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Impact of Partial Element Accuracy
on PEEC Model Stability
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Abstract—This paper details the impact of partial element ac-
curacy on quasi-static partial element equivalent circuit (PEEC)
model stability in the time domain. The potential sources of in-
accurate partial element values are found to be poor geometrical
meshing and the use of unsuitable partial element calculation rou-
tines. The impact on PEEC model stability of erroneous partial
element values, and the coefficients of potential and partial induc-
tances, are shown as theoretical constraints and practical results.
Projection meshing, which is a discretization strategy suitable for
the PEEC method, is shown to improve calculated partial element
values for the same number of unknowns, thus improving model
stability.

Index Terms—Partial element equivalent circuit (PEEC).

I. INTRODUCTION

THE need for three-dimensional (3-D) electromagnetic
(EM) modeling is increasing due to multi-gigahertz signal

bandwidths at all levels of integration and packaging, mixed-
signal functionality, and larger wiring densities in complex
3-D environments [1]. In the 2003 International Technology
Roadmap for Semiconductors (ITRS) [2], the use of high-
frequency 3-D EM modeling is designated as an emerging area.
This roadmap states that the need for high-frequency modeling
and package electrical modeling will be of increasing impor-
tance over the next decade. Solving combined electromagnetic
and circuit analysis problems is required for printed circuit board
(PCB), subsystem-PCB modeling, and electrical interconnect
and package (EIP) problems. Two-dimensional (2-D) multicon-
ductor transmission line (MTL) analysis is used for problems
which can be solved in this way. However, where 2-D modeling
is inadequate, 3-D modeling techniques must be used.

The partial element equivalent circuit (PEEC) method [3]–[5]
is a 3-D full-wave modeling method suitable for combined EM
and circuit analysis. Unlike the method of moments (MoM),
PEEC is a full spectrum method valid from dc to the maximum
frequency determined by the meshing. In the PEEC method,
the integral equation is interpreted as Kirchoff’s voltage law
applied to a basic PEEC cell, which results in a complete circuit
solution for 3-D geometries. The equivalent circuit formulation
allows for additional SPICE type circuit elements to be easily
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included. Further, the models and the analysis apply to both the
time-and the frequency-domain. With a general purpose SPICE
type solver, different analysis such as quasi-static, LR or RC,
and multitransmission line model analysis can be performed.
The circuit equations resulting from the PEEC model are easily
constructed using a modified loop analysis (MLA) or modified
nodal analysis (MNA) formulation [6]. In the MNA formula-
tion, the volume cell currents and the node potentials are solved
simultaneously for the discretized structure. This approach is
used in most SPICE type circuit solvers. Besides providing a dc
solution, it has several other advantages over a MoM analysis
for this class of problems since any type of circuit element can
be included in a straightforward way with appropriate matrix
stamps.

The PEEC method has recently been extended to include
nonorthogonal geometries [7]. This model extension, which is
consistent with the classical orthogonal formulation, includes
the Manhattan representation of the geometries in addition to
the more general quadrilateral and hexahedral elements. This
helps in keeping the number of unknowns at a minimum and
thus reduces computational time for nonorthogonal geometries.
The nonorthogonal partial element values are calculated using
(semi-)numerical integration over the discretized surfaces and
volumes. Thus, there is an increased potential for introducing
errors in partial element values compared to the classical rect-
angular PEEC formulation.

The potential instability of the discretized electric field inte-
gral equation (EFIE) in the time domain is well known, e.g., [8].
In this paper, we investigate the time-domain stability of quasi-
static PEEC-based EM models from a circuit perspective. We
focus on the impact of partial element accuracy on PEEC model
stability. In [9], the impact of erroneous coefficients of poten-
tial on PEEC model stability was shown. This paper extends
the analysis and shows similar results for PEEC model partial
inductances. This type of stability analysis is motivated by

1) the application of PEEC modeling for dense and complex
systems requiring projection meshing (see Section III-B)
to assure correctness of the partial element values [10];

2) the nonorthogonal PEEC formulation [7] which requires
the use of numerical space integration rather than analyti-
cal formulae in the partial element evaluation;

3) the increased usage of full-wave PEEC solvers for which
stability is an important and difficult issue;

4) the use of PEEC modeling for a wide variety of geome-
tries which can result in dense PEEC model submatrices
with a wide range of coupling terms, which are prone to
numerical errors;
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5) the research on the sparsification of partial inductance
matrices [11] by windowing-techniques [12] and wire-
duplication [13].

This paper is organized as follows. After a short introduction
to the PEEC formulation in Section II, PEEC model stability
is outlined in Section II-B. In Section III, the different sources
contributing to erroneous partial elements are detailed. Section
IV describes the stability of PEEC models with respect to partial
coefficients of potential. Here we study a symmetrical as well as
an asymmetrical PEEC model to show the stability properties.
Practical examples are given for stable and unstable quasi-static
PEEC models with respect to the derived theoretical conditions.
Finally, Section IV-B details the stability of PEEC models with
respect to partial inductances. The inductive effects are studied
for a two-cell and a transmission line geometry. The same type of
stability criteria are derived, and a similar behavior is observed
as for the capacitive case. Finally, conclusions are drawn.

