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The stationary Riemann problem including dissipation in form of resistivity and viscosity for the
reconnection structure at the dayside magnetopause is considered. Including tangential velocity
shear and gradients across the complete reconnection structure from the magnetosheath side into the
magnetosphere, it is shown how dissipation affects the thickness of the intermediate shock wave in
the vicinity of a reconnection site. We present how plasma flow structure undergoes a significant
change for a nonzero uniform plasma velocity and velocity gradient. It is also shown how the
reconnection rate changes and leads to a cutoff when the velocity becomes Alfvénic. © 2009
American Institute of Physics. �DOI: 10.1063/1.3133186�

I. INTRODUCTION

Being a key mechanism treating the conversion of mag-
netic energy into kinetic energy, magnetic reconnection has,
during the last 50 years, been considered to play a vital role
in space-, astro-, and stellar physics as well as in laboratory
plasma applications. The reconnection process dominates the
transport of solar wind plasma into the terrestrial magneto-
sphere. Nowadays reconnection research accounts progress
from both analytical, computational, and observational ap-
proaches. Having a first class laboratory for reconnection
research in the form of the terrestrial magnetosphere, the
joint—and highly successful—ESA/NASA Cluster II mis-
sion has come to play a significant role in the understanding
of this process. In terms of reconnection at the dayside mag-
netopause, which is the actual situation for the present study,
a number of studies have used the full potential of the Clus-
ter II armada.1–4

With the help of constantly developed numerical codes
and computer performance, a deeper view into the mecha-
nisms which determine the reconnection process is possible
to achieve. In order to investigate the energy transport
coupled to magnetic reconnection and solar wind conditions,
global MagnetoHydroDynamic �MHD� simulations have
successfully been used.5–7 Also, in order to penetrate more
into the effects of fast magnetic reconnection regimes,
Ugai8–10 recently used two-dimensional �2D� and three-
dimensional �3D� MHD simulations.

With the objective of resolving the time evolution of the
reconnection structure and investigating the development of
the MHD discontinuities, a lot of work has been done during
the years treating one-dimensional time-dependent simula-
tions solving the MHD Riemann problem.11–16 In these simu-
lations reconnection starts from an initial current sheet sepa-
rating antiparallel magnetic fields together with an imposed
normal component of the magnetic field. Here the tangential
velocity shear is also included to simulate plasma flows in
the flank and high-latitude magnetopause. In the ideal MHD

limit a set of MHD discontinuities develop. Including finite
resistivity, the simulations show that resistivity does not
change the jumps of physical quantities across the disconti-
nuities, except the rotational discontinuity which becomes
time dependent and is called time-dependent intermediate
shock �TDIS�. The thickness of the TDIS waves increases as
the square root of time, which is typical for the case of waves
with dissipation but with no nonlinear wave steepening ef-
fect. It is therefore interesting to consider the stationary
counterpart of this structure for similar magnetic reconnec-
tion in 2D and investigate if the thickness of the rotational
discontinuity increases away from the reconnection site. In a
series of papers of 2D and 3D steady reconnections,17–20 it
has been shown that this is, in fact, the case for the rotational
discontinuity. Westerberg and Åkerstedt20 showed that data
from the Cluster spacecraft armada support this view. In the
present paper we therefore consider the stationary Riemann
problem including dissipation in the form of resistivity and
viscosity, and we explicitly also show how dissipation affects
the thickness of this wave. We also include the tangential
velocity shear and gradients across the complete reconnec-
tion structure from the magnetosheath side into the magneto-
sphere.

