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Abstract

A physical model of a continuous paper pulp digester is simplified and two subprocesses selected from the digester are modelled by
coupled linear partial differential equations. This study focuses on the parameter identification of the simplified linear models. Finite-
dimensional approximation of the model is made and a software package developed for identification of distributed parameter processes
is applied. This identification system is developed for flexibility to allow identification for different choices of subprocesses and process
variables. Unknown parameters of the subprocess models are estimated and the results are illustrated by process simulation and model
validation.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A continuous paper pulp digester is a complex process
and model identification of digesters has been payed atten-
tion in the past. Funkquist [1,2] used a grey-box identifica-
tion approach for model parameter estimation of a
continuous digester. Wisnewski and Doyle [3] applied an
identification procedure based on normalized moments of
an impulse response to identify a set of linear models used
for model predictive control of a continuous digester. Alex-
andridis [4] applied the partial least squares method in
model identification based on a Purdue digester model pro-
posed by Wisnewski et al. [5]. Amirthalingam and Lee [6,7]
presented subspace identification based inferential control
of a continuous pulp digester.

The current study focuses on the estimation of unknown
parameters in physical models of two subprocesses in a
continuous paper pulp digester, and aims to obtain low
order lumped models with the parameters that retain their
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physical meanings. From a control and monitoring point
of view, the parameters in a physical model bear certain
physical meanings, which can be very useful in the control-
ler design or diagnostic procedure. On the other hand, a
process model with lower order and less complexity will
be easier to implement and can save computation time.

The price to pay for having a low complexity model is
often reduced model accuracy. In recent years, control rel-
evant identification (or robust identification) has been fre-
quently studied [8–10]. In this research area, definitions of
model error and estimates of a model error model provide
tools for robustness considerations in control system
design.

In this paper, physical models of two subprocesses in the
digester are constructed by coupled partial different equa-
tions (PDEs). Model simplification and approximation
are performed and a software package developed for iden-
tification of distributed parameter physical models is
applied. Although the black-box identification can not
direct applied for the estimation of physical models, it will
be applied to construct high-order models both for a sub-
process modelling and its model error modelling, and the
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high-order models will be utilized for our physical nominal
model validation.

This paper is organized as the follows: Next section
introduces a simplified physical model and then this infi-
nite-dimensional model is lumped using an approximation
algorithms that belongs to a class of approaches called
method of weighted residuals. In Section 3, a flexible iden-
tification system is briefly introduced, then subprocess
choice and variable selection for model identification are
made. Section 4 deals with parameter identification of
two subprocesses. The simplified model is applied for both
subprocesses. In Section 5, model verification is demon-
strated and discussed. The conclusions are given in Section
6. In addition, some notations of the physical model are
listed in Appendix A, and some detailed mathematical
descriptions dealing with the model reduction and the
model improvement are supplemented in Appendix B and
C, respectively.
2. A simplified physical model

2.1. Model selection and simplification

A paper pulp digester is a chemical reactor in which a
mixture of wood chips and liquor is heated by steam and
the chemical reactions called delignification take place. In
this process, the lignin, a substance that line the cell walls
of wood fibers and keep the wood intact, is dissolved and
the cellulose fibers, product of the process, are separated.

A continuous paper pulp digester at Husum pulp mill,
M-real, Sweden is shown in Fig. 1. Two subprocesses are
selected from this digester for the parameter identification
study.

In the last few decades, physical model studies of a con-
tinuous paper pulp digester have been frequently reported
[5,11–17]. A fundamental model proposed by Bhartiya
Fig. 1. A continuous paper pulp digester.
[17], 2003, is chosen as process model of the studied
digester.

Each volume in a digester is assumed to contain three
phases: solid phase, entrapped liquor phase and free liquor
phase. The combined solid phase and entrapped liquor
phase is referred to as chip phase. The solid phase is
assumed to consist of five components: high-reactive lignin
(s1); low-reactive lignin (s2); cellulose (s3); araboxylan (s4)
and galactoglucomannan (s5). The entrapped liquor is an
aqueous solution with six components: active effective
alkali (EA) (e1); passive EA (e2); active hydrosulfide (HS)
(e3); passive HS (e4); dissolved lignin (e5); and dissolved
carbohydrates (e6). The free liquor phase is an aqueous
solution of the same six components, as in the entrapped
liquor phase.

