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Abstract  
Handling of iron ore pellets is an important part in the converting process for 
LKAB. Knowledge about this sub process is very important for further efficiency 
progress and increased product quality. The existence of a simulation tool with 
modern modelling and simulation methods will significantly increase the 
possibility to predict the critical forces in product development processes and 
thereby decrease the amount of crushed pellets (fines).  
 
In this work, simulations of granular material flows on a global scale are 
performed. From the simulations, properties like flow pattern and density 
distribution are studied. The methodology is suitable for different applications of 
particle flows. The particles could be stones, ore, ore pellets, metal powder and 
other granular materials. Previous studies exploring flow patterns and stress fields 
in granular solids are analysed with experiments or with numerical methods such 
as discrete element (DE) method or finite element (FE) computations. In this 
work, the smoothed particle (SP) method is used to simulate granular material 
flow. It is a mesh-free continuum-based computational technique where each 
calculation node is associated with a specific mass, momentum and energy. 
Properties within the flow such as density and movements of the nodes results 
from summations via a kernel function of the neighbours of each node to solve the 
integration of the governing equations. The fact that there are no connections 
between the nodes in the SP method, results in a method that handles extremely 
large deformations and still has the advantages of a continuum-based method. 
This is a major advantage versus FE and DE analysis.  
 
Within the current thesis, two applications of simulating granular material with SP 
analysis is presented: iron ore pellets flow in a flat bottomed silo and simulation 
of shoe filling of metal powder into simple and stepped dies. In the first 
application, primarily the flow pattern, when discharging a silo with pellets, is 
studied and compared with experimental results. Next application focuses on the 
filling behaviour and density distribution in metal powder shoe filling. For 
trustworthy numerical simulations of iron ore pellets flow, knowledge about their 
mechanical properties is needed. In this work, an elastic-plastic material 
characterization for blast furnace pellets is evaluated from experimental data. 
Constitutive data in vein of two elastic parameters and a yield function for the 
pellets bulk material is determined. The present study is an important step towards 
a simulation tool to predict the critical load in different handling systems of 
pellets. 



 

 

 
 
 
 



Gustaf Gustafsson 
Licentiate Thesis 

Simulation of iron ore pellets and powder flow using smoothed particle method 
 v

Thesis  
This thesis consists of the following papers;  

Paper A  

Gustafsson, G., Häggblad, H.-Å., Oldenburg, M., Smoothed particle 
hydrodynamic simulation of iron ore pellets flow, Numiform 2007, Proceedings of 
the 9th International Conference on Numerical Methods in Industrial Forming 
Processes. Melville, New York, American Institute of Physics, 2007, pages 1483-
1488.  

Paper B  

Gustafsson, G., Häggblad, H.-Å., Simulation of metal powder die filling processes 
using smoothed particle hydrodynamic method, Euro PM2007, Conference 
proceedings, Shrewsbury, European powder metallurgy association, 2007, pages 
311-316. 

Paper C  

Gustafsson, G., Häggblad, H.-Å., Knutsson, S., Experimental characterization of 
constitutive data of iron ore pellets. 
To be submitted for journal publication. 
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1 Introduction  
The work conducted in the present thesis has been carried out at the Division of 
Solid Mechanics, Department of Applied Physics and Mechanical Engineering at 
Luleå University of Technology (LTU). The studies in the present thesis are a 
collaboration project in a research group, Mechanics of Pellets, including 
representatives from the Division of Solid Mechanics, Soil Mechanics and Fluid 
Dynamics at LTU and LKAB, Kiruna and Malmberget. 
 

1.1 Outline 

This thesis is intended to give an introduction to numerical modelling with the 
smoothed particle (SP) method and simulation of granular material flow. The 
thesis consists of an introductory to the subject and three appended papers. The 
introduction gives a background and the objectives of this thesis, followed by an 
introduction to iron ore pellets, its manufacturing process and transportation and 
handling systems. Further, the modelling work is presented. The focus in this 
study is to use the SP method for simulation of granular material flows. A quite 
close description of the theory is given together with the application of SP method 
with material strength. It follows by a description of the constitutive models and 
experiments. The thesis continues with summary of the appended papers with the 
most important results. Finally, it ends up with conclusions and suggestion to 
future work. 
 

1.2 Background 

The pellets are passing through a number of transportation and handling systems 
like conveyor belts, silo filling, silo discharging, railway and shipping in the 
handling chain. During these treatments, the pellets are exposed for stresses and 
abrasion resulting in degradation of strength and disintegration. To study and 
optimize processes of transportation and handling of bulk material traditionally 
half or full scale experiments have been used [1, 2]. The focus of these studies is 
often the pressures on silo wall structures and not the stresses in the bulk material. 
A reason for this is that it is hard to measure the actual stresses inside the bulk 
material and analyse the mechanism behind the degradation. Another drawback 
with full-scale experiments is that they are very time consuming and costly to 
perform. Numerical simulations of these processes give a possibility to study the 
processes in more detail. Two types of simulations are usually performed: discrete 
element (DE) analysis [3- 5] or continuum analysis [6- 9]. Each approach has its 
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advantages and disadvantages. The DE method tries to model each particle 
individually, and build up a complete system of particles. This approach gives 
detailed information of the system but has its limitation in numbers of particles 
possible to use in practical applications. With a numerical solution method based 
on continuum mechanics modelling, a constitutive relation for the granular 
material is described and the governing equations are solved by an appropriate 
numerical method. By this, the problem can be solved with less computation 
nodes. This approach gives global information of the system but the state in the 
individual particles is lost. A lot of work has been done to compare these methods 
[10, 11] and one conclusion is that for large systems like 3D-simulations of silos, 
continuum based methods have to be used because of the computational cost for 
the DE method. Most of the work so far in simulation of transportation and 
handling of granular material with continuum-based methods are performed on 
fine materials like sand. No work appears too been done on simulating iron ore 
pellets as a granular material with a continuum based method. The reason for this 
is the non-existence of an appropriate material model for iron ore pellets. For 
trustworthy numerical simulations, knowledge about the material model, 
describing the mechanical properties of pellets is needed. 
 

1.3 Objective and scope 

The objective of this thesis is to model granular material flow with the SP 
numerical method. The existence of such a model is an important step towards a 
simulation tool for iron ore pellets, used to predict the critical forces in product 
development processes and thereby decrease the amount of crushed pellets (fines) 
in the handling chain. The thesis emphasises numerical modelling with the SP 
method and characterization of constitutive data of iron ore pellets. 
  

2 Iron ore pellets 
Iron, denoted Fe, is a common element in the earth crust (5-6%) and is the most 
used metal in the world when it is processed into steel. In the nature, iron is 
bonded with oxygen, water, carbon dioxide or sulphur in a variety of minerals. 
Iron-rich minerals with sufficient iron content to be commercially available for 
exploitation are termed iron ores. The most common minerals are: hematite, 
Fe2O3; magnetite, Fe3O4; goethite, FeO(OH); limonite, Fe2O3·H2O; siderite, 
FeCO3 and pyrite FeS2. To separate the minerals from gangue material the ore is 
crushed and grained. The remaining ore is to fine to charge in the blast furnace or 
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for direct reduction. Therefore, the ore is sintered to a coarser material for better 
gas flows in the reduction process. On the market, iron ore is sold in different 
forms: lump ores, sinter fines, pellets feed and pellets. Iron ore pellets are ore that 
has been rolled into centimetre-sized spheres before sintering and are produced in 
two verities: blast furnace (BF) pellets and direct reduction (DR) pellets.  
 

2.1 Manufacturing process  

LKAB has its mines in the northern part of Sweden in Kiruna and Malmberget. 
The ore body in Kiruna is a 4 km single slice of magnetite with an average width 
of 80 m and an estimated depth of 2 km. The main level is at a depth of 1045 m 
below surface level. The Malmberget mine consist of 20 ore bodies, of which 10 
is mined. Most of the minerals are magnetite but a minor part is hematite. Mining 
at Malmberget takes place at different levels, as there are many ore bodies. The 
main haulage levels are at 600 m, 815 m and 1000 m. The mining method used is 
sublevel caving [12] in both mines. In the mines, the ore is blasted and then 
crushed into lumps of less then 100 mm before it is hoisted to the processing 
plants at the surface level. The upgrading of the crude ore into pellets and fines 
continues at the processing plants. First, the ore is ground to a fine powder and the 
minerals are separated from the gangue by magnetic separators. Further separation 
is performed by flotation. The concentrate is then mixed into a slurry with water 
and additives that can to a certain degree improve the product characteristics. 
Examples of additives are olivine and limestone for BF pellets that improves the 
reducibility and mechanical strength in the blast furnace. For the DR pellets, 
dolomite is added to improve the characteristics of the pellets in the reduction 
process and the subsequent iron production. In the pelletizing plant the slurry is 
filtered to right water content and bentonite are added to make the balling process 
possible. The mixture is then fed into drums and rolled into 9-16 mm balls (green 
pellets). The green pellet is then dried before it is sintered. The sintering is either 
performed in a rotary kiln at 1250°C or on a belt conveyor. In the sintering 
process the grains is bonded together to hard pellets with considerable higher 
strength. During this process, magnetite, Fe3O4, is converted to hematite, Fe2O3 
and heat is generated. Thus, the oil consumption can be held low in the process. 
After sintering, the pellets are cooled to a temperature less then 50°C and stored 
before they are loaded to railway and further transportation. 
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2.2 Transportation and handling systems 

