
LICENTIATE T H E S I S

Department of Engineering Sciences and Mathematics
Division of Materials Science

Damage Evolution in Laminates with 
Manufacturing Defects

Yongxin Huang

ISSN: 1402-1757
ISBN 978-91-7439-612-6 (tryckt)
ISBN 978-91-7439-613-3 (pdf)

Luleå University of Technology 2013

ISSN: 1402-1757  ISBN 978-91-7439-XXX-X     Se i listan och fyll i siffror där kryssen är





i 

Damage evolution in laminates with 
manufacturing defects

 
LICENTIATE THESIS 

by 

Yongxin Huang 
 
 
 

 
 
 
 

 
Division of Materials Science  

Department of Engineering Sciences and Mathemathics 
Luleå University of Technology 

Luleå, Sweden 
 SE 97187 

 

 

May 2013



Printed by Universitetstryckeriet, Luleå 2013

ISSN: 1402-1757  
ISBN 978-91-7439-612-6 (tryckt)
ISBN 978-91-7439-613-3 (pdf)

Luleå 2013

www.ltu.se



i 

Preface

This licentiate thesis consists of two scientific papers from my work in Division of 
Material Sciences (group of Polymeric Composite Materials) at Luleå University of 
Technology between May 2010 and April 2013.  
 
The presented research is an outcome of my collaboration with many mentors and 
collegues.  First of all, I would like to thank my advisor, Professor Janis Varna, and 
my co-advisor, Professor Ramesh Talreja, for their constant support and inspriation. I 
would also like to thank Professor Marino Quaresimin for his support on my 
experimental work.  
 
I also thank all my colleagues at division of Material Science for their help. They are 
Kostis, Andrejs, Mohamed, and Liva.  
 
Luleå, May 2013 
 
 

 
 
Yongxin Huang 



ii 

Abstract
 
In this thesis, experimental investigations and theoretical studies on the stochastic 
matrix cracking evolution under static loading in composite laminates with 
manufacturing defects are presented. The presented work demonstrates a 
methodology that accounts for the statistically distributed defects in damage 
mechanics models for the assessment of the integrity of composites and for the 
structural design of composites.  
 
The experimental study deals with the mechanisms of the stochastic process for the 
multiplication of cracks in laminates. The defects introduced by the manufacturing 
processes are found to have significant effect on the matrix cracking evolution. 
Influenced by the distributed defects, the initiation and multiplication of cracks evolve 
in a stochastic way.  
  
Based on the experimental investigations, a statistical model for the matrix cracking 
evolution is developed.  Simulations based on the model yield accurate predictions 
compared to the experimental data. The parameters of the assumed Weibull 
distribution of the static strength are estimated from the experimental crack density 
data. The estimated Weibull distribution provides an efficient basis to characterize the 
manufacturing quality of composite laminates. Compared to deterministic approaches, 
this approach provides comprehensive information on the strength property of 
composite laminates. 
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Introduction

1. Irregularities in composite laminates 
1.1 In-service damage 
 
In-service damage can be understood as irreversible changes caused by energy 
dissipation mechanisms before catastrophic failure. In composite laminates, different 
damage modes exist depending on the laminate configuration, properties and loading 
conditions. For a unidirectional laminate, fiber breakage, fiber debonding, and matrix 
cracking are the common damage modes under longitudinal tension. 
 

 
Fig. 1 The schematic of damage modes (replicated from [1]) 
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Matrix cracking along the fiber direction is the major damage mode in a 
unidirectional laminate under transverse tension. Under longitudinal compression, 
microbuckling of fibers is the common damage mode. For multidirectional laminates, 
some additional damage modes are observed such as delamination. A schematic of 
different damage modes is shown in Fig. 1. For reviews on different damage modes, 
see Nairn [2] on matrix cracks, Garg [3] on delamination, Budiansky and Fleck [4] 
and Fleck [5] on micro-buckling of fibers. 
 
As a well-established field, damage mechanics focuses on identifying important 
damage modes and studying the initiation and evolution of specific damage modes as 
well as their consequences on the response of the composites to external loading. The 
damage modes that are critical for the integrity of composite laminates are usually 
identified from experimental observations. As Fig. 2 shows, damage development 
before catastrophic failure of composite laminates under cyclic tension has been 
clarified from extensive experimental investigations. Experimental observations also 
suggest that the initiation and evolution of damage usually accompanies the 
degradation of material properties and leads to catastrophic failure. In Fig. 3, for 
example, the decreased effective stiffness is found to be accompanied by the matrix 
cracking evolution [6]. Based on the experimental observations, the modeling effort 
on damage has several interrelated objectives: 1) predicting the damage development 
as response to the specific loading history; 2) predicting the property degradation 
(strength or stiffness reduction) as the result of a given damage state; and 3) 
predicting the catastrophic failure caused by the damage accumulation.  
 
The damage mechanics models may be classified in two categories: the 
micromechanics models and the continuum damage mechanics models. In 
micromechanics models, specific damage modes are usually directly modeled as 
discontinuous irregularities such as cracks. In contrast, continuum damage mechanics 
model treats damaged composites as a homogeneous continuum with the damage 
variables to represent the considered damage modes [7]. Despite the differences, most 
of damage mechanics models share a common assumption that the material property 
is uniform within each pre-damaged layer. All factors that can affect the damage 
evolution have been lumped into the homogeneous lamina properties such as the 
lamina stiffness and strength. However, as the production and application of 
composite structures become increasingly diversified, the damage analysis based on 
homogenous lamina properties may be oversimplified in many cases. Especially, the 
composites manufactured by some low-cost processes that are widely used outside 
aerospace industry usually possess many defects. Those distributed manufacturing 
defects as pre-condition make the material property degrade in a random manner. If 
the randomness in the resulting material property within lamina cannot be neglected, 
the homogeneous lamina property used in damage mechanics models is not valid. For 
this reason, the effects of manufacturing defects on damage development should be 
examined. As the first effort along this direction, information on manufacturing 
defects is presented in Section 1.2.           
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Fig. 2 The damage development leading to the catastrophic failure of laminates under 
fatigue tension [8]. 
 
 
 

 
Fig. 3 The effective stiffness and matrix crack density vs. applied stress [6]. 

 
1.2 Manufacturing defects 
 
Manufacturing-induced defects widely exist in fiber-reinforced polymeric composites 
though the severity varies with the manufacturing processes. The most common 
manufacturing defects in composite laminates are listed in Table 1. Certain processes 
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may eliminate some of the defects. For example, the use of prepreg in the autoclave 
molding process can get rid of the dry zone, which corresponds to unimpregnated 
fibers. Some of the defects are unavoidable in all available processes though the 
severity varies. The void as one of the most common defects found in any process is 
taken as the example to illustrate the origin and effect of defects.     
    
Figure 4 shows the micrograph of voids in the matrix. Voids in the matrix may form 
during the curing process from two major origins; 1) the gas entrapped during lay-up 
for prepreg based processes or during resin infusion for liquid compression molding 
(LCM) process, and 2) the volatiles and gas from the moisture forming at relatively 
high curing temperature. For the autoclave molding process, the applied pressure 
prohibits the formation of volatiles and gas bubbles from the moisture in the resin. It 
also drives the existing volatiles and gas to flow through gas transport pathways and 
to be eventually removed by vacuum system. Lacking of applied pressure for LCM 
processes, more gas and volatiles are formed and kept in laminates as the origin of 
voids. Therefore, LCM processes usually yield much higher void content than the 
autoclave molding process. In addition, the gas transport system is harder to establish 
in textile laminates, and therefore more gas and volatiles are kept within the laminates 
to form voids, which is the case shown in Fig. 4. 
 
 
 
Table 1 The common manufacturing defects in fiber-reinforced composite laminates 
 
Location Manufacturing defects

Matrix void, porosity, resin rich area, incompletely cured matrix 

Fiber fiber misalignment, e.g. waviness, dry zone (unimpregnated fibers), 
fiber defects  

Fiber/Matrix interface debonding 

Interface between plies delamination 

 

 
Fig. 4 The voids (black spots) in carbon/epoxy laminates [9]. 
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The voids in the matrix can be characterized by their sizes, shapes and positions. For 
laminates manufactured by the autoclave molding process, the voids distribute quite 
uniformly, and their sizes have little variation. Under such conditions, it is reasonable 
to use the volume content to characterize the severity of voids, and to correlate the 
volume content to materials properties for describing the effect of voids.  
 
