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Abstract

This Licentiate thesis deals with the study of existence and uniqueness to-
gether with coercive estimates for solutions of certain differential equations.

The thesis consists of four papers (papers A, B, C and D) and an intro-
duction, which put these papers into a more general frame and which also
serves as an overview of this interesting field of mathematics.

In the text below the functions r(x), q(x), m(x) etc. are functions on
(−∞, +∞), which are different but well defined in each paper.

In paper A we study the separation and approximation properties for the
differential operator

ly = −y′′ + r(x)y′ + q(x)y

in the Hilbert space L2 := L2(R), R = (−∞, +∞), as well as the existence
problem for a second order nonlinear differential equation in L2.

Paper B deals with the study of separation and approximation properties
for the differential operator

ly = −y′′ + r(x)y′ + s(x)ȳ′

in the Hilbert space L2 := L2(R), R = (−∞, +∞), (here ȳ is the complex
conjugate of y). A coercive estimate for the solution of the second order dif-
ferential equation ly = f is obtained and its applications to spectral problems
for the corresponding differential operator l is demonstrated. Some sufficient
conditions for the existence of the solutions of a class of nonlinear second
order differential equations on the real axis are obtained.

In paper C we study questions of the existence and uniqueness of solutions
of the third order differential equation

(L + λE) y := −m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y = f(x), (0.1)

and conditions, which provide the following estimate:

‖m(x)(m(x)y′)′′‖p
p + ‖(q(x) + ir(x) + λ)y‖p

p ≤ c ‖f(x)‖p
p

for a solution y of (0.1).
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Paper D is devoted to the study of the existence and uniqueness for the
solutions of the following more general third order differential equation with
unbounded coefficients:

−μ1(x)
(
μ2(x) (μ1(x)y′)′

)′
+ (q(x) + ir(x) + λ) y = f(x).

Some new existence and uniqueness results are proved and some norm-
estimates of the solutions are given.
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Introduction

This Licentiate thesis deals with the smoothness and approximation proper-
ties of solutions of differential equations defined in the Lebesgue space and
having real and sometimes complex coefficients.

The main questions in the investigation of differential equations can be
classified into the following three categories: existence, uniqueness and qual-
itative behavior of the solutions. The first two questions are responsible for
the compliance of the equations as a mathematical model of the real pro-
cess, and the third question is necessary to investigate in order to know more
about the nature of the process. In the study of the qualitative behavior of
solutions of linear and nonlinear differential equations we are interested in
the following questions:

1) the smoothness of the solutions;

2) estimates of solutions in different weighted norms;

3) approximation properties of the solutions.

The problem of smoothness for solutions of elliptic equations and esti-
mates of solutions in various norms are well studied in the case when the
domain is bounded and the coefficients are reasonable ”regular”. In this case
we have methods which are nowadays developed to the classical perfection
and presented in detail in well-known monographs. Complete bibliography
of works in this field can be found e.g. in the books of O. A. Ladyzhenskaya
and N. N. Ural’tseva [35], Zh.-L. Lions and E. Madzhenes [36].

Unfortunately, these methods are not applicable for differential equations
given in an unbounded domain and with increasing (not integrable) coeffi-
cients. Studies of problems of this type were first made by W. N. Everitt
and M. Giertz [25-30] as singular Sturm-Liouville problems. In particular,
the formulation of the fundamental problem of separability for a differential
operator belong to them. Moreover, in [25-30] the same authors basically
elucidated the conditions on the potential function q(x), providing the sepa-
rability of the Sturm-Liouville operator

Ly(x) = −y′′(x) + q(x)y(x), x ∈ R.
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In these papers W. N. Everitt and M. Giertz called the indicated operator
separable in the space L2 = L2(−∞, +∞), if from y ∈ D(L), Ly ∈ L2 it
follows that q(x)y, y′′ ∈ L2.

It is well-known that the separability of the operator L is equivalent to
the existence of the estimate

‖y′′‖L2(R) + ‖qy‖L2(R) ≤ c
(
‖Ly‖L2(R) + ‖y‖L2(R)

)
, y ∈ D(L), (0.2)

where D(L) is the domain of L. In [25-30] it was shown that if inf q(x) > −∞
and

(
q−

1
4 (x)
)′′

q
1
4 (x) ∈ L1, then the operator L is separable. Moreover, an

example of a non-separable operator L with non-smooth potential q was
given. Independently of each other F. V. Atkinson [7], K. H. Boimatov [14],
[17], M. Otelbaev [48] and D. Z. Raimbekov [56] weakened the condition
used by W. N. Everitt and M. Giertz. In particular, in [14], [48] and [56], the

condition
(
q−

1
4 (x)
)′′

q
1
4 (x) ∈ L1 was replaced by weaker conditions (different

by different authors), which are similar to the known conditions of Levitan
- Titchmarsh, which commonly are used in investigations of the resolvent
(concerning these conditions, see e.g. [16], [47] and [60]). In [48] the problem
of separability was considered not only in the Hilbert space L2, but also in
non-Hilbert weighted spaces Lp,l (where l is a continuous weight function).
Here Lp,l is defined by the norm

‖f‖p,l :=

⎛⎝ +∞∫
−∞

|f(x)l(x)|pdx

⎞⎠
1
p

, (1 ≤ p < +∞).

In particular, it was shown that the separability of the Sturm-Liouville oper-
ator holds for an extensive class of rapidly oscillating potentials (for example,
q(x) = e|x| sin2 e|x|

5
). Later on M. Otelbaev proposed a special method with

local representation of the resolvent to solve the problem concerning the
smoothness of solutions of some differential equations, which he called varia-
tional. Multivariate equations were considered in [15], where K. H. Boimatov
essentially verbatim transferred results from [14] to a class of elliptic opera-
tors.

The existence and smoothness of solutions of nonlinear differential equa-
tions (with a singular potential) for unbounded domains equipped with the
Sturm-Liouville equation was considered by M. B. Muratbekov and M. Otel-
baev [44]. Later on this problem was investigated in the works T. T. Amanova
[4] and M. B. Muratbekov [42].

In [32] the authors investigated the separability of the nonlinear Sturm-
Liouville operator

Ly = −y′′ + q(x, y)y
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in the space L1(−∞, +∞). Moreover, in [1], [11], [20], [39], [63] and [64] the
differential expression

Ly = − (P (x)y′)′ + Q(x)y, x ∈ (−∞, +∞),

with operator coefficients was considered.

We have thus motivated the fact that in the case when the differential
equation is given in an infinite domain and has unbounded coefficients, the
problem of determining the estimates of separability of the type (0.2) for the
corresponding differential operator is meaningful. The presence of estimates
of separability allows us to accurately describe the class of functions, where
the generalized solution of the singular boundary value problem for the dif-
ferential equation belongs. At the same time the estimate of separability
provides a precise description of the domain generated by the indicated sin-
gular boundary value problem for the differential operator. This domain is
usually a weighted Sobolev space. Thus, if we have estimates of separability,
then we can use the modern theory of function spaces to study qualitative
properties of the solutions of singular differential equations. We recall that
the famous scientist I. M. Gelfand considered that finding estimates of sepa-
rability is one of the most central problems in the study of elliptic equations
in the general theory of linear operators (see e.g. preface of the book [35,
p.8]).

Separability of a wide class of linear elliptic differential operators was in-
vestigated in [6], [7], [14-30], [37-56] and [62-64], where, in particular, impor-
tant smoothness and approximation properties of solutions of these equations
and the spectral properties of the associated singular differential and integral
operators were investigated. The methods of proofs in the indicated works
are based on deep facts of the theory of embedding between function spaces,
of spectral theory of operators, and also widely used advances in the theory
of integral operators in function spaces and non-local apriori estimates of
generalized solutions. These studies had an enormous influence on the de-
velopment of the theory of singular differential equations, spectral theory of
operators, the theory of weighted function spaces and integral operators in
them.

However, the results in all these papers concern only those linear differ-
ential operators whose first order terms can be estimated in norms with the
other terms involved. However, many practical problems lead us to study
elliptic equations, whose properties depend strongly on the behavior of the
components with intermediate derivatives of the solution involved and where
we have no such norm estimate. Such equations are in the literature called
degenerate differential equations. These include for example equations of
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Schrödinger type with intermediate members with unlimited potential from
below, the Korteweg - de Vries type equation, where the coefficient of the
constant term depends on the derivative of the unknown function, as well as
the differential equation of oscillations in environments with resistance pro-
portional to the velocity or acceleration (see e.g. [59]). Despite of this, the
study of degenerate differential equations was carried out only in the sym-
metric case for the corresponding differential operators in [31], [33], [34] and
[58], where, in particular, the problem of self-adjoint operators assessing their
eigenvalues and determination of the structure of the spectrum was solved.

In papers A and B of this thesis we study the more general case concerning
a degenerate differential equation having non-symmetric form. In the same
papers we consider the question of solvability (apparently for the first time)
for a quasilinear degenerate differential equation.

The approaches developed in the above studies also allows us to study
some classes of non semibounded differential operators, i.e., such energy
spaces that are not enclosed in a Sobolev space. The non semibounded op-
erators include all differential operators of odd order. Linear and nonlinear
differential operators of odd order were investigated e.g. in [2], [3], [5], [8-10],
[12], [13], [43], [57] and [61]. However, all of them except Zh. Zh. Aytkozha
and M. B. Muratbekov [9], A. Birgebaev and M. Otelbaev [13] and M. B.
Muratbekov, M. M. Muratbekov and K. N. Ospanov [43] was devoted to the
case of a real potential and in [9] and [13] the case of a Hilbert space was
considered. Odd order differential equations with singular complex coeffi-
cients in Banach space have not been studied systematically. Such equations
constantly arise in the application of the projection methods, in particular in
the Fourier’s method of separation of variables for solving partial differential
equations.

In Papers C and D we investigate some more general third order equations
than those above. Usually, the previous mentioned authors only consider
equations of the type

Ly = −y′′′ + q(x)y = f(x),

where f ∈ Lp(R), R = (−∞, +∞). However, we consider the more general
case, when the coefficients are not constant in the leading term.

Before starting the presentation of the results obtained in the papers A,
B, C and D we present a number of well-known definitions and necessary
notations.

Rn is a n-dimensional real Euclidean space; in particular when n = 2
we obtain a two-dimensional Euclidean space of points z = (x, y), where
−∞ < x <∞, −∞ < y < ∞.
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Ω denotes an open domain in Rn and we denote by Ω the closure of Ω.
Let α = (α1, α2, ..., αn), where αj ≥ 0 (j = 1, 2, ...n) are integers. We also

use the notation |α| = α1 + α2 + ... + αn.
C l(Ω), l = 0, 1, 2, ..., is the set of continuous functions with continuous

partial derivatives of order up to l inclusive in Ω, which can be written as

Dα(u) :=
∂|α|u

∂xα1
1 ∂xα2

2 ...∂xαn
n

, where |α| ≤ l.

C∞(Ω) is a set of infinitely differentiable functions in Ω.

Definition 0.1. The set {x ∈ Ω : u(x) �= 0} is called the support of the
function u defined on the set Ω and it is denoted by suppu.

C∞
0 (Ω) denotes the set of infinitely differentiable and compactly sup-

ported functions in Ω.
L2 = L2(Ω) is the Hilbert space of Lebesgue measurable functions on Ω

with a finite norm

‖u‖2,Ω :=

⎡⎣∫
Ω

|u|2dΩ

⎤⎦ 1
2

.

W k
2 (Ω) denotes the space of functions from L2(Ω) having all the general-

ized Sobolev derivatives up to order k ≥ 1 also belonging to L2(Ω) with the
norm

‖u‖W k
2 (Ω) :=

⎡⎣∑
|α|≤k

∫
Ω

|Dαu|2dΩ

⎤⎦ 1
2

.

The domain of the operator A is denoted by D(A) and the range of A is
denoted by R(A).

Definition 0.2. An operator A is called a bijection if, for any x1 and x2

belonging to D(A), such that Ax1 = Ax2, it follows that x1 = x2.

If A maps D(A) onto R(A) bijective, then there exists an inverse
mapping or inverse A−1 which maps R(A) onto D(A).

Definition 0.3. The operator A is said to be closed if, for every sequence
{xn} ⊂ D(A), the fact that xn → x0 and Axn → y0 implies that x0 ∈ D(A)
and y0 = Ax0.
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If the operator A is not closed, then sometimes it can be extended to
be closed. This operation is called the closure of the operator A and the
operator is called closable.

A criterion to guarantee that an operator has a closed extension: an
operator A has a closed extension if and only if the properties {xn} ⊂ D(A),
xn → 0 and Axn → y follows that y = 0.

Definition 0.4. An operator A is said to be completely continuous if it maps
every bounded set into a compact set or, for every bounded sequence {xn} of
elements of D(A), the sequence {Axn} contains a convergent subsequence.

Let X and Y be normed spaces and let A be a bounded operator from X
to Y . We define a functional ϕ by

ϕ(x) = (x, ϕ) = (Ax, f), x ∈ X, f ∈ Y ∗, (0.3)

where Y ∗ denotes the conjugate space of the space Y .
It is easy to see that ϕ is linear and D(ϕ) = X. Hence, according to

(0.3), for each f ∈ Y ∗ there exists an element ϕ ∈ X∗, where X∗ is the
conjugate space to X. Thus a linear continuous operator ϕ = A∗f is given.
This operator A∗ is called the adjoint of A.

Definition 0.5. An operator A acting in the Hilbert space L2(Ω) is said to
be self-adjoint if it is symmetric, i.e., if the scalar product 〈Au, v〉 = 〈u, Av〉
for any u, v ∈ D(A) and from the identity

〈Au, v〉 = 〈u, w〉 ,
where v and w are fixed, u is any element from D(A), it follows that
v ∈ D(A) and w = Av.

Now we give the definition of Kolmogorov’s k-widths and their properties.
Let M be a centrally symmetric subset of H (H is a Hilbert space), i.e.,

M = −M .
The value

dk = inf
{Gk}

sup
u∈M

inf
v∈Gk

‖u− v‖ , k = 0, 1, 2, ...

is called Kolmogorov’s k-width of the set M , where Gk is a subset with
dimension k.

The k-widths dk (k = 1, 2, ...) have the following properties:
1) d0 ≤ d1 ≤ d2 ≤ ...;
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2) dk(M̃) ≤ dk(M), M̃ ⊂ M, k = 1, 2, 3, ...;
3) dk(nM) = ndk(M), n > 0, nM = {x′ = nx, x ∈ M}.

Let
◦

Ll
p(Ω, q) be the completion of C∞

0 (Ω), defined by the norm∥∥∥(−Δ)
l
2 u
∥∥∥p

Lp(Ω)
+

∫
Ω

q(t)|u(t)|pdt,

where q(t) is a nonnegative function, Ω is an open (bounded or unbounded)

set in Rn, l > 0, 1 ≤ p < ∞. We pronounce that the space
◦

Ll
p(Ω, q)

uniquely arises in many situations in the study of differential equations.
We also define the following function q∗(x) introduced by M. Otelbaev

(see e.g. [55]):

q∗(x) = inf
Qd(x)⊆Ω

⎛⎜⎝d−1 : d−pl+n ≥
∫

Qd(x)

q(t)dt

⎞⎟⎠ , (0.4)

where Qd(x) is a cube with sides equal to d and with center x ∈ Ω, pl > n.

Definition 0.6. Let B1 and B2 be Banach spaces. B1 is said to be embedded
in B2 if B1 is a subspace B2 and there is a constant c > 0 such that

‖x‖B2
≤ c ‖x‖B1

for all x ∈ B1.

In this case we write B1 ↪→ B2.

Definition 0.7. Let B1 and B2 be Banach spaces. Then a transformation
E mapping each element x from B1 to the same element in B2 is called the
embedding operator and denoted by E : B1 → B2.

Theorem 0.1 ([52]). The embedding operator E :
◦

Ll
p(Ω, q) ↪→ Lp is compact

if and only if
q∗(x) →∞ when |x| → ∞.

Let B1 and B2 be Banach spaces and B1 ↪→ B2.

Definition 0.8. The Kolmogorov k-width of the unit ball of the space B1 in
B2 is called the k-width of the embedding B1 ↪→ B2.
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We introduce a function N(λ) =
∑

dk>λ

1 as the number of k-widths of the

embeddings B1 ↪→ B2 greater than λ > 0. N(λ) is also called the distribution
function of the k-widths dk.

We also observe that the k-widths dk can be recovered from their distri-
bution function using the formula

dk = inf{λ > 0 : N(λ) ≤ k}, for any k > 0.

Let N(λ) be a distribution function of the k-widths {dk} related to the
embedding

◦
Ll

p(Ω, q) ↪→ Lp.

Then the following theorem holds:

Theorem 0.2 ([49], [53]). Let pl > n. Then the following estimates

c−1λ−n
l μ
(
x ∈ Ω : q∗(x) ≤ λ− 1

l

)
≤ N(λ) ≤ cλ−n

l μ
(
x ∈ Ω : q∗(x) ≤ λ− 1

l

)
hold, where μ(·) is the Lebesgue measure and c depends only on p, l and n.

It is easy to see that if d = 1 and the condition

sup
|x−y|≤1
x,y∈Rn

q(x)

q(y)
≤ C (0.5)

holds, then c−1
0 qpl−n(x) ≤ q∗(x) ≤ c0q

pl−n(x), where c0 > 1 and q∗(x) is
defined by (0.4). In this case Theorems 0.1 and 0.2 can be restated in terms
of the function q(x) in the following way:

Theorem 0.3. Let pl > n and for a positive function q(x) the condition

(0.5) holds. Then the embedding operator
◦

Ll
p(Ω, q) ↪→ Lp is compact if and

only if

q(x) →∞ when |x| → ∞.

Theorem 0.4. Let pl > n and the condition (0.5) holds. Then the following
estimates

c−1λ−n
l μ
(
x ∈ Ω : q(x) ≤ λ− 1

l(pl−n)

)
≤ N(λ) ≤ cλ−n

l μ
(
x ∈ Ω : q(x) ≤ λ− 1

l(pl−n)

)
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hold, where μ(·) is the Lebesgue measure and c depends only on p, l and n.

Theorem 0.5 (Schauder). Let D be a nonempty closed bounded convex
subset of a Banach space X and let the operator A : X → X be compact and
map D into itself. Then A has a fixed point in D.

Now let us briefly present the most important results of papers A, B, C
and D. In the sequel the functions r(x), q(x), m(x) etc. are functions on
(−∞, +∞), which are different but well defined in each paper.

In paper A of this Licentiate thesis we consider a problem of separation
and approximate properties for the differential operator

ly := −y′′ + r(x)y′ + q(x)y (0.6)

in the Hilbert space L2 := L2(R), R = (−∞, +∞), as well as the existence
problem for the following nonlinear differential equation in L2

Ly = −y′′ + [r(x, y)]y′ = f(x), (0.7)

where x ∈ R, r is real-valued function and f ∈ L2.

Definition 0.9. A function y ∈ L2 is called a solution of (0.7) if there is
a sequence of twice continuously differentiable functions {yn}∞n=1 such that
‖θ(yn − y)‖2 → 0, ‖θ(Lyn − f)‖2 → 0 as n →∞ for any θ ∈ C∞

0 (R).