The subscripts e, f and c denote entrapped liquor, free
liquor and chip phase, respectively. The subscript i denotes
the components in solid phase or in liquor phase. In the
process the axial distribution of transport properties (along
a spatial variable z) occurs and the process is modelled as
the following partial differential equations.1

Free liquor phase thermal energy balances:
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Chip phase thermal energy balances:
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Free liquor phase mass continuity:
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Entrapped liquor phase mass continuity:

oqei

ot
¼ � qei

�

o�

ot
� vc

�

oð�qeiÞ
oz

þ Dðqf i � qeiÞ þ Rei ð4Þ

Solid phase mass continuity:

oqsi

ot
¼ �vc

oqsi

oz
þ Rsi ð5Þ

The rate of mass consumption of solid i per chip volume
can be given based on the kinetic model developed by
Christensen et al. [14]:
1 The notations of the model are listed in Appendix A.
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Rsi ¼ �ef k1iqe1 þ k2iq
1=2
e1 q1=2

e3

� �
ðqsi � q1si Þ ð6Þ

where ef is the reaction rate effectiveness factor. The reac-
tion rate constants k1i and k2i are determined using the
Arrhenius law which is a nonlinear function of the
temperature.

The reaction rates Rei and Rsj are related via stoichiom-
etric coefficients bij

Rei ¼
X5

j¼1

bijRsj ð7Þ

For more detail of the model please refer to the original
paper [17].

Parameter identification of a complex physical model
such as (1)–(7) is a troublesome task. Therefore, we have
simplified the model using the following assumptions:

A1: The dynamic variations of chip porosity, the mass
variations of solid and liquor, and the change in
external volume flow rate can be neglected.

A2: The heat released by the exothermic reactions and
energy transfer due to diffusion of components
between the entrapped liquor and free liquor can be
ignored.

A3: The process works at an equilibrium point and only
small variations around this work point are
considered.

A4: Considering the most important components in the
chemical reactions taken place in the digester, only
lignin in solid phase and effective alkali in liquor
phase are taken into account in the reaction rate
equations.

A5: A further simplification is made by considering only
temperature behavior. Due to assumption A2,
neglecting the reaction heat makes the temperature
variables independent of the concentration variables.

The temperature variables are functions of both vertical
position z and time t. Notation Tf(z, t) denotes the temper-
ature of free liquor phase, and Tc(z, t) denotes the temper-
ature of chip phase.

The simplified model is given as the follows:

oT fðz; tÞ
ot

¼ �vf

oT fðz; tÞ
oz

þ d fðT cðz; tÞ � T fðz; tÞÞ ð8Þ

oT cðz; tÞ
ot

¼ �vc

oT cðz; tÞ
oz

þ dcðT fðz; tÞ � T cðz; tÞÞ ð9Þ

where dc = U, and d f ¼ U 1�g
g . The temperature Eqs. (8)

and (9) are the same as that in the model derived by Lund-
quist [18].

2.2. A finite-dimensional approximation of the simplified

model

The orthogonal collocation (OC) method is one of the
methods of Weighted Residuals [19]. It is commonly used
to obtain a lumped model of a distributed parameter sys-
tem for process identification, simulation and control
[1,2,20], and is widely used and accepted in chemical engi-
neering, especially for the reduction of dynamical models
of tubular reactors [20,21]. Many advantages of applying
the OC method have been reported in the literature: it
may substantially reduce the number of required ordinary
differential equations (ODEs) [22]; its formulation and
implementation is fairly easy [21,23]; the nature and the
dimension of state variables remain unchanged after the
reduction procedure [20,21], etc. Furthermore, there is
potential to improve the application result by modifying
the original OC method, e.g., using the orthogonal colloca-
tion on finite elements and the spline collocation technique
[24–26]. For the purpose of the current study presented in
Section 1, it is well worth to test the OC approximation for
direct identification of model parameters based on the
physical model, so as to obtain a model with simplicity
and accuracy suited for process control and monitoring.

For the simplified model (8) and (9), the following nota-
tion is introduced:

oxðz; tÞ
ot

¼ f xðz; tÞ; oxðz; tÞ
oz

� �
; z 2 ½0; 1� ð10Þ

where

xðz; tÞ ¼ T fðz; tÞ T cðz; tÞ½ �T ¼ ½ x1ðz; tÞ x2ðz; tÞ �T ð11Þ

and the boundary condition is given as

xð0; tÞ ¼ uðtÞ ð12Þ

where u(t) is a vector of process inputs.
Note that the spatial variable z used in this subsection

does not refer to the real physical length, although the
notation used here is the same as that used in the preceding
subsection. Here we define z 2 [0, 1]. For all reduced mod-
els applying the OC approximation, that discussed in the
rest of this paper, we have z 2 [0,1]. No matter what the
real length is, it can be normalized via a linear variable
transformation.

