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Abstract. We study the asymptotic behavior of solutions of the evolution Stokes equation in a thin three-dimensional domain
bounded by two moving surfaces in the limit as the distance between the surfaces approaches zero. Using only a priori estimates
and compactness it is rigorously verified that the limit velocity field and pressure are governed by the time-dependent Reynolds
equation.
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1. Introduction

In 1886 Osborne Reynolds [7] derived, on physical grounds, a two-dimensional equation describing
the flow of a viscous fluid which is brought into motion by two rigid surfaces in close proximity. This
equation, later known as the Reynolds equation, marks the foundation of lubrication theory and has
since become the standard tool for computing the pressure distribution in various types of bearings. As
Reynolds’ lubrication equation is used in more general settings than the rather simple one in which it
was originally derived, it is important to affirm the validity of the approximation from a theoretical point
of view.

Rigorous lubrication theory is founded on a general fluid model, such as the full Navier—Stokes equa-
tion or intermediate models, and provides careful justifications for all the simplifications that lead to the
Reynolds equation. Mathematically this means studying the asymptotic behavior of the flow in the limit
as €, a parameter that describes the relative gap between the surfaces, approaches zero. The limiting
equations can be found by formally expanding velocity field, pressure and related quantities (notably the
forces on the rigid surfaces) in a power series in ¢, as shown in e.g. [4]. The asymptotic solution should
also be compared to the “true” solution by studying convergence.

The asymptotic behavior of an incompressible viscous fluid in a thin domain has been studied in
numerous papers. In 1983 Cimatti [3] considered the Stokes equation in a thin two-dimensional do-
main. As in Reynolds’ original paper, it is assumed that the lower boundary is flat, moving at constant
speed whereas the upper boundary is curved and at rest. These particular circumstances lead to a sta-
tionary problem. Cimatti then compares the solution of the Stokes equation, formulated in terms of a
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stream function, to the flow corresponding to the one-dimensional Reynolds equation by estimating the
L?-norm of the difference. The generalization to three dimensions is due to Bayada and Chambat [1]
whose approach is based on formal asymptotic expansion, energy estimates and compactness. Also in
this study, the assumptions on the rigid surfaces are such that the resulting problem becomes station-
ary. Under additional hypotheses on the boundary data, convergence of velocity field and pressure is
proved. A notable conclusion in [1] is that the proper boundary condition for the Reynolds equation is
of Neumann type, although a Dirichlet condition is often used in reality for practical reasons. A more
detailed review of the above cited works is found in the introduction of [9]. Let us finally mention that
Marusi¢ and Marusic¢-Paloka [6] introduced in 2000 a technique called “two-scale convergence for thin
domains”. As one of several applications, they obtain a degenerate Reynolds equation as the asymptotic
limit of the stationary Navier—Stokes equation in a thin domain where the upper and lower boundaries
meet at a sharp edge. Although the actual problem bears little resemblance to classical lubrication in that
the boundaries are fixed and that the flow is driven by an external body force, the method is appealing
thanks to its generality.

The present analysis deals with the asymptotic behavior of incompressible Stokes flow in a thin three-
dimensional domain bounded by two moving rigid surfaces. The assumptions regarding curvature and
motion of the surfaces are sufficiently general to include most realistic applications and lead to a time-
dependent problem with a non-cylindrical space—time domain. This causes the main difficulty compared
to the stationary case. In the limit as € — 0, we rigorously derive the time-dependent Reynolds equation
and show how the limiting velocity field and pressure are governed by the Reynolds equation. The corre-
sponding problem in two dimensions has been considered in [2], where the transition from the nonlinear
Navier—Stokes equation to the Reynolds equation is proved. Due to well-known difficulties associated to
estimating the inertial term in the three-dimensional case, see [2, Remark 4.1], we restrict our study to
the linear Stokes equation. Our approach, entirely based on a priori estimates and compactness, follows
that of Bayada et al. [2] but differs in some aspects. Notably, in regard to the derivation of estimates and
the passage to the limit in the Stokes equation. The main improvement is that we are able to derive the
Reynolds equation and deduce weak convergence of the velocity field without any bounds on the pres-
sure. Let us also mention that the assumptions in [2] on the boundary data are unnecessarily restrictive,
whereas we allow both surfaces to be curved and in “arbitrary” motion.