II. BRIEF REVIEW OVER THE PARTIAL ELEMENT EQUIVALENT

CIRCUIT MODEL

The basic PEEC method is derived from the mixed potential
integral equation (MPIE) written as

Ei =
J(r, t)

σ
+

∂A(r, t)
∂t

+ ∇φ(r, t) (1)

where Ei is an incident electric field, J is the current density,
A is the vector magnetic potential, φ is the scalar electric poten-
tial at observation point r, and σ is the electrical conductivity.
By using the definitions of the EM potentials, the current- and
charge-densities are discretized by defining pulse basis functions
for the conductors and dielectric materials. Pulse functions are
also used for the weighting functions, resulting in a Galerkin
type solution and the circuit interpretation of the scalar- and
vector-potentials. By defining a suitable inner product with a
weighted volume integral over the cells, the MPIE in (1) can be
interpreted as Kirchhoff’s voltage law over a PEEC cell consist-
ing of the following:

1) Partial self inductances between the nodes and partial
mutual inductances representing the magnetic field
coupling in the equivalent circuit. The partial inductance
is defined as

Lpαβ =
µ

4π

1
aαaβ

∫
vα

∫
vβ

1
|rα − rβ |

· dvα · dvβ . (2)

2) Coefficients of potential to each node and mutual coef-
ficients of potentials between the nodes representing the
electric field coupling. The coefficients of potentials are
defined as

pij =
1

SiSj

1
4πε0

∫
Si

∫
Sj

1
|ri − rj |

· dSj · dSi. (3)

3) A resistive term between the nodes are defined as

Rγ =
lγ

aγ σγ
. (4)

In (2) and (4), a represents the cross section of the volume cell
normal to the current direction γ and l is the length in the current

Fig. 1. Basic PEEC cell with conductor loss included.

direction γ. Further, v represents the current volume cells and S
the charge surface cells. The final PEEC cell can be constructed
in different ways depending on the required type of analysis.
Fig. 1 shows one basic circuit which is most suitable for use with
the MNA method. In Fig. 1, a retarded current controlled voltage
source (CCVS), V L

mm is used to model retarded magnetic field
coupling while retarded CCCSs Ii

p and Ij
p model the electric

field couplings for a PEEC cell connected to nodes α and β. For
example, the value for Ii

p = ((pij )/(pii))I
j
C (t − tdi j

), where
tdi j

is the center-to-center retardation time given by

tdi j
=

| rci − rcj |
c

(5)

where rci and rcj are the vectors to the center of the sur-
face cells i and j, respectively. Further, the free space speed
of light c = 3 · 108 m · s−1 is used for combined conductor
and dielectric material problems due to the transformation to
a free space problem using a volumetric equivalence principle.
The transformation of the EM problem to the circuit domain is
thereby completed and the total PEEC can be solved using cir-
cuit techniques. For a detailed derivation of the method which
includes the nonorthogonal formulation, see [7]. Importantly,
the nonorthogonal formulation does not change the topology or
basic properties of the PEEC circuit model. Hence, the work in
this paper applies to the general case.

A. Meshing for the PEEC Model

An important part of PEEC modeling is the meshing of the
structure. In the method, two discretizations are constructed.
After the initial node placement, the surfaces are meshed using
quadrilateral elements from which the coefficients of potentials
are calculated using (3). Depending on the boundaries of the sur-
face mesh, the volume cells are created as hexahedral cells from
which the partial inductances and cell resistances are calculated
using (2) and (4), respectively. The usage of quadrilateral and
hexahedral elements in the meshing gives a very good geomet-
ric meshing. However, the use of rectangular surface-cell and
parallelepiped volume-cell in the meshing, which gives a stair-
case approximation of the structure, enables the use of fast and
accurate analytical calculation routines for the partial elements.
The possibility to combine the nonorthogonal and orthogonal
shapes should be used as much as possible to speed up the partial
element calculation phase.

The basic rule of thumb when performing the surface-and
volume-cell discretization is to use a fixed number of cells
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Fig. 2. Short time step late time instability for a PEEC model. Example com-
pares far end voltage for a transmission line modeled using an unstable PEEC
and a SPICE model.

per shortest wavelength λmin (corresponding to the highest
frequency of interest) to assure a correct representation of the
actual waveforms. Originally, approximately (10 cells/λmin)
was used. This has changed to (20 cells/λmin) for current
PEEC models. Further, conditions determining the level of the
discretization, i.e., the sizes of the volume- and surface-cells,
are determined by

1) The shape of the conductors. Length to width and length
to thickness ratios must be considered to ensure good
accuracy in the calculated partial element values [14]. Too
large ratios in the cell dimensions can cause numerical
problems in the partial element calculation routines when
using numerical integration and closed-form equations.

2) The proximity to other conductors. For closely spaced,
overlapping, parallel, or perpendicular conductors, the dis-
cretization in some cases has to be commensurate.

3) Time and memory limitations. The number of partial ele-
ments used in a PEEC model is linked to the discretization.
Thus, the calculation time of the partial elements and the
solution time of the final system increases drastically for
overdiscretized problems.

