
LICENTIATE T H E S I S

Luleå University of  Technology
Department of Computer Science and Electrical Engineering

EISLAB

2007:33|: 02-757|: -c  -- 07⁄33 -- 

2007 :33

Tools for Ultrasonic 
Characterization of Layered Media

Fredrik Hägglund



Tools for Ultrasonic
Characterization of Layered Media

Fredrik Hägglund
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Abstract

Many industries are dealing with composite materials and multi-layered structures of
various materials. Errors in the manufacturing process may lead to defects in the final
product, and hence, avoiding imperfections is crucial. The importance of repeated quality
assurance is therefore essential during the process. For quality assurance the industry
needs accurate and cost-effective diagnostic methods.

Ultrasonic measurement techniques are familiar to most people from their medical ap-
plications, such as looking for the fetus in the mother’s womb or imaging tissue anomalies
in order to detect e.g. tumors. However, applications for ultrasound are widely used in
the industry today, as a nondestructive evaluation technique for many different media.
In the aircraft industry for example, components are inspected before they are assembled
into the aircraft and also periodically inspected throughout their useful life, by using for
example ultrasonic techniques. Ultrasonic inspection is extensively used to locate tiny
cracks and to measure the thickness of the aircraft skin from the outside.

The objective of this thesis is to address the advancement of methods for ultrasonic
characterization of layered media. The research problem addressed is stated as:

How can methods for Nondestructive Evaluation of layered media using
ultrasound be developed or improved?

To easier approach this question it can be divided into smaller parts which are ad-
dressed separately and in combinations. The approach to answer the research questions
and the project objective is chosen to be in the field of ultrasound, because of its superior
penetrating properties in solid materials. When using ultrasound and ultrasonic mea-
surement techniques we are restricted to measure frequency dependent phase velocity
and attenuation. However, these properties can be used to calculate material properties
of interest in the investigated medium.

The focus of the work in this thesis is on the development of a parametric model for
multi-layered materials. The model is used to describe ultrasonic signals reflected from
a multi-layered structure in a successive way. Results show that the proposed model can
be used to deal with the research problem in this thesis.

The thesis is divided into two parts. The first part contains an introduction to the
research area together with a summary of the contributions, and the second part is a
collection of four papers describing the research.
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Chapter 1

Thesis Introduction

This chapter explains the background, such as material characterization and nondestruc-
tive evaluation, for the study conducted in this thesis. It also addresses the research area,
the subsequent research questions and the outline of the rest of the thesis.
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1.1 Material Characterization

Material characterization is an interdisciplinary field that is widely used in many different
industrial applications as well as being a highly studied topic of research. The engineer
might think of it in terms of procedures, process control and quality assurance, while
the researcher might consider the molecular composition or some specific properties in
a material. Material characterization can be used to describe features like composition,
structure or even defects in a material, and it can be adapted to automated production
processes as well as to the inspection of localized problem areas. Material characterization
is also an important component of any failure analysis, both in process control and in
material manufacturing.

There are many different methods and tools to perform material characterization.
One tool is to look at the surface of a specimen in a microscope, and use for example the
Scanning Electron Microscope (SEM) or the Transmission Electron Microscope (TEM)
techniques. There are several books written in this area, see [1, 2, 3, 4, 5, 6]. Another
material characterization method is the Scanning Probe Microscope (SPM) [7], which
can be used to scan the surface of a specimen. There are a number of ways to perform
tests with the SPM, for example by using electrostatic, magnetic or atomic forces [8].

Characterizing the inside of a specimen can be performed by dividing the specimen
or by using techniques to penetrate the specimen. Basically, material characterization is
divided into two fields:

• Destructive evaluation

• Nondestructive evaluation

Destructive evaluation is for example when we break a material into atomic pieces
and examine every single piece to determine some property of the material. Performing
such test is called destructive testing and it can also be by cutting a piece into two and
look at the cross section in a microscope, for example SEM or TEM. Hardness testing
is another example of a destructive testing method. Hardness testing machines look like
drill presses, and applies a force on a test piece. For more information about different
hardness tests, see [9]. The force applied by the machine is used in calculations to
provide an estimate of surface hardness. The future usefulness of the test piece is not
impaired, however, because the piece’s contour is altered, the test is rarely considered
nondestructive.

Nondestructive evaluation is performed after one of many different nondestructive
testing techniques and is, on the contrary to destructive testing, noninvasive for the ma-
terial. Destructive testing usually provides a more reliable assessment of the state of the
test object. However, destruction of the test object usually makes this type of test more
costly and time consuming than nondestructive testing. Destructive testing can also be
inappropriate in many situations, such as forensic investigation or medical applications.
There is usually a tradeoff between the cost, the simplicity, and the reliability of the
test. A common method used, is to continuously perform nondestructive testing and
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occasionally perform destructive testing to confirm the reliability of the nondestructive
test. Techniques for nondestructive evaluation are described in the next section.

1.2 Nondestructive Evaluation

Nondestructive evaluation (NDE) is, like material characterization, a broad and interdis-
ciplinary field of study. NDE contains the development of tools and methods to evaluate
the data extracted from nondestructive testing (NDT) techniques. The essential feature
of NDT is that the test process itself produces no invasive effects on the material, the
structure or the system under test, and the future usefulness of the test object is not
impaired. In other words, NDT allows parts and materials to be inspected and mea-
sured without damaging them. Because it allows inspection without interfering with
a product’s final use, NDT provides an excellent balance between quality control and
cost-effectiveness.

Applications of NDT are in noninvasive medical and forensic diagnosis and online
manufacturing process control, as well as the traditional NDE areas of flaw detection
and material characterization. Flaw detection is usually considered to be the most im-
portant aspect of NDT [10]. Many industrial components need regular nondestructive
tests to detect damage that may be difficult or expensive to find by other methods. Some
examples of industrial products in need of NDT are:

• Automobiles

• Airplanes

• Pipelines

• Railways

• Bridges

• Pressure vessels

The first NDT technique used in industrial application was the technique now known
as X-rays. The year 1895 Wilhelm Conrad Röntgen discovered this radiation, which
in many countries was named after him. In his first publication he also discussed the
possibility of flaw detection. At first, only medical equipment was developed, since the
industry did not yet need the invention. However, in the early days, many persons lost
their life due to the lack of radiation protection. [11]

The subject of NDT has no clearly defined boundaries, and there are a number of
different techniques available [12]. It varies from simple techniques such as visual exam-
ination of surfaces, through well-established methods such as:

• Radiography

• Magnetic particle testing
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• Electromagnetic testing

• Ultrasonic testing

Other commonly used techniques are laser, penetrant, leak and acoustic emission testing.
The number of different NDT methods increases rapidly as the need for noninvasive meth-
ods increases, and less familiar and highly specialized methods, such as the measurement
of Barkhausen noise [13] and positron annihilation [14], are constantly developed.

Ultrasonic testing was introduced relatively late into industrial applications. The
methods of generating ultrasound were discovered already in 1847 by James Precott
Joule and in 1880 by Pierre Curie and his brother Paul Jacques. Another important year
was 1877 when Lord Rayleigh published his famous work “The theory of sound” [15].
However, the first application was proposed in 1912 after the ship Titanic had sunk, where
Richardson claimed the identification of icebergs by ultrasound. Another application was
proposed during World War I on detecting submarines with ultrasound by the Frenchmen
Chilowski and Langevin. Industrial use of ultrasonic testing started simultaneously in
different places, for example was an ultrasonic testing method developed in USA by Dr.
Floyd Firestone. Firestone was the first to realize the reflection-technique. [16]

The benefits of using ultrasonic testing instead of other NDT methods are the superior
penetrating power in solid material, high sensitivity, and great accuracy when dealing
with parallel surfaces. Some drawbacks with the technique are that irregular shaped
or inhomogeneous materials might be difficult to inspect and in most cases coupling
materials are needed to provide effective transfer of the ultrasonic wave energy from the
transducer to the inspected material.

Today ultrasonic testing is one of the most widely used techniques in NDT and has
applications in many areas [17]. The primary applications in solid materials are in de-
tection and characterization of internal flaws, defining geometrical structures, measuring
thicknesses, but also to determine physical properties. These features of ultrasonic test-
ing coincides with the objectives of this thesis. The ultrasonic testing technique is used
throughout this thesis and is described in more details in the next chapter.

1.3 Research Background

Many industries are dealing with composite materials and multi-layered structures of
composite materials. The range is from manufacturers providing materials to industries
using the materials. Errors in the manufacturing process may lead to defects in the final
product, and hence, avoiding imperfections is crucial. The importance of repeated quality
assurance is therefore essential during the process. For quality assurance the industry
need accurate and cost-effective diagnostic methods.

Ultrasonic measurement techniques are familiar to most people from their medical
applications, such as looking for the fetus in the mother’s womb. Some people might also
be familiar with the fact that bats use ultrasound to navigate and to locate food. However,
applications of ultrasound are widely used in several different industries, examining many
different media. In the aircraft industry for example, components are inspected before
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they are assembled into the aircraft and also periodically inspected throughout their
useful life, by using for example ultrasonic techniques. Ultrasonic inspection is extensively
used to locate tiny cracks that would otherwise be difficult to detect and also to measure
the thickness of the aircraft skin from the outside.

Therefore, when characterizing multi-layered media the interest is in finding proper-
ties of the individual layers and of the bonding between layers. If an ultrasonic measure-
ment technique is used, the properties of the individual layers can be extracted from the
measured ultrasonic waveforms.

1.3.1 Research Area

The objective of this thesis is to address the advancement of tools for ultrasonic char-
acterization of layered media. The research problem addressed in this thesis is stated
as:

How can methods for Nondestructive Evaluation of layered media using
ultrasound be developed or improved?

To easier approach this question it has been divided into smaller parts which are
addressed separately and in combinations. There are three research questions that are
addressed specifically in this thesis:

1. Can an appropriate parametric model for a thin multi-layered structure, using rea-
sonably few parameters, be found?

2. Can all the dynamics of the layered structure from the information contained in a
reverberant signal waveform consisting of overlapping ultrasonic echoes be captured?

3. How accurately can material properties be extracted and flaws be detected, using the
parameters of the individual layers in the multi-layered media?

1.3.2 Research Method

The approach to answer the research questions and the project objective is chosen to be
in the field of ultrasound because of its superior penetrating properties in solid materials.
Using ultrasound and ultrasonic measurement techniques we are restricted to measure
frequency dependent phase velocity and attenuation. However, these properties can be
used to calculate material properties of interest in the investigated medium.

An extensive effort is made on finding an appropriate parametric model for layered me-
dia. The parametric model then requires accurate parameter estimation and optimization
methods. Once the parametrization is performed detection, estimation, characterization,
and separation can be conducted.
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1.4 Thesis Outline

This thesis is composed of two parts, where Part I gives a general background of the
thesis work and Part II contains a collection of papers that have either been published or
submitted for publication. An introduction to ultrasound is given in Chapter 2, where an
overview of acoustic sound waves, wave propagation, and ultrasonic testing techniques are
presented. A parametric model for layered structures based on some physical knowledge
of the media is then presented together with some applications of the model in Chapter 3.
A summary of the contributions are given in Chapter 4 together with the conclusions
and issues not addressed in the papers.
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Chapter 2

Ultrasound Basics

In this chapter the basic concepts and behavior of acoustic waves and specifically ultrasonic
waves are given. The benefits and drawbacks of using ultrasound are stated and ultrasonic
testing techniques are discussed.
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2.1 Acoustic Waves

Acoustic sound waves propagate through media with different frequencies. Sound waves
with frequencies below 20 Hz are called infrasound and sound waves with frequencies
between 20 Hz - 20 kHz are called the audible frequency range and these waves are
possible to hear for humans. Sound waves of higher frequencies than 20 kHz are called
ultrasonic sound, or ultrasound, and can be generated as high as several gigahertz.

An ultrasonic wave propagates by particle displacements in a medium, i.e. by the
movement of the particles. There are a number of different modes for a wave to propagate,
such as longitudinal waves, transverse (shear) waves, and surface waves. Basically, in
ultrasound there are two types of modes used, see Figure 2.1;

• longitudinal and

• shear.

For a longitudinal wave, the propagation of the particles is in the same direction as the
wave propagation. Longitudinal waves are also called compression waves, since the parti-
cles in the medium are compressed. For a shear wave, the particles oscillate perpendicular
to the direction of the wave propagation. In Figure 2.1, the direction of the particle mo-
tion is shown by the small arrows and the propagation path of the wave is shown by the
big arrows. Longitudinal waves can propagate through media like gases, liquids and solid
materials. Shear waves can only propagate significantly in solid media. An exception is
in highly viscous liquids where shear waves can propagate for some distance. However,
sound waves propagating in solids are composed of longitudinal and shear waves. [18]

( )a

( )b

Figure 2.1: The figure demonstrates examples of (a) the longitudinal and (b) the shear wave.
The direction of the particle motion is shown by the small arrows and the propagation path of
the wave is shown by the big arrows.
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The most common method to generate ultrasound is to vibrate a surface with a
desired ultrasonic frequency, and couple the surface to a medium where the wave can
propagate. Such a device is called an ultrasonic transducer and there are a number of
different transducers available [19]. Throughout this work a piezoelectric transducer is
used, and a novel description of the piezoelectric transducer can be found in [20].

2.2 Acoustic Wave Propagation

Throughout this thesis we assume plane acoustic waves, waves having the same direction
of propagation everywhere in the space, and that the incident angles of the waves are
perpendicular to planar surfaces. This implies that the effect of mode conversion is
decreased and the assumption of only longitudinal waves is valid [21]. Furthermore, it
is assumed that linear acoustics apply, that is, the linear lossy wave equation, in the
one-dimensional space, can be expressed as [22, 23]

∇2P (x, ω) = −k2
c (ω)P (x, ω), (2.1)

where x is the spatial variable, ω is the angular frequency, P (x, ω) is the Fourier transform
of the acoustic pressure, kc(ω) is the complex frequency dependent wave number, and
∇2 = ∇ · ∇ is the Laplace operator, defined as ∇2 = ∂2/∂x2 in the one-dimensional
space.

In this section, effects of what happens to a wave traveling through media and through
boundaries between media are explained. The solution to Equation (2.1) is

P (x, ω) = A1(ω)e−jkc(ω)x + A2(ω)ejkc(ω)x, (2.2)

where j =
√−1, and A1(ω) and A2(ω) are defined by the boundary conditions.

2.2.1 Reflection and Transmission

A medium has a descriptive property in the acoustic impedance. For a low loss medium
the acoustic impedance, measured in Pa·s/m, can be written as,

z = ρc, (2.3)

where ρ is the density (kg/m3) and c is the speed of sound (m/s) in the medium. The
acoustic impedance is the important factor when describing the reflected and transmitted
part of an incident wave at a boundary. At the boundary the continuity of force and
velocity is applied and the incident wave is divided into a reflected and a transmitted
wave [22], see Figure 2.2.

Assuming the incident wave to be perpendicular to the surface, the reflected and the
transmitted waves are connected to the incident wave as

Pref (x, ω) = R12Pinc(x, ω), (2.4)

Ptr(x, ω) = T12Pinc(x, ω), (2.5)
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P (x, )
inc

ω

P
ref

(x, )ω

P
tr
(x, )ω

1 2

Figure 2.2: An incident wave is refracted into a reflected and a transmitted wave at the boundary
at location x.

where R12 is the reflection coefficient and T12 is the transmission coefficient and the sub-
scripts denote the two media. An oblique incident wave will imply the need of including
the angle of incidence, however, in this thesis we assume incident waves perpendicular
to the surface, except in Paper C [24]. The reflection and transmission coefficients in
Equations (2.4-2.5) at the boundary between two layers are defined as

R12 =
z2 − z1

z1 + z2

, (2.6)

T12 =
2z2

z1 + z2

. (2.7)

Important relationships between these coefficients are;

T12 = 1 + R12, (2.8)

R21 = −R12. (2.9)

The coefficients are always real for plane waves, and R12 is always positive when z2 > z1

and consequently always negative when z2 < z1. Complex-valued reflection and trans-
mission coefficients can be allowed in some applications, e.g. in case of incomplete or
partially contacting interfaces [25, 26].

