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Abstract. We give a simpler proof of the formula, due to J.-L. Lions, for the repro-
ducing kernel of the space of harmonic functions on a domain WHRn whose boundary
values belong to the Sobolev space H sðqWÞ, and also obtain generalizations of this for-
mula when instead of harmonic functions one considers functions annihilated by a given
elliptic partial di¤erential operator. Further, we compute the reproducing kernels explicitly
in several examples, which leads to an occurrence of new special functions. Some spaces of
caloric functions are also briefly considered.

1. Introduction

Jacques-Louis Lions [L2] (see also [L1]) found a remarkable formula for the repro-
ducing kernel of some function spaces. In fact, Lions died on May 17, 2001, so this was one
of his last theorems.1)

Let us, for the Reader’s benefit, begin by briefly recalling some salient facts about
reproducing kernels in general. No previous knowledge of the subject is required, so we
hope that this Introduction may be read not only as an introduction to the theme of Lions’s
formula but may also be viewed as an independent essay on reproducing kernels.

Let H be an arbitrary Hilbert space of real continuous functions on some space
W, and assume that all point evaluations W C b 7! uðbÞ A R are continuous, for any u A H.
Then it follows from the F. Riesz lemma that for any b A W there exists an element Kb A H

such that
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uðbÞ ¼ ðu;KbÞH :ð1:1Þ

It is convenient to put Kðx; bÞ ¼ KbðxÞ; this function of two arguments x; b A W is usually
called the reproducing kernel of H. Plugging in u ¼ Ka, with uðbÞ ¼ Kðb; aÞ, into (1.1) we
get the important formula

Kðb; aÞ ¼ ðKa;KbÞH :ð1:2Þ

In particular, putting a ¼ b in (1.2), we obtain

Kða; aÞ ¼ kKak2
H :ð1:3Þ

Another consequence of (1.1) is the inequality

det
�
Kðai; akÞ

�
1ei;ker

f 0;ð1:4Þ

where a1; . . . ; ar is any finite set of points in W. (For the proof consider any linear combi-

nation
Pr

i¼1

ciKai
and use (1.2).) Conversely, given any function Kðx; bÞ satisfying (1.4), then

there is a Hilbert space H whose reproducing kernel is Kðx; bÞ. This theorem was estab-
lished by Aronszajn [A].

Remark 1.1. In quantum physics reproducing kernels are known as coherent states.
These may be viewed as spatially concentrated bunches of energy and, supposedly, their
existence has been experimentally verified. One can also reverse the order of things and
start with a map from W into an (abstract) Hilbert space H : W C a 7! Ka A H. Then one
can view the elements of H as functions on W taking (1.1) as the definition of point eval-
uations. r

Next, by Schwarz’s inequality we obtain from (1.1)

juðbÞje kukHkKbkH ;

with equality if and only if u is proportional to Kb. It follows that the reproducing kernel
has the following variational description (cf. [L2], (3.1)–(3.3)): The minimum problem

inf
u
kuk2

H ; uðbÞ ¼ 1;ð1:5Þ

has for any given point b A W the unique solution w given by

w ¼ 1

kKbk2
H

Kbð1:6Þ

or

wðxÞ ¼ 1

kKbk2
H

Kðx; bÞ ðx A WÞ:ð1:7Þ
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Here are some references on reproducing kernels: [A], [B], [G1], [Sa], [Schi], [Schw],
[Sz], [Z1], [Z2] (some of them also quoted in [L2]). [B] is a classic, however mostly dealing
with Hilbert spaces of holomorphic functions. Another is the book [BS], of which Part II is
devoted to Hilbert spaces of solutions of second order elliptic di¤erential operators in pla-
nar domains W, of the special type L ¼ �Dþ q, where the function q is positive in W. A
rather recent book is [Sa]. In Chap. I, Section 1 there a sketch of the historical development
is given, giving some further references. In particular, its author evokes names such as J.
Mercer and E. H. Moore, today perhaps fallen into oblivion.

Next pick an orthonormal basis feng ðn ¼ 1; 2; . . .Þ in H. Then the following formula
holds:

Kðx; bÞ ¼
P
n

enðxÞenðbÞ:ð1:8Þ

Proof of (1.8). In the formula (1.1) take successively u ¼ en ðn ¼ 1; 2; . . .Þ. r

Remark 1.2. In the complex case formula (1.8) must be modified in such a way that
the second factor enðbÞ is replaced by its complex conjugate enðbÞ. The proof is the same as
above. Note that (1.1) holds unchanged in this case. r

Next, having told all that we need to know about reproducing kernels in general, let
us also briefly recall what Lions’s formula is about. As in [L2], let W be a bounded domain
in Rn with smooth boundary G.2)

We consider the vector space HsðWÞ of harmonic distributions u in W ðDu ¼ 0Þ which
admit a continuation as distributions to a neighborhood of W and the trace gu of which
on G belongs to the usual Sobolev space H sðGÞ.3) (The existence of this trace in these hy-
potheses is, incidentally, a consequence of [Pe1], Théorème 1 in Chapitre VI, §1!)

Let L be the negative of the Laplace-Beltrami operator4) of G (i.e. L ¼ �DG).

2) It ought to be possible to extend Lions’s formula also to suitable unbounded domains! So far we have

however no general result. We do not even know if there exists a su‰ciently general theory of elliptic boundary

problems worked out for unbounded domains.

3) Sobolev spaces can be defined for any compact manifold and for some non-compact ones as well. S. L.

Sobolev himself defined, in the mid 1930’s, also non-Hilbertian spaces based on an Lp-metric ð1e peyÞ; these

are often denoted W m
p , m integerf 0. In the 1950’s the scale of Hilbert spaces H s (the case p ¼ 2, s ¼ m integer)

became immensely popular (see [Pe1], [Pe2], [H1], [H2]). One defines first H s for Rn and then, exploiting the in-

variance for change of local coordinates, patches together local coordinate manifolds to obtain the global space.

4) The Laplace-Beltrami operator is defined on an arbitrary Riemannian manifold with the metric

ds2 ¼
P
j; k

gjk dxj dxk by the formula

DG ¼ 1ffiffiffi
g

p
P
j; k

q

qxj

ffiffiffi
g

p
g jk q

qxk

where g jk is the matrix inverse to gjk and g the determinant of the latter. If G is the boundary of a domain in Rn,

as in our case, one takes the metric induced by the Euclidean metric of the ambient space. In this case it is also

possible to give a simple interpretation of the Laplace-Beltrami operator as follows. If a function f on G is given,

extend it to a small neighbourhood of G in Rn by making it constant in the directions of the normals to G. Then

apply the ordinary (Euclidean) Laplacian to this extended function, and take restriction back to G. The result is

DG f .
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We need also the di¤erential operator M given by

M ¼ Lþ 1:

(We may refer to M as the smoothed Laplace-Beltrami operator of G.) Then we can make
H sðGÞ into a Hilbert space in a natural way: Let L2ðGÞ be the Hilbert space of square inte-
grable functions on G with respect to the ðn � 1Þ-dimensional measure s on G. Viewing M

as a positive self-adjoint operator in L2ðGÞ (so that it makes sense to speak of its powers of
any fractional order), we equip the latter with the operator norm of M

s

2:

kuks ¼ kukH sðGÞ ¼ kM
s

2ukL2ðGÞ

and the associated inner product

ðu; vÞs ¼ ðu; vÞH sðGÞ ¼ ðM
s

2u;M
s

2vÞL2ðGÞ ¼ ðM su; vÞL2ðGÞ:

Accordingly, we then equip HsðWÞ with the induced norm and inner product

kukH sðWÞ :¼ kgukH sðGÞ; ðu; vÞH sðWÞ :¼ ðgu; gvÞH sðGÞ;ð1:9Þ

respectively.

Remark 1.3. In the manuscript of [L2], the author did use only the operator L itself.
However, as L is not invertible it is not possible to define negative powers of L. The switch
to the smoothed operator M was performed by the editors of the book containing [L2].
(The same oversight occurs also in [LM], p. 42. In a letter directed to one of us Professor
Magenes has admitted this.) Note also that Lions used, instead of our s, a twice as large
quantity, to wit the parameter S ¼ s=2 or s ¼ 2S. Our s measures the order of di¤erenti-
ation or smoothness. r

Remark 1.4. The most natural instance of the space HsðWÞ is the case s ¼ 0, that is,
the space H0ðWÞ. Thus the elements of H0ðWÞ are, roughly speaking, harmonic functions
whose trace belongs to L2ðGÞ. r

In order to obtain an orthonormal basis in HsðWÞ we take first an orthonormal basis
in L2ðGÞ consisting of eigenfunctions en of M so that

ðen; emÞL2ðGÞ ¼ dnm and Men ¼ lnen; M sen ¼ ls
nen;

where ln are the eigenvalues of M (each eigenvalue enters then precisely as many times as
its multiplicity indicates). We observe now that

ðen; emÞH sðGÞ ¼ ðM sen; emÞL2ðGÞ ¼ ðls
nen; emÞL2ðGÞ ¼ dnml

s
n:

If we set

êen ¼ l
�s

2
n en;

we obtain thus an orthonormal basis in H sðGÞ. For simplicity, we will denote by the same
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symbols en; êen, etc., also the harmonic or Poisson extension of these functions into the inte-
rior of W. Then it follows from (1.8) that

Kðx; bÞ ¼
P
n

êenðxÞêenðbÞ ¼
P
n

l�s
n enðxÞenðbÞ:ð1:10Þ

We observe that (1.10) involves a zeta function of the Minakshisundaram-Pleijel type [MP].

Let Gðx; bÞ be the Green function of W (that is, writing GbðxÞ ¼ Gðx; bÞ, one has
DGb ¼ db). Note that

PxðyÞ :¼ Pðy; xÞ :¼ NyGðy; xÞ ¼ NyGðx; yÞ ðx A W; y A GÞð1:11Þ

is the Poisson kernel. Here N is the exterior normal to G, and we let at the same time N

denote di¤erentiation in the direction of the normal, in symbols: Nu ¼ qu

qN
, for any func-

tion u.5) We may refer to Pðy; �Þ as the Poisson kernel with pole or singularity at y A G; it
can be defined as the solution of a distributional boundary problem

DPðy; �Þ ¼ 0 in W;

Pðy; �Þ ¼ dyð�Þ on G:

Lions’s formula reads now ([L2], (2.13)):

Kðx; bÞ ¼
Ð
G

M
�s

2
y NyGðy; xÞ � M

�s

2
y NyGðy; bÞ dsðyÞð1:12Þ

valid for any x; b A W. Here Kðx; bÞ, or more fully Ksðx; bÞ (indicating the dependence on s),
is the reproducing kernel in HsðWÞ.