2. Statement of the problem

Let w be an open bounded subset in R?, with sufficiently smooth boundary. Let ht, h~ € C*(R? x
[0,T]) such that

Bmin < h =h" —h™ < huays

where T' > 0 is given and Ay, hmax are positive constants. For ¢ € [0, '] define the thin film
2.(t) = {:(: eR: 2/ = (21, 22) € w,eh™ (a;’,t) < a3 <eh® (w’,t)}.

The boundary 9f2.(t) can be split into three disjoint parts:

00.(t) = X (H U XTI (t) U DX (),



J. Fabricius et al. / The time-dependent Reynolds equation 105
where
Egi(t) = {:r eR: &/ = (z1, 1) €w, x5 = Ehi(m',t)},
X)) = {x e R 2/ = (21, 22) € w,eh™ (x’,t) < a3 <eht (x’,t)}.

Furthermore, for any ¢ € [0, 7] set

2= |J 20 xir), == ] SEoxin, D= U 2o xin.

o<t o<t o<t
We consider the incompressible time-dependent Stokes equation in (2.7, i.e.
D,U® —vAU®* +VP* =0 in 2.7, 2.1
divU* =0 in 7, (2.2)

where D; = 0/0t, v (kinematic viscosity) is a positive constant, U¢ (velocity field) and P° (pressure)
are unknowns, with initial-boundary values

U® = (v, vy, evy)  on X%, (no-slip condition), (2.3)
U =g onXy, (2.4)
U =U; on £2.(0), (2.5)

where g% and U are described below. Following [2], it is assumed that g € H'/2(X%.;R?) and U§ €
H'(£2.(0); R?) are of the form

g (x,t) = E§g(E"x,1), (2.6)

Us(x) = EU(E™'2), (2.7)

for all € > 0, where ¢ and (70 are independent of ¢ (see [2] for more details) and F is the matrix

1 0 0
E(e) = (O 1 O> , (2.8)
0 0 ¢

and that for a.e. ¢ € (0,T) the following compatibility condition is satisfied:
Rt @' )
[ patetrya+ [ ( [ dz) dS(2!) =0, 2.9)
w Ow \Jh=(z'.t)
where 7 denotes the outward unit normal. Assumptions on v" and U§ are
vt = (v, vy) € (@ x [0, T1;R?) (2.10)
vf = Dih® 4+ vEDihE + v Doh* (2.11)
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+  + +
UE = { évl ,vF, evf) on gigg; (2.12)
divUS =0 in £2.(0), (2.13)
ht (' 0) b 5
// (2, 2)] dzda’ < cc. (2.14)
h—=(x’,0)

Here D; (i = 1,2,3) denotes the ith partial derivative. Moreover, if u: R> — R3, Du denotes the 3 x 3
matrix with Dju; in row ¢ column j. In this regard, if A = {a;;} and B = {b;;} are matrices of equal
dimensions thelr Frobenius product is defined as A : B = Z - a;;b;;, which induces a Euclidean norm

|A| = VA A

Remark 2.1. The typical example of rigid body motion in lubrication is

v, t) = —aF Wz + @),
vgc(ac,t) = aT(t)x + ﬁzi(t),

vE(z,t) =0
where (0,0, o*) and (61 , 62 ,0) are angular and translational velocity vectors respectively. However,
(2.11)—(2.12) do not require that the bounding surfaces be rigid. In fact, Uli, v; are arbitrary continuous

functions, whereas v3i and h* must be compatible through (2.11). Regarding certain conditions on the

geometry and motion of X (¢) for such h* to exist we refer to the introduction to [4].

