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Abstract
This Doctoral Thesis addresses the topic of inventory control and scheduling in 
a single-machine multi-item system. Specifically, it considers a group of items
processed, one at a time, on a single facility. Single-machine multi-item systems 
occur frequently in practice and apply both in continuous flow processes and 
batch flow processes. For instance, areas of applicability could include metal 
stamping, bottling, paper production, food processing, plastic extrusion,
printing, and chemical batch production among others. In these cases, it is 
common to use cyclic schedules for the processing of items.

The thesis contains an introductory part and five papers. Two papers present
heuristics for determination of cyclic schedules assuming sequence-dependent
setups. First, a reverse logistics system, where used products are disassembled,
is considered. In this case, setup costs are assumed to be directly proportional to 
setup times. The heuristic results in disassembly frequencies, idle time, and the 
sequence in which the items should be processed. The second paper considers 
production settings and assumes setup costs not directly proportional to setup 
times. The heuristic presented in that paper also results in frequencies, idle time, 
and the sequence in which to process the items. These two papers assume
deterministic environments.

The remaining three papers consider stochastic environments and present 
planning and control models to be applied under these circumstances. One paper 
applies deterministic lot sizing models to stationary stochastic demands in a 
simulation study. A control model is also developed in the paper in order to 
make the decision for which item to produce and when to produce it. The
remaining two papers present planning and control models for determination of 
safety stocks and order-up-to levels when items are produced in a fixed cyclic
schedule. The models can be applied in environments with stochastic demands, 
stochastic operation times, and stochastic setup times or combinations thereof.

The papers in this thesis can be combined in different ways and hence cover a 
variety of industries and practical applications. Practitioners in the area of 
production and inventory control would then get models for planning and 
controlling the processing of multiple items on a single facility. The models are 
preferably implemented in computerized Enterprise Resource Planning (ERP)-
systems at manufacturing companies.

Keywords: Production; Disassembly; Inventory Control; Cyclic Schedules;
Lot Sizing; Scheduling; Sequencing; Safety Stocks 
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Sammanfattning
Denna avhandling behandlar lagerstyrning vid samordnad beordring av olika 
produkter. Specifikt behandlas system där flertalet produkter hanteras i en och 
samma anläggning men endast en åt gången. Dessa system är vanligt 
förekommande i praktiken. Tillämpningsområden är exempelvis tillverkning av 
papper, plast och livsmedel liksom vid stansning, pressning, tryckning, 
paketering samt kemisk tillverkning. I sådana processer är det vanligt att 
använda cyklisk planering.

Avhandlingen omfattar en inledande del och fem artiklar. Två av dessa utvecklar
modeller för framtagande av cykliska scheman vid sekvensberoende 
omställningar. Den första artikeln behandlar ett system där returprodukter 
demonteras. I detta fall antas ställkostnaden vara proportionell mot ställtiden. 
Modellen resulterar i frekvenser, ledig tid samt sekvensen i vilken produkterna
ska demonteras. Den andra artikeln behandlar produktion och antar att 
ställkostnaden inte är proportionell mot ställtiden. Modellen som presenteras 
resulterar även här i frekvenser, ledig tid samt sekvensen i vilken produkterna 
ska produceras. Dessa båda artiklar antar att miljön är deterministisk.

De efterföljande tre artiklarna behandlar stokastiska miljöer och presenterar 
planerings- och styrningsmodeller att användas i sådana miljöer. En artikel testar 
deterministiska modeller för beräkning av orderkvantitieter vid stokastisk 
efterfrågan i en simuleringsstudie. Denna artikel utvecklar också en 
beslutsmodell för vilken produkt som ska tillverkas samt när den ska tillverkas. 
De återstående två artiklarna utvecklar modeller för bestämmande av 
säkerhetslager och beställa-upp-till nivåer när produkter tillverkas i en bestämd
cyklisk sekvens. Modellerna kan användas när efterfrågan, operationstider 
och/eller ställtider är stokastiska.

Artiklarna i denna avhandling kan kombineras på olika sätt och täcker då en 
mängd olika verksamheter och praktiska applikationer. Praktiker inom området
för produktionsplanering och lagerstyrning får därmed modeller för planering
och styrning av system där flertalet produkter hanteras i en och samma maskin.
Modellerna implementeras förslagsvis i datoriserade affärssystem hos 
tillverkande företag.

Nyckelord: Produktion; Demontering; Lagerstyrning; Cyklisk planering;
 Orderkvantiteter; Schemaläggning; Sekvensering; Säkerhetslager 
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Dissertation Outline 
This dissertation is entitled Inventory Control and Scheduling Problems in a 
Single-Machine Multi-Item System and is constituted by an introductory part 
and five papers, of which three are published in journals and two submitted for 
publication. The introductory part contains a problem introduction, an overview 
of previous research, a summary of the papers and their underlying model, and a 
discussion of applicability as well as future research possibilities. The papers are 
listed below indicating the origin and the state of publication. 

Paper I 
Brander, P. and Forsberg, R. (2005) Cyclic lot scheduling with sequence-
dependent set-ups: a heuristic for disassembly processes, International Journal
of Production Research, 43 (2), 295-310.1

Paper II
Brander, P. (2005) A heuristic for cyclic lot scheduling with sequence-
dependent setups, Working paper, Division of Industrial Logistics, Luleå 
University of Technology. 

This paper is submitted for publication. 

A draft version of this paper was presented at IFORS Triennial, Hawaii, USA, 
July 2005.

Paper III
Brander, P., Levén, E., and Segerstedt, A. (2005) Lot sizes in a capacity 
constrained facility - a simulation study of stationary stochastic demand,
International Journal of Production Economics, 93-94, 375-386.2

A draft version of this paper was presented at the 12th International Symposium
on Inventories, Budapest, Hungary, August 2002. 

Paper IV
Brander, P. and Forsberg, R. (2004) Determination of safety stocks for cyclic 
schedules with stochastic demands, International Journal of Production 
Economics, to appear.3

A draft version of this paper was presented at the 13th International Working 
Seminar on Production Economics, Igls, Austria, February 2004, with the title
“Cyclic lot scheduling with stochastic demands: a heuristic with safety stocks” , 
in: Thirteenth International Working Seminar on Production Economics, pre-
prints, 2004, Vol. 1, 69-89, Igls/Innsbruck, Austria. 
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Paper V
Brander, P. and Forsberg, R. (2005) Determination of safety stocks for cyclic 
schedules with stochastic operation times and setup times, Working paper, 
Division of Industrial Logistics, Luleå University of Technology.

This paper is submitted for publication. 

A draft version of this paper was presented at the 13th International Symposium
on Inventories, Budapest, Hungary, August 2004. 

1 Reprinted from International Journal of Production Research, 43 (2), Brander, P. and 
Forsberg, R., Cyclic lot scheduling with sequence-dependent set-ups: a heuristic for 
disassembly processes, Copyright (2005), with permission from Taylor & Francis. 

2 Reprinted from International Journal of Production Economics, 93-94, Brander, P., Levén, 
E., and Segerstedt, A., Lot sizes in a capacity constrained facility - a simulation study of 
stationary stochastic demand, Copyright (2005), with permission from Elsevier.

3 Reprinted from International Journal of Production Economics, Brander, P. and Forsberg, R., 
Determination of safety stocks for cyclic schedules with stochastic demands, Copyright 
(2004), with permission from Elsevier.
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1 Introduction and Problem Discussion 
The first chapter introduces the problem, defines a single-machine multi-item 
system, shows practical applications, makes an initial problem analysis,
discusses the problem, and presents the research objective. The chapter ends 
with an outline of the introductory part of the thesis.

1.1 Problem Introduction
Many of us deal with inventories daily, normally without taking any bigger 
notice of them. For instance, we store food and many other items at home since 
it simplifies our daily life. However, we try to keep the inventories low since we
otherwise would run out of space or money. Food may also be out of date if 
stored too long time, which presumes some kind of strategy behind the purchase 
of perishable items. Therefore, we are all familiar with the need to manage
inventories intuitively.

Inventories can be seen as stockpiles of raw materials, components, work in
process, spare parts, and finished goods and play an important role in many 
activities. For instance, hospitals rely on supplies of medicines, blood for 
transfusions, surgical equipment, and other things. We would also be grounded 
or delayed without airlines’ inventories of jet fuel. Furthermore, restaurants 
could not operate accurately without inventories of food. These are only some 
examples were lack of inventories could have negative effects. Most of the items
that we use at home or at work have been objects for a long chain of production 
and distribution activities that are fed by diverse inventories. 

Let us for instance consider the paper on which this thesis is printed. As you 
know, paper is made out of wood. Wood-producing companies keep inventories
of growing trees. When felled, paper-producing companies keep inventories of 
logs waiting to be processed into wood pulp. Paper is then made out of the wood 
pulp at paper mills. The finished paper may be held in inventories at the mills
and at warehouses before it reaches a wholesaler, from where the paper is sent to 
our printing house. Between these steps we can find inventories carried in ships,
trains or trucks. Additionally, for the production of paper, a variety of other 
inputs (mainly chemicals) are also needed. Normally, these are stored as 
inventories before they are used. (also discussed in Zipkin, 2000) 

The exemplified flow from raw materials into finished paper displays the 
frequent occurrence of inventories in a supply chain. Every inventory lies 
between two activities or processes, usually called the supply process, adding
new units to the inventory, and the demand process, subtracting materials from
the inventory. Inventories can be categorised from how they are created. For
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instance, Krajewski and Ritzman (2004) identify four different types of 
inventories in this context: cycle, safety, anticipation, and pipeline. Cycle
inventory results from attempts to order or produce in batches instead of one
unit at a time and is the portion of the total inventory that varies directly with the 
lot size. Safety stock is held by a company to protect against uncertainties in 
demand, lead time, and supply. Anticipation stock is used to build up inventory 
when the production capacity might be lower than the expected future demand, 
e.g. in cases when demand vary due to seasons. Finally, the pipeline inventory 
consists of items moving from point to point in the material flow system.
Additionally, Silver et al. (1998) define congestion stocks, which occur when 
multiple items share the same production equipment, particularly when there are 
significant setup times. These items compete for limited capacity and 
inventories are built up in order for the equipment to become available. They
also define decoupling stocks, which are used in situations with many levels 
through the supply chain to permit the separation of decision making at the 
different levels.

As mentioned above, lack of inventories could have serious negative effects in 
many situations. Axsäter (2000) argues that the two main reasons for inventories
are economies of scale and uncertainties. Lambert and Stock (1993) mean that 
inventories serve five purposes within a firm; they enable the firm to achieve
economies of scale, they balance supply and demand, they enable specialization 
in manufacturing, they provide protection from uncertainties in demand and 
order cycle, and they act as a buffer between critical interfaces within the 
channel of distribution. According to Zipkin (2000), inventories serve as buffers 
between mismatches in supply and demand, e.g. due to lumpy demand, 
variations in demand over time, unpredictable demand variations, economies of 
scale, capacity limits, delays in response, and imperfect quality. Ballou (1999) 
relates the reasons for inventories to providing service to customers and 
achieving cost economies.

As seen, there are many reasons for inventories. Of course, there are also 
reasons against inventories. First, inventories represent a monetary investment in 
goods on which a firm must pay, rather than receive, interest. Inventory holding 
cost is the cost of keeping items on hand, including interest, storage and 
handling, taxes, insurance, and shrinkage (Krajewski and Ritzman, 2004). The 
annual cost to maintain one unit in inventory typically ranges from 20 to 40 
percent of its value (Ballou, 1999; Krajewski and Ritzman, 2004). Interest or 
opportunity cost arises since a company may obtain a loan or forgo the
opportunity of an investment that promises an attractive return to finance the 
inventory. This is usually the largest component of the holding cost, often as 
high as 15 percent (Krajewski and Ritzman, 2004). Inventory also needs space 
and must be moved into and out of storage, which implies a storage and 
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handling cost. High inventories may imply higher taxes in the end of the year as 
well as higher insurance costs. High inventories may also imply costs for 
pilferage, obsolescence, and deterioration. Ballou (1999) argues that inventories
also can mask quality problems. Due to all these positive and negative effects, 
managing inventories carefully is important. Zipkin (2000) means that managing 
inventories well is the difference between corporate success and failure.

Managing inventories is though not a modern innovation. Already the earliest 
humans stored food and stone tools. During the wars, inventory management
was a central activity since armed forces must store ammunition, spare parts, 
food and clothing (Zipkin, 2000). Moreover, as displayed above, inventories are 
closely related to production, which is the process of transforming one set of 
resources into a second set. The theory of production arose during the last few
decades of the eighteenth century, mainly concerning agricultural production 
(Grubbström, 1995). Through the nineteenth century, the point of interest was 
the laws of production, i.e. whether changing the input would affect the output.
In 1913, Ford W. Harris developed the first economic order quantity (EOQ) 
model of modern type. His formula explains the relationship between setup cost,
inventory holding cost and average demand for an item. This formula is still 
widely used in practice and presented in many books of inventory control.
According to Grubbström (1995), inventory theory is one of the most
voluminous contributions to production management and there are many 
different problems considered in this area. For the last two decades, inventories 
have become one of the dimensions upon which companies compete on a global 
scale and many of the successful companies keep inventories lean (Zipkin,
2000).

Axsäter (2000) states that the objective of inventory control is to balance 
conflicting goals. One goal is to keep inventory levels down to make cash 
available for other purposes. On the other hand, the purchasing manager may
wish to order large batches to get volume discounts. The production manager 
normally wants high inventories to support long production runs and avoid time-
consuming setups. Additionally, lack of inventory may shut down the 
production line due to missing materials. The marketing manager would like to 
have high inventories over a broad range of finished goods to allow quick 
response to customer demands. Segerstedt (1999a) means that, through 
production and inventory control, profitability is achieved by the difficult 
balancing of resource utilization (high), capital and inventory investments (low) 
and market services (high). These objectives may be contradictory in some
aspects but cooperate in others depending on the situation. For instance, high 
utilization of resources may imply long delivery times resulting in low market
service. Therefore, a balance between these objectives must be found as 
illustrated in figure 1 (Olhager, 2000).
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Figure 1. Contradictory objectives. 

A company must find a balance between these objectives that coincides with 
other aggregate objectives of the company. If this is done in a good way, we 
make one step towards achieving the mission of logistics, which is getting the 
right goods or services to the right place, at the right time, and in the desired
condition, while making the greatest contribution to the firm (Ballou, 1999).
According to Axsäter (2000), it is seldom trivial to find the best balance among
these goals and that is why an inventory control system is needed. The purpose
of such a system is to determine when and how much to order. This decision 
should be based on the current inventory situation, the expected demand, and 
different cost factors. 

An inventory control system can be designed so that the inventory position is 
monitored continuously or at certain time intervals. The continuous review 
system triggers an order, which will be delivered after a certain lead time, as 
soon as the inventory is below a certain level. The other alternative is denoted 
periodic review, since it considers the inventory position only at certain time 
intervals, which in general are constant. The two most common ordering 
policies connected with inventory control are denoted (R,Q) and (s,S) policy.
When using an (R,Q) policy, the two parameters R (Reorder point) and Q (Order 
quantity) need to be determined. The reorder point determines when it is time to 
place an order and the order quantity determines the amount to be ordered. The 
(s,S) policy is similar to the (R,Q) policy. When the inventory position is below 
s, the quantity up to a maximum level, S, is ordered. This policy differs from the 
(R,Q) policy in the way that we do not need to order a specific order quantity or 
multiples thereof.

Axsäter (2000) classifies inventory control from the problem that is studied and 
argues that there are mainly three branches of problems. First, control problems 
for a single inventory with items that can be handled independently. For this,
one of the most well-known results in the inventory control area may be used; 
the economic order quantity (EOQ). EOQ originates from Harris (1913), but it is 
also associated with Wilson (1934) and known as the Wilson lot size. The EOQ 
is modified to other settings as well, e.g. finite production rate, quantity 
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discounts, allowed backorders etc. The EOQ assumes that each item can be
considered independently and pays no attention to scheduling. 

The second branch of inventory control problems in the classification leaves the 

1.2 Definition of a Single-Machine Multi-Item System
general, having

A single machine4

sed at a time
t to satisfy total demand

n

assumption of independent items and considers coordinated replenishments of 
two types. The first reason for coordinated replenishments is to get a smooth
production load, for instance when a group of items is produced in the same
production line. The other reason is where orders for a group of items should be
triggered at the same time, so called joint replenishments. For instance, we may
want joint replenishments to get discounts or to reduce transportation costs. The 
third branch of problems in inventory control considers multi-level systems,
where several inventories are connected to each other, for instance in a
production system with several stocks or in a distribution system with a central 
warehouse and retailers (Axsäter, 2000). In this thesis, the research is
concentrated on the second branch of inventory control problems and considers 
one type of coordinated replenishments, namely a single-machine multi-item
system.

Many companies process more than one item on their facility. In
specialized machines and equipment for each type of item that a company
processes would be expensive (Segerstedt, 1999b). In such cases, it is typically 
more economical to purchase one high-speed machine that is capable of
processing many products than to purchase many dedicated machines (Dobson,
1987; Gallego and Roundy, 1992). Such high-speed facilities typically have
limited capacity and are only capable of processing one item at a time, requiring 
a setup each time a different item is scheduled for processing (Gallego and 
Roundy, 1992). Hence, the dominant characteristics of a single-machine multi-
item system are the following:

Multiple items
One item proces
Limited capacity but sufficien
A setup time between the processing of different items
Items may differ in cost structure and machine utilizatio

4 The word “machine” does not literally mean a machine. Instead it represents a unit 
transforming a set of resources into another set. 
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1.3 Practical Applications
A single-machine multi-item system has many practical applications and can be 
found in many industries. For instance, it can be found in process industries, 
especially in consumer goods industries (Kelle et al., 1994; Fransoo et al., 1995; 
Smits et al., 2004). APICS (The Association for Operations Management)
defines process industries as the group of manufacturers that produce items by 
mixing, separating, forming and/or performing chemical reactions (Blackstone 
and Cox, 2005). Paint manufacturers, refineries, and breweries are examples of 
process industries. According to Silver et al. (1998), single-machine multi-item
systems apply most commonly in continuous flow processes, although they are 
also found in batch flow processes. Fransoo (1993) means that continuous flow 
process industries are characterized by one (or very few) process steps and a low 
added value. Examples of flow process industries include bulk chemicals, glass 
manufacturing, and paper production. Fransoo (1993) also argues that batch 
process industries are characterized, in general, by several processing steps, a
mainly convergent material flow (“assembly”) and a high added value. 
Examples of batch process industries include pharmaceutical and other fine 
chemical industries.

There are many applications of inventory control in a single-machine multi-item
system reported in the literature. Galvin (1987) reported a case at a metal
manufacturer with four plants, each with two to three production lines. Each 
production line produced 15 to 30 different products with different 
characteristics as type of coating, type of paint, product width, and product
thickness. Bomberger (1966) formulated a model from the characteristics of a 
metal stamping facility producing different stampings on the same press line. 
Allen (1990) and Kelle et al. (1994) studied inventory control for a chemical
company whereas Fransoo et al. (1995) considered a glass-containers 
manufacturing company (bottles and jars). Silver et al. (1998) mentioned a case 
on a packaging line at a pharmaceutical manufacturer. Fransson and 
Nordenskiöld (2004) studied a painting line for a sheet metal manufacturer and 
Soman et al. (2004) reported a case study in a food processing company. Ilmrud
and Wennberg (2005) considered this kind of system at a manufacturer of crisp 
bread. Additionally, it may also appear for flexible manufacturing systems and
chemical batch production (Dobson, 1992; Segerstedt, 1999b; Segerstedt, 
1999c). Sox et al. (1999) mean that applications may also include bottling and 
paper production whereas Dobson (1987) mentions examples from the 
production of toner for copiers and production of plastic wrap for potato chips. 
Carreno (1990) argues that textile, plastic extrusion, printing, packing, and tire
industries are examples of applications where single-machine multi-item
systems can be found. 
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These examples all consider a forward flow of goods in which raw materials are 
procured and items are produced at one or more factories, stored, and then
distributed to retailers or customers. In many cases, there is also an opposite
flow from the consumer back to the producers due to re-use activities. 
According to Thierry et al. (1995), old products can be resold directly,
recovered, or disposed of in special landfills. This gives rise for a general chain
of forward and reverse flows, which could look like figure 2.

Figure 2. Forward and reverse logistics. 

The forward flow contains the activities supply, production, and distribution in 
figure 2, defined as forward logistics. Through this collection of activities raw 
materials are converted into finished products and value is added in the eyes of 
consumers.

In recent years, re-use activities have become more and more important, mainly 
due to legislation and customer expectations. From a logistical perspective, re-
use activities give rise to an additional flow of goods (dotted in figure 2) from
the consumer back to the producers. The management of this opposite flow is 
the concern of reverse logistics. Collection contains activities for making used
products available and transporting them to a specified point for further
treatment. Selection includes activities that determine if a product is re-usable 
and in what way. At this stage, the products that are re-usable and the products 
that are not re-usable are separated. The rejected products are then disposed of in
special landfills. In the re-processing step, used products are transformed into 
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usable products again or materials are recovered. New material may also be
added at some points throughout the chain. Considering single-machine multi-
item systems, these can be found both in the forward flow (i.e. production) and 
in the reverse flow (re-processing). 

1.4 Initial Problem Analysis
The need to satisfy the capacity constraint and the constraint to process only one 
item at a time creates a complex inventory control problem. The processing of 
the items must be synchronized to avoid scheduling two items at the same time,
known as the synchronization constraint (Gallego and Shaw, 1997). Models for 
determination of order quantities for independent items (e.g. EOQ) can usually 
not be applied to these settings since they pay no attention to scheduling. Rogers 
(1958) discussed the problem of inventory control in single-machine multi-item
systems and applied the economic order quantity (EOQ) formula to items 
individually. He concluded that it would usually be impossible to schedule these 
items due to the inability to produce two or more products at the same time on a 
single resource. To illustrate this, the following notations are introduced:

di Demand rate of item i (units/time unit) 
pi Production rate of item i (units/time unit) 
ti Setup time of item i (time units) 
Ai Setup cost per production lot of item i (SEK) 
hi Holding cost of item i (SEK/unit and time unit) 

Appendix A presents all notations used in the introductory part of the thesis. Let
us consider a facility producing three items with the characteristics in table 1.

Table 1. Item characteristics. 

Item
di

(units/time unit)
pi

(units/time unit) 
hi

(SEK/unit & time unit)
ti

(time units)
Ai

(SEK)
A 50 250 0.04 0.1 20
B 10 50 2.22 0.4 80
C 50 490 0.8 0.1 40

In this case we have limited production capacity and could use the EOQ-formula
with finite production rate, which is formulated as:

iii

ii
pdh

dA
1
2EOQi (1)

Eq. (1) is used to calculate the order quantity for each item, providing the results 
in table 2.
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 Table 2. Order quantities and times.

Item
EOQi
(units)

Cycle time
(time units)

Processing time
(time units)

Total time
(time units)

A 250 5 1.00 1.10
B 30 3 0.60 1.00
C 75 1.5 0.15 0.25

As shown in table 2, the economic order quantities vary between 30 and 250 
units. The cycle time indicates for how long time one order quantity will cover 
the demand (i.e. EOQ divided with demand rate). This means that the interval 
between each production run of item A should be 5 time units. For item B and 
item C the time interval should be 3 and 1.5 time units respectively. The 
processing time indicates the time for completion of one order quantity (i.e. 
EOQ divided with production rate). The total time is the sum of the setup time
and the processing time. The utilization of the facility is 

50.049050501025050 , which implies that the production capacity is 
potentially adequate (since it is less than 1 (Hanssmann, 1962)).

We start by scheduling the production of item A at intervals of 5 time units. The
production of item A begins with a setup of 0.1 time units. Then, the production 
starts and continues until time 1.1. Since the cycle time is 5 time units, the next 
setup for item A begins at time 5.0 and next production starts at time 5.1. Then, 
the third setup starts at time 10.0 and the third production run starts at time 10.1. 
This would result in the inventory of item A shown in figure 3. 
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Figure 3. Inventory of item A. 

If we then consider item B, the production of this item may start immediately 
after the completion of item A. This would imply that setup begins at time 1.1 
and production begins at time 1.5. The cycle time is 3 time units, meaning that 
next setup should start at time 4.1 and production at time 4.5. The production of 
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the order quantity is completed at time 5.1. The inventory graph of item B would 
look like figure 4. 
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Figure 4. Inventory of item B. 

However, as mentioned above, the second setup for production of item A needs 
to start at time 5.0, but then item B is still occupying the facility leading to a 
schedule blockage at time 5.0. This would look like figure 5 where the grey 
fields represent setups.

B
B BB A

A
A

   0 5 10
Time

Figure 5. Scheduling item A and B. 

As figure 5 shows, there will be another schedule blockage at time 10.1. To 
avoid these blockages, the production of item B must be re-scheduled. The 
production of item B starts immediately after the production of item A so the 
production of item B cannot be advanced in order to avoid the blockage. 
Therefore, the production of item B must be postponed. The second production 
run of item A ends at time 6.1, implying that the production of item B must be 
postponed so that the setup for the second production run starts at time 6.1. 
Then, the production starts at time 6.5. Calculating backwards, the preceding 
production run must start at time 3.5 (since the cycle time is 3 time units). If a 
production of item B starts at time 3.5 and the cycle time is 3 time units, there 
must be another production run of this item at time 0.5. This is though not 
possible since the facility is busy producing item A from time 0 to time 1.1. As 
seen, it is not possible to schedule item A and B so that scheduling blockages are 
avoided using the order quantities calculated from eq. (1). We must also 
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remember that the production of item C has not yet been considered, which 
would make the scheduling even more complicated.

Elmaghraby (1978) defines the situation “when two or more items compete for 
the facility’s attention…that is, the facility will be required to produce two items
at the same time, which is physically impossible” as interference. Rogers (1958) 
means that the lot sizes must be modified to avoid interference. According to 
Axsäter (2000), it is common to use cyclic schedules when coordinating 
replenishments of different items. Silver et al. (1998) define a cyclic schedule 
as:

“a schedule in which the entire system is periodic, which means 
that, regardless of the sequence of production, the schedule 
repeats itself over time.” (Silver et al., 1998 p. 444) 

According to Axsäter (2000), it is, in practice, most common to choose cyclic 
schedules manually without using mathematical techniques. To illustrate the 
difficulties of finding feasible schedules in this case, let us assume that the three
items in table 1 are produced with an arbitrarily determined cycle time of 1.1 
time units. Then, the order quantity of each item must cover the demand during 
the time between two consecutive production runs of the item (which is equal to 
the cycle time in this case). The order quantities and the processing times are
shown in table 3. 

Table 3. Order quantities and times.
1.1 time units/cycle 

Item
Order quantity 

(units)
Processing time

(time units)
Setup time
(time units)

Total time
(time units)

A 55 0.22 0.1 0.32
B 11 0.22 0.4 0.62
C 55 0.11 0.1 0.21

1.15

Since the production requires 1.15 time units to realize and the cycle is only 1.1
time units, the load on the facility exceeds the capacity and we would end up in 
interference. In order to avoid this, item B could be produced every other cycle, 
i.e. the order quantity is doubled. This results in the order quantities and
processing times presented in table 4.
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Table 4. Order quantities and times.
1.1 time units/cycle (2.2 time units for item B) 

Item
Order quantity 

(units)
Processing time

(time units)
Setup time
(time units)

Total time
(time units)

A 55 0.22 0.1 0.32
B 22 0.44 0.4 0.42 (0.84/2)
C 55 0.11 0.1 0.21

0.95

Since the total time is less than the cycle time, the load will be less than the
capacity indicating a feasible solution. However, if the items are produced in 
sequence A-B-C-A-C, the time between the first and the second production run 
of item A will be (0.22+0.84+0.21+0.1)=1.37 time units. Since the order 
quantity only will cover a demand of 1.1 time units, we may end up in a 
stockout situation. If the sequence is changed to A-B-A-B-C, the excess 
inventory of the first production run may be used to cover this demand. As seen, 
it may not be easy to create a feasible schedule without using mathematical
techniques. What we could do is to increase the order quantities in order to 
reduce the average setup time. Let us return to the cycle where each item is
produced once and assume a cycle time of 1.5 time units. Then, we would get 
the order quantities and times in table 5. 

Table 5. Order quantities and times.
1.5 time units/cycle

Item Order quantity
(units)

Processing time
(time units)

Setup time
(time units)

Total time
(time units)

A 75 0.3 0.1 0.4
B 15 0.3 0.4 0.7
C 75 0.15 0.1 0.25

1.35

Since each item is produced once we will not have the problem of sequencing
the items as in table 4. Therefore, this solution is feasible since the total time is 
less than the cycle time. However, the order quantities are created arbitrarily and 
not in an optimal manner. Therefore, it may be possible to find solutions 
presenting lower cost and in that sense better achieving the objectives in figure 
1. The total cost of this solution is 134.79 SEK/time unit. 
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1.5 Problem Discussion
As illustrated in this example, the inventory control of multiple items on a single
facility has at least three aspects to handle:

Lot sizing (How many units should be produced?) 
Scheduling (When should each item be produced?) 
Sequencing (In which order should the items be produced?) 

One of the most interesting aspects of inventory control in single-machine multi-
item systems is that we are simultaneously dealing with these aspects. When 
choosing lot sizes, we cannot exclusively consider holding and setup costs since
we can only allow lot sizes enabling us to solve the corresponding scheduling
problem. As illustrated in the example, this may be complex already for a small
problem considering only three items with known and constant demand rates, 
production rates, and setup times.

In practice, it is common that the setup times depend on the sequence in which 
the items are handled. This could appear when setups involve cleaning of 
equipment or wastes of material. Then, producing in wrong sequence would 
entail too much productive time lost due to setups or imply high costs. Still, the
lot sizing, scheduling, and sequencing should determine how many units to
process, when and in which sequence in order to minimize inventory holding 
cost and setup cost, but the sequence-dependency would add more complexity to 
the problem, especially regarding the sequencing aspect of the problem.

It is, in practice, also common that demand rates, production rates, and/or setup 
times are stochastic instead of deterministic. Then, the limited capacity must be 
allocated among the products and the allocation must be dynamic due to the
stochastic nature of the problem, which leads to a competition for capacity 
between the items. For instance, a long production run of an item in order to 
restore its inventory level could lead to shortages for the other items. Due to this
competition, safety stocks must act as buffers against scheduling conflicts 
resulting from the variations in demand rates, production rates, and setup times. 
This leads to a need for more safety stocks in order to obtain a desired service 
level than if only one item is processed on the facility. Too low safety stock 
levels could lead to situations where the customer service is lower than
acceptable whereas too high safety stock levels would imply higher capital cost 
than necessary. Therefore, inventory control in stochastic environments also 
implies determination of safety stock levels. 
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1.6 Research Objective
In order to answer the questions connected to the aspects of lot sizing, 
scheduling, and sequencing there is a need for models to base these answers on. 
Therefore, the research objective of this thesis is: 

To develop and evaluate models for inventory control and scheduling in single-
machine multi-item systems.

The aim is to present results that contribute to the general scientific discussion 
and at the same time striving for models that are applicable in practice.

The research in this thesis is mainly focused on sequence-dependent setups and 
stochastic demands. In summary, the research considers the following types of 
single-machine multi-item systems:

Deterministic environment, setups independent on sequence 
A single-machine multi-item system with deterministic demands and setups that 
are independent on sequence is considered in section 2.1 and chapter 3 in this 
introductory part.

Deterministic environment, setups dependent on sequence 
A single-machine multi-item system with deterministic demands and sequence-
dependent setups is considered in section 2.2 as well as in paper I and II. Setup 
costs may be either directly proportional to setup times or not proportional to 
setup times. Paper I considers reverse logistics and re-processing in form of 
disassembly processes whereas paper II considers production settings. 

Stochastic environment
A single-machine multi-item system with stochastic demands is considered in 
section 2.3 as well as in paper III and IV. Paper V considers not only stochastic 
demands but also stochastic setup times and stochastic operation times.

Each individual paper considers the aspects of lot sizing, scheduling and 
sequencing as discussed in section 1.5 and develops inventory control models
for the system that is considered in the specific paper. Combining selected parts 
of the papers will also provide answers to the questions connected to these 
aspects in a stochastic environment with different assumptions for the setups.
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1.7 Outline of the Introductory Part
The remaining of the introductory part of the thesis is organized as follows:

Chapter 2 presents an overview of the previous research on inventory control in
single-machine multi-item systems including deterministic environments,
sequence-dependent setups, stochastic environments, and reverse logistics. 
Considering deterministic demands, the chapter introduces different models for 
determination of cyclic schedules. Some of these are applied to the numerical
example in table 1. The chapter ends with conclusions of the literature review 
and a motivation for the research conducted in this thesis. 

The third chapter presents the model on which paper I and II are based, which 
may be necessary in order to grasp the summary of paper I and II in chapter 4. 
Besides that, the model in chapter 3 can also be used for determination of cyclic 
schedules for the production of multiple items on a single facility considering 
setups independent on the sequence. The model is also applied to the numerical
example in table 1.

In chapter 4, each individual paper appended to this thesis is summarized. The
summary provides the assumptions each paper is based upon, the basics of the 
model developed in the paper and the results of the paper. Additionally, chapter 
4 also includes a co-author statement.

Chapter 5 presents the conclusions of the research project and possible syntheses 
of the papers. The chapter also includes a discussion of the method that has been 
used and points out future research possibilities. 

Appendix A presents the notations that are used in the introductory part of the 
thesis and appendix B shows mathematical calculations connected to chapter 3.
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2 Literature Review
This chapter presents an overview of the previous research within inventory 
control in single-machine multi-item systems. The chapter begins with research 
on determination of cyclic schedules for deterministic demands. Then, research 
on sequence-dependent setups, stochastic demands, and reverse logistics is 
presented. The chapter ends with conclusions of the literature review and a 
motivation for the conducted research. 

2.1 Economic Lot Scheduling Problem 
As mentioned in section 1.4, it is common to use cyclic schedules when 
coordinating replenishments of different items. In literature, the determination of 
cyclic schedules for production of multiple items on a single facility is often 
denoted the Economic Lot Scheduling Problem (ELSP). Silver et al. (1998) 
define the ELSP as:

“finding a cycle length, a production sequence, production times,
and idle times, so that the production sequence can be completed 
in the chosen cycle, the cycle can be repeated over time, demand 
can be fully met, and annual inventory and setup costs can be 
minimized”. (Silver et al., 1998 p. 444)

The assumptions of a restricted version of the problem normally define the 
traditional ELSP. These assumptions are (Bomberger, 1966; Doll and Whybark,
1973):

Only one item can be produced at a time
Production capacity is constrained but sufficient to meet total demand
Production rates are deterministic and constant
There is a setup cost and a setup time associated with producing each item
Setup costs and times are independent of production order 
All demand must be met in the periods in which they occur 
Demand rates are deterministic and constant
Inventory costs are directly proportional to inventory levels 

ELSP is difficult problem to solve due to the need to satisfy the production 
capacity constraint and the constraint to produce only one item at a time. Hsu 
(1983) and Gallego and Shaw (1997) have shown that it is NP-hard5.

5 The term NP-hard is used to distinguish difficult problems with respect to the likelihood of 
finding an efficient method for solving the problem. More details can be found in e.g. Garey 
and Johnson (1979). 
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Elmaghraby (1978) presents an overview of the ELSP and a review of early 
contributions to the problem. He divides the contributions into two categories:

I. Analytical approaches that achieve the optimum of a restricted version of 
the original problem.

II. Heuristic approaches that achieve “good” solutions of the original
problem.

According to Yao and Elmaghraby (2001), the solution of a large ELSP-problem
seems to be out of reach for analytical approaches such as dynamic
programming (DP), since solving dynamic programming models in fact implicit
enumeration and it takes long run times for these approaches to solve this
problem. The heuristic approaches, on the other hand, cannot guarantee the 
quality of the solution. 

There are three broad categories of solutions that have been found useful, 
classified as the common cycle (CC) approach, the basic period (BP) approach, 
and the extended basic period (EBP) approach. To present the basic concepts of 
the ELSP, we define Ti as the cycle time for item i, which is the time between
two consecutive runs of an item. The inventory graph of item i would then look 
like figure 6. 

Inventory

Time
2TiTi

Figure 6. Inventory graph. 

The cycle time is unknown and should be determined. In this case, the order 
quantity of item i would be iii TdQ . The average cost per time unit when item 
i is produced in time intervals of Ti could be formulated as:

i

i
iii

i

i
i p

dhTd
T
AC 1

2
1 (2)

If the average cost per time unit is differentiated with respect to Ti, the cycle
time resulting in the minimum cost would be:
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Inserting eq. (3) in eq. (2) results in the minimum cost of item i as:
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In this case, only one individual item is considered.

Common Cycle Approach 
Hanssmann (1962) was one of the first studying the problem of scheduling 
multiple items on a single facility. He considered N items and assumed that all 
cycle times were equal (T1=T2=…=TN=T), which implies that the order quantity, 
Qi, of item i is:

TdQ ii (5)

A solution where all items appear once (i.e. all cycle times are equal) is called
common cycle or rotation cycle. He formulated the cost per time unit as:
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The optimal cycle length, T*, could be determined by differentiation of the total 
cost:
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Hanssmann (1962) argues that the total capacity is sufficient if:

1
1
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Maxwell (1964) means that if the cycle length is T, then TpdN
i ii11  is

available for setups since N
i ii pd1 is the utilization of the facility. Therefore, 

he concludes that the cycle length must satisfy:
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Then, T* must be the longest of the cycle time derived in eq. (7) and eq. (9) as: 

N

i i

i

N

i
i

N

i i

i
ii

N

i
i

p
d

t

p
ddh

A
T

1

1

1

1*

1
,

1

2
max (10)

This approach can be applied to the items in table 1. Then, the cycle time should 
be calculated from eq. (10). This results in cycle times of 2.25 and 1.20 time
units, of which the largest value should be selected. Therefore, the cycle time is
2.25 time units. This results in the order quantities in table 6.