Using the Poisson kernel (1.11) the formula can be written more compactly as

Kðx; bÞ ¼
Ð
G

M
�s

2
y Pðy; xÞ � M

�s

2
y Pðy; bÞ dsðyÞ:

Remark 1.5. Note that in [L2] the Poisson kernel is not mentioned. r

In the proof of (1.12) Lions used the variational description of the reproducing kernel
(see (1.4)–(1.5)). Indeed, using penalization, which used to be one of Lions’s favorite ideas,
he considered, corresponding to (1.5), the modified minimum problem

inf kuk2
H sðWÞ þ

1

e
kDuk2

L2ðWÞ

� �
; uðbÞ ¼ 1;ð1:13Þ

5) As in [L2], it will be assumed throughout that our domain W is such that W lies on one side of G only, so

it is legitimate to speak of the inner and outer normal direction.

Engli š, Lukkassen, Peetre and Persson, Lions formula 93



where e > 0 is a parameter. For details, see [L2], Section 3, notably (3.5) and (3.6). Let we

be the unique solution to (1.13). Using compactness he picked a weakly convergent sub-
sequence and so, after some auxiliary partial integrations, he arrived at the desired result
(1.12).

In the present paper we develop several alternative approaches to (1.12) including
several more general similar formulae. Thereby we reduce Lions’s formula to first princi-
ples, or so-called ‘general nonsense’. However, it should be kept in mind that it is the dis-

covery of a theorem or a formula that matters, afterwards everybody can streamline the
proof. It is also not clear whether Lions himself would have approved our approach.

A major ingredient in one version of our proof is the observation of a relation be-
tween the reproducing kernel and the Poisson kernel. In the simplest case this is embodied
in the formula

gKx ¼ M�sPx:ð1:14Þ

We observe that as Kx is a harmonic function it is determined by its boundary values.

Proof of (1.12) via (1.14). Indeed, taking (1.14) as granted we obtain (see (1.2))

Kðx; bÞ ¼ ðKb;KxÞH sðWÞ ¼ ðM�sPb;M
�sPxÞH sðGÞ ¼ ðM�sPb;PxÞL2ðGÞ;

which apparently is the same as (1.12). r

So in the light of this Lions’s formula is just a sort of recasting of the fundamental
identity (1.2)!

For the Reader’s benefit, we indicate here also a simple deduction of (1.14).

Proof of (1.14). Let f be any harmonic function in W. Then by the reproducing
property of the Poisson kernel we have for x A W

f ðxÞ ¼
Ð
G

f ðyÞPxðyÞ dsðyÞ ¼ ð f ;PxÞL2ðGÞ:

(Strictly speaking, we should write here gf ðyÞ and ðgf ;PxÞL2ðGÞ, but to make the formulas
simpler we will omit the g.) If f A HsðWÞ we can write the last inner product as

ð f ;PxÞL2ðGÞ ¼ ðM sf ;M�sPxÞL2ðGÞ ¼ ð f ;M�sPxÞH sðGÞ;

so that

f ðxÞ ¼ ð f ;M�sPxÞH sðGÞ:

Again if we compare this equality with the definition of the reproducing kernel (see (1.1)
and (1.9)), we see that (1.14) follows. r

At the end of his paper [L2], Lions indicated several extensions of his result. For in-
stance, in Remark 4.4 he said: ‘‘In all what has been said one can replace the condition
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Du ¼ 0½L2�; ð4:12Þ

by

Au ¼ 0½L2�; ð4:13Þ

where A is any elliptic operator (with Cy coe‰cients), of any order.’’ Especially, he quotes
the case of biharmonic, rather than harmonic functions. He says further that a similar
remark applies if one replaces [L2], (4.12) by a hypoelliptic equation, such as the heat

equation

qu

qt
� Du ¼ 0 in W� ð0;TÞ:½L2�; ð4:15Þ

Similarly, in Remark 4.5 he makes some observations on the case of Neumann, rather
than Dirichlet, boundary conditions. However, no details are given about any of this.

In Sections 2–4 of the present paper we develop several general approaches to repro-
ducing formulae of the type of the Lions formula (1.12). In particular, we cover thereby
some of the above cases left open by Lions [L2], which we have referred to above, and also
(in Section 4) some classical formulae due to Garabedian [G1], Bergman-Schi¤er [BS] and
Zaremba [Z1].

In Section 5 we give some concrete examples of reproducing kernels for special
domains W. These are all cases when the method of separation of variables (or Fourier’s
method) can be applied due to the symmetries of W. Therefore an orthonormal basis can
easily be found, so in view of (1.10) the reproducing kernel can be written down explicitly.
Formally speaking, Lions’s formula is not required here. Likewise, the whole section may
be read right after this Introduction. On the other hand, on the basis of such explicit for-
mulae the validity of Lions’s formula can be checked in unbounded situations also (here
we treat the case of the halfplane only). Note that all our examples are two dimensional.
This is because of simplicity. But without doubt similar examples can be given in any
number of dimensions. To have concrete expressions for the reproducing kernel may be of
independent interest as has, in part, been dictated by the third author’s fascination of spe-
cial functions! While many explicit expressions for the reproducing kernel are known in the
holomorphic case (see e.g. [B]), rather little of this sort seems to have been known in the
harmonic case (cf. however the early paper [Z2]). Roughly speaking, we are in this way led
to generalizations of known special functions depending on the smoothness parameter s, so
we may refer to them as s-generalizations. In particular, in treating the heat equation we are
led in Subsections 5.3–5.4, in the case of periodic solutions, to such s-generalizations of the
theta functions both in the original Jacobi case of one variable as in the general case of p

variables. However, we do not know yet if these functions possess any properties equally
interesting as those in the classical case.

Remark 1.6. One more reason why Lions’s formula seems interesting is that these
ways of formulating the problems seem to have much in common with other types of for-
mulations, like integral equations of certain types, in the sense that they are ‘‘working’’ on
the boundary rather than in the interior (see e.g. [GH]). Such formulations have proven to
give stable numerical schemes and enable computation of the actual solution with accuracy
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much better than e.g. the finite element method (which is based on a standard weak for-
mulation of the underlying PDE). r

We conclude this Introduction by making another remark indicating a connection
between the original Lions formula, in the case of harmonic functions, and the classical
variational formula of Hadamard for the Green’s function.6)

Remark 1.7. Let the generic point x A W move to the infinitely close point x þ dx.
Then, as Hadamard [H] showed, the quantity Gðx; bÞ, where x; b A W, experiences a change
given by

dGðx; bÞ ¼
Ð
G

Pðy; xÞPðy; bÞdNðyÞ dsðyÞ;ð1:15Þ

where dN or, more fully, dNðyÞ, N ¼ NðyÞ being the inner normal at the point y A G, is
defined by

dN ¼
�
NðyÞ; dy

�
;

the inner product being the Euclidean one in Rn. The similarity between (1.12) and (1.15) is
plain. Let us elaborate this a little bit more. To this end introduce the notation

Jðy; zÞ :¼ Pðy; xÞPðz; bÞ;

for a moment we consider x and b as fixed, at least we need not indicate them in our nota-
tion. View J as a ‘‘kernel’’. Thus if we consider the corresponding integral operator, say J,
we recognize therein (1.15). So very symbolically we may rewrite this formula simply as

dG ¼ traceðJ � dNÞ;ð1:16Þ

where the last dN is to be interpreted as the operator of multiplication by the function
dNðyÞ.7)

To recover also the Lions formula (1.12) we must first apply the operator

M
�s

2
y nM

�s

2
z . Let the so-modified kernel be written Jsðy; zÞ. Then the reproducing kernel

Ksðx; bÞ arises just as the trace of Js:

Ks ¼ traceðJsÞ:ð1:17Þ

We are, however, not aware of the deeper reasons for this phenomenon, if any.

Generalizations of Hadamard’s formula to higher order elliptic boundary problems
have been proposed by D. Fujiwara and S. Ozawa [FO] and by J. Peetre [Pe3] (although in
the latter paper only special elliptic boundary problems coming from an energy integral are

6) Indeed, it was this analogy, although perhaps a false one, that originally caused the third author to

undertake this research!

7) Note that the word trace is now used in a di¤erent, algebraic sense; hitherto we spoke just of the trace of

a distribution on a submanifold, which is a quite di¤erent thing.
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considered in rather restricted assumptions). There arises the question whether the consid-
erations in the previous paragraph can be extended to the higher order situation.

We have however serious doubts that this can be done. Thus we are of the opinion that

the connection between Hadamard’s formula and the reproducing kernel just indicated, in the

classical harmonic case, seems to be an isolated phenomenon peculiar to the second order

case. r

2. Lions’s formula for determinate elliptic problems

Let W be a bounded domain in Rn with smooth ð¼ CyÞ boundary G, and L2ðGÞ the
usual Lebesgue space on G with respect to the ðn � 1Þ-dimensional surface measure s. Let
further DG be the Laplace-Beltrami operator on G, and set

M ¼ I � DG

where I is the identity operator on L2ðGÞ. It is then well known that M�1 is a bounded
selfadjoint nonnegative-definite operator on L2ðGÞ and, hence, the powers M s make sense
for any complex s.

For s A R, the Sobolev space H sðGÞ is the completion of CyðGÞ with respect to the
norm induced by the inner product

ðu; vÞH sðGÞ :¼ ðM su; vÞL2ðGÞ:

For sf 0, it is easily seen that H sðGÞHH 0ðGÞ ¼ L2ðGÞ, and, in fact, H sðGÞ coincides with
the domain of the (unbounded) selfadjoint operator M s=2; hence, in particular, the elements
of H sðGÞ can be identified with functions on G. For s < 0, H sðGÞHD 0ðGÞ, the space of
distributions on G, and in fact one has the equalities

S
s AR

H sðGÞ ¼ D 0ðGÞ;
T

s AR
H sðGÞ ¼ CyðGÞ:ð2:1Þ

We further denote by H sðWÞ the Sobolev spaces on the domain W, by g the operator

of trace on the boundary, and by N :¼ q

qn
the derivative in the direction of the exterior

normal on G. Then g is a well-defined bounded operator from H sðWÞ into H s�1
2ðGÞ, for any

s > 1=2, and so are, in fact, gN j from H sðWÞ into H s�j�1
2ðGÞ, for all nonnegative integers

j < s � ð1=2Þ. The intersection of the kernels of all gN j, 0e j < s � ð1=2Þ, is precisely
H s

0ðWÞ, the closure of DðWÞ in H sðWÞ. Unlike the compact situation for G, this time one has
instead of (2.1) the equalities

T
s AR

H sðWÞ ¼ CyðWÞ;

by the Sobolev lemma, and

S
s AR

H sðWÞ ¼: D 0ðWÞYD 0ðWÞ;
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the subspace of distributions on W that can be continued as distributions to a neighbour-
hood of W.

Let now L be a linear partial di¤erential operator of order 2m on W with coe‰cients
in CyðWÞ, and Bj ð j ¼ 0; . . . ;m � 1Þ an m-tuple of di¤erential ‘‘boundary operators’’ of
orders mj on G whose coe‰cients are Cy in some neighbourhood of G. We will assume that
the boundary value problem

Lu ¼ 0 on W;ð2:2Þ

gBju ¼ fj on G; Ej ¼ 0; 1; . . . ;m � 1;

is elliptic, i.e. that L is a properly elliptic operator on W;Bj form a normal system of oper-
ators on G, their orders mj are pairwise distinct and e2m � 1, and Bj cover L on G (see
[LM], Chapter 2, §5.1, or [Fo], Section 7.G). (Here the ‘‘boundary trace’’ g has to be inter-
preted suitably if u B CyðWÞ, see e.g. [LM], Chapter 2, §8.1.)