A trial solution of x(z, t) is chosen as the polynomial:

xT ðz; tÞ ¼
XNþ1

j¼0

x zj; t
� 	

ljðzÞ ð13Þ

where the basis functions lj(z) are Lagrange interpolation
polynomials with the interpolation points chosen as the
interior collocation points z1,z2, . . . ,zN, and the boundary
points z0 = 0 and zN+1 = 1.

The interior collocation points for the interval z 2 (0,1)
should be chosen as the zeros of a Jacobi polynomial
P ða;bÞN ðzÞ and this guarantees accuracy of the OC approxi-
mation [19].

The first-order spatial derivative can then be approxi-
mated as

oxðz; tÞ
oz

� oxT ðz; tÞ
oz

ð14Þ
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In next section two subprocesses of the digester are
selected and the OC method will be applied in the model
reduction based on the simplified digester model (8) and (9).

3. An identification tool and subprocess selection

Depending on model application purpose, physical
models of a distributed parameter system, such as a contin-
uous paper pulp digester, can be built up with more or less
complexity. Furthermore, many subprocesses in a complex
system need to be modelled appropriately due to the
requirements of process control and monitoring in different
levels. In practice, we need a flexible identification tool with
a rich collection of physical models and model reduction
methods, to be able to deal with the identification prob-
lems. This work has been carried out and our first stage
application result will be presented in this paper.

3.1. An identification tool

A software package is developed for model identifica-
tion of distributed parameter processes. Fig. 2 demon-
strates the structure of the identification tool that
contains a flexible simulator. The software package con-
sists of program routines encoded in MATLAB 7.0.1,
and the function of the programs can be divided into three
categories:

1. Model implementation: a collection of physical models of
distributed parameter systems works as a model library,
and a collection of finite-dimensional approximation
Fig. 2. Upper: a flexible simulator containing in the identification system;
lower: identification system structure.
methods as well as linearization methods supports
model reductions.

2. Process simulation: process variables are selected
according to simulation and identification objectives,
and the variable selection should be suited with model
selection; in addition measured data are treated and sup-
plied appropriately.

3. Parameter identification: vectors of unknown parame-
ters and a loss function are defined, estimation start
points are given. The data fitting problems are solved
in the least-squares sense; finally, the identified model
is validated using different methods.
3.2. Subprocess selection

In the current paper, we only discuss the model identifi-
cation of two subprocesses that is shown in Fig. 3. Subpro-
cess Ga is selected in the co-current zone from the outlet
position of circulation c6 to the upper extraction. The
entire co-current zone is selected as another subprocess
denoted Gb. The temperatures of free liquor and chips
are considered as the process variables. The model of the
two subprocesses consists of Eqs. (8) and (9).

A finite-dimensional approximation of the model using
the OC method is given by the following (where
j = 1,2, . . . ,N + 1):

_T fðzi; tÞ ¼ �vf

XNþ1

j¼1

olj

oz






z¼zi
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Fig. 3. A digester and its different subprocesses.
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This model approximation is a linear multi-input–multi-
output state space description and it will be explained in
more detail in the rest of this paper.

At the top of the digester, both the free liquor stream
and the chip stream are heated by steam.

Then the input u and the output y for subprocess Gb are
defined as

uðtÞ ¼ T sðztop; tÞ; yðtÞ ¼ T fðzext; tÞ ð17Þ

where Ts(ztop, t) is the steam temperature at the top of the
digester and the output variable Tf(zext, t) is the free liquor
temperature at upper extraction.

