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Monte Carlo Calculation of the Linear Resistance of a Three Dimensional Lattice
superconductor Model in the London Limit
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We have studied the linear resistance of a three dimensional lattice superconductor model in th
London limit by Monte Carlo simulation of the vortex loop dynamics. We find excellent finite size
scaling at the phase transition. We determine the dynamical exponentz  1.51 for the isotropic London
lattice model. [S0031-9007(97)02775-0]
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The fluctuation regime in highTc superconductors
(HTSC) is expected to be sufficiently wide that critica
fluctuations are observable [1,2]. In particular, the co
ductivity is supposed to scale ass ~ j22d1z [1,2], where
j is the correlation length andd is the dimension of the
system. This scaling relation has been applied in rece
experiments on YBCO in zero magnetic field [3] from
which the valuesz ø 2.6 and n ø 1.2 (n is the corre-
lation length exponent) were extracted. Accordingly a
accurate determination ofz and n in models of highTc

superconductors is of great interest. The phenomenolo
of superconductors is described by the Ginzburg-Land
(GL) model. The model is too complicated to allow al
degrees of freedom to be included in calculations. Amon
the standard approximations of the GL model one ca
mention are theXY [4,5], Villain [6–8], and the lattice
superconductor model in the London limit [9–15].

In the present paper we determinez in the zero field
London lattice model (LLM). The exponentz is known
to be close to 3y2 in the three dimensionalXY model,
corresponding to model (E) [16], the symmetric planar
magnet in zero external magnetic field.

It is of interest to know whether the London model in
which the spin wave degrees of freedom are integrat
out is characterized by the same exponent. Equilibriu
properties of theXY and the LLM for l  ` are
known to be the same since they are connected throu
the Villain duality transformation [6]. However, the
dynamical properties might not be the same. This
seen in other systems where the spin degrees of freed
have an effect on the dynamics of the topological defec
[17]. However, as we show below, in fact, the LLM ha
z  1.5. This result is reassuring given that the mode
is used to study the dynamics of vortex systems in th
relation to HTSC [18].

Since the magnetic fieldHmag  0 we can limit our
study to the isotropic system. We derive an expressi
for the resistanceR, based on the Nyquist formula [19] for
voltage fluctuations. From the Nyquist formula we deriv
a simple finite size scaling relation for the resistivity
at the critical temperatureTc and determine the critical
dynamical exponentz.
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The LLM describes the vortex loop fluctuations o
a bulk superconductor. The model originates from
Ginzburg-Landau description with no amplitude fluctu
tions and the spin waves integrated out within a Villa
approximation. On a cubic lattice a vortex loop consis
of four line elements forming a closed loop.

The LLM is defined by the partition functionZ on a
cubic lattice of side lengthL using periodic boundary
conditions,

Z  Tr expf2bHg , (1)

H 
3X

a1

X
i,j

qaiGasri 2 rjdqaj , (2)

whereH is the Hamiltonian, the link variablesqa represent
the vortex line elements. There are three kinds ofqa , one
for each directionex , ey, andez . The positions ofqa are
given byri. The link variablesqai [ h21, 0, 1j. The sum
of qa over a unit cube equals zero. This is achieved
the trial updating algorithm, which only adds closed vorte
loops to the system. The Green’s functionsGasrd [13] are
given by

Gzsrd 
1

L3

X
k

Jx

≥
k2 1

d2

4l2
z

¥
p2eik?sri2rjd≥

k2 1
d2

4l2
x

¥ ≥
k2

x 1 k2
y 1

Jz

Jx
k2

z 1
d2

4l2
z

¥ ,

(3)

Gxsrd  Gysrd 
1

L3

X
k

Jzp2eik?sri2rjd≥
k2

x 1 k2
y 1

Jz

Jx
k2

z 1
d2

4l2
z

¥ ,

(4)

where k are the reciprocal lattice vectors,kx , ky, and
kz  2pnyL, n  0, . . . , L 2 1, k2  k2

x 1 k2
y 1 k2

z
andkx  sinskxy2dd, d is the side length of the unit cell
and is set tod  1. Thelx andlz are the bare magnetic
penetration lengths in thex andz directions. The coupling
constantsJx andJz determine the anisotropy of the mode
and are related to the screening length byJzyJx  l2

xyl2
z .

In the work presented in this Letter the penetration leng
is taken to be infinite,lx  lz  `; we further restrict
the model to the isotropic caseJx  Jz  1.
© 1997 The American Physical Society
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We simulate the model defined by Eq. (2) by th
standard Metropolis Monte Carlo (MC) method [20]. Th
trial move consists of adding a closed vortex loop forme
out of 4 link variablesq. The loop is placed at a
randomly chosen position and with one of the 6 differe
orientations at random.

