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Abstract
This work concerns diﬀerent vibration analysis techniques for detection of local
defects on bearings. Beginning by discussing a signal model we have developed
several possible solutions to the problem, where wavelet techniques have been
an integral part. Without using historical data or doing fine adjustments we
have achieved an error rate of approximately 10%.
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Summary

The starting point of this report (Section 4) is a mathematical model of the
vibration measurements and an overview of its use in diﬀerent bearing monitoring methods. This is one of several factors which determine the performance
of the diﬀerent methods.
• If the model is reliable then a (numerically stable) method which make full
use of the model will most likely be among the best methods. Otherwise
methods which depend less on the model can be more robust and useful.
• We strongly believe that the method with best overall performance is
one which is able to detect single bearing fault impacts (if they are large
enough), but also looks for some kind of cyclic behaviour of potential
impacts. A method designed for finding strictly periodic impacts will
have problems finding inner ring faults in loaded bearings (because the
load suppresses the periodicity of the impacts). On the other hand, if one
aims for detection of individual impacts, then they must be much larger
than all naturally occurring vibrations.
Section 5 is a more detailed overview of diﬀerent mathematical tools which
can be combined into an immense number of diﬀerent bearing monitoring methods. From these, we have chosen reasonable combinations, implemented them
in Mdwode and compared using test signals from both laboratory and industrial
environments (see Section 6).
We present our most promising results in Section 7. We give examples of
both
• plots of individual analyzed signals, which require expert knowledge for
correct diagnosis,
• simplified plots where every measured signal corresponds to one point in
the plane and
• a simple way to interpret these plots is to split the plane in two with a
classification line and give the diagnosis “functional” or “faulty” bearing,
depending on which side of this line the corresponding point appears.
We also suggest how the last two steps should be improved for better performance in an actual implementation.
The best performing method so far is one based on analysis of a continuous
wavelet transform (CWT) of the input signal. This is not entirely surprising
since an advantage of CWT (compared to the classical Fourier transform) is
that it allows both to find potential individual impacts and to look for some
kind of cyclic behaviour in these.
The tested methods were developed using a mainly diﬀerent set of test signals and not optimized for those used in this report. The classification line was,
however chosen for these particular signals. This and the number of test signals
(103) makes it diﬃcult to estimate the precision of obtained misclassification
1

rates. Still, it was a positive surprise that the best method gave wrong diagnosis
for only 10 % of the signals. Especially since we have a long list of suggested
refinements, which further should improve the performance (see Section 8) of
the methods. Some especially important examples, in our opinion, are
• We obtained our results only from analysis of the shape of the measurement signals, that is, we did not compare the amplitude with any known
reference value and we did not compare the measurement with older measurements from the same machine. Historic data is usually available, and
should considerably improve the performance of any method in this report.
• A more careful adaption of the measurement equipment to the measurement environment. For example, the sampling frequency should be as low
as possible, for maximal resolution in the resulting frequency range, but
high enough for this range to include the frequencies which are most for
bearing monitoring bearing (thus the choice will be diﬀerent for diﬀerent
machines).
• Adapting the methods to important properties of the input signals and
environment, such as rotational frequency of the axis, sampling frequency
and signal length.
• Further refinement of the signal model. An exact knowledge of the impulse
response of the bearing-axis system would be especially useful for the
statistical methods.
In conclusion, we have developed and compared diﬀerent bearing monitoring
methods with very promising results.
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Background

The analysis techniques used today in condition monitoring based on vibration
measurement are founded on mathematical relationships that have been known
for a long time. Very little has been done to utilize new developments in advanced mathematics to interpret and analyze the vibration spectra generated
in rotating equipments. However, it is extremely important to point out that a
new analysis technique can only provide more reliable diagnoses when the new
mathematics and signal processing are combined with broad and deep insight
into and experience of diﬀerent types of rotating machinery.
Therefore a unique joint development project has started. In the first phase
Nåiden Teknik, together with the Centre of Applied Mathematics (CTM) at
Luleå University of Technology, the Royal Institute of Technology (KTH) in
Stockholm, the Swedish Institute of Applied Mathematics (ITM), and the three
forestry combines AssiDomän, Modo and StoraEnso, are investing some new
analysis techniques for more reliable machine diagnosis. The three forestry
combines participating in this joint project are contributing authentic measurement data for analysis, among other things, while the Centre of Applied
Mathematics and KTH are supplying mathematical knowledge. The research
by CTM is financed by NUTEK and the Swedish Foundation for Strategic Research through the Institute of Applied Mathematics and the National Network
in Applied Mathematics (NTM). Nåiden Teknik, which has fifteen years of experience in the field of vibration analysis, is supplying knowledge concerning
the application of the results and the adaptation of these to useful systems.
The aim of the project is to develop diﬀerent techniques to assist industrial maintenance staﬀ in analyzing diﬀerent types of malfunction in rotating
machines through vibration measurements, see Figure 1. Measuring vibrations
and analyzing the measurement data in order to analyze machine faults do not
represent any innovation in itself. The innovation that the project hopefully
will lead to is that the system itself, through the analysis software, will recognize characteristic signals generated by diﬀerent types of machine faults and
thus make a diagnosis and in plain language describe the malfunction for the
operator. As a first step the aim is to develop a technique that automatically
will make a diagnosis for defect bearings. This system will automatically recognize and identify characteristic patterns from defect bearings, a task that is
performed almost manually today. A system which accomplishes this automatically would be very valuable since it saves time and does not requires special
competence from the user.
3
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Introduction

As the industry optimizes the technical personnel have less time to perform
the interpretation of measurement data collected with vibration measurement
equipment. As a result of this the preventive maintenance based on analysis
results from vibration measurement is aﬀected negative and important information to support decisions is missing. Therefore the market demands new
technology which automatically identify typical and significant defects. This
enables the technician to focus on more diﬃcult specific problems.
In the field of condition monitoring one can observe that a link exists between machine vibration and its health condition. Many diﬀerent methods to
interpret the machine vibration in terms of health condition have been suggested, but there is still no final solution.
Classically one considers time domain methods, see for example [DS78,
BD79, Bra80, LM96] or frequency domain methods, see, for example [Tay80,
MS84, SLL+ 97, WK98]. Classical Fourier methods tend to average out any
transitory behavior and are based upon the assumption that the vibration is
stationary during the measurement, but this is not the case, for example, for
vibrations caused by a localized inner race fault on a loaded bearing (see Section 4.
A natural first approach is to replace the classical Fourier transform with a
transform which shows how the frequency contents of the signal changes with
time. This kind of analysis is usually referred to as time-frequency analysis.
We have chosen to base some of our methods on a continuous wavelet transform (CWT), since a CWT is particularly good at separating the short highfrequency outbursts of a typical localized bearing defect from long-duration
low-frequency signal components (occurring, for example, at multiples of the
axis rotational frequency). Since its introduction in the mid-eighties the theory
of wavelets has grown very rapidly in almost every field of signal processing and
recently research has begun in areas of mechanical vibration analysis, see for
example [LM92a, ST94, LW94, WM95, WD96, DR97, PEB97, CWC97].
If one can develop an automatic method for extracting information in an
organized way from transient responses in machinery vibration data, then additional diagnostic power will result in the prediction of defect bearings.

Black box
Time domain
bearing vibration
signal

Bearing
diagnose

Data
processing

Figure 1: The flow of signals in a hypotetic bearing fault detection process.
4

Figure 2: Overview and classification of bearing monitoring methods. A more
detailed model of bearing fault vibrations h(t) and noise improve theoretical
performance at the cost of larger sensitivity to model errors.

4

The signal model and its importance

We describe several diﬀerent bearing monitoring approaches in Section 5. They
range from methods which rely heavily on a detailed signal model to methods
which work more “blindly” but without the risk of assuming too much (see
Figure 2). The former methods may perform better, but only if the model is
“good enough”. If the diﬀerences between model and reality are “too big”, a
more robust method is needed.
We have examined two methods which rely hard a rather detailed signal
model: Matched filters and Cramér-Rao estimation.
The largest block of methods are well established time- and frequency methods, as well as techniques based on time-frequency analysis. They depend less
on the signal model and should therefore in general be more robust. The evaluation of these methods is complicated by the fact that there are so many tools to
play with. It is not possible to evaluate all possible (combinations of) methods
and all more or less important choices associated with each method (such as
the choice wavelets, thresholds, what frequencies to investigate etc.). Therefore,
one must compare a reasonably small number of methods which seems likely to
perform well.
5

Similar to the first two mentioned methods, feature extraction is in a certain
sense an optimal way to detect bearing faults, but now in the case when no
reliable signal model is available. Instead this method is trained on test signals
of all types which the method shall be able to tell apart. Thus many test signals
are needed and they cannot be created artificially (since that would require a
reliable signal model and if one exists, it is our strong belief that one can achieve
better performance with a bearing monitoring method based on this model).

4.1

A rudimentary signal model

An impulse is generated every time a ball (or roller) hits a defect in the raceway
or every time a defect in a ball hits the raceway. Each such impulse excites a
short transient vibration in the bearings at its natural frequencies. The lowest
such frequency, f0 , is a rigid body mode (individual balls acts as springs) [Har01,
page 996]. We will often refer to f0 as the resonance frequency of the bearing.
As in [Har01, Chapter 26], we model the shaft-bearing system as a viscously
damped mass-spring system, but instead of applying an oscillating force, we
are interested in the vibrational response of the bearing and its surroundings
to the impact impulses. Each impact causes an instantaneous increase of the
momentum, which gives an initial condition for the system. The resulting
impulse response (see, for example, [MK87]) is
Ch(t) =

Ce−ad t sin(2πf0 t) if t > 0,
0
otherwise,

(4.1)

where ad is a decay (or bandwidth) parameter.
As the shaft rotates, these vibrations will occur periodically at an impact
frequency 1/T (computed in (4.3)). If we denote the amplitude of the impact
impulses A/C, the resulting signal is
s(t) = A
n

h(t − nT ),

(4.2)

Since s is the convolution of h with a T -periodic sequence (A/C)pT of impacts,
its Fourier transform is s = AhpT = Ahp 1 . Both s and s are sketched in
T
Figure 3 (with A/C = 1). There the largest peaks appear around frequency
f0 , but in real measurements it can be displaced towards lower frequencies as
the bearing defect grows bigger. This would not happen if only the (relative)
amplitude A/C of the impacts pT was growing. Instead we interpret this as
a sign that for large defects, pT is sometimes better modelled as a train of
rectangles
rε (t) =

A
2εC

0

if |t − nT | < ε for some integer n,
otherwise.

This will smear out the transient oscillations in Figure 3 and change the amplitude of the oscillation at time

n
T

with a multiplicative factor
6

sin(n 2π
ε)
T
.
2π
ε
T

This

Figure 3: Sketch of vibrations caused by a typical localized bearing defect.
means, roughly, that the dominating parts of s are displaced from f0 towards
lower frequencies.
We will stick to the model in equation (4.2) in this text, but describe below
further refinements for loaded bearings with inner race or rolling element faults.
It is clear in all our models that the vibrations stemming from a localized
bearing defect are characterized by the resonance frequency f0 and the impact
frequency 1/T . The resonance frequency can be used to identify vibrations in
the bearing. Similarly, the location of a defect can be identified if 1/T coincide
with one of the following frequencies, which can be computed from the geometry
of the bearing [Har01, Chapter 8].
D
fA
1 − b cos(ϕ) .
2
Dp
1
Outer race frequency: fO =
= Nb · fC .
TO
1
Inner race frequency: fI =
= Nb (fA − fC ).
TI
Cage frequency: fC =

Roller (or ball) spin frequency: fR =

Dp
1
=
fA 1 −
TR
2Db

Db
Dp

(4.3a)
(4.3b)
(4.3c)
2

cos2 (ϕ) .
(4.3d)

Here we used the following notation:
fA = revolutions per second of inner race,
Db = ball diameter,
Nb = number of balls,
Dp = pitch circle diameter and
ϕ = contact angle.
These formulas are theoretical and the diﬀerence between calculated and
measured bearing frequencies can be as much as several Hertz. These discrep7

ancies arise when bearings have significant thrust loads and internal preloads.
This changes the contact angle and causes the outer race frequency to be higher
than calculated[Wow91, page 150].

4.2

Loaded bearings

For a loaded bearing, the impact impulses can be written
p(t) =

∞
l=−∞

A
β(τ + lT )δ(t − τ − lT )
C

with (relative) amplitude A/C (nonzero when a defect bearing is present). The
delay τ depends on where on the ball or raceway the defect is located. For an
outer ring fault, β(t) = 1. For an inner race fault, β describes how the strength
of the impulses varies when the defect moves into and out of the load zone. For
radial load, Harris [Har01, pages 234—236] suggests the model1
ε
β(t) = max 1 − (1 − cos(2πfA t − b)), 0
2

α

,

(4.4a)

where ε > 2 for a bearing with positive clearance and α is 3/2 for ball bearings
and 10/9 for roller bearings. (This model can more or less be found in [Bra80,
MS84].) As illustrated in Figure 4(a), b is the time of the first minimum of
the function 1 − 2ε (1 − cos(2πfA t − b)). In this initial survey, we will only
consider inner and outer ring defects. For detection of rolling element faults we
suggest to add a factor (−1)l , which reflects the fact that every second rolling
element impact hits the inner ring and every second impact hits the outer ring
(se Figure 4(b)), that is, to replace β(t) with
ε
(4.4b)
β l (t) = (−1)l max(1 − (1 − cos(2πfC t − b)), 0)α .
2

Figure 4: The eﬀect of the load zone on the impact amplitudes of an inner ring
fault (a) and an rolling element fault (b).

4.3

Adding noise

We write the measured acceleration a as the system’s response to (zero-mean
white Gaussian) noise w and bearing fault impact impulses p (see Figure 5(a)).
The measured acceleration
1
Our ε correspond to 1/ε in [Har01], because then the case of no load simply corresponds
to setting ε = 0 in our computer simulations.

8

Figure 5: The continuous time (a) and equivalent discrete time (b) system
models. The sampling is performed by a bandpass filter b and an digital-toanalog converter (DAC).
d2
a(t) = 2 ((p + w) ∗ h(t)) =
dt

∞
l=−∞

Aβ l (τ I + lT )h (t) + (w ∗ h )(t)

(4.5)

is filtered with a bandpass filter b and sampled with sampling frequency fs .
Unless otherwise stated, we use a rectangular filter
b(f) =

1 if fl ≤ |f | ≤ fu ,
0 otherwise.