2.2.2 Attenuation and Diffraction

Ultrasonic attenuation is the sum of the scattering and the absorption in a medium.
Scattering is the process where sound are forced to deviate from a straight path by
inhomogeneities in a medium. Inhomogeneities are for example particles, bubbles, or
surface roughness. An ultrasonic wave propagating through a medium is compressed and
expanded causing an energy conversion in the wave to heat due to friction. This is the
viscoelastic loss which is the main part in the absorption. Other contributions are for
example relaxation and thermal conductivity. The viscoelastic loss and heat conduction
are referred to as classical absorption [22].

The rate which the amplitude of the wave is decreasing is depending of the medium
and the frequency of the wave. The attenuation can be described as the pressure change
of a wave due to absorption and scattering. Examining the solution in Equation (2.2) for
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a wave traveling in the positive x-direction, the solution to the wave equation simplifies
to

P (x, ω) = P (x0, ω)e−jkc(ω)(x−x0), (2.10)

where P (x0, ω) is the pressure at the initial location x0. The amplitude of the pressure
change can then be expressed as

|P (x, ω)| = |P (x0, ω)|e−αs(ω)(x−x0), (2.11)

where |P (x0, ω)| is the pressure amplitude at location x0 and |P (x, ω)| is the reduced
pressure amplitude at location x. The quantity αs(ω) is the imaginary part of the complex
wave number kc(ω) = k(ω) − jαs(ω), and it is the frequency dependent attenuation
coefficient, expressed in nepers/m. In classical absorption the attenuation coefficient can
be approximated to be proportional to the square of the sound frequency, αs(ω) = α̃ω2,
which can be used to explain some of the attenuation effects.

Another effect in ultrasound systems is beam spreading, or diffraction. The ultra-
sonic wave is spreading as the distance from the transducer is increasing. Diffraction is
notable as an apparent contribution to attenuation and is often included in the overall
attenuation. In the near field, close to the transducer, and considering plane waves the
effect of diffraction is very small. As the wave propagate outside the near field the beam
radius is increasing and less energy is present at the transducer receiving the wave. The
near field limit can be allowed to be [27]

xnf =
4r2

λ
, (2.12)

where r is the radius of the transducer and the wavelength λ is

λ =
c

fc

, (2.13)

where c is the speed of sound in the medium and fc is the center frequency of the
wave. The diffraction is highest for a medium with high speed of sound and using a
low-frequency transducer with a small radius. For example, for the measurements in
Paper B [28] a transducer with a center frequency of 5 MHz and a radius of 6.35 mm was
used. Three different materials were used and the highest speed of sound was 5798 m/s.
Assuming this speed of sound over the entire distance gives a near field limit of about 14
cm and in the experimental setup the longest distance was about 6 cm. Hence, the near
field assumption is valid and the effect of diffraction can be neglected.

2.3 Ultrasonic Testing

Ultrasonic testing is relatively easy to perform. However, the technique requires some
instrumentation and a careful transducer setup depending on the application.

In this section the basics in ultrasonic experimental setup is explained and a method
to enhance the measurement result is discussed.
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2.3.1 Experimental Configuration

The instrumentation in an ultrasonic measurement configuration could of course vary
from one measurement to another. However, a common configuration is shown in Fig-
ure 2.3 and is described in [29]. The configuration contains a pulser/receiver connected
to a transducer that transmits the ultrasound into the specimen under investigation. In
a pulse-echo configuration the same transducer acts both as transmitter and receiver.
Different transducer setups can be used in the measurement cell depending on the appli-
cation, see Figure 2.4. The received signal is collected and digitized by a data acquisition
card in a computer.

pulser/

receiver

acquisition

card

computer

measurement

cell

Figure 2.3: The figure shows the basic instrumentation in an ultrasonic experimental configu-
ration. In the figure a pulse-echo setup is shown in the measurement cell, however, a different
transducer setup could be used, see Figure 2.4. The pulser/receiver transmits the pulses to
the transducer and amplifies the received signal before it is stored in the computer by the data
acquisition card.

2.3.2 Transducer Setup

In ultrasonic testing, high-frequency sound waves are transmitted into a material to
detect imperfections or to locate changes in material properties. There are different
ways to perform ultrasonic testing depending on the characteristics of the specimen
examined. In ultrasonic testing there are three common types of transducer setups for
the measurement cell in Figure 2.3 [21];

• through-transmission,

• angle-beam or pitch-catch,

• pulse-echo.

The measurement technique using through-transmission, see Figure 2.4a, is a method
where ultrasonic energy is transmitted by one transducer through the test object and
received by a second transducer on the opposite side. This technique is especially used
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for highly attenuating materials. However, through-transmission requires both sides of
the test object to be accessible, and objects with inhomogeneities and substantial cracks
that might give rise to strong reflections are difficult to examine. The technique im-
plies alignment difficulties of the transducers and also problems with reciprocity between
the transducers [30]. Homogenous objects without defects are appropriate to examine
with through-transmission techniques because the shorter time of flight and hence the
increased amplitude in the received signal.

transmitter/reciever

reciever

transmitter

through-

transmission

angle-

beam

pulse-

echo

( )a ( )b ( )c

Figure 2.4: The figure shows three measurement techniques: (a) Through-transmission, (b) an
example of angle-beam and (c) pulse-echo.

The angle-beam measurement technique in Figure 2.4b, can be used in several dif-
ferent experimental setups depending on what to examine. The technique uses through-
transmission, pulse-echo or both. One application is to use an angle larger than the first
critical angle so that the faster longitudinal waves are reflected and only shear waves are
present [31]. However, because of the refractions between materials, the usefulness of the
angle-beam technique decreases because it usually requires knowledge of the test objects.
Furthermore, the transducer usually has to be in contact with the sample.

The most commonly used ultrasonic testing technique is pulse-echo, see Figure 2.4c,
where sound is introduced into a test object and reflections from internal imperfections
or the part’s geometrical surfaces are returned to the receiver. A pulse-echo setup is used
throughout this thesis where both the transducer and the specimen under investigation
are immersed in water. The main advantages with the pulse-echo technique are that only
one side of the specimen needs to be available and cracks and flaws inside the specimen
can be detected by the reflections.
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2.3.3 Measurement Enhancement Techniques

In many measurement systems, not just ultrasonic measurement systems, it is sometimes
possible to perform repeated measurements. Repeated measurements can be used for
averaging to enhance the signal-to-noise ratio (SNR) and get an accurate estimate of the
underlying signal. However, the repeated measurements are usually not synchronized,
meaning that the averaging is not correct and the basic effect is a low-pass filtering
destroying information in the signal.

Perfect synchronization is often difficult to achieve in practice, due to variations
caused by synchronization jitter. The problem is usually solved by estimating the sub-
sample delays to one chosen reference signal and then align the whole set of signals before
the underlying signal and its information is estimated. Some currently available methods
work this way and assume either white noise or narrowband signals, see e.g. [32, 33, 34].

A different approach is proposed in Paper D [35], that does not rely on any of these
assumptions. In this paper the entire set of repeated measurements is used to simultane-
ously estimate the underlying signal waveform, the covariance matrix of the noise, and
the sub-sample synchronization delays. The estimator is derived and implemented using
a frequency domain approach, which means that classical time-domain interpolation and
finite difference approximations of derivatives are avoided.
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Chapter 3

Layer Model

This chapter explains how a multi-layered structure can be modeled. A general recursive
model for an arbitrary number of layers is derived and a number of applications of the
model is presented.
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3.1 The Layer Model

Sending an ultrasonic pulse through a multi-layered material will produce a received
output signal waveform consisting of several delayed and attenuated echoes. If the multi-
layered structure has one or more thin layers the signal waveform will consist of over-
lapping echoes. In this chapter a general recursive expression for an ultrasonic signal
waveform from a multi-layered structure with an arbitrary number of layers is derived.
The model is parameterized and the model parameters are connected directly to physical
properties of the material. The layer model is derived in the frequency domain, however
most signal waveforms in the figures are for clarity shown in the time domain. This
chapter also explains some applications of the model, such as detection, separation, and
estimation of properties.

3.1.1 Linear System

In system identification the material or specimen under investigation is considered as a
linear system, or transfer function, connecting an input signal (reference) to an output
signal (response), see Figure 3.1. In a pulse-echo configuration, separable echoes are
required since both the input and the output signal needs to be extracted from the
measured signal waveform.

In pulse-echo configuration, under the assumption of linear acoustics, the first echo is
usually used as input signal to the system and the rest of the waveform is considered as
the output signal from the system. However, when examining multi-layered structures a
first separable echo might not be present. This is usually the case when the top layer is
thin and the transducer produces a wave with too long time support relative to the layer
thickness, which is a common problem when using low-frequency transducers. In this
situation the measured signal waveform consists of several overlapping and reverberant
echoes, see for example the waveform in Figure 3.3.

When the first echo is not completely separable from the rest of the signal waveform,
there are basically two appropriate solutions. One solution is to use a buffer rod between
the transducer and the material that is thick enough to get a separate echo before the
signal waveform from the material is received. The drawback with this solution is a loss
in energy in the buffer rod, and hence, less energy is received from the material under
investigation.

The second solution is to take the input signal from a different measurement. The
idea is to use a thicker layer of the same material as the top layer in the material under
investigation. The drawback with this solution is that it is difficult to obtain the same
measurement condition for the two experiments, leading to misalignment effects. For
example, when changing to a thicker material, it is difficult to get the exact same distance
between the material and the transducer, implying a different time of flight and a different
amplitude of the signal in this measurement. Considerations about pre-alignment and
appropriate scaling of the input signal must therefore be taken. It is also difficult to
keep the transducer at the same angle in relation to the material, where the optimum
is to keep it perpendicular to the material. The effect of this misalignment may be a
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Figure 3.1: A linear system, or transfer function, connecting the input signal to the output
signal. The notations are both in the time and the frequency domain.

small spreading of the echoes, implying a slightly different waveform complicating the
identification.

Once the output signal waveform is measured and the input signal is estimated, the
system identification can be performed. Given that the assumption of linear acoustics
holds, there exists a linear system with impulse response htf (t), that describes the re-
lationship between the output signal y(t) and the input signal u(t). The main part of
the analysis in this thesis is performed in the discrete frequency domain, resulting in a
number of advantages compared to time domain techniques [36].

The equation that describes how the transfer function Htf (ω) relates the output signal
Y(ω) and the input signal U(ω) is then defined as

Y(ω) = Htf (ω)U(ω), (3.1)

where the capital letters denote Fourier transformed quantities and ω represents the
angular frequency.

3.1.2 Model for a One-Layer Structure

The model for a lossless one-layer structure is derived using the relationship between the
input and output signals in Equation (3.1). The output signal Y(ω) is defined as the
summation of all the echoes reflected back from the examined specimen, see Figure 3.2,
and the input signal is a reference echo taken either from the first echo in the output
signal waveform or from a separate measurement. The linear system, or transfer function,
is defined as

Htf1
(ω) = (R01 + H1(ω)) e−jωτ0 , (3.2)

where R01 is the reflection coefficient from the top layer, and τ0 is the time delay for the
ultrasonic pulse traveling the distance d0 back and forward from the transducer to the
material in the water buffer region.

Furthermore, the expression H1(ω) in Equation (3.2) is the model for the one-layer
structure and the echoes just above the top surface are used, see Figure 3.2, denoted with
a tilde, ·̃. To find the model H1(ω) the signal, Ỹ(ω), just leaving the top surface must be
found. The expression for the output signal waveform Ỹ(ω) is given by the summation
of the echoes as

Ỹ(ω) =
∞∑

p=1

Ỹp(ω). (3.3)
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Figure 3.2: The figure displays an experimental setup measuring on a sample that consists of
one layer. The echoes denoted with a tilde, ·̃, are right above the surface of the layer.

The structure for H1(ω) is found by deriving the expressions for the echoes, Ỹp(ω), for
p = 1, 2, ...,∞, at the top of the surface of the examined specimen, using reflection and
transmission coefficients related to each layer. The echoes reflected back from within the
specimen are defined as [37];

Ỹ1(ω) = T01R12T10e
−jωτ1Ũ(ω), (3.4)

Ỹ2(ω) = T01R12R10R12T10e
−jω2τ1Ũ(ω), (3.5)

Ỹ3(ω) = T01R12R10R12R10R12T10e
−jω3τ1Ũ(ω), (3.6)

where Ũ(ω) is the input to the specimen just above the top surface. From the Equa-
tions (3.4-3.6) a pattern is found and the p:th echo Ỹp(ω) is defined as

Ỹp(ω) = R10R12e
−jωτ1Ỹp−1(ω), for p ≥ 2 (3.7)

Using Equation (3.7), the output signal Ỹ(ω) in Equation (3.3) can be expressed as

Ỹ(ω) =
∞∑

p=1

(R10R12e
−jωτ1)p−1Ỹ1(ω)

=
1

1 − R10R12e−jωτ1
Ỹ1(ω), (3.8)

where the last equality is given by the geometrical progression

∞∑
n=0

xn =
1

1 − x
. (3.9)
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The condition |x| < 1 must be fulfilled to guarantee stability. The model H1(ω) is then
found by inserting Equation (3.4) in Equation (3.8) and dividing Ỹ(ω) with Ũ(ω)

H1(ω) =
Ỹ(ω)

Ũ(ω)

=
(1 − R01)

2R12e
−jωτ1

1 + R01R12e−jωτ1
, (3.10)

where relationships between transmission and reflection coefficients in Equations (2.8-
2.9) have been used to simplify the expression. Using this expression in Equation (3.2)
gives the expression for the transfer function for a lossless one-layer structure.

3.1.3 Model for a Multi-Layered Structure

A multi-layered structure will give rise to a signal waveform consisting of several rever-
berant and overlapping echoes. In Figure 3.3, an example is shown on how an increasing
number of layers will complicate the signal waveform. In the figure the structure consists
of q0 layers, and it is obvious how the received signal waveform becomes more complicated
for every additional layer.
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Figure 3.3: The figure displays an experimental setup measuring on a specimen that consists of
q0 layers.
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The transfer function in Equation (3.1), is for q0 layers defined as

Htfq0
(ω) = (R01 + Hq0(ω)) e−jωτ0 , (3.11)

where the expression Hq0(ω) is the model for the multi-layered structure. A general
recursive expression for a multi-layered structure has been derived in Paper A [38] and
Paper B [28] and is here described briefly. A similar expression for the total reflected
echoes has earlier been derived in [37], but is in this thesis derived in a more convenient
way for system identification.

d
q q
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q1 V
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Figure 3.4: The q:th layer with the inputs Uq and Uq, and the echoes that contributes to the
outputs at the boundaries of the layer. The notations V, V, W, and W represents the echoes
leaving the layer.

Every single layer in the multi-layered structure can be viewed as the layer in Fig-
ure 3.4 with the summed inputs from both overlying and underlying layers. The outputs
at the upper and lower boundary, respectively, are the sum of all echoes leaving the layer
at the upper and lower boundary. Every single echo leaving the layer contributes to the
outputs at the boundaries of the layer. The echoes created from reflections of the input
Uq from the layer above, are in the frequency domain given by;

Vq1(ω) = Tq−1,qRq,q+1Tq,q−1e
−jωτq · Uq(ω), (3.12)

Vq2(ω) =
(
Rq,q−1Rq,q+1e

−jωτq
) · Vq1(ω), (3.13)

Vq3(ω) =
(
Rq,q−1Rq,q+1e

−jωτq
)2 · Vq1(ω), (3.14)

...