Let Lþ be the formal adjoint of L and Sj ð j ¼ 0; . . . ;m � 1Þ be any normal m-tuple
of boundary operators on G whose coe‰cients are Cy in some neighbourhood of G
and whose orders cj are such that fm0; . . . ;mm�1gW fc0; . . . ; cm�1g ¼ f0; . . . ; 2m � 1g.
Then there exist uniquely determined operators Bþ

j and Sþ
j ð j ¼ 0; . . . ;m � 1Þ, of orders

2m � 1 � cj and 2m � 1 � mj, respectively, such that the following Green formula

Ð
W

ðLu � v � u � LþvÞ dt ¼
Pm�1

j¼0

Ð
G

ðgSju � gBþ
j v � gBju � gSþ

j vÞ dsð2:3Þ

holds for all u; v A CyðWÞ. (See [LM], Chapter 2, §2.2.)

Here, and in the sequel, t stands for the Lebesgue measure on Rn.

It is known that under the above ellipticity hypotheses, the problem (2.2) has a solu-
tion for any f0; . . . ; fm�1 A D 0ðGÞ satisfying

Pm�1

j¼0

Ð
G

fj � gSþ
j v ds ¼ 0 Ev A Nþ

where

Nþ :¼ fv A CyðWÞ : Lþv ¼ 0 on W; gBþ
j v ¼ 0 on G Ejg;ð2:4Þ

and the solution u belongs to D 0ðWÞXCyðWÞ and is unique up to a summand from

N :¼ fu A CyðWÞ : Lu ¼ 0 on W; gBju ¼ 0 on G Ejg:ð2:5Þ

(See e.g. [LM], Chapter 2, §7.3.)

From now on until the end of this section we will assume that the problem (2.2) is
determinate, i.e. that
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N ¼ Nþ ¼ f0g:ð2:6Þ

Then the solutions to (2.2) can be obtained by using the above Green formula, as follows.
For each a A W, the adjoint problem

Lþv ¼ da on W ðthe point mass at aÞ;ð2:7Þ

Bþ
j v ¼ 0 on G Ej ¼ 0; . . . ;m � 1;

is also determinate elliptic and thus has a unique solution

v ¼: Ga A H 2m�n

2ðWÞXCyðWnfagÞ;

Gðx; aÞ :¼ GaðxÞ is called the Green function of (2.2). Applying the formula (2.3) with v ¼ Ga

and u as in (2.2), we see that the solution to (2.2) (which is unique by (2.6)) is given by

uðaÞ ¼
Pm�1

j¼0

Ð
G

fj � Pð jÞ
a ds;ð2:8Þ

where the Poisson kernels P
ð jÞ
a are given by

Pð jÞ
a :¼ gSþ

j Ga A CyðGÞ:ð2:9Þ

The corresponding Poisson operators

Pð jÞf ðaÞ :¼
Ð
G

f � Pð jÞ
a ds

are known to be continuous from H s�mj�1=2ðGÞ into H sðWÞ, for each s A R. (See again
e.g. [LM], Chapter 2, §7.3.) We will also employ the notation P for the collective Poisson
operator

P: f :¼ ð f0; . . . ; fm�1Þ 7!
Pm�1

j¼0

Pð jÞfj ¼: Pf;

so that (2.8) can be written as u ¼ Pf.

Now define, for any s ¼ ðs0; . . . ; sm�1Þ A Rm,

H sðGÞ :¼ H s0ðGÞl � � �lH sm�1ðGÞ;

HsðWÞ :¼ fu A D 0ðWÞ : Lu ¼ 0; gBju A H sjðGÞ Ej ¼ 0; . . . ;m � 1g ¼ PH sðGÞ;

endowed with the scalar product

ðu; vÞH sðWÞ :¼
Pm�1

j¼0

ðgBju; gBjvÞH
sj ðGÞ:ð2:10Þ

Having collected these preliminaries, we can now state the main result of this section.
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Theorem 2.1. The space HsðWÞ possesses a reproducing kernel KyðxÞ1Kðx; yÞ
given by

Kðx; yÞ ¼
Pm�1

j¼0

Ð
G

M�sj=2Pð jÞ
y � M�sj=2Pð jÞ

x ds:ð2:11Þ

Proof. Let f A H sðGÞ. By (2.8), for any y A W

PfðyÞ ¼
Pm�1

j¼0

ð fj;P
ð jÞ
y ÞL2ðGÞ

¼
Pm�1

j¼0

ðM sj fj;M
�sj Pð jÞ

y ÞL2ðGÞ

¼
Pm�1

j¼0

ð fj;M
�sj Pð jÞ

y ÞH
sj ðGÞ:

(Note that M�sP
ð jÞ
y is well defined and belongs to H sðGÞ, for any s, since P

ð jÞ
y A CyðGÞ.)

On the other hand, Ky is the element of HsðWÞ uniquely determined by the reproducing
property

PfðyÞ ¼ ðPf;KyÞH sðWÞ ¼
Pm�1

j¼0

ð fj; gBjKyÞH
sj ðGÞ Ef A H sðGÞ:

Thus we must have

LKy ¼ 0 on W;

gBjKy ¼ M�sj Pð jÞ
y Ej;

whence by (2.8)

KyðxÞ ¼ PðM�s0Pð0Þ
y ; . . . ;M�sm�1 Pðm�1Þ

y ÞðxÞ

¼
Pm�1

j¼0

ðM�sj Pð jÞ
y ;Pð jÞ

x ÞL2ðGÞ

¼
Pm�1

j¼0

Ð
G

M�sj Pð jÞ
y � Pð jÞ

x ds;

which is plainly equivalent to (2.11). r

Corollary 2.2 (Generalized Lions’s formula). Under the hypothesis of the preceding

theorem,

Kðx; yÞ ¼
Pm�1

j¼0

Ð
G

M�sj=2Sþ
j Gy � M�sj=2Sþ

j Gx ds:ð2:12Þ
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Proof. Immediate from (2.11) and (2.9). r

Example 2.3. Let L ¼ D, the Laplace operator on W, and B0 ¼ I , the identity oper-
ator, so that GyðxÞ1Gðx; yÞ is the ordinary Green function for the Laplacian with the
Dirichlet boundary conditions. Then Sþ

0 ¼ N, the (exterior) normal derivative, and (2.12)
becomes

Kðx; yÞ ¼
Ð
G

M�s=2NGy � M�s=2NGx ds;

which is the original Lions formula from [L2]. r

Example 2.4. Taking next the biharmonic operator L ¼ D2, with the Dirichlet
boundary conditions B0 ¼ I , B1 ¼ N, so that G is the biharmonic Green function which
we denote by Bðx; yÞ1ByðxÞ. The operators Sþ

j are then given by Sþ
0 ¼ ND, Sþ

1 ¼ �D
(cf. e.g. [EP]). Thus (2.12) yields

Kðx; yÞ ¼
Ð
G

ðM�s0=2gNDBy � M�s0=2gNDBx þ M�s1=2gDBy � M�s1=2gDBxÞ ds;

which is the simplest higher-order generalization of Lions’s formula. r

3. The indeterminate case

In principle, one can consider the spaces HsðWÞ also if N3 f0g; however, in that
case the ‘‘scalar product’’ (2.10) is no longer positive definite, but only positive semidef-
inite (the elements of N have zero norm), and, consequently, the evaluation functionals
u 7! uðxÞ are no longer continuous with respect to it (if 03 u A N, then kuk ¼ 0 but
uðxÞ3 0 for some x). Thus there exists no reproducing kernel. What one has to do is either
to pass from HsðWÞ to a suitable subspace which is complementary to N, or to modify
the inner product (2.10) by adding to it an extra term (like kukL2ðWÞ) which makes it positive
definite.

Here is an example (of the former approach). Let N stand, as before, for the exterior
normal derivative, and let further Fðx; yÞ1FyðxÞ be the Neumann function for the Laplace
operator on W, i.e. the solution of the boundary value problem

DFa ¼ da ðthe point mass at aÞ;ð3:1Þ

gNFa ¼ � 1

sðGÞ on G;

Ð
G

gFa ds ¼ 0:

By the general theory recalled at the beginning of the preceding section, the Neumann
problem for D,
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Du ¼ 0;ð3:2Þ

gNu ¼ f ;Ð
G

gu ds ¼ 0

is solvable if and only if

Ð
G

f ds ¼ 0ð3:3Þ

and its unique solution is then given by

uðyÞ ¼ �
Ð
G

f � gFy ds:ð3:4Þ

Theorem 3.1. The space

Hs
NeumðWÞ :¼

n
u A D 0ðWÞ : Du ¼ 0; gNu A H s�1ðGÞ;

Ð
G

gu ds ¼ 0
o

with the scalar product

ðu; vÞH s
NeumðWÞ :¼ ðgNu; gNvÞH s�1ðGÞ

has the reproducing kernel

Kðx; yÞ ¼
Ð
G

Mð1�sÞ=2gFy � Mð1�sÞ=2gFx ds:

Proof. By (3.4), we have for any u A Hs
NeumðWÞ and y A W,

uðyÞ ¼ ðgNu;�gFyÞL2ðGÞ:

On the other hand, the reproducing kernel Kðx; yÞ1KyðxÞ is the uniquely determined ele-
ment of Hs

NeumðWÞ satisfying

uðyÞ ¼ ðgNu; gNKyÞH s�1ðGÞ ¼ ðgNu;M s�1gNKyÞL2ðGÞ

for all u A Hs
NeumðWÞ. Thus

ð f ;�gFyÞL2ðGÞ ¼ ð f ;M s�1gNKyÞL2ðGÞð3:5Þ

whenever f ¼ gNu for some u, i.e. for all functions f satisfying (3.3). As

ð1; gFyÞL2ðGÞ ¼ 0

(by the third condition in (3.1)) and

ð1;M s�1gNKyÞL2ðGÞ ¼ ðM s�11; gNKyÞL2ðGÞ ¼ ð1; gNKyÞL2ðGÞ ¼ 0
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(by the fact that M1 ¼ 1 and (3.3)), we see that (3.5) actually holds for all f , so

gNKy ¼ �M 1�sgFy:

Thus by (3.4)

KyðxÞ ¼ �
Ð
G

gNKy � gFx ds ¼
Ð
G

M 1�sgFy � gFx ds;

which is the desired assertion. r

The rest of this section is devoted to showing that a similar result can be established
for the general elliptic problem (2.2), as long as the Cauchy problem for L is uniquely solv-
able and the subspaces gSþ

j Nþ, j ¼ 0; . . . ;m � 1, are invariant under the operator M (or,
equivalently, DG). (In the last proof, the latter corresponds to the equality M1 ¼ 1.) This,
unfortunately, clearly need not be the case in general.

