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Summary 

This licentiate thesis deals with the problem of controlling the resolution in space 
and frequency of adaptive beamformers used as noise cancellers. The objective 
is to propose a versatile design approach where the resolution is the main design 
parameter. A simple method that works for both narrowband and broadband 
arrays is presented. This method is based on the normalized leaky LMS algorithm 
in conjunction with a Generalized Sidelobe Canceller (GSC) structure where the 
GSC is designed using a spatial filtering approach. In essence, the suppression 
of the spatial filters and the implicit noise of the leaky LMS algorithm together 
determine the adaptive beamformer. 

In part I a theoretical model for the adaptive beamformer is presented and 
analysed with respect to asymptotic behaviour. Analytical expressions are given 
for the Wiener filters and the output spectrum versus frequency and point source 
location. These expressions are employed in the design specification of the spatial 
filters and to obtain conditions for a controlled quiescent beamformer response. 
Such conditions are conveniently included in a Weighted Least Squares (WLS) 
design of the GSC. In addition, examples are given that show how the WLS design 
of the spatial filters can be improved in the transition region, using an iterative 
procedure. 

The basic ideas and analytical expressions are generally independent of the 
array geometry, far field assumtions and structure on the blocking matrix of the 
GSC. However, if the array is equispa,ced and linear, the wave propagation planar 
and a special structure is imposed on the blocking matrix of the GSC, then the 
spatial filters can be designed using any suitable digital FIR filter design procedure. 
If each sensor is connected to a tapped delay line, the design problem is two-
dimensional, otherwise the problem is one-dimensional. The one-dimensional case 
has previously been studied and this paper focuses on the general case. The one-
dimensional design is straightforward and yields a design useful for broadband as 
well as narrowband signals. However, in most cases involving broadband signals 
the two-dimensional design will be superior. 

In part II a simulation of the spatial filter designed GSC is presented. The 
purpose of the simulation has been to verify the proposed design approach where 
the strength of the implicit noise in the leaky LMS algorithm is used as an important 
design parameter. The finite length Wiener solutions are presented for comparisons 
with the simulated results, and a power normalization procedure for the parameters 
in the leaky LMS algorithm is proposed. 

In part III an evaluation of an adaptive microphone array with respect to speech 
recognition performance in a car is presented. The speech recognition device is in-
tended as past of a man/machine-interface between the driver and car information 
services. The adaptive beamformer is designed using one-dimensional spatial fil-
ters. This microphone array is compared with conventional microphones of two 
different types. The results show that the adaptive microphone array performs ap-
proximately as a goose-neck microphone despite the fact that the latter is mounted 
very close to the speaker. 



Preface 

This licentiate thesis deals with the problem of controlling the resolution in space 
and frequency of adaptive beamformers used as noise cancellers. The thesis consists 
of three different parts. In part I the theoretical model of an adaptive beamformer 
is studied, and the main issue is to design the beamformer such that the resolution 
is accurately controlled. Part II describes a simulation of the adaptive beamformer 
where the purpose is to verify the proposed design approach. Part III describes 
an evaluation of an adaptive microphone array with respect to speech recognition 
performance in a car. The titles of the parts are: 

I Design of Broadband Adaptive Bearnformers Using Spatial Filters. 

II FIR Approximation of the Spatial Filter Designed Generalized Sidelobe 
Canceller. 

III Noise Reduction Using an Adaptive Microphone Array for Speech 
Recognition in a Car. 

Part I is published as a research report, 

S. Nordebo, I.  Claesson  and S.  Nordholm,  "Design of Broadband Adap-
tive Beamformers using Spatial Filters", Research Report TULEA 1993:04,  
Luleå  University of Technology,  Luleå,  Sweden, February 1993. 

Part II is published as a research report, 

S. Nordebo, I.  Claesson  and S.  Nordholm,  "FIR Approximation of the 
Spatial Filter Designed Generalized Sidelobe Canceller", Research Re-
port TULEA 1991:27,  Luleå  University of Technology,  Luleå,  Sweden, 
November 1991. 

An extract of part I is published as, 

S. Nordebo, S.  Nordholm  and I.  Claesson  "Broadband Adaptive Beam-
forming for Noise Suppression", NUTEK Workshop on Digital Com-
munications, Uppsala, Sweden, May 25-26, 1992. 

An extract of part I was submitted in January 1993 to the 1993 IEEE AP-S In-
ternational Symposium and  URSI  Radio Science meeting as, 
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S. Nordebo, I.  Claesson  and S.  Nordholm,  "Broadband Adaptive Beam-
forming: A Design Using 2-D Spatial Filters". 

An extract of part II is published as, 

S. Nordebo, I.  Claesson  and S.  Nordholm,  "Spatial Filter Designed 
Generalized Sidelobe Canceller for Broadband Implementations", Pro-
ceedings of the third International Symposium on Signal Processing and 
its Applications, ISSPA 92, Gold Coast, Australia, August 16-21, 1992. 

An extract of part I and part II was submitted in February 1993 to the IEEE 
Journal of Oceanic Engineering as, 

S.  Nordholm,  I.  Claesson  and S. Nordebo, "Adaptive Bea,mforming: 
Spatial Filter Designed Blocking Matrix". 

Part III was submitted in January 1993 to the Radio  Vetenskaplig  Konferens,  RVK-
93 as, 

S. Nordebo,  B.  Bengtsson,  I.  Claesson,  S.  Nordholm,  A. Roxström, 
M. Blomberg and  K.  Elenius, "Noise Reduction Using an Adaptive 
Microphone Array for Speech Recognition in a Car". 



Outline 

Part I—Design of Broadband Adaptive Beamformers Using Spatial 
Filters 

Part I of this licentiate thesis deals with the problem of controlling the resolution 
in space and frequency of adaptive beamformers used as noise cancellers. The 
objective is to propose a versatile design approach where the resolution is the 
main design parameter. A simple method that works for both narrowband and 
broadband arrays is presented. This method is based on the normalized leaky LMS 
algorithm in conjunction with a Generalized Sidelobe Canceller (GSC) structure. 
The GSC consists of an upper beamformer providing the "desired response" to the 
adaptive algorithm and lower beamformers providing the inputs to the adaptive 
filters. These lower beamformers are referred to as spatial filters. In essence, the 
suppression of the spatial filters and the implicit noise of the leaky LMS algorithm 
together determine the adaptive beamformer. 

A theoretical model for the adaptive beamformer is presented and analysed with 
respect to asymptotic behaviour. Analytical expressions are given of the Wiener 
filters and the output spectrum versus frequency and point source location. These 
expressions are employed in the design specification of the spatial filters and to 
obtain conditions for a controlled quiescent beamformer response. Such conditions 
imply linear constraints in the design of the upper and lower beamformers which 
are conveniently included in a Weighted Least Squares (WLS) design. 

The basic ideas and analytical expressions are generally independent of the 
array geometry, far field assumtions and structure on the blocking matrix of the 
GSC. However, if the array is equispaced and linear, the wave propagation planar 
and a special structure is imposed on the blocking matrix of the GSC, then the 
spatial filters can be designed using any suitable digital FIR filter design procedure. 
If each sensor is connected to a tapped delay line, the design problem is two-
dimensional, otherwise the problem is one-dimensional. The one-dimensional case 
has previously been studied, and this paper focuses on the general case. The one-
dimensional design is straightforward and yields a design useful for broadband as 
well as narrowband signals. However, in most cases involving broadband signals 
the two-dimensional design will be superior. 
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Design examples are given that illustrate how the two-dimensional design can be 
used to obtain an accurately controlled rectangular protected region in frequency 
and angle where no signal cancellation occurs. The design examples also show how 
the WLS design of the spatial filters can be improved in the transition region using 
an iterative procedure. Here the feedback of the error envelope is employed, and 
the algorithm can be used to improve the design with only a few iterative steps. 
On reaching convergence an approximate two-dimensional equiripple behaviour is 
obtained. 

This work is sponsored by NUTEK through  "ramprogram i  digital  kommunika-
tion".  

Part II—FIR Approximation of the Spatial Filter Designed Generalized 
Sidelobe Canceller 

In part II a simulation of the spatial filter designed GSC is presented. The pur-
pose of the simulation has been to verify the proposed design approach where the 
strength of the implicit noise in the leaky LMS algorithm is used as an important 
design parameter. The finite length (FIR-filter) Wiener solutions are presented for 
comparison with the simulated results. Due to the action of the spatial filters for 
different incident angles, a power normalization procedure for the parameters in 
the leaky LMS algorithm is proposed. 

This work is also sponsored by NUTEK. 

Part III—Noise Reduction Using an Adaptive Microphone Array for 
Speech Recognition in a Car 

In part III an evaluation of an adaptive microphone array with respect to speech 
recognition performance in a car is presented. The speech recognition device is 
intended as part of a man/machine-interface between the driver and car informa-
tion services. The adaptive beamformer is designed using one-dimensional spatial 
filters. This microphone array is compared with conventional microphones of two 
different types. The results show that the adaptive microphone array performs ap-
proximately as a goose-neck microphone despite the fact that the latter is mounted 
very close to the speaker. 

This work is sponsored by NUTEK and supported by the Swedish RTI-program 
(Road Transport Informatic) which is based on two European projects, Prometheus 
and Drive. The Swedish part of the RTI-program is called TTIS (Traffic and 
Transport Information System). The purpose of these projects is to develop the 
application of modern information technology for transport. Improved traffic in-
formation should give shorter transport times, less fuel consumption and fewer 
accidents. This paper describes a subproject of TTIS called VOICE, which has 
Infovox AB,  KTH  (the Royal Institute of Technology) and HK/R (the University 
of Karlskrona/Ronneby) as participants. 
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1 Introduction 
By using adaptive filters behind the array elements in delay- and sum-beamformers 
(see Fig-ure  1), the resolution can be substantially increased [1]-[9] and a simulta-
neous cancellation of multiple jammers obtained. Such an increase in resolution 
and capability is often desired, but it might also lead to target cancellation caused 
by inaccuracies in far field approximations or sensor and target locations[10, 11]. 

Careful calibrations can sometimes solve the problem, but there are situations, 
such as with wide-spread sources, where this  superresolution  must be constrained 
in some target area 1121. Typical methods are linear and quadratic constraints on 
the beamformer derived from eigenvector expansions [8, 13, 14], derivatives of the 
signal power [15, 16, 17] and nulling an area of coefficients in the adaptive filters 
[18]. However, several of these methods are reported to be sensitive to the choice 
of array origin [16, 19], since the constraints imposed are origin dependent. This 
drawback limits their usefulness, although different methods to eliminate the origin 
dependence have been proposed[16, 191. 