Vqp(ω) =
(
Rq,q−1Rq,q+1e

−jωτq
)p−1 · Vq1(ω). (3.15)

As for the one-layered model the geometrical progression can be used to get an ana-
lytical expression for the contributing echoes, as in Equation (3.8). The sum of echoes
contributing at both the upper and lower boundary of the layer is used. This is the idea
when creating the model, and in this way it is easy to add another layer. A model for
an arbitrary number of layers can then be derived, by using the output at the upper and
lower boundary of the layer as the inputs to the following layers.
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3.1.4 General Recursive Model

The expression Hq0(ω) in (3.11) is viewed as the general parametric model for a lossy
multi-layered structure, where q0 is the total number of layers. The recursive expression
starting at q = q0 is then expressed as

{
Hq(ω) = Aq+1(ω) + Bq+1(ω)Cq+1(ω)Hq−1(ω)

1−Dq+1(ω)Hq−1(ω)
, q > 1

Hq(ω) = Aq+1(ω) , q = 1
(3.16)

where the expressions for Aq(ω), Bq(ω), Cq(ω) and Dq(ω) are;

Aq(ω) =
TQ−1,QRQ,Q+1TQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (3.17)

Bq(ω) =
TQ,Q−1

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (3.18)

Cq(ω) =
TQ−1,Qe−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (3.19)

Dq(ω) =
RQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (3.20)

where the subscript Q is connected to q as

Q = q0 − q + 2. (3.21)

The expression GQ(ω) is the frequency dependent attenuation and dispersion in the
material in the specific layer, described in Section 2.2.2.

In Paper A and Paper B the transfer functions for two- and three-layered structures
are required. The general recursive model for the multi-layered structure Hq(ω) in Equa-
tion (3.16) is used to derive the model for two and three layers and these equations are
then inserted in the transfer function Htf (ω), in Equation (3.11). In the following sections
the explicit expressions for the transfer functions for the cases of two and three layers
are stated.

Transfer Function for a Two-Layered Structure

The model for a two-layered structure, given by the recursive expression in Equation (3.16),
is

H2(ω) = A3(ω) +
B3(ω)C3(ω)A2(ω)

1 − D3(ω)A2(ω)
. (3.22)

Using Equations (3.17-3.20) and Equation (3.21), and assuming the attenuation in the
water buffer region to be zero, that is G0(ω) = 1, the transfer function in Equation (3.11)



3.1. The Layer Model 27

for a two-layered structure is given by

Htf2
(ω) = R01e

−jωτ0 + (1 − R2
01)e

−jω(τ0+τ1)G1

(
R12 + R23e

−jωτ2G2

)
× (

1 + R01R12e
−jωτ1G1 + R12R23e

−jωτ2G2

+ R01R23e
−jω(τ1+τ2)G1G2

)−1
, (3.23)

where ω has been omitted in G(ω) for notational simplicity. The relationships in Equa-
tions (2.8-2.9) are used to get the expressions on a more convenient form for parameter
estimation and system transfer function identification.

Transfer Function for a Three-Layered Structure

The model for a three-layered structure, given by the recursive expression in Equa-
tion (3.16), is

H3(ω) = A4(ω) +
B4(ω)C4(ω)

(
A3(ω) + B3(ω)C3(ω)A2(ω)

1−D3(ω)A2(ω)

)
1 − D4(ω)

(
A3(ω) + B3(ω)C3(ω)A2(ω)

1−D3(ω)A2(ω)

) . (3.24)

In the same way as for the two-layered structure, the transfer function for a three-layered
structure is given by

Htf3
(ω) = R01e

−jωτ0 + (1 − R2
01)e

−jω(τ0+τ1)G1

× (
R12 + R23e

−jωτ2G2 + R12R23R34e
−jωτ3G3 + R34e

−jω(τ2+τ3)G2G3

) ·
× (

1 + R01R12e
−jωτ1G1 + R12R23e

−jωτ2G2

+ R23R34e
−jωτ3G3 + R01R12R23R34e

−jω(τ1+τ3)G1G3

+ R12R34e
−jω(τ2+τ3)G2G3 + R01R23e

−jω(τ1+τ2)G1G2

+ R01R34e
−jω(τ1+τ2+τ3)G1G2G3

)−1
. (3.25)

3.1.5 Parameter Estimation and Optimization

The model has to be parameterized, and all subsequent analysis is performed on the model
parameters rather than the entire signal waveform. An issue of interest is then to find
an appropriate parameter estimation algorithm and how to optimize the algorithm. The
model is parameterized by a number of unknown parameters collected in the parameter
vector θ. The general model for q0 layers is then expressed as Hq0(ω, θ), where θ contains
the reflection coefficients at the boundaries between the layers, the time of flight in every
layer, and an attenuation coefficient in every layer. For q0 layers the parameter vector
is θ = [R01, R12, . . . , Rq0,q0+1, τ1, τ2, . . . , τq0 , α̃1, α̃2, . . . , α̃q0 ]

T , where the parameters α̃q are
found in Gq(ω) and are connected to acoustic properties in the material, see Section 2.2.2.
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In the previous section, the transfer functions for two- and three-layered structures are
derived and the parameter vectors are for two layers θ = [R01, R12, R23, τ0, τ1, τ2, α̃1, α̃2]

T ,
and for three layers θ = [R01, R12, R23, R34, τ0, τ1, τ2, τ3, α̃1, α̃2, α̃3]

T .
The model parameters are estimated by deriving the Maximum Likelihood Estimator

(MLE) for the parameters [39]. The noise on both the input signals and the output
signals is assumed to be zero mean and Gaussian, implying that the MLE ends up in a
Nonlinear Weighted Least Squares (NWLS) problem. The unknown model parameters
are estimated from discrete Fourier transformed data [36]. The objective of the parameter
estimation is to find the parameters that minimize the square of the error, weighted by
the covariance matrix. Because of the nonlinearity with respect to the parameter vector
θ, finding the minimum must be based on numerical iterative approaches. The weighted
error ε(ω, θ) of the model that is to be minimized is

ε(ω, θ) =
Y(ω) − Htf (ω, θ)U(ω)

σe(ω, θ)
, (3.26)

where σ2
e(ω, θ) is the variance of the error [36], given by

σ2
e(ω, θ) = σ2

y(ω) + σ2
u(ω)|Htf (ω, θ)|2 − 2�{σ2

yu(ω)Htf (ω, θ)}, (3.27)

where σ2
u(ω), σ2

y(ω), and σ2
yu(ω) are the estimated input and output noise variances. The

NWLS estimator is found by minimizing the LS error function

J(θ) = εHε, (3.28)

where ε is a vector containing the errors for all frequencies and H is the Hermitian
transpose. The iterative update of the parameter vector to find the minimum of Equa-
tion (3.28), is performed by using the Gauss-Newton (GN) linearization method [39].
The GN method requires the Jacobian (gradients) and an approximation of the Hessian
of J(θ) in Equation (3.28). The Jacobian of the LS error is

∂J(θ)

∂θ
=

∂
{
εHε

}
∂θ

= 2�
{

∂εH

∂θ
ε

}
, (3.29)

and the Hessian is

∂2J(θ)

∂θ∂θT
=

∂2
{
εHε

}
∂θ∂θT

= 2�
{

∂2εH

∂θ∂θT
ε

}
+ 2�

{
∂εH

∂θ

∂ε

∂θ

}
. (3.30)

The approximative Hessian is in the GN method found by omitting the second derivative
of ε, that is, the first part of the Hessian in Equation (3.30). The GN linearization
algorithm that is used to iteratively find the parameter vector is then given by [39],

θk+1 = θk −
(
�

{
∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk

ε

}
. (3.31)
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The gradient ∂ε/∂θ in the GN algorithm is

∂ε(ω, θ)

∂θ
= −H′

tf (ω, θ)U(ω)σe(ω, θ) + (Y(ω) − Htf (ω, θ)U(ω))σ′
e(ω, θ)

σ2
e(ω, θ)

, (3.32)

where H′
tf (ω, θ) is the gradient of the transfer function. The variance of the error is given

in Equation (3.27) and the gradient of this error is given by

σ′
e(ω, θ) =

σ2
u(ω)

(
H∗′

tf (ω, θ)Htf (ω, θ) + H∗
tf (ω, θ)H′

tf (ω, θ)
) − 2�{

σ2
yu(ω)H′

tf (ω, θ)
}

2σe(ω, θ)
.

(3.33)
If there is no noise on the input signal, that is σ2

u(ω) and σ2
yu(ω) are equal to zero, then

σ2
e(ω, θ) = σ2

y(ω) and σ′
e(ω, θ) = 0. This simplifies the gradient of the weighted error in

Equation (3.32) to
∂ε(ω, θ)

∂θ
= −H′

tf (ω, θ)U(ω)

σy(ω)
. (3.34)

Nevertheless, we need the gradients of Htf (ω, θ), and calculating these gradients are
essential for the algorithm. These gradients are used in Equation (3.33) and finally the
gradient of the error in Equation (3.32) used to update the parameter vector θ can be
calculated. The gradients of Htf (ω, θ) are calculated with respect to every parameter in
the parameter vector θ. In Appendix A, gradients are derived for the transfer functions
for two- and three-layered structures, in Equations (3.23) and (3.25).

Initial guesses for the values of the parameters are required and accurate guesses
are necessary to avoid ending up in a local minimum and consequently an inaccurate
parameter estimation. Since the parameters are connected to physical properties initial
guesses can sometimes be taken from theoretical values. In addition to the GN algo-
rithm, the Hessian can also be regularized, either by a fixed regularization or by using
the Levenberg-Marquardt optimization [40], to get a more stable parameter estimation
algorithm.

Parameter Estimation Algorithm

When implementing the GN algorithm, the gradients are calculated analytically to speed
up computations, see Appendix A. The iteration is terminated when the norm of the
improvement is smaller than a predefined threshold. The GN parameter estimation
algorithm can be implemented in the following steps:

Step 1. Guess the initial values of the parameters in the parameter vector θ0 and set
the iteration number k = 0.

Step 2. Compute the transfer function Htf (ω, θk), the gradients ∂ε(ω, θk)/∂θk in Equa-
tion (3.32), and the error ε(ω, θk) in Equation (3.26).

Step 3. Iterate the parameter vector θk+1 in Equation (3.31).

Step 4. Check convergence criterion and stop if ‖ θk+1 − θk ‖< threshold.

Step 5. Set k → k + 1 and go to Step 2.
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3.2 Applications of the Model

The model can be used in several fields of NDE. In this thesis the focus is on characterizing
materials, e.g. by detecting layer structures and estimating material properties. There
is also focus on separating multiple overlapping echoes to provide further possibilities for
material characterization.

3.2.1 Detection

One application of the parametric model is flaw detection based on the model parame-
ters rather than on the entire signal waveforms. A number of detection algorithms are
available, see for example [41], appropriate for different applications.

In Paper A, the Generalized Likelihood Ratio Test (GLRT) is used to detect whether
a thin layer bonding two thicker layers together is present. The basic concept with the
test is to compare two hypotheses, and that is whether the material consists of two or
three layers. The idea is to model the material as a two-layered and a three-layered
structure and determine the best fit. The test result is a value that is compared with a
pre-defined threshold value describing the significance level of the test.

The performance of a detector is usually evaluated by using Receiver Operating Char-
acteristic (ROC) curves [42], where the probability of detection, PD, is plotted against
the probability of false alarm, PFA. The probability of detection is shown for different
probabilities of false alarm for a number of situations with different SNR. For example,
the probability of detection is PD = 96.9% for a probability of false alarm PFA = 5% for
SNR = 15 dB in Paper A.

3.2.2 Separation

When extensive analysis of the ultrasonic signal is desirable and the waveform consists
of overlapping echoes, a complete separation is needed, that is, to decompose the signal
into its different echoes. In Paper C [24], a method for separating coinciding echoes is
presented. The idea is to combine hard and soft modeling of the ultrasonic signal. The
hard model structure has its origin in the parametric layer model described in this thesis.
This hard structure is expanded by adding soft structures, in the form of Finite Impulse
Response (FIR) filters. The purpose of the soft structure is to cope with dynamics
that the hard model is unable to handle. The soft model is used to capture unknown
dispersion and attenuation effects from the medium, and to handle unwanted diffraction
and misalignment effects from the measurement setup.

To make sure that the combined model is capable of describing the true system we
have to validate its performance. The key concept here is to examine the residuals to
determine the model’s validity. If the residuals contain components other than measure-
ment noise, a complete separation can not be achieved. Once the parameter vector is
estimated and the model is validated, the first echo is separated and the sequential echoes
can be found using the first separated echo.
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3.2.3 Estimation of Material Properties

The model can also be used for estimation of material properties in multi-layered struc-
tures. The parameters in the model are physical properties, but they can also be used
to estimate additional properties. In Paper B, properties like the density, the constant
speed of sound, and the acoustic impedance are estimated in a thin bonding layer using
physical relationships derived from the model parameters.
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Chapter 4

Thesis Summary

Summaries of the contributions made by the author to the research field in the form of
papers are collected in this chapter. This chapter also concludes the research done for
this thesis and describes possibilities for the model and the plans for the continuing work
with multi-layered structures.
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4.1. Summary of Contributions 35

4.1 Summary of Contributions

This section gives a short summary of the papers included in Part II of this thesis. Also
presented is my personal contribution to the papers and the work performed by other
authors. Johan E. Carlson is my supervisor and has provided valuable comments and
discussion throughout the writhing of all papers.

Papers A, B, and C are on modeling of ultrasonic backscattered echoes from thin
layers, and estimation of properties of the thin material. Paper D describes a method on
synchronization of repeated measurements and is not restricted to ultrasonic measure-
ments.

4.1.1 Paper A - Flaw Detection in Layered Media Based on
Parametric Modeling of Overlapping Ultrasonic Echoes

Authors: Fredrik Hägglund, Jesper Martinsson and Johan E. Carlson
Reproduced from: Proceedings of IEEE Ultrasonic Symposium (Vancouver, Canada),
2006

Summary
In materials consisting of several thin layers, multiple reflections within the structure
give rise to received ultrasonic signals composed of overlapping echoes. In this paper we
present a parametric model that can be used to decompose such signals into reflections
from the individual layers. We derive a Maximum Likelihood Estimator for the model
parameters, which are then used in a Generalized Likelihood Ratio Test (GLRT) to detect
flaws in multi-layered structures. We show with simulations how the presence of a thin
bonding layer in a three-layered structure can be detected. The probability of detection
is shown to be ≈ 96%, for a signal-to-noise ratio (SNR) of 15 dB and a probability of
false alarm of 5%.

Personal contribution
The general idea together with the co-authors and theoretical work together with Jesper
Martinsson. Implementation and simulations by the author.

4.1.2 Paper B - Model-Based Characterization of Thin Layers
Using Pulse-Echo Ultrasound

Authors: Fredrik Hägglund, Jesper Martinsson, Johan E. Carlson and Carl Carlander
To appear in: ICUltrasonics

Summary
Measurements performed on a thin multi-layered structure will imply a received signal
waveform consisting of reverberant overlapping echoes. In this paper the multi-layered
structure is modeled by a physical model and the Maximum Likelihood Estimator (MLE)
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is derived for the model parameters. A general recursive expression for the model is given.
The model is evaluated using measurements on a thin three-layered structure, where two
glass layers are bonded together. We show that measured signal waveforms can be recon-
structed using the estimated parameters, and that physical properties can be extracted
from the estimated model parameters. Simulations also show that physical parameters
can be estimated for thicknesses of the bonding layer four times smaller than the wave-
length of the ultrasonic pulse.

Personal contribution
The general idea together with the co-authors. Theoretical work, implementation, sim-
ulations, and measurements by the author. Measurement specimen provided by Carl
Carlander.

4.1.3 Paper C - Separation of Dispersive Coinciding Signals by
Combining Hard and Soft Modeling

Authors: Jesper Martinsson, Fredrik Hägglund and Johan E. Carlson
To appear in: ICUltrasonics

Summary
In some ultrasonic measurement situations, an adequate signal separation is difficult to
achieve. A typical situation is material characterization of thin media, relative to the
emitted signal’s time support. In this paper a new method is proposed that enables
accurate signal separation of measured coinciding signals in the post-processing stage.
The method is based on a combination of hard physical and soft empirical models, which
allows for a description of both known and unknown dynamics making the separation
possible. The proposed technique is verified using real measurements on thin dispersive
samples and validated with residual analysis.

