.22, the LTE standard (Evolved Universal Terrestrial Radio Access (E-UTRA): Base
Station (BS) radio transmission and reception [3] does not explicitly specify a transmit
filter. Instead, rather a number of signal properties such as error-vector magnitude
(EVM), adjacent channel leakage ratio (ACLR), spectrum emission mask (SEM) are
specified, and actual signal design is left as a vendor-proprietary choice. While a receiver
can thus not rely on a well-defined signal shape this approach offers manufacturers a
number of transmitter optimization possibilities.

A low-pass (LP) filtering or windowing operation, typical for LTE transmitters, not
only contributes to the overall transmitter EVM, but also introduces intersymbol and
intercarrier interference (ISI and ICI) at a receiver [4]. This interference in general comes
with a loss in link-SNR, unpredictable and uncontrollable at a receiver. This is more
prominent if the channel’s delay spread is long- with respect to the length of the cyclic
prefix. Other drawbacks of a transmitter low-pass filter include its lack of flexibility
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to adapt to a variation of transmit scenarios such as, notably, emerging use of non-
contiguous spectrum bands, along with its typical group delay.

Fig. 2 a shows the transmitter chain of low-pass filtered OFDM and two examples
of the signal spectra. The spectra correspond to LTE’s numerology for the 10MHz
bandwidth mode where 600 subcarriers are spaced every 15kHz, thus corresponding to
an operational bandwidth of 9MHz along with a 1 MHz guardband. We consider two
different types of filter designed to have similar out-of-band suppression and impulse
response length. One spectrum plot reflects the use of a commonly-used RRC (finite
impulse-response) filter, with a roll-off factor of 0.22 as required in UMTS, and a filter
length tuned to satisfy very stringent OOB reduction. The achieved OOB reduction
at the edge of the guard band (at +/- 5MHz, i.e., 0.5MHz away from the outermost
subcarriers) is 8dB compared to OFDM. Another spectrum plot reflects an 8th-order
(infinite impulse response) Chebyshev type II filter with similar OOB reduction - such
filters were reported to outperform other types of filters [4], generating least ISI energy
under identical complexity constraints. While both filters have similar impulse delay,
the energy of the Chebyshev filter is much more concentrated in the first instant of the
response compared to RRC.

2.2 Variants of OFDM

Partly as a result of the emerging interest into flexible and dynamic spectrum usage during
the last decade, researchers again have come to challenge classical OFDM waveforms as
the obvious choice for future cellular systems. Because in non-contiguous spectrum,
filters would need to be dynamically designed for each spectrum fragment, filterbank
multicarrier (FBMC) has been proposed as an alternative for OFDM [5]. While FBMC
offers very flexible and good time-frequency localization its implementation complexity in
a MIMO-system is a potentially limiting factor. Conventionally low-pass filtered OFDM
and FBMC can be viewed as two extremes: in the former a filter is applied to the entire
frequency band while in the latter, FBMC, filtering is carried out on a per-subcarrier
basis. As a compromise other OFDM variations have been introduced. For example,
Universal Filtered Multi-Carrier (UFMC) and f-OFDM [6] applies filtering per sub-band
instead of per subcarrier to allow asynchronous transmissions.

Spectral precoding [7, 8, 9] is a transmitter operation where data symbols are modified
prior to the Fast Fourier Transform (FFT) OFDM modulator in order to relax the re-
quirements, or completely avoid a traditional post-FFT spectrum-shaping low-pass filter,
or transmit windowing. Fig. 2 b shows the conceptual transmitter chain of a spectrally-
precoded OFDM system along with an example of the signal’s spectrum. This spectrum
is achieved with a precoder which orthogonally projects the 600 data symbols onto a
lower-dimensional subspace (598-, 596-, 594-, 592-, and 590 dimensions respectively).
These subspaces have been selected to guarantee smoothness of the OFDM signal phase
trajectory to be 0, 1, 2, 3, 4-continuous, respectively [10]. The higher-order continuity of
the signal trajectory causes the lowest OOB reduction here at the frequency edge of the
guard band to be -18dB compared to OFDM.
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3 Spectral projection precoding

3.1 Transmitter Operation: Projection Precoding

The fundamental concept of spectral precoding is to confine the pre-FFT transmission
to a specific data subspace G ⊂ CK , where K is the number of subcarriers, which is
determined a priori to guarantee a certain low level to OOB emissions.

Several approaches have been developed in the recent literature that restrict trans-
mission to this subspace. While direct modulation of data symbols in this subspace is
one approach, others adopt a projection into the subspace. In this paper, we adopt the
latter approach, based on an orthogonal projection method in [11], which we believe pro-
vides a good trade-off between implementation complexity and performance and, more
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importantly, suitably provides an add-on operations to CP-OFDM in the spirit of 3GPP’s
recent 5G course.

A vector of K data symbols is spectrally-precoded before feeding the OFDM FFT-
modulator as

d̄ = Gd (1)

where G is a K ×K orthogonal projection with rank K −M where M > 0 is a design
parameter. The precoder G projects d ∈ CK onto the subspace G of dimension (K−M) <
K, so that d̄ always resides in G. For choices of M � K subspaces have been described in
the literature for which the OFDM signal’s OOB emissions are hugely reduced as shown
in Fig. 2 b. The geometry of this projection precoder is shown on Fig. 3 a with its
implementation in Fig. 3 b. The precoder G is data-independent and changes only when
the spectral requirements of the transmitted signal change.