For subprocess Ga, we assume that the free liquor tem-
perature at the subprocess input point zc6 influences both
the free liquor stream and the chip stream which move
downwards from zc6. Then the input and the output of
Ga are defined as

uðtÞ ¼ T fðzc6; tÞ; yðtÞ ¼ T fðzext; tÞ ð18Þ

where Tf(zc6, t) is the free liquor temperature at the outlet
position of c6.
Table 1
Identification of models of different order

Number of collocation points N = 3 N = 5 N = 7 N = 9

Ga

Number of iterations 121 144 77 135
Start value of V(h) 668.916 898.613 863.024 866.232
Final value of V(h) 255.419 246.662 249.131 251.038

Gb

Number of iterations 18 32 319 271
4. Parameter identification

In this section, the unknown parameter identification of
Ga and Gb will be discussed. The physical model is given by
(8) and (9) and their finite-dimensional approximation is
obtained as (15) and (16). In common form the state space
description can be given as the follows:

_xðtÞ ¼ AxðtÞ þ BuðtÞ
yðtÞ ¼ CxðtÞ þ DuðtÞ ð19Þ

where the matrices A, B, C and D are given by the
following:

A ¼
�vfA1 � d f I d f I

dcI �vcA1 � dcI

� �
B ¼

�vfB1

�vcB1

� �
C ¼ C1 0½ �
D ¼ 0

ð20Þ

Due to (13) and (14), matrices A1, B1 and C1 that are used
for the model approximation are defined as the following2:
2 For details please see Appendix B, and refer to [20].
A1 ¼

ol1

oz
jz ¼ z1

� � � olNþ1

oz
jz¼z1

..

. ..
. ..

.

ol1

oz
jz ¼ zNþ1

� � � olNþ1

oz
jz ¼ zNþ1

2666664

3777775 ð21Þ

B1 ¼
ol0

oz
jz ¼ z1

� � � ol0

oz
jz ¼ zNþ1

� �T

ð22Þ

C1 ¼ l1ðzNþ1Þ � � � lNþ1ðzNþ1Þ½ �
ð23Þ

The identity matrix ‘‘I’’ and the zero matrix ‘‘0’’ that
appear in the matrices A and C have the same dimensions
as matrices A1 and C1, respectively.

Four unknown parameters need to be estimated, and the
parameter vector is defined as

h ¼ vf d f vc dc½ �T ð24Þ

The order of a model approximated by the OC method de-
pends on the number of collocation points N. The OC
approximation with N = 3,5,7,9 are chosen and applied
in the identification.

The model agreement resulted from the parameter esti-
mation can be indicated using a loss function V(h) defined
as

V ðhÞ ¼
Xn

i¼1

ðysðiÞ � ymðiÞÞ
2 ð25Þ

where ys is the simulated output, ym is the measured output
and n is the number of data points.

Table 1 demonstrates the start value of V(h) and the
final value of V(h) obtained during model identification
of Ga and Gb. It can be seen from Table 1 that for both
Ga and Gb, the estimate based on the model approximation
with N = 5 gives a smaller value of V(h) comparing to the
results using other order approximations.

In Fig. 4, the upper plots demonstrate the frequency
properties of the models estimated from the OC approxi-
mations with N = 3,5,7,9, and the lower plots show the
spectral of the process input and output data collected
from the real plant. The bandwidth of the OC models
increase slightly with the increase of the model order.
The Bode plot of the model with N = 5 has a noticeable
magnitude peek within a frequency band around 0.1. Sim-
ilarly, in data spectral plots, there are a set of signals within
this frequency band have greater magnitude compared with
Start value of V(h) 243.26 199.264 211.303 228.232
Final value of V(h) 235.073 186.864 209.177 208.645
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the signals in higher frequencies and the signals in an
adjoining lower frequency area. It may be a reason that
the OC model with N = 5 results a smaller value of final
V(h) in the identification.

Fig. 5 demonstrates the measured data (solid line) and
process simulation (dashed line) using the obtained param-
eter estimates. The upper figure and the lower figure show
the data of Ga and Gb, respectively, where the number of
collocation points is chosen as N = 5.

It can be seen from the figure that the simulation of Gb

agrees with the measured data better than the simulation of
Ga. In addition, the identification of Gb resulted smaller
final V(h) than the identification of Ga, and this also indi-
cates that the identification of Gb provides better parameter
estimates. Since the temperature of the chip stream in Ga at
c6 outlet position is influenced not only by the liquor tem-
perature at this position, but also the top steam tempera-
ture, the identification of Ga can be improved by
modifying its model structure. We assume that the input
of the subprocess is a combination of liquor temperature
at the outlet point of c6 and a delayed steam temperature,
then the process input and the output can be given as
following:

uðtÞ ¼ T sðztop; t � sÞ T fðzc6;out; tÞ½ �T

yðtÞ ¼ T fðzext; tÞ
ð26Þ

where s is a pure time delay from the top of the digester to
the outlet point of c6.