The finished products from the processing plants in Kiruna and Malmberget are 
transported to the customers by rail and by ship via the ports at Narvik and Luleå. 
The railway is connecting Narvik in Norway via Kiruna, Malmberget with Luleå 
at the Swedish coast in the Baltic Sea. Iron ore products from Kiruna are 
transported to Narvik for customers in the European market and the rest of the 
world. From Malmberget the products are transported to Luleå for customers in 
the nearby and countries round the Baltic Sea. 23 million tonnes per year are 
transported on the railways to the shipping ports. The cars that are currently in 
operation on the Ore Railway carry a payload of between 80 and 100 tonnes and 
each train set consists of 52 cars. LKAB are planning for sets with 68 cars, with a 
capacity of 100 tonnes each. In the port in Luleå, ore products are mainly 
stockpiled in three silos, with a total capacity of 135 000 tonnes. 10 million tonnes 
of iron ore are passing this port every year. The harbour in Narvik consists of a 
terminal for discharging the ore trains, stocks of the various iron ore products, and 
quays where the vessels dock for loading. The capacity of the port is 25 million 
tonnes per year. A new ore harbour is about to be built with a storage capacity of 
1,5 million tonnes. 11 large storage silos in the form of rock caverns will be 
blasted. The silos are cylindrical with a diameter of 40 m and a height of 60 m. 
Each silo has a capacity of 110 000 tonnes of pellets. Above the storage area, the 
ore trains will enter a tunnel and bottom-discharge their loads into the silos. A 
belt-conveyor transports the pellets to the ships via a screening station. The pellet 
strength is sensitive to shearing at high pressures. When discharging a regular 
silo, a shear zone arises in the bottom of the silo when material at the side moves 
to the opening at the middle. In large silos like the Narvik silos, the pressure at the 
shear zone will be too high, resulting in degradation of strength and disintegration 
of the pellets. Therefore, inner walls will be built inside the silos in order to 
reduce the pressure on the pellets. The silos will be discharged from the inner silo 
and pellets from the outer silo will enter the inner silo from the top to the bottom 
via openings in the inner silo wall. By this, pellets transformations will be in the 
top of the silo with lower pressures and the shear zone with high pressure is 
avoided, see also Figure 1. In the design and development of these new silos 
experiments and know how from similar construction project were used to 
determine the shape of the silos. The existence of a simulation tool with modern 
modelling and simulation methods will significantly increase the possibility to 
predict the critical forces in product development processes and construction of 
new transportation and handling systems. 
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Shear zone 

 
Figure 1. To the left, flat-bottomed silo. To the right, silo with inner wall. 

 

3 Modelling of granular material flow 
To model the flow of granular material an appropriate numerical method and a 
constitutive model, describing the mechanical properties, of the simulated 
material are needed. Furthermore, experiments are performed for determination of 
the material parameters.  
 

3.1 Smoothed particle method 
This section will introduce the numerical SP method used in this work, more 
details are found in [13]. The SP method also mentioned smoothed particle 
hydrodynamics (SPH) method was invented independently by Lucy [14] and 
Gingold and Monaghan [15], 1977, to solve astrophysical problems in open 
space. It is a mesh free, point based method for modelling fluid flows, and has 
been extended to solve problems with material strength. Today, the SP method is 
being used in many areas such as fluid mechanics (for example; free surface flow, 
incompressible flow, and compressible flow), solid mechanics (for example; high 
velocity impact and penetration problems) and high explosive detonation over and 
under water. The difference between SP and grid based methods as the finite 
element (FE) method, is that in the SP method the problem domain is represented 
by a set of particles or points instead of a grid. Besides representing the problem 

Simulation of iron ore pellets and powder flow using smoothed particle method 
 5



Gustaf Gustafsson 
Licentiate Thesis 

Simulation of iron ore pellets and powder flow using smoothed particle method 
 6

domain, the points also act as the computational frame for the field 
approximation. Each point is given a mass and carries information about spatial 
coordinate, velocity, density and internal energy. Other quantities as stresses and 
strains are derived from constitutive relations. The SP method is an adaptive 
Lagrangian method, which means that in every time step the field function 
approximations are performed based on the current local set of distributed points. 
Another difference from the FE method is that the points are free to move in 
action of the internal and external forces, there are no direct connections between 
them like the mesh in FE method. Virtual points are used to describe the walls at 
the boundaries. These points do not have any velocities, but masses and densities 
equal to the real points. It is also possible to model the walls with a FE mesh and 
connect the FE nodes with the SP problem domain. The mesh free formulation 
and the adaptive nature of the SP method result in a method that handles 
extremely large deformations. 
 

3.1.1 Calculation cycle in SP method 

The basic idea for a numerical method is to reduce the partial differential 
equations (PDE:s) describing the field functions (for example; density, 
accelerations and internal energy) to a set of ordinary differential equations 
(ODE:s), with respect to time only. These equations can easily be solved with 
some standard integration routine. With the SP method, this is carried out by the 
following key-steps: 
 

1. The problem domain is represented by an arbitrary distributed set of non-
connected points. (Mesh free) 

2. Each field function is rewritten as integral functions. (Kernel 
approximation) 

3. The kernel approximation is then further approximated using the points. 
This is called the particle approximation. The integrals are replaced with 
summations over the neighbouring points to each computational point in 
the system. 

4. The particle approximations are performed to each point at every time 
step, based on the local distribution of points. 

5. By the particle approximations all field functions (PDE:s) are reduced to 
ODE:s with respect to time only. (Lagrangian) 

6. The ODE:s are solved using an explicit integration algorithm. 
7. Other quantities are derived from constitutive relations.  
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3.1.2 Kernel approximation 

The kernel approximation serves to represent an arbitrary field function in integral 
form. An arbitrary function, f, is written in integral form as: 
 
  (1) xxxxx dff )()()(

 
Where f is a field function of the three-dimensional position vector x, and (x-x´) 
is the dirac delta function.  is the volume of the integral that contains x. So far, 
the integral representation of the function is exact, as long as f(x) is defined and 
continuous in . Next the dirac delta function (x-x´) is replaced with a 
smoothing kernel function W(x-x´,h), according to: 
 
  (2) xxxxx dhWff ),()()(

 
In the smoothing function, h is the smoothing length, defining the influence area 
of the smoothing function. The integral representation is an approximation of the 
field function as long as W is not the dirac delta function. This is called the kernel 
approximation. The kernel function should satisfy some conditions, stated below, 
where  defines the support domain (non-zero area) of the smoothing function. 
 
  (3) 1),( xxx dhW

 
)(),(lim

0
xxxx hW

h
 (4)  

 
hxx0),( hW xx  When  (5) 

 
0),( hW xx  For any x´  (6)  

 
Except from these conditions, the smoothing function should decrease with the 
increase of distance from the evaluation point, be an even function and 
sufficiently smooth. In this work, a cubic B-spline kernel function is used, see 
Equation 7 and Figure 2.  

Simulation of iron ore pellets and powder flow using smoothed particle method 
 7



Gustaf Gustafsson 
Licentiate Thesis 

0 1

1

2

R

R

R

2

0

)2(
6
1

2
1

3
2

),( 2

32

R

RR

hRW d  (7) 

where R is the relative distance between two nodes x and x´ with respect to h and 
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d is a constant equal to 1/h, 15/7 h2, 3/2 h3 in one-, two- and three dimensional 
space respectively. 
 

 

Figure 2. Cubic spline kernel function. From [13]. 

 
The integral representation of the gradient of a function, , is given by )(xf
 
  (8) xxxxx dhWff ),()()(

 
where it is seen that the differential operation on the field function is transmitted 
to a differential of the kernel function. In other words, instead of deriving the 
derivative of the field function itself, the spatial gradient is determined from the 
values of the function and the derivatives of the known smoothing function. 
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3.1.3 Particle approximation 

Next step in getting a numerical solution for the field functions is the particle 
approximation. A finite number of points with individual masses represent the 
entire system. The continuous integral representation is replaced with summations 
over the points in the support domain, to get a representation in discrete form. The 
infinitesimal volume dx´ is replaced with the finite volume of the point 
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jjj mV /  as follows: 
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j

j xxxxxxxx  (9) 

 
The SP formulation for an arbitrary function and its spatial derivative is given by:  
 

ij

N

j
j

j

j
i Wf

m
f )()(

1
xx  (10) 

 

iji

N

j
j

j

j
i Wf

m
f )()(

1
xx  (11) 

 
Equation 12 gives an alternative SP formulation for the spatial derivative of the 
field functions that is more common to use and which has been used in this thesis, 
for details see [13]: 
 

2 2
1

( ) ( )( )
N

j i
i i j i

j j i

f f
ijf m

x xx W  (12) 

 
In Figure 3 the support domain for computation point i, is shown. Summation of 
neighbouring points with influence given by the kernel function gives the function 
value for the point i. 
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Figure 3. Particle approximation with support domain and kernel function. 

3.1.4 SP method with material strength 

The governing equations describing the density and the internal force in solids 
with material strength are the conservation equations of continuum mechanics: 
  

vx
x

v
x
v

Dt
D
Dt

D
Dt
D

1  (13)  
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The density , the velocity component, v , and the total stress tensor, , are the 
dependent variables. The spatial coordinates, x , and time, t, are the independent 
variables. The use of particle approximation converts the equations to discrete 
form: 
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An alternative formulation for the density computation in Equation 14, is to use 
the SP-formulation directly, called the summation density approach: 
 

  (15) ij

N

j
ji Wm

1

 
A constitutive model is describing the relation for the stress tensor, , to the 
primary variables. 
 