Fig. 2 b shows that a small number of constraints in the design the spectral precoder
(order M = 10) is sufficient to achieve very low OOB emissions. The transmission is
theoretically analog to a multi-input multi-output (MIMO) channel which (by the rank-
deficiency of the projector) has a capacity loss of M

K
% compared to OFDM. Therefore,

the price to pay to achieve low OOB vanishes as K −→ ∞, making spectral precoding
particularly efficient for wideband transmission with a large number of OFDM subcarri-
ers.

3.2 Constraint Matrix

One can construct analytically the subspace G as the nullspace of an M ×K constraint
matrix A. The number of constraints M corresponds to the dimension reduction. The
projection precoder is then described in closed form as G = I−AH(AAH)−1. The matrix
T = AH(AAH)−1 can be computed in advance, a low-complexity implementation of the
precoder emerges from d̄ = d − TAd which requires only 2M complex multiplications
per subcarrier as illustrated in Fig. 3 a. The constraint matrix A in turn is constructed
for example by constraining the transmitted signal to satisfy N th order continuity [10],
a smoothness criterion that guarantees no high frequency components. This method is
generic and configurable independently of the transmission parameters. Another example
is based on notching specific well-chosen frequencies [11].

3.3 Receiver Operation: Matched Filtering and Iterative Sym-
bol Estimation

In general, the transmitter projection is non-invertible, that is, the vector d̄ ∈ G is the
image of an infinite number of vectors d ∈ CK . However, because the transmitted data in
d are selected from a discrete constellation, i.e., d ∈ CK (typically a QAM constellation),
there is in fact only a finite number of possible d that can be the inverse image of d̄.
This means that the dimension reduction of the projection precoder may not be an
absolute theoretical bottleneck, specifically so for small constellations. However, even if
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the projection from CK to G would be a one-to-one mapping, inverting G by exhaustive
search would be prohibitive complex to implement for large K.

In any case, the discreteness of the constellation can be exploited in a lower complexity
per-subcarrier detection using a non-linear iterative receiver. Here, the first operation
consists of a matched filter by the spectral precoder G itself. Then, through an iterative
symbol estimation a good estimate d̂ of the vector d is generated. Fig. 3 b show this
iterative receiver that is improved through the use of soft-symbol estimation based on
the noise statistics, and weighted according to the precoder knowledge. Simulations show
that one-to-ten iterations is typically sufficient.

3.4 Multi-Antenna System

Any new proposal for a future, next generation radio transmission scheme is required
to smoothly support multiantenna transmission. For spectrally-precoded OFDM, such
support has not earlier been demonstrated. Yet, the choice of orthogonal projection
precoder is particularly relevant and suitable to MIMO systems. The precoder projects
the input signals onto a subspace of smaller dimension and hence only slightly distorts the
transmitted signal as d̄ = d + ε. By construction, an orthogonal projection guarantees
that this distortion ε has the minimum possible magnitude which is indeed very small. As
such spectral precoding can be used transparently with MIMO precoding which is then
little affected by this spectral precoder. A novel MIMO-OFDM scheme illustrated in Fig.
3 c incorporates this precoding, such that the out-of-band emission from each transmit
antennas is significantly reduced. In Fig. 3 d, resulting coded-bit error rate (BER)
performances are shown for this spectrally-precoded MIMO system with the achieved
spectrum for M = 10 as in Fig. 2 b. Several MCS are considered combined with 8
transmit antennas where an optimal spatial precoder is constructed based on perfect
channel knowledge. The inevitable price of spectral precoding is paid through a slight
reduction of the SNR, here a maximum of one decibel for the highest MCS at 10-3 BER.

3.5 Spectrally-Precoded SC-FDMA

Single Carrier-Frequency Division Multiple Access (SC-FDMA) system is a channel access
method where a transmission is DFT-spread over OFDM subcarriers. A recognized
advantage of SC-FDMA over OFDMA is its low peak-to-average-power-ratio (PAPR).
As such, SC-FDMA has been chosen as the transmission technology for the LTE uplink.
In LTE, consecutive subcarriers are mapped after a DFT-based spreading operation.
Spectral precoding can be generalized to SC-FDMA. For this the spectral precoder is
either redesigned according to the SC-FDMA waveform or an OFDM spectral-precoder is
introduced between the DFT-spreader and the OFDM modulator. Projection precoding
barely changes the Peak-to-Average-Power-Ratio (PAPR) of the signal (roughly 0.1dB
degradation) and thus the established benefits of SC-FDMA are maintained. Due to
the specific single carrier feature of SC-FDMA which corresponds to the multiplexing of
timely-shift pulses, low OOB emission imposes to reserve some pulses as guardpulses to
guarantee a smooth transition in time between the SC-FDMA symbols.
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4 Low-latency applications

Good time-localization is particularly important in low-latency applications. In this light
3GPP’s recent decisions should be understood and the choice for CP-OFDM as a basis
is natural. The extreme latency requirements associated with some 5G applications
immediately reveal some of the weaknesses of filtered OFDM. Traditional low-pass filters
not only introduce a significant group delay, but also induce intersymbol interference
which is higher in channels with large delay spreads, and in general, is unpredictable and
uncontrollable at the receiver. While for low-latency applications, shorter cyclic prefix
lengths may be targeted just long enough to cope with the channel impulse response, the
impact of the low-pass filter may then become more pronounced.