In order to state the result properly, we need first to introduce some notation and to
prove a proposition.

Let L;Bj;Sj;N, etc., be as in the beginning of Section 2. Until the end of this section,
we will assume that the Cauchy problems for L and for its adjoint Lþ are uniquely solv-
able, i.e.

ðLu ¼ 0 on W; gBju ¼ gSju ¼ 0 on G Ej ¼ 0; . . . ;m � 1Þ ) u1 0;ð3:6Þ

and similarly for Lþ. (This is, for instance, always the case when L has real-analytic co-
e‰cients, by Holmgren’s theorem.)

Consider now the following general analogue of the Neumann problem (3.2):

Lu ¼ 0;

gBju ¼ fj; Ej ¼ 0; . . . ;m � 1;Ð
G

gSju � gSjw ds ¼ 0 Ew A N:

Introducing the vector notation

Bu :¼ ðB0u; . . . ;Bm�1uÞ; Su :¼ ðS0u; . . . ;Sm�1uÞ;

this can be rewritten more succinctly as

Lu ¼ 0;ð3:7Þ

gBu ¼ f;

gSu ? gSN:
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(The symbol ? denotes orthogonality in the Cartesian product L2ðGÞm of m copies of
L2ðGÞ.) In view of the assumption (3.6) and the general theory recalled at the beginning
of the preceding section, this problem is solvable if and only if

f ? gSþv Ev A Nþð3:8Þ

and then the third condition in (3.7) determines the solution uniquely.

Similarly, the adjoint elliptic problem

Lþv ¼ f; gBþv ¼ g; gSþv ? gSþNþ

is solvable if and only if

ðu; fÞL2ðWÞ ¼ �ðgSu; gÞL2ðGÞm Eu A Nð3:9Þ

and then the solution is unique.

Finally, we introduce the following scalar product on the space N:

ðu; vÞN :¼ ðgSu; gSvÞL2ðGÞm :ð3:10Þ

(It follows from (3.6) that this is indeed a scalar product, i.e. kukN ¼ 0 only for u1 0.)
As N is finite dimensional, the evaluation functionals on it are automatically continuous
with respect to (3.10), and thus N possesses a reproducing kernel which we denote by
kðx; yÞ1 kyðxÞ.

Proposition 3.2. For a A W, let v be the (unique) solution to the adjoint problem

Lþv ¼ da;ð3:11Þ

gBþv ¼ �gSka;

gSþv ? gSþNþ;

and set

Qa :¼ gSþv A L2ðGÞm:

Then the solution to the problem (3.7) is given by

uðaÞ ¼ ð f;QaÞL2ðGÞm Ea A W:

Proof. By the reproducing property of ka, we have

uðaÞ ¼ ðgSu; gSkaÞL2ðGÞm Eu A N:

Thus it follows from (3.9) that (3.11) is indeed solvable. Denoting by v its unique solution
and letting u be a solution to (3.7), the Green formula (2.3) gives
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uðaÞ ¼
Ð
W

ðu � Lþv � Lu � vÞ dt

¼ ðgBu; gSþvÞL2ðGÞm � ðgSu; gBþvÞL2ðGÞm

¼ ð f; gSþvÞL2ðGÞm þ ðgSu; gSkaÞL2ðGÞm :

Since ka A N, the second summand vanishes by the third condition in (3.7), and the asser-
tion follows. r

Now we are ready to state the promised theorem.

Theorem 3.3. Assume that for each 0e j em � 1, the operator M maps the space

gSjN
þHL2ðGÞ into itself :

MgSjN
þH gSjN

þ Ej ¼ 0; . . . ;m � 1:ð3:12Þ

Then the reproducing kernel for the space

HsðWÞ :¼ fu A D 0ðWÞ : Lu ¼ 0; gBu A H sðGÞ; gSu ? gSNg

with the scalar product

ðu; vÞH sðWÞ :¼
Pm�1

j¼0

ðgBju; gBjvÞH
sj ðGÞð3:13Þ

is given by

Kðx; yÞ ¼
Pm�1

j¼0

Ð
G

M�sj Qð jÞ
y � Qð jÞ

x ds

where Qa :¼ ðQð0Þ
a ; . . . ;Q

ðm�1Þ
a Þ.

Proof. Introducing, for brevity, the operator

Ms: ð f0; . . . ; fm�1Þ 7! ðM s0f0; . . . ;M
sm�1fm�1Þ

on L2ðGÞm, (3.13) becomes

ðu; vÞH sðWÞ :¼ ðMsgBu; gBvÞL2ðGÞm :

Let a A W. By the preceding proposition, for any u A HsðWÞ

uðaÞ ¼ ðgBu;QaÞL2ðGÞm :ð3:14Þ

On the other hand, the sought reproducing kernel Ka 1Kð� ; aÞ is uniquely determined by
the two requirements that it belong to HsðWÞ and that it have the reproducing property

uðaÞ ¼ ðgBu;MsgBKaÞL2ðGÞm ;
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that is, by (3.14),

Qa � MsgBKa ? gBu Eu A HsðWÞ:

By (3.8), the last condition is equivalent to

Qa � MsgBKa A gSþNþ;

that is,

M�sQa � gBKa A M�sgSþNþ:ð3:15Þ

Now the hypothesis (3.12), in conjunction with the fact that M is invertible, implies that
M�sgSþNþ ¼ gSþNþ. Thus the last condition reads

M�sQa � gBKa A gSþNþ:

As, by (3.8) again, gBKa ? gSþNþ, we thus see that

gBKa ¼ p1M�sQað3:16Þ

where p1 denotes the orthogonal projection in L2ðGÞm onto ðgSþNþÞ?. Finally,

Kðx; yÞ1KyðxÞ ¼ ðgBKy;QxÞL2ðGÞm by Proposition 3:2

¼ ðp1M�sQy;QxÞL2ðGÞm by ð3:16Þ

¼ ðM�sQy; p1QxÞL2ðGÞm

¼ ðM�sQy;QxÞL2ðGÞm ;

since p1Qx ¼ Qx in view of the third condition in (3.11). This completes the proof. r

Remark 3.4. Without the hypothesis (3.12), we get from (3.15) only the equation

gBKa ¼ the ðnon-orthogonalÞ projection of M�sQa onto the subspace
ðgSþNþÞ? along the subspace M�sgSþNþ;

which is much more involved than (3.16). We have not been able to obtain an analogue of
Theorem 3.3 in this more general setting.

An example when the hypotheses of Theorem 3.3 are satisfied is when W is the
unit disc fz : jzj < 1g in the complex plane CFR2 and the operators L and Bj,
j ¼ 0; 1; . . . ;m � 1, are rotation-invariant; that is, if we denote fyðzÞ :¼ f ðeiyzÞ, then
Lð fyÞ ¼ ðLf Þy Ey A R, and similarly for Bj. Indeed, in that case all the operators Sj;B

þ
j and

Sþ
j are also rotation-invariant, and so is the space Nþ (i.e. fy A Nþ whenever f A Nþ),

and, hence, also the spaces gSjN
þ. As the latter are finite-dimensional, it follows easily

that each of them must be of the form
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spanfzk : k A Sjg

for some finite subsets Sj of the integers. But Mzk ¼ ðk2 þ 1Þzk for any integer k, and the
assertion follows.

4. An alternative approach

In this section we describe another approach to Theorem 2.1 (for instance), which
exploits the idea of deriving the result for a general s from the corresponding result for
the particular value s ¼ ð0; . . . ; 0Þ. This approach also gives interesting insights into some
(known) classical formulas for various reproducing kernels due to Bergman-Schi¤er, Ga-
rabedian, and Zaremba. On the other hand, however, it does not seem powerful enough to
yield the results on the indeterminate case (Theorem 3.3) from the preceding section (as one
of the authors originally hoped).

The idea is to examine how a reproducing kernel is a¤ected by a change of the scalar
product.

Let us thus consider, quite generally, a reproducing kernel Hilbert space E, with a
scalar product ð ; ÞE and reproducing kernel Kðx; yÞ1KyðxÞ. Let F be another (quite arbi-
trary) Hilbert space, with scalar product ð ; ÞF (F is not assumed to have a reproducing
kernel, in fact it need not be a space of functions at all). Finally, let A be a densely defined
and closed linear operator (possibly unbounded) from E into F.

Let us now introduce a new inner product in E using the operator A. First of all, set

½ f ; g� :¼ ðAf ;AgÞF.ð4:1Þ

In general, this is far from being an inner product: first, it is not defined for all f ; g A E, but
only for f ; g A dom A; second, it may be only semi-definite; and third, it need not define a
complete metric. We remedy this using the standard procedure: namely, denote

MA :¼ dom Am ker A:

Then (4.1) is defined on MA and is positive definite there (i.e. ½ f ; f � > 0 Ef 3 0). Let EA

be the completion of MA with respect to the norm k f kA :¼ ½ f ; f �1=2. Then EA is a Hilbert
space, with MA as a dense subspace, and (4.1) extends to a well defined scalar product
on EA.

Let us now investigate under what circumstances can the elements of the completion
EA be still viewed as functions; and if they can, whether the evaluation functionals are still
continuous; and if they are, what is the relationship between the reproducing kernel Kðx; yÞ
of E and the reproducing kernel of EA.

For the evaluation functional at some point x to be continuous on EA, it is necessary
and su‰cient that j f ðxÞjeC½ f ; f �1=2 for all f in the dense subset MA. The latter is equiva-
lent to

Engli š, Lukkassen, Peetre and Persson, Lions formula 107



jð f ;KxÞEjeCkAf kF Ef A MA;

that is,

jð f ; pKxÞEjeCkAf kF Ef A dom A

where

p : E ! ðker AÞ?

is the orthogonal projection in E onto ðker AÞ?. Let

A ¼ Y 0

0 0

� �
:

ðker AÞ?

ker A

� �
! Ran A

ðRan AÞ?
� �

be the matrix of A with respect to the splittings E ¼ ðker AÞ?l ker A and

F ¼ Ran Al ðRan AÞ? ¼ ðker A�Þ? l ker A� of E and F, respectively; thus Y is densely
defined, closed, one-to-one, and with dense range, hence possesses an inverse Y�1 with the
same properties8). We can then continue the above chain of equivalences with

jðY�1g; pKxÞEjeCkgkF Eg A Ran A;

which means precisely that

pKx A domðY�1Þ� ¼ Ran Y � ¼ Ran A�:ð4:2Þ

Thus if (4.2) is satisfied for all x, then the point evaluations extend continuously to all
of EA, and, in particular, the elements of EA can still be viewed as functions; and, further, EA

admits a reproducing kernel, say Lðx; yÞ1LyðxÞ. From the considerations above we also
see that

f ðxÞ ¼ ð f ;KxÞE ¼
�
Af ; ðY�1Þ�pKx

�
F

¼
�
Af ;AY�1ðY�1Þ�pKx

�
F
;

for every f A MA, and it follows that

Lx ¼ Y�1ðY�1Þ�pKx ¼ ðY �Y Þ�1pKx

(more precisely—this holds if pKx belongs to domðY �YÞ�1 ¼ Ran A�AHRan A�; if
pKx A Ran A�nRan A�A, then Lx belongs to EAnMA and thus cannot be expressed directly).