The process model is modified by adding an additional
partial differential equation given below3:

oT dðzd; tÞ
ot

þ 1

s
oT dðzd; tÞ

ozd

¼ 0 ð27Þ

and (27) represents a time delay. The boundary condition
of the equation is

T dð0; tÞ ¼ T sðztop; tÞ ð28Þ

where Td(zd, t) denotes a delayed steam temperature over
the length from the digester top to the outlet position of
c6. The vertical spatial variable zd 2 [0,1] is defined from
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a linear transformation of variables zd = (Zd � zc6)/
(ztop � zc6), where Zd 2 [ztop,zc6]. The parameter vector of
the modified model is then defined as

h ¼ vf d f vc dc s½ �T ð29Þ

The matrices of the improved state space model are given
below:

A ¼
� 1

s A1 0 0

0 �vf A1 � d f I d f I
~0 �vcB1 dcI �vcA1 � dcI

264
375

B ¼
� 1

s B1 0

0 �vfB1

0 0

264
375

C ¼ 0 C1 0½ �
D ¼ 0

ð30Þ

where ‘‘I’’ and ‘‘0’’ in A have the same dimension as A1,
and ‘‘0’’ in B and C have the same dimensions as B1 and
C1, respectively, and ‘‘~0’’ in A is a zero matrix by
(N + 1) · N.

The measured and simulated data of Ga using the
improved model structure is demonstrated in Fig. 6. Com-
paring it with the old result which is shown by the upper
figure in Fig. 5, the agreement between the model simula-
tion and the measured data is obviously improved.

The parameter estimates for Ga using model (30) and for
Gb using model (20) are shown as the follows:

ĥGa ¼ v̂f d̂ f v̂c d̂c ŝ
� �T ð31Þ

¼ 0:0453 0:2262 0:0133 0:046 29:7478½ �T

ĥGb
¼ v̂f d̂ f v̂c d̂c

� �T ð32Þ
¼ 0:0131 0:0093 0:0082 0½ �T

Due to the normalization of vertical lengths and the differ-
ent model structures, the estimates for the two subpro-
cesses Ga and Gb can not be compared directly.
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Fig. 6. Measured and simulated data of Ga, the improved model is used in
simulation.
5. Model validation and discussion

The models of the two subprocesses with the obtained
parameter estimates are verified using validation data mea-
sured from the real process. Fig. 7 demonstrates the valida-
tion results of Ga and Gb, where the measured data are
plotted using solid lines and the simulated data are plotted
using dashed lines. Comparing Fig. 7 with the results using
the identification data (shown in Figs. 5 and 6), there is no
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Fig. 7. Validation data and model simulation of Ga and Gb (solid line:
measurement; dashed line: simulation).
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obvious deterioration of the data agreement. In addition, it
can be seen from the results using both the validation data
and the identification data, that the model simulation of Ga

with the parameter estimates from the improved model are
obviously better than that from the original model.

The mean squares error (MSE) of the residual e is
defined as

MSE ¼ 1

n

Xn

i¼1

e2ðiÞ
 !1

2

ð33Þ

where

eðiÞ ¼ ysðiÞ � ymðiÞ ð34Þ
and n is the number of data points. The MSE of the iden-
tification results using both identification data and valida-
tion data are shown in Table 2.

The quality of the models with parameter estimates can
be observed in Fig. 7 and Table 2. Firstly we compare the
identification results of Ga and Gb using the original model
presented by (8) and (9). In Table 2, the MSE values of Gb

are less than those of Ga. In Fig. 7, the model simulation of
Gb agrees with the real process data better than Ga. This
implies that the original model is more appropriate to be
applied for subprocess Gb than for subprocess Ga.

Then the identification results of Ga using the original
model and the improved model will be compared. In Sec-
tion 4 the original model consisting of (8) and (9) is
improved for subprocess Ga by adding an additional partial
differential equation that represents a time delay. In Table
2, the MSE values of Ga using the improved model are
much less than the results using the original model, and
they are even less than the results of Gb. In Fig. 7, the data
agreement shown in the middle figure is much better than
that shown in the upper figure. This implies that the
improved model gives a better representation for the pro-
cess dynamics of Ga.

Furthermore, the deteriorations of MSE using the vali-
dation data compared with that using the identification
data are limited in an acceptable degree.