We introduce the new unknown function 4 = U® — ¢ , Where U is chosen so that 4 satisfies
homogeneous boundary condition. It is assumed that there exists a measurable vector field ¢/ such that

Us(z,t) = EU(E'2,t), (2.15)
divL?E:o in 2.7, (2.16)
=U® on Xt uxY, (2.17)
c t) A 2 ~r 2 ~r 2 ’
///h W) U z,t)|" + | D (2, 2,t) | + | DU(2', z,t) | dzda’ dt < oc. (2.18)

Thus we obtain the following equation for ©°

Dy — vAGE + VPE = ¢ in (2., (2.19)

divi® =0 1in 2.7, (2.20)

=0 onXt uxY, (2.21)

45(x,0) = 45 in £2.(0), (2.22)
where

f€ = —DJA* + vAUF (2.23)
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and u5(x) = Uj(x) — ZJE(x, 0). Let g9 > 0 be given. Then it follows from (2.14) and (2.18) that there
exists a constant K (which depends on () such that

/95(0)

forall 0 < e < gy.
As a first step towards a definition of weak solution for this problem we define the bilinear (in u and
v) form

2dz < eK (2.24)

~AE
Ug

S (u,v,t) = Dyu-v+vDu: Dvdz. (2.25)
()

Then, for each ¢ € (0,77], a smooth solution 4° of (2.19)—(2.22) must satisfy the identity
Se (ﬁg, v, t) =& (L?E, v, t)

for all smooth v : £2.(t) — R3 with compact support such that divv = 0.
The goal of this paper is to study the asymptotic behavior of 4* as € — 0. The main result is formulated
in Theorem 5.1 which states that the limit flow is governed by the Reynolds equation (5.20).

3. Casting the problem in a fixed domain

The above problem, formulated using the natural choice of coordinates, is complicated to analyze
due to the time-dependent space domain. To circumvent this, the domain (2.(¢) is transformed into
2 = w x (0, 1), which depends neither on £ nor ¢, by a change of variables (see Fig. 1). A weak solution

for the considered problem may then be defined in terms of (2.
To this end let (-, t) : £2 — (2.(t) be defined by

YEED = (€1 — E)eh (€,8) + &eh* (¢1)),
where £/ = (£, &) is a point in w. The following notation convention is applied throughout the paper:

A point z € (2.(t) and a point £ € {2 are related through x = ¥°(&, t) or equivalently £ = ¢°(z, 1),
where ¢°(-,t): £2.(t) — {2 is the inverse of ¥°(-, t).

5 (1) 67 (-, 1) Z
DY (¢) - Q |y
~_
S (t) V(1) -

Fig. 1. Cross sections of the domains {2¢(¢) and (2. (Colors are visible in the online version of the article; http://dx.doi.org/
10.3233/ASY-131165.)
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We have

oN=x uxtuxy,
where

Z*:{§ER3: fléwand&:O},
Yt={¢(eR: ¢ecwand& =1},
Sv={¢eR: ¢ cowand0< &< 1}

and set 27 = 2 x (0,T), wp = w x (0,T).
Furthermore, let

A&t = {Dy5 (D)}

1 0 0
= ( 0 1 0 ) 3.1
e(l — 53)D1h_ + €£3D1h+ e(l — 53)D2h_ + 5£3D2h+ eh

and define B¢ as the inverse matrix of A%, i.e.

1 0 0
Be(&,t) = 0 1 0 . 3.2)
_(1*53)D|h];+§3D1h+ _(1753)D2h];+§3D2h+ Lh
€

Note that det A = ch. We sometimes write A° = F A and B¢ = BE~! where

1 0 0 1 0 0
A:(O 1 o), B:A—1:< 0 1 0),
a b h —a/h  —b/h 1/h

a=(1=&)Dih™ +§&Dh" and b = (1 — &)Dyh™ + &DyhT.
Let us now see how S¢, defined by (2.25), transforms under this change of variables.

Lemma 3.1. Ler S be the bilinear form
Sf(u,v,t) = / (hDyu — ¢D3u) - v + vhDuB® : DvB® d€,
2
where ¢ = (1 — &)Dih™ + & Dih™, and let F€ be the linear functional
(Fe(t),v) = 'S (U, v 0 67, 1). (3.3)
Then a smooth field 0° : 2.(t) — R3 satisfies

SE (45, v,t) = —S8%(U°, v,1) (3.4)
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for all smooth v : 2.(t) — R with compact support, if and only if u* = 4° o %, i.e.
us (€, 1) = 0 (P°(E, 1), 1),
satisfies
S¢ (ue, v,t) = <F€(t), U>
for all smooth v : 2 — R with compact support. Moreover
divi® =0 in 2.(t)
if and only if
div(hB°u®) =0 in 2.
Proof. By the chain rule we have