 Table 6. Order quantities and processing times.
2.25 time units/cycle

Item Order quantity
(units)

Processing time
(time units)

Setup time
(time units)

Total time
(time units)

A 113 0.45 0.1 0.55
B 23 0.46 0.4 0.86
C 113 0.23 0.1 0.33

1.74

This is a feasible solution since the total time is less than the cycle time and 
since each item is produced once there is no problem of sequencing and 
scheduling them. The total cost would be 124.41 SEK/time unit, which is about 
8 per cent lower than the total cost of the solution in table 5 (134.79 SEK/time 
unit).

Davis (1990) argues that interference may more easily be avoided in a common
cycle solution than in a solution where the items have different cycle times, but 
the solution may not be optimal since more economical plans may be found if 
the items have different cycle times. Maxwell (1964) means that the common
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cycle approach only can be defended on the basis of convenience in analysis and 
implementation. In general, the common cycle approach has drawbacks, mainly 
due to imbalances in demand rates or production rates between the items. For
instance, it is not uncommon that 20 per cent of the items represent 80 per cent 
of the sales (Ballou, 1999; Christopher, 1998). In fact, according to Grznar and 
Riggle (1997), the common cycle approach frequently gives solutions far from 
the lower bound; instead it is often used as an upper bound. However, Jones and 
Inman (1989) have shown that the common cycle approach produces optimal or 
near optimal schedules in some situations. It would present an optimal solution 
when all products have the same ratio between their setup cost (Ai) and the 
holding cost expression (hidi(1-di/pi)) together with relatively small setup times. 
They mean that this would be the case when a machine produces mirror image
products that are subsequently used in the assembly of a final product (e.g. 
automotive industry). They also present an expression for determination of 
upper bounds for the maximum percentage deviation from optimality for the 
common cycle approach when the ratio between the setup cost and the holding 
cost expression is different for the products. The common cycle approach may
also be useful when considering sequence-dependent setups. Galvin (1987) 
presented successful applications for metals manufacturing with sequence-
dependent setups and Lopez and Kingsman (1991) state that “the common cycle
approach may be the best approach to use for product sequence dependent setup 
times in practice”.

Basic Period Approach 
The basic period approach extends the common cycle approach and allows the
items to have different cycle times as long as they are multiples of a basic 
period, often denoted W, such that:

WnT ii (11)

where ni is the multiplier of item i. The basic period is a time interval devoted to 
setup and production of a subset (or all) of the items. Bomberger (1966) 
introduced this approach and added the restriction that the basic period should 
be long enough to accommodate the production of all items, which implies:
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This condition guarantees feasible solutions but is restrictive and may result in 
suboptimal solutions. For a given value of the basic period the analytical
approaches normally use either dynamic programming, e.g. Bomberger (1966),
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or integer nonlinear programming models, e.g. Davis (1990), to solve for the set 
of multipliers and the basic period in which each item is produced.

For instance, Bomberger (1966) assumed that items 1, 2, …, k-1 had the 
multipliers n1, n2, …, nk-1 and consumed w time units for setup and production.
The remaining N-k items are then produced in the time =W-w, with the cost 
Fk( ). The average total cost of item i can be formulated as:
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The minimum cost of producing the remaining items (k, …, N) in the time  can 
be written as: 
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kk
k1  and 01NF . The multiplier, nk, is determined by 

successively solving the function for the minimum cost beginning with k=N and
varying w as w= W, 2 W, …, W.

Authors have tended to revise the set of restrictions, presenting heuristic 
solutions to less restrictive versions of the problem. For instance, Stankard and 
Gupta (1969), Doll and Whybark (1973), Haessler and Hogue (1976), and 
Elmaghraby (1978) relax the restriction introduced by Bomberger (1966) that if 
a product is not scheduled for production during some cycle then no product can 
be produced in its place.

Doll and Whybark (1973) present an iterative procedure for determination of 
production frequencies and the basic period. The procedure starts by calculating 
the cycle time, Ti

*, for each item from eq. (3) and the smallest of these is
selected as the basic period, W. Next step determines quotas (rounded to next 
lower and higher integer) between the optimal cycle time of each item and the 
basic period: 

i
i

i n
W
Tn

*
(15)
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The cost for each item, using both  and , is calculated from eq. (13). Then, 
the new n

in in
i is chosen as:
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The total cost expression is:
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The optimal basic period is found if the cost expression is differentiated:
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New  and  are calculated from eq. (15) using Win in * from eq. (18). Then, 
another new W* can be determined from eq. (18). The procedure ends when 
identical values of ni are calculated from two consecutive iterations.

To illustrate this heuristic procedure it is applied to the items in table 1. It starts 
with calculation of the optimal individual cycle time for each item from eq. (3). 
That would be 5, 3, and 1.5 time units for item A, B, and C respectively. Then,
the initial basic period is set to 1.5 time units. Multiples are calculated from eq. 
(15) and the costs are calculated using eq. (13). The results are presented in table 
7.

Table 7. Solution of Doll and Whybark (1973).

Item
T*

(time units) in in
WnC ii ,

(SEK/ time unit)
WnC ii ,

(SEK/ time unit) ni
A 5 3 4 8.04 8.13 3
B 3 2 3 53.31 57.74 2
C 1.5 1 2 53.61 67.21 1

For item A, the total cost is lower for a multiple of 3 than for a multiple of 4. 
Therefore, the multiple of item A is set to 3. For the other items the multiples are 
set to 2 and 1. Then, the new optimal basic period is calculated from eq. (18) 
resulting in W* as 1.51 time units. This new basic period does not change the 
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multiples and the procedure stops. The total cost is 114.96 SEK/time unit 
calculated from eq. (17).

Haessler and Hogue (1976) extend the Doll and Whybark (1973) procedure. 
Their approach is based on limiting the set of multipliers to powers of two (i.e.
the items are produced every cycle, every second cycle, every fourth cycle etc.).
Power-of-two (PoT) policies, in which the frequency of each item is a multiplier 
of two, are commonly used when coordinating the replenishments of different 
items. According to Yao and Elmaghraby (2001), there are several reasons for 
applying PoT policies, both from a theoretical and a practical point of view. One
is that the worst case bounds for these policies are reasonably tight. For instance,
Roundy (1989) and Federgruen and Zheng (1993) provide a 98% bound. PoT
policies also simplify the construction of a cyclic schedule. 

Arcade (1993) tests 9 different basic period approaches (Bomberger, 1966; Doll 
and Whybark, 1973; Eilon, 1985; Goyal, 1973; Haessler, 1971; Hanssmann, 
1962; Hodgson, 1970; Madigan, 1968; Stankard and Gupta, 1969) on three 
series of data (from Bomberger, 1966; Eilon, 1985; and Rogers, 1958), modified
to different utilization factors. The results, in form of average cost per day, are 
compared with the lower bound. Five of the heuristic methods (Doll and 
Whybark, 1973; Eilon, 1985; Goyal, 1973; Haessler, 1971; Hodgson, 1970) 
presented results within 2% of the lower bound for most of the problems (only 
Doll and Whybark (1973) for all of the problems). The other four approaches 
did not perform very well (for instance, Hanssmann (1962) had no solution
within 2% of the lower bound).

Grznar and Riggle (1997) present a model to find solutions to the problem
formulated by Bomberger (1966) with the restriction that the basic period should 
be long enough to accommodate the production of all items. They compare their
model to the models tested by Arcade (1993) and conclude that it presents better 
results than the less restricted heuristics at low utilization levels. On the other 
hand, when utilization is high, the heuristics present lower costs than the models
with the restriction that the basic period should be long enough to accommodate
the production of all items. Carreno (1990) argues that the basic period approach 
gives better solutions than the common cycle approach in general, but does not 
guarantee feasibility.

Extended Basic Period Approach 
The extended basic period approach relaxes the condition on the value of the 
basic period to be large enough to accommodate the production of all items.
Instead, the basic period only has to be long enough to cover the average setup 
and production times for all products (Lopez and Kingsman, 1991). Then, 
instead of eq. (12), the restriction on the basic period is: 
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Haessler (1979) presents a procedure using an extended basic period approach. 
He starts by considering each item individually and determines the cycle length
for each item as the maximum time of equation (3) and iii pdt 1  as:
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The smallest cycle length of the items is then selected as the initial value of the 
basic period. Then, values on bi are determined as:

iii bWTb 2* (21)

bi is determined from the set {1, 2, 4, 8, 16,…} satisfying eq. (21). ni is then set 
to bi or 2bi depending on which of these that present the lowest cost from eq. 
(13). The new value of the basic period is calculated as: 
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Then, this value is used to determine new values on bi from eq. (21) and then a 
new W* from eq. (22). This is repeated until identical values are produced in 
two consecutive iterations. Haessler (1979) also presents a way to investigate if 
the solution is feasible.

To illustrate this heuristic procedure it is applied on the items in table 1. The 
heuristic begins by calculating the individual optimal cycle time from eq. (20) 
presented in table 8. The smallest of these (1.5) is selected as initial basic period, 
W. Then, frequencies are determined from eq. (21) and the costs from eq. (13).
The results are shown in table 8.
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Table 8. Solution of Haessler (1979). 

Item
T*

(time units) ib ib2
Ci(bi,W)

(SEK/time unit)
Ci(2bi,W)

 (SEK/time unit) ni
A 5 2 4 9.07 8.13 4
B 3 1 2 66.65 53.31 2
C 1.5 1 2 53.61 67.21 1

For item A, the frequency is set to 4 since this frequency presents lower cost 
than a frequency of 2 in table 8. The frequencies of item B and C are set to 2 and 
1 respectively. Then, a value of the basic period is determined from eq. (22) 
resulting in a basic period of 1.48 time units. Iterations with this value on the 
basic period present identical values on ni and the heuristic stops. The total cost 
for this solution would be 115.03 SEK/time unit, which is higher than the total 
cost of the solution in table 7. The reason for this is the use of a power-of-two 
policy. As mentioned, PoT policies may increase the cost, but simplify the 
creation of a cyclic schedule.

According to Yao et al. (2003), the motivation for shifting from the basic period 
approach to the extended basic period approach is to obviate waste of capacity 
of the facility due to the restrictive feasibility condition defined in equation (12). 
Lopez and Kingsman (1991) mean that the extended basic period will be 
superior to the basic period approach in terms of total cost per time unit since 
equation (19) is less restrictive than eq. (12). Axsäter (1987), Fujita (1978), and 
Larraneta and Onieva (1988) are others presenting extended basic period 
approaches.

Idle Time
In some cases it may be beneficial to insert idle time between the production of 
an item and the setup for the next item since it reduces the frequency of setups 
and hence the average setup cost (Federgruen and Katalan, 1996). Then, the 
total setup and processing time is less than the optimal cycle time, indicating 
that it is more economical to hold inventory than to setup for production. In 
order to investigate the use of idle time for the solution in table 8, the total setup
and processing time must be determined. The optimal basic period was 1.48 
time units and the total sequence will have four cycles (since maximum n is 4
for item A). Item A will be produced once during this time, leading to a total 
setup time of 1·0.1=0.1 time units. The total demand for item A will be 
50·4·1.48=296 units. The processing time of these items will be 296/250=1.18 
time units. The total time for producing item A will hence be 0.1+1.18=1.28 
time units. The total time for item B and C are shown in table 9.
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Table 9. Total setup and processing time.

Item ni

Total setup and processing 
time (time units) 

A 4 1·0.1+(4·50·1.48)/250 = 1.28
B 2 2·0.4+(4·10·1.48)/ 50 = 1.98
C 1 4·0.1+(4·40·1.48)/ 490 = 1.00
Total 4.26

As table 9 shows, the total time the facility is occupied is 4.26 time units. Since 
the total time is 4·1.48=5.92 time units there is 5.92-4.26=1.64 time units of idle 
time. Segerstedt (1999c) argues that idle time makes it easier to find possible 
solutions without shortages. Idle time may also hedge against demand 
uncertainty. Bourland and Yano (1994) mean that it is important to think 
carefully about how idle time can benefit the facility. When there is idle time in 
the system, decisions regarding when to produce and when to idle the facility 
must also be taken. 

Feasible Scheduling and Sequencing
According to Davis (1990), two or more items may compete for the same 
facility when:

1. the load on the facility exceeds capacity resulting in overlaps in the 
schedule to satisfy output requirement.

2. a startup of an item may appear prior to the completion of the production 
run of the economic lot size for another product in order to avoid a 
stockout of the product. 

According to Rogers (1958), it may be possible to find feasible schedules when 
there are few items sharing the same facility and when there is considerable free 
schedule space because of high production rates relative to the demand rates. In
case of numerous items, the number of potential interferences increases. 

Elmaghraby (1978) stated criticism against the heuristic models that there is no
systematic way to test the feasibility of a given set of parameters and also that 
there are no definite procedures for the escape from infeasibility once it is 
established. Haessler and Hogue (1976) present a procedure for finding a 
feasible solution when the frequencies are determined by systematically
increasing the basic period and halving the frequencies. They begin with a 
general condition that:
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Eq. (23) must hold if there should be a feasible solution. The items are assigned 
to different periods from the frequencies. Let Xij be a binary variable with value 
1 if item i is to be produced during the jth cycle, otherwise it is 0. Then, Haessler
and Hogue (1976) argue that a feasible schedule is found if: 
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Eq. (24) implies that the sum of setup time and processing time for the items
produced in a specific period must be less than the basic period. This must be 
the case for all cycles. If this is not the case, the value of the basic period W
should be increased until eq. (24) holds. Thereafter, the total cost should be
calculated using this value on the basic period. For each item with ni>1, the 
frequency should be halved, one at a time. For each case, a new optimal basic 
period should be calculated from eq. (22) and the total cost from eq. (17). The
case with the smallest total cost is selected, the frequency of the item is halved
and a new schedule is created. Then, it is investigated if eq. (24) holds. If not, W
is increased until it holds. The total cost for this solution is calculated and 
compared with the total cost of the previous solution. If the total cost is lower, 
the procedure is repeated, otherwise the procedure stops.

Let us return to the solution of the extended basic period approach in table 8. 
The frequencies were 4, 2, 1 and the basic period was 1.48 time units. The items 
can be assigned to the production periods as in table 10. Item A demands a total 
setup and processing time of 0.1+(50·4·1.48)/250=1.28 time units each time it is
produced. Accordingly, item B would demand 0.4+(10·2·1.48)/50=0.99 time
units each time it is produced. The setup and processing times for one 
production run of each item are shown in table 10.

Table 10. Setup and processing time for one
production run of each item.

Item ni

Setup and processing
time per prod. run 

(time units)
Production

periods
A 4 1.28 2
B 2 0.99 1,3
C 1 0.25 All
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From the allocation of the items in table 10, the total setup and processing time
in each period can be determined. For instance, item B and C are produced in 
period 1. The total time in this period is then 0.99+0.25=1.24 time units. The 
setup and processing times for each period are shown in table 11.

Table 11. Setup and processing time for
 each period.

Period Item
Setup and processing 

time (time units) 
1 C, B 1.24
2 C, A 1.53
3 C, B 1.24
4 C 0.25

As table 11 shows, the total time in period 2 exceeds the basic period 
(1.53>1.48). According to Haessler and Hogue (1976), this means that the 
solution is not feasible. Then, the basic period must be increased until the setup 
time and processing time of each period is less than the basic period. The
smallest basic period for which a solution can be found is 2.05 time units. The 
total cost for that solution is 121.25 SEK/time unit. Then, according to the 
algorithm by Haessler and Hogue (1976), the frequency of item A and B should, 
one at time, be halved. Halving the frequency of item A results in a basic period 
of 1.55 time units (from eq. (22)) and a lower bound on total cost of 115.91 
SEK/time unit (from eq. (17)). Halving the frequency of item B, the basic period 
is 2.04 time units and the total cost is 122.55 SEK/time unit. Halving the
frequency of item A may reduce the total cost (since 115.91<121.25) but for
item B the total cost cannot be reduced (since 122.55>121.25). Halving the
frequency of item A, a new schedule with C-A-C-B is created. This schedule 
gives a feasible solution for a basic period of 1.01 time units, resulting in a total 
cost of 126.80 SEK/time unit, which is higher than the previous feasible solution 
(121.25). Therefore, the total cost cannot be decreased by halving the 
frequencies and a feasible solution is found. That is frequencies of 4, 2, and 1 for 
item A, B, and C respectively with a basic period of 2.05 time units. This 
solution has a total cost of 121.25 SEK/time unit, which is lower than the total 
cost of the common cycle approach presented in table 6 (124.41 SEK/time unit) 
and also 10 per cent lower than the ad-hoc solution in table 5 (134.79 SEK/time 
unit). The solution is also feasible since eq. (24) is fulfilled.

Dobson (1987) presents a formulation that provides feasible schedules by 
allowing the lot sizes and thus the cycle times for each product to vary over 
time. Zipkin (1991) presents a heuristic for constructing a feasible schedule from 
power-of-two frequencies. He schedules the items in equal subintervals starting 
with the most frequently produced items, then the next most frequent items and 
so on. When the items are assigned, the schedule may not be feasible since 
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operations may overlap if the load of any subinterval exceeds its capacity.
Therefore, Zipkin (1991) also presents a procedure for an evaluation of this.
Also Yao et al. (2003) present a heuristic for testing the feasibility of a given 
solution to the ELSP. They propose integer programming models and a heuristic 
to solve them. Levén and Segerstedt (2005) present a method for adjusting order 
quantities derived from heuristic procedures for the ELSP. The method
considers the runout times (current inventory levels divided with expected 
demand rates) of the items and if the present situation indicates a future stockout
situation the order quantities are reduced in order to prevent shortages.

Nilsson and Segerstedt (2005) argue that heuristic techniques such as Doll and 
Whybark (1973) and Goyal (1975) can find solutions where the production can 
be scheduled during a time interval, the initial inventory level is the same as the 
final, and the schedule presents no shortages. However, they mean that 
traditional approximations for the inventory holding costs disagree with actual 
costs since it is difficult to schedule and sequence the items such that the 
inventory level reaches zero at each start of production.

2.2 Sequence-Dependent Setups
Most research on the ELSP assume setup times that are independent on the order 
in which the items are processed, which, according to Lopez and Kingsman
(1991), is not a valid assumption for many real world problems. Instead, in 
many cases, the sequence of the setups affects the times and costs. For instance, 
this could appear when setups involve cleaning of equipment or wastes of 
material. Maxwell (1964) states that producing in wrong sequence entails too 
much productive time lost due to setups. Therefore, in a problem considering
sequence-dependent setups, the sequence in which the products should be 
processed is important in order to minimize the inventory holding cost and setup 
cost. Lopez and Kingsman (1991) argue that a common cycle approach can be 
used. Then, a sequence of the products that minimizes the total setup time in the 
cycle is used. Finding this sequence is a variant of the travelling salesman
problem, where cities should be visited by a single salesman. Lopez and 
Kingsman (1991) test different algorithms on sequence-dependent setups. The 
common cycle approach results in low costs and cycle times, since the products 
are sequenced in an optimal manner to reduce the total setup time, permitting
smaller lot sizes and lower costs. They mean that the only way to use basic 
period approaches and extended basic period approaches is to use the average
setup time for each product. They also argue that the total setup time over all
products from the common cycle approach will be lower than for the basic 
period and extended basic period approach and state that there is a need to 
modify the extended basic period approaches to take account of sequence-
dependency in setup times. If this cannot be done effectively, the common cycle 
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approach may, according to Lopez and Kingsman (1991), be the best approach 
to use for production with sequence-dependent setup times in practice.

Some researchers have presented heuristics for the ELSP with sequence-
dependent setups. Galvin (1987) considers sequence-dependent setup costs and 
uses a common cycle approach. He divides the problem into two parts; finding 
the sequence and finding the common cycle time for all products given the
minimum cost sequence. He uses a branch and bound algorithm for the 
travelling salesman problem for determination of a sequence with minimum
setup cost. Maxwell (1964) assumes setup costs proportional to the setup times
and presents a heuristic procedure for determination of the best product in best
position. He starts with a common cycle and evaluates if an additional 
production run can be added to the cycle. He compares the cost of the new cycle
with the cost of the cycle before modification and then determines the best 
position of the item. The heuristic terminates when all possible positions are 
examined without finding a cycle with lower cost.

Delporte and Thomas (1977) present a heuristic, in which they determine lot 
sizes and production frequencies, generate sequences, and calculate cycle times. 
The frequency generation considers the average cost per time unit associated 
with n productions of an item in a cycle length. The heuristic starts with 
frequencies of one for all items and calculate the optimal value of the cycle
length and the resulting cost of these frequencies. Then, the heuristic increases 
the production frequency of each item, one at a time, and calculates the 
corresponding cycle length such that the new average cost per time unit of the 
individual item equals the average cost per time unit when considering the
smaller frequency. The item providing the smallest cycle length is selected and 
the frequency of that item is increased by one. This is repeated until the cycle
length exceeds a maximum cycle length, which is set, or until all frequencies
exceed one. They do not incorporate the sequence-dependency in the calculation
of frequencies. Dobson (1992) provides a solution procedure for the problem 
with sequence-dependent setup costs and times. The heuristic is based on series 
of relaxations of the original problem related to a minimum spanning tree
problem and resulting in production frequencies. The frequencies are scaled so
that the smallest frequency is one and then rounded to nearest power of two.
Computational tests showed that the difficulty of the problem increases when
machine utilization or setup diversity increases. Wagner and Davis (2002) 
develop a heuristic procedure for the problem with sequence-dependent setups. 
They start with a random sequence and evaluate all possible interchanges of two 
products using a nonlinear program. The interchange that yields the greatest cost
reduction is made. Then, they evaluate all possible interchanges of three 
products using the nonlinear program. The evaluation is made once more for all
possible interchanges of two products. This is repeated until no further 
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improvement is possible. Then, the heuristic determines the products that should
have an additional production run in the sequence by evaluating the impact of an 
additional run of each product. Evaluating each product before increasing the 
production frequency is time consuming, especially if the number of items is 
large.

2.3 Stochastic Lot Scheduling Problem 
Sections 2.1-2.2 considered deterministic demands, which most of the
approaches to the ELSP assume. However, the demand rate for goods and 
services may not always be deterministic, instead it can vary greatly, which adds 
a great deal of complexity to the problem. The problem with stochastic demands 
is denoted the Stochastic Lot Scheduling Problem (SLSP). Sox et al. (1999) 
make an investigation of the research on the SLSP and conclude that the 
deterministic version of the problem is investigated extensively within the 
literature whereas the stochastic problem is not as investigated.

In the stochastic problem, Sox et al. (1999) mean that the constrained production 
capacity must be allocated among the products and the allocation must be 
dynamic due to the stochastic demand. This leads to a competition for 
production capacity between the items. For instance, a long production run of an 
item in order to restore its inventory level could lead to shortages for the other 
items. Therefore, more safety stocks are needed in order to obtain a desired 
service level than if only one item is produced on the facility. According to Sox 
et al. (1999), inventories serve different purposes in this case. Except for 
reducing the total setup cost and the fraction of production capacity used for 
setups, it serves as a hedge against shortages due to the stochastic demand. 
Additionally, and specific for this coordinated problem, inventories serve as a 
buffer against scheduling conflicts resulting from the variations in demand.

According to Axsäter (2000), it is common to disregard stochastic demand 
variations, solve the remaining deterministic problem, and add safety stocks in a 
second step using techniques for independent items. For independent items,
safety stocks may be determined in different ways. In practice, a service level is 
often specified. There are mainly three definitions of service levels (Axsäter, 
2000):

Probability of no stockout per order cycle 
Fraction of demand that can be satisfied immediately from stock on hand 
(fill rate) 
Fraction of time with positive stock on hand (ready rate) 
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Using the first definition to determine safety stocks for a given service level, we 
may consider an (R,Q) policy where the reorder point should be determined
such that there is a certain probability, S1, for the lead time demand to be less 
than the reorder point. If the lead time demand is assumed to be normal
distributed with average μ and standard deviation D  we obtain:

DD

SSRSRLDP 1 (25)

This implies that:

1
1 SSS D (26)

1
1 S is often denoted safety factor and may be determined from a table of 

normal distribution.

In a cyclic schedule, there is a dependency between the inventory levels and lead 
times of the items produced in the same cycle. Vaughan (2003) argues that once 
a production of an item is initiated, the time until the start of the subsequent 
production of that item is a function of the current inventories of all items, as 
well as the subsequent demand for the remaining items that occurs prior to the
setup for the next production run. Altiok and Shiue (1994) also mean that there
is a high level of dependency among the inventory levels of the products in a 
single-machine multi-item environment. This is mainly due to the fact that 
having placed a request for the facility’s attention, a product will wait for it to 
complete the processing of other products if it is busy at the time of the request. 
According to Altiok and Shiue (2000), the dependency among inventory levels 
of products may cause delays for the start of a setup, which implies that the lead 
times will not be constant, instead it will vary. Silver et al. (1998) state that if 
the lead time is not known with certainty, safety stocks must be increased to 
protect against additional uncertainty. If the lead time and the demand in each
time period are assumed to be independent variables, it has been shown (e.g. 
Sivazlian and Stanfel, 1975; Ross, 1983) that the standard deviation can be 
calculated as: 

LdEdLED varvar 2 (27)

where L, with mean  and variance LE Lvar , is the length of the lead time and
d, with mean  and variance dE dvar , is the demand rate. In practice, the 
average demand rate and its variance can be obtained from the forecasting 
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system. The expected lead time can also be calculated, but the variance in lead
time is unknown and must thus be approximated in some way.

Vaughan (2003) considers the effect of correlated demands (i.e. where the 
demand of an item depends on demands for other items) for items produced 
under a cyclical scheduling policy. He conducts a simulation study where he 
tests correlated demands among items and compares that to a situation assuming
uncorrelated demands. He uses the formula of independent random variables for 
estimating the variance in total demand during an item cycle (eq. (27)) but the
variance in lead time is obtained from simulations and not estimated 
analytically. Kelle et al. (1994) extend the procedure of Doll and Whybark 
(1973) and present a heuristic for determination of production frequencies and 
cycle times taking safety stocks into account. They calculate the safety stock as 
a safety factor multiplied with the standard deviation of the demand during lead 
time. In order to estimate the standard deviation during the lead time they use
the standard deviation of the one-period ahead forecast and an empirically
estimated constant. The review of the stochastic problem made by Sox et al.
(1999) points out that it lacks a rigorous method for determination of safety 
stock levels in models where the production and inventory control are 
constructed simultaneously.

Some authors have constructed control rules in order to apply deterministic
ELSP-models to stochastic environment. For instance, Vergin and Lee (1978) 
test six different scheduling rules in a simulation study as well as Gascon et al.
(1994), who also test six different heuristics to stochastic demands. Early tests 
by Dzielinski et al. (1963) showed that a deterministic model can perform 
favourably, particularly when the solution is adapted as new forecast 
information becomes available. On the other hand, Leachman and Gascon
(1988) state that traditional cyclical approaches do not lead to satisfactory 
results under stochastic demands. In other words, there are different opinions
whether deterministic models can be used in stochastic environments.

According to Sox et al. (1999), there are two critical elements in the control 
policy of SLSP; lot sizing and sequencing. Most policies in literature use a 
dynamic lot sizing procedure where the lot size is adjusted to demand
realization. The sequencing is either fixed or dynamic. A dynamic sequencing 
simplifies the adaptation to demand realisation whereas the fixed sequencing
simplifies the scheduling of setups. When it comes to dynamic sequencing, 
Leachman and Gascon (1988) develop a dynamic cycle lengths heuristic. The 
control policy is based on the concepts of runout time, which is the expected 
time until an item runs out of stock, and total slack from the deterministic ELSP. 
The total slack is defined as the expected runout time except for setup time and 
production time. If the total slack is negative, lot sizes are reduced in order to 
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generate a schedule in which the total slack is positive. Their heuristic allows 
demand to be non-stationary. Leachman et al. (1991) improve the calculations 
of production time in Leachman and Gascon (1988). Gascon (1988) presents a 
lookahead heuristic based on the Doll and Whybark (1973) heuristic where the 
production follows target cycles. The heuristic focuses on planning the idle time 
more efficiently and avoid situations where idle time today will result in 
stockouts later on. As mentioned in section 2.1, Levén and Segerstedt (2005) 
presents, based on the heuristic in Leachman and Gascon (1988), a way to 
modify order quantities solved from traditional ELSP to obtain a feasible 
production schedule with respect to current inventory levels. Their model is also 
applicable in stochastic environments. Others with dynamic sequencing are e.g.
Graves (1980) and Qui and Loulou (1995). 

When a fixed, cyclic sequence is used, the lot sizes are varied to accommodate
to demand variation and order-up-to levels are normally used. Some authors 
have considered the stochastic part of the problem and developed solutions from 
non-linear optimization, queuing analysis, and simulations to construct control
policies. Bourland and Yano (1994) use a cyclic schedule and develop a 
planning model and a control model. In their model they use overtime in the
production. If an item reaches its reorder point during the production of the
previous item, the remainder of the production of this item is completed using 
overtime, which is more costly than normal production. The planning model
determines the cycle length, allocation of idle time, and safety stock levels. 
Gallego (1990) determines a cyclic production sequence using the results from
Gallego and Roundy (1992) for ELSP with backorder costs and presents a 
simulation-based search method for determination of safety stocks. Smits et al.
(2004) present a model for determination of order-up-to levels, given the target 
fill rates. Their model is based on queuing analysis for a fixed production 
sequence, where the demand is modelled as a compound renewal process.

Federgruen and Katalan (1996) model demand for each item as a Poisson or 
compound Poisson process. They use a fixed rotation sequence and compute
base stock levels using polling systems. The polling approach is a queuing 
model composed of a set of queues and a single server visiting the queues in a 
cyclic order. Federgruen and Katalan (1998) complement Federgruen and 
Katalan (1996) with a three-phase model resulting in production frequencies for 
each item, length of production table, and the sequence of the production lots in
the table. In practice, not only demands may be stochastic but also setup times
and production rates may vary. The research under these assumptions is limited.
The model by Federgruen and Katalan (1996) assumes uncertainties in 
production times and setup times.

35



2.4 Reverse Logistics
One area that has been subject for an increased research in recent years is
reverse logistics, even though it is not a new phenomenon. For instance, waste 
paper recycling and deposit systems for bottles are systems that have been used 
for many years. However, reverse logistics has recently become an important 
issue for many manufacturers, mainly due to legislation and customer 
expectations. Several countries have adopted environmental legislation forcing 
producers to take responsibility for the complete life-cycle of their products. 
Take-back obligations for a number of product categories such as electronics,
packaging material, and cars are some of the legislative measures taken
(Fleischmann et al., 2000). For instance, the European Parliament and the 
Council of the European Union adopted in the beginning of 2003 the WEEE 
(Waste Electrical and Electronic Equipment)-directive (Directive 2002/96/EC).
The directive was addressed to all member states of the European Union and its 
main objective was to reduce the disposal of electrical and electronic equipment.
For example, the member states shall ensure that all collected WEEE is
transported to authorised treatment facilities unless the appliances are re-used as 
a whole.

A general product recovery network includes some recurrent activities as 
collection, selection, re-processing, and disposal as was shown in figure 2. 
According to Fleischmann et al. (2000), collection contains activities for making 
used products available and transporting them to a specified point for further 
treatment. Selection includes all activities that determine if a product is re-usable 
and in what way. This step may include testing, disassembly, shredding, sorting, 
and storage. At this stage, there is a separation in the flow, the products that are 
re-usable and the products that are not re-usable for technical or economical
reasons. A product can be rejected due to excessive repair requirements or loss 
of market potential (e.g. outdating). These products are disposed of in special 
landfills. In the re-processing step, used products are transformed into usable 
products again or materials are recovered. In these steps, disassembly activities 
play an important role. Gungor and Gupta (1999) define disassembly as a 
systematic method for separating a product into its constituent parts,
components, subassemblies, or other groupings.

Fleischmann et al. (1997) states that a high level of uncertainty characterizes 
product recovery management. According to Fleischmann et al. (2000), the 
supply side is the main difference between a traditional production-distribution
system and a reverse logistics system. In a traditional system, the supply in the
sense of timing, quantity, and quality can be controlled according to the 
system’s needs. In recovery systems, supply may be more difficult to forecast. 
For instance, the number of sources of used products tends to be large compared
to the number of supply points in a traditional setting. The timing and quantity 
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of returned products are determined by the former user rather than by the 
recoverer’s requirements, which complicates the planning of collection and 
recovery. Additionally, the form of recovery needed (i.e. process steps) is often 
dependent on the product quality. Furthermore, demand for recovered products 
and materials appears to be difficult to forecast, since re-use markets are not yet 
well established. Gungor and Gupta (1999) mean that the following factors 
increase the system complexity:

Probabilistic recovery rates of parts which implies uncertainty in material 
planning
Unknown condition of the recovered parts until inspected 
Units are composed of specific and common parts and components, which 
leads to a part matching problem
Remanufacturing shop structure adds complexity
Imperfect correlation between supply of products and demand for 
remanufactured units 
Uncertainties in the quantity and timing of returned products. 

However, the network complexity depends on the specific recovery process and 
may vary. 

Fleischmann et al. (1997) make a review of quantitative models for reverse 
logistics. They note that research on reverse logistics had been confined to rather 
narrow views on single issues and divide the field into three main areas:
distribution planning, inventory control, and production planning. As indicated 
earlier, inventory control is extensively investigated in traditional production 
systems. According to Gungor and Gupta (1999), available techniques for 
conventional manufacturing environment are not always transferable to 
recycling and remanufacturing environments. Instead, applicability of available 
techniques may vary from one system to another. However, there are also
inventory control models taking returns of used products into account (for 
reviews, see e.g. Fleischmann et al., 1997; Guide and Srivastava, 1997; Gungor 
and Gupta, 1999; Guide et al., 1999). According to Fleischmann et al. (1997), 
the objective of inventory management in reverse logistics is to control external 
component orders and the internal component recovery process to guarantee a 
required service level and to minimize fixed and variable costs.  When it comes
to scheduling within the area of reverse logistics, Guide (1996) states that
scheduling in a remanufacturing environment is more complex than in a
traditional manufacturing environment, because the scheduler must deal with 
more uncertainty.
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2.5 Conclusions of the Literature Review 
The research in this thesis focuses mainly on sequence-dependent setups and 
stochastic demands. According to section 2.2, common cycle approaches have 
been successful considering sequence-dependent setups since the items are 
sequenced in an optimal manner. This reduces the total setup time, which, 
according to section 2.2, implies smaller lot sizes and lower costs. This indicates
that a fixed sequence performs better than a dynamic sequence for sequence-
dependent setups. Furthermore, according to section 2.3, order-up-to levels are 
normally used for fixed cyclic sequences if demands are stochastic. Order-up-to 
levels include safety stocks, which must be determined. When processing the
items, a decision whether to produce or stay idle must be taken if it is profitable 
to idle the facility. Therefore, inventory control of multiple items on a single
facility in a stochastic environment may include the following steps:

Determination of a fixed cyclic sequence (In which order should the items 
be processed?)
Determination of safety stocks and order-up-to levels (How many units 
should be ordered?)
Controlling the production (When should each item be processed if idle 
time is profitable?)

These steps are connected to the aspects of lot sizing, scheduling and sequencing 
discussed in section 1.5. If selected parts of the papers are combined, the 
research in this thesis will cover all of these three steps. 

2.6 Motivation for Conducted Research
Based on the literature review, the research in this thesis can be motivated
according to the following: 

Paper I 
As mentioned in section 2.4, the research on inventory control in reverse 
logistics systems is not as extensive as for production settings. A collaborative 
research project in Germany developed prototypical disassembly factories where 
household appliances, such as washing machines, were disassembled by robots, 
a process characterized by sequence-dependent setup times. Therefore, there 
was a need for research on inventory control and scheduling in a single-machine 
multi-item system with sequence-dependent setup times in a disassembly
environment, which motivates the research in paper I. The paper presents a 
model for determination of cyclic schedules for this system.
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Paper II 
Section 2.2 argues that there is a need to modify the extended basic period 
approaches to take account of sequence-dependency in setup times. Paper II 
presents a heuristic that takes account of the sequence-dependency in the 
determination of a cyclic schedule. The proposed model is an extended basic 
period approach in the sense that the cycle time is calculated from the average 
setup time and processing time of all products. 

Paper III 
As discussed in section 2.3, the demand rate for goods and services may vary 
greatly in practice but most existing literature on inventory control in single-
machine multi-item systems assumes deterministic demands. Additionally, as 
also mentioned in section 2.3, there are different opinions whether deterministic
models can be used in stochastic environments. In order to investigate this, two
deterministic models are applied to stochastic demands in a simulation study in
paper III. A control model for the decision whether to produce or idle the facility 
is also developed. 