(4.6)

The lower limit is set so that we do not need to worry about low-frequency
disturbers at, for example, the line frequency or the rotational frequency of the
axis. To avoid aliasing eﬀects in the sampling, it is enough to set fu ≤ fs /2,
but in the experimental results described in this paper we have set
fl = 200 Hz and fu = fs /2.56 = 10 kHz.

(4.7)

Consequently, there is an equivalent discrete-time representation of the sampled signal (see Figure 5(b) and [OS89]), which we describe in more detail in
Appendix C.

4.4

Noise model and suggested refinements

Figures 6 and 7 show that our model of the noise w ∗ h is more close to reality than just assuming white Gaussian noise. Figure 6 shows the diﬀerences
between the continuous wavelet transform (CWT) of white Gaussian noise (the
lowermost plot) and the CWT of test rig vibration measurements. The topmost plot originates from a functional bearing and looks more like the topmost
plot in Figure 7, which shows Gaussian noise coloured according to our model.
The other plots in that figure shows how increasing signal-to-noise ratio (SNR)
gradually transforms the CWT to one more similar to the CWT of vibrations
caused by a big outer race defect shown in the third plot of Figure 6. These
plots are not identical, however. The diﬀerent shapes of the bumps suggests a
need for future refinements of the model, either by a more detailed model of
h or by adding other (white or coloured) noise components. Also fast Fourier
transform (FFT) plots of some test signals show examples of some deviations
from our model at low and high frequencies. Such plots are not enough for
any actual conclusions, but give indications of some possible refinements of our
signal model, such as the following:
9

• Additional white (or coloured) noise at low frequencies. Perhaps coloured
by other parts of the measurement environment or caused by vibrations
connected somehow to the axis rotational frequency.
• Other natural frequencies of the bearing-axis system [Har01, page 996]
may be dominating the signal at higher frequencies.

Figure 6: The topmost three plots show continuous wavelet transforms (CWT)
of test rig measurements. The clear diﬀerence from the lowermost CWT of
white Gaussian noise suggests that the noise is not white and Gaussian.

5

Bearing monitoring methods

We described in the previous section that for loaded bearings with inner ring
faults, the load zone dependence suppress the periodicity of the bearing impacts.
This makes these defects more diﬃcult to find with a method which depends
on this periodicity, but they do not necessarily perform less good than methods
which look for single bearing impacts (periodic or not). We describe in Section
5.4.1 and Appendix D.1 that an (in a certain sense optimal) way to detect
individual impacts is to convolute with the inverse of the impulse response
(provided that it is possible to compute) and look for the actual impact impulses
in white noise. This suggests that a single impact can be detected only if it has
10

Figure 7: CWTs of simulated bearing impacts with diﬀerent signal-to-noise
ratios.
11

very large amplitude compared to the background noise. Note in Figure 6, for
example, that due to the coloring of the noise one can see some minor “bump”
in the upper plot and that the important diﬀerence between the topmost two
plots is that for the faulty bearing, one can judge from both the amplitude
of the bumps and their periodicity that this must be a bearing defect. Thus
a good bearing monitoring method is probably one which can detect individual
impacts if they are large enough but also is able to detect periodicity of (possibly
smaller) impacts.
Another important matter is wether one have old measurements to compare
with or not. In this report we aim for reasonable good performance without
comparing with old measurements. The objective is to find a method which
can be useful already the first time used on a particular machine. Then the
performance of all considered methods will surely improve with time, when
there is old measurements to compare with.
Similarly, the actual amplitude of the vibrations is important information if
one has some known background noise or old measurements to compare with,
but the following methods look at the shape of the signal (most methods will be
homogeneous and this even includes nonlinear thresholding for certain threshold functions). The magnitude of the vibration will be significantly diﬀerent
depending on what kind of bearing and in which environment it is running. So
to get comparable results the signal should be normed, L2 norm 1 for a fair
comparison. And once again, in situations where we have something to compare with, the norm can be used to improve the performance of all presented
methods.
Since the implementations are done in Mdwode, the Fourier transform used
is the fast Fourier transform, which implicitly includes a standard sampling and
discretization of the measurements (see, for example, [OS89]).

5.1

Time methods

• There are several ways to estimate the “peakiness” of a function, e.g., the
Kurtosis factor defined by s − s 44 / s − s 22 , where s denotes the mean
of s and the Crest factor which is s ∞ / s 22 , see e.g. [DS78, Bra80]. Of
course there are many variants of this.
• The autocorrelation of s is defined by
As (t) =

∞

s(τ )s(t + τ ) dτ .

−∞

It is not diﬃcult to show that As is the inverse Fourier transform of the
power spectrum |s|2 . A related mathematical tool is the cepstrum Cs
defined via
Cs = log |s|2 ,
described in more detail by Randall [Ran87]. He argues that the power
spectrum of a faulty ball bearing may contain small scale (compared to
the largest peaks in the spectrum) periodic structures which can appear
12

clearly in Cs but not in As . Periodicities in s, with period T , will show
as peaks in as and Cs at integer multiples of T .
• Periodization: Since we expect the fault to appear periodically (not considering load zones) we can do the transformation
s −→ P (s) :=

s(· + nT )

[0,T )

,

(5.1)

when expecting an impact frequency 1/T . The function P (s) will emphasize parts of s which are periodic with periodicity 1/T . From our
signal model we look for exponentially decreasing sines of a rather high
frequency which means that the estimated value of 1/T has to be quite
accurate. To overcome this we suggest e.g. to apply P to the absolute
value of the analytic version of s. The analytic version of s is defined as
twice the inverse Fourier transform of us, where u denotes the unit step
function. One advantage of this, compared to e.g. Fourier based methods,
is that it only uses the signal itself i.e. no other functions as the complex
exponentials are used.

5.2

Frequency methods

• Fourier transform: The classical use of the Fourier transform is to search
for periodically repeated peaks in the power spectrum. This periodicity
can be diﬃcult to see e.g. if several peaks are suppressed below the overall
noise level (see Figure 3). The largest peaks are usually localized at the
bearing’s resonance frequency f0 or slightly below (as explained on page
7).
• One way to get around the problem with the suppressed peaks is the
envelope method. The method works as follows: A band pass filtering
(usually including the resonance frequency of the bearing) is followed by
a demodulation and a fast Fourier transformation (see Figure 8). This is
described in more detail, for instance, in [Ran87].

Figure 8: A block scheme for the envelope method. In our implementations,
we have used the absolute value of the Hilbert transform for demodulation.

5.3

Time-frequency methods

• The continuous wavelet transform gives a very good overview of the situation. One clearly sees frequency outbursts and if they are appearing
in seemingly periodic manner. A drawback is that it is computationally
13

expensive. In a sense this is a “optimal” way to detect these outbursts in
the presence of white noise, see Section 5.4.1. However, most of the noise
here is colored by the impulse response, see Section 4.
• The discrete wavelet transform: Here we can also see the behavior of the
signal at diﬀerent scales but not as clearly as for the continuous version.
It is however very fast to compute. An important way to use the wavelet
transform is to use it as a noise reducer. One way to do this is to modify
the wavelet coeﬃcients using threshold functions
x, if |x| > Tj
0, otherwise.

Kj (x) =
The noise reduced function is then
∞

∞

Kj0 (< s, ϕj0 ,k >)ϕj0 ,k +

k=−∞

∞

Kj (< s, ψ j,k >)ψj,k .

j=j0 k=−∞

There are much work behind the “correct” choice of Tj . Several algorithms
are proposed in the literature. However, most of them assumes Gaussian
white noise. Noise reduction could be the first step in virtually all analysis
methods. One could also use soft thresholding, see e.g. [BEL99].
• The wavelet packet transform in combination with a suitable chosen cost
function for the best basis algorithm is a good candidate for a successful monitoring method. It requires a lot of work to find a suitable cost
function that enhances bearing faults.
• Gabor and Wigner-Ville transforms: These transforms can be used as
the continuous wavelet transform and at least the Gabor transform has a
relatively fast discrete version.
• The ultimate use of time-frequency analysis would be a method which
detects an impact frequency, if possible, but only needs to find one of the
transients shown in Figure 3 for a correct bearing fault detection. This
requires the found transient to be large, but would still be an improvement
over Fourier methods since they heavily depend on the impact periodicity
and thus are less well suited for detecting, for example, small inner ring
faults, since their impact periodicity is suppressed (recall Figure 4).

5.4

Statistical methods

The following two statistical bearing monitoring methods are described in more
detail in Appendix D (page 47).
5.4.1

Matched filters

A matched filter is in some sense an optimal, filter for detection of a known
signal in the presence of noise. This can be used in this context to identify
when the frequency outbursts come without resorting to the fact that they will
14

appear periodically. An obvious drawback is that we have to know how these
outbursts look. But if the signal model is correct, then (4.1) shows that we only
have to go through all ad and f0 .
However, since the noise is colored in a particular “bad” way, it turns out
that there is not that much hope of detecting a single outburst unless it is really
a big one. The resulting matched filter comprises a Dirac impulse and its two
first derivatives. We explain this in more detail in Appendix D.1 (page 48).
5.4.2

Minimum variance unbiased estimators

A minimum variance unbiased estimator is the estimation theory name for an
analysis method which, given a vibration measurement, computes an estimate A
of the bearing defect amplitude A (with amplitude A = 0 meaning “no defect”),
and which on the average will find the correct value (that is, it is unbiased).
Moreover, it is an optimal such method in the sense that the average squared
error (the variance) is minimal. In Appendix D.2 we discuss standard methods
and general diﬃculties involved in finding a MVUB estimator, as well as some
numerical problems tied to this particular application. We also propose some
possible ways around this problem:
• If the system’s impulse response h(t) is known, then the MVUB problem is reduced to finding an unbiased estimator. If we find one, it is
automatically unique and the variance cannot be lower.
• A so-called maximum likelihood (ML) estimator is an alternative approach
which coincide with the MVUB estimator whenever it exists and also is
asymptotically MVUB when the signal length tends to infinity.
• There is also a possibility to restrict the problems to linear estimators and
find a MVUB linear estimator, which can be easier to compute although
a better (nonlinear) MVUB estimator may exist.

5.5

Feature extraction

A sampled version of the continuous wavelet transform with 128 scales con21
taining 16384 samples each can be seen as a point in C2 . The name Feature
extraction is used for a collection of methods for reducing the number of dimensions by mapping this point to an element in, say C10 , but without removing
“too much” relevant information. Relevant here means that it still is possible to
separate functional and faulty bearings. Feature extraction is usually combined
with a classification method (see sections 5.6 and 7).
In our research we have used a wavelet based feature extractor called local
discriminate bases (LDB). It selects a few wavelet packet basis functions and
then one computes the correlation between these and the signal. The basis
functions should be selected in such a way that these correlation factors can
separate faulty bearings from functional, see [SC94, SC97]. This algorithm is
similar to the best basis method. The cost function (discriminant measure)
must be carefully chosen. A drawback is that the LDB algorithm requires
training data. For a more detailed description this method, see Appendix B.
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5.6

Automatic classification

From the output of any method we have described one has to decide whether
the bearing is defect or not (and possibly what kind and degree of defect).
This is a classification problem. There are several approaches to this, e.g.,
the classical local discriminant analysis. For bearing monitoring, or related
problems, classification methods based on pattern recognition, artificial neural network and expert system based on fuzzy logic have been used, see e.g.
[LM92b, ST94, BM96, LSI96, PEB97, CWC97, SWT97].

6

Experimental setup

We present measurements on bearings from diﬀerent industrial environments
(described in more detail in Appendix E). Two of these signals are from a
laboratory environment, for example, the rig shown in Figure 9. It consists of
1/12 hp D.C. electrical motor with a speed controller and four bearing modules:
• A SKF 6205 deep groove ball bearing with a large outer race defect.
• A functional SKF 6205 deep groove ball bearing.
The speed of the electrical motor can be varied between 0 to 2200 rpm.

Figure 9: Test rig.
A industrial environment is more complicated in the sense that there are
more diﬀerent sources of disturbance, such as, for example, connecting pipes,
surrounding machines and load variations (see the example in Figures 10 and
11).

6.1

Collection of data

Figure 12 shows a block diagram of our measurement instrument, a Nåiden
PerCon 3. This diagram shows that the input waveform, a square wave in
this case, is first amplified, then filtered with an antialias filter, which is a
16

Figure 10: Schematic picture of a belt-driven fan.

Figure 11: Picture of a direct driven pump.
low-pass filter. This filter rejects the high-frequency parts of the signal to get
mirrored into the lower frequency range. These mirrored peaks are not real
data. They are the ghost images of high frequency parts of the input signal
when the sampling frequency is too low (lower than the Nyquist criterion). This
eﬀect is called aliasing and can be overcome with a low-pass filter (antialiasing
filter). A time block of data is captured and held in the sampling process
while an A/D converter digitizes the data. In digital form it can be displayed
as a time waveform or further processed into a frequency spectrum. Before
displaying measurement data in a frequency spectrum it is windowed by a
Hanning function, see [Mal99]. After that measurement data can be displayed
in the frequency domain.
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Figure 12: A simple block diagram of the measurement equipment.
The PerCon 3 measures the acceleration (recall that in our signal model
presented in Section 4.1 s is the displacement). The accelerometer is magnetic
mounted on the bearing support and produces a charge that is proportional to
the acceleration of the surface. This signal is immediately high-pass filtered to
adjust for the transducer bias
The cut-oﬀ frequency of the anti-aliasing filter is the upper limit of the
selected frequency range. The sampling frequency is 2.56 times the cut-oﬀ
frequency. The cut-oﬀ frequency and signal length of our signals are listed in
Appendix E.
PerCon 3 is specially constructed for portable condition monitoring and is a
very common model in the industry. Vibration signals are picked up by a PCB
R
triaxial ICP accelerometer. The sensitivity of the transducer is 100 mV/g.
Vibrations are measured simultaneously in three directions (horizontal, vertical
and axial) at each measurement point.