For convenience, we summarize our findings in the following theorem.

Theorem 4.1. The reproducing kernel Lðx; yÞ of the space EA exists if and only if

pKx A Ran A� Ex A W, and is then given by

8) In more detail: Y is a densely defined, closed, and one-to-one operator with dense range from the closed

subspace Em ker A of E into the closed subspace Ran A of F (both subspaces being considered as Hilbert spaces

of their own); similarly for Y�1, with the roles of the two subspaces interchanged; and dom Y ¼ MA ¼ Ran Y�1,

Ran Y ¼ Ran A ¼ dom Y�1, and Y�1Y and YY�1 are the identity operators on dom Y and dom Y�1, respec-

tively.
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Lðx; yÞ ¼ ½Ly;Lx� ¼
�
ðY �YÞ�1pKy; pKx

�
E

ð4:3Þ

¼ ðY ��1pKy;Y
��1pKxÞF

(the first line makes sense only if pKy A Ran A�A, the second one holds in full generality).

As a first application of Theorem 4.1, let us give an alternative proof of the Lions
formula (2.12) and its Neumann analogue (Theorem 3.1).

Another proof of Theorem 2.1. For simplicity of ideas, we present the proof only for
the Laplace operator L ¼ D with the Dirichlet boundary condition B0 ¼ I . (This corre-
sponds to the original Lions’s formula in [L2].) Thus we are interested in the reproducing
kernels Kðx; yÞ of the spaces

HsðWÞ :¼ fu A D 0ðWÞ : Du ¼ 0; gu A H sðGÞg

with the scalar product

ðu; vÞH sðWÞ :¼ ðgu; gvÞH sðGÞ:ð4:4Þ

We want to show that

Kðx; yÞ ¼ ðM�sPy;PxÞL2ðGÞ:ð4:5Þ

Observe first of all that (4.5) is trivially satisfied for s ¼ 0. Indeed, by (2.8),

uðxÞ ¼ ðgu;PxÞL2ðGÞ ¼ ðu;PPxÞH0ðWÞ Eu A H0ðWÞ;

where we have put Px :¼ P
ð0Þ
x . Since the reproducing kernel Kx is uniquely determined by

the reproducing property uðxÞ ¼ ðu;KxÞH0ðWÞ Eu, we must have Kx ¼ PPx. Thus

Kðx; yÞ ¼ ðKy;KxÞH0ðWÞ ¼ ðPPy;PPxÞH0ðWÞ ¼ ðPy;PxÞL2ðGÞ;

as claimed.

Now apply Theorem 4.1 with E ¼ F ¼ H0ðWÞ and A ¼ PM s=2g, with some s A R.
Then ker A ¼ f0g, so

MA ¼ dom A ¼ Pðdom M s=2Þ

and

½Pf ;Pg� ¼ ðPM s=2f ;PM s=2gÞH0ðWÞ ¼ ðM sf ; gÞL2ðGÞ ¼ ð f ; gÞH sðGÞ

for all Pf ;Pg A MA. It follows that EA must coincide with PH sðGÞ ¼ HsðWÞ with the inner
product (4.4).

Let us now see what Theorem 4.1 above says about the reproducing kernel for EA.
Observe that A is selfadjoint on H0ðWÞ (since M s=2 is selfadjoint on L2ðGÞ) and p is the
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identity in view of the injectivity of A. By the theorem, the point evaluations will thus be
continuous on EA if and only if Kx A Ran A, or

Px A Ran M s=2 ¼ dom M�s=2;

for all x A W. As Px A CyðGÞ, this clearly holds for any s A R, by (2.1). Thus EA has a repro-
ducing kernel which, by (4.3), is given by

Lðx; yÞ ¼ ðA�1Ky;A
�1KxÞH0ðWÞ ¼ ðA�1PPy;A

�1PPxÞH0ðWÞ

¼ ðPM�s=2Py;PM�s=2PxÞH0ðWÞ ¼ ðM�s=2Py;M
�s=2PxÞL2ðGÞ;

which is the desired formula. r

Another proof of Theorem 3.1. Take again E ¼ F ¼ H0ðWÞ, but now with
A ¼ PMðs�1Þ=2gN. This time A has a nontrivial kernel: ker A ¼ R1, the subspace of con-
stant functions. Thus p is the orthogonal projection in H0ðWÞ onto 1?. As in the previous
proof, one sees that

½Pf ;Pg� ¼ ðPMðs�1Þ=2gNPf ;PMðs�1Þ=2gNPgÞH0ðWÞ

¼ ðM s�1gNPf ; gNPgÞL2ðGÞ

¼ ðgNPf ; gNPgÞH s�1ðGÞ;

for all f ; g A MA. It follows that EA coincides with the space Hs
NeumðWÞ from Theorem 3.1.

A brief computation reveals that A� ¼ PgNPMðs�1Þ=2g. Thus by Theorem 4.1, EA has
bounded point evaluations if and only if

pPPx A Ran A� ¼ PgNPH 1�sðGÞHPH�sðGÞ;

which is, again, always the case as both Px and 1 belong to CyðGÞ. Thus EA admits a repro-
ducing kernel given, by (4.3), by

Lðx; yÞ ¼ ðY ��1pPPy;Y
��1pPPxÞH0ðWÞ ¼: ðqy; qxÞL2ðGÞ;

where qx ¼ gY ��1pPPx is the element of L2ðGÞ determined uniquely by

Pqx?1 and A�Pqx ¼ pPPx;

that is,

qx?1 ðin L2ðGÞÞ and gNPMðs�1Þ=2qx ¼ p2Px;ð4:6Þ

where p2 denotes, for the moment, the orthogonal projection onto 1? in L2ðGÞ.

We proceed to identify p2Px. Recall that the ordinary Green function Gðx; yÞ1GyðxÞ
for the Laplace operator satisfies
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DGy ¼ dy on W;ð4:7Þ

gGy ¼ 0 on G;

and the corresponding Poisson kernel Py is given by (cf. Example 4.2 and (2.9))

Py ¼ gNGy:ð4:8Þ

Similarly, let Fðx; yÞ1FyðxÞ be the Neumann function for D, as defined by (3.1) above,
and let us also introduce the notation

Qy :¼ �gFy

for the Neumann kernel (3.4) which solves the Neumann problem (3.2). Observe now that
the di¤erence vx :¼ Gð� ; xÞ � Fð� ; xÞ of the Green and the Neumann function—which is a
harmonic function on W, as the singularities of G and F cancel out—satisfies, in view of
(4.7) and (3.1),

gvx ¼ �gFð� ; xÞ ¼ Qx;

and

gNvx ¼ Px þ
1

sðGÞ :

The first of these equations implies that vx ¼ PQx, and the second thus says that

Px ¼ gNPQx �
1

sðGÞ :

As Ran gNP?1, by Green’s formula, we have thus shown that

p2Px ¼ gNPQx:ð4:9Þ

Substituting the last formula into (4.6), we get, using also the third condition in (3.1)
and the fact that Mðs�1Þ=2 preserves orthogonality to 1 (since M is selfadjoint and M1 ¼ 1),

qx ¼ Mð1�sÞ=2Qx:

Consequently, the reproducing kernel is in this case given by

Lðx; yÞ ¼ ðqy; qxÞL2ðGÞ ¼ ðM 1�sQy;QxÞL2ðGÞ ¼ ðM 1�sgFy; gFxÞL2ðGÞ;

in complete agreement with Theorem 3.1. r

In the rest of this section, we show how Theorem 4.1 can be used to recover some
classical results of Bergman and Schi¤er [BS], Garabedian [G2], and Zaremba [Z1].

Theorem 4.2. The reproducing kernel of the Dirichlet-type space
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L2
energyðWÞ :¼

n
u A CyðWÞ : Du ¼ 0;

Ð
W

k‘uk2
dt < y;

Ð
G

gu ds ¼ 0
o

ð4:10Þ

with the norm

kuk2 :¼
Ð
W

k‘uk2
dt ¼ ðgNu; guÞL2ðGÞð4:11Þ

is given by

Lðx; yÞ ¼ Gðx; yÞ � Fðx; yÞ;

the di¤erence between the Green and the Neumann functions.

Proof. Let us apply Theorem 4.1 with E ¼ H0ðWÞ (again) and

F ¼ L2ðW;RnÞ;

the L2-space on W of vector-valued functions with values in Rn (with respect to the Leb-
esgue measure), and

A : H0ðWÞ C f 7! ‘f A L2ðW;RnÞ:

As in the alternative proof of Theorem 3.1, we have ker A ¼ R1, the subspace of con-
stant functions in H0ðWÞ. For any f in, say, PCyðWÞH dom A, we have by the ordinary
Green’s formula

ðAf ;Af ÞF ¼
Ð
W

k‘f k2
dt ¼ ðgNf ; gf ÞL2ðGÞ:

The second equality, in conjunction with

ðAf ;Af ÞF ¼ ðA�Af ; f ÞH0ðWÞ ¼ ðgA�Af ; gf ÞL2ðGÞ;

implies that

A�A ¼ PgN;ð4:12Þ

while from the first it follows that EA coincides with the space (4.10) with the norm given by
(4.11).

Using the first equation in (4.3), we see that the reproducing kernel is given by

Lðx; yÞ ¼
�
ðY �YÞ�1pPPy; pPPx

�
H0ðWÞ ¼: ðPry; pPPxÞH0ðWÞ;

where ry ¼ gðY �YÞ�1pPPy A L2ðGÞ satisfies

ry?1; A�APry ¼ pPPy;

that is, recalling (4.9) from the preceding proof and (4.12),
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ry?1; gNPry ¼ gNPQy:

Consequently, ry ¼ Qy, and

Lðx; yÞ ¼ ðPQy; pPPxÞH0ðWÞ ¼ ðPQy;PPxÞH0ðWÞ

¼ ðQy;PxÞL2ðGÞ ¼ PQyðxÞ ¼ Gðx; yÞ � Fðx; yÞ

(cf. the preceding alternative proof of Theorem 3.1). This completes the proof. r

The last result agrees with the formula in [BS], Part B, Chapter II, §1, which however
was derived there not for D but for D� q, with q > 0, so that the energy norm (4.11) was
positive definite. The latter result is even easier to obtain by the same method as above than
Theorem 4.2 (the corresponding operator A is injective, hence the projection p drops out)
and we leave its details to the interested reader.