We will not consider the important matching between
the outflow region about the reconnection site and the diffu-
sion region. A successful asymptotic matching of this kind
has quite recently been performed by Erkaev et al.21 for two-
dimensional symmetric reconnection. Due to its complexity
this analysis is not considered in the present paper. Also,
since the purpose of the present work is the implications of
reconnection on the outflow surrounding plasma, we just
pragmatically suppose that such kind of matching to the dif-
fusion region exists. Since we consider the Petschek recon-
nection case in this paper, it is reasonable that the results of
the analysis of the diffusion region and the matching to the
outer flow given by Erkaev et al.21 are applicable also to the
present case, i.e., with a diffusion region of small size. The
analysis by Erkaev et al.21 of the 2D Petschek reconnection
mechanism clearly shows that the mechanism works only if
there is a large anomalous resistivity localized to the diffu-a�Electronic mail: lgwe@ltu.se.
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sion region and that the background resistivity of the region
outside the diffusion region is much smaller. In the present
study we consider the outflow region and especially the
structure of the intermediate shock. This means that we
should have a resistivity much smaller than the resistivity
inside the diffusion region. Whether this background resis-
tivity is of Spitzer type or some anomalous resistivity is not
known without measurements. However, as shown from
Cluster data,20 the measured thickness of the intermediate
shock layer cannot be explained by Spitzer resistivity and
therefore the resistivity has to be of anomalous type. To cope
with the Petschek mechanism of reconnection, we therefore
assume a large anomalous resistivity inside the diffusion re-
gion and a smaller background anomalous resistivity in the
outflow region. The diffusion region also imposes the initial
structure and thickness of the intermediate shock.

The inclusion of a shear magnetic field component �By�
has not been considered in the present 2D approach. How-
ever, it is of great interest to develop the present study to
cover a full 3D analysis. Preliminary results for the outer
solutions indicate that the inclusion of By does not affect the
flow dynamics significantly. The solutions obtained for re-
spective coordinates are linear combinations of the present
�x ,z� coordinates, indicating the flow in a frame of reference
which is rotated along the present z-axis. The full analysis of
the flow through the transition of the intermediate shock
wave—and the corresponding development of the intermedi-
ate shock wave—is very extensive including an analysis of
the jump conditions across the magnetopause shock struc-
ture. This is a highly interesting development of the present
paper, but is not considered at the actual stage in the analysis.

The outline of the present paper is as follows. In Sec. II
we present the governing equations and method of solution
for the magnetosheath flow. With Sec. III the approximate
solutions for the outer flow is complete and ready to be
coupled with the 2D reconnection model. This is done in
Sec. IV, while in Sec. V the solutions for the outer flow are
matched with the solutions in the transition Alfvén layer. In
Sec. VI the results are viewed and discussed. The study is
wrapped up and summarized in Sec. VII.

II. MAGNETOSHEATH FLOW MODEL

In this section we solve the ideal MHD equations gov-
erning the plasma flow in the magnetosheath. This is done by
expanding the magnetic field and plasma velocity along uni-
form fields.

We consider a curvilinear coordinate system where x
points in the normal direction to the magnetopause surface,
and z in the tangential direction. See Fig. 1.

In an ideal incompressible MHD treatment, the recon-
nection structure consists of discontinuities corresponding to
an Alfvén wave A, a contact discontinuity C, and a slow
shock S, see Fig. 2. These discontinuities are resolved by
including nonideal effects such as resistivity and viscosity.
While the resolved contact and shock waves approach a fi-
nite thickness due to a balance between nonlinearity and dis-
sipation, the Alfvén wave thickness grows away from the
reconnection site. This behavior of the Alfvén wave is due to

the lack of nonlinear terms in the equations governing the
evolution of this wave. Effects of dissipation on the Alfvén
layer are therefore of much more importance than the corre-
sponding effects on the contact and slow shock waves. In
this paper we therefore treat the contact wave and the slow
shocks as discontinuities while including nonideal effects in
the description of the Alfvén wave.