There has been much research on the relationship between void content and different 
strength properties. By carefully controlling the curing process, plates with uniformly 
distributed voids but different void volume content can be obtained and subject to 
strength tests. Bowles and Frimpong [10] found that the interlaminar shear strength is 
decreased by about 20% when the void content increases from 1% to 10%. Liu [11] 
found that the transverse tensile strength is decreased by about 10% when the void 
content increases from 0.5% to 3%. Almeida and Neto [12] measured the flexural 
strength of carbon/epoxy laminates with the void content varying from 1% to 6%, and 
found that the void has significant detrimental effect on the static strength of 
laminates once the void content surpasses certain threshold, i.e. 3% for their 
specimens. What’s more critical, they revealed that the fatigue life of laminates is 
even more sensitive to the void content than the static strength. The fatigue life could 
be decreased by 90% when the void content increases from 1% to 6% for high fatigue 
stress levels. However, some strength properties are not affected by the void content. 
For example, Olivier et al. [13] found that the longitudinal tensile strength is not 
sensitive to the void content. 
 
For high quality composites, the current treatment of defects is to find the proper 
accept/reject criterion and to improve the process to satisfy such criterion. Firstly, the 
severity of the studied defects is quantified, and the important properties sensitive to 
the specific defects are identified.  Then, the quantitative relationship between such 
properties and the defects is determined experimentally. The tradeoff between the 
manufacturing cost and materials properties involves and yields the proper 
accept/reject criterion for the detected state of manufacturing defects. In some cases, a 
threshold level can be found. If the degree of the defects is less than such threshold 
level, further reducing the defect will not significantly improve the quality. Then such 
threshold level is usually taken as the accept/reject criterion.  
 
For composite structures manufactured by some low-cost processes such as the LCM 
process, the degree of defects is much higher. It usually sees large variation in the 
sizes and positions of defects. For such situation, the typical treatment is to find the 
critical state in terms of the sizes and positions and repair it. Usually, only large 
defects are detected by the non-destructive inspection (NDI) and repaired after 
production while small ones are assumed to be not important and left in the final 
product.  To do that, an accept/repair criterion for the large defects is needed. An 
example is the treatment of delaminations introduced by manufacturing processes. 
The delamination will mainly reduce the compression strength of composite 
structures because the critical buckling load is reduced by the delamination. 
Depending on the position of delamination, local or global buckling may happen 
under compression as shown in Fig. 5 according to Short et al. [14]. The compression 
strength of a composite structure is therefore reduced as the critical buckling load is 
reduced. A critical size for the delamination at a given position may be obtained 
experimentally or theoretically based on the reduced compression strength and used 
as the accept/repair criterion for detected delaminations.     
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Fig. 5 Two buckling modes for delamination [14]. 

 
The statistical distribution of manufacturing defects in terms of size, shape and 
position has been widely observed especially in laminates manufactured by low-cost 
processes. However, neither the accept/reject approach or the accept/repair/reject 
approach is able to treat the defects to account for the statistical distribution of 
defects. In the traditional approach of designing composite structures, it is assumed 
that the manufactured composite laminates are free of defects and therefore possess 
homogeneous properties if they pass quality inspection. The effect of distributed 
defects and other uncertainties are accounted for by applying certain safety factors. In 
a recent report from Sandia National Laboratory [15], the authors recommended that 
new design methodology incorporating the statistics of manufacturing defects has to 
be adopted to assure structural reliability, especially for composite structures such as 
wind turbine blades and ships that are manufactured by low-cost processes. One 
approach along this direction is to directly model the specific defects. Toft et al [16] 
proposed a framework to study the statistics of manufacturing defects and its 
influence on the reliability of composite structures. The statistical information about 
defects such as defect type, size, position and shape is directly modeled in the 
proposed framework. Taking delamination as an example of manufacturing defects, 
the authors developed a statistical model to study the effect of distributed 
delaminations on the reliability of a composite wind turbine blade. In the model, the 
statistical distribution of the size and position of delaminations is assumed while the 
shape is kept as circle. Their model reveals that the distributed delaminations greatly 
decrease the reliability, thus decreasing the load-carrying capacity of the structure. 
The parametric study also shows that such detrimental effect is intensified when the 
distributed delaminations tend to cluster together. As some pioneering work along this 
direction, the results from the statistical model offer some good evidence that 
illustrates the importance of the statistics of manufacturing defects. However, the 
statistical model quantifies the effect of the distributed delaminations by discounting 
the local strength in an empirical way. The whole failure process caused by the 
manufacturing induced delamination is not clear.  
 
The gap between pre-existing manufacturing defects and the performance of 
composite structures under external loading can be filled by the study of the initiation 
and evolution of in-service damage. As mentioned in Section 1.1, for most cases, the 
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failure process and property degradation under external loading in composites can 
only be understood through the study of damage development. Therefore, a 
mechanism-based approach to study the effect of manufacturing defects on the 
integrity of composites must look into the interaction between defects and damage 
development. 
 
1.3 The interaction between manufacturing defects and damage  
 
Generally, the existence of manufacturing defects enhances the damage development 
under loading. Experimental observations of the damage development promoted by 
manufacturing defects have been reported in literature. Varna et al. [17] reported that 
the laminates with high void content possess more matrix cracks when they fail under 
transverse tension. The microscopic observation illustrates the interaction between 
cracks and voids shown in Fig. 6. The experimental observation suggests that voids 
promote the initiation and propagation of cracks.  
 
Studying the effect of large waviness on compression strength of laminates, Adams 
and Hyer [18] reported that the failure mode is numerous delaminations near the 
waviness. This is confirmed by the observation on the edge of laminates shown in 
Fig. 7 cited from Cairns et al. [15]. It suggests that the large waviness can induce 
delaminations. For small fiber waviness, i.e. the order of fiber diameter, the waviness 
is usually the initiation site of fiber micro-buckling under longitudinal compression 
[5].  
 
The irregularity caused by manufacturing defects in composites usually induces some 
critical situations such as stress concentration under external loading to initiate 
damage. Also, manufacturing defects can deteriorate the local material property and 
therefore weaken the resistance to the damage development. Considering the 
important effect of manufacturing defects on the damage development, Talreja [19] 
recently proposed a new strategy of performance evaluation of composites called 
defect damage mechanics. Such a strategy requires including the defects in damage 
mechanics model for integrity assessment of composites. Some pioneering works 
have been done along this direction mainly through two approaches: 1) 
micromechanics models of the initiation and propagation of damage affected by local 
manufacturing defects; 2) statistical models of damage development affected by 
distributed manufacturing defects.   
 
The first approach is an extension of some classical damage mechanics models that 
involves the interaction between damage and defects. For example, Ricotta et al [20] 
studied the effect of voids on the fracture of woven fabric composites by positioning 
voids along the propagation path for delamination. According to the new model, the 
Mode I energy release rate increases as the dimension of the void increases. As the 
distance between void and crack tip decreases, the energy release rate also increases. 
The new model also reveals that the void shape plays an important role in 
delamination growth.  
 
This approach offers fundamental understanding of the effect of defects on damage 
development and quantitative characterization of the local effect of defects on damage 
development. However, the reliability of composite structures cannot be assessed 
through this approach due to the statistical nature of the distributed defects. This 



8 

approach focuses on the local interaction between defects and damage in a 
deterministic way, without considering the interaction of randomly distributed defects 
and damage.  
 

 
Fig. 6 Interaction between voids and matrix cracks (a) schematic of manufacturing 
defects in laminate (b)-(d) show the matrix cracking evolution affected by defects 
under external loading [17] 
 
 

 
Fig. 7 Delaminations initiated from waviness [15]. 
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The second approach adopts the results of the local effect of defects from the first 
approach and incorporates it into statistical models on a larger scale. Therefore, the 
second approach usually involves multi-scale models and yields the assessment of the 
reliability of structures based on the damage development affected by distributed 
defects throughout the whole structure, instead of a localized region. However, the 
multi-scale problem presents many challenges. Currently, such an approach can only 
be applied to some defects with simple variations. A good example of such a multi-
scale model is given by Slaughter and Fleck [5] on the interaction of randomly 
distributed fiber waviness and fiber microbuckling. The fiber micro-buckling under 
compression has been modeled by a kink band model [3] without considering defects, 
i.e. fiber waviness. Based on the kind band model, Slaughter and Fleck introduced the 
fiber waviness, which is characterized by the wave length and misalignment angle, 
into a micromechanics model. The micromechanics model can predict the fiber 
micro-buckling as a function of the two parameters of fiber waviness. This 
corresponds to the first approach studying the local effect of defects on damage 
development.  Taking the results as inputs and assuming certain statistical distribution 
for these two parameters of the fiber waviness, Monte Carlo simulation was 
conducted to calculate the collapse compression stress controlled by the fiber 
microbuckling in laminates with fiber waviness.   
 
The variation of most defects can be very complicated. For example, voids distributed 
in the matrix possess different sizes, shapes and locations. It may be possible to 
establish the quantitative relationship between defects and the relevant damage modes 
through micromechanics models (the first approach). However, it would be very 
difficult to incorporate the results into a statistical model (the second approach). 
What’s more, some damage modes are affected by multiple defects. It would be 
extremely difficult, if not impossible, to include all relevant defects in a 
micromechanics model and produce a simple solution as the inputs of the statistical 
models.  For those situations, the abovementioned multi-scale model cannot be 
implemented rigorously. But the strategy proposed here is believed to be very 
promising. In next section, the stochastic matrix cracking evolution affected by the 
manufacturing defects is taken as the example to demonstrate such a strategy.    
 