B. Time-Domain PEEC Model Stability and Accuracy

The time-domain stability issue for PEEC models and other
full-wave integral equation based formulated EM analysis
methods is well known, e.g. [8]. The problem that is often
termed “late time instability” results in an oscillation of an expo-
nentially increasing amplitude which starts at some point in time
while totally masking the real solution, as shown in Fig. 2, which
may occur even for implicit numerical integration schemes.

Reasons for PEEC model time-domain instabilities are
1) delays in full-wave formulations;
2) properties of some explicit and implicit numerical time-

domain integration technique [8], [15], [16];
3) poor meshing of geometry (which is also related to the

delay discretization for full-wave models, e.g., [17]).
These issues have been treated in the literature and solutions
have been proposed to improve the stability of PEEC models
based on these analyses. In this paper, we consider a fourth
issue which impacts PEEC model stability, i.e., the accuracy
of the partial element values, both coefficients of potential and
partial inductances. It will be shown in the following sections

that the factors contributing to inaccuracies in partial element
calculations are

1) inaccurate partial coefficient calculations;
2) the use of large aspect ratio PEEC cells for which certain

calculation routines perform poorly;
3) the inappropriate discretization of objects without proper

adaptive meshing routines.
The consequences of inaccurately calculated partial elements

in the final PEEC model solution are hard to predict. However,
an attempt is made in this paper to illustrate the possibility that
the errors will be emphasized when creating the PEEC circuit
equations and the required matrix operations. Fig. 3 shows a flow
chart for a general PEEC-based EM analysis tool with emphasis
on approximations and error sources which can result in an
unstable PEEC model. Here, we focus on the errors introduced in
partial element calculation and the numerical errors introduced
by the matrix operations.

III. SOURCES OF ERRONEOUS PARTIAL ELEMENT EVALUATION

In the PEEC method, a large number of partial inductances
and coefficients of potentials must be calculated which are used
in the equivalent circuit. The partial elements are calculated de-
pending on the surface- and volume-cell discretization, which
is based on the highest frequency fmax the PEEC model is
intended for so that the cell size does not exceed the (λmin/20)-
rule, where λmin = c/fmax. The close proximity to other con-
ductors/dielectrics and the shape of the conductors may cause
problems. For the classical (orthogonal) PEEC formulation, the
partial elements are calculated using fast and accurate analyt-
ical formulae while nonorthogonal partial elements require at
least some numerical (space) integration. The following sections
show possible errors introduced in partial elements by calcula-
tion routines and by unsuitable surface-and volume-meshing.

A. Partial Element Calculation Routines

This section addresses the importance of using appropriate
techniques when calculating the partial elements. Examples of
unstable and unsuitable routines are given for both the analytical
and numerical routines.

1) Analytical Formulae: The use of analytical formulae for
partial element calculation in PEEC modeling is desirable due to
fast and simple usage, especially for the self-terms. For orthog-
onal self-elements, the analytical formulae are unconditionally
used due to the singularity in the integrand. However, even ana-
lytical formulae have to be used with care. One of the benefits of
PEEC modeling is the possibility to use large-aspect-ratio cells
in the discretization. This requires the use of routines so that
numerical inaccuracies, with large aspect ratios as illustrated
in Fig. 4, can be avoided. Fig. 4 gives an example of how an
analytical formula used to calculate the partial self-inductance
for a PEEC model volume cell can produce totally wrong in-
ductance values, including even negative results for the partial
self-inductance. It was shown in [3] and [18] that the major
source of error in partial inductance calculations is due to large-
aspect-ratio cells and the result of the numerical dispersion due
to high-order terms creating large numbers while the values



22 IEEE TRANSACTIONS ON ELECTROMAGNETIC COMPATIBILITY, VOL. 48, NO. 1, FEBRUARY 2006

Fig. 3. Flowchart describing a general PEEC based EM simulation tool.

Fig. 4. Numerical unstable partial self-inductance calculation routine; constant
cross section (0.1× 0.1 mm) with increasing length.

of other terms are small. Thus, the implementation of self and
mutual partial inductance formulae has to be done with care and
some size limitations must be specified.

Previously published guidelines [14] using conditioning
based on cell length, width, and thickness have proven to be
valuable when choosing analytical formulae for the partial co-
efficient evaluation.

2) Numerical Integration: Numerical integration for the
evaluation of the basic partial element expressions is used for
nonorthogonal structures or when analytical formulae are diffi-
cult to find. The common use of large-aspect-ratio cells and/or
large separation distances puts difficult constraints on the nu-
merical integration routines. Hence, an adaptive strategy must
be used to accommodate wide variations in the coefficients [19].
Further, the wide range of approximations for the basic partial el-
ement expressions, surface, and contour-formulations, can help
from an efficiency point of view.