Since low-latency is specifically required in vehicular communications, we consider
the LTE Extended Vehicular A (EVA) channel. This is consistent with emerging use
cases such as mission-critical machine-type communication (MTC), such as self-driving
cars or factory environment with moving machines. We consider a 47% reduction from
LTE CP, namely the length of the cyclic prefix is set to accommodate the longest delay
spread expected on the channel, therefore still eliminating the ISI and ICI.

The impulse response of the EVA channel model and the matching length of the
cyclic prefix are shown at the top of Fig. 4. Note that the energy of last tap is very small
and most of the energy of the channel is concentrated in the first taps of the impulse
response. The resulting performance is shown at the bottom of Fig. 4 for two MSCs,
16QAM rate 1/2 and 64QAM rate 2/3. Without filtering, the cyclic prefix is just long
enough to accommodate the delay spread and keep orthogonality between the subcarriers.
As subcarriers are obviously affected by frequency selectivity we apply a single-tap zero-
forcing equalizer at the receiver, weighing the noise per-subcarrier differently and as a
result the BER curves are slightly deteriorated in higher-SNR regions. In the case of low-
pass filtering, we assume that the effective channel (physical channel convolved by the
impulse response of the LP filter) is known at the receiver and a single-tap equalization
with the effective channel is similarly used.

As the cyclic prefix is long enough, the performance of plain OFDM is not affected by
the duration-reduction of the cyclic prefix. This holds true also for spectral precoding.
With this channel, the spectral precoder (M=10) incurs almost no loss in average BER
for 16QAM rate 1/2, and for 64QAM rate 2/3 a few decibels loss at 10−3 compared to
OFDM. The performance loss due to the filter depends of the particular choice of filter.
We consider two filters with similar out-of-band reduction as shown in Fig. 2 a. The
Chebychev filter provides a better performance with less than half a decibel of SNR loss,
while the RRC filter gives a worse degraded performance with 1dB to 1.5 dB at 10−3

BER for both constellation. This is because the impulse response energy of the RRC
filter is distributed in a longer time interval than that of the Chebychev filter, although
Chebychev has an infinite impulse response. The Chebychev filter performs slightly worse
than spectral precoding with 16QAM but slightly better with 64QAM. We conclude that
one cannot reduce the cyclic prefix without immediately invoking interference caused by
the transmit filter.
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Figure 4: Comparison of spectral precoding with low-pass filtering in 5G scenarios with low-
latency wideband transmission: CP prefix reduction.
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Figure 5: A Comparison of spectral precoding with low-pass filtering in 5G scenarios with low-
latency wideband transmission: multiband spectrum shaping for wideband usage.

4.1 Fragmented spectrum

Wideband transmissions below 6GHz are prone to encompass fragmented spectrum due
to spectrum scarcity. One clear advantage of spectral precoding over low-pass filtered
CP-OFDM is that it offers a flexible spectrum shaping method already available for frag-
mented spectrum usage. In the case of non-contiguous band allocation, applying a single
low-pass filter on the whole OFDM signal does not enable any OOB emission reduction
between two separated sub-bands. In contrast, spectral precoding allows controlling the
shape of the power spectrum at will. Spectral precoding can be designed by notching
specific frequencies enabling the system to achieve steeply decaying spectral notches.

Fig. 5 illustrates this where a two-band spectrum is created by modulating a single
OFDM signal constituted of 450 subcarriers split in two groups of 300 and 150 subcarrriers
while 150 subcarriers in a mid-band cannot be used. As expected LP filtering does not
reduce OOB emission in the unused subband as this subband is inside the passband of
the LP filter. The OOB emission can be reduced by designing spectral precoder that
notches specifically well-chosen frequencies as shown in Fig. 5. The notching is added
in the design of the spectral precoder, providing 25dB OOB reduction in the mid-band.
In order to achieve OOB reductions in the unused subband with LP filtering only, one
would need a filterbank where each filter has a narrower passband. This would cause a
longer impulse response of each filter, ultimately causing more inter-symbol interference
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a) Prototype set-up 

 b) Prototype spectrum of a plain OFDM signal 
(yellow) and a spectrally-precoded  OFDM 
signal (blue) 

Figure 6: A proof-of-concept prototype of the spectral precoder: the OFDM transmitter deploys
a precoder instead of a low-pass filter.

and thus more BER degradation.