D¢z, t) = Dy (6,0 = B, ),
Dg5(x,t) = D50 ¢

Dy R
Thus

§(wo ¢, vo¢e.t) = /Q (D0 + Digia. DD, 1)
+ vDu(&, ) D¢ (x,t) : Du(€,t) D¢ (x, t) dx

= / <<Dtu - %D3u) -v+vDuB*®: DUB€> ’det AE‘ d¢
(%

= 5/ (hDyu — ecDsu) - v + vhDuB® : DvB® d§ = eS°(u, v, t).
(0]

Hence
S¢(u,v,t) = e1se (u o¢f,vo d)a,t)
or equivalently

S(u,v,t) = e8° (u o %, v oY%, 75).

Let us now show that div(u o ¢°) = 0 in {2.(¢) is equivalent to div(hB®u) = 0 in {2. Indeed

/Q N uo ¢ - V(v o qﬁe) dz = D¢ (z)u(€) - Vu(§) dz
L(t

02:(t)
:/ Bfu - Vv‘detAa‘ d¢ = / ehBu - Vv d§
Q Q

for all smooth v : {2 — R with compact support. O

109

(3.5)
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The preceding lemma motivates the following definition of generalized solution which is formally
obtained by replacing v in (3.5) with Av/h, where divv = 0.

Definition 1. Let
H={ue L*(R): divu=0,u-7=0o0nd0R},
V={ue H&(Q;R3): divu = 0in 2}

and let V' denote the dual of V. We say that 4° = u° o ¢° is a weak solution of (2.19)—(2.23) if u°
satisfies hBSuf € L*(0,T;V) N L>®(0,T; H), D;(A%)Twf) € L*0,T; V') and

% | A+ /Q —ut - DiA® — Dy’ - Av + vhDuf B : D(Av/h) B® dg

= (F5(t), A®v/h) (3.6)
forall a.e.t € (0,7) and all v € V and satisfies

ut(€,0) = ug(§), £ €L (3.7

where ug = 4G o ¢°.

4. Existence and uniqueness

Thus, the idea is to prove existence and uniqueness of u° and then define 4° as u® o ¢°. The following
result holds.

Theorem 4.1. The boundary-value problem (3.6) has a unique solution u® for each € > 0. Moreover,
there exists a constant K (which depends on €y) such that

[u|| g, + || Dswf]],, < K, (4.1)
OzggTHung + || Dif|| o, + |D2w |, < 7K (4.2)

forall 0 < ¢ < gp.

To prove Theorem 4.1 we need some preliminary estimates. The construction of u°, defined by (3.6),
is standard and relies on the so called Galerkin method. For simplicity we denote the norm in L*(Q; R¥)
as || - [, where @ is an arbitrary open set and k = 1,3,3 x 3 is clear from the context. The various
constants introduced in the derivations are denoted by K, K>, . . ..

Lemma 4.1. Let B® and F be given by (3.2) and (2.8) respectively. For each €y > 0 there exist positive
constants \~, AT such that

AN|XET) <X B < A xET (4.3)

for all real 3 x 3 matrices X, for all 0 < € < &y.
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Proof. SetY = (XE~ 17, then

(X5 =|(EBE) Y[ =Y |(BBET) y[*
7

where y; denotes the ¢th column vector of Y. Some elementary calculations show that any eigenvalue
A = A(e) of the quadratic form

_I\T
Q°(y) = |(EBEY'y|’, yeR
satisfies
1 1 +&%2(a*> + V%)
A<lp——2 77
TRt e@ iy S T TR

Thus there exist positive constants A which depend on ¢, h™ and h~ such that A= < A < AT for all
€ € [0, g0]. Hence

AYP < |(EBE) Y <Ay P
for all matrices Y which implies (4.3). O

Lemma 4.2. For each ¢y > 0 there exists a constant \* such that

Rt 1/2 1/2
\<F€(t),v>\<<// yEthﬁlszdx’) </ |v\2hd§>
wJh™ 2

ht 1/2 1/2
+V\/)\_+(// yEDz)E—l\zdzdx’> </ ]DvE‘l}zhdg)
wJh™ 9]

forallv e H&(Q;R3),f0r all 0 < e < gg.