Personal contribution
Theoretical work, implementation, simulations, and measurements by Jesper Martinsson.
The author contributed to the general idea, theoretical work, measurements, and with
comments.

4.1.4 Paper D - Estimating the Underlying Signal Waveform
and Synchronization Jitter from Repeated Measurements

Authors: Jesper Martinsson, Fredrik Hägglund and Johan E. Carlson
Reproduced from: Proceedings of IEEE Ultrasonic Symposium (Vancouver, Canada),
2006

Summary
In this paper we present a synchronization technique, for applications using repeated or



4.2. Conclusions 37

periodically excited measurements. The problem with existing techniques is their limita-
tions to specific signal and noise conditions, such as white Gaussian noise or narrowband
signals. The proposed method extracts statistical information about the underlying sig-
nal and noise in the measurements to obtain good synchronization. The Cramér-Rao
lower bound (CRLB) is derived for the synchronization problem, including bounds for
the underlying signal waveform and the covariance of the noise. The method, which is the
maximum likelihood estimator for both white and colored Gaussian noise, is compared
with standard sub-sample estimation and aligning techniques using Monte Carlo simula-
tions. The results show significant improvements compared to standard synchronization
techniques.

Personal contribution
Theoretical work, implementation, and simulations by Jesper Martinsson. The author
contributed to the general idea and with comments.

4.2 Conclusions

The research problem addressed in Chapter 1 in this thesis is carefully examined. All
the papers appended in this thesis contribute to the field of Nondestructive Evaluation,
where materials with thin layers, implying overlapping echoes, are characterized using
ultrasonic measurement techniques. However, in Paper D a method for synchronization of
repeated measurements is presented that is not restricted to ultrasonic measurements or
NDE, but is a valuable tool in any measurement situation. The three research questions
addressed specifically in this thesis have answers combined in the appended papers, and
the results in the papers contribute to addressing the research problem.

1. In this thesis a general recursive parametric model for a multi-layered structure of
an arbitrary number of layers is presented. It has been shown that the parametric
model is able to reconstruct the ultrasonic signal waveform consisting of multiple
overlapping echoes from within multi-layered structures by using the estimated
parameter vector. The parameter vector contains three parameters for every layer
in the structure.

2. In Paper C, the concept from the parametric model is used together with soft models
and it is shown that a complete reconstruction can be performed and separation
of the overlapping echoes is possible. The experimental results show that accurate
separation is achieved with uncorrelated residuals.

3. In Paper B, it is shown that given the model and its parameters, it is possible
to extract material properties of the individual layers with high repeatability. In
Paper A, we also demonstrate that a detector based on the GLRT performed on
the model parameters is able to detect flaws in multi-layered structures consisting
of thin layers.
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In addition to the research questions asked, a new method for synchronization of
repeated measurements is proposed in Paper D. This method has the benefit that all
parameters are estimated simultaneously without any assumptions needed about white
noise or narrowband signals that usually is the case. The variance of the estimates is
significantly lower using the proposed method compared to when using related techniques.

Contribution to the research area: A method using a general recursive parametric
model for modeling of multi-layered structures is presented. The parameter estimation
algorithm for the model is presented and extensive calculations of all gradients for the
two- and three-layered transfer functions are shown to facilitate implementation.

4.3 Topics for Future Research

There are a number of topics for future research, some more specific and some more
general and somewhat vague. In a more general point of view, efforts should be made
on emphasizing the benefits of using a parametric model rather than a nonparametric
model. The author has listed five topics that might be of interest for future research. In
the nearest future the work will be concentrated on improving the model and its possible
applications.

4.3.1 Improving the Model

The general recursive parametric model presented in this thesis has many benefits, but
there are still several possible extensions that can be included depending on the applica-
tion. To completely capture the signal waveform can be seen as the goal, however, there is
always a tradeoff between the simplicity and how much that is captured. The advantage
of keeping the number of parameters low and connecting them to physical properties is
sometimes more valuable than being able to model the entire signal waveform.

However, some extensions can improve the model. A more extensively developed
model for the attenuation can be incorporated to cover linear absorption effects, such
as viscosity, heat conduction, and molecular relaxation [43]. A physical model of the
diffraction and the dispersion can also be included [44].

4.3.2 Applications

The applications of the model presented in this thesis can be further investigated. For
example, the detection algorithm can be improved and the detector can be tested more
thoroughly. Furthermore, the separation algorithm can be included in a more complicated
model for a multi-layered structure. Other applications of the model that can be tested
are for example detection of inhomogeneities and discontinuities, like small air bubbles
or cracks, in a thin layer.
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4.3.3 Statistical Regression Tools

Once the parameter vector is estimated, work can be done on connecting the parameters
to material properties using different multiple linear regression techniques. The benefit
with statistical regression tools is that they have very few restrictions on how they are
applied and what they are applied to. The correlation between the estimated parameters
and the wanted material properties is captured if present. The results can also be used
for example in process control.

4.3.4 Scanning Areas

The topic in this thesis has mainly been in looking at one point through the material
under investigation. Increasing the measurement area by looking at several points may
improve the possibilities of characterization. The estimates of the parameters can give
valuable information about changes in the material over an area, and a C-scan [45] can
be invoked to produce a picture.

4.3.5 Broadening the Picture

A study of comparison between the parametric layer model presented in this thesis and
other methods used to characterize multi-layered structures can be conducted. Interest
would be in comparing similarities and differences, and finally consider benefits against
drawbacks.
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Appendix A

Analytical Expressions for the
Gradients

Gradients for the Two-Layered Transfer Function

For the two-layered structure, the transfer function Htf (ω, θ), is given by Equation (3.23)
and the parameter vector is θ = [R01, R12, R23, τ0, τ1, τ2, α̃1, α̃2]

T . The expressions for the
gradients becomes very extensive. The model for two layers, omitting ω for notational
simplicity, is therefore written as

Htf (θ) = A(R01, τ0) + B(R01, τ0, τ1, α̃1) · C(R12, R23, τ2, α̃2)

D(R01, R12, R23, τ1, τ2, α̃1, α̃2)
, (A.1)

where A, B, C, and D are notations used for clarity and should not be confused with
previous notations. These expressions, for the two-layered transfer function, are given by

A = R01e
−jωτ0 , (A.2)

B = (1 − R2
01)e

−jω(τ0+τ1)G1, (A.3)

C = R12 + R23e
−jωτ2G2, (A.4)

D = 1 + R01R12e
−jωτ1G1 + R12R23e

−jωτ2G2 + R01R23e
−jω(τ1+τ2)G1G2, (A.5)

where

G1 = e−2d1α̃1ω2

, (A.6)

G2 = e−2d2α̃2ω2

, (A.7)

and d1 and d2 are the thicknesses of the layers. Using these expressions the gradients for
the two-layered structure can be stated as:

45
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∂Htf

∂R01

= A′
R01

+ C · B
′
R01

· D − B · D′
R01

D2
(A.8)

∂Htf

∂R12

= B · C
′
R12

· D − C · D′
R12

D2
(A.9)

∂Htf

∂R23

= B · C
′
R23

· D − C · D′
R23

D2
(A.10)

∂Htf

∂τ0

= A′
τ0

+ B′
τ0
· CD (A.11)

∂Htf

∂τ1

= C · B
′
τ1
· D − B · D′

τ1

D2
(A.12)

∂Htf

∂τ2

= B · C
′
τ2
· D − C · D′

τ2

D2
(A.13)

∂Htf

∂α̃1

= C · B
′
α̃1

· D − B · D′
α̃1

D2
(A.14)

∂Htf

∂α̃2

= B · C
′
α̃2

· D − C · D′
α̃2

D2
(A.15)

The gradients of the expressions A, B, C, and D in Equations (A.8-A.15) with respect
to the parameters are:

A′
R01

= e−jωτ0 (A.16)

B′
R01

= −2R01e
−jω(τ0+τ1)G1 (A.17)

D′
R01

= R12e
−jωτ1G1 + R23e

−jω(τ1+τ2)G1G2 (A.18)

C ′
R12

= 1 (A.19)

D′
R12

= R01e
−jωτ1G1 + R23e

−jωτ2G2 (A.20)

C ′
R23

= e−jωτ2G2 (A.21)

D′
R23

= R12e
−jωτ2G2 + R01e

−jω(τ1+τ2)G1G2 (A.22)

A′
τ0

= −jωR01e
−jωτ0 (A.23)

B′
τ0

= −jω(1 − R2
01)e

−jω(τ0+τ1)G1 (A.24)

B′
τ1

= −jω(1 − R2
01)e

−jω(τ0+τ1)G1 (A.25)

D′
τ1

= −jω
(
R01R12e

−jωτ1G1 + R01R23e
−jω(τ1+τ2)G1G2

)
(A.26)
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C ′
τ2

= −jωR23e
−jωτ2G2 (A.27)

D′
τ2

= −jω
(
R12R23e

−jωτ2G2 + R01R23e
−jω(τ1+τ2)G1G2

)
(A.28)

B′
α̃1

= −2d1ω
2(1 − R2

01)e
−jω(τ0+τ1)G1 (A.29)

D′
α̃1

= −2d1ω
2
(
R01R12e

−jωτ1G1 + R01R23e
−jω(τ1+τ2)G1G2

)
(A.30)

C ′
α̃2

= −2d2ω
2R23e

−jωτ2G2 (A.31)

D′
α̃2

= −2d2ω
2
(
R12R23e

−jωτ2G2 + R01R23e
−jω(τ1+τ2)G1G2

)
(A.32)

Gradients for the Three-Layered Transfer Function

For the three-layered structure, the transfer function Htf (ω, θ), is given by Equation (3.25)
and the parameter vector is θ = [R01, R12, R23, R34, τ0, τ1, τ2, τ3, α̃1, α̃2, α̃3]

T . The model
for three layers, omitting ω for notational simplicity, can be written as

Htf (θ) = A(R01, τ0) + B(R01, τ0, τ1) · C(R12, R23, R34, τ2, τ3, α̃2, α̃3)

D(R01, R12, R23, R34, τ1, τ2, τ3, α̃1, α̃2, α̃3)
, (A.33)

where A, B, C, and D for the three-layered transfer function are given by

A = R01e
−jωτ0 , (A.34)

B = (1 − R2
01)e

−jω(τ0+τ1)G1, (A.35)

C = R12 + R23e
−jωτ2G2 + R12R23R34e

−jωτ3G3 + R34e
−jω(τ2+τ3)G2G3, (A.36)

D = 1 + R01R12e
−jωτ1G1 + R12R23e

−jωτ2G2 + R23R34e
−jωτ3G3

+ R01R12R23R34e
−jω(τ1+τ3)G1G3 + R12R34e

−jω(τ2+τ3)G2G3

+ R01R23e
−jω(τ1+τ2)G1G2 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3, (A.37)

where

G1 = e−2d1α̃1ω2

, (A.38)

G2 = e−2d2α̃2ω2

, (A.39)

G3 = e−2d3α̃3ω2

, (A.40)

and d1, d2 and d3 are the thicknesses of the layers. Using these expressions the gradients
for the three-layered structure can be stated as:
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∂Htf

∂R01

= A′
R01

+ C · B
′
R01

· D − B · D′
R01

D2
, (A.41)

∂Htf

∂R12

= B · C
′
R12

· D − C · D′
R12

D2
, (A.42)

∂Htf

∂R23

= B · C
′
R23

· D − C · D′
R23

D2
, (A.43)

∂Htf

∂R34

= B · C
′
R34

· D − C · D′
R34

D2
, (A.44)

∂Htf

∂τ0

= A′
τ0

+ B′
τ0
· CD , (A.45)

∂Htf

∂τ1

= C · B
′
τ1
· D − B · D′

τ1

D2
, (A.46)

∂Htf

∂τ2

= B · C
′
τ2
· D − C · D′

τ2

D2
, (A.47)

∂Htf

∂τ3

= B · C
′
τ3
· D − C · D′

τ3

D2
, (A.48)

∂Htf

∂α̃1

= C · B
′
α̃1

· D − B · D′
α̃1

D2
, (A.49)

∂Htf

∂α̃2

= B · C
′
α̃2

· D − C · D′
α̃2

D2
, (A.50)

∂Htf

∂α̃3

= B · C
′
α̃3

· D − C · D′
α̃3

D2
, (A.51)

The gradients of the expressions A, B, C, and D in Equations (A.41-A.51) with respect
to the parameters are:

A′
R01

= e−jωτ0 (A.52)

B′
R01

= −2R01e
−jω(τ0+τ1)G1 (A.53)

D′
R01

= R12e
−jωτ1G1 + R12R23R34e

−jω(τ1+τ3)G1G3

+ R23e
−jω(τ1+τ2)G1G2 + R34e

−jω(τ1+τ2+τ3)G1G2G3 (A.54)

C ′
R12

= 1 + R23R34e
−jωτ3G3 (A.55)

D′
R12

= R01e
−jωτ1G1 + R23e

−jωτ2G2

+ R01R23R34e
−jω(τ1+τ3)G1G3 + R34e

−jω(τ2+τ3)G2G3 (A.56)
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C ′
R23

= e−jωτ2G2 + R12R34e
−jωτ3G3 (A.57)

D′
R23

= R12e
−jωτ2G2 + R34e

−jωτ3G3

+ R01R12R34e
−jω(τ1+τ3)G1G3 + R01e

−jω(τ1+τ2)G1G2 (A.58)

C ′
R34

= R12R23e
−jωτ3G3 + e−jω(τ2+τ3)G2G3 (A.59)

D′
R34

= R23e
−jωτ3G3 + R01R12R23e

−jω(τ1+τ3)G1G3

+ R12e
−jω(τ2+τ3)G2G3 + R01e

−jω(τ1+τ2+τ3)G1G2G3 (A.60)

A′
τ0

= −jωR01e
−jωτ0 (A.61)

B′
τ0

= −jω(1 − R2
01)e

−jω(τ0+τ1)G1 (A.62)

B′
τ1

= −jω(1 − R2
01)e

−jω(τ0+τ1)G1 (A.63)

D′
τ1

= −jω
(
R01R12e

−jωτ1G1 + R01R12R23R34e
−jω(τ1+τ3)G1G3

+ R01R23e
−jω(τ1+τ2)G1G2 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
(A.64)

C ′
τ2

= −jω
(
R23e

−jωτ2G2 + R34e
−jω(τ2+τ3)G2G3

)
(A.65)

D′
τ2

= −jω
(
R12R23e

−jωτ2G2 + R12R34e
−jω(τ2+τ3)G2G3

+ R01R23e
−jω(τ1+τ2)G1G2 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
(A.66)

C ′
τ3

= −jω
(
R12R23R34e

−jωτ3G3 + R34e
−jω(τ2+τ3)G2G3

)
(A.67)

D′
τ3

= −jω
(
R23R34e

−jωτ3G3 + R01R12R23R34e
−jω(τ1+τ3)G1G3

+ R12R34e
−jω(τ2+τ3)G2G3 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
(A.68)

B′
α̃1

= −2d1ω
2(1 − R2

01)e
−jω(τ0+τ1)G1 (A.69)

D′
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= −2d1ω
2
(
R01R12e

−jωτ1G1 + R01R12R23R34e
−jω(τ1+τ3)G1G3

+ R01R23e
−jω(τ1+τ2)G1G2 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
(A.70)

C ′
α̃2

= −2d2ω
2
(
R23e

−jωτ2G2 + R34e
−jω(τ2+τ3)G2G3

)
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D′
α̃2

= −2d2ω
2
(
R12R23e

−jωτ2G2 + R12R34e
−jω(τ2+τ3)G2G3

+ R01R23e
−jω(τ1+τ2)G1G2 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
(A.72)

C ′
α̃3

= −2d3ω
2
(
R12R23R34e

−jωτ3G3 + R34e
−jω(τ2+τ3)G2G3

)
(A.73)

D′
α̃3

= −2d3ω
2
(
R23R34e

−jωτ3G3 + R01R12R23R34e
−jω(τ1+τ3)G1G3

+ R12R34e
−jω(τ2+τ3)G2G3 + R01R34e

−jω(τ1+τ2+τ3)G1G2G3

)
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Flaw Detection in Layered Media Based on

Parametric Modeling of Overlapping Ultrasonic

Echoes

Fredrik Hägglund, Jesper Martinsson, and Johan E. Carlson

Abstract

In materials consisting of several thin layers, multiple reflections within the structure
give rise to received ultrasonic signals composed of overlapping echoes. In this paper we
present a parametric model that can be used to decompose such signals into the individual
reflections. We derive a Maximum Likelihood Estimator for the model parameters, which
are then used in a Generalized Likelihood Ratio Test (GLRT) to detect flaws in multi-
layered structures. We show with simulations how the presence of a thin bonding layer
in a three-layer structure can be detected. The probability of detection is shown to be
≈ 96%, for a signal-to-noise ratio (SNR) of 15 dB and a probability of false alarm of 5%.