We express a real plant as follows:

y ¼ Guþ v ð35Þ
where y is the observed output variable of the plant, G is
the true process and v is the system noise. Eq. (35) can be
a continuous time description or a discrete time descrip-
tion, since both continuous time models and discrete time
models will be discussed in the rest of this section.
Table 2
Mean squares error of identification results

Data Ident. data Valid. data

Ga Model (20) 0.0042 0.0047
Ga (improved) Model (30) 0.0030 0.0036
Gb Model (20) 0.0034 0.0039
In Section 4, the frequency properties of the identified
OC models illustrated in Fig. 4 shows that the amplifica-
tion of the models at high frequencies decrease fast. Thus
the OC models are not able to represent high frequency
dynamics well. In order to construct a model that can rep-
resent the subprocesses better in the high frequency region,
a high-order black-box model of Gb is estimated using real
0 500 1000 1500 2000
–1

–0.5

0

 Time (min)

Fig. 8. Upper: Bode plot of a high-order black-box PEM model of Gb

with 99% confidence interval; middle: correlation functions of the PEM
model (applying validation data); lower: validation output data (solid line:
measurement, dashed line: simulated black-box model output).
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plant data with the help of a black-box identification tool
[27]. The model structure is

ŷðtÞ ¼ b0 þ b1q�1 þ � � � þ bnq�n

1þ f1q�1 þ � � � þ fnq�n
uðtÞ

þ 1þ c1q�1 þ � � � þ cmq�m

1þ d1q�1 þ � � � þ dmq�m
eðtÞ ð36Þ

where u(t) is the measured process input and e(t) is assumed
to be white noise. For the experiments in the sequel, we
choose n = 20 and m = 5. The frequency properties of the
OC models will be compared to the high-order black-box
model.

In Fig. 8, the upper part demonstrates the Bode plot of
the high-order black-box model of Gb. Its 99% confidence
region is illustrated using dash-dotted lines. The model is
estimated by applying the prediction error method
(PEM). The middle part represents the correlation func-
tions of the PEM model and shows that the model passes
the correlation test. The second term on the right side of
(36) is a prediction of v given in (35), and v is obviously
not white due to its model structure. The lower part plots
the measured and simulated output data.

The output of Gb predicted by the OC models, ys ¼ bGu,
are different from the observed output y, and the difference
can be represented using a model residual e:

y ¼ bGuþ e ð37Þ

Considering the OC model structure (19), (20) and (30),
and comparing them with (35) and (36), one sees that the
OC models have a lack in noise model representation,
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Fig. 10. Frequency responses of the high-order black-b
and the model residual e may contain the model error
caused by this lack. The estimated black-box model of Gb

shows that the process noise can be represented using a
fifth order model. We suppose that the residual e of bGb is
not white, and the OC models of Gb will fail the residual
correlation test. Furthermore, Fig. 9 demonstrates the fre-
quency properties of the black-box model and the OC
physical models of Gb. The magnitude of all the OC models
decrease faster than the PEM process model in frequencies
higher than x � 0.2. This implies that the high-order black-
box model represents the subprocess better in the high fre-
quency region compared to the OC models.
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From a point of view of control oriented model valida-
tion [8], the model residual e can be separated into model
error D and disturbances w:

e ¼ Duþ w ð38Þ

where no further requirement is put on w. A nominal mod-
el could fail in a traditional correlation test, but pass a con-
trol oriented model validation test if the norms of its model
error model D and disturbance w are limited in an accepted
level [8]. In addition, an advantage with the model error
model concept is that the nominal model still can be used
for control design, even if it is falsified by D. This is the
case, for example, if the falsification takes place in ‘‘unim-
portant’’ frequency regions [9]. Thus it is necessary to con-
struct model error models for the OC nominal models
obtained in our study.

A high-order black-box model can be estimated using e
as the output data and u as the input data. The model
structure is chosen to be the same as the black-box process
model given by (36) with n = 20 and m = 5. Fig. 10 demon-
strates the frequency responses of the model error models
for the OC nominal models. The 99% confidence regions
of the model error models are illustrated by dash-dotted
lines. The corresponding correlation functions of the model
error models are shown in Fig. 11, and all the estimated
models pass the correlation test.

The magnitudes of the model error models can be easily
compared using Fig. 12. The model error model for the OC
model with N = 5 has smaller magnitude at the frequencies
lower than x � 0.02 compared to the OC models in other
orders, but it has greater magnitude at the frequencies
higher than x � 0.2.