6.2

Implementation issues

Below follows some other general remarks about how we have obtained the
experimental results in next section.
Computations are done in Matlab with Wavelet Toolbox, partly because
most of the mathematical tools needed are easily accessible. This speeds
up the implementation and still makes the results easy to export (using, for example, a Mdwode-to-C compiler) to already existing bearing
monitoring software. The resulting algorithms are usually quick enough,
but especially the wavelet packet routines were painfully slow. We have
therefore speeded up some of the processes with so called MEX-files.
For CWT-based methods we have used a complex Morlet wavelet [Hol95],
since it has the smallest possible box area (i.e., it gives equality in (A.2),
page 36) and, consequently, optimal simultaneous time- and frequency
18

resolution. It should therefore be good at separating high frequency transients from longer duration lower frequency components (such as the axis
rotational speed). Moreover, for this particular wavelet we could compute
the CWT using the pdwode FFT (fast Fourier transform) command2 .
Short wavelet support vs. vanishing moments. For the discrete wavelet
transform there is a well-known trade-oﬀ between the length of the wavelet
support and the number of vanishing moments (see [Mal99, Sec 7.2 ]
for definitions and discussion). Basically, we want the discrete wavelet
transform (DWT) to be sparse in the sense that a few coeﬃcients are
large and the remaining very small. If the bearing impact interval is
“long enough” and the signal is “regular enough”, then more vanishing
moments give a sparser transform. Some of our results3 suggest, however,
that for this application, short support probably is more important than
several vanishing moments.
We have assumed unknown impulse response. Exact knowledge of the
impulse response h(t) would decrease the complexity and improve the performance of several methods presented in this report. There exists special
(and not too expensive) measure equipment for measuring h. However,
in a typical industrial environment these measurements would have to be
done at about 2000 diﬀerent measure points. We consider this to be too
time-consuming (and thus expensive).

7

Experimental results

We have examined most of the methods described in this report to some extent. In this section we present the most promising results up to now and give
some suggestions for further performance improvements. (Some of the other
methods may of course also perform well after some further refinements, especially feature extraction, which gave some very promising first results but still
is not explored thorough enough for any final conclusions.) The methods were
developed for another set of test signals and are therefore in no way optimized
for providing good performance for the test signals at hand.
This report is meant to be a first step towards an analysis method which
automatically classifies a signal as either coming from a measurement point near
a defect bearing or from a point which is not near a defect bearing. This analysis
can be divided into several steps. First some analysis method is applied to an
acceleration measurement a (here usually of length N = 16384). The analyzed
signal b requires some expert knowledge for a correct interpretation. Depending
on the analysis method, the length N of b is usually comparable to N (or even
N 2 for 2D-plots). This is too much for standard classification methods. Thus,
2
Compared to the Wavelet Toolbox cwt-command, this was quicker and the implicit periodization in the FFT also removed a problem with small high-frequency ripples in the lowfrequency part of the CWT.
3
When testing a method for wavelet packet noise reduction with several diﬀerent wavelets,
symlets and biorthgonal wavelets, the Haar wavelet and some others with short support gave
best results.
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as an intermediate step, we need to pick out the important information from
b and reduce its dimensionality from N to some reasonable small n (n = 2
in our plots), and then a classification method can give the desired automatic
diagnosis “functional” or “defect”:
a ∈ RN

Analysis
−−−−−→

b ∈ RN

Reduce dimensionality
−−−−−−−−−−−−−−−−→

c ∈ Rn

Classification
−−−−−−−−−→ Diagnosis

We show example plots of both b and c in the following sections. We have
reduced b to a point c in the plane (that is, n = 2) since this is practical choice
for a visual demonstration. In these plots, each of the signals listed in Appendix
E corresponds to one plotted point. Functional and defect bearings are denoted
with green dots and red stars respectively. As a simple classification rule we
have tried to separate the stars from the dots with threshold line, which can
be used to classify new signals. We have chosen a line which minimize the
misclassification rate:
Misclassification rate =

Number of points on wrong side of the line
.
Total number of points

We consider this procedure and our choice of test signals (described in detail
in Appendix E) suitable for comparing diﬀerent bearing monitoring methods
against each other. However,
• for an actual implementation of an automatic bearing monitoring system
it is probably better to choose some other n and (instead of drawing a line)
use a standard classification method, such as linear discriminant analysis
[Fuk90].
• Here the classification line is chosen to be optimal for this particular set
of points. It is an important topic for future studies to examine how much
the performance changes when the line is chosen in advance.
• The described procedure is very similar to the application of the LDB
method (see Section 5.5) to the test signals, but LDB will probably be
sensitive to the fact that our test signals are measured in diﬀerent environments with diﬀerent measure equipments. Thus there are significant
diﬀerences in, for example, sample frequency, signal length, impact frequencies and resonance frequencies. The fact that our best methods still
give good clustering indicates that these methods are not too sensitive to
such diﬀerences. We have not yet explored the LDB approach thoroughly
enough to tell how sensitive it is to such diﬀerences.
• The misclassification rate depends on the mixture of test signals. For
example, if almost no test signal comes from a machine with a defect
bearing, one would get a good misclassification rate for a “method” which
classifies all bearings as functional. However, about half of our test signals
are from machines with a defect bearing, so the misclassification ratio is a
useful measure for comparing diﬀerent methods. Two other performance
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measures which are important from an implementation point of view are
the
false alarm rate =

number of functional bearings detected as ’defect’
number of functional bearing test signals

and the
miss rate =

number of defect bearings detected as ’functional’
.
number of defect bearing test signals

If the mixture of test signals is “realistic”, then the false alarm rate is an
estimate of the probability that the method detects a defect when measuring on a functional bearing. Similarly, the miss rate is an estimate of the
probability that the method fails to detect any bearing faults in a measurement from a machine with a bearing fault. There is always a trade-oﬀ
between these probabilities and which one is most important to minimize
varies with the type of industrial environment. Thus any method can be
fine-tuned for an particular industrial environment in the following way:
First find the minimum misclassification rate for a (suﬃciently large and
realistic) set of test signals. Then adjust the classification line so that
the misclassification ratio remains (close to) minimal and the proportion
between false alarm rate and miss rate is satisfactory for the given application.

7.1

The envelope method

We will here show some results based on the envelope method which was briefly
described in Section 5.2. The first step is upsampling [OS89] of all test signal
to the same sample frequency (25.6 kHz). Then we bandpass filter the signal to
capture the essential vibrations, which according to our signal model appears
around the resonance frequency. Here we simply do a high pass filtering at
150 Hz. Thereafter we demodulate the signal by taking the absolute value of
the Hilbert transform of the signal. In the next step we use the fact that we
have synchronized measurement in three direction so we simply add them in
L2 -sense i.e. we take the square root of the sum of the signals to the power two.
Finally, we apply the Fourier transform. In Figure 13 we see the result for D2
and D5 before and after changing the faulty bearing. We clearly see the impact
frequency for inner ring fault at 120 Hz and its first three harmonics in the red
graph. The green graph corresponds to the bearing after the replacement of
the faulty one.
Now considering the automatic evaluation mapping. Throughout we are
looking for outer ring, inner ring and roller (ball) faults, hence we are checking
for vibration with three diﬀerent frequencies, see formulas (4.3). Due to the
precision of the measurements (usually about 2%), these frequencies are known
up to some maximum error ε. Say that we are checking if there is a fault
with frequency f. Then we divide the largest plotted value in the interval
[f − ε, f + ε] with the median in the interval [f + ε, 2(f − ε)] (without the
21

70

60

50

40

30

20

10

0

50

100

150

200

250

300

350

400

450

Figure 13: The envelope method for the signals D2 (red) and D5 (green).
upsampling this quotient gets bigger for lower sampling frequencies, because of
fixed signal length, higher frequency resolution and a more precise hit of peak
values). This was between f and its first harmonic, the same is done between
the first and second and between the second and the third harmonic as well.
By this we end up with three numbers and we simply keep the two largest.
To further improve we are doing a wavelet packets based noise reduction on
the input signal. This is done by using the Daubechies’ wavelet of order nine
and expand into nine levels and the best tree is calculated using the Shannon
entropy. We then just take the M largest coeﬃcients and doing the inverse
transform. The number M is chose to be 20 times the number of expected
outbursts. By experiment we have found that 20 coeﬃcients more than enough
can represent an outburst.
The result can be seen in figures 14 and 15, where a classification line are
drawn. Here we use all signals described in Appendix E.
In Figure 15 the misclassification ratio is 10/103 ≈ 9.7%. Seven signals
originating in faulty bearings marked by red, F1-4, L2a, N1a and N1b, has
been classified as functional and three signals from functional bearings marked
by green, A1-2 and M1, has been classified as faulty. Below we comment some
of the misclassified signals.
Signals F1-4 are measurements from a drying cylinder with rotational speed
93 rpm. A large part of the outer race has large damages. For more detailed
information see Appendix E. The misclassification of these signals may depend
on the low signal to noise ratio and probably also on wrong selection of high
pass filtering frequency (150 Hz in our calculations) for slow rotating machines.
Most of the methods we have tested have failed in classification of signals F1-4.
Signal L2a is a measurement from a small lathe machine in our laboratory. For
some unknown reasons there are much more high frequency noise in signal L2a
than the other three signals from this machine. This results in a much lower
signal to noise ratio. The other three signals from this machine are correctly
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Figure 14: The automatic evaluation for the envelope method. The misclassification rate is 10/103 ≈ 9.7%.
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classified. Finally, signal N1a and N1b. This fan has defects on both the inner
and the outer race. The inner race frequency is the most dominant frequency.
It is a very high frequency (461 Hz) and its harmonics is hardly visible in the
2 kHz measurements, signal N1a and N1b, only in the 5 kHz measurements
(signal N2a and N2b).
The signals A1-2 from the functional bearings that has been misclassified,
are signals from a bearing that has fretting corrosion (there is a thin gap)
between the outer ring and the housing. There is no visible defect inside the
bearing. We know that there are vibrations at the outer race frequency, but
there are small vibrations. This frequency originates in when the rolling element
pass this thin gap. This gap is also placed in the loading zone of the bearing.
There are several variants and improvements that can be done, e.g.:
• We can do it on one direction at the time, this has in our tests yielded
similar results.
• The high pass filtering at 150 Hz should be adapted to the signal in
question. Probably the best would be to take only the part around the
resonance frequency. However, this is not known a priori.
• Divide the signals into classes where signals in the same class share some
important features as sampling frequency, signal length and so on. In
particular, when comparing a faulty bearing measured with two diﬀerent
sampling frequency the signal with lower sampling frequency tends to give
larger quotient between the peak and the median.
• If not dividing into classes with respect to sampling frequencies and signal
length one should probably do an up sampling to F Hz and a zero padding
to the signal length N.
• In the noise reduction one should use the full wavelet packet tree instead
of just nine levels as we used here in order to save time.
• Choose the number M in a more clever way.

7.2

The Periodization

Due to the periodicity of the outbursts, the signal will look similar if we translate
it nT where n is an integer and T the period time. This fact can be used to
emphasize the outbursts. Consider the operation
s(· + nT )|[0,T ) .

s −→ P (s) :=

(7.1)

A part, in the signal s, which repeats periodically with frequency f = 1/T will
be emphasized in P (s). To be able to use this in this context we have to do
some modifications.
The first step is to find the part around the resonance frequency, here we
simply do a high pass filtering at 150 Hz. Then we demodulate by taking the
absolute value of the Hilbert transform. At this point the signal should only
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consists of low frequencies but to be certain we low pass filter at 1000 Hz. Then
we subtract the mean value of the signal. The signal so obtained is suitable for
the periodization. So checking for the frequency f use (7.1) with T = 1/f and
we take 20 terms in the sum. In particular, we cannot use the signals E3, E6,
F1, F2, F4, F5, F6, F8, H5, H10, K3a, K3b, K6a and K6b (see Appendix E)
since these signals are to short to contain 20 periods. Finally we divide by the
number of used periods, i.e. 20 here, and by the maximum of the signal after
the demodulation and filtering. Hence, the maximum value will be one. The
result for the signals J1a and J4a can be seen in Figure 16. Here we look for
the outer ring frequency 58.3 Hz and the result are presented for the horizontal,
vertical, and axial direction respectively. We see a very clear indication of fault
with periodicity 58.3 Hz in the red graphs.
For the automatic evaluation of this we simply take the maximum value of
the signal produced as explained above. Again we are checking for outer ring,
inner ring, and roller (ball) faults. The result can be seen in Figure 17 were
we also have drawn a classification line. In a real implementation it must be
chosen in advance with some classification method (see sections 5.6 and 7) and
a “large enough” set of test signals.
In Figure 17 the misclassification rate is 12/89 ≈ 13.5%. Five signals from
faulty bearings marked by red, C1, K1b, N1a, N1b and N2b, has been classified
as functional and seven signals from functional bearings marked by green, A1-3,
B5-6, D4 and F7 has been classified as faulty. Below we comment some of the
misclassified signals.
Signals N1a, N1b and A1-3 see the comments to Figure 15. Signals B5-6
has been misclassified because twice the roller frequency coincide with twice
the feeding frequency of the motor. Twice the feeding frequency is a common
frequency on AC motors. For some unknown reason this frequency has increased
in number of harmonics after replacement of the bearing. Probably the motor
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Figure 16: The periodization of the signals J1a (red) and J4a (green) in the
directions horizontal, vertical, and axial.
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Figure 17: The automatic evaluation for the periodization method. The misclassification rate is 12/89 ≈ 13.5%.
has been replaced by a new one. The signal D4 has been misclassified for the
same reason as signals B5-6.
Signals C1 and N2b are both signals from a bearing with a defect on the
inner ring. These signals were not misclassified in the previous method. It looks
like this method has some problem with classifying bearings with defect inner
rings. An explanation for this can be that the presence of a load zone implies
that some impulses vanish and hence the signal is not periodically repeated, as
illustrated in Figure 4, page 8. The periodization method is constructed from
the fact that there is a repeatable impulse from a defect bearing..
Several variants and improvements are possible, e.g.:
• Instead of using the maximum value one could take the maximum over
the minimum if one does not subtract the mean value as we did above.
• Divide the signals into classes where signals in the same class share some
important features as sampling frequency, signal length and so on.
• The high pass filtering at 150 Hz and the low pass filtering at 1000 Hz
should be adapted to the signal in question.
• Beginning by doing a noise reduction, e.g. based on wavelet packets.
• Instead of using the function P above one may create a matrix with the
T first samples in the first row, the samples T + 1 to 2T in the second and
so on. If the signal is periodic with period T this matrix will have rank
one. However, the noise will destroy this but one could use the quotient
between the two largest singular value of this matrix as a measure on how
close to periodic the signal is, see [KP95].
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7.3