1 Introduction

Non-destructive testing of materials using ultrasound has a wide range of applications in
the area of process control, see for example [1], [2] and [3]. In this paper we propose a
detector, based on parametric modeling of the received ultrasound waveform, to be used
for flaw detection in layered media. The model structure is chosen so that all dynamics
of the waveform is captured by a small number of parameters. All subsequent analysis is
then done on the model parameters rather than on the entire waveform, which enables
cost-effective storage and fast processing.

The material is modeled using a continuous autoregressive (AR) model [4, 5] with
parameters connected to physical properties, related to the thicknesses of the material
layers and the reflection coefficients given by the layer boundaries. In this paper we
derive a general model structure for reflections from layered media. We then show with
simulations how the Maximum Likelihood Estimate (MLE) of the parameters can be
used to reconstruct the waveform.

The task of the detector is to determine whether a thin bonding layer in a three-layer
structure is present or not. The detection scheme is based on the Generalized Likelihood
Ratio Test (GLRT) which, given the MLEs of the model parameters, yields the detection
rule.

The detection scheme is verified using simulations on three-layered materials, where
two thin 0.5 − 5 mm layers are bonded together by a 20 − 50 μm layer. Results show
the evaluation of the probability of detection vs the probability of false alarm for varying
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signal-to-noise ratios and layer thicknesses. The evaluation of the detector threshold
gives the probability of detection for varying situations.

2 Signal Model

Sending an ultrasonic echo through a multi-layered material will produce a received
output signal waveform consisting of several overlapping, delayed and attenuated echoes.
The multi-layered structure is modeled using a continuous AR model, where the AR
coefficients are connected directly to the physical properties of the material. For a single
layer the AR model is relatively simple, but expands as the number of layers increases.
The effects of dispersion and diffraction are assumed to be negligible and the different
materials are considered to be lossless. Hence, the material attenuation is not included
in the model in this paper, but could be easily modeled using an additional parameter
for each layer.

2.1 Model for a Single Layer

Considering the ultrasonic wave to be a harmonic plane wave in the far field [6], equations
for waves in layered media can be used. If the incident wave is perpendicular to the
surface, the density and sound velocity forms the reflection and transmission coefficients
used to calculate the amplitude of the reflected waves. The time of arrival of an ultrasonic
echo traveling back and forward in a layer is represented by τ = 2dq

cq
, where cq is the speed

of sound and dq is the thickness of layer q, respectively.

Assume a model structure shown in Eq. (1), where U(ω) is the input signal in the
frequency domain and Y(ω) is the received output signal in the frequency domain. The
model of the transfer function is a reverberant multi-layered structure H(ω). The output
Y(ω) is then represented as

Y(ω) = H(ω)U(ω) (1)

where

H(ω) = (R01 + G(ω)) e−jωτ0 (2)

where ω = 2πf (f being the frequency of the sound wave) and R01 is the reflection
coefficient from the top layer and τ0 is the time delay for the ultrasonic pulse traveling
the distance d0 back and forward from the transducer to the material in the water buffer
region. The function G(ω) in Eq. (2) is the general model of the multi-layered structure
for q layers. An iterative model for the reflection from a multi-layered structure has been
derived by Brekhovskikh [7], but is here derived in a more convenient way for system
transfer function identification. In Fig. 1 the model is shown for a one-layer structure.
In [7] it is shown that for a one-layer structure, ignoring R01, the reflection from within
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the layer is

R = T01R12T10e
−jωτ1

∞∑
n=0

(
R10R12e

−jωτ1
)n

=
T01R12T10e

−jωτ1

1 − R10R12e−jωτ1
(3)

The first coefficient, R01, can be ignored because it is already in our model in Eq. (2).
The inequality |R10R12e

−jωτ1| < 1 must be fulfilled for the system to be stable. This
condition is assumed to hold for each sum of echoes following in the derivation of the
signal model. Using Eq. (3) in the transfer function H(ω) in Eq. (2) as G(ω) gives the
transfer function for a one-layer structure. This holds for an arbitrary number of layers
and hence, Gq(ω) is the model for the multi-layered structure of q layers in the transfer
function Hq(ω).

d
0

d
1

0

1

2

U Y
1

Figure 1: A one-layer structure with the input U(ω) and the output signal waveform Y1(ω).

2.2 Model for an Arbitrary Number of Layers

Every single layer in the multi-layered structure can be viewed as the layer in Fig. 2 with
the summed inputs from both overlying and underlying layers.

The output signal at the boundary of the top of layer q is the sum of all the echoes
Vqi and V′

qi, i.e.
U′

q−1 = AqUq + BqU
′
q, (4)

where

Aq =
Tq−1,qRq,q+1Tq,q−1e

−jωτq

1 − Rq,q−1Rq,q+1e−jωτq
(5)

Bq =
Tq,q−1e

−jω 1
2
τq

1 − Rq,q−1Rq,q+1e−jωτq
. (6)
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Figure 2: The q:th layer with the inputs Uq(ω) and Uq(ω)′, and the echoes that contributes to
the outputs at the boundaries of the layer.

This signal, U′
q−1, is the input signal at the boundary to the overlying layers. The output

signal at the boundary of the bottom of the layer q is the sum of all the echoes Wqi and
W′

qi, i.e.

Uq+1 = CqUq + DqU
′
q, (7)

where

Cq =
Tq−1,qe

−jω 1
2
τq

1 − Rq,q−1Rq,q+1e−jωτq
(8)

Dq =
Rq,q−1e

−jωτq

1 − Rq,q−1Rq,q+1e−jωτq
. (9)

The output of this layer, Uq+1, is the input at the boundary to the underlying layers. If
we have q layers in a structure, Uq+1 is not needed since it is the output of the entire
structure and no further reflections will be possible.

2.3 The General Multi-Layered Structure

The model for an entire multi-layered structure can be derived as

Gq(ω) = Aq−1 +
Bq−1Cq−1Gq+1(ω)

1 − Dq−1Gq+1(ω)
, (10)

for q ≥ 2. The case when q = 1 was derived in Eq. (3) and with these notations it is
G1(ω) = A1. For q layers the model is extended using the formula in Eq. (10), and finally,
Gq+1(ω), is equal to Aq for q layers, where Aq is the amplitude of the q:th reflection.

2.4 Transfer Function Models for Two and Three Layers

Here we state the explicit expressions for the transfer functions for the cases of two and
three layers. The general model of the multi-layered structure Gq(ω) is derived for two
and three layers and inserted in the transfer function Hq(ω), in Eq. (2). For a two-layer
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structure the entire model is

H2(ω) = R01e
−jωτ0 + (1 − R2

01)e
−jω(τ0+τ1) ·(

R12 + R23e
−jωτ2

) ·(
1 + R01R12e

−jωτ1 + R12R23e
−jωτ2

+ R01R23e
−jω(τ1+τ2)

)−1
(11)

with θ1 = [R01 R12 R23 τ0 τ1 τ2]
T as the vector of parameters to be estimated. For a

three-layer structure the corresponding model is

H3(ω) = R01e
−jωτ0 + (1 − R2

01)e
−jω(τ0+τ1) ·(

R12 + R23e
−jωτ2 + R12R23R34e

−jωτ3

+R34e
−jω(τ2+τ3)

) ·(
1 + R01R12e

−jωτ1 + R12R23e
−jωτ2

+ R23R34e
−jωτ3 + R01R12R23R34e

−jω(τ1+τ3)

+ R12R34e
−jω(τ2+τ3) + R01R23e

−jω(τ1+τ2)

+ R01R34e
−jω(τ1+τ2+τ3)

)−1
(12)

with θ0 = [R01 R12 R23 R34 τ0 τ1 τ2 τ3]
T .

3 Parameter Estimation

Given the model structure described in Section 2, we here derive the frequency domain
Maximum Likelihood Estimator (MLE) for the model parameters. From Eq. (1) we have

Y(ω) = H(ω, θ)U(ω) (13)

where both the input signals U(ω) and the output signals Y(ω) are corrupted by mea-
surement noise and θ is the parameter vector. The input signals U(ω) and the output
signals Y(ω) are M × N matrices of M measurements with N samples each. The mea-
surement noise is assumed to be white and Gaussian. The scaled error of the model
is

ε(ω, θ) =
Y(ω) − H(ω, θ)U(ω)

σe(ω, θ)
(14)

where σ2
e(ω, θ) is the variance of the error [8], given by

σ2
e(ω, θ) = σ2

y + σ2
u|H(ω, θ)|2 − 2�{σ2

yuH(ω, θ)} (15)
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If θ is the unknown parameter vector and Ce is the covariance matrix of the error, the
multivariate complex Gaussian PDF becomes

p(ε; θ) = (πN det(Ce))
−1 e−ε(θ)Hε(θ). (16)

The derivative of the log-likelihood function being set to zero minimizes the error. The
Gauss-Newton method is then used to iteratively find the parameter vector [9], i.e.

θk+1 = θk −
(
�

{
∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk

ε

}
. (17)

4 Flaw Detector

A detector may be thought of as a mapping from the data values into a decision, or
in our case from the parameters into a decision. A Generalized Likelihood Ratio Test
(GLRT) is a hypothesis test used in the detection algorithm, with the advantage that
the detection is performed on the MLEs of the parameters. The task for the detector is
to determine whether the modeled material has a two- or a three-layered structure, using
the estimated parameter vector θ̂. The hypothesis in the test can be stated as

H0 : H(θ̂) = H3(θ̂0),

H1 : H(θ̂) = H2(θ̂1), (18)

where the null hypothesis, H0, is the case when there are a three-layered structure. The
GLRT is not associated with any optimality criterion, but is nevertheless commonly used.
The GLRT decides hypothesis H1 if [10]

LG(ε) =
p(ε; θ̂1,H1)

p(ε; θ̂0,H0)
> γ (19)

where θ̂1 is the MLE of θ1 and θ̂0 is the MLE of θ0. The MLEs of θ1 and θ0 are found
by maximizing Eq. (16) with respect to θ1 and θ0, respectively, where the estimated
covariance matrix of the error Ĉe is used. Using the MLEs of θ1 and θ0 in Eq. (16) the
likelihood ratio in Eq. (19) is

LG(ε) =

1

πN det(Ĉe)
e−ε(

ˆθ1)Hε(
ˆθ1)

1

πN det(Ĉe)
e−ε(

ˆθ0)Hε(
ˆθ0)

. (20)

Simplifying and taking the logarithms on both sides we have

ln LG(ε) = V(θ̂0) − V(θ̂1) > ln γ = γ′ (21)

where V(θ̂) = ε(θ̂)Hε(θ̂) is the cost function. Hence, we decide H1 if

V(θ̂0) − V(θ̂1) > γ′. (22)
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The threshold γ is decided from

PFA =

∫
{ε;L(ε)>γ}

p(ε; θ̂0,H0) = α (23)

where PFA is the probability of false alarm and α is the level of significance of the test.

5 Simulations

The signal model and the detector are evaluated through a simulation procedure to be
able to show the precision in the parameter estimation and the efficiency in the detection
algorithm. The performance is evaluated in a simulation environment consisting of a
three-layer structure where the middle layer is a thin bonding layer. The task for the
detector is to determine when the bonding layer is missing. To simulate the signal model
a Gaussian echo [11] s(t) = βe−α(t−τ)2 cos(2πfc(t − τ) + φ), with β=1, α=1500 (MHz)2,
τ=1 μs, fc=35 MHz and φ=1 rad, is used as the input time domain reference signal. The
simulated data consists of 2048 points with a sampling rate fs of 400 MHz. AR models
with two and three layers were simulated to create output signals, and measurement
noise in the frequency domain with varying signal-to-noise ratio (SNR) were added to
the input and output signal. If Pnoise = σ2 is the variance of the noise in the frequency
domain, and Psignal = σ2

U is the variance of the input signal U, the SNR is defined as

SNR = 10 log
Psignal

Pnoise

(24)

The parameters used when creating the AR models were for two layers, θ = [0.7 −
0.3 −0.5 0 286 38]T and for three layers θ = [0.7 −0.4 0.1 −0.5 0 286 5 33]T . These
parameters are directly connected to physics. The first half in the parameter vectors are
the reflection coefficients between the layers and the second half are the sample times of
arrival, τs = fsτ , associated to the thickness of the layers. In the three-layer case the top
layer has the highest acoustic impedance and the middle bonding layer has the lowest
acoustic impedance. In the two-layer case the middle bonding layer is missing. The
thickness of the top layer is 2 mm, the middle layer 30 μm and the bottom layer 0.5 mm.
These choices of the layer thicknesses produces overlapping echoes in the simulated output
signal.

The estimation is performed with the starting values directly connected to the theo-
retical values of the reflection coefficients and the layer thickness. In the three-layer case
the starting values of the parameter vector is θ = [0.73 −0.39 0.08 −0.53 0 286 5 33]T

and in the two-layer case, θ = [0.73 − 0.32 − 0.53 0 286 38]T .

6 Results

The evaluation of the parameter estimation shows that a reverberant overlapping signal
waveform can be estimated using the parametric model described in this paper. In
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Fig. 3 the estimated signal waveform is plotted along with the simulated waveform. The
simulation environment produces overlapping echoes to test the parameter estimation.
Since the residuals are consisting of noise only, the signal waveform can be described by
the estimated parameter vector.
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Figure 3: a) The simulated output signal with added measurement noise ym, SNR=10. b) The
estimated output signal yp. c) The error of the estimation, e = ym − yp.

A way of summarizing the performance of the detector is to plot the probability of
detection, PD, versus the probability of false alarm, PFA. This type of evaluation is called
the Receiver Operating Characteristics (ROC) and for this detector it is shown in Fig. 4
for different SNRs. Choosing the desired level of significance of the test, α, will give the
value of the threshold γ that will be used in the detection algorithm. Calculating the
integral in Eq. (23) with a significance level (probability of false alarm) of α = 5% for
varying SNR gives the threshold γ. Table 1.1 shows the values of the estimated PD and
the threshold γ for varying SNR for α = PFA = 5%.

In Table 1.1 it is shown that for SNR around 15 dB the probability of detection, PD,



Paper A 63

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
← SNR = 15

← SNR = 10

SNR = 5 →

← SNR = 0

PF A

P
D

Figure 4: Receiver operating characteristics for four different SNR, 0 dB, 5 dB, 10 dB and 15
dB. The dashed line show when there is equal probability for a correct detection and to get a
false alarm.

Table 1.1: In this table the estimated PD and the threshold γ for varying SNR for PFA = 5%
is presented

SNR [dB] PD [%] γ
20 100 2 · 10−29

15 96.9 4 · 10−8

10 46.1 0.063
5 13.0 0.422
0 7.0 3.32

is very high, when the PFA is only 5%. In many NDE applications SNR around 15 dB is
not unusual, which implies that a γ close to zero can be considered in this case.

