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ABSTRACT

The use of separate phosphorus (P) filter units containing replaceable filter

materials with a high P binding capacity have been suggested as an appro-

priate passive method to treat the P from pre-treated domestic wastewater

in on-site facilities. A large number of materials have been identified and

suggested as being potentially suitable for such filters. Despite the numer-

ous experimental works with these P filter materials there is still a lack of

systematic effort to model the P transport and removal in a packed-bed col-

umn experiment filled with such materials. Such a methodology is useful for

assessing the performance and longevity of a material. Such a model could

also have the potential to be used for scale-up and optimization of operational

parameters.

The overall objective of this thesis is to investigate and develop methods

that can be used to model the flow and solute transport in packed beds in

general, as well as dissolved P transport and removal in a laboratory-scale

packed bed that is filled with P filter materials. Two different model ap-

proaches are investigated: discrete and continuum modeling. In the discrete

modeling approach, a packed bed is modeled as a porous medium that con-

sists of thousands of discrete particles. In the continuum modeling approach,

a packed bed is considered as a single continuum model with effective pa-

rameters such as average pore-water velocity and dispersion coefficients de-

scribing the movement of a solute in the packed-bed model.

In the discrete modeling approach, two- and three-dimensional randomly
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packed beds of inert cylinders and spheres are considered, respectively. The

flow and nonreactive solute transport are modeled in packed-bed models.

Voronoi diagrams are applied to discretize the system into cells that each

contains one particle. The whole flow pattern for packed-bed models at low

particle Reynolds number is obtained by minimization of the dissipation rate

of energy. The effective dispersion coefficients that are derived from packed-

bed models are in excellent agreement with the previous data in the literature,

showing that these methods can successfully model the flow and solute trans-

port in packed beds. One main advantage of the present method is to make

it possible to perform pore-scale simulations of flow, mass and heat trans-

fer in porous media and packed beds with many particles. Moreover, these

models facilitate the study of the effects of different packing parameters,

such as particle-size distribution, porosity and packing structure on the dis-

persion coefficients. For example, one result is that an increase in the width

of the particle-size distribution increases the dispersion coefficients at high

velocities. This discrete modeling approach to solve transport problems in

porous media is generic and is applicable for studying heat transfer, drying

processes, internal erosion in embankment dams, etc.

In the continuum modeling approach, the Langmuir isotherm is fitted to

measurements obtained from batch experiments. This Langmuir isotherm

is further coupled with the one-dimensional advection-dispersion equation

and can successfully model the dissolved P effluent curve of a laboratory-

scale column experiment. In the next step, the hydro-geochemical transport

code PHREEQC is used to model the transport of dissolved P, dissolution

of reactive minerals from a calcium-silicate sorbent and precipitation of P-

products in a laboratory-scale column experiment. This methodology can

successfully simulate the possible dissolved P removal scenario that occurs

in the laboratory-scale column containing the calcium-silicate sorbent.
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Chapter 1

Introduction

An understanding of the flow and solute transport in porous media in gen-

eral and in packed beds is a significant issue in many branches of science

and engineering, including chemical engineering, hydrology, petroleum en-

gineering, environmental engineering, etc. In this thesis, this phenomenon is

studied numerically in packed beds. The general motivation behind this study

is the need for treatment of phosphorus (P) rich wastewater in small-scale do-

mestic wastewater treatment facilities. In this chapter, a short background of

the problem as well as the overall objective of the thesis is presented.

1.1 Background

The main input of P into nature is from domestic wastewater and agriculture

[1, 2]. While P is an essential nutrient for plants and animals, excess P can

lead to eutrophication of fresh water and lakes, leading to problems such as

algae bloom. In Sweden, although only 15% of the population is connected

to on-site wastewater treatment facilities [3], the total discharge of P from

these systems exceeds the total discharge from all municipal treatment plants

[4]. Therefore, there is a need to treat domestic wastewater with respect to

P to levels that are acceptable for the environment. One solution to treat

the P from domestic wastewater is to use a separate filter unit containing
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1.2. FILTER MATERIALS CHAPTER 1. INTRODUCTION

replaceable filter materials with a high P binding capacity [5]. However,

in such systems an appropriate pre-treatment is required prior to filtering to

reduce the risk of clogging and allowing one to use finer filter materials with

higher P binding capacity [6].

1.2 Filter materials

In general, filter materials used for P removal from wastewater can be catego-

rized as natural materials (e.g., Wollastonite [6]), industrial byproduct (e.g.,

electric furnace slag [7]) and man-made products (e.g., Filtralite® P [8] and

Polonite® [9]); for an overview of different materials see Vohla et al. [10].

Despite the numerous experimental works with these P filter materials (see

Vohla et al. [10]) there is a lack of a systematic effort to model the P trans-

port and removal in a packed-bed column experiment filled with such ma-

terials. Such a methodology might be useful for assessing the performance

and longevity of a material. Such a model could also have the potential to be

used for scale-up and optimization of operational parameters.

1.3 Aim of the thesis

With the previous considerations in mind, the overall objective of the present

work is to investigate and develop methods that can be used to model the

flow and solute transport in packed beds in general, as well as dissolved P

transport and removal in a laboratory-scale packed bed that is filled with P

filter materials. Two different model approaches are investigated:

1- A discrete modeling approach

2- A continuum modeling approach

In the first approach, packed-bed models that consist of thousands of dis-

crete cylindrical/spherical inert particles are considered. The flow and nonre-
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CHAPTER 1. INTRODUCTION 1.3. AIM OF THE THESIS

active solute transport through these packed beds are modeled and effective

dispersion coefficients are derived. Moreover, the effects of different packing

parameters such as porosity, packing structure and particle-size distributions

on dispersion coefficients are studied in detail. This approach is dealt with in

Papers A, B and C.

In the second approach, the one-dimensional advection-dispersion equa-

tion is combined with the Langmuir isotherm to model the dissolved P efl-

fuent curve of a lab-scale column experiment (Paper D). The Langmuir

equation used is derived by fitting to the isotherm obtained by batch ex-

periment in Paper F. In Paper E, the hydro-geochemical transport code

PHREEQC [11] that uses the one-dimensional advection-reaction-dispersion

equation is used to model the transport of dissolved P, dissolution of reactive

minerals from a calcium-silicate sorbent and precipitation of P-products in a

laboratory-scale column experiment.
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Chapter 2

Dispersion in Packed Beds

In general, the study of flow through porous media, has direct applications in

many areas, such as, drying of iron ore pellets and flow through embankment

dams. The overall flow of liquids through porous media is defined by Darcy’s

law when bulk movement is considered. In several cases, however, it is of

interest to know and understand in detail how elements of volume carried by

the liquid will travel, for instance, in the case of solute transport in packed

beds. In order to model solute transport in packed beds it is essential to un-

derstand the basics of dispersion phenomenon and the advection-dispersion

equation that describes the transport of solute within a packed bed. More-

over, the dispersion of the species in packed beds has a strong impact on

the progress of a chemical reaction. Therefore, in this chapter, the definition

of dispersion and how it can be measured experimentally in packed beds is

briefly discussed.