The operator l is said to be separable in the space L2 if the following
estimate holds:

‖y′′‖2 + ‖ry′‖2 + ‖qy‖2 ≤ c (‖ly‖2 + ‖y‖2) , y ∈ D(l),

where ‖·‖2 is the norm in L2.
We assume that the function r is positive and increases at infinity faster

than |q|.
We denote

αg,h(t) = ‖g‖L2(0,t)

∥∥h−1
∥∥

L2(t,+∞)
(t > 0),

βg,h(τ) = ‖g‖L2(τ,0)

∥∥h−1
∥∥

L2(−∞,τ)
(τ < 0),

γg,h = max

(
sup
t>0

αg,h(t), sup
τ<0

βg,h(τ)

)
,

where g and h are given functions.
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By C
(1)
loc (R) we denote the set of functions f such that ψf ∈ C(1)(R) for

all ψ ∈ C∞
0 (R).

The main results of paper A read as follows:

Theorem 0.6. Let the function r satisfy the conditions

r ∈ C
(1)
loc (R), r ≥ δ > 0, γ1,r < ∞, (0.8)

c−1 ≤ r(x)

r(η)
≤ c at |x− η| ≤ 1, c > 1, (0.9)

and let the function q be such that

γq,r < +∞. (0.10)

Then for y ∈ D(l) the estimate

‖y′′‖2 + ‖ry′‖2 + ‖qy‖2 ≤ cl ‖ly‖2

holds, i.e., in particular, the operator l is separable in L2.

Theorem 0.7. Let the functions q, r satisfy the conditions (0.8)-(0.10) and
the equalities lim

t→+∞
αq,r(t) = 0, lim

τ→−∞
βq,r(τ) = 0 hold. If l is defined by

(0.6), then an inverse operator l−1 exists and it is completely continuous in
L2.

We assume that the conditions of Theorem 0.7 hold and consider the set

M := {y ∈ L2 : ‖ly‖2 ≤ 1} .

Let
dk = inf

Σk⊂{Σk}
sup
y∈M

inf
w∈Σk

‖y − w‖2 (k = 0, 1, 2, ...)

be the Kolmogorov’s k-widths of the set M in L2. Here {Σk} denotes the set
of all subspaces Σk of L2 whose dimensions are not more than k. By N2(λ)
we denote the number of k-widths dk which are not smaller than a given
positive number λ. Estimates of the k-width’s distribution function N2(λ)
are important in the approximating problem of solutions of the equation
ly = f . The following statement holds:

Theorem 0.8. Let the conditions of Theorem 0.7 be fulfilled. Then the
following estimates hold:

c1λ
−2μ
{
x : |q(x)| ≤ c−1

2 λ−1
} ≤ N2(λ) ≤ c3λ

−2μ
{
x : |q(x)| ≤ c2λ

−1
}

.
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Theorem 0.9. Let the function r be continuously differentiable with respect
to both arguments and satisfy the following conditions:

r ≥ δ0(1 + x2) (δ0 > 0), sup
|x−y|≤1

sup
|C1|≤A,|C2|≤A,|C1−C2|≤A

r(x, C1)

r(η, C2)
< ∞.

Then there is a solution y of the equation (0.7) and

‖y′′‖2 + ‖[r(·, y)]y′‖2 < ∞.

In paper B we study a degenerate second order differential operator with
complex coefficients.

Let l be the closure in L2 := L2(R), R = (−∞, +∞) of the expression
l0y = −y′′ + r(x)y′ + s(x)ȳ′ defined in the set C∞

0 (R) of all infinitely differen-
tiable and compactly supported functions. Here r and s are complex-valued
functions and ȳ is the complex conjugate to y.

The operator l is said to be separable in L2 if the following estimate holds:

‖y′′‖2 + ‖ry′‖2 + ‖sȳ′‖2 ≤ c (‖ly‖2 + ‖y‖2) , y ∈ D(l),

where ‖·‖2 is the L2- norm.
The main results of this paper are the following:

Theorem 0.10. Let the functions r and s satisfy the conditions

r, s ∈ C
(1)
loc (R), Re r − |s| ≥ δ > 0, γ1,Re r < ∞.

Then l is invertible and l−1 is defined in all L2.

Theorem 0.11. Assume that the functions r and s satisfy the conditions

⎧⎪⎨⎪⎩
r, s ∈ C

(1)
loc (R), Re r − ρ[|Im r|+ |s|] ≥ δ > 0, γ1,Re r < ∞, 1 < ρ < 2,

c−1 ≤ Re r(x)
Re r(η)

≤ c at |x− η| ≤ 1, c > 1.

(0.11)
Then, for y ∈ D(l), the estimate

‖y′′‖2 + ‖ry′‖2 + ‖sȳ′‖2 ≤ cl ‖ly‖2
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holds, i.e., in particular, the operator l is separable in L2.

Theorem 0.12. Assume that the functions r and s satisfy (0.11) and let
lim

t→+∞
α1,Re r(t) = 0, lim

τ→−∞
β1,Re r(τ) = 0. Then l−1 is completely continuous

in L2.

Theorem 0.13. Assume that the conditions of Theorem 0.12 are fulfilled
and let the function q satisfy that γq,Re r < ∞. Then the following estimates
hold:

c1λ
−2μ
{
x : |q(x)| ≤ c−1

2 λ−1
} ≤ N2(λ) ≤ c3λ

−2μ
{
x : |q(x)| ≤ c2λ

−1
}

,

where μ is the Lebesgue measure.

Thus, in paper B sufficient conditions for the invertibility and separability
of the differential operator l are obtained. Moreover, spectral and approxi-
mation results for the inverse operator l−1 are achieved. Using a separation
theorem, which is obtained for the linear case, the solvability of the degener-
ate nonlinear second order differential equation −y′′ + r(x, y)y′ = F (x ∈ R)
is proved.

In paper C we investigate the problem of existence and uniqueness of
solutions of the third order differential equations

(L + λE)y := −m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y = f(x), (0.12)

where f ∈ Lp , (1 < p < +∞), λ ≥ 0 and r(x), q(x) and m(x) are given
functions. We also derive conditions so that for a solution y of (0.12) the
following estimate holds:

‖m(x)(m(x)y′)′′‖p
p + ‖(q(x) + ir(x) + λ)y‖p

p ≤ c ‖f(x)‖p
p . (0.13)

In the case when m(x) = 1 sufficient conditions for unique solvability of
the equation (0.12) and the estimate of the form (0.13) for its solution in
spaces Lp,l were obtained by Zh. Zh. Aytkozha [8] and Zh. Zh. Aytkozha and
M. B. Muratbekov [9].

In the case when m(x) = 1 and r(x) = 0 the existence and uniqueness
questions for the solutions of (0.12) and also non-local estimates of the
solutions and its derivatives have been studied in [2], [3], [57].

Definition 0.10. A function y(x) ∈ Lp(R), is called a solution of (0.12), if
there exists a sequence {yn}∞n=1 of continuously differentiable functions with
compact support such that ‖yn − y‖p → 0 and ‖(L + λE)yn − f‖p → 0 as
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n →∞.

By C(k)(R) (k = 1, 2, ...) we denote the set of all k times continuously

differentiable functions ϕ(x) for which the value
k∑

j=0

sup
x∈R

|ϕ(j)(x)| is finite. Let

Wλ(x) :=
|q(x) + λ + ir(x)|

m2(x)
.

Our main results in this paper are formulated in the following two
theorems:

Theorem 0.14. Assume that the functions q = q(x) and r = r(x) are

continuous on R, m = m(x) ∈ C
(2)
loc (R) and that the following conditions

hold:

m(x) ≥ 1,
q(x)

m4(x)
≥ 1, r(x) ≥ 1, (0.14)

c−1 ≤ m(x)

m(η)
,
q(x)

q(η)
,
r(x)

r(η)
≤ c, x, η ∈ R, |x−η| ≤ 1, for some c > 0, (0.15)

|m(j)(x)| ≤ cjm(x), x ∈ R, for some cj > 0, j = 1, 2, (0.16)

sup
|x−η|≤1

|Wλ(x)−Wλ(η)|
|Wλ(x)|ν |x− η|μ < +∞, 0 < ν <

μ

3
+ 1, μ ∈ (0, 1], λ ≥ 0. (0.17)

Then there exists a number λ0 ≥ 0, such that the equation (0.12) has a
solution y for all λ ≥ λ0.

Theorem 0.15. Let the functions q = q(x) and r = r(x) be continuous on

R, m = m(x) ∈ C
(3)
loc (R) and satisfy the conditions (0.14) - (0.17) and

|m(3)(x)| ≤ c3m(x), x ∈ R.

Then the solution of the equation (0.12) is unique and the estimate (0.13)
holds.

Finally, in paper D the results from paper C are generalized to the sit-
uation when the equation (0.12) is replaced by the following more general
equation:

(l + λE) y := −μ1(x)
(
μ2(x) (μ1(x)y′)′

)′
+ [q(x) + ir(x) + λ]y = f(x).

Here, λ ≥ 0 is a constant, and μ1(x), μ2(x), q(x) and r(x) are given functions
and f ∈ Lp.
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ON SEPARATION OF A DEGENERATE DIFFERENTIAL OPERATOR
IN HILBERT SPACE

K. N. OSPANOV and R. D. AKHMETKALIYEVA

ABSTRACT. A coercive estimate for a solution of a degenerate second order differential equation is installed

and its applications to spectral problems for the corresponding differential operator is demonstrated. The

sufficient conditions for existence of the solutions of one class of the nonlinear second order differential equations

on the real axis are obtained.

Key words and phrases: Hilbert space, separability of the operator, completely continuous resolvent.
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1. Introduction and main results

The concept of a separability was introduced in the fundamental paper [1]. The
Sturm-Liouville’s operator

Jy = −y′′ + q(x)y, x ∈ (a, +∞),

is called separable [1] in space L2(a, +∞), if y,−y′′ + qy ∈ L2(a, +∞) imply −y′′, qy ∈
L2(a, +∞). The separability of the operator J is equivalent to the following inequality

‖y′′‖L2(a,+∞) + ‖qy‖L2(a,+∞) ≤ c
(
‖Jy‖L2(a,+∞) + ‖y‖L2(a,+∞)

)
, y ∈ D(J). (1.1)

In [1] (see also [2, 3]) for J some criteria of the separability depended on the behavior q
and its derivatives are received, and an examples of not separable J with non-smooth
potential q is shown. When q isn’t necessarily differentiable function the sufficient
separabilities conditions of J is obtained in [4, 5]. In [6, 7] it was developed so-
called ”the localization principle” of proof of the separability of higher order binomial
elliptic operators in Hilbert space. In [8,9] it was shown that the local integrability
and the semi-boundedness from below of q are sufficient for separability of J in space
L1(−∞, +∞). The valuation method of Green’s functions [1-3, 8, 9] (see also [10]), a
parametrix method [4, 5], as well as a method of local estimates of the resolvents of
some regular operators [6, 7] have been used in these works.

The sufficient conditions of the separability for the Sturm-Liouville’s operator

y′′ + Q(x)y

are obtained in [11-15] where Q is an operator. There are a number of works where a
separation of the general elliptic, hyperbolic and mixed-type operators is discussed.

The separability estimate (1.1) is used in the spectral theory of J [15-18] and it
allows us to prove an existence and a smoothness of solutions of one class of nonlinear
differential equations in unbounded domains [11, 17-20]. Brown [21] has shown that
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certain properties of positive solutions of disconjugate second order differential expres-
sions imply the separation. The connection of separation with the concrete physical
problems is noted in [22].

The main aim of this paper is to study the separation, and approximate properties
for the differential operator

ly := −y′′ + r(x)y′ + q(x)y

in Hilbert space L2 := L2(R), R = (−∞, +∞), as well as the existence problem for
certain nonlinear differential equation in L2. The operator l is said to be separable in
space L2, if the following estimate holds:

‖y′′‖2 + ‖ry′‖2 + ‖qy‖2 ≤ c (‖ly‖2 + ‖y‖2) , y ∈ D(l), (1.2)

where ‖·‖2 is the norm in L2.

We assume that the function r is positive and increases at infinity faster than |q|.
The operator l occurs in the oscillatory processes in a medium with a resistance that
depends on velocity [23] (page 111-116). The operator J same as the operator l when
r = 0. Nevertheless, note that the sufficient conditions for the invertibility, respectively
of l and of J are principally different from each other. The separability estimate for l
can not be obtained by applying of results of the works [1-15].

We denote

αg,h(t) = ‖g‖L2(0,t)

∥∥h−1
∥∥

L2(t,+∞)
(t > 0), βg,h(τ) = ‖g‖L2(τ,0)

∥∥h−1
∥∥

L2(−∞,τ)
(τ < 0),

γg,h = max

(
sup
t>0

αg,h(t), sup
τ<0

βg,h(τ)

)
,

where g and h are given functions. By C
(1)
loc (R) we denote the set of functions f such

that ψf ∈ C(1)(R) for all ψ ∈ C∞
0 (R).

Theorem 1. Let the function r satisfy the conditions

r ∈ C
(1)
loc (R), r ≥ δ > 0, γ1,r < ∞, (1.3)

c−1 ≤ r(x)

r(η)
≤ c at |x− η| ≤ 1, c > 1, (1.4)

and the function q such that

γq,r < +∞. (1.5)

Then for y ∈ D(l) the estimate

‖y′′‖2 + ‖ry′‖2 + ‖qy‖2 ≤ cl ‖ly‖2 (1.6)

holds, in particular, the operator l is separable in L2.

Following Theorems 2-4 are applications of Theorem 1.
2



Theorem 2. Let functions q and r satisfy the conditions (1.3)-(1.5) and the equalities
lim

t→+∞
αq,r(t) = 0, lim

τ→−∞
βq,r(τ) = 0 hold. Then an inverse operator l−1 is completely

continuous in L2.

We assume that the conditions of Theorem 2 hold and consider a set

M = {y ∈ L2 : ‖ly‖2 ≤ 1} .

Let

dk = inf
Σk⊂{Σk}

sup
y∈M

inf
w∈Σk

‖y − w‖2 (k = 0, 1, 2, ...)

be the Kolmogorov’s widths of the set M in L2. Here {Σk} is a set of all subspaces
Σk of L2 whose dimensions are not more than k. Through N2(λ) denote the number
of widths dk which are not smaller than a given positive number λ. Estimates of the
width’s distribution function N2(λ) are important in the approximating problem of
solutions of the equation ly = f . The following statement holds.

Theorem 3. Let the conditions of Theorem 2 be fulfilled. Then the following estimates
hold:

c1λ
−2μ
{
x : |q(x)| ≤ c−1

2 λ−1
} ≤ N2(λ) ≤ c3λ

−2μ
{
x : |q(x)| ≤ c2λ

−1
}

.

Example. Let q = −xα, (α ≥ 0) and r = (1 + x2)β, (β > 0). Then the conditions
of Theorem 1 are satisfied if β ≥ 1+α

2
. If β > 1+α

2
then the conditions of Theorem 3

are satisfied and for some ε > 0 the following estimates hold:

c0λ
−7−2β+ε

4 ≤ N2(λ) ≤ c1λ
−7−2β+ε

4 .

Consider the following nonlinear equation

Ly = −y′′ + [r(x, y)]y′ = f(x), (1.7)

where x ∈ R, r is real-valued function and f ∈ L2.

Definition 1. A function y ∈ L2 is called a solution of (1.7), if there is a se-
quence of twice continuously differentiable functions {yn}∞n=1 such that ‖θ(yn − y)‖2 →
0, ‖θ(Lyn − f)‖2 → 0 as n →∞ for any θ ∈ C∞

0 (R).

Theorem 4. Let the function r be continuously differentiable with respect to both
arguments and satisfy the following conditions

r ≥ δ0(1 + x2) (δ0 > 0), sup
|x−η|≤1

sup
|C1|≤A,|C2|≤A,|C1−C2|≤A

r(x, C1)

r(η, C2)
< ∞. (1.8)

Then there is a solution y of the equation (1.7) and

‖y′′‖2 + ‖[r(·, y)]y′‖2 < ∞. (1.9)

2. Auxiliary statements

The next statement is a corollary of the well known Muckenhoupt’s inequality [24].
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Lemma 2.1. Let the functions g and h such that γg,h < ∞. Then for y ∈ C∞
0 (R) the

following inequality holds:

∞∫
−∞

|g(x)y(x)|2dx ≤ C

∞∫
−∞

|h(x)y′(x)|2dx. (2.1)

Moreover, if C is a smallest constant for which the estimate (2.1) holds then γg,h ≤
C ≤ 2γg,h.

The following lemma is a special case of Theorem 2.2 [25].

Lemma 2.2. Let the given function r satisfy conditions

lim
x→+∞

√
x
∥∥r−1

∥∥
L2(x,+∞)

= lim
x→+∞

√
x

⎛⎝ ∞∫
x

r−2(t)dt

⎞⎠ 1
2

= 0,

lim
x→−∞

√
|x|∥∥r−1

∥∥
L2(−∞,x)

= lim
x→−∞

√
|x|
⎛⎝ x∫
−∞

r−2(t)dt

⎞⎠ 1
2

= 0. (2.2)

Then the set

Fk =

⎧⎨⎩y : y ∈ C∞
0 (R),

+∞∫
−∞

|r(t)y′(t)|2dt ≤ K

⎫⎬⎭ , K > 0,

is a relatively compact in L2(R).

Denote by L a closure in L2-norm of the differential expression

L0z = −z′ + rz (2.3)

defined on the set C∞
0 (R).

Lemma 2.3. Let the function r satisfy conditions (1.3) and (1.4). Then the operator
L is boundedly invertible and separable in L2. Moreover, for z ∈ D(L ) the following
estimate holds:

‖z′‖2 + ‖rz‖2 ≤ c ‖L z‖2 . (2.4)

Proof. Let Lλ = L + λE, λ ≥ 0. Note that the operators L and Lλ = L + λE
are separated to one and the same time. If z is a continuously differentiable function
with the compact support, then

(Lλz, z) = −
∫
R

z′z̄dx +

∫
R

[r(x) + λ]|z|2dx. (2.5)

But

T := −
∫
R

z′z̄dx =

∫
R

zz̄′dx = −T̄ .
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Therefore ReT = 0 and it follows from (2.5)

Re(Lλz, z) =

∫
R

[r(x) + λ]|z|2dx. (2.6)

We estimate the left-hand side of the equality (2.6) by using the Hölder’s inequality.
Then we have ∥∥∥√r(·) + λz

∥∥∥
2
≤
∥∥∥∥∥ 1√

r(·) + λ
Lλz

∥∥∥∥∥
2

. (2.7)

It is easy to show that (2.7) holds for any solution of (2.3).

Let Δj = (j − 1, j + 1) (j ∈ Z), {ϕj}+∞
j=−∞ be a sequence of such functions from

C∞
0 (Δj), that

0 ≤ ϕj ≤ 1,
+∞∑

j=−∞
ϕ2

j(x) = 1.

We continue r(x) from Δj to R so that its continuation rj(x) was a bounded and
periodic function with period 2. Denote by Lλ,j the closure in L2(R) of the differential
operator −z′ + [rj(x) + λ]z defined on the set C∞

0 (R). Similarly to the derivation of
(2.7) one can proof the inequality∥∥∥(rj + λ)

1
2 z
∥∥∥

2
≤
∥∥∥(rj + λ)−

1
2 Lλ,jz

∥∥∥
2
, z ∈ D(Lλ,j). (2.8)

It follows from the estimates (2.7), (2.8) and from general theory of linear differential
equations that the operators Lλ, Lλ,j (j ∈ Z) are invertible and their inverses L −1

λ

and L −1
λ,j are defined in all L2. From the estimate (2.8) by (1.4) follows

‖Lλ,jz‖2 ≥ c sup
x∈Δj

[rj(x) + λ] ‖z‖2 , z ∈ D(Lλ,j). (2.9)

Let us introduce the operators Bλ and Mλ:

Bλf =
+∞∑

j=−∞
ϕ′

j(x)L −1
λ,j ϕjf, Mλf =

+∞∑
j=−∞

ϕj(x)L −1
λ,j ϕjf.