We propose a method to design the blocking structure in a Generalized Sidelobe 
Canceller (GSC) using a spatial filtering technique. This technique is not dependent 
on the choice of array origin, since the spatial filter specification, which imposes 
the constraints, is origin independent. The idea is straight-forward, and several 
filter design methods can be used to calculate the blocking structure. The major 
advantage using this method is the direct approach. The desired spatial resolution 
and the frequency interval of interest, together with the built-in noise level of the 
leaky LMS algorithm, directly determine which frequency and spatial/angle regions 
the beamformer conforms to the upper, desired branch of the GSC. 

array 
input 
vector 

Figure 1: A broadband adaptive Generalized Sidelobe Canceller. Here  G  and  B  
are fixed bearnformers and  Hl-Hk  are adaptive filters. 
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2 Main Idea and General Solution 

The signals recieved by the array elements are assumed to be stationary uncorre-
lated point sources m, with spectral densities R(f). When located in the far 
field, the signals impinge as plane waves. The array consists of  N  elements taking L 
snapshots. Mutually uncorrelated noise is present at the array inputs with spectral 
density lin(f ). An adaptive CSC with  K  adaptive filters is used (see fig. 1), and 
it discriminates between the target signal and jammer signals only by their spatial 
locations and spectral contents. Hence, the single input signal scenario is highly 
interesting, in particular with regard to the adaptive behaviour when this signal 
arrives from different points. 

The array response vector  d  from a point source to each weight is determined by 
the frequency (4)= 27rf and the time delay to each weight where 7 is determined 
by the wave propagation velocity  c,  the snapshot number l, and the distance from 
the source to the corresponding array element  n.  The array response vector is, in 
general, also dependent on each array element characteristic which we omit in the 
sequel. The array response vector is thus given by  

d  = 	ciwTNL] 
	

(1) 

in a reflectionless and isotropic medium. The response vector is not dependent on 
the coordinate system, since only the distance between the source and the elements 
enters into the expression. The filter function G(f) from a point to the output of 
the upper beamformer is given by 

G( f) = gild 	 (2) 

where the vector  g  contains the weights of the upper beamformer. 
The main objective is to design the upper and lower beamformers,  g  and  B,  

in order to cancel only unwanted signals. We therefore assume that the target 
signal is located in some predetermined region in space and frequency which is to 
be protected. Signals coming from outside this region should be cancelled as much 
as possible. 

Reflecting on how a GSC imposes its linear constraints (see [20]), the task of the 
upper beamformer is to favour the protected region, while the lower beamformer's 
task is the opposite, to stop the target signal from reaching the adaptive filters. 
A simple approach is therefore to specify the upper beamformer to assume the 
value one within the protected area and zero outside, and vice versa for the lower 
beamformer. 

In general, with incoming signals in the near field and an arbitrary array con-
figuration, these are two optimization problems. They can be solved simply by 
a weighted least squares approach, or through a somewhat more complicated, 
quadratic programming or minimax design. However, an array origin invariance 
cannot be expected unless the design specifications are origin independent or some 
structure is imposed on the array. 

Once the fixed beamformers  g  and  B  are determined, the general Wiener solu-
tion can be found for the adaptive filters  H  and the output spectral density. When 
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all incoming signals are band limited and sampled correctly, a discrete-time Wiener 
solution can be found and approximated with, for example, adaptive FIR filters. 

By employing the orthogonality principle, the Wiener solution is obtained by 
solving a system of  K  linear equations for each frequency 

Rydx(f) .="H(f)R(f) 	 (3) 

If there is white noise of sufficient strength to dominate the blocking matrix pro-
cessed signal at the adaptive filter inputs, the Wiener solution for the filters will 
tend towards zero and the total array response will be the upper desired beam-
former. This is the situation inside the protected region if the blocking matrix is 
designed properly and a leaky LMS adaptive algorithm is used with the forgetting 
factor correctly chosen [5]. A leaky algorithm modifies the optimum solution as if 
there were white noise injected at the adaptive filter inputs, although no noise is 
present. The equivalent strength of this leaky noise is denoted FIT,. 

3 2-D Spatial Filtering Structure 
We now restrict our interest to an equi-spaced linear array, a single input signal  
ni  =  mo  in the far field, and a spatial filtering structure on the blocking matrix  B.  
The time delay 7' is then a function of the angle of arrival 0 and the sampling interval 
T. By selecting the first element as time reference, we obtain 7 = nT,, + 1T, where 
Ts, is the spatial sampling interval given by T(0) -= dsin(0)/c and  d  is the sensor 
element spacing. Note, however, that all results in appendices A,  B  and  C  are 
independent of array geometry, far field assumptions and structure on the blocking 
matrix  B.  Thus, in all analytical expressions in the appendices, the dependence 
on the angular variable 0 can be interchanged for a spatial position vector r. 

The special structure on the blocking matrix  B  is such that each column bk  
of  B  consists of an individual blocking beamformer for each adaptive filter. Each 
beamformer is of size  ML  and operates on M sensor signals and L samples. Apart 
from being shifted one sensor per column (L steps), the weights in the blocking 
beamformers are identical. Hence we write 

/ ;
1
1
4.- 1 

 oH  OH 	\ 

oH 	)3(7 	... 
BH =  

( 

o H 
(4) 

0H 	0H ofo' • • • 	)3Li  

where f3H  = [ß„,0  • • • Orn,L-i] and OH is a 1  x  L vector containing zeros. The number 
of adaptive filters is given by  K  =  N  — M + 1. Fig. 2 shows the beamforming 
structure where the leaky LMS algorithm is assumed to be used. 

When the array is linear and the wave propagation is plane, the beamformer 
response Bk(f,0) =  blid  can be regarded as a two-dimensional spatial filter. The 
two-dimensional spatial filter B(f,0)= B1(f,0) is given by 

M-1 L-1 
B(f,0) = B(911 92)  = E E  (5) 

in,=0 1=0 
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where 

27fdsin 0 
(6)  

c  
= 2irfT 	 (7) 

In order to avoid spatial aliasing, we must choose  d  < cT, assuming that the signal 
in has no spectral content above f -=- 1/2T. The mapping in Eq. (6) and Eq. (7) is 
one-to-one from (f , 0) to (91,92) for If I < 1  /2T , 101 	900, lei  I 	7r and 192{ 
the origins excluded, if 192 /S2i  I > cT/d. The kth spatial filter Bk(f,0) is given by 

B
k
(f

, 
 0) 	e_ i2 f(k--1)T,,,(0) B( f  0)  

Zero weights in the adaptive filters when no signals are incident on the array 
are often desired 121, 22]. This is approximately obtained if a leaky algorithm is 
used to update the adaptive filters, provided the leaky noise dominates. If the 
sensor noise cannot be neglected, we must impose some constraints on the design 
(see appendix  B).  The requirement is zero cross-correlation of the sensor noise 
filtered by  G  and Bk respectively. This can be fulfilled by designing, for example, 
the blocking spatial filters Bk as unconstrained and imposing linear constraints 
on the upper beamformer  G.  Provided that the sensor noise sources have equal 
spectral shape, the approach yields K(2L — 1) linear constraints on  G,  regardless 
of the spectral shape of the noise. The number of degrees of freedom in the design 
of the upper beamformer  G  is thus  NL  — K(2L — 1). These constraints can be 
conveniently included in the design using lagrangian multipliers (see appendix  C).  

From the design specification a variety of 2-D digital FIR filter design procedures 
may be used to obtain the beamformer weights for both the upper and lower 
beamformers (see e.g. [23, 24]). A direct and memory-saving Weighted Least 
Squares (WLS) method is to employ the adaptive modeling technique described in 
[5] for 1-D digital FIR filter synthesis. In the direct design method for broadband 
beamformers, a large number of uncorrelated signals from all directions are assumed 
to be incident on the array, and their spectral densities are used as weighting 
functions. The design specification is given for each incident signal using pseudo 
filters, and the beamformer weights are obtained using the minimum-mean-square-
error criterion. In appendix  C  the method is shown to be equivalent to the WLS 
design procedure. The direct design method constitutes a practical approach to 
WLS design, since the FFT-algorithm is assumed to be used and the required 
storage involves matrices of manageable size (see appendix  C).  The direct design 
method is therefore easily implemented with a matematical program package such 
as  MATLAB.  

An iterative procedure to improve the weighted design is also possible, where 
the feedback of the error envelope is employed [25]. On reaching convergence an 
approximate two-dimensional equiripple behaviour is obtained. The algorithm can 
be used to improve the design with respect to transition region properties with 
only a few iterative steps. 

Assuming that the injected noise is chosen to dominate over the sensor element 
noise, the Wiener solution with a single input signal is approximately given by (see 

(8) 
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also appendix A) 

1 + K Rn  113(f 0)12  1+  K  • SNRx(f (f) 
where SNR.x(f, 0) is the signal-to-noise ratio at the input of the adaptive filters. 
This is the key expression of the beamformer. In the protected region the adaptive 
beamformer is given by !G(f, 0)1 	1, if !BUMF < R,(f)/KR,„(f). Thus, in 
the  passband  region, Re(f,0) 	Rm(f,0). In the  stopband  region the signal is 
suppressed by the beamformer, since IG(f,0)I is small and IFI(f, 0)1 	1 implies 
further reduction via the canceller. 

3.1 A 2-D Design Example 

A design of the upper beamformer  G  with quiescent response constraints included 
is shown in fig. 4 and 5. The lower beamformer (fig. 6 and 7) is designed as 
the "inverse" of the upper beamformer. In this design example N=M=L=15, and 
the design of the upper beamformer  G  is essentially not affected by the quiescent 
response constraints, since we only lose 29 of 225 accessible degrees of freedom in 
the WLS design. The objective in the design is to obtain a rectangular region 
in frequency and angle where no signal cancellation occurs yet full adaptivity is 
allowed outside this region. Fig. 12 and 13 show the result for a single target 
signal when the upper and lower beamformers are combined and the adaptive 
filters are active. Here the target source m(t) was moved between 00  and 30°, and 
the optimum filters H(f,  ,0) and the corresponding output spectrum Re(f,0) were 
calculated for each position. 

In fig. 6 and 7 the lower beamformer is designed using an "initial" WLS design, 
fig. 8 and 9 show an improved WLS design after 6 iterations. Fig. 3 shows 
the response of this 2-D spatial filter as contour plots in the 91  —12 domain. 
The equiripple behaviour of the iterative WLS design is shown in fig. 10, and 
this displays the weighted error magnitude in the design of the lower beamformer  
B.  Fig. 11 shows the well-behaved convergence in maximum error obtained in this 
particular example. However, experiments indicate that the convergence properties 
depend on the design specification. In some cases the algorithm need not even 
converge at all. 

Fig. 14 and 15 show the behaviour of the adaptive beamformer with the lower 
beamformer designed with 6 iterations as above. In fig. 16 and 17, the behaviour 
of the adaptive beamformer is compared for the two cases above when the lower 
beamformer is designed with "initial" and improved WLS designs. From this ex-
ample we see that the improved WLS design algorithm can be used to significantly 
enhance the transition region properties of the adaptive beamformer. 