2.1 Definition of dispersion

The volume occupied by a given mass of dissolved solute (referred to as a

tracer) injected into a fluid flowing through a porous medium will spread as

the fluid flows downstream owing to many mechanisms, such as, variations

in local fluid velocity and molecular diffusion. Chemical reactions, fluid

7



2.2. THEORY CHAPTER 2. DISPERSION IN PACKED BEDS

property variations (such as density and temperature), if present, may also

contribute to this spreading process. This spreading phenomenon is called

hydrodynamic dispersion and it is an irreversible process. The phenomenon

has been observed since Slichter [12], who studied the movement of ground

water with an electrolyte as a tracer. Some examples of dispersion phenom-

ena are [13]: when salt and fresh waters meet in coastal estuaries, waste

material contaminates a liquid stream, salt is leached from soil, and reacting

solutes traverse packed-beds.

2.2 Theory

A large number of theories based on probabilistic approaches have been used

to describe dispersion in porous media, including the theory of Saffman [14,

15], who modeled a porous medium as a random network of capillaries, and

Koch and Brady [16]. A simple theoretical explanation of hydrodynamic

dispersion is offered by modeling a porous medium as a bundle of identical,

parallel, circular cylindrical tubes, through which dissolved solute disperses

within a flowing carrier fluid due to a combination of molecular diffusion

and local velocity inhomogeneity of the Poiseuille flow [17, 18, 19]. The

detail structure of a porous medium is greatly irregular, which can hardly

be captured by the model presented by Taylor [17, 18] and Aris [19]. An

exact solution to characterize the flowing fluid through one of these structures

is basically impossible. However, using volume or spatial averaging, it is

possible to obtain the transport equation for the average concentration of

solute in a porous medium [13].

At a "macroscopic" level, the quantitative treatment of dispersion is cur-

rently based on Fick’s law, with the appropriate dispersion coefficients; cross-

stream dispersion is related to the transverse dispersion coefficient, DT , whereas

streamwise dispersion is related to the longitudinal dispersion coefficient, DL

8



CHAPTER 2. DISPERSION IN PACKED BEDS 2.3. MEASUREMENTS

[20]. Considering a porous medium that is homogenous, isotropic, and sat-

urated with fluid and that flow conditions are such that Darcy’s law is valid.

For two-dimensional (2-D) flow with the direction of flow parallel to the x-

axis in a homogenous medium with a uniform velocity field, the advection-

dispersion equation for a conservative solute may be written as [13, 21]:

∂c
∂t
+ u
∂c
∂x
= DL

∂2c
∂x2 + DT

∂2c
∂y2 , (2.1)

where c is the mean solute concentration; t is time; x is the distance in

the main flow direction; u is the average interstitial liquid velocity defined as

u = U/ε, where U is the superficial liquid velocity, and ε is the porosity.

Equation 2.1 for one-dimensional (1-D) flow in a homogenous, isotropic

porous media is

∂c
∂t
+ u
∂c
∂x
= DL

∂2c
∂x2 . (2.2)

Equation 2.2, the 1-D advection-dispersion equation, can be modified to

include sorption and chemical reaction of the solute, which will be dealt with

later in chapter 4.

2.3 Measurements

Experimental measurements of DL and DT in packed beds are normally con-

ducted separately. In order to measure DL, packed bed column experiments

are usually performed with an inert tracer. Klinkenberg et al. [22] and Bru-

inzeel et al. [23] show that transverse dispersion can be neglected in com-

parison with axial dispersion for a small ratio of column diameter to length

(D/L) and large fluid velocity. Depending on the adopted boundary con-
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2.3. MEASUREMENTS CHAPTER 2. DISPERSION IN PACKED BEDS

ditions and by neglecting transverse dispersion, an effluent curve obtained

using tracer experiments is fitted with available analytical solutions (for an

overview see, van Genuchten and Alves [24]) to Equation 2.2 that results in

a DL value.

The measurement of DT is normally more difficult than the measurement

of DL [25]. Generally, the methods that are used to estimate DT are based

on either tracer tests or dissolution tests. For instance, the methods that have

been used to measure transverse dispersion in laboratory columns include

the continuous point source and the instantaneous finite source methods [26].

These methods consist of injecting a nonreactive tracer from an injector that

has been embedded into a porous medium followed by concentration varia-

tion monitoring at several points that are downstream of the injection point.

Another method for DT determination, which was developed by Coelho and

Guedes de Carvalho [27] is based on the measurement of mass transfer rates

between flat or cylindrical surfaces that have been buried in a bed of inert

particles and the flow flowing along it.

The results from such experiments, with different solutes and tempera-

ture conditions, are typically plotted as either DL/Dm (or DT/Dm ) vs. Pem

(= ud/Dm), or as PeL (= ud/DL) or PeT (= ud/DT ) vs. Pem with the corre-

sponding Schmidt (Sc = μ/ρDm) numbers. In these expressions, d is the inert

particle diameter and ρ is density of the liquid. Such curves can be used to

find correlation functions as outlined in Delgado [20]. When available in the

literature, these validated correlations can be used to estimate the dispersion

coefficients inside packed-bed columns.

10



Chapter 3

Discrete Model

3.1 Background

One main advantage of modeling the flow and solute transport in packed

beds, providing that it becomes validated, is to use simulations as "numerical

experiments", which may complement or even substitute classical experi-

ments. During the last few decades, different numerical models have been

developed and the complexity of them varies from simple homogenous plug

flow to heterogeneous two-phase models. Today, the availability of refined

mathematical models and advances of the performance of computers, make

it possible to perform direct pore-scale 2-D/3-D simulation of the flow and

mass transport in the actual geometry of a packed bed consisting of individ-

ual particles. Such an approach is advantageous as it enables the study of

the statistical variation of the macroscopic mass transfer parameter resulting

from microscopic stochasticity; see Papers A, B and C.

It is known that the local flow field in packed beds has a strong impact

on the concentration distribution [28]. In addition to the flow, the dispersion

of the species in fixed-bed columns also has a strong impact on the progress

of chemical reactions [29]. Therefore, in the discrete modeling approach

(Papers A, B and C) the detailed pore-scale simulation of flow and nonre-

active solute transport in packed beds with regard to the features that may

11



3.2. DERIVATION OF STREAM FUNCTION CHAPTER 3. DISCRETE MODEL

influence the dispersion are considered. For instance, the effects of packing

structure, porosity and particle-size distribution on dispersion coefficients are

studied in detail. This approach is generic and can also be used to solve other

transport problems in porous media like heat transfer, drying processes, etc.

In the following, the basics of the discrete modeling approach used in this

thesis as well as the main results are presented. For more details regarding

the methodology and results, the reader is referred to Papers A, B and C.

3.2 Derivation of stream function

In order to obtain the flow field for the whole system, the system of cylin-

ders/spheres (will be referred to particles hereinafter) has to be divided into

smaller parts to build a discrete numerical scheme. Using Voronoi diagrams,

the system of particles is divided into cells that each contain one particle; see

Figures 3.1b and 3.2 for 2-D and 3-D systems, respectively. Note that for

systems with different-sized particles (Papers A and C) a modified version

of Voronoi diagrams is used, as the traditional Voronoi diagrams can cross

the particles. For full detail on Voronoi discretization process in 2-D systems

see Hellström et al. [30], and for 3-D systems see Papers B and C.