At any point x ∈ R the sums of the right-hand side in these terms contain no more
than two summands, so Bλ and Mλ is defined on all L2. It is easy to show that

LλMλ = E + Bλ. (2.10)

Using (2.9) and properties of the functions ϕj (j ∈ Z) we find that lim
λ→+∞

‖Bλ‖ = 0,

hence there exists a number λ0, such that ‖Bλ‖ ≤ 1
2

for all λ ≥ λ0. Then it follows
from (2.10)

L −1
λ = Mλ(E + Bλ)

−1, λ ≥ λ0. (2.11)

By (2.11) and using properties of the functions ϕj (j ∈ Z) again, we have∥∥(r + λ)L −1
λ f
∥∥

2
≤ c1 sup

j∈Z

∥∥(r + λ)L −1
λ,j

∥∥
L2(Δj)

‖f‖2 . (2.12)

From (2.9) by conditions (1.4) follows
5



sup
j∈Z

∥∥(r + λ)L −1
λ,j F

∥∥
L2(Δj)

≤
sup
x∈Δj

[r(x) + λ]

inf
x∈Δj

[r(x) + λ]
‖F‖L2(Δj)

≤

≤ sup
|x−z|≤2

r(x) + λ

r(z) + λ
‖F‖L2(Δj)

≤ c2 ‖F‖L2(Δj)
.

From the last inequalities and (2.12) we obtain ‖(r + λ)z‖2 ≤ c3 ‖Lλz‖2 , z ∈ D(Lλ),
therefore

‖z′‖2 + ‖(r + λ)z‖2 ≤ (1 + 2c3) ‖Lλz‖2 .

From this taking into account (2.7) we have the estimate (2.4). The lemma is proved.
�

Denote by L a closure in the L2 -norm of the differential expression

L0y = −y′′ + r(x)y′

defined on the set C∞
0 (R).

Lemma 2.4. Assume that the function r satisfies the condition (1.3). Then for
y ∈ D(L) the estimate ∥∥√ry′∥∥

2
+ ‖y‖2 ≤ c ‖Ly‖2 (2.13)

holds.

Proof. Let y ∈ C∞
0 (R). Integrating by parts, we have

(Ly, y′) = −
∫
R

y′′ȳ′dx +

∫
R

r(x)|y′|2dx. (2.14)

Since

A := −
∫
R

y′′ȳ′dx =

∫
R

y′ȳ′′dx = −Ā,

we see ReA = 0.
Therefore, it follows from (2.14)

Re (Ly, y′) =

∫
R

r(x)|y′|2dx.

Hence, applying the Hölder’s inequality and using the condition (1.3) we obtain the
following estimate

c0

∥∥√ry′∥∥
2
≤ ‖Ly‖2 . (2.15)

The inequality (2.15) and Lemma 2.1 imply the estimate (2.13) for y ∈ C∞
0 (R). If y is

an arbitrary element of D(L), then there is a sequence of functions {yn}∞n=1 ⊂ C∞
0 (R)

such that ‖yn − y‖2 → 0, ‖Lyn − Ly‖2 → 0 as n → ∞. For yn the estimate (2.13)
holds. From (2.13) taking the limit as n →∞ we obtain the same estimate for y. The
lemma is proved. �
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Remark 2.1. The statement of Lemma 2.1 is valid, if r(x) is a complex-valued function
and instead of (1.3) the conditions

Re r ≥ δ > 0, γ1,Re r < ∞, (2.16)

hold. It follows from Lemma 2.1 that the conditions related to the function r in Lemma
2.4 are natural.

We consider the equation

Ly ≡ −y′′ + r(x)y′ = f, f ∈ L2. (2.17)

By a solution of (2.17) we mean a function y ∈ L2 for which there exists a sequence
{yn}∞n=1 ⊂ C∞

0 (R) such that ‖yn − y‖2 → 0 and ‖Lyn − f‖2 → 0, n →∞.

Lemma 2.5. If the function r satisfies the condition (1.3) then the equation (2.17)
has a unique solution. If, in addition, the function r satisfies the condition (1.4) then
for a solution y of the equation (2.17) the following estimate

‖y′′‖2 + ‖ry′‖2 ≤ cL ‖Ly‖2

holds i.e. the operator L is separated in the space L2.

Proof. It follows from the estimate (2.13) that a solution y of the equation (2.17) is
unique and belongs to W 1

2 (R). Let us prove that the equation (2.17) is solved. Assume
the contrary. Then R(L) �= L2, and there exists a non-zero element z0 ∈ L2 such that
z0⊥R(L). According to operator’s theory z0 is a generalized solution of the equation

L∗y ≡ −y′ + [r(x)y]′ = 0,

where L∗ is an adjoint operator. Then

−z′0 + r(x)z0 = C.

Without loss of generality, we set C = 1. Then

z0 = c0exp

⎡⎣− x∫
a

r(t)dt

⎤⎦+

x∫
a

exp

⎡⎣− t∫
a

r(τ)dτ

⎤⎦ dt := z1 + z2. (2.18)

In (2.18) if c0 > 0, then z0 ≥ c0 when x > a. If in (2.18) c0 ≤ 0, then z1 → 0 when
x → −∞ and |z2(x)| ≥ c1exp[−δ0x] (0 < δ0 < δ) when x << a. So z0 /∈ L2. We
obtained a contradiction, which shows that the solution of the equation (2.17) exists.

Further, it follows from Lemma 2.3 that the operator L is separated in L2. Then
by construction the operator L is also separated in L2. The proof is complete. �

Lemma 2.6. Let the function r satisfy conditions (1.3), (1.4), γ1,r < ∞ and

lim
t→+∞

√
t
∥∥r−1

∥∥
L2(t,+∞)

= 0, lim
t→−∞

√
|t|∥∥r−1

∥∥
L2(−∞,t)

= 0. (2.19)

Then the inverse operator L−1 is completely continuous in L2.

Proof. From Lemma 2.5 follows that the operator L−1 exists and translates L2 into
space W 2

2,r(R) with the norm ‖y′′‖2 + ‖ry′‖2 + ‖y‖2. By Lemma 2.2 and (2.19) space

W 2
2,r(R) is compactly embedded into L2. The proof is complete. �
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3. Proofs of Theorems 1-4

Proof of Theorem 1. It follows from Lemma 2.5 that the operator Ly ≡ −y′′+r(x)y′

is separated in L2. From (1.5) and (2.1) we get the estimates

‖qy‖2 ≤ 2γq,r ‖ry′‖2 ≤
2√
δ
γq,rc ‖Ly‖2 , y ∈ D(L).

This means that the operator l = L + qE is also separated in L2. The theorem is
proved. �

Theorem 2 is a consequence of Lemma 2.2, Lemma 2.5 and Theorem 1.

Statement of Theorem 3 follows from Theorem 2 and Theorem 1 [26].

Proof of Theorem 4. Let ε and A be positive numbers. We denote

SA =
{

z ∈ W 1
2 (R) : ‖z‖W 1

2 (R) ≤ A
}

.

Let ν be an arbitrary element of SA. Consider the following linear ”perturbed” equation

l0,ν,εy ≡ −y′′ +
[
r(x, ν(x)) + ε(1 + x2)2

]
y′ = f(x). (3.1)

Denote by lν,ε the minimal closed in L2 operator generated by expression l0,ν,εy. Since

rε(x) := r(x, ν(x)) + ε(1 + x2)2 ≥ 1 + ε(1 + x2)2,

the function rε(x) satisfies the condition (1.3). Further, when |x − η| ≤ 1 for ν ∈ SA

we have

|ν(x)− ν(η)| ≤ |x− η| ‖ν ′‖p ≤ |x− η| ‖ν‖W 1
2
≤ A. (3.2)

It is easy to verify that

sup
|x−η|≤1

(1 + x2)2

(1 + η2)2
≤ 3.

Then, assuming ν(x) = C1, ν(η) = C2, by (1.8) and the inequality (3.2) we obtain

sup
|x−η|≤1

rε(x)

rε(η)
≤ sup

|x−η|≤1

sup
|C1|≤A,|C2|≤A,|C1−C2|≤A

r(x, C1)

r(η, C2)
+ 3 < ∞.

Thus the coefficient rε(x) in (3.1) satisfies the conditions of Lemma 2.5. Therefore, the
equation (3.1) has unique solution y and for y the estimate

‖y′′‖2 +
∥∥[r(·, ν(·)) + ε(1 + x2)2]y′∥∥

2
≤ C3 ‖f‖2 (3.3)

holds (an operator lν,ε is separated). By (1.8) and (2.1)

‖y‖2 ≤ C0 ‖ry′‖2 ,
∥∥(1 + x2)y

∥∥
2
≤ C4

∥∥(1 + x2)2y′∥∥
2
. (3.4)

Taking them into account from (3.3) we have

‖y′′‖2 +
1

2

∥∥(1 + x2)y′∥∥
2
+

1

2C0

‖y‖2 +
ε

C4

∥∥(1 + x2)y
∥∥

2
≤ C3 ‖f‖2 .

Then for some C5 > 0 the following estimate

‖y‖W := ‖y′′‖2 +
∥∥(1 + x2)y′∥∥

2
+
∥∥[1 + ε(1 + x2)]y

∥∥
2
≤ C5 ‖f‖2 (3.5)

8



holds. We choose A = C5 ‖f‖2 and denote P (ν, ε) := L−1
ν,εf . From the estimate (3.5)

follows that the operator P (ν, ε) translates the ball SA ⊂ W 1
2 (R) to itself. Moreover,

the operator P (ν, ε) translates the ball SA into a set

QA =
{
y : ‖y′′‖2 +

∥∥(1 + x2)y′∥∥
2
+
∥∥[1 + ε(1 + x2)]y′∥∥

2
≤ C5 ‖f‖2

}
.

The set QA is the compact in Sobolev’s space W 1
2 (R). Indeed, if y ∈ QA, h �= 0 and

N > 0 then the following relations (3.6), (3.7) hold:

‖y(·+ h)− y(·)‖2
W 1

2 (R) =

+∞∫
−∞

[|y′(t + h)− y′(t)|2 + |y(t + h)− y(t)|2] dt =

=

+∞∫
−∞

⎡⎢⎣
∣∣∣∣∣∣

t+h∫
t

y′′(η)dη

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
t+h∫
t

y′(η)dη

∣∣∣∣∣∣
2
⎤⎥⎦ dt ≤

≤ |h|
+∞∫

−∞

⎡⎣∣∣∣∣∣∣
t+h∫
t

y′′(η)dη

∣∣∣∣∣∣+
∣∣∣∣∣∣

t+h∫
t

y′(η)dη

∣∣∣∣∣∣
⎤⎦ dt =

= |h|2
+∞∫

−∞

[|y′′(η)|2 + |y′(η)|2] dη ≤ C5 ‖f‖2 |h|2, (3.6)

‖y‖2
W 1

2 (R\[−N,N ]) =

∫
|η|≥N

[|y′(η)|2 + |y(η)|2] dη ≤

≤
∫

|η|≥N

(1 + η2)−2
[|y′′(η)|2 + (1 + η2)2|y′(η)|2 + (1 + η2)2|y(η)|2] dη ≤

≤ C2
5 ‖f‖2

2 (1 + N2)−2. (3.7)

The expressions in the right-hand side of (3.6) and (3.7), respectively, tend to zero as
h → 0 and as N → +∞. Then by Frechét-Kolmogorov criterion the set QA is compact
in space W 1

2 (R). Hence P (ν, ε) is a compact operator.

Let us show that the operator P (ν, ε) is continuous with respect to ν in SA. Let
{νn} ⊂ SA be a sequence such that ‖νn − ν‖W 1

2
→ 0 as n →∞, and yn and y such that

L−1
ν,εy = f, L−1

νn,εyn = f . Then it is sufficient to show that the sequence {yn} converges

to y in W 1
2 (R) - norm as n →∞. We have

P (νn, ε)− P (ν, ε) = yn − y = L−1
νn,ε[r(x, νn(x))− r(x, ν(x))]y′

n.
9



The functions ν(x) and νn(x) (n = 1, 2, ...) are continuous, then by conditions of the
theorem the difference r(x, νn(x))− r(x, ν(x)) is also continuous with respect to x, so
that for each finite interval [−a, a], a > 0, we have

‖yn − y‖W 1
2 (−a,a) ≤ c max

x∈[−a,a]
|r(x, νn(x))− r(x, ν)| · ‖y′

n‖L2(−a,a) → 0 (3.8)

as n →∞. On the other hand, it follows from Lemma 2.4 that {yn} ∈ QA, ‖yn‖W ≤
A, y ∈ QA, ‖y‖W ≤ A. Since the set QA is compact in W 1

2 (R), then {yn} converges
in the norm of W 1

2 (R). Let z be a limit. By properties of W 1
2 (R)

lim
|x|→∞

y(x) = 0, lim
|x|→∞

z(x) = 0. (3.9)

Since L−1
ν,ε is a closed operator, from (3.8) and (3.9) we obtain y = z. So

‖P (νn, ε)− P (ν, ε)‖W 1
2 (R) → 0, n →∞.

Hence P (ν, ε) is the completely continuous operator in space W 1
2 (R) and translates

the ball SA to itself. Then, by Schauder’s theorem the operator P (ν, ε) has in SA a
fixed point y (P (y, ε) = y) and y is a solution of the equation

Lεy := −y′′ +
[
r(x, y) + ε(1 + x2)2

]
y′ = f(x).

By (3.3) for y the estimate

‖y′′‖2 +
∥∥[r(·, y) + ε(1 + x2)2

]
y′∥∥

2
≤ C3 ‖f‖2

holds.

Now, suppose that {εj}∞j=1 is a sequence of the positive numbers converged to zero.
The fixed point yj ∈ SA of the operator P (ν, εj) is a solution of the equation

Lεj
yj := −y′′

j +
[
r(x, yj) + εj(1 + x2)2

]
y′

j = f(x).

For yj the estimate∥∥y′′
j

∥∥
2
+
∥∥[r(·, yj(·)) + ε(1 + x2)2

]
y′

j

∥∥
2
≤ C3 ‖f‖2 (3.10)

holds.

Suppose (a, b) is an arbitrary finite interval. By (3.10) from the sequence {yj}∞j=1 ⊂
W 2

2 (a, b) one can select a subsequence
{
yεj

}∞
j=1

such that
∥∥yεj

− y
∥∥

L2[a,b]
→ 0 as j →∞.

A direct verification shows that y is a solution of the equation (1.7). In (3.10) passing
to the limit as j →∞ we obtain (1.9). The theorem is proved. �

This work was done as a part of the research program Approximation Theory and
Fourier Analysis at the Centre de Recerca Matematica (CRM), Bellaterra in the Fall
semester of 2011.
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Abstract. Sufficient conditions for the invertibility and separability in L2(−∞, +∞) of the degenerate
second order differential operator with complex-valued coefficients are obtained, and its applications to the
spectral and approximate problems are demonstrated. Using a separability theorem, which is obtained for the
linear case, the solvability of nonlinear second order differential equation is proved on the real axis.
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1. Introduction and main results

A concept of the separability was introduced in the fundamental paper [1]. The Sturm-
Liouville’s operator

Jy = −y′′ + q(x)y, x ∈ (a, +∞)

is called separable [1] in L2(a, +∞), if y, −y′′ + qy ∈ L2(a, +∞) imply −y′′, qy ∈
L2(a, +∞). From this it follows that the separability of J is equivalent to the existence
of the estimate

‖y′′‖L2(a,+∞) + ‖qy‖L2(a,+∞) ≤ c
(
‖Jy‖L2(a,+∞) + ‖y‖L2(a,+∞)

)
, y ∈ D(J), (1.1)

where D(J) is the domain of J . In [1] (see also [2, 3]) some criteria of the separability
depended on a behavior q and its derivatives has been obtained for J. Moreover, an
example of non-separable operator J with non-smooth potential q was shown in this
papers. Without differentiability condition on function q the sufficient conditions for
the separability of J has been obtained in [4, 5]. In [6,7] so-called Localization Principle
of the proof for the separability of higher order binomial elliptic operators was developed
in Hilbert space. In [8,9] it was shown that local integrability and semiboundedness
from below of q are enough for separability of J in L1(−∞, +∞). Valuation method of
Green’s functions [1-3,8,9] (see also [10]), parametrix method [4,5], as well as method
of local estimates for the resolvents of some regular operators [6, 7] have been used in
these works.

Sufficient conditions of the separability for the Sturm-Liouville’s operator

y′′ + Q(x)y

have been obtained in [11-15], where Q is an operator. A number of works were devoted
to the separation problem for the general elliptic, hyperbolic and mixed-type operators.

An application of the separability estimate (1.1) in the spectral theory of J has
been shown in [15-18], and it allows us to prove an existence and a smoothness of
solutions of nonlinear differential equations in unbounded domains [11, 17-20]. Brown
[21] has shown that certain properties of positive solutions of disconjugate second

1Supported by L. N. Gumilyov Eurasian National University Research Fund.
2Corresponding author.
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order differential expressions imply the separation. The connection of separation with
concrete physical problems has been noted in [22].

We denote L2 := L2(R), R = (−∞, +∞), the space of square integrable functions.
Let l is a closure in L2 of the expression l0y = −y′′ + r(x)y′ + s(x)ȳ′ defined in the set
C∞

0 (R) of all infinitely differentiable and compactly sapported functions. Here r and s
are complex - valued functions and ȳ is the complex conjugate to y.

In this report we investigate some problems for the operator l. Although the operator
l, similarly to the Sturm-Liouville operator J , is a singular differential operator of
second order, their properties are different. The theory of the Sturm-Liouville operator
J , in contrast to the operator l, developing a long time, while the idea of research is
often based on the positivity of the potential q(x) (see e.g. [1-20]). Because of the
coefficients r and s, are the methods developed for the Sturm-Liouville problems are
often not applicable to the study of the operator l. The spectral properties for self-
adjoint singular differential operators of second order have been to a certain extent
investigated, without the free term; a review of literature can be found in [23, 24].
Note that the differential operator l is used, in particular, in the oscillatory processes
in the medium with resistance depended on velocity [25, pp. 111-116].

The operator l is said to be separable in L2 if the following estimate holds:

‖y′′‖2 + ‖ry′‖2 + ‖sȳ′‖2 ≤ c (‖ly‖2 + ‖y‖2) , y ∈ D(l),

where ‖·‖2 is the L2- norm. In the present communication the sufficient conditions for
the invertibility and separability of the differential operator l are obtained. Moreover,
spectral and approximate results for the inverse operator l−1 are achieved. Using a sep-
aration theorem, which is obtained for the linear case, the solvability of the degenerate
nonlinear second order differential equation −y′′ + r(x, y)y′ = F (x ∈ R) is proved.