Continuous wavelet transform based methods

We will in this section present two diﬀerent methods based on the continuous
wavelet transform. We are using the Morlet wavelet with parameter ω 0 = 5,
i.e., exp(i5t − t2 /2). The used scales are ak = 20 + k(fs /2.56 − 20)/100 for
k = 0, 1, . . . , 100, where fs is the sampling frequency. On each scale we take
the absolute value, followed by the Fourier transform and then the absolute
value again. Then we take the sum over all scales. This method is very similar
to the envelope method described in Section 5.2. This method applied to the
signals I3 and I6 can be seen in Figure 18. We apply the same automatic
evaluation as for the envelope method but with the diﬀerence that we now have
three direction. Hence we arrive at three numbers for each direction and then
we take the largest from each direction and from these three numbers we choose
the two largest. The result applied to the signals are shown in the figures 19
and 20. We refer to this method as “CWT1” is Section 7.5. In Figure 20 the
misclassification is 9/103 ≈ 8.7%. Seven signals from faulty bearings marked
by red, F1-4, L2a, N1a and H5 has been classified as functional and two signals
from functional bearings marked by green, A1 and B5 has been classified as
faulty. Below we comment some of the misclassified signals.
For signals A1, F1-4, L2a, N1a see the comments to picture 15. For signal
B5 see the comments to picture 17.
We describe a second variant to interpret the continuous wavelet transform
(called CWT2 in Section 7.5). Beginning with the transform with the same
scale as above and the absolute value of the Fourier transform of the absolute
value on each scale. On each of these we take out location and values of the
three largest peaks. The topmost plot in Figure 21 present this, on the x-axis
are the scales (in the corresponding frequency) and on the y-axis the values
at the peaks, blue for the largest, green for the second, and red for the third.
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Figure 18: The first CWT based method for the signals I3 (red) and I6 (green)
in the directions horizontal, vertical and axial.
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Figure 19: The automatic evaluation for the first CWT based method. The
misclassification rate is 9/103 ≈ 8.7%.
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Figure 20: The previous plot in close up.
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14

Repetition
frequency

Peak amplitudes

In the second plot the location of the three diﬀerent peaks are on the y-axis.
For the third plot we do the following: starting with a point at the y-axis in
the second plot, we then see at which scale (frequency) this is the dominating
frequency and then we sum all peak values at these locations, i.e. summing
the values of the (topmost) blue graph at these particular points and end by
dividing by the total sum of the peak values. Hence, we arrive at a number
between zero and one for all diﬀerent frequencies and they all will sum up to
one. For the fourth and the fifth plot we do the corresponding for the second,
and third largest peaks. The signal used for Figure 21 is H2. From this figure
we clearly see the outer ring frequency 24 Hz and several of its harmonics.
This type of figures give a rather good overview of the dominating frequencies at diﬀerent scales.
For the automatic evaluation we do as follows: When checking for a frequency we add the values at the basic frequency with the values at the two first
harmonics, of course we search in a small neighborhood of these frequencies
according to the uncertainty of the measurements. This are done for largest
(the blue graph), the second largest (the green graph), and the third largest
(the red graph) separately and finally the largest of these three numbers are
chosen. Hence, we arrive at one number for each of the three directions and
wee take thew two largest. The result applied to all the signals can bee seen
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Figure 21: The second CWT based method for the signal H2 in the horizontal
direction.
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in Figure 22. But these was done by first doing a wavelet packet based noise
reduction. We used Daubechies wavelet of order nine and expanded into nine
levels and used the 10% largest coeﬃcients.
In Figure 22 the misclassification rate is 11/103 ≈ 10.7%. Eight signals
from faulty bearings marked by red, C1, F2, F4, L2a, N1a-b and N2a-b has
been classified as functional and three signals from functional bearings marked
by green, A1, E6 and I6 has been classified as faulty. Below we comment some
of the misclassified signals.
For the signals A1, F2, F4, L2a, N1a and N1b see the comments to picture
15. For the signals E6 and I6 see the comments for signal B5-6 to picture 17.
There are several variants and improvements that can be done, e.g.:
• Divide the signals into classes where signals in the same class share some
important features as sampling frequency, signal length and so on.
• The choice of wavelet should be adapted to the signal, e.g. if using the
Morlet wavelet the parameter ω 0 should be adapted to the relation between ad and f0 , see 4, which possible could be estimated.
• A more sophisticated noise reduction algorithm.
• Adding up in “L2 -sense” in the first instead of in “L1 -sense” in the first
method described in the section. One could also star by adding up the
absolute value of the continuous wavelet transform over the scales and
then take the Fourier transform.
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Figure 22: The automatic evaluation for the second CWT based method. The
misclassification rate is 11/103 ≈ 10.7%.
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7.4

Bandpass filtering around multiples of impact frequencies

One way to compute a number which reflects how large part of the signal is
periodic with some bearing impact frequency is to bandpass filter the signal
around multiples of bandpass frequencies and compute how much this reduces,
for example the l2 -norm. This is done in Figure 23. This simple approach
did however not give quite as good performance as those described in previous
subsections.
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Figure 23: Reduction of the l2 -norm of a signal when bandpass filtering around
multiples of all known impact frequencies up to 2500 Hz. Misclassification ratio:
9/60=15%.
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7.5

Summary of experimental results

For the methods in sections 7.1—7.3 (which gave the best results), the following
table shows for which signals these methods gave an incorrect classification.
Red marks
C1
F1
F2
F3
F4
H5
K1b
L2a
N1a
N1b
N2a
N2b
Green marks
A1
A2
A3
B5
B6
D4
E6
F7
I6
M1
Misclassific. rate

Envelope

Periodization
X

X
X
X
X

CWT 1
X
X
X
X
X

CWT 2
X
X
X

X
X
X
X

X
X

X
X

X
X
X
X
X

X

X

X

X
X

X
X
X
X
X
X

X

X
X
X
X
10/103

12/89

9/103

11/103

The table shows that the method CWT1 has the lowest misclassification rate.
Tested methods in this section has not been adjusted specially for these signals. Diﬀerent kind of frequency ranges from 200-10 000 Hz and number of
samples 4096-16384 have been used in the calculations. One way to improve
these methods could be to:
• Several misclassifications were caused when twice the roller frequency coincide with twice the motor feeding frequency. This is a common frequency in AC motors. Defect rollers are not a common defect on bearings,
so one way to improve the methods could be to only include the inner and
outer race frequency in the algorithm.
All the
one would
some tests
this report

defect bearing that has been tested has clearly visible defects, but
like to estimate the severity of the defect. We have also perform
to try to estimate the severity. These diagrams are not shown in
but here are the results.
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• Sharp defects and smooth surfaces on the inner and outer race gives high
values i.e. indicate a large defect. Higher signal to noise ratio.
• Sharp defects and rough surfaces on inner and outer race gives lower
values, i.e. indicate a smaller defect. Lower signal to noise ratio.
As an example to this is signal D1 (308-511 Condensate pump, 2 kHz) and
signal E1 (448-306 Rejection pump). The first machine has a pitting damage
(size 1,5x3 mm) and otherwise smooth inner and outer races. The second
machine has damage because of passage of current (deep axial marks). The
axial marks are covering about half the circumference of the outer race and the
whole circumference of the inner race. Hence, sharp defects and rough surfaces
on inner and outer races. The method CWT1 gives four times higher value for
the pitting damage compared to the passage of current damage. However, this
is caused by diﬀerent noise levels, not by a four times larger damage.

8

Conclusions and future work

We have dealt with the problem of monitoring bearings for local defects. In
particular, we have obtained methods for automatic bearing monitoring with
10 % error rate. This process consists of three step. First, the analysis step. If
one is content with a manual system one stops here and uses the result from
this analysis to determine wether a bearing is defect or not. In this report the
main focus have been on this step and several possibilities have been proposed.
However, for an automatic system we have to do this interpretation automatically. This is the second step, the automatic evaluation step. The result from
this step is a point in some low dimensional space, we have used R2 so we can
present the result easily. The last step is the classification. This has virtually
been neglected here, we have only chosen a threshold line for each method.
When reading that the misclassification rate is 10 % one has to realize the
following (the plus sign indicates that we would get better results and minus
sign that we would get worse):
- The classification line was, however chosen for these particular signals.
This and the number of test signals (103) makes it diﬃcult to estimate
the precision of obtained misclassification rates.
+ For some of the signals the measurements were poor, e.g. wrong sampling
frequency and/or to short signals.
+ The method was developed using a few test signal that was not that
typical. Hence, diﬀerent parameters in these methods are not that well
chosen.
+ Due to lack of signals we have not used any form of grouping, in particular we have compared a slowly rotating fan measured with a sampling
frequency of 1280 Hz with a fast rotating electrical motor measured with
sampling frequency 25600 Hz.
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+ For some of the signals there are a priori known frequencies, e.g. feeding
frequency for the rejection pump, that approximately coincides with roller
spin frequency. This may cause false alarm.
+ The methods have been developed to detect small faults. If there are large,
i.e., in a large part of the bearing, defects on the bearing the methods
developed could quite possible give worse results. However, faults begin
as small ones.
+ We have not used historical data. In determining when the bearing is
defect one should compare to the result from when it was functional. In
particular, we have considered normalized signals.

When implementing some of these suggested methods in reality one should
carefully consider the following:
1. Before adding a measurement point into the system one should determine
sampling frequency and signal length with care. The sampling frequency
has to be large enough for the algorithm to capture the basic resonance
frequency (but not too large because that will decrease the frequency
resolution). The signal should also be long enough to include several
impacts.
2. Decide for which impact frequencies the system should alarm. Look out
for other known frequencies that coincides with impact frequencies.
3. Determining the grouping of the signals and adjust the parameters according to each group.
4. If possible, estimate the impulse response.
Interesting development for the future includes, in particular, the following:
• The automatic evaluation in some other Rn than R2 .
• Developing a classification algorithm, e.g. based on LDA.
• Determine properties of the measurements which are important for a fair
comparison (se next item).
• There is probably a need for adapting the methods to important properties
of the measurements and environment. Important properties may be, e.g.,
signal length, sampling frequency, and the rotational speed of the shaft.
• A more sophisticated noise reduction algorithm.
• A refined signal model may improve the performance of several methods. For example, an exact knowledge of h would simplify several tested
methods.
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• It is usually possible to compare with historical data, and sometimes there
is some known reference value which the amplitude of the signal can be
compared to. Both these possibilities should considerably improve the
performance of all our methods.
• To make full use of the correlation between measurements in the diﬀerent
directions.
• With a clever preprocessing, the LDB algorithm would be interesting.
• Although the tested statistical methods both have optimal performance
in a certain sense, they seem to be too sensitive to model errors to work
fine in all environments we have tested. For matched filters, this might
be avoided with a more detailed model. We also strongly recommend
to combine it with some type of search periodical behavior in potential
bearing fault impacts.
• To analyze multiple defects.
• Our Cramér-Rao implementation ran into numerical problems tied to the
type of application. Some of the other variants described shortly in Appendix D.2 might help.
• Do a blind test of promising methods on a suﬃciently large number of
test signals for securing a good numerical precision of the resulting misclassification rate.
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A

Time-frequency analysis

If one listen to a piece of music one clearly hears the time variation of the
frequency and we know that this “signal” can be represented as a function of
time s(t) but also as a function of the frequency s(ω). The function s describes
the local pressure of the air at a certain time whereas s describes the amount of
a certain frequency. However, none of the representations does reveal, at least
not easily, when a certain frequency appear and this is in wide contrast to what
we hear i.e. how frequencies relive each other.
We would like a representation of the signal in both time and frequency
simultaneously. Assume that we have a family of functions ψt,ω such that
ψt,ω (x) is almost zero for all x outside a small neighborhood of t and similarly
that ψt,ω (ξ) is almost zero outside small neighborhood of ω. Now define
T s(t, ω) =< s, ψ t,ω > ,

(A.1)

where < ·, · > denotes the scalar product in L2 , i.e. < f, g >= R f (x)g(x) dx
(the bar means complex conjugation). By Parseval’s formula we have that
1
< s, ψ t,ω > and by this T s(t, ω) gives us a time-frequency rep< s, ψt,ω >= 2π
resentation of s in the following sense: since ψt,ω is almost zero outside a small
neighborhood of t only values of s near t aﬀects T s(t, ω) and the localization
property of ψt,ω together with Parseval’s formula yields that T s(t, ω) is some
average of the frequencies around ω. If now the “localization neighborhoods”
shrinks we get an arbitrary good time-frequency representation of the signal.
Unfortunately, there does not exists such as family of functions ψ t,ω with arbitrary small “localization neighborhoods”. If one try to make the localization
of ψ t,ω in time very good the localization in frequency inevitably gets worse.
For example if we take ψt,ω to be δ(x − t), i.e., perfect localization in time we
get ψt,ω (ξ) = e−iξt , i.e., no localization in frequency whatsoever and similar the
other way around. This trade-oﬀ in time and frequency localization manifests
itself in the Heisenberg’s uncertainty relation: If f 2 = 1 ( f 22 =< f, f >,
the square of the L2 norm, the L2 norm is sometimes referred to as the energy),
then
∆f t∆f ω ≥ 1/2,

(A.2)

2
1
2
where (∆f t)2 = R (x − t0 )2 |f (x)|2 dx, (∆f ω)2 = 2π
R (ξ − ω0 ) |f(ξ)| dξ,
2
2
1
t0 = R x |f(x)| dx and ω 0 = 2π
R ξ |f(ξ)| dξ. Here ∆f t and ∆f ω describes
the width of the localization of f in time and frequency respectively, see e.g.
[Mal99].
The functions ψt,ω are called time-frequency atoms. So if we construct a
family of time-frequency atoms with good localization in both time and frequency, of course satisfying (A.2) hopefully close to the equality, then we have
a representation of the signal in time-frequency domain by formula (A.1).
To each atom one define its Heisenberg box which is a rectangle in the
time-frequency domain with sides ∆ψt,ω t and ∆ψt,ω ω centered around the corresponding averages t0 and ω 0 . Now formula (A.2) can be stated: for a function
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with energy one the area of its Heisenberg box cannot be smaller than 1/2. Note
that even though, for a family of time-frequency atoms, the area of its Heisenberg boxes cannot be arbitrary small the relation between ∆ψt,ω t and ∆ψt,ω ω
may vary.
Below we present some diﬀerent methods for time-frequency analysis namely
wavelets, Gabor and Wigner-Ville transforms where the two first are exactly
on the form (A.1) whereas the Wigner-Ville transform is not a linear form as
(A.1). See also [Fla89].