Paper IV
Section 2.3 states that order-up-to levels are normally used when demands are
stochastic and the sequence is fixed and cyclic. Order-up-to levels include safety
stocks, which thus must be determined. As illustrated in eq. (26), safety stocks 
may be calculated from the standard deviation in lead time demand. In a cyclic 
schedule, not only the demand but also the lead times will vary due to stochastic 
demands for the other items in the same cycle as discussed in section 2.3. In 
order to calculate the standard deviation in lead time demand from eq. (27), the 
variance in lead time must be determined. Paper IV presents an approximation 
for this variance and develops a model for determination of safety stocks and 
order-up-to levels for a fixed cyclic schedule.

Paper V
In practice, not only demands but also setup times and operation times may be 
stochastic. For instance, setup times may differ due to different operators 
performing the setup. Operation times may vary for non-automatic machines or 
for machines that are not completely stable in their performance. This kind of 
variation must be handled in order to provide a certain service level to the 
customers. As section 2.3 points out, the research on these assumptions is 
limited. Therefore, paper V extends the model for determination of safety stocks 
and order-up-to levels from paper IV to include stochastic operation times and 
stochastic setup times.

In order to summarize the papers, the underlying model for paper I and II is 
presented in the next chapter. 
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3 Model Formulation
This chapter presents the underlying model for paper I and II. The definition of 
cycle time presented in this chapter is also used in paper IV and V. The model 
can be used for determination of cyclic schedules when setups are independent 
on sequence. 

3.1 Definition of Cycle Time 
Paper I and II present heuristics for determination of cyclic schedules for the
processing of multiple items on a single facility with sequence-dependent 
setups. Both papers are based on the same underlying model. To explain this, let 
us ignore the sequence-dependency in setups. Initially, a rotation cycle where all 
items appear once is considered. The cycle time is defined as the time for one 
setup and one production run for each of the N items, as illustrated in figure 7.

1 2 3 N-1 N

Rotation Cycle

= Production
= Setup

Cycle time, T

1

                       Lead time

2

Figure 7. Rotation cycle. 

The cycle time could be calculated as the sum of setup times and operation times
(which is the order quantity divided with the production rate) for all items:

N

k k

k
k p

QtT
1

(28)

The order quantity of item k should cover the demand during lead time for that 
item. In a rotation cycle, the lead time is equal to the cycle time. Therefore, the 
order quantity can be formulated as:

TdQ kk  (29)

If eq. (29) is inserted in eq. (28), the cycle time, T, would be: 
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Let us now instead assume that not all items are produced in every cycle. Then,
item k is assumed to be produced every nk-th cycle. For instance, let us consider 
the production of three items where item 1 is produced every cycle and item 2 
and 3 are produced every second cycle, illustrated in figure 8.

1 2 1 3

Cycle 1 Cycle 2 

T2

Production sequence 

Figure 8. Average cycle time.

In this case, n1=1, n2=2 and n3=2. We define the production sequence as all 
production runs and divide the production sequence into a number of cycles.
The number of cycles can be determined from the item with the highest n-value.
Then, we consider an average cycle time, T , which consists of the sum of 
average setup time and production time of all items formulated as:
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(31)

In this case, the average lead time of item k is Tnk . Therefore, the order
quantity of that item would be: 

TndQ kkk (32)

Using eq. (32) in eq. (31), the average cycle time could be calculated as:
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3.2 Setup Cost Proportional to Setup Time 
In paper I, setup cost is assumed to be proportional to the setup time. If the 
facility is used full time, all time except the time used for production will be
used for setups. As mentioned in section 2.1, the utilization of the facility is 

N
k kk pd1 , which means that the fraction N

k kk pd11 will be used for 
setups. If we denote the setup cost for the facility A, the average setup cost, SC,
would be:

A
p
dSC

N

k k

k

1
1 (34)

Accordingly, the holding cost would be:
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2
1 (35)

The total cost is the sum of setup cost and inventory holding cost:
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Using the expression for T from eq. (33) and differentiating the total cost with 
respect to ni, the production frequency of item i would be:
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(37)

ni should be integers. In paper I, a PoT policy is used, implying that ni is 
rounded to powers of two.

Determination of profitable use of facility 
In some cases where setup costs are high, it would be beneficial to idle the
facility between the processing of one item and the setup to next item. In this 
case, the average cycle time would be extended as shown in figure 9.
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Cycle 1 Cycle 2 

fT2

Figure 9. Average cycle time for a production sequence with idle time.

The insertion of idle time can be seen as an increase in setup time and a decrease 
in production rate. We introduce f as the fraction of time the facility is busy, 
either by setup or processing. This would result in the following extended
average cycle time:
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N
k kk pd1  is the fraction of time the facility is used for processing. Then, 

N
k kk pdf 1  must be used for setups. This and eq. (38) are used in eq. (36), 

which results in a new total cost function: 
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Eq. (39) can be differentiated with respect to f, which results in the profitable 
use of the facility as: 
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Determination of the profitable use of the facility is interesting from a practical 
point of view, since many industries may try to run their machines as much as 
possible due to high investments in the machines. Eq. (28)-(40) are the
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underlying assumptions for paper I, which is extended to incorporate sequence-
dependent setup times in disassembly processes.

3.3 Setup Cost not Proportional to Setup Time
Paper II assumes instead that setup costs are not directly proportional to setup 
times. Then, we would have a setup cost, Ak, for each setup to item k, which
implies the following total average setup cost:

N

k fk

k
Tn
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1

(41)

The holding cost, HC, would remain as eq. (35) but T  is changed to fT . Then, 
the total cost expression would be:
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Using the expression for the average cycle time from eq. (38) results in an 
expression for the total cost as:
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We can then differentiate eq. (43) with respect to f and get the optimal profitable
use of the facility: 
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Inserting eq. (44) in eq. (43) results in the total cost as:
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A power-of-two policy is used and the effect on total cost if the frequency of an 
item is doubled is investigated. Then, we let ni 2ni in eq. (45) and get the new 
total cost: 
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We can calculate the change in total cost as the difference between eq. (46) and 
eq. (45). This difference is calculated for all items and the frequency of the item
with the largest absolute value of the items with a negative value is doubled. 
This is continued until all items have positive values and the total cost cannot be 
further decreased or until ni>1 for all i.

When the frequencies are determined, the optimal f should be calculated from
eq. (44). If f >1, it is profitable to shorten the cycle, which is not possible and the 
frequencies are not realizable. Then, we let f=1 and evaluate the change in cycle
time and total cost if a frequency is doubled. This would change the average
cycle time from N

k kk
N
k kkn pdntT

i 11 1 to
N
k kkik iikkn pdntntT

i 12 12 . As shown in appendix B, if the 
difference in cycle time due to the change in frequency is calculated, we would 
get the change in average cycle time as:
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Additionally, if the frequency of item i is doubled, the average setup cost would 
change from N

k nkk i
TnA1  to ik nkknii ii

TnATnA 222 . As shown in 
appendix B, the change in setup cost would be: 
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Finally, the holding cost would change from N
k kkkknk pdhdTn

i1 15.0 to

iiiiniik kkkknk pdhdTnpdhdTn
ii

115.0 22 . Appendix B also shows 
that the change in holding cost would be:
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Then, the change in total cost would be the sum of the change in setup cost and 
inventory holding cost as: 

iii HCSCTC (50)

The change in total cost by doubling the production frequency can be 
determined for each item. The frequency of the item reducing the total cost the 
most is doubled. This is repeated until the total cost cannot be decreased further 
or until ni>1 for all i. This is the underlying model for paper II, which 
incorporates sequence-dependent setups.

In order to test the model it is applied to the items in table 1. We start with 
frequencies of 1 and evaluate the change in total cost if a frequency is doubled. 
The solution of the heuristic procedure would be: 

Table 12. Heuristic solution.
Item A Item B Item C 

ni 1 1 1
ii nn TCTC2 -2.80 -3.55 23.53

ni 1 2 1
ii nn TCTC2 -4.95 10.93 11.17

ni 2 2 1
ii nn TCTC2 -0.88 8.28 8.50

ni 4 2 1
ii nn TCTC2 2.86 6.36 6.57

The final solution would have f=0.723 and a cycle time of 1.48 time units. The 
total cost would be 115.03 SEK/time unit and the idle time would be 

fTfn 1max 4·(1-0.723) ·1.48=1.64 time units. This solution coincides with 
the solution using the extended basic period approach by Haessler (1979) in 
table 8. When the frequencies are determined, a schedule with nmax cycles can be 
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created. The items are then placed from their frequencies (all items with ni=1 are 
placed in all cycles, ni=2 every other cycle etc.).

In paper IV and V the sequence is assumed to be given, but the calculation of 
average cycle time from eq. (33) and eq. (38) is used. When a sequence is 
created using the model presented in this section or in paper I or II, the models
presented in paper IV and V can be applied to determine safety stocks and order-
up-to levels if demands, setup times and/or operations times are stochastic. The 
five papers are summarized in the next chapter. 
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4 Summary of Papers
This chapter presents a summary of each of the five papers appended to this 
thesis. The chapter ends with a co-author statement. 

4.1 Paper I: Cyclic Lot Scheduling with Sequence-Dependendent 
Set-Ups: A Heuristic for Disassembly Processes 

Paper I considers a single-machine multi-item system with sequence-dependent 
setup times in a disassembly environment and presents a heuristic for 
determination of cyclic schedules. It is assumed that the setup costs are linear to 
the setup times. Used items return to disassembly with known and constant 
return rates and disassembly rates are deterministic. All returned items are 
assumed to be in good shape, which implies that they do not create any trouble 
during disassembly. The paper also assumes that the demand rates for 
disassembled parts are greater than item return rates. In general, if the return 
rates are greater than demand rates for disassembled parts the excess items will 
be disposed of. Then, the inventory of disassembled parts should be controlled 
so that the demands are met. That situation can be seen as a production planning 
system and algorithms for such a problem can be used. Therefore, it is assumed 
that the demand for disassembled parts is greater than the return rate. Then, the 
inventory to control is the inventory of returned items. One special case of this is 
legislation driven disassembly, which implies that all returned items must be
disassembled and recovered.

The heuristic starts with a rotation cycle, minimizing the total sequence setup 
time. The heuristic is then based on the change in setup time if an item is not 
processed in a cycle. Let the items be numbered from their appearance in the
rotation cycle and define ti,j as the setup time from item i to item j. Then, if item 
i is not produced in a cycle, the setup time will be reduced with: 

1,11,,1 iiiiiii tttt (51)

If we assume that item i is processed in every ni:th cycle, the total average
reduction in setup time will be: 

i
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n
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1
(52)

The average cycle time will also be changed. Eq. (30) shows that the cycle time
is dependent on the total setup time of the rotation cycle. If setups are assumed
to be sequence-dependent, the total setup time of the rotation cycle would be 
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1

1 1, N
N
k kk tt . Then, the total average reduction in setup time in eq. (52) 

must be subtracted from the sequence setup time and the average cycle time
becomes:
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This average cycle time is used in eq. (36) to determine the total cost, which is 
differentiated with respect to ni. From this, the disassembly frequencies can be 
determined. Furthermore, similar to eq. (38)-(40), the heuristic determines the 
profitable use of the facility. The frequencies and idle time are then used to 
create a cyclic schedule where some items are disassembled less frequently than 
others. A numerical example shows that the heuristic has positive economic
effects on the sum of inventory holding costs and setup costs compared to a 
common cycle approach if the items differ with respect to cost structure, 
machine utilization and setup times. The heuristic presented in the paper can
easily be applied to production settings if setups are sequence-dependent. 

4.2 Paper II: A Heuristic for Cyclic Lot Scheduling with Sequence-
Dependent Setups 

Paper II considers a single-machine multi-item system where setups are 
sequence-dependent, but the setup costs are not directly proportional to the setup 
times as assumed in paper I. This could be the case when setups result in wastes 
of material. The paper considers production settings and presents a heuristic 
procedure for determination of cyclic schedules. The heuristic determines the 
rotation cycle, production frequencies, idle time, and the production sequence. 
To determine frequencies, the model considers the effect in total cost based on 
the change in setup time and setup cost if an item is not processed in every
cycle. The reduction in setup time is determined as in eq. (51)-(52) and the cycle
time as in eq. (53). In this case, not producing an item in a cycle will also change 
the setup cost. The reduction in setup cost can be determined analogous to eq. 
(51):

1,11,,1 iiiiiii AAAA (54)

where Ai,j is the setup cost from item i to item j. Analogous with eq. (52), the
total average reduction in setup cost will be: 
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Eq. (55) must be subtracted from the total setup cost of the rotation cycle and 
inserted in the total cost expression, which implies:
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where T is equal to eq. (53). Similar to eq. (38) and (42)-(44) we can consider 
the total cost when idle time is profitable. Then, the frequency of each item can 
be determined from an evaluation of the change in total cost if the frequency of 
item i is doubled, i.e. ni 2ni, analogous with eq. (45)-(50). When the 
frequencies and idle time are determined, the items are sequenced from the
initial rotation cycle. Also in this paper, a numerical example shows that the 
heuristic has positive economic effects, compared to common cycle approach, if 
the items differ with respect to cost structure, machine utilization and setup 
times.

4.3 Paper III: Lot Sizes in a Capacity Constrained Facility - A 
Simulation Study of Stationary Stochastic Demand 

In paper III, two deterministic models (Bomberger’s (1966) dynamic
programming approach and a heuristic method from Segerstedt (1999c)) are 
applied to stationary stochastic demands in a simulation study. The two models
are used to calculate the lot sizes of four items. The production of these items is 
simulated with different variations in demand. In order to resemble a practical 
situation, a forecasting system is used in the simulation study, even though the
average demand rates are stationary.

To be able to simulate the production of items over time, a decision of which 
item to produce must be taken. Bomberger (1966) does not give any suggestion 
how to identify this item, whereas Segerstedt (1999c) suggests that the item that 
first will run out of stock should be produced (i.e. the item with smallest runout
time). Furthermore, if the items are produced constantly, the inventory levels 
will increase unrestrainedly due to excessive capacity. Therefore, the
deterministic models must be complemented by a model deciding when to 
produce the items and when to idle the facility. This decision is based on an 
investigation of the runout times (i.e. the current inventory level divided with 
expected demand rate) of the individual items. If the runout time of an item is 
less than the expected time until start of production (including a safety time) of 
that item, the production starts immediately, otherwise the facility is idled. For 
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the item with the smallest runout time (which is to be produced next), the
criteria for starting production would be:

d
tStRO 1

1
(57)

where RO is the runout time and  is the forecasted standard deviation of the 
demand rate. The lead time for next item to produce is the setup time t. In order 
to avoid stockouts, this condition must be investigated for all items. If only the
next item to be produced is considered, we may end up in a stockout situation 
illustrated in figure 10. 

Time

Inventory

ROP 1 

Item 2 

Item 1 

ROP 2 

Figure 10. Stockout situation (ROP=Reorder point). 

In figure 10, item 2 will run out of stock during the production of item 1, which 
may happen if only the runout time of item 1 is considered. Therefore, the 
runout times of all items must be considered. For the consecutive items, the lead
time will be longer and t should be exchanged to the lead time of each item in 
eq. (57). It should also be considered that some item may be produced multiple
times before all items are produced. This gives a number of equations analogous 
to eq. (57) and production starts if at least one is fulfilled. Then, the production 
of the item with the smallest runout time is advanced as illustrated in figure 11.

ROP 2 

ROP 1 

Item 1 

Item 2 

Inventory

Time

Figure 11. Effect of the decision model.
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The decision model implies a dynamic production sequence due to the variations 
in demand rates. The model is used for the simulation with both Bomberger’s
dynamic programming approach and Segerstedt’s heuristic method. 

The two models perform rather similarly in the study, although the model from 
Bomberger (1966) is rather restrictive compared to Segerstedt (1999c) due to the 
restriction that the basic period should be long enough to accommodate the 
production of all items (for instance, Segerstedt (1999c) finds a better solution to
the problem introduced in Bomberger (1966)). This indicates that the model for 
determination of lot sizes may be of less importance than the decision rule for 
identification of the item to produce and when to produce it.

4.4 Paper IV: Determination of Safety Stocks for Cyclic Schedules 
with Stochastic Demands

Paper IV considers a single-machine multi-item system where items are
produced in a fixed cyclic sequence and demands are stochastic. As mentioned 
in section 2.3, the variance in lead time must be determined in order to calculate 
safety stock levels from the standard deviation in lead time demand for a cyclic 
schedule. This paper presents an approximation for this variance and a model for 
determination of safety stocks and order-up-to levels.

Each item is assumed to have its own stockpoint, at which demands arrive 
normally distributed. Safety stocks are held to provide a desired service level,
defined as the probability of no stockout per order cycle. The paper shows that 
the variance in lead time of item i can be approximated as:
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(58)

where i is a factor representing the stochastic dependency between the length of 
the different periods and thus between the different lead times. ][TE  is the 
expected average cycle time from eq. (33) and Tvar  its variance. Then, the
variance in lead time is approximated but the variance in cycle time is now 
unknown and must be approximated. The paper shows that it can be 
approximated as: 
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Eq. (59) is used in eq. (58), which then is used in eq. (27) and eq. (26) to 
determine safety stock levels. In a fixed production sequence, an item can be 
produced more than once. This may imply different lead times for the different 
production runs of an item, which results in different standard deviation in 
demand during the lead times and thus different safety stocks. This could be 
inconvenient in practice and the longest lead time of each item is thus used in 
eq. (58).

Analogous with chapter 3, two types of systems are considered. Above, a system
with full time production was considered. For a system with idle time, the idle
time implies flexibility, which can be used to handle some of the variations.
Paper IV approximates that idle time can be used to handle variation in cycle 
time in the interval fTxfT ff 11  as illustrated in figure 12.

Figure 12. Interval where idle time is used to handle variations.

ffTE 1 ffTE 1

Outside this interval, variations must be handled by safety stocks. Paper IV
shows that the variance in cycle time that must be handled by safety stocks can 
be approximated as:

T
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aaTT f

var
var2

var
1var2var 2  (60) 

where fTa f 1 . In systems with idle time, eq. (60) should be used in eq. 
(58) and then in eq. (27) and eq. (26) to determine safety stocks. The order-up-to 
levels are then determined as the safety stock plus the demand during the time 
until next production run of the item. As considered in paper III, a decision 
when to produce and when to idle the facility must be taken in systems with idle 
time. The decision model from paper III is further developed in paper IV. The 
approximations are tested in a simulation study.
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As mentioned in section 2.3, it is common to add safety stocks in a second step
using techniques for independent items. As a comparison, a simulation study is 
performed in paper IV using a model for independent items to calculate safety 
stock levels (i.e. eq. (27) with var(L)=0). The simulation study using this model
results in average service levels that are much below the target.

4.5 Paper V: Determination of Safety Stocks for Cyclic Schedules 
with Stochastic Operation Times and Setup Times 

Paper V extends paper IV to include stochastic setup times and operation times,
since not only demands but also setup times and operation times may vary in 
practice. The paper considers both systems with full time production and 
systems with idle time. Eq. (59) is extended to include the variation in operation 
times and setup times as: 
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where oi is the operation time. For systems with idle time, eq. (60) should still be
used but eq. (61) should be inserted instead of eq. (59). Safety stocks and order-
up-to levels are determined in the same way as in paper IV and the control 
model is also applied. The model is tested in a simulation study for stochastic 
operation times, setup times, stochastic demands, and combinations thereof.

4.6 Co-Author Statement
The papers in this thesis are the result of a project, in which several researchers
have been involved.

Paper I is co-authored with Assistant Professor Rolf Forsberg. The idea for the
paper came up from a German research project entitled Disassembly Factories, 
in which the author of this thesis took part during a research visit. Ass. Prof.
Rolf Forsberg provided the basic ideas of the model and the author of this thesis 
developed and tested the heuristic. The author of this thesis wrote the paper 
while Ass. Prof. Rolf Forsberg commented on it. 

The author of this thesis wrote paper II as the sole author.

Paper III is co-authored with Professor Anders Segerstedt and Ph.D. Student 
Erik Levén. It contains a simulation study, which was jointly developed and 
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programmed by the author of this thesis and Ph.D. Student Erik Levén. The 
author of this thesis developed the decision model, conducted the simulation
study and wrote the paper while the co-authors commented on the paper.

Paper IV is co-authored with Ass. Prof. Rolf Forsberg. He provided the basic 
scientific ideas for the approximation of variance due to stochastic demands 
while the author of this thesis concentrated on the decision model for the
decision whether to stay idle or not. The author of this thesis programmed and 
conducted the simulation study. The author of this thesis wrote the paper while 
the co-author commented on it. 

Paper V is also co-authored with Ass. Prof. Rolf Forsberg. The basic scientific 
ideas for the approximation of variance due to stochastic operation times and 
setup times were developed jointly. The author of this thesis programmed and 
conducted the simulation study. The author of this thesis wrote the paper while 
Ass. Prof. Rolf Forsberg commented on the paper. 

56



5 Conclusions and Extensions 
The final chapter presents the conclusions of the research project, discusses the 
conducted research and points out some future research possibilities. 

5.1 Conclusions 
This thesis has considered single-machine multi-item systems and provided 
several models for inventory control in such systems. The objective was to
develop and evaluate models for inventory control and scheduling in single-
machine multi-item systems. All papers as well as chapter 3 in the introductory 
part develop and/or evaluate models for inventory control and scheduling in 
single-machine multi-item systems and the objective is hence fulfilled. 
Furthermore, the aim was to present results that contribute to the general 
scientific discussion and at the same time striving for models that are applicable 
in practice. This is an important but also difficult trade-off. Three of the papers 
have been accepted for publication in scientific journals, which indicates that 
they may contribute to the general scientific discussion. When it comes to the
practical applicability, some of the presented models are straightforward 
heuristics that should not be too complicated to apply in practice whereas some 
parts of the presented models may be more complicated for practitioners to 
implement.

The appended papers contribute in different ways. Paper I provides a model for 
cyclic scheduling from a reverse logistics point of view. This model can also 
easily be applied to production settings with sequence-dependent setups. Paper 
II extends the model in paper I to more general settings, i.e. setup costs not 
directly proportional to setup times, which increases the practical value of the 
model. Compared to a common cycle approach, numerical results indicate that 
the models in paper I and II would have positive economic effects on the sum of 
inventory holding costs and setup costs if the items differ with respect to cost 
structure, machine utilization and setup times. These models also enable a 
calculation of the profitable use of the facility, which is interesting in practice 
since many companies may try to run their machines as much as possible due to 
high investments in the machines. 

Furthermore, chapter 3 shows how frequencies can be determined when setups 
do not depend on the sequence. This implies that the models presented in 
chapter 3, paper I, and paper II can be used to determine cyclic schedules for 
cases of setups independent or dependent on sequence and setup costs directly 
proportional or not proportional to setup times. As shown in section 1.2, single-
machine multi-item systems can be found in a variety of industries and these 
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models may thus be used to create cyclic schedules in many different practical 
applications.

Paper III-V all consider stochastic environment. Paper III tries to resemble a 
practical situation, which makes the contribution of this paper interesting from a
practical point of view. The paper concludes that deterministic lot sizing models
must be complemented by a control model in order to decide the sequence 
(which item to produce) and the schedule (when to produce the items). The two 
models perform rather similarly in the study even though they differ
theoretically, which indicates that the model for determination of lot sizes may
be of less importance than the control model for identification of the item to 
produce and when to produce it. Therefore, in practice, it is important to base 
the production on a well-performing control model to decide whether to produce
or idle the facility. 

Paper IV complements the models in paper I and II so that these can be applied 
to stochastic demands, which is common in practice, and increases thus the 
practical usefulness of the models. Furthermore, paper IV contributes 
theoretically since it presents an approximation of the variance in lead time for a 
cyclic schedule. Another contribution in paper IV is the simulation study using a 
model for independent items, which results in service levels that are much below 
the target. Therefore, it can be concluded that the model for independent items
should not be used for determination of safety stocks for cyclic schedules since 
it will not provide the target service level. This is interesting both from a 
theoretical and a practical point of view. Paper V extends the model in paper IV
to more general settings, which increases the practical value of the model.

There are syntheses if the papers in the thesis are combined. In section 2.5, 
inventory control of multiple items on a single facility in a stochastic 
environment was divided into the following steps:

Determination of a fixed cyclic sequence (In which order should the items 
be processed?)
Determination of safety stocks and order-up-to levels (How many units 
should be ordered?)
Controlling the production (When should each item be processed if idle 
time is profitable?)

Combining selected parts of the papers would provide a model that considers all 
of these steps. Outgoing from the characteristics of the setups, a cyclic sequence
can be determined using the models in paper I, II or in chapter 3. When the 
sequence is created, the planning model in paper IV can be applied in order to 
determine safety stocks and order-up-to levels considering stochastic demands. 
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Furthermore, if it is profitable to idle the facility some fraction of time (this 
decision can be made from the models in paper I and II), the control model
presented in paper IV can be used to control the production. If the facility faces
stochastic setup times and/or stochastic operation times instead of only 
stochastic demands, the planning model presented in paper V could instead be 
used to determine safety stocks and order-up-to levels. To summarize, if chapter 
3, paper I, II, IV, and V are combined, one would get models for planning and 
controlling the production of multiple items on a single facility in a fixed cyclic
sequence for the following situations:

Setup times independent of sequence 
Sequence-dependent setup times – setup cost proportional to setup times
Sequence-dependent setup times – setup cost not proportional to setup 
times
Stochastic demand rates 
Stochastic operation times 
Stochastic setup times 

Then, it is possible to provide answers to the questions considering the number
of units to process, when and in which order to process them, which, in section 
1.5, were defined as central for inventory control in single-machine multi-item
systems.

As mentioned in section 1.2, it is, in practice, common to choose cyclic 
schedules manually without using mathematical techniques. As illustrated in the 
introductory part, the total cost could be decreased with 10 per cent simply by 
applying a mathematical model instead of a manual ad-hoc solution. In practice, 
companies may also be able to reduce costs by using mathematical models
instead of manual solutions. Many companies use computerized Enterprise 
Resource Planning (ERP)-systems as aids in their business. Theoretical models
of the kind presented in this thesis could preferably be implemented in such 
systems.

5.2 Discussion 
This thesis has focused on inventory control and scheduling problems in single-
machine multi-item systems. The problems have been approached with 
mathematical modelling techniques, in some cases complemented with 
simulation studies. The work with paper I, II, IV, and V has started with 
formulation of a relevant problem along with a set of assumptions. Then, a 
mathematical model has been developed and analyzed. In paper IV and V, the 
developed model has also been tested in a simulation study. Paper III differs in
the way that no new model formulation was made; instead existing models were 
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tested. One weakness of the method is that the usefulness of the results is 
sensitive to the assumptions that are made. If the model does not include the
main characteristics of the considered system, it may not be possible to transfer 
the results into practice. In this research, the models are generally based on 
standard assumptions commonly seen in inventory theory. 

The research has mainly implied development of heuristic procedures. One 
alternative could be to use analytical approaches such as dynamic programming, 
but as mentioned in section 2.1, the solution of a large ELSP-problem seems to 
be out of reach for analytical approaches. Therefore, heuristic solutions need 
less computational effort and are hence more applicable in practice.

In all papers the models have been tested to different series of data. The choice 
of these data sets can always be discussed and different data may have implied
different results. When possible, more than one set of data have been used. 
Estimating times and costs needed for these models may not only be difficult 
theoretically but also in practice, especially considering sequence-dependent 
setup times. Measurements of these are necessary in order to apply theoretical
models. Providing statistics could be facilitated by regular use of and correct 
registering to the ERP-systems. It could also be mentioned that the total cost 
function often is relatively flat at optimum, indicating that small deviations from 
correct values in the models may not result in a too big increase in total cost. 
However, one should always try to use as correct data as possible. 

5.3 Future Research Possibilities
In this thesis single-machine multi-item systems have been considered for some
specific assumptions. Of course, changing these can always lead to areas of
further research. The area of ELSP is already extensively investigated in the 
literature and future research should preferably consider stochastic 
environments. For instance, an extensive comparison of dynamic and fixed 
sequencing in stochastic environments would be of interest in order to 
investigate under what circumstances they may best be used. The research 
within the area of reverse logistics is relatively new and contains many future 
research possibilities. For instance, an extension of the model presented in this 
thesis to include the inventory of disassembled parts would be of interest. The 
models presented in this thesis should also be tested in practice, which can be 
another area of further research.

The problem of inventory control in a single-machine multi-item system exists 
in a variety of industries. Obviously, although there is an extensive research on 
the ELSP, the models are not widely used in practice. The reason for this should 
be investigated, but one reason for the low practical use may be due to the 
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mathematical skill that is needed for implementation and use of these models.
Increasing the practical usefulness and making practitioners aware of the
theoretical models in order to increase the practical use may be the most
important challenge for researchers and practitioners together. No doubt, a more
extensive use of theoretical models would increase the profitability in many 
industries. Then, the objective to get the right goods or services to the right 
place, at the right time, and in the desired condition, while making the greatest
contribution to the firm, will be reached more effectively.
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Appendix A – Notations

A Setup cost per time unit (SEK/time unit) 
Ai Setup cost for item i (SEK) 
Ai,j Cost for setup from item i to item j (SEK)

Ai Reduction in setup cost if item i is passed over (SEK) 
Atotal Total reduction in setup cost (SEK) 

bi Power-of-two multiple
Ci Total cost of item i (SEK/time unit) 
Ci(ni,W) Total cost of item i dependent on ni and W (SEK/time unit) 
C Total cost (SEK/time unit) 
C(ni,W) Total cost dependent on ni and W (SEK/time unit) 
di Demand rate for item i (units/time unit) 
D(L) Lead time demand (units) 
E[d] Expected demand rate (units/time unit) 
E[L] Expected lead time (time units) 

][TE Expected cycle time (time units) 
EOQi Economic order quantity of item i (units) 
f Fraction of time the facility is busy 
Fk( ) Minimum cost of producing remaining N-k items in time  (SEK/time 

unit)
hi Holding cost for item i (SEK/unit & time unit) 
HC Total holding cost (SEK/time unit) 

iHC Change in holding cost if the frequency of item i is doubled (SEK/time 
unit)

Li Lead time of item i (time units) 
ni Production frequency (multiple) of item i

in Nearest lower integer of Ti
*/W

in Nearest higher integer of Ti
*/W

nmax Maximum frequency of the items
N Number of items considered 
oi Operation time for item i (time units/unit) 
pi Production rate for item i (units/time unit) 
Qi Order quantity of item i (units) 
R Reorder point (units) 
RO Runout time /time units) 
S1 Probability for the lead time demand to be less than the reorder point 
SC Total setup cost (SEK/time unit) 

iSC Change in setup cost if the frequency of item i is doubled (SEK/time 
unit)

SS Safety stock level (units) 
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ti Setup time for item i (time units) 
ti,j Setup time from item i to item j (time units) 

ti Reduction in setup time if item i is passed over (time units) 
ttotal Total reduction in setup time (time units) 

Ti Cycle time of item i (time units) 
T Common cycle time (time units) 
T Average cycle time (time units) 

fT Average cycle time in systems with idle time (time units) 

iT Change in cycle time if the frequency of item i is doubled (time units) 
TC Total cost (SEK/time unit) 
TCf Total cost for systems with idle time (SEK/time unit) 

iTC Change in total cost if the frequency of item i is doubled (SEK/time 
unit)

var(d) Variance in demand rate
var(L) Variance in lead time
var(T ) Variance in cycle time
var( fT ) Variance in cycle time that must be handled by safety stocks in 

systems with idle time 
w Time used for production of items 1 to k-1 (time units) 
W Basic period (time units) 
Xij Binary variable indicating if item i is to be produced during the jth

cycle
Average lead time demand (units) 

i Factor representing the stochastic dependency between the length of 
the different periods 
Forecasted standard deviation of the demand rate

D Standard deviation in lead time demand
Time for producing the remaining N-k items (time units) 

1
1 S  Safety factor
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Appendix B – Analysis of Frequency Change 

Change in Cycle Time 

If the frequency of item i is doubled, we would change the average cycle time 
as:
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Then, the change could be calculated as the difference between
inT2 and

inT  as:
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Change in Setup Cost 

If the frequency of item i is doubled, we would change the average setup cost as:
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Then, the change could be calculated as the difference between new and the old
setup cost as: 
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From eq. (B.2) we get:
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Then, using eq. (B.1), eq. (B.5) and eq. (B.6) in eq. (B.4) we get:
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Change in Holding Cost 

If the frequency of item i is doubled, we would change the average holding cost
as:
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Then, the change could be calculated as the difference between new and the old
holding cost as: 

N

k k

k
kknk

ik k

k
kknk

i

i
iini p

dhdTn
p
dhdTn

p
dhdTnHC

iii
1

22 1
2
11

2
11

N

k k

k
kknk

N

k k

k
kknk

i

i
iini p

dhdTn
p
dhdTn

p
dhdTn

iii
11

22 1
2
11

2
11

2
1

N

k k

k
kkknn

i

i
iini p

d
hdnTT

p
d

hdTn
iii

1
22 1

2
11

2
1  (B.9) 

We use eq. (B.1) and eq. (B. 2) in eq. (B.9) and get:
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Cyclic lot scheduling with sequence-dependent set-ups:

a heuristic for disassembly processes
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The importance of material and product recovery is steadily increasing, mainly
due to customer expectations and take-back obligations. Disassembly is a major
operation in material and product recovery, since returned products are often
disassembled to separate materials and components. The paper considers the
problem of scheduling several items on a single disassembly facility. It develops
a cyclic lot-scheduling heuristic for disassembly processes with sequence-
dependent set-ups, resulting in disassembly frequencies for the items. Addition-
ally, the way the problem is formulated allows calculation of the profitable use of
the facility. The disassembly frequencies and the profitable use of the facility are
used to create a cyclic schedule.

Keywords: Scheduling; Disassembly; Cyclic schedule; Sequence-dependent set-

ups; Reverse logistics; Remanufacturing

1. Introduction

From a logistical perspective, reuse activities give rise to an additional flow of goods
from the consumer to the producers. The management of this flow, opposite to the
traditional supply chain, is the concern of reverse logistics (Fleischmann et al. 2000).
This is not a new phenomenon. For example, waste paper recycling and deposit
systems for bottles are systems that have been used for many years. However, reverse
logistics has recently become an important issue for many manufacturers, mainly
due to legislation and customer expectations. Several countries have adopted
environmental legislation forcing producers to take responsibility for the complete
life cycle of their products. Take-back obligations for products such as electronics,
packaging material and cars are some of the legislative measures taken. For instance,
the European Union has adopted a Directive (2002/96/EC) stating that all Member
States should ensure that collected waste electrical and electronic equipment is
transported to authorized treatment facilities unless the appliances are reused as a
whole. Furthermore, customer expectations of ecologically harmless products force
companies to reduce the environmental burden of their products.
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According to Thierry et al. (1995) returned products can be resold directly,
recovered or disposed of in special landfills. Due to the stricter environmental
legislation and an economic advantage in recovering products rather than the
disposal alternative, product recovery has emerged as an important research area
in recent years (for overviews, see Fleischmann et al. 1997, Gungor and Gupta 1999).
Gungor and Gupta make a categorization of the recovery process into material
recovery (recycling) and product recovery (remanufacturing). Material recovery
mostly includes disassembly for separation and processing of materials of used
products. The main purpose is to minimize the amount of disposal and maximize
the amount of materials returned back into the product cycle. Product recovery
includes disassembly, cleaning, sorting, replacing or repairing components, recondi-
tioning, testing, reassembling and inspecting (Gungor and Gupta 1999). A more
detailed classification of the recovery options is repair, refurbishing, remanufactur-
ing, cannibalization and recycling. For the definitions and differences of these, see
Thierry et al. (1995).

As can be seen, disassembly activities take place in various recovery operations.
Gungor and Gupta (2001) define disassembly as a systematic process of separating
a product into its constituent parts, components, subassemblies or other groupings.
Disassembly has become an important research area in recent years. For instance,
a collaborative research centre in Germany develops prototypical factories for dis-
assembly of household appliances (Sonderforschungsbereich 281, 2004). In these
factories, several different products are disassembled by robots, characterized
by sequence-dependent set-ups. For this kind of recovery processes, there is a need
for scheduling principles. Although scheduling in ordinary production systems is an
area that is extensively investigated in the literature, the research on scheduling in
remanufacturing and recycling environments is limited.

Guide (1996) states that scheduling in a remanufacturing environment is more
complex than in a traditional manufacturing environment because the scheduler
must deal with more uncertainty. Guide applies a Drum–Buffer–Rope concept to
a remanufacturing environment in a simulation study. Gupta and Taleb (1994)
introduce an algorithm that reverses the materials requirements planning (MRP)
procedure to be applied to a product structure where demand is on the component
level. Perry (1991) examines the impact of lot sizes and lead times on performance
and costs for 13 remanufacturers and concludes that a strong motivation to minimize
remanufacturing lot sizes and lead times distinguish efficient remanufacturing opera-
tions. Guide et al. (1997) evaluate disassembly release mechanisms and priority
dispatching rules in a simulation study. Brander and Sommer-Dittrich (2003)
show in a simulation study that cyclical planning is preferable in disassembly pro-
cesses with sequence-dependent set-up times.

For traditional production planning problems, many researchers have developed
solution methodologies for solving the classical economic lot-scheduling problem
(ELSP) (for reviews, see Elmaghraby 1978, Lopez and Kingsman 1991). ELSP is
similar to the problem considered in this paper since it concerns scheduling several
different items on a single machine, but from a production point of view. The
objective of ELSP is to determine the lot size and the production schedule of
each item minimizing the total cost with respect to set-up cost and inventory holding
cost.