3.2 Constitutive models 

The constitutive model is describing the relation between the stresses and strains 
in a numerical model. The total stains are normally divided into elastic and plastic 
strains. The stresses are related to the elastic strains by Hooke’s law. For an 
isotropic material two independent parameters e.g. the bulk modulus, K, and the 
shear modulus, G, describes this law. A yield function (failure surface) limits the 
stresses due to plasticity of the material. Plastic deformation follows an 
associative flow rule for the yield surface. In this work, two elastic-plastic 
continuum material models with different failure surfaces are used. In Paper A 
and Paper B the Drucker Prager [16] model with two elastic parameters and a 
linear failure surface is used. In Paper C, constitutive data for a concrete and soil 
model1 with two elastic parameters and a non-linear failure surface is determined. 
A loading and unloading curve for the pressure versus the total volumetric strain 
describes the division in elastic and plastic strains. A schematic view of a failure 
surface is shown in Figure 4. 

1 *MAT_SOIL_CONCRETE in LS-DYNA 971 
Simulation of iron ore pellets and powder flow using smoothed particle method 
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Figure 4. Yield surface in stress space p – vm. 

 

3.3 Experiments 

The material parameters for the constitutive models described in previous sections 
are derived from experiments. The direct shear test is a well-established test for 
geotechnical materials like sand and clay, [17]. It is a compression and shear test 
where the sample material is filled into a cylindrical container with a sidewall of 
some reinforced rubber material. The top and bottom are rigid supports with 
spikes to prevent slip during testing. The total sample height is h and the distance 
between the spikes called active sample height, h . A vertical force, Fa v, is applied 
on the top surface. The shearing is then induced with a movement, d, applied on 
the top surface. The shear force, F , together with Fh v, h, and d are recorded during 
a test. In Figure 5, are the direct shear test and its properties illustrated. The size 
of the test equipment is depending of the size of the tested material. For fine 
materials like metal powder (Paper B), a sample height of around 20 mm is used 
while for coarser material like iron ore pellets (Paper C) the height is around  
600 mm. 

Simulation of iron ore pellets and powder flow using smoothed particle method 
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Figure 5. The direct shear test. 

 
From the recorded properties are the elastic and plastic parameters for the 
constitutive model evaluated. 
 

3.4 Numerical software 

Numerical software used within the current theses is primary a SP code developed 
by Liu and Liu [13]. It is a FORTRAN code to be run in the Compaq Visual 
Fortran 6 Developer Studio [18]. This code is written to solve fluid dynamic 
problems with the SP method. To use it for granular material problems it is 
implemented with the formulation to solve SP problems with material strength, 
Equation 14, and an appropriate material model. The LS-DYNA FE-analysis 
software [19] is used for simulations in Paper B and C. It is an explicit solver for 
non-linear FE simulations with a feature to solve SP problems.  
 

4 Summary of appended papers  

4.1 Paper A  

In Paper A, the SP method is used to simulate iron ore pellets flow. A continuum 
material model describing the yield strength, elastic and plastic parameters for 
pellets as a granular material is used in the simulations. The most time consuming 
part in the SP method is the contact search of neighbouring nodes at each time 
step. In this study, a position code algorithm for the contact search is presented. 
The cost of contact searching for this algorithm is of the order of Nlog2N, where 
N is the number of nodes in the system. The SP model is used for simulation of 
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iron ore pellets flow in a flat-bottomed silo. A two dimensional axisymmetric 
model of the silo is used in the simulations. The simulation results are compared 
with data from an experimental cylindrical silo, where pellets are discharged from 
a concentric outlet. Primary the flow pattern is compared. The main results from 
this study show that it is possible to simulate iron ore pellets with the SP method 
and that the position code algorithm is well suited for the purpose of  
3D SP-computation.   
 

4.2 Paper B  

In Paper B, the SP method is used to simulate shoe filling of metal powder into 
simple and stepped dies. The die filling is an important stage in the manufacturing 
process of powder metallurgical components as proceeding stages are influenced 
by the powder distribution achieved by the filling process. Numerical simulation 
is a powerful tool in process development and can be used to increase the 
knowledge about the filling behaviour. An elastic-plastic material model is used 
as constitutive model, where the material parameters are estimated using results 
from filling rate experiments and loose powder shear tests. The powder flow 
behaviour and packing density is simulated and compared with experimental 
results. The results indicate that SP simulations can capture major observed 
features of powder die filling. 
 
4.3 Paper C  

For trustworthy numerical simulations of iron ore pellets flow, knowledge about 
the mechanical properties of pellets is needed. In this paper, an elastic-plastic 
continuum material model for blast furnace pellets is worked out from 
experimental data. The equipment used is a direct shear test apparatus, designed 
for compression and shear test of granular material with a size less than 100 mm. 
It consists of a cylindrical cell filled with pellets surrounded by a rubber 
membrane and a rigid top and bottom. Two types of tests are performed. One test 
is pure compression and unloading and the second is shearing at different stress 
levels. Evaluation of these tests is performed and the elastic-plastic behaviour of 
iron ore pellets is characterized. Constitutive data in the vein of two elastic 
parameters and a yield function is determined. The present material model 
captures the major characteristics of the pellets even though it is too simple to 
completely capture the complex behaviour shown in the experiments.  
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5 Conclusions  
Within this thesis, the SP method is used to model granular material flow. It is 
possible to simulate granular material flow with the SP method is concluded in 
this work. In paper A, the flow of iron ore pellets in a flat-bottomed silo is studied 
and the comparison of flow pattern between simulations and experiment show 
similar results. In paper B, the filling behaviour of metal powder shoe filling is 
studied. The comparison of simulations and experimental results from this study 
indicates that the SP simulations can describe the main features of the flow of 
metal powder into a complex shaped die. 
 

6 Suggestions for future work  
In the present study, a methodology for simulation of iron ore pellets on global 
scale is described. The aim of the future work is to develop a methodology 
resulting in predicting of the forces on pellets during different types of flow in the 
production chain. That is, from simulations on a global scale e.g. pellets in a silo 
predict critical stress levels in a single pellet. The mechanical behaviour of iron 
ore pellets can be described in several length scales. One length scale is the 
behaviour of a single pellet, another length scale is a group of pellets in contact 
with each other and a larger length scale is a large amount of pellets (a bed of 
pellets), see Figure 6. The future research is planned to be performed in the three 
length scale in parallel. The purpose is to couple the stress- and strain-field 
achieved in the SP simulations (C in Figure 6) to critical stress measures on a 
single pellet. 
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A   

AB   
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Figure 6. Modelling and simulation at the different length scales A, B and C.  
Transformation relations, AB and BC.  
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At each length scale (A, B and C in Figure 6 above) experimental and modelling 
work will be performed. An important part of the research will be to couple the 
different length scales with transformation connections (AB and BC). That is, the 
research is about multi scale modelling by using numerical and experimental 
methods in such a way that a stress field in C (e.g. in a silo) can be connected to 
thermal and mechanical strength of a single pellet, A, and a group of pellets, B, 
(e.g. crushing strength and LTD-tests2). 
 

2 LTD: Low-temperature reduction-disintegration. ISO-13930. Determination of the disintegration 
of pellets under conditions that resemble the ones prevailing at the beginning of reduction under 
weakly reducing atmosphere in the upper part of a blast furnace shaft. 
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Abstract  
In this work the Smoothed Particle Hydrodynamics (SPH) method is used to 
simulate iron ore pellets flow. A continuum material model describing the yield 
strength, elastic and plastic parameters for pellets as a granular material is used in 
the simulations. The most time consuming part in the SPH method is the contact 
search of neighboring nodes at each time step. In this study, a position code 
algorithm for the contact search is presented. The cost of contact searching for this 
algorithm is of the order of Nlog2N, where N is the number of nodes in the 
system. The SPH-model is used for simulation of iron ore pellets silo flow. A two 
dimensional axisymmetric model of the silo is used in the simulations. The 
simulation results are compared with data from an experimental cylindrical silo, 
where pellets are discharged from a concentric outlet. Primary the flow pattern is 
compared.  
 

Key words 
SPH, contact search algorithms, iron ore pellets, flow pattern 
 

Introduction  
Many studies exploring flow patterns and stress fields in granular solids stored in 
silos are analysed with discrete element method (DEM), (see e.g. Ting et al [1], 
and Potatov and Campbell [2]) or finite element (FE) computations (see e.g. 
Haussler and Eibl [3] and Karlsson et al. [4]). The drawback with DEM 
calculations is its limitation in numbers of particles possible to use in practical 
applications. With a numerical solution method based on continuum mechanics 
modelling, the problem can be solved with less computation nodes. Once the 
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constitutive relation for the granular material is described, the governing 
equations can be solved by an appropriate numerical method. In this work a 
continuum material model for iron ore pellets as a granular material is worked out 
from experimental tests on pellets and through finite element analyses of the 
experiments. For the numerical simulations of silo flow Smoothed Particle 
Hydrodynamic (SPH) method is used. This is a mesh-free computational 
technique where each calculation node is associated with a specific mass, 
momentum and energy. Properties within the flow such as density and movements 
of the nodes results from summation of the neighbours of each node to solve the 
integration of the governing equations. The fact that there are no connections 
between the nodes in SPH, results in a method that can handle extremely large 
deformations. This is a major advantage versus FE analysis. This paper presents a 
simulation of pellets in a flat bottomed silo, where the flow pattern is compared 
with experimental studies of silo discharging. 
 