A.1

Wavelets

Wavelet analysis is a relatively new mathematical tool. It was introduced in
the mid-eighties and since then the interest has grown enormously. There are
already a large number of books written on this subject, see (just to mention a
few) e.g. [Mey92, Dau92, Hol95, HW96, Mal99, BEL99].
Techniques similar to wavelets have been used for a long time in areas as pure
mathematics, signal processing, numerical analysis and mathematical physics.
This fact that ideas used in diﬀerent areas now came together is a reason for its
success. Moreover, it is a simple mathematical tool which easily can be applied
to many diﬀerent applications. For the problem of monitoring bearings (and
other related problems) wavelets have already been used, see [LM92a, ST94,
LW94, WM95, WD96, DR97, PEB97, CWC97].
A.1.1

The continuous wavelet transform

The continuous wavelet transform was introduced by Grossman and Morlet
[GM84]. An interesting application of this transform is the investigation of the
Chandler wobble [GHL98].
The continuous wavelet is a transform of the type (A.1) and hence we have
to define the family ψ t,ω . To start we take a function ψ, called the wavelet.
The function should be bounded and R |ψ| < ∞, i.e., ψ ∈ L1 ∩ L∞ , has energy
one, i.e., R |ψ|2 = 1, and in addition it should satisfy:
ψ(t) dt = 0.
R

It is preferable that the Heisenberg box of ψ is small, and if so the name
wavelet is natural since it will be a small wave. From this wavelet we construct
our family by the following
1
ψ a,b (t) = √ ψ
a

t−b
,
a

where b ∈ R and a > 0. The continuous wavelet transform is defined by
Wψ s(a, b) =

1
s(t) √ ψ
a
R

t−b
a

i.e.
Wψ s(a, b) = s, ψa,b .
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dt,

The parameters a and b are called the translation parameter and scaling parameter, respectively.
Suppose that the Heisenberg box of ψ is centered at (t0 , ω 0 ) and with width
∆ψ t and ∆ψ ω. Then the Heisenberg box for ψa,b is centered at (aω0 + b, ω 0 /a)
and with width ∆ψa,b t = a∆ψ t and ∆ψa,b t = (1/a)∆ψ t, respectively. Hence,
the area is constant but the smaller scale the better time localization and worse
frequency localization. This is a very attractive property since frequency corresponds to 1/a (time corresponds to b) and high frequencies often only “live”
for a short time.
As for the Fourier transform there is an inverse transform. We assume for
simplicity that our wavelet is a real function. Define
∞

Cψ =

2

ψ(ξ)

0

dξ
,
ξ

and assume 0 < Cψ < ∞. It holds that (not regarding convergence questions)
s(t) =

1
Cψ

∞
0

∞
−∞

Wψ s(a, b)ψ a,b (t) db

da
.
a2

(A.3)

The condition 0 < Cψ < ∞ is not very restrictive. In fact, for this condition to
hold it is necessary and almost suﬃcient that R ψ(t) dt = 0.
Examples of wavelets are e.g. the so called Mexican hat
ψ(t) =

2
2 −t2 /2
,
√ (1 − t )e
3 π

and the Morlet family
2 /2

ψ(t) = eiω0 t e−t

,

(A.4)

where ω 0 is a parameter. Actually, functions in the Morlet family is not even
a wavelet, it has not integral zero, and one has to add a corrective term. In
applications ω 0 is often chosen ≈ 5 and then this corrective term is very small
and can be neglected.
The simplest use, for bearing monitoring, of this transform consists of transforming the signal Wψ s(a, b) =< s, ψa,b > and plot it, possible its phase and/or
absolute value, in a time-scale diagram. The presence of local defects, as described in Section 4.1, ought to show up as highly varying values on certain
scales.
A.1.2

The discrete wavelet transform

The continuous wavelet transforms a function of one variable to a function of
the two variables (time and scale). Hence one might expect redundancy in
Wψ s(a, b). Could it be possible to reconstruct s from just some of the values
of Wψ s? The answer is yes. Under certain condition on ψ, a and b one can
m
reconstruct s from Wψ s(am
0 , nb0 a0 ) and it can be done in a numerical stable
way. Using this, one can produce a frame (a frame is a kind of weak version of
a basis) from the wavelet ψ. However, one can do even better. In some cases
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it is possible to get an orthonormal basis from just translation and scaling of a
function ψ and this leads us to orthonormal wavelets which again will be called
just wavelets.
A wavelet (in the sense of this section) is a function ψ such that ψ j,k (t) =
2j/2 ψ(2j t − k) constitutes an orthonormal basis for L2 . The condition of being
a wavelet in this sense is very restrictive, in fact at first it is not clear at all that
such a function exists. The simplest example is the Haar wavelet, introduced in
1910, defined as ψ(t) which is one for 0 ≤ t < 1/2 and minus one for 1/2 ≤ t < 1
and zero elsewhere. The next example was the Strömberg wavelet [Str81], this
construction is much more complicated than the simple Haar wavelet. The
introduction of the multiresolution analysis, by Mallat and Meyer, provided a
tool for the construction of new suitable wavelets. The celebrated Daubechies
wavelets, see [Dau88], was the first wavelets produced in this framework and
they are a family of smooth and compactly supported wavelets.
That ψ is a wavelet means that we have an expansion
s=

∞

∞

< s, ψj,k > ψ j,k ,

j=−∞ k=−∞

note that the scale parameter j works in the other direction compared to the
continuous case. In the definition of the multiresolution analysis one also needs
a scaling function ϕ that accompanying the wavelet, and this function takes
care, in some sense, of the low frequencies. The function ϕ is such that ϕ(t − n)
is an orthonormal system. We define ϕj,k = 2j/2 ϕ(2j t − k) and we arrive at an
expansion of the form
∞

s=

∞

< s, ϕj0 ,k > ϕj0 ,k +

∞

< s, ψ j,k > ψj,k .

j=j0 k=−∞

k=−∞

The first term represents the function at a coarse scale and each term, from
the outer sum in the second term, adds information of the function at finer and
finer scales. This means that the truncated expansion
∞

M

< s, ϕj0 ,k > ϕj0 ,k +

∞

< s, ψ j,k > ψj,k ,

j=j0 k=−∞

k=−∞

is a representation of s neglecting the higher scales, (by the connection between
ϕ and ψ this can also be written as ∞
k=−∞ < s, ϕM+1,k > ϕM+1,k ).
Given a representation sM of the function s at some level M, i.e., truncating
as above, we can split it as sM = aM−1 + dM−1 (a for approximation and d for
detail), where aM−1 is the truncation at level M − 1. We can now repeat this:
split aM−1 and obtain sM = aM−2 + dM−2 + dM−1 , and we can repeat this over
and over again.
Starting with a low pass filtered signal s we approximate s by
< s, ϕn,k > ϕn,k .
k
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Figure 24: The wavelet tree, where L and H denote the low and high pass
filters respectively.

The splitting can now be done directly on these coeﬃcients and the approximation part and a detail part is simply a low and high pass filtering respectively
followed by a down sampling. The low pass filter is connected with ϕ and
the high pass filter with ψ. The sampled signal s can now be represented as
(am , dm , dm+1 , dm+2 , . . . , dn ), m is chosen arbitrarily. The am are scaling coefficients and the diﬀerent dj : s are wavelets coeﬃcients, see Figure 24. When
working with compactly supported wavelets, as the Daubechies’ wavelets, the
filters are FIR-filters. If the signal s has finite duration, then only a finite number, say p, of the coeﬃcients are nonzero and we can represent s by these p
numbers and then dn will have ≈ p/2 elements, dn−1 ≈ p/4 elements and so
on and hence the representation will have totally ≈ p elements. To go the other
way i.e. from (am , dm , dm+1 , dm+2 , . . . , dn ) to s is an up sampling and filtering.
The operation is known as Mallat’s algorithm and it is preformed in O(n) operation, where n is the number of samples. Recall that the fast Fourier transform
needs O(n log n) operations. If we only have access to a sampled version of s
one usually use s(k) as < s, ϕn,k >, but there are more sophisticated choices.
A use of this transform for bearing monitoring is the following: let s be a
sampled signal from the bearing, transform it into (ak , dk , dk+1 , dk+2 , . . . , dn )
and a localized defect will hopefully turn up clearly on some parts of the transform.
The form of the Heisenberg boxes obtained by scaling and translation implies that wavelets, both continuous and discrete, are suited for high frequencyshort time and low frequency-long time. However, sometimes there exist highfrequencies for long time and for this purpose the wavelet packets are constructed. Each step in the Mallat algorithm take the low-frequency part and
divide it in a low and high frequency part. But we could also take the high40

Figure 25: The wavelet packet tree. The highlighted representation is
(LLLs, HLLs, HLs, LLHs, HLHs, HHs).
frequency part and split it, we just do the low and high pass filtering of that also.
Hence for every output, from a filter, we can choose either to stop or split it
again. In this way there are many possible decompositions. The wavelet transform (if we do three steps) could be described as the coeﬃcients of s is transformed into (LLLs, HLLs, HLs, Hs) where L and H stand for the low pass and
high pass part respectively. This is of course also a choice for the wavelet packet
transform but one could also take (LLLs, HLLs, HLs, LLHs, HLHs, HHs),
see Figure 25. There are many possible choices and the question arises: Which
one is the best? If one has a cost function, satisfying a natural additivity condition, there is a simple algorithm that finds the “best basis”, see [CW92]. Using
wavelet packet in combination with the best basis algorithm one does O(n log n)
operation (the same as for the fast Fourier transform).

A.2

Alternative methods

Wavelets is certainly not the only way of performing a time-frequency analysis
see e.g. [Coh89]. We will now very briefly describe two other methods.
A comparison of the wavelet and Gabor transforms can be found in [Gri00].
A.2.1

The Gabor transform

The Gabor transform or windowed Fourier transform was introduced by Gabor
[Gab46] and has recently gain increasing interest (see, for example, [Grö00] for
an introduction to this subject and [FS98] for more specialized results). As for
the continuous wavelet transform it is of the form (A.1). The family of timefrequency atoms is chosen as ϕx,ω (t) = eiωt g(t − x). The function g is the so
called window and should be real, even and normalized so that it has energy one.
If g is the characteristic function of the interval [−1/2, 1/2], then Gg s(x, ω) =<
s, ϕx,ω > is, for fixed x, the Fourier transform of the restriction of s to the
interval [x − 1/2, x + 1/2]. So clearly it describes the local frequency content
of the signal. The characteristic function has very poor frequency localization
2
1
e−t /2
and other example for the window is the Gaussian function g(t) = π1/4
but there are several others that can be used.
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The Heisenberg boxes of ϕx,ω has not only constant area, as in the wavelet
case, but also constant shape and hence the time-frequency resolution is the
same for all (x, ω). It is often so that high frequencies only exists short time and
lower frequencies a longer time and hence in those cases the wavelet transform
is more suitable since its Heisenberg boxes adapt to this.
As for the continuous wavelet transform there exists an inverse transform
and it reads
s=
R

R

Gg s(x, ω)ϕx,ω dω dx.

Examples of application of the Gabor transform in the problem of bearing
monitoring can be found in [LW94, YKP+ 97].
A.2.2

The Wigner-Ville transform

The Wigner-Ville transform is not on the form (A.1) but defined as
P s(t, ω) =

x
x
s(t + )s(t − )e−ixω dx.
2
2
R

Some properties that in some way justify this as a way to do time-frequency
analysis are the following:
• It has the marginal property, i.e.,
R

P s(t, ω) dt = |s(ω)|2

and

R

P s(t, ω) dω = 2π |s(t)|2 .

• The support property, i.e., if s and s has support in the intervals I and
I then the support of P s(t, ω), for fixed ω, is again in I, and for fixed t,
in I .
• The instantaneous frequency property, i.e., if s(t) = a(t)eiφ(t) , a ≥ 0, then
the instantaneous frequency φ (t) is the frequency mean of the transform
P s.
One advantage of the Wigner-Ville transform in comparison with wavelets
and Gabor is that it does not introduce some new function. A drawback is that
it is quadratic instead of linear. The quadratic form of the transform has as a
result that it produces cross terms, i.e. if one transforms u + v the result will be
the sum of the transform of u and v and in addition terms from the correlation
between u and v. This means that even if s is zero on an interval I, then one
may find outbursts of P s(t, ω) in the time-frequency plane where t ∈ I. Clearly
this is not a desirable property.
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There is a way of reducing the problem with cross terms. Since the transform
has the marginal property the cross term must oscillate and hence may be
reduced by a smoothing process. This is usually done by the following:
Pθ s(t, ω) =

P s(t , ω )θ(t, ω, t , ω ) dt dω .
R

(A.5)

R

This destroys its advantage of not introducing a new function. A common
choice is that θ should be a function only of t − t and ω − ω and hence making
Pθ a convolution. Transformation of that type constitutes the so called Cohen
class and several diﬀerent choices can be made, see e.g. [Fla89, Mal99]. In fact,
the square of the modulus of the Gabor transform is a member of the Cohen
class and also the square of the modulus of the continuous transform is on the
form (A.5) however not in the Cohen class.
This transform has been used in monitoring bearing and gearboxes, see e.g.
[WH93, SWT97].
A.2.3

Cyclic-periodogram

The cyclic-periodogram is yet another analysis tool used in some texts, such as,
[SO97, SSWL96, SW95, WS94, GS94, GS93, GA93]. Here we only mention
that it is closely connected to the Wigner-Ville transform, since the cyclicperiodogram and the Wigner-Ville distribution are Fourier transform pairs
[Gar88].

B

Local Discriminant Bases (LDB)

The idea of wavelet packets and best basis is possible to extend to what is called
Local Discriminant Bases (LDB). This was done by Saito and Coifman [SC94].
The signals are run through the low and high pass filters to form the wavelet
packet tree, but instead of applying a cost function to decide what basis to
use, a discriminant function is used. The discriminant function yields a large
value when the basis function is good at discriminating functional and faulty
bearings. When the features that separate functional and faulty bearings are
extracted, e.g., a few of the most discriminating basis functions are chosen,
some kind of classification algorithm must be applied.