The standard test for superconducting coherence o
model superconductor has been to sample the helic
modulus1ye,

1
eskd

 1 2
8p2

k2TL3
kqakqa2kl . (5)

In the limit k ! 0 the phase transition is detected in th
following way. For temperatures in the superconductin
phase1ye fi 0 and above the transition1ye  0.

In this Letter we use an alternative test for the superco
ducting transition, namely, the vanishing of the resistan
[11]. The dissipation in a three dimensional supercondu
tor is caused by the creation of vortex loops and expandi
them out to the system boundary. Alternatively if there
an external magnetic field that gives vortex lines throug
the system, the movement of these vortex lines will diss
pate energy. The linear resistivity is defined byr  Eyj
for j ! 0, wherej is the applied supercurrent density an
E is the resulting induced electric field. The resistanceR
is given by the Nyquist formula [19,21]

R 
1

2T

Z 1`

2`
dt kV stdV s0dl . (6)

The integral is evaluated as a sum over discrete tim
steps, defined as one MC trial move. The voltageVxstd
is defined by the fluctuation of loops and is calculated b
the following procedure. ÙNx1s ÙNx2d denotes the number
of accepted trial moves with a vortex loop oriented i
the x direction asx 1 sx2d for a MC sweep through
the lattice. Thex direction refers to the vector normal
to the vortex loop plane. The1 and 2 keep track
of whether the vortex loop is positively or negatively
oriented. The voltageVxstd at timet, in thex direction, is
Vxstd ~ ÙNx1 2 ÙNx2. As a loop is accepted this implies
the expansion of the link elements over an elementa
square. In the correspondingXY model this is associated
with a phase slip, by the Josephson relation [22], an
hence the voltageVxstd. The resistancesRx , Ry, andRz

are equal in the isotropic case considered here.
We consider now the finite size scaling. In thre

dimensions1ye obeys the scaling relation [23,24]

L
1

esk  2pyLd
ø const at T  Tc and d  3 .

(7)

A finite size scaling relation for the resistivity can be
derived in the following way. The Josephson relation

V ,
d
dt

=f (8)

relates the voltage to the time derivative of the gradient
the phasef of the superconducting order parameter [22
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From Eq. (8) we conclude that asTc is approached the
voltage scales asV , 1yt wheret is the dynamical time
scale. Dimensional analysis of Eq. (6) leads toR , 1yt,
wheret is related to the correlation length throught ,
jz . At Tc the correlation length is cut off by the finite
sizeL of the system and we have

R , t21 , j2z  L2z . (9)

In three dimensions we have the relationr  RL for
the resistivity. Hence, the following finite size scaling
relation for the resistivity:

rLz21 ø const at T  Tc and d  3 . (10)

The Meptropolis algorithm does not in itself contain
any reference to time. One can, however, show [2
that there is a linear relation between the time sca
of Langevin dynamics and Metropolis MC trial moves
The success of this similarity has proven itself in man
simulations [10,11]. This argument indicates that ou
MC dynamics is a faithful representation of the Langevi
dynamics of a gas of vortex loops. We cannot b
certain about the relationship between the dynamics
our model and the dynamics of a real superconductor
represented, e.g., by the time dependent Ginzburg Land
equations (TDGLE). The TDGLE contains amplitude an
linear phase fluctuations. Both types of fluctuations a
absent in the London model. However, the dynamic
equivalence we have established between the 3DXY
model and the London model shows that the absence
linear phase fluctuations are inessential. It is therefo
possible that the considered MC dynamics of the Londo
model is equivalent to the vortex dynamics of a rea
superconductor.

Now we turn to the results. The analysis is based o
the finite size scaling relation Eq. (10). The temperatu
is measured in units ofJx. The determination ofz is done
by the following minimization procedure on our Monte
Carlo data. For a specific value ofz, we form the data
curvesrsL, TdLz21 as a function ofT . Depending on
the choice ofz the crossings, of these curves, will be
more or less well gathered. Their average separation alo
the T axis (or r axis) will be denotedST szd [or Srszd].
The common minima ofST (or Sr) determines thez for
which the scaling relation Eq. (10) is fulfilled. In Fig. 1
the functionsST and Sr are plotted versusz 2 1. The
lattice sizes in the figure areL  8, 10, 12, 14, 16. Both
functions have a clear minimum, which occurs at nearly th
same valuez 2 1  0.51. Less well converged data will
not have coinciding minima for theST andSr functions.
We have also tried to exclude some of the lattice sizes
the calculation ofST andSr but this does not change the
result forz, at maximum 3%. Including lattice sizesL  4
and 6 will change the determination ofz. EspeciallyL  4
is outside the scaling regime and including bothL  4 and
6 would changez to 1.49. We identifyTc as the average
value ofT for which the set ofrsL, T dLz21 curves cross
each other andST has its minimum.
2621
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FIG. 1. Monte Carlo results for the LLM. Shown in (a)
are results for the scaling relation Eq. (10). The functionsSr