The flow field for the complete system of particles is seen as Stokesian

flow of an incompressible fluid. It is clear that the flow field cannot be easily

obtained by finite element or finite volume methods for the whole system

consisting of up to 15,000 cylinders (in the 2-D model Paper A) or 10,000

spheres (in the 3-D model Papers B and C). Therefore, Voronoi diagrams

and Delaunay tessellations are used to sample the flow field through a spe-

cific local configuration. Once the samples are taken, the flow field can be

extended to the whole system. In the case of laminar flow, as in reactive

compact-bed filters, the total dissipation rate of energy tends to decrease to

a minimum [30, 31], see Appendix A in Paper B. This can be expressed in

12



CHAPTER 3. DISCRETE MODEL 3.2. DERIVATION OF STREAM FUNCTION

Figure 3.1: Examples of 2-D systems with dimensions 5.0 × 0.5 m 2 that consist of about
15,000 particles. The color represents the value of the stream function for each particle. (a)
randomly packed-bed model (case F in Paper A), (b) part of Figure 3.1a showing the Voronoi
mesh, (c) regularly packed-bed model (case D in Paper A), (d) part of Figure 3.1c showing the
packing structure.

the following manner:

∫
μω2dV = min, (3.1)

where, ω is the vorticity, and μ is the dynamic viscosity. The total dissipa-

ton rate of energy should be considered as a function of the stream function

ψ, which is related to the ω in the following manner

ω = ∇ × v = ∇ × (∇ × ψ), (3.2)

where v is the velocity.

13



3.2. DERIVATION OF STREAM FUNCTION CHAPTER 3. DISCRETE MODEL

Figure 3.2: Example of a Voronoi mesh of a 3-D system with dimensions 0.36 × 0.06 × 0.36 m3

and with 5157 particles. Cross-sections in the x-z plane (main part), y-z plane (left) and x-y plane
(bottom) are shown. Shaded particles have the center behind the cross-section, the others in front
of it. The color represents the component of the stream function for each particle perpendicular to
the corresponding cross-section.

The particles in the packed-bed model are assumed to be impermeable,

and liquid is assumed to percolate around the particles as it moves through

the bed. Hence, the alteration of ψ is infinitesimal along the surface of any

given particle. Moreover, the boundaries of the solid particles have non-slip

boundary conditions that further limit any potential variation of ψ; the local

ψ varies only in the space between particles. As earlier mentioned, Voronoi

diagrams and Delaunay tessellations are used to sample the flow field through

a specific local configuration. If an approximation of the stream function

within a local configuration of particles is known, the vorticity in that local

configuration can be derived (see Eq. 3.2).

In the 2-D packed-bed model (Paper A), CFD results are used for the

nearest three particle configurations [30]. This results in nondimensional

coefficients that relate the average vorticity to the difference in the stream

14



CHAPTER 3. DISCRETE MODEL 3.2. DERIVATION OF STREAM FUNCTION

function within a local area. Such an approach is justified by the fact that

the vorticity is always highest at or at least near to the closest spacing be-

tween two neighboring particles, as estimated by the analytical formula in

Lundström and Gebart [32] and CFD calculations in Hellström et al. [33]

for periodic systems. As the energy dissipation rate quadratically depends

on vorticity, a linear system of equations with respect to the stream function

values for the particles can be found, and the velocity distribution can be

computed as illustrated in Figure 3.1 (for more details see, [30]).

In the 3-D packed-bed model (Papers B and C), the dual stream function

approach is used, wherein ψ has two components perpendicular to the main

flow direction [34]. Assuming a large porous system in shape of a rectangular

parallelepiped 0 ≤ x ≤ ax, 0 ≤ y ≤ ay, 0 ≤ z ≤ az with an average superficial

velocity U directed along the z-axis, the following boundary conditions can

then be specified for the dual stream function:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
ψx(0, y, z) = ψx(ax, y, z), ψy(0, y, z) = ψy(ax, y, z) − axU

2 ,

ψx(x, 0, z) = ψx(x, ay, z) + ayU
2 , ψy(x, 0, z) = ψy(x, ay, z),

ψx(x, y, 0) = ψx(x, y, az), ψy(x, y, 0) = ψy(x, y, az).

(3.3)

The relationship between the variation of the dual stream function and

the vorticity between neighboring particles is derived using Laurent series

(see Papers B and C). As a result, a discretized intergral of dissipation rate

of energy in a tetrahedron is derived. Then, the distribution of ψ follows

from the minimization of the total dissipation rate of energy (Eq. 3.1), which

creates a system of linear equations. An example of the distribution of the

dual stream function is shown in Figure 3.2.

Finally, an interesting test of the flow solution and packing generation

method in a 3-D packed-bed model is to study the relationship between per-

meability and porosity, which is performed in Appendix B in Paper B. The
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permeability/porosity relationship in the 3-D packed bed agrees well with

Rumpf and Gupte’s experimentally derived correlation for packed beds of

spheres; see Appendix B in Paper B. This result, in addition to the excellent

agreement between obtained dispersion coefficients and experimental data in

the literature, shows the suitability of this 3-D discrete method to model flow

and solute transport in packed beds.

3.3 Longitudinal dispersion

Transient longitudinal dispersion experiments are simulated in packed bed

models and concentration profiles are used to calculate DL. Considering a

2-D planar system (2-D setup in Paper A, see Figure 3.3a and b) and a rect-

angular parallelepiped (3-D setup in Papers B and C, see Figure 3.4a and b).

The main flow is directed upward, and on the lower side a constant concen-

tration c0 is applied, whereas on the upper side, there is no diffusional flux.

The side walls have periodic boundary conditions. In order to obtain the 1-

D concentration profile, the concentration is averaged in the perpendicular

direction to the main flow. This is then compared to the analytical results

for the 1-D advection-diffusion equation. The corresponding 1-D advection-

diffusion equation problem is set by Eq. 2.2 and the following boundary

conditions:

c = 0, 0 < x ≤ L, t = 0,

c = c0, x = 0, t ≥ 0,
∂c
∂x
= 0, x = L, t ≥ 0.

(3.4)

This set-up has the following approximate analytical solution [24]:
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c
c0
=

1
2

(
x − ut

2
√

DLt

)
+

1
2

exp
(

ux
DL

)(
x + ut

2
√

DLt

)

+
1
2

[
2 +

u(2L − x)
DL

+
u2t
DL

]
exp
(

uL
DL

)(
(2L − x) + ut

2
√

DLt

)

−
√

u2t
πDL

exp
[

uL
DL
− (2L − x + ut)2

4DLt

]
.

(3.5)

The exact solution of Eq. 2.2 when using the boundary conditions (Eq.

3.4) is in the form of an infinite series [35]. Equation 3.5 will provide an

accuracy of at least four significant digits when either of the following con-

ditions are satisfied

uL
DL
> 5 + 40

ut
L
,

or
uL
DL
> 100.

(3.6)

In other cases the exact solution via the CFITM code [36] within the

STANDMODE [37] software can be used to fit the effluent curve and thereby

calculate the DL. See Figure 3.5 as an example for fitted effluent curves ob-

tained from the 3-D setup in Paper B for calculation of DL.