2. Stochastic matrix cracking evolution in composite laminates 
2.1 Overview of matrix cracking evolution 
 
The matrix cracks are generally caused by transverse tensile stress, which is 
perpendicular to the fiber direction, so the crack surface is parallel to the fiber 
direction. In laminates, the propagation of matrix cracks are arrested by the 
neighboring plies due to the change of the fiber orientation. Since the neighboring 
plies can share the loading, the matrix cracks usually do not cause the catastrophic 
failure of the whole laminate. Instead, the multiplication of matrix cracks is very 
common within the plies if the transverse stress increases with static loading or with 
cycles for fatigue loading. In literature, matrix cracks are also referred as intralaminar 
cracks, microcracks, ply cracks, and transverse cracks. Here, transverse cracks are 
used to specify the matrix cracks in 90o plies of cross ply laminate while off-axis ply 
cracks are used to refer to the matrix cracks in off-axis plies of general 
multidirectional laminates.  
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Although the matrix cracks are not directly related to the catastrophic failure, they 
may cause functional failure of composite structures. For pressurized composite 
containers and pipelines, the matrix cracks may provide the leakage path. For general 
composite structures, the multiple cracks cause stiffness reduction. For example, the 
multiple matrix cracks in some glass/epoxy cross ply laminates can degrade the 
stiffness up to about 50%. Also, the matrix cracks may indirectly cause the 
catastrophic failure through inducing other damage modes such as delamination. 
Therefore, it is important to understand the cracking evolution for evaluating the 
integrity of the composite laminates in service.  
 
Experimental observations show that the formation of a single crack is usually 
instantaneous without detectable stable growth except for laminates with very thin 
off-axis ply under low fatigue stress [21-23].  The experimental investigation reported 
in literature on the formation of the single crack focus on the first crack, which is 
followed by multiplication of cracks under further loading. Although the crack 
develops in the matrix, it is found that the static failure stress for first crack,  , is 
affected by the volume fraction of fibers, and is usually much lower than the strength 
of the neat resin [24]. Stress analysis of the matrix between fibers shows large stress 
concentration. Such stress concentration has been taken as the reason for the low 
failure stress [25]. For low-cost composites, however, the introduced defects may also 
significantly deteriorate the local property and lower . For example, the large 
variation of the transverse strength of the unidirectional laminate shown in Fig. 8 may 
be better explained as the results of the random effect caused by the defects, instead 
of the stress concentration.  
 

 

Fig. 8 Variation of transverse strength of unidirectional laminate at three temperatures 
[26]. 



11 

The random formation of new cracks at the early stage makes the distribution of 
cracks highly non-uniform. The statistics of such randomness is quantified by the 
statistical distribution of the crack spacing, as Fig. 9 shows. From Fig. 9, crack 
spacing along the gauge length varies from 2mm to 10mm for low crack density. As 
crack density increases, the variation becomes smaller, though it is still not negligible, 
e.g. 1~3.5mm at the very last stage of the evolution. Only when the multiplication 
process reaches saturation, the distribution becomes almost uniform. Similar 
experimental investigation in the literature [27, 28] confirms the stochastic nature of 
the matrix cracking evolution.   
 

 
Fig. 9 The variation of crack spacing at different levels of applied strain[29]. 

 
2.2 Weibull distribution 
 
The Weibull distribution is a probability function which has been successfully applied 
to a wide field of problems including the defect-sensitive failure of brittle materials 
system. In his original work, Weibull [30] explained his practical approach 
formulating the probability density function as to “choose a simple function, test it 
empirically, and stick to it as long as none better has been found”. Although empirical 
is the intrinsic nature of statistical analysis, some understanding of the theoretic basis 
of Weibull distribution is necessary to correctly apply it to specific problems. The fact 
that no better probability function than Weibull distribution has been found in the past 
half century to represent the strength of brittle materials system such as fiber is rooted 
in the statistical failure process represented by the Weibull distribution [31]. Here, the 
theoretic basis of Weibull distribution is briefly illustrated by taking the statistical 
transverse strength of a unidirectional laminate as an example.   
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In Fig. 10, the unidirectional laminate under transverse tension is modeled by the 
discrete elements under constant axial tensile stress . The volume of the discrete 
element  is large enough to accommodate the local defects. Under the transverse 
tensile stress, failure of any element means the catastrophic failure of the laminate. 
Therefore, the reliability of the laminate is: 
 

                                                                                        (1) 
 

where N is the number of elements, and .  is the failure density function, 
which is determined by all factors controlling the fracture such as the local 
manufacturing defects. Since the distribution of defects is assumed to be random, the 
  
 

 
Fig. 10 Discretization of a unidirectional laminate into 2D elements 

 
failure density function should be identical and independent in all elements. If is 
close to 0, Eq. (1) is equivalent to: 
 

                                                                                            (2) 
 

where , the total volume of the laminate. The failure density function is 
proposed by Weibull as  
 

                                                 if                                                (3) 
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where  is the applied transverse stress, which is assumed as the only stress 
component important to the failure.  is the characteristic strength,  is the 
distribution shape constant, and  is the location parameter defining the lower bound 
for the applied stress. All the three parameters have to be determined in an empirical 
way. For applied stress lower than , the failure probability is zero.  
 
The probability of failure of the laminate under transverse stress is same as the 
statistical distribution of transverse strength of the laminate. Substituting Eq. (3) into 
Eq. (2), the expression of the probability function is obtained as 
 

                                                        (4.a)  
  
Alternatively, the volume is absorbed into the characteristic strength parameter as 
follows. 
 

                                                          (4.b)   
 
Eq. (4) is the expression of the Weibull distribution. Eq. (4.b) is usually used for 
representing test data. But it should be emphasized that  is the extrinsic 
characteristic strength that is volume-dependent. It can be estimated by the test data 
from samples with same dimensions. When applying to samples with different 
dimensions, the intrinsic characteristic strength in Eq. (4.a) should be used. The 
conversion between these two parameters is:    
 

                                                    (5) 
 

For a unidirectional laminate, the strength is controlled by the weakest element. When 
it is embedded into laminates as the 90o ply, the fracture occurs at multiple locations 
rather than at the single weakest spot. For multiple fractures, the statistical strength 
distribution for each element instead of the whole laminate is of interest. Such 
distribution can be obtained by replacing V with the element volume  in Eq. (4). 
And the statistical process illustrated here can be readily modified and applied to 
modeling of the stochastic cracking evolution in constrained plies.  
 
2.3 Stochastic models of matrix cracks 
 
At the early stage of the cracking evolution, cracks form in the regions with the most 
severe defects. Because of the randomness of distributed defects, the resulting cracks 
are also randomly distributed. The random distribution of cracks further introduces 
the stress perturbation in a stochastic manner, together with the  randomness of the 
remained defects, making the further cracking evolution very complicated. But the 
origin of this complicated stochastic process is simply rooted in the randomness of 
materials properties caused by the defects. Some statistical models have been 
developed to take account of such randomness to simulate the matrix cracking 
evolution.      
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Wang [32] assumed the statistic distribution of a conceptual defect in term of the 
length and location of the defect to represent the randomness of materials properties. 
The cracking process in the 90o ply is treated by fracture mechanics. The model takes 
the length of the conceptual defect as the initial crack length. Through this way, the 
rational representation of defects provides a clear picture of the interaction between 
defects and matrix cracks, i.e. cracks initiate and grow from the conceptual defect 
driven by static or cyclic loading. This allows the developed model to unify the 
simulation of the cracking evolution for both static and fatigue loading in the same 
framework.  
 
The second approach to represent the randomness of material property is through an 
energy approach [14, 33]. A threshold value for the energy release from the formation 
of a full crack has been used as the cracking criterion in some deterministic models 
[24, 34]. To extend it to a statistical model, the critical value for the energy release is 
assumed to follow certain statistical distribution. Like the deterministic model, it has 
the advantage of being able to deal with the thickness effect without changing the 
statistical distribution of the critical value. When converting from a deterministic 
model to a statistical model, however, one may face problem if a numerical solution 
for stress analysis of cracked laminates is used.  This is because such method requires 
calculating the energy release of crack formation at any location, which may be too 
demanding for a numerical solution. This limitation may restrict the application of 
such method to general multidirectional laminates, for which the analytical solution of 
the stress state in cracked laminates may not be available. 
 