Material modelling 
Iron ore pellets are described as a coarse-grained granular material. To determine 
the proper parameters for the material model some experimental tests are needed. 
Normally the more complex the model is, the larger numbers of parameters is 
needed to describe it. Therefore it is of interest to use a simple model in order to 
identify the parameters from a limited number of tests. The material model is 
worked out from tests on screened iron ore pellets with a very small amount of 
fines. The tests have been performed indoor in a dry environment. 
 

Constitutive Model 
In this work a simple elastic-plastic model developed for concrete by Krieg [5] is 
used for the iron ore pellets material description. The material model is 
characterised by a constant shear modulus, G, a piece-wise linear loading curve 
describing the dependence of the pressure, p, as a function of the volumetric 
strain, v, and an unloading bulk modulus, K. The yield surface is written in the 
form 
 03 ½2

210 papaaf vm  (1) 
 
where a0, a1 and a2 are yield surface parameters and vm is the provisional von 
Mises flow stress 
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 23Jvm  (2) 
 
where J2 is the second stress invariant. No strain hardening is assumed. 
 

Characterisation 
The material parameters describing the model above are worked out from 
experimental compression tests and shear tests on iron ore pellets. The tests were 
done at the Division of Soil Mechanics at Luleå University of Technology. By 
finite element analyses of the experiments, different yield surface parameters were 
tested to fit the experimental data. Values of the material parameters from the 
characterization are given in Table 1.  

 
G [MPa] K [MPa] a0 [Pa2] a1 [Pa] a2

7.0 32.0 0.0 7.8E3 0.3164 
v p [kPa] 

0 0 
0.0105 240 
0.0180 480 

Table 1. Material model parameters. 
 

Numerical procedures 
The SPH numerical calculations are performed using the in-house code SPH-SIM 
[6], based on the source code provided in [7]. 
 

Smoothed Particle Hydrodynamics 
In SPH the problem domain is represented by a finite set of nodes with specific 
mass, mi, and density, i. Except from representing the geometry, the nodes are 
also acting as the computational frame for the governing equations. The internal 
density and internal forces in solids with material strength are given by the 
conservation equations of continuum mechanics, where the nodal velocities, v , 
are the primary variables, according to 
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where  is the stress tensor and x  is the Cartesian coordinate. The field 
functions are converted to discrete form via a kernel function and a particle 
approximation, according to 
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where N is the number of pairs in contact and Wij a kernel function. Each node’s 
function value is a result of a summation of the neighbouring nodes where the 
influence is varying with the distance between the nodes and the value of the 
kernel function. The kernel function, Wij(R, h), depend on the smoothing length, 
h, which is of the order of the initial separation distance between the nodes. In this 
work a cubic B-spline is used for the kernel function   
 

 

0

)2(
6
1

2
1

3
2

),( 2

32

R

RR

hRW d

R

R

R

2

21

10

 (5) 

 
where R is the relative distance between two nodes x and x´ with respect to h and 

d is a constant equal to 1/h, 15/7 h2, 3/2 h3 in one-, two- and three dimensional 
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space respectively. The stress tensor, , is described by a constitutive model. In 
solid mechanics the total stress tensor is usually divided into two parts, one part of 
the isotropic pressure, p, and the other part of the shear stress,  , as 
 
  (6) p
 
The Jaumann stress rate is used as objective stress rate. The shear stress rate is 
then coupled to the strain rate deviator, , and rotational rate tensor, R , via 
the shear modulus, G, as 
 
 RRG2  (7) 
 
The strain rate tensor and the rotational rate tenor are functions of the velocity 
gradient. They are in SPH formulation given by: 
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where  is the difference in velocity between node j and i. ijv
 
    (10) ijij vvv
 
Here the pressure term is a piecewise linear function of the volumetric strain, v. 
The volumetric strain rate is given by: 
 
 zyxv  (11) 
 
By time integration of the shear stress rate and the volumetric strain rate the shear 
stress and volumetric strain is obtained, according to 
 
  (12) dttdtt
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  (13) dtvv
t

v
dtt

 
Yielding is controlled by the provisional von Mises flow stress. If von Mises flow 
stress exceeds the yield strength of the material, q, the shear stress is scaled back 
under the yield surface, according to 
 

 
23J

q  (14) 

 

Axisymmetric Formulation 
A two dimensional axisymmetric SPH formulation is implemented according to 
[8, 9]. Here each node represents a torus ring with a specific density and mass. All 
nodes are given the same mass which leads to an increasing distance between the 
nodes towards the symmetry axis. The smoothing length, h, is set equal to the 
distance between the nodes and is therefore also varying with the radius, ri, 
according to 
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i
i r
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 (15) 

 
The kernel function is divided with the circumference. A hoop stress is arising in 
the radial acceleration term. Governing equations for 2D axisymmetric 
formulation are written 
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where ri, zi is the radial- and vertical coordinate in a cylindrical coordinate-system 
and is given by: 

ijZ
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The strain and rotation rate tensors are in similar way divided with the 
circumference, according to 
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where uij and vij is given by Eq. (10) with  equal to r and z respectively. For a 
fully surrounded node, i, moving at constant velocity, ui, the equation for the 
tangential strain rate approaches  
 
 iii ru  (19) 
 

Contact Search Algorithm 
An accurate and efficient procedure for the influence node search is of great 
importance for the computation time in SPH. In this work a position code 
algorithm developed for FE simulations by Oldenburg and Nilsson [10] is adapted 
for the influence node search in SPH. This is a contact search algorithm but is 
used to find influence nodes in the same manner. The cost of contact searching is 
for this algorithm in the order of Nlog2N, where N is the number of nodes in the 
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system. With the position code algorithm, the problem of sorting and searching in 
three dimensions is transformed to a process of sorting and searching within a 
one-dimensional array. The contact search is divided in global search and local 
search. 
 

Global Search Procedure 
Each node in the model is interacting with other nodes in the vicinity. The 
smoothing length, h, is deciding how far from the calculation node the interaction 
occurs. The purpose of the global search procedure is to extract the nodes that are 
candidates for contact from other nodes. The criterion for matching a node with 
another is that it is found in the contact territory of the node. This territory is an 
expansion of the interaction volume. The expansion ensures that the contact nodes 
are found when they are approaching the influence volume. With a specific 
territory expansion, ht, a known maximum relative nodal velocity, vm, and a time 
step t, the number of time steps between global searches can be adjusted by the 
expression: 

 
tv

hn
m

t
s int   (20) 

 
where n  is number of time steps between searches.  The segment territory is 
defined by the smallest cubic box that can hold the candidate contact nodes in the 
territory. Here the box length is set to 1.5h. The detection of contact nodes within 
the segment territories is performed with an algorithm based on sorting and 
searching in one dimension. The mapping from three dimensions to one is 
achieved by the definition of a discrete position code. Each cubic box is assigned 
a number relative to its position in the global coordinate system. All nodes are 
then assigned a position code corresponding to the position box where they are 
currently situated. The expression for the position code is given by: 

s

 
  (21) zyxc bbbp 102410242

 
where  p  is the position code and b , b , b  are the box number in each dimension. 
The position code is constructed by use of three 10-bit fields in a 32-bit integer 
variable. The binary search procedure (see e.g. [11]) is used to process the 
position code vector and find out the position code numbers that correspond to 
position boxes which are intersecting the expanded territory of the actual node. A 
necessary condition for binary search is that the position code vector is sorted. 

c x y z
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Initial sorting is performed after the first time step. The following incremental 
deformation cause little distortion of the nodes between each time step. The 
intervals between the global searches span a limited number of time steps. Thus 
only a few changes of the position code take place. With this in mind the straight 
insertion sorting algorithm (see e.g. [12]) can be used. The cost for sorting with 
this algorithm is close to O(N). This implies that the total cost for the global 
search remains O(Nlog N). 2
 

Local Search Procedure 
When global search procedure is completed the candidate contact nodes is 
matched with the influence distance in the local search procedure in order to se if 
the node is in contact. The procedure for this is by comparing all candidate nodes 
with the influence distance. Most of the nodes that are not in contact is sorted out 
in the global search procedure, therefore the cost of the local search is close to 
O(N). Local search procedure is performed at each time step. 
 

Numerical simulations 
Two simulation studies are carried out in this work. The first study is a test of the 
efficiency of the position code algorithm for the contact search in SPH. The 
second is a test of SPH in the application of simulating iron ore pellets flow. 
 

Comparison, Direct Search- and Position Code Algorithm  
The position code algorithm described above is compared with a simple direct 
search algorithm where all nodal distances are compared with each other. The cost 
for contact search for this type of algorithm is of the order N2. The comparison is 
performed by a simulation of the deformation of a metal cylinder resulting from 
normal impact against a rigid wall (Taylor test). A 3D-SPH model with the same 
parameters for the two algorithms is used for the simulations. The initial length of 
the steel bar is 25.4mm and the initial diameter is 7.6mm. An elastic-plastic 
material model with no hardening is used to describe the steel material, with 
following material properties: Young´s modulus, E=206GPa; Poisson´s ratio, 
=0.3; Mass density, =7850kg/m3; Yield strength y=500MPa. The impact 

velocity is 220m/s. Four simulations are made for each algorithm with different 
numbers of nodes, describing the cylinder. The simulations are computed on a 
2.0GHz Intel Centrino Duo processor. Figure 1 shows the initial and the final state 
of the computational model.  
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Figure 1. SPH model of the high velocity impact of a steel cylinder. Initial and final state.  