7 Conclusions

The parametric model presented in this paper is able reconstruct the ultrasonic signal
waveform consisting of multiple overlapping echoes from within multi-layered structures,
by using the estimated parameter vector. Given the model it is possible to extract
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material properties of the individual layers.
We also demonstrated that a detector based on the GLRT performed on the model

parameters is able to detect flaws in such structures.
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Model-Based Characterization of Thin Layers Using

Pulse-Echo Ultrasound

Fredrik Hägglund, Jesper Martinsson, Johan E. Carlson and Carl Carlander

Abstract

Measurements performed on a thin multi-layered structure will imply a received signal
waveform consisting of reverberant overlapping echoes. In this paper the multi-layered
structure is modeled by a physical model and the Maximum Likelihood Estimator (MLE)
is derived for the model parameters. A general iterative expression for the model is
given. The model is evaluated using measurements on a thin three-layered structure,
where two glass layers are bonded together. We show that measured signal waveforms
can be reconstructed using the estimated parameters, and that physical properties can
be extracted from the estimated model parameters. Simulations also show that physical
parameters can be estimated for thicknesses of the bonding layer down to 50 μm for a
wavelength of 200 μm of the ultrasonic pulse.

1 Introduction

Non-destructive testing of materials using ultrasound is considered a valuable tool to
characterize thin layers in a multi-layered material. In this paper we propose a method
to estimate material properties of the thin bonding layer in a multi-layered material using
a physical model. The thin-layered material structure gives rise to overlapping ultrasonic
echoes. The model structure is therefore chosen so that the variations in the received
ultrasonic signal waveform are captured by a small number of model parameters.

The material is modeled using a continuous autoregressive (AR) model with parame-
ters connected to physical properties, related to the thickness of the layers, the reflection
and the transmission coefficients given by the boundaries between the layers, and the
attenuation inside the layers. The paper derives the Maximum Likelihood Estimator
(MLE) for the model parameters.

We show with simulations how accurate estimates of the model parameters we get
when the thicknesses of the layers decrease. Material properties such as speed of sound,
acoustic impedance, and density of the layers can be estimated from the parameters
with corresponding confidence interval for varying signal-to-noise ratio and material layer
properties.

The model is evaluated with real measurements on two glass layers bonded together
by a thin layer, where some properties of the layers are known. The measured signal
waveform consists of reverberant overlapping echoes, and using the proposed parametric
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model we show that reliable estimates of the bonding layer properties can be deduced
from the estimated parameters.

2 Theory

In this section, the signal model and the parameter estimation for the property extrac-
tion problem is stated in the frequency domain. The physical properties related to the
estimated parameters are stated and the parameter estimation is explained.

2.1 General Parametric Model

Sending an ultrasonic echo through a multi-layered material will produce a received signal
waveform consisting of several delayed and attenuated echoes. A structure consisting of
thin layers will produce reverberating echoes due to multiple reflections, resulting in an
overlapping signal waveform at the receiver. The modeling of a multi-layered structure
is performed by a physical model of the layers, using a continuous AR model. The
parameters in the model are the reflection coefficients, the time of flight of the pulse in
the layers, and a parameter directly related to the attenuation coefficient for each layer.
These parameters give us the structure of the multi-layered material. From this physical
model of the multi-layered structure it is then possible to extract material properties.

An iterative model for the reflection from a multi-layered structure has been derived in
[1], but is in [2] derived in a more convenient way for system transfer function identifica-
tion. The model of the transfer function is a reverberant multi-layered structure Htf (ω).
The output Y(ω), by using U(ω) as the input signal and assuming linear acoustics, is
then represented as

Y(ω) = Htf (ω)U(ω), (1)

where

Htf (ω) = (R01 + H(ω)) e−jωτ0 , (2)

where j =
√−1, ω is the angular frequency, R01 is the reflection coefficient from the

top layer, and τ0 is the time delay for the ultrasonic pulse traveling the distance d0

back and forward from the transducer to the material in the water buffer region. The
expression H(ω) in (2) is the general parametric model for a multi-layered structure, and
H(ω) = Hq0(ω), where q0 is the total number of layers. The iterative expression starting
at q = q0 is then expressed as

{
Hq(ω) = Aq+1 + Bq+1Cq+1Hq−1(ω)

1−Dq+1Hq−1(ω)
, q > 1

Hq(ω) = Aq+1 , q = 1
(3)
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where the expressions for A, B, C and D are;

Aq =
TQ−1,QRQ,Q+1TQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (4)

Bq =
TQ,Q−1

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (5)

Cq =
TQ−1,Qe−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (6)

Dq =
RQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (7)

where the subscript Q is connected to q as

Q = q0 − q + 2. (8)

The expression G(ω) is the frequency dependent attenuation in the material in the spe-
cific layer. The attenuation can be described as the pressure change of a wave due to
absorption and scattering and is expressed as,

Px = P0e
−αs(ω)x, (9)

where P0 is the pressure at some location and Px is the reduced pressure at distance
x from the initial location. The quantity αs(ω) is the frequency dependent attenuation
coefficient expressed in nepers/m. Given that x = 2d, where d is the thickness of the
specific layer, and that the attenuation coefficient is proportional to the square of the
sound frequency, αs(ω) = α̃ω2, the frequency dependent attenuation in the model is
defined as

G(ω) = e−α̃ω22d, (10)

where α̃ is a constant containing several attenuation effects, e.g. the classical absorption
[3]. Extending the parametric model with the attenuation inside the layers provide
possibilities to capture more of the signal waveform. Using (3) the model for an arbitrary
number of layers can be derived.

2.2 Model for Three Layers

The experimental setup shown in Fig. 1 motivates the selection of a three layer model. In
this specific experiment, two glass layers were bonded together by a thin bonding layer,
meaning that the first and the third layer should have the same properties. This implies
that the general model can be simplified before applied on this specific problem. In this
case we have;

R23 = −R12, (11)

R34 = −R01, (12)

α̃3 = α̃1, (13)
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and using the relationship between the reflection and transmission coefficients

Rl,k = −Rk,l, (14)

Tk,l = 1 + Rk,l, (15)

we can define an analytical expression for the transfer function in (2).
Our only received information about the layered material, in addition to some pre-

knowledge of the material properties, is the signal waveform, see Fig. 1. However, to
perform the parameter estimation and the system identification we require an input
signal. If the first echo in our received signal waveform is separable from the rest of the
waveform, we can use a scaled version of this echo as the input signal. The first echo is
then used to create the input signal as

U(ω) =
1

R01

ejωτ0Ỹ(ω). (16)

On the other hand, if the first echo is not separable from the waveform, the input signal
must be captured from a separate measurement on a thicker layer of the same medium,
see Fig. 4a, to get Ỹ(ω). The input signal is captured by windowing and by using (16)
after an appropriately scaling and a pre-alignment before the estimation is performed.

The parameterized transfer function Htf (ω, θ) in (2) (omitting ω for notational sim-
plicity) is then defined as

Htf (θ) =

(
R01 +

E

F
(1 − R2

01)e
−jωτ1G1

)
e−jωτ0 , (17)

where

E =
(
R12 − R12e

−jωτ2G2 + R01R
2
12e

−jωτ3G3

− R01e
−jω(τ2+τ3)G2G3

)
, (18)

F =
(
1 + R01R12e

−jωτ1G1 − R2
12e

−jωτ2G2

+ R01R12e
−jωτ3G3 + R2

01R
2
12e

−jω(τ1+τ3)G1G3

− R01R12e
−jω(τ2+τ3)G2G3

− R01R12e
−jω(τ1+τ2)G1G2

− R2
01e

−jω(τ1+τ2+τ3)G1G2G3

)
, (19)

and where θ = [R01 R12 τ1 τ2 τ3 α̃1 α̃2]
T is the parameter vector.

2.3 Parameter Estimation

Deriving the MLE for the parameters in the signal model described in the previous
sections is performed in the frequency domain. The noise on both the input signals and
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the output signals is assumed to be white and Gaussian, implying that the MLE ends
up in a Nonlinear Least Squares (NLS) problem. To achieve a faster iteration in the
minimization process, analytical expressions for the gradient and the Hessian is derived.
The Gauss-Newton (GN) linearization method is used [4]

θ̂k+1 = θ̂k −
(
�

{
∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk

ε

}
, (20)

where ε(ω, θ) is the scaled error function given in [5]. In addition to the GN algorithm,
the Hessian in (20) is also regularized.

2.4 Physical Properties

The estimated parameter vector θ̂, given by the model, can be used to directly extract
several properties, such as speed of sound, acoustic impedance, and the density. Assuming
that the thicknesses of the layers are known, the speed of sound can be estimated as

ĉ =
2d

τ̂
, (21)

where τ̂ is the estimated time of flight taken from the parameter vector θ̂. The frequency
dependent part of the speed of sound is neglected due to the very short relaxation time.
The acoustic impedance can be estimated as,

ẑl = ẑl−1

(
1 + R̂l−1,l

1 − R̂l−1,l

)
, (22)

where R̂l−1,l is the estimated reflection coefficient from the boundaries between the layers,
ẑl−1 is the estimated impedance in the previous layer and finally for l = 0 the acoustic
impedance in the water buffer region is defined as

z0 = ρ0c0, (23)

where both the density in water, ρ0, and the speed of sound in water, c0, is assumed to
the known, see [3]. The density can be estimated as,

ρ̂ =
ẑ

ĉ
, (24)

by using (21) and (22).

3 Experiment Setup

All measurements were conducted with the ultrasound transducer immersed in water
and with the specimen surrounded by water. The measurements were performed in a
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pulse-echo configuration, see Fig. 1. The temperature in the water was kept constant at
19.85 ◦C to within ±0.05 ◦C.

The examined specimen consisted of two pyrex glass layers bonded together by a thin
bonding layer. The thickness of the top glass layer was 1.83 mm and the thickness of the
bottom glass layer was 3.78 mm. The thickness of the bonding layer was 0.53 mm and
two different materials were used as bonding material, construction silicone and epoxy.

layer 1

layer 3

layer 2

water

water

time

d
0

d
1

d
2

d
3

u y
1

y

Figure 1: The experimental setup in a pulse-echo configuration. The waveforms and the nota-
tions are in the time domain, where u(t) represents the input signal, y(t) is the entire output
signal and y1(t) is the first echo in the output signal.

For all the experiments performed in this work, a 5 MHz unfocused piezoelectric
transducer (V3456) from Panametrics with an element size of 13 mm was used. To excite
and receive acoustic pulses, a Panametrics Pulser/Receiver Model 5073PR, operating in
pulse-echo mode was used. The acquired ultrasonic echoes were sampled using a Gage
CompuScope CS12400, at 200 MHz with a 12-bit resolution.

4 Results

4.1 Simulation Results

In the simulations we can investigate how accurate estimates of the parameters we can get
for decreasing thickness of the bonding layer. All estimated parameters can be examined,
but in this paper we present the results for one parameter. In Fig. 2a the estimated time
of flight through the bonding layer, τ̂2, is plotted together with the true, τ , value for
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decreasing thickness d2. A simulated output signal is used, where the initial values of
the parameters are up to 5% from the values used to create the output signal. In Fig. 2b
the difference between the estimated and the true time of flight is plotted, and we get
very certain estimates for thicknesses down to about 50 μm. Below that thickness the
estimate is still quite accurate but somewhat more unstable, also seen in Fig. 2c, where
the estimated standard deviation of the estimated time of flight is plotted for decreasing
thickness. The standard deviation increases for thickness below 50 μm.
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Figure 2: In a) the estimated time of flight τ̂2 (solid) and the true value τ2 (dotted) are plotted.
In b) the difference τe = τ̂2−τ2 is plotted. In c) the estimated standard deviation of the estimated
time of flight σ̂τ̂2 is plotted. The x-axis is the thickness, d2.

4.2 Measurement Results

The physical model is able to recreate the measured signal waveform from the seven
parameters. When the received ultrasonic signal waveform have a separable first echo,
that echo is also used as the echo creating the input signal, see Fig. 3. In this case the
residual is approaching white noise.

On the other hand, when the received ultrasonic signal waveform contains nothing
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Figure 3: In a) both the measured ym(t) and the estimated ye(t) signal waveforms are plotted,
and in b) the residual e(t) = ym(t) − ye(t) is plotted.

but overlapping echoes a separate measurement is required. In Fig. 4 the results from
a measurement where epoxy was used as the bonding material is shown. In Fig. 4a, we
have the separate measurement from where the input signal is created, and in Fig. 4b
the measured and the estimated signal waveform is shown. The output signal and the
estimated signal is apparently coinciding. When a separate measurement is performed
to capture the input signal, we usually have a slight variation in the first echo, see
Fig. 4c. This variation is usually due to distance and angle variations in the different
measurements, and can be covered by statistical tools. These effects are neglected in this
paper, thus we are strictly considering the hard physical model.

In the parameter estimation algorithm an accurate initial guess is essential. Since
this model is based on physical properties, we find the initial guess of the parameters
from the theoretical values calculated from our pre-knowledge about the material. The
mean of the estimated parameters is presented together with the estimated 2σ interval for
the parameters in Tab. 2.1. The estimated values of the parameters are very repeatable
indicated by the low 2σ intervals.

From the estimated parameters we can extract some physical properties. In Tab. 2.2,
the estimated speed of sound and the estimated density are presented for the two different
bonding materials and also for the first glass layer. The exact mixture of silicone and
epoxy are unknown and hence it is difficult to validate the results. However, the properties
for the glass layer agree with previous work, see e.g. [6].
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Figure 4: In a) the separate measurement to extract the input echo is plotted. In b) the measured
ym(t) and the estimated ye(t) output signals are plotted, and in c) the residual e(t) = ym(t) −
ye(t) is plotted. Epoxy was used as bonding material.

Table 2.1: The estimated parameters for two experiments.

Silicone Epoxy
mean ± 2σ mean ± 2σ

R̂01 0.811 ± 0.4 · 10−3 0.816 ± 0.6 · 10−3

R̂12 −0.862 ± 0.3 · 10−3 −0.710 ± 0.9 · 10−3

τ̂1 0.63 · 10−6 ± 40 · 10−12 0.63 ± 65 · 10−12

τ̂2 1.08 · 10−6 ± 86 · 10−12 0.46 ± 132 · 10−12

τ̂3 1.30 · 10−6 ± 129 · 10−12 1.30 ± 169 · 10−12

ˆ̃α1 177 · 10−15 ± 6.7 · 10−15 89 · 10−15 ± 13 · 10−15

ˆ̃α2 4778 · 10−15 ± 66 · 10−15 15460 · 10−15 ± 164 · 10−15

5 Conclusions

It has been shown with measurements that the parametric model presented in this paper
is able to reconstruct the ultrasonic signal waveform consisting of multiple overlapping
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Table 2.2: Properties extracted from the parameters.

Silicone Epoxy Glass pyrex
mean ± 2σ mean ± 2σ mean ± 2σ

ĉ (m/s) 984 ± 0.1 2314 ± 0.7 5798 ± 0.5
ρ̂ (kg/m3) 1073 ± 3.2 1066 ± 4.4 2478 ± 7.0

echoes from within multi-layered structures by using the estimated parameter vector.
Given the model and its parameters, it is possible to extract material properties of the
individual layers.
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Separation of Dispersive Coinciding Signals by

Combining Hard and Soft Modeling

Jesper Martinsson, Fredrik Hägglund, and Johan E. Carlson

Abstract

In some ultrasonic measurement situations, an adequate signal separation is difficult to
achieve. A typical situation is material characterization of thin media, relative to the
emitted signal’s time support. In this paper a new method is proposed that enables
accurate signal separation of measured coinciding signals in the post-processing stage.
The method is based on a combination of hard physical and soft empirical models, which
allows for a description of both known and unknown dynamics making the separation
possible. The proposed technique is verified using real measurements on thin dispersive
samples and validated with residual analysis.