Fig. 5 shows the calculated partial self-inductance Lp for
an orthogonal cell with 0.1× 0.1 mm cross section (w × h)
with increasing length (x-axis) using the scheme proposed
in [14] by means of analytical functions compared to a 3-D
(volume) formulation using fifth or eighth order of Gauss–
Legendre (GL) numerical integration [20]. The figure also shows
the relative error, which is defined as err = (Lpnumerical −
Lpanalytic/Lpanalytic) in the numerical calculation routines. It
is clear that even the eighth order of Gauss–Legendre numerical
integration gives poor results for conductor aspect ratios l:w of
2:1 since the relative error in the order of 1.5% is much too
large for dense problems. Also, a very careful implementation
is required to avoid large compute time when using even higher
order GL numerical integration techniques.

As an example, the result for the partial mutual inductance for
two center-aligned cells is shown in Fig. 6. The calculation rou-
tines are LpFilNum [volume filament model (VFI) formula using
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Fig. 5. Comparison for partial self-inductance calculation using analytical (exact) or numerical (volume) techniques and corresponding relative error for finite
thickness conductors.

Fig. 6. Partial mutual inductance for two orthogonal cells with increasing cell
lengths.

GL numerical integration], LpVolNum (volume formulation us-
ing GL numerical integration), and LpSumA (analytical formula
using the summation of 64 partial self-inductances [21]). As
can be seen, the result is similar to the previous performed par-
tial self-inductance calculation. Both the volume formulation
and the analytical formula (LpSumA) underestimate the partial
mutual inductance compared to the filament formula.

We experimentally found the following.
1) Using the volume formulation with low order of Gauss–

Legendre numerical integration can underestimate the par-
tial self-inductance of a rectangular conductor unless as-
pect ratio is less than 0.25 for finite thickness conductors.

2) The contour formulation [22] slightly overestimates the
partial self-inductance of a zero-thickness conductor.

The consequences of over- or under-estimating the partial induc-
tances can be an important source of instabilities when mixing
analytical and numerical-based calculation routines for large
problems of combined orthogonal and nonorthogonal objects.
Both over- and under-estimating partial self-elements leads to
problems since the partial inductance matrix Lp must be posi-
tive definite. For example, underestimating self terms can result
in mutual terms that are larger and thus create an indefinite
Lp -matrix, as shown below.

This section has illustrated the potential error in partial in-
ductance calculations using different available formulations. It
is evident that care must be taken in the evaluation of partial
elements.

The partial elements are best calculated using schemes of the
type presented in [14] and [19]. When numerical integration is
used, the integration order for large-aspect-ratio cells (1:100)
may need to be too high.

B. Impact of Meshing on Partial Elements

Meshing is another key issue in the accurate and stable model-
ing. One of the objectives of the meshing in the PEEC approach
is the careful allocation of the unknowns or subdivisions. A
technique which is called projection meshing is used to obtain
convergent results without an excessive number of cells. In this
approach, cells for neighboring conductors are lined up, as in
the example in Fig. 7. It was shown in [10] that capacitive cou-
plings could be completely wrong if projection meshing was not
used for close conductors. It is obvious from this example that
the proper meshing for multiple conductor geometries is very
important.
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Fig. 7. Projection meshing for a planar inverted F antenna (PIFA) PEEC model. The surface cell discretization of the two antenna elements is mirrored in the
ground plane.

Fig. 8. Three-conductor geometry.

In this section, we give an example similar to the one in
[10] to display the importance of projection meshing on the
partial elements. Consider the three, zero-thickness, conductor
geometry in Fig. 8. The lower plate (No. 1) is 10× 5 cm, the
upper left plate (No. 2) is 3× 5 cm, and the upper right plate
(No. 3) is 5× 5 cm. The gap separation between the upper plates
(Nos. 2 and 3) is 1 cm, and the interplane separation is 0.2 cm.

The capacitive coupling between the plates is given by the
short circuit capacitance matrix CS as detailed in Section IV-A.
To find CS, we analytically compute the potential coefficients
[4]. In the first test, we use the smallest number of unknowns,
which is three. For this case, the matrix of potential coefficients
is given by

P =


 0.367179683 0.355179322 0.346424918

0.355179322 0.679185447 0.185787332
0.346424918 0.185787332 0.534448842


 [pF−1]

(6)

which results in the following short circuit capacitance matrix:

CS =


 18.88094007 −7.21178058 −9.73146582
−7.21178058 4.38168922 3.15143006
−9.73146582 3.15143006 7.08342159


 [pF].

(7)

This result is clearly wrong since this CS matrix is supposed
to be a positive definite Minkowski M-matrix with all its off
diagonals being negative. Obviously, the above discretization
is very coarse and gives inaccurate results for the short circuit
capacitance matrix. To overcome this problem, the lower plate
can be subdivided, as an example, into four parts. In a first
test, the lower plate is divided into four parts where No. 11 is
2.5× 5 cm, No. 12 is 3.5× 5 cm, No. 13 is 2.5× 5 cm, and
the last part No. 14 is 1.5× 5 cm, as shown in Fig. 9(a). Based
on the new discretization, the matrix of potential coefficients is
given in (8), shown at the bottom of the page, which results
in a short circuit capacitance matrix, after reduction as detailed
in [23], given by

CS =


 20.5104891 −6.8947201 −11.7813246
−6.8947201 6.2414666 0.94317315
−11.781325 0.9431732 11.55098574


 [pF].