(10503 nodes) 
 
The average computation times to compute one time step for the four nodal setups 
and the two algorithms are compared in Table 2. In Figure 2, the result is 
visualized by plotting the pairs in contact vs. the simulation time for one time 
step. 
 

CPU-time/time step [s] Number 
of 
nodes 

Total 
Pairs Direct 

Find 
Pos. Code 
Algorithm 

2203 100000 0.52 0.22 
4636 215000 1.86 0.49 
10503 510000 8.72 1.11 
28135 1400000 55.74 3.42 

Table 2. CPU-time data. 
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Figure 2. CPU-time comparison between direct search algorithm and position code algorithm. 
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Iron Ore Pellets Silo Flow 
The computational model is a flat bottomed cylindrical silo with a concentric 
outlet. The dimensions and filling height is based upon the full scale experiments 
by Rotter et al. [13, 14]. This means a diameter of the silo of 4200mm and a 
filling height of 6400mm. A major difference between the model and the test is 
the shape of the outlet. Due to limited computer capacity a fully opened circular 
outlet of 480mm is used in the simulation. In the experiment, a slide valve is 
controlling the discharge. This slide valve is during the test opened only 110mm, 
which make the outlet in a shape of a segment. A floor is collecting the discharged 
material under the silo. The simulation is performed with the SPH method 
described above with the axisymmetric formulation. 112112 nodes are used to 
describe the pellets domain and 4800 virtual nodes to describe the walls of the silo 
and the floor. The virtual nodes have the same properties as the real nodes. A bulk 
density of 2260kg/m3 is used. The position code algorithm is used for the 
neighbour search and a time step of 60 s is used. To get a steady start after the 
gravity is applied the outlet is closed the first 0.5s of the simulation time. The 
initial and final configuration of the model is seen in Figure 3.  
 

  
Figure 3. Computational model for the 2D axisymmetric silo discharge simulation, 

 initial and final state. In order to get a better view of the nodal setup,  
only each fifth node is seen in the figure. 
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Silo flow pattern 
There are different ways of visualizing the flow pattern in the silo. One way is by 
a vector plot showing the velocity distribution in the silo. Figure 4 shows a typical 
flow. An internal flow in the middle of the silo is discharging the silo while 
material at the sides is standing still. Top surface material is discharged before 
side material at lower levels of the silo. 
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Figure 4. Velocity field after 5m3 of discharged volume. 

 

Comparison with experiment 
To compare the numerical results with experiment, seven layers in the silo is 
marked and traced through the solution. In the experiment (see [13]) radio tags 
were placed in the silo at these levels. The residence time in the silo for the radio 
tags is measured during the discharge process. By the assumption of funnel flow a 
computer program visualizes the flow pattern at different times.  The initial 
locations of the radio tags are marked in the simulation model and the positions at 
three different volumes of discharge are compared with the computer 
visualizations of the experiment in Figure 5. The reason for comparing the 
discharge volume instead of discharge time is the difference in outlet between the 
experiment and the SPH model. 
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Figure 5. Comparison in flow pattern between the SPH-simulation results and the computer 

visualizations of the experiment (from [13]). Upper row shows the SPH simulation results and the 
lower row shows the visualization of the experiment. From left to right the figures shows the state 

at start time, after 4min and after 10min of discharging (experimental discharge times). This is 
corresponding to 1m3 and 5m3 of discharged material respectively. 

 

Discussion and conclusions 
It is possible to simulate iron ore pellets flow with the SPH method is concluded 
in this work. Figure 5 shows a similar flow pattern of the simulation results and 
the visualization of the experiment. Differences in outlets give different discharge 
rates. According to this, only the appearance in flow behaviour is comparable. As 
SPH is an explicit method, the length of the time step is determined by the 
Courant criterion. This leads to very small time steps compared to the simulated 
process, resulting in long computation times. A faster process e.g. a silo with a 
larger outlet would reduce the number of time steps and be better suited for 
simulation with SPH. The number of nodes in the model is dependent of the 
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smallest characteristic length in the geometry to resolve. In a silo the outlet is the 
smallest characteristic length, a larger outlet is therefore also reducing the number 
of nodes, and thereby the computation time. The time to compute one time step is 
strongly dependent of the influence node search in SPH. The position code 
algorithm is well suited for this purpose in 3D-SPH is also concluded in this work. 
As can be seen in Figure 2 the computation time for large problems is remarkably 
reduced compared to the simple direct search algorithm. 
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Abstract 
The die filling is an important stage in the manufacturing process of powder 
metallurgical components as proceeding stages are influenced by the powder 
distribution achieved by the filling process. Numerical simulation is a powerful 
tool in process development and can be used to increase the knowledge about the 
filling behaviour. In this work smoothed particle hydrodynamics (SPH) method is 
used to simulate shoe filling of metal powder into simple and stepped dies. An 
elastic-plastic material model is used as constitutive model where the material 
parameters are estimated using results from filling rate experiments and loose 
powder shear tests. The powder flow behaviour and packing density is simulated 
and compared with experimental results. The results indicate that SPH simulations 
can capture major observed features of powder die filling. 
 

Introduction 
A tendency in the powder metallurgy (PM) industry is to produce components 
with complicated shapes which demand complex pressing equipment and 
methods. This implies a better knowledge of the material response during the 
whole manufacturing process which also includes the filling stage. Previous 
investigations have shown that density variations due to filling have a significant 
effect on the density distribution after pressing and strength of the final 
component, see e.g. [1,2]. 
 Numerical simulation of powder pressing is normally performed using finite 
element analyses (FEA). However, powder filling is difficult to simulate using 
FEA as powder behaves much as a fluid and often leads to severe mesh distortion. 
One possibility is to use the discrete element method (DEM) as in [3]. A 
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drawback with this method is the limitations in modelling the extremely large 
number of particles which normally are in PM applications.  
 A recent interest is focused on development of mesh-free methods. The key 
idea of mesh-free methods is to provide numerical solutions for partial differential 
equations with boundary conditions on a set of arbitrarily distributed nodes 
without using any mesh for connectivity of these nodes or particles. In mesh-free 
methods the material modelling follows a continuum approach. That is, the same 
constitutive models could be used as in FEA. In [4], particle finite element 
method (PFEM) is used for simulation of powder filling. In this work, smoothed 
particle hydrodynamics (SPH) is used in simulation of powder die filling using a 
filling shoe. The powder used is a pre-alloyed water atomized iron powder mix, 
Distaloy AE with 0.5% C and 0.6% Kenolube (DAE). 
 The aim of this study is to investigate the possibility to use SPH for 
simulation of shoe filling of metal powder into a complex cavity. 
 

Smoothed particle hydrodynamics 
The smoothed particle hydrodynamics method was invented independently by 
Lucy, [5] and Gingold and Monaghan, [6]. It is a mesh-free Lagrangian method, 
where the problem domain is represented by a finite set of nodes with specific 
masses, mi. Except from representing the geometry, the nodes are also acting as 
the computational frame for the governing equations. Problem variables such as 
velocity, density, stresses and strains are obtained by summations over the 
neighbour nodes via interpolation functions known as kernels. In problems with 
material strength the governing equations are described by the conservation 
equations of continuum mechanics and are written in SPH-form: 
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where i and j are the node number; i , i , iv  and ix  are the stress tensor, 
density, velocity and spatial coordinate of node i, in a Cartesian coordinate 
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system, respectively. Wij is a smoothing kernel function, here represented by a 
cubic B-spline function: 
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where h is the smoothing length, R is the relative distance between two nodes xi 
and xj, R=|xi-xj|/h and C is a constant equal to 1/h, 15/7 h, 3/2 h3 in one-, two- 
and three dimensional space respectively. 
 

Constitutive model 
The constitutive model for the powder material is an elastic-plastic relation 
formulated in terms of large plastic deformation theory. In the principal stress 
space the yield function is given by: 
 
 1 2 2 1( , ) 0f I J J kI d   (3) 
 
where I1 is the first invariant of the stress tensor, J2, the second invariant of the 
deviator stress tensor and k, d are material parameters. The elastic properties are 
considered constant for the actual range of density. 
 

Material characterisation 
The direct shear test is a well established test for geotechnical materials like sand 
and clay, [7]. In this study the original equipment is modified with an extra 
support to the latex wall close to the top and bottom surface. Powder is filled into 
a cylindrical container with a side wall of thin latex reinforced with a thin copper 
thread. To prevent slip during testing the top and bottom surfaces have 4.05 mm 
spikes 5.0 mm apart. The total sample height is b and the distance between the 
spikes, called active sample height is 11-15 mm during a test. A vertical force, Fv, 
is applied on the top surface. The shearing is then induced with a movement, a, 
applied on the top surface. The shear force, Fh, together with Fv, b, and a are 
recorded during a test. In Figure 1, the direct shear test and its properties are 
illustrated. 
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Figure 1. The direct shear test of powder. 
 
From the recorded properties are shear angle, , normal stress, n, shear stress, , 
and elastic shear modulus, Gsec, calculated. In this study Gsec is a secant value of 
the shear modulus and defined as a straight line from the origin that inclines with 
the curve at half the shear strength, ( fu/2), see Figure 2. The stiffness from the 
latex wall is measured and compensated for in the calculation of shear stress . 
The main results from the direct shear tests are shown in the table in Figure 2. 
 