Theorem 4.3. The reproducing kernel of the harmon ic Bergman space

L2
harmðWÞ :¼ fu A L2ðWÞ : Du ¼ 0g;

with the norm inherited from L2ðWÞ, is equal to

Lðx; yÞ ¼ dðx � yÞ � DxDyBðx; yÞ;

where Bðx; yÞ1ByðxÞ is the biharmonic Green function of W, i.e. the solution of the bound-

ary value problem

D2By ¼ dð� � yÞ ðthe point mass at yÞ;ð4:13Þ

gBy ¼ gNBy ¼ 0:

Proof. Apply Theorem 4.1 with E ¼ H0ðWÞ (again), F ¼ L2ðWÞ, the ordinary
Lebesgue space on W, and A the inclusion mapping from H0ðWÞ into F. For u; v in, say,
PCyðGÞH dom A, we then have

½u; v� ¼ ðu; vÞL2ðWÞ;

and it follows that EA coincides with the (closed) subspace of harmonic functions in L2ðWÞ,
i.e. with L2

harmðWÞ. Also, since, on the one hand,

ðA�Au; vÞH0ðWÞ ¼ ðgA�Au; gvÞL2ðGÞ;

while, on the other hand,

ðA�Au; vÞH0ðWÞ ¼ ðu; vÞL2ðWÞ ¼ ðu;PgvÞL2ðWÞ ¼ ðP�u; gvÞL2ðGÞ;

where the adjoint P� is taken with respect to the L2 products on both G and W, we see that
gA�A ¼ P�, that is,

A�A ¼ PP�:ð4:14Þ
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Finally, as A is injective, the projection p reduces to the identity. Applying the for-
mula (4.3), we thus see that the reproducing kernel of EA is given by

Lðx; yÞ ¼
�
ðA�AÞ�1

PPy;PPx

�
H0ðWÞ ¼

�
gðA�AÞ�1

PPy;Px

�
L2ðGÞ ¼: ðsy;PxÞL2ðGÞ;

where sx A L2ðGÞ is determined by

A�APsx ¼ PPx;

or, using (4.14),

P�Psx ¼ Px:ð4:15Þ

Let us now examine the adjoint P�. Since P is an integral operator with kernel PxðyÞ,
P� is the integral operator with the conjugate kernel, i.e.

P�f ðxÞ ¼
Ð
W

f ðyÞPyðxÞ dtðyÞ ¼
Ð
W

f ðyÞgxNxGðx; yÞ dtðyÞ

by (4.8), for any x A G. It follows that

P� ¼ gNG;

where G is the integral operator on L2ðWÞ with kernel Gðx; yÞ, i.e. u ¼ Gf is the solution to
the Laplace equation Du ¼ f with the Dirichlet boundary conditions gu ¼ 0. By (4.15) we
thus get

gNGPsx ¼ Px:ð4:16Þ

Consequently, the function fx :¼ GPsx satisfies

D2fx ¼ DPsx ¼ 0 ði:e: fx is biharmonic on WÞ;

gfx ¼ 0 ðsince fx A RanGÞ;

gNfx ¼ Px;

and

gDfx ¼ gPsx ¼ sx:

Recall now that, quite generally, the solution to the boundary value problem

D2u ¼ 0;

gu ¼ 0;

gNu ¼ f

is given by
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uðyÞ ¼ ð f ;�gDByÞL2ðGÞ;

where Bðx; yÞ1ByðxÞ is the biharmonic Green function (cf. Example 2.4 above). Conse-
quently, we obtain

fxðyÞ ¼ ðPx;�gDByÞL2ðGÞ;

and, hence,

sxðyÞ ¼ gyDy fxðyÞ ¼ ðPx;�gDgyDyByÞL2ðGÞ:

To express this more neatly, observe that, by (4.13),

DxDyBðx; yÞ ¼ dðx � yÞ þ hðx; yÞ;

where hðx; yÞ1 hyðxÞ is a function on W�W which is harmonic there in both x and y.
Thus

ðPx;�ggyDDyByÞL2ðGÞ ¼ ðPx;�ggyhyÞL2ðGÞ ¼ �PgðgyhyÞðxÞ ¼ �gyhðx; yÞ ¼ �gyhðy; xÞ;

as h is symmetric in x and y. Consequently,

sx ¼ �ghx; or Psx ¼ �hx:

Substituting this, finally, into the formula for Lðx; yÞ, we arrive at

Lðx; yÞ ¼ ðsy;PxÞL2ðGÞ

¼ �ðghy;PxÞL2ðGÞ

¼ �PghyðxÞ

¼ �hðx; yÞ;

which is the desired result. r

The formula in Theorem 4.3 is due to Garabedian ([G2], pp. 265–267). Using the
general Green formula (2.3), it is possible to obtain the analogous result for the space

L2
LðWÞ :¼ fu A L2ðWÞ : Lu ¼ 0g;

with the norm inherited from L2ðWÞ, for any elliptic operator L such that the Dirichlet
problem for the operator LLþ is determinate. Namely, the reproducing kernel of L2

LðWÞ is
equal to

dðx � yÞ � Lþ
x Lþ

y Jðx; yÞ;ð4:17Þ
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where Jðx; yÞ1 JyðxÞ is the solution to the boundary value problem

LLþJy ¼ dy; gN jJy ¼ 0 Ej ¼ 0; 1; . . . ; 2m � 1:

The details are again left to the reader.

As a final application of Theorem 4.1 we recover a result of Zaremba ([Z1], p. 150;
cf. also [L1]).

Theorem 4.4. The reproducing kernel of the space

L2
DirðWÞ :¼

n
u A CyðWÞ : Du ¼ 0; kuk2

D :¼
Ð
W

k‘uk2
dt < y;

Ð
W

u dt ¼ 0
o
;

with the norm kukD (one might call this the harmon ic Di r i ch le t space on W), equals

tðx; yÞ, where tðx; yÞ1 tyðxÞ is the solution to the boundary value problem

Dty ¼ 0 on W;

gNty ¼ Py �
1

tðWÞ gNG1 on G;

Ð
W

ty dt ¼ 0:

Proof. This time we apply Theorem 4.1 with E not H0ðWÞ but the harmonic Berg-
man space L2

harmðWÞ from the preceding theorem, with F the vector-valued L2 space
L2ðW;RnÞ from Theorem 4.2, and A the same operator f 7! ‘f as in Theorem 4.2. In the
same way as before, one then sees that the corresponding space EA can be identified with
L2

DirðWÞ with the norm kukD. By (4.3), the reproducing kernel is given by

Lðx; yÞ ¼
�
ðY �Y Þ�1pPsy; pPsx

�
L2ðWÞ ¼: ðty;PsxÞL2ðWÞ;

where I � p is the orthogonal projection onto the constants in L2
harmðWÞ, sx has the same

meaning as in the previous proof (i.e. PsxðyÞ ¼ �hðx; yÞ is the reproducing kernel of
L2

harmðWÞ), and tx A L2
harmðWÞ are uniquely determined by the conditions

tx?1 ðin L2ðWÞÞ; A�Atx ¼ pPsx:ð4:18Þ

From the computation

ðP�A�Au; gvÞL2ðGÞ ¼ ðA�Au; vÞL2ðWÞ ¼ ð‘u;‘vÞL2ðW;RnÞ ¼ ðgNu; gvÞL2ðGÞ

we see that P�A�Au ¼ gNu, or, using the notation G from the previous proof,

gNu ¼ gNGA�Au;

for all u in, say, PCyðGÞ. Thus (4.18) implies that
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gNtx ¼ gNGpPsx

¼ gNGðPsx � cx1Þ

¼ gNGPsx � cxgNG1

¼ Px � cxgNG1 ðby ð4:16ÞÞ;

and tx?1. Here

cx ¼
ðPsx; 1ÞL2ðWÞ
ð1; 1ÞL2ðWÞ

¼ 1ðxÞ
tðWÞ ¼

1

tðWÞ :

Finally, since PsxðyÞ is the reproducing kernel for L2
harmðWÞ, we have

ðty;PsxÞL2ðWÞ ¼ tyðxÞ;

and the assertion follows. r

Remark 4.5. We leave it to the reader to check that in all the applications above the
operators A indeed were densely defined and closed, as we had assumed them to be at the
beginning.

5. Some concrete examples

In this section we consider some examples of reproducing kernels. All the domains
W have su‰ciently many symmetries so that the method of separation of variables, or the
method of Fourier, is easily applicable. In addition we consider only the case of two dimen-
sions (except in the last Section 5.6). But all our examples can in principle be extended to any
number of dimensions.

Recall from the Introduction that the reproducing kernel in the Hilbert space HsðWÞ,
as defined there, is given by the formula (1.8)

Kðx; bÞ ¼
P
n

êenðxÞêenðbÞ ¼
P
n

l�s
n enðxÞenðbÞ;ð5:1Þ

where en is an orthonormal basis of eigenfunctions of the ‘‘smoothed’’ Laplace-Beltrami
operator M on G in the Hilbert space L2ðGÞ.

Remark 5.1. If the eigenfunctions in (5.1) are only orthogonal, but not necessarily
orthonormal, then we have first to divide each term with the norm squares kenk2

LsðGÞ. As
we already remarked in the Introduction (Remark 1.2), in the case of complex scalars, the
second factor in each term of the series in (5.1) has to be taken with its complex conjugate.

r

5.1. The disk. Let W ¼ D ¼ the (open) unit disk with boundary G ¼ T ¼ unit
circle. We are going to use polar coordinates writing x ¼ ðr cos y; r sin yÞ with

r ¼ jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ x2
2

q
, y ¼ arg x. In this case we have
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L ¼ �D2 ¼ � d 2

dy2
; D ¼ d

dy

so that

M ¼ �D2 þ 1 ¼ � d 2

dy2
þ 1:

As a basis we can take Fourier’s own system, that is, the functions whose restriction
to T is given by

1ffiffiffi
2

p ; cos y; sin y; cos 2y; sin 2y; . . . :

The corresponding eigenvalues are

D: 0; 1; 1; 2; 2; . . . ;

M: 1; 2; 2; 5; 5; . . . :

(To an eigenvalue n of D there corresponds the eigenvalue n2 þ 1 of M.)

Harmonic continuation gives the functions

1ffiffiffi
2

p ; r cos y; r sin y; r2 cos 2y; r2 sin 2y; . . . :

They are however not orthonormalized, the square of the norm of each of them being equal
to p.

Using (5.1), along with the recipe in Remark 5.1, we find

Kðx; bÞ ¼ 1

p

�
1

2
þ

Py
n¼1

rnrnðn2 þ 1Þ�sðcos ny cos nb þ sin ny sin nbÞ
�
;ð5:2Þ

where again we have put r ¼ jbj and b ¼ arg b. The sum in (5.2) can also be written more
simply as

Py
n¼1

rnrnðn2 þ 1Þ�s cos nðy� bÞ;ð5:3Þ

i.e., as a function of the di¤erence y� b, which again is a reflection of the fact that we have
a rotation invariant situation.