Let’s consider the degenerate differential equation

ly = −y′′ + r(x)y′ + s(x)ȳ′ = f. (1.2)

The function y ∈ L2 is called a solution of (1.2) if there exists a sequence {yn}+∞
n=1 such

that ‖yn − y‖2 → 0, ‖lyn − f‖2 → 0 as n → +∞. If the operator l is separable, then
the solution y of (1.2) belongs to the weighted Sobolev space W 2

2 (R, |r|+ |s|) with the
norm ‖y′′‖2 + ‖(|r|+ |s|)y′‖2. So, the study of the qualitative behavior of solutions of
(1.2) and spectral and approximative properties of l can be reduced to the investigation
of embedding W 2

2 (R, |r|+ |s|) ↪→ L2.

We denote

αg,h(t) = ‖g‖L2(0,t) ‖1/h‖L2(t,+∞) (t > 0), βg,h(τ) = ‖g‖L2(τ,0) ‖1/h‖L2(−∞,τ) (τ < 0),

γg,h = max

(
sup
t>0

αg,h(t), sup
τ<0

βg,h(τ)

)
,

where g and h are given functions. By C
(1)
loc (R) we denote the set of functions f such

that ψf ∈ C(1)(R) for all ψ ∈ C∞
0 (R).

Theorem 1. Let functions r and s satisfy the conditions

r, s ∈ C
(1)
loc (R), Re r − |s| ≥ δ > 0, γ1,Re r < ∞. (1.3)

EJQTDE, 2012 No. 66, p. 2



Then l is invertible and l−1 is defined in all L2.

Theorem 2. Assume that functions r and s satisfy the conditions

⎧⎪⎨⎪⎩
r, s ∈ C

(1)
loc (R), Re r − ρ[|Im r|+ |s|] ≥ δ > 0, γ1,Re r < ∞, 1 < ρ < 2,

c−1 ≤ Re r(x)
Re r(η)

≤ c at |x− η| ≤ 1, c > 1.

(1.4)

Then for y ∈ D(l) the estimate

‖y′′‖2 + ‖ry′‖2 + ‖sȳ′‖2 ≤ cl ‖ly‖2 (1.5)

holds, i.e. the operator l is separable in L2.

We use the statement of Theorem 2 for proof of the following Theorems 3-5.

Theorem 3. Assume that functions r and s satisfy (1.4) and let lim
t→+∞

α1,Re r(t) = 0,

lim
τ→−∞

β1,Re r(τ) = 0. Then l−1 is completely continuous in L2.

We assume that the conditions of Theorem 3 hold and consider a set

M = {y ∈ L2 : ‖ly‖2 ≤ 1} .

Let
dk = inf

Σk⊂{Σk}
sup
y∈M

inf
w∈Σk

‖y − w‖2 (k = 0, 1, 2, ...)

be the Kolmogorov’s widths of the set M in L2. Here {Σk} is a set of all subspaces
Σk of L2 whose dimensions are not greater than k. Through N2(λ) denote the number
of widths dk which are not smaller than a given positive number λ. Estimates of the
width’s distribution function N2(λ) are important in the approximation problems of
solutions of the equation ly = f . The following statement holds.

Theorem 4. Assume that the conditions of Theorem 3 be fulfilled and let a function
q satisfy γq,Re r < ∞. Then the following estimates hold:

c1λ
−2μ
{
x : |q(x)| ≤ c−1

2 λ−1
} ≤ N2(λ) ≤ c3λ

−2μ
{
x : |q(x)| ≤ c2λ

−1
}

,

where μ is the Lebesgue measure.

Example. Assume that r = (1 + x2)β (β > 0) and let s = 0. Then the conditions of
Theorem 2 are satisfied if β ≥ 1/2. If β > 1/2, then the conditions of Theorem 4 are
satisfied and the following estimates hold:

c4λ
−2β+3
2(2β−1) ≤ N2(λ) ≤ c5λ

−2β+3
2(2β−1) .

We consider the following nonlinear equation

Ly = −y′′ + [r(x, y)]y′ = f(x), (1.6)

where x ∈ R, r is a real-valued function and f ∈ L2.

A function y ∈ L2 is called a solution of equation (1.6), if there exists a se-
quence of twice continuously differentiable functions {yn}∞n=1 such that ‖θ(yn − y)‖2 →
0, ‖θ(Lyn − f)‖2 → 0 as n →∞ for any θ ∈ C∞

0 (R).
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Theorem 5. Let the function r be continuously differentiable with respect to both
arguments and satisfy the following conditions

r ≥ δ0

√
1 + x2 (δ0 > 0), sup

x, η∈R: |x−y|≤1

sup
A>0

sup
|C1|≤A,|C2|≤A,|C1−C2|≤A

r(x, C1)

r(η, C2)
< ∞.

(1.7)
Then there exists a solution y of (1.6), and

‖y′′‖2 + ‖[r(·, y)]y′‖2 < ∞. (1.8)

2. Auxiliary statements

The next statement is a corollary of the well known Muckenhoupt’s inequality [26].

Lemma 2.1. Let functions g and h such that γg,h < ∞. Then for all y ∈ C∞
0 (R) the

following inequality holds:

∞�

−∞

|g(x)y(x)|2dx ≤ C

∞�

−∞

|h(x)y′(x)|2dx. (2.1)

Moreover, if C is a smallest constant for which estimate (2.1) holds, then γg,h ≤ C ≤
2γg,h.

The following lemma is a particular case of Theorem 2.2 [23].

Lemma 2.2. Let the given function h satisfy conditions

lim
x→+∞

√
x

⎛⎝ ∞�

x

h−2(t)dt

⎞⎠ 1
2

= 0,

lim
x→−∞

√
|x|
⎛⎝ x�

−∞

h−2(t)dt

⎞⎠ 1
2

= 0.

Then the set

FK =

⎧⎨⎩y : y ∈ C∞
0 (R),

+∞�

−∞

|h(t)y′(t)|2dt ≤ K

⎫⎬⎭ , K > 0

is a relatively compact in L2(R).

Denote by L a closure in L2-norm of the differential expression

L0z = −z′ + rz + sz̄ (2.2)

defined on the set C∞
0 (R).

Lemma 2.3. Assume that functions r and s satisfy condition (1.3). Then the operator
L is boundedly invertible in L2.

EJQTDE, 2012 No. 66, p. 4



Proof . Let Lλ = L + λE, where λ ≥ 0, and E be the identity map of L2 to itself.
Note that L is separable if and only if Lλ = L + λE is separable for some λ. If z is a
continuously differentiate function with a compact support, then

(Lλz, z) = −
�

R

z′z̄dx +

�

R

[(r + λ)|z|2 + sz̄2]dx. (2.3)

But

T := −
�

R

z′z̄dx =

�

R

zz̄′dx = −T̄ .

Therefore Re T = 0 and from (2.3) it follows that

Re(Lλz, z) ≥ c

�

R

[Re r + λ− |s|]|z|2dx. (2.4)

We estimate the left-hand side of inequality (2.4) by using the Hölder’s inequality.
Then by (1.3) we have ‖Lλz‖2 ≥ δ ‖z‖2 . This estimate implies that Lλ is invertible.
Let us proof that L−1

λ is defined in all L2. Assume the contrary. Let R(Lλ) �= L2. Then
there exists a non-zero element z0 ∈ L2 such that z0 ⊥ R(Lλ). According to operator’s
theory z0 satisfies the equality

L∗
λz0 := z

′
0 + (r̄ + λ)z0 + sz̄0 = 0, (2.5)

where L∗
λ is an adjoint operator.

Let θ ∈ C∞
0 (R) be a real function. Denote ψ = θz0. From (2.5) it follows that

z0 ∈ W 1
2,loc(R), then ψ ∈ D(L∗

λ). Using (2.5), we get L∗
λψ = θ′z0. Hence

(L∗
λψ, ψ) =

�

R

θ′θ|z0|2dx. (2.6)

On the other hand using the expression L∗
λψ we have

Re(L∗
λψ, ψ) =

�

R

θ2[Re(r̄ + λ)|z0|2 + Re(sz̄2
0)]dx ≥

≥
�

R

θ2[Rer̄ + λ− |s|]|z0|2dx.

Hence by (2.6) the following estimate

δ

�

R

θ2|z0|2dx ≤
�

R

θ′θ|z0|2dx (2.7)

holds. Choose the function θ such that

θ(x) =

⎧⎪⎨⎪⎩
1, |x| ≤ ξ

0, |x| ≥ ξ + 1,
EJQTDE, 2012 No. 66, p. 5



0 ≤ θ ≤ 1, |θ′| ≤ C. Here ξ > 0. Then it follows from (2.7)

δ

ξ+1�

−ξ−1

θ2|z0|2dx ≤ C

⎡⎣ −ξ�

−ξ−1

|z0|2dx +

ξ+1�

ξ

|z0|2dx

⎤⎦ .

Since z0 ∈ L2, passing to the limit as ξ → +∞ in the last inequality, we have ‖z0‖2 = 0.
Then z0 = 0. We obtain the contradiction, which gives that R(Lλ) = L2. The lemma
is proved. �

Lemma 2.4. Assume that functions r and s satisfy condition (1.4). Then L is sepa-
rable in L2 and for z ∈ D(L) the following estimate holds:

‖z′‖2 + ‖rz‖2 + ‖sz̄‖2 ≤ c ‖Lz‖2 . (2.8)

Proof. From inequality (2.4) it follows that∥∥∥√Re r(·) + λz
∥∥∥

2
≤ c1

∥∥∥∥∥ 1√
Re r(·) + λ

Lλz

∥∥∥∥∥
2

. (2.9)

It is easy to show that (2.9) holds for all z from D(Lλ).

Let Δj = (j − 1, j + 1) (j ∈ Z) and let {ϕj}+∞
j=−∞ be a sequence of functions from

C∞
0 (Δj) such that

0 ≤ ϕj ≤ 1,
+∞∑

j=−∞
ϕ2

j(x) = 1.

We continue r(x) and s(x) from Δj to R so that its continuations rj(x) and sj(x) are
bounded and periodic functions with period 2. Denote by Lλ,j the closure in L2(R)
of the differential operator −z′ + [rj(x) + λ]z + sj(x)z̄ defined on C∞

0 (R). Using the
method which was applied for Lλ one can proof that Lλ,j are invertible and L−1

λ,j are
defined in all L2. In addition, the following inequality∥∥∥(Re rj + λ)

1
2 z
∥∥∥

2
≤ c2

∥∥∥(Re rj + λ)−
1
2 Lλ,jz

∥∥∥
2
, z ∈ D(Lλ,j), (2.10)

holds. From estimate (2.10) by (1.4) it follows

‖Lλ,jz‖2 ≥ c3 sup
x∈Δj

[Re rj(x) + λ] ‖z‖2 , z ∈ D(Lλ,j). (2.11)

Let us introduce the operators Bλ and Mλ:

Bλf =
+∞∑

j=−∞
ϕ′

j(x)L−1
λ,jϕjf, Mλf =

+∞∑
j=−∞

ϕj(x)L−1
λ,jϕjf.

At any point x ∈ R the sums of the right-hand side in these terms contain no more
than two summands, therefore Bλ and Mλ is defined on all L2. It is easy to show that

LλMλ = E + Bλ. (2.12)

Using (2.11) and properties of ϕj (j ∈ Z) we find that lim
λ→+∞

‖Bλ‖ = 0, hence there

exists a number λ0 such that ‖Bλ‖ ≤ 0.5 for all λ ≥ λ0. Then it follows from (2.12)

L−1
λ = Mλ(E + Bλ)

−1, λ ≥ λ0. (2.13)
EJQTDE, 2012 No. 66, p. 6



Using (2.13) and properties of ϕj (j ∈ Z) we have∥∥(Re r + λ)L−1
λ f
∥∥

2
≤ c4 sup

j∈Z

∥∥(Re rj + λ)L−1
λ,j

∥∥
L2→L2

‖f‖2 . (2.14)

Further, (1.4) and (2.11) imply that

sup
j∈Z

∥∥(Re rj + λ)L−1
λ,jF
∥∥

L2(R)
≤ c5

sup
x∈Δj

[Re r(x) + λ]

inf
t∈Δj

[Re r(t) + λ]
‖F‖L2(R) ≤

≤ c5 sup
|x−z|≤2

Re r(x) + λ

Re r(z) + λ
‖F‖L2(R) ≤ c6 ‖F‖L2(R) .

From the last inequalities and (2.14) we obtain ‖(Re r + λ)z‖2 ≤ c7 ‖Lλz‖2 , z ∈
D(Lλ), therefore it follows from condition (1.4)

‖z′‖2 + ‖(r + λ)z‖2 + ‖sz̄‖2 ≤ c8 ‖Lλz‖2 .

When λ = 0 from this inequality we have estimate (2.8). The lemma is proved. �

Lemma 2.5. Assume that functions r and s satisfy condition (1.3). Then for y ∈ D(l)
the estimate

‖y′‖2 + ‖y‖2 ≤ c ‖ly‖2 (2.15)

holds.

Proof. Let y ∈ C∞
0 (R). Integrating by parts, we have

(ly, y′) = −
�

R

y′′ȳ′dx +

�

R

[r(x)|y′|2 + s(x)(ȳ′)2]dx. (2.16)

Since

A := −
�

R

y′′ȳ′dx =

�

R

y′ȳ′′dx = −Ā,

we see Re A = 0. Therefore, it follows from (2.16)

Re (ly, y′) ≥
�

R

[Re r − |s|]|y′|2dx ≥ δ ‖y′‖2 .

Hence, using the Hölder’s inequality, the condition γ1,Re r < ∞ in (1.3) and Lemma
2.1 we obtain (2.15) for any y ∈ C∞

0 (R). If y is an arbitrary element of D(l), then
there exists a sequence {yn}∞n=1 ⊂ C∞

0 (R) such that ‖yn − y‖2 → 0, ‖lyn − ly‖2 → 0 as
n →∞. The estimate (2.15) holds for yn. From (2.15) passing to the limit as n →∞
we obtain the same estimate for y. The lemma is proved. �

A function y ∈ L2 is called a solution of the equation

ly ≡ −y′′ + r(x)y′ + s(x)ȳ′ = f, f ∈ L2, (2.17)

if there exists a sequence {yn}∞n=1 ⊂ C∞
0 (R) such that ‖yn − y‖2 → 0, ‖lyn − f‖2 → 0,

n →∞.

Lemma 2.6. If functions r and s satisfy condition (1.3) then the equation (2.17) has
a unique solution.
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Proof. From (2.15) it follows that the solution y of (2.17) is unique and belongs to
W 1

2 (R). Lemma 2.3 shows that L−1 is defined in all L2. Then by the construction
(2.17) is solvable. The proof is complete. �

3. Proofs of Theorems 1-4

Proof of Theorem 1. From (1.3) and Lemma 2.6 we obtain that l is invertible and
l−1 is defined in all L2. �

Proof of Theorem 2. From Lemma 2.4 it follows that L is separated in L2 under
condition (1.4). And consequently, by construction ly ≡ −y′′ + r(x)y′ + s(x)ȳ′ is
separated in L2 and the estimate (1.5) holds. The theorem is proved. �

Proof of Theorem 3. The estimate (1.5) shows that l−1 maps L2 into space W̃ 2
2 (R)

with the norm ‖y′′‖2 + ‖ry′‖2 + ‖sȳ′‖2 + ‖y‖2. By condition of the theorem Lemma 2.2

implies that W̃ 2
2 (R) is compactly embedded into L2. The proof is complete. �

Proof of Theorem 4. By Lemma 2.1 Theorem 2 implies that ‖y′′‖2 + ‖qy‖2 ≤
c ‖ly‖2 , y ∈ D(l). Then Theorem 1 [27] gives the estimates in Theorem 4. �

Proof of Theorem 5. Let ε and A be positive numbers. We denote

SA =
{

z ∈ W 1
2 (R) : ‖z‖W 1

2 (R) ≤ A
}

.

Let ν be an arbitrary element of SA. Consider the following linear “perturbed” equation

l0,ν,εy ≡ −y′′ + [r(x, ν(x)) + ε(1 + x2)2]y′ = f(x). (3.1)

Denote by lν,ε the minimal closed operator in L2 generated by expression l0,ν,εy. Since

rε(x) := r(x, ν(x)) + ε(1 + x2)2 ≥ 1 + ε(1 + x2)2,

the function rε(x) satisfies condition (1.3). Further, if |x− η| ≤ 1, then for ν ∈ SA we
have

|ν(x)− ν(η)| ≤ |x− η| ‖ν ′‖p ≤ |x− η| ‖ν‖W 1
2
≤ A. (3.2)

It is easy to verify that

sup
|x−η|≤1

(1 + x2)2

(1 + η2)2
≤ 9.

Now we assume that ν(x) = C1, ν(η) = C2. Then by (1.7) and (3.2) we obtain

sup
|x−η|≤1

rε(x)

rε(η)
≤ sup

|x−η|≤1

sup
A>0

sup
|C1|≤A, |C2|≤A,|C1−C2|≤A

r(x, C1)

r(η, C2)
+ 9ε < ∞.

Thus the coefficient rε(x) in (3.1) satisfies the conditions of Theorem 2. Therefore,
(3.1) has a unique solution y and for y the estimate

‖y′′‖2 +
∥∥[r(·, ν(·)) + ε(1 + x2)2]y′∥∥

2
≤ C3 ‖f‖2 (3.3)

holds (i.e. an operator lν,ε is separated). By (1.7) and (2.1)

‖y‖2 ≤ C0 ‖ry′‖2 ,
∥∥(1 + x2)y

∥∥
2
≤ C4

∥∥(1 + x2)2y′∥∥
2
. (3.4)
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Taking into account (3.4) from (3.3) we have

‖y′′‖2 +
1

2

∥∥(1 + x2)2y′∥∥
2
+

1

2C0

‖y‖2 +
ε

C4

∥∥(1 + x2)y
∥∥

2
≤ C3 ‖f‖2 .

Then for some C5 > 0 the following estimate

‖y‖W := ‖y′′‖2 +
∥∥(1 + x2)2y′∥∥

2
+
∥∥[1 + ε(1 + x2)]y

∥∥
2
≤ C5 ‖f‖2 (3.5)

holds. We choose A = C5 ‖f‖2 and denote P (ν, ε) := L−1
ν,εf . From estimate (3.5) it

follows that the operator P (ν, ε) maps SA ⊂ W 1
2 (R) to itself. Moreover, P (ν, ε) maps

SA into the set

QA = {y : ‖y′′‖2 +
∥∥(1 + x2)2y′∥∥

2
+
∥∥[1 + ε(1 + x2)]y

∥∥
2
≤ C5 ‖f‖2}.