Proof. From the definitions of F'¢ and U/¢
(Fe(t),v) = —¢~! EDU(E™ " z,t) - (vo¢®) + vEDU(E™ 2, ) E~" : D(v o ¢°) da.
02:(t)

Thus, using Lemma 4.1,

ht R 1/2 1/2
[(Fe(t),v)| <e™! <// |EDU e dz dx’) (/ |v\25hd§>
wJh™ 2
ht X 5 1/2 R 1/2
+8_11/<// |EDUE™!| 5dzdx’> (/ |DvB*| 5hd§>
wJh~ [0}
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ht . 1/2 1/2
g(// yEDtuszdx’) </ |v\2hd§>
w - 2

ht 1/2 1/2
+u\/)\_+(// yEDaE—l\zdzdx’> </ yDvE—l}zhdg) . 0
wJh™ 9]

Proof of Theorem 4.1. We shall construct u® as a Galerkin approximation. For this we choose an
orthonormal basis {u"}72, in H that is dense in the space V/, e.g. the solutions of the eigenvalue problem

—Au" + Vp" = \u”  in (2,
divue” =0 1in (2,
u" =0 ondf2.
Fort € [0,T7] set
1
h(€,?)

It is more convenient to work with the time-dependent sequence {w™}o2, rather than {u"}72 . Clearly
{w"(-, )}, are linearly independent and finite linear combinations from this set are dense in

w" (&, 1) = A%, Du"(©).

{ve Hy(2;R%): div(hB°(-,t)v) = 0in 2}

eN ;

for each ¢ € [0,7']. A finite dimensional approximation u**' is constructed as

N
uNED =) daOw"(E D),

n=1

where ¢,, : [0, 7] — R are functions to be determined. Then, by construction, div(hBu") = 0. Taking
(3.6) into account we want u" to satisfy

/ (hDeu™N — eDyu) - w™ + vhDuN B : Dw™B* d¢ = (F.(t),w™) (4.4)
2
form = 1,..., N which is equivalent to

CE()¢'(t) = D)) + f(t), 4.5)

Where § = (f1,.. ., o), CF = (ch 1,11y DF = (d5y, )X,y and /7 = (f5,.... f5,) are given by
o) = / hw™ - w™ d&,
o)
d;, () = — / (thw" — cDgw”) -w™ + vhDw" B® : Dw™ B® d¢,
2

fo) = (Fo(t),w™).
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Note that C*(t) is the Gram matrix of the linearly independent set {w" (-, t) }7]:[:1 with respect to the scalar
product

0) = [ - @ hie. . 46)
In particular C¢ is invertible with bounded inverse and so (4.5) becomes
¢'(t) = C°() ™' D (D)p(t) + C(t) ™' (). 4.7
Next, we determine what initial condition to choose for ¢. The orthogonal projection
Py : L*(2;R*) — Span{w'(-,0),...,w"(,0)}

with respect to the scalar product (4.6) satisfies Py (ug) = Zgzl an,w™(-,0) for some unique @ =
(ar,...,an) € RY,

/}PN(ug)\zhdggf\ugfhdg and  lim /\ug—PN(ug)\zhdgzo.
0 0 N—oo J

It is well known, see e.g. Filippov [5, Theorem 3, p. 5], that under the above stated conditions, the
linear ODE (4.7) has a unique absolutely continuous solution ¢ : [0, 7] — RN, satisfying ¢(0) = «, or
what is equivalent utV = Py (ug) for t = 0. This proves the existence of ufN such that (4.4) holds.

From (4.4) it follows that

/ (hDywu™ — eDsu™) - usN 4 vh|DuN B P de = (Fu(t), u™N).
2

Using
d lh\usN\zdng thusN.quJrlDth\usN}zdg
dt /2 o 2

and Lemmas 4.2 and 4.1 we obtain

d [1
dt /o2

1/2 1/2
- K (/ ]D3u5N]2hd§> (/\uSN{zhdg) +K2/|DUENE—‘{2hdg
N ) N
ht R 1/2 1/2
< <// ]EDtU\2dzda:’> </ ’uEN‘zhd§>
wJh™ 2

ht 1/2 1/2
+z/\/A_+<// \EDZJ{E—1|2dzdx’> (/ \DquE—l\zhdg> .
wJh™ n

yueN]Zhdg—%/ Dyh|usN | de
n
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Since