1 Introduction

When designing ultrasonic measurement systems based on pulse-echo or through-transmission
techniques, adequate signal separation is often a requirement for the analysis step. In
flow measurement and material characterization, separable signals are necessary to ob-
tain accurate estimates of transit times and material properties. However, there are a
number of factors which can prevent a complete separation. If the propagation distance
in the medium is short (due to fixed dimensions or poor signal-to-noise ratios (SNR)), or
if the signal’s time support is long (due to low-frequency transducers or if high-energy
and low-amplitude excitations are required), a complete separation can be difficult to
achieve.

For a dispersive media, a separation of coinciding signals can only be obtained if the
dynamic properties of the media are known. However, to estimate these properties a
complete separation is normally required.

In this paper we use a combination of hard and soft modeling to solve this problem.
A hard model structure is applied to describe multiple reflections and overlaps related
to the specific measurement setup. A soft model structure is used to capture unknown
dispersion and absorption effects from the medium, and to handle unwanted diffraction
and misalignment effects from the measurement setup.

The proposed method achieves accurate signal separation in dispersive experimental
situations. The proposed technique enables material characterization and flow analysis
in otherwise unrealizable situations.
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2 Theory

This section begins with a derivation of the hard model structure for the specific measure-
ment setup shown in Fig. 1. The hard structure describes the ideal case when absorption,
dispersion, diffraction, and misalignment effects are neglected and the structure contains
only pure delays, reflection and transmission coefficients. This structure describes how
the signals overlap and is essential to obtain separation. The hard structure is then
expanded with soft structures to cope with a more realistic case when the above effects
are included. Finally, details concerning parametrization, parameter estimation, model
selection, model validation, and signal separation are given.

2.1 The Hard Model

Assume that there are no absorption and dispersion effects present, linear acoustic ap-
plies, and that the measurement setup is perfectly aligned. Under these assumptions
there exist a linear system h̃(ω, θ) that describes the relationship between the response
ỹ(ω) and the reference signal ũ3(ω) as

ỹ(ω) = h̃(ω, θ)ũ3(ω), (1)

where the response is defined as the summation of all the echoes obtained from the sample
space, see Fig. 1,

ỹ(ω) =
∞∑

p=1

ỹp(ω), (2)

and the reference signal is defined as the received reflection, ũ3(ω), from the water-buffer
boundary. Here ·̃ denotes Fourier transformed quantities and ω represents the angular
frequency. In (1), θ represents a vector containing the model parameters.

The structure for h̃(ω, θ) is found by deriving the expressions for the echoes, ỹp(ω),
from the sample space using reflection and transmission coefficients related to each layer.
The first two contributions,

ỹ1(ω) =
R12T10T01

R01

e−jω2τ1ũ3(ω), (3)

ỹ2(ω) =
T12R23T21T10T01

R01

e−jω2(τ1+τ2)ũ3(ω), (4)

are unique but the sequential contributions can be expressed in a recursive manner as

ỹp(ω) = R21R23e
−jω2τ2 ỹp−1(ω), for p ≥ 3. (5)

Here Rlm and Tlm denotes the reflection and transmission coefficient respectively, between
the l:th and the m:th medium. The phase delay for the wave through the m:th medium
is represented by τm, see Fig. 1.

The response, ỹ(ω), in (2) can now be simplified using (5) as
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ỹ(ω) = ỹ1(ω) +
∞∑

p=2

(
R21R23e

−jω2τ2
)p−2

ỹ2(ω)

= ỹ1(ω) +
1

1 − R21R23e−jω2τ2
ỹ2(ω), (6)

where the summation relationship
∑∞

p=0 xp = 1/(1−x), for |x| < 1, has been used in the
last equality.

Combining the expressions in (3), (4) and (6), the hard model structure in (1) can be
expressed as

h̃(ω, θ) =

(
R12 +

(1 − R2
12)R23e

−jω2τ2

1 + R12R23e−jω2τ2

)

×1 − R2
01

R01

e−jω2τ1 , (7)

where the relationship, Rlm = −Rml and Tlm = 1 − Rlm, is used and the vector θ =
[R01, R12, R23, τ1, τ2]

T represents the unknown model parameters.

2.2 Combining Hard and Soft Modeling

In cases of diffraction, alignment errors, and frequency dependent absorption and dis-
persion, the model structure in (7) is inadequate. However, if linear acoustic applies,
the above effects can be described using linear systems and (1) is still valid. Assume
that a wave that has propagated through the m:th medium is affected by: a sys-
tem M̃m(ω) describing the absorption and dispersion from the medium; and a system
D̃(ω, ξ̃m(ω)) describing effects that depends on the total number of propagated wave
numbers, ξ̃m(ω) = dmk̃m(ω)/2π, such as diffraction and alignment errors, where dm and
k̃m(ω) are the thickness and frequency dependent wave number respectively.

Note that in the sequential analysis the ω dependency related to all the ·̃ quantities
has been omitted for notational simplicity. Introducing the soft model structures M̃m

and D̃(ξ̃), the equations (3), (4) and (5) is expanded to
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ỹ1 = M̃2
1

D̃(2ξ̃1 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

×R̃12T̃10T̃01

R̃01

e−jω2τ1ũ3, (8)

ỹ2 = M̃2
1 M̃2

2

D̃(2ξ̃1 + 2ξ̃2 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

× T̃12R̃23T̃21T̃10T̃01

R̃01

e−jω2(τ1+τ2)ũ3, (9)

ỹp = M̃2
2

D̃(2ξ̃1 + (p − 1)2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + (p − 2)2ξ̃2 + ξ̃0)

×R̃21R̃23e
−jω2τ2 ỹp−1, for p ≥ 3. (10)

In this case the phase velocity and the phase delay are frequency dependent, which
means that the reflection and transmission coefficients are frequency dependent. Here
τm should be considered as the constant phase delay (or dead-time).

Using relatively high frequencies combined with a small sample space (small ξ̃2), the
diffraction/alignment factor in (10) can be considered as independent of p and approxi-
mated as

D̃(2ξ̃1 + (p − 1)2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + (p − 2)2ξ̃2 + ξ̃0)
≈ Ẽ. (11)

Using the approximation in (11), the response, ỹ, can be expressed analogous to (6)
as

ỹ = ỹ1 +
1

1 − R̃21R̃23M̃2
2 Ẽe−jω2τ2

ỹ2. (12)

Combining the expressions in (8), (9) and (12), the combined model structure in (1) can
be expressed as

h̃(θ) =

(
R̃12 +

(1 − R̃2
12)B̃e−jω2τ2

1 + R̃12B̃e−jω2τ2

)
Ãe−jω2τ1 , (13)

where

Ã = M̃2
1

D̃(2ξ̃1 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

(1 − R̃2
01)

R̃01

, (14)

B̃ = M̃2
2 ẼR̃23. (15)

Normally it is the sample’s acoustic properties in M̃2 (and τ2) that we wish to estimate.
If the sample space is large enough so that a complete separation between each ỹp is
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obtained, information of M̃2 can be found using a combination of (8), (9) and (11) as

ỹ2 =
(1 − R̃2

12)

R̃12

B̃e−jω2τ2 ỹ1, (16)

and/or (10) and (11) as

ỹp = −R̃12B̃e−jω2τ2 ỹp−1. (17)

However, if the sample space is small and a complete separation is difficult to achieved (ỹp

is unknown), then using (16) or (17) is fruitless. To retrieve information of the sample’s
acoustic properties the whole model in (13) must be applied, and Ã, R̃12 and B̃ must be
parameterized.

2.3 Parametrization of the Soft Models

Some of the effects described by the models Ã, R̃12 and B̃ have unknown physical struc-
tures, e.g., diffraction, misalignment, and acoustic properties of the investigated sample.
This means that a general structure is needed to parameterize these models. In this
paper a phase compensated finite impulse response (FIR) filter is used to parameterize
Ã, R̃12 and B̃ as

Ã(a) = e−jωTs(na−1)/2

na∑
p=1

ape
−jωTs(p−1), (18)

R̃12(r) = e−jωTs(nr−1)/2

nr∑
p=1

rpe
−jωTs(p−1), (19)

B̃(b) = e−jωTs(nb−1)/2

nb∑
p=1

bpe
−jωTs(p−1), (20)

where na, nr and nb are the dimensions of the parameter vectors a, r and b respectively,
and Ts denotes the sampling period. The term e−jωTs(n·−1)/2 represents the phase com-
pensation part and shifts the FIR so that the middle tap corresponds to zero delay (for
odd n·).

The FIR filter describing the reflection coefficient in (19) is restricted to a type I
linear-phase FIR filter [1] with zero phase, i.e., the FIR is symmetric rp = rnr−p+1. This
means that R̃12 is a real-valued frequency dependent quantity, i.e., no phase shifts other
than ±π are associated with reflection and transmission. The linear-phase restriction in
(19) can be relaxed, allowing for complex-valued reflection and transmission coefficients,
e.g., in case of incomplete or partially contacting interfaces [2, 3].
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2.4 Parameter Estimation, Model Selection and Model Valida-
tion

Given data from a pulse-echo experiment, the unknown model parameters are estimated
from discrete Fourier transformed data [4], using a nonlinear least-squares (NLS) fit and
the Levenberg-Marquardt optimization [5].

To prevent over-parametrization, the minimum description length (MDL) is used [6, 7]
to find the appropriate number of FIR parameters. The taps are gradually increased until
the MDL is obtained. To reduce the search space, the FIR parameters are not increased
independently but simultaneously resulting in a slightly over-parameterized model, since
the FIR parameters are restricted to equal lengths.

To make sure that the combined model is capable of describing the true system we
have to validate its performance. The key concept here is to examine the residuals (the
part of the response y(t) that the model could not reproduce) to determine the model’s
validity [7]. If the residual contain components other than measurement noise, a complete
separation can not be justified.

2.5 Signal Separation

Once the parameter vector θ = [aT , rT ,bT , τ1, τ2]
T is estimated and the model is vali-

dated, the first signal can be separated using (8) as

ỹ1 = R̃12(r)Ã(a)e−jω2τ1ũ3, (21)

and the sequential signals can be found using (21) together with (16) and (17).

3 Experimental Setup

The experimental setup consists of a broadband piezoelectric transducer mounted on
a custom built measurement cell consisting of a water region and a buffer rod made
of 10.030 ± 0.001 mm plexiglass. The sample space is located between the buffer rod
and a stainless steel reflector, see Fig. 1. A pulser/receiver 5073PR from Panametrics
was used to excite the transducer and amplify the received signal. The signal was then
digitized using a CompuScope 12400 oscilloscope card, by Gage Applied Technologies
Inc., Lachine, QC Canada, at 12-bit resolution and using a sampling rate of 200 MHz.

Three different dispersive test samples were used in this study: petrolatum (vaseline),
marine gear oil (SAE90), and glycerine. The pulse-echo tests were performed using four
different broadband piezoelectric transducers with center frequencies: 5 MHz (V3456),
10 MHz (V311), 15 MHz (V319), and 20 MHz (V317), manufactured by Panametrics,
Waltham, MA, USA. To obtain an adequate SNR (and overlapping echoes), a small
sample space was designed using a 0.097± 0.001 mm washer between the buffer rod and
the reflector.
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Figure 1: Schematic figure over the measurement setup and the pulse-echo principle. The
transducer emits an unknown sound wave ũ1(ω). The reflection from the buffer rod ũ3(ω) and
the multiple reflections from the sample space

∑∞
p=1 ỹp(ω) are then recorded. For this particular

experiment four different medias has been used: M̃0(ω): water region, M̃1(ω): plexiglas buffer,
M̃2(ω): sample, and M̃3(ω): steel reflector.
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lt
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Figure 2: The measured reference signal u3[n], defined in Section 2.1 as the echo from the buffer
rod, see Fig. 1.

4 Results

In this section the estimation, validation and separation results are presented for measure-
ments in petrolatum (most dispersive test sample) with the 5 MHz (V3456) transducer
(signal with the longest time support). Similar separation results were obtained for the
less dispersive test samples, and with transducers using higher center frequencies.

Fig. 2 shows the measured reference signal using the 5 MHz transducer. In Fig. 3,
estimation results can be seen for two cases. In the first case, represented by the red
curve, the hard model structure in (7) is used to estimate the response. In the second
case, represented by the blue curve, the combined model structure in (13) is used to
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Figure 3: Estimation results: a) measured response y[n] in black versus the estimated response
ŷ[n] using (7) in red and using (13) in blue; b) the residuals; c) whiteness test of the residuals,
the dashed lines mark the 99% confidence region for k �= 0.

estimate the response.

Estimating the response using only the hard model structure leaves a large systematic
variation in the residual, Fig. 3 b), indicating presence of un-modeled dynamics originat-
ing from diffraction, dispersion, absorption and alignment errors neglected by the model,
discussed in Section 2.1. This is also indicated by a highly autocorrelated residual in
Fig. 3 c), where the tails (k �= 0) clearly violates the confidence region [7]. Since the
hard model structure can not describe the true system, an adequate separation using
this structure can not be achieved. However, using the combined model structure (13) a
good fit can be seen in Fig. 3 a) and only a slight systematic variation is visible in the
residual in Fig. 3 b). The results are presented for the case when na = nr = nb = 19
given by the MDL criteria, Section 2.4. The visible variation can be reduced further
if the model order is allowed to increase, however, the MDL criteria and the residual
analysis presented in Fig. 3 c) indicates that the appropriate model order is found and
the residual correlation falls within the confidence region.

Once the parameter vector is estimated and the model is validated, the coinciding
signals can be separated, see Fig. 4, using the relationships derived in Section 2.5.
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Figure 4: Separation of the first four coinciding signals using the estimated parameters from
the combined model structure, see Section 2.5.

5 Discussion

The assumption that the residual is uncorrelated (white) is only valid for situations
where the measurement noise on reference signal is negligible. In presence of considerable
reference noise, a natural correlation appears even though a good model is used. However,
if it is possible to conduct repeated experiments with the same excitation signal, the
covariance matrix can be estimated from the repeated experiments and an errors-in-
variables (EV) approach can be applied [4]. The EV approach offers also an extended
residual analysis that includes noisy reference signal situations.

The theory presented in this paper is derived for the specific measurement setup shown
in Fig. 1, but the ideas of combining hard and soft modeling can naturally be rewritten
for other measurement setups or extended to apply for multi-layered material/media.
The parametrization of the soft models can be changed to a more physical structure
based on the physical properties of the media, if the diffraction/alignment factor can be
neglected. If a more restrictive structure is used it is important to remember the model
validation step to justify a complete separation. Another alternative is to first use the
more general FIR representation to obtain a complete separation, and then fit a physical
structure to the frequency response of the FIR filters.

6 Conclusions

In this paper we use a combination of hard and soft modeling to separate coinciding dis-
persive ultrasonic signals. A hard model structure is derived from the physical properties
of the measurement setup, and contains the basic structure which enables separation.
The hard structure is expanded with soft models, in the form of FIR filters, offering a
general structure to cope with dispersion, absorption, diffraction and alignment errors
from the measurement setup. The proposed model’s ability to separate coinciding sig-
nals is demonstrated for measurements on thin dispersive samples and is validated using
residual analysis. The experimental results show that accurate separation is achieved
with uncorrelated residuals.
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Estimating the Underlying Signal Waveform and

Synchronization Jitter from Repeated Measurements

Jesper Martinsson, Fredrik Hägglund, and Johan E. Carlson

Abstract

In this paper we present a synchronization technique, for applications using repeated or
periodically excited measurements. The problem with existing techniques is their limita-
tions to specific signal and noise conditions, such as white Gaussian noise or narrowband
signals. The proposed method extracts statistical information about the underlying signal
and noise in the measurements to obtain good synchronization (asymptotically optimal).
The Cramér-Rao lower bound (CRLB) is derived for the synchronization problem, in-
cluding bounds for the underlying signal waveform and the covariance of the noise. The
method, which is the maximum-likelihood estimator for both white and colored Gaus-
sian noise, is compared with standard sub-sample estimation and aligning techniques
using Monte Carlo simulations. The results show significant improvements compared to
standard synchronization techniques.