5 A proof-of-concept prototype

Finally, we show initial feasibility of the spectral precoding concept for OFDM. A proof-
of-concept prototype is being developed at Lule̊a University of Technology which is illus-
trated in Fig. 6. The OFDM system implemented on a software-designed radio (SDR)
platform of N210 USRP from Ettus research operates at 2.3 GHz, and is based on LTE’s
5MHz bandwidth mode. In order to adapt to the bandwidth capabilities of the software
radio this mode has been scaled down by a factor of three. The system consists of 300
subcarriers with an intercarrier spacing of 5 kHz (instead of LTE’s 15 kHz) and hence
occupies an aggregate bandwidth of 1.5 MHz. One quarter of the system bandwidth
is fictitiously assumed to be occupied by incumbent services and hence 75 subcarriers
are left unmodulated. The spectral precoder of order (M = 10) not only suppressed
out-of-band emissions but also deepens the notch and hence reduces interference to the
incumbent.

The figure shows the spectra of a plain OFDM signal (yellow) compared to the pre-
coded OFDM signal (blue), as measured by a spectrum analyzer. The figure shows a
remarkable suppression of the OOB power emission by up to 30 decibels at a frequency
1.2 times the system bandwidth along with an additional 18 decibel suppression in the
spectral notch compared to plain OFDM - notably without the use of a low-pass filter.

Compared to the theoretical performance of spectral precoding the efficiency of the
precoder has only slightly degraded in the prototype implementation. This degradation
appears as a result of the impairments that accompany the hardware implementation.
Hardware impairments include power amplifier non-linearities that appear as a draw-
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back of the high dynamic range of the OFDM signal, quantization that approximates
the precoded OFDM signal according to the resolution accuracy of the digital-to-analog
converter (DAC), clipping of the input precoded signal due to the limited voltage range of
the ADC, I-Q imbalances, and to a lesser extent local oscillator impairments that cause
a frequency offset between OFDM subcarriers.

Fig. 6 shows that contrary to the theoretical results where the precoded spectrum
keeps decaying with frequency, the prototype signal spectrum reaches a typical noise floor
that appears, a result of the combined effect of the above impairments. Nevertheless,
it is remarkable with all these practical impairments that spectral precoding method is
robust enough to provide 15-30 dB OOB reduction compared to plain OFDM.

6 Conclusion

Spectrally-precoded 5G wideband operation is an alternative and/or complementary so-
lution to conventional OFDM with a low-pass filter in fragmented sub-6GHz spectrum.
It prepares the radio link in a way that has little impact on performance and complexity,
while it preserves a large amount of backwards compatibility with LTE specifications.
Spectral precoding is an attractive approach for designing 5G waveform with low OOB.
This paper provides a conceptual description of spectral precoding including a novel
MIMO structure. We show that spectral precoding is able to potentially produce lower
SNR loss than some filters in cyclic prefix reduction scenarios, while allowing spectral
shaping in heavily fragmented spectrum usage, where a single LP filter cannot provide in-
band OOB reduction. Finally, we presented recent proof-of-concept prototyping results
that illustrate how well spectral precoding works with imperfect hardware.
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An SDR-based Prototype of Spectrally Precoded

OFDM

Medhat Mohamad, Rickard Nilsson, and Jaap van de Beek

Abstract

Spectrally precoded OFDM is a recent approach that aims for the suppression of the
OOB, as well as the in-band gap, emissions in OFDM systems. Theoretically, the tech-
nique shows High suppression of the OOB and the in-band gap emissions. Although, prac-
tically hardware impairments may limit the precoder’s performance. Yet, this demon-
stration shows that despite the hardware impairments, implemented spectrally precoded
OFDM generates emissions tens of decibels less than that of plain OFDM. Therefore,
the demonstration proves that communications links are less vulnerable to interference
coming from spectrally precoded OFDM signals than to interference coming from plain
OFDM signals.

1 Introduction and motivation

One of the important characteristics that qualify a communications system is the strict-
ness of the spectral containment. Each communications system should reside tightly in its
dedicated spectral band and thus avoid interfering with the neighboring systems. This
feature becomes more prominent with cognitive radio where different communications
systems would opportunistically use the available spectral resources.

OFDM in its plain untreated form generates high out-of-band (OOB) emission as a
result of its discontinuous nature. OFDM is discontinuous because an OFDM symbol
consists of a set of data-modulated rectangularly windowed complex exponentials. The
Fourier transform of these windowed complex exponentials gives sinc functions in the
frequency domain that decay as a factor of only 1/f 2 causing high OOB emission. The
high of band emission would cause out of band interference on other communications
systems working on neighboring bands. The OOB interference on its turn will degrade
the bit error rate of the cognitive system. Thus, high OOB emission degrades the chances
of OFDM as a modulation scheme candidate of some 5G regimes.

This performance limitation is one of the reasons that encouraged some researchers
to completely disregard OFDM and look for other multi-carrier modulation approaches.
These approaches include generalized frequency division multiplexing (GFDM) [1], fil-
tered bank multi-carrier (FBMC) [2] and universal filtered multi-carrier (UFMC)[2].

Another researchers focus on methods that treat the OFDM signal in the time do-
main so that the OOB emission is suppressed. These methods mitigate the discontinuity
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Figure 1: Plain versus precoded OFDM. Precoding of the data symbols carried before modulating
the subcarriers.

between the OFDM symbols by modifying the nature of the OFDM signal. The modi-
fication shapes the rectangularly windowed sinusoids so that the OFDM signal becomes
continuous. The methods include classical low pass filtering of the baseband OFDM
signal and windowing [3].