The model error models discussed above provide esti-
mates of the magnitude of the model error in important fre-
quency ranges. This will be helpful for designing a robust
controller for the process.
6. Conclusions

An identification system for distributed parameter pro-
cesses is applied and is shown to be able to identify
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unknown parameters of physical models using data col-
lected from the real process. The flexibility of the identifica-
tion system allows different choices of subprocesses and
variables.

Two subprocesses are selected for the parameter identi-
fication study. The model of the selected subprocesses con-
sists of coupled PDEs and then the model is reduced by the
OC method in linear state space form. The estimation
results are improved by adjusting the model structure and
the variable selection, etc. The obtained models are verified
by simulation using validation data and mean square error
analysis. The model outputs provide an acceptable agree-
ment to the measured data. In addition, high-order
black-box models are constructed for a subprocess and
its model error. These black-box models are utilized for
model validation of the OC nominal models. The fre-
quency properties of the OC models and the black-box
models are demonstrated and compared. The model error
descriptions provide helpful information for controller
design with robustness considerations.

In the future, the identification tool will be further devel-
oped and a richer physical model collection and approxi-
mation method collection will be available. More
complex models and other subprocesses in the digester will
be considered in the identification work.
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Appendix A

Notation of model (1)–(7) cited from [17]:

Main variables:

Tf temperature of free liquor phase
Tc temperature of chip phase
qfi concentration of ith component of free liquor

phase
qei concentration of ith component of entrapped li-

quor phase
qsi concentration of ith component of solid phase
Rsi reaction rate of solid component i

Rei reaction rate of entrapped liquor component i

Rest notation:

Cpf specific heat capacity of free liquor phase
Mf mass of free liquor phase
vf velocities of free liquor phase

U interphase heat-transfer coefficient

g fraction of control volume occupied by free liquor

D coefficient of diffusion

� fraction of chip phase occupied by entrapped li-
quor, or porosity

DE energy transported by diffusion into entrapped li-
quor

_V ext volumetric flow rate of external stream

Mext mass of external stream

Text temperature of external stream

DVf volumes of free liquor phase in control volume

Cps specific heat capacity of solid phase

Ms mass of solid phase

Cpe specific heat capacity of entrapped liquor phase

Me mass of entrapped liquor phase

vc velocities of chip phase

DHR heat of reaction

ef reaction rate effectiveness factor

k1i the first kinetic rate constant for consumption of
ith solid component

k2i the second kinetic rate constant for consumption
of ith solid component

q1si concentration of ith component of solid phase
which does not react

bij stoichiometric coefficients for consumption of
white liquor components
Appendix B

Define an arbitrary state vector as

xðz; tÞ ¼ x1ðz; tÞ x2ðz; tÞ � � � xnxðz; tÞ½ �T ð39Þ

where nx is the number of the state variables. Then a single
state variable in x(z, t) 2 Rnx is denoted as xm(z, t), where
m = 1, . . . ,nx. The OC approximation of the spatial deriv-
ative oxðz;tÞ

oz and the OC approximation of a single state var-
iable xm(z, t) are presented here in detail. According to (13)
and (14), we have

oxðz; tÞ
oz

� oxT ðz; tÞ
oz

¼ o

oz

XNþ1

j¼0

xðzj; tÞljðzÞ ð40Þ

where x(zj, t) is a vector and it is independent of z. Then,

o

oz

XNþ1

j¼0

xðzj; tÞljðzÞ ¼
XNþ1

j¼0

oljðzÞ
oz

xðzj; tÞ

¼
XNþ1

j¼0

oljðzÞ
oz x1ðzj; tÞ � � � oljðzÞ

oz xnxðzj; tÞ
h iT

ð41Þ

Thus for each single state xm, its spatial derivative at a col-
location point zi is
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oxmT

oz






zi

¼
XNþ1

j¼0

oljðzÞ
oz






zi

xmðzj; tÞ

¼ ol0ðzÞ
oz






zi

xmðz0; tÞþ
ol2ðzÞ

oz






zi

xmðz1; tÞþ �� �þ
olNþ1ðzÞ

oz






zi

xmðzNþ1; tÞ

¼ ol0

oz






zi

xmðz0; tÞþ ol1

oz




zi
� � � olNþ1

oz




zi

h i
xmðtÞ ð42Þ

where

xmðtÞ ¼ xmðz1; tÞ � � � xmðzNþ1; tÞ½ �T ð43Þ

For i = 1,2, . . . ,N + 1, the spatial derivative of xm at
z1,z2, . . . ,zN+1 is given as

oxmT
oz




z1

oxmT
oz




z2

� � �
oxmT
oz




zNþ1

266664
377775 ¼

ol0

oz




z1

ol0

oz




z2

� � �
ol0

oz




zNþ1

266664
377775xmðz0; tÞ

þ

ol1

oz




z1

ol2

oz




z1
� � � olNþ1

oz




z1

ol1

oz




z2

ol2

oz




z2
� � � olNþ1

oz




z2

..