QA is the compact in Sobolev’s space W 1
2 (R). Indeed, if y ∈ QA, h �= 0 and N > 0,

then the following relations hold:

‖y(·+ h)− y(·)‖2
W 1

2 (R) =

+∞�

−∞

[|y′(t + h)− y′(t)|2 + |y(t + h)− y(t)|2]dt =

=

+∞�

−∞

⎡⎢⎣
∣∣∣∣∣∣

t+h�

t

y′′(η)dη

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
t+h�

t

y′(η)dη

∣∣∣∣∣∣
2
⎤⎥⎦ dt ≤

≤ |h|
+∞�

−∞

⎡⎣ t+h�

t

|y′′(η)|2dη +

t+h�

t

|y′(η)|2dη

⎤⎦ dt =

= |h|2
+∞�

−∞

[|y′′(η)|2 + |y′(η)|2] dη ≤ C6 ‖f‖2
2 |h|2, (3.6)

and

‖y‖2
W 1

2 (R\[−N,N ]) =

�

|η|≥N

[|y′(η)|2 + |y(η)|2] dη ≤

≤
�

|η|≥N

(1 + η2)−1
[|y′′(η)|2 + (1 + η2)2|y′(η)|2 + (1 + η2)|y(η)|2] dη ≤

≤ C7 ‖f‖2
2 (1 + N2)−1. (3.7)

Expressions in the right-hand side of (3.6) and (3.7) tend to zero as h → 0 and as
N → +∞, respectively. Then by Frechét-Kolmogorov criterion the set QA is compact
in W 1

2 (R). Hence P (ν, ε) is a compact operator.
EJQTDE, 2012 No. 66, p. 9



Let us show that P (ν, ε) is continuous with respect to ν in SA. Let {νn} ⊂ SA be
a sequence such that ‖νn − ν‖W 1

2
→ 0 as n → ∞, and yn and y such that Lν,εy =

f, Lνn,εyn = f . Then it is enough to show that the sequence {yn} converges to y in
W 1

2 (R) - norm as n →∞. We have

P (νn, ε)− P (ν, ε) = yn − y = L−1
νn,ε[r(x, νn(x))− r(x, ν(x))]y′

n.

The functions ν(x) and νn(x) (n = 1, 2, ...) are continuous. Then by conditions of the
theorem the difference r(x, νn(x)) − r(x, ν(x)) is also continuous with respect to x.
Hence for each finite interval [−a, a], a > 0, we have

‖yn − y‖W 1
2 (−a,a) ≤ c max

x∈[−a,a]
|r(x, νn(x))− r(x, ν)| · ‖y′

n‖L2(−a,a) → 0 (3.8)

as n →∞. On the other hand, from Theorem 2 it follows that {yn} ∈ QA, ‖yn‖W ≤
A, y ∈ QA, ‖y‖W ≤ A. Since the set QA is compact in W 1

2 (R), {yn} converges in the
W 1

2 (R) - norm. Let z be the limit of {yn}. By properties of W 1
2 (R)

lim
|x|→∞

y(x) = 0, lim
|x|→∞

z(x) = 0. (3.9)

Since L−1
ν,ε is the closed operator, from (3.8) and (3.9) we obtain y = z. Then

‖P (νn, ε)− P (ν, ε)‖W 1
2 (R) → 0, as n →∞.

Summing up, we have that P (ν, ε) is the completely continuous operator in W 1
2 (R)

and maps SA to itself. Then by Schauder’s theorem P (ν, ε) has a fixed point
y (P (y, ε) = y) in SA. And consequently, y is a solution of the equation

Lεy := −y′′ +
[
r(x, y) + ε(1 + x2)2

]
y′ = f(x).

By (3.3) for y the estimate

‖y′′‖2 +
∥∥[r(·, y) + ε(1 + x2)2

]
y′∥∥

2
≤ C3 ‖f‖2

holds.

Now, suppose that {εj}∞j=1 is a sequence of positive numbers converged to zero. The
fixed point yj ∈ SA of P (ν, εj) is a solution of the equation

Lεj
yj := −y′′

j +
[
r(x, yj) + εj(1 + x2)2

]
y′

j = f(x).

For yj the estimate∥∥y′′
j

∥∥
2
+
∥∥[r(·, yj(·)) + ε(1 + x2)2

]
y′

j

∥∥
2
≤ C3 ‖f‖2 (3.10)

holds.

Suppose (a, b) is an arbitrary finite interval. From {yj}∞j=1 ⊂ W 2
2 (a, b) one can select

a subsequence
{
yεj

}∞
j=1

such that
∥∥yεj

− y
∥∥

L2[a,b]
→ 0 as j →∞. A direct verification

shows that y is a solution of (1.6). In (3.10) passing to the limit as j →∞ we obtain
(1.8). The theorem is proved. �
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[9] È. Z. Grinshpun and M. Otelbaev, Smoothness of solutions of a nonlinear Sturm-
Liouville equation in L1(−∞, +∞), (Russian, Kazakh summary) Izv. Akad.
Nauk Kazakh. SSR Ser. Fiz.-Mat. (1984), no. 5, 26-29.

[10] N. Chernyavskaya and L. Shuster, Weight summability of solutions of the Sturm-
Liouville equation, J. Differential Equations 151 (1999), no. 2, 456-473.

[11] A. Birgebaev, Smooth solution of non-linear differential equation with matrix po-
tential, (Russian) The VII Scientific Conference of Mathematics and Mechanics,
Almaty, (1989).

[12] A. S. Mohamed, Separability of the Schrödinger operator using matrix material
[potential], (Russian. Tajiki summary) Dokl. Akad. Nauk Respub. Tadzhikistan
35 (1992), no.3, 156-159.

[13] A. S. Mohamed and H. A. Atia, Separation of the Sturm-Liouville differential
operator with an operator potential, Appl. Math. Comput. 156 (2004), no. 2,
387-394.

[14] E. M. E. Zayed, A. S. Mohamed and H. A. Atia, Inequalities and separation for the
Laplace-Beltrami differential operator in Hilbert spaces, J. Math. Anal. Appl.
336 (2007), no. 1, 81-92.

EJQTDE, 2012 No. 66, p. 11



[15] M. B. Muratbekov and L. R. Seitbekova, On the Hilbert property of resolvents of
a class of non-semi-bounded differential operators, (Russian) Mat. Zh. 2 (2002),
no. 2(6), 62-67, (electronic).

[16] K. Kh. Boimatov, Separability theorems, weighted spaces and their applications,
(Russian) Trudy Math. Inst. Steklov 170 (1984), 37-76.

[17] M. B. Muratbekov, Separability and estimates for the widths of sets connected
with the domain of a nonlinear operator of Schrödinger type, (Russian) Dif-
ferentsial’nye Uravneniya 27 (1991), no. 6, 1034-1042; English translation in
Differential Equations 27 (1991), no. 6, 734-741.

[18] K. N. Ospanov, On the nonlinear generalized Cauchy-Riemann system on the
whole plane, (Russian) Sibirsk. Mat. Zh. 38 (1997), no. 2, 365-371, iv; English
translation in Siberian Math. J. 38 (1997), no. 2, 314-319.

[19] M. B. Muratbekov and M. Otelbaev, Smoothness and approximation properties
for solutions of a class of nonlinear equations of Schrödinger type, (Russian) Izv.
Vyssh. Uchebn. Zaved. Mat. (1989), no. 3, 44-47; English translation in Soviet
Math. (Iz. VUZ) 33 (1989), no. 3, 68-74.

[20] K. N. Ospanov, Coercive estimates for a degenerate elliptic system of equations
with spectral applications, Appl. Math. Lett. 24 (2011), no. 9, 1594-1598.

[21] R. C. Brown, Separation and disconjugacy, JIPAM. J. Inequal. Pure Appl. Math.
4 (2003), no. 3, article 56, 16 pp. (electronic).

[22] S. Omran, Kh. A. Gepreel and E. T. A. Nofal, Separation of the general differential
wave equation in Hilbert space, Int. J. Nonlinear Sci. 11 (2011), no. 3, 358-365.

[23] O. D. Apyshev and M. Otelbaev, The spectrum of a class of differential operators
and some imbedding theorems, (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 43
(1979), no. 4, 739-764.

[24] N. I. Akhiezer and I. M. Glazman, Theory of linear operators in Gilbert space,
Courier Dover Publications (1993).

[25] A. N. Tikhonov and A. A. Samarskiy, Equations of mathematical physics, Macmil-
lan, New York (1963).

[26] B. Muckenhoupt, Hardy’s inequality with weights, Studia Math. 44 (1972), 31-38.

[27] M. Otelbaev, Two-sided estimates of widths and their applications, (Russian)
Dokl. Akad. Nauk SSSR 231 (1976), no. 4, 810-813; English translation in
Soviet Math. Dokl. 17 (1976), no. 6, 1655-1659.

(Received March 7, 2012)

EJQTDE, 2012 No. 66, p. 12



Paper C





Some new results concerning a class of third
order differential equations

R.D.Akhmetkaliyeva1, K.N.Ospanov1, L.-E.Persson2,3

and P.Wall2

1Department of Fundamental and Applied Mathematics,
Faculty of Mechanics and Mathematics,

Eurasian National University,
Astana 010000, Kazakhstan

2Department of Engineering Sciences and Mathematics,
Lule̊a University of Technology,

SE-971 87 Lule̊a, Sweden

3Narvik University College
Postboks 385, 8505 Narvik, Norway



R.D.Akhmetkaliyeva, K.N.Ospanov, L.-E.Persson and P.Wall. Some
new results concerning a class of third order differential equations, Lule̊a Uni-
versity of Technology, Department of Engineering Sciences and Mathematics,
Research Report 5 (2012).

Abstract: We consider the following third order differential equation with
unbounded coefficients:

−m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y = f(x).

Some new existence and uniqueness results are proved, and precise estimates
of the norms of the solutions are given. The obtained results may be regarded
as a unification and extension of all other results of this type.

AMS subject classification (MSC 2010): 35J70

Keywords and Phrases: Differential equations, differential equations of
third order, existence, uniqueness, estimates of norms of the solutions.

Note: This report will be submitted for publication elsewhere.

ISSN: 1400-4003

Lule̊a University of Technology
Department of Engineering Sciences and Mathematics
SE-971 87 Lule̊a, SWEDEN



1 Introduction and statement of the main re-

sults

Linear and nonlinear equations of odd order are sometimes called non-classical
equations of mathematical physics. The study of boundary value problems
and qualitative properties of solutions of such equations begun fairly late and
is reflected e.g. in the works of A.I. Kozhanov, N.A. Larkin, N.N. Yanenko
[18] and some others. As important representatives of such equations we
mention the Korteweg-de Vries equation and its modifications arising in the
theory of distribution of long waves of small finite amplitudes, as well as the
composite type equations arising in problems of hydrodynamics.

Questions of smoothness of solutions of differential equations are of great
interest due to their importance for applications (e.g. for many problems
of gas dynamics, hydrodynamics, hydromechanics, etc.). The case with
bounded domains and smooth scalar coefficients are well understood and suf-
ficiently well described in the known literature. In the case with unbounded
domains the problem of separability was started in 1970 by W.N. Everitt and
M. Geertz [14-15]. They proved some interesting separation results for the
Sturm-Liouville differential operator

Ly(x) = −y′′(x) + q(x)y(x), x ∈ R,

in the space L2(R). They studied the following question: what are the condi-
tions on q(x) such that if y(x) ∈ L2(R), R = (−∞, +∞), and Ly(x) ∈ L2(R)
imply both of y′′(x) and q(x)y(x) ∈ L2(R). More fundamental results of
separation of differential operator were obtained later by the same authors
[16,17]. A number of results concerning the property referred to as the sep-
aration of differential operators was investigated e.g. by K. Kh. Boimatov
[9], M. Otelbaev [26], A. Zettle [31] and A.S. Mohamed et al. [19-24]. The
separation for differential operators with matrix potentials was first stud-
ied by A. Birgebaev [8]. R.C. Brown [12] proved that certain properties of
positive solutions of disconjugate second-order differential expressions imply
the separation property. Some separation criteria and inequalities associated
with linear second-order differential operators were studied by R.C. Brown
et al. [10-11]. A.S.Mohamed et al. [22] investigated the separation property
of the Sturm-Liouville differential operator

Ly(x) = − (m(x)y′)′ + V (x)y(x), x ∈ R,
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in the Hilbert space Hp(R) (p = 1, 2), where V ∈ L(lp) is an operator poten-
tial which is a bounded linear operator on lp and m(x) ∈ C1(R) is a positive
continuous function on R.

In [20] the same authors studied the separation property for the linear
differential operator

Ly(x) = (−1)mD2my(x) + V (x)y(x), x ∈ R,

in the Banach space Lp(R)l, where V (x) is an l× l positive Hermitian matrix

and D2m =
d2m

dx2m
is the classical differentiation of order 2m.

Moreover, in [23] again the same authors investigated the separation of
the Schrödinger operator

Ly(x) = −Δy(x) + V (x)y(x), x ∈ Rn,

with the operator potential V (x) ∈ C1(Rn, L(H1)) in the Hilbert space

L2(R
n, H1) and Δ =

n∑
i=1

∂2

∂x2
i

is the Laplace operator in Rn. Finally, in [24]

they studied the separation for the general second-order differential operator

Ly(x) = −
n∑

i,j=1

aij(x)Dj
i y(x) + V (x)y(x), x ∈ Rn,

with the operator potential V (x), in the weighted Hilbert space L2,k(R
n, H1),

where aij ∈ C2(Rn) and Dj
i =

∂2

∂xi∂xj

.

Recently, in [28] E.M.E. Zayed et al. derived some new results on the
separation of linear and nonlinear Schrödinger-type operators with operator
potentials in Banach spaces. Furthermore, in [29] the same authors studied
the separation of the elliptic differential operator

Ly(x) = −
n∑

i,j=1

[Di (Pij(x)Djy(x))− Pij(x)bi(x)bj(x)y(x)] + V (x)y(x),

with the operator potential V (x) ∈ C1(Rn, L(H1)), in the weighted Hilbert
space L2,k(R

n, H1), where Pij(x) and bi(x) are real-valued continuous func-

tions while Di =
∂

∂xi

. Finally, in [30] E.M.E. Zayed et al. studied the

separation for the Laplace-Beltrami differential operator in Hilbert spaces.
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In the Hilbert case, the differential operator corresponding to the lin-
ear equation of odd-order is not semibounded; thus, estimating intermediate
derivatives in the solution, not to mention the highest derivative, is a non-
trivial problem.

We also note that B.I. Aliev [1] and T.T. Amanova [2] proved the sepa-
ration of the differential operator L in Lp(R) (1 ≤ p < ∞), generated by
the expression −y′′′ + q(x)y, under some natural assumptions. In particular,
they proved that for all sufficiently large λ > 0, the operator L + λE has a
bounded inverse operator in Lp(R).

It is also important to mention that sufficient conditions for the separa-
bility of the nonlinear operator

Ly = −y′′ + q(x, y(x))y + λy, λ > 0, x ∈ R,

have been established by M. Otelbaev and A. Birgebaev[7].
In [27] M. Sapenov and L.A. Shuster studied the problem if the solutions

of the differential equation

−y(2n+1)(t) + q(t)y(t) = f(t) ∈ Lp(R), t ∈ R

belongs to a weighted Lebesgue space under certain conditions imposed on
q(t).

Moreover, very recently in [25] K.N. Ospanov et al. proved some inter-
esting results concerning the smoothness and approximative properties of
generalized solutions of the nonlinear equation

(−1)ky2k+1 + [q(x, y) + λ + ir(x, y)]y = f

on R. Here λ ≥ 0 is a constant, and q = q(x, y) and r = r(x, y) are given
functions, which may increase near infinity.

Let 1 < p < +∞. By Lp ≡ Lp(R), R = (−∞, +∞), we denote the space
of functions with finite norm

‖ϕ‖p :=

⎛⎝∫
R

|ϕ(x)|pdx

⎞⎠
1

p
.

We consider the third order differential equation with unbounded coefficients:

(L + λE) y := −m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y = f(x), (1)
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where f ∈ Lp , λ ≥ 0, and where m(x), q(x) and r(x) are functions to be
defined later on.

In this paper we study questions of the existence and uniqueness of the
solutions of (1) and conditions, which for a solution y of (1) the following
estimate holds:

‖m(x)(m(x)y′)′′‖p
p + ‖(q(x) + ir(x) + λ)y‖p

p ≤ c ‖f(x)‖p
p . (2)

In the case of m(x) = 1 sufficient conditions for unique solvability of the
equation (1) and the estimate of the form (2) for its solution when r(x) ≡ 0
can be found in [3,7,25], and when r(x) ≥ 1 in [4-6].

Hence, the results in this paper can be regarded as a unification and
extension of the results in the papers [3-7,25].
Definition 1. A function y(x) ∈ Lp(R), is called a solution of (1), if there
is a sequence {yn}∞n=1 of continuously differentiable functions with compact
support, such that ‖yn − y‖p → 0 and ‖(L + λE)yn − f‖p → 0 as n →∞.

By C(k)(R) (k = 1, 2, ...) we denote the set of all k times continuously

differentiable functions ϕ(x) for which the value
k∑

j=0

sup
x∈R

|ϕ(j)(x)| is finite. Let

Wλ(x) :=
|q(x) + λ + ir(x)|

m2(x)
.

Our main results in this paper read:
Theorem 1. Assume that the functions q = q(x) and r = r(x) are continu-

ous on R, m = m(x) ∈ C
(2)
loc (R) and that the following conditions hold:

m(x) ≥ 1,
q(x)

m4(x)
≥ 1, r(x) ≥ 1, (3)

c−1 ≤ m(x)

m(η)
,
q(x)

q(η)
,
r(x)

r(η)
≤ c, x, η ∈ R, |x− η| ≤ 1, for some c > 0 (4)

|m(j)(x)| ≤ cjm(x), x ∈ R, for some cj > 0, j = 1, 2. (5)

sup
|x−η|≤1

|Wλ(x)−Wλ(η)|
|Wλ(x)|ν |x− η|μ < +∞, 0 < ν <

μ

3
+ 1, μ ∈ (0, 1], λ ≥ 0. (6)

Then there exists a number λ0 ≥ 0, such that the equation (1) has a solution
y for all λ ≥ λ0.
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Theorem 2. Let the functions q = q(x) and r = r(x) be continuous on R,

m = m(x) ∈ C
(3)
loc (R) and satisfy the conditions (3) - (6) and

|m(3)(x)| ≤ c3m(x), x ∈ R. (7)

Then the solution of the equation (1) is unique and the estimate (2) holds.
In order to make the proofs of Theorems 1 and 2 easy to follow some aux-

iliary Lemmas and other preliminaries are given in Section 2. Some identities
and inequalities in these Lemmas are of independent interest. The detailed
proofs can be found in Section 3.

2 Preliminaries

Let ξs = ξs(x), s = 1, 2, 3, be the roots of equation m2(x)ξ3−r(x)+ i(q(x)+
λ) = 0, where m(x), r(x) and q(x) satisfy the properties of Theorem 1. From
the conditions of Theorem 1 it follows that 0 < argξ1 < π, π < argξj <
2π, j = 2, 3. We introduce the function

M0(x, η, λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− 1

3m2(x)

ei(x−η)ξ1

ξ2
1

, −∞ < η < x,

1

3m2(x)

3∑
j=2

ei(x−η)ξj

ξ2
j

, x < η < +∞.