/Dth‘uEN‘zdfg.fQ/ usN *hae,
n 2

1/2 1/2
K </|D3u5N|2hd§> (/ \uEN}thm)
Q Q
KZ eN ~—112 2 eN |2
<= [ |DuNE'hde + 2Ky | |utN]hdé,
4 Jo Q
ht R 1/2 1/2
vVAT (// ‘EDUE_l}Zdzdx’> (/ \DuENE_l\zhd§>
wJh~ (0}
ht - 2 K, N 2
ng// |EDUE™!| dzdx’—i—T/}DuE E7'|"hd¢
wJh~ 9}
we deduce
d
—/\u€N|2hd§+K2/ |DuNE~ P hde
At ht
g// |EDtL{|2dzda;’+K5// \EDUE1|2dzdx'+Kﬁ/\u5N\2hd§,
w - wJh~ 2
where K¢ = 1 + K3 + 2e3K,. Applying Gronwall’s inequality yields
eN |2 |2
sup /‘u ! hdé < / !uo‘ h(&,0)d€ + K7 R(¢e),
Q Q

0<t<T

where
T ht . R 5
R(s):/// ]EDtZ/{\2+‘EDZ/{E’1| dz da’ dt.
0 JwJh™

Integrating (4.8) from O to 7" gives

T
//}DusNE_l‘zhdgdthgG_]/ |ag
0JN £2:(0)

*dr + R(s)) .

(4.8)

4.9)

(4.10)

From (2.18) it follows that e2R(¢) is bounded for 0 < ¢ < &o. Taking also (2.24) into account, we

deduce

D, <

0 [0+ [ DN g, + D2 g, < 7

4.11)
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for some constant K > 0. Owing to the Friedrichs inequality

1/2 1/2
( / \v|2d£> < 2( / |D3v|2d£) (4.12)
2 0]

it holds also that ||u| o, < 2K.

Using standard compactness and density arguments we obtain u® as a weak subsequential limit of
{usV } %=, Itis readily checked that u® satisfies (3.6) and has all the properties stated in our definition
of weak solution. Moreover u° is unique and satisfies the estimates (4.1)—(4.2). O

5. Derivation of the Reynolds equation

This section is devoted to the asymptotic analysis of u®, the solution of (3.6). Following [2], we
introduce the scalar product

(u,v)|—>/ u- v+ Dyu- Dyvd€ (5.1)
2

and define V¢, as the completion of C2°(f2; R?) with respect to the norm induced by (5.1). Furthermore
we denote as f the average in the &3-direction of a function f: 2 — RF, i.e.

1
f() = /O £ dé&s.

Lemma 5.1. Assume F € L*(Q2r;R?) with divF = 0in Qp, F -7 = g on X% x (0,T), where
g € LA(X% x (0,7);R?). Then

d ! = . / _ /
d—gg/WTFWdf dt—/WTF Ve de dt / gbdS(¢') dt 5.2

Owx(0,T)
forall ¢ € L*(0,T; H'(w)) and a.e. & € (0, 1).

Proof. Assume ¢ € L*(0,T; H'(w)), ¢ € H(} (0,1) and set P(&,t) = P(&',t)1(&3). Since div(PF) =
V& - F, the Gauss—Green theorem implies

/Vgp-ng:/ BgdS(©). (5.3)
Q w

Integration over (0, 7)) gives

1
/0 ( / Fy. 06 (€. 1) de’ dt) o ds

1
_ / (— / F(&1) - V(e t) e df + / €6 (E.1) dS (&) dt>wd£3.
0 wr Owx(0,T)

This proves (5.2). O
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Lemma 5.2. Let u® be the sequence of solutions of (3.6). Then there exists u* € L*(0, T} Ve,) such that
up to a subsequence u° — u* in L*(0, T} Ve,) as € — 0. Moreover,

(1) u*(&,t) =0o0n X% forae.t €[0,T].
(2) ui =0a.e. in 2 x(0,7).
(3) divhu* = 0inw x (0,T) and hu* - 7 = 0 on dw x (0,T).

