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Abstract 

Two problems concerning viscoelastic impact have been studied. In the first 
part of the thesis, corresponding to Paper A, a method has been established 
which permits prediction of impact force history from the impulse 
responses of the impacting bodies and the impact velocity. The method is 
referred to as the impulse response method. The bodies should consist of 
linearly elastic or viscoelastic materials and they can be arbitrarily shaped 
under the restriction that there should be no non-linearities. The method 
has been applied to four cases of impact. The predicted impact forces based 
on both measured and theoretically predicted impulse responses were 
compared to impact forces measured in impact tests. In all cases the 
agreement was good. Because of three-dimensional effects the best 
agreement was obtained for the predictions based on measured impulse 
responses. The second part of the thesis, corresponding to Paper  B,  deals 
with a method for identification of complex modulus from the response of 
an impacted viscoelastic rod specimen. The accelerations were measured at 
the end-points of the rod and the complex modulus was determined from 
these accelerations. The complex moduli were determined at room 
temperature for  Polyamid  6 and for  Polypropen.  Three rod diameters and 
three rod lengths were tested for each material. The results are considered 
valid in a frequency range of approximately 400 to 20 000 Hz.  Polypropen  
was also tested in the temperature range 20 to 140  °C.  
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1. Introduction 

Viscoelastic materials, such as polymers, are widely used in mechanical 
engineering and are often subjected to dynamical loads. Therefore, 
knowledge of the dynamic properties of such materials is essential. An 
important dynamic problem is that of impact. The response of impacted 
bodies can be used to determine dynamic properties of the bodies and their 
materials. In Paper A a method is presented where such responses are used 
to predict impact force in the case of linearly elastic or viscoelastic bodies. In 
Paper  B  a method is presented where the response of an impacted rod 
specimen made of linearly viscoelastic material, is used to identify the 
mechanical material properties. 

The force generated between two impacting bodies can be determined either 
by measurement or by prediction. The former is dependent on data obtained 
during impact while the latter is not. Such data can be captured by a force 
transducer placed between the bodies [1,2] or by strain gauges or 
accelerometers attached to one of the impacting bodies [3-6]. Predictions of 
impact force are generally based on data for the materials, such as those 
obtained in Paper  B,  and the geometries of the impacting bodies, and the 
impact velocity, in conjunction with an impact model. Such general 
treatments of the impact problem commonly give more information than 
the impact force, and considerable computational efforts may have have to 
be spent. 

In Paper A a method is presented for the prediction of impact force between 
bodies made of linearly elastic or viscoelastic materials. The impacting 
bodies are characterized by the velocity response of each body to an 
impulsive force applied to its impact face. The response can be either 
measured or predicted theoretically. This characterization is specific to the 
impact problem at hand. As a result, only small computational efforts have 
to be spent in order to determine the impact force. The method is referred to 
as the impulse response method. 

One way of characterizing a linearly viscoelastic material is by the complex 
modulus. This quantity is a function of frequency. Generally it is also 
strongly dependent on temperature. For relatively low frequencies the 
complex modulus can be determined in quasi-static tests, but for higher 
frequencies dynamic tests have to be used. 
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Commonly, the complex modulus is determined from the response of an 
excited rod specimen. Methods have been presented where the complex 
modulus is determined from accelerations measured at the end-points of a 
rod subjected to harmonic excitation. The theory was established by Norris 
and Young [7] and it was further developed by Fritz [8]. Error analysis was 
provided by Buchanan [9], who also presented a numerical solution of the 
problem. Several methods for determination of complex modulus are based 
on the response of a rod subjected to impact excitation [10-12]. Lundberg and 
Blanc [13] developed a method where strains are measured with the aid of 
strain gauges at two points of such a rod. 

In Paper  B  a method related to that by Lundberg and Blanc is presented. It is 
based on measurement of accelerations at the end-points of an impacted rod 
specimen. Accelerometers are sensitive and they are also well suited for tests 
at elevated temperatures. In these methods, which are based on 
measurements at two cross-sections, waves reflected at the ends of the rod 
are taken into account. Therefore, the rod is allowed to be relatively short. 
The theoretical basis for determining complex modulus from end-point 
accelerations is established and the method is applied in tests both at room 
temperature and at elevated temperatures. 

In Section 2 some fundamentals of one-dimensional theory of wave 
propagation in viscoelastic rods is presented. This theory is used in both 
Papers A and  B.  In Sections 3 and 4 the methods of Papers A and  B,  
respectively, are presented and examples of results are shown. In Section 5, 
finally, the results are discussed and conclusions concerning the methods 
are made. 

2. Waves in viscoelastic rods 

Consider a straight, non-uniform and linearly viscoelastic rod with cross-
sectional area A(x), complex modulus E(x,co) = E'(xx.o) + iE"(x,co) and density 
p(x) where  x  is an axial coordinate and co is the angular frequency. The one-
dimensional equation of motion and the constitutive relation can be 
expressed in terms of Fourier transforms as 

at[1-1" 1 = [y/0Z 701 v 	 [ 1" 1 •- 	v 
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where  N  is the normal force, positive in tension, v is the particle velocity, 
positive in the direction of increasing  x, y  = ico(E/p)-1/ 2  is the wave 
propagation coefficient, and Z = A(Ep)1/ 2  is the characteristic impedance. 
The latter quantities are related through Zy = ic)pA. 