4 1-D Spatial Filter Solution 

A further restriction is now imposed on the fixed beamformers  g  and bk. We force 
their sample depth to 1, i.e. L = 1, and we are back to a more conventional 

Rm(DIG(fI 9)12 	grn(f)IG(f3 9)12  Re(f,0) (9) 
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array 
input 
vector 

Figure 2: Adaptive beamformer structure with leaky noise sources associated with 
the leaky LMS algorithm. 

0 	0.2 	0.4 	0.6 	0.8 

Çui  [rad]  

Figure 3: 2-D spatial filter designed to protect f =-- 2 — 3 kHz and 9 = 0 — 10 
degrees. The sampling rate is 8 kHz. The rectangular region for f and 9 is mapped 
onto a cut wedge region in e l  and C22. The spatial filter is shown as contour plots 
for -45, -40, -35, -30, -25 and -20 dB. 
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1  PI [dB] 

fi, -------„,f, 

(300, 0 Hz) 

(0°,4 kHz) 

Figure 4: Upper beamformer with linear constraints imposed.  Passband  within 
f = 2 — 3 kHz and 0 = 0 — 10 degrees. The sampling rate is 8 kHz. 

I GI [dB] 

Figure 5: As above, but plotted for 9 =- 0 — 150. 
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(00,4 kHz) 

(30°,0 Hz) 

Figure 6: Lower beamformer with no constraints imposed.  Stopband  within f = 
2 — 3 kHz and 0 = 0 — 10 degrees. The sampling rate is 8 kHz. Initial design. 

IB1 1 [dB] 

Figure 7: As above, but plotted for 0 = 0 — 15°. 



(00,4 kHz)  
(30°,O Hz) 

BI [de 

-70 - 

Section 4. 1-D Spatial Filter Solution 
	

15 

Figure 8: Lower beamformer with no constraints imposed.  Stopband  within f 
2 — 3 kHz and 9 -= 0 — 10 degrees. The sampling rate is 8 kHz. Improved design, 
6th iteration. 
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Figure 9: As above, but plotted for 9 =- 0 — 15°. 
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Figure 10: Error magnitude in the design of the lower beamformer with the im-
proved WLS design algorithm after 1, 4, 7 and 10 iterations. 

Max. weighted error magnitude 

Figure 11: Maximum weighted error magnitude on the f —0 grid vs iteration index. 



Section 4. 1-D Spatial Filter Solution 
	 17 

RE  [d131 

(30°,0 Hz) 

(00, 4 kHz) 

Figure 12: Adaptive beamformer behaviour for white signal incident from different 
directions. The region f = 2 — 3 kHz and 9 = 0 — 10 degrees protected. The 
sampling rate is 8 kHz. Output spectral density  R,  plotted for varying 0 0 — 30 
degrees. Levels of the incident signal, the sensor noise and leaky noise are 0 dB, 
-60 dB and -40 dB respectively. Lower beamformer: Initial design. 

RE  [dB] 

10 

-10 

-20 

-30 

-40 

-50 

-60 

-70 

80 

Figure 13: As above, but plotted for 0 =- 0 — 15°. 
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Re  [dB] 

(300, 0 Hz (0°, 4000 Hz) 

Figure 14: Adaptive beamformer behaviour for white signal incident from different 
directions. The region f = 2 — 3 kHz and 0 == 0 — 10 degrees protected. The 
sampling rate is 8 kHz. Output spectral density Re  plotted for varying 0 --= 0 — 30 
degrees. Levels of the incident signal, the sensor noise and leaky noise are 0 dB, 
-60 dB and -40 dB respectively. Lower beamformer: 6th iteration. 

Figure 15: As above, but plotted for 0 = 0 — 15°. 
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Figure 16: Solid line represents the initial WLS design, dashed line represents 
improved WLS design. Re  plotted vs frequency for 0 degrees. 
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Figure 17: Solid line represents the initial WLS design, dashed line represents 
improved WLS design.  R,  plotted vs angle for 2.8 kHz. 

-50- 

-60- 

-70 

-80 	 
0 



20 	Part I. Design of Broadband Adaptive Beam formers Using Spatial Filters 

beamformer situation. In this case the spatial filter B(f, 0) is given by 

B(f,8) -= B(91) -= E Ane-391m 	 (10)  
,n=o 

where 

dui 	
27r,dsin 

(11) 
'1 	c  

The kth spatial filter Bk(f,0) is again obtained as 

Bk  (f, 0) = j27r f  (k--1)71,P(9)  B(f,0) 	 (12) 

Since we now have lost one design dimension, we propose (see [281) the following 
procedure to obtain a desired beamformer: 

1. Determine over which temporal frequency band  Dez  ful  the array is aimed to 
operate. 

2. Select an angular interval [01  Otil over which the array is not allowed to cancel 
the target signal. Normally 0/  = 0 since the look-direction is chosen to 
broadside. 

3. Using the relationship in Eq. 11, a spatial filter  B  is designed suppressing 
the region [91,/ 91,] sufficiently, where 

dsin0 
=  c  27rh 

(13) 
dsin0 

91,u = 	27rfu 

4. Put the spatial filter coefficients in the columns of the blocking matrix  B,  
and shift them one step per column. 

The filter specification above is a conventional digital highpass filter specifica-
tion if either 01  or fi  is zero. Such a design can easily be fulfilled using equirippel 
filters [26, 271. The necessary filter  stopband  suppression is determined via the 
Wiener solution (see appendix A). The design parameters are, in particular, the 
ratio Rm/R,7  and the number of adaptive filters  K.  With these parameters set 
and the filter length M chosen, the filter coefficients can effectively be found using 
Parks-McClellan optimum FIR filter design. Since one normally wants a perfect 
zero at the spatial frequency zero (no cancellation in the look direction), a Hilbert 
filter is appropriate. If the upper beamformer is a conventional summing beam-
former, a zero quiescent Wiener filter solution is obtained when Emmld ATh  = 0. 
This is automatically fulfilled by a Hilbert filter. 

When the leaky noise dominates, the design is simple. The Wiener solution to 
this simple situation is (see also appendix A) given by 

G(f , 0) 	SNRoz(f, 0)  
Hk(f,0) --=   eiwnp(0)(k-1) 	 (14) 

B(f,  , 0) 1+  K  • SNR,(f , 
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and 

	

1+  K  • SNR, (f , 0) 
	 (15) 

The filter expression explains the behaviour of the subfilters. If the signal-to-noise 
ratio at the adaptive filter inputs 

	

SNItx(f , 0) = R'n(f)IB( f , 6)12 	 (16) 

is small, the adaptive filters tend to zero. Hence no cancelling is obtained, and the 
beamformer behaves like the upper, summing beamformer. The 3-dB threshold for 
the cancellation capability is SNR.T(f, 0) = 1/K, i.e. IB(f,0)12  must suppress the 
target signal at least  K  R„,(f)/1177 (f) over the protected interval. 

If the microphone noises dominate, a more complicated balance will result. The 
spatial filter introduces coupling between the microphone noises at the inputs of 
the adaptive filters. The noises become correlated after the blocking matrix, but, 
by using a Rayleigh quotient approach on the Wiener solution, it can be shown [281 
that all eigenmodes are prevented from cancelling if the spatial filter design fulfills 

Amin  
1B(n)12 « K.SNRz(f) 

within the  stopband  of the spatial filter. Here Ämin denotes the minimum eigenvalue 
of the spatial filter correlation matrix BHB, and SNRz(f) denotes the microphone 
signal-to-noise ratio Rm(f)/R„(f). 

4.1 A 1-D Design Example 

In fig. 18 and 19, the output spectrum is plotted versus angle and/or frequency. 
The target source m(t) was moved between 00  and 300, and the optimum filters 
H(f, 0) and the corresponding output spectrum R6 (1,0)  were calculated for each 
position. In this example,  N  = M = 15, L = 1 and  K  = 1. A higher number 
of adaptive filters enables more suppression, both inside and outside the protected 
region, and can also be used for the cancellation of several interferers. The increase 
in cancellation capacity within the protected area is given by 10 log(K) dB, but 
causes no problems in this design example since 60 dB suppression is safely chosen 
15 dB above 45 dB which corresponds to the leaky noise level. 

Fig. 20 shows the spatial filter response versus the 1-D spatial frequency variable 
91. In this example, the lower beamformer is designed as a Hilbert filter using the 
Parks-McClellan optimum FIR filter design, and the upper beamformer is designed 
as a digital FIR filter using the window method with a rectangular window. In 
fig. 21 the output spectral density Re ( f , 0) is plotted versus angle for f = 2.8 kHz. 
In comparison with fig. 17, we see that the transition properties in angle are not 
essentially affected by the introduction of FIR filters at the sensors. This is as 
expected, since the same number of sensor elements have been used in the 2-D and 
1-D examples. 

Rin(niG(f • 9)12  Re(f,0) 

(17) 
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RE  [dB] 

(300, 0 Hz) (0°, 4000 Hz) 

Figure 18: Adaptive beamformer behaviour for white signal incident from different 
directions . The region f = 0 — 3 kHz and 0 0 — 10 degrees protected. Output 
spectral density Re  plotted for varying 0 -= 0 — 30 degrees. Levels of the incident 
signal, the sensor noise and leaky noise are 0 dB, -60 dB and -45 dB respectively.  

R, [dB] 

Figure 19: As above, but plotted for 0 -= 0 — 30°. 
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Figure 20: 1-D spatial filter designed to protect f = 0 — 3 kHz and 0 = 0 — 10 
degrees. Cutoff frequency  Q  = 21(100).  
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Figure 21: Output spectral density RE  plotted vs angle of arrival for f = 2.8 kHz. 
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5 Summary and Conclusions 

In this paper a broadband adaptive Generalized Sidelobe Canceller (GSC) is pre-
sented, and the main problem is to design the GSC such that the resolution is well 
controlled in both space and frequency. The GSC consists of an upper beamformer 
providing the "desired response" to the adaptive algorithm and lower beamformers 
providing the inputs to the adaptive filters. These lower beamformers are referred 
to as spatial filters. By using the leaky LMS algorithm to update the adaptive 
filters, the suppression of the spatial filters and the implicit noise of the leaky LMS 
algorithm together determine the beamformer. 

Analytical expressions of the Wiener filters and the output spectrum versus 
frequency and point source location are provided. These expressions are employed 
in the design specifications of the spatial filters and to obtain conditions for a 
controlled quiescent beamformer response. Such conditions imply linear constraints 
in the design of the upper and lower beamformers, and these are conveniently 
included in a Weighted Least Squares (WLS) design. 

If the array is equispaced and linear, and the wave propagation planar and a 
special structure is imposed on the blocking matrix of the GSC, then the spatial 
filters can be designed using any suitable digital FIR filter design procedure. If the 
sensors are connected to a tapped delay line, the design problem is two-dimensional, 
otherwise the problem is one-dimensional. The one-dimensional case has been 
extensively studied [28], and this paper focuses on the two-dimensional case. 