Proof. By (4.1), u® is bounded in the Hilbert space L*(0,T; Ve,). Thus there exists a subsequence such
that u® — u* in L*(0, T'; V¢,). The inequality

/ lv]*dS < (1 + \/E)/ lv|* + | Dsv|? dé¢
Y-uxt 2

which holds for all v € C'(£2; R3) implies that u* = 0 on X~ U X in the trace sense.
Passing to the limit in

/Q ehBuf - Vod{dt =0 54
T
gives
/ uzDsvddt =0
Q7

for all v € L*(0,T; H'(£2)). Thus Dsu} = 0 and so Friedrichs’ inequality (4.12) implies v} = 0 in
{2 x (0,T). In view of (5.4) and Lemma 5.1, with F'* = hB®u¢,

b
/ (FE(€/.5,8) — F(¢,a,1)) (€', 1) de’ dt = / ( / Ff@,w.w(g',t)dgdt) i (5.5

T

forall ¢ € L*(0,T; H'(w)) and a, b € (0, 1). Since F§ = 0 on X* we conclude that

1
0= lim / < / FE(E,1) - V(1) d§dt> dé;
0 wr

e—0
1
= / < /O h(g’,t)u*(g,t)d§3> - Vo(¢,t)d¢ at (5.6)

for all ¢ € L*(0,T; H'(w)), that is div hu* = 0 in wy and hu* - » = 0 on Ow x (0,7). O
At this point it is convenient to introduce

UEH =UETYE D) =U(EL &, (1 — &R +&hT ).
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Observe that
div(hBU) =0 in {2, (5.7)
U = (vE, Dih*™ + v - VhE) on £%, (5.8)
U=g onX¥ =0w x(0,1), (5.9

where g(&,t) = G(E~"We(€, 1), 1).

Lemma 5.3. Assume, as in Lemma 5.2, that u* is a weak subsequential limit of u®. Then there exists
p* € L*0,T; L*(w) N H'(w)) such that

_ 2
ut = _€3(1 21/&3)]7/ Vp* —|—£3’U+ + (1 _ 53),0_ — PU, (510)

where
[Aw) = {p € LXw): /pdg’ - 0}

and P denotes the projection Py = (y1,v2,0), y € R3.

Proof. As a first step it is shown that

* v *

satisfies the so called thin-film equation
D%U* — Vp*. (5.11)

To this end, multiply (3.6) with ¢ € C'([0,T']) such that ¥)(T) = 0 and integrate (by parts) over [0, T'].
Thus we obtain

T
—w(O)/ u8~AEUd£—/ w'(t)/ u® - AfvdEde
Q 0 0
T
- / W(t) / —uf - DAy — %DWE-A%—FVhDuEBE : D(A%v/h) B d¢ dt
0 9
T
= / Y()(FE(t), A%v/h) dt.
0

Next, multiply the above equation with £ and let ¢ — 0. From (4.1) it is easily seen that the first four
terms on the left side tend to zero. As to the fifth term, we write

Du*B® : D(A°v/h)B* = (EDuE?)(E*BE?) : D(Av/h)B
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and observe that
e2Dws  e?Dyu§  Diuf 0 0 Dsuj
eEDu'E™? = | &Dw5 D5 Dsus | = [0 0 Dsuj
D5 eDyus eDyus 0 0 O

weakly in L?(27), while

1 0 0 1 0 0
EZBE2—< 0 1 0>—><0 1 0)
—e%’a/h  —€*v/h 1/h 0 0 1/h

uniformly on {27. Thus

T
lim &2 / () / vhDu®B® : D(A®v/h)B® d¢dt
0 (%

e—0
= / W(t) / vh (0 0 D3u;/h> : D(Av/h)Bd¢ dt
0 02

0 0 0
T 14
= / ’Q/J(t)/ ﬁ (D3UTD3’U1 + D3U§D3’U2) d¢ dt.
0 2

Similarly one finds that

T
lim & / Y()(FE(t), A%v/h) dt
0

e—0
T 1%
- _ / P(t) / E(D3L{1’"D3v1 + DsU3 D3v;) d€ dt.
0 (7

Thus one obtains

T
oz/ w(t)/ %DgP(u*—}-U) . Dywdé dt
0 2

T
:/ w(t)/ D;U* - Dsvd€dt
0 n

forall v € V and all v» € C'([0,T1]) such that ¢(T’) = 0. In view of de Rham’s theorem, see e.g. [8],
there exists p* € L*(0, T’; L*({2)) such that