Remark 5.2. If we ‘‘cheat’’ a little bit and replace the factor n2 þ 1 by only n2, the
series will be somewhat easier to handle. If S ¼ 2s is an integer > 0 (or s a half-integer), one
encounters then for r ¼ r ¼ 1 Bernoulli functions in (5.2).
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Note that the Bernoulli functions satisfy the di¤erential equation DSu ¼ dper, where
dper is the ‘‘periodic’’ delta function, the sum of ordinary point masses placed at the integer
multiples 2pm of 2p. It follows that the restriction of u to an interval between two consec-
utive such points is a polynomial of degree S. Taking the interval ð0; 2pÞ gives the Bernoulli

polynomials. However, in the standard normalization one takes the period to be 1, not 2p.

In the general case one has thus to deal with a kind generalized such functions. If one
considers more generally instead of M the operators Me ¼ �D2 þ e and makes e ! 0, the
usual Bernoulli functions appear in the ‘‘partie finie’’. r

It remains to compare this with Lions’s formula (1.12). To this end consider the
Poisson kernels

Pðy; xÞ ¼ PxðyÞ ¼ NyGðy; xÞ

and analogously

Pðy; bÞ ¼ PbðyÞ ¼ NyGðy; bÞ:

(These are instances of the most common Poisson kernel.) Writing f ¼ arg y one obtains
the Fourier expansions

Pðy; xÞ ¼ 1

p

�
1

2
þ

Py
n¼1

rnðcos ny cos nfþ sin ny sin nfÞ
�
;

respectively

Pðy; bÞ ¼ 1

p

�
1

2
þ

Py
n¼1

qnðcos nb cos nfþ sin nb sin nfÞ
�
:

Next, we apply the operators M
�s

2
y . Then the factor ðn2 þ 1Þ�s=2 appears. If we multiply

these expressions with each other and df, moreover integrating over ð0; 2pÞ and taking care
of the orthogonality, we obtain the left hand side of [L2], (2.13). In other words, we have
proved anew Lions’s formula (1.12) in this special case.

5.2. The half plane. We consider the plane R2 with points now denoted by bold face
letters x ¼ ðx1; x2Þ, where we at once set x1 ¼ x, x2 ¼ t—this in order to avoid lots of dis-
turbing subscripts. Let W ¼ ft > 0g be the north (or upper) half plane. We further con-
sider tempered harmonic functions u ¼ uðx; tÞ in W with a tempered trace on the boundary
qW ¼ R. By ûuðx; tÞ we designate the partial Fourier transform of u with respect to x. (We
denote the variable dual to x by x.) From

q2u

qx2
þ q2u

qt2
¼ 0ð5:4Þ

it follows that

�x2ûu þ q2ûu

qt2
¼ 0:
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Hence

ûuðx; tÞ ¼ e�tjxjûuðxÞ;

where we, for the sake of simplicity, have put ûuðxÞ ¼ ûuðx; 0Þ. In other words, one can
identify uðx; tÞ with ûuðxÞ. Recall that, quite generally, the Fourier transform of a function
or a distribution vðxÞ on R is formally given by

v̂vðxÞ ¼
Ð
R

e�ixxvðxÞ dx:

Next we introduce the complex Hilbert space H sðRÞ with norm

kuk2
s ¼ 1

2p

Ðy
�y

ð1 þ x2ÞsjûuðxÞj2 dx

and inner product

ðu; vÞs ¼
1

2p

Ðy
�y

ð1 þ x2Þs
ûuðxÞv̂vðxÞ dx:

Similarly, we let HsðWÞ denote the space of harmonic distributions u whose traces on
R belong to H sðRÞ. In fact, it holds, in these identifications, HsðWÞ ¼ the Sobolev space
H sðRÞ.

Consider further an auxiliary point b ¼ ðb; aÞ A W. In view of Fourier’s inversion
formula,

uðbÞ ¼ uðb; aÞ ¼ 1

2p

Ðy
�y

eibxe�ajxjûuðxÞ dx:

We rewrite this formula as

uðbÞ ¼ uðb; aÞ ¼ 1

2p

Ðy
�y

ð1 þ x2Þs
ûuðxÞ e�ibxe�ajxj

ð1 þ x2Þs
dx:

This has the form of a complex (!) inner product. From here we can read o¤ the repro-
ducing kernel: We have

uðbÞ ¼
�
u;Kðx; bÞ

�
s

with

Kðx; bÞ ¼ Kðx; t; b; aÞ ¼ 1

2p

Ðy
�y

eixx e�ibxe�ajxj�tjxj

ð1 þ x2Þs
dx :ð5:5Þ
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Observe that from (5.5), which is our main formula, it is seen that Kðx; bÞ depends
only on the quantities x � b and t þ a. Then dependence on the di¤erence x � b was ex-
pected, it is just a reflection of the fact that we are in a translation invariant situation. But
the dependence on the sum t þ a is a little bit more mysterious.

This observation leads us to introduce the function

Fðx; tÞ ¼ Fsðx; tÞ ¼
1

2p

Ðy
�y

eixx e�tjxj

ð1 þ x2Þs
dx:ð5:6Þ

With this definition (5.6) can (5.5) be written more compactly as

Kðx; t; b; aÞ ¼ Fðx � b; t þ aÞ:ð5:7Þ

Remark 5.3. The integral in (5.7) is, up to a factor, the modified Bessel function of
the second kind, or Macdonald function Kn, with index n ¼ s � ð1=2Þ. (For this function
see [MOS], Section 3.1 (p. 65) and [W], Section 3.7 (p. 78).) This relation can be found in
[MOS], p. 400 and [W], p. 172. In the latter place it is named after Basset 1888/1889. The
proof given there is obtained as a result of a complicated chain of ‘‘contour integrations’’.
Some other famous names mentioned there ([W], p. 173) include: Poisson 1813; Catalan
1840; Serret 1843. Another, direct proof can be given by first verifying that F satisfies the
modified Bessel equation and then identifying the constants.

Note that the generalized Bernoulli functions indicated in Remark 5.2 could be
viewed as periodic counterparts of the Macdonald function Kn. Do they possess properties
reminiscent to the ones of that function? r

Next, let y ¼ ðy; 0Þ be an auxiliary point on the boundary of W ð¼ RÞ. Then we can
write down the two Poisson kernels

Pðy; xÞ ¼ 1

2p

Ðy
�y

eiðx�yÞxe�tjxj dx

and

Pðy; bÞ ¼ 1

2p

Ðy
�y

eiðb�yÞhe�ajhj dh:

We compose them with the operator ð1 � DyÞ�
s

2. This yields

ð1 � DyÞ�
s

2Pðy; xÞ ¼ 1

2p

Ðy
�y

ð1 þ x2Þ�
s

2eiðx�yÞxe�tjxj dx

and

ð1 � DyÞ�
s

2Pðy; bÞ ¼ 1

2p

Ðy
�y

ð1 þ h2Þ�
s

2eiðb�yÞhe�ajhj dh:
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We now want to integrate the product of these two functions with respect to y. In doing
this we take account of the following orthogonality relation:

1

2p

Ðy
�y

eixx
Ðy

�y
eiyh dy ¼ dðx� hÞ (the Fourier-Gel’fand formula);ð5:8Þ

concerning Fourier’s contribution to it see [F], nr. 361, p. 351, and [Pe4].

This gives

Ðy
�y

ð1 � DyÞ�
s

2Pðy; xÞ � ð1 � DyÞ�
s

2Pðy; bÞ dy ¼ Kðx; bÞ ;ð5:9Þ

which apparently is the counterpart to Lions’s formula in our special case.

Remark 5.4. Observe that (5.8) is just a concise way of expressing Fourier’s inver-
sion formula. If one does not like distributions and delta functions one can for sure replace
the above somewhat heuristic computation by a more formal proof based on this formula.

r

5.3. The case of an annulus. In this section we turn to a case when the boundary is
not connected but consists of two pieces. More precisely, we take W to be an annulus in
the plane bounded by two concentric circles G0 and G1. We may assume that the radii are
R < 1 and 1 respectively, and moreover place the center at the origin. As before we con-
sider the Hilbert space HsðWÞ of distributions harmonic in W with trace on G belonging
to the Sobolev space H sðGÞ. Now H sðGÞ comes as the orthogonal sum of two closed sub-
spaces H s

0ðGÞ and H s
1ðGÞ, where H s

0ðGÞ consists of those elements of H sðGÞ which vanish
on G1 and, vice versa, H s

1ðGÞ consists of those elements of H sðGÞ which vanish on G0:

H sðGÞ ¼ H s
0ðGÞlH s

1ðGÞ:ð5:10Þ

Corresponding to this decomposition (5.10) the space HsðWÞ has the decomposition

HsðWÞ ¼ Hs
0 ðWÞlHs

1 ðWÞ:ð5:11Þ

Thus e.g. Hs
0 ðWÞ consists of the elements of HsðWÞ which vanish on G1; similarly for

Hs
1 ðWÞ.

Now, quite generally, let H be a Hilbert space of functions on some space W which
comes as the orthogonal sum of two closed subspaces H1 and H2: H ¼ H1 lH2; let K1 be
the reproducing kernel of H1 and K2 be the one of H2. Then, by some general nonsense, the
reproducing kernel K of H is given by the orthogonal sum of K1 and K2:

K ¼ K1 þ K2:ð5:12Þ

Let us return to our case. In view of (5.11) and (5.12) it su‰ces to determine the re-
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producing kernel of Hs
0 ðWÞ and Hs

1 ðWÞ separately. Let these two kernels again be written
K1 and K2.

Let us uncover the structure of, say, the space Hs
0 ðWÞ, in particular, looking for an

orthogonal basis. To this end consider first the functions

un ¼ rn cos ny� Cr�n cos ny ðn ¼ 1; 2; . . .Þ;ð5:13Þ

where C is a constant at our disposal. We wish to determine C so that un vanishes on
G1. So putting r ¼ R in (5.13) and putting the ensuing expression equal to zero gives
Rn � CR�n ¼ 0 or C ¼ R2n. With this choice of C formula (5.13) gets replaced by

un ¼ ðrn � R2nr�nÞ cos ny ðn ¼ 1; 2; . . .Þ:ð5:14Þ

In the same way, replacing the cosine by sine, we obtain the functions

vn ¼ ðrn � R2nr�nÞ sin ny ðn ¼ 1; 2; . . .Þ:ð5:15Þ

Apparently, the functions un and vn are orthogonal. However, the resulting system is not
yet complete. (Notice that the identities (5.14) and (5.15), for n ¼ 0, formally give the result
zero!) To obtain a complete orthogonal system we have to add to them the function

u0 ¼ 1 � log r

log R
:ð5:16Þ

Note that this is a harmonic function with a logarithmic singularity at the origin and
at infinity. Moreover, it is rotation invariant (radial). Then we have all right an orthogo-
nal basis consisting of the one function u0 and the infinitely many functions un and vn

(n ¼ 1; 2; . . .). Here are their norm squares:

ku0k2
L2ðG0Þ ¼ 2p; kunk2

L2ðG0Þ ¼ kvnk2
L2ðG0Þ ¼ pð1 � R2nÞ2 ðn ¼ 1; 2; . . .Þ:

Using formula (5.1), and remembering to first divide with their norm squares (as indicated
in Remark 5.1), we obtain for the reproducing kernel of Hs

0 ðWÞ the expression

K0ðx; bÞ ¼
1

2p
1 � log r

log R

� �
1 � log r

log R

� �
ð5:17Þ

þ 1

p

Py
n¼1

ðn2 þ 1Þ�s

ð1 � R2nÞ2
ðrn � R2nr�nÞðrn � R2nr�nÞ cos nðy� bÞ;

where ðr; yÞ and ðr; bÞ are the polar coordinates of the point x and b respectively (cf. Sec-
tion 5.1) and where we have used the subtraction theorem for cosine.