In 2009 a novel approach was suggested to suppress the OOB emission in OFDM
systems[4]. The approach focuses on the correlation property between the data symbols
modulating the OFDM system subcarriers. Therefore, it linearly precodes the data
symbols modulating the subcarriers in the frequency domain before generating the OFDM
signal. Figure 1 shows this operation.

The literature defines various precoding approaches. Precoding in [4] addresses the
discontinuous nature of OFDM and forces the OFDM signal N -continuous. A signal s(t)
is said to be N -continuous if ∀t, dn

dtn
s(t) is continuous for all n = 0, 1, . . . , N but not

continuous for N + 1.

Precoding in [5], introduces nulls at well-chosen frequencies. The nulls force the
spectrum to decay faster than 1/f 2 and thus, suppress the OOB emission.

The superiority of the precoding approach in [5] over other suppression approaches lies
in its ability to introduce nulls even within the in-band spectrum of the OFDM signal.
This capability is useful for cognitive radio. The OFDM system from cognitive radio
perspective should be capable of creating gaps within the OFDM band so that other
cognitive systems can operate within these gaps. The OFDM system creates these gaps
by adaptively switching off a set of the subcarriers. The precoding approach suggested
in [5] can deepen these gaps throughout the in-band nulls and therefore decrease the
interference of the OFDM system onto the cognitive system working in the gap. Figure
2 illustrates this superiority.

Theoretically, the precoder can suppress the OOB emission and deepen the spectral
gap by tens of decibels. But when it comes to practical performance, hardware impair-
ments can limit the performance of the spectral precoder making its implementation
more challenging.

To our knowledge, no one has investigated the practical performance of spectral pre-
coding yet. So, in this paper we implement the first proof of concept prototype that
shows the practical performance of spectrally precoded OFDM. We show that the hard-
ware implementation of the spectral precoder, despite the impairments, can still deepen
the spectral gap as well as suppress the OOB emission by tens of decibels lower than
that of the plain OFDM.
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Figure 2: Theoretical representation of plain OFDM and spectrally precoded OFDM spectra.
The precoder deepens the spectral gap and suppresses the OOB emission by tens of decibels
lower than the plain OFDM spectrum.

In section 2 we discuss the theory of spectral precoding approach we mentioned above.
In section 3 we discuss the practical performance of spectral precoding. We, as well,
give a general overview about the different hardware impairments that may hinder the
performance of the precoder. In section 4 we experiment the performance of the spectral
precoder in real time communications systems. We evaluate the level of interference
that spectrally precoded OFDM causes over cognitive systems compared to plain OFDM
interference. Finally, we conclude our work in section 5 .

2 Precoding concept

We represent the ith OFDM symbol with symbol duration, Ts, and guard time interval,
Tg, of a baseband OFDM signal

s(t) =
+∞∑
i=−∞

si(t− i(Ts + Tg)) (1)

as

si(t) =
∑
k∈K

d̄k,ie
−j2π k

Ts
tI(t), (2)

where, d̄k,i is a data symbol modulating the kth subcarrier of the ith OFDM symbol,
k ∈ K = {k0, k1, . . . kK−1} and the indicator function I(t) = 1 for −Tg ≤ t ≤ Ts and
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Figure 3: Precoder geometry. d̄i is the projection of di onto N (A).

I(t) = 0 elsewhere [6]. Note that for plain OFDM, d̄k,i = dk,i the original information
data symbol chosen from some constellation C.

For precoded OFDM, (see [6] and the references therein)

d̄i = Gdi, (3)

where d̄i , [d̄k0,i, d̄k1,i, . . . , d̄kK−1,i]
T . Here, d̄k,i is the precoded data symbol modulating

the kth subcarrier of the ith OFDM symbol. di , [dk0,i, dk1,i, . . . , dkK−1,i]
T , where dk,i is

the original data symbol precoded into d̄k,i and

G = I−AH(AAH)−1A (4)

is the linear precoder. From (4), d̄i is the orthogonal projection of di onto the null space,
N (A), of A and the precoder G is the compliment of the orthogonal projection matrix.
Figure 3 shows the geometry of (4). The choice of A in (4) depends on the particular
spectral precoding approach.

The precoder in [4], suppresses the OOB emission in OFDM by taking care of the
discontinuity of the OFDM signal. It renders the OFDM signal N -continuous. One way
to render the OFDM signal, s(t), N -continuous is by forcing the edges of the OFDM
symbol to zero[4]:

∀i :
dn

dtn
si(t)

∣∣∣
t=−Tg

=
dn

dtn
si(t)

∣∣∣
t=Ts

= 0, (5)

for all n = 0, 1, . . . , N . Substituting (2) in (5) and using vector notation gives the
equivalent requirement [6]