B.1

Definitions

Let X ⊂ Rn be a signal space containing all signals considered in a classification
problem, where n equals the number of samples in each signal.
Let Y = {1, 2, . . . , C} be a response space, a set of class names of the input
signals, and let F ⊂ Rk , k ≤ n be a feature space. The feature vectors are of
less dimensionality than the signal vectors and this is one of the main points in
this algorithm. We will define a feature extractor f and propose a classifier g;
f : X → F, and g : F → Y so that g ◦ f : X → Y.
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To construct f, a training data set T = {(xi , yi )}N
i=1 ⊂ X × Y consisting
(c)
of N pairs of signals xi and responses in class yi is needed. The notation xi
indicates that the signal belongs to class c.
Let Nc be the number of signals in T from class c, and thus N = C
c=1 Nc .
Also consider a test data set T , independent of but sampled from the same
probability model as T .

B.2

Discriminant Measure
(c)

(c)

Let p(c) = {pi }ni=1 be nonnegative sequences with
= 1, representi pi
ing diﬀerent classes according to the value of c. The discriminant measure
D(p(1) , p(2) ) measure the diﬀerence between p(1) :s and p(2) :s distributions.
With abuse of notations, D is used on a pair of single samples, on pairs of
sets of samples, and on sets of sets of samples.
Also, to be able to use the idea of the best basis search algorithm, D should
be additive.
Definition 1 A discriminant measure D is said to be additive if
D(p, q) =

i

D(pi , qi ).

Hence, the diﬀerence between two classes can be obtained by simply adding
the diﬀerences according to D between each pair of samples from the two classes.
(1)
(2)
For the l2 -norm we get D(p, q) = p(1) − p(2) 2 = i |pi − pi |2 .
Other possibilities are lp , p ≥ 1, relative entropy with discriminant measure
D(p, q) = ni=1 pi log pqii , etc.
Considering a general case with C classes, the discriminant measure of C
sequences is defined as
C−1

D({p(c) }C
c=1 )
which is a summation of
metric.

B.3

C
2

C

=
i=1 j=i+1

D(p(i) , p(j) ),

pairwise combinations of D, provided D is sym-

The Local Discriminant Basis Algorithm

To get a suitable input to the discriminant function D, we introduce the timefrequency energy map Γc . Using this function, the time-frequency localization
property of the wavelet packet basis functions are made use of, and also, the
for classification problems necessary normalization procedure is involved.
(c)

c
Definition 2 Let {xi }N
i=1 be a set of training signals belonging to class c.
Then the time-frequency energy map of class c, Γc , is a table of real values
specified by (j, k, l) as

Nc

(ψ Tj,k,l

Γc (j, k, l) =
i=1

44

(c)
· xi )2 /

Nc

(c) 2

xi
i=1

,

for j = J, . . . , 0, k = 0, . . . , 2−j − 1, l = 0, . . . , 2n+j − 1.
(c)

The scalar product between ψj,k,l and xi

in the equation above represents
(c)

the wavelet packet expansion coeﬃcients of the signal xi at each position,
determined by (j, k, l), in the wavelet packet binary tree. Γc is a sum of accumulated squares of the wavelet packet expansion coeﬃcients, divided by the
norm of each class.
Some notations in the Local Discriminant Basis algorithm:
D({Γc (j, k, ·)}C
c=1 )

=

2n+j −1
l=0

D(Γ1 (j, k, l), . . . , ΓC (j, k, l)),

Bj,k = Span0≤l≤2n+j −1 ψj,k,l ⊂ Wj,k ,

Aj,k = work array containing the LDB decided so far, i.e. until level j,
∆j,k = work array containing the value of the discriminant measure of Wj,k .
(c)

C
c
Given a training data set T consisting of C classes of signals {{xi }N
i=1 }c=1 ,

Step 0: Choose wavelet to form a dictionary of orthonormal wavelet packet
bases and specify the maximum depth J of decomposition and an additive
discriminant measure D.
Step 1: Construct the time-frequency energy maps ΓC for c = 1, . . . , C.
−J − 1.
Step 2: Set AJ,k = BJ,k and ∆J,k = D({Γc (J, k, ·)}C
c=1 ) for k = 0, . . . , 2
That is, choose all basis functions from the bottom level of the binary tree
as input in the LDB work array, and put the value of the discriminant
measure for each bottom node in the work array ∆.

Step 3: Determine the best subspace Aj,k for j = J + 1, . . . , 0 and
k = 0, . . . , 2−j − 1 by the following rule:
Set ∆j,k = D({Γc (j, k, ·)}C
c=1 ).

If ∆j,k ≥ ∆j−1,2k + ∆j−1,2k+1 ,
then Aj,k = Bj,k ,

else Aj,k = Aj−1,2k ⊕ Aj−1,2k+1 and set ∆j,k = ∆j−1,2k + ∆j−1,2k+1 .
Step 4: Order the basis functions by their power of discrimination.
Step 5: Use4 k ≤ n most discriminating basis functions for constructing classifiers.
The basis now obtained is the local discriminant basis, which is the basis
that will discriminate the time-frequency energy map Γc the most. A proof can
be found in [Sai94].
4

The number k is chosen by the user, and is typically of the order 5-10.
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In Step 4, the “power of discrimination” is used. There are several methods
to get this kind of measure. We can for instance use the measure chosen for D,
or the “Fisher’s class separability measure”.
(c)
The Fisher’s class separability of the expansion coeﬃcients of xi in the
basis vector ψj,k,l is given by:
(c)
(c)
C
T
T
2
c=1 Pc (meani (ψ j,k,l xi ) − meanc (meani (ψ j,k,l xi )))
,
(c)
C
T
P
var
(ψ
x
)
c
i
j,k,l i
c=1

where Pc is the prior probability of class c. The operators meani (·) and vari (·)
take the sample mean and variance with respect to the samples indexed by i.
B.3.1

Classification

When the set of training signals T has worked its way through the LDB algorithm, it is time to let the set of test signals T test the algorithm.
The test signals xi ∈ T are put into a matrix X and multiplied by a matrix
A, AT X . The matrix A’s column vectors are the k ’best’ basis functions as
determined by the LDB algorithm while processing the training signals. This
procedure represents the feature extractor mentioned in section B.1.
At this point, the test data is ready to be processed by a classifier, g in
section B.1. The classifier might for instance be linear discriminant analysis
(LDA).

B.4

Remarks

The LDB method described above has been improved by Saito and Coifman
[SC97], and by Fossgaard [Fos99]. In the article by Saito and Coifman, probability density functions are considered to better distinguish special kinds of
classes. Fossgaard instead constructs new discrimination measures to use in
the original LDB algorithm.

C

A discrete-time signal model

The signal model developed in Section 4 (page 6) is suﬃcient for the entire
main text, but the following refinements are needed in Appendix D. As shown
in [OS89], the sampled acceleration (see equation (4.5) and Figure 5) can be
written as a sum of bearing vibrations and noise:
def

a[k] = b ∗ a(kTs )
=

∞

l=−∞

def

Aβ I (τ I + lTI ) · b ∗ h (kTs − τ I − lTI ) + n[k] = vθ [k] + n[k],
(C.1a)

where
def

n[k] = b ∗ (w ∗ h)(kTs ) =

∞
l=−∞

b ∗ w(lTs ) · b ∗ h ((k − l)Ts )
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(C.1b)

and θ is an M-dimensional vector containing all the (fixed but unknown) parameters of our system model:
θ = ad f0 σ A τ

b ε T

T

.

(C.2)

Now let N be the length of the measured signal. If we choose positive integers
K, L so that b ∗ h is “small enough” outside the interval [−KTs , LTs ], then
equations (C.1) are “well” approximated if we only compute the sum from
l = −L to l = N − 1 + K. (We have chosen K = 256 and L = 256 from plots of
b ∗ h but do not investigate in report how this choice aﬀects the performance of
the statistical method in Appendix D.) This truncation, turns equations (C.1)
into the vector equation:
def

a = a[0] a[1] · · ·

a[N − 1]

T

≈ vθ + n,

where
vθ = vθ [0] vθ [1] · · ·

n = Hw = H b ∗ w ∗ h(0) b ∗ w ∗ h(Ts ) · · ·
≈

n[0] n[1] · · ·

n[N − 1]

T

vθ [N − 1]

T

,

(C.3)

b ∗ w ∗ h((N − 1)Ts )

T

and
⎛

⎜
H=⎝

b∗h (LTs )
b∗h ((L+1)Ts )

b∗h ((L−1)Ts )
b∗h (LTs )

..
.

..
.

⎞

··· b∗h (−(K+N−1)Ts )
··· b∗h (−(K+N−2)Ts ) ⎟

b∗h ((L+N−1)Ts ) b∗h ((L+N−2)Ts ) ···

..
.

b∗h (−KTs )

⎠.

(C.4)

Motivated by the discussion in Section 4.4, we assume that w is zero-mean white
(at least in the passband of b). It follows [Sch91, page 59] that n is zero-mean
def
and Gaussian with covariance matrix Cθ given by (Cθ )l,m = cov(nl , nm ) =
σ2 HHT . It follows as a special case of the main result in [HRT96] that the
column vectors of H are linearly independent, so that Cθ is nonsingular, C−1
θ
is defined and the probability density function
fθ (a) =

1

1

(2π)N det Cθ

e− 2 (a−vθ )

T C−1 (a−v )
θ
θ

(C.5)

is well defined. Note however, that although Cθ is known to be invertible, it
may still happen that it is has a large condition number and thus is “close to
singular” from a numerical point of view.

D

Statistical bearing monitoring

The basic idea underlying this section is the following: Given a vibration measurement from a rotating machine, let’s try to compute the probability (or size)
of a bearing defect using all information we have about the system (such as the
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mathematical model in Section 4 and Appendix ??). Building such information into the method may improve the performance, but at the cost of increased
sensitivity to diﬀerences between the model and the diﬀerent industrial environments in which it shall be used. In this appendix we present two diﬀerent methods which can be used when the probability distribution of unknown parameters
(such as the amplitude of bearing fault impacts) is unknown, namely matched
filters (Appendix D.1) and minimum variance unbiased estimators (MVUB)
(Appendix D.2). Both methods are interesting from an theoretical point of
view and optimal in some diﬀerent ways described later.

D.1

Matched Filters

Is it possible to detect the frequency outbursts without using the fact that we
expect them to come periodically? If so, what is the best way to do it? And
what do we mean by best?
We assume that the frequency outbursts are known signals, up to a multiplicative constant, so in practice we have to either estimate the parameters ad
and f0 in (4.1) or go through all choices. We will also restrict ourself to the
use of linear translation invariant transforms, hence convolutions. So we have
a known, up to a multiplicative constant, signal hidden in noise which we will
try to detect and we are allowed to send this signal through a filter.
Beginning with the last question: By best we will mean that the sinal to
noise ratio at the time when the signal occurs is as big as possible. Hence we
are looking for a filter which is optimal in this sense and the solution to this
problem is rather simple, it is just a matter of using Cauchy’s inequality. The
resulting filter is known as the matched filter, see [Pap91, Fan88]. The exact
form of the filter will of course depend on the assumed noise distribution.
In the special case of white noise the filter is just the reversed signal, i.e. to
maximize the signal to noise ratio at the time when the known signal appears
one should just convolve the noisy signal with the reversed known signal.
If we now recall what the continuous wavelet transform does, on a fixed scale
it correlates a signal with translations of the wavelet. So if we had a wavelet
that equals the expected signal which is
e−ad t sin(2πf0 t) when t > 0 and 0 otherwise,

(D.1)

in our bearing case, on a given scale it would be the same as using a matched
filter. The imaginary part of the Morlet wavelet, i.e., exp(−t2 /2) sin ω 0 t, is
rather similar to (D.1). The main diﬀerence is that we have t2 in the exponential
which means that it decay to zero much faster and hence it only uses the first
few oscillations. But considering the fact that the signal model is not perfect
this can be wived as a stable variant of (D.1). When we go through all the
diﬀerent scales in the continuous wavelet transform we systematically do this
correlations for all f0 , however in this case not with fixed ad . But by considering
diﬀerent parameters ω 0 in the wavelet we have completed the search through all
ad and f0 . Using the Morlet wavelet amounts5 to take the analytic part of the
5
This is approximately true up to some constant since the Morlet wavelet is eﬀectively an
analytic wavelet, see [Hol95].
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result from the transform with the imaginary part of the Morlet wavelet and
recall that taking the absolute value of the analytic part yields a demodulation.
In conclusion: In the case of white noise a demodulation of the output from
a stable version matched filter is found at the scale corresponding to f0 in the
absolute value of the continuous wavelet transform if we uses the Morlet wavelet
with a suitable parameter ω 0 .
However, the noise is probably not white at all but colored according to our
model, see Section 4. In this case it turns out that the matched filter is just
the inverse of the impulse response h(t). After convolution with that our noise
is white and our signal is a Dirac. Explicitly the filter is
a2d + ω 2
1
2ad
δ(t) +
δ (t) + δ (t), where ω = 2πf0 .
ω
ω
ω
This looks, and indeed is, very instable. But it shows how diﬃcult the problem
is: The best we can do is to filter it so we are looking for a Dirac in white noise,
hence to be able to detect it, it must be really big.
The moral of this story is: assuming this colored noise the only useful
structure in the signal is the repetitive behavior of the outbursts, there is not
much hope to detect a single one.