In the case of the space Hs
1 ðWÞ we use instead the functions

u�
0 ¼ ln r; u�

n ¼ ðr�n � rnÞ cos ny; v�
n ¼ ðr�n � rnÞ sin nyð5:18Þ

ðn ¼ 1; 2; . . .Þ. The corresponding norm squares are
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ku�
0k

2
L2ðG1Þ ¼ 2pðln RÞ2; ku�

nk
2
L2ðG1Þ ¼ kv�

nk
2
L2ðG1Þ ¼ pðR�n � RnÞ2:ð5:19Þ

This yields

K1ðx; bÞ ¼ 1

2p

ðln rÞ2

ðln RÞ2
ð5:20Þ

þ 1

p

Py
n¼1

ðn2 þ 1Þ�s

ðR�n � RnÞ2
ðr�n � rnÞðr�n � rnÞ cos nðy� bÞ:

Adding up (5.18) and (5.19) we get the desired formula for Kðx; bÞ, which we, however, do
not bother to write down, but we urge the Reader to do it.

It is an easy, though rather dull exercise to verify that in the limit ðR ¼ 0Þ one gets
back the result of Section 5.1. (Use that

�
limðln RÞ2��1 ¼ 0.)

5.4. The heat equation. Exactly the same technique can be applied to other equa-
tions, e.g. take instead of (5.4) the heat equation

q2u

qx2
� qu

qt
¼ 0:ð5:21Þ

Then one has caloric functions (or temperatures) instead of harmonic ones. One obtains
then from (5.1) a formula entirely analogous to (5.5). One has just to replace everywhere
the factor e�tjxj by e�tx2

. Let KsðWÞ denote the space of temperatures u whose traces on
R belong to the Sobolev space H sðGÞ. Then its reproducing kernel, again denoted by the
generic letter K , is given by

Kðx; bÞ ¼ Kðx; t; b; aÞ ¼ 1

2p

Ðy
�y

eixx e�ibxe�ax2�tx2

ð1 þ x2Þs
dx :ð5:22Þ

Introducing further the function

Gðx; tÞ ¼ Gsðx; tÞ ¼
1

2p

Ðy
�y

eixx e�tx2

ð1 þ x2Þs
dx;ð5:23Þ

we can again write (5.22) more compactly as

Kðx; t; b; aÞ ¼ Gðx � b; t þ aÞ:ð5:24Þ

Consider the case s ¼ 0 and thus the function G0. Then the integral in (5.23) can be
evaluated explicitly and one finds

G0ðx; tÞ ¼
1ffiffiffiffiffiffiffi
4pt

p exp � x2

4t

� �
:
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This is the famous heat kernel or Gauss-Weierstrass function9). As is well-known, convolu-
tion with G gives the solution to the initial value problem for the equation (5.21).

Remark 5.5. Note that in our case G0ðx � b; tÞ is going to play the rôle of the previ-
ous Poisson kernel. r

Remark 5.6. For s a positive integer, Gs appears to be expressible in terms of the
error function erf. For instance, for s ¼ 1 one has

G1ðx; 1Þ ¼
ffiffiffi
p

p

2
e1�x erf

x

2
� 1

� �
� e1þx erf

x

2
þ 1

� �� �
: r

Remark 5.7. Imitating the procedure indicated at the end of Remark 5.3 we derived
an ordinary linear di¤erential equation for the function Gs in (5.23). It is of the type called
Laplace equation in Kamke’s wonderful book [K], no. 22.4 of Part I, i.e. its coe‰cients are
of the first order in the independent variable. As indicated there such equations can, in prin-
ciple, be solved by quadratures using Laplace’s method. However, our particular equation
does not appear in Kamke’s list [K], Chap. 3 of Part III, devoted to linear third order equa-
tions. So we have doubts that our function G, for general s, admits a simple expression in
terms of known special functions. Anyhow, the function Gs, for s general, may be viewed
as a generalization of the Gauss-Weierstrass function. r

5.5. The heat equation (periodic solutions). We still consider the heat equation, viz.
(5.21), but we consider only periodic solutions u. For convenience we take the period to be
2p. If such a solution u has a trace on the boundary of W, we have the Fourier representa-
tion

uðx; tÞ ¼ 1

2p

Py
n¼�y

Aneinxe�n2t:ð5:25Þ

Formally taking t ¼ 0 gives the corresponding expansion of the trace:

uðx; 0Þ ¼ 1

2p

Py
n¼�y

Aneinx:

We introduce the Hilbert space Ks
perðWÞ of 2p-periodic temperatures u corresponding to the

metric

kuk2
s ¼ 1

2p

Py
n¼�y

ð1 þ n2ÞsjAnj2:

For any u A Ks
perðWÞ consider its evaluation at the point ðy; qÞ:

9) The name of Weierstrass is appended, probably, because the latter used this kernel in his original proof

of the famous Weierstrass approximation theorem published in 1885. Indeed, Weierstrass possessed all the essential

ideas about the Dirac delta function, in the guise of ‘‘approximate identities’’.
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uðy; qÞ ¼ 1

2p

Py
n¼�y

Aneinye�n2q:

Once more we try to rewrite this as an inner product:

uðy; qÞ ¼ 1

2p

Py
n¼�y

ð1 þ n2Þs
an �

einye�n2q

ð1 þ n2Þs :

Comparing this with formula (5.25) we obtain the reproducing kernel in Hs
perðWÞ:

Kðx; t; b; aÞ ¼ Ksðx; t; b; aÞ ¼ 1

2p

Py
n¼�y

einxe�n2t e�inbe�n2a

ð1 þ n2Þs :ð5:26Þ

Again introducing the notation

Yðx; tÞ ¼ Ysðx; tÞ ¼ 1

2p

Py
n¼�y

ð1 þ n2Þ�s
einxe�n2t;ð5:27Þ

we can rewrite (5.26) as

Kðx; t; b; aÞ ¼ Yðx � b; t þ aÞ:

Remark 5.8. Apparently, Ys is the 2p-periodic analogue of the function Gs in
Section 5.3. The case s ¼ 0 is of special interest, i.e. the function Y0. Indeed, up to nor-
malization it is one of Jacobi’s four ‘‘elliptic’’ theta functions, to wit the one denoted
y3 in [MOS], Section 10.2, one of the most important special functions in mathematics.
(They were encountered by Jacobi in his Fundamentis (1827), but the notation yi (or Qi),
i ¼ 0; 1; 2; 3, was introduced only in his 1837 lectures. Conferre [Ho], §11.) To get it exactly
one has, among other things, to change the period from 2p to 1. Thus e.g. by definition

y3ðz; tÞ ¼
Py

n¼�y
qn2

epinx;

where we, as is customary have written q ¼ e�pit. For s general, Gs gives a generalization

(call it ‘‘an s-generalization’’) Gs of the Jacobi functions, which maybe has not yet been
studied in the literature. r

We conclude this section by writing down the following ad hoc generalization of
Lions’s formula [L2]:

Ksðx; t; b; aÞ ¼
Ð2p
0

Ys

2
ðx � y; tÞYs

2
ðb � y; aÞ dy:ð5:28Þ

(As in our previous discussion this follows immediately taking account of the orthogonality
relations for the functions einx.) A similar formula as (5.28) holds also in the non-periodic
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case of Section 5.4. But we suspect that it was maybe not the one that Lions himself had in
mind in [L2] (in connection with his (4.15)).

5.6. The heat equation (general domain). It is easy to carry over the considerations
of the previous Section 5.4 to any number of dimensions, also replacing the ‘‘cylinder’’
based on the interval ð0; 2pÞ by a general cylinder.

So let W be any bounded open set with smooth boundary G in Rt, say. (Because we
want to have the letter n free for denoting summation indices, we let the dimension be t.)
Let us consider the cylinder S ¼ W� ð0;yÞ with points ðx; tÞ, with x A W, t > 0. It will be
convenient to use (as in [BS]), instead of minus the Laplacian �D, the ‘‘smoothed’’ opera-
tor �Dþ q, where q is a smooth positive function in W. Accordingly, we consider in S the
corresponding modified heat equation

qu

qt
¼ Du � qu:ð5:29Þ

There is no reason to work with complex scalars, so let they again be real. Pick an ortho-
normal basis of the Hilbert space L2ðWÞ consisting of eigenfunctions of the operator
�Dþ q, say with Dirichlet boundary conditions. Let ln be the corresponding eigenvalues
(taken with their multiplicities), �Dfn þ q fn ¼ ln fn. Note that in view of our assumption on
q we have ln > 0. A solution f of (5.29) (‘‘a temperature’’) has then formally the Fourier
expansion

f ðx; tÞ ¼
P
n

An fnðxÞe�lnt:ð5:30Þ

Formally setting t ¼ 0 here we get for its trace (initial value):

f ðx; 0Þ ¼
P
n

An fnðxÞ:ð5:31Þ

(The series in (5.30) and (5.31) are, apparently, ‘‘Minakshisundaram-Pleijel type’’ ana-
logues of theta series; cf. the observation after (1.10).) We introduce then the Hilbert space
KðSÞ of temperatures f corresponding to the metric

k f k2
s ¼

P
n

ls
nA2

n :

Running the same machinery once again one obtains the reproducing kernel

Ksðx; t; b; aÞ ¼
P

n

l�s
n fnðxÞ fnðbÞe�ðtþaÞln :ð5:32Þ

It is likewise manifest that the Lions type formula (5.28) extends mutatis mutandis to
the kernel in (5.32). Indeed, let us introduce the elementary solution

Eðx; y; tÞ ¼
P
n

fnðxÞ fnðyÞe�tln ðx; y A W; t > 0Þ:ð5:33Þ

More generally, set
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Esðx; y; tÞ ¼
P

n

l�s
n fnðxÞ fnðyÞe�tln ðx; y A W; t > 0Þ:ð5:34Þ

Then one sees readily that

Ksðx; t; b; aÞ ¼
Ð
W

Es
2
ðx; y; tÞEs

2
ðb; y; aÞ dy:ð5:35Þ

Proof of (5.35). Indeed, the integrand of (5.35) can be written as

P
n

l
�s

2
n fnðxÞ fnðyÞe�tln �

P
m

l
�s

2
m fmðbÞ fmðyÞe�alm ;

which product we formally multiply together. In view of the orthogonality of fn and fm, in
the resulting double sum only the terms with m ¼ n give a contribution. Thus as a result we
obtain the single sum

P
n

l�s
n fnðxÞ fnðbÞe�ðtþaÞln ;

which is the right hand side of (5.32). r
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