Design examples that illustrate how the two-dimensional design can be used to 
obtain a well-controlled rectangular protected region in frequency and angle where 
no signal cancellation occurs have also been provided. For narrow-band signals the 
angular transition properties are approximately the same as for the one-dimensional 
case, and a one-dimensional design is therefore appropriate. For broadband signals, 
however, if the protected region is arbitrary, it will in most cases be necessary to 
use the two-dimensional design. 

The design examples also show that an iterative procedure to improve the WLS-
design is possible, where the feedback of the error envelope is employed. On reach-
ing convergence an approximate two-dimensional equiripple behaviour is obtained. 
The algorithm can be used to improve the design with only a few iterative steps. 

A Wiener Solutions 
The infinite Wiener solution in the general case with no restrictions on geometry 
or causality satisfies the normal equations in the frequency domain 

(18) 

where  Ryd.  is alxK vector containing the cross spectral densities R,dx,,  H  is 
a lxK vector of frequency functions Hi, and Rxx  is aKxK matrix of cross 
spectral densities Rxix) . For notational convenience the arguments t, f and 0 are 
omitted in this appendix. 
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The upper beamformer output signal yd  is given by 

Yd = gH
Z 
	

(19) 

The array weight vector  g  is divided into  N  subvectors, one per sensor,  gi  of length 
L so that  g  = [go•• • gN_ Irr. The array input vector is analogously divided, yielding 
z = [zo  • • zN-iiT• 

The adaptive filter input vector  x  is obtained as  x  = BHz + 77, where  ri  is a 
vector containing the leaky noise sources 	The  NL  x K  blocking matrix  B  is 
given by  

B  -= [b1  • • • bid 	 (20) 

where each column  bi  is also divided into  N  subvectors b11  of length L. The input 
signal to the ith adaptive filter is 

(21) 

We define the vector do  = [1 e-321  fT e-j2-xf(L-1)T[r. In the upper beamformer 
the source m and noise  ni  are filtered by  ed  and grdo  respectively. In the lower 
beamfonners the corresponding frequency functions are Wid and  bilido.  

The cross spectrum R. 	is 

N -1 
Rydx, = 	 + E R„gpdo  (bipdo) 

Let Do be a block diagonal matrix with  N  blocks doe, 

(22)  

Do  = 
doe ) 

(23)  

The cross spectrum  Ry,„  is then 

Rydx, = R.,„gHddHla, + RngHDobi  

and hence  

(24)  

Ity,„  = R,gHdeB + ./ingHD0B  (25)  

The  spectrum Rx„  is given by 

N-1 \ H 	 „ 	\ H 
= Ft,„Wild (byd) 	+ E Rnbirdo  (bi7d0) 	+ (26)  

1=0  

or 
= Rmbindebi  + iinbrDobj  + RAJ  (27)  

and the spectrum matrix  R.„  is given by 

Rxx  = R,,„BHddHB + RnBHD0B +  (28)  
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Using the matrix inversion lemma the inverse of  R.  is rewritten as 

rtzz R.,71 RtaRt7
i BliddisR,7 1. 

1 + R,„dHBR,7 1 BHd 

where 
=17,13HD0B + 

The Wiener solution  H  is obtained as  H  = Ryd.R. yielding 

RraGdHBR-1  H= 

	

	 + R„gHD0BR.,2, 
1+ RrndHBRJ1Wid 

where  C  = gHd. 
The output spectral density RE  is generally given by 

= RmIGt2  + RagHDog + HR.HH Rydx
HH HR

xyd 
	(32)  

Using the Wiener filter solution Rydx  =HRxx, the output spectral density RE  is 
simplified to 

RE  = R,„IG12  + RngHDog —HRxyd 	 (33) 

Assuming linear array, plane waves and applying the condition of controlled 
quiescent response R„gHD0B = 0, the Wiener solution is simplified to  

H  = 	  

	

R,„GdHBR 	
(34) 

,71  
1 + RAHBRJ'BHd 

The output spectral density RE  is analogously given by 

Rm IGI2 
RE  = 	  

1+ RindHBR,71BHd 

Since the array is linear and the wave propagation is plane, we can write 13% = 
Bdi, where  B  is the two dimensional spatial filter,  dl  = [1 e—i2lrfT" • • • 
and Ts, is the spatial sampling interval. Using frequency functions we rewrite the 
solution as 

R,,,GB*drR,71  H  -=-  	 (36) 
1 + RmIBI2d11R,71di  

and the output spectral density RE  as 

i„IGI 2  
RE 	

R  
= 

	

	 gigHDog 	 (37) 
1 + R,„1/312dVR;,-'di  

If, in addition, the leaky noise Rq  is dominating, i.e  R„ 	we write 
Rd. Hence 

, 
	 1 	12 H 

	

Rr  i 	di 	G H 	d 
SNR, 	H  

B 1 + K 	IBI 2  B1 + KSNIt z  ' 
14? 

(35) 

(38) 
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1 + K&I/312  

RmIG12 	 RmIG12  
17,   RaguDo1* 

 , 
1 + KSNR, RriguiDog 

	(39) 
A  

where SNR„ is the signal-to-noise ratio at the input of the adaptive filters. If we 
consider the 1-D spatial filter solution with L = 1, the matrix Do  becomes the 
identity matrix, and the sensor noise terms in Re  and Rya);  above are Rneg and 
RngHB respectively. 

In each of the different cases above it is assumed that a noise source with 
strength  R,  is present at the input of each adaptive filter. This is due to the 
assumption that the leaky LMS algorithm is used in the implementation of the 
beamformer. However, the leaky noise is only present in the determination of the 
Wiener filters  H,  not in the output spectral density  R.  

We can therefore compensate simply by subtracting R„I-IHH  from the expres-
sions for RE  above if we want to describe the leaky situation, since the leaky noise 
sources 77, are uncorrelated with all other signals.  

B  Controlled Quiescent Response 
In this appendix we regard all frequency functions and spectra from appendix A as 
functions of the normalized frequency variable v = fT, assuming that all signals 
are band-limited and sampled properly with the sampling rate 1/T. The quiescent 
response is the response of the beamformer with the adaptive weights frozen to the 
situation when the only signals present are sensor noise. A zero quiescent Wiener 
filter solution implies a controlled quiescent response given by (see appendix A) 

_ Gi2 RneDog  RmiGi2 	 (40) 

where  G  is the response of the upper beamformer. From appendix A we see that 
the requirement for a controlled quiescent response is zero cross correlation of the 
sensor noise, filtered by the upper and lower beamformers respectively. Assuming 
that all sensor noise sources are uncouelated and have the same spectral density 
1?, from Eq. (25), a sufficient condition for a controlled quiescent response is 

HD B 0 g 	— o — (41) 

for all v. From Eq. (22), with GI  = gtido  and Ai = biPdo  the same condition is 
given by 

N-1 
• • •  K 	 (42) 

for all V. Note that GI  and 13,1  are frequency functions of the FIR filters with tap 
weights gi(n) and bii(n) corresponding to the elements in the vectors  gi  and hi, 
respectively. The condition above is thus given in the time domain as 

N-1 
E gi(n) bii (—n) =0 	i=  1 • • • K 	 (43) 
1=0 

and 



6(n -IL +1) 	 6(n) 

and 6(n) = 1 for  n  = 0 and zero otherwise. The quiescent response condition 
according to Eq. (43) is now given by 

gll40(n)b, = 0 	i  = l• • •  K 	 (46) 

(6(n) 	6(n +1) - - - 6(n + L - 1)  \ 

6(n-1) 	6(n) 
A(n) = (45) 

28 	Part I. Design of Broadband Adaptive Beam formers Using Spatial Filters 

for all integers  n.  Here * denotes discrete-time convolution. Since the FIR filters 
gi (n) and bi(n) both are of length L, Eq. (43) implies K(2L -1) linear constraints 
on the array weight vector  g,  assuming that the blocking matrix  B  is designed 
unconstrained. 

It is convenient to give a matrix formulation for these quiescent response con-
straints. Let 40(n) denote a sequence of block diagonal matrices, each with  N  
blocks il(n) 

il(n) 

Ao(n) -= 	• • . (44) 

where 

for all integers  n,  or 
BHAFoi (n)g = 0 	 (47) 

for all integers  n.  Note that the left side of Eq. (41) is the discrete-time Fourier 
transform of the left side of Eq. (47) transposed. Since Ao(n) is zero unless 

< L — 1, Eq. (47) implies  K  linear constraints on  g  for every  n  such that 
< L — 1. These constraints can be collected in a constraint matrix  C  of 

dimension r  x  NL  where r < K(2L — 1). Thus, any linear dependent constraints 
are assumed to be removed so that  C  is a full rank matrix. The controlled quiescent 
response condition is now written as  

Cg = 0 	 (48) 

C 	A Practical Approach to WLS Design of Broad- 
band Beamformers 

In this appendix, a practical approach to the Weighted Least Squares (WLS) design 
of broadband beamformers is presented. An iterative procedure to update the 
weights in order to improve the WLS design is also proposed. 

C.1 Weighted Least Squares Design Using a Direct De-
sign Method 

The direct design method for broadband beamformers is inspired by the adaptive 
modeling technique for digital FIR filter synthesis according to [5]. The basic idea 
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is depicted in fig. 22. Here  J  uncorrelated signals 770), with spectral densities  
R,  (f), are assumed to be incident at the array coming from  J  different directions 
denoted by O. In the design procedure the spectral densities  R,  (f)  are used as 
weighting functions in order to emphasize certain directions Oi  and frequencies f. 
The output of the array is given by  y  = gHz. Here z is given by z = 	z, and 
zi  is the array input vector corresponding to the jth input signal m,(t). A desired 
signal yd(t) is defined, using pseudo filters with impulse response hdi (t), as yd(t) 

E31-1Ydi(t), where ydi (t) = mi(t)* hdi (t) and * denotes convolution. Thus, the 
pseudo filters with frequency functions Hd(f)  constitute the design specification. 
The array weight vector  g  is chosen to minimize the quantity E(E2(t)), where 
e(t) = yd (t) — y(t). The vector  g  is the solution to the system Rg =  P,  where  
R  = E(zzT) and  P  = E(zyd). Since the signals m, are uncorrelated  

J 

R = R;  
j=1 

J 

P 	E pi  
j=1  

where It;  = E(zizT) and Pi  -,- 

DESIGN SPECIFICATION 

(49)  

(50)  

Mj 

•  
M2 • 

Figure 22: A direct design method. 
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If  R  and  P  are approximated using the FFT-algorithm, then 

Nd-1 
R3 = E gni cfodkalki 

k-=0 

and 

=  E  Rrn,(fox:„(fodk 	 (52) 
k=0 

Here dk  is the array response vector defined in Eq. (1) for  c,)  = 27rfk , and source 
direction 03,  Na  is the FFT size, and fk =- k/Nd. 