(8)

By a direct computation we get the following equalities:

∂jM0(x, η, λ)

∂ηj

∣∣∣∣
x=η−0

=
∂jM0(x, η, λ)

∂ηj

∣∣∣∣
x=η+0

, j = 0, 1, (9)

∂2M0(x, η, λ)

∂η2

∣∣∣∣
x=η−0

− ∂2M0(x, η, λ)

∂η2

∣∣∣∣
x=η+0

= − 1

m2(x)
, (10)

and

−m(x)

(
m(x)

∂M0(x, η, λ)

∂η

)′′

ηη

+ [q(x) + ir(x) + λ]M0(x, η, λ) = 0. (11)

Let the function d(η) ∈ C∞
0 (−1, 1) be such that

d(η) =

{
1, |η| ≤ 1

2
,

0, |η| ≥ 1.
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We denote

M1(x, η, λ) =

[
(q(η) + ir(η))− m2(η)

m2(x)
(q(x) + ir(x))

]
M0(x, η, λ)d(η − x),

M2(x, η, λ) = − [2m′(η)m(η)d(η − x) + 3m2(η)d′(η − x)
] ∂2M0(x, η, λ)

∂η2
−

− [m′′(η)m(η)d(η − x) + 4m′(η)m(η)d′(η − x) + 3m2(η)d′′(η − x)
] ∂M0(x, η, λ)

∂η
−

− [m′′(η)m(η)d′(η − x) + 2m′(η)m(η)d′′(η − x) + m2(η)d′′′(η − x)
]
M0(x, η, λ),

and
M3(x, η, λ) = M0(x, η, λ)d(η − x).

We introduce the following integral operators:

(Mj(λ)f) (η) =

∫
R

Mj(x, η, λ)f(x)dx, (j = 1, 2, 3).

The following statement is known ([13, p. 902]):
Lemma 1. Let 1 < p < +∞, k(x, η) be a continuous function and

(Kν) (η) =

∫
R

k(x, η)ν(x)dx.

Then

‖K‖Lp→Lp
≤ sup

η∈R

∫
R

[|k(x, η)|+ |k(η, x)|] dx.

Our next auxiliary result reads:
Lemma 2. Let all the conditions of Theorem 1 be satisfied. Then the op-
erators Mj(λ), j = 1, 2, 3, are continuous in the space Lp, and the following
estimates hold (λ ≥ 0):

‖M1(λ)‖Lp→Lp
≤ c1

bμ+3−3ν
λ (η)

, μ ∈ (0, 1], 0 < ν <
μ

3
+ 1, (12)

‖M2(λ)‖Lp→Lp
≤ c2

bλ(η)
, (13)
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and
‖M3(λ)‖Lp→Lp

≤ c3

m2(η)b3
λ(η)

. (14)

Here bλ(x) = 3

√
|r(x)− i(q(x) + λ)|

m2(x)
.

Remark 1. The statement of Lemma 2 remains true if the condition r(x) ≥
1 in (3) is replaced by the condition r(x) ≤ −1, but we do not need this fact
in our further investigations.

Denote by L + λE (λ ≥ 0) the closure in Lp of the differential expression

(l + λE)y ≡ −m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y,

defined on the set C∞
0 (R) of infinitely differentiable and compactly supported

functions. From definition 1 it is easy to see that the function y ∈ Lp is a
solution of the equation (1) if it belongs to D(L + λE) and the equality
(L + λE)y = f holds.

Also the following identify of independent interest is crucial for the proof
of Theorem 1:
Lemma 3. Let the conditions of Theorem 1 be satisfied. Then the following
equality holds:

(L + λE) [M3(λ)f ] (η) = f(η) + [M1(λ)f ] (η) + [M2(λ)f ] (η). (15)

Let the functions m(x), q(x), r(x) satisfy the conditions of Theorem 2,

and let p′ denote the conjugate number of p i.e.
1

p
+

1

p′
= 1. We denote by

(L + λE)′ an operator acting in the space Lp′(R) such that

((L + λE) y, z) =
(
y, (L + λE)′ z

)
, y ∈ D(L + λE), z ∈ D ((L + λE)′) .

Obviously, it yields that

(L + λE)′z ≡ (m(x) (m(x)z)′′
)′

+ (q(x) + λ− ir(x)) z.

We consider the differential equation

(L + λE)′z ≡ (m(x) (m(x)z)′′
)′

+ (q(x) + λ− ir(x)) z = g(x), (16)

where the function m(x) ≥ 1 is continuous together with its derivatives up
to third order, q(x) and r(x) are continuous real-valued functions, λ ≥ 0 and
g(x) ∈ Lp′(R).
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The next Lemma is crucial for the proof of Theorem 2.
Lemma 4. Let the continuous functions q(x), r(x) and the function m ∈
C

(3)
loc (R) satisfy the conditions (3) - (6) and (7). Then there exists a number

λ1 ≥ 0, such that the equation (16) for all λ ≥ λ1 has a solution.
Before we can prove Lemma 4 we introduce some notations and give some

further auxiliary statements.
Let, ζ l = ζ l(x), l = 1, 2, 3, be the roots of the equation m2(x)ζ3 −

r(x) − i(q(x) + λ) = 0. From the assumptions of Lemma 4 it follows that
0 < argζj < π, j = 1, 2 and π < argζ3 < 2π. We introduce the function

N0(x, η, λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− 1

3m2(x)

2∑
j=1

ei(x−η)ζj

ζ2
j

, −∞ < η < x,

1

3m2(x)

ei(x−η)ζ3

ζ2
3

, x < η < +∞.

(17)

By direct computations we easily obtain the following:

∂jN0(x, η, λ)

∂ηj

∣∣∣∣
x=η−0

=
∂jN0(x, η, λ)

∂ηj

∣∣∣∣
x=η+0

, j = 0, 1, (18)

∂2N0(x, η, λ)

∂η2

∣∣∣∣
x=η−0

− ∂2N0(x, η, λ)

∂η2

∣∣∣∣
x=η+0

= − 1

m2(x)
, (19)

(
m(x) (m(x)N0(x, η, λ))′′ηη

)′
η
+ [q(x)− ir(x) + λ]N0(x, η, λ) = 0. (20)

Moreover, we denote

N1(x, η, λ) =

[
(q(η)− ir(η))− m2(η)

m2(x)
(q(x)− ir(x))

]
N0(x, η, λ)d(η − x),

N2(x, η, λ) =
[
4m′(η)m(η)d(η − x) + 3m2(η)d′(η − x)

] ∂2N0(x, η, λ)

∂η2
+

+
[
3m′′(η)m(η)d(η − x) + 2(m′(η))2d(η − x) + 8m(η)m′(η)d′

η(η − x)+

10



+3m2(η)d′′
ηη(η − x)

] ∂N0(x, η, λ)

∂η
+

+
[
m′′(η)m′(η)d(η − x) + m′′′(η)m(η)d(η − x) + 3m′′(η)m(η)d′

η(η − x)+

+2 (m′(η))
2
d′

η(η − x) + 4m′(η)m(η)d′′
ηη(η − x) + m2(η)d′′′

ηηη(η − x)
]
N0(x, η, λ),

and

N3(x, η, λ) = N0(x, η, λ)d(η − x).

We also introduce the following integral operators

(Nj(λ)f) (η) =

∫
R

Nj(x, η, λ)f(x)dx, j = 1, 2, 3.

Lemma 5. Let all the conditions of Lemma 4 be satisfied. Then the operators
Nj(λ) are continuous in the space Lp′, and the following estimates hold (λ ≥
0):

‖N1(λ)‖Lp′→Lp′
≤ c1

bβ+3−3α
λ (η)

, β ∈ (0, 1], 0 < α <
β

3
+ 1, (21)

‖N2(λ)‖Lp′→Lp′
≤ c2

bλ(η)
, (22)

and
‖N3(λ)‖Lp′→Lp′

≤ c3

m2(η)b3
λ(η)

. (23)

We also need the following identity of independent interest:
Lemma 6. Let the conditions of Lemma 4 be fulfilled. Then the following
identity holds:

(L + λE)′ [N3(λ)g] (η) = g(η) + [N1(λ)g] (η) + [N2(λ)g] (η). (24)
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3 Proofs

Proof of Lemma 2. Under the assumptions of Theorem 1 for the functions
q(x), r(x) and m(x), there exists a constant σ > 0 such that Imξ1 ≥ σ and
Imξ1 ≤ −σ (j = 2, 3). Then, for the function M0 defined by (8), we have
the following estimates:

|M0(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3m2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

2

3m2(x)

eσ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞,

(25)

and

∣∣∣∣∂jM0(x, η, λ)

∂ηj

∣∣∣∣ ≤
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3m2(x)

e−σ(x−η)bλ(x)

b2−j
λ (x)

, −∞ < η < x,

2

3m2(x)

eσ(x−η)bλ(x)

b2−j
λ (x)

, x < η < +∞, j = 1, 2.

(26)

According to our choice Mj(x, η, λ) = 0 for |x − η| > 1. Taking into ac-
count the conditions (3) - (6) of Theorem 1 and (25) - (26) for the functions
Mj(x, η, λ), j = 0, 1, 2, at |x− η| ≤ 1 we obtain the following estimates:

|M1(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
c̄1m

2(η)|x− η|μb3ν−2
λ (x)

e−σ(x−η)bλ(x)

m2(x)
, −∞ < η < x,

c̄2m
2(η)|x− η|μb3ν−2

λ (x)
eσ(x−η)bλ(x)

m2(x)
, x < η < +∞.

(27)

|M2(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

m2(η)

m2(x)

2∑
k=0

c̃k
e−σ(x−η)bλ(x)

bk
λ(x)

, −∞ < η < x,

m2(η)

m2(x)

2∑
k=0

c̃k
eσ(x−η)bλ(x)

bk
λ(x)

, x < η < +∞,

(28)
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and

|M3(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3m2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

2

3m2(x)

eσ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞.

(29)

We shall estimate the norms ‖Mj(λ)‖Lp→Lp
of the operators Mj(λ), j =

1, 2, 3, by using Lemma 1 and the inequalities (27) - (29). We have that

‖M1(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M1(x, η, λ)|+ |M1(η, x, λ)|] dx ≤

≤ c1 sup
η∈R

η+1∫
η−1

(
m2(η)

m2(x)

exp[−σ(x− η)bλ(x)]

b2
λ(x)

+
m2(x)

m2(η)

exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ + ir(η)

m2(η)
− q(x) + λ + ir(x)

m2(x)

∣∣∣∣ dx.

By using (3), (4), (6) we obtain that

‖M1(λ)‖Lp→Lp
≤

≤ c2 sup
η∈R

η+1∫
η−1

(
exp[−σ(x− η)c̃bλ(η)]

c̃b2
λ(η)

+
exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ + ir(η)

m2(η)

∣∣∣∣ν |η − x|μdx.

Hence, by making the change of variable η − x =
1

σbλ(η)
z, we find that

‖M1(λ)‖Lp→Lp
≤

≤
c3

∣∣∣ q(η)+λ+ir(η)
m2(η)

∣∣∣ν
(c̃bλ(η))μ+3 +

c4

∣∣∣ q(η)+λ+ir(η)
m2(η)

∣∣∣ν
(bλ(η))μ+3 =

c5(
|q(η)+λ+ir(η)|

m2(η)

)μ
3
+1−ν

.
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Moreover, according to the condition (3), we have that

|q(η) + λ + ir(η)|
m2(η)

≥ √1 + λ .

Therefore, from the previous inequality we obtain (12). Furthermore, in view
of the conditions (3) - (5) of Theorem 1, we can deduce that

‖M2(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M2(x, η, λ)|+ |M2(η, x, λ)|] dx ≤

≤ c2 sup
η∈R

η+1∫
η−1

(
m2(η)

m2(x)
e−σ(x−η)bλ(x) +

m2(η)

m2(x)

e−σ(x−η)bλ(x)

bλ(x)
+

m2(η)

m2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

+

+
m2(x)

m2(η)
e−σ(x−η)bλ(η) +

m2(x)

m2(η)

e−σ(x−η)bλ(η)

bλ(η)
+

m2(x)

m2(η)

e−σ(x−η)bλ(η)

b2
λ(η)

)
dx.

Hence, by calculating the integrals, we obtain that

‖M2(λ)‖Lp→Lp
≤ c̄3 sup

η∈R

η+1∫
η−1

[
e−σ(x−η)bλ(η) +

e−σ(x−η)bλ(η)

bλ(η)
+

e−σ(x−η)bλ(η)

b2
λ(η)

]
dx =

= c̄3 sup
η∈R

[
1

σbλ(η)

(
1− e−σbλ(η)

)
+

1

σb2
λ(η)

(
1− e−σbλ(η)

)
+

1

σb3
λ(η)

(
1− e−σbλ(η)

)] ≤
≤ c2

bλ(η)
.

Finally, we shall prove the inequality (14). According to the estimate (29) it
yields that

‖M3(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M3(x, η, λ)|+ |M3(η, x, λ)|] dx ≤

≤ sup
η∈R

η+1∫
η−1

(
2

3m2(x)

exp[−σ(x− η)bλ(x)]

b2
λ(x)

+
2

3m2(η)

exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
dx.
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Thus, by taking the condition (4) into account, we find that

‖M3(λ)‖Lp→Lp
≤ c̄3 sup

η∈R

η+1∫
η−1

(
2

3(c−1
1 )2m2(η)

exp[−σ(x− η)c̃bλ(η)]

c̃b2
λ(η)

+

+
2

3m2(η)

exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
dx ≤

≤ 2c̄3 sup
η∈R

(
c41

(c−1
1 )2m2(η)b3

λ(η)
+

c42

m2(η)b3
λ(η)

)
≤ c̄4

m2(η)b3
λ(η)

.

The proof is complete. �

Proof of Lemma 3. Obviously, it yields that
(L + λE) [M3(λ)f ] (η) =

−m(η)

⎛⎜⎝m(η)

⎛⎝ η∫
−∞

M0(x, η, λ)d(η − x)f(x)dx +

+∞∫
η

M0(x, η, λ)d(η − x)f(x)dx

⎞⎠′

η

⎞⎟⎠
′′

ηη

+

(q(η)+ir(η)+λ)

⎛⎝ η∫
−∞

M0(x, η, λ)d(η − x)f(x)dx +

+∞∫
η

M0(x, η, λ)d(η − x)f(x)dx

⎞⎠ (η).

Moreover,
d

dη
(M3(λ)f) (η) =

=

⎡⎣ η∫
−∞

M0(x, η, λ)d(η − x)f(x)dx +

+∞∫
η

M0(x, η, λ)d(η − x)f(x)dx

⎤⎦′

η

=

= M0(x, η, λ)d(η − x)f(x)|x=η−0 − M0(x, η, λ)d(η − x)f(x)|x=η+0 +

+

η∫
−∞

M ′
0η(x, η, λ)d(η − x)f(x)dx +

η∫
−∞

M0(x, η, λ)d′
η(η − x)f(x)dx+

+

+∞∫
η

M ′
0η(x, η, λ)d(η − x)f(x)dx +

+∞∫
η

M0(x, η, λ)d′
η(η − x)f(x)dx.
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According to (9) we have that

M0(x, η, λ)d(η − x)f(x)|x=η−0 − M0(x, η, λ)d(η − x)f(x)|x=η+0 = 0.

By using this fact we find that

d

dη

(
m(η)M ′

3η(λ)f
)
(η) = m′(η)

∫
R

M ′
0η(x, η, λ)d(η − x)f(x)dx+

+m′(η)

∫
R

M0(x, η, λ)d′
η(η−x)f(x)dx+m(η)

∫
R

M ′′
0ηη(x, η, λ)d(η−x)f(x)dx+

+2m(η)

∫
R

M ′
0η(x, η, λ)d′

η(η−x)f(x)dx+m(η)

∫
R

M0(x, η, λ)d′′
ηη(η−x)f(x)dx.

Differentiating this expression with respect to η, we obtain that

d2

dη2

(
m(η)M ′

3η(λ)f
)
(η) = m′′(η)

∫
R

M ′
0η(x, η, λ)d(η − x)f(x)dx+

+m′′(η)

∫
R

M0(x, η, λ)d′
η(η−x)f(x)dx+2m′(η)

∫
R

M0(x, η, λ)d′′
ηη(η−x)f(x)dx+

+2m′(η)

∫
R

M ′′
0ηη(x, η, λ)d(η−x)f(x)dx+4m′(η)

∫
R

M ′
0η(x, η, λ)d′

η(η−x)f(x)dx+

+ m(η)M ′′
0ηη(x, η, λ)d(η − x)f(x)

∣∣
x=η−0

−m(η)M ′′
0ηη(x, η, λ)d(η − x)f(x)

∣∣
x=η+0

+

+m(η)

∫
R

M ′′′
0ηηη(x, η, λ)d(η−x)f(x)dx+3m(η)

∫
R

M ′′
0ηη(x, η, λ)d′

η(η−x)f(x)dx+

+3m(η)

∫
R

M ′
0η(x, η, λ)d′′

ηη(η−x)f(x)dx+m(η)

∫
R

M0(x, η, λ)d′′′
ηηη(η−x)f(x)dx.

Hence, by using (10), (11), and the notations Mj(x, η, λ), j = 1, 2, 3, we
obtain the equality (15). The proof is complate. �

We are now ready to present the
Proof of Theorem 1. By using the estimates (12) and (13) in Lemma
2, we conclude that there exists a number λ0 > 0 such that the inequality
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‖M1(λ)‖Lp→Lp
+ ‖M2(λ)‖Lp→Lp

≤ 1

2
holds if λ ≥ λ0. Therefore the operator

G(λ) := E + M1(λ) + M2(λ) has a bounded inverse G−1(λ) in Lp. Hence, by
letting h = [E + M1(λ) + M2(λ)] f , in view of the relation (15) in Lemma
3, we obtain that (L + λE) [M3(λ)G−1(λ)h](η) = h. Thus, for all λ, λ ≥ λ0

it yields that the function y = M3(λ)G−1(λ)f is a solution of the equation
(1). The proof is complete. �
Proof of Lemma 5. Under the assumptions of Lemma 4 for the functions
q(x), r(x) and m(x), there exists a constant δ > 0 such that Imζj ≥ δ
(j = 1, 2) and Imζ3 ≤ −δ. Therefore, in view of the definition (17) of N0,
we have the following estimates:

|N0(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2

3m2(x)

e−δ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

1

3m2(x)

eδ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞.

(30)

and

∣∣∣∣∂jN0(x, η, λ)

∂ηj

∣∣∣∣ ≤
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2

3m2(x)

e−δ(x−η)bλ(x)

b2−j
λ (x)

, −∞ < η < x,

1

3m2(x)

eδ(x−η)bλ(x)

b2−j
λ (x)

, x < η < +∞, j = 1, 2.

(31)

Moreover, it yields that Nj(x, η, λ) = 0 for |x − η| > 1. Furthermore, by
taking into account the conditions of Lemma 4 for the functions m(x), q(x)
and r(x) and (30), (31) at |x− η| ≤ 1, we obtain the following estimates:

|N1(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
c̄1m

2(η)|x− η|βb3α−2
λ (x)

e−δ(x−η)bλ(x)

m2(x)
, −∞ < η < x,

c̄2m
2(η)|x− η|βb3α−2

λ (x)
eδ(x−η)bλ(x)

m2(x)
, x < η < +∞,

(32)
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|N2(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
m2(η)
m2(x)

2∑
k=0

c̃k
e−δ(x−η)bλ(x)

bk
λ(x)

, −∞ < η < x,

m2(η)
m2(x)

2∑
k=0

c̃k
eδ(x−η)bλ(x)

bk
λ(x)

, x < η < +∞,

(33)

and

|N3(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2

3m2(x)

e−δ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

1

3m2(x)

eδ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞.

(34)

We shall now estimate the norms ‖Nj(λ)‖Lp′→Lp′
of the operators Nj(λ), j =

1, 2, 3, by using Lemma 1 and the inequalities (32) - (34). We have that

‖N1(λ)‖Lp′→Lp′
≤ sup

η∈R

∫
R

[|N1(x, η, λ)|+ |N1(η, x, λ)|] dx ≤

≤ c1 sup
η∈R

η+1∫
η−1

(
m2(η)

m2(x)

exp[−δ(x− η)bλ(x)]

b2
λ(x)

+
m2(x)

m2(η)

exp[−δ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ− ir(η)

m2(η)
− q(x) + λ− ir(x)

m2(x)

∣∣∣∣ dx.