Finally, the derived DL values are plotted vs. Pem and are further com-

pared to the available experimental data in the literature. An example of

such a curve is shown in Figure 3.6 for a 3-D setup in Paper B. As can be

seen from this Figure (3.6), the derived DL values are in excellent agreement

with the data from the literature. This suggests that the present approach

to study flow and dispersion in 3-D packed beds of spheres in the laminar

flow regime is acceptable (see Papers B and C). Note that similar results

are obtained for the 2-D setup and the obtained DL values are shown as PeL

vs. Pem; see Paper A. However, in general, comparing the 3-D model to its
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Figure 3.3: Concentration distributions in the calculations of DL (snapshots): (a) Pem = 0.2 and
ε = 0.3, Case A in Paper A, (b) Pem = 20 and ε = 0.4, Case C in Paper A. Final concentration
distributions in the calculation of DT : (c) Pem = 0.3, (d) Pem = 30.

2-D counterpart, the flow has an extra dimension to use in 3-D, which makes

the flow smoother. In the 2-D case, there is no flow through closely packed

cylinders and the flow must go around such constrictions. This may increase

the irregularities within the flow field and thus amplify the dispersion. Nev-

ertheless, there are several applications where the flow can be considered to

be 2-D, and, thus, a 2-D system is required to derive dispersion coefficients.

3.4 Transverse dispersion

In order to calculate the transverse dispersion coefficient, DT , in planar 2-

D systems (see Figure 3.3c and d) and 3-D rectangular parallelepipeds (see
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Figure 3.4: Concentration distributions for the derivation of DL (snapshots): (a) Pem = 0.1,
Case B in Paper B, (b) Pem = 10, Case A in Paper B. Final concentration distributions for case L
in Paper B for the calculation of DT : (c) Pem = 1, (d) Pem = 10.
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Figure 3.5: Flow-averaged (◦) concentration effluent curves for simulation C (Paper B) vs.
nondimensional time at Pem = 0.01, Pem = 0.1 and Pem = 10. The solid lines represent approxi-
mations via the analytical formula (Eq. 3.5). The volume-averaged concentration effluent curve
(+) is shown as an example for Pem = 10. The dashed curve shows the fitted effluent curve via the
CFITM code [36] for Pem = 0.01; t0 = L/u.
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Figure 3.6: Computed DL/Dm in the 3-D packed-bed model for simulations F and K (Paper
B) in comparison to 3-D experimental data from Edwards and Richardson [38], Blackwell et al.
[39], and Gunn and Pryce [40].

Figure 3.4c and d), a similar method to that developed by Coelho and Guedes

de Carvalho [27] is used.

The model consists of a packed bed with uniform porosity (ε) through

which the liquid flows at a superficial velocity of U (see Figure 3.7; note that

in the 3-D setup this Figure shows the cross-section of the 3-D rectangular

parallelepipeds). The inlet concentration is set to zero, whereas the concen-

tration of the side walls is fixed to a certain value c∗. Due to natural transverse

dispersion, a mass-transfer boundary layer will develop across which the so-

lute concentration will drop from c = c∗, at y = 0, to c → 0 at the opposite

side of the boundary layer. By defining a small control volume inside of this

boundary layer, a steady-state concenetration balance can be defined [27] as

follows:

u
∂c
∂x
− DT

∂2c
∂y2 − DL

∂2c
∂x2 = 0. (3.7)
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Figure 3.7: Schematic representation of the transverse dispersion numerical experiment setup.

There is no simple analytical solution for this planar problem; however, if

DL is neglected, then the solution is straight-forward. DL might be neglected

if L/d > 10 [27], a condition which is fulfilled in the simulations in this

thesis.

Thus, the set-up of the problem in the system 0 ≤ x ≤ L, 0 ≤ y ≤ a ne-

glecting DL is:

u
∂c
∂x
= DT

∂2c
∂y2 , (3.8)

c = 0, 0 ≤ x ≤ L, 0 < y < a, t = 0,

c = 0, x = 0, 0 < y < a, t ≥ 0,

c = c∗, 0 ≤ x ≤ L, y = 0 ∪ y = a, t ≥ 0,

(3.9)
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for which an analytical solution for the constant u and DT can be calculated

as follows:

c
c∗
=

[
y

2
√

Dt
x
u

]
+

[
a−y

2
√

Dt
x
u

]

1 +
[

a
2
√

Dt
x
u

] . (3.10)
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Figure 3.8: Computed DT/Dm in the 3-D packed-bed model for simulations N and P in Paper
B in comparison to 3-D experimental data from Hassinger and Rosenberg [41], Blackwell [42]
and Coelho and Guedes de Carvalho [27].

As an example, the derived DT/Dm values vs. Pem is shown in Figure 3.8

for a 3-D setup in Paper B. Like the longitudinal dispersion simulation, the

derived DT/Dm values are in excellent agreement with previous experimental

data, validating the proposed method herein to simulate transverse dispersion

experiments in packed beds.
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3.5 Effects of packing parameters

An interesting feature of the present discrete modeling approach is that it

facilitates investigation of the effects of different packing parameters on dis-

persion coefficients.

Effects of Particle-Size Distribution

Most of the experimental and numerical investigations that have been per-

formed to study dispersion have been focused on uniform-sized packed beds

(for an overview, see Delgado [20]). However, in many cases, the packed bed

is filled with different-sized particles. Therefore, it is of interest to under-

stand in detail how a non-uniform distribution of the particle size influences

the dispersion, which in turn is likely to influence the intensity of the chem-

ical reactions. In Paper C, a rather comprehensive study on the effects of

particle-size distribution on the longitudinal dispersion coefficient is carried

out. The packed-bed models consist of uniform and different-sized spherical

particles with a ratio of maximum to minimum particle diameter in the range

of 1–4; see Paper C. One result is that at Pem >1, for a system with constant

porosity of 0.4, increasing the maximum to minimum particle diameter from

1 to 4, increases DL by roughly 18%; see Figure 3.9.

Effects of Porosity

For very low fluid velocities, dispersion is dominated by molecular diffusion,

wherein the following condition is valid [43]:

DL

Dm
=

DT

Dm
=

1
τ
, (3.11)

where τ is a tortuosity factor. As the system becomes more densely
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packed, that is, as the porosity of the medium decreases, the sinuosity of

the flow path increases. Therefore, decreasing the porosity of the packed bed

results in an increase of τ, which in turn reduces DL and DT in the molecular

diffusion regime (Eq. 3.11). This is observed both in 2-D and 3-D discrete

packed-bed models (see Papers A and B as well as Figure 3.9 for Pem 	
1). At higher velocities, the dispersion is nearly independent of the porosity.

However, the various dispersion mechanisms at high velocities make it prob-

lematic to determine the effect of porosity on the dispersion coefficients.

0,01 0,1 1 10 100

1

10

100

D
L/D

m

Pem

 ε=0.4, dmax/dmin= 1
 ε=0.4, dmax/dmin= 4
 ε=0.345, dmax/dmin= 4
 Gunn & Pryce
 Edwards & Richardson
 Blackwell et al.