∀i : AΦd̄i = Ad̄i = 0 (6)

where A is a matrix of size (N + 1) × K with entries [A]l,j = kl−1j , l = 0 . . . N and

j = 0 . . . K − 1, Φ , diag(ejφk0 , ejφk1 , . . . , ejφkK−1) and φ , −2πTg
Ts

.
On the other hand, the precoding approach suggested in [5] deals with the high OOB

emissions by directly treating the OFDM spectrum. It introduces a set of nulls at well
chosen frequencies. Nulling these frequencies will force the spectrum to decay faster than
1/f 2. Consequently, [5] requires

Ad̄i = 0 (7)

and defines A as an M ×K matrix such that A = [a(f0), . . . a(fm), . . . a(fM)]T . a(fm)
is a vector representing the magnitude of the K subcarriers at the nulling frequency
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fm and M is the total number of nulls. For the suppression of OOB emission scenario
fm ≤ −B/2, fm ≥ B/2 where B is the bandwidth dedicated to the communications
system.

If we choose the M frequency nulls (or some of them) to be within the dedicated
OFDM bandwidth then, we can also use the precoder to deepen the spectral gaps used
by other opportunistic communications systems. Mathematically, we choose L ≤M such
that −B/2 ≤ fl ≤ B/2 where l ∈ {0, . . . , l, . . . , L− 1}.

In this paper we will focus on the frequency nulling precoder due to its superiority
over N -continuous precoder regarding the gap deepening feature.

To examine the performance of spectrally precoded OFDM, we set up an OFDM sys-
tem. The system consists of 300 subcarriers, symbol length Ts = 0.2048 ms, cyclic prefix
length of Tg = 4.7µs, and 1.465 MHz bandwidth (leaving approximately 4.9 kHz spectral
spacing between the different subcarriers). Note that for LTE system the bandwidth is
4.5 MHz [7]. This means that we scaled the LTE system by approximately 1/3. This was
unavoidable step to meet the limitations of the communications equipments we would use
for the hardware implementation. We nulled 45 subcarriers from k = 1 to k = 45, where
k is the subcarrier index. For the spectral precoder we introduced 16 spectral notches
(12 outside the spectrum to suppress the OOB emission and 4 inside the spectrum to
deepen the spectral gap).

As Figure 2 shows, the precoding approach is theoretically able to suppress the OOB
emission at least 80 decibels below the OOB emission in plain OFDM systems. Moreover,
the precoder theoretically deepens the in-band gap by approximately 60 decibels deeper
than the gap of plain OFDM system. But how about its practical performance?

As any other communications regime practical obstacles can limit the theoretical
performance. Therefore, in the coming section we examine the practical performance of
spectral precoding as well as we give an overview of the implementation limitations that
spectral precoding may face.

3 Practicality and implementation impairments

The hardware setup of the system affects the spectral precoding. A lousy hardware
equipment may noticeably degrades the precoding performance. The main hardware
impairments that may limit the performance of the spectral precoding approach include:

• Quantization: that takes place within the digital to analog converter (DAC).
Quantization deforms the original OFDM signal according to the resolution ef-
ficiency of the DAC. This would generate a quantization residual error through
which its spectrum will appear as extra OOB emission of the precoded OFDM
spectrum.

• DAC clipping effect: DAC would also clip the output signal if the input signal
exceeds the input voltage range of the DAC. OFDM has high peak to average power
ratio (PAPR) in its nature and thus the DAC may clip parts of the OFDM signal.
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Figure 4: Practical implementation of plain OFDM and spectrally precoded OFDM spectra.
Despite hardware impairments, the precoder deepens the spectral gap and suppresses the OOB
emission by tens of decibels lower than the plain OFDM spectrum.

Therefore, clipping will also decrease the efficiency of the suppression of the OOB
emission of precoded OFDM.

• Power amplifier non-linearities: Due to the high dynamic range of the precoded
signal the power amplifier (PA) may operate on this signal in the non linear region.
The non linearity of the PA will introduce inter-modulation between the subcarriers
of the precoded OFDM signal. This inter-modulation has negative impact on the
suppression of the OOB emission of the precoded OFDM spectrum as well.

• I-Q imbalance: This impairment appears when the sine wave generated by the
local oscillator and required to modulate the quadrature phase of the signal is not
exactly 90◦phase shifted from the cosine wave required to modulate the in-phase
part of the signal. In the analog domain, the phase delay between the sine wave
and the cosine wave is never exactly 90◦. This imbalance between the two phases
degrades the performance of the spectral precoder.

To spotlight the influence of these hardware impairments on spectral precoding, we
practically implement the OFDM system we defined in the previous section. We base our
hardware on software designed radio (SDR) technology. The SDRs we use are universal
software radio peripheral (USRP) of type N210 from Ettus research [8]. For this model
of USRPs, we use the SBX transceiver daughterboard from Ettus research as well. The
setup uses Gnuradio companion as a software tool to generate the signals. Gnuradio
companion is an open source graphical tool that allows the users to set up and configure
signal processing blocks to be interfaced with SDRs[9].



4. Real time communications system 83

Figure 5: setup of a single carrier D-QPSK communications link suffers from interference
generated by neighboring OFDM communications system.