The third approach to represent the randomness of material property is through a 
strength approach. The critical stress state, i.e. the static transverse strength, is 
assumed to follow certain statistical distribution [26, 27, 35-38]. The problem of such 
method is the same as the corresponding deterministic model; the static transverse 
strength used in the model is not an intrinsic property like the strength of the neat 
resin. As Section 2.1 discusses, it actually reflects all the relevant effects such as the 
constraint effect from neighboring plies. Therefore, the statistical distribution of the 
strength has to be adjusted as the configuration of laminates changes. Due to this 
problem, the adaptability of the strength approach has been questioned in the 
literature [2, 33]. However, the simplicity of a strength approach would be a great 
advantage for its application in statistical models. Especially, it would be much easier 
to be implemented for general multidirectional laminates for which no analytical 
solution of stress state in cracked laminates is available. For the problem that the used 
strength is not an intrinsic property, micromechanics models may be used to calculate 
the strength affected by the configuration of laminates. For example, it is well known 
that the transverse strength of unidirectional laminate is lower than the strength of the 
corresponding resin materials. Through micromechanics models analyzing the stress 
state in the matrix between fibers, the effect of stress concentration can be taken 
account for to obtain the effective strength of laminate using the intrinsic strength of 
resin [39]. Similarly, the constraint effect of neighboring plies can be somehow 
included into the static strength of the constrained ply. Actually, both for 
deterministic and statistical models, it has been shown that the strength criterion is 
equivalent to the energy criterion judged by the correct prediction of the cracking 
evolution [28, 40]. 
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With proper representation of the statistical distribution of materials properties, the 
stochastic matrix cracking evolution is usually simulated by the Monte Carlo 
simulation. The off-axis plies are discretized in a way similar to the unidirectional 
laminate shown in Fig. 10. Local fracture toughness or strength for the discrete 
element is generated by a random number generator according to certain statistical 
distribution such as the Weibull distribution. After the first crack forms at the weakest 
element, the local stress state affected by cracks is checked against the local fracture 
toughness or strength criterion at each increment of external loading. 
 
The Monte Carlo simulation actually treats the stochastic cracking evolution in a 
deterministic way once the local strength or fracture toughness for each element is 
assigned. As a numerical testing, the Monte Carlo simulation can only yield the final 
results on the cracking evolution such as the crack density as a function of the 
external loading. It cannot reveal the statistical process of the cracking evolution. To 
better understand this problem, theoretical approach is needed. As the pioneer works, 
Manders [29] and Peters et al.[27] analyzed the initial stage of cracking evolution 
where the interaction between cracks can be neglected, finding that the evolution is a 
Poisson process. For the further evolution where the interaction has to be considered, 
a simple theoretical solution is very difficult to obtain because the interaction between 
cracks becomes very complicated when the non-uniform distribution of crack spacing 
has to be considered. Vinogradov and Hashin [33] developed a theoretical solution by 
assuming certain bound for the variation of crack spacings. Aderssons et al. [28] 
separated the interactive regime from the initial stage and treated it as a classical 
fragment problem [41]. Both theoretical solutions need to be solved in a numerical 
way due to the complexity of the expression of the results. Similar to the problem 
faced by the Monte Carlo simulation, the two or three parameters in Weibull 
distribution is not easy to be fit at same time by comparing the numerical results 
against the experimental crack density data.   
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Abstract: We present a statistical analysis based methodology for making assessment 
of the manufacturing quality of cross ply composite laminates as it relates to its effect 
on transverse cracking evolution. Assuming a two-parameter Weibull distribution of 
tensile strength of the transverse plies to represent randomly distributed 
manufacturing defects, multiple crack formation in the plies is simulated in the non-
interactive and interactive regimes of cracking using the local stress fields calculated 
by variational analysis. The statistical methodology is demonstrated on crack density 
evolution in cross ply laminates manufactured by four different processing routes and 
loaded in monotonic tension in the axial direction. The differences in the crack 
density evolution, supposedly due to different defect population induced by the four 
manufacturing conditions, could be described by the proposed statistical simulation 
method.    
 
Keywords: A. Composite laminates; B. Manufacturing defects; Damage mechanics; 
C. Statistical modeling. 

1. Introduction 
In recent years, there has been a steady growth of the applications of fiber-reinforced 
composite materials not only for the aerospace industry, but also for some emerging 
fields such as the automotive, marine, and renewable energy industries. The different 
applications sometimes mean quite different design methodologies, manufacturing 
processes, service environment, maintenance, and recycle strategies. Some 
applications of composite materials outside of the aerospace industry are often more 
sensitive to the manufacturing cost. The tradeoff between the performance and cost 
usually yields low-cost composite structures with more severe state of manufacturing-
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induced defects compared to high quality composites used for aerospace structures. A 
reliable and optimal design for low-cost composite structures needs to pay more 
attention to the manufacturing defects and their effects on performance.   
 
Manufacturing-induced defects exist in most fiber-reinforced polymeric composites 
though their severity varies with the manufacturing process. The most common 
manufacturing defects in composite laminates are: 1) matrix defects, e.g. voids, 
porosity, resin rich area, and uncured matrix; 2) defects associated with fiber, e.g. 
fiber misalignment, unimpregnated fibers, and broken fibers, and 3) interface defects, 
e.g.  fiber/matrix debonding, and delamination between layers. A classical approach 
to treating manufacturing defects correlates the severity of defects to the macroscopic 
properties such as stiffness and strength, and acceptance criteria are then set based on 
the correlations. For example, quantitative relationships between the void content and 
certain mechanical properties of composite laminates such as the interlaminar shear 
strength, transverse tensile strength and fatigue life, have been developed in the 
literature and threshold values of the void content have been proposed as acceptance 
criteria [1,2]. For composite structures manufactured by low-cost processes, the 
defects induced have often large variation in size, shape and location. Several recent 
studies have indicated that the void content by itself may not suffice to describe the 
effects on stiffness [3], strain energy release rate [4], fatigue life [5], and delamination 
buckling growth [6], for instance. Thus, specific information concerning the defect 
size, shape and location must be accounted for, explicitly or implicitly, into a 
performance assessment strategy for cost reduction. Such a strategy was proposed as 
an outcome of a new field coined as defect damage mechanics by Talreja [7]. The 
work presented here is along the lines of the proposed strategy. 
 
We take the problem of the transverse cracking evolution in cross ply laminates under 
axial tension as an example to illustrate the effect of manufacturing defects. 
Composite laminate plates are produced under different manufacturing conditions to 
intentionally introduce defects, and then investigate the consequence on the cracking 
evolution. A statistical model is developed to describe the crack density increase with 
axial stress. The cracking evolution occurs in two phases, the first phase where the 
stress fields perturbed by cracks do not interact, followed by the interactive regime. 
The statistical model treats these two phases separately and provides a basis for 
assessment of the manufacturing quality. 
 
2. Materials and Testing 
2.1 Materials 
Composite laminate plates were manufactured in the cross ply configuration [0/90]s 
using the autoclave molding process. The material was unidirectional carbon/epoxy 
prepreg (HexPly M10/38%/UD300/CHS). The standard curing process consists of a 
cure cycle of specified time variation of temperature, vacuum and pressure, as 
recommended by the prepeg supplier. The purpose of applying pressure in addition to 
the atmosphere pressure is to consolidate the layup and remove air and excessive 
resin. Vacuum is applied to additionally draw out air, which otherwise can remain 
entrapped in the laminate.  
 
For the purpose of the study conducted here, the manufacturing process was 
intentionally varied from the standard one to simulate the conditions that could be 
present in actual manufacturing, in particular where the cost must be reduced. Thus, 
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the pressure and/or vacuum may not be applied sufficiently in such cases. For large 
structures, such as wind turbine blades, the vacuum may not be fully effective away 
from the vacuum ports. In the case of manufacturing by resin infusion, the pressure is 
usually not applied. Assuming the temperature is properly controlled, we study the 
consequences on transverse cracking of deficiencies in pressure and vacuum during 
the manufacturing process. These two variables are varied in the three composite 
plates as follows. 
Plate 1: Cured without applying vacuum and pressure (NV-NP) 
Plate 2: Cured without vacuum, but with 3 bars of pressure (NV-P) 
Plate 3: Cured with vacuum, but no pressure (V-NP) 
Finally, Plate 4 was made by following the standard cure cycle, i.e. with vacuum and 
pressure (V-P). 
 
2.2 Measurement of the cracking evolution under static tension 
The manufactured laminate plates were cut into specimens for tensile testing. The 
axial tensile load was applied along the fiber direction in 0o plies. Under this loading, 
transverse cracks form in the 90o plies with their planes in the ply thickness direction. 
After growing through the 90o ply thickness, the cracks are arrested at the 0/90 ply 
interfaces. With the neighboring 0o plies sharing the load shed by the 900 plies, the 
laminate does not fail catastrophically, if the 00 plies can sustain the additional load. 
Instead, multiplication of transverse cracks occurs under increased loading. To track 
this cracking evolution, the edges of the specimens were polished for microscopy 
observation. The loading was applied to different increasing levels and subsequent to 
each loading, the cracks were observed. The maximum strain levels corresponding to 
each loading level were: 0.35, 0.5, 0.65, 0.8 and 1.05%. The cracks were observed 
and their positions along the specimen edge were recorded over the gauge length of 
70 mm. For first several specimens, both edges were observed to assure that the 
cracks were indeed continuous through the specimen width.  
 