Figure 3.9: Calculated DL/Dm in the 3-D packed-bed model (Paper C) with L = 1 m for
uniform and different-sized particles in comparison to 3-D experimental data from Edwards and
Richardson [38], Blackwell et al. [39], and Gunn and Pryce [40].
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Effects of Packing Structure

Packing structure is another important packing parameter. The results from

the discrete modeling approach show that variation of packing structure from

random to regular packing changes the obtained dispersion coefficients no-

ticeably. See Figures 3.6 and 3.8 for differences between the obtained DL

and DT , respectively (3-D model Paper B). When the system is packed reg-

ularly, τ decreases and thus DL and DT increase at very low Pem (see Figures

3.6 and 3.8). The reason is that in the case of regular packing the flow path

is less tortuous, which in turn decreases τ. At higher Pem, however, DL and

DT are much lower for the regular systems compared to their counterparts

for randomly packed systems (see Figures 3.6 and 3.8). The same results are

found in the 2-D discrete packed-bed model (Paper A).
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Chapter 4
Continuum Model

4.1 Background

As a solute travels through a porous medium (e.g., soil) it can be subjected to

a number of different processes by which it can be removed from the porous

medium. For instance, considering solute movement in groundwater, it can

be sorbed onto the surfaces of the mineral grains of the aquifer, participate in

oxidation-reduction reactions and undergo chemical precipitation, etc.

The 1-D advection-dispersion equation (Eq. 2.2) can be modified to in-

clude many removal mechanisms, such as nonlinear non-equilibrium reac-

tions between the solid and liquid phases and precipitation/dissolution re-

actions. In Paper D Eq. 2.2 is modified to take into account sorption of

dissolved P and in Paper E a case where precipitation/dissolution reactions

occur is considered. A short description of methods and main results are pre-

sented in this chapter. For full details on the continuum modeling approach

see Papers D and E.

4.2 Continuum model I

Paper D investigates the feasibility of modeling PO4-P transport and re-

moval in fixed-bed column experiments filled with Filtra P by means of the

1-D advection-dispersion equation (Eq. 2.2) and a Langmuir isotherm. The
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lab-scale column experiments are explained in Paper D. The modified 1-D

advection-dispersion equation to include sorption can be expressed as [44]

∂c
∂t
+ u
∂c
∂x
= DL

∂2c
∂x2 −

ρ

ε

∂q
∂t
, (4.1)

where ρ is the bulk density (kg m3), and q is the solid phase concentration

(g kg−1).

The fitted Langmuir equation to the initial part of the isotherm (see Paper

D) obtained by batch experiments (Paper F) is coupled with Eq. 4.1 with

flux boundary condition at the inlet and no concentration gradient condition

at the outlet.

The model successfully simulates the PO4-P effluent curve of a column

experiment in Paper D; see Figure 4.1. For more results and discussion see

Paper D.

Figure 4.1: Simulated and experimental PO4-P efflunet curves for column A in Paper D.
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4.3 Continuum model II

In the second continuum modeling approach (Paper E), the hydro-geochemical

transport code PHREEQC [11], is used to model the dissolution/precipitation

of minerals, transport of dissolved species and P removal in the lab-scale col-

umn filled with Filtralite® P. PHREEQC [11] is a freeware program that is

designed to perform a wide variety of low-temperature aqueous geochemical

calculations.

Columns with a diameter of 74 mm were used in the experiments and run

in up-flow mode using peristaltic pumps. For even flow distribution, a ca. 30

mm thick layer of glass beads (diameter 4 mm) was placed at the bottom of

the columns. The phosphate solution was prepared by dissolving KH2PO4 in

distilled water. Effluent samples were taken at least twice weekly from the

plastic containers for each column. Samples were analyzed with respect to

dissolved P (filtered through a 0.45 μm filter). pH was measured from grab

samples of the outflow taken at the same time as the effluent samples. The

obtained dissolved P effluent curves for Filtralite® P are further modeled in

Paper E .

The X-ray powder diffraction (XRPD) and Fourier transform infrared

(FTIR) spectroscopy experiments were performed to identify the reactive

phases in the Filtralite® P. Both of the analyses were carried out on a fresh

and a used sample of Filtralite® P. For full details regarding these analyses

and their results see Paper E.

In general, calcium-based filter materials release calcium ions to the solu-

tion phase through kinetically constrained dissolution processes. Then, Ca-P

compounds are precipitated at high pH, which causes subsequent removal of

P from the wastewater [45]. For Filtralite® P, lime (CaO) and wollastonite

(CaSiO3) are chosen as the material phases in the model that are subjected to
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kinetically constrained dissolution of Ca2+ and OH- ions necessary for Ca-

P precipitation (see Paper E). Several Ca-P compounds are included in the

model as possible precipitating phases (see Table 1 in Paper E). The kineti-

cally constrained dissolution of mineral phases from Filtralite® P is modeled

with a general rate law for the change in solute concentration due to mineral

dissolution/precipitation reactions [46]:

R = k
A0

V
(

m
m0

)n(1 − Ω), (4.2)

Where, R is the overal reaction rate (mol L−1s−1); k is the specific rate

(mol m−2s−1); A0 is the initial surface area of the mineral (m2); V is the

volume of solution (m3); m0 is the initial molar concentration of solid; m

is the molar concentration of solid at a given time; and Ω is the saturation

state = IAP/K (IAP = ion activity product, K = solubility constant). The

factor (m/m0)n accounts for changes in surface area A0, or more precise, of

reactive surface sites, during dissolution. For a monodisperse population of

uniformly dissolving or growing spheres and cubes, n = 2/3, because m is

proportional to the volume, or r3 (here r is the radius of the sphere) while the

surface area is proportional to r2 [46].

In the model, the dispersivity of the porous medium (α = DL/v, where

v being pore-water velocity) is estimated based on the DL/Dm curve in Pa-

per B. The molecular diffusion coefficient (Dm) of the PO4-P for the exper-

imental condition in the study is estimated based on the Wilke and Chang

equation [47] and all the dissolved species that are transported assumed to

have the same (Dm). The chemical characteristics of infiltrating solution in

the model (i.e., P concentration, pH, etc.) are adjusted to meet those in the

influent solution in the column experiment. The model is calibrated to fit the

laboratory data (i.e., dissolved P effluent curve) by varying three parameters
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for each mineral phase (i.e., wollastonite and lime (CaO)): specific rate con-

stant k, the initial molar concentration of solid m0 and the initial surface area

A0.

Main results are presented in Figures 4.2-4.3, and are fully explained in

detail in Paper E. As can be seen from Figure 4.2 the model could fit the

effluent curve reasonably well. In the model, the high P removal before

breakthrough (up to about 10 BV) is mainly associated with the very fast

dissolution of lime (CaO) and a subsequent precipitation of amorphous tri-

calcium phosphate (Figure 4.3). After the breakthrough in the model, the

lime (CaO) is depleted and only the dissolution of wollastonite governed the

P retention, see Figure 4.3.
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Figure 4.2: Modeled and measured calcium and dissolved P concentrations (a) and modeled
and measured pH (b) in the filter effluent vs. bed volumes for the column experiment at low
loading rate (97 ± 3 L m-2 d-1).
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Figure 4.3: Modeled kinetically constrained dissolution of wollastonite and lime (CaO) vs. bed
volumes for the column experiment at low loading rate (97 ± 3 L m-2 d-1).
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Chapter 5

Overall Discussions

The main objective of the present thesis has been to investigate and develop

methods that can be used to model the flow and solute transport in packed

beds in general, as well as dissolved P transport and removal in a laboratory-

scale packed bed that is filled with P filter materials.