In the WLS design procedure the objective is to minimize the quantity  

(Ag  — a)HW(Ag — a) 	 (53) 

The rows of the matrix A are array response vectors dH  corresponding to certain 
frequencies fk  and directions 0j . The elements of the vector a are given by G(fk ), 
where Gdj denotes a desired beamformer response for each direction 0.7 . The matrix 
W is a diagonal weighting matrix. The solution to the WLS design problem is given 
by AHWAg = AHWa. 

With the diagonal elements of W given by the weighting spectral densities  
Rm,  (A), and the elements of a given by the pseudo filter frequency resposes  H  (fk), 
we see that  

J 
AHWA = ER;  = R (54)  

and 
J  

AHWa = 	=  P 	 (55) 
3-1 

The direct design procedure is thus equivalent to the WLS design procedure if the 
FFT-algorithm is used to obtain  R  and  P.  

In case  R  is singular or ill-conditioned, the remedy is to add a constant (72  to 
the diagonal elements of  R.  Moreover, in computer experiments we have found 
that the parameter ci-2  provides a means to control the behaviour of the noise term 
RngHDog (see appendix A) without significantly affect the beamformer response  
G.  

The dimensions of the matrices  R  and A are  NL  x  NL  and JNd  x  NL  re-
spectively, and the dimensions of the vectors  P  and a are  NL  x  1 and JNd  x  1 
respectively. Thus, the direct design procedure provides a practical approach to 
WLS design with respect to storage requirements, if JNd  >>  NL.  

In appendix  B  we explained how a controlled quiescent response for a broadband 
adaptive beamformer can be obtained using linear constraints on the weight vector 
of the upper beamformer. In the WLS design, the quantity  

(Ag — a)HW(Ag — a) = gHRg — 2gHP + aHWa 	(56) 

(51) 
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is minimized where  R  -= AHWA and  P  -= AHWa. Thus, the WLS design, sub-
jected to the quiescent response constraints given by the constraint matrix  C,  can 
be stated as 

minimize { gliRg — 2gHP + aHWa} 

subject to  Cg  

The solution to the above optimization problem can be obtained using the Lagrange 
multiplicator method. Provided that the matrix  C  has full rank and fewer rows 
than columns, the solution is given by  

g  = (I — 
	 (57) 

C.2 Improved WLS Design of Broadband Beamformers 

An iterative procedure to update the weights  Wik  = Rma (fk) in the WLS design 
above is to proceed as follows [25]. In the WLS design, the quantity  

(Ag  — a)HW(Ag — a) 	 (58) 

is minimized and the diagonal elements of W consist of the weights ?Pik . The 
iterative algorithm, when it converges, gives an approximate equiripple behaviour. 
In addition, the algorithm can be used to improve the design with respect to 
transition region properties, with only a few iterative steps. 

We define the error function at the ith iteration as Ejk,i  Iljk (ajk —dH(fk , 0.7 )gi) 
for 1 <  j  <  J  and 0 <  k  < Nd  — 1, where  vik  are positive weights. Here,  ak  is 
the desired response  alk  = 11:11(fk), and dH(fk,0i)gi  is the beamformer response 
corresponding to the weight vector  gi  at the ith iteration. A design specification 
with a  passband,  stopband  and a "don't care" region is assumed to be defined in 
the f-9 plane. Fig. 23 shows an example of a design specification with rectangular 
regions in the f —0 plane. Let W jk,i  be the weights in the WLS design procedure at 
the ith iteration. In the "don't care" region, the weights Wjk,i are set to zero. Let  
/C  be the set of points (fk, 03) for 1  < j  <  J  and 0 <  k  < Nd  — 1 that belongs to 
the  passband  or  stopband  region. The objective is to find a  gi  that approximately 
minimizes the maximum error magnitude lEik,i1 over the set  K.  

The weights tvik,i  are chosen as 

Wjk,i+1 = Wjk,1"Ck,1 	 (59) 

where e-jk,i, is the two-dimensional envelope of 	The envelope of the error 
magnitude can be obtained in a variety of ways. In the 1-D equiripple FIR filter 
design case, low pass filtering the error magnitude will provide satisfactory results. 
This is because, for 1-D FIR filter design, the error magnitude will ripple at a 
constant frequency. In the 2-D case, however, the ripple of the error magnitude 
does not contain any particular frequency, so a low-pass filtering would not perform 
well. In our design examples, we have made a search for local maxima in the error 
magnitude and then made a linear interpolation between these points to obtain an 
envelope of the error magnitude. 
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f [Hz] 

2T 

0 [rad] 

Figure 23: Rectangular regions in the design specification. 
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1 Introduction 
The resolution in classical beamforming is determined by the wavelength, the ar-
ray element interspacing and the spatial tapering weights [1, 21. In conventional 
beamforming with the common Griffiths-Jim beamformer [3, 4], the resolution is 
substantially increased due to the use of adaptive filters. This feature is commonly 
referred to as  superresolution  [5). The high resolution of the beamformer could be 
desired as in Direction-Of-Arrival (DOA) estimation [2, 5], while it could make the 
beamformer useless in other applications, such as in noise cancelling situations for 
loudspeaking telephones etc. [3]. 

A design method for a broadband adaptive array structure which gives good 
control over the  superresolution  has recently been proposed [4) . The beamforming 
structure essentially consists of a summing beamformer used as a "desired response" 
for the adaptive algorithm, and a blocking matrix which provides the inputs to the 
adaptive filters from the spatially sampled incoming wave, see Figure 1. The design 
method makes elaborate use of the Wiener filter solution and a comprehensive 
interpretation of the blocking matrix as spatial filters. It is shown [4] that a simple 
Wiener solution, and therefore a simple spatial filter design is achieved if injected 
noise is present in the beamforming structure. The method is justified by the fact 
that injection of white noise at the inputs of the adaptive (FIR) filters is equivalent 
to the use of a leaky LMS algorithm in the sense that the same converged filter 
coefficients are obtained although in the latter case the noise is not present [5]. 

The purpose of this report is to via simulations investigate the effects of using 
a leaky LMS algorithm to implement the beamformer designed with the previously 
described method with injected noise. The optimum Wiener solution is presented 
according to [4] and we discuss briefly how this solution is exploited to obtain an 
easy spatial filter design. The finite length Wiener solution is deduced for com-
parison with the simulation results. While future work will involve implementa-
tions such as handsfree mobile telephones and loudspeaking conference telephones, 
beamforming structures which offer good control over the  superresolution  are vi-
tal. Some questions of interest prior to future implementations are therefore, to 
what extent the simple spatial filter design is influenced by the use of a leaky LMS 
algorithm, limited adaptive filter length and the presence of microphone noise. 

2 A Robust Adaptive Beamformer 
A robust adaptive beamformer has recently been proposed [4]. The beamformer 
can be designed to cancel all interferers outside a protected region specified as 
a frequency and angular interval. The design method should give good control 
over this protected region and the beamforming structure should be robust for 
inaccuracies in sensor alignment, filter coefficients etc. In this section we present 
the beamforming structure as a theoretical model with optimum Wiener filters. 
The Wiener solution to this model is presented according to [4] and the spatial 
filter design which makes use of this solution is briefly discussed. 
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Figure 1: Adaptive beamformer arranged on noise-canceller form. 

2.1 Beamforming Structure and Spatial Filtering 

The beamforming structure under consideration is shown in Figure 2, and the 
common Griffiths-Jim beamformer, which is a special case of the structure in Figure 
2, is shown in Figure 3. The array consists of  N  array elements arranged on a line 
with distance  d.  We assume that a plane wave travelling with a velocity  c,  is 
incident at the array, coming from an angle U to the look direction, see Figure 
1. We further assume that the target signal is a stationary random process with 
spectral density R,„(f) and we denote the incident signal at the uppermost array 
element with m(t). In the following we assume that all signals are indexed as in 
Figure 2. The incoming wave is spatially sampled with a time interval 

dsin(0)  
T.=  e 
	 (1) 

yielding the signals 

zi(t) = m(t —  i  • T,) + ni(t) 	0 <  i  <  N  — 1 	 (2) 

at the summing beamformer input, where ni(t) is microphone noise. The summing 
beamformer output signal yd, and the input signals to the adaptive filters xi, are 
given by 

yd(t, 0) = m(t) * g(t, 0) + rig(t) 	 (3) 
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and 
xi(t, (9) = m(t) * fi(t, 0) + rth(t) + ni (t) 	 (4) 

where m(t) * g(t, (9) and m(t) * fi (t, 0) are the contributions to yd  respective xi  
from the target signal alone and 719  respective nh  are the contributions due to the 
microphone noise. The signals  ni  are injected noise at the inputs of the adaptive 
filters. The signal yd  is used as a "desired response" for the adaptive filters in this 
beamformer structure which is arranged on a noise canceller form. The target signal 
contribution to the summing beamformer output m(t) * g(t, 0) is the convolution 
between the target signal m(t) and an impulse train g(t, 8) 

N-1  
M(t) * g(t, 8) = --N- E m(t —  I •  Tsp) 

i=o 
(5) 

where g(t, 0) and its Fourier transform  G(  f , 0) are given by 

g(t, 0) = — •  E  6(t — I • Tw) 	 (6)  

N- 

	

G(  f , 0) 	E  1 
	

_ 	(N_i),,sincuzspN/2)  —  —e 	P 	 (7)  N 	 N 	 sin4Te/2) t=o 

where  c‘.)  27r f is the temporal frequency variable. Neglecting the noise contribu-
tion  n,  the spectral density Ry,(1, 8) can now easily be obtained as 

Rya(f• 9) 	16.(f)1G(f• 	 (8) 

In a similar fashion we will now give an interpretation of the blocking matrix 
structure as a discrete-time filtering in a spatial frequency domain. The action of 
the blocking matrix is simply to form the following linear combinations of the input 
signals z, 

	

xi  = f (0) • 	+ f (1) • zi + • • • + f (M — 1) • Zi+m_2 	l<i K 	(9) 

where  K  is the number of adaptive filters and M is the number of coefficients in 
the linear combination, which will be interpreted as an impulse response f  (k)  of a 
spatial filter. If we require that the same impulse response will be used to form all 
the signals xi, we conclude that  K  =  N  — M + 1. The impulse response f  (k)  goes 
into the rows of the blocking matrix  B  as follows 

f(0) 	• • • f (M — 1) 	0 	• • 	0 	\ 
0 	1(0) 	• • 	f (M — 1) • • • 	0  

\ 0 	0 	 f (0) 	• 	f(M- 1) 

Now, we can think of the signal  X  as being generated by  X  -=  BZ  where  
X  = [xi  .  x  K IT and Z -= [zo  . . . z NAT  . The dimension of the blocking matrix  
B  is  K x N  Note also that the Griffiths-Jim beamformer structure implies that 

B= (10) 
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the spatial impulse response is f(0) = 1 respective f(1) -= -1 and zero otherwise. 
Now, similar to the summing beamformer contribution m(t)* g(t, 0), we obtain the 
target signal contribution to the inputs of the adaptive filters m(t) * fi (t, 0) as the 
convolution between the target signal m(t) and an impulse train fi(t, 0) 