Fig. 1 shows an example of the location of the cracks, plotting them as straight lines 
along the specimen width. The random distribution of crack location (spacing) is 
presumably due to randomly distributed defects in the 900 plies. Fig. 1 (a) illustrates 
an early part of the cracking evolution where the cracks are relatively far apart and 
have unequal spacing. This is a consequence of crack formation from defects in the 
900 plies which are randomly distributed within the volume of the plies. The later 
stage of cracking evolution, at higher applied load, is illustrated by Fig. 1 (b), where 
the crack spacing is reduced and is more uniform than in the early stage of evolution. 
Here the stress fields associated with cracks interact and the crack formation is 
influenced by defects as well as by the stress variation. Fig. 2 shows two images taken 
at applied strains of 0.6 and 0.85% illustrating crack formation from a void. Other 
types of defect induced by manufacturing will presumably also have influence on 
crack formation.  
 
Crack density, defined as the number of fully developed transverse cracks per unit 
axial distance, averaged over a specimen gauge length, is usually used to characterize 
the cracking evolution. Such information is given in Fig. 3 for the four laminate plates 
described above. As seen in the figure, the crack density at a given applied strain is 
different depending on the manufacturing condition. Plate 1 which was produced by 
not applying vacuum and pressure achieves the most cracks, while the standard curing 
cycle used for Plate 4 results in the least cracking.  
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Fig. 1 Distribution of cracks along the 70mm gauge length. Each vertical dash line 
represents one transverse matrix crack: (a) low crack density under low applied strain, 
(b) high crack density under high applied strain. 
 
 

 

Fig. 2 Crack formation between two manufacturing induced voids. 



24 

 

Fig. 3 Crack density as the function of applied strain for four laminate plates. 

3. Statistical simulation of cracking evolution 
There are basically two approaches that can be taken to analyze evolution of 
transverse cracking in cross ply laminates [9]. One is by assuming that cracks form 
when the local stress reaches the material strength, and the other is by assuming that a 
pre-existing crack (or flaw) of certain size grows unstably when the energy release 
rate at the crack front reaches the local fracture toughness of the material. For 
analyzing the effects of manufacturing defects, whose size and distribution are not 
known, the strength-based approach is more suited. We will take this approach here. 
 
3.1 Statistical distribution of static transverse strength 
As Fig. 4 shows, the 90o plies are discretized into elements. The element size l0 
satisfies the following criteria: 1) it must be large enough to contain typical 
manufacturing defects critical for cracking, and 2) it must be small enough so that the 
stress level may be assumed constant within each element. If these two requirements 
are satisfied, then each element can be assumed to possess a single static transverse 
strength, and can accommodate only one crack.  
 
The static transverse strength of each element is affected by the local defects. It is 
assumed that this strength follows the Weibull distribution that will reflect the random 
material property to resist crack formation, given by   
 
                                        (1)                                        

 
where  and  are the two Weibull parameters called the characteristic strength and 
distribution shape constant, respectively. The independent and identical distribution of 
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 in different elements is the result of the assumption that the manufacturing defects 
are randomly distributed, e.g. without clustering of defects. In a Monte Carlo 
simulation, random numbers are generated according to Eq. (1) and assigned to 
elements as their local strength. The rest of the Monte Carlo simulation is conducted 
in a deterministic way [8]. In contrast, the developed statistical model, described later, 
keeps the statistical nature of  for each element as well as models the cracking 
evolution in a statistical way.  
 
It should be emphasized that the statistical distribution of the static tensile strength of 
the 90o plies, given by Eq. (1), is different from the statistical distribution of 
transverse strength of the stand-alone unidirectional laminate as reported in ref. [8]. 
The cracking process in the constrained 90o plies is not the same as that in the 
unconstrained plies. However, for simplicity, the stress level corresponding to 
transverse cracking in constrained plies is still referred to as the static transverse 
strength. Also, note that the characteristic strength  is volume dependent. Thus, the 
statistical distribution of strength expressed by Eq. (1) is dependent on the discrete 
element size, while the statistical distribution of transverse strength of unidirectional 
laminate is dependent on the volume of the tested coupon. This observation warrants 
reexamination of some modeling work in literature, e.g. Sun et al. [8], where strength 
data for an unconstrained unidirectional composite are used in the stochastic modeling 
of cracking evolution in constrained plies within a laminate. 
 
 

 

Fig. 4 Discretization of the 90o plies for distributed static transverse strength 
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Fig. 5 The 90o plies divided by the cracks into blocks with varied length  

 
3.2 Axial stress variation in cracked cross ply laminate 
The problem of determining the local stress field between two pre-existing cracks in 
the 90o plies of a cross ply laminate loaded in axial tension has been addressed 
extensively in the literature. For our purpose here, the axial tensile stress xx is of 
interest in analyzing the evolution of transverse cracking. The simplest approach for 
this would be the so-called shear-lag approach, which however does not provide 
sufficiently accurate stress to account for crack interaction. The variational approach 
by Hashin [10] provides accurate maximum value of xx, although its axial 
distribution has inaccuracies close to the crack surfaces [11]. Since the maximum xx 
is what matters most in our analysis, we have chosen Hashin’s approach to calculate 
this stress. Fig. 5 illustrates the varying crack spacing L over which the axial stress is 
calculated. When this spacing is large, the perturbation in the axial stress caused by 
one crack does not interact with that of the other crack, as the distance over which the 
perturbation lasts is much less than the crack spacing. The stress variation, normalized 
by its pre-crack value, is shown in Fig. 6 (a) for this case. When the distance L is 
sufficiently small, the stress perturbations interact, and the stress variation becomes 
non-uniform, as illustrated in Fig. 6 (b). 
 
3.3 Non-interactive regime of cracking evolution 
During the initial stage of the cracking evolution, most cracks form with relatively 
large spacing L, as illustrated in Fig. 1 (a). The stress variation over L in this case is of 
the nature shown in Fig. 6 (a), which is typical of the non-interactive regime of 
transverse cracking. Thus in this regime, the transverse stress is nearly the same as the 
ply stress  in the uncracked 90o plies, except in a short distance close to the crack 
planes. This stress can be calculated with good accuracy by using the classical 
laminate theory.  The crack density, i.e. the number of cracks per unit length, is the 
same as the number of failed elements per unit length, which can be calculated from 
the failure probability of elements according to Eq. (1): 
 
                                                                                                 (2) 
 
Manders [12] assumed that the independent formation of cracks along the 90o plies 
can be taken as a Poisson process. For this process, the crack spacing  is 
exponentially distributed with a cumulative probability given by 
 
                                                                                     (3) 
 
Equations (2) and (3) provide the analytical solution of the stochastic cracking 
process in the non-interactive regime. 
 
3.4 Interactive regime of cracking evolution 
As the applied load is increased, increasing number of cracks form in the vicinity of 
already formed cracks. Then the stress distribution shown in Fig. 6 (b) becomes 
increasingly dominant and the cracking evolution gets into the interactive regime 
where the stress perturbation by the pre-existing cracks has to be considered for 
predicting the formation of new cracks. For this regime, an iterative numerical 
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procedure was developed to track the formation of new cracks at each increment of 
the applied stress. We begin at the end of the non-interactive regime, where the 
probability of crack spacing, or percentage of the block length among all blocks, is 
obtained by discretizing the probability function , given by Eq. (3) as 
follows. 

 

Fig. 6 Transverse stress distribution between two pre-existing cracks. The stress is 
normalized by the maximum value; (a) L=20mm, and (b) L=2mm 
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                                                    (4) 

where , and N is taken to be large enough so that   is close to 100%. 
As new cracks form under additional loading, the probability distribution of the block 
length changes since the long blocks are divided by new cracks into smaller ones. By 
tracking the fraction of block length  at each step, the cracking evolution, i.e. the 
average crack spacing and its variation, can be simulated. This procedure is described 
next.  
 
Consider a block of length  shown in Fig. 7. The element at position  within the 
block is denoted as . The transverse stress for element  at step n is denoted as 

. At next step where the external loading is increased, the local stress is increased 
to  as shown in Fig. 7. Such increase may cause the element that has survived 
from the previous loading to fail at step n+1. The failure probability for element  
can now be calculated from the given strength distribution as  
 

                                                                                      (5) 

 
Since all elements considered at this step do not fail at the previous load step, they 
must have strength higher than . The strength probability distribution of the 
remaining elements cannot be the same as the initial Weibull distribution. An 
adjustment to that distribution has been made in Eq. (5) to account for this. A similar 
treatment can be found in [13]. 
 
 

 

Fig. 7 Schematic of the stress distribution in the block at steps n and n+1. 

 
With the failure probability for every element  under the additional loading, 
three scenarios are considered in the simulation: 1) no crack forms, which is 
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equivalent to no element failing under the additional loading, 2) only one crack forms, 
and 3) more than one crack form.  
 