One relatively simple method to model dissolved P transport and removal

in a packed bed, is to use the modified 1-D advection-dispersion equation

to include phenomena like sorption and dissolutions/precipitations, see Pa-

pers D and E. In general, these 1-D models are easy to apply and this can

be considered as an advantage. For example, it is possible to make a con-

ceptual model about compounds to be precipitated or dissolved, in kinetic or

equilibrium and implement them in these models (for example in PHREEQC

[11]). Then, by defining reasonable parameter ranges and with the help of

some numerical simulations (and uncertainty analysis), one can judge if the

conceptual model reproduces reasonable responses of the system, and more

important, help to identify the key output parameters. These output parame-

ters should then be measured in a lab-scale column experiment with a P filter

material to verify such a 1-D model. However, in these models the average

pore-water velocity and disperisvity are used as effective parameters to de-

scribe the movement of a solute in the packed bed. This can be seen as a

limitation of the continuum modeling approach since the detailed flow is not
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resolved. Moreover, the continuum modeling approach is, in general, too

simple to be able to account for the rather complex physics and chemistry

taking place in a P filter on the pore-scale. Therefore, additional modeling

techniques need to be developed. In this thesis, two approaches in this direc-

tion are presented by developing 2-D and 3-D discrete packed-bed models.

The flow and nonreactive solute transport in these systems are modeled and

dispersion coefficients are derived. The 2-D packed-bed model is more com-

putationally efficient as compared to its 3-D counterpart while of course 3-D

usually represents reality in a better way than 2-D. The advantage of any

one of these models is that the flow within each individual pore is resolved.

Hence, the detailed geometry of packed beds is considered. This will, for

instance, make it possible to include the formation, transport and mechanical

filtration of particles in future work, see [48, 49].

Finally it is worth to point out that the effective parameters for a contin-

uum model can be estimated from a discrete model as it was exemplified in

Paper E, where dispersivity actually was estimated from the 3-D discrete

model here presented.
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Conclusions and Future Work

The discrete modeling approach presented in this thesis has a great potential

to be used for performing detailed pore-scale flow and mass transport simu-

lations in randomly packed beds of particles in the laminar flow regime. One

main advantage of the present method is that simulations can be carried out

with thousands of particles. The minimization of dissipation rate of energy

approach complemented with Voronoi discretization is found to be an effec-

tive tool to find the whole flow pattern in the packed-bed model. The use of

dual stream functions enables effective flow visualization in porous media.

The discrete model approach makes it possible to examine the effects

of different packing parameters on the dispersion coefficients. The results

show that at Pem > 1, increasing the width of the particle-size distribution

of the packed bed increases the dispersion coefficients. More specifically,

at Pem > 1, for a packed bed of spherical particles with a constant porosity

of 0.4, increasing dmax/dmin from 1 to 4, increases DL by about 18%. In

the molecular diffusion regime (i.e., Pem 	 1) and for a system of spherical

particles with constant porosity an increase of dmax/dmin implies a reduction

of DL.

Another important packing parameter is the pore structure, as the type of

packing in fixed beds affects the local fluid, heat, and mass transport and thus

influences macroscopic variables such as dispersion. The simulations yield
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that changing the pore structure from random to regular packing decreases

the tortuosity factor of the porous medium. Therefore, a regular packing

system shows higher values of DL and DT at very low Pem, where dispersion

is dominated by molecular diffusion. However, at higher Pem (e.g., Pem > 2

for 3-D systems of spherical particles) because of the lower irregularity of

the flow front in the case of regular packing, the resulting DL and DT are

lower compared to a system that has been packed randomly.

Analysis demonstrates that the tortuosity factor decrease as a function of

increasing porosity. Thus, for identical systems, as the porosity decreases

the tortuosity factor increases, which in turn decreases the DL and DT in the

molecular diffusion regime as it is also shown with the simulations. Nev-

ertheless, this thesis suggests that the effects of porosity at high Pem are in-

significant.

The developed discrete model in this thesis focuses on mass transfer in

packed beds; however, the approach is applicable to a number of other in-

teresting areas. For example, it would be interesting to apply the present

discrete model to study heat transfer and drying process such as drying of

iron ore pellets.

For future work, it would be interesting to add chemical reactions to the

discrete model presented. For example, a discrete packed bed model that

accounts for dissolution of minerals from particles along with precipitation

of possible P-products. Additionally, it would be interesting to add the effects

of clogging by precipitation in the discrete particle model. That would make

a dramatic influence in the obtained flow pattern and further dynamics.

The hydro-geochemical transport code PHREEQC [11], can reasonably

well simulate the possible dissolved P removal scenario that occurs in lab-

scale columns containing the silicate-based sorbent Filtralite® P. The model

proposed accounts for the main P removal mechanism occurring in alkaline
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filter materials, which is the precipitation of Ca-P compounds [50]. The

model presented in this thesis is simplified and several aspects are not taken

into account, such as adsorption processes that might play a role in some

P filter materials, the removal of particle-bound P from wastewater, etc. It

would be interesting to further develop this method and apply it to other P

filter materials to elucidate their P removal mechanisms.
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Chapter 7
Division of Work

Paper A

The Calculations of Dispersion Coefficients Inside Two-dimensional

Randomly Packed Beds of Circular Particles.

Jourak, A., Frishfelds, V., Lundström, T. S., Herrmann, I. and Hedström, A.

The method was developed by Jourak, Frishfelds and Lundström based on

discussions by all of the authors. The simulations were performed by

Frishfelds and partly by Jourak. The analysis of the results and most of

writing of the paper was done by Jourak. All authors contributed to the

outline of the work and writing of the paper.

Paper B

Numerical Derivation of Dispersion Coefficients for Flow Through 3-D

Randomly Packed Beds of Spheres.
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The longitudinal (DL) and transverse (DT) dispersion coefficients in two-dimensional (2-D) randomly packed beds of
circular particles in a laminar flow regime are derived. A 2-D discrete system of particles is divided into cells using
modified Voronoi diagrams. The relationship between the variation of the stream function and the averaged vorticity is
obtained from computational fluid dynamics (CFD) simulations. The whole flow pattern is then obtained by using the
principle of energy dissipation rate minimization. The obtained values of DL agree well with 3-D experimental data for all
velocities investigated. At very high velocities, DT in 2-D appears to be higher than 3-D experimental data. In addition, the
effects of particle-size distributions, packing structure, and porosity on the DL and DT were studied. One result was that an
increase in the width of the particle-size distribution resulted in higher values of DL and DT at high velocities. VVC 2012

American Institute of Chemical Engineers AIChE J, 59: 1002–1011, 2013
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Introduction

The study of dispersion in flow through porous media is a
significant issue in many branches of science and engineering,
and has direct applications in several industries. For example,
dispersion may be a central mechanism in the miscible dis-
placement of oil and gas, the disposal of sewage waste into
aquifers, and for flow through reactive compact-bed filters that
are used for on-site sanitation systems. In the refining industry,
the hydrodynamic dispersion properties inside packed-bed
reactors are of utmost importance to control adsorption effi-
ciency during the purification and separation processes of
chemical species by an adsorption removal mechanism.
Another significant application is the impregnation of fabrics
during composites manufacturing. In this case, the flow is of-
ten on several scales and different kinds of particles may be
added to the fluid.1–5 Papermaking is yet another area of appli-
cation as well as the manufacturing of new biocomposites
where wicking may play a significant role.6–9