. ..
.

� � � ..
.

ol1

oz




zNþ1

ol2

oz




zNþ1

� � � olNþ1

oz




zNþ1

26666664

37777775xmðtÞ

¼ B1xmðz0; tÞ þ A1xmðtÞ ð44Þ

For all states x1, . . . ,xnx we have

oxT ðz; tÞ
oz

¼ Inx � A1ð ÞxðtÞ þ ðInx � B1Þxðz0; tÞ ð45Þ

where Inx � A1 and Inx � B1 are Kronecker products, and

xðtÞ ¼ x1ðtÞ � � � xnxðtÞ½ �T ð46Þ
xðz0; tÞ ¼ x1ðz0; tÞ � � � xnxðz0; tÞ½ �T ð47Þ

Matrices A1 and B1 are used to approximate spatial deriv-
atives of the state variables. At an arbitrary position
zarb 2 [0,1], a process state xm can be solved directly using
(13):

xm zarb; tð Þ ¼
XNþ1

j¼0

xmðzj; tÞljðzarbÞ ¼ l1ðzarbÞ � � � lNþ1ðzarbÞ½ �xmðtÞ

þ l0ðzarbÞxmðz0; tÞ ð48Þ

thus at the boundary point z = zN+1, we have

xmðzNþ1; tÞ¼ ½l1ðzNþ1Þ � � � lNþ1ðzNþ1Þ�xmðtÞþ l0ðzNþ1Þxmðz0; tÞ
¼C1xmðtÞþ l0 zNþ1ð Þxmðz0; tÞ ð49Þ

Due to the orthogonality:

ljðziÞ ¼
1 j ¼ i

0 j 6¼ i


ð50Þ

we have

C1 ¼ ½ l1ðzNþ1Þ � � � lNðzNþ1Þ lNþ1ðzNþ1Þ � ¼ 0 � � � 0 1½ �
ð51Þ
and

l0ðzNþ1Þ ¼ 0 ð52Þ

Then

xmðzNþ1; tÞ ¼ C1xmðtÞ ð53Þ

Matrix C1 is used to approximate the state variables at
boundary point z = zN+1.

Appendix C

Lemma. Consider the PDE:

oT dðzd; tÞ
ot

þ 1

s
oT dðzd; tÞ

ozd

¼ 0; zd 2 ½0; 1� ð54Þ

Define

T dð0; tÞ ¼ uðtÞ ð55Þ

T dð1; tÞ ¼ yðtÞ ð56Þ

then

yðtÞ ¼ uðt � sÞ ð57Þ

Proof. Taking Laplace transform for (54), we have

sT dðzd; sÞ þ
1

s
oT dðzd; sÞ

ozd

¼ 0 ð58Þ

Rearranging (58) we have

oT dðzd; sÞ
T dðzd; sÞ

¼ �ssdzd ð59Þ

Integrating both sides of (59):

ln T dðzd; sÞ ¼ �sszd þ c1 ð60Þ
then

T dðzd; sÞ ¼ Ce�sszd ð61Þ
where c1 and C are constants and C ¼ ec1 .

Applying (55) we have

T dðzd; sÞ ¼ uðsÞe�sszd ð62Þ
Taking the inverse Laplace transform, the time function of
Td along zd is obtained as

T dðzd; tÞ ¼ uðt � szdÞ; 0 6 zd 6 1 ð63Þ
The exact solution of the equation at zd = 1 is obtained as

T dð1; tÞ ¼ uðt � sÞ ð64Þ
Applying (56) we have

yðtÞ ¼ uðt � sÞ ð65Þ
The Lemma is proved. Applying the Lemma into the im-
proved model for Ga, that consists of PDEs (8), (9) and
(27), where

T dð0; tÞ ¼ T sðztop; tÞ ð66Þ
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and

T dð1; tÞ ¼ T fðzc6; tÞ ð67Þ

Then the delayed steam temperature at the outlet position
of c6 is given as

T dðzc6; tÞ ¼ T sðztop; t � sÞ ð68Þ
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