To measure the OFDM spectrum, we connect the output of the N210 USRP directly
to a spectrum analyzer and toggle our Gnuradio setup between plain versus precoded
OFDM systems. We plot the output spectra in Figure 4. The Figure also shows the
thermal noise floor. While the precoded OFDM OOB emission decays fast to reach the
thermal noise floor, we see that the plain OFDM OOB emission decays slower. Moreover,
plain OFDM spectrum keeps 23 dBs OOB emission higher than the thermal noise floor.
This means that despite hardware impairments, the practical implementation of the
precoder has the ability to suppress the OOB emission of plain OFDM spectrum by at
least 23 dBs. Likewise, as Figure 4 shows, the practical precoder is able to null the
in-band gap by 17 dBs lower than that of plain OFDM systems.

As the precoded spectrum reveals, spectral precoding can indeed overcome the hard-
ware impairments. Yet, the figure doesn’t show how effective is the performance of
spectral precoding on real time operating communications systems.

4 Real time communications system

4.1 Experiments setup

To examine the performance of spectral precoding in real time communications sys-
tems, we need to compare the influence of precoded OFDM interference on neighboring
communications systems versus the influence of plain OFDM interference on neighbor-
ing communications systems. Hence, we set up a real time communications link. The
communications link uses single carrier D-QPSK modulation scheme. We expose the
communications link to interference coming from one of two OFDM-based communica-
tions system. One of the two OFDM systems uses plain OFDM modulation scheme,
while the other OFDM system uses precoded OFDM modulation scheme.

Figure 5 shows a schematic of the setup and Figure 6 shows the testbed of the exper-
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Figure 6: testbed of the setup. The testbed consists of a transmitter, a receiver and an interferer.

iment. The setup consists of three PCs each of which connects to a USRP. On one PC
we generate a D-QPSK modulated signal. We use the USRP interfaced with that PC as
a transmitter of the generated signal. Another USRP works as a receiver for this signal.
The interfaced PC processes the received signal and tries to recreate the transmitted
data. Meanwhile, we generate an interfering OFDM signal using the third PC and the
associated USRP transmits this interfering signal.

As Figure 5 and Figure 6 show, the real time communications system should run over
air. Yet, under this setup the communications channel will affect our measurements.
The communications channel will degrade the signal power and may cause fading, inter-
symbol interference (ISI), inter-carrier interference (ICI) and co-channel interference. As
a consequence, we will not be able to accurately evaluate the absolute OFDM system
interference. To avoid the channel effects, we wire our setup rather than transmit over
air. At the transmitter side, we couple the transmitter’s USRP of the single carrier D-
QPSK system with the OFDM interferer USRP. At the receiver side, we split the received
signal between the receiver’s USRP input and a spectrum analyzer input. This wired
setup avoids the communications channel drawbacks.

4.2 Interference evaluation

The setup performs two experiments. In the first experiment, the single carrier D-QPSK
system works in a frequency band adjacent to the frequency band of the OFDM system.
Therefore, the setup examines the interference due to the OOB emission of precoded
versus plain OFDM systems. Figure 7 shows how the two systems reside in the frequency
band. We capture the figure using a spectrum analyzer connected directly before the
D-QPSK system receiver. We separated the carrier frequencies of the two systems by
1.5 MHz. In Figure 7, the transmitted D-QPSK single carrier signal has a power of
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Figure 7: An OFDM communications systems works in adjacent frequency band to a single
carrier D-QPSK communications system.

Figure 8: An opportunistic single carrier D-QPSK communications system works within the
frequency gap of an OFDM communications system.
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Figure 9: Constellation plot of a received D-QPSK signal suffering interference from a plain
OFDM signal. The OFDM system operates in a frequency band adjacent to that of the single
carrier system.

Figure 10: Constellation plot of a received D-QPSK signal suffering interference from a precoded
OFDM signal. The OFDM system operates in a frequency band adjacent to that of the single
carrier system.

-63 dBm. We choose the OFDM interferer signal power to be higher by 26 dB. The
higher the interferer power the clearer the comparison between the plain versus precoded
OFDM interference levels at the single carrier receiver. As Figure 7 shows, the signal
to interference and noise ratio (SINR) of the D-QPSK single carrier system with a plain
OFDM interferer is 10.6 dB. While the SINR of the D-QPSK single carrier system with
a precoded OFDM interferer is 31 dB.

Figure 9 shows the constellation plot of the received data symbols after we expose
the single carrier system to the plain OFDM interferer. While Figure 10 shows the
constellation plot of the received data symbols after we expose the single carrier system
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Figure 11: Normalized interference level due to plain versus precoded OFDM. We evaluate the
interference while the OFDM system operates at different carrier frequencies adjacent to the
carrier frequency of the single carrier system.

to the precoded OFDM interferer. The two figures clearly show that the single carrier
system has less noisy constellation plot when we expose it to a precoded OFDM interferer.
Our next step is to evaluate the SINR at the receiver of the D-QPSK single carrier system.

To measure the SINR, we feed the transmitter of the single carrier D-QPSK system
with a well known data sequence. If we subtract the known transmitted data sequence
from the received data sequence, we get the sequence of combined interference and ther-
mal noise. The inverse of the variance of this sequence represents the SINR.