Ever since the experiments of Slichter10 and the early
studies of Taylor11 and Aris,12,13 this topic has been widely
studied in both experimental and numerical contexts, and
many books have addressed it (e.g., Bear,14 Scheidegger,15

Dullien16). A large number of theories based on probabilistic
approaches have been used to describe dispersion in porous
media, including the theory of Saffman,17,18 who modeled a
porous medium as a random network of capillaries, and

Koch and Brady.19 Experimental measurements of longitudi-

nal (DL) and transverse (DT) dispersion coefficients are nor-

mally conducted separately. In order to measure DL, packed-

bed column experiments are usually performed with an inert

tracer. Depending on the adopted boundary conditions, and

by neglecting transverse dispersion, an effluent curve is fitted

with available analytical solutions (for an overview see, van

Genuchten and Alves20) to the following 1-D advection-dis-

persion equation

@c

@t
þ u

@c

@x
¼ DL

@2c

@x2
; (1)

where c is the mean solute concentration, t is time, x is the
distance in the main flow direction, u is the average interstitial
liquid velocity, which is defined as u ¼ U/e, where U is the
superficial liquid velocity, and e is the bed voidage. The
measurement of transverse dispersion is normally more
difficult than the measurement of longitudinal dispersion.15

Generally, the methods that are used to estimate DT are based
on either tracer tests or dissolution tests. For instance, the
methods that have been used to measure transverse dispersion
in laboratory columns include the continuous point source and
the instantaneous finite source methods.21 These methods
consist of injecting a nonreactive tracer from an injector that
has been embedded into a porous medium followed by
concentration variation monitoring at several points that are
downstream of the injection point. Another method of DT

determination, developed by Coelho and Guedes de Carval-
ho,22 is based on the measurement of mass transfer rates

Correspondence concerning this article should be addressed to A. Jourak at
amir.jourak@ltu.se.
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between flat or cylindrical surfaces that have been buried in a
bed of inert particles and the flow flowing along it. The results
from such experiments, with different solutes and temperature
conditions, are typically plotted as either DL/Dm (or DT/Dm) vs.
Pem (¼ ud/Dm), or as PeL (¼ ud/DL) or PeT (¼ ud/DT) vs. Pem
with the corresponding Schmidt numbers (Sc ¼ l/qDm). In
these expressions, Dm is the molecular diffusion coefficient, d
is the inert particle diameter, and q is density of the liquid.
Such curves can be used to find correlation functions as
outlined in Delgado.23 When available in the literature, these
validated correlations are used to estimate the dispersion
coefficients inside packed-bed columns.

Hydrodynamic dispersion in a porous medium can also be

investigated and predicted with numerical simulations. In

fact, using validated numerical simulation methods is advan-

tageous because they can provide significant time savings.

Moreover, one can access and study transport properties

(i.e., hydrodynamic dispersions) in the porous medium at the

pore scale, which is neither easily measurable nor feasible

using experimental methods. The dispersion of solute during

flow in porous media is a macroscopic phenomenon domi-

nated by pore-scale effects.24 One numerical method to

determine hydrodynamic dispersion inside packed beds of

spherical particles is by means of computational fluid

dynamic (CFD) simulation.25–28 One main problem with this

approach is that simulations of large systems of particles

become very time-consuming. In addition, it is difficult to

discretize the contact point between the particles; hence, it is

often essential to contract the particle diameters so as to

allow CFD calculations.25 This particle contraction process

increases the porosity of the packed-bed model and directly

affects the dispersion parameters. Another issue is related to

the meshing around the particles in the packed-bed model,

that is, the suitability of the mesh must be analyzed in

order to estimate the precision of the calculated mass-

transport parameters.
This article examines detailed simulations of mass trans-

port in 2-D packed-bed models in a laminar flow regime.
The porous medium in focus consists of a discrete system of
thousands of particles that are randomly packed in a 2-D do-
main. Modified Voronoi diagrams are used to divide the sys-
tem of particles into cells that each contains one particle.
The flow pattern inside of the porous medium is obtained by
minimization of the energy dissipation rate.29 A similar dis-
crete model of a bed of particles was used to model the dry-
ing of a bed of iron ore pellets,30 and to study filtration
mechanisms during composites manufacturing,31 as well as
internal erosion processes.32 In this study, the boundary con-
ditions of the 2-D domain were adapted in order to perform
longitudinal dispersion numerical simulations so as to calcu-
late DL. To study DL for each position and time along the
packed-bed model, concentration profiles were fitted with the
appropriate analytical solutions in order to enable dynamic
numerical simulations. By introducing other boundary condi-
tions to the 2-D domain, a method similar to that developed
by Coelho and Guedes de Carvalho22 was used to study DT.
The results from these 2-D numerical simulations are pre-
sented as PeL and PeT vs. Pem, and are further compared to
2-D theoretical and 3-D experimental results. Moreover, few
investigations have been performed on the effects of particle-
size distributions,33–38 packing structure, and porosity39 on
the dispersion coefficients; therefore, it is of interest to scru-
tinize how they influence the dispersion coefficients.

Numerical

Discrete model of a bed of particles

The consideration of a porous medium as a discrete sys-
tem of particles facilitates the study of the statistical varia-
tion of the macroscopic mass-transfer coefficient that is
caused by microscopic stochasticity. Such variation may
originate from the size and shape distributions of the par-
ticles and their positions; however, in this case, the shape is
always circular, whereas the sizes and positions are allowed
to vary. In addition, the methodology proposed herein makes
it possible to include the natural dispersion of an inert solute
in a liquid through the porous medium. Particles can come
into contact with each other, which leads to an absence of
mass transport between these particles. Nevertheless, there is
no need to particularly include this case, as an infinitesimal
distance between particles leads to an infinitesimal mass
transport through the gaps between them.

The system must be randomized in a proper way, since
any systematic inhomogeneity may lead to that the concen-
tration front travelling at different speeds and an amplifica-
tion of the longitudinal dispersion in a long system (see,
e.g., Huang et al.40). This is not the case of this random sys-
tem with periodic boundary conditions, and the obtained dis-
persivity should be referred as the bulk dispersivity for a
system with limited structural variety.

Voronoi discretization of the system

Using Voronoi diagrams, the system of particles is divided
into cells that each contains one particle. Since the particles
can have different sizes, a modified version of the Voronoi
discretization process is used such that the Voronoi lines do
not cross the surfaces of the particles.29 The closest Voronoi
lines (with respect to the surfaces of the particles) are placed
in the middle of the two nearest surfaces of the particles and
are perpendicular to the lines that connect the centers of the
particles (see Figure 1b).