A. Governing equations

We consider the ideal Ohm’s law and the ideal MHD
equation of motion on dimensionless form,

E + u � B = 0, �1�

x
z

Magnetopause

Bow shock
FIG. 1. The curvilinear coordinate system. The conventional coordinate
system in space physics is used, i.e., x pointing normal to the magnetopause
surface and the z-component lying in the tangential direction of the
magnetopause.
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FIG. 2. Evolution of the incompressible shock waves north and south of the
reconnection site. A is the Alfvén wave, S is the incompressible limit of a
slow shock, and C is the contact discontinuity. See the Appendix for ana-
lytical expressions for respective angle.
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�u · ��u = − �p + �B · ��B . �2�

For an approximate solution the magnetic field and velocity
are expanded in terms of the small electric field E about
uniform fields U0ẑ and B0ẑ, such that

u = u0 + u1 + u2 + ¯ , �3�

B = B0 + B1 + B2 + ¯ , �4�

where the leading order terms are considered to be of the
order O�E0�. Following terms scales as O�E1/2� and O�E1�,
respectively. In order to include a velocity variation with z,
we assume this to be of order O�E1/2�.

B. Solutions to leading order O„E0
…

Applying Eq. �3� in Eq. �1� gives to leading order

u0 = U0ẑ , �5�

B0 = B0ẑ , �6�

which satisfies

� · u0 = 0, �7�

� · B0 = 0. �8�

C. Solutions to order O„E1/2
…

To order O�E1/2� �1� results in

u0 � B1 + u1 � B0, �9�

which together with Eq. �5� gives

B1x =
B0

U0
u1x. �10�

Assuming

u1z = Qz , �11�

where Q is the velocity gradient, Eq. �11� together with the
condition

� · u1 = 0 �12�

results in

u1x = − Qx . �13�

Equation �13� in Eq. �10� then gives

B1x = −
B0

U0
Qx . �14�

The divergence free property of B1 gives

B1z =
B0Q

U0
z . �15�

For the pressure we obtain

x̂:
�p1

�x
= 0, �16�

ẑ:
�p1

�z
= �� B0

U0
�2

− 1�U0Q . �17�

In summary, we have at the present stage to the order O�E1/2�

u1x = − Qx , �18�

u1z = Qz , �19�

B1x = −
B0

U0
Qx , �20�

B1z =
B0

U0
Qz , �21�

p1 = �� B0

U0
�2

− 1�U0Qz . �22�

III. SOLUTIONS TO ORDER O„E…

Having obtained the solutions for up to the ordering
O�E1/2�, we proceed by seeking the solutions for u2, B2, and
p2. Equation �1� gives to order O�E�,

E + u2 � B0 + u0 � B2 + u1 � B1. �23�

Taking B0� �23� and solving for u2 results in

u2 =
E � B0

B0
2 +

1

B0
2 �B0 · u2�B0 +

1

B0
2 �B0 · u1�B2

−
1

B0
2 �B0 · B2�u0 −

1

B0
2 �B0 · B1�u1 +

1

B0
2 �B0 · u1�B1 = 0.

�24�

� · �24� together with the solenoidal properties

� · u2 = 0, �25�

� · B2 = 0, �26�

and Eq. �18� gives

�u2z

�z
−

U0

B0

�B2z

�z
= 0. �27�

This in turn results in

u2z =
U0

B0
B2z + f�x� , �28�

where f�x� can be chosen as zero. We continue by consider-
ing Eq. �2� to order O�E�,

�u0 · ��u2 + �u2 · ��u0 + �u1 · ��u1

= − �p2 + �B0 · ��B2 + �B2 · ��B0 + �B1 · ��B1, �29�

where the underlined terms are equal to zero. Writing Eq.
�29� on component form and using the O�E1/2� results in Eq.
�18� gives