(9)

The resultant CS matrix is still erroneous, due to the positive
off diagonal terms, even for this increased discretization. In a
second test, the lower plate (No. 1) is subdivided into four parts,
where No. 11 is 1× 5 cm, No. 12 is 3× 5 cm, No. 13 is 1× 5 cm,
and the last part (No. 14) is 5× 5 cm, which projects the shape
of the two upper plates; see Fig. 9(b). This case resembles the
projection meshing, and this allows for the capacitive couplings
to be calculated much more accurately, and the resulting co-
efficient of potential matrix is shown in (10) at the bottom of
the next page. This results in a short circuit capacitance matrix,

P =




0.7343593661 0.295629091 0.146034639 0.110132751 0.376796726 0.145632455
0.2956290912 0.633887687 0.295629091 0.174569307 0.558728794 0.308104658
0.1460346388 0.295629091 0.734359366 0.390004672 0.229968963 0.52803377
0.1101327506 0.174569307 0.390004672 0.896396661 0.151562625 0.467811551
0.3767967255 0.558728794 0.229968963 0.151562625 0.679195447 0.240297211
0.1456324546 0.308104658 0.528033767 0.467811551 0.240297211 0.534448842]




[pF−1] (8)
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Fig. 9. Bottom view of three conductor geometry from Fig. 8 with lower plate subdivided, indicated by dashed lines, into (a) four arbitrary areas and (b) four
areas which project the shape of the two upper plates.

after reduction, given by

CS =


 21.3179316 −7.6205393 −12.0063976

−7.6205393 8.1683522 −0.1459876
−12.0063976 −0.1459876 12.8934069


 [pF].

(11)

This simple example shows that poor meshing introduces
error in the partial element values if we do not use a projection
meshing-type approach, where neighboring cells are matched
in the limit as the distance between the conductors goes to zero.

In the next two sections, the impact of inaccurate partial
elements and the passivity and stability of simple PEEC models
are investigated.

IV. IMPACT OF INACCURATE PARTIAL ELEMENTS

ON PEEC MODELS

A. Capacitive Coupling

The capacitive effects in PEEC are modeled by using the
theory of partial coefficients of potential pij calculated using
the basic expression in (3). In the PEEC method, a coefficient of
potential matrix P is constructed with elements of the type pij ,
which may be more dense than the partial inductance matrix
for rectangular geometries. For PEEC, the P matrix is full,
symmetric, and positive definite [4]. The energy for the potential
coefficient can be written as a quadratic form, or

We =
1
2
QT PQ (12)

where Q is the vector of total cell surface charge. It is worth
noticing that all elements in P are positive as is evident from
(3). For a quasi-static PEEC model, lumped capacitances can be
used from the inverse of the P matrix or

CS = P−1 (13)

where CS is a short circuit capacitance M-matrix with positive
diagonal and negative off-diagonal elements. Hence, it is evident
that any positive off-diagonal element in theCS-matrix indicates
an error in the analysis which may be caused by meshing or a
combination of strong and weak couplings, as well as numerical
errors in the coefficients. The circuit two-terminal capacitances
are obtained by manipulating the CS matrix according to the
following:

1) The diagonal terms are obtained by summing each row in
the CS-matrix, cii =

∑
∀j csi j

.
2) The off-diagonal terms are the negative value for the cor-

responding off-diagonal element in the CS-matrix, i.e.,
cij = −csi j

.
Thus, it is evident that all two-terminal circuit capacitances
should be positive.

Here, the stability of a lossless quasi-static PEEC model can
be represented in terms of circuit capacitances. A simple one-
cell PEEC circuit is considered in Fig. 10. It is well known
from circuit theory that lumped circuits without independent as
well as dependent sources and with positive circuit elements are
passive. We use the single cell model to illustrate the impact of
inaccurate potential coefficients on stability. To monitor the sta-
bility and passivity of the circuit, we study the input impedance
at the point marked ZIN in Fig. 10. It is evident that both nodes

P =




1.030925839 0.397998118 0.205316464 0.128567385 0.392105994 0.128507242
0.397998118 0.679195447 0.397998118 0.185787332 0.613305887 0.185532714
0.205316464 0.397998118 1.030925839 0.313623242 0.392105994 0.310018101
0.128567385 0.185787332 0.313623242 0.534448842 0.185532714 0.493825139
0.392105994 0.613305887 0.392105994 0.185532714 0.679195447 0.185787332
0.128507242 0.185532714 0.310018101 0.493825139 0.185787332 0.534448842




[pF−1]. (10)
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Fig. 10. Simple PEEC circuit used for quasi-static EM problems.

in the small circuit are observable from this point. Stability can
be checked by using the condition that all eigenvalues of the
system are in the left half plane; see [24]. The input impedance
for the symmetric (C11 = C22) one-cell model is given by

ZIN =
s2LC11 + s2LC12 + 1

s (s2L (C2
11 + 2C11C12) + 2C11)

(14)

with stability condition

C12 > −C11

2
. (15)

Further, the input impedance for an asymmetric subdivided
PEEC one-cell (C11 �= C22) is shown in (16) at the bottom
of the page, with stability condition

C12 > − C11C22

C11 + C22
. (17)

If the above condition is not fulfilled, the one-cell system can
have poles of the transfer function ZIN with positive real parts
causing the system to be unstable. However, for this case, pas-
sivity is not always ensured by satisfying (17) since negative
values of C12 are allowed.