In the context of the ELSP, items are often scheduled within basic periods, which
is a time interval devoted to set-up and production of a subset (or all) of the items.
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The solution is the set of multipliers and the basic period in which each item is

produced. Many researchers have developed power-of-two (PoT) policies, where

each production frequency is a multiplier of two, for the design of production

schedules (e.g. Segerstedt 1999). According to Yao and Elmaghraby (2001), there

are several reasons for applying PoT policies, from both theoretical and practical

perspectives. One is that the worst-case bounds for PoT policies are reasonably tight.

For instance, Roundy (1989) and Federgruen and Zheng (1993) provide a 98%

bound. PoT policies also simplify the construction of cyclic schedules.

This paper considers sequence-dependent set-up times. Some researchers have

considered sequence-dependent set-up times in production settings. Haase and

Kimms (2000) develop a mixed-integer-programming model. Dobson (1992)

provides a heuristic solution procedure. A Lagrangian relaxation and solving of

a minimum spanning tree problem result in production frequencies that are then

used to find heuristic solutions for the problem. However, these algorithms are not

directly applicable to disassembly settings. Therefore, this paper develops a lot-

scheduling heuristic for disassembly processes with sequence-dependent set-ups.

2. Notations, definitions and assumptions

N items are considered and the following notations are introduced:

C set-up cost for disassembly line (E/time unit),

dk disassembly rate of item k (units/time unit),

f fraction of time the disassembly line is busy (set-up or disassembly),

l¼ full time,

hk holding cost of item k (E/unit and time unit),
~nnk disassembly frequency of item k,

rk return rate of item k (units/time unit),

tj,k set-up time from item j to item k (time units),

tseq total set-up time of a sequence where all items appear once (time units),

�tk saving in set-up time when item k is not disassembled in a cycle (time units),

T cycle time (time units),

Qk order quantity of item k (units).

The following definitions are introduced.

Definition 1: Ordered set seq :¼ ði1, i2, . . . , iNÞ is a sequence of N different items

where i1 is said to be the first and iN the last item of sequence.

Definition 2: Let index k represent the position of an item in the initial sequence

where all items appear once.

Definition 3: Set-up time of the sequence is given by tseq ¼PN�1
k¼1 tk, kþ1 þ tN, 1.

Definition 4: Consider two feasible sequences seq and seq0 with the ordered sets

ði1, i2, . . . , iNÞ and ði01, i02, . . . , i0NÞ. seq dominates seq0 if tseq<tseq0 and is optimal if

there exists no sequence seq00 that dominates seq.

Remark: The computation of an optimal sequence is a travelling salesman type

of problem. There are solution procedures for this problem, which work in a reason-
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able time, and one of these can be used for determination of a near-optimal
sequence.

The problem considered is characterized by the following assumptions:

. Only one item can be disassembled at a time.

. Return rates are deterministic and constant.

. Disassembly rates are deterministic and constant.

. Inventory holding costs are directly proportional to inventory levels.

. Set-up times are dependent of sequence.

. Set-up costs are directly proportional to set-up times.

. Demand rates for disassembled parts are greater than item return rates.

The assumption of deterministic and constant disassembly rates also includes the
assumption that all returned items are in good shape, which implies that they do not
create any trouble during disassembly. Additionally, the assumption that demand
rates for disassembled parts are greater than item return rates must be further
explained. If the item return rates are greater than demand rates for disassembled
parts, the excess items will be disposed of. Then, the inventory of disassembled parts
should be controlled in a way such that the demands are met. That situation can be
seen as a production planning system and algorithms for such a problem can be
used. Therefore, it is assumed that the demand for disassembled parts is greater than
the return rate. The inventory to control is then the inventory of returned items and
no control is needed for the inventory of disassembled parts. Additionally, due to
this assumption, there is no risk for shortages. One special case of this is legislation
driven disassembly, which implies that all returned items must be disassembled and
recovered.

3. Model formulation

The objective of the lot-scheduling policy is to determine the disassembly schedule
of each item. The items are scheduled within cycles, which is a time interval devoted
to set-up and disassembly of a subset (or all) of the items.

First, a sequence where all items appear once is determined with respect to
minimizing the total set-up time, tseq. The cycle time T is defined as the total time
for the set-up and disassembly of all items in this cycle as:

T ¼
XN
k¼1

Qk

dk
þ tseq: ð1Þ

The order quantity Qk of item k consists of all returned units during the cycle time T:

Qk ¼ T � rk: ð2Þ
Equations (1) and (2) result in T as:

T ¼ tseq

1�PN
k¼1 rk=dk

: ð3Þ

If an item has a relatively long set-up time, low return rates and/or low inventory
holding cost it may not be profitable to disassemble it in every cycle. Instead, it may
be profitable to pass over the item in some cycles. Passing over items in the cycle will
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reduce the set-up time and thus affect the cycle time. T is introduced as an approxi-
mation of the average cycle time for the cycle where not all items appear once.
The approximation of the average cycle time presumes that cycles with relatively
equal cycle times can be created. This requires that the items can be placed in cycles
in such a way that this is possible.

The reduction or saving in set-up time if item k is not disassembled in a cycle can
be determined as:

�tk ¼ tk�1, k þ tk, kþ1 � tk�1, kþ1: ð4Þ

Assume that item k is disassembled in every nk-th cycle. On average, the total
reduction of set-up time in the cycle will be:

�ttotal ¼
XN
k¼1

nk � 1

nk
�tk: ð5Þ

Items that are disassembled in every cycle will have nk¼ 1 and thus do not save any
set-up time. From (3) and (5), an approximation of the average cycle time is made as:

T ¼ tseq ��ttotal

1�PN
k¼1 rk=dk

¼ tseq �
PN

k¼1 �tkðnk � 1Þ=nk
1�PN

k¼1 rk=dk
: ð6Þ

A constant use of the disassembly line may have negative economic effects since it
will lead to many set-ups. It might then be profitable to idle the line some fraction
of time. To determine the profitable use of the line, f is introduced, which is the
fraction of time the disassembly line, from an economical point of view, should be
busy, either by disassembly or by set-up. If f¼ 1, the line should be busy full time. An
f<1 will give opportunity for idle time, whereas f>1 indicates profitability in run-
ning the disassembly line more than full time, e.g. overtime or multiple shifts. In
other words, if f<1, the cycle is extended, since it not only contains set-up and
disassembly, but also idle time. This is visualized in figure 1, where grey blocks
represent disassembly and dashed blocks represent set-up.

An f can be seen as a decrease in disassembly rate and an increase in set-up time.
It is introduced in (6), which results in the new cycle time, Tf , as:

Tf ¼
tseq �

PN
k¼1 �tkðnk � 1Þ=nk

� �
=f

1�PN
k¼1 rk=fdk

¼ tseq �
PN

k¼1 �tkðnk � 1Þ=nk
f �PN

k¼1 rk=dk
: ð7Þ

Note that the cycle time is dependent on f and nk. This allows optimization of
the total cost with respect to f below, which results in the profitable use of the
disassembly line.

The average order quantity of item k can be determined as:

fT

1 N

Figure 1. Schedule with idle time ( f<1).
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Qk ¼ nkTf rk ¼ nkrk
tseq �

PN
p¼1 �tpðnp � 1Þ=np

f �PN
p¼1 rp=dp

 !
: ð8Þ

The total inventory holding cost, THC, is:

THC ¼
XN
k¼1

1

2
Qkhk 1� rk

dk

� �
: ð9Þ

The total set-up time is the fraction of time the line is busy except for the disassembly
time:

ttotal ¼ f �
XN
k¼1

rk
dk
: ð10Þ

The set-up cost for the line is assumed to be linear to the set-up time, which results in
the total set-up cost, TSC, as:

TSC ¼ f �
XN
k¼1

rk
dk

 !
� C: ð11Þ

The total cost function is the sum of set-up cost and inventory holding cost:

TC ¼ f �
XN
k¼1

rk
dk

 !
� C þ 1

2

XN
k¼1

Qkhk 1� rk
dk

� �
: ð12Þ

Equation (8) in (12) results in TC:

TC ¼ f �
XN
k¼1

rk
dk

 !
� C þ 1

2

XN
k¼1

nkrkhk 1� rk
dk

� �
tseq �

PN
p¼1 �tpðnp � 1Þ=np

f �PN
p¼1 rp=dp

 !
: ð13Þ

A differentiation of TC with respect to ni results in the disassembly frequency of
item i:

ni ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ti

P
k6¼i

nkrkhk 1� rk=dkð Þ

rihi 1� ri=dið Þ tseq �
P

p 6¼i �tpðnp � 1Þ=np ��ti

� �
vuuuut : ð14Þ

To create cycles with relatively equal cycle times, powers of two are used for ni. This
will also simplify the scheduling of items in appropriate cycles. Let mi be the smallest
integer so that:

ni � 2mi , mi ¼ 1, 2, 3, 4, . . . ð15Þ
As shown in appendix 1, the following alternatives are made for rounding off ni:

~nni ¼
2mi�1 if ni < 2mi�0, 5

2mi if ni � 2mi�0, 5

1 if ni � 1:

8>>><
>>>:

ð16Þ

The items must be ranked to identify the items that might be profitable to pass over.
With the traditional EOQ model in mind, an analogous reasoning modified to
disassembly settings indicates the significant factors on which to base the ranking.
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The ranking should be made from the return rates and inventory holding costs of the
items, but also from possible savings in set-up time when the item is passed over. A
quota can then be calculated for item i:

quotai ¼
�ti
rihi

: ð17Þ

The items are ranked from decreasing quotas.

quota1 > quota2 > � � � > quotaN�1 > quotaN : ð18Þ
It will be beneficial to pass over items with high savings in set-up time when passed
over in a cycle since it reduces the cycle time resulting in lower inventory levels for
the other items. In other words, products with high savings in set-up time when
passed over, low return rate and low holding costs will be disassembled less fre-
quently. When calculating ni, one should start with the item with the highest quota,
which will have the largest ni. After rounding off ni, the determined ~nni is used to
calculate ni for the subsequent item in the ranking. This calculation must be made
until one of the items has ~nni ¼ 1 or until the ~nni of all items is calculated. When
changing ~nni for an item, the ni of the preceding items in the ranking will be affected
and must thus be recalculated. This must be done until the ni of all items have
stabilized.

So far, the profitable ~nni values have been determined. A differentiation of TC
with respect to f will give the profitable use of the disassembly line, fopt:

fopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tseq �

PN
p¼1 �tpð ~nnp � 1Þ= ~nnp

� �PN
k¼1 ~nnkrkhk 1� rk=dkð Þ

2C

vuut
þ
XN
p¼1

rp

dp
: ð19Þ

A disassembly schedule can now be developed. The number of cycles is determined
from the highest ~nni. Items with ~nni ¼ 1 are placed in all cycles. Then the items with
~nni ¼ 2 are placed in every second cycle. If there is more than one item with this ~nni,
they should be placed in different cycles. Thereafter, the remaining items are placed
in the cycles where the sum of the disassembly times of already placed items is the
smallest. In all this, the sequence of the items should remain the same. Furthermore,
one should try not to remove two subsequent items from the same cycle as long as it
is possible.

4. Heuristic procedure

From the calculations in the previous section, a heuristic procedure can be for-
mulated. Some of the steps should be repeated. The heuristic includes the following
17 steps:

1. Determine a sequence where all items appear once with minimum tseq.
2. Calculate potential saving in set-up times for each item as �tk ¼ tk�1, k þ

tk, kþ1 � tk�1, kþ1.
3. Calculate quota for each item as quotak ¼ �tk=ðrkhkÞ.
4. Rank the items from decreasing quota.
5. Set ni,old¼ 1 for all i.
6. Select first item in ranking.
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7. Calculate ni,new as

ni, new ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�ti
P

k 6¼i ~nnkrkhk 1� rk=dkð Þ
rihi 1� ri=dið Þ tseq �

P
p 6¼i �tpð ~nnp � 1Þ= ~nnp ��ti

� �
vuut

8. Let mi be the smallest integer so that ni, new � 2mi ,mi ¼ 1, 2, 3, 4, . . ..
9. Round off the disassembly frequency as

~nni ¼
2mi�1 if ni, new < 2mi�0, 5

2mi if ni, new � 2mi�0, 5

1 if ni, new � 1:

8>><
>>:

10. If ~nni > 1, go back to Step 7 for next item in ranking. Else, go to Step 11.
11. If ni,new¼ ni,old for all i, go to Step 12. Else set ni,old¼ ni,new for all i and go to

Step 6.
12. Calculate the profitable use of the line as:

fopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tseq �

PN
p¼1 �tpð ~nnp � 1Þ= ~nnp

� �PN
k¼1 ~nnkrkhk 1� rk=dkð Þ

2C

vuut
þ
XN
p¼1

rp

dp
:

13. Set nmax ¼ max
i

f ~nnig and create a schedule with nmax cycles.

14. Place items with ~nni ¼ 1 in all cycles.
15. Place items with ~nni ¼ 2 in every other cycle.
16. Place the remaining items (items with ~nn � 4) in the cycles with the smallest

total disassembly time of already placed items.
17. If fopt< 1, plan idle time in the cycles.

The first five steps provide a starting solution where all items are disassembled once
in every cycle. In Steps 6–11, the disassembly frequencies of the items are calculated.
These steps should be repeated until ni,new¼ ni,old for all i. When this is done, the
profitable use of the facility is calculated and a schedule with nmax cycles is created.
Thereafter, the items are placed in the cycles. As already mentioned, the sequence of
the items, determined in Step 1 in the heuristic procedure, should remain when
creating the schedule.

5. Numerical example

To test the heuristic procedure, a numerical example with the scheduling of eight
items is made. The items have the characteristics shown in table 1. These items have
a utilization rate of 88.5%, which does not include set-ups. The set-up times are
sequence-dependent and can thus be presented in a matrix as in table 2.

An 8-h day is assumed. The set-up cost is set to E5000/day. Starting with an
optimal sequence including all items (A-G-B-C-H-E-D-F), the starting solution and
the final disassembly frequencies are presented in table 3.
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After two iterations, the ni values have stabilized. The results of the heuristic are
shown in table 4. The starting solution represents the situation when all ~nni ¼ 1. In the
solution without idle time, the ~nni values are the ~nnfinal values presented in table 3, but
in this case, there is no idle time, i.e. the cost is only optimized with respect to the

Table 2. Set-up times (min).

To A B C D E F G H

From
A 0 120 120 90 100 140 70 140
B 130 0 70 110 140 140 100 140
C 130 70 0 100 120 140 70 120
D 110 90 130 0 90 90 140 140
E 120 140 140 90 0 130 90 120
F 80 140 130 70 120 0 80 140
G 90 70 90 100 100 130 0 110
H 90 80 80 130 110 110 140 0

Table 1. Item characteristics.

Item ri (units/day) di (units/day) hi (E/day)

A 150 600 0.005
B 20 800 0.005
C 50 1100 0.5
D 70 500 0.5
E 90 500 0.003
F 120 1500 0.02
G 10 80 0.1
H 40 1000 0.1

Table 4. Results.

Starting solution Solution (without idle time) Final solution

f 1.00 1.00 0.968
tseq (days) 1.458 0.932 0.932
T (days) 12.73 8.14 11.33
THC (E/day) 393.20 295.49 411.38
TSC (E/day) 572.73 572.73 411.38
TC (E/day) 965.93 868.22 822.77

Table 3. Starting and final solution.

Sequence Item A Item G Item B Item C Item H Item E Item D Item F

~nnstart 1 1 1 1 1 1 1 1
�t 0.146 0.042 0.104 0.104 0.229 0.146 0.104 0.125
Quota 0.194 0.042 1.042 0.004 0.057 0.540 0.003 0.052
Ranking 3 6 1 7 4 2 8 5
~nnfinal 4 2 8 1 2 8 1 2
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inventory holding cost. In the final solution the total cost is optimized with respect to
set-up cost as well, which leads to about 3% (100� 96.8) idle time.

From the ~nnfinal values in table 3, a disassembly schedule can be created. In this
case the largest ~nni is 8, i.e. there will be eight cycles. The items that will be disas-
sembled every cycle (items C and D) are placed. Next the items to be disassembled
every second cycle (items F–H) are placed. These are placed in different cycles as
long as it is possible. Then item A, which is disassembled every fourth cycle, is placed
in two cycles. It is placed in the cycles where the sum of disassembly times of already
placed items is the smallest (cycles 2 and 6). Finally, items B and E, which are
disassembled once during this eight-cycle schedule, are also placed in the cycles
where the sum of disassembly times of already placed items is the smallest (cycles
4 and 8). A schedule could look like figure 2.

As seen from table 1, items C and D have higher holding costs than the others.
Therefore, it seems reasonable to disassemble these items in every cycle. As table 4
shows, the scheduling policy decreases the total cost from E966 to E823/day, simply
by disassembling two of the eight items in every cycle and passing over the remaining
six items in at least every second cycle. Another numerical example is given in
appendix 3.

6. Conclusions and extensions

In this paper, a lot-scheduling heuristic for disassembly processes with sequence-
dependent set-ups is developed. Starting with a sequence where all items appear
once the heuristic procedure results in a cyclic schedule where some items are
disassembled less frequently than the others. Additionally, the heuristic determines
the profitable use of the facility. By passing over items in the sequence and having
the facility idle some time, the heuristic has great economic effects on the total cost
with respect to inventory holding costs as well as set-up costs.

The profitable use of the facility can be determined due to the way the problem is
formulated and the assumption of set-up costs directly proportional to set-up times.
This is of good use when making a disassembly schedule, since idle time can then
be planned. As shown in the numerical examples, the total cost can be reduced
by having the disassembly line idle for some fraction of time instead of running
it constantly. This is interesting in practice, since many manufacturers try to run
their machines as much as possible. From an economical point of view, that way to
schedule the activities is not always most profitable.

When calculating the potential saving in set-up time for each item, it has been
assumed that the preceding and subsequent item in the sequence still remain in the
cycle. If two subsequent products have ~nn > 2 and ~nn > 1, respectively, then both items
will contemporaneously be passed over in at least one cycle, which will result in a
small error in the potential set-up time saving. In the numerical example, the calcu-
lated set-up time in a cycle is 0.932 days. The determined schedule would result in
an average set-up time of 0.859 days per cycle. The error is less than 0.6% of the
cycle time, which is acceptable. The heuristic can also be extended to consider the

G C H D A C D F G C H D B C D F G C H D A C D F G C H D C E D F 

Figure 2. Cyclic disassembly schedule.
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case where two subsequent items are passed over in the same cycle. This can be
handled by calculating the quota of the potential saving in set-up time when passing
over the two items divided by the sum of return rates and inventory holding costs for
these items. The ranking is then made with respect to these quotas as well.

The order quantities in this paper have been calculated from an assumption of an
average cycle time. If there are large differences in cycle times between the cycles, the
cost estimations will not be correct. The exact order quantities can then be calculated
by making a system of equations. Appendix 2 exemplifies how such a system can
be created. Linear equations of that kind can be solved for many unknowns and
equations with computer programs.

The heuristic presented in this paper can be used for the lot scheduling of many
reuse activities, for instance disassembly of consumer goods. The heuristic can also
easily be applied to production settings if set-ups are sequence dependent. Since
demands normally are stochastic in practice, safety stocks should then be added
to the model. This will be an area for further research.
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Appendix 1

If TC2 ~nn � TC ~nn, ni should be rounded off to 2 ~nn and if TC2 ~nn > TC ~nn, ~nn should be
chosen. From the case when TC2 ~nn ¼ TC ~nn, rules for how to round off ni can be
developed.

In this situation, sequence-dependent set-ups are not considered. The underlying
assumptions are the same, but it will simplify the calculations. The total cost func-
tion will be:

TC ¼ f �
XN
k¼1

rk
dk

 !
� C þ 1

2

XN
k¼1

nkrkhk 1� rk
dk

� � PN
k¼1 tk=nk

f � PN
k¼1

rk=dk

0
BBB@

1
CCCA: ðA1Þ

A differentiation in f results in:

fopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
k¼1 tk=nk

� � PN
k¼1 nkrkhkð1� rk=dkÞ

� �
2C

vuut
þ
XN
k¼1

rk
dk
: ðA2Þ

Equation (A2) in (A1) results in:

TC ¼
ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

k¼1

tk
nk

 ! XN
k¼1

nkrkhk 1� rk
dk

� � !vuut : ðA3Þ
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Assume that n1¼ 1, r1h1ð1� r1=d1Þ ¼ 1 and t1¼ 1

TC ¼
ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

XN
k¼2

tk
nk

 !
1þ

XN
k¼2

nkrkhk 1� rk
dk

� � !vuut :

Assume that ni ¼ ~nn for all i>1. ~nn can only assume values of 2m, m¼ 0, 1, 2, 3, . . .

TC ~nn ¼
ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

XN
k¼2

tk
~nn

 !
1þ

XN
k¼2

~nnrkhk 1� rk
dk

� � !vuut :

Now assume that ni ¼ 2 ~nn for all i>1.

TC2 ~nn ¼
ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

XN
k¼2

tk
2 ~nn

 !
1þ

XN
k¼2

2 ~nnrkhk 1� rk
dk

� � !vuut :

Let TC2 ~nn ¼ TC ~nn:

ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

XN
k¼2

tk
2 ~nn

 !
1þ

XN
k¼2

2 ~nnrkhk 1� rk
dk

� � !vuut

¼
ffiffiffiffiffiffi
2C

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

XN
k¼2

tk
~nn

 !
1þ

XN
k¼2

~nnrkhk 1� rk
dk

� � !vuut
We rewrite it as:

1þ 1

2 ~nn

XN
k¼2

tk

 !
1þ 2 ~nn

XN
k¼2

rkhk 1� rk
dk

� � !
¼ 1þ 1

~nn

XN
k¼2

tk

 !
1þ ~nn

XN
k¼2

rkhk 1� rk
dk

� � !
:

Let W ¼PN
k¼2 tk and Y ¼PN

k¼2 rkhkð1� rk=dkÞ

1þ 1

2 ~nn
W

� �
1þ 2 ~nnYð Þ ¼ 1þ 1

~nn
W

� �
1þ ~nnYð Þ

2 ~nn2 ¼ W

Y
¼

PN
k¼2 tkPN

k¼2 rkhkð1� rk=dkÞ
Let tk ¼ t and rkhkð1� rk=dkÞ ¼ rhð1� r=dÞ for all k 6¼ 1:

2 ~nn2 ¼ ðN � 1Þt
ðN � 1Þrhð1� r=dÞ

t ¼ 2 ~nn2rhð1� r=d Þ ðA4Þ
If (A1) is differentiated with respect to ni we get:

ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ti
P

k6¼i ~nnkrkhkð1� rk=dkÞ
rihið1� ri=diÞ

P
k6¼i tk= ~nnk

s
ðA5Þ

If two items are considered:
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n2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 ~nn1r1h1ð1� r1=d1Þ
r2h2ð1� r2=d2Þt1= ~nn1

s
ðA6Þ

from (A4) and (A6) together with the assumptions ~nn1 ¼ 1, r1h1ð1� r1=d1Þ ¼ 1 and
t1¼ 1 as well as tk ¼ t and rkhkð1� rk=dkÞ ¼ rhð1� r=dÞ for all k 6¼ 1 we get:

n2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ~nn2rhð1� r=dÞ
rhð1� r=dÞ

s
¼

ffiffiffiffiffiffiffi
2 ~nn2

p
¼ ~nn

ffiffiffi
2

p
ðA7Þ

For an arbitrary number (N) of items, ni will be:

ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ti
P

k 6¼i ~nnkrkhkð1� rk=dkÞ
rihið1� ri=diÞ

P
k 6¼i tk= ~nnk

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t 1þ ðN � 2Þ ~nnrhð1� r=dÞð Þ
rhð1� r=dÞð1þ ðN � 2Þt= ~nnÞ

s
ðA8Þ

Equation (A4) in (A8) results in:

ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ~nn2ð1þ ðN � 2Þ ~nnrhð1� r=dÞÞ
1þ 2ðN � 2Þ ~nnrhð1� r=dÞ

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2ð1þ ðN � 2Þ ~nnrhð1� r=dÞÞ
1þ ðN � 2Þ ~nnrhð1� r=d Þ

s
¼ ~nn

ffiffiffi
2

p

ni � ~nn
ffiffiffi
2

p
ðA9Þ

From this, it is seen that the n value is more willing to ascend than to round off
downwards. This can be illustrated as in figure 3.

Now can the rules for rounding off ni be determined. Let mi be the smallest
integer so that:

ni � 2mi , mi ¼ 1, 2, 3, 4, . . . ðA10Þ
The following alternatives are made for rounding off ni:

~nni ¼
2mi�1 if ni < 2mi�0, 5

2mi if ni � 2mi�0, 5

1 if ni � 1

8><
>: ðA11Þ

Appendix 2

The exact order quantities can be calculated by solving a system of equations. For
instance, consider a simple system with four items, where two items are disassembled

TC

n
n~22n~n~

Figure 3. Total cost function.
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in every cycle and the other two are disassembled in every second cycle. This could
look like figure 4.

Let Qij be the order quantity of item i in cycle j. In this case, the exact order
quantities will be:

Q11 ¼ t1, 2 þ
Q22

d2
þ t2, 3 þ

Q42

d4
þ t4, 1

� �
d1r1

d1 � r1

� �

Q21 ¼ t2, 4 þ
Q42

d4
þ t4, 1 þ

Q11

d1
þ t1, 2

� �
d2r2

d2 � r2

� �

Q31 ¼ t3, 1 þ
Q12

d1
þ t1, 2 þ

Q22

d2
þ t2, 4 þ

Q42

d4
þ t4, 1 þ

Q11

d1
þ t1, 2 þ

Q21

d2
þ t2, 3

� �
d3r3

d3 � r3

� �

Q12 ¼ t1, 2 þ
Q21

d2
þ t2, 3 þ

Q31

d3
þ t3, 1

� �
d1r1

d1 � r1

� �

Q22 ¼ t2, 3 þ
Q31

d3
þ t3, 1 þ

Q12

d1
þ t1, 2

� �
d2r2

d2 � r2

� �

Q42 ¼ t4, 1 þ
Q11

d1
þ t1, 2 þ

Q21

d2
þ t2, 3 þ

Q31

d2
þ t3, 1 þ

Q12

d1
þ t1, 2 þ

Q22

d2
þ t2, 4

� �
d4r4

d4 � r4

� �
:

If there is idle time in the cycles, it should be added to the equations. This system of
equations has as many unknowns as equations and can thus be solved analytically.

Appendix 3

To test the heuristic another numerical example is provided. The items have the
characteristics and set-up times shown in tables 5 and 6. The set-up cost is set to
500E/day.

Table 5. Item characteristics.

Item ri (units/day) di (units/day) hi (E/day)

A 10 65 0.1
B 8 50 0.05
C 6 100 0.005
D 25 300 0.001
E 30 200 0.05
F 150 2000 0.02
G 10 120 0.02
H 16 150 0.1

T1

1 2 3 1 2 4

T2

Figure 4. Schedule with four items.
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Starting with an optimal sequence including all items (A-C-D-E-G-H-B-F), the
starting solution and the final disassembly frequencies are presented in table 7.

The results of the heuristic are shown in table 8.
From the ~nnfinal values presented in table 8, a cyclic schedule is created (figure 5).
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Paper, Luleå University of Technology, Sweden, 2003.

Directive 2002/96/EC of the European Parliament and of the Council of 27 January 2003 on
waste electrical and electronic equipment (WEEE)— joint declaration of the European

Table 6. Set-up times (min).

To A B C D E F G H

From
A 0 67 60 78 81 56 53 81
B 71 0 74 98 88 69 74 77
C 82 94 0 55 71 88 67 70
D 85 75 58 0 54 98 64 80
E 65 89 58 65 0 74 72 79
F 56 66 88 81 98 0 77 80
G 65 80 79 88 85 84 0 62
H 78 64 70 67 98 75 79 0

Table 8. Results.

Starting solution Solution (without idle time) Final solution

f 1.00 1.00 0.949
tseq (days) 1.025 0.780 0.780
T (days) 8.02 6.10 10.09
THC (E/day) 27.65 23.38 38.65
TSC (E/day) 63.91 63.91 38.65
TC (E/day) 91.56 87.29 77.31

Table 7. Starting and final solution.

Sequence Item A Item C Item D Item E Item G Item H Item B Item F

~nnstart 1 1 1 1 1 1 1 1
�t 0.058 0.077 0.079 0.129 0.115 0.096 0.121 0.113
Quota 0.058 2.569 3.167 0.086 0.573 0.060 0.302 0.038
Ranking 7 2 1 5 3 6 4 8
~nnfinal 1 4 8 1 2 1 2 1

A C E G H F A E H B F A E G H F A E H B F A C E G H F A E H B F A D E G H F A E H B F 

Figure 5. Cyclic disassembly schedule.

309Cyclic lot scheduling with sequence-dependent set-ups



Parliament, the Council and the Commission relating to Article 9. Off. J. EU, 2002,
L 037, 24–39. Available online at: http://wwwdb.europarl.eu.int/oeil/oeil_ViewDNL.
ProcedureView?lang¼ 2&procid¼ 4445 (accessed 17 June 2003).

Dobson, G., The cyclic lot scheduling problem with sequence-dependent setups. Oper. Res.,
1992, 40, 736–749.

Elmaghraby, S.E., The economic lot scheduling problem (ELSP): Review and extensions.
Manag. Sci., 1978, 24, 587–598.

Federgruen, A. and Zheng, Y.-S., Optimal power of two replenishment strategies in capaci-
tated general production/distribution networks. Manag. Sci., 1993, 39, 710–727.

Fleischmann, M., Bloemhof-Ruwaard, J.M., Dekker, R., Van der Laan, E., Van Nunen,
J.A.E.E. and Van Wassenhove, L.N., Quantitative models for reverse logistics: a review.
Eur. J. Oper. Res., 1997, 103, 1–17.

Fleischmann, M., Krikke, H.R., Dekker, R. and Flapper, S.D.P., A characterisation of
logistics networks for product recovery. Omega, 2000, 28, 653–666.

Guide Jr, V.D.R., Scheduling using drum–buffer–rope in a remanufacturing environment.
Int. J. Prod. Res., 1996, 34, 1081–1091.

Guide, Jr, V.D.R., Kraus, M.E. and Srivastava, R., Scheduling policies for remanufacturing.
Int. J. Prod. Econ., 1997, 48, 187–204.

Gungor, A. and Gupta, S.M., Issues in environmentally conscious manufacturing and
product recovery: a survey. Comput. Ind. Eng., 1999, 36, 811–853.

Gungor, A. and Gupta, S.M., A solution approach to the disassembly line balancing problem
in the presence of task failures. Int. J. Prod. Res., 2001, 39, 1427–1467.

Gupta, S.M. and Taleb, K.N., Scheduling disassembly. Int. J. Prod. Res., 1994, 32, 1857–1866.
Haase, K. and Kimms, A., Lot sizing and scheduling with sequence-dependent setup costs and

times and efficient rescheduling opportunities. Int. J. Prod. Econ., 2000, 66, 159–169.
Lopez, M.A. and Kingsman, B.G., The economic lot scheduling problem: theory and practice.

Int. J. Prod. Econ., 1991, 23, 147–164.
Perry, J.H., The impact of lot size and production scheduling on inventory investment in

a remanufacturing environment. Prod. Inv. Manag. J., 1991, 32, 41–45.
Roundy, R., Rounding off to powers of two in continuous relaxations of capacitated lot sizing

problems. Manag. Sci., 1989, 35, 1433–1442.
Segerstedt, A., Lot sizes in a capacity constrained facility with available initial inventories.

Int. J. Prod. Econ., 1999, 59, 469–475.
Sonderforschungsbereich 281—Demontagefabriken zur Rückgewinnung von Ressourcen in
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Abstract
We consider the problem of scheduling the production of multiple items on a 
single facility where only one item can be produced at a time, i.e. the 
Economic Lot Scheduling Problem. We assume sequence-dependent setups 
and present a heuristic for determination of cyclic schedules. The heuristic 
contains two parts; first, a rotation cycle where each item is produced once is 
created. Then, based on savings in setup times and setup costs, the heuristic 
determines the production frequency of each item. These frequencies are used 
to create a cyclic schedule.

Keywords: Cyclic schedules; Sequence-dependent setups; Lot sizing;
Sequencing; ELSP. 

1 Introduction 
The Economic Lot Scheduling Problem (ELSP) concerns the problem of 
scheduling the production of more than one item on a single machine. The 
objective of ELSP is to determine the lot size and the production schedule of 
each item such that the total cost in form of setup costs and inventory holding
costs is minimised. In the ELSP, only one item can be produced at a time. The 
production capacity is constrained but sufficient to meet total demand. The
standard assumptions are deterministic and constant production rates and 
demand rates. All demands must be met in the periods in which they occur. A 
setup cost and a setup time are associated with the production of each item and 
most of the approaches assume that these are independent on the production 
sequence. Another assumption is that the inventory costs are directly 
proportional to inventory levels.

For this problem, the items are often scheduled in cycles. There are various
methods that produce solutions to this problem and three categories of solutions
have been found useful. The common cycle approach assumes that all products 
have the same cycle time, i.e. each item is produced once in every cycle. Due to
imbalances in demand rates, product cost, or setup cost this approach will not 
give an optimal solution to the original problem even though there are reported 
cases where it has been successful, e.g. Galvin (1987). Imbalances motivate the 
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basic period approach, where the products are allowed to have different cycle
times, which must be integer multiples of a basic period. High volume products 
are produced in every cycle or basic period and lower volume products are 
produced less frequently (every other cycle, every third cycle etc.). This means
that in some basic period all products may be produced. Therefore, the sum of 
the setup times and operations times of all items must be less than or equal to the 
basic period. This restrictive constraint was introduced by Bomberger (1966). In 
the extended basic period approach, this constraint is relaxed but the basic 
period must be long enough to cover the average setup times and processing 
times for all products. Power-of-two (PoT) policies, where each production 
frequency is a multiplier of two, have become popular for this problem since 
they, according to Yao and Elmaghraby (2001), provide reasonably tight worst
case bounds and also simplify the construction of cyclic schedules. There are 
many algorithms for determination of cyclic schedules (e.g. Bomberger, 1966;
Doll and Whybark, 1973; Goyal, 1975; Haessler and Hogue, 1976; Haessler, 
1979; Axsäter, 1987; Zipkin, 1991; Gallego and Roundy, 1992; Segerstedt, 
1999). Elmaghraby (1978) and Lopez and Kingsman (1991) provide reviews.

The research on the traditional ELSP is extensive, but the research on this 
problem considering sequence-dependent setups is limited even though 
sequence-dependent setups are relatively common in practice. Maxwell (1964) 
presents a heuristic procedure for determination of the best position for each
product. He uses a common cycle and evaluates if an additional production run 
can be added to the cycle. The cost of the new cycle is compared with the cost of 
the cycle before modification and the best position of the item is determined.
The heuristic terminates when all possible positions are examined without
finding a cycle resulting in lower cost. Setup costs are assumed to be directly 
proportional to the setup times. Delporte and Thomas (1977) present a heuristic, 
which determines lot sizes and production frequencies, generates sequences, and 
calculates cycle times. In the frequency generation, they consider the average 
cost per time unit associated with n productions of an item in a cycle length. 
They start with frequencies of one for all items and calculate the optimal value 
of the cycle length and the resulting cost of these frequencies. Then, they 
increase the production frequency of each item, one at a time, and calculate the 
corresponding cycle length such that the new average cost per time unit of the 
individual item equals the average cost per unit time of the item with the smaller 
frequency. The item providing the smallest cycle length is selected and the 
frequency of that item is increased by one. This is repeated until the cycle length
exceeds a maximum cycle length, which is set, or until all frequencies are above
one. They do not incorporate the sequence-dependency in the calculation of 
frequencies. Galvin (1987) considers sequence-dependent setup costs and uses a 
common cycle approach where all items are produced once in every cycle. He 
divides the problem into two parts; finding the sequence and finding the
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common cycle time for all products given the minimum cost sequence. He uses 
a branch and bound algorithm for the travelling salesman problem for 
determination of a sequence with minimum setup cost for a metals
manufacturer. Dobson (1992) provides a heuristic solution procedure for the 
problem with sequence-dependent setup costs and times. He makes series of 
relaxations to the original problem related to a minimum spanning tree problem 
and the heuristic results in power-of-two frequencies. Computational tests show
that the difficulty of the problem increases when machine utilization or setup
diversity increases.

Wagner and Davis (2002) develop a heuristic procedure. They start with a
random sequence and evaluate all possible interchanges of two products using a
nonlinear program. The interchange that yields the greatest cost reduction is
made. Then, they evaluate all possible interchanges of three products using the 
nonlinear program. The evaluation is made once more for all possible
interchanges of two products. This is repeated until no further improvement is 
possible. Then, the heuristic determines the products that should have an 
additional production run in the sequence by evaluating the impact of an 
additional run of each product. Evaluating each product before increasing the 
production frequency is time consuming, especially if the number of items is 
large. Brander and Forsberg (2005a) present a heuristic for determination of 
cyclic schedules considering disassembly of multiple items on a single facility.
They assume that the setup costs are directly proportional to setup times. Their 
model can easily be applied to production settings. Lopez and Kingsman (1991) 
test different algorithms on sequence-dependent setups. The common cycle
approach results in low costs and cycle times, since the products are sequenced
in an optimal manner to reduce the total setup time, permitting smaller lot sizes 
and lower costs. They state that the only way to use basic period approaches and 
extended basic period approaches is to use the average value for each product 
and mean that there is a need to modify the extended basic period approaches to 
take account of sequence-dependency in setup times. If this cannot be done 
effectively, they argue that the common cycle approach may be the best to use 
for production with sequence-dependent setup times in practice.