M-1 
m(t) * fi(t , 0) =  E  f(l) • m (t - (i +l - 1)Tsp) 	 (11) 

1=o 

where fi (t, 0) and its Fourier transform Fi( f , 0) are given by 

M-1 
fi(t, 0) =  E  f(l) • 6(t -  (i  +1 - 1)T,p) 	 (12) 

1=o 
m- 

(.f 0) -=  E 
 f(i)e-34+11)np 	 (13) 

1=0 
A4-1 

Fi(f, 6') 	e-mi- 	E  f(/),_u, e_mi_igF,(f, 0) 	(14) 
1-0  

Neglecting the noise contributions rth  and rj , the spectral density Rxi  is given by 

R.s(f,0)= R.(f)IFi(f, 

We now define the spatial frequency variable 9.9  as  

d  sin(0)  
S4, = wTsp = 2ir f  

C  

With this substitution the spatial filters Fi  can be written as 

F(c p) = e"Fr (C2e) 	 (17) 

where  
/4-1 

Fig-4p) =  E  f(l)e 1° " 	 (18) 

From these expressions it is now evident that the action of the blocking matrix 
can be viewed as a filtering of the signal m(t) in a spatial frequency domain Osp  
and with a "discrete-time" impulse response f  (k).  The spectral desities Rx‘  of the 
signals xi, neglecting the noise contributions rtA  and 11i  are thus given by 

R (1l) =  Rm  (f)I Fi (C4)12 	 (19) 

The purpose of the spatial filters is now to protect the target signal from being 
cancelled by the adaptive filters since the noise canceller structure of the beam-
former implies that every signal incident at the array will be cancelled as much as 
possible in a mean squared error sense. To achieve a protection of the target signal 
in a specified angular and temporal frequency interval, we just design the spatial 
filters to meet those specifications in the one dimensional frequency domain Qv, 

(15)  

(16)  
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where the mapping from f and 9 to 12sp  is given by Eq. (16). If the attenuation 
of the spatial filters is sufficient in the specified protected region, the inputs to the 
adaptive filters will mainly consist of the noise sources, which means that no can-
cellation can occur. If, on the other hand a signal is incident to the array, and its 
spatial frequencies does not belong to the protected spatial frequency region, then 
this signal will not be attenuated by the spatial filters and will hence be inhibited 
by the noise canceller. The fact that the spatial filters are one dimensional means 
that we can use well known FIR filter design methods, such as the Parks-McClellan 
optimum Hilbert FIR filter design [6, 7], to obtain the spatial filter coefficients. 

2.2 The Optimum Wiener Solution 
The Wiener solution to the beamforming structure in Figure 2 has recently been 
given [4] and we will here give a short presentation of some basic results. It is well 
known from Wiener filter theory that the optimum Wiener solution to the filters 
of Figure 2 will satisfy the equation 

Rydx =  (20) 

where  R.„.  is al xK vector containing the cross spectral densities Rydz.,  H  is a 
1  x K  vector of the optimum frequency functions Hi, and  R,„,  is aKxK matrix 
of cross spectral densities Rx . The solution to Eq. (20) is  

G 	R,„IFI I 2d*Rj1  H 	 (21) 
F1  1 + 	1 2d*Rzid 

From this solution the spectral density of the beamformer output can be obtained 
as 

g
in 

 IGI2 	Rn. 
=  	 (22) 

1 +Rmlfiii2d.k-id 

In the equations above  G  and F1  are given by Eq. (7) and Eq. (14), respectively. 
The noise spectrum matrix Rz, is defined as Rz, = RnBB$ + RI where  B  is 
given by Eq. (10) and Rn  and  R.,  are the spectral densities for the microphone 
and injected noise sources, respectively. The complex vector  d  is given by  d  --.-- 
[1, e-jwnpl

, 
	e-2talp(K-1)1T and (•)* means conjugate transpose. 

Now, if we choose the injected noise sufficiently strong i.e. Rn  «  R,  the 
noise spectrum matrix FL, becomes IL, =- R,7I and the Wiener solution will be 
significantly simplified. The optimum filters become  

G 	SNR-xcl*  H 

	

	 (23) 
1+  K  • SNR, 

where SNIlx  is the signal-to-noise ratio at the adaptive filter inputs given by 

SNRX 
RrnIFII2 

= 	 (24) 
Rn 
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The spectral density of the error signal  e  reduces to 

R4G12 
= 

	

	 (25) 
1 +  K  • SNFLx  

The mutually uncorrelated white noise sources /7., will cause an additive term an' 
on the diagonal of the input spectrum matrix Rxx. Now, if we choose not to use 
the injected noise sources and instead just add the corresponding noise strength cf,72  
on the diagonal of Rxx  , the same optimum Wiener filter solution  H  is obtained. 
However, to obtain the spectral density of the beamformer output  R„  in this case 
we subtract the influence of the injected noise 17 in Eq. ( 22) and Eq. (25). This 
can be done since the injected white noise sources m  are assumed to be mutually 
uncorrelated and uncorrelated with all other signals present. The equation Eq. 
(22) is thus modified as follows 

— 	  
Rm

ici2 + R. 0.2 	H 12 
1  -I-  R.,„IFI I 2d*Rj 1  d 	N 	'7 	1 z 1  

(26) 

This modification of the Wiener solution is strongly motivated by the use of the 
leaky LMS algorithm described below. 

2.3 Design Examples 
The great virtue of the simple solution with the microphone noise negligible com-
pared to the injected noise according to Eq. ( 23) through Eq. (25), is that it 
provides a comprehensive means for understanding the action of the beamformer 
as well as a design criteria for the spatial filters. Indeed, we can use Eq. ( 25) 
in the following way. First we decide a temporal frequency interval [fi, AI and an 
angular interval [01,  Ou]  in which no cancellation should occur. According to Eq. 
(16), 9/  and flu  are given by 

d  sin 0/  
271-fi 

d sin (1„ 
2/rfu, 

Next, we design the spatial filters Fi  such that no cancellation occurs within this 
spatial frequency interval. We observe that the numerator of Eq. (25) is the same 
as Eq. ( 8) i.e. the spectral density of the summing beamformer output signal. 
The 3 dB bandwidth for  R„  with respect to  Ry,  is thus given by 

	

1+K•SNRz = 2 	 (29) 

hence 
(30) IF1(9sp)12 	KRri

Rm
(f(f) 

for all 12sp  in the spatial frequency interval [Iii,11.1. It can be desirable to have 
some margin in the design criteria as given in Eq. (30), say 10 dB, which just 

cli = 

=  

(27)  

(28)  
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implies that the beamformer output spectral density  R„  differs significantly less 
than 3 dB from the summing beamformer output R.,„IG12  in the specified protected 
region. 

Fig-ure  5 through 8 show the optimum Wiener solution for design examples 
with 12 and 15 microphones, respectively, 5 cm microphone interspacing, 1 and 4 
adaptive filters, respectively, and a flat spectrum target signal from 1600 to 3200 
Hz. The spatial filter was designed using the Parks-McClellan optimum Hilbert FIR 
filter design 16, 7], to protect an angular interval of 0 — 2° and a frequency interval 
of 0 — 3200 Hz. The frequency response of this filter together with the response of 
the spatial filter associated with the Griffiths-Jim beamformer is shown in Figure 
4. From this figure it is evident that the protected region in the spatial frequency 
domain is extremely narrow for the Griffiths-Jim beamformer while it can be chosen 
appropriately with the spatial filter design. In this example, 12. = 0.1032  rad.  Also 
included in figures 5 and 6 are the optimum Wiener solution for the Griffiths-Jim 
beamformer structure with the same microphone arrangement as above. In the 
examples above, microphone noise is present as well as injected noise, both 35 dB 
below the target signal spectral density. The spectral densities of the beamformer 
output in this section have been calculated according to Eq. ( 26). 

3 FIR Adaptive Filters 

In a practical situation the adaptive filters in the beamformer structure are nor-
mally adaptive FIR filters. This means that we want to deduce the finite length 
Wiener filter solution to our model. The model according to Figure 2 will also be 
slightly modified due to the finite length filters. In order to better exploit the can-
celling capabilities of the finite length adaptive filters we introduce a delay equal 
to half the filter length in the upper path of the beamformer as in Figure 9. 

3.1 Finite Length Wiener Solution 

In the following we will assume that all signals will be indexed as in Figure 9. In 
section 3.3 we assume that the signals are discrete in time and that the sampled 
continuous time signals are bandlimited and sampled at least with the Nyquist rate. 
In order to obtain the finite length Wiener solution we solve the normal equations 
in the time domain, see Eq. (41) i.e. we first calculate the cross correlation func-
tions of the signals in Figure 9. This is done by first calculating all the necessary 
cross spectral densities and then taking the inverse Fourier transform to obtain 
the corresponding cross correlations. Given the target signal spectral density we 
can not give a simple closed form analytic expression for the finite length Wiener 
solution in the general case, however the cross correlation functions of Eq. (41) 
can be obtained from the spectral expressions with satisfactory precision using the 
F FT algorithm. 
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no  

Figure 2: Beamformer structure with arbitrary spatial filters and injected noise at 
the adaptive filter inputs. 

Figure 3: The Griffiths-Jim adaptive beamformer with injected noise at the adap-
tive filter inputs. 
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Figure 4: Spatial filter response. Solid curve: Spatial filter with 12 coefficients 
designed to protect f -=- 0-3200 Hz and 0 = 0-2°, 	= 0.1032  rad.  Dashed curve: 
Spatial filter for the Griffiths-Jim beamformer, i.e. impulse response 10.5, —0.5]. 
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Figure 5: Power Spectrum Density PSD RE, and  Ryd:  Optimum Wiener solution 
evaluated for 3000 Hz. Microphone array with 12 elements and 5 cm interspacing, 1 
spatial filter with 12 coefficients designed to protect f = 0-3200 Hz and 0 = 0— 2°.  
R„, G-J:  Optimum Wiener solution as above but for Griffiths-Jim beamformer with 
12 elements and 11 spatial filters. 

Figure 6: Power Spectrum Density PSD  R„  and 144: Optimum Wiener solution 
evaluated for 3000 Hz. Microphone array with 15 elements and 5 cm interspacing, 
4 spatial filters with 12 coefficients designed to protect f = 0 — 3200 Hz and 
0 = 0 — 2°. Reg ,  G-J:  Optimum Wiener solution as above but for Griffiths-Jim 
beamformer with 15 elements and 14 spatial filters. 
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Figure 7:  R„:  Optimum Wiener solution. Microphone array with 12 elements and 5 
cm interspacing, 1 spatial filter with 12 coefficients designed to protect f =- 0-3200 
Hz and 0 = 0 — 2°.  