x̂: U0
�u2x

�z
= −

�P2

�x
+ B0

�B2x

�z
, �30�
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ẑ: U0
�u2z

�z
= −

�P2

�z
+ B0

�B2z

�z
, �31�

where

P2 = p2 +
1

2
Q2�x2 + z2� −

1

2
�B0Q

U0
�2

�x2 + z2� . �32�

Eliminating the pressure we obtain

U0� �2u2x

�z2 −
�2u2z

�x � z
� = B0� �2B2x

�z2 −
�2B2z

�x � z
� . �33�

Equation �28� in Eq. �24� gives together with Eq. �18�,

u2x =
E

B0
+

U0

B0
B2x. �34�

Applying Eqs. �28� and �34� in Eq. �33� then results in

�U0
2

B0
− B0�� �2B2x

�z2 −
�2B2z

�x � z
� = 0. �35�

Writing B2 in the vector potential A such that

B2x = −
�A

�z
, �36�

B2z =
�A

�x
, �37�

gives

�2A

�x2 +
�2A

�z2 = f�x� . �38�

For f�x�=0 we have a rotational-free magnetic field.

IV. COUPLING TO 2D RECONNECTION MODEL

In this section we continue by coupling the up-to-this-
point obtained results, with the 2D reconnection model.17

There the tangential component of the DeHoffmann–Teller22

�HT� velocity Ut is chosen such that

E + UtBn = 0, �39�

where subscript n represents the normal component and t to
the tangential component along the Alfvén wave �see Fig. 2�.
Here E and Bn are considered to be of the same order �O�E��,
while Ut=O�1�. From Ref. 17 we have

Ut
N = U0 − B0, �40�

Ut
S = U0 + B0. �41�

N and S corresponds to the directions north and south of the
reconnection site respectively. This gives �cf. Fig. 2�

Bn
N = B · n̂	t,n=0 = −

E

U0 − B0
� 0, �42�

Bn
S = B · n̂	t,n=0 = −

E

U0 + B0
� 0. �43�

Figure 2 shows the reconnection structure of the evolution of
the rotational discontinuity represented by a large amplitude
Alfvén wave, which is followed by a contact discontinuity
and a slow shock. Each discontinuity forms an angle with the
z-axis. In the expressions below we use the angle for the
Alfvén wave �N,S, where N and S refers to north and south
of the reconnection site, respectively. The unit normal can
hence be expressed as

n̂ = x̂ − sin �ẑ 
 x̂ − �ẑ , �44�

B · n̂	t,n=0 = Bx − �Bz	t,n=0, �45�

n = x − �z , �46�

t = z + �x . �47�

At the boundary represented by the Alfvén wave n=0 which
corresponds to x=�z. This gives

B · n̂	t,n=0 = Bx��z,z� − �Bz��z,z�

= Bx�z,0� + � �Bx

�x
�

0,z
�z − �Bz�z,0�

− � �Bz

�x
�

0,z
�2z , �48�

where the underlines terms are of order O�E2�, while remain-
ing terms are of order O�E�. Recalling that Bz�z ,0�=B0 ac-
cording to Eq. �6�, we obtain

B2x�z,0� = Bn + �B0. �49�

Using Eq. �42� we then get

Bn
N = −

E

U0 − B0
+ �NB0, �50�

Bn
S = −

E

U0 + B0
− �SB0. �51�

A. Solution for B2

Having B2x�z ,0� given on the boundary represented by
the Alfvén wave �see Fig. 3�, we can obtain the general so-
lution using Poisson’s formula,

B2x�x,z� =
1

�
�

−�

� x

x2 + �z − z��2B2x�x� = 0,z��dz�, �52�

B2z�x,z� =
1

�
�

−�

� z − z�

x2 + �z − z��2B2x�x� = 0,z��dz�, �53�

where B2x
N �x�=0,z�� and B2x

S �x�=0,z�� are according to Eq.
�50�. Equation �50� can then be written as �cf. Fig. 3�
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Bn
N = −

E

U0 + 	B0	
− �N	B0	, z � � , �54�

Bn
S = −

E

U0 − 	B0	
+ �S	B0	, z � � . �55�

1. Solution for B2z and the pressure p2

Applying Eq. �54� into Eq. �53� and integrating for −L
�z��−� and ��z��L, respectively, results in