For the first scenario, i.e., when no element fails within the block , the probability 
can be calculated as a conditional probability, 
 
                                                                           (6) 
This probability is also the fraction of all blocks that will remain of the original length 

. 
 
The second scenario with only one crack includes a group of cases with the crack 
forming at different location. For the case of crack forming only at location  within 
the block , the probability is still the conditional probability, 
 

                                                           (7) 

 
This probability is also the fraction of all blocks of the length  that are divided by 
the new crack into two blocks with shorter length  and .  
 
If the increment of the applied stress is kept small at each step, the third scenario that 
more than one crack form within one block can be neglected. In the simulation, this is 
assured by the following criterion at each step: 
 
                                                                  (8) 
 
If Eq. (8) is satisfied, then almost all possible scenarios have been examined by 
applying Equations (6) and (7) to . The probability distribution of the crack 
spacing at step n+1 can be updated as 
 
                                                          (9) 
 
where the first part of the right hand side of Eq. (9) corresponds to the fraction of the 
blocks with no additional cracks in the additional loading, and the second part is the 
fraction of those short blocks that form from the process of dividing a long block by 
the new crack. Since one long block will generate two short blocks, there is a factor 2 
in the second term. This will cause the sum of  to not equal unity. Therefore,  
has to be normalized at the end of each iterative step. Once the probability distribution 
of the block length is updated at step n, the crack density can be easily calculated by 
 
                                                                                                       (10) 

 
The interactive regime of the stochastic cracking evolution as simulated based on 
Equations. (9) and (10) yields the crack density and the variation of crack spacing 
under the given applied loading. The initial state for the simulation is given by Eq. 
(4). Together with the analytical solution for the non-interactive regime, Eq. (3), the 



30 

entire stochastic cracking evolution in cross ply laminate under static loading is 
simulated.
  
4. Results and discussion  
Figure 8 shows the crack density as a function of the applied stress as simulated by 
the model described above. The experimental data of each carbon/epoxy plate 
manufactured by different processes are used to estimate the corresponding Weibull 
parameters for the simulation. The simulation results compare well with the 
experimental data, also plotted in Fig. 8.  
 

 

Fig. 8 Modeling prediction and experimental data for the crack density as a function 
of the applied stress 
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Fig. 9 Probability distribution of crack spacing 

To validate the developed model further, the cumulative probability distribution of the 
crack spacing in the interactive regime is calculated and compared with the 
experimental data in Fig. 9. The simulation results agree well with the data, as seen in 
the figure. Also shown in the figure is the exponential distribution of crack spacing 
for the non-interactive regime. The actual distribution of crack spacing deviates from 
the exponential distribution, particularly in the range of short crack spacing, since in 
this interactive range the stress perturbations by cracks reduces the axial stress 
between the cracks, thereby lowering the probability of forming new cracks.  
Based on the Weibull parameters estimated by the experimental crack density data, 
the statistical distributions of the static transverse strength are obtained and plotted in 
Fig. 10 (a) for all tested plates.  It can be seen that the strength distribution of plate 4 
(V_P), which was manufactured by the standard process, lies shifted to higher stress 
values with respect to the other three plates that were processed in the non-standard 
manner. Plate 1 (NV_NP), whose processing deviated most from the standard 
process, has strength distribution in the lowest stress range. The strength distributions 
of the remaining two plates, Plate 2 (NV_P) and Plate 3 (V_NP), fall in between the 
two extreme cases. 
 
It is noted that although the full range of strength distribution shown in Fig. 10 (a) 
provides the overall assessment of the manufacturing quality of composite laminates, 
it is only in the lower range that the calculated strength distribution accurately reflects 
the effects of manufacturing defects on the transverse cracking evolution. The reason 
for this is rooted in the nature of the Weibull distribution as a weakest-link model. In 
fact, the strength of elements can be measured only if they fail at the current stress 
level. Thus, the experimental crack density data used to calibrate the Weibull 
distribution of strength only includes the information from those failed elements. For 
elements failing at much higher stress, their exact strength cannot be measured since 
additional damage modes such as delamination and fiber failure in 0o ply start to 
evolve. Therefore, the calculated strength distribution in the higher strength range is 
merely mathematical result enforced by the specific formula of the Weibull function. 
Compared to Fig. 10 (a), the strength distribution only in the lower range shown in 
Fig. 10 (b) is considered as more accurate assessment of the manufacturing quality. 
As Fig. 10 (b) shows, plate 1 (V_P) has lowest fraction in the lower strength range, 
indicting it has least defects induced due to the best controlled process. 
 
It is interesting to observe that plate 2 (NV_P), not plate 1 (NV_NP), has the highest 
fraction of the distribution in the lower strength range, i.e. . One 
explanation is that, in plate 2 (NV_P) with only pressure applied during the curing 
process, gas gather together driven by the applied pressure. Lacking the vacuum 
system, the gathered gas forms large voids, which significantly reduces the local 
strength. In plate 1 (NV_NP), although the gas cannot be removed without applying 
vacuum, it would not accumulate and form large voids, as it would in plate 2 (NV_P), 
because no pressure is applied. Instead, the gas forms small voids, which reduce the 
strength distribution of the plate moderately but more broadly. This argument is 
supported by the higher fraction of relatively low strength (around 35MPa) for plate 1 
(NV_NP). By comparing plate 3 (V_NP) to plate 1 (NV_NP) and plate 2 (NV_P), it 
also can be seen that applying vacuum during curing process is more effective than 
applying pressure to reduce defects critical for transverse cracking.   
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Fig. 10 The statistical distribution of static transverse strength of four plates 
manufactured by different processes: (a) full range, (b) lower range 
 
5. Conclusions
Four composite cross ply laminated plates were manufactured under different curing 
conditions, one in standard way and three deviating from this to intentionally 
introduce different states of defects. The plates were cut into specimens and subject to 
axial tension loads. The measured density of transverse cracks showed differences 
clearly reflecting the quality of the manufacturing process. To assess this quality, a 
statistical simulation model of the transverse cracking evolution was developed. 
Calibrated by the measured crack density data, the developed model yields the 
statistical distribution of static transverse strength, whose lower range provides a good 
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indication of the severity of the manufacturing induced defects that are critical for 
formation of transverse cracks.   
 
The developed model together with the measurement of cracking evolution offers a 
robust tool to assess the manufacturing quality. Unlike the commonly used method of 
testing unidirectional composites to evaluate the effect of manufacturing defects, the 
presented method requires fewer tests on coupons of cross ply laminates, and offers 
much more extensive and accurate information regarding the effects of defects on 
crack formation and distribution of local strength.  
 
Acknowledgement 
The authors gratefully acknowledge Konstantinos Giannadakis for providing some of 
the test data used in this work and for useful technical discussions. 
 
References 
[1] Bowles KJ, Frimpong S. Void effects on the interlaminar shear strength of 
unidirectional graphite-fiber-reinforced composites, J Compos Mater 
1992;26(10):1487. 
[2] Tang J, Lee W, Springer G. Effects of cure pressure on resin flow, voids, and 
mechanical properties, J Compos Mater 1987;21(5):421. 
[3] Talreja R, Hansong H. Effects of void geometry on elastic properties of 
unidirectional fiber reinforced composites, Compos Sci Technol 2005;65(13):1964-
1981. 
[4] Ricotta M, Quaresimin M, Talreja R. Mode I strain energy release rate in 
composite laminates in the presence of voids, Compos Sci Technol 
2008;68(13):2616-2623. 
[5] Lambert J, Chambers AR, Sinclair I, Spearing SM. 3D damage characterisation 
and the role of voids in the fatigue of wind turbine blade materials, Compos Sci 
Technol 2012;72(2):337-343. 
[6] Zhuang L, Talreja R. Effects of Voids on Postbuckling Delamination Growth in 
Unidirectional Composites, Int J Solids Struct (submitted). 
[7] Talreja R. Defect damage mechanics: broader strategy for performance evaluation 
of composites, Plast Rubber Compos, 2009;2(4):49-54. 
[8] Sun Z, Daniel I, Luo J. Statistical damage analysis of high temperature composite 
laminates.  Proceedings of the 43rd AIAA/ASME/ASCE Structures, Structural 
Dynamics and Materials Conference,  Denver, USA2002. 
[9] Talreja R, Akshantala NV. An inadequacy in a common micromechanics approach 
to analysis of damage evolution in composites, Int J Damage Mech 1998;7(3):238-49. 
[10] Hashin Z. Analysis of cracked laminates: a variational approach, Mech Mater 
1985;4(2):121-136. 
[11] Varna J, Berglund L. Multiple transverse cracking and stiffness reduction in 
cross-ply laminates, J Compos Tech Res 1991;13(2):97-106. 
[12] Manders P, Chou T, Jones F, Rock J. Statistical analysis of multiple fracture in 
0/90/0 glass fibre/epoxy resin laminates, J Mater Sci 1983;18(10):2876-2889. 
[13] Vinogradov V, Hashin Z. Probabilistic energy based model for prediction of 
transverse cracking in cross-ply laminates, Int J Solids Struct 2005;42(2):365-392. 