(dashed curve) andST (solid curve) are drawn as a function
of the dynamical exponentz. The lattice sizes employed in
the determination areL  8, 10, 12, 14, and16. The minimum
occurs atz  1.51. The critical temperature of the system i
determined toTc  5.99. The inset shows the determinedTc as
a function ofz. In (b) the results for the scaling relation Eq. (7
are shown. Lattice sizesL are4  stars,6  open circles,8 
filled circles, 10  open squares,12  filled squares,14 
triangles, and16  plusses. One can clearly see that the curv
for larger lattices intersect at lower temperatures. The ins
showsrLz21 as a function ofsT 2 Tcd1yn, n  0.669 for the
static 3DXY model.

One might also note that if the data had not been w
converged, the minimum in Fig. 1(a) would have been le
well pronounced. This is because the scaling expon
2622
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z 2 1 is found to be small. For high temperatures ther
will always be the trivial scaling as there are no finite siz
effects inr for temperatures far aboveTc, and eventually
one would findz  1 far aboveTc. We check now how
strongly Tc depends on the chosen value ofz 2 1. We
plot in the inset of Fig. 1(a) the value ofTc determined
(like we did above) as the average value of the abscis
of the crossings of thersL, T dLz21 versusT curves for
different values ofz 2 1. We see that a small change in
Tc corresponds to a large change inz 2 1. Taken together
with the well defined minimum inST andSr we infer that
the procedure to determinez is stable.

In Fig. 1(b) the finite size scaling is shown for1ye in
accordance with Eq. (7). The evaluated critical temper
ture corroborates the result achieved with the resistivi
scaling. The critical temperature determined is in goo
agreement with determinations for the three dimension
Villain model [8]. There are no adjustable parameters
this procedure, and we can clearly see there is a sm
finite size effect, as the curves for larger lattices interse
at slightly lower temperatures. One might also note that
the scaling relation for1ye works it indicates that the static
scaling exponents are the same as for the three dimensio
XY model. This is also corroborated by hyperscaling o
rLz21 versussT 2 Tcd1yn, which is shown in the inset
of Fig. 1(b). Heren  0.669 [26] is the static exponent
from the 3DXY model, and forz andTc we have used the
values determined by the procedure above.

In Fig. 2 the resistance scaling is shown for thez
that minimized the spread in Fig. 1. The data show
very good splay atTc and Eq. (10) is obeyed to high
precision. The inset shows the resistivity as a functio
of temperature. From Fig. 2 it is evident that there is
small finite size effect. The curves for larger lattices cros
at higher temperatures. The effect is small andTc will
have its upper bound given from the1ye scaling shown
in Fig. 1(b). From the inset in Fig. 1(a) an approximat
value forz would be 1.5.

We have used the Nyquist relation to determineTc

directly from the vanishing resistivity. From the size
scaling nearTc we determine the dynamical critical expo-
nent z to be z  1.51 6 0.03. This result is interesting
since it is equivalent to superdiffusive behavior. Mos
models have subdiffusive behavior, i.e.,z . 2 [27]. It
is also worth emphasizing that the results establish th
the DdXY model and the 3D London lattice model have
the same dynamical critical behavior, not only the sam
equilibrium exponents. It is interesting to compare ou
result to a work by Lee and Stroud [28] where a stud
of the 3D resistively shunted junction (RSJ) model wit
Langevin dynamicsis described. They study the curren
voltage characteristics and from it deducez  1.5 6 0.5.
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FIG. 2. Monte Carlo results for the scaled resistivity. Th
functionrsT dLz21 is plotted against temperature. The dynami
cal exponent is determined from Fig. 1(a)z  1.51. Lattice
sizes L are 4  stars, 6  open circles,8  filled circles,
10  open squares,12  filled squares,14  triangles, and
16  plusses. There is a finite size effect present, intersectio
for the larger lattices take place at a slightly higher temperatur
The inset showsr as a function ofT .
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