Moreover, by using the conditions (3), (4) and (6), we obtain that

‖N1(λ)‖Lp′→Lp′
≤

≤ c2 sup
η∈R

η+1∫
η−1

(
exp[−δ(x− η)c̃bλ(η)]

c̃b2
λ(η)

+
exp[−δ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ + ir(η)

m2(η)

∣∣∣∣α |η − x|βdx.

Hence, by making the change of variable η − x =
1

δbλ(η)
z, we find that

‖N1(λ)‖Lp′→Lp′
≤
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≤
c3

∣∣∣ q(η)+λ+ir(η)
m2(η)

∣∣∣α
(c̃bλ(η))β+3

+
c4

∣∣∣ q(η)+λ+ir(η)
m2(η)

∣∣∣α
(bλ(η))β+3

=
c5(

|q(η)+λ+ir(η)|
m2(η)

)β
3
+1−α

.

Moreover, according to the condition (3), we have that

|q(η) + λ + ir(η)|
m2(η)

≥ √1 + λ .

Therefore, from the previous inequality we obtain (21). Furthermore, in view
of the conditions (3) - (5) and (7), we can deduce that
‖N2(λ)‖Lp′→Lp′

≤ sup
η∈R

∫
R

[|N2(x, η, λ)|+ |N2(η, x, λ)|] dx ≤

≤ c2 sup
η∈R

η+1∫
η−1

(
m2(η)

m2(x)
e−δ(x−η)bλ(x) +

m2(η)

m2(x)

e−δ(x−η)bλ(x)

bλ(x)
+

m2(η)

m2(x)

e−δ(x−η)bλ(x)

b2
λ(x)

+

+
m2(x)

m2(η)
e−δ(x−η)bλ(η) +

m2(x)

m2(η)

e−δ(x−η)bλ(η)

bλ(η)
+

m2(x)

m2(η)

e−δ(x−η)bλ(η)

b2
λ(η)

+

)
dx.

Hence, by calculating the integrals, we obtain that

‖N2(λ)‖Lp′→Lp′
≤ c̄3 sup

η∈R

η+1∫
η−1

[
e−δ(x−η)bλ(η) +

e−δ(x−η)bλ(η)

bλ(η)
+

e−δ(x−η)bλ(η)

b2
λ(η)

]
dx =

c̄3 sup
η∈R

[
1

δbλ(η)

(
1− e−δbλ(η)

)
+

1

δb2
λ(η)

(
1− e−δbλ(η)

)
+

1

δb3
λ(η)

(
1− e−δbλ(η)

)] ≤
≤ c2

bλ(η)
,

and also (22) is proved. Moreover, the inequality (23) is proved in a similar
way as the proof of (14) so we omit the details. The proof is complete. �
Proof of Lemma 6. Obviously, it yields that

(L + λE)′ [N3(λ)g] (η) =

=

⎡⎢⎣m(η)

⎛⎝m(η)

⎛⎝ η∫
−∞

N0(x, η, λ)d(η − x)f(x)dx +

+∞∫
η

N0(x, η, λ)d(η − x)f(x)dx

⎞⎠⎞⎠′′

ηη

⎤⎥⎦
′

η

+
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+(q(η)−ir(η)+λ)

⎛⎝ η∫
−∞

N0(x, η, λ)d(η − x)g(x)dx +

+∞∫
η

N0(x, η, λ)d(η − x)g(x)dx

⎞⎠ (η).

Moreover, we have that

d

dη
(m(x)N3(λ)g) (η) = m′(x)

∫
R

N0(x, η, λ)d(η − x)g(x)dx+

+m(η)

∫
R

N ′
0η(x, η, λ)d(η − x)g(x)dx + m(η)

∫
R

N0(x, η, λ)d′
η(η − x)g(x)dx

and

d2

dη2
(m(η)N3(λ)g) (η) =

= m′′(η)

∫
R

N0(x, η, λ)d(η−x)g(x)dx+2m′(η)

∫
R

N ′
0η(x, η, λ)d(η−x)g(x)dx+

+2m′(η)

∫
R

N0(x, η, λ)d′
η(η−x)g(x)dx+m(η)

∫
R

N ′′
0ηη(x, η, λ)d(η−x)g(x)dx+

+2m(η)

∫
R

N ′
0η(x, η, λ)d′

η(η−x)g(x)dx+m(η)

∫
R

N0(x, η, λ)d′′
ηη(η−x)g(x)dx.

We also note that

d

dη

(
m(η)

d2[m(η)N3(λ)g]

dη2

)
(η) =

= (m′′(η)m′(η) + m′′′(η)m(η))

∫
R

N0(x, η, λ)d(η − x)g(x)dx+

+
(
3m(η)m′′(η) + 2(m′(η))2

) ∫
R

N ′
0η(x, η, λ)d(η − x)g(x)dx+

+
(
3m(η)m′′(η) + 2(m′(η))2

) ∫
R

N0(x, η, λ)d′
η(η − x)g(x)dx+
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+4m(η)m′(η)

∫
R

N ′′
0ηη(x, η, λ)d(η−x)g(x)dx+3m2(η)

∫
R

N ′
0η(x, η, λ)d′′

ηη(η−x)g(x)dx+

+2m(η)m′(η)

∫
R

N0(x, η, λ)d′′
ηη(η−x)g(x)dx+m2(η)

∫
R

N ′′′
0ηηη(x, η, λ)d(η−x)g(x)dx+

+m2(η)m′(η)

∫
R

N ′′
0ηη(x, η, λ)d′

η(η−x)g(x)dx+2m2(η)

∫
R

N ′′
0ηη(x, η, λ)d′

η(η−x)g(x)dx+

− m2(η)N ′′
0ηη(x, η, λ)d(η − x)g(x)

∣∣
x=η+0

−m2(η)N ′′
0ηη(x, η, λ)d(η − x)g(x)

∣∣
x=η−0

+

+8m(η)m′(η)

∫
R

N ′
0η(x, η, λ)d′

η(η−x)g(x)dx+m2(η)

∫
R

N0(x, η, λ)d′′′
ηηη(η−x)g(x)dx.

Now, by using (18)-(20) and the notations Nj(x, η, λ), j = 1, 2, 3, we obtain
the equality (24). The proof is complete. �

We are now ready to prove Lemma 4 and, finally, Theorem 2.
Proof of Lemma 4. By using the estimates (21) and (22) we conclude
that there exists a number λ1 > 0 such that when λ ≥ λ1 the inequality

‖N1(λ)‖Lp′→Lp′
+ ‖N2(λ)‖Lp′→Lp′

≤ 1

2
holds. Then the operator Φ(λ) :=

E + N1(λ) + N2(λ) has bounded inverse Φ−1(λ) in Lp′ . Therefore, defining
h := [E + N1(λ) + N2(λ)] g, from the relation (24) we obtain that
(L + λE)′ [N3(λ)Φ−1(λ)h](η) = h. Hence, for all λ, λ ≥ λ1 we find that the
function y = N3(λ)Φ−1(λ)g is a solution of the equation (16). The proof is
complete. �
Proof of Theorem 2. By using Lemma 4 we conclude that the operator
(L + λE)′, acting in the space Lp′(R) at λ ≥ λ1, has a right inverse, which is
defined on Lp′(R). Thus, ker ((L + λE)′)∗ = {0}, where ((L + λE)′)∗ is the
adjoint operator of (L + λE)′. From here since ((L + λE)′)∗ is an extension
of the operator L + λE, we have ker(L + λE) = {0}, λ ≥ λ̃ = max(λ0, λ1).
Thus, the operator L + λE is a boundedly invertible operator in the space
Lp′(R) and, in fact, we have that

(L + λE)−1 = M3(λ)G−1(λ), λ ≥ λ̃ = max(λ0, λ1). (35)

Let y be a solution of the equation (1), where λ ≥ λ̃ = max(λ0, λ1). We
shall prove the estimate (2). By using (35), Lemma 1 and the conditions (3)
- (6) we have that∥∥(q + λ + ir)(L + λE)−1

∥∥
Lp→Lp

=
∥∥(q + λ + ir)M3(λ)G−1(λ)

∥∥
Lp→Lp

≤
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≤ c sup
η∈R

η+1∫
η−1

b3
λ(η)b−2

λ (x) exp[−σ|x− η|bλ(x)]dx ≤

≤ c1 sup
η∈R

bλ(η)

η+1∫
η−1

exp[−σ|x− η|bλ(x)]dx < ∞.

From this and (1) we conclude that
∥∥m(x) (m(x)y′)′′

∥∥
p
≤ c
(
‖f‖p + ‖y‖p

)
.

Finally, by combining the last two estimates we obtain (2). The proof is
complete. �
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1 Introduction

The separation of differential expressions was early studied W.N. Everitt and
M. Giertz [4-7], and they proved some fundamental results.

Later on a number of results concerning the property referred to as sepa-
ration of differential expressions have been obtained e.g. by K.Kh. Boimatov
[2,3], M. Otelbaev [12], A. Zettl [13], A.S. Mohamed [8,9], and A.S. Mohamed
et al. [10,11].

Some a very recents results in this direction was presented and proved by
R.D. Akhmetkaliyeva, K.N. Ospanov, L.-E.Persson and P.Wall (see [1]).

In this paper we consider the following more general situation when the
equation

(l + λE) y := −m(x) (m(x)y′)′′ + [q(x) + ir(x) + λ]y = f(x),

investigated in [1] is replaced by a more general equation (see (2.1) below).
The history and complementary literature connected to this equation can be
found in [1].

This paper is organized as follows: In section 2 we state and discuss the
main results together with some necessary Lemmas, necessary for the proof
but also sometimes of independent interest. The proofs can be found in
Section 3.

2 Main results and auxiliary statements

Let 1 < p < +∞. By Lp ≡ Lp(R), R = (−∞, +∞), we denote the space of
functions with finite norm

‖ϕ‖p :=

⎛⎝∫
R

|ϕ(x)|pdx

⎞⎠
1

p
.

We study questions of the existence and uniqueness of solutions of the
equation

(l + λE) y := −μ1(x)
(
μ2(x) (μ1(x)y′)′

)′
+ [q(x) + ir(x) + λ]y = f(x), (2.1)

and conditions, so that, when a solution y of (2.1) exists, the estimate∥∥∥μ1(x)
(
μ2(x) (μ1(x)y′)′

)′∥∥∥p

p
+ ‖(q(x) + ir(x) + λ)y‖p

p ≤ c ‖f(x)‖p
p (2.2)
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holds. Here, λ ≥ 0 is a constant, and μ1(x), μ2(x), q(x) and r(x) are given
functions, f ∈ Lp.
Definition 1. A function y(x) ∈ Lp(R), is called a solution of (2.1), if there
is a sequence of three times continuously differentiable functions with compact
support {yn}∞n=1 such that ‖yn − y‖p → 0 and ‖(L + λE)yn − f‖p → 0 as
n →∞.

By C(k)(R) (k = 1, 2, ...) we denote the set of all k times continuously

differentiable functions ϕ(x), for which the value
k∑

j=0

sup
x∈R

|ϕ(j)(x)| is finite.

Let Wλ(x) :=
|q(x) + λ + ir(x)|

μ2
1(x)μ2(x)

.

Our main results in this paper are formulated in the following two theo-
rems:
Theorem 1. Assume that the functions q(x), r(x) are continuous on R,

μ1 ∈ C
(2)
loc (R), μ2 ∈ C

(1)
loc (R) and satisfy the following conditions:

μ1(x) ≥ 1, μ2(x) ≥ 1
q(x)

μ4
1(x)μ2

2(x)
≥ 1, r(x) ≥ 1, (2.3)

c−1 ≤ μi(x)

μi(η)
,
q(x)

q(η)
,
r(x)

r(η)
≤ c, (i = 1, 2), x, η ∈ R, |x− η| ≤ 1, (2.4)

|μ(j)
1 (x)| ≤ cμ1(x), |μ′

2(x)| ≤ cμ2(x), j = 1, 2, x ∈ R, (2.5)

sup
|x−η|≤1

|Wλ(x)−Wλ(η)|
|Wλ(x)|α|x− η|β < +∞, 0 < α <

β

3
+ 1, β ∈ (0, 1], λ ≥ 0. (2.6)

Then there exists a number λ0 ≥ 0, such that the equation (2.1) for all λ ≥ λ0

has a solution y.
In conditions (2.4), (2.5), and elsewhere, c denotes a fixed constant which

may, in general, be different in the various places it is used.

Theorem 2. Let the functions q(x), r(x) be continuous, μ1 ∈ C
(3)
loc (R),

μ2 ∈ C
(2)
loc (R) and satisfy the conditions (2.3), (2.4), (2.6) and

|μ(j)
1 (x)| ≤ cμ1(x), |μ(i)

2 (x)| ≤ cμ2(x), j = 1, 3, i = 1, 2, x ∈ R. (2.7)

Then the solution of the equation (2.1) is unique and estimate (2.2) holds.

Remark 1: For the case μ2(x) ≡ 1 these results coincides with those dis-
cussed and proved in [1].
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We now present the necessary Lemmas for the proofs of Theorems 1 and
2.

Let, ξl = ξl(x) (l = 0, 1, 2) be the roots of the equation μ2
1(x)μ2(x)ξ3 −

r(x) + i(q(x) + λ) = 0. From the conditions of Theorem 1 it follows that
0 < argξ0 < π, π < argξj < 2π, j = 1, 2.

We introduce the kernels

M0(x, η, λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− 1

3μ2
1(x)μ2(x)

ei(x−η)ξ0

ξ2
0

, −∞ < η < x

1

3μ2
1(x)μ2(x)

2∑
l=1

ei(x−η)ξl

ξ2
l

, x < η < +∞,

(2.8)

M1(x, η, λ) = μ2
1(η)μ2(η)×

×
[
q(η) + ir(η) + λ

μ2
1(η)μ2(η)

− q(x) + ir(x) + λ

μ2
1(x)μ2(x)

]
M0(x, η, λ)ω(η − x),

M2(x, η, λ) = − [2μ′
1(η)μ1(η)μ2(η)ω(η − x) + μ2

1(η)μ′
2(η)ω(η − x)+

+3μ2
1(η)μ2(η)ω′

η(η − x)
]
M ′′

0ηη(x, η, λ)−
− [μ′

1(η)μ1(η)μ′
2(η)ω(η − x) + μ′′

1(η)μ1(η)μ2(η)ω(η − x)+

+4μ′
1(η)μ1(η)μ2(η)ω′

η(η − x) + 2μ2
1(η)μ′

2(η)ω′
η(η − x)+

+3μ2
1(η)μ2(η)ω′′

ηη(η − x)
]
M ′

0η(x, η, λ)−
− [μ′

1(η)μ1(η)μ′
2(η)ω′

η(η − x) + μ′′
1(η)μ1(η)μ2(η)ω′

η(η − x)+

+2μ′
1(η)μ1(η)μ2(η)ω′′

ηη(η − x)+

+μ2
1(η)μ′

2(η)ω′′
ηη(η − x) + μ2

1(η)μ2(η)ω′′′
ηηη(η − x)

]
M0(x, η, λ),

and
M3(x, η, λ) = M0(x, η, λ)ω(η − x),

where the function ω(η) ∈ C∞
0 (−1, 1) is such that

ω(η) =

{
1, |η| ≤ 1

2

0, |η| ≥ 1.
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We get the following equalities:

∂jM0(x, η, λ)

∂ηj

∣∣∣∣
x=η−0

=
∂jM0(x, η, λ)

∂ηj

∣∣∣∣
x=η+0

, j = 0, 1, (2.9)

∂2M0(x, η, λ)

∂η2

∣∣∣∣
x=η−0

− ∂2M0(x, η, λ)

∂η2

∣∣∣∣
x=η+0

= − 1

μ2
1(x)μ2(x)

, (2.10)

and

−μ1(x)

(
μ2(x)

(
μ1(x)

∂M0(x, η, λ)

∂η

)′

η

)′

η

+

+[q(x) + ir(x) + λ]M0(x, η, λ) = 0. (2.11)

Moreover, we define the operators Mj(λ), (j = 1, 3) by means of the
equation

(Mj(λ)f) (η) =

∫
R

Mj(x, η, λ)f(x)dx, (j = 1, 3).

The following statment is well-known:
Lemma 1. Let 1 < p < +∞, k(x, η) be continuous function and

(Kν) (η) =

∫
R

k(x, η)ν(x)dx.

Then

‖K‖Lp→Lp
≤ sup

η∈R

∫
R

[|k(x, η)|+ |k(η, x)|] dx.

Our next lemma reads:
Lemma 2. Let all the conditions of Theorem 1 be satisfied. Then the op-
erators Mj(λ), j = 1, 3, are continuous in the space Lp, and the following
estimates hold (λ ≥ 0):

‖M1(λ)‖Lp→Lp
≤ c

bβ+3−3α
λ (η)

, β ∈ (0, 1], 0 < α <
β

3
+ 1, (2.12)

‖M2(λ)‖Lp→Lp
≤ c

bλ(η)
, (2.13)

6



and
‖M3(λ)‖Lp→Lp

≤ c

μ2
1(η)μ2(η)b3

λ(η)
. (2.14)

Here bλ(x) = 3

√
|r(x)− i(q(x) + λ)|

μ2
1(x)μ2(x)

.

Remark 2. The statement of Lemma 2 remains true if the condition r(x) ≥
1 in (3) is replaced by the condition r(x) ≤ −1, but we do not need this fact
in our further investigations.

Denote by L + λE (λ ≥ 0) the closure in Lp of the differential expression

(l + λE)y ≡ −μ1(x)
(
μ2(x) (μ1(x)y′)′

)′
+ [q(x) + ir(x) + λ]y,

defined on the set C∞
0 (R) of infinitely differentiable and compactly supported

functions. From definition 1 it is easy to see that the function y ∈ Lp is a
solution of the equation (1) if it belongs to D(L + λE) and the equality
(L + λE)y = f holds.

The next identity is crucial for the proof of Theorem 1 and also of inde-
pendent interest.

Lemma 3. Let the conditions of Theorem 1 be satisfied. Then the following
equality holds:

(L + λE) [M3(λ)f ] (η) = f(η) + [M1(λ)f ] (η) + [M2(λ)f ] (η). (2.15)

Let the functions μ1(x), μ2(x), q(x) and r(x) satisfy the conditions of

Theorem 2, and let p′ denote the conjugate number of p i.e.
1

p
+

1

p′
= 1. We

denote by (L + λE)′ an operator acting in the space Lp′(R) and such that

((L + λE) y, z) =
(
y, (L + λE)′ z

)
, y ∈ D(L + λE), z ∈ D ((L + λE)′) .

Obviously, we have that

(L + λE)′z :=
(
μ1(x)

(
μ2(x) (μ1(x)z)′

)′)′
+ (q(x) + λ− ir(x)) z.

We consider the differential equation

(L + λE)′z :=

7



:=
(
μ1(x)

(
μ2(x) (μ1(x)z)′

)′)′
+ (q(x) + λ− ir(x)) z = g(x), (2.16)

where the function μ1(x) ≥ 1 is continuous together with derivatives up
to third order and μ2(x) ≥ 1 is continuous together with derivatives up to
second order, q(x) and r(x) are continuous real-valued functions, λ ≥ 0 and
g(x) ∈ Lp′(R).