34 



35 

Paper II 

Huang Y. and Talreja R.

Statistical Analysis of Oblique Crack Evolution 
in Composite Laminates



36 

Statistical Analysis of Oblique Crack Evolution in Composite Laminates 

 

Yongxin Huang1 and Ramesh Talreja2,3 

 

1Wind R&D Center, Siemens Energy Inc. 

 2Dept of Engineering Sciences and Mathematics 
Luleå University of Technology, SE 971 87, Luleå, Sweden 

 
3Department of Aerospace Engineering 

Texas A&M University, College Station, Texas 77843-3141, USA 
 

 

Abstract: A previously developed statistical model for transverse cracking in cross 
ply laminates is extended to oblique cracking in multidirectional laminates. The 
oblique cracks are assumed to form in a ply when the local in-plane tensile stress 
normal to fibers exceeds the transverse strength of the ply. This strength is assumed to 
have a statistical distribution given by a two-parameter Weibull function. The model 
is applied to a glass-epoxy [0/602/0/-602]s laminate in which cracking evolution of the 
four -600 plies in the middle of the laminate is examined. The local stress field in the 
cracked -600 plies is calculated by a three-dimensional finite element method based 
on a unit cell construction developed by Li et al. [1].  The measured crack density is 
found to agree well with that calculated by the statistical model.   
 
 
1. Introduction 

In most applications where composite laminates are used, the loading conditions 
dictate that plies be placed in multiple directions. Even under in-plane loading such 
laminates develop cracks within the plies along the fibers. Under increasing loading 
these cracks multiply by the so-called “shear-lag” process, which redistributes the 
stresses at cracking by increased interfacial shear stress over a distance, allowing 
favorable conditions for crack formation at that distance from the previous crack. 
Although initially the shear-lag concept came from a one-dimensional stress analysis, 
more accurate two-dimensional analyses were developed [2-4]. However, these 
analyses are applicable only to cross-ply laminates or, with some modification, to 
laminates such as [ s with cracks in 900 plies.  For laminates where cracks 
appear in other than 900 plies, a two-dimensional stress analysis is not applicable, and 
a numerical three-dimensional analysis, e.g. with finite elements (FE) becomes 
necessary.  
 
Other than finding local stress fields in multi-directional laminates with oblique (off-
axis) cracks, the problem of ply cracking evolution requires using a crack formation 
criterion. Two approaches to this problem have been pursued. One is described as 
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strength-based approach and the other relies on an energy balance common in fracture 
mechanics. Nairn [5] used the fracture mechanics approach for transverse cracking in 
cross-ply laminates. Later, Vinogradov and Hashin [6] expanded this approach to 
include probabilistic considerations. For a [ s laminate Joffe et al. [7] used 
crack opening displacement (COD) rather than the entire stress field within the 
cracked ply in the energy release rate approach for ply cracking evolution. They also 
assigned the critical energy release rate a Weibull distribution to account for material 
variability. Singh and Talreja [8] extended the COD-based approach to oblique cracks 
in [0/ s laminates and to transverse as well as oblique cracks in [0m/90n/ p]s 
laminates.   
 
The strength-based approach is most suited to account for manufacturing induced 
defects that are inevitable.  This approach assumes that a crack forms when the 
strength reduced by defects is met or exceeded by the local stress in the cracking ply. 
A statistical formulation of cracking evolution was developed for transverse cracks in 
cross ply laminates under applied axial tension in a previous work [9]. It was 
demonstrated in that work that different manufacturing processes used for producing 
cross ply laminates resulted in different spatial distributions of transverse cracks. 
Assuming a two-parameter probability distribution of tensile strength of 90o plies, the 
crack density evolution corresponding to different manufacturing processes could be 
predicted. This provided a useful tool for making a statistical evaluation of the quality 
of manufacturing as it relates to the transverse cracking process. 
 
In the present work, we extend the approach just described to the case of multiple 
cracking in oblique (off-axis) plies of laminates. We examine cracking in the -60o 
plies of a glass-epoxy [0/602/0/-602]s laminate subjected to monotonically increasing 
axial tension force. In the following the material and testing details as well as the 
results obtained are described. This is followed by the stress analysis that yields the 
local stress field in the cracked -60o plies. The statistical model to predict cracking 
evolution in 90o plies of a cross ply laminate, developed earlier, is reviewed next. The 
extension of the model to evolution of oblique cracks and its comparison with 
experimental data is then presented. 
 
2. Material and Testing 

Glass/epoxy laminated plates were manufactured in the configuration [0/602/0/-602]s 
using UE400-REM tape, and then cut into specimens for tensile testing. The edges of 
specimens were polished to remove the defects induced by machining. The axial 
tensile load was applied along the fiber direction in 0o plies. Under this loading, 
oblique cracks form in both 60o and -60o plies along the fiber direction in those plies 
and span the ply thickness until meeting the interface between 0o ply and off-axis 
plies. With the neighboring 0o plies sharing the load shed by the off-axis plies, the 
laminate does not fail catastrophically, if the 0o plies can sustain the additional load. 
Instead, multiplication of oblique cracks occurs under increased loading. Assisted by 
intense light, one can identify each individual crack by viewing the surface of the 
specimens, as shown in Fig. 1. The loading was applied incrementally, increasing the 
applied strain by 0.1% in each increment, and the load was held shortly for the 
observation of cracks before further increasing the applied strain. At each step, the 
number of cracks was counted over the gauge length of 40 mm.  
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Fig. 1 Surface image showing multiple cracks in off-axis plies. 
 
3. Statistical simulation of cracking evolution in off-axis plies 

The previously developed statistical model extended to oblique cracking is reviewed. 
The stress analysis used for the model is obtained by a FE model of the unit cell of 
cracked multidirectional laminates, which is also described here.   
 
3.1 Statistical distribution of transverse strength 
 
The strength-based approach was adopted to predict the formation of cracks in off-
axis plies. Based on the statistical distribution of the strength, the cracking evolution 
was modeled to account for the effect of manufacturing defects. Different from the 
transverse cracking in cross ply laminate, cracks form under a multiaxial stress state 
in off-axis plies. Ideally, certain multiaxial strength criterion should be used for 
prediction of such cracks. However, an accurate multiaxial strength criterion 
accounting for the effect of distributed defects requires clear understanding of the 
cracking mechanism at the micro-scale, which currently is lacking. Based on physical 
considerations, some failure criteria assume that the crack formation is controlled by 
the local transverse tensile stress and in-plane shear stress in the plies where cracking 
occurs, e.g. [10, 11].  For a laminate under axial load, in the plies of a given off-axis 
angle the ratio of the transverse tensile stress to the in-plane shear stress is assumed to 
be constant. For such a case, the transverse stress level at which the oblique cracks 
form is referred to as the transverse strength and used for predicting cracking. A 
similar approach was adopted in the previously developed model [9] to include the 
constraint effect of 0o plies on the transverse cracking in cross ply laminate. This way 
of including the effects of shear stress and constraint of neighboring plies in the 
statistical model renders the transverse strength of off-axis plies a laminate property, 
which depends on the complete architecture of the laminate, rather than on the off-
axis plies alone.   
 
Affected by the randomly distributed defects, the transverse strength of off-axis plies 
cannot be a deterministic value. To model the statistical distribution of the transverse 
strength, the off-axis layer plies are discretized along the length of the specimen, as 
illustrated in Fig.2. A proper element size l0 should ensure that each element can be 
assumed to possess a single static transverse strength ( ), and accommodate no more 
than one crack.  

Cracks in -60
o
 plies 

along fiber direction 
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Fig.2 Discretization of off-axis plies 

 
It is assumed that the transverse strength of each element follows the Weibull 
distribution that will reflect the random material property to resist crack formation, 
given by   
 
                                                                                

 
where  and  are the two Weibull parameters called the characteristic strength and 
distribution shape constant, respectively. The independent and identical distribution of 

 in different elements is the result of the assumption that the manufacturing defects 
are randomly distributed, e.g. without clustering of defects.  
 