D.2

Minimum variance unbiased estimation

The basic idea in this section is the following: We want to develop an analysis
method which, given a vibration measurement, computes an estimate A of the
bearing defect amplitude A (with amplitude A = 0 meaning “no defect”). We
restrict our attention to methods which on the average will find the correct
parameter value (such methods are said to be unbiased). Within this class of
methods, the goal will be to find one which minimizes the average squared error
(A − A)2 , so that A usually is close to the correct value A. Such an analysis
method is usually called a minimum variance unbiased estimator (MVUB).
Here we will even aim for an eﬃcient estimator, which is a MVUB estimator
satisfying some extra conditions explained later.
Before starting, we give a short overview of some problems and possible
solutions involved in finding an MVUB estimator, described more carefully in,
for example, [Kay93, Section 2.5-2.6]:
• There may not exist an MVUB estimator. In fact, there are estimation
problems for which not even an unbiased estimator exists.
• Even if an MVUB estimator exists, we may not be able to find it. Three
standard methods which may find it are
1. If an eﬃcient estimator exists, then the theory of the so-called CramérRao lower bound both tells that it is unique and gives an explicit
(but sometimes computationally demanding) formula for computing
it. This is the topic of Appendix D.2.1
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2. We show in Appendix D.2.2 that if the system’s impulse response
h(t) is known, then the MVUB problem is reduced to finding an
unbiased estimator. If we find one, it is automatically unique and
there is no need to use the use Cramér-Rao theory for finding a better
one.
3. If neither 1 or 2 works, then one can restrict the problem further
to linear estimators. Then only knowledge of the first and second
moments of the probability density function of the measured signal is needed to find a MVUB linear estimator. This is therefore
frequently more suitable for practical implementations, although a
better (nonlinear) MVUB estimator may exist.
4. Another possible solution when an MVUB estimator does not exist or exists but cannot be found, is the maximum likelihood (ML)
estimator, which is asymptotically MVUB with increasing signal
lengths [Kay93, Section 7.5]. Moreover, we show in Appendix D.2.3
that if an eﬃcient estimator exists, then it coincides with the ML
estimator and the ML estimator is an alternative approach to solving
our problem.
We will now develop an algorithm for implementing the eﬃcient estimator
(assuming that it exists). Then we compute its computational complexity and
explain the numerical problems which arise in this implementation. The final
subsections then give some suggestions for possible ways around these diﬃculties.
D.2.1

Approaching the Cramér-Rao bound

Which is the “best” choice of function (hereafter called estimator ) θ for computing an estimate θ(a) of the unknown parameters θ? A natural solution in
the absence of noise is some kind of (pseudo) inverse6 of the mapping θ → vθ .
We will see in (D.6) that if the optimal estimator we are looking for exists, then
it is unique. Thus, it seems reasonable to first formulate the signal model so
that the mapping θ → vθ is invertible, to guarantee unambiguous estimation
in the absence of noise. This has also been our intention when we developed
the model used here.
We will now consider unbiased estimators, that is, estimators whose expectation equals the true (but unknown) value of θ:
def

θ is unbiased ⇐⇒ E θ(a) = θ
Here and in the following the expectation is over a and θ is an unknown deterministic parameter. (See, for example, [Sch91, vT68, Kay93] for methods
6

This is also motivated my the ML estimator given by equation (D.18) below. At least
when the impulse response h(t) is known, so that Cθ = C is constant. Then (D.4) and (C.5)
show that the ML estimator is simply found by maximizing − 12 (a − vθ )T C−1 (a − vθ ). Since
C is positive definite (see Section C), we see that this follows if a − vθ = 0.
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for estimating a stochastic θ with known probability distribution.) A natural requirement on an unbiased estimator is that it has minimal variance
def
σ2 = E (θ(a) − θ)T (θ(a) − θ) , (usually called a minimum variance unbiased estimator ). An even stronger condition on θ is eﬃciency. This is the
topic of the following two theorems, which are proved, for example, in [Sch91].
Theorem 3 (Cramér-Rao bound) Let A denote an N-dimensional random
vector with density fθ (a). For any unbiased estimator θ(a) of the vector θ, the
error covariance matrix C is bounded as follows:
def

C = E (θ(a) − θ)T (θ(a) − θ) ≥ J−1
θ

(D.2)

provided that the so-called Fischer information matrix Jθ ,
def

(Jθ )k,j = −E

∂2
ln fθ (a); θ ,
∂θk ∂θ j

(D.3)

is positive definite (so that J−1
θ exists). The inequality in (D.2) means that the
is
nonnegative
definite.
matrix C − J−1
θ
An eﬃcient estimator is an unbiased estimator θ whose covariance matrix
C meets the Cramér-Rao bound, that is,
def

def

θ is eﬃcient ⇐⇒ θ unbiased and C = E (θ(a) − θ)T (θ(a) − θ) = J−1
θ .
Theorem 4 (Eﬃciency) Let sθ,a be the score function
def

sθ,a =

∂ ln fθ (a)
.
∂θ

(D.4)

An unbiased estimator θE is eﬃcient if and only if
Jθ θE (a) − θ = sθ,a .

(D.5)

Remark 1 In other words: There exist at most one eﬃcient estimator θE .
Moreover, it exists if and only if the dependence on θ cancels out in the equation
θE (a) = θ + J−1
θ sθ,a .

(D.6)

That the resulting θE is unbiased follows from (D.5) and
E [sθ,a ] =

fθ (a)

∂
ln fθ (a)da =
∂θ

∂
∂
fθ (a)da =
∂θ
∂θ

fθ (a)da = 0. (D.7)

For the moment, we assume that there exists an eﬃcient estimator θE ,
and develop an algorithm for computing it from (D.6) with as little eﬀort as
possible. A key idea for lowering the complexity is to reduce the number of
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necessary partial derivatives and to make them appear as early as possible in
the computations, so that all large matrices and their inverses can be computed
numerically.
First, we note from (C.5) (page 47) that
ln fθ (a) = −

N
1
1
ln(2π) − ln(det Cθ ) − nTa,θ C−1
θ na,θ , where na,θ = a − vθ .
2
2
2
(D.8)

To compute the score function sθ,a , we first observe that
∂Cθ
C−1
θ ∂θj

=

∂Cθ
−C−1
θ ∂θj

∂C−1
θ
∂θj Cθ

=

∂C−1
θ Cθ
∂θj

, that is,
∂C−1
∂Cθ −1
θ
= −C−1
C .
θ
∂θj
∂θj θ
∂
∂θ

(D.9)

det Cθ

j
−1 ∂Cθ
∂
Since Cθ is symmetric and det
= det C−1
θ ∂θj det Cθ = tr Cθ ∂θj
Cθ
Lemma 5, page 55), diﬀerentiation of (D.8) yields:

def

(sθ,a )j =

−

(See

∂Cθ
∂ ln fθ (a)
1
= − tr C−1
θ
∂θj
2
∂θj
−

1
2

∂nTa,θ −1
∂C−1
∂na,θ
Cθ na,θ + nTa,θ θ na,θ + nTa,θ C−1
θ
∂θj
∂θj
∂θj
(D.10)

=−
(D.9)

= −

∂nTa,θ

1 T ∂C−1
θ
n
C−1
n
−
na,θ
a,θ
∂θj θ
2 a,θ ∂θj
(D.11)

∂Cθ
1
tr C−1
θ
2
∂θj

−

1
2

∂Cθ
∂θj

C−1
θ

l,m

l,m

+
m,l

∂vθT −1
C na,θ
∂θj θ

∂Cθ −1
1
+ (C−1
na,θ )T
C na,θ .
θ
2
∂θj θ
By applying (D.9) to (D.11) and diﬀerentiating, we get
∂ 2 ln fθ (a) 1
= tr
∂θk ∂θj
2

∂ 2 C−1
∂C−1
θ
θ ∂Cθ
Cθ +
∂θk ∂θj
∂θj ∂θ k

∂vθT ∂C−1
∂vT
∂ 2 vθT −1
∂vθ
θ
Cθ na,θ +
na,θ − θ C−1
+
∂θk ∂θ j
∂θ j ∂θ k
∂θj θ ∂θk
+

∂ 2 C−1
∂C−1 ∂vθ
1 ∂vθT ∂C−1
1
1
θ
θ
na,θ − nTa,θ
na,θ + nTa,θ θ
,.
2 ∂θ k ∂θj
2
∂θk ∂θ j
2
∂θj ∂θk

where na,θ = a − vθ . Since the underlined stochastic contributions have vanishing expectation and E [nl nm ] = E [nl nm ] − E [nl ] E [nm ] = cov(nl , nm ) =
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(Cθ )l,m , we get
(Jθ )j,k = −
+

= −

1
tr
2

∂vθT −1 ∂vθ
1
Cθ
+
∂θj
∂θk
2
1
tr
2

(D.9) 1

=

2

∂ 2 C−1
∂C−1
θ
θ ∂Cθ
Cθ +
∂θk ∂θj
∂θj ∂θk

∂C−1
θ ∂Cθ
∂θj ∂θk

l,m

+

(Aj )l,m (Ak )m,l +
l,m

∂ 2 C−1
θ
∂θ k ∂θj

(Cθ )l,m

(D.12a)

l,m

∂vT
∂vθT −1 ∂vθ
∂vθ
1
Cθ
= tr(Aj Ak ) + θ C−1
θ
∂θj
∂θ k
2
∂θj
∂θ k

∂vθT −1 ∂vθ
C
,
∂θj θ ∂θk

(D.12b)

where
Aj = C−1
θ

∂Cθ
.
∂θj

(D.12c)

Finally, note that once H and its derivatives are computed, all the following
computations can be done numerically if we insert some values θ = θ0 for the
parameters and use the fact that
∂HT
∂Hθ T
∂Cθ
=
H +H θ .
∂θj
∂θj
∂θj

(D.13)

As a result we get the following algorithm for computing θE . The algorithm
works if the right-hand side of (D.6) is independent of θ as required. Because of
the long required signal length (at least 512 samples for 10 kHz measurements)
this must be checked numerically by setting θ = θ0 and check that the algorithm
gives the same result for a few diﬀerent choices θ = θ0 .
The algorithm and its complexity
1. Using (4.1), (4.4), (4.6), (C.1a) and (C.3), symbolically compute the
θ
N × 1-vectors vθ and ∂v
∂θj , j = 1, 2, . . . , M. Then convert to numerical
vectors by inserting θ = θ0 .
2. Compute the (2N − 1 + K + L diﬀerent) values of the matrix H from
∂H
for j = 1, 2. Then convert
equations (C.4), (4.6) and (4.1). Compute ∂θ
j
to numerical matrices by inserting θ = θ0 .
3. Now use 2 and (D.13) to numerically compute Cθ = σ2 HHT , C−1
θ and
∂Cθ
∂θj , j = 1, 2.
4. Use (D.12) and the result from 3 to compute Jθ .
5. For every measurement a, compute sθ,a (with θ = θ0 ) numerically from
1, 3, and (D.10).
6. Finally compute the estimate θ from (D.6).
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Only steps 1 and 2 has to be done symbolically. Moreover, the matrix and
vector entries can be computed one at a time and then immediately converted
to a numerical value, thereby reducing the memory requirements. The speed
and memory use can be further reduced by making use of the fact that H is
constant on all diagonals, but our current implementation is fast enough for our
purposes without such optimization. Note also that all matrices depend only on
the parameters a and ω of the impulse response h, so if h can be measured, then
all matrices are constant and everything but step 1 can be done numerically.
∂H
can be computed in at most
Suppose now that each entry in vθ , H and ∂θ
j
T seconds (in our current implementation, T is about 5-8 seconds). Then the
dominating contribution from each step of the algorithm is the following:
1. (M + 1)NT seconds.
2. 3(2N − 1 + K + L)T seconds.
2
3. N 3 multiplications for computing C−1
θ and 3N (N +K+L) multiplications
for the matrix multiplications (using that the second term in (D.13) is the
transpose of the first term).

4. 2N 3 multiplications for computing A1 , A1 , 4N 2 +1 multiplications for the
first term in (D.12b) (M − 1)2 N 2 for the second (using that vθ does not
depend on σ).
5. 2N 2 + 1 multiplications for the first sum (M − 1)N 2 multiplications for
the second term and 2N 2 + 1 multiplications for the last term.
6. M 3 multiplications for the inversion and M 2 multiplications for the matrixvector multiplication.
Thus the complexity of or algorithm is, roughly, ((m + 7)N + K + L)T
seconds for the symbolic part and O(N 2 (N + K + L)) multiplications for the
numerical part. For the signal lengths used in our case, the numerical part
of the computations is most time-consuming. Thus the computational time
needed for this algorithm is, roughly, proportional to N 2 (N + K + L).
Numerical diﬃculties
The main problem in the implementation of this algorithm is that the covariance
matrix is nearly singular. This is a purely numerical problem (as explained
before and after equation (C.5)). Although the pseudoinverse seemed to provide
at least a rather a good approximation of the inverse (or at least much better
than the “actual” inverse when computed in Mdwode), the algorithm still do
not produce good results. We suggest some possible ways around this problem
in the following subsections.
A lemma used at page 52
Finally, we only need to prove the following result, which we used when deriving (D.10). We used the following result only for real-valued matrices and
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vectors, but prove it in a slightly more general context. Readers not familiar
with the linear algebra terminology and results used can consult, for example, [Str88]:
Lemma 5 If Cθ is an invertible and Hermitian7 matrix, depending on a parameter θ, then
det C−1

∂
∂
det Cθ = tr C−1
Cθ
θ
∂θ
∂θ

(D.14)

Proof. Since Cθ is Hermitian, it can be factorized into Cθ = UΛU∗ , where U is
an unitary8 eigenvector matrix and Λ is an diagonal matrix with the eigenvalues
λi on the main diagonal. Thus
N

det(C−1 )

∂
∂
∂
det Cθ = det(UΛ−1 U∗ ) det(UΛU∗ ) =
λ−1
i
∂θ
∂θ
∂θ
i=1

N

λk
k=1

N

(D.15)

∂λn
∂
=
λ−1
= tr UΛ−1 ΛU∗ .
n
∂θ
∂θ
n=1
Moreover,
tr C−1
θ

∂
∂
A = tr UΛ−1 U∗ (UΛU∗ )
∂θ
∂θ

= tr UΛ−1

∂
ΛU∗ + tr(E),
∂θ
(D.16)

where
E = UΛ−1 U∗

∂
∂
U ΛU∗ + UΛ U∗ .
∂θ
∂θ

Thus (D.14) follows from (D.15) and (D.16) if and only if tr(E) = 0. To compute
tr(E) = 0, first recall that if M is an invertible matrix and B = MAM−1 , then
B and A have the the same eigenvalues and thus also the same trace (since
the trace equals the sum of the eigenvalues). Moreover, diﬀerentiation of the
∂
∂ ∗
U = − ∂θ
U U. Thus
equation U∗ U = I gives that U∗ ∂θ
∂ ∗
∂
U Λ + tr
U U
∂θ
∂θ
∂
∂
U∗ U Λ − tr U ∗ U = 0.
∂θ
∂θ

tr(E) = tr(U∗ EU) = tr Λ−1 U∗
= tr Λ−1

7
8

A matrix Cθ is Hermitian if it equals its complex conjugate C∗θ , that is, Cθ = C∗θ .
An unitary matrix U is one for which U∗ = U.
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D.2.2

When the impulse response and noise variance is known

We now turn to the simplifications which follow if the impulse response and
the standard deviation of the noise is measured, in other words, the parameters
2
T def 2
σ, ad and f0 are known in advance. Then C−1
θ = σ HH = σ C is known in
advance and (C.5) can be factorized into

fθ (a) =

1
1
1 T −1
T −1
T −1
1
e− 2σ2 vθ Cθ vθ e− 2σ2 a Cθ a e− σ2 a Cθ vθ
(2πσ 2 )N det C
1

= a(θ)b(a)e− σ2 a

T (C−1 v )
θ
θ

.