In this paper, we present a heuristic procedure for determination of cyclic 
schedules when setups are sequence-dependent and setup costs are not directly
proportional to setup times. This could be the case when setups result in wastes 
of material. The heuristic starts with a rotation cycle where all items appear
once. Then, we focus on the change in total cost if an item is not produced in 
every cycle and calculate production frequencies of the items. The remaining of 
the paper is organized as follows. Next section presents assumptions and 
notations that are used. Section 3 presents the model in detail. In section 4, a 
numerical example is given. Conclusions and extensions are given in section 5.
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2 Assumptions and Notations
We produce N items on a single facility, but only one item can be produced at a
time. The production capacity is constrained but sufficient to meet total demand. 
Production rates and demand rates are deterministic and constant and demands
must be met in the periods in which they occur. Inventory costs are directly
proportional to inventory levels. We also assume that the setup times as well as 
the setup costs are sequence-dependent and the setup costs are not directly 
proportional to the setup times. We use a fixed production sequence, which is 
divided into cycles. A power-of-two policy is used for determination of the
sequence, since this facilitates the determination of a cyclic schedule. We
introduce the following notations:

Ak,j Cost for setup from item k to item j (€) 
Aseq Sequence setup cost for rotation cycle (€)

Ak Reduction in setup cost if item k is passed over (€) 
Atotal Total reduction in setup cost when passing over items in the rotation

cycle (€) 
C0 Initial total cost for rotation cycle (€/time unit) 
C0,f Initial total cost for rotation cycle with idle time (€/time unit) 
C Total cost for a system without idle time (€/time unit)
Cf Total cost for a system with idle time (€/time unit) 

Ck Change in total cost when doubling the frequency of item k (€/time
unit)

dk Demand rate for item k (units/time unit) 
f Fraction of time the facility is busy by setup or production 
hk Holding cost for item k (€/unit and time unit)

HCk Change in holding cost when doubling the frequency of item k (€/time
unit)

nk Multiple (production frequency) of item k
nmax Largest frequency of the items and number of cycles in the sequence 
N Total number of items
pk Production rate for item k (units/time unit) 
Qk Order quantity for item k (units)

SCk Change in setup cost when doubling the frequency of item k (€/time
unit)

T Cycle time for rotation cycle without idle time (time units) 
Tf Cycle time for rotation cycle with idle time (time units) 
T Average cycle time for a cycle without idle time (time units) 

fT Average cycle time for a cycle with idle time (time units)

kT Change in cycle time when doubling the frequency of item k (time 
units)

tk,j Time for setup from item k to item j (time units) 
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tseq Sequence setup time for rotation cycle (time units) 
tk Reduction in setup time if item k is passed over (time units) 
ttotal Total reduction in setup time when passing over items in the rotation 

cycle (time units) 

3 Model Formulation
The first part of the model aims at finding a rotation cycle. The second part
concerns diversification of the items with respect to production frequencies. For 
instance, items with high demands and/or high holding costs should be produced 
more frequently than items with low demands and/or low holding costs. 
Therefore, the second part of the model considers the effect in total cost if an 
item is not produced in a cycle. From the evaluation of change in total cost, the
production frequencies of the items can be determined. When these are 
determined, the items are ordered from the sequence of the rotation cycle.

3.1 Determination of Rotation Cycle
Initially, we consider a rotation cycle where all items appear once, as shown in 
figure 1.

1 2 3 N-1 N

Rotation Cycle

= Production
= Setup

Cycle time, T

1 2 3 N-1 N

Rotation Cycle

Lead time

Figure 1. Rotation cycle. 

Let the items be numbered as 1 to N from the appearance in the cycle. The
rotation cycle will have the total sequence setup time, tseq, as: 

1,
1

1
1, N

N

k
kkseq ttt (1)

The cycle time, T, is the sum of operations time and setup time for all items in 
the cycle:

seq
N

k k

k t
p
Q

T
1

(2)
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To satisfy the demand, the order quantity must contain the demand during the 
lead time, which is equal to the cycle time in a rotation cycle. Then, the order 
quantity of item k is: 

TdQ kk (3)

Eq. (3) in eq. (2) results in the cycle time as: 

N

k k

k

seq

p
d

t
T

1
1

(4)

The rotation cycle will have a total sequence setup cost, Aseq, of: 

1,
1

1
1, N

N

k
kkseq AAA (5)

The cost expression for the rotation cycle would be:

N

k k

k
kk

seq

p
d

Tdh
T

A
C

1
0 1

2
1 (6)

In some cases it may be profitable to insert idle time due to high setup costs. In 
order to consider this, we introduce f as the fraction of time the facility should be 
busy, either by production or setup, from an economical point of view. If f is 
equal to 1, the facility should be busy full time whereas an f less than 1 will give 
opportunity for idle time. In other words, if f is less than 1, the cycle is extended,
since it not only contains setup and production but also idle time. This leads to 
an extended cycle time, illustrated in figure 2.

= Production
= Setup

Extended cycle time, Tf

2 N-1 N31

Rotation Cycle

Figure 2. Rotation cycle with idle time.
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f can be seen as a decrease in production rate and an increase in setup time. f is 
introduced in eq. (4), which results in the extended cycle time, Tf, as: 

N

k k

k

seq
N

k k

k

seq
f

p
d

f

t

fp
d
ft

T

11
1

(7)

If we use eq. (7) in eq. (6), we get the total cost expression for a rotation cycle 
with idle time as: 

N

k k

k
kkN

k k

k

seq

seq

N

k k

k
seq

f p
ddh

p
df

t
t

p
dfA

C
1

1

1
,0 1

2
1  (8) 

We can differentiate eq. (8) with respect to f and get the profitable use of the 
facility as:

N

k k

k
N

k k

k
kk

seq

seq
opt p

d
p
ddh

A
t

f
11

2

1
2

(9)

If we use eq. (9) in eq. (8), we would get the total cost as: 

N

k k

k
kkseqf p

ddhAC
opt

1
,0 12 (10)

This is not valid if f exceeds 1 since that means that it would be profitable to 
shorten the cycle, which is not possible for this sequence. With respect to the 
sequence of the items, we see from eq. (10) that the cost for the rotation cycle 
only depend on the sequence setup cost since the other expressions are
independent on the sequence. Therefore, we should create a sequence where the 
setup cost is minimized.

Finding a rotation cycle minimizing the sequence setup cost can be done by 
testing all combinations. However, this may demand too much computational
effort if the number of items is large. Then, we can apply algorithms for the 
travelling salesman problem on the setup cost matrix in order to find a rotation 
cycle with minimum setup cost.
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3.2 Determination of Production Frequencies with Idle Time
We consider the rotation cycle that minimizes the sequence setup cost and let 
the items be numbered as 1 to N from the appearance in the cycle. The sequence 
setup time, tseq, cycle time, T, and sequence setup cost, Aseq, can be calculated
from eq. (1), (4), and (5).

As mentioned in the introduction, it is sometimes profitable to have different 
production frequencies among the items due to imbalances in demand rates,
production rates, holding costs, setup costs etc. Different production frequencies 
imply that not all items are produced in every cycle. Therefore, we assume that 
item i is produced in every :th cycle. Figure 3 shows a schedule with two 
cycles where item 2 and 3 are produced every second cycle.

in

1 2 1 3

Cycle 1 Cycle 2 

T2

Production sequence 

Figure 3. Production sequence and average cycle time.

In this case, n1=1, n2=2, and n3=2. The total production sequence is divided into 
a number of cycles. Then, we introduce T  as the average time of a cycle.
Passing over item i in one cycle would reduce the setup time as:

1,11,,1 iiiiiii tttt (11)

On average, the total reduction of setup time in the cycle will be: 

N

k
k

k

k
total t

n
nt

1

1
(12)

This gives an average cycle time as:

N

k k

k

N

k
k

k

k
seq

p
d

t
n

nt
T

1

1

1

1

(13)

Accordingly, the setup costs would be reduced as: 
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1,11,,1 iiiiiii AAAA (14)

On average, the total reduction in setup cost will be:

N

k
k

k

k
total A

n
nA

1

1
(15)

This results in the total cost expression as: 

N

k k

k
kkk

N

k
k

k

k
seq

p
dTndh

T

A
n

nA
C

1

1 1
2
1

1

(16)

As mentioned, it may be profitable to insert idle time, since a constant use of the 
facility may lead to many setups. This implies an extended average cycle time as 
illustrated in figure 4.

1 2 1 3

Cycle 1 Cycle 2 

fT2

Figure 4. Production schedule with idle time.

Analogous to eq. (7), we introduce f in eq. (13), which results in the extended 
average cycle time, fT , as: 

N

k k

k

N

k
k

k

k
seq

N

k k

k

N

k
k

k

k
seq

f

p
df

t
n

nt

fp
d

ft
n

nt
T

1

1

1

1

1

1

1

(17)

If eq. (17) is inserted in eq. (16), we would get the total cost as: 
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N

k k

k
kkkN

k k

k

N

k
k

k

k
seq

N

k
k

k

k
seq

N
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k
N

k
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k

k
seq
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nt

p
dfA

n
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C

1

1

1

1

11

1
2

1

1

1

(18)

As shown in appendix A, if we differentiate eq. (18) with respect to f, we get: 

N

k k

k
N

k k

k
kkkN

k
k

k

k
seq

N

k
k

k

k
seq

opt p
d

p
dndh

A
n

n
A

t
n

n
t

f
11

1

2

1 1
1

2

1

 (19) 

If we use eq. (19) in eq. (18), we would get the cost for this case as: 

N

k k

k
kkk

N

k
k

k

k
seqf p

dndhA
n

nAC
opt

11
112  (20) 

As in section 3.1, this is not valid if f exceeds 1. As mentioned in the 
introduction, power-of-two policies are commonly used for this problem since 
they simplify determination of cyclic schedules. Then, the production frequency 
of item i would change from . We use a power-of-two policy and 
evaluate the change in total cost if a frequency is doubled. As shown in 
appendix B, this would change the total cost from eq. (20) to: 

ii nn 2

N

k k

k
kkk

i

i
iii

N

k
k

k

k

i

i
seq

nf

p
dndh

p
dndhA

n
n

n
AA

C
iopt

11

2,

111
2

2
 (21) 

Calculating the difference between eq. (21) and eq. (20) results in the following 
change in total cost if the frequency of item i is changed from ni to 2ni:

10



N

k k

k
kkk

N

k
k

k

k
seq
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seqi
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AC

11

11

1
1

2

11
1

2
2

(22)

Eq. (22) should be calculated for each item. Then, considering the items with 
negative Ci, the frequency of the item with the largest absolute value of Ci
should be doubled. New Ci are calculated and frequencies are doubled until 

Ci 0 for all i or until ni>1 for all i.

When the total cost cannot be decreased further, the profitable use of the facility 
should be calculated from eq. (19). If f <1, the resulting frequencies could be
used for determination of the cyclic schedule. If f=1, it may be possible to find a 
solution with lower cost if the rotation cycle with minimum total cost is used. If 
f >1, the cycle time should be shortened, which is not possible for this rotation 
cycle and the solution is not realizable. We should then use a rotation cycle with 
shorter cycle time. The rotation cycle minimizing the total cost should be 
determined.

Rotation cycle with minimum total cost 
Determination of the cycle that minimizes the total cost may be determined by 
testing all possible combinations. If the number of items is too large, we must
approximate a cost matrix on which algorithms for the travelling salesman 
problem can be applied. Appendix C shows how such a cost matrix can be 
approximated. However, that is only an approximation and does not guarantee 
the lowest cost but can be used as an approximation if the number of items is 
large.

From the rotation cycle with minimum cost, frequencies should be calculated 
using equations (11)-(22). When these are calculated the profitable use of the 
facility should be calculated from eq. (19). If f 1, the solution can be used to 
create a cyclic schedule. If f exceeds 1, the cycle time must be shortened since 
the holding cost exceeds the setup cost. Therefore, the shortest possible rotation 
cycle should be determined, i.e. the cycle minimizing the setup time.

Rotation cycle with minimum setup time
As in the previous cases, determination of a rotation cycle minimizing the setup 
time could be done by testing all possible combinations or applying an algorithm
for the travelling salesman problem on the setup time matrix.
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The frequencies for the sequence with minimum setup time should be calculated 
using equations (11)-(22). If f <1 for this solution, the total cost should be 
calculated from eq. (18). The total cost of this solution should then be compared
with a solution where the facility is used full time. If f 1, the facility should be
used full time and there should be no idle time. Calculations for determination of 
frequencies for full time production are presented in section 3.3 and should be 
applied on the rotation cycle minimizing the total cost.

3.3 Determination of Production Frequencies if No Idle Time 
When the calculations in section 3.2 result in a profitable use of the facility that 
exceeds 1 there should be no idle time. Then, we use the rotation cycle that 
minimizes the total cost and consider the change in total cost if an item is not 
produced in every cycle. In this case, the average cycle time can be calculated
from eq. (13) and the total cost from eq. (16). We use a power-of-two policy and 
consider the change in total cost if the production frequency of item i is changed 
from . This would change the average cycle time from:ii nn 2
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As shown in appendix D, calculating the difference between eq. (24) and eq. 
(23) results in the change in average cycle time as: 

N
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k
i

i
i

p
d

n

t
T

1
12

(25)

Accordingly, the inventory holding cost would change from:
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As shown in appendix E, calculating the difference between eq. (27) and eq. 
(26) results in the change in holding cost as: 
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Finally, the setup cost would change from:
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As shown in appendix F, the difference between eq. (30) and eq. (29) results the 
following change in setup cost:
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 (31) 

We can then calculate the change in total cost if the frequency of item i is 
doubled as: 
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iii SCHCC (32)

Ci should be calculated for each item. Considering the items with Ci<0, the
frequency of the item with the largest iC  should be doubled. This should be
repeated until Ci 0 for all i or until ni>1 for all i. The total cost for this solution 
should be compared to the total cost for the solution using the rotation cycle 
with minimum setup time and idle time (if available). The solution presenting 
the lowest total cost should then be used for determination of the cyclic 
schedule.

3.4 Determination of Sequence and Order Quantities
When the frequency of each item is determined, the number of cycles in the 
schedule can be determined from the highest ni (denoted nmax). The items are 
then placed in the cycles from the sequence of the rotation cycle. As long as it is 
possible, two subsequent items should not be passed over in the same cycle. If 
there is idle time, the amount to distribute among the cycles can be obtained 
from:

fTfn 1timeIdle max (33)

When the sequence is created, the order quantities can be determined from a 
system of linear equations as mentioned in Brander and Forsberg (2005a). If 
demands, production rates, and/or setup times are stochastic, safety stocks can 
be determined using the models presented in Brander and Forsberg (2004) and 
Brander and Forsberg (2005b).

3.5 Heuristic Procedure
As indicated in section 3.3 and 3.4, there are different rotation cycles that must 
be investigated. We start with the rotation cycle minimizing the setup cost and 
apply the heuristic in section 3.2. If f <1, this solution is used to create the 
sequence. If f 1, we determine the rotation cycle minimizing the total cost. The 
heuristic in section 3.2 is applied again and if the solution results in f 1 this 
solution is used to create the sequence. Otherwise, the rotation cycle minimizing
the sequence setup time is determined. The heuristic in section 3.2 is then 
applied to this cycle and f is determined. If f 1, the facility should be used full 
time, else the total cost for the solution is calculated. Then, the heuristic in 
section 3.3 is applied to the rotation cycle minimizing the total cost. The total
cost of this solution is compared with the previous solution (if it resulted in f<1)
and the solution with the lowest total cost is used to determine the sequence as
in section 3.4. This procedure is illustrated in figure 5. 
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Rotation cycle with
minimum setup cost

Rotation cycle with
minimum total cost

Rotation cycle with
minimum setup time

Figure 5. Solution procedure. 

From figure 5 and the calculations in the previous sections a heuristic procedure 
can be formulated. Some of the steps should be repeated. The heuristic includes 
the following 24 steps: 

1. Determine a rotation cycle where all items appear once with minimum
setup cost.

2. Number the items from 1 to N from their appearance in the cycle. 

3. Calculate the sequence setup time, tseq.

4. Calculate the sequence setup cost, Aseq.

5. Calculate potential saving in setup time for each item as
.1,11,,1 iiiiiii tttt

6. Calculate potential saving in setup cost for each item as
1,11,,1 iiiiiii AAAA .

7. Set ni,old=1 for all i.

8. Calculate  for all i from eq. (22). iC

9. If Ci<0 for some item, consider the items with Ci<0, select the item 
with largest iC  and go to step 10, else go to step 11. 

Determine f

f <1

Determine sequence
from frequencies

Apply heuristic
from section 3.2 . 

f 1

Apply heuristic
from section 3.2

f <1

Determine sequence
from frequencies

Calculate
total cost

f 1
f >1

Apply heurstic
from section 3.3

Compare total cost
with total cost above

(if f<1). Select solution
with lowest total cost

Determine f Determine f

Apply heuristic
from section 3.2

f 1

Determine sequence
from frequencies

Rotation cycle with
minimum total cost
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10. If ni>1 for all i, go to step 11. Else, for the selected item, let ni,new=2ni,old.
Go back to step 8. 

11. Calculate f from eq. (19).

12. If the considered rotation cycle: 

a) minimizes the sequence setup cost: If f 1, determine the rotation cycle 
resulting in minimum total cost and go to step 2, else go to step 19. 

b) minimizes the total cost: If f >1, determine the rotation cycle resulting 
in minimum total setup time and go to step 2, else go to step 19.

c) minimizes the total setup time: If f <1, calculate the total cost for this 
solution from eq. (18). Independent on f, consider the rotation cycle 
that minimizes the total cost and go to step 13. 

13. Set ni,old=1 for all i.

14. Calculate  for all i from eq. (32) using eq. (28) and eq. (31). iC

15. If Ci<0 for some item, consider the items with Ci<0, select the item 
with largest iC  and go to step 16, else go to step 17. 

16. If ni>1 for all i, go to step 17. Else, for the selected item, let ni,new=2ni,old.
Go back to step 14. 

17. If a total cost is calculated in step 12c), calculate average cycle time from 
eq. (13) and total cost from eq. (16) and go to step 18. Else go to step 19. 

18. Compare the total cost from step 17 with the total cost from step 12 c). 
Select the solution presenting lowest total cost.

19. Set  and create a schedule with  cycles. i
i

nn maxmax maxn

20. Place items with ni=1 in all cycles using the sequence of the rotation 
cycle.

21. Place items with ni=2 in every second cycle using the sequence of the 
rotation cycle. 

22. Place the remaining items (items with ) in the cycles with the 
smallest load of already placed items. The sequence of the rotation cycle 
should remain.

4n
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23. If f <1, calculate the amount of idle time from eq. (33) and distribute it 
among the cycles. 

24. Calculate order quantities from a system of linear equations.

The first seven steps provide a starting solution where all items appear once in 
every cycle. Steps 8-10 should be repeated in order to determine the frequencies 
of the items. Then, the profitable use of the facility is calculated in step 11. If it 
is profitable to shorten the cycle, the rotation cycle should be changed. Steps 2-
11 are then repeated for this rotation cycle. If there should be no idle time, 
frequencies are determined in steps 13-16 using the rotation cycle minimizing
the total cost. When a solution is found, a schedule with  cycles is created.
Thereafter, the items are placed in the cycles. As already mentioned, the 
sequence of the items from the rotation cycle should remain when creating the 
schedule. When the total sequence is created and idle time is distributed, the 
order quantities are calculated.

maxn

4 Numerical Example
To exemplify the heuristic we consider the production of ten items with the 
characteristics shown in table 1.

Table 1. Item characteristics. 

Item
di

(units/time unit) 
pi

(units/time unit) 
hi

(€/unit & time unit) 
A 400 30000 2.71·10-6

B 400 8000 7.40·10-5

C 800 9500 5.31·10-5

D 1600 7500 4.17·10-5

E 80 2000 1.16·10-3

F 80 6000 1.11·10-4

G 24 2400 6.25·10-4

H 340 1300 2.46·10-3

I 340 2000 3.75·10-4

J 400 15000 1.67·10-5

The items in table 1 originate from Bomberger (1966). In this case, setup times
and costs are assumed to satisfy the triangle inequality (i.e. ti,j ti,k+tk,j), since we 
cannot have negative reductions in setup times and costs in eq. (11) and eq. (14). 
Therefore, the largest setup time and cost cannot be more than the double of the 
smallest time and cost. The setup times are randomly generated between 0.15 
time units and 0.30 time units, shown in table 2. 
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Table 2. Setup times (time units). 
From\to A B C D E F G H I J
A - 0.298 0.266 0.235 0.208 0.192 0.265 0.186 0.255 0.241
B 0.178 - 0.272 0.249 0.160 0.220 0.165 0.249 0.267 0.218
C 0.151 0.230 - 0.280 0.197 0.192 0.242 0.205 0.232 0.245
D 0.248 0.173 0.253 - 0.266 0.292 0.172 0.195 0.259 0.188
E 0.293 0.293 0.277 0.285 - 0.289 0.167 0.269 0.259 0.290
F 0.219 0.286 0.175 0.224 0.206 - 0.155 0.202 0.259 0.162
G 0.186 0.160 0.275 0.180 0.266 0.297 - 0.222 0.252 0.192
H 0.162 0.201 0.186 0.216 0.200 0.246 0.214 - 0.220 0.217
I 0.243 0.251 0.300 0.156 0.232 0.158 0.242 0.175 - 0.217
J 0.298 0.240 0.263 0.193 0.285 0.277 0.199 0.280 0.227 -

The setup costs are also randomly generated between 30 € and 60 €, shown in 
table 3. 

Table 3. Setup costs (€).
From\to A B C D E F G H I J
A - 44 59 30 40 55 38 36 43 50
B 38 - 50 49 31 56 31 44 44 33
C 32 40 - 58 59 47 30 48 52 41
D 47 34 50 - 47 55 46 58 50 49
E 34 52 51 56 - 49 38 41 47 32
F 33 58 37 38 47 - 37 36 39 31
G 56 39 48 41 58 51 - 40 41 47
H 37 58 60 38 57 44 58 - 39 54
I 31 32 51 31 40 53 36 40 - 44
J 58 49 54 44 39 48 47 39 46 -

Minimizing the sequence setup cost results in the sequence 
IGCFHJEBDA . Then, we get the initial 

solution in table 4.

Table 4. Initial solution.
Item A D B E J H F C G I
ni 1 1 1 1 1 1 1 1 1 1
tseq 2.30
Aseq 349
T (time units) 19.53
C (€/time unit) 27.27
f 0.968
Tf (time units) 26.92
Cf (€/time unit) 25.92

The first iteration results in table 5.
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Table 5. Result of iteration 1. 
Item A D B E J H F C G I

ti 0.32 0.11 0.07 0.23 0.30 0.25 0.24 0.26 0.26 0.31
Ai 30 20 18 30 30 35 21 30 19 16
Ci -0.55 0.31 0.03 0.58 -0.48 6.44 -0.28 -0.06 -0.16 1.07

As shown in table 5, item A would decrease the total cost the most (-0.55). 
Therefore, the frequency of item A should be doubled. The second iteration is 
presented in table 6.

Table 6. Second iteration. 
Item A D B E J H F C G I
ni 2 1 1 1 1 1 1 1 1 1
f 0.964

fT (time units) 26.32
Cf (€/time unit) 25.37

Ci -0.26 0.29 0.01 0.55 -0.49 6.26 -0.29 -0.08 -0.17 1.03

In this case, doubling the frequency of item J provides most reduction on the 
total cost. After 11 iterations, all Ci are positive and we cannot decrease the 
total cost more by changing production frequencies. The final solution is 
presented in table 7.

Table 7. Final solution. 
Item A D B E J H F C G I
ni 8 1 2 1 4 1 4 2 2 1

Ci 0.003 0.07 0.38 0.19 0.10 4.82 0.25 0.45 0.09 0.71
f 0.944

fT 21.38
Cf 23.48

Since f<1, the rotation cycle minimizing the setup cost can be used. As table 7 
shows, the total cost for the final solution is 23.48 €/time units. The results are
shown in table 8.

Table 8. Results.
Initial solution

without idle time
Initial solution
with idle time Final solution

f 1.00 0.968 0.944
fT  (time units) 19.53 26.92 21.38

Cf (€/time unit) 27.27 25.92 23.48

f=0.944 means that 5.6% idle time should be inserted, which implies that 
58.938.21944.0181max fTfn  time units should be distributed. As 
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table 8 shows, the total cost could be decreased from 27.27 €/time unit to 23.48 
€/time unit, which is a reduction of 14 %.

From the production frequencies in table 7, we can create a production sequence 
with 8 cycles as shown in table 9. The sequence of the items in the rotation cycle 
is the base for the production sequence. 

Table 9. Production sequence. 
Cycle Item 1 Item 2 Item 3 Item 4 Item 5 Item 6 Item 7 

1 A D E H F G I
2 D B E H C I
3 D E J H G I
4 D B E H C I
5 D E H F G I
6 D B E H C I
7 D E J H G I
8 D B E H C I

For simplicity, the idle time is distributed equally between each production run 
(i.e. 9.58/49=0.195). Appendix G shows setup times and costs, order quantities, 
lead times etc. for the sequence in table 9 determined from a system of linear 
equations.

When calculating the change in setup time and setup cost when not producing an 
item in every cycle, we have assumed that the preceding and subsequent item in
the sequence still remain in the cycle. If two subsequent items are not produced 
in the same cycle we would get a difference between the expected and the actual
values. In this case, the total time of the sequence in table 9 would be 171.87 
time units, which implies an average cycle time of 171.87/8= 21.48 time units. 
The heuristic results in an average cycle time of 21.38 time units from eq. (17). 
The total setup time of the sequence is 10.63 time units, which implies 1.33 time 
units per cycle. The heuristic results in an average setup time of 1.32 time units 
per cycle. The total setup cost of the sequence in table 9 would be 2004 €, which 
is 2004/8=250.5 €/cycle and 2004/171.87=11.66 €/time unit. The heuristic 
results in an average setup cost of 251 €/cycle and 11.74 €/time unit.

Appendix G also shows the average holding cost from each production run. If 
this is multiplied with the lead time for each production run, summarized and 
divided with total time, we get an average holding cost of 11.87 €/time unit.
This should be compared with the average holding cost from the heuristic,
which is 11.74 €/time unit. The average total cost would then be 23.53 €/time
unit for the sequence and 23.48 €/time unit for the heuristic. These results are 
summarized in table 10. 
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Table 10. Results from heuristic and actual sequence. 

Heuristic
Actual

sequence
Average cycle time (time units) 21.38 21.48
Av. cycle setup time (time units/cycle) 1.32 1.33
Av. cycle setup cost (€/cycle) 251 250.5
Av. setup cost (€/time unit) 11.74 11.66
Av. holding cost (€/time unit) 11.74 11.87
Av. total cost (€/time unit) 23.48 23.53

Table 10 shows that the actual cycle time is longer than the expected time. The 
average holding cost is higher than expected but the average setup cost is less 
than expected. The total cost of the production sequence in table 9 is similar to 
the expected cost from the heuristic.

5 Conclusions and Extensions 
In this paper we have presented a heuristic for determination of cyclic schedules 
when dealing with sequence-dependent setup times and setup costs assuming
that these are not directly proportional to each other. As mentioned in the 
introduction, there is a need to modify the extended basic period approaches to 
take account of sequence-dependency in setup times. In this paper we use an 
extended basic period approach in the sense that the cycle time is calculated 
from the average setup times and processing times for all products taking 
sequence-dependency into account. From a rotation cycle where each item 
appears once, we can diversify the items with respect to production frequencies 
by considering the change in total cost if a production frequency is doubled.
Then, the sequence of the items in the rotation cycle is used for determination of 
the cyclic schedule.

The decision if the solution is realizable (f 1) must be taken after the 
frequencies are determined since f may decrease when the frequencies of items 
are doubled. Therefore, this decision cannot be taken for the rotation cycle, 
instead it must be taken after determination of frequencies.

As a comparison, a numerical test where all setup costs in table 3 are divided
with 10 has also been accomplished. First, the heuristic in section 3.2 is applied 
on the rotation cycle minimizing the total setup cost 
( IGCFHJEBDA ). This results in f=1.08,
which means that the solution is not realizable (since f >1). Then, the rotation 
cycle minimizing the total cost is determined
( CFIJGEBDHA ). The heuristic in section 3.2 
is applied resulting in f=1.13, which also implies that the solution is not 
realizable. Therefore, the rotation cycle minimizing the setup time is determined
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( CFIJDGEBHA ). For this, f=1.08 and also 
this solution is not realizable. Therefore, the second part of the heuristic (section 
3.3) is applied on the rotation cycle minimizing the total cost resulting in a 
solution with full time production, which is realizable.

The heuristic may result in high production frequencies for some items, which 
could lead to obsolete inventories. In order to avoid this, one may want a 
restriction on the longest production cycle. The heuristic in this paper does not
guarantee an optimal solution. The sequence is determined initially and then the 
change in setup cost if an item is passed over in the cycle is determined, but 
since the total cost depends on Ai, which is not considered when the rotation
cycle is created, an optimal solution cannot be guaranteed. Furthermore, the 
model for determination of a rotation cycle presenting the minimum total cost in 
appendix C is an approximation and will not guarantee the minimum cost. 
However, compared to a common cycle approach, the presented heuristic has 
positive economic effects on the sum of inventory holding costs and setup costs 
if the items differ with respect to cost structure, machine utilization, and setup 
times. The heuristic may best be used as an aid for practitioners when
scheduling the production under sequence-dependent setups.
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Appendix A 
This appendix determines the optimal f.
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Appendix B 
This appendix determines the change in optimal total cost if the frequency of an 
item is doubled, that is ni 2ni in eq. (20). 
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Appendix C 
This appendix presents an approximation for a cost matrix when a rotation cycle 
with minimum total cost should be created. We must approximate the cost in 
order to create a cost matrix on which algorithms for the travelling salesman 
problem can be applied. We start by considering the shortest setup time for item
i:

ihtt hi
h

i ,minmin  (C.1)

Let  be the setup cost for this setup. The shortest cycle time that can be
found (not necessarily feasible) is then:
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The total setup cost would be: 
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Changing sequence for the setup to item i (from h i to j i) would change the
cycle time from N

k kk
N
i i pdt 11

min 1  to 
N
k kkjii
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min 1 . This would imply the following 
change in cycle time:
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This would also increase the inventory holding costs by:
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Equivalently, the setup cost would change from minmin
TAT to
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The total cost would then change as the sum of the change in inventory holding 
cost and setup cost if the sequence to item i is changed to j i:
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A cost matrix can be created if (C.7) is calculated for all j and i (j i). An 
algorithm for the travelling salesman problem can be applied to determine the 
sequence. The rotation cycle minimizing the total change in cost should be 
chosen. If the sequence is changed for more than one item, the cycle time would
also change, which implies a different average setup cost. Therefore, all changes
in cycle time and setup cost due to change in sequence should be summarized.
In that case, the total change in setup cost would be:
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Similarly, the change in total cost would be:
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where
ijij

ijij
y ji ,tonotissequencesetuptheif0

,toissequencesetuptheif1

Appendix D 
This appendix shows the change in cycle time when ni is changed to 2ni for a 
solution without idle time. Then, the cycle time would change as: 

N

k k

k
N

k
k

k

k
seq p

dt
n

nt
11

1
1

N

k k

k
i

i

i

ik
k

k

k
seq p

d
t

n
n

t
n

n
t

1
1

2
121

The change in cycle time, iT , would then be: 
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Appendix E 
This appendix shows the change in holding cost when ni is changed to 2ni for a
solution without idle time. Then, the holding cost would change as: 
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We use eq. (24) and eq. (D.1) in eq. (E.1)
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Appendix F 
This appendix shows the change in setup cost when ni is changed to 2ni for a 
solution without idle time. Then, the setup cost would change as: 
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We must calculate 
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We use eq. (23), eq. (D.1) and eq. (F.2) in eq. (F.1): 
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Appendix G 
This appendix shows the order quantities for the sequence in table 9 determined
from a system of linear equations. We make the following calculations:

(1) Calculated from a system of linear equations. 
(2) Calculated as Q/p
(3) Calculated as Q/d
(4) Calculated as 0.5·Q·h·(1-d/p) 
(5) Calculated as the sum of production time, idle time, and setup time in the 
cycle.
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Table 11. Results for the actual sequence.

Item
Idle
time t A Q (1)

Production
time(2)

Lead
time(3)

Av. holding
cost(4)

Cycle
time(5)

Cycle 1 A 0.195 0.243 31 68747 2.292 171.87 0.092 20.96
D 0.195 0.235 30 29042 3.872 18.15 0.476
E 0.195 0.266 47 1702 0.851 21.28 0.948
H 0.195 0.269 41 7203 5.541 21.19 6.539
F 0.195 0.246 44 6493 1.082 81.16 0.357
G 0.195 0.155 37 984 0.410 41.00 0.304
I 0.195 0.252 41 7756 3.878 22.81 1.207

Cycle 2 D 0.195 0.156 31 35239 4.698 22.02 0.578 22.02
B 0.195 0.173 34 16287 2.036 40.72 0.572
E 0.195 0.160 31 1524 0.762 19.04 0.849
H 0.195 0.269 41 7443 5.726 21.89 6.756
C 0.195 0.186 60 31941 3.362 39.93 0.777
I 0.195 0.232 52 6182 3.091 18.18 0.962

Cycle 3 D 0.195 0.156 31 30131 4.017 18.83 0.494 18.83
E 0.195 0.266 47 1736 0.868 21.71 0.967
J 0.195 0.290 32 33674 2.245 84.18 0.273
H 0.195 0.280 39 6406 4.928 18.84 5.815
G 0.195 0.214 58 967 0.403 40.29 0.299
I 0.195 0.252 41 7480 3.740 22.00 1.164

Cycle 4 D 0.195 0.156 31 34201 4.560 21.38 0.561 21.38
B 0.195 0.173 34 16549 2.069 41.37 0.581
E 0.195 0.160 31 1490 0.745 18.63 0.830
H 0.195 0.269 41 6393 4.918 18.80 5.803
C 0.195 0.186 60 34371 3.618 42.96 0.836
I 0.195 0.232 52 6234 3.117 18.33 0.970

Cycle 5 D 0.195 0.156 31 31100 4.147 19.44 0.510 19.44
E 0.195 0.266 47 1836 0.918 22.95 1.023
H 0.195 0.269 41 7773 5.979 22.86 7.055
F 0.195 0.246 44 7256 1.209 90.70 0.399
G 0.195 0.155 37 1074 0.448 44.75 0.332
I 0.195 0.252 41 8440 4.220 24.82 1.313

Cycle 6 D 0.195 0.156 31 38389 5.119 23.99 0.629 23.99
B 0.195 0.173 34 18206 2.276 45.52 0.640
E 0.195 0.160 31 1662 0.831 20.78 0.926
H 0.195 0.269 41 8082 6.217 23.77 7.336
C 0.195 0.186 60 36213 3.812 45.27 0.881
I 0.195 0.232 52 6780 3.390 19.94 1.055

Cycle 7 D 0.195 0.156 31 33334 4.444 20.83 0.546 20.83
E 0.195 0.266 47 1974 0.987 24.67 1.099
J 0.195 0.290 32 35073 2.338 87.68 0.284
H 0.195 0.280 39 7399 5.692 21.76 6.716
G 0.195 0.214 58 1100 0.458 45.82 0.340
I 0.195 0.252 41 8566 4.283 25.19 1.333

Cycle 8 D 0.195 0.156 31 43551 5.807 27.22 0.714 24.41
B 0.195 0.173 34 17705 2.213 44.26 0.622
E 0.195 0.160 31 1825 0.912 22.81 1.016
H 0.195 0.269 41 7734 5.950 22.75 7.020
C 0.195 0.186 60 34969 3.681 43.71 0.851
I 0.195 0.232 52 6998 3.499 20.58 1.089

Average per cycle 1.33 250.5 21.48
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Abstract

This paper considers the scheduling of several different items on a single machine, in literature known as the

economic lot scheduling problem, ELSP. One of the characteristics of this problem is that the demand rate is

deterministic and constant. However, in a practical situation demand usually varies. In this paper we examine if a

deterministic model can be used if demand is stationary stochastic. A dynamic programming approach from Bomberger

(Manage. Sci. 12(11) (1966) 778) and a heuristic method from Segerstedt (Int. J. Production Econom. 59(1–3) (1999)

469) are used to calculate lot sizes for four items. The production of these items is simulated with different variations in

demand rates. Our conclusion is that a deterministic model of this kind can be used in a practical situation where the

demand rate is stationary stochastic, but the models must be complemented by a decision rule; which item to produce

and when to produce it. In our tests the heuristic method and the dynamic programming approach perform rather

similarly with respect to costs and inventory levels, but the dynamic programming approach results in more backorders

when there is small variation in demand rates. This study indicates that the model used for determination of lot sizes is

of less importance than the decision rule used for identification of the item to produce and when to produce it.

r 2004 Elsevier B.V. All rights reserved.