B2z = −
1

2�
� E

	B0	 − U0
+ �S	B0	�ln x2 + �z + ��2

x2 + �z + L�2�
+

1

2�
� E

U0 + 	B0	
+ �N	B0	�ln x2 + �z − L�2

x2 + �z − ��2� . �56�

In the limit when the width of the diffusion region ap-
proaches zero, i.e., �→0 we then have

B2z = −
1

2�
� E

	B0	 − U0
+ �S	B0	�ln x2 + �z+�2

x2 + �z + L�2�
+

1

2�
� E

U0 + 	B0	
+ �N	B0	�ln x2 + �z − L�2

x2 + z2 � . �57�

Considering L2�x2+z2 we obtain the corresponding result,

B2z =
1

2�
 2E	B0	

B0
2 − U0

2 + ��S + �N	B0	��ln� L2

x2 + z2� . �58�

To determine the pressure p2 we consider the MHD equation
of motion to order O�E� together with the solution for u2z,
Eq. �28�. This gives

ẑ: �U0
2

B0
− B0� �B2z

�z
= −

�

�z
p2 +

1

2
Q2z2 −

1

2
� B0

U0
�2

Q2z2� ,

�59�

x̂: �U0
2

B0
− B0� �B2x

�z
= −

�

�x
p2 +

1

2
Q2z2 −

1

2
� B0

U0
�2

Q2z2� ,

�60�

which in turn results for the pressure

p2 =
1

2
Q2�x2 + z2�� B0

U0
�2

− 1� + B01 − �U0

B0
�2�B2z,

�61�

where B2z is according to Eqs. �56�–�58� above.

2. Solution for B2x

We continue to find the complete solution for the order-
ing O�E� with solving for B2x in Eq. �52�. Applying Eq. �50�
in Eq. �52� gives

B2x�x,z� =
1

�
�

−L

−� x

x2 + �z − z��2� E

	B0	 − U0
+ �S	B0	�dz�

−
1

�
�

�

L x

x2 + �z − z��2� E

U0 + 	B0	
+ �N	B0	�dz�,

�62�

which after performing the integrations result in

B2x =
1

�
� E

	B0	 − U0
+ �S	B0	�arctan� z + L

x
�

− arctan� z + �

x
�� −

1

�
� E

U0 + 	B0	
+ �N	B0	�

�arctan� z − �

x
� − arctan� z − L

x
�� . �63�

For L�z and �	z this reduces to

B2x =
1

�
� E

	B0	 − U0
+ �S	B0	�arctan�L

x
� − arctan� z

x
��

−
1

�
� E

U0 + 	B0	
+ �N	B0	�arctan� z

x
�

+ arctan�L

x
�� . �64�

B. Summary of outer solutions

We have now obtained an approximate solution for the
magnetosheath flow, which can be summarized as follows.

The sought plasma velocity and magnetic field have
been expanded about uniform fields U0ẑ and B0ŷ, such that
�cf. Eq. �3��

u = u0 + u1 + u2 + ¯ , �65�

z

B2x(z, 0)

−ε ε

FIG. 3. Variation of B2x�z ,0�.
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B = B0 + B1 + B2 + ¯ . �66�

The solution for respective order is

u0 = U0ẑ , �67�

B0 = B0ẑ , �68�

p0 = 0, �69�

u1x = − Qx , �70�

u1z = Qz , �71�

B1x = −
B0

U0
Qx , �72�

B1z =
B0

U0
Qz , �73�

p1 = �� B0

U0
�2

− 1�U0Qz , �74�

u2x =
E

B0
+

U0

B0
B2x, �75�

u2z =
U0

B0
B2z, �76�

B2x =
1

�
� E

	B0	 − U0
+ �S	B0	�arctan� z + L

x
�

− arctan� z + �

x
�� −

1

�
� E

U0 + 	B0	
+ �N	B0	�

�arctan� z − �

x
� − arctan� z − L

x
�� , �77�

B2z = −
1

2�
� E

	B0	 − U0
+ �S	B0	�ln x2 + �z + ��2

x2 + �z + L�2�
+

1

2�
� E

U0 + 	B0	
+ �N	B0	�ln x2 + �z − L�2

x2 + �z − ��2� , �78�

p2 =
1

2
Q2�x2 + z2�� B0

U0
�2

− 1� + B01 − �U0

B0
�2�B2z.