1 Introduction

In many ultrasonic systems, it is possible to perform repeated measurements. Given that
the repeated measurements are perfectly synchronized, an estimate of the underlying
signal waveform is easily obtained by averaging the measured signals. An estimate of the
measurement noise and its statistical properties can then be found by subtracting the
average from each measurement.

However, perfect synchronization is often difficult to achieve in practice, due to vari-
ations caused by synchronization jitter.

Assume that the retrieved data is a collection of M repeated unsynchronized noisy
measurements of an ultrasonic signal. The signal model can be written as

ym[n] = x(n · Ts − τm) + wm[n], (1)

for m = 1, 2, · · · , M repeated measurements and n = 1, 2, · · · , N time samples. Here
ym[n] represents the m:th measurement, where x(n · Ts) is the underlying (unknown)
signal, assumed to bandlimited below the Nyquist limit, wm[n] the measurement noise,
Ts is the sampling time, and τm the corresponding (unknown) synchronization jitter delay.

Accurate estimates of the measured data’s first and second order statistics are impor-
tant and also required in many applications, for example to: optimally weight objective
functions when fitting models or parameters to measured data; obtain uncertainty bounds
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for estimated models and parameters; detect model errors; and for experimental design
[1]. Averaging unsynchronized signals causes a low-pass filtering effect that destroys this
information.

The problem of compensating for synchronization jitter is often solved by estimat-
ing the sub-sample time delay with respect to one of the received signals, and then
pre-aligning the whole set before estimating the underlying signal and the noise covari-
ance. The aligning usually involves interpolation in the time-domain, and the sub-sample
time delay estimation often involves some interpolation of the cross-correlation function.
Currently available methods assumes either white noise or narrowband signals, see e.g.
[2, 3, 4].

In this paper a different procedure is proposed, that does not rely on any of these
assumptions. Instead we use the entire set of repeated measurements to simultaneously
estimate the underlying signal waveform, the covariance matrix of the noise, and the
sub-sample synchronization delays. The estimator is the maximum likelihood estimator
(MLE), in the presence of white and colored Gaussian noise, independent of the signal
bandwidth, as long as the Nyquist sampling criterion is fulfilled.

The estimator is derived and implemented using a frequency domain approach, which
means that classical time-domain interpolation and finite difference approximations of
derivatives are avoided.

Section 4 then evaluates the performance of the estimator.

2 Theory

In this section, the signal model for the estimation problem is first rewritten in the
frequency domain, and then the log-likelihood function, required to form the MLE is
stated. The MLE is derived for two cases, one where the covariance matrix of the noise is
known a priori, and then for the case where it is not known. Also, an additional iterative
procedure for the second case is presented, that reduces the computational complexity
and the sensitivity against local maxima.

2.1 Frequency Domain Representation

Transforming the problem into the discrete frequency domain, has a number of advantages
compared to standard time domain techniques [5]. In the discrete frequency domain,
Eq. (1) can be rewritten as

ỹm[k] = exp{−jωkτm}x̃[k] + w̃m[k], (2)

for k = 1, 2, · · · , N frequency points, where ỹm = DFT{ym}, x̃ = DFT{x}, w̃m =
DFT{wm}, and {ωk} are the corresponding angular frequencies.
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2.2 The Log-Likelihood Function

Assuming w̃m ∼ CN (0,Cw̃) and w̃m is independent of w̃l for m �= l, the log-likelihood
function for M repeated measurements is

ln(p(Ỹ; x̃, τ )) = A −
M∑

m=1

ẽH
mC−1

w̃ ẽm, (3)

where

Ỹ = [ỹ1, · · · , ỹM ],

τ = [τ1, · · · , τM ]T ,

A = −M (N ln(π) + ln(det(Cw̃))) ,

ẽm = ỹm − G(τm)x̃,

G(τm) = diag([exp{−jω1τm}, · · · , exp{−jωNτm}]T ).

2.3 The MLE With Known Covariance Matrix

Under the assumption that the covariance matrix is known a priori, maximizing Eq. (3)
with respect to τ and x̃ is a separable nonlinear weighted least squares problem. The
problem is linear in x̃ but nonlinear in the synchronization delays τ . For a given τ a
closed form solution exists for maximizing Eq. (3) with respect to x̃. Setting the complex
gradient,

∂ ln(p(Ỹ; x̃, τ ))

∂x̃
=

M∑
m=1

(
GH(τm)C−1

w̃ (ỹm − G(τm)x̃)
)∗

,

to zero, the maximum is found when

ˆ̃x =
1

M

M∑
m=1

GH(τm)ỹm. (4)

The equality is given by the diagonal structure of G(τm) and the unitary property
GH(τm)G(τm) = I. By inserting the closed-form expression for ˆ̃x into Eq. (3), the dimen-
sionality of the non-linear optimization problem is reduced significantly to a maximization
of

ln(p(Ỹ; ˆ̃x, τ )) = A −
M∑

m=1

ε̃H
mC−1

w̃ ε̃m (5)

with respect to τ only, where

ε̃m = ỹm − G(τm)ˆ̃x. (6)
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2.4 The MLE With Unknown Covariance Matrix

The derivations in Section 2.3 relies on a priori knowledge of the covariance matrix of
the noise. If this information is not available, which is often the case, it can be estimated
from the repeated measurements.

Since the estimation is done in the frequency domain, we assume that the diagonal
properties of the covariance matrix apply [5], i.e. Cw̃ = diag([σ2

w̃[1], · · · , σ2
w̃[N ]]T ), the

log-likelihood function in Eq. (5) can be simplified

ln(p(Ỹ; ˆ̃x, σ2
w̃, τ )) = −

M∑
m=1

N∑
k=1

ε̃∗m[k]ε̃m[k]

σ2
w̃[k]

+ ln(σ2
w̃[k]) + ln(π) (7)

with respect to σ2
w̃ and τ . However, for a given τ the minimum variance unbiased

estimate (MVUE) [6] of σ2
w̃[k] is given by

σ̂2
w̃[k] =

1

M − 1

M∑
m=1

ε̃∗m[k]ε̃m[k]. (8)

Inserting this closed-form expression into Eq. (7), the dimensionality reduces to the
maximization of

ln(p(Ỹ; ˆ̃x, σ̂2
w̃, τ )) = −

M∑
m=1

N∑
k=1

ε̃∗m[k]ε̃m[k]

σ̂2
w̃[k]

+ ln(σ̂2
w̃[k]) + ln(π) (9)

with respect to τ only.

2.5 The Iterative Maximum Likelihood Estimator (IMLE)

In noisy measurement situations with few repetitions M , the log-likelihood function in
Eq. (9) is very sensitive to small changes in the parameters. For these situations, we
can resort to sub-optimal methods, where the dependence of the parameter is less non-
linear and the function surface more tractable. A useful approach is to simplify the
log-likelihood function so that the dependence of the parameter appears only in the
nominator. The idea with the IMLE is to get rid of this dependency by replacing the
noise covariance with an estimate obtained from the previous iteration. The IMLE can
be summarized as follows:

1. Start by assuming white measurement noise, Cw̃ = σ2
w̃I, and align the measure-

ments by maximizing Eq. (5) with respect to τ .

2. Estimate the covariance matrix, assuming well aligned measurements.

3. Align the measurements by maximizing Eq. (5) with respect to τ , using Ĉw̃ ob-
tained from step 2.

4. Iterate from step 2 until convergence.
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This method produces a more malleable surface around its global maxima, compared
to Eq. (9), at the cost of losing some efficiency. Another advantage is that the full
sample covariance matrix can be used (without any complications) if N is small and the
asymptotic diagonal properties of Cw̃ are questionable.

2.6 Optimization Aspects

Estimating the synchronization jitter results in a nonlinear maximization problem with
respect to the parameter τ and numerical optimization methods must be used to find the
maximum. In this paper, the Gauss-Newton method is used to maximize log-likelihood
functions.

If the delays |τm| > Ts, it is recommended to pre-align the measurements to the closest
whole sample using standard cross-correlation techniques.

3 Theoretical Results

In this section the main theoretical results, obtained from the derivations of the estimators
and bounds, are discussed and interpreted.

3.1 Estimation With Singular Matrices

The Fisher information matrix (FIM) [6], given in Appendix A, and the Hessian matrix
does not have full column rank, if τ ∼ R

M . The reason for this is that for any scalar,
a, τ and τ + a1 produces the same likelihood. In other words, the Hessian and the
FIM, has a null space. This rank deficiency is common in estimation problems with
over-parameterized structures [7] and can be solved using different approaches.

In this paper we resolve the rank deficiency by setting τk = 0 for some k, and make
this the reference point. This approach eliminates one column and one row in the FIM
and Hessian, which then becomes full rank.

4 Simulation Results

Four different methods are compared using computer simulations:

SE The “simple” estimator, which is the most commonly used method to synchronize
measurements. The measurements are aligned against one of the measured signals
(used as reference). Neither the underlying signal waveform nor the covariance is
used or estimated.

LSE The least square estimator, which is the MLE in additive white gaussian noise or
if the covariance is known a priori, described in Section 2.3. The underlying signal
waveform is estimated and used.
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IMLE The iterative maximum likelihood estimator, described in Section 2.5. Both the
underlying signal waveform and the covariance are used and estimated.

MLE The maximum likelihood estimator, described in Section 2.4. The underlying
signal waveform and the covariance are used and estimated.

All methods are implemented in the frequency domain.

4.1 The Simulation Signal Model

A Gauss-windowed sinusoid is used to model ultrasonic signals

x(t) = a exp
(−t2/b

)
sin(ω0t), (10)

where a, b and ω0 are design parameters. The signal-to-noise ratio (SNR) is then defined
as

SNR =

∑K
k=1 |x̃[k]|2∑K
k=1 σ2

w̃[k]
. (11)

4.2 The Noise Model

The additive noise wm[n] is modeled as Gaussian and colored using discrete ARMA filters
as

w̃m[k] = H[k]ε̃m[k] + Bε̃m[k], (12)

where

H[k] =

∑Nb

l=1 bl exp(−2π(k − 1)(l − 1)/N)∑Na

l=1 al exp(−2π(k − 1)(l − 1)/N)
, (13)

is the ARMA filter, B represents a white noise floor, and ε̃m[k] is the DFT of a white
Gaussian noise sequence. This results in a noise covariance calculated as σ2

w̃[k] = |H[k]+
B|2.

4.3 Additive Colored Gaussian Noise

In Fig. 1(a), the simulated ultrasonic signal is seen together with a realization of a colored
noise sequence, using the signal and noise models described above. The signal is modeled
as a broadband ultrasonic pulse, with a = 1, b = 0.005, Ts = 0.02 and ω0Ts = 0.4π.
The noise is colored using a third order Chebyshev type I filter with filter coefficients
b = [0.1059, 0.3177, 0.3177, 0.1059]T , a = [1.0000,−0.5620, 0.7194,−0.3102]T and a white
noise floor at B = 0.1 (−20 dB), and a total SNR of 3 dB.

For the simulations, the synchronization jitter τ is modeled using independent re-
alizations from a uniform distribution with interval [−Ts, Ts], i.e. τm ∼ U [−Ts, Ts]. In
Fig. 2(a), the mean square error (MSE) for the different methods can be seen together
with the CramÈr-Rao lower bound (CRLB), versus the number of measurements M , for



Paper D 103

(a)

0 20 40 60 80 100 120
−0.5

0

0.5

n

am
pl

itu
de

x[n]
wm[n]

(b)

0.5 1 1.5 2 2.5 3

−40

−20

0

ωkTs

am
pl

itu
de

 (
dB

)

|x̃[k]|2

|w̃m[k]|2

σ2

w̃
[k]

Figure 1: Signal and noise modeled using Eq. (10) and Eq. (12): (a) discrete-time domain
representation of the simulated signal x(n · Ts) with ω0Ts = 0.4π and a realization of one noise
sequence wm[n]; (b) discrete-frequency domain representation of the signal, noise and variance.

a constant SNR of 3 dB. For a small number of measurements, the MSEs are compara-
ble between the methods and no significant improvements are observed for the methods
using second order statistics. However, as M increases a big improvement can be seen
as the IMLE and MLE approaches the CRLB. The difference between SE and LSE is
not that big for an SNR of 3 dB. In Fig. 2(b), the MSE versus SNR is shown for M=10
measurements. As the SNR drops below −2 dB, a significant difference is observable be-
tween the SE, the LSE. The maximum-likelihood based methods are consistently much
better. Note that the CRLB is a lower bound for unbiased estimators, which none of the
estimators in this paper are. However, the IMLE and MLE are asymptotically unbiased,
which means that the comparison is valid for a sufficiently large data size or high SNR
conditions.

5 Conclusions

In this paper we derived a maximum likelihood estimator for the synchronization jitter,
the underlying signal waveform, and their covariance matrices. All parameters are esti-
mated simultaneously without any assumptions needed about white noise or narrowband
signals.

The method is compared with other sub-sample time delay estimation methods, for
wideband signals in the presence of colored noise. We demonstrated with simulations
that the variance of the estimates is significantly lower using the proposed method, than
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Figure 2: Mean square error (MSE) comparison of τ̂m using 500 realizations. The thin lines
mark the 99% confidence intervals. (a) MSE versus the number of measurements M , with the
noise conditions described in Fig. 1; (b) MSE versus SNR, with M = 10 and noise colored as
in Fig. 1 (except for varying SNR).

for related techniques. The estimators’ variances were also compared with the theoretical
lower bound (CRLB). As the number of repeated measurements increase the proposed
estimator approaches the CRLB.

A Calculation of Cramér-Rao Lower Bound (CRLB)

This section briefly outlines the steps of deriving the CRLB of the variance of the esti-
mated parameters.

The Fisher information matrix (FIM) for complex valued signals in complex Gaussian
noise can be found in [6]. Applied to the measurements in Ỹ, where ỹm ∼ CN (s̃m, diag(σ2

w̃))
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and w̃m is independent of w̃l for m �= l, the FIM is given by

[F(θ)]a,b =
M∑

m=1

K∑
k=1

2�
{

∂s̃∗m[k]

∂θa

1

σ2
w̃[k]

∂s̃m[k]

∂θb

+
1

2σ4
w̃[k]

∂σ̂2
w̃[k]

∂θa

∂σ̂2
w̃[k]

∂θb

}
, (A.14)

where

s̃m[k] = exp(−jωkτm)x̃[k], (A.15)

θ =
[
�{x̃}T ,�{x̃}T , σ2

w̃
T
, τ T

]T

. (A.16)

Inserting the derivatives the FIM can be expressed as

F(θ) =

⎡
⎢⎢⎣

A 0 0 D
0 A 0 E
0 0 B 0

DT ET 0 C

⎤
⎥⎥⎦ (A.17)

where

Aa,b = δa,b
2M

σ2
w̃[a]

, (K × K) (A.18)

Ba,b = δa,b
M

σ4
w̃[a]

, (K × K) (A.19)

Ca,b = δa,b2
K∑

k=1

|jωkx̃[k]|2
σ2

w̃[k]
, (M − 1 × M − 1) (A.20)

Da,b = 2
ωa�{x̃[a]}

σ2
w̃[a]

, (K × M − 1) (A.21)

Ea,b = −2
ωa�{x̃[a]}

σ2
w̃[a]

, (K × M − 1). (A.22)

The CRLB for an unbiased estimator is then given by the inverse of the FIM [6] as

cov(θ̂) ≥ CRLB(θ) = F−1(θ). (A.23)

Looking only at the time delays, τ , the corresponding CRLB can be shown to be

var(τ̂ ) ≥ CRLB(τ ) =
1

c
(I + 1) , (A.24)

where

c = 2
K∑

k=1

|jωkx̃[k]|2
σ2

w̃[k]
. (A.25)
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