3. Prediction of impact force 

Consider impact between two linearly elastic or viscoelastic bodies as shown 
in Figure 1. It is assumed that the impact interface can be attributed a single 
velocity, and that this velocity and the impact force F are both parallel to the 
impact velocity V. It is presumed that there are no combined effects of 
friction and slip, that the contact area is constant during the impact and that 
the deformations are small. Thus, as stated in Paper A, there are no 
nonlinear effects. 

V 

Figure 1. Impact between two bodies with impulse responses Gi(t) and 

G2(t). F(t) is the impact force and V is the impact velocity. 

The impacting bodies are characterized by their impulse responses Gi(t) and 

G2(t) defined by the convolutions vi(t) = Gi(t) * Fi(t). In this relation F(t) is a 

force, positive in compression, acting on the impact face of body  "i",  and 
vi(t) is the corresponding velocity of the same impact face. Before contact is 
established at time t = 0, the first body has the impact velocity V and the 
second is at rest. 
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Provisionally it is assumed that the impact faces stick to each other when 
they come in contact. Therefore they have the same velocity. They interact 
with a force F(t), positive in compression, which satisfies the integral 
equation [14] 

[Gi(t)+ G2(t)] * Fs(t) = VH(t)  

where H(t) is Heaviside's unit step function. 

It is obvious that the force Fs(t) is initially positive. However, the 
assumption that the impact faces stick to each other may give rise to a force 
Fs(t) which becomes negative at some time t = to. In such a case the impact 
force F(t) of the original problem is 

F(t)= Fs(t)[H(t)—H(t—to)].  

Otherwise F(t) equals F(t). 

Once the impulse responses G1  and G2 are known the impact force can be 
determined from these equations. The integral equations have been solved 
in the frequency domain using continuous and discrete Fourier transforms. 
The latter were determined using an FFT algorithm. 

Three different objects were used in testing the impulse response method: A 
truncated cone (TC) and a compound cylinder (CC), illustrated in Figure 2, 
and a long cylindrical rod (LCR) made of steel with length 6150 mm and 
diameter 10 mm. The axial impulse response G1  was determined at each 
end, A and  B,  of the truncated cone and of the compound cylinder. The 
resulting four cases are referred to as TCA, TCB, CCA and CCB. 

The impulse responses were measured in the cases TCA, TCB, CCA, and 
CCB. The experimental set-up is shown in Figure 3. The signals from the 
impedance head, representing the force Fi and the acceleration dvi  /dt  were 
transferred to a computer which determined the discrete Fourier transform 
of the impulse response G1. The experiments are described in detail in Paper 
A. 



B A TC  

B  A CC 

10-32 UNF 	Nylon-6 

030 075 

1'1 

032 

500 

Figure 2. Truncated cone (TC) and compound cylinder (CC).  
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Figure 3. Experimental set-up for determination of impulse response. 
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The impulse responses were also predicted theoretically in the cases TCA, 
TCB, CCA, CCB and LCR. The one-dimensional theory outlined in Section 2 
was used. The analysis is given in Paper A. The wave propagation 
coefficient of Nylon-6 was obtained from experimental tests [13] in which a 
method was used which is closely related to that described in Section 4. 

Impact forces were determined in four cases. The first impacting body was 
the truncated cone with impact face A or  B,  or the compound cylinder with 
impact face A or  B.  In all cases the second body was the long cylindrical rod. 
The impact forces were predicted using the impulse response method. 
Predicted impulse response was used for the long cylindrical rod while both 
measured and predicted impulse responses were used for the truncated cone 
and the compound cylinder. The impact forces predicted were compared to 
those measured in impact tests. The experimental set-up for the impact tests 
is described in Paper A and shown in Figure 4. 

Figure 4. Experimental set-up for impact tests. 

The predicted and the measured impact forces are shown in Figure 5 for the 
impacts involving (a) the truncated cone with impact face A and  (b)  the 
compound cylinder with impact face A. Complete results are presented in 
Paper A. 
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Figure 5. Measured and predicted force histories F(t) for impact between (a) 
a truncated cone (TC) with impact face A and a long cylindrical 
rod (LCR) and  (b)  a compound cylinder (CC) with impact face A 
and a long cylindrical rod (LCR). The predictions are based on 
impulse responses which are (I) measured and (II) predicted for 
the truncated cone and the compound cylinder and predicted for 
the long cylindrical rod. 
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4. Identification of complex modulus 

Consider a uniform viscoelastic rod, that is, a viscoelastic rod with 
properties which are independent of  x.  The length of the rod is L, the cross-
sectional area is A, the complex modulus is  E,  and the density is  p.  
Accelerometers with mass m, which measure the end-point accelerations al  
and a2, are attached to the rod as illustrated in Figure 6. 