Derivation of the stream function

The particles are assumed to be impermeable, and liquid
is assumed to percolate around the particles as it moves
through the bed. Therefore, the stream function is constant
along the surface of any given particle. No-slip boundary
conditions further limit any potential variation of the stream
function. The vorticity distribution results from the distribu-
tion of the stream function. For that reason, CFD results are
used for the nearest three particle configurations.29 This
results in nondimensional coefficients that relate the average
vorticity to the difference in the stream function within a
local area. Such an approach is justified by the fact that the
vorticity is always highest at or at least near to the closest
spacing between two neighboring particles, as estimated by
the analytical formulas in Lundström and Gebart41 and the
CFD calculations in Hellström et al.42 for periodic systems.
For low Reynolds number (Re), the energy dissipation rate
can be minimized according to the following equation

Z
lx2dV ¼ min; (2)

where x is the vorticity that was used to obtain the distribution
of the stream function.29,43 This is, for instance, true for
laminar flow as in reactive compact-bed filters. Because the
energy dissipation rate quadratically depends on vorticity, a
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linear system of equations with respect to the stream function
values for the particles can be found, and the velocity
distribution can be computed as illustrated in Figure 1.

Molecular diffusion

The application of Voronoi diagrams facilitates the cal-
culation of molecular diffusion in the space between par-
ticles. Thus, the complete mass transport, taking into
account the detailed flow patterns in the system, can be
derived. The liquid flows along the Voronoi lines in the
system, and the same is true for diffusion. Each Voronoi
line segment has two neighboring Voronoi lines at one end
point, and two Voronoi lines at the other end point. The
result is a channel-like network of heat and mass transport
where each channel is represented by one Voronoi line.
The smallest width of the channel is at the location
between two neighboring particles, whereas the width of
the channel is wider at the connection points of three Vor-
onoi lines. This makes it possible to build a network model
where each node is placed at a connection point of three
Voronoi lines. Each channel that connects neighboring
nodes must have a proper heat and mass resistance. The
effective width-to-length ratio of the channel deff, is calcu-
lated in such a way that it has the same mass transport
properties as a real channel between two round particles.
It can be found by the same approach as in Lundström
and Gebart41 when deriving the transverse permeability of
fiber bundles. In this case deff is defined by an integral
according to

1

deff
¼

Z x2

x1

1

d0 þ r1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 � x2

p
þ r2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22 � x2

p dx

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r1r2
d0ðr1 þ r2Þ

s
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1 þ r2
2d0r1r2

r
x

� ������
x2

x1

; ð3Þ

where the integral is taken over the actual spacing between
particles along one Voronoi line with length l ¼ x2 � x1
assuming that the smallest distance between the particles d0 at
x ¼ 0 is much smaller than the radius of particles r1 and r2.
This is valid if the porosity of the system is low or the system
is well packed. Equation 3 can be further simplified by
assuming that arctangent for a small d0 and a long Voronoi
line is unity, yielding the following expression

1

deff
� p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r1r2

d0ðr1 þ r2Þ

s
: (4)

As can be seen, the result does not depend on the length
of the channel, which is a consequence of all the resistance
to mass and heat transport stem from the space where the
distance between particles is smallest with the assumptions
introduced. The discretized mass-transport equation becomes

Vk
@ck
@t

þ v0k1d0k1c0k1 þ v0k2d0k2c0k2 þ v0k3d0k3c0k3

¼ Dm deff k1
ck1 � ck

lk1
þ deff k2

ck2 � ck
lk2

þ deff k3
ck3 � ck

lk3

� �
;

(5)

where Vk is the volume of the cell; k1, k2, k3— indices for
neighboring cells in the space between particles; 0k1, 0k2,
0k3— indices for the position toward neighboring cells at the
smallest spacing; v is the velocity component going outwards
at the corresponding spacing. Since the flow rate is slow in
spaces between closely packed particles, the mass transfer rate
at these locations is low. The discrete numerical schemes for
the advection-diffusion equation may have numerical instabil-
ity. Therefore, a corrected upwind numerical scheme is used.
This choice may slightly increase the apparent diffusion for
very high flow rates; however, the approach is valid when the
discretization Peclet number (Pedis ¼ uddis/Dm, where ddis is
the size of discrete element) is small (i.e., Pedis\ 1). Since the
size of an element is comparable with the particle diameter,
Pem ¼ 200 is used as the uppermost limit where the numerical
scheme remains accurate for the purposes of the study, i.e.,
dispersion in flow through a packed bed in a laminar flow
regime. Herein, only molecular diffusion is assumed as
diffusion mechanism and the effect of turbulence is neglected.
This is valid if Re with respect to the particle diameter remains
small (i.e., Re\ 100 42) or Sc at any given Pem remains large
(i.e., Sc � 1). Additional dispersion associated with parabolic
velocity profiles in the narrow gaps is important only at Pem �
1 and can be neglected for the given range of velocities.

Longitudinal dispersion

In order to calculate DL, a rectangular 2-D planar system
consisting of a random distribution of particles is studied.
The main flow is directed upward, and on the lower side a
constant concentration c0 is applied, whereas on the upper
side, there is no diffusional flux. The side walls have periodic
boundary conditions. Because of the random distribution of

Figure 1. Examples of 2-D systems with dimensions
5.0 3 0.5 m2 that consist of about 15,000
particles.

The color represents the value of the stream function for

each particle, (a) simulation F, (b) part of Figure 1a

showing the Voronoi mesh, (c) simulation D, and (d)

part of Figure 1c showing the packing structure in simu-

lation D. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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particles, there is a slight variation in concentration in the
direction that is perpendicular to the main flow direction.
Therefore, the concentration is averaged in the perpendicular
direction in order to obtain the 1-D profile of the flow front.
The averaged concentration is calculated as volume-averaged
concentration ¼ R a

0

R xþD=2
x�D=2 cdxdy=ðaDÞ, and flow-averaged

concentration ¼ R a
0
uxcdy=

R a
0
uxdy, where a is the width of

the 2-D packed bed, D is the thickness of the thin layer for
the volume averaging, and ux is the velocity component in
the x-direction of the discrete 2-D domain. This is then com-
pared to the analytical results for the 1-D advection-diffusion
equation.

The corresponding 1-D advection-diffusion problem is set
by Eq. 1, and the following boundary conditions

c ¼ 0; 0\ x � L; t ¼ 0;

c ¼ c0; x ¼ 0; t � 0;

@c

@x
¼ 0; x ¼ L; t � 0:

(6)

This setup has the following approximate analytical
solution20

c

c0
¼ 1

2
erfc

x� ut

2
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DLt
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DLt
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ffiffiffiffiffiffiffiffiffi
u2t

pDL

s
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uL
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4DLt

" #
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The exact solution of Eq. 1 when using the boundary con-
ditions (Eq. 6) is in the form of an infinite series. Equation 7
will provide an accuracy of at least four significant digits
when either of the following conditions are satisfied20

uL

DL
> 5þ 40

ut

L
; or

uL

DL
> 100; ð8Þ

where Pec ¼ uL/DL is a column Peclet number. In the
numerical simulations here presented, only at very low Pem,
i.e., Pem \ 0.2, the aforementioned conditions are not
satisfied; however, the approximate solution, Eq. 7, and the
exact solution (via the CFITM code44) are used to fit the
effluent curves that are obtained from the model as an example
for one numerical simulation at low Pem. The difference
between the approaches will, therefore, be scrutinized.

The DL that is used to calculate PeL was obtained by com-
paring the numerical result to the analytical solution of the
1-D problem, Eq. 7, for a fixed u. This can be achieved by
either fitting the analytical solution to the concentration pro-
file as a function of x at a fixed time t, or by fitting the ana-
lytical solution