Keywords: Lot sizing; Scheduling; ELSP; Simulation study; Stochastic demand; Runout time

1. Introduction

This paper considers the economic lot schedul-
ing problem, ELSP, which is concerned with lot
sizing and scheduling the production of several
different items on a single machine. The objective
of ELSP is to determine lot sizes and a production

schedule such that the sum of inventory holding
costs and set-up costs is minimized. One char-
acteristic of the ELSP is that only one item can be
produced at a time. The production rates are
deterministic and constant and the production
capacity is constrained, but sufficient to meet total
demand. Most of the approaches to the ELSP
assume that the product demand rate is determi-
nistic and constant and all demands must be met in
the periods in which they occur. A set-up cost and
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a set-up time are associated with the production of
each item and are independent of the production
sequence. Another prerequisite is that the inven-
tory costs are directly proportional to inventory
levels.

The economic lot scheduling problem has been
investigated extensively in the literature over the
years. Bomberger (1966) presents a 10-item pro-
blem, on which many different methods and
algorithms have been tested. Elmaghraby (1978)
reviews various approaches to the problem and
divides these into two categories; analytical
approaches that achieve the optimum for a
restricted version of the original problem; and
heuristic approaches that achieve ‘‘good’’ solu-
tions for the original problem. Bomberger (1966)
and Axsäter (1987) present dynamic programming
approaches to the problem. Doll and Whybark
(1973) present an iterative procedure, which
reaches the best-known solution of the problem.
Dobson (1987), Gallego (1990), and Zipkin (1991)
are other famous references to this problem. More
recently, Segerstedt (1999) has presented a heur-
istic method for this problem, finding a solution
that coincides with the solution of Doll and
Whybark.

In a practical situation, the product demand rate
is not always deterministic and constant. Instead,
it is most likely that demand will vary. Therefore,
the objective of this paper is to examine if a
deterministic model can be used if demand is
stationary stochastic. To meet this objective a
simulation study is done, investigating the effects
of varying demand rates. We try to perform an
experiment that resembles a practical situation.
Therefore, we measure demand and its variance
with exponential smoothing, although we know
that the demand is stationary with a constant
mean. However, in a practical application we do
not know the demand and we have to measure and
estimate it in some way. Two different models are
used to calculate lot sizes for different items and
the production of these is simulated over time. The
models used for calculation of lot sizes are a
dynamic programming approach presented by
Bomberger (1966) and a heuristic method pre-
sented by Segerstedt (1999). The two models are
further presented in subsequent sections.

We consider N items which are produced, one at
a time, on a capacity constrained machine. We use
the following notations:

Ai set-up cost per production lot for item i

di demand rate for item i in units per time unit
hi holding cost per unit and time unit for item i

si stock on hand in units for item i

pi production rate for item i in units per time
unit

ti set-up time for item i in time units

2. Bomberger’s dynamic programming approach

Bomberger (1966) presents a dynamic program-
ming approach to calculate lot sizes for the
economic lot scheduling problem (ELSP). This
approach introduces a cycle time ðTiÞ for item i

such that the production cycle for the ith item
repeats itself every Ti units of time. In other
words, the cycle time is the time from start of
production of an item until the item is to be
produced again. The Bomberger approach also
assumes that each cycle time Ti is an integer
multiple ðkiÞ of a basic period ðTÞ, so that
Ti ¼ kiT . During the basic period T it should be
possible to produce all items at least once.
The cost per unit time ðciÞ for item i is defined as

the sum of set-up cost and inventory holding cost
and is calculated as

ciðki;TÞ ¼ Ai

kiT
þ hiðpi � diÞdikiT

2pi
: ð1Þ

Suppose that t units of time have been used
to schedule the production of items i ¼
1; 2; . . . ;m� 1. The minimum cost, Cm, of produ-
cing the remaining items ði ¼ m; . . . ;NÞ in the time
T � t can be written as

CmðT � t;TÞ
¼ min

km
cmðkm;TÞ þ Cmþ1 T � t� kmdmT

pm
� tm;T

� �� �
;

(2)

where

1pkmpKm; ð3Þ
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Km ¼ T � t� tm

Tdm=pm
ð4Þ

and

CNþ1ðT � t;TÞ ¼ 0: ð5Þ
The optimal km is determined by successively
solving the function for the minimum cost, Cm,
beginning with m ¼ N and varying t as
t ¼ DT ; 2DT ; . . . ;T .

The dynamic programming approach discussed
above is taken directly from Bomberger (1966) and
no own interpretations are made. In the dynamic
programming approach Bomberger finds the trial
value of the basic period T by interpolating
(extrapolating) between the two prior estimates
of T corresponding to the two lowest cost
solutions to date. However, with Bomberger’s
approach there may be a risk of missing the
optimal solution since the minimum cost function
changes in a stepwise fashion. For example, the
minimum cost for Bomberger’s 10-item problem
would look like Fig. 1.

Every time the minimum cost function changes
drastically there is a change in some ki-value. The
optimal value of the basic period T is found by
calculating the minimum cost, Cm, at each integer
of T between Tmin and 1:2 � Tmax, where

Tmin ¼
PN

i¼1 ti

1�PN
i¼1 di=pi

;

Tmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
PN

i¼1 AiPN
i¼1 hidið1� di=piÞ

s
: (6)

Tmax is the optimal cycle time, minimising the
ordering or set-up costs and inventory holding
costs, for the case where all items are to be

produced once during a common cycle time. The
basic period, T , is varied from Tmin to 1:2 � Tmax so
that we do not miss the optimal solution of T . This
restriction is made in order to avoid unnecessary
calculations and keep down the calculation time.
Note that the cycle time Ti for item i is Ti ¼ kiT .
Ti is not restricted in some way. The lot sizes for
the different items are

Qi ¼ dikiT : ð7Þ

For more detailed information about the dynamic
programming approach we refer to Bomberger
(1966).

3. Segerstedt’s heuristic method

Segerstedt’s heuristic method is based on
frequencies, f i, as the number of times item i is
produced during a specified time interval T̂ . Given
the frequencies and demand rates for the items
during the time interval, the lot sizes can be
derived. Hence, the heuristic is aimed at finding the
production frequencies of the individual items,
which gives the minimum total cost in terms of set-
up costs and inventory holding costs. The time
interval T̂ is restricted by a minimum time T̂min

and a maximum time T̂max. T̂min represents the
shortest time needed to produce all items and is
calculated as

T̂min ¼
PN

i¼1 f iti

1�PN
i¼1 di=pi

: ð8Þ

T̂max is determined from a restriction on how
many time periods of demand one production lot
is allowed to satisfy or cover. In this study, one lot
was not allowed to cover more than 260 days,
since we did not want to produce unrealistically
large quantities with unnecessarily high inventories
as a consequence.
The total cost, C, can be expressed as

C ¼ min
T̂minpT̂pT̂max

XN
i¼1

f iAi

T̂
þ hi 1� di

pi

� �
diT̂

2f i

 ! !
:

ð9Þ
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Minimising this yields

T̂opt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1 f iAiPN
i¼1 hidið1� di=piÞ=ð2f iÞ

s
: ð10Þ

The relationship between T̂min; T̂opt and T̂max is
shown in Fig. 2.

We start with a common high frequency for all
items, which is the highest frequency possible
during T̂max considering the capacity restriction of
the machine and satisfying demand. Thereafter,
the frequency for items with high set-up costs
compared to their inventory holding costs is
reduced, if it decreases total costs of set-ups and
inventory holding.

f iAi=T̂opt

hið1� di=piÞdiT̂opt=ð2f iÞ
: ð11Þ

The item with the largest quotient (11) is the item
whose frequency is to be reduced. The problem is
decomposed into two phases. First, the frequencies
are determined, and then, using the given frequen-
cies, the time interval presenting the lowest costs is
determined, but also satisfying the maximum time
interval restriction. The frequencies are updated,
and the time interval presenting the lowest costs
for these new frequencies is determined, then we
update the frequencies again in a search proce-
dure. We use only frequencies that are multiples of
two in order to make a cycle policy easier to
establish. Since the heuristic works with powers of
two, the frequency of the item with the largest
quotient is divided by two. When the optimal
frequencies are found the lot size of item i can be

calculated as

Qi ¼
diT̂opt

f i
: ð12Þ

For the complete recursion procedure and more
detailed information about the heuristic method
we refer to Segerstedt (1999).

4. The simulation model

Based on the previous discussion the lot sizes for
each item can be determined, but to be able to
simulate the production of items over time, a
decision of which item to produce must be taken.
Bomberger (1966) does not give any suggestion
how to identify this item, whereas Segerstedt
(1999) suggests that the item that first will run
out of stock should be produced. Because of this, a
decision rule for identifying which item to produce
is introduced. The decision is based on an
investigation of inventory levels and demand rates
of the individual items. The decision rule is used
both for the simulation with Bomberger’s dynamic
programming approach and Segerstedt’s heuristic
method. The dynamic programming approach and
the heuristic method are only considered when
deciding upon which lot sizes to use. These are the
only elements that deviate, comparing the output
of the two models.
The simulation model can be summarised in the

following steps:

1. update forecast and variance,
2. calculate lot sizes (every fifth event),
3. calculate runout times,
4. identify item to produce,
5. check decision-rules:

a. Production:
Calculate production time,
Time ) Timeþ production time,

b. No production:
Time ) Timeþ 0:1 time period,

6. calculate actual demand during progressed time,
7. calculate new inventory levels,
8. calculate average backorders, inventory holding

costs, and set-up costs.
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In practice, it may be inconvenient to change the
lot sizes for each production run. Therefore,
the lot sizes are updated every fifth event. The
different steps are described in detail in the
following sections.

4.1. Forecasts and variance

Forecasts of the demand rates for every item are
calculated using a modification of exponential
smoothing (Croston, 1972; Segerstedt, 2000) as

d̂ i; j ¼ d̂ i; j�1 þ a
Xi; j�1

Tj � Tj�1
� d̂ i; j�1

� �
; ð13Þ

where d̂ i; j is the forecasted demand rate for item i

in period (time point) j (units/day), d̂ i; j�1 the
forecasted demand rate for item i in period (time
point) j � 1 (units/day), Xi; j�1 the actual demand
for item i in period (time point) j � 1 (units), Tj the
present time point, Tj�1 the previous time point
and a the smoothing constant.

The reason for using this method is that the
forecast interval is not a constant period of time.
In our study, the forecast was updated after the
production of one lot if there was a production
run. Otherwise the forecast was updated each
tenth of a period, since the facility was idle a tenth
of a period if there was no need for production.

The variance of the demand is calculated as

ŝ2i; j ¼ ŝ2i; j�1

þb
ðXi; j�1 � d̂ i; j�1ðTj � Tj�1ÞÞ2

Tj � Tj�1
� ŝ2i; j�1

 !
;

(14)

where ŝ2i; j is the forecasted variance for the
forecasted demand rate for item i in period (time
point) j; ŝ2i; j�1 the forecasted variance for the
forecasted demand rate for item i in period (time
point) j � 1 and b the smoothing constant.

Smoothing constants of 0.1 were used for a and
b in this study.

4.2. Item to produce

In order to decide which item to produce the
runout times for the items are considered. The
runout time ðROiÞ represents the time until item i

runs out of stock and is calculated as

ROi ¼ si

d̂ i

: ð15Þ

We arrange the items as 1 to N with the item with
the smallest runout time as number one and so
forth.

RO1oRO2oRO3o � � �oRON : ð16Þ
The item ranked as number one is the most critical
since it is expected to reach a stockout situation
first. Therefore, this item is the next to be
produced.

4.3. Decision rule for production or idle time

The ranking in previous section identifies the
item to produce. However, if the production of
items takes place continuously, i.e. if there is no
idle time (the production of the next item starts
immediately after the production of an item is
completed), the inventory levels will increase
endlessly if we have excess capacity. To avoid
this, a criterion for whether to produce or not must
be introduced. If the runout times for the items are
long there is no need for production. Therefore,
the first criterion for production is that

RO1pt1 þ
zŝ1

ffiffiffiffi
t1

p

d̂1

: ð17Þ

Eq. (17) represents the set-up time of the item
including a safety time due to the variance in
demand rate. The second term represents the
runout time for the safety stock. z is obtained by
finding the cumulative upper limit in a normal
distribution table that corresponds to the decided
service level, defined as the probability of not
having a stockout during the order cycle. If this
criterion is fulfilled the item ranked as number one
must be produced immediately otherwise the
probability of a stockout is too high. If the runout
time for this item exceeds the right-hand side of
Eq. (17), there is no immediate need for produc-
tion, but in order to avoid stockouts of the
subsequent items their runout times must also be
considered.
In some situations an individual item will be

produced more than once before all of the other
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items are produced once. In this case, the runout
time of batch j of item i will be

ROij ¼
si

d̂ i

þ ð j � 1Þ Qi

d̂i

; ð18Þ

where j ¼ 1 for first batch, j ¼ 2 for second batch
of item i and so on. In order to determine the
expected number of times item i is to be produced
before the item with the longest runout time (item
N from Eq. (16)) is produced we compare the
runout time of batch j of item i to the longest
runout time ðRONÞ.

We start with j ¼ 1 and calculate the runout
time for each batch j of item i from (18) as long as

ROijoRON : ð19Þ
When this is calculated for all items, the expected
total number of batches until we have produced
item N can be determined. We let M denote the
total number of batches to produce and arrange
the batches as 1 to M from increasing runout
times. In order to decide whether to produce or
not we compare the runout time of each batch to
the expected time until the start of production of
the batch. Let vðhÞ be a function that returns the
item index i and the batch number j for the batch
arranged as number h and uðhÞ a function that
returns item index i for the batch arranged as
number h, where h ¼ 1; 2; . . . ;M. When we com-
pare the runout time of each batch to the expected
time until start of production of the batch we get
M � 1 equations as

ROvð2Þptuð1Þ þ
Quð1Þ
puð1Þ

þ tuð2Þ

þ
zŝuð2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tuð1Þ þ Quð1Þ

puð1Þ
þ tuð2Þ

q
d̂uð2Þ

;

ROvð3Þptuð1Þ þ
Quð1Þ
puð1Þ

þ tuð2Þ þ
Quð2Þ
puð2Þ

þ tuð3Þ

þ
zŝuð3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tuð1Þ þ Quð1Þ

puð1Þ
þ tuð2Þ þ Quð2Þ

puð2Þ
þ tuð3Þ

q
d̂uð3Þ

;

..

.

ROvðMÞpLvðMÞ þ
zŝuðMÞ

ffiffiffiffiffiffiffiffiffiffiffi
LvðMÞ

p
d̂uðMÞ

;

where LvðMÞ ¼ tuð1Þ þ
Quð1Þ
puð1Þ

þ tuð2Þ þ
Quð2Þ
puð2Þ

þ � � �

þQuðM�1Þ
puðM�1Þ

þ tuðMÞ: (20)

These equations investigate whether the items are
expected to reach their safety stock level before
item N has been replenished. If at least one of the
M � 1 constraints is true, the production of the
item ranked as number one must begin; otherwise
there may be stockouts later. In other words, the
production of the item ranked as the most critical
begins earlier than if only condition (17) is taken
into consideration. This is visualised in Fig. 3.
The left part of Fig. 3 shows what could happen

if only Eq. (17) is taken into consideration. In this
case item 2 will run out of stock during the
production of item 1. For this reason, the
production of item 1 must be advanced, which is
shown in the right part of Fig. 3. Similar thoughts
as in this section are presented in Leachman and
Gascon (1988) and Levén (2003).

4.4. Update and statistics

In the simulation study, the set-up time and the
production time was progressed and all data were
updated if there was a production run. The
inventory levels of all items were reduced by the
demand during the production time and the
produced quantity was added to the inventory of
the produced item. We assumed that the inven-
tories were filled up by the end of a period.
If there was no need for production (none of the

production criteria (17) and (20) were fulfilled),
one-tenth of a period of time elapsed and the
inventory levels were updated before new calcula-
tions of runout times were made. This was
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repeated until there was a need for production.
New lot sizes were calculated every fifth update.

During the simulation study the average in-
ventory levels and average backorders were regis-
tered and daily averages of inventory levels and
backorders were calculated. The number of set-ups
was also recorded. The inventory holding costs as
well as the set-up costs could then be calculated.

5. A simulation study of the production of four

items

The simulation study concerned the production
of four different items with the characteristics
shown in Table 1.

These four items have a utilisation ðPn
i¼1 di=piÞ

of 0.88. This does not include the capacity used for
set-ups.

In this study, the actual demand was stationary
stochastic from a uniform distribution. For each
test the demand rates were allowed to vary by a
percentage of the demand rate in Table 1. For a
test with a maximum variation of 10% the demand
rate could vary between 900 and 1100 units per

day for item 1, which has a daily demand rate of
1000 units in Table 1. Six different scenarios were
simulated: from constant demands up to 50%
variations. Table 2 shows the minimum and
maximum demand rates for the four items in the
different scenarios.
These scenarios were tested for both Segerstedt’s

heuristic method and Bomberger’s dynamic pro-
gramming approach. An overview of the tests is
shown in Table 3.

ARTICLE IN PRESS

Table 1

Item characteristics

Item Piece Demand Production Set-up Set-up Holding Initial Initial

cost rate rate time cost cost inventory variance

(SEK) (units/day) (units/day) (days) (SEK) (SEK/unit day) (units) ðunits=dayÞ2

1 0.0065 1000 30000 0.125 15 2.71E-06 17000 3000

2 0.1275 2000 9500 0.25 30 5.31E-05 22000 6000

3 0.1 4000 7500 0.125 10 4.17E-05 50000 12000

4 2.785 200 2000 0.5 110 0.00116 6000 600

Table 2

Variations in demand rates (units/day)

Scenario Item 1 Item 2 Item 3 Item 4

min d1 max d1 min d2 max d2 min d3 max d3 min d4 max d4

Const 1000 1000 2000 2000 4000 4000 200 200

10% 900 1100 1800 2200 3600 4400 180 220

20% 800 1200 1600 2400 3200 4800 160 240

30% 700 1300 1400 2600 2800 5200 140 260

40% 600 1400 1200 2800 2400 5600 120 280

50% 500 1500 1000 3000 2000 6000 100 300

Table 3

Test overview

Test Explanation

1 Heuristic method, constant demand

2 Heuristic method, 10% variation

3 Heuristic method, 20% variation

4 Heuristic method, 30% variation

5 Heuristic method, 40% variation

6 Heuristic method, 50% variation

7 Dynamic programming approach, constant demand

8 Dynamic programming approach, 10% variation

9 Dynamic programming approach, 20% variation

10 Dynamic programming approach, 30% variation

11 Dynamic programming approach, 40% variation

12 Dynamic programming approach, 50% variation
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Each test contained five repetitions, except for
the tests with constant demand rates, which were
run once. All simulations were run over 960
production days, representing 4 production years
each with 240 production days. No statistics were
registered during the first 100 days. A service level
of 95% was used to determine the z-value.

The inventory levels for the heuristic method
with a constant demand are shown in Fig. 4.

As Fig. 4 shows, there are no backorders with
constant demands. The corresponding figure with
Bomberger’s dynamic programming approach
looks like Fig. 5.
In this case the initial inventories are too low,

which results in a small number of backorders
in the beginning until the model has reached
equilibrium. In comparison to Fig. 4, the dynamic
programming approach results in smaller lot sizes
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Fig. 4. Inventory levels: Heuristic method, constant demand.

Fig. 5. Inventory levels: DP approach, constant demand.
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for item 1, but larger lot sizes for item 3. The lot
sizes of items 2 and 4 are almost similar in the two
models. Fig. 6 shows the inventory levels using the
heuristic method when the maximum variation in
demand rates is 30%.

The corresponding graph with Bomberger’s DP
approach is shown in Fig. 7.

As Figs. 6 and 7 show, there are backorders with
this variation. The lot sizes are changed during

time due to the forecasted demand rates. The two
models present different inventory levels for the
items. The heuristic method results in higher
inventory levels for item 1 and the DP approach
presents higher levels for item 3, due to differences
in lot sizes. The average inventories are shown
in Fig. 8.
The six columns to the left in Fig. 8 belong to

the heuristic method and the six to the right belong
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Fig. 6. Inventory levels: Heuristic method, 30% variation in demand rates.

Fig. 7. Inventory levels: DP approach, 30% variation in demand rates.
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to the dynamic programming approach. The total
average inventories are almost similar for the two
models. The inventory of item 1 is less in
Bomberger’s model, but higher for item 3, as a
consequence of the lot sizes. When the variation
reaches 50%, the average inventory increases
rapidly, especially with the heuristic method. The
reason for this can be that the uniform distribu-
tion results in large variations. For instance, a
variation of 10% for item 1 gives a variance of
ð1100� 900Þ2=12 ¼ 3333. Remember that the
forecasted variance is used to determine the safety
time and thus the start of production. A large
variance results in larger safety times and hence
earlier start of production, which results in higher
inventory levels. In some cases, the utilisation is

also close to the maximum capacity of the facility,
which affects the lot sizes.
If the demand in one period could not be met it

was registered as backorders and satisfied in some
of the following periods. The average number of
backorders per day is shown in Fig. 9.
As Fig. 9 shows, the heuristic method results on

average in fewer backorders than the DP ap-
proach, especially with small variations. The
backorders can be compared with the demand
rates for the items. The backorders are at most 2%
of the demand rate for items 1 and 2 and about
10% of the demand rate of item 4. The total cost
of the two models is presented in Fig. 10.
As Fig. 10 shows, there is no large difference in

total cost between the two models except for the
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Fig. 8. Average inventory in number of units per day.

Fig. 9. Average backorders.
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case of 50% variation. The inventory holding cost
is a little higher using the dynamic programming
approach than the heuristic method when there is
little variation in demand rates. The set-up cost is
similar between the models. It must be accentuated
that the cost of backorders has not been taken into
consideration. This would have increased the total
cost, especially for the dynamic programming
approach.

Some tests with a higher utilisation ð� 92%Þ have
also been made. A higher utilisation results in less
idle time, higher average inventory levels, and more
backorders. The impact of lower safety factors has
also been tested. For instance, simulations with a
decided service level of 50% (no safety stock) with
the heuristic method and variations of 30% were
made. The average inventory levels are, as expected,
lower in the test with a decided service level of 50%;
139119 units per day, which should be compared to
147121 units per day with a decided service
level of 95%. The total cost was reduced from
11427 to 11144. On the other hand, the ave-
rage backorders are higher for the test with a
decided service level of 50%; 16 units per day
compared to 7.5 units per day with the higher
decided service level.

6. Conclusions and extensions

The purpose of this paper was to examine if a
deterministic model can be used if demand is

stationary stochastic. A simulation study estab-
lished that a deterministic model can be used in a
practical situation to calculate lot sizes on a single
machine producing several different items. By the
use of a decision rule with runout times, which this
simulation study is based on, these models would
be applicable when demand is stationary stochas-
tic. Some of the items run out of stock when
demand varies, but the number of backorders is
not that large compared to the demand rate. It is
also possible to change the decision rule in order to
reduce the number of backorders, e.g. increase the
decided service level.
Our study indicates that the model used for

determination of lot sizes is of less importance
than the decision rule used for identification of the
item to produce and particularly when to produce
it. In other words, the important decisions concern
the sequence in which the items are produced and
in what situations the facility should be idle.
Bomberger (1966) focuses only on the lot sizes and
does not suggest how these decisions should be
made. Segerstedt (1999) suggests that the item with
the shortest runout time should be produced, but
does not suggest how to decide whether to produce
or not. It must be accentuated that if economic
order quantities are determined and directly used
in production without idle time, the inventories
will increase endlessly if we have excess capacity.
Therefore, it is very important to base the
production upon a well-performing rule to decide
whether to produce or not.
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Fig. 10. Total cost.
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It should be mentioned that the dynamic pro-
gramming approach that is used in this paper does
not find the optimal solution of Bomberger’s 10-item
problem (e.g. Doll and Whybark, 1973; Segerstedt,
1999) find a better solution). Furthermore, the
heuristic method demands less computational effort
than the dynamic programming approach. In this
study, the lot sizes were updated after every fifth
event, which also would be convenient in practice. If
the lot sizes are updated after each production run,
the required computational effort would be very
high. However, other dynamic programming ap-
proaches (e.g. Axsäter, 1987) may present lower
costs and require shorter calculation times.

Areas of improvement considering lowering costs
and improving service levels should primarily con-
cern the decision rule. As mentioned, extensive
research has been carried out regarding lot sizing
in capacity constrained facilities and hence, there are
many methods to obtain lot sizes. Instead,
the focus should be on the control and scheduling
of these lot sizes, i.e. in what order should the
lots be produced and when should they be produced?
We believe that the decision rule presented in this
article can be improved considering total cost and
the number of stockouts. Areas of further research
could also consider the applicability of deterministic
models to transient stochastic demands.
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Abstract

This paper considers the problem of scheduling the production of multiple items, each with random demand, on a

single facility. We show how the variance in demand during lead time can be estimated and present a model for

determination of safety stocks and order-up-to levels for a fixed cyclic sequence, both with and without idle time. For

systems with idle time, we present a control model to make the decision to produce next item in sequence or idle the

facility. The performance of the model is tested in a simulation study.

r 2004 Elsevier B.V. All rights reserved.

Keywords: Safety stocks; Order-up-to levels; Cyclic schedules; Stochastic demands; ELSP

1. Introduction

In this paper we consider the stochastic version of the economic lot scheduling problem (ELSP), which is
concerned with scheduling the production of multiple items on a single machine. The objective of ELSP is
to determine the lot size and the production schedule of each item such that the total costs in form of setup
costs and inventory holding costs are minimized. When scheduling the production of many different items
on a single facility it is common to use cyclic schedules. There are many existing algorithms for
determination of production frequencies and cyclic schedules for this problem (e.g. Bomberger, 1966; Doll
and Whybark, 1973; Goyal, 1975; Haessler and Hogue, 1976; Haessler, 1979; Axsäter, 1987; Zipkin, 1991;
Gallego and Roundy, 1992). Power-of-two (PoT) policies, where each production frequency is a multiplier
of two, are often used for the design of production schedules. According to Yao and Elmaghraby (2001),
these policies have become popular for lot sizing problems since they provide reasonably tight worst case
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bounds and also simplify the construction of cyclic schedules. For reviews of the ELSP we refer to
Elmaghraby (1978) and Lopez and Kingsman (1991).

Most of the existing models for ELSP are based on an assumption of deterministic demands. In many
practical applications uncertainty of demand is a complicating factor, since demand rates for goods and
services can vary greatly. Sox et al. (1999) investigate the research literature on the stochastic lot scheduling
problem (SLSP), defined as the problem of scheduling production of multiple items, each with random
demand, on a single facility that has limited production capacity and significant setups between items. They
conclude that the deterministic version of the problem is investigated extensively within the literature,
whereas the stochastic problem is not as investigated.

According to Axsäter (2000) it is common to disregard stochastic demand variations and solve the
remaining deterministic problem. Safety stocks are added in a second step using techniques for independent
items. Some authors have constructed control rules in order to apply ELSP-models on the SLSP. Brander et
al. (2005) test the applicability of deterministic models in environments with stochastic demands in a
simulation study. Others have incorporated the stochastic parts of the problem and developed nonlinear
optimizations, queuing analysis, and simulations to construct control policies. According to Sox
et al. (1999) there are two critical elements in the control policy of SLSP: lot sizing and sequencing.
The production sequence is either dynamic (e.g. Vergin and Lee, 1978; Graves, 1980; Leachman and
Gascon, 1988; Qiu and Loulou, 1995; Brander et al., 2005) or fixed (e.g. Gallego, 1990; Bourland and
Yano, 1994; Gallego, 1994). The fixed cyclic sequence policies typically use an order-up-to level to
determine when to terminate production of the item currently being produced. A fixed production sequence
simplifies scheduling the setup operations, but dynamic sequencing provides more flexibility to demand
realization.

Bourland and Yano (1994) use cyclic schedules and develop a two-level approach: a planning model and
a control model. The planning model is a nonlinear mathematical program determining the cycle length,
allocation of idle times, and safety stock levels with the use of overtime in the production. If an item reaches
its reorder point while the previous item is in production, then the remainder of the production of the item
is completed using overtime, which is more costly than normal production. Gallego (1990) presents a
simulation-based search method for determination of safety stock levels, given the control policy and the
cyclic sequence. Smits et al. (2004) present a way to determine order-up-to levels, based on queuing
analysis, for a (R, S) system and a fixed cyclic production sequence, where the demand is modelled as a
compound renewal process. Kelle et al. (1994) extend the procedure of Doll and Whybark (1973) and
present a heuristic for determination of production frequencies and cycle times taking safety stocks into
account. They calculate the safety stock as a safety factor multiplied with the standard deviation of the
demand during a protection lead time. In order to estimate the standard deviation during the protection
time they use the standard deviation of the one-period ahead forecast and an empirically estimated
constant. Federgruen and Katalan (1996) model demand for each item as a Poisson or compound Poisson
process. They use a fixed rotation sequence and compute base stock levels using polling systems.
Federgruen and Katalan (1998) complement Federgruen and Katalan (1996) with a three-phase model
resulting in production frequencies for each item, length of production table, and the sequence of the
production lots in the table.

Sox et al. (1999) point out that it lacks a rigorous method for determination of safety stock levels in
models where the production and inventory control are constructed simultaneously. In this paper we
develop a model for determination of safety stocks and order-up-to levels for the production of multiple
items in a fixed cyclic sequence. Furthermore, a control model, used to make the decision whether to
produce next item in sequence or idle the facility in systems where there is idle time, is developed. As
mentioned, there are many existing models for determination of cyclic schedules and we assume that the
production sequence is created with one of these. The model presented in this paper is then used in a second
step for determination of safety stocks and order-up-to levels.
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The remaining of the paper is organized as follows. In the next section, we present the model in detail.
Initially, we present the assumptions it is based upon and the notations we use. Then, we present how the
variance that must be handled by safety stocks can be estimated, both in systems with and without idle
time. Furthermore, we show how to calculate lead times and order quantities in order to determine safety
stock levels and order-up-to levels. In the end of Section 2, we present a control model, which is necessary
to make the decision whether to produce next item in sequence or idle the facility when there is idle time in
the system. In Section 3, we show the results of a simulation study performed in order to test the
performance of our model. Conclusions and extensions are given in Section 4.

2. Model description

Before presenting the model and our approximations, we describe the assumptions they are based upon
and introduce the notations we use.

2.1. Assumptions and notations

We consider a system with N items and a single facility, producing all the items, one at a time, under a
capacity constraint. The production capacity is sufficient to meet total demand and the production rates are
deterministic and constant. The items are produced in a fixed cyclic sequence that is repeated over and over
again. We consider two types of systems. First, a system with full time production where the production of
next item in the sequence starts immediately after the production of an item is completed. An example of such
a system is shown in Fig. 1, where the grey blocks represent production and the dashed blocks represent setup.

We divide the sequence in cycles and assume that item i is produced every nith cycle. The number of
cycles is given by the item with the largest n-value. We calculate an average cycle time, T ; and item i is
produced using an average cycle of niT : The lead time of production order k in the sequence is given by Lk

and defined as the time from start of production order k until next time the item is produced.
In some cases it may be beneficial to insert idle time between the completion of an item’s production

batch and the setup for the next item since it reduces the frequency of setups and hence the average setup
cost. There are also existing algorithms for determination of idle time. In these cases the cycle is extended,
which implies a longer average cycle time,Tf ; visualized in Fig. 2.

Each item has its own stockpoint, at which demands arrive normally distributed. Since the demand is
stochastic, we need to introduce safety stocks. The safety stock levels are calculated from service levels,
defined as the probability of no stockout per order cycle. Order-up-to levels are used to determine when to
terminate production of the item currently being produced. We introduce the following notations:

ai service level of item I

C setup cost (h/time unit)
di demand rate for item i (units/time unit)

ARTICLE IN PRESS
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P. Brander, R. Forsberg / Int. J. Production Economics ] (]]]]) ]]]–]]] 3



Di demand during lead time for item i (units)
F fraction of time the facility is busy, 1 ¼ full time
hi holding cost for item i (h/unit and time unit)
Ii inventory level of item i (units)
K number of orders placed in the sequence

Li average lead time of item i (time units)

Lk lead time of production order k (time units)
Lmax
i longest lead time of item i in the sequence (time units)

N number of items
ni production frequency of item i

nmax number of cycles in the sequence
pi production rate of item i (units/time unit)
qk quota between the lead time of production order k and the average cycle time

qþk nearest higher integer of qk
q�k nearest lower integer of qk

Qi
average order quantity of item i (units)

Qk size of production order k (units)
r utilization of the production facility
Sk order-up-to level of production order k (units)
SSi safety stock level of item i (units)
sDi

standard deviation of the total demand in the replenishment lead time of item i

smax
Di

highest standard deviation of the total demand in the replenishment lead time of item i

sT standard deviation in cycle time in the system without idle time

ti setup time for item i (time units)

T average cycle time when producing full time (time units)

Tf average cycle time in systems with idle time (time units)

TC total cost (h/time unit)
THC total holding cost (h/time unit)
TSC total setup cost (h/time unit)
TSSi time to reach the safety stock level of item i (time units)
v(k) function indicating the item ordered at k (k ¼ 1,y,K)

2.2. Determination of safety stocks and order-up-to levels

The traditional way to calculate the safety stock level, SSi, of item i is

SSi ¼ sDi
F�1ðaiÞ; (1)
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where sDi
is the standard deviation of the total demand in a replenishment lead time for item i and ai

is the decided target service level of item i. In order to calculate safety stock levels from (1), we need
to estimate the standard deviation in total demand in a replenishment lead time. If lead time and
demand are assumed to be independent random variables, it is shown (e.g. Sivazlian and Stanfel, 1975;
Ross, 1983) that

sDi
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E½Li� varðdiÞ þ ðE½di�Þ2 varðLiÞ

q
; (2)

where Di, with mean E½Di� and standard deviation sDi
; is the total demand in a replenishment lead time for

item i. Li; with mean E½Li� and variance varðLiÞ; is the lead time for item i and di, with mean E½di� and
variance varðdiÞ; is the demand rate for item i. In practice, E½di� and varðdiÞ can be obtained from the
forecasting system. The expected lead time can be calculated, but the variance in lead time is unknown and
must thus be estimated in order to calculate sDi

from (2).

2.2.1. No idle time: Variance in cycle time

In order to estimate the variance in lead time we first consider the cycle time and its variance. Assume
that item i is produced every nith cycle in the sequence. The average cycle time consists of setup times and
production times for all items and can be approximated as

T ¼
XN
i¼1

Qi

nipi
þ
XN
i¼1

ti

ni
: (3)

The average order quantity of item i is the demand for the item during the cycle time:

Qi ¼ niTdi: (4)

Eqs. (3) and (4) result in T as

T ¼
PN

i¼1
ti
ni

1�PN
i¼1

di
pi

: (5)

The expected average leadtime of item i will be

E½Li� ¼ niE½T �; (6)

where E½T � is determined from (5). The variance of the lead time, varðLiÞ; can be estimated as

varðLiÞ ¼ ni varðTÞ: (7)

varðTÞ can be estimated as the variance in the sum of demand for all items during the cycle time. This can be
approximated as

varðTÞ ¼ var
XN
i¼1

Di

nipi

 !
: (8)

From (2) and (6)–(8) the variance in cycle time can be approximated as the equation

varðTÞ ¼ E½T �
XN
i¼1

varðdiÞ
p2i

þ
XN
i¼1

E½di�
pi

 !2

varðTÞ: (9)
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The first term represents the variance in demand and the second term represents the variance in cycle
time. Solving (9) results in varðTÞ as

varðTÞ ¼ E½T �
1� PN

i¼1
E½di �
pi

� �2 XN

i¼1

varðdiÞ
p2i

: (10)

Eq. (10) represents the variance in cycle time when the facility is running full time.

2.2.2. Idle time: Variance in cycle time to handle with safety stocks

As mentioned, in some cases it is preferable to idle the facility some fraction of time. In order to handle
such a system, we introduce f, which is the fraction of time the facility is busy, either by production or setup.
If f is equal to 1, the facility is busy full time. An f less than 1 means idle time in the system, which implies an
extended cycle, since it not only contains setup and production but also idle time. f can be seen as a decrease
in production rate and an increase in setup time. We introduce f in (5), which results in the new average
cycle time, Tf ; as

Tf ¼
1
f

PN
i¼1

ti
ni

1�PN
i¼1

di

fpi

¼
PN

i¼1
ti
ni

f �PN
i¼1

di
pi

: (11)

Idle time in the system implies flexibility. In practice, this flexibility will be used to avoid stockouts. In
order to determine the variance that must be handled by safety stocks let us consider Fig. 3.