The next Lemma is crucial for the proof of Theorem 2.
Lemma 4. Let the continuous functions q(x), r(x) and the functions μ1 ∈
C

(3)
loc (R), μ2 ∈ C

(2)
loc (R) satisfy the conditions (2.3), (2.4), (2.6) and (2.7).

Then there exists a number λ1 ≥ 0, such that the equation (2.16) for all
λ ≥ λ1 has a solution.

To prove Lemma 4 we need the following auxiliary assertions. Let ζ l =
ζ l(x) (l = 1, 2, 3) be the roots of the equation

μ2
1(x)μ2(x)ζ3 − (r(x) + i(q(x) + λ)) = 0.

From the condition of Lemma 4 follows that 0 < argζj < π, (j = 1, 2) and
π < argζ3 < 2π. We introduce the function

M̃0(x, η, λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− 1

3μ2
1(x)μ2(x)

2∑
j=1

ei(x−η)ζj

ζ2
j

, −∞ < η < x

1

3μ2
1(x)μ2(x)

ei(x−η)ζ3

ζ2
3

, x < η < +∞.

(2.17)

It satisfies the following equalities:

∂jM̃0(x, η, λ)

∂ηj

∣∣∣∣∣
x=η−0

=
∂jM̃0(x, η, λ)

∂ηj

∣∣∣∣∣
x=η+0

, j = 0, 1, (2.18)

∂2M̃0(x, η, λ)

∂η2

∣∣∣∣∣
x=η−0

− ∂2M̃0(x, η, λ)

∂η2

∣∣∣∣∣
x=η+0

= − 1

μ2
1(x)μ2(x)

, (2.19)

and (
μ1(x)

(
μ2(x)

(
μ1(x)M̃0(x, η, λ)

)′
η

)′

η

)′

η

+

+[q(x)− ir(x) + λ]M̃0(x, η, λ) = 0. (2.20)
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We denote:
M̃1(x, η, λ) =

= μ2
1(η)μ2(η)

[
q(η) + λ− ir(η)

μ2
1(η)μ2(η)

− q(x) + λ− ir(x)

μ2
1(x)μ2(x)

]
M̃0(x, η, λ)ω(η − x),

M̃2(x, η, λ) = [4μ1(η)μ2(η)μ′
1(η)ω(η − x) + 2μ2

1(η)μ′
2(η)ω(η − x) +

+3μ2
1(η)μ2(η)ω′(η − x)

] ∂2M̃0(x, η, λ)

∂η2
+

+ [5μ1(η)μ′
2(η)μ′

1(η)ω(η − x) + 3μ1(η)μ2(η)μ′′
1(η)ω(η − x)+

+2(μ′
1(η))2μ2(η)ω(η − x) + μ2

1(η)μ′′
2(η)ω(η − x)+

+8μ1(η)μ2(η)μ′
1(η)ω′

η(η − x) + 4μ2
1(η)μ′

2(η)ω′
η(η − x)+

+3μ2
1(η)μ2(η)ω′′

ηη(η − x)
] ∂M̃0(x, η, λ)

∂η
+

+
[
3(μ′

1(η))2μ′
2(η)ω(η − x) + μ1(η)μ′′

2(η)μ′
1(η)ω(η − x)+

+2μ1(η)μ′
2(η)μ′′

1(η)ω(η − x) + μ′
1(η)μ2(η)μ′′

1(η)ω(η − x)+

+μ1(η)μ2(η)μ′′′
1 (η)ω(η − x) + 5μ1(η)μ′

2(η)μ′
1(η)ω′

η(η − x)+

+3μ1(η)μ2(η)μ′′
1(η)ω′

η(η − x) + 2(μ′
1(η))2μ2(η)ω′

η(η − x)+

+4μ1(η)μ2(η)μ′
1(η)ω′′

ηη(η − x) + μ2
1(η)μ′′

2(η)ω′
η(η − x)+

+2μ2
1(η)μ′

2(η)ω′′
ηη(η − x) + μ2

1(η)μ2(η)ω′′′
ηηη(η − x)

]
M̃0(x, η, λ),

and
M̃3(x, η, λ) = M̃0(x, η, λ)ω(η − x).

We introduce following integral operators:(
M̃j(λ)f

)
(η) =

∫
R

M̃j(x, η, λ)f(x)dx, (j = 1, 3).

The following estimates hold for these operators:
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Lemma 5. Let all the conditions of Lemma 4 are satisfied. Then the opera-
tors M̃j(λ) are continuous in the space Lp′, and the following estimates hold
(λ ≥ 0)∥∥∥M̃1(λ)

∥∥∥
Lp′→Lp′

≤ c

bβ′+3−3α′
λ (η)

, β′ ∈ (0, 1], 0 < α′ <
β′

3
+ 1, (2.21)

∥∥∥M̃2(λ)
∥∥∥

Lp′→Lp′
≤ c

bλ(η)
, (2.22)

and ∥∥∥M̃3(λ)
∥∥∥

Lp′→Lp′
≤ c

μ2
1(η)μ2(η)b3

λ(η)
. (2.23)

Finally, for the proof of Theorem 2 we need the following identity also
this of independent interest:
Lemma 6. Let the conditions of Lemma 4 be fulfilled. Then the following
identity holds:

(L + λE)′
[
M̃3(λ)g

]
(η) = g(η) +

[
M̃1(λ)g

]
(η) +

[
M̃2(λ)g

]
(η) (2.24)

3 Proofs

For completeness we include a proof of the well-known Lemma 1.

Proof of Lemma 1. With
1

p
+

1

p′
= 1 we have the inequalities

‖K‖Lp→Lp
= sup

‖f‖Lp=1

sup
‖g‖Lp′=1

|〈kf, g〉| ≤

≤ sup
‖f‖Lp=1

sup
‖g‖Lp′=1

∞∫
−∞

∞∫
−∞

|k(x, η)f(x)g(η)| dxdη.

To the last inequality we apply the well known inequality of Young, namely,

|ab| ≤ |a|
p

p
+
|b|p′
p′

, and obtain that

‖K‖Lp→Lp
= sup

‖f‖Lp=1

sup
‖g‖Lp′=1

⎛⎝ ∞∫
−∞

∞∫
−∞

(
|k(x, η)|

( |f(x)|p
p

+
|g(η)|p′

p′

)
dxdη

)⎞⎠ ≤
10



≤ sup
η∈R

∞∫
−∞

(|k(x, η)|+ |k(η, x)|) dx.

The lemma is proved. �
Proof of Lemma 2. Under the assumptions of Theorem 1 for the functions
q(x), r(x), μ1(x) and μ2(x), there exists a constant σ > 0 such that Imξ1 ≥ σ
and Imξl ≤ −σ (l = 2, 3). Then from the definition (2.8) we can derive that

|M0(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

2

3μ2
1(x)μ2(x)

eσ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞,

(3.1)

and

∣∣∣∣∂jM0(x, η, λ)

∂ηj

∣∣∣∣ ≤
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

b2−j
λ (x)

, −∞ < η < x,

2

3μ2
1(x)μ2(x)

eσ(x−η)bλ(x)

b2−j
λ (x)

, x < η < +∞.

(3.2)

According to our choice Mj(x, η, λ) = 0 at |x − η| > 1. Taking the
conditions (2.3) - (2.6) of Theorem 1 and (3.1) - (3.2) for the functions
Mj(x, η, λ) (j = 0, 1, 2) at |x − η| ≤ 1 into account we obtain the following
estimates:

|M1(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
cμ2

1(η)μ2(η)|x− η|βb3α−2
λ (x)

e−σ(x−η)bλ(x)

μ2
1(x)μ2(x)

, −∞ < η < x,

cμ2
1(η)μ2(η)|x− η|βb3α−2

λ (x)
eσ(x−η)bλ(x)

μ2
1(x)μ2(x)

, x < η < +∞.

(3.3)

|M2(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

μ2
1(η)μ2(η)

μ2
1(x)μ2(x)

2∑
k=0

c̃k
e−σ(x−η)bλ(x)

bk
λ(x)

, −∞ < η < x,

μ2
1(η)μ2(η)

μ2
1(x)μ2(x)

2∑
k=0

c̃k
eσ(x−η)bλ(x)

bk
λ(x)

, x < η < +∞.

(3.4)
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and

|M3(x, η, λ)| ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

3μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

, −∞ < η < x,

2

3μ2
1(x)μ2(x)

eσ(x−η)bλ(x)

b2
λ(x)

, x < η < +∞.

(3.5)

We shall estimate the norms ‖Mj(λ)‖Lp→Lp
of the operators Mj(λ) (j =

1, 3) using the Lemma 1 and the inequalities (3.3) - (3.5). We have that

‖M1(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M1(x, η, λ)|+ |M1(η, x, λ)|] dx ≤

≤ c sup
η∈R

η+1∫
η−1

(
μ2

1(η)μ2(η)

μ2
1(x)μ2(x)

exp[−σ(x− η)bλ(x)]

b2
λ(x)

+
μ2

1(x)μ2(x)

μ2
1(η)μ2(η)

exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ + ir(η)

μ2
1(η)μ2(η)

− q(x) + λ + ir(x)

μ2
1(x)μ2(x)

∣∣∣∣ dx.

By using (2.3), (2.4) and (2.6) we obtain that
‖M1(λ)‖Lp→Lp

≤

≤ c sup
η∈R

η+1∫
η−1

(
exp[−σ(x− η)cbλ(η)]

cb2
λ(η)

+
exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
×

×
∣∣∣∣q(η) + λ + ir(η)

μ2
1(η)μ2(η)

∣∣∣∣α |η − x|βdx.

Hence, by making the change of variable η − x =
1

σbλ(η)
z, we receive that

‖M1(λ)‖Lp→Lp
≤

≤
c

∣∣∣∣q(η) + λ + ir(η)

μ2
1(η)μ2(η)

∣∣∣∣α
(cbλ(η))β+3

+

c

∣∣∣∣q(η) + λ + ir(η)

μ2
1(η)μ2(η)

∣∣∣∣α
(bλ(η))β+3

=

12



=
c( |q(η) + λ + ir(η)|

μ2
1(η)μ2(η)

)β

3
+1−α

.

Moreover, according to condition (2.3), we find that

|q(η) + λ + ir(η)|
μ2

1(η)μ2(η)
≥ √1 + λ.

Therefore, from the previous inequality we obtain (2.12). According to the
conditions (2.3) - (2.5) of Theorem 1 we have that

‖M2(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M2(x, η, λ)|+ |M2(η, x, λ)|] dx ≤

≤ c sup
η∈R

η+1∫
η−1

(
μ2

1(η)μ2(η)

μ2
1(x)μ2(x)

e−σ(x−η)bλ(x) +
μ2

1(η)μ2(η)

μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

bλ(x)
+

+
μ2

1(η)μ2(η)

μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

+
μ2

1(x)μ2(x)

μ2
1(η)μ2(η)

e−σ(x−η)bλ(η)+

+
μ2

1(x)μ2(x)

μ2
1(η)μ2(η)

e−σ(x−η)bλ(η)

bλ(η)
+

μ2
1(x)μ2(x)

μ2
1(η)μ2(η)

e−σ(x−η)bλ(η)

b2
λ(η)

)
dx.

Hence, calculating the integrals, we obtain that

‖M2(λ)‖Lp→Lp
≤ c sup

η∈R

η+1∫
η−1

[
e−σ(x−η)bλ(η) +

e−σ(x−η)bλ(η)

bλ(η)
+

e−σ(x−η)bλ(η)

b2
λ(η)

]
dx =

= c sup
η∈R

[(
1− e−σbλ(η)

)
σbλ(η)

+

(
1− e−σbλ(η)

)
σb2

λ(η)
+

(
1− e−σbλ(η)

)
σb3

λ(η)

]
≤ c

bλ(η)
.

We shall prove the inequality (2.14). According to the estimate (3.5) we
find that

‖M3(λ)‖Lp→Lp
≤ sup

η∈R

∫
R

[|M3(x, η, λ)|+ |M3(η, x, λ)|] dx ≤
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≤ sup
η∈R

η+1∫
η−1

(
2

3μ2
1(x)μ2(x)

e−σ(x−η)bλ(x)

b2
λ(x)

+
2

3μ2
1(η)μ2(η)

e−σ(x−η)bλ(η)

b2
λ(η)

)
dx.

Now, take in account the condition (2.4) and we get that

‖M3(λ)‖Lp→Lp
≤ c sup

η∈R

η+1∫
η−1

(
2

3(c−1)2μ2
1(η)μ2(η)

exp[−σ(x− η)cbλ(η)]

cb2
λ(η)

+

+
2

3μ2
1(η)μ2(η)

exp[−σ(x− η)bλ(η)]

b2
λ(η)

)
dx ≤

≤ 2c sup
η∈R

(
c

(c−1)2μ2
1(η)μ2(η)b3

λ(η)
+

c

μ2
1(η)μ2(η)b3

λ(η)

)
≤ c

μ2
1(η)μ2(η)b3

λ(η)
.

The lemma is proved. �
Proof of Lemma 3. Obviously, it yields that
(L + λE) [M3(λ)f ] (η) =

= −μ1(η)

⎛⎜⎝μ2(η)

⎛⎜⎝μ1(η)

⎛⎝∫
R

M0(x, η, λ)ω(η − x)f(x)dx

⎞⎠′

η

⎞⎟⎠
′

η

⎞⎟⎠
′

η

+

+(q(η) + ir(η) + λ)

∫
R

M0(x, η, λ)ω(η − x)f(x)dx.

By calculating the derivatives and taking equality (2.9) into account we have
that
d

dη
(M3(λ)f) (η) =

=

⎛⎝ η∫
−∞

M0(x, η, λ)ω(η − x)f(x)dx +

+∞∫
η

M0(x, η, λ)ω(η − x)f(x)dx

⎞⎠′

η

=

=

∫
R

M ′
0η(x, η, λ)ω(η − x)f(x)dx +

∫
R

M0(x, η, λ)ω′
η(η − x)f(x)dx.
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Furthermore, by calculating all derivatives, we obtain that

d

dη

(
μ2(η)

(
μ1(η)M ′

3η(λ)f
))

(η) =

= [μ′
2(η)μ′

1(η) + μ2(η)μ′′
1(η)]

∫
R

M ′
0ηω(η − x)f(x)dx+

+μ2(η)μ1(η)

∫
R

M ′′′
0ηηηω(η−x)f(x)dx+3μ2(η)μ1(η)

∫
R

M ′′
0ηηω

′
η(η−x)f(x)dx+

+ μ2(η)μ1(η)M ′′
0ηηω(η − x)f(x)

∣∣
x=η−0

−μ2(η)μ1(η)M ′′
0ηηω(η − x)f(x)

∣∣
x=η+0

+

+3μ2(η)μ1(η)

∫
R

M ′
0ηω

′′
ηη(η−x)f(x)dx+μ2(η)μ1(η)

∫
R

M0ω
′′′
ηηη(η−x)f(x)dx+

+ [2μ2(η)μ′
1(η) + μ′

2(η)μ1(η)]

∫
R

M ′′
0ηηω(η − x)f(x)dx+

+ [4μ2(η)μ′
1(η) + 2μ′

2(η)μ1(η)]

∫
R

M ′
0ηω

′
η(η − x)f(x)dx+

+ [μ′
2(η)μ′

1(η) + μ2(η)μ′′
1(η)]

∫
R

M0ω
′
η(η − x)f(x)dx+

+ [2μ2(η)μ′
1(η) + μ′

2(η)μ1(η)]

∫
R

M0ω
′′
ηη(η − x)f(x)dx.

Now, by using (2.10), (2.11), and the notations Mj(x, η, λ) (j = 1, 3) we
obtain the equality (2.15). The lemma is proved. �
Proof of Lemma 5. The Lemma can be proved similarly as the proof of
Lemma 2. So we leave out the details.
Proof of Lemma 6. The Lemma can be proved similarly as the proof of
Lemma 3. So we leave out the details.
Proof of Lemma 4. By the estimates (2.21) and (2.22) there exists a

number λ1 > 0 such that when λ ≥ λ1 the inequality
∥∥∥M̃1(λ)

∥∥∥
Lp′→Lp′

+∥∥∥M̃2(λ)
∥∥∥

Lp′→Lp′
≤ 1

2
holds. Then the operator Φ(λ) = E+M̃1(λ)+M̃2(λ) has
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bounded inverse Φ−1(λ) in Lp′ . Therefore, assuming h =
[
E + M̃1(λ) + M̃2(λ)

]
g,

from the relation (2.24) we obtain that (L + λE) [M̃3(λ)Φ−1(λ)h](η) = h.

Hence, for all λ, λ ≥ λ1 we see that the function y = M̃3(λ)Φ−1(λ)g is a
solution of the equation (2.16). The theorem is proved. �
Proof of Theorem 1. By using the estimates (2.12) and (2.13) in Lemma
2 we conclude that there exists a number λ0 > 0 such that when λ ≥ λ0

the inequality ‖M1(λ)‖Lp→Lp
+ ‖M2(λ)‖Lp→Lp

≤ 1

2
holds. Then the operator

G(λ) := E +M1(λ)+M2(λ) has a bounded inverse G−1(λ) in Lp . Therefore,
by letting h = [E + M1(λ) + M2(λ)] f , according to the relation (2.15) in
Lemma 3 we obtain that (L + λE) [M3(λ)G−1(λ)h](η) = h. Hence, for all λ,
λ ≥ λ0, we conclude that the function y = M3(λ)G−1(λ)f is a solution to
equation (2.1). The proof is complete. �
Proof of Theorem 2. Lemma 4 implies that the operator (L+λE)′ acting
in the space Lp′(R), at λ ≥ λ1 has a right inverse, which is defined on Lp′(R).
Therefore ker ((L + λE)′)∗ = {0}, where ((L + λE)′)∗ is the operator adjoint
to (L + λE)′. From here, since ((L + λE)′)∗ is an extension of the operator
L + λE, we have that ker(L + λE) = {0}, λ ≥ λ̃ = max(λ0, λ1). Thus, the
operator L + λE is a boundedly invertible operator in the space Lp′(R) and,
in fact, it yields that

(L + λE)−1 = M3(λ)G−1(λ), λ ≥ λ̃ = max(λ0, λ1) (3.6)

Let y be a solution of equation (2.1), where λ ≥ λ̃ = max(λ0, λ1). We
shall prove the estimate (2.2). By using the relation (3.6), Lemma 1 and the
conditions (2.3) - (2.6) we have that∥∥(q + λ + ir)(L + λE)−1

∥∥
Lp→Lp

=
∥∥(q + λ + ir)M3(λ)G−1(λ)

∥∥
Lp→Lp

≤

≤ c sup
η∈R

η+1∫
η−1

b3
λ(η)b−2

λ (x) exp[−σ|x− η|bλ(x)]dx ≤

≤ c1 sup
η∈R

bλ(η)

η+1∫
η−1

exp[−σ|x− η|bλ(x)]dx < ∞.

From this and (2.1) we find that
∥∥∥μ1(x)

(
μ2(x) (μ1(x)y′)′

)′∥∥∥
p
≤ c
(
‖f‖p + ‖y‖p

)
.

By combining the last two estimates we obtain (2.2). The theorem is proved.
�
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