In Figure 11, we measure the SINR of plain versus precoded OFDM systems operating
at different carrier frequencies. We shift the carrier frequency of the OFDM signal by
∆f MHz from the carrier frequency of the single carrier D-QPSK system.

The figure shows that the SINR of the single carrier system converges toward the
SNR at high ∆f when we expose the system to a precoded OFDM interferer. Contrarily,
the SINR of the single carrier system at its best is 10 dB lower than the SNR when
we expose the system to a plain OFDM interferer. This implies that at high ∆f , the
received SINR of the single carrier system is improved by 10 dB when we expose it to a
precoded OFDM interferer instead of a plain OFDM interferer.

Furthermore, we notice that the SINR of precoded OFDM improves faster than that of
plain OFDM as we increase ∆f . To get SINR of 7 dB with precoded OFDM interferer,
∆f should be 0.73 MHz. To get the same SINR with a plain OFDM interferer, ∆f
should be 0.8 MHz. This observation means that precoded OFDM improves the spectral
efficiency at that SINR by 0.8−0.73

1.465
× 100 = 4.78%.

If we compare the spectra of Figure 7 to the results of Figure 11 at ∆f = 1.5 MHz,
we notice that the spectra before the reception process show higher SINRs of the single
carrier system. Moreover, we notice that the SNR degrades at the receiver side compared
to the SNR before the reception process. This degradation in performance is related to
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Figure 12: Constellation plot of a received D-QPSK signal suffering interference from a plain
OFDM signal. The single carrier system operates within the in-band gap of the OFDM system.

Figure 13: Constellation plot of a received D-QPSK signal suffering interference from a precoded
OFDM signal. The single carrier system operates within the in-band gap of the OFDM system.

the receiver’s impairments. The receiver’s impairments include low-pass filter’s charac-
teristics (cutoff frequency and transition BW), DC impairments, clock synchronization...
etc.

In the second experiment, the single carrier D-QPSK system opportunistically works
within the spectral gap of the OFDM system. Therefore, the setup examines the inter-
ference due to the in-band gap emission of precoded versus plain OFDM system. Figure
8 shows how the two systems reside in the frequency band. Similar to Figure 7, We cap-
ture Figure 8 using a spectrum analyzer connected directly before the D-QPSK system
receiver. Similar to Figure 2, we made the in-band gap of the OFDM system by nulling
45 subcarriers (from k = 0 to k = 45). In Figure 8 the D-QPSK single carrier system has
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Figure 14: Normalized interference level due to plain versus precoded OFDM. The single car-
rier D-QPSK system operates within the in-band gap of the OFDM system. We evaluate the
interference with different numbers of nulled subcarriers.

a power of -50 dBm. As Figure 8 shows, the signal to interference and noise ratio (SINR)
of the D-QPSK single carrier system with a plain OFDM interferer is 12 dB. While the
SINR of the D-QPSK single carrier system with a precoded OFDM interferer is 28 dB.

Figure 12 shows the constellation plot of the single carrier system that resides within
the gap of the plain OFDM interferer. While, Figure 13 shows the constellation plot of the
single carrier system that resides with in the gap of the precoded OFDM interferer. Again,
the two figures clearly show that the single carrier system has less noisy constellation plot
when we expose it to a precoded OFDM interferer.

In Figure 14, we measure the interference level of plain versus precoded OFDM sys-
tems with different widths of the in-band gap. We change the width of the in-band gap
by nulling different numbers of consecutive subcarriers.

Figure 14 shows that as the number of nulled subcarriers increases, the SINR of the
single carrier system approaches the SNR when we expose the system to a precoded
OFDM interferer. The SINR due to precoded OFDM interferer is only 2 dB lower than
the SNR. Contrarily, the SINR of the single carrier system due to plain OFDM interferer
is, at its best, 10 dB lower than the SNR. This implies that at wide in-band gap the
SINR of the single carrier system is improved at the receiver by at least 8 dB due to
spectral precoding.

Furthermore, we notice that the SINR of precoded OFDM improves faster than that
of plain OFDM as we increase the number of nulled subcarriers. To get SINR of 7 dB
with precoded OFDM interferer, we should null 15 subcarriers. To get the same SINR
with a plain OFDM interferer, We should null 40 subcarriers. This means that precoded
OFDM improves the spectral efficiency at that SINR by (40−15)×4.9

1.465×103 × 100 = 8.36%.
Again, the receiver degrades the SINR and SNR of the single carrier system. We can

see that if we compare the spectrum of Figure 8 to the results of Figure 14 when we null
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45 subcarriers.

5 conclusion

In this paper we introduce the first proof of concept prototype of spectrally precoded
OFDM. We compare the practical versus the theoretical capabilities of the precoder. We
overview the main hardware impairments that may affect the precoder’s performance.
The prototype shows that spectral precoding can suppress the OOB emission of OFDM
systems as well as deepen the in-band gap by tens of decibels. This capability overcomes
the hardware impairments.

Furthermore, we set up a real time communications link and quantify the level of
interference caused by spectrally precoded OFDM systems compared to plain OFDM
systems. We verify that spectrally precoded OFDM systems emit tens of decibels less
interference than plain OFDM systems.
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