We assume that the flexibility due to idle time can be used to handle variations in the interval �E½Tf �ð1�
f ÞpxpE½Tf �ð1� f Þ: Outside this interval, variations must be handled by safety stocks. From this, the
variance that must be handled by safety stocks, varðTf Þ; can be estimated as

varðTf Þ ¼ 2

Z �E½Tf �ð1�f Þ

�1

ðxþ E½Tf �ð1� f ÞÞ2
sT

� j x

sT

� �
dx; (12)

where sT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðTÞ

p
; which represents the standard deviation in cycle time in the system without idle time

from (10). As shown in Appendix A, solving (12) results in

varðTf Þ ¼ 2ðs2
T
þ a2Þ 1� F

a

sT

� �� �
� 2asTj

a

sT

� �
; (13)

where

a ¼ E½Tf �ð1� f Þ: (14)

Eq. (13) represents the variance that must be handled by safety stocks when having idle time in the system.
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2.2.3. Variance in lead time

This far we have considered the average lead time of the items in order to estimate the variances. In order
to estimate the variance in lead time we must determine the expected lead time for each production run.
These can be calculated from a system of linear equations assuming deterministic demands as mentioned by
Brander and Forsberg (2005). Let the items be ordered as k ¼ 1; . . . ;K from their appearance in the
sequence and let v(k) be a function indicating the item ordered at k. The lead time for the item ordered as k
would be

Lk ¼ tv kþ1ð Þ þ
Lkþ1dv kþ1ð Þ

pv kþ1ð Þ
þ tv kþ2ð Þ

 
þLkþ2dv kþ2ð Þ

pv kþ2ð Þ
þ � � � þ Lkþmdv kþmð Þ

pv kþmð Þ
þ tv kþmþ1ð Þ

!

� pv kð Þ
pv kð Þ � dv kð Þ

 !
; ð15Þ

where vðk þmþ 1Þ ¼ vðkÞ:
When there is idle time in the system ðfo1Þ; the allocated idle time should be added to the equations in

(15) in order to calculate the lead times. We formulate all lead times in the sequence as in (15) and get a
system of equations with

PN
i¼1

nmax

ni
unknowns and equations ðnmax ¼ maxi fnigÞ; which is solved. When the

lead times are calculated from (15) the variance should, for the case with idle time in the system, be scaled as

varðLkÞ ¼
Lk

E½Tf �

 !yk

varðTf Þ: (16)

In the case of full time production, E½T � and varðTÞ should be used in (16) as well as the lead times for
this system. yk represents the stochastic dependency between the lengths of different periods and thus
between the different lead times. As shown in Appendix B, yk is calculated as

yk ¼ y�k ðqþk � qkÞ þ yþk ðqk � q�k Þ: (17)

qk represents the quota between the lead time of production order k and the cycle time as

qk ¼
Lk

E½Tf �
: (18)

For a system with full time production, E½T � as well as those lead times should be used in (18). qþk is the
nearest higher integer of qk and q�k the nearest lower integer of qk. As shown in Appendix B, yþk and y�k are
calculated as

yþk ¼ logððPqþ
k
�1

r¼0 rrÞ2 þ ðPqþ
k
�2

r¼0 ðPr
s¼0 r

sÞ2Þð1� r2ÞÞ
logðqþk Þ

; (19)

y�k ¼ logððPq�
k
�1

r¼0 rrÞ2 þ ðPq�
k
�2

r¼0 ðPr
s¼0 r

sÞ2Þð1� r2ÞÞ
logðq�k Þ

; (20)

r is the utilization of the production facility as

r ¼
XN
i¼1

E½di�
pi

: (21)

We can then calculate yk from (17). Now the lead time Lk and the variance in lead time varðLkÞ are
known, which enables calculation of the standard deviation in demand during lead time for each
production run from (2).
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2.2.4. Safety stocks and order-up-to levels

When the standard deviation in demand during lead time is calculated for each production run, safety
stocks can be determined. This would imply a safety stock level for each production run, which could be
inconvenient in practice. Therefore, we do not vary the safety stock of an item during the production, i.e.
the highest standard deviation of each item is used for determination of safety stock levels. This means that
the longest lead time of every item determines the safety stock level of the item. Let Lmax

i be the longest lead
time of item i in the sequence and smax

Di
the standard deviation in demand during this lead time. Hence, the

safety stock level for each item is determined as

SSi ¼ smax
Di

F�1ðaiÞ: (22)

The order quantity must cover the demand during lead time and we get the order quantity as

Qk ¼ Lk � dvðkÞ: (23)

The order-up-to level for each production run, Sk, can be determined as

Sk ¼ SSvðkÞ þQk: (24)

2.3. Control model

In systems with idle time, a decision whether to produce next item in sequence or idle the facility must be
taken before the setup begins. In order to decide this, we consider the expected time to reach the safety
stock level and compare it to the expected time until next start of production of each item.

2.3.1. Time to safety stock

In this paper, we define time to safety stock (TSS) as the time to reach the safety stock level. However, we
must adjust the safety stock to cover only the remaining lead time, instead of the complete calculated lead
time. The setup should start when TSS equals the remaining lead time of an item. Therefore, the safety
stock level is calculated for TSS. This is visualized in Fig. 4.

Let Ii be the inventory level of item i. The time to safety stock of item i can then be formulated as

TSSi ¼ I i � sDi
ðTSSiÞF�1ðaiÞ
di

; (25)

where sDi
ðTSSiÞ is the standard deviation in demand of item i during TSSi. Appendix C shows that solving

(25) results in TSSi as

TSSi ¼
� 2I iE½di �

ðF�1ðaiÞÞ2 þ varðdiÞ
� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2I iE½di �
ðF�1ðaiÞÞ2 þ varðdiÞ
� �2

þ 4 varðTÞðE½di �Þ2
ðE½T �Þ2 � ðE½di �Þ2

ðF�1ðaiÞÞ2
� �

I2i
ðF�1ðaiÞÞ2

r

2 varðTÞðE½di �Þ2
ðE½T �Þ2 � ðE½di �Þ2

ðF�1ðaiÞÞ2
� � : (26)
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Fig. 4. Relationship between lead time and TSS.
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Since the aim of the control model is to stay idle until there is no more flexibility and then produce
constantly, TSSi is scaled from the case of no idle time. Therefore, E½T � and var½T � are used.

2.3.2. Production or idle

In order to decide whether to produce or not, we compare the time to safety stock of each item to the
expected time until the next start of production of the item. If the time to safety stock of at least one item is
less then this time, we need to setup for production. If not, the facility can stay idle until this condition is
fulfilled. Let item x be the next to be produced. We can then formulate the following decision rule. Next
item in sequence is to be produced if the following condition is fulfilled:

TSSiptvðxÞ þ
Qx

pvðxÞ
þ tvðxþ1Þ þ

Qxþ1

pvðxþ1Þ
þ � � � þ tvðxþzÞ;

where vðxþ zÞ ¼ i: ð27Þ
TSS should be investigated for all N items, i.e. i ¼ 1; 2; . . . ; N; and we will get N equations. Next item in

sequence is to be produced if at least one of the N equations is true. The order quantities are determined as

Qy ¼

Sy � IvðyÞ þ tvðxÞ þ Qx

pvðxÞ
þ tvðxþ1Þ þ � � � þ tvðyÞ

� �
dvðyÞ;

if y is the first time vðyÞ is produced;
Qu

pvðuÞ
þ tvðuþ1Þ þ Quþ1

pvðuþ1Þ
þ � � � þ tvðyÞ

� �
dvðyÞ;

otherwise; where vðuÞ ¼ vðyÞ:

8>>>>><
>>>>>:

(28)

In other words, next item in sequence should be produced if the time to safety stock of at least one item is
less than the expected time (with respect to current inventory levels) until the start of the production of the
item. On the other hand, if the times to safety stock are greater than the right side of these equations, the
facility is idled until at least one equation in (27) is fulfilled. During all production the sequence is fixed.

3. Simulation study

In order to test the performance of our approximations the production of ten items has been simulated.
First, we consider the case of no idle time and then we consider the case of having the facility idle some

ARTICLE IN PRESS

Table 1

Item characteristics

Item di pi ti hi var(di)

(units/time unit) (units/time unit) (time units) (h/unit & time unit) (units/time unit)2

A 40 800 0.2292 0.05 40

B 60 900 0.1468 0.1 60

C 30 1100 0.1875 0.01 30

D 50 800 0.2292 0.5 50

E 120 500 0.1667 0.05 120

F 150 2000 0.1468 0.01 150

G 110 1000 0.1468 0.2 110

H 100 800 0.1875 0.05 100

I 80 900 0.1667 0.1 80

J 60 1200 0.1875 0.1 60
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fraction of time. Each case contained 10 simulation runs, each simulated 50 000 events. The 10 items have
the characteristics shown in Table 1.

The utilization ðPi di=piÞ is 0.895. We use the production frequencies in Table 2 to determine a
production sequence with eight cycles shown in Appendix D. In this paper, we assume that the same
sequence is used in the case with idle time, shown in Appendix E.

The production frequencies can be obtained by using some existing algorithm for determination of
production frequencies, e.g. the algorithm by Doll and Whybark (1973) with a power-of-two restriction as
in Haessler and Hogue (1976). The sequence is created arbitrarily in this paper since the aim of the paper is
not to determine a cyclic sequence but to determine the safety stock levels for a given sequence. For
instance, Dobson (1987) and Zipkin (1991) present procedures for the construction of a sequence. In order
to calculate costs, we assume a setup cost, C, of 4000 h/time unit, which is directly proportional to the setup
time. The demand is normal distributed.

3.1. No idle time

The calculated average cycle time and variance in cycle time is shown in Table 3.
The lead times and order quantities can be determined as in (15) and (23) as well as the variance in lead

times from (16). These are shown in Appendix D. As Appendix D shows, the calculated approximations
correspond to the simulation results.

When calculating the safety stocks of each item, the largest standard deviation in demand during lead
time of each item is used, marked with bold in Appendix D. A target service level of 95% is used to
determine safety stocks, which are shown in Table 4 together with the calculated average inventory levels.

Table 4 also contains the average inventory levels and the average shortages from the simulation study.
As can be seen in this table, the calculated inventory levels correspond to the simulated values. Table 5
compares the calculated cycle times to the simulation results.

As Table 5 shows, the calculated cycle times also correspond to the simulated values. From a practical
point of view, the most interesting is the service levels. Table 6 shows the service levels obtained in the
simulation study.

ā represents the average service level, whereas amax and amin show the maximum and the minimum service
level of each item obtained in the 10 simulation runs. The weighted average incorporates the production
frequencies of the items. As shown, the average service level is 96.7%, which should be compared to the
target service level of 95%. The lowest obtained service level is 94.3%.

ARTICLE IN PRESS

Table 2

Production frequencies

Item A Item B Item C Item D Item E Item F Item G Item H Item I Item J

ni 4 2 8 1 2 4 1 2 2 2

Table 3

Calculated average cycle time and variance in cycle time (f ¼ 1)

E½T � 8.78

varðTÞ 0.052
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Table 4

Safety stocks, average inventory levels, and average shortages

Item SS

(units)
Īcalculated
(units/time unit)

Ī simulated

(units/time unit)

Average shortages

(units/time unit)

A 87 754 756 0.010

B 73 565 566 0.009

C 109 1134 1134 0.012

D 43 249 250 0.006

E 129 930 937 0.010

F 243 2680 2679 0.020

G 81 511 531 0.006

H 115 883 898 0.008

I 88 728 730 0.011

J 77 578 584 0.006

Table 5

Calculated and simulated cycle times (f ¼ 1)

Cycle no. Tcalculated

(time units)

Tsimulated

(time units)

1 6.67 6.67

2 11.22 11.22

3 4.82 4.82

4 10.47 10.46

5 7.44 7.44

6 12.74 12.71

7 7.41 7.40

8 9.49 9.49

Table 6

Service levels from simulation without idle time (target: 95%)

Item ā (%) amax (%) amin (%)

A 96.1 97.4 95.0

B 96.3 97.6 95.4

C 95.7 97.0 94.3

D 96.5 97.2 95.8

E 97.4 97.9 96.9

F 96.3 97.7 95.2

G 97.9 98.2 97.5

H 97.6 98.6 96.9

I 96.0 96.9 95.0

J 97.1 98.0 95.9

Average 96.7

Weighted average 96.9
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The cost can be estimated from the average inventory levels and the total setup time, which was 10.47%
of the total time in the simulations. The total cost can be calculated as

TC ¼ f �
XN
i¼1

di

pi

 !
� C þ 1

2

XN
i¼1

Qihi 1� di

pi

� �
þ
XN
i¼1

hisDi
F�1ðaiÞ: (29)

First term represents the total setup cost, TSC, and the other terms represent the total inventory holding
cost, THC. The calculated costs and the costs from the simulation study are shown in Table 7.

Table 7 shows that the error in total cost is only 0.7% in this case. It can thus be concluded that our
approximations correspond to the simulation results in this case.

Other variances in demand rates as well as other service levels have been tested in the simulation study as
well. Table 8 shows the average service levels from these simulations.

In general, the service levels are above the target service level, which can be explained by the use of the
highest standard deviation in demand during lead time ðsmax

Di
Þ when calculating the safety stock level for

each item.

3.2. Idle time (fo1)

Let us now instead consider a system with idle time. We assume that three percent of the total time is
planned as idle time ðf ¼ 0:97Þ; which changes the expected average cycle time and variance as shown in
Table 9.

ARTICLE IN PRESS

Table 7

Calculated and simulated costs (f ¼ 1)

Cost Calculation ðh=time unitÞ Simulation ðh=time unitÞ

THC 580.19 586.99

TSC 418.69 418.76

TC 999 1006

Table 8

Average service levels for different target service levels and variances (f ¼ 1)

Target service level: 90% 95% 99%

var(di): 0.5di
ā (%)

di
ā (%)

2di
ā (%)

0.5di
ā (%)

di
ā (%)

2di
ā (%)

0.5di
ā (%)

di
ā (%)

2di
ā (%)

Item A 91.7 91.7 91.7 96.3 96.1 96.0 99.3 99.3 99.2

Item B 91.7 91.9 91.7 96.5 96.3 96.3 99.4 99.4 99.4

Item C 91.0 91.0 90.9 95.7 95.7 95.6 99.3 99.3 99.2

Item D 92.5 92.5 92.1 96.8 96.5 96.5 99.5 99.5 99.5

Item E 93.4 93.4 93.4 97.4 97.4 97.3 99.7 99.7 99.6

Item F 91.6 91.6 91.5 96.3 96.3 96.2 99.4 99.4 99.4

Item G 94.9 94.7 94.7 97.9 97.9 97.8 99.7 99.7 99.7

Item H 93.8 93.8 93.6 97.5 97.6 97.5 99.7 99.7 99.7

Item I 91.6 91.5 91.3 96.2 96.0 96.0 99.3 99.3 99.3

Item J 93.5 93.2 93.2 97.0 97.1 97.0 99.6 99.6 99.6

Average 92.6 92.5 92.4 96.8 96.7 96.6 99.5 99.5 99.5

Weighted average 93.0 92.9 92.8 97.0 96.9 96.8 99.6 99.5 99.5
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f ¼ 0:97 implies that ð1� f ÞnmaxE½Tf � ¼ 2:95 units of idle time should be planned when calculating
order-up-to levels. For simplicity, we allocate the idle time equally between the items, i.e. 0.072 time units
are placed between the end of the production of an item and the start of the setup to next item. This results
in the lead times and order quantities shown in Appendix E.

As in previous section, the largest standard deviation in demand during lead time of each item (marked
with bold in Appendix E) is used when calculating the safety stocks, which are shown in Table 10 together
with calculated average inventory levels and the average inventory levels from the simulation study.

Table 10 also shows the average shortages. As expected, we have less average shortages when there is idle
time in the system than in the system without idle time (shown in Table 4), even though the safety stocks are
lower in this case. The cycle times are shown in Table 11.

Furthermore, we have approximated the lead times of the items, shown in Appendix E. When dealing
with idle time in the system the variance in lead time cannot be measured correctly. In this case, not only the

ARTICLE IN PRESS

Table 9

Calculated average cycle time and variance to handle with safety stocks (f ¼ 0:97)

E½Tf � 12.31

varðTf Þ 0.0017

Table 10

Safety stocks, average inventory levels, and average shortages (f ¼ 0:97)

Item SS Īcalculated Ī simulated Average shortages

(units) (units/time unit) (units/time unit) (units/time unit)

A 77 1013 1021 0.0014

B 67 756 763 0.0011

C 92 1529 1538 0.0011

D 44 333 336 0.0019

E 99 1222 1237 0.0022

F 148 3564 3585 0.0008

G 72 675 707 0.0014

H 91 1168 1217 0.0006

I 76 973 982 0.0026

J 70 772 785 0.0010

Table 11

Calculated and simulated cycle times (f ¼ 0:97)

Cycle no. Tcalculated

(time units)

Tsimulated

(time units)

1 9.42 9.37

2 15.87 16.16

3 6.83 6.81

4 14.82 14.72

5 10.55 10.34

6 18.18 18.18

7 10.47 10.38

8 13.38 13.49
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variations in demand rates create variation in lead time but also the control model. For instance, if the
inventories are high, the control model waits before an order is placed, which prolongs the lead time and the
other way around if the inventories are low. Measuring the variance in lead time would thus not represent
the variance in lead time caused by variances in demand rates in an accurate way. Therefore, no results for
the variance in lead times are shown in Appendix E. Table 12 shows the service levels from the simulation
with idle time.

The average service level is 97.6%, which is well above the target service level of 95%. This can be
explained by the control model, which tends to trigger orders earlier than necessary in order to reach the
target service level. The control model triggers an order if any item risks getting a service level below the
target level, even if the time until start of production of that item is long. This results in somewhat high
service levels for the items. For instance, Table 13 shows the distribution of the order triggers.

As Table 13 shows, most of the orders are triggered by the third and fourth item in sequence. On the
other hand, the average idle time in the simulation study (3.09 time units, which is 3.11%) is more than the
planned idle time (2.95 time units, 3.00%), meaning that we underestimate the flexibility due to idle time. In
the simulation study, the setup time was 7.36% of the total time. The costs are shown in Table 14.
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Table 12

Service levels from simulation with idle time (target: 95%)

Item ā ð%Þ amax ð%Þ amin ð%Þ

A 97.3 99.1 95.6

B 97.9 99.1 96.3

C 97.2 100.0 93.0

D 97.4 98.0 96.8

E 97.6 98.3 96.5

F 97.3 99.6 94.8

G 97.6 98.2 96.6

H 98.6 99.6 97.4

I 97.0 98.5 96.1

J 98.0 99.3 97.4

Average 97.6

Weighted average 97.6

Table 13

Distribution of order triggers

Item in sequence

Next 9.3%

2nd 13.5%

3rd 14.6%

4th 14.4%

5th 12.7%

6th 10.1%

7th 9.3%

8th 7.5%

9th 4.7%

10th 3.7%
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The error in total cost is 1.0% in this case. Therefore, it can be concluded that the total cost per time unit
from the simulation study corresponds to the cost estimations from the calculation also when there is idle
time in the system.

In order to test the performance of the approximations, other variances in demand rates as well as other
target service levels have been simulated as well. Table 15 shows the average service levels from these
simulations.

Similar tests with f-values between 0.99 and 0.95 (with var(di) ¼ di and a target service level of 95%) have
also been made in order to test the impact of f on the service level. The average service level for these tests
varied between 97.7% and 96.6% as shown in Table 16.
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Table 14

Calculated and simulated costs (f ¼ 0:97)

Cost Calculation ðh=time unitÞ Simulation ðh=time unitÞ

THC 772.40 787.62

TSC 298.69 294.50

TC 1071 1082

Table 15

Average service levels for different target service levels and variances (f ¼ 0:97)

Target service level: 90% 95% 99%

var(di): 0.5di
ā (%)

di
ā (%)

2di
ā (%)

0.5di
ā (%)

di
ā (%)

2di
ā (%)

0.5di
ā (%)

di
ā (%)

2di
ā (%)

Item A 94.5 94.2 96.0 97.3 97.3 97.7 99.6 99.4 99.3

Item B 94.0 94.8 95.3 97.2 97.9 98.1 99.7 99.8 99.8

Item C 93.6 93.2 94.1 97.3 97.2 97.4 99.2 99.6 99.9

Item D 94.1 94.3 93.7 97.4 97.4 97.7 99.6 99.7 99.2

Item E 95.5 96.4 96.3 97.4 97.6 98.2 99.3 99.4 99.7

Item F 91.8 93.6 96.4 97.0 97.3 98.1 99.3 99.6 99.9

Item G 93.2 94.5 95.6 97.2 97.6 98.1 99.5 99.6 99.8

Item H 97.4 97.2 97.6 98.9 98.6 98.9 99.8 99.9 100.0

Item I 93.5 94.0 94.2 96.9 97.0 97.2 99.1 99.3 99.3

Item J 94.8 94.8 95.6 97.9 98.0 98.3 99.7 99.9 99.8

Average 94.2 94.7 95.5 97.4 97.6 98.0 99.5 99.6 99.7

Weighted average 94.3 94.8 95.3 97.5 97.6 98.0 99.5 99.6 99.6

Table 16

Average service levels from simulations with different f-values (target: 95%)

F Average ā ð%Þ

0.99 96.6

0.98 97.7

0.96 97.4

0.95 97.1
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Results from another simulation study are presented in Appendix F, in order to further test the
approximations. In that study, data from Bomberger (1966) and allocation of the items from Haessler and
Hogue (1976) were used.

3.3. Model for independent items

As mentioned in the introduction it is common to add safety stocks in a second step using techniques for
independent items. As a comparison to our model, we make a simulation study assuming independent
items, i.e. SSi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lmax
i varðdiÞ

p
F�1ðaiÞ: This results in the safety stock levels (a ¼ 95%) shown in Table 17.

This case is only simulated for full time production (f ¼ 1). The service levels are shown in Table 18.
As Table 18 shows, the average service level is much below the target service level of 95%. Therefore,

using techniques for independent items will not provide the target service level.

4. Conclusions and extensions

This paper presents a model for determination of safety stocks for the problem of scheduling the
production of multiple items, each with random demand, on a single facility. Starting with a fixed cyclic
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Table 17

Safety stocks assuming independent items

Item Safety stock (units)

A 64

B 56

C 76

D 37

E 81

F 120

G 60

H 76

I 64

J 58

Table 18

Service levels from simulation assuming independent items (target: 95%)

Item ā ð%Þ amax ð%Þ amin ð%Þ

A 90.4 94.2 86.3

B 91.6 93.3 90.7

C 88.7 91.3 86.4

D 94.2 94.9 93.4

E 88.9 91.5 86.9

F 81.7 84.3 78.1

G 93.9 94.9 92.7

H 90.6 93.1 89.1

I 89.9 91.9 88.4

J 92.6 94.4 91.0

Average 90.2

Weighted average 91.5
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production sequence, the first part of the model shows how to estimate the variance in demand during lead
time, which is used for determination of safety stocks. The second part presents a control model when
dealing with idle time. A simulation study has shown that our approximations correspond to calculations of
service levels, lead times, variations, and costs, especially for the case without idle time in the system. As
shown in the last part of the third section, disregarding the variance in lead time caused by variances in
demand rates when determining the safety stock levels would not provide the target service level. Therefore,
using techniques for independent items is not to recommend. Instead, the variance in lead time must be
estimated and incorporated in the calculations of safety stocks.

In systems with idle time, the average shortages are lower and the service level is higher than in full time
production, even though the safety stock levels are lower in this system. Therefore, as assumed, idle time
can be used to handle stochastic variations in demand rates and lead times. We have suggested that the
highest safety stock level of each item should be used even though it is possible to calculate a safety stock
level for each production run. In practice, it may be insufficient to vary the safety stock levels for an item
during the production, which is the reason for our suggestion. It results in higher costs than necessary, but
for simplicity we recommend to keep the safety stock level of each item constant. The service levels are
above the target service level for the case with idle time in the system. This is caused by the control model,
which triggers an order if any of the N items risks a service level below the target for the item. It tends to
trigger orders earlier than necessary to reach the target service level, which results in high service levels. The
control model is thus an area for improvements.

The model presented in this paper can be used for any fixed cyclic sequence for the production of multiple
items, each with random demand, on a single facility. This means that the model can be applied in many
different situations, e.g. when dealing with sequence-dependent setups. As long as there is a model for
determination of a cyclic sequence, our model can be used in a second step for determination of safety
stocks and order-up-to levels. Areas of further research could, besides improvements of the control model,
concern systems with stochastic setup times and production rates.
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Appendix A

This appendix shows how the integral for the variance that must be handled by safety stocks is solved.

varðTf Þ ¼ 2

Z �E½Tf �ð1�f Þ

�1

ðxþ E½Tf �ð1� f ÞÞ2
sT

� j x

sT

� �
dx: (30)

Let a ¼ E½Tf �ð1� f Þ; (31)

varðTf Þ ¼ 2

Z �a

�1

ðxþ aÞ2
sT

j
x

sT

� �
dx

¼ 2

Z �a

�1

ðx2 þ a2 þ 2axÞ
sT

j
x

sT

� �
dx;

ARTICLE IN PRESS

P. Brander, R. Forsberg / Int. J. Production Economics ] (]]]]) ]]]–]]] 17



varðTf Þ ¼ 2

Z �a

�1

x2

sT
j

x

sT

� �
dxþ 2a2

Z �a

�1

1

sT
j

x

sT

� �
dxþ 4a

Z �a

�1

x

sT
j

x

sT

� �
dx;

varðTf Þ ¼ �2

Z �a

�1
x
�x

sT
j

x

sT

� �
dxþ 2a2

Z �a

�1

1

sT
j

x

sT

� �
dx� 4a

Z �a

�1

�x

sT
j

x

sT

� �
dx: (32)

To solve
R�a

�1 x �x
s
T

j x
s
T

� �
dx we use integration by parts asZ

f ðxÞgðxÞ dx ¼ F ðxÞgðxÞ �
Z

F ðxÞg0ðxÞ dx: (33)

To solve
R�a

�1
1
s
T

j x
s
T

� �
dx we useZ �a

�1

1

sT
j

x

sT

� �
dx ¼ F

�a

sT

� �
: (34)

To solve
R�a

�1
�x
s
T

j x
s
T

� �
dx we useZ �a

�1

�y

sT
j

y

sT

� �
dy ¼ sT

Z �a

�1
� y

s2
T

j
y

sT

� �
dy ¼ sT j

x

sT

� �� ��a

�1
¼ sTj

�a

sT

� �
: (35)

This results in

varðTf Þ ¼ �2 xsTj
x

sT

� �� ��a

�1
�
Z �a

�1
sTj

x

sT

� �
dx

� �
þ 2a2F

�a

sT

� �
� 4asTj

�a

sT

� �
: (36)

Solving (36) results in

varðTf Þ ¼ �2 �asTj
�a

sT

� �
� s2

T
F

�a

sT

� �� �
þ 2a2F

�a

sT

� �
� 4asTj

�a

sT

� �
:

We simplify and get

varðTf Þ ¼ 2ðs2
T
þ a2Þ 1� F

a

sT

� �� �
� 2asTj

a

sT

� �
; (37)

where a ¼ E½Tf �ð1� f Þ:

Appendix B

This appendix shows how the variance in lead time is scaled.
From Eq. (9) we get

varðTÞ ¼ E½T �
XN
i¼1

varðdiÞ
p2i

þ
XN
i¼1

E½di�
pi

 !2

varðTÞ: (38)

Let Tx be the period cycle time of period x. From (38) we can assume that

Tx ¼ zx þ rTx�1; (39)
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where zx is a stochastic variable with the variance E½T �PN
i¼1

varðdiÞ
p2
i

and

r ¼
XN
i¼1

E½di�
pi

: (40)

The variance of the sum of n period is then

var
Xn�1

r¼0

Txþr

 !
¼

Xn�1

r¼0

rr
 !2

þ
Xn�2

r¼0

Xr
s¼0

rs
 !2

0
@

1
Að1� r2Þ

0
@

1
AvarðTÞ; (41)

given that

varðTxÞ ¼ varðTÞ: (42)

We scale the variance as

varðLkÞ ¼
Lk

E½Tf �

 !yk

varðTf Þ: (43)

There is stochastic dependency between the lengths of different periods and hence between different lead
times which explains the use of yk:

From (41) and (43) we get

Lk

E½T �

� �yk

¼
Xn�1

r¼0

rr
 !2

þ
Xn�2

r¼0

Xr
s¼0

rs
 !2

0
@

1
Að1� r2Þ

0
@

1
A; (44)

which results in

yk ¼
logððPn�1

r¼0 rrÞ2 þ ðPn�2
r¼0 ð

Pr
s¼0 r

sÞ2Þð1� r2ÞÞ
log Lk

E½T �

� � : (45)

However, this yields only for integers on Lk=E½Tf �:

Let qk ¼
Lk

E½Tf �
(46)

and qþk ¼ nearest higher integer of qk and q�k ¼ nearest lower integer of qk. We use these and get

yþk ¼ logððPqþ
k
�1

r¼0 rrÞ2 þ ðPqþ
k
�2

r¼0 ðPr
s¼0 rsÞ2Þð1� r2ÞÞ

logðqþk Þ
; (47)

y�k ¼ logððPq�
k
�1

r¼0 rrÞ2 þ ðPq�
k
�2

r¼0 ðPr
s¼0r

sÞ2Þð1� r2ÞÞ
logðq�k Þ

: (48)

In order to determine yk we extrapolate between yþk and y�k as

yk ¼ y�k ðqþk � qkÞ þ yþk ðqk � q�k Þ: (49)
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Appendix C

This appendix shows how TSSi is solved.
From (25) we get

TSSi ¼
I i � sDi

ðTSSiÞF�1ðaiÞ
di

: (50)

Since y in most cases is above 1.5 we assume that the lead times are stochastic dependent on each other.
This gives

varðTSSiÞ ¼ var½T � � E½TSS�
2

ðE½T �Þ2 : (51)

Analogous with (2) we get

s2Di
ðTSSiÞ ¼ E½TSSi� � var½di� þ ðE½di�Þ2 � var½T � � E½TSSi�

2

ðE½T �Þ2 : (52)

Since the aim of the control model is to be idle until there is no more flexibility and then
produce constantly, TSSi is scaled from the case of no idle time. Therefore, E½T � and var½T � is used. (52)
in (50) gives

TSSi ¼
I i �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TSSi � var½di� þ ðE½di�Þ2 � var½T � � TSS2i

ðE½T �Þ2

r
F�1ðaiÞ

E½di�
: (53)

Solving (53) for TSSi gives

TSSi ¼
� 2I iE½di �

ðF�1ðaiÞÞ2 þ var½di�
� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2I iE½di �
ðF�1ðaiÞÞ2 þ var½di�
� �2

þ 4 var½T �ðE½di �Þ2
ðE½T �Þ2 � ðE½di �Þ2

ðF�1ðaiÞÞ2
� �

I2i
ðF�1ðaiÞÞ2

r

2 var½T �ðE½di �Þ2
ðE½T �Þ2 � ðE½di �Þ2

ðF�1ðaiÞÞ2
� � : (54)

The other solution would overestimate the time until we reach the safety stock level, which results in
more stockouts.

Appendix D

This appendix presents the results of the simulation study for full time production (Table 19).
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Table 19

Results from simulation study for the case with no idle time

Item Calculated Simulated*****

L* Q** var(L)*** sD
**** L var(L)

Cycle 1 A 33.18 1327 0.649 48.65 33.18 0.568

B 16.00 960 0.163 39.35 16.00 0.175

D 7.59 379 0.039 21.83 7.59 0.042

G 10.41 1146 0.071 44.84 10.41 0.069

I 15.86 1269 0.161 47.92 15.86 0.171

Cycle 2 E 16.04 1925 0.164 65.48 16.04 0.170

D 8.51 425 0.048 23.38 8.51 0.052

F 34.97 5246 0.716 146.13 34.96 0.522

G 5.71 628 0.022 29.99 5.70 0.030

H 14.19 1419 0.130 52.10 14.18 0.121

J 15.02 901 0.145 37.71 15.02 0.113

Cycle 3 B 17.37 1042 0.191 41.60 17.37 0.137

D 7.98 399 0.043 22.50 7.98 0.041

G 8.07 888 0.044 37.66 8.07 0.040

I 17.90 1432 0.202 52.22 17.89 0.135

Cycle 4 E 17.91 2149 0.203 71.17 17.90 0.134

D 9.44 472 0.059 24.90 9.44 0.034

G 9.41 1035 0.059 41.80 9.41 0.034

H 20.89 2089 0.272 69.32 20.88 0.170

J 20.35 1221 0.258 46.38 20.34 0.179

Cycle 5 A 37.08 1483 0.798 52.53 37.07 0.608

B 18.09 1085 0.207 42.77 18.09 0.153

D 9.01 450 0.054 24.20 9.00 0.037

G 11.81 1299 0.091 48.98 11.80 0.060

I 18.00 1440 0.205 52.44 18.00 0.153

Cycle 6 E 20.15 2418 0.254 77.92 20.14 0.186

D 9.13 457 0.056 24.40 9.13 0.048

F 35.29 5293 0.728 147.21 35.28 0.633

G 6.40 704 0.028 32.29 6.39 0.029

H 16.59 1659 0.175 58.39 16.59 0.154

J 16.84 1011 0.180 40.73 16.84 0.152

Cycle 7 B 18.79 1127 0.222 43.90 18.79 0.184

D 10.06 503 0.067 25.89 10.06 0.059

G 9.97 1096 0.066 43.49 9.96 0.061

I 18.50 1480 0.216 53.48 18.50 0.190

C 70.26 2108 2.519 66.15 70.24 2.064

Cycle 8 E 16.16 1939 0.166 65.85 16.16 0.165

D 8.54 427 0.049 23.44 8.54 0.043

G 8.49 933 0.048 38.95 8.48 0.042

H 18.59 1859 0.218 63.53 18.59 0.202

J 18.04 1083 0.206 42.69 18.04 0.208

*Calculated as in (15).
**Calculated from (23).
***Calculated from (16).
****Calculated from (2).
*****Measured average value in a simulation study of 10 repetitions, each with 50 000 events.
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Appendix E

This appendix presents the results of the simulation study for production with idle time (Table 20).
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Table 20

Results from simulation study for the case with idle time

Item Idle time Calculated Simulated*****

L* Q** var(L)*** sD
**** L

Cycle 1 A 0.072 46.95 1878 0.022 43.73 47.16
B 0.072 22.65 1359 0.005 37.13 22.90
D 0.072 10.73 537 0.001 23.24 10.84
G 0.072 14.75 1623 0.002 40.64 15.05
I 0.072 22.45 1796 0.005 42.78 22.74

Cycle 2 E 0.072 22.70 2724 0.005 52.95 23.00
D 0.072 12.04 602 0.002 24.62 12.27
F 0.072 49.56 7434 0.024 89.29 49.69
G 0.072 8.06 887 0.001 29.93 8.15
H 0.072 20.07 2007 0.004 45.28 20.17
J 0.072 21.27 1276 0.005 35.96 21.29

Cycle 3 B 0.072 24.58 1475 0.006 38.70 24.50
D 0.072 11.30 565 0.001 23.85 11.39
G 0.072 11.43 1257 0.001 35.71 11.51
I 0.072 25.34 2028 0.007 45.51 25.20

Cycle 4 E 0.072 25.37 3044 0.007 56.05 25.20
D 0.072 13.36 668 0.002 25.94 13.09
G 0.072 13.33 1466 0.002 38.60 12.98
H 0.072 29.64 2964 0.009 55.28 29.63
J 0.072 28.99 1739 0.009 42.08 28.99

Cycle 5 A 0.072 52.57 2103 0.027 46.32 52.74
B 0.072 25.79 1548 0.007 39.66 25.87
D 0.072 12.79 640 0.002 25.38 12.89
G 0.072 16.78 1845 0.003 43.39 17.05
I 0.072 25.63 2050 0.007 45.77 25.76

Cycle 6 E 0.072 28.65 3437 0.009 59.67 28.83
D 0.072 13.05 652 0.002 25.63 13.10
F 0.072 49.96 7494 0.024 89.67 50.20
G 0.072 9.15 1007 0.001 31.91 9.10
H 0.072 24.39 2439 0.006 50.02 23.73
J 0.072 23.76 1426 0.006 38.04 23.89

Cycle 7 B 0.072 26.50 1590 0.007 40.20 26.62
D 0.072 14.20 710 0.002 26.75 14.40
G 0.072 14.06 1547 0.002 39.66 14.32
I 0.072 26.10 2088 0.007 46.19 26.19
C 0.072 99.52 2986 0.084 55.33 99.89

Cycle 8 E 0.072 22.80 2736 0.006 53.06 22.85
D 0.072 12.04 602 0.002 24.62 11.92
G 0.072 11.96 1316 0.002 36.54 11.73
H 0.072 26.28 2628 0.007 51.97 26.37
J 0.072 25.51 1530 0.007 39.43 25.72

*Calculated as in (15).
**Calculated from (23).
***Calculated from (16).
****Calculated from (2).
*****Measured average value in a simulation study of 10 repetitions, each with 50 000 events.
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Appendix F

This appendix presents another numerical example in order to test performance of the model.
Data from Bomberger (1966) have been used to simulate the production of ten items. The allocation of

the items from Haessler and Hogue (1976) is used to create the production sequence. The item
characteristics are shown in Table 21.