The next section explores the practical implications of the
stability criterion developed above by modeling the one-cell in
PSpice [25] for a few different cases.

1) Numerical Experiments: First a symmetric one-cell ge-
ometry is considered. The length is 5 cm, the width is 2 cm, and
the thickness is 1 µm and is assumed to be zero thickness in the
calculations. The PEEC model matrices are as follows:

P =
[

1.19146 0.41638
0.41638 1.19146

]
[pF−1] (18)

CS =
[

0.956 −0.334
−0.334 0.956

]
[pF] (19)

which results in two-terminal capacitances according to C11 =
C22 = 0.622 pF and C12 = C21 = 0.334 pF. The partial self-
inductance is (Lp) 22.36 nH. The one-cell is excited using a

current source pulse with 1 ns rise time at the node indicated
with ZIN in Fig. 10. Figs. 11 and 12 show the responses, calcu-
lated by PSpice, for different mutual capacitance C12 values. In
the figures, the near end voltage is indicated V in SPICE and the
far end voltage is indicated V out SPICE. In Fig. 11, the volt-
ages for the symmetric one-cell with both correct and a negative
mutual capacitance are shown. When the capacitance is given a
value −0.32 pF, violating the condition in (15), the model is un-
stable (Fig. 12). These results are consistent with the theoretical
constraints developed earlier.

We next consider the one-cell with an asymmetric geometri-
cal discretization where the coefficients of potentials are calcu-
lated from two different sized cells. As an example, we choose
4.75 and 0.25 cm for the two lengths, resulting in the following
PEEC model matrix:

P =
[

0.82921 0.50647
0.50647 2.97818

]
[pF−1] (20)

resulting in the following two-terminal capacitances: C11 =
0.112 pF, C12 = C21 = 0.023 pF, and C22 = 0.015 pF. The
self partial inductance (Lp) is 22.36 nH as before. The one-
cell is excited using the same current source as before, result-
ing in the responses in Figs. 13 and 14. The same behavior
as for the symmetric one-cell is observed with a stable re-
sponse (see Fig. 13) for a mutual capacitance fulfilling the
condition in (17) while an unstable response is given for a ca-
pacitance value equal of −0.014 pF [violating condition (17)]
(see Fig. 14).

The results are in accordance with the theoretical constraints
developed earlier. Importantly, we conclude that the asymmet-
ric discretization puts a stronger constraint on the accuracy in
the mutual capacitance term C12. This corresponds to realistic
models since the cell size varies widely for practical problems
and it is consistent with the practical observation that unequal
cells lead to more stability problems.

2) (Lp, P ) PEEC Model Analysis: The previously analyzed
one-cell can also be simulated using a PEEC-based EM solver
using the original PEEC model matrices. In this way, constraints
on the coefficients of potential, instead of the short circuit ca-
pacitances, can be derived and verified. Consider again the sym-
metric one-cell from the previous section. By using the PEEC
based EM solver, the one-cell model matrices are calculated,
and a system is created using a nodal analysis (NA) method.
The one-cell input impedance is

ZIN = ((AT (jωL)−1A + jω(RT
vP−1Rv))−1IS )[1 0]T

(21)
when using the NA formulation, with corresponding matrices,
detailed in [26] or when computed

ZIN =
s2LpP11 + P11

2 − P12
2

s (s2Lp + 2P11 − 2P12)
(22)

ZIN =
s2LC22 + s2LC12 + 1

s (s2LC22C11 + s2LC12C11 + s2LC12C22 + C11 + C22)
(16)
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Fig. 11. Stable responses for symmetric one-cell with C12 = 0.334 pF and C12 = −0.3 pF.

Fig. 12. Unstable response for symmetric one-cell with C12 = −0.32 pF, violating stability condition in (15).

Fig. 13. Stable response for asymmetric one-cell with C12 = 0.023 pF.

Fig. 14. Unstable response for asymmetric one-cell with C12 = −0.01414 pF, violating stability condition in (17).
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Fig. 15. Quasi-static PEEC two-cell, Lp12 indicate the partial mutual
inductance.

with stability criterion, previously calculated as

P12 < P11. (23)

The condition in (23) is equal to one of the criteria for positive
(semi)definite matrices and can be converted into (15) and (17)
by using the coefficient of potential matrix expressed in terms
of circuit capacitances according to

P =
1

C11(C11 + 2C12)

[
C11 + C12 C12

C12 C11 + C12

]
. (24)

B. Inductive Coupling

The magnetic field (inductive) effects in PEEC circuits are
modeled using the theory of partial inductances Lpij calculated
from the basic expression in (2). In the PEEC method, a partial
inductance matrix Lp is constructed with elements of the type
Lpij . The Lp matrix is usually dense, symmetric, and positive
definite for accurate coefficients [14]. The energy using the
partial inductance matrix can be written as a quadratic form as

Wm =
1
2
iT Lpi (25)

where i is the vector of cell currents. Note that in the Lp -matrix
all elements are positive when calculated using (2). However, if
opposing current directions are chosen, coupled inductors can
result in negative elements in the Lp -matrix.