�79�

V. MATCHING WITH TRANSITION ALFVÉN
LAYER SOLUTION

In this section we match the solutions for the outer
plasma flow presented above with the solutions for the tan-
gential component of the velocity and magnetic fields valid
in the transition Alfvén layer.

Considering Fig. 2, we see that the tangential vector can
be written as

t̂ = ẑ + �x̂ �80�

for small angles �. Hence

Bt = Bz + �Bx = B0 + B1z + B2z + O�E3/2� , �81�

considering � to be of order O�E�. From the 2D analysis17

we have north of the reconnection site,

Bt
N = C1 · erf�
� + C2 −

UHT

2
−

1

2
�

0

Z 1

UHT

�P

�Z
dZ , �82�

ut
N = C1 · erf�
� + C2 +

UHT

2
−

1

2
�

0

Z 1

UHT

�P

�Z
dZ . �83�

Here 
 is the self-similar variable defined as17


 =
R1/2x

��z�
, �84�

where R is the Reynolds number,

R =
REvA

�
, �85�

and ��z� the transition layer thickness,

��z� = 
2

UHT
��

0

Z

UHTd� . �86�

Positive sign corresponds to north of the reconnection site,
while south of the reconnection site is represented by the
negative sign. The total pressure P is

P = p1 + p2 = � B0

U0
�2

− 1�U0Qz +
1

2
Q2�x2 + z2��

− 1 − �U0

B0
�2�B0B2z�x,z� . �87�

In the limit when x→0 we get

P = � B0

U0
�2

− 1�U0Qz +
1

2
Q2z2�

− 1 − �U0

B0
�2�B0B2z�z,0� . �88�

A. The HT velocity north and south
of the reconnection site

The HT velocity is expanded in accordance with the ve-
locity and magnetic field such that

UHT = UHT
�0� + UHT

�1� + UHT
�2� + ¯ , �89�

where UHT
N�n�=unz−Bnz , n=0,1 ,2 , . . . north of the reconnec-

tion site and UHT
S�n�=unz+Bnz , n=0,1 ,2 , . . . south of the re-

connection site. Recalling Eq. �67�, this results in

UHT
N�0� = U0 − B0, �90�

UHT
N�1� = �1 −

B0

U0
�Qz , �91�
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UHT
N�2� = �U0

B0
− 1�B2z�z,0� , �92�

UHT
S�0� = U0 + B0, �93�

UHT
S�1� = � B0

U0
+ 1�Qz , �94�

UHT
S�2� = �U0

B0
+ 1�B2z�z,0� . �95�

B. Maximum reconnection rate

We may now give an estimate of the maximum recon-
nection rate in the presence of an outer tangential magneto-
sheath velocity U0. According to Ref. 23 reconnection is shut
off when B2z evaluated close to the diffusion region �z ,x�
= �0,0� is half the value of the external magnetic field B0.
From Eq. �78� this condition becomes

B2z�0,0� =
1

�
 2E	B0	

B0
2 − U0

2 + ��S + �N�	B0	�ln�L

�
� 


	B0	
2

.

�96�

To obtain the angles of the Alfvén shocks, it is necessary to
solve the complete Riemann reconnection problem including
the properties of the magnetosphere �see the Appendix�. In-
serting these angles of the Alfvén shocks into the condition
above gives an estimate of the maximum reconnection rate
E as

Emax =
1

8
��B0�4B0� + 4��B0 + 2B0 − U0 + 2�U0�

��2B0 + U0��B0
2 − U0

2����7B0
2�U0 + 6B0

3�

+ 4�B0U0
2 + 8B0

3�� + 4B0
2U0

��

+ 2B0
3 + �U0

3�ln�L

�
�� , �97�

where � is the density of the magnetospheric plasma. We
note that the reconnection rate goes to zero in the limit U0

→B0, i.e., when the flow becomes Alfvénic, which is a con-
dition we have derived in Ref. 17.