3.2 Transverse stress variation in cracked multidirectional laminates 
 
3D finite element analysis of periodic structures saw wide success in 
micromechanical analysis of unidirectional fiber-reinforced composites [12], particle-
reinforced composites [13], and textile composites [14]. Recently, this method has 
been introduced into damage analysis of composites. For example, Li et al. [1] 
constructed a 3D unit cell of cracked laminates to calculate the stiffness reduction as a 
function of the crack density. That model is capable of analyzing multidirectional 
laminates with off-axis cracks along two arbitrary directions, e.g.  . A 
similar FE model developed to study the stress state in the cracked off-axis laminates 
is briefly described here. To be consistent with [1], laminates  is used 
here for illustration.  
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Fig. 3 planner view of a cracked laminate with cells tessellated by the grid system  
 

 
Fig. 4 The 3D view of half of the unit cell for cracked  laminates 

 
 
To begin, a grid system is introduced to divide the cracked laminates into unit cells. 
As Fig. 3 shows, two groups of gridlines are set along the ply cracks in the two off-
axis layers, i.e.  and . The gridlines in each group are spaced at the crack spacing 
of the corresponding array of cracks, i.e.  and . As Fig.3 shows, all patches 
created by the grid system are identical to each other. Taking any patch as the master 
cell, one can reproduce the other cells by translational transformation, and tthe whole 
plane of the laminates. Due to the symmetry, only the upper half of the unit cell is 
modeled by applying the symmetric boundary condition along the mid-plane of the 
laminates in the FE model. Fig.4 shows a 3D view of the upper half of the unit cell as 
the master cell. 
 
To replace the cells surrounding the master cell, periodic boundary conditions have to 
be applied by constraining paired nodes in the FE model. In Fig. 4, the paired node 

 on Face B and C corresponding to any point  on Face A and C, 
respectively, is defined as: 
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                                                                                   (2.a) 
                                                                                    (2.b)                         
                                                                                                                        (2.c) 
 
For laminates subjected to a macroscopically uniform strain field under in-plane 
loading, the displacements of the paired nodes must satisfy the constraining 
equations:        
                                       
                                                                           (3.a) 
                                                  (3.b) 
                                                                                                               (3.c) 
 
where is the macroscopically uniform strain field, which can be taken as 
the direct input as loading in the FE model, or be replaced by the equivalent 
macroscopic stress.  
 
All paired nodes are constrained following Eq. (3) except the nodes on crack surfaces, 
which will be left unconstrained as free surfaces. Also, symmetric boundary condition 
is applied along the mid-pane of the laminates, i.e. the bottom face in Fig. 4. For more 
details on constructing such unit cell with periodic boundary condition, one can refer 
to [1, 15]. 
 
3.3 Statistical simulation of cracking evolution 
 
Based on the Weibull distribution of transverse strength modified for off-axis plies as 
well as the stress variation between cracks obtained from FE model, the statistical 
simulation of the cracking evolution is conducted in a similar way as reported in [9] 
for cross ply laminates. Generally, the cracking evolution is divided into non-
interactive and interactive regimes based on the stress variation between cracks, and 
simulated separately.  
  
For the non-interactive regime, which is the initial stage of the cracking evolution, 
most cracks form far away from each other, i.e. at large crack spacing. The transverse 
stress is nearly the same as the ply stress  in the uncracked off-axis plies, except in 
a short distance close to the crack planes. This stress can be calculated with good 
accuracy by using the classical laminate theory. For non-interactive regime, the 
cracking evolution can be viewed as a Poisson process [16], and an analytical solution 
can be obtained; the crack density is calculated based on Eq (1):  
 
                                                                                                 (4) 
 
and the statistical distribution of the crack spacing is: 
 
                                                                                     (5) 
 
As the applied load is increased, the cracking evolution enters interactive regime. To 
simulate this regime, we begin at the end of the non-interactive regime, where the 
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probability of crack spacing, or percentage of the block length among all blocks, is 
obtained by discretizing the probability function  in Eq. (5) as follows. 
 

                                                    (6) 

 
where , and N is taken to be large enough so that   is close to 100%. 
As new cracks form under additional loading in interactive regime, the probability 
distribution of the block length changes since the long blocks are divided by new 
cracks into smaller ones. Based on the local transverse stress obtained by the FE 
model described above, the formation of new cracks can be predicted as follows. 
 
 

 
Fig.5 Schematic of the stress distribution in the block at steps n and n+1. 

 
Consider a block of length  shown in Fig. 5. The element at position  within the 
block is denoted as . The transverse stress for element  at step n is denoted as 

. At next step where the external loading is increased, the local stress is increased 
to  as shown in Fig. 5. Such increase may cause the element that has survived 
from the previous loading to fail at step n+1. The failure probability for element  
can now be calculated from the given strength distribution as  
 

                                                                                          (7) 

 
With the failure probability for every element  under the additional loading, 
three scenarios are considered in the simulation: 1) no crack forms, which is 
equivalent to no element failing under the additional loading, 2) only one crack forms, 
and 3) more than one crack form.  
 
For the first scenario, i.e., when no element fails within the block , the probability 
can be calculated as a conditional probability, 
 
                                                                           (8) 
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This probability is also the fraction of all blocks that will remain of the original length 
. 

 
The second scenario with only one crack includes a group of cases with the crack 
forming at different location. For the case of crack forming only at location  within 
the block , the probability is still the conditional probability, 
 

                                                        (9) 

 
This probability is also the fraction of all blocks of the length  that are divided by 
the new crack into two blocks with shorter length  and .  
 
If the increment of the applied stress is kept small at each step, the third scenario that 
more than one crack form within one block can be neglected. In the simulation, this is 
assured by the following criterion at each step: 
 
                                                                (10) 
 
If Eq. (10) is satisfied, then almost all possible scenarios have been examined by 
applying Equations (8) and (9) to . The probability distribution of the crack 
spacing at step n+1 can be updated as 
 
                                                        (11) 
 
Since one long block will generate two short blocks, there is a factor 2 in the second 
term of the right side. This will cause the sum of  to not equal unity. Therefore, 

 has to be normalized at the end of each iterative step. Once the probability 
distribution of the block length is updated at step n, the crack density can be easily 
calculated by 
 
                                                                                                       (12) 

 
The interactive regime of the stochastic cracking evolution as simulated based on 
Equations. (11) and (12) yields the crack density and the variation of crack spacing 
under the given applied loading. The initial state for the simulation is given by Eq. 
(6). Together with the analytical solution for the non-interactive regime, Eq. (4) and 
(5), the entire stochastic cracking evolution in off-axis plies under static loading is 
simulated.  
 
4. Results and discussion 
 
According to the experimental observation, cracks in -60o plies developed fully along 
the width of the specimen. The multiplication of cracks is therefore a 2D phenomenon 
along the specimen edge. For this case, the model described above is applicable. For 
the cracking evolution in +60o plies, most cracks only form partially along the width 
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of the specimen. This is because the constraint effect from the neighboring 0o plies, 
which reduces the tendency to form cracks, is more profound in the thinner plies, i.e. 
in +60o plies. This thickness effect has been reported in the literature [17, 18]. Due to 
this effect, the cracking evolution in +60o is dominated by partial cracks and thus 
cannot be modeled by the 2D model. Therefore, only the cracking evolution in -60o is 
modeled and is reported next.  
 
Figure 6 shows the stress state in cracked [0/+602/0/-602]s laminates obtained from 
the FE model. From Fig. 5(b), the local transverse stress for a given crack spacing at 
load step n,  , can be obtained for calculating the local failure probability in Eq. 
(7). A Python script was written to automate the FE analysis for all possible cases 
with different crack spacings. If the external loading is prescribed as the applied 
strain, the cracks in +60o plies do not affect the stress state in -60o plies because of the 
much stiffer 0o plies separating +60o and -60o plies. This has been validated by the FE 
model and is used to simplify the stress analysis by not modeling the cracks in +60o 

plies. 
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(a) 

 
(b) 

Fig. 6 Stress state of cracked laminates [0/+602/0/-602]s laminates with cracks in -60o 
plies. (a) stress contour plot. Half of the unit cell is simulated due to the symmetry. (b) 
the transverse stress perpendicular to fibers in -60o plies between cracks for different 
crack spacings. The local coordination is referred to the location of the neighboring 
cracks as Fig. 5 shows.    
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The predicted cracking evolution in -60o plies is plotted in Fig. 7, showing good 
agreement with the experimental data. The two Weibull parameters are estimated in 
the statistical model based on the experimental crack density data. The corresponding 
Weibull distribution of the static strength is shown in Fig. 8.   
 
 
 

 
Fig. 7 The cracking evolution in -60o plies under static tension. 

 
 

 
Fig. 8 Weibull distribution of static transverse strength. 
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5. Conclusion
 
A statistical model for evolution of oblique cracking in multidirectional laminates 
under axial tension has been developed. The effect of distributed manufacturing 
defects on the cracking evolution is represented by the Weibull distribution of the 
transverse strength of off-axis plies. The cracking evolution is simulated separately 
for non-interactive and interactive regimes. For the non-interactive regime, the 
cracking evolution is viewed as a Poisson process and an analytical solution is given 
in terms of the statistical distribution of crack spacing. For the interactive regime, an 
iterative procedure is developed to simulate the statistical process of forming new 
cracks between existing cracks. The local stress state between existing cracks is 
obtained by a 3D FE model of the unit cell of the cracked multidirectional laminate 
and is used as input into the iterative scheme. The model is applied to a glass-epoxy 
[0/602/0/-602]s laminate in which the cracking evolution of the four -60o plies in the 
middle of the laminate is examined. The predicted crack density as function of 
applied load agrees well with experimental data. 
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