A, E, p 	 m 

-.1D- 11
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Figure 6. Impacted rod specimen of linearly viscoelastic material. 

From the one-dimensional theory outlined in Section 2 a relation can be 
derived between the wave propagation coefficient  y  and the end-point 
accelerations al  and a2. As shown in Paper  B,  this relation is 

cosh(yL) + gyLsinh(yL) = IP 

where i.i = m/ALp is the ratio of the accelerometer mass to the rod mass and 
.. 	,, 

where IF = a1/a2  is the complex acceleration ratio. This equation was 

derived by Norris and Young [7] for the case of harmonic excitation. It has an 
infinite number of complex solutions for  y,  one of which is physically 
relevant. Buchanan [9] presented an iterative method which converges to 
the relevant solution with good reliability. 

An approximate analytical solution for  y  is presented in Paper 13. It is 
obtained by expressing  y  as the series  y  = yo  + yi ll. + y.1.2  + y343  + ... in terms of 

powers of the small quantity pi and by making Taylor series expansions of 
cosh(yL) and yLsinh(yL). The leading term yo  is determined analytically 

according to the method by Lundberg and Blanc [13]. Then  yl,  y2  and y3  can be 
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determined from yo  and, finally, the complex modulus  E  is obtained as 
described in Section 2. 

The complex moduli were determined for two polymers:  Polyamid  6 and  
Polypropen.  For each material three rod diameters  D  (approximately 11, 16 
and 20 mm), and three rod lengths L (200, 400 and 800 mm) were used. All 
specimens were tested at room temperature. One specimen made of  
Polypropen  was also tested at temperatures between 20 and 140  °C.  

The experimental set-up is shown in Figure 7. Examples of results from tests 
at room temperature are shown in Figure 8 and from tests at elevated 
temperatures in Figure 9. The details of the experiments and complete 
results are given in Paper  B.  
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Figure 7. Experimental set-up for identification of complex modulus. The 
dashed line indicates the oven. 
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Figure 8. Complex modulus E=E+iE" versus frequency f for (a)  Polyamid  6 
and  (b)  Polypropen.  
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Figure 9. (a) Complex modulus E=E'+iE" of  Polypropen  at frequency 
f=1000 Hz versus temperature T.  (b)  Loss factor E"/E at frequency 
f=1000 Hz versus temperature T. 
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5. Conclusions 

The responses of impacted bodies have been used to predict the impact force 
between two linearly elastic or viscoelastic bodies in Section 3, and to 
identify the complex modulus of a viscoelastic material in Section 4. 

In Section 3, corresponding to Paper A, the impulse responses serve to 
characterize the impacting bodies in a specific way adopted to the impact 
problem at hand. Impact forces have been predicted using both measured 
and predicted impulse responses. The predictions of impulse responses were 
made according to the one-dimensional theory outlined in Section 2. 
Material data were used, which were obtained from measurements related 
to those of Section 4. The impact forces predicted have been compared to 
those measured in impact tests. Generally, the predictions based on 
measured impulse responses agreed better with the measurements than the 
predictions based on predicted impulse responses. This is explained mainly 
by the three-dimensional behaviour of the bodies which is ignored in the 
predicted impulse responses but not in the measured impulse responses. 
Nevertheless, the one-dimensional theory gave fairly good results. 

If the impacting bodies are more complex than in the cases studied here, 
considerable computational efforts may have to be spent to predict the 
impulse responses. When using measured impulse responses, however, the 
effort is independent of the complexity of the particular impact problem. 
This is an advantage of the impulse response method. 

In Section 4, corresponding to Paper  B,  the response of an impacted rod 
made of linearly viscoelastic material has been used to identify the complex 
modulus. The end-point accelerations were measured and the complex 
modulus was determined from these. It is concluded that it is possible to 
identify the complex modulus using this method in a frequency range of 
approximately two decades. Tests have been made at room temperature 
with  Polyamid  6 and with  Polypropen,  and at elevated temperatures with  
Polypropen.  It can be seen from the scatter in the results that the method 
works better for materials with high damping, such as  Polypropen,  than for 
materials with low damping, such as  Polyamid  6. This is in agreement with 
the results of the error analysis by Buchanan [9]. 

An important parameter is the ratio 11 of the accelerometer mass to the rod 
mass. It is used in the series expansion presented in Section 4 and should be 
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small. From this point of view the rod should be chosen as large as possible. 
Also, the rod has to be short enough to admit waves to pass through 
without being too much damped. However, it must not be too short relative 
to the longest wave length. Otherwise, there will be no measurable 
difference between the two accelerations. Furthermore, one-dimensional 
theory must be valid, which means that the rod diameter must be much 
smaller than the shortest wave length. All these demands have to be 
satisfied when choosing rod geometry. The rod diameter  D  = 16 mm and the 
rod length L = 800 mm gave results in agreement with these demands in the 
approximate frequency range of 400 to 20 000 Hz for both  Polyamid  6 and  

Polypropen.  

The method has proved to be fast and simple to use, and it is expected to be 
well suited for routine testing in industrial environment. 
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