1) Theoretical Considerations: To perform an analytic sta-
bility analysis that includes the partial inductances, a PEEC two-
cell equivalent circuit is required, so that the problem involves
a partial mutual inductance, as shown in Fig. 15. Unfortunately,
the quasi-static two-cell is too complicated to yield analytical
insight in the configuration in Fig. 15. However, if we discard
all the partial mutual coefficients of potential pab = 0,∀a, b and
assume a symmetric geometry two-cell, we have Lp12 = Lp21

and Lp22 = Lp11. Then, the expression for the input impedance
is, by using (21), shown in (26) at the bottom of the page.

The resulting stability condition on the partial mutual induc-
tance Lp12 (for this simplified symmetric two-cell) is then

|Lp12| < Lp11 (27)

which is one of the criteria for definite matrices.
Again, for different cell sizes where Lp11 �= Lp22, the sta-

bility conditions become too complicated to give any insightful
information.

The next section gives an example of a transmission line
simulation exploring the properties of the inductance matrix
and the corresponding PEEC model solution.

2) Three-Cell Transmission Line: This section considers the
stability of a (Lp, P,R) PEEC model for the transmission line
in Fig. 16. Note that we chose the different thicknesses of the
two transmission line conductors. Each conductor in the trans-
mission line structure is discretized, using projection mesh-
ing, into three volume-cells and, therefore, four surface (ca-
pacitive) cells. The coefficients of potentials for the parallel
surfaces are calculated using closed form formulae [4]. The
mutual partial inductances are calculated using two different
formulae:

1) LpFilNumT: a thin-tape formula presented in [3] (not tak-
ing the thickness of the cells into account which are 25
and 50 µm, respectively, in this case);

2) LpSumA: a new formulation [21] where the mutual in-
ductance is calculated from a summation of partial self-
inductances (calculated using the approach in [14]).

Further, the partial self-inductances are calculated using the
scheme in [14].

First, we give the partial inductance matrices using the two
different formulations, shown in (28) and (29) at the bottom of
the next page. We see some differences in the partial inductance
values for the two formulations in the off-diagonal terms: max.
3.5% relative error in position (1,6). Both the matrices are pos-
itive definite which is controlled by checking the determinant
of all principal minors to be > 0, and all the real parts of the
eigenvalues of the two L-matrices to be > 0.

However, when calculating the inverse of the L-matrices, we
find some differences to be considerably larger, shown in (30)
and (31) on page 30. Both the (inverse) matrices are positive
definite, but we notice four positive off-diagonal terms, in the
L−1

LpSumA matrix, representing the couplings [(1,6), (3,4), (4,3),
and (6,1)]. Since the off-diagonal terms in the inverse of the
partial inductance matrix are expected to be negative, we find
that the positive elements are a result of inaccurate (mutual)
partial inductance values.

Next, we compute the eigenvalues of the 3-cell transmission
line PEEC model when using an MNA circuit formulation. The
eigenvalues are displayed in Fig. 17 using the two different
mutual partial inductance calculation routines.

It is evident from Fig. 17(b) that the eigenvalues differ
between the two partial inductance routines where we find a

ZIN =

(
s4Lp2

11 + 2Lp11P22s
2 + Lp11s

2P11 + 2Lp12P22s
2 − s4Lp2

12 + P22P11

)
P11

s (Lp11s2 + P11 + Lp12s2) (Lp11s2 − Lp12s2 + P11 + 2P22)
. (26)
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Fig. 16. Transmission line used for numerical experiments.

positive eigenvalue for the system using the LpSumA-calculation
routine. In fact, this is the same routine which produced the pos-
itive off-diagonal terms in the inverse partial inductance matrix
above. However, for the LpFilNumT-routine, all eigenvalues
have negative real parts.

Next, we compare the time-and frequency-domain responses
for the transmission line structure. The structure is excited using
a 1-mA pulse with a 10-ps rise time ( = falltime), a 1.9-ns
pulse width. The Backward Euler method is used for the time
integration with a 0.5-ps time step. All the waveforms are stable
and very similar, as shown in Fig. 18. However, the system
has a positive eigenvalue, shown in Fig. 17, that can cause an
unstable response if excited. We can observe a ringing in the
input voltage waveform for all the different cases. It is possible
to identify the frequency of the ringing waveform (8.925 ns
for 25 periods) to 2.80 GHz. We continue with the frequency-
domain responses for the different cases (Fig. 19). It is possible
to make two important observations from the frequency domain
simulations:

1) a large peak in the input impedance at 2.8 GHz also ob-
served in the time-domain responses as the 2.8 GHz ring-
ing (Fig. 18);

2) a large peak in the input impedance at 2.7 GHz when using
the LpSumA-calculation routine (Fig. 19).

We conclude that the transmission line PEEC model is stable, for
this excitation, for both the calculation routines, even though the
MNA system has right half plane eigenvalues and the observed
positive elements in the L−1-matrix.