C. Solutions for the tangential velocity
and magnetic field

Using Eq. �90� the integral terms in Eq. �82� can then be
written as

�
0

Z p1� + p2�

UHT
�0� + UHT

�1� + UHT
�2� dz , �98�

where p1�=O�E1/2� and p2�=O�E�. This gives

�
0

Z p1� + p2�

UHT
�0� + UHT

�1� + UHT
�2� dz

=
1

UHT
�0� �

0

Z

p1� + p2� − p1�
UHT

�1�

UHT
�0� + O�E3/2�dz

= − �1 +
B0

U0
�Qz − �1 +

U0

B0
�B2z�z,0� , �99�

� B0

U0
− 1�Qz + �U0

B0
− 1�B2z�z,0� , �100�

north and south of the reconnection site, respectively. This
leaves us with the final general expression for the magnetic
field,

Bt
N = C1 erf�
� + C2 −

U0 − B0

2
+

B0

U0
Qz + B2z�z,0� ,

�101�

Bt
S = C1 erf�
� + C2 −

U0 + B0

2
−

B0

U0
Qz −

U0

B0
B2z�z,0� .

�102�

To obtain a complete solution, we consider a matching when

→ � such that


 → + �: Bt → B0z + B1z + B2z = B0 + B1z + B2z�z,0� ,

�103�


 → − �: Bt → − B0 + B1z + B2z�z,0� , �104�

which results in the tangential component of the magnetic
field valid north and south of the reconnection site,

Bt = B0 erf�
� +
B0

U0
Qz + B2z�z,0� . �105�

North of the reconnection site ut=Bt+UHT. With Bt and the
HT velocity defined above, we obtain

ut
N = B0 erf�
� + U0 − B0 + Qz +

U0

B0
B2z�z,0� . �106�

South of the reconnection site ut=UHT−Bt. With the HT ve-
locity according to Eq. �90� we get the corresponding solu-
tion,

ut
S = − B0 erf�
� + U0 + B0 +

U0

B0
B2z�z,0� + Qz . �107�

Now we have the outer solution �o� for the magnetosheath
flow and the inner �i� solution for the flow in the transition
Alfvén layer. In order to obtain a solution valid in both re-
gions we construct a composite solution �c� such that24

uc = uo + ui − uoi
, �108�

where the last term is the inner limit of the outer solution,
which in turn is identical to the outer limit of the inner so-
lution. The composite solution for the magnetic field is con-
structed analogously.
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VI. RESULTS: STREAMLINE AND MAGNETIC
FIELD DEVELOPMENT

In Fig. 4, two examples of the Petschek-like solution are
presented with two different Reynolds numbers. The higher
Reynolds number �R=2500� produces a sharper transition
through the Alfvén layer and emphasizes how the stream-
lines behave, and is therefore used in subsequent plots. The
influence of the velocity gradient Q manifests itself mainly
by how the transition layer south of the reconnection site
gets thicker with an increasing value of the gradient. The
thickness of the transition layer north of the reconnection site
does not change much, but the magnetic field strength in the
layer does get weaker with increasing Q, see Fig. 5. When
the value of the gradient gets high enough, some of the mag-
netic field lines coming from the north side are diverted into
the magnetopause, leaving a portion of the area outside the
reconnection site without any field lines. Also, Figs. 4–6
show that the streamlines become dramatically distorted. The
distortion on the north side has its origin in the Petschek-like
case where the plasma stream diverges at the reconnection
site, see Figs. 5 and 6. This divergence is pushed northward
and this gives rise to the distorted topology of the stream-
lines. When looking at the effects of the uniform velocity U0,
it can be seen that the effect of a higher value of U0 is a
decrease in thickness of the transition layer south of the re-
connection site. This is the opposite effect of what was seen
with increasing Q. On the north side, Fig. 6 shows that the
transition layer gets slightly thicker as U0 increases.