Figure 8:  R„:  Optimum Wiener solution. Microphone array with 15 elements 
and 5 cm interspacing, 4 spatial filters with 12 coefficients designed to protect 
f = 0 — 3200 Hz and 6' =- 0 — 2°. 
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3.2 Spectral Analysis in Continuous Time 

To solve the finite length Wiener problem we calculate the cross correlations of 
the signals in Figure 9 and for this purpose we calculate the corresponding cross 
spectral densities. The spectral expressions of this section can also be used to verify 
the optimum Wiener solution as given in section 2.2. According to section 2.1 the 
summing beamformer output signal yd, and the input signals to the adaptive filters 
xe, are given by 

Yd(t 0) = m(t) * g(t, 0) + ng(t) 	 (31) 

and 
xi(t, 0) = m(t) * 	0) + n1 (t) + i1(t) 	 (32) 

where m(t)*g(t, 0) and m(t)*f,(40) are given by Eq. (5) and Eq. (11), respectively. 
According to Eq. (2) and Eq. (9) the microphone noise terms rt, and nA  can be 
written as 

1 N-1  
ng(t) = 	E ni(t) 

M-1 
n(t) = E f (m)ni-i+.(t) 

7T1=0 

The microphone noise sources  n  are assumed to be mutually uncorrelated having 
the same autocorrelation function r,(7) = rn(7). The noise sources rz,,. are also as-
sumed to be uncorrelated with all other signals in the model. The cross correlation 
between 'a, and  ni;  can thus be obtained as 

(33)  

(34)  

rnezh  (7) = EIng (t + 7-)n11(t)} = 
1 Ad-1  

r.(7) —  E f(1) N 1_0  (35) 

Now, if we assume that the spatial filter F1 (94,) is of high pass type with F1(0) = 0 
it is obvious that Eim_ji  f(/) = 0 and therefore r,,,,, f.(7) = 0. From the above we 
conclude that the only nonzero term in the cross correlation between yd  and  x,  is 
the cross correlation between m(t) * g(t, 0) and m(t) * fi (t, 0). This implies that 
the cross spectral density Rydx‘  can be written as 

RYdx.(f 5 0) Rin(f)G(f, 0)F:(f 0) 	 (36) 

where Rm(f), G(f, 0) and F,(f, 0) are given in section 2.1. In order to obtain 
the cross spectral density R x  we observe that the injected noise sources Th are 
mutually uncorrelated and uncorrelated with all other signals in the model in the 
same way as the microphone noise sources. The cross spectral density Rxsz, can 
thus be written as 

1=l(f 9) =-- Rm(f)Fi(f 0)F;(f, 0) + Rtifnf 3 (f ) Rihn, (f) 	(37) 

The cross correlation rnf  „f,  (r) can be calculated using Eq. (34) and 	(f) is 
thus obtained as 

M -1 

Rrifjlf
, 
 (f) = 	E f(m)f(i-  j  +m) =  

m=0 
(38) 
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where Ra(f) is the spectral density of the microphone noise sources and  B  is the 
blocking matrix given in Eq. (10). The cross spectral density of the injected noise 
is given by 

Rthn,(f) = åR,7 (f) 	 (39) 

where R,(f) is the spectral density of the injected noise sources and & is the 
Kronecker delta. Finally we obtain the spectral density  R„,  from Eq. (31)  

Ryd ( f 0) = Rm(f)1G(f 0)12  + R(f) (40) 

3.3 Spectral Analysis in Discrete Time 

In the following we will somewhat abuse the notation of section 2,2 and use  H  to 
notate the finite length Wiener filters. In order to obtain the finite length Wiener 
solution to the model in Figure 9 we solve the normal equations  

RH  -=  P 	 (41) 

where  R  = E{XkKkr} and Xk and  H  are given by 

X1 
X2 

/ hl  
h2 

Xk = 

( XK 

H 

hK  

(42) 

where xi  = Ixi(k), • • • ,xi(k—L)Ir  and  h,  = Ihio, • • • , hiLir  for 1 <  i  <  K.  The right 
hand side of Eq. (41) is  P  = Efyd(k — e)Xo. Observe now that all signals are 
discrete in time and that the elements of  R  and  P  are given by the cross correlation 
functions rzsz,(n) and rzsysi (n), respectively. We assume that the discrete time 
signals originate from bandlimited continuous time signals sampled at least with 
the Nyquist rate. We will therefore denote all spectral expressions of section 3.2 
just by changing f to ti = fT where v is the frequency variable of the discrete time 
Fourier transform and T is the sampling interval. All equations of section 3.2 are 
then valid for iv < 1. From Eq. (36) and Eq. (37) we obtain that 

R 4(v) 	R,m(v)G*(9„,)F,(9e) 	 (43) 

--= R,„(v)F,(S2,,)F;(9) + c(BBT)ij + c4(5ij 	(44) 

where crn2  is the variance of the white microphone noise and cr,72  is the variance of the 
white injected noise. If  Ryd  (i')  and Rz.z3 (/) are calculated at sufficiently many 
frequency points, the inverse Fourier transformation to obtain rzsz,  (n)  and rzs„(n) 
can be done with satisfactory precision with the FFT algorithm. Having solved 
the system 41 we can now focus on the spectral density of the beamformer output 
signal  e  

2 
	 (45) 
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The spectral density  R„  becomes• 

R„(v) = R„,(v) — 2Re{e3"L  Ry„(v)} + R(v) 	 (46) 

In order to obtain REE  as above we calculate  Ryd ,  Ryy, and  R.  as follows 

R(v) 	R.(v)iG(C1sp)12  + kr ce 	 (47)  
K  

141m M 	E  Ili(ORTsyd(v) 	 (48)  

KK  
Ry(v) == EE Hi(v)H;(v)Rxixi (v) 

	
(49) 

i=1 j=1 

where 11,(v) are the frequency functions of the finite length Wiener filters hi of Eq. 
(41) 

3.4 Implementation 

In the implementation of the beamformer the injected noise 77  as in Figure 2 will 
not be present, instead we will use the leaky LMS algorithm [5]. The use of the 
leaky LMS algorithm is equivalent to the use of the common LMS algorithm with 
additive white noise present at the input, in the sense that the same converged 
expected filter coefficients are obtained in both cases, see [5]. The leaky LMS 
algorithm is given by 

=  711k  21LiekXk 

Ek = Yd(k) — y(k)  
(50)  

(51)  

where  Hk  = [hio(k), 	, hiL(k), h20(k), 	, h2L(k), 	, hKo(k), 	, hia(k)]r  is a 
vector containing the  K x  (L + 1) adaptive filterweights. 
Xk = [xi  (k), 	,  x (k  — L), x2(k), 	, x2(k — L), 	,  x K  (k), 	,  x K  (k  — L)1T is a 
vector containing the input signals to the adaptive filters. All signals are here 
discrete in time with  k  used as the time index. In order to obtain the equivalence 
for the converged filter coefficients mentioned above we must have [5] 

1 —  -y  
(32 = 

	

	 = 1 — 2/2o-,12 	 (52) 
2µ 

where cr,72  is the variance of the injected white noise. Now, because we will use the 
leaky LMS algorithm the injected noise 77  is not present, and we can therefore obtain 
the spectral density  R„  at the output of the beamformer just by subtracting the 
influence of 77  from the solution obtained with the injected noise present according 
to Eq. (46). This is due to the assumtion that the injected noise sources  h  are 
white, mutually uncorrelated and uncorrelated with all other signals present. The 
output spectral density  R„  is thus given by 

RE(v) = Ryd (v) — 2Re{ej"L  Ryyd  (v)} + Ry(v) — cr 7 E 1H,(012 	(53) 
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where Hi(v) are the frequency functions of the finite length Wiener filters hi  of 
Eq. (41). Observe that Eq. (53) can be interpretated similarly to Eq. (26) i.e. the 
effect of using the leaky LMS algorithm is to add a constant cr,12  on the diagonal of 
the input correlation matrix  R  in Eq. (41) giving the same Wiener filter solution 
as if injected noise were present. The use of the leaky LMS algorithm means that 
we can use the design methods discussed in section 2.3 and that it is Eq. (53) that 
is valid for comparisons with the simulations presented in this report. 

3.5 Design Examples 

Figure 10 through 13 show the finite length Wiener solution for design examples 
with 12 and 15 microphones, respectively, 5 cm microphone interspacing, 1. and 4 
adaptive filters, respectively, and a flat spectrum target signal from 1600 to 3200 
Hz. The spatial filter was designed using the Parks-McClellan optimum Hilbert 
FIR filter design 16, 71, to protect an angular interval of 0 — 2° and a frequency 
interval of 0 — 3200 Hz. In these design examples microphone noise is present as 
well as injected noise, both 35 dB below the target signal spectral density. The 
spectral densities of the beamformer output have been calculated according to Eq. 
(53) with 21 coefficients in the adaptive filters. 

4 Simulations 

4.1 The Adaptive Algorithm 

As we have mentioned in section 3.4, the beamformer will be implemented with 
the leaky LMS algorithm [5], given by  

Ek  = Yd(k) 	Y(k) (54)  

Hk-F1 = 711k 	2PekXk (55)  

The leakage factor  -y  is given by 

1 — 211(7,72  (56)  

where cr,72  is the variance of the injected white noise, see section 3.4. According to 
[51 a good choice of At for the LMS algorithm in many situations is 

0.1 
trR 
	 (57) 

where trR is the trace of the matrix  R  in Eq. (41). This choice of it guarantees 
stability of the algorithm and at the same time it gives a resonable misadjustment 
of the algorithm mean square error. Signals incident from different directions will 
cause a wide spread in the power of the spatially filtered signals xt  and hence in 
trR. The power normalisation of it according to Eq. (57) is therefore vital and we 
propose the following modification of the leaky LMS algorithm. 
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Vd  
-4,  

Blocking 

Matrix  

Figure 9: Adaptive beamformer implemented with the leaky LMS algorithm instead 
of injected noise at the adaptive filter inputs. The delay in the upper path of the 
beamfonner is introduced due to efficient  adaption.  The adaptive filter length is 
L+1. 

Leaky LMS algorithm with power normalisation 

for k  =  1,2,•••  

trR 	A  +  L  •  K  • cr.,72 	 (58) 

0.1  
Ilk = 

	

	 (59)  
trR 

Yk 	i  -  2140'772 	 (60)  

Y(k) = HTXk 	 (61)  

Ek 	yd(k) - y(k) 	 (62)  

Hk+i  = -Yklik +  2,2kEkXk 	 (63)  

where L is the number of weights in each adaptive filter and  K  is the number of 
adaptive filters. In the algorithm 15k  is an estimate of trR and in the simulations 
described below we have choosen the estimator 15k according to 

s(n) = x(n)+ 4(n) + • • • + x2K (n) 	 (64) 
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Figure 10: Power Spectrum Density PSD Re, and  Ryd:  Finite length Wiener so-
lution evaluated for 3000 Hz. Microphone array with 12 elements and 5 cm inter-
spacing, 1 spatial filter with 12 coefficients designed to protect f =- 0 — 3200 Hz 
and 0 = 0 — 2°. Adaptive filter with 21 coefficients. 
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Figure 11: Power Spectrum Density PSD  R„  and 144: Finite length Wiener so-
lution evaluated for 3000 Hz. Microphone array with 15 elements and 5 cm inter-
spacing, 4 spatial filters with 12 coefficients designed to protect f = 0 — 3200 Hz 
and 0 = 0 — 2°. Adaptive filters with 21 coefficients. 
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Figure 12:  R„:  Finite length Wiener solution. Microphone array with 12 elements 
and 5 cm interspa,cing, 1 spatial filter with 12 coefficients designed to protect f = 
0 — 3200 Hz and 0 = 0 — 2°. Adaptive filter with 21 coefficients.  