3) Sensitivity Analysis of Mutual Inductance Terms: It is
not practical to derive theoretical stability-criteria for the TL,
as has previously been done for the one- and two-cell. How-
ever, the partial mutual inductance values can be changed in the
PEEC-based code to observe the stability for this PEEC model.
Fig. 20 shows the time-domain response and the eigenvalues
in the complex plane for the pulse-excitation when the mutual
terms in the partial inductance matrix (1-6, 6-1, 3-4, 4-3) are
reduced by 30% of the self-term (1-1), and the mutual terms are
calculated using the LpFilNumT-routine. Positive eigenvalues
are found (1.42 10−7), as are positive off-diagonal terms, in the
inverse of the partial inductance matrix. Again, the Lp -matrix
and its inverse are positive definite, as shown in the previous
section.

By further altering the mutual terms, now to 32.95% of the
self-term, an unstable system is obtained. Fig. 21 shows the re-
sponse and location of poles in the complex plane for this test.
We see from this model simulation that by altering some par-
tial mutual inductance terms by a few percentages, an unstable
system can result with an eigenvalue of very large magnitude.

LLpFilNumT =




31.0631 4.5878 1.7441 22.6547 4.5371 1.7440
4.5878 31.0631 4.5878 4.5371 22.6547 4.5371
1.7441 4.5878 31.0631 1.7440 4.5371 22.6547
22.6547 4.5371 1.7440 31.2274 4.5878 1.7441
4.5371 22.6547 4.5371 4.5878 31.2274 4.5878
1.7440 4.5371 22.6547 1.7441 4.5878 31.2274




[nH] (28)

LLpSumA =




31.0631 4.5877 1.7464 22.7446 4.5382 1.6826
4.5877 31.0631 4.5877 4.5382 22.7446 4.5382
1.7464 4.5877 31.0631 1.6826 4.5382 22.7446
22.7446 4.5382 1.6826 31.2274 4.5878 1.7413
4.5382 22.7446 4.5382 4.5878 31.2274 4.5878
1.6826 4.5382 22.7446 1.7413 4.5878 31.2274




[nH]. (29)
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Fig. 17. Eigenvalues for MNA based system matrix. (a) Global view. (b) Near
origin.

Fig. 18. Transmission line time-domain response for the NA method using
LpSumA-routine. Comparison between PEEC and PSpice transmission line (T)
element.

Fig. 19. Input impedance for the TL in Fig. 16.

L−1
LpFilNumT =




6.866 −0.195 −0.036 −4.931 −0.121 −0.036
−0.195 6.891 −0.195 −0.121 −4.907 −0.121
−0.036 −0.195 6.866 −0.036 −0.121 −4.931
−4.931 −0.121 −0.036 6.829 −0.189 −0.035
−0.121 −4.907 −0.121 −0.189 6.853 −0.189
−0.036 −0.121 −4.931 −0.035 −0.189 6.829



· 107[H−1] (30)

and

L−1
LpSumA =




6.928 −0.194 −0.079 −4.996 −0.121 0.009
−0.194 6.952 −0.194 −0.121 −4.972 −0.121
−0.079 −0.194 6.928 0.009 −0.121 −4.996
−4.996 −0.121 0.009 6.890 −0.188 −0.076
−0.121 −4.972 −0.121 −0.188 6.914 −0.188
0.009 −0.121 −4.996 −0.076 −0.188 6.890



· 107[H−1]. (31)
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Fig. 20. TL response using PEEC and PSpice transmission line (T) element
and eigenvalues for PEEC for inaccurate partial mutual inductance values.

Fig. 21. TL response using PEEC and PSpice transmission line (T) element
and eigenvalues for PEEC for inaccurate partial mutual inductance values.

However, for this case, both the Lp -matrix and its inverse are
indefinite.

We conclude the following.
1) The manual alteration of the partial mutual inductance is

fully comparable with the previously observed errors in
the analytical and numerical integration routines, causing
an unstable model.

2) Seemingly stable systems can have positive definite par-
tial inductance matrices (Lp and L−1

p ) and small positive
eigenvalues.

3) For clearly unstable systems, we observed negative defi-
nite partial inductance matrices and large positive eigen-
values, as expected.

V. CONCLUSION

This paper clearly shows that accuracy and even stability is-
sues exist for lossless quasi-static (LP , P )PEEC models which
can be treated by an ordinary differential equation solver. Many
of these issues are necessary conditions for the stability also of
full-wave (LP , P, τ)PEEC models.

The impact of inaccurate partial elements are shown theoreti-
cally and experimentally. We have shown that poorly calculated
partial elements can shift eigenvalues for the complete PEEC
system into the right half plane, thus causing instability. It has
also been shown that poor meshing may result in negative ca-
pacitance values as a possible source of instabilities. The paper
gives references to suitable partial element calculation routines
and suggests a meshing strategy, called projection meshing, to
overcome sources of inaccurate partial element values, thus im-
proving PEEC model stability.

VI. OBSERVATION

For full-wave PEEC models applied to small geometries
where a maximum dimension d < (λmin/10) is similar to quasi-
static models, we observe that the theory presented in this paper
clearly applies to full-wave models in the limd→0.
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