DyU* - DyPvd€dt :/ p* divode dt (5.12)

O Q7

for all v € L*(0,T; H}(£2;R?)), i.e. U* satisfies (5.11) in a weak sense. Observe that (5.12) implies
D3p* = 0in 027, hence p*(£,t) = p*(€,t), i.e. p* does not depend on &. It remains to show that
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p* € L*0,T; H'(w)). To this end choose v(§) = (&)@(E’) in (5.12), where ¢ € H{(w;R?) and

Y € H}(0,1). Using Fubini’s theorem we obtain

/o1 (/wT DU d’d&/dt)w'd& = /0l (/WTP* div¢>d§’dt>wd£3.

Let the function z: (0, 1) — R and the constant A € R be defined by

A = [ Ut o(¢.t)de dt,
wr
A\ = / p*(&.t) dive(¢,t) dg dt.
wr
Then z € H'(0,1) and (5.13) says that
—Z"=X 1in(0,1).
The general solution of (5.14) is

A
2&) = 561 = &) + 2(D& + 2(0)1 = &).

Taking into account that U* = vh~ 2% on X*, we obtain

1
[ vrodga= [ Jaa gt avor flgot + - gn) - ode'

Integrating this equality from &; = 0O to 1 using Fubini gives
— 6v + _ / * 10 /
—12U* + ﬁ(v +v7) ) - 9d'dt= [ p*divede dt.
wr wr
This shows that p* € L*(0,T; H'(w)) with
N — Ov _
Vp' = 1207 — = (v + o).

On integrating by parts in (5.16), we deduce that

1
U = =3&(1 = V" + 2 (Gv* + (1 =& ).

From this (5.10) follows. 0O

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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Theorem 5.1. As ¢ — 0, the whole sequence uf of solutions of (3.6) converges weakly in L*(0, T} Ve,)
to

_ 2
o ~&a 2fa)h Vp + &t + (1 — & — PU, (5.19)

where p* € L*(0,T; Io}(ou) N H'(w)) is the unique solution of the Reynolds equation

i h? «  h,o _ .
Dth+dlv<—@Vp +§(v + v )>—0 inw x (0,7),

13 A (5.20)
It (Tt N .h=hah
( IZZ/VP +2(U +v )> n="hg-n on 0w x (0,7,
where
ht(z',t)
g(:r’,t) = / g(x',z,t) dz.
h—(x',t)
Proof. Equation (5.10) implies
h_*+hP_u——h—3v *+ﬁ( T to7)
u TS A
Applying Lemma 5.1 with F' = h BU yields
L 1
hPU - Vd)df'dt:/ </ F- V(;Sdf’dt) dé;
wr 0 wr
_ / (F3(£.1.8) — Fy(£,0.8)) pdé’ dt
wr
1
+/ (/ ¢F~ﬁdS(§’)dt) dé;
0 \Jowx(©,T)
:/ Dth¢d§’dt—i—/ gbhy-fzdS(g’) dt.
wr dwx(0,T)
Combining this with Lemma 5.2(3) we deduce
/ —h—3Vp*+ﬁ(v++v_) -Veode dt
wr 12v 2
= Diho de dt + / o hg - ﬁdS(f’) dt (5.21)
wr Owx(0,T)
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for all ¢ € L*©0,T;H'(w)). The integral identity (5.21) is indeed the weak formulation of (5.20).
Furthermore (5.21) has a unique solution if and only if

[ ([ w10

for all ¢ € L*(0,T). Since this condition is equivalent to assumption (2.9), we conclude that p* is
uniquely determined by (5.21). Hence the whole sequence u® converges to u*. O

6. Concluding remarks

Summing up, we have proved weak convergence of the “velocity field” «* and found an expression
for the limit v*, see Theorem 5.1. Unlike previous studies, no estimates for the pressure (P¢ in (2.1))
were used to pass to the limit. In fact we have not even showed the existence of such a function, although
it can be deduced from (3.6) and de Rham’s theorem. Nevertheless a “limit pressure” p* appears in the
Reynolds equation (5.20). The reason for this is that de Rham’s theorem was invoked only after letting
€ — 0. The authors hope that convergence of the pressure can be addressed in future work.
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