 

/2 

 
 

fu
[kPa] 

n 
[kPa] 

 
[Rad] 

Gsec 
[kPa] 

2.74 1.23 0.150 28.2 
3.51 5.63 0.150 31.9 
5.61 11.42 0.150 89.8 

 
 
Figure 2. To the left, shear strength fu at different normal stresses n, shear angle  and the elastic 

shear modulus Gsec. To the right, definition of Gsec. 
 
Separate axial compression tests are performed where the radial stress is measured 
together with the axial stress. The reinforced latex tube is for this reason modified 
by applying a strain gauge around the tube using wires made of a copper-nickel 
alloy (Constantan). No spikes at the top and bottom surfaces are used for these 
tests. A more detailed description of the measurements could be found in [8]. The 
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ratio between the radial stress to the axial stress is measured to  = 0.389. With 
the assumption of no radial strain, the Poisson’s ratio can be estimated as: 
 

 
1

 (4) 

 
From experimental results in the table in Figure 2 and Equation 4, the following 
shear modulus and bulk modulus are used in the simulations. 
 
G = 28 200 Pa,  = 54 700 Pa 
 
In order to reproduce the physical conditions that exist in practical die filling Wu 
et al. designed a model shoe system, see [3, 9]. Experimental results reported in 
[3] on flow of DAE powder into a simple die results in the following best fit 
relation between the fill ratio,  and shoe velocity, v: 
 

 
2.1

v
6.167  (5) 

 
The fill ratio is defined as the filled height of powder divided by the height of the 
cavity. In the equation above the value 167.6 is the critical velocity, that is, the 
shoe speed in mm/s which gives a fill ratio of one. The experiments were 
performed in vacuum using a simple cavity (5 mm wide; 38 mm high and 20 mm 
deep) with a 60 mm long shoe.  
 The relation in Equation 5 is used in SPH simulations of filling a cavity of 
these dimensions in order to adjust the plastic data of the constitutive model used. 
Number of nodes used in the simulation is 21042 and the smoothing length is set 
to 1.05 times the distance between the nodes. A wall friction coefficient of 0.15 is 
assumed. The initial powder height in the filling shoe is 11 mm with a density of 
3150 kg/m3. By using inverse modelling at three different constant shoe velocities 
of 200, 250 and 300 mm/s, the following constitutive data in Equation 3 is 
achieved.  
 
d = 10 Pa, k = 0.67 
 
The used SPH model is shown in Figure 3 and results from the three different 
shoe velocities with constitutive data as above together with the Equation 5 is 
shown in Figure 4. 
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Figure 3. The SPH model for flow into a simple die, shoe velocity 200 mm/s. 
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Figure 4. The variations of fill ratio with shoe speed. 

 

Application 
The SPH method has been employed to simulate the flow in vacuum of powder 
into a stepped die as in Figure 5. The powder material is represented by 88711 
nodes with the material properties as in previous section. The main dimensions of 
the cavity are 23 mm wide and 23 mm high. A rectangular block in the bottom 
(inner bottom punch) is 14 mm wide and 11 mm high leaving a narrow section of 
3 mm and a wide section of 6 mm. The shoe length is 60 mm with an initial 
powder height of 12 mm. The shoe speed is 200 mm/s. Two separate simulations 
are performed, shoe movement from right to left as in Figure 5 and vice versa. 
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The former case is referred as WN (wide-narrow) and the latter as NW (narrow-
wide).  

 
Figure 5. The stepped die configuration, from [3]. 

 
The simulated powder flow at different stages of the filling process is shown in 
Figure 6. In the figure different flow patterns are seen. For instance the merge 
surface area due to a slower filling of the narrow section than of the upper section 
and the forward concave shrink zone adjacent to the top side from which the shoe 
is filling the die. These flow patterns are reported in [3] using a high speed 
recording of the flow into a stepped die, see also Figure 7.  
 

 
 (a) (b) (c) (d) 

 
 (e) (f) (g) (h) 

Figure 6. Simulated flow results. 
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Figure 7. Flow of metal powder into a stepped die, from [3]. 

 
The density distribution after a complete filling operation (WN) is shown in 
Figure 8. Simulated densities in three different sections of the die, compared with 
measured values performed by Wu and Cocks [3], are shown in Table 1.  
 

Section Simulation 
WN 

Simulation 
NW 

Experimental 
WN, from [3] 

Experimental 
NW, from [3] 

Bottom wide 0.9848 0.9776 1.0148 1.0126 
Bottom narrow 0.9841 0.9621 0.9816 0.9656 
Top 1.0050 1.0090 0.9985 1.0010 

Table 1. Densities in various sections, simulated and from experiments. The density is normalized 
by dividing the density in each section with the average density of the total volume. 

 
Regions of lower density close to the upper corners of the bottom block are 
marked with “a” in Figure 8. This is due to mechanism of merge surfaces which is 
also reported in [3]. The influence of the shoe movement on the density is visible 
along the upper surface where a lower density is achieved. In the upper left area 
the powder performs a rotational flow during the shoe movement resulting in a 
slightly lower density, see “b” in Figure 8. Along the die walls a reduction of the 
density is visible in the simulation, especially close to the outer walls.  
 As it can be seen in Table 1, both from the simulation results and the 
experimental results, the density is lowest in the bottom narrow section. 
Differences between simulations and experiments are seen in the bottom wide 
section, where the simulations give lower densities than the experiments. One 
reason for this difference could be the die wall friction, which is an uncertain 
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parameter in the simulations. The trends on the density distribution in the 
simulations by changing the filling direction are consistent with the trends seen in 
the experimental results.  
 

 

b 

a

Figure 8. Simulated density distribution. Lower densities marked with “a” and “b” in the figure. 
Filling from right to left in figure (WN). 

 

Conclusions 
The flow of powder into a cavity has been investigated numerically. A smoothed 
particle method is described. An iron based powder mix is experimentally 
characterized and parameters for an elastic-plastic constitutive model are 
presented. A comparison of simulation results and experimental results reported in 
[3] indicates that the SPH simulations can describe the main features of the flow 
of metal powder into a complex shaped die. 
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Abstract 
For trustworthy numerical simulations of iron ore pellets flow, knowledge about 
the mechanical properties of pellets is needed. In this work, an elastic-plastic 
continuum material model for blast furnace pellets is worked out from 
experimental data. The equipment used is a direct shear test apparatus, designed 
for compression and shear test of granular material with a size less than 100 mm. 
It consists of a cylindrical cell filled with pellets surrounded by a rubber 
membrane and a rigid top and bottom. Two types of tests are performed. One test 
is pure compression and unloading and the second is shearing at different stress 
levels. Evaluation of these tests is performed and the elastic-plastic behaviour of 
iron ore pellets is characterized. Constitutive data in the vein of two elastic 
parameters and a yield function is determined. The present material model 
captures the major characteristics of the pellets even though it is too simple to 
completly capture the complex behaviour shown in the experiments.  
 

Introduction 
Iron ore pellets are sintered, centimetre-sized spheres of ore with high iron content 
and are produced in two verities: blast furnace pellets (BF) and direct reduction 
pellets (DR). The pellets are used together with carbonized coal in production of 
iron. Handling of iron ore pellets is an important part in the converting process 
and knowledge about this sub process is very important for further efficiency 
progress and increasing product quality. The pellets are passing through a number 
of transportation and handling systems like conveyor belts, silo filling, silo 
discharging, railway and shipping in the handling chain. During these treatments, 
the pellets are exposed for stresses and abrasion resulting in degradation of 
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strength and disintegration. To study and optimize processes of transportation and 
handling of bulk material, traditionally half or full scale experiments have been 
used [1, 2]. The focus of these studies is often the pressures on the surrounding 
structures and not the stresses in the bulk material. A reason for this is that it is 
hard to measure the actual stresses inside the bulk material and analyse the 
mechanism behind the degradation. Another drawback with full-scale experiments 
is that they are very time consuming and costly to perform. Numerical simulations 
of these processes give a possibility to study the processes in more detail. Most of 
the work so far in simulation of transportation and handling of granular material 
are performed on fine materials like sand. No work appears too been done on 
simulating iron ore pellets as a granular material with a continuum based method. 
The reason for this is the non-existence of an appropriate material model for iron 
ore pellets as a continuum. For trustworthy numerical simulations, knowledge 
about the mechanical properties of pellets is needed. In this work, an elastic-
plastic material characterization for blast furnace pellets is evaluated from 
experimental data. Constitutive data in vein of two elastic parameters and a yield 
function for the pellets bulk material is determined. A direct shear cell [3] 
designed for axial compression and cyclic shear tests of granular material with a 
grain size up to 100 mm is used.  
 

Experimental 

Materials 
The material tested is customer ready blast furnace (BF) pellets, collected from 
the LKAB (Luossavaara-Kiirunavaara AB, Sweden) pelletizing plant in Kiruna, 
Sweden. In the pelletizing process are undesirable components separated from the 
raw material, and additives that can to a certain degree improve product 
characteristics, are added. Olivine (a magnesium silicate) is added to LKAB 
pellets to improve their reducibility and mechanical strength in the blast furnace. 
After separation and additives have been added, the ore is rolled into balls (green 
pellets) in drums or on discs. Last step in the pelletizing process is the sintering 
where the green pellets are heated to a temperature of about 1250°C that gives the 
pellets considerable higher mechanical strength. The screen analysis and some 
other pellets data are gathered in Table 1. The smallest fractions (fines) are 
removed by screening before each test. 
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Density [t/m3] Crushing Strength Screen analysis % passing 
Solid Bulk 10-12.5mm [daN] 16.5 [mm] 12.5 [mm] 9 [mm] 
3.7 2.2 250 99 78 3 

Table 1. Product facts, blast furnace pellets, from [4]. 
 