With terminology explained in [Sch91, pages 80, 89—90], this shows that the
family of distributions {fθ }θ is N-parameter exponential (where N is the signal
length) and I(a) = a is a complete (and thus minimal) suﬃcient statistic. This
means that if an unbiased estimator θ exists, then it is unique and consequently
an MVUB estimator [Sch91, page 96]). Thus the problem is reduced to finding
a function θ such that
def

θ = E θ(a) =

fθ (a)θ(a)da,

(D.17)

with fθ (a) defined by (C.5).
D.2.3

Maximum Likelihood estimation

We see from equation (D.5) that a necessary requirement for θE (a) to be an
eﬃcient estimator is that sθ E (a),a = 0. This means that whenever this equation
has an unique solution and θE exists, θE coincides with the Maximum likelihood
estimatior :
Definition 6 (ML estimator) When the equation
sθ ML (a),a = 0

(D.18)

has a unique solution, θML is called the maximum likelihood estimator of θ.
We refer to, for example, [Kay93, Sch91] for a thorough coverage of the ML
estimator. Implementing it for our problem is out of the scope of this report.
We only show briefly two ways to rewrite this equation, which might be the
first step towards an actual implementation:
From (D.10) we get that the equation we need to solve is
0=−
1
2

∂Cθ
1
tr C−1
θ
2
∂θj
C−1
θ
l,m

l,m

+

∂C−1
∂vθT −1
1
θ
Cθ (a − vθ ) − (a − vθ )T
(a − vθ )
∂θ j
2
∂θj

∂Cθ
∂θ j

+
m,l

∂vθT
1
− (a − vθ )
∂θj
2
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l

(a − vθ )m .

Alternatively, this can also be rewritten in the form.
∂C−1
∂Na,θ −1
∂Cθ
1
θ
0 = − tr C−1
+
C
+
N
a,θ
θ ∂θ
2
∂θj θ
∂θj
j
∂Na,θ C−1
1
∂Cθ
θ
= − tr C−1
+
θ ∂θ
2
∂θj
j
where Na,θ = na,θ nTa,θ
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E

Test signals

We have collected signals from several diﬀerent environments for the comparisons in this report. From these we have chosen and used only the signals for
which the size of the defect (if any) is known from manual inspection.
Names and notation
In references to this appendix we use signal names like, for example, “signal
B5” for signal 5 of machine B in the following list. We will write the size of
bearing defects in the form
(Width in the axial direction)x(Width in the rotational direction)
Contributors
The industrial environment signals are provided by StoraEnso (signals A-E and
I), Nåiden Teknik (signals F, G, M and N) AssiDomän (signals H and O) and
MoDo (signal K).
The laboratory environment signals (J and L) are provided by Nåiden
Teknik.
Signals
A. Machine: 012-354 Drafting roller,
Machine part: Bearing 7:6 N FS (SKF 24122 CCK30/C3W33)
Comments: There are no visible sharp defects in this bearing, but 14
of the outer race has been exposed to more wear than the rest of the
bearing. In this region there is also fretting corrosion between the
bearing and the housing. This bearing has been classified as a not
faulty bearing, due to that the damage is more outside than inside
the bearing.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 8192 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
8192 samples, (5) 5 kHz, 16384 samples and (6) 10 kHz, 16384 samples. The roller speed was 523 rpm (speed accuracy ±2 %) at all the
six measurements.
Functional signals: No. 1—6
B. Machine: 302-510 Silo screw
Machine part: Motor bearing DS (SKF 6313 C3)
Comments: The inner race has fatigue damages and material flaking
(relatively deep pitting). There are three large defects on the inner
race. The size of the defects are: 4x6 mm, 10x10 mm, 6x10 mm. The
distance between the defects are equal to the rolling element pitch.
The rest of the inner race has small pitting damages. The outer race
58

has small pitting damages too. The inner and outer race surfaces
are more rough than smooth. The rolling elements looks ok.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 16384 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
16384 samples, (5) 5 kHz, 16384 samples and (6) 10 kHz, 16384
samples. The motor speed was 765 rpm (speed accuracy ±2 %) before replacement of the bearing and 840 rpm (speed accuracy ±2 %)
after replacement of the bearing.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
C. Machine: 468-115 Condensate pump
Machine part: Motor bearing FS (SKF 6206)
Comments: The inner race has a pitting damage with material flaking.
The size of the defects is 3x1,5 mm. Otherwise the inner race and
the outer race has very smooth surfaces.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 16384 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
16384 samples, (5) 5 kHz, 16384 samples and (6) 10 kHz, 16384
samples. The motor speed was 2900 rpm (speed accuracy ±3 %)
before replacement of the bearing and 2959 rpm (speed accuracy ±2
%) after replacement of the bearing.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
D. Machine: 308-511 Condensate pump
Machine part: Motor bearing DS (NSK 6310 C3)
Comments: The inner race has a pitting damage with material flaking.
The size of the defect is 4x2 mm. Otherwise the inner race and the
outer race has very smooth surfaces.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 16384 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
16384 samples and (5) 5 kHz, 16384 samples. The motor speed was
1470 rpm (speed accuracy ±2 %) at all the five measurements
Faulty signals: No. 1—3,
Functional signals: No. 4—5
E. Machine: 448-306 Rejection pump
Machine part: Motor bearing DS (NTN 6308 C3)
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Comments: Fluting in the inner race and the outer race of this deep
groove ball bearing was caused by the passage of alternating current. “Deep” marks parallel to the axis are covering about half the
circumference of the outer race and whole the circumference of the
inner race. The bearing was placed in a small 7,5 kW electrical motor
with a frequency converter. Fluting is a common defect on bearings
in AC electrical motors with frequency converters [uHA96]. It can
be constant passage of alternating or direct current, even low current
cause marks
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 16384 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
16384 samples, (5) 5 kHz, 16384 samples and (6)10 kHz, 16384 samples. The motor speed was 769 rpm (speed accuracy ±2 %) before
replacement of the bearing and 703 rpm (speed accuracy ±2 %) after
replacement of the bearing.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
F. Machine: Drying cylinder 52
Machine part: Bearing DS (SKF 23048C)
Comments: Fatigue damages with pitting was visible on 1/3 of the circumference of the outer race.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 500 Hz, 2048 samples, (2) 1 kHz,
4096 samples, (3) 2 kHz, 16384 samples and (4) 5 kHz, 16384 samples. After: (5) 500 Hz, 2048 samples, (6) 1 kHz, 4096 samples, (7)
2 kHz, 16384 samples and (8) 5 kHz, 16384 samples. The cylinder
speed was 93,2 rpm (speed accuracy ±2 %) before replacement of
the bearing and 90,2 rpm (speed accuracy ±2 %) after replacement
of the bearing.
Faulty signals: No. 1—4,
Functional signals: No. 5—8
G. Machine: District heating pump 2
Machine part: Motor bearing DS (FAG NU2217E)
Comments: The damages on the inner race and the outer race can either
be caused by the passage of current or false brinelling. The latter
defect is caused by vibrations in stationary and standstill machines
which lead to micromotions in the contact areas of the components
in the rolling contact [uHA96]. Marks parallel to the axis are covering about 1/5 of the circumference of the outer race and whole the
circumference of the inner race. On the outer race: the most clearly
axial marks are at the rolling element pitch. Between these marks
there are some more indistinct marks. The damaged area on the
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outer race has the colour of subdued grey. Otherwise the raceway
surfaces on both the inner ring and outer ring are very smooth.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 5 kHz, 16384 After: (2) 5 kHz,
16384 samples. The motor speed was 893 rpm (speed accuracy ±2
%) before replacement of the bearing and 926 rpm (speed accuracy
±2 %) after replacement of the bearing.

Faulty signals: No. 1,

Functional signals: No. 2
H. Machine: Drying cylinder 3
Machine part: Bearing FS (SKF C3052)
Comments: A large part of the circumference of the outer race are covered with an unevenly distributed pattern in the form of individual
pits. The large damages on the outer race are probably caused by
corrosion due to humidity (rust). The inner race and the rollers has
not been investigated.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 200 Hz, 4096 samples, (2) 500 Hz,
8192 samples, (3) 1 kHz, 16384 samples, (4) 2 kHz, 16384 samples
and (5) 5 kHz, 16384 samples. After: (6) 200 Hz, 4096 samples, (7)
500 Hz, 8192 samples, (8) 1 kHz, 16384 samples, (9) 2 kHz, 16384
samples and (10) 5 kHz, 16384 samples. The cylinder speed was 129
rpm (speed accuracy ±2 %) before replacement of the bearing and
127 rpm (speed accuracy ±2 %) after replacement of the bearing.

Faulty signals: No. 1—5,

Functional signals: No. 6—10
I. Machine: 278-653 Worm screw pump
Machine part: Motor bearing DS (SKF 6316)
Comments: The outer race has a large pitting damage with material
flaking. The size of the defects is 8x5 mm. Otherwise the outer race
and the inner race has small pitting damages along the contact zone
between the balls and the raceways.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 16384 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
16384 samples, (5) 5 kHz, 16384 samples and (6) 10 kHz, 16384
samples. The motor speed was 1546 rpm (speed accuracy ±2 %) at
all the six measurements.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
J. Machine: Test rig
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Machine part: Bearing DS (SKF 6205)
Comments: The outer race has a large bump (almost not realistic). Otherwise the outer race and the inner race has smooth surfaces.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1a) 1 kHz, 16384 samples, (1b) 1 kHz,
16384 samples and
(1c) 1 kHz, 16384 samples, (2a) 5 kHz, 16384 samples, (2b) 5 kHz,
16384 samples and (2c) 5 kHz, 16384 samples, (3a) 10 kHz, 16384
samples, (3b) 10 kHz, 16384 samples and (3c) 10 kHz, 16384 samples.
After: (4a) 1 kHz, 16384 samples, (4b) 1 kHz, 16384 samples and (4c)
1 kHz, 16384 samples, (5a) 5 kHz, 16384 samples, (5b) 5 kHz, 16384
samples and (5c) 5 kHz, 16384 samples, (6a) 10 kHz, 16384 samples,
(6b) 10 kHz, 16384 samples and (6c) 10 kHz, 16384 samples. The
motor speed was 974 rpm (speed accuracy ±2 %) before replacement
of the bearing and 984 rpm (speed accuracy ±2 %) after replacement
of the bearing.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
K. Machine: Eco pump
Machine part: Motor bearing DS (SKF 6309)
Comments: The outer and inner race has defects at rolling element pitch
in form of imprints from each ball. There are eight balls in the
bearing. The defects are smooth in their form.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1a) 2 kHz, 4096 samples, (1b) 2 kHz,
4096 samples, (2a) 5 kHz, 4096 samples, (2b) 5 kHz, 4096 samples,
(3a) 10 kHz, 4096 samples and (3b) 10 kHz, 4096 samples. After:
(4a) 2 kHz, 4096 samples, (4b) 2 kHz, 4096 samples, (5a) 5 kHz,
4096 samples, (5b) 5 kHz, 4096 samples, (6a) 10 kHz, 4096 samples
and (6b) 10 kHz, 4096 samples. The motor speed was 2930 rpm
(speed accuracy ±2 %) before replacement of the bearing and 2938
rpm (speed accuracy ±2 %) after replacement of the bearing.
Faulty signals: No. 1—3,
Functional signals: No. 4—6

L. Machine: Small lathe machine
Machine part: Lathe FS (SKF 30204)
Comments: There is a very small defect on the outer race. Otherwise
the outer and the inner race are smooth.
Signals: Measurement data has been collected only before replacement
of the bearing. Before: (1a) 5 kHz, 16384 samples, (1b) 5 kHz,
16384 samples, (2a) 10 kHz, 16384 samples and (2b) 10 kHz, 16384
samples. The motor speed was 1170 rpm (speed accuracy ±2 %) at
all four measurements.
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Faulty signals: No. 1—2
M. Machine: Steam evacuator fan
Machine part: Fan bearing belt side (SKF 22216C)
Comments: No visible damage very detected in this bearing.
Signals: Measurement data has been collected before and after replacement of the bearing. Before: (1) 2 kHz, 8192 samples, (2) 5 kHz,
16384 samples and (3) 10 kHz, 16384 samples. After: (4) 2 kHz,
8192 samples, (5) 5 kHz, 16384 samples and (6) 10 kHz, 16384 samples. The motor speed was 1184 rpm (speed accuracy ±2 %) at all
the six measurements.
Faulty signals: No. 1—3,
Functional signals: No. 4—6
N. Machine: Fan GB 702 A
Machine part: Motor bearing DS (SKF NU213E)
Comments: There are standstill damages on both the outer race and
inner race at rolling element pitch. Theses defects are almost smooth.
The size of the defects on the outer race are (10x2 mm). The defects
are smaller on the inner race and more smoother.
Signals: Measurement data has been collected only before replacement
of the bearing. Before: (1a) 2 kHz, 8192 samples, (1b) 2 kHz, 8192
samples and (2a) 5 kHz, 16384 samples and (2b) 5 kHz, 16354 samples. The motor speed was 2980 rpm (speed accuracy ±2 %) at all
the four measurements.
Faulty signals: No. 1—2
O. Machine: Flue fan 3
Machine part: Motor bearing DS (SKF 6326)
Comments: The inner race has a large pitting damage with material
flaking (relatively deep pitting). The inner race has also axial cracks
along the whole raceway. These cracks are unevenly distributed
along the raceway and could be felt with the nails. Both the inner
and outer race has also damages from passage of current. Otherwise
the raceway surfaces were smooth.
Signals: Measurement data has been collected only before replacement
of the bearing. Before: (1) 500 Hz, 4096 samples, (2a) 1 kHz, 4096
samples and (2b) 1 kHz, 4096 samples and (3) 5 kHz, 16384 samples.
The motor speed was 582 rpm (speed accuracy ±2 %) at all the four
measurements.
Faulty signals: No. 1—3
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Figure 26: The damaged inner race of Machine O.
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