We use a target service level of 95% and get the results in Table 22.
We use f ¼ 0:98 to test the approximations of idle time. Table 23 show the safety stocks and average

service levels from the simulation runs.
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Table 22

Safety stocks and average service levels (f ¼ 1; target a ¼ 95%)

Item varðdiÞ ¼ 0:5di varðdiÞ ¼ di varðdiÞ ¼ 2di

SS (units) ā (%) SS (units) ā (%) SS (units) ā (%)

A 551 95.5 779 94.9 1102 94.8

B 195 95.7 275 95.5 389 95.5

C 338 95.5 478 95.3 676 95.3

D 382 96.8 539 96.5 763 96.5

E 64 95.5 91 95.5 128 95.4

F 97 95.3 137 95.3 194 95.3

G 69 95.7 97 94.9 137 94.9

H 107 95.8 152 95.5 214 95.4

I 172 95.7 243 95.5 343 95.4

J 192 95.7 271 95.5 383 95.4

Average 95.7 95.4 95.4

Weighted average 95.9 95.5 95.5

Table 21

Item characteristics

Item di pi ti hi Production period

(units/time unit) (units/time unit) (time units) (h/unit & time unit)

A 400 30000 0.125 0.00065 7

B 400 8000 0.125 0.01775 1,3,5,7

C 800 9500 0.25 0.01275 2,4,6,8

D 1600 7500 0.125 0.01 ALL

E 80 2000 0.5 0.2785 2,4,6,8

F 80 6000 0.25 0.02675 2,6

G 24 2400 1 0.15 4

H 340 1300 0.5 0.59 ALL

I 340 2000 0.75 0.09 1,3,5,7

J 400 15000 0.125 0.004 2,4,6,8
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Axsäter, S., 1987. An extension of the extended basic period approach for economic lot scheduling problems. Journal of Optimization

Theory and Applications 52 (2), 179–189.
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Determination of Safety Stocks for Cyclic Schedules with 
Stochastic Operation Times and Setup Times 

Pär Brander*, Rolf Forsberg
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Abstract
This paper is concerned with scheduling production of multiple items on a
single facility that has limited production capacity. Considering stochastic 
operation times and setup times, we present a model for determination of safety
stock levels and order-up-to levels for a given fixed production sequence. In 
order to make this calculation, the variance in lead time is approximated. The 
model handles stochastic demands, operation times, and setup times
simultaneously in systems with or without idle time. The performance of the 
presented model is tested in a simulation study.

Keywords: Safety stocks; Stochastic operation times; Stochastic setup times,
Fixed sequence; ELSP.

1 Introduction 
The economic lot scheduling problem (ELSP) is the problem of scheduling 
production of multiple items on a single facility that has limited capacity. The 
objective is to schedule the production such that the sum of the setup costs and 
inventory holding costs is minimized while meeting the demand. This problem 
has attracted many researchers and there are models for determination of the
production frequency for each item, the length of the production schedule, and 
the sequence in which the items are produced (for reviews, see Elmaghraby 
1978; Lopez and Kingsman, 1991).

The stochastic version of the economic lot scheduling problem considers 
random demand for each item. Sox et al. (1999) review this problem and mean 
that there are two critical elements: lot sizing and sequencing. For lot sizing, a 
dynamic procedure that adapts to the demand realization is most common. For 
sequencing, the production sequence is either fixed or dynamic. Normally, a 
fixed sequence policy uses an order-up-to level to determine when to terminate
production of the item currently in production. This policy simplifies scheduling 
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the setups whereas dynamic sequencing provides more flexibility to adapt to 
demand realization.

Some researchers consider dynamic sequencing (e.g. Vergin and Lee, 1978;
Leachman and Gascon, 1988; Qui and Loulou, 1995; Brander et al., 2005), but
more common is fixed sequencing, which we consider in this paper. Gallego
(1990) presents a simulation-based search method for determination of safety 
stock levels for a cyclic production sequence. Bourland and Yano (1994) 
develop a non-linear mathematical program for the problem with stochastic 
demands. By the use of overtime in the production, which is more costly than 
normal production, the cycle length, allocation of idle times, and safety stock 
levels can be determined for a cyclic schedule. Kelle et al. (1994) take safety 
stocks into account and present a heuristic for determination of production 
frequencies and cycle times. Smits et al. (2004) model demand as a compound
renewal process and use queuing analysis for determination of order-up-to levels 
for a fixed cyclic production sequence.

Vaughan (2003) considers the effect of correlated demands for items produced
under a cyclical scheduling policy. He conducts a simulation study where he 
tests correlated demands among items and compares that to a situation assuming
uncorrelated demands. He uses the formula of independent random variables for 
estimating the variance in total demand during an item cycle. The variance in
lead time is though not estimated analytically. He states that once a production 
of an item is initiated, the time until the start of the subsequent production of 
that item is a function of the current inventories of all items, as well as the 
subsequent demand for the remaining items that occurs prior to the setups for 
their respective next production runs. Altiok and Shiue (1994) mean that there is 
a high level of dependency among the inventory levels of the products in a 
multi-product single-processor environment. This is mainly due to the fact that 
having placed a request for the processor’s attention, a product will wait for the 
processor to complete processing other products, according to the priority 
structure, if the processor is busy at the time of the request. Altiok and Shiue 
(2000) mean that the dependency among inventory levels of products may cause 
delays for the start of a setup. They use queuing analysis to characterize the 
delays for different types of switching policies, for instance a cyclic sequence. 
Brander and Forsberg (2004) also mean that items in a cyclic schedule are 
dependent on the other items in the same schedule. They present a model for 
approximation of variance in lead times, which is used to approximate the 
standard deviation of the total demand in the lead time of the items. Then, safety
stocks and order-up-to levels are determined for a given cyclic sequence with 
stochastic demands.
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In practice, not only demands but also setup times and operation times may be 
stochastic. For instance, setup times may differ due to different operators. 
Additionally, operation times may also depend on operators or machines may 
not be completely stable in their performance leading to variations in operation 
times. The research on this problem considering uncertainties in production rates 
and setup times is limited. Federgruen and Katalan (1996) apply a polling
system approach to the problem considering uncertainty regarding demands, 
production times, and setup times for a rotation sequence. The polling approach 
is a queuing model composed of a set of queues and a single server visiting the 
queues in a cyclic order. They model demands as Poisson and compound
Poisson processes and use a base-stock policy to determine production quantities 
and switching times. Federgruen and Katalan (1998) complement Federgruen 
and Katalan (1996) with a three-phase model resulting in production frequencies
for each item, length of production table, and the sequence of the production lots 
in the table.

In this paper, we extend the work by Brander and Forsberg (2004) to include not 
only stochastic demand rates, but also stochastic operation times and stochastic 
setup times. For a given fixed sequence, we present a model for approximation
of the variance in lead time, used for determination of safety stocks and order-
up-to levels for systems with or without idle time. The remaining of the paper is 
organized as follows. Before presenting the model and our approximations, we 
describe the assumptions they are based upon and introduce the notations we 
use. Then, the model for approximation of variance in lead time as well as
determination of safety stocks and order-up-to levels is presented. Section four 
presents the results of a simulation study conducted in order to test the 
performance of the model. Conclusions and extensions are given in the final 
section.

2 Assumptions and Notations
This paper considers a single facility that produces N items, one at a time, under 
a capacity constraint. We use a fixed production sequence, in which the items
are produced over and over again and assume that the sequence is given. There
are many models for determination of production frequencies for the ELSP (e.g. 
Bomberger, 1966; Doll and Whybark, 1973; Goyal, 1975; Elmaghraby, 1978; 
Haessler, 1979; Axsäter, 1987; Zipkin, 1991; Gallego and Roundy, 1992) and 
also models for sequencing based on frequencies (e.g. Haessler and Hogue, 
1976; Dobson, 1987; Zipkin, 1991). We assume that some of these models are 
used to create the production sequence with K number of orders in the sequence.
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We divide the production sequence in a number of cycles (determined from the 
number of production runs of the most frequently produced item in the 
sequence). For illustration, consider figure 1 where three items are produced.

Figure 1. Example of production sequence and average cycle time.

In this case, item 1 is produced twice in the production sequence. Therefore, the 
sequence is divided into two cycles. Now assume that item i is produced every 
ni-th cycle. Then, we consider an average cycle time, ,T which implies that item 
i is produced using an average cycle of Tni .

Due to setup cost it may, in some cases, be beneficial to insert idle time between 
the completion of an item’s production batch and the setup for the next item in 
order to reduce the average setup time. This leads to a longer average cycle time,

fT , illustrated in figure 2.

Figure 2. Average cycle time for a cycle with idle time.

We define the lead time of production order k in the sequence as the time from
start of production order k until next time the item is produced. Demands for the 
items arrive at the stockpoints normally distributed. Safety stocks are calculated 
from service levels, defined as the probability of no stockout per order cycle.
We assume backlogging and use order-up-to levels to determine when to 
terminate production of the item currently being produced. The following 
notations are introduced:

1 2 1 3

Cycle 1 Cycle 2 

fT2

1 2 1 3 1 2 1 3

= Production
= Setup

Cycle 1 Cycle 2 Cycle 1 Cycle 2 

T2

Production sequence 
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i Service level of item i 
cv Coefficient of variation 
di Demand rate for item i (units/time unit) 
Di Demand during lead time for item i (units)
f Fraction of time the facility is busy, 1=full time 
K Number of orders placed in the sequence 
Lk Lead time of production order k (time units) 
N Number of items
ni Production frequency of item i
oi Operation time for item i (time units/unit) 
pi Production rate for item i (units/time unit) 

Utilization of the production facility

iD Standard deviation in the total demand in the replenishment lead time of 
item i

Sk Order-up-to level of production order k (units) 
SSi Safety stock level of item i (units) 
ti Setup time for item i (time units) 
T Average cycle time when producing full time (time units) 

fT Average cycle time in systems with idle time (time units) 
v(k) Function indicating which item is ordered at k (k = 1, …, K)

3 Determination of Safety Stocks and Order-Up-To Levels 
In order to calculate safety stock levels for items in a production system we need 
to estimate the standard deviation of the total demand in a replenishment lead 
time. If lead times and demands are assumed to be independent random 
variables, the standard deviation of the total demand in a replenishment lead 
time of item i,

iD , can be calculated as (e.g. Sivazlian and Stanfel, 1975; Ross,
1983):

iiiiD LdEdLE
i

varvar 2 (1)

In practice, the demand rate, di, with mean idE  and variance , can be
obtained from the forecasting system. The expected lead time, , can be 
calculated, but the variance in lead time is unknown and must thus be
approximated in some way in order to calculate 

idvar
iLE

iD  from equation (1).

In a fixed production sequence, an item can be produced more than once. In
most cases, this implies different lead times for the different production runs of 
an item. This results in different standard deviation in demand during the lead 
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times from equation (1) and thus different safety stocks. Different safety stock 
levels for each production run could be inconvenient in practice. Therefore, we 
do not vary the safety stock of an item during the production. Instead, we use the 
longest lead time of each item for determination of safety stock levels. For the 
case of stochastic demands, Brander and Forsberg (2004) approximated the 
variance in lead time of item i as:

T
TE

L
L i

i var
][

var
i

(2)

where Li is the longest lead time of item i and can be estimated from a system of 
linear equations as mentioned in Brander and Forsberg (2005). TE  is the
expected average cycle time and Tvar its variance. The expected average
cycle time can be calculated as:

N

i i

i

N

i i

i

p
d

n
t

T

1

1

1
(3)

i in eq. (2) is a factor representing the stochastic dependency between the 
length of the different periods and thus between the different lead times. 
Appendix A shows how i is calculated. Brander and Forsberg (2004) 
formulated the following equations system to approximate the variance in cycle
time, Tvar , considering stochastic demands:

N

i

N

i i

i

i

i T
p
dE

p
dTET

1

2

1
2 var

var
var (4)

In this paper we consider not only stochastic demands but also stochastic 
operation times and stochastic setup times, which implies additional variance in 
cycle time. Therefore, equation (4) must be modified in order to incorporate this 
variance. We introduce the operation times as ii po 1 (time units/unit), with 
mean  and variance , in eq. (4) and get:ioE iovar

N

i i

i
N

i

N

i
iiii n

t
ToEdEodTET

11

2

1

var
varvarvar  (5) 
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The variance in setup time is also added in order to incorporate the variance due 
to stochastic setup times. We use the expression for two independent variables 
(e.g. Sivazlian and Stanfel, 1975; Ross, 1983) and get: 

iiiiii odEdoEod varvarvar 2 (6)

Equation (6) in eq. (5) results in Tvar  as: 

2

1

11

2

1

varvarvar
var

N

i
ii

N

i i

i
N

i
iiii

oEdE

n
todEdoETE

T  (7) 

Equation (7) represents the variance in cycle time when dealing with stochastic 
demands, operation times, and setup times. The expression considers the case of 
full time production. Concerning the case of idle time in the system, which 
implies an extended cycle time, we use the model presented by Brander and 
Forsberg (2004). We introduce f as the fraction of time the facility is busy by 
setup or production. f can be seen as a decrease in production rate and an 
increase in setup time. As illustrated in figure 2, this leads to an extended cycle 
time. Therefore, we introduce f in eq. (3), which results in the extended average 
cycle time, fT , as: 

N

i i

i

N

i i

i

N

i i

i

N

i i

i

f

p
df

n
t

pf
d
n
t

fT

1

1

1

1

1

1

(8)

When there is idle time in the system this can be used to handle variations by 
advancement of production. However, all variations cannot be handled by idle 
time. Some variations must be handled by safety stocks. Brander and Forsberg 
(2004) approximate the variance in cycle time that must be handled by safety 
stocks as: 

T
aTa

T
aaTT f

var
var2

var
1var2var 2  (9) 

where fTEa f 1][ (10)
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Considering a system with idle time, ][ fTE  and fTvar should be used in 
equation (2) together with the lead times for this system.

When the standard deviation of the total demand in the lead time is calculated
from equation (1) the safety stocks are determined as: 

iDi i
SS 1 (11)

where is a safety factor, which can be determined from a table of 
normal distribution related to the target service level, 

i
1

i. The order-up-to level 
for production order k is then:

kvkkvk dLSSS (12)

where v(k) is a function indicating the item ordered at k (k=1, …, K). We have 
different order-up-to levels since each production order has a unique lead time.

4 Simulation Study
In order to test the performance of the model the production of ten items has 
been simulated with different coefficient of variations (cv). Each simulation
contained 100 simulation runs, each with 50000 events, and the average results 
are presented in this section. The ten items have the characteristics shown in 
Table 1.

 Table 1. Item characteristics.

Item di
(units/time unit) 

pi
(units/time unit) 

ti
(time units)

A 40 800 0.2292
B 60 900 0.1468
C 30 1100 0.1875
D 50 800 0.2292
E 120 500 0.1667
F 150 2000 0.1468
G 110 1000 0.1468
H 100 800 0.1875
I 80 900 0.1667
J 60 1200 0.1875

Since the aim of this paper is to determine safety stocks for a given fixed 
sequence and there are many models for determination of production 
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frequencies and cyclic sequences, the sequence, shown in table 2, is created 
arbitrarily in this paper.

Table 2. Production sequence. 
Period 1 Period 2 Period 3 Period 4 Period 5 Period 6 Period 7 Period 8 

D D D D D D D D
G G G G G G G G
B E B E B E B E
I H I H I H I H
A J J A J C J

F F

We assume f=0.97 for the case with idle time. Eq. (8) results in 31.12][ fTE
time units, which implies that 95.2][1 max fTEnf time units of idle time 
should be inserted. For simplicity, the idle time is allocated equally between the 
items and the 41 production runs (i.e. 072.04195.2 time units are inserted 
between the production of an item and the setup to next item in sequence). The 
cycle times assuming deterministic demands are shown in table 3.

Table 3. Cycle times.
Period f=1 f=0.97
1 6.67 9.42
2 11.22 15.87
3 4.82 6.83
4 10.47 14.82
5 7.44 10.55
6 12.74 18.18
7 7.41 10.47
8 9.49 13.38

The target service level was 95% in the simulation study, which was made for 
three cases:

Stochastic operation times 
Stochastic setup times
Stochastic demand rates, operation times, and setup times 

In section 4.1 we present the results of the tests with stochastic operation times 
and the tests with stochastic setup times when producing full time. The results 
from similar tests with idle time are presented in section 4.2. Section 4.3 
presents the results from the tests with stochastic demands, operation times, and 
setup times, both with and without idle time.
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4.1 No Idle Time 
In the simulation study, the coefficients of variation were chosen such that the 
impact on the variance in cycle time was similar for both stochastic operation 
times and setup times. The coefficient of variation and its effects on the variance 
in cycle times are shown in table 4.

Table 4. Variance in cycle time.
Operation times Setup times

cv(oi)=2 cv(oi)=4 cv(oi)=8 cv(oi)=12 cv(ti)=0.5 cv(ti)=1 cv(ti)=2 cv(ti)=3
Tvar 0.206 0.824 3.297 7.418 0.214 0.858 3.432 7.721

Stochastic Operation Times 
In the simulation study, a normal distribution was used for the operation times.
The central limit theorem implies that the time for production of a batch is 
normal distributed if the order quantities are large. Therefore, the type of 
distribution for the operation time of a single unit does not matter if the order 
quantities are large. The simulation study resulted in the average service levels 
presented in table 5 (target service level = 95%).

Table 5. Service levels. 
Item cv(oi)=2 cv(oi)=4 cv(oi)=8 cv(oi)=12
A 96.9% 97.0% 96.6% 95.8%
B 97.0% 97.0% 96.6% 95.9%
C 96.2% 96.3% 95.9% 95.2%
D 97.6% 97.6% 97.2% 96.5%
E 97.6% 97.6% 97.3% 96.6%
F 96.4% 96.5% 96.2% 95.4%
G 98.6% 98.6% 98.3% 97.8%
H 98.0% 98.0% 97.7% 97.1%
I 96.8% 96.8% 96.4% 95.7%
J 97.7% 97.7% 97.4% 96.8%
Average 97.3% 97.3% 97.0% 96.3%
Weighted average 97.6% 97.6% 97.2% 96.6%

The weighted average incorporates the production frequency of each item. As
table 5 shows, the average service levels are above the target level. This is 
expected since the longest lead time is used for determination of safety stocks of 
each item, except for item C which is only produced once in the sequence. This 
item also has a service level that is closest to the target in the simulation. The 
calculated inventory levels and the average inventory levels from the 
simulations are shown in table 6.
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Table 6. Inventory levels. 
cv(oi)=2 cv(oi)=4 cv(oi)=8 cv(oi)=12

Item Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim.
A 785 786 903 900 1138 1119 1373 1322
B 586 586 679 676 865 848 1051 1008
C 1182 1180 1339 1332 1652 1625 1965 1895
D 249 250 292 291 377 370 462 443
E 1000 1004 1199 1196 1597 1562 1994 1896
F 2859 2853 3280 3261 4122 4043 4964 4763
G 540 559 649 665 867 868 1085 1057
H 940 953 1111 1119 1454 1438 1797 1733
I 763 763 885 881 1129 1107 1374 1315
J 602 606 702 703 903 891 1104 1065
Setup 10.46% 10.47% 10.47% 10.38%

If the calculated inventory levels are compared with the simulated values, we 
can notice that the simulated values correspond to the approximated values for 
small cv(oi). For higher cv(oi), the simulated values are lower than the 
approximated. Table 6 also shows the total setup time as a percentage of the 
total time. The approximated setup time is 10.47% (since the utilization is 
89.53%). For cv(oi)=12 the total setup time is less than 10.47%, indicating 
longer cycle lengths. This can be seen in table 7, which shows the cycle lengths 
from the simulation study.

Table 7. Cycle lengths.
Period cv(oi)=2 cv(oi)=4 cv(oi)=8 cv(oi)=12
1 6.68 6.67 6.67 6.74
2 11.23 11.21 11.21 11.33
3 4.83 4.82 4.82 4.87
4 10.47 10.46 10.46 10.54
5 7.44 7.44 7.43 7.49
6 12.72 12.71 12.71 12.81
7 7.40 7.40 7.40 7.46
8 9.49 9.49 9.49 9.57

If the cycle lengths in table 7 are compared to the cycle lengths assuming
deterministic demands in table 2, the cycle lengths in the simulation study are 
longer for cv(oi)=12. This variance is large and there are a few truncating errors 
in this case, which may explain the long cycle time. For small cv(oi), the average
service levels are above the target service levels even though the average 
inventory levels and the total setup time correspond to the approximated values. 
For higher cv(oi), the average service levels correspond to the target level, but 
instead the inventory levels and total setup time are lower than approximated.
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Stochastic Setup Times 
When considering stochastic setup times a weibull distribution was used for the 
simulation. A normal distribution would cause truncation errors in the 
simulation, since we cannot have negative times. The average service levels are 
presented in table 8. 

Table 8. Service levels. 
Item cv(ti)=0.5 cv(ti)=1 cv(ti)=2 cv(ti)=3
A 97.2% 96.8% 96.0% 95.8%
B 97.0% 96.7% 95.8% 95.7%
C 96.6% 96.3% 95.4% 95.3%
D 97.6% 97.1% 96.2% 96.1%
E 98.0% 97.7% 96.8% 96.5%
F 96.6% 96.4% 95.4% 95.3%
G 98.8% 98.4% 97.6% 97.4%
H 98.1% 97.8% 96.9% 96.7%
I 97.2% 96.8% 95.9% 95.7%
J 97.8% 97.4% 96.5% 96.4%
Average 97.5% 97.1% 96.3% 96.1%
Weighted average 97.7% 97.4% 96.5% 96.3%

From table 8, as well as table 5, it can be seen that the service levels are higher 
than the target (95%). As in the case of stochastic operation times, we expect
service levels above the target (except for item C) due to the use of the longest 
lead time for determination of safety stocks of each item.

The average inventories and cycle times from the simulation study are shown in 
appendix B. In this case, the average cycle time and the total setup time 
correspond to the approximated values also for large coefficient of variation. 
Considering the inventory levels, the simulated values correspond to the 
approximated values for small cv (cv(ti)=0.5). In this case, the average service 
level (97.5%) is above the target. For higher cv (cv(ti)=3), the average service 
level (96.1%) corresponds better to the target. Instead, the average inventory 
levels are below the approximated levels.

4.2 Idle Time
When considering idle time in the system a decision whether to produce or idle 
the facility must be taken. For this decision, the control model presented by 
Brander and Forsberg (2004) has been used in the simulations. In systems with 
flexibility in form of idle time, idle time can be used to handle stochastic
variations. Therefore, the variance in cycle time that must be handled by safety 
stocks is less than in the case for full time production and we do not consider the 
smallest cv from table 4. Instead, we start with cv=4 for the operation times and 
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cv=1 for the setup times. The variance caused by different coefficient of 
variation is shown in table 9.

Table 9. Coefficient of variation and variance in cycle time.
Operation times

cv(oi)=4 cv(oi)=8 cv(oi)=10 cv(oi)=12 cv(oi)=14
fTvar 0.411 2.356 3.944 5.944 8.356

Setup times
cv(ti)=1 cv(ti)=2 cv(ti)=2.5 cv(ti)=3 cv(ti)=3.5

fTvar 0.434 2.469 4.128 6.215 8.731

As already mentioned, 3% idle time was planned, which implies a total setup 
time of 7.47% (100-89.53-3=7.47%).

Stochastic Operation Times 
For a system with idle time, table 10 shows the average service levels for 
stochastic operation times (target service level = 95%).

Table 10. Service levels.
Item cv(oi)=4 cv(oi)=8 cv(oi)=10 cv(oi)=12 cv(oi)=14
A 99.8% 98.3% 97.4% 96.7% 96.0%
B 99.4% 97.7% 96.8% 96.3% 95.5%
C 99.9% 98.5% 97.8% 97.1% 96.3%
D 99.0% 97.5% 96.9% 96.4% 95.8%
E 99.6% 98.2% 97.6% 97.1% 96.4%
F 99.6% 98.0% 97.1% 96.3% 95.7%
G 99.4% 98.5% 98.1% 97.9% 97.4%
H 99.7% 98.7% 98.2% 97.7% 97.1%
I 99.4% 97.5% 96.6% 96.1% 95.2%
J 99.6% 98.4% 97.8% 97.3% 96.6%
Average 99.5% 98.1% 97.4% 96.9% 96.2%
Weighted average 99.4% 98.1% 97.4% 97.0% 96.3%

As table 10 shows, the simulation study results in high service levels for small 
coefficient of variations. Appendix C presents the average inventory levels and 
cycle times for these tests. For small cv(oi), some cycle times are shorter and 
some are longer than approximated and for high cv(oi), all cycle times are longer 
and the total setup time is less than approximated. We can notice the same 
pattern for the inventory levels, i.e. for small cv(oi), some inventory levels are 
below and some are above the approximated levels. For high cv(oi), all inventory 
levels are below the approximated values.

For small variations, the average service levels are above the target. One 
explanation for the high service levels can be the control model used in the
simulation study. As pointed out in Brander and Forsberg (2004), it triggers an 
order as soon as there is a risk for a service level below the target for any of the
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N items. Therefore, it tends to trigger the orders earlier than necessary in order 
to reach the target level leading to high service levels.

Stochastic Setup Times 
Table 11 shows the average service levels for the case of stochastic setup times 
with idle time (target service level = 95%). 

Table 11. Service levels.
Item cv(ti)=1 cv(ti)=2 cv(ti)=2.5 cv(ti)=3 cv(ti)=3.5
A 99.6% 97.9% 96.9% 96.9% 95.8%
B 99.0% 96.9% 96.3% 96.3% 95.7%
C 99.8% 97.8% 97.0% 96.8% 95.6%
D 98.0% 96.7% 96.2% 96.4% 95.9%
E 99.0% 97.6% 96.9% 96.9% 96.3%
F 99.3% 97.2% 96.5% 96.5% 95.5%
G 98.9% 97.8% 97.4% 97.5% 97.1%
H 99.5% 98.0% 97.4% 97.4% 96.7%
I 98.5% 96.9% 96.2% 96.3% 95.6%
J 99.3% 97.6% 97.0% 97.0% 96.4%
Average 99.1% 97.4% 96.8% 96.8% 96.0%
Weighted average 98.9% 97.4% 96.8% 96.8% 96.2%

In this case we have high average service levels for small coefficient of 
variations. Considering the average inventory levels and cycle times, which are 
shown in appendix D, we have the same pattern as for stochastic operation 
times.

4.3 Stochastic Demand Rates, Operation Times, and Setup Times 
In a practical situation not only setup times and operation times but also demand
rates are often stochastic. In order to test our model to such situations, 
simulations were made for stochastic combinations of these. The coefficients of 
variation were chosen such that each of the variables caused similar variance in 
cycle time. The coefficient of variation and the variance in cycle times (with and 
without idle time) are shown in table 12.

Table 12. Coefficient of variation and variance in cycle time.
cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
Tvar 2.482 9.928 22.339

fTvar 1.682 8.204 19.687

The average service levels are presented in table 13 assuming a 95% target 
service level when producing constantly. 
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Table 13. Service levels (No idle time).
Item cv(oi)=4

cv(ti)= 1 
cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
A 96.4% 95.7% 95.2%
B 96.2% 95.5% 95.1%
C 95.9% 95.2% 94.7%
D 96.6% 95.9% 95.4%
E 97.0% 96.3% 95.8%
F 95.8% 95.2% 94.6%
G 97.8% 97.2% 96.7%
H 97.3% 96.7% 96.2%
I 96.0% 95.4% 94.9%
J 97.0% 96.3% 95.8%
Average 96.6% 96.0% 95.4%
Weighted average 96.8% 96.2% 95.7%

Appendix E shows the average inventory levels and cycle times for these 
simulations. For the first case the inventory levels are about the approximated 
levels as well as the cycle times. For the two other cases, the inventory levels are 
lower than the approximated levels, the cycle times are longer, and the total 
setup time is less than approximated. The service levels are about the target, but 
the costs (inventory holding and setup) would be lower than approximated.

Table 14 shows the average service levels in a system where the facility is idled 
some fraction of time (f=0.97).

Table 14. Service levels (Idle time).

Item

cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
A 97.4% 96.4% 94.7%
B 96.8% 95.5% 94.1%
C 97.7% 96.4% 94.8%
D 96.8% 95.3% 94.1%
E 97.2% 96.5% 95.1%
F 97.0% 96.0% 94.3%
G 97.6% 97.1% 96.0%
H 97.9% 97.0% 95.7%
I 96.8% 95.4% 94.1%
J 97.4% 96.6% 95.2%
Average 97.2% 96.2% 94.8%
Weighted average 97.2% 96.2% 94.9%

Appendix E also shows the average inventory levels and cycle times for these 
simulations. Table 13 and 14 show that the average service level is slightly 
lower than the target for some item for the highest cv, but the average is about 
the target level.
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5 Conclusions and Extensions 
This paper presents a model for determination of safety stocks for a fixed 
production sequence with stochastic operation times and setup times based on a 
previous model for determination of safety stocks for stochastic demands. The 
model can be used for determination of safety stocks when a producer deals with 
uncertainties in demands, operation times, and setup times or combinations
thereof. As long as there is an existing sequence for the production, the model
presented in this paper can be used in a second step for determination of safety 
stocks and order-up-to levels.

The simulation study has shown that the model often results in service levels 
above the target for small coefficient of variation and service levels closer to the
target for high coefficient of variation, but instead the total cost would be less 
than approximated due to lower inventory levels than approximated. When the 
service levels are above the target, the inventory levels and total setup time still 
correspond to the approximated values. This means that the simulation study 
results in higher service levels than targeted without increasing the inventories 
or the total setup time.

For the case with full time production, we expect service levels above the target 
since the longest lead time is used to calculate the safety stocks for each item. 
For the case with idle time, the control model can be improved in order to 
trigger orders later so that the average service levels are decreased, especially for 
the case with small coefficients of variations. From a practical point of view, it 
is better to have higher service levels than targeted or lower costs than 
approximated instead of the other way around, but there is still room for 
improvements in order to get better correspondence between approximated and 
real values.
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Appendix A 
This appendix shows how the variance in lead time is scaled.

From equation (5) we get: 
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The variance of the sum of n period is then
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given that

TTx varvar . (A.5)

We scale the variance as: 
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There is dependency between the lead times of the items which explains the use 
of k.

From eq. (A.4) and eq. (A.6) we get: 
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and Nearest higher integer of qkq k and Nearest lower integer of qkq k. We 
use these and get: 
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In order to determine k  we extrapolate between  and  as: k k

kkkkkkk qqqq (A.12)
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Appendix B 
This appendix shows the results of the simulation with stochastic setup times 
and full time production. Table 15 shows the average inventory levels. 

Table 15. Average inventory levels. 
cv(ti)=0.5 cv(ti)=1 cv(ti)=2 cv(ti)=3

Item Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim.
A 787 788 907 905 1147 1128 1387 1342
B 587 587 682 679 872 855 1062 1023
C 1185 1183 1345 1339 1665 1638 1984 1924
D 250 251 293 292 380 373 467 450
E 1004 1009 1207 1205 1613 1579 2019 1936
F 2867 2863 3297 3280 4156 4075 5015 4837
G 542 561 653 669 876 876 1099 1076
H 943 957 1118 1127 1468 1451 1818 1763
I 765 766 890 887 1139 1117 1389 1339
J 604 609 706 708 911 898 1116 1081
Setup 10.47% 10.47% 10.47% 10.47%

Table 16 shows the average cycle lengths. 

Table 16. Average cycle length.
Period cv(ti)=0.5 cv(ti)=1 cv(ti)=2 cv(ti)=3
1 6.67 6.66 6.67 6.68
2 11.21 11.20 11.21 11.24
3 4.82 4.81 4.82 4.83
4 10.46 10.45 10.46 10.48
5 7.43 7.43 7.44 7.44
6 12.71 12.70 12.70 12.72
7 7.40 7.39 7.39 7.40
8 9.49 9.47 9.48 9.48

Appendix C 
This appendix shows the results of the simulation with stochastic operation 
times and idle time. Table 17 shows the average inventory levels. 
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Table 17. Average inventory levels.
cv(oi)=4 cv(oi)=8 cv(oi)=10 cv(oi)=12 cv(oi)=14

Item Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim.
A 1104 1102 1338 1295 1456 1388 1574 1485 1693 1574
B 822 821 1006 973 1099 1046 1192 1122 1285 1192
C 1661 1655 1972 1907 2129 2029 2287 2157 2444 2272
D 350 350 434 420 477 454 519 489 562 521
E 1408 1404 1805 1726 2005 1880 2206 2043 2407 2187
F 4017 3997 4853 4677 5276 5006 5699 5349 6122 5657
G 760 784 977 968 1087 1058 1197 1150 1308 1236
H 1322 1356 1664 1641 1837 1780 2009 1923 2182 2053
I 1071 1068 1313 1266 1435 1362 1558 1462 1680 1551
J 846 851 1047 1020 1148 1102 1250 1187 1351 1264
Setup 7.29% 7.03% 6.89% 6.79% 6.64%
Idle 3.20% 3.40% 3.61% 3.82% 3.74%

The average cycle lengths are shown in table 18.

Table 18. Average cycle length.
Period cv(oi)=4 cv(oi)=8 cv(oi)=10 cv(oi)=12 cv(oi)=14

1 9.24 9.60 9.81 10.00 10.30
2 16.75 17.55 18.01 18.25 18.66
3 6.71 6.97 7.10 7.19 7.33
4 14.94 15.52 15.81 16.07 16.47
5 10.23 10.56 10.73 10.86 11.07
6 18.45 18.82 19.15 19.46 19.93
7 10.33 10.57 10.74 10.92 11.15
8 13.71 14.35 14.69 14.84 15.15

Appendix D 
This appendix shows the results of the simulation with stochastic setup times 
and idle time. Table 19 shows the average inventory levels. 

Table 19. Average inventory levels.
cv(ti)=1 cv(ti)=2 cv(ti)=2.5 cv(ti)=3 cv(ti)=3.5

Item Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim. Calc. Sim.
A 1109 1109 1348 1317 1468 1417 1589 1527 1710 1629
B 825 826 1013 988 1108 1068 1203 1154 1298 1233
C 1667 1665 1985 1937 2145 2070 2306 2216 2466 2349
D 352 352 438 427 481 464 525 504 568 540
E 1416 1416 1821 1762 2025 1930 2230 2114 2435 2283
F 4033 4023 4887 4755 5318 5112 5750 5502 6182 5862
G 764 789 986 985 1098 1081 1211 1184 1323 1280
H 1329 1367 1678 1671 1854 1820 2030 1980 2207 2129
I 1076 1076 1323 1288 1448 1392 1573 1505 1698 1609
J 850 857 1055 1037 1159 1125 1262 1219 1366 1308
Setup 7.30% 7.10% 7.01% 6.93% 6.87%
Idle 3.18% 3.37% 3.47% 3.54% 3.60%
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The average cycle lengths are shown in table 20.

Table 20. Average cycle length. 
Period cv(ti)=1 cv(ti)=2 cv(ti)=2.5 cv(ti)=3 cv(ti)=3.5
1 9.22 9.47 9.60 9.70 9.85
2 16.72 17.51 17.90 18.01 18.26
3 6.69 6.90 6.99 7.01 7.10
4 14.87 15.27 15.50 15.59 15.88
5 10.21 10.41 10.54 10.57 10.64
6 18.39 18.46 18.64 18.71 19.03
7 10.31 10.52 10.62 10.69 10.81
8 13.67 14.22 14.50 14.51 14.54

Appendix E 
This appendix shows the results of the simulation with stochastic demands rates, 
setup times, and operation times, with and without idle time.

No idle time 
The tests for the system with full time production and stochastic demand rates, 
operation times as well as setup times resulted in the average inventory levels 
shown in table 21: 

Table 21. Average inventory levels (No idle time).
cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
Item Calculated Simulated Calculated Simulated Calculated Simulated
A 1106 1092 1544 1481 1982 1834
B 858 845 1223 1168 1589 1464
C 1594 1572 2162 2077 2730 2536
D 387 382 568 543 749 692
E 1577 1549 2353 2222 3129 2827
F 4012 3948 5586 5335 7161 6593
G 884 888 1337 1295 1790 1673
H 1435 1425 2102 2016 2769 2556
I 1121 1104 1602 1528 2083 1912
J 893 884 1284 1233 1675 1555
Setup 10.47% 10.44% 10.30%

Table 22 shows the average cycle times.
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Table 22. Average cycle times (No idle time).

Period
cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
1 6.67 6.68 6.79
2 11.23 11.24 11.48
3 4.83 4.82 4.87
4 10.47 10.48 10.59
5 7.44 7.44 7.53
6 12.72 12.73 12.94
7 7.41 7.39 7.49
8 9.49 9.50 9.66

Idle Time
The tests for the system with idle time (f=0.97) and stochastic demand rates, 
operation times as well as setup times resulted in the average inventory levels 
shown in table 23: 

Table 23. The average inventory levels (Idle time).
cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
Item Calculated Simulated Calculated Simulated Calculated Simulated
A 1185 1214 1778 1671 2231 2028
B 928 950 1406 1324 1788 1626
C 1727 1768 2510 2356 3092 2813
D 426 435 656 620 849 778
E 1625 1676 2650 2458 3466 3091
F 4317 4421 6439 6029 8067 7301
G 935 981 1519 1459 2003 1860
H 1504 1581 2386 2274 3085 2838
I 1213 1243 1841 1727 2345 2126
J 955 983 1473 1398 1885 1732
Setup 7.51% 6.67% 6.29%
Idle 2.95% 3.79% 4.19%

Table 24 shows the average cycle times.
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Table 24. Average cycle times (Idle time).

Period
cv(oi)=4
cv(ti)= 1 

cv(di)= 0.4 

cv(oi)=8
cv(ti)= 2 

cv(di)= 0.8 

cv(oi)= 12 
cv(ti)= 3 

cv(di)= 1.2 
1 9.11 10.31 11.15
2 16.08 18.41 19.67
3 6.55 7.33 7.83
4 14.46 16.10 17.05
5 10.01 11.01 11.63
6 17.72 19.62 20.88
7 10.10 11.12 11.69
8 13.22 14.95 16.03
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