Experimental arrangement 
Tests were performed at the Division of Soil Mechanics at Luleå University of 
Technology. The equipment is a direct shear apparatus designed for shear test of 
granular material with a size less than 100 mm and thereby suitable for the testing 
of iron ore pellets, here 9-16 mm. The test equipment consists of a cylindrical cell 
with an inner diameter of 645 mm and heights between 500 mm and 700 mm. A 
21 mm rubber membrane reinforced with a stainless steel wire of 4 mm is 
surrounding the cell (initial outer circumference, 2,158 m). To apply movement in 
vertical and horizontal directions, two piston cylinders are connected to the cell. 
The force controls the movement in vertical direction and the piston stroke is 
measured. The displacement controls the movement in horizontal direction while 
the force is measured. Maximum piston stroke lengths are 240 mm, maximum 
vertical force 500 kN and maximum horizontal force 200 kN. Reinforcement bars 
of 65 mm and 60 mm is preventing shearing in the upper and lower part of the 
body respectively. To the left in Figure 1, a picture of the test arrangement is 
shown and to the right, a schematic view of the testing cell. 
 

 
Figure 1. Experimental setup. To the left: picture of the test arrangement. To the right: schematic 

view of the testing cell. 
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Experimental program 
Two types of tests were performed. First, three compaction and unloading tests 
were performed (#C1-#C3). In these tests, the testing cell was loaded stepwise 
from zero to different maximum loads and then continuously unloaded. During 
the test the vertical force and displacement of the shear cell was continuously 
measured by logging the upper piston cylinder. In addition, the circumference was 
measured manually with a measure tape at each load step during the loading 
phase. Measurements were done on the middle of the membrane outside the  
21 mm rubber membrane. 
 
The other type of test performed were three shear tests (#S1-#S3), where the cell 
were loaded vertical to different specified loads that were held constant during 
shearing. The shearing was controlled by the lower piston cylinder to a constant 
shear rate of 240 mm/min. The maximum shear length was 120 mm at each test. 
Measured data was the force and displacement of the two piston cylinders. This 
test was performed with a number of shear cycles. No circumference 
measurements were performed during these tests. A summation of the tests 
performed is gathered in Table 2. 
 

Test 
number 

Initial 
height 

(computed) 
[m] 

Height 
at max. 
load / 
max. 
shear 
[m] 

Mass 
[kg] 

Max. 
vertical 

force 
[kN] 

Max. 
shear 
force 
[kN] 

Max. 
circum-
ference 

(outside the  
membrane) 

[m] 

Description 

#C1 0,653 0,632 465 102 - 2,164 Compression  
- unloading 

#C2 0,633 0,603 451 298 - 2,195 Compression 
- unloading 

#C3 0,543 0,514 387 394 - 2,196 Compression 
- unloading 

#S1 0,705 0,706 502 15 9,55 Not 
measured 

Compression 
- shearing  

#S2 0,616 0,610 439 120 54,7 Not 
measured 

Compression 
- shearing 

#S3 0,553 0,538 394 205 80,3 Not 
measured 

Compression 
- shearing 

Table 2. Summation of tests performed. 
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Test results 
Test results from the experiments performed are presented in the four subsequent 
figures. In Figure 2, the compression and unloading test data (#C1-#C3) is given 
as the relation between the vertical load applied and the axial strain. Because of 
different initial heights for the three tests, the axial strain, Equation 1, is computed 
to get a comparable measure of the deformation.  
 

 0

0
ax

H H
H

 (1) 

 
Where H0 is the initial height of the shear cell before compression and H is the 
actual height during the test. Unfortunately, the measurement of the initial height 
was just roughly estimated with a precision of ±50 mm. This cause a great spread 
in the results for the different tests. To get a better estimation of this parameter, 
the initial bulk density for unloaded pellets (about 2180 kg/m3) is used. By this 
and the weight of the sample, the initial height is computed backwards to get a 
better estimation. Small changes of the initial heights are then performed so that 
the curves fit as good as possible to each other.  
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Figure 2. Compression and unloading test. Axial force versus the axial strain. 

The circumference measurements during the loading phase are given in Figure 3 
in relation to the axial force. The measurements were done manually a few times 
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during the loading and the data is therefore linearly interpolated between these 
points to get continuous curves.  
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Figure 3. Compression and unloading test. Circumference versus axial force. 

 
The data from the shear tests (#S1-#S3) are given in Figure 4 as the relation 
between the shear forces and shear angles. The shear angles, , are considered 
small and are computed by dividing the shear displacement, d, with the active 
shear height, Ha, according to: 

 
a

d
H

 (2) 

 
Because of the reinforcement bars in the top and bottom of the shear cell, the 
active shear height is the length between these bars marked, Ha, in Figure 6. Here 
the data from the two first shear cycles is presented; that is from upright position 
of the cell to the maximum stroke of the horizontal piston cylinder and backward 
to the minimum stroke of the piston cylinder and again. 
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Figure 4. Shear test. Shear force versus the shear angle. Two shear cycles. 

 
The deformation behaviour of the pellets continuum during shearing is given by 
the height change data in Figure 5. In this figure the relative height change, H0 
divided by H, in relation to the shear angle at the first shear cycle is shown.  
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Figure 5. Shear test. Relative height change versus the shear angle. First shear cycle. 
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Evaluation 
From the measurements, the axial stress and axial strain is estimated directly from 
the experiments. To get the complete state of stress, the properties of the 
membrane were characterized. An assumption of the shape of the cell during 
compression is performed to approximate a function to describe the volume and 
thereby the volumetric strain and density. When the complete state of stresses and 
strains is found the material properties for the pellets continuum is analysed. The 
evaluation is based on the tests performed in Table 2. One test is performed at 
each evaluation point and no statistical margin of error is estimated. Only the first 
loading and unloading stage from the shear test results are considered in this 
study. 
 

Volume computation 
In the compression tests, the vertical displacement and the circumference at the 
middle of the body were measured. The volume is then computed by assuming 
that the membrane is taking the shape of a sinus function during compression, see 
Figure 6. The upper and lower part of the membrane is restrained from expansion 
by the rigid top and bottom of the cell. 
 

 
z 

r 

r0
 

rmax
 

Ha 
  

h1 
  

h2 
  

 
Figure 6. Assumed shape of the testing cell during compaction. 
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By this assumption, the radius, r, is described by: 
 

 max 0 0( )sin
a

zr r r r
H

     0 az H  (3) 

 The volume is then computed by: 
 

 
2

2 2max 0
0 0 max 0 0 1

( )4 ( )
2

a
a a

H r rV r H H r r r r h h2  (4) 

 

Membrane characterization  
The membrane is build up by a 21 mm rubber material enforced with a wire, 
winded round the rubber with a pitch of 0,94 threads per centimetre. The wire is a 
4 mm Gunnebo 72-threads stainless steel (AISI 316) wire with a steel area of  
3,7 mm2. It is assumed that the wire alone carries the tangential stresses in the 
membrane. Therefore a tensile test of the wire is performed to characterise the 
membrane. From the circumference measurement data in the compression tests, 
the extension of the wire is estimated by the three equations below. 
 

 0

2
aH

mean
a

rdz
O

H
 (5) 

 
Equation 3 inserted in Equation 5 gives: 
 
 )(42 0max0 rrrOmean  (6) 
 
Equation 7 then gives the strain: 
 

 
0

0max

0

0

2
)(4

2
2

r
rr

r
rOmean

wire  (7) 

 
The tensile test data gives the stress level in the wire, wire, in relation to the wire 
strain, wire, see the tensile test curve in Figure 7. 
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Figure 7. Tensile test curve of the membrane wire. Stress versus strain. 

 

Material characterization 
The compression and unloading test results (test #C1-#C3) gives information 
about the elastic and plastic behaviour during volumetric compaction. The relation 
between the pressure, p, and the volumetric strain, vol, in the body at the 
unloading stage gives a measure of the bulk stiffness. The difference between the 
loading- and unloading curves gives a measure of the plastic deformation of the 
material. In cylindrical coordinate system the pressure is given by: 
 

 2
3

ax radp  (8) 

 
The volumetric strain works out by comparing the volume, V, at each load step 
with the initial volume, V0, according to: 
 

 
0

lnvol
V
V

 (9) 

 
In Equation 8, the axial stress, ax, is simply computed by dividing the axial force, 
Fax, with the cross section area, A, of the shearing cell according to Equation 10. 
The radial strain, rad, on the other hand is estimated by the circumference 
measurements and the characterization of the membrane. Making the assumption 
of the membrane as a thin shell and looking at the forces in radial direction, see 
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Figure 8, a relation between the radial stress and the wire force, f, is worked out, 
see Equation 12. 

   

f  f  

    

H     
f   
f   
f  

r   

 rad 
  

f   
f   

f   
  
f   
f   
f   

f 
 

Figure 8. Membrane with forces in radial direction. 
 
From the circumference measurements the wire strains are estimated, according to 
Equation 7. The wire stress is then given by the tensile test curve, Figure 7. The 
wire force, f, is computed by the product of the wire stress and the cross section 
area, Awire, see Equation 11. The relation for the radial stress is given by  
Equation 12, where, n, is the number of turns the wire is winded round the 
membrane, r, is the radius and H is the height of the shear cell.  
 

 
A

Fax
ax  (10) 

 
 wirewire Af  (11) 
 

 rad
fn

rH
 (12) 

 
In Figure 9 the relation between the pressure and the volumetric strain for the 
three compression tests (#C1-#C3) is seen. The circumference measurements were 
just performed during compression. In the computation of the volumetric strain 
for the unloading stage, an assumption that the relation between axial and radial 
strain is the same as for the compression part, is therefore made. The radial strain 
is computed in relation to the axial strain and the total volumetric strain is 
computed as the sum of the strains. As mentioned in previous section the initial 
heights of the samples are uncertain parameters. The height changes during the 
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tests are on the other hand measured with high accuracy by logging the upper 
piston movement with a computer. The slopes that are the measure of the stiffness 
are therefore not affected of the adjustments of the initial heights. The bulk 
modulus, K, is given by the slopes of the unloading curves, in Figure 9. It is seen 
that these curves are not straight lines. There are different possibilities how to 
derive the bulk modulus from these curves. In this study two different conventions 
are made. One is the initial slope of each curve, called the tangential values of the 
bulk modulus, Ktang, dashed lines in Figure 9. The other alterative is to take the 
secant value from the start to the end of the unloading, called the secant value of 
the bulk modulus, Ksec, solid lines in Figure 9. 
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A second order curve is fitted in least square sense to the compression and 
unloading tests in order to describe the relation between the radial stress and the 
axial stress, see Figure 10 and Equation 13 below. 
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Figure 9. Compression and unloading tests. Pressure versus volumetric strain and density. 
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Figure 10. Compression and unloading test. Relation between radial stress and axial stress during 
compression. Least square fit of the three curves. 

  (13) axaxrad
2207 1028,41047,2

 
From the shear tests (#S1-#S3) the shear modulus, G, is worked out. The shear 
stress, , is computed by:  

 shearF
A

 (14) 

 
In the unloading phase the material response is elastic, hence Hooke’s law is valid 
and gives the relation between the shear stress and shear angle according to: 
 
 G  (15) 
 
The shear stress versus the shear angle is seen in Figure 11. As for the bulk 
modulus, two conventions are made for the determination of shear modulus. The 
initial value when changing direction of the shearing gives the tangential shear 
modulus, Gtang, dashed lines in Figure 11. The secant shear modulus, Gsec, is taken 
as the secant between initial unloading and zero shear stress, solid lines in  
Figure 11. A summation of the elastic parameters at different pressures and 
densities is gathered in Table 3.  
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Figure 11. Shear modulus estimation from shear tests. Shear stress in relation to the shear angle. 

p [kPa] 
 

 [kg/m3] Ktang [MPa] Ksec [MPa] 
129 2230 111 22,8 
495 2258 255 - 
679 2265 527 47,2 

p [kPa]  [kg/m3] Gtang [MPa] Gsec [MPa] 
14,8 2181 3,48 0,745 
155 2234 7,81 2,87 
292 2245 26,1 4,74 

  
Table 3. Elastic parameters at different pressures and densities. 

Constitutive model 
In order to capture the characteristics of the material properties found in the 
previous section an elastic-plastic material model for soil and concrete [5, 6] is 
adapted to the data in previous section. The material model consists of two 
constant elastic parameters, a relation between pressure and volumetric strain and 
a non-linear yield function. 
 
A piece wise linear function relates the pressure to the total volumetric strain, t

vol, 
according to Figure 12 and consists of two curves, a loading curve and an 
unloading curve. The total volumetric strain is usually divided in to an elastic part, 

e
vol, and a plastic part, p

vol, according to Equation 16. The unloading curve is a 
linear curve described by the bulk modulus and is a measure of the elastic 
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volumetric strain, see Equation 17. The difference between the loading and 
unloading curve gives the plastic volumetric strain. 
 
  (16) p

vol
e
vol

t
vol

 

 
)(K

pe
vol  (17) 
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Figure 12. Pressure versus volumetric strain. Loading and unloading. 

 
A yield function (failure surface) limits the stresses due to plasticity of the 
material. The yield properties are derived from the shear tests (#S1-#S3). The 
maximum equivalent von Mises stress at the actual pressure in each test gives a 
measure of the yield surface location. The equivalent von Mises stresses, vm, are 
given by: 

 
1

2 2 2 22 3vm ax rad ax rad  (18) 
 
The radial strain in the equation above is derived from the relation in Equation 13 
as no circumference measurements were performed during the shear tests. The 
yield function is fitted to the experiments by the constants  = 1030 kPa and  

 = 3,5·10-6 Pa-1. Figure 13 gives the relation between the von Mises stress and the 
pressure together with the yield function, Equation 19.  
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 , 1 p
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Figure 13. Yield surface in p - vm space. 

Numerical simulation 
The constitutive model for pellets described above is tested in the explicit  
LS-DYNA finite element (FE) analysis software [6]. The bulk- and shear modulus 
is given constant values of 47,2 MPa and 13,0 MPa respectively. The FE model 
consist of a single 8 node solid element with the upper nodes constrained in both 
horizontal directions and the bottom nodes has one degree of freedom in one of 
the horizontal directions. This disables the element to expand to the sides but 
allows compression in vertical direction and shearing in one direction, which is 
close to the experimental conditions. As in the experiments, the FE model is 
subjected for two types of tests, compression-unloading and shearing. In the 
compression and unloading test, the upper surface of the element is loaded 
vertical to three different loads and then unloaded. The cross section of the 
element is quadratic with an area same as the experiments. The height is set to 
0,583 m, which is the mean height of the experiments. The axial strains from the 
simulations are compared with the axial loads according to Figure 14.  
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Figure 14. Simulation results. Compression and unloading from three different loads. 

 
In the shear tests, the cross section of the element is the same as previous but the 
height is changed to 0,458 m, which is the mean of the active shear heights of the 
experiments. The upper surface of the element is loaded vertical to specified loads 
and then held constant during shearing. The shearing is carried out by applying a 
controlled movement to the bottom nodes. The test is performed at three different 
pressures corresponding to the experiments. From the simulations, the shear force 
is compared with the shear angle, see Figure 15, and the height change as a 
function of the shear angle is carried out, see Figure 16. 
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Figure 15. Simulation results. Shearing at three different vertical loads. 
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Figure 16. Simulation results. Height changes during shearing at three different vertical loads. 

 

Discussion 
Some approximations have been necessary to made in this study in order to work 
out the material parameters. The most uncertain parameter is the radial stress. It is 
derived indirectly by the characterisation of the membrane and the measurement 
of the swelling of the body. The characterization of the membrane is also an 
uncertain part in this study because of the nonlinear behaviour of the enforcement 
wire. It is hard to know exactly how the wire is stretched before each test begins 
and how high the actual stains are. An alternative have been to connect some 
strain gauge directly to the wires in the shear cell and compute the stress. To see 
in which degree the model capture the behaviour of the pellets, some simulations 
were performed to compare with the experimental results. The simulation model 
differs a lot from the real experimental setup but it gives a hint of the capabilities 
of the model. From the compression and unloading simulations, Figure 14, it is 
seen a similar behaviour as for the experiments, Figure 2, but the values of the 
axial strains differs. A reason for this is the constrains of the nodes in the 
simulations that prevents the element to expand to the sides. This gives the 
simulation model a stiffer behaviour than the experiment. Some numerical 
instability is seen at the lower part of the unloading phase. Another difference is 
the constant elastic parameters used in the simulations. Which value of the bulk 
and shear modulus to use depends on the application. For applications where the 
material is completely unloaded, the secant value could be preferred while for 
materials that are just partly unloaded followed by loading the tangent value may 
be better. From the shear simulation results, Figure 15, it is seen that the model 

Gustaf Gustafsson - Licentiate Thesis 
18 



Paper C 
 

Gustaf Gustafsson - Licentiate Thesis 
19 

predicts a bit higher shear forces than the experiment, Figure 4. The stiffness from 
the constrained nodes in the simulation model could be an explanation, but also 
the uncertainness of the radial stresses. The simulation model gives a simple 
prediction of the shear force behaviour during the shear cycle. It does not capture 
the decreased shear force after a certain shear length; it is rising and then constant 
during the shear length. This is because the model does not allow the plastic strain 
to decrease. This model is just describing the first half of the shear cycle. For 
problems with cyclic loads, a model that captures the behaviour for the whole 
shear cycle is needed. The volumetric behaviour during shearing is quite complex 
for the pellets as seen in Figure 5. At high vertical loads the shearing cause 
compaction of the cell. For lower loads the shear cell expands, dilates. The 
behaviour for the lower loads is not captured with this material model while the 
behaviour for the higher loads is better, see Figure 16. The material model used 
here is too simple to completely capture the complex behaviour of the pellets 
shown in the experiments. 
 

Conclusions 
Axial compression and shear tests are performed on iron ore pellets. Evaluation of 
these tests is performed and the elastic-plastic properties of iron ore pellets treated 
as a continuum are characterized. A material model for pellets is worked out and 
tested on a single solid FE element. The presented material model captures the 
major characteristics of the pellets even though it is not an exact model. It is too 
simple to completely describe the complex behaviour of iron ore pellets. For 
example, the dilatancy behaviour at low pressures is not captured.   
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