VII. SUMMARY

In this study we consider the stationary MHD Riemann
problem including dissipation in the form of resistivity and
viscosity for the intermediate shock wave at the terrestrial
magnetopause. It is explicitly shown how dissipation affects
the thickness of this wave in the vicinity of a reconnection
site at the dayside magnetopause boundary. Tangential veloc-
ity shear across the complete reconnection structure from the
magnetosheath side into the magnetosphere is included as
well as nonzero velocity gradients.

The solution combines a 2D viscous/resistive reconnec-
tion model by Westerberg and Åkerstedt17 of the plasma flow
through the Alfvén transition layer, with solutions for the
outer magnetosheath flow based on the Petschek23 solution
methodology in his classical model treating fast magnetic
reconnection. Thereby, the 2D model is put into the context
of a well established reconnection model as the influence of
the reconnection process on the magnetosheath flow is inves-
tigated.

The ideal MHD equations governing the outer magneto-
sheath flow are solved approximately using an expansion in
orders of the electric field, along uniform velocity and mag-
netic fields. Considering solutions up to the order O�E� for
the outer magnetosheath flow, we obtain a class of solutions
which are matched with the 2D viscous/resistive solutions in
the transition Alfvén layer. It is shown that a Petschek-like
solution is obtained when the velocity gradient and the uni-
form velocity are zero. Having nonzero values on these pa-
rameters dramatically changes the topology of the magnetic
field line and plasma streamline pattern. The reconnection
rate is also modified substantially, leading to a shut off when
the velocity reaches the Alfvén velocity.
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APPENDIX: ANGLES OF IDEAL INCOMPRESSIBLE
MHD SHOCK WAVES

Here we present results regarding the angles of the dif-
ferent shock waves in the ideal incompressible MHD limit. A
is the Alfven wave, S is the incompressible limit of a slow
shock, and C is the contact discontinuity. The angles can be
calculated from the usual jump conditions across the differ-
ent waves.25 To obtain the angles it is necessary to solve the
complete reconnection problem including the influence from
the magnetospheric side. See Fig. 2. Results regarding the
angles have been given by Ref. 26 for the true compressible
ideal MHD case but with the restriction of no tangential flow.
The novelty here is that we present results for the case with
a finite tangential magnetosheath velocity with shear and
gradient. The analysis is quite complicated and only the re-
sults will be presented. Respective angle is hence as follows:

0 2
−5

0

5

(a)R = 100

0 2
−5

0

5

(b)R = 2500

FIG. 4. Magnetic field lines and streamlines for the ideal case, where U0

=0 and Q=0 with a Reynolds number of �a� R=100 and �b� R=2500. The
angles for both �a� and �b� are �N=�S=11°. Both the field lines and the
streamlines are solid curves. Horizontal axis: x; vertical axis: z.
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�N = E�4B0
3� − 2B0U0
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3� + 14B0U0
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2U0� + 8B0
3�� + 4U0

2B0
�� − 12B0
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�̃ = − E�2U0
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2B0
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+ 2U0
3B0

�� − 4B0
3U0

�� − 2B0
3U0��/��2B0

�� + U0
�� + B0�B0�B0 − U0��2B0 + U0��U0 + B0��6B0

�� + 2B0 + 4B0�3/2
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FIG. 5. Magnetic field lines �solid lines� and streamlines �dash dotted lines� for different values of Q with constant U0=0.30. The density of the magneto-
sphere plasma is �=0.05. The angles �N and �S are constant at 25° and 6.6°, respectively. Horizontal axis: x; vertical axis: z.
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�CS = − E�8B0
3U0� − 8B0U0

3� − 4U0
4� + 4U0

2B0
2� + 8B0

4�� + 4B0
3U0

�� − 8U0
2B0

2�� − 4U0
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2B0
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Here � is the density of the magnetospheric plasma.
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