Figure 13:  R„:  Finite length Wiener solution. Microphone array with 15 elements 
and 5 cm interspacing, 4 spatial filters with 12 coefficients designed to protect 
f = 0 — 3200 Hz and 0 -= 0 — 2°. Adaptive filters with 21 coefficients. 
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Pk 	( 1  g) L • E 9k'5() 	 (65) 
n=0 

-1 
where  g  = ez7. is a "leakage" or "forgetting" factor and the parameter  Lm  specifies 
the depth of memory. In our simulation we let the  adaption  start after  Lm  sam-
ples. The quantity trR is a biased estimate of trR assuming that injected noise  
ri  is present. This is motivated by the fact that even though the noise  i  is not 
present the filter coefficients in the leaky LMS algorithm converge as if it was, see 
section 3.4. The modification of the leaky LMS algorithm with the adaptive power 
normalisation of both  g  and 7 was found to be necessary due to the wide spread 
in trR for signals incident from different directions. 

4.2 Results 
The figures 14 through 23 show simulations according to the algorithm described 
in the previous section. For comparison all the parameters in the simulation are 
identical to those in the design examples of section 2.3 and 3.5, the microphone and 
injected noise spectral density levels are both choosen to be 35 dB below the target 
signal level etc. In the simulation we have used a white Gaussian noise filtered 
through a  bandpass  FIR-filter to simulate the flat spectrum target signal. The 
spectral density of the target signal is therefore known and has also been used to 
obtain the theoretical calculated plots in section 2.3 and 3.5 for comparison. After  
adaption  of the filter coefficients in the simulation, we have calculated the spectral 
densities of the beamformer output according to the equations given in section 3.3 
with the Wiener filters Hi substituted for the converged adaptive filters. These 
spectral densities are shown in figures 14 through 17 for this simulation with 21 
filter coefficients in each adaptive filter. 

The figures 18 through 21 show the "learning curves" for the adaptive algorithm 
in the simulation where we let the  adaption  start after 500 samples. These "learning 
curves" are simply the output signal  e  squared and smoothed in a lowpass filter. 
The wide spread of signal power in xi  for different incident angles can be seen in 
Figures 22 and 23 which show it = 0.1/trR both theoretically calculated and from 
the simulation. The theoretical values are calculated according to the discussion 
in section 3.3 and the simulated values are the final values of µ in the simulation 
where  y  was updated with the power normalisation algorithm described above. 

5 Summary 

We have in this report presented a simulation of a broadband adaptive array, ac-
cording to a design method described in [4]. The beamforming structure considered 
involves a blocking matrix which provides the input signals to the adaptive filters. 
The essence of the design method described in [4] is the comprehensive interpre-
tation of the blocking matrix as spatial filters and the simplified Wiener solution 
obtained when injected noise is present leading to a simple spatial filter design. 
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Figure 14: Power Spectrum Density PSD Ree  and  Ryd:  Simulation with a data 
record length of 3600. Spectral expressions evaluated for 3000 Hz. Microphone 
array with 12 elements and 5 cm interspacing, 1 spatial filter with 12 coefficients 
designed to protect f 	0 — 3200 Hz and 0 = 0 — 2°. Adaptive filter with 21 
coefficients. 
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Figure 15: Power Spectrum Density PSD  R„  and Rw: Simulation with a data 
record length of 2000. Spectral expressions evaluated for 3000 Hz. Microphone 
array with 15 elements and 5 cm interspacing, 4 spatial filters with 12 coefficients 
designed to protect f = 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filters with 21 
coefficients. 
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Figure 16: REe: Simulation with a data record length of 3600. Microphone array 
with 12 elements and 5 cm interspacing, 1 spatial filter with 12 coefficients designed 
to protect f --= 0 — 3200 Hz and 0 0 — 2°. Adaptive filter with 21 coefficients.  

R„ [dBI  

Figure 17: Ree: Simulation with a data record length of 2000. Microphone array 
with 15 elements and 5 cm interspacing, 4 spatial filters with 12 coefficients designed 
to protect f = 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filters with 21 coefficients. 
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Figure 18: Learning curve in a simulation with an incident signal from 7°. Mi-
crophone array with 12 elements and 5 cm interspacing, 1 spatial filter with 12 
coefficients designed to protect f =- 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filter 
with 21 coefficients. 

Figure 19: Learning curve in a simulation with an incident signal from 7°. Mi-
crophone array with 15 elements and 5 cm interspacing, 4 spatial filters with 12 
coefficients designed to protect f = 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filters 
with 21 coefficients. 
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Figure 20: Learning curve in a simulation with an incident signal from 14°. Mi-
crophone array with 12 elements and 5 cm interspacing, 1 spatial filter with 12 
coefficients designed to protect f 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filter 
with 21 coefficients. 
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Figure 21: Learning curve in a simulation with an incident signal from 14°. Mi-
crophone array with 15 elements and 5 cm interspacing, 4 spatial filters with 12 
coefficients designed to protect f =- 0 — 3200 Hz and 0 = 0 — 2°. Adaptive filters 
with 21 coefficients. 
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Figure 22:  p  versus angle. Solid line: Theoretical  p  calculated as  p  = 0.1/trR. 
Dashed line: Final  p  in the simulation. Microphone array with 12 elements and 5 
cm interspacing, 1 spatial filter with 12 coefficients designed to protect f = 0-3200 
Hz and 0 = 0 — 2°. Adaptive filter with 21 coefficients.  
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Figure 23:  p  versus angle. Solid line: Theoretical  g  calculated as  p  = 0.1/trR. 
Dashed line: Final  p  in the simulation. Microphone array with 15 elements and 5 
cm interspacing, 4 spatial filters with 12 coefficients designed to protect f =- 0-3200 
Hz and 0 = 0 — 2°. Adaptive filters with 21 coefficients. 
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The use of injected noise in the described model was strongly motivated by the as-
sumption that the leaky LMS algorithm [5] was to be used in the implementation. 
The idea behind this is that the use of the leaky LMS algorithm is equivalent to 
inject white noise at the input of the common LMS algorithm in the sense that the 
same converged filter coefficients are obtained. However, this is true only under 
some quite general conditions, see (51, and the main interest of the simulations is 
thus to see if the simplified design method using injected noise holds in a practical 
situation using the leaky LMS algorithm. 

In section 2 the beamforming structure is presented together with some results 
concerning the optimum Wiener solution as given in [4]. We also briefly discuss the 
spatial filter design exploiting this Wiener solution. In section 3 we discuss the finite 
length Wiener solution to the beamforming problem which is the optimum solution 
that should be compared to the simulated results. In section 4 a simulation is 
presented for a beamformer with 21 coefficients in each adaptive filter. The spectral 
density of the beamformer output signal according to the simulation shown in 
figures 14 through 17 should thus be compared to the spectral density according to 
the finite length Wiener solution shown in figures 10 through 13. We have used only 
21 adaptive filter coefficients in order to show that the simulated results conform 
astonishingly well with the theoretical results and the desired design considering 
the limited number of iterations, the low number of adaptive taps as well as the 
high microphone noise strength relative to the injected noise strength. 

We observed working with the simulations that a power normalisation of the 
algorithm parameter µ is necessary for the algorithm to function properly. This is 
of course due to the action of the spatial filters for different incident angles and we 
therefore propose an adaptive power normalisation algorithm for the parameter  g  
in the leaky LMS algorithm according to section 4. 

Future work in this area will aim at theoretical studies concerning the Wiener 
solution for the nearfield as well as more practical considerations such as implemen-
tations for handsfree mobile telephones and loudspeaking conference telephones. 
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two females spoke considerably lower than the other four speakers, making it almost 
impossible to detect words for the more distant microphones. The material is 
evaluated with respect to speech recognition, see fig. 2 and fig. 3. The speech 
material is recorded in a studio and played with a loudspeaker in a car driving 90 
km/h. Simultaneous recordings are made in the car with a high quality condenser 
microphone  (AKG),  a goose-neck microphone (GN) especially designed for mobile 
telephony and an eight-element array of medium quality condenser microphones. 
The array recordings are processed using two particular 1-D spatial filter designs 
(spatial 1 and spatial 2). One of the array microphones (MID) and the sum of the 
eight (SUM) are included in the test. The array and  AKG  microphones are placed 
at approximately the same distance (40-50 cm) in front of the speaker, while the 
goose-neck microphone is placed at a distance less than 10 cm. 

The results should be interpreted with care since there is a large variation 
among speakers. In fig. 2, GN is the most robust microphone, while MID, which is 
the simplest microphone, and  AKG,  which is the most expensive, perform poorly 
when the speaker signal is weak (speaker 5 and 6). In fig. 2, spatial 1 and spatial 
2 perform significantly better than MID and SUM as expected. The high quality  
AKG  shows the highest detection rate for speaker 1 through 4 (as expected). The 
GN performs approximately as spatial 1 and spatial 2 despite the fact that it is 
mounted very close to the speaker. 

Further, fig. 3 shows that the "false alarm rate" is significant for the GN 
microphone due to the commercial mounting. The other microphones are mounted 
acoustically correctly. 
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Figure 3: Results with respect to speech recognition 
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4.1 	Possible improvements of the array performance 
The speech recognition algorithm does not take into account the loss of lower 
frequencies caused by the adaptive array. The array works as an active microphone 
and the frequency response depends on the noise situation, i.e the microphone will 
have different frequency characteristics at training and at recognition, the difference 
can be as much as 20 dB for some frequencies. However, the speech recognition 
device is based on power measurements in different frequency bands and a frequency 
distortion might therefore be devastating. If the algorithms could compensate for 
the different frequency characteristics at training and recognition, the adaptive 
array would be better exploited. In our future work this will be taken into account. 
Further a possible improvement is to use microphones of better quality in the array 
(at least as good as the goose-neck microphone). 

5 Summary and Conclusions 

A broadband adaptive microphone array has been tested and compared to conven-
tional microphones with respect to speech recognition in a car. The measurements 
show that the array gives a higher signal to noise ratio than the other microphones, 
and is as good as a goose-neck microphone for speech recognition. 

Future work in this project includes development of an adaptive beamformer, 
independent of array-geometry. The new approach involves  adaption  to a pilot 
signal and will therefore in a sense be self calibrating to the actual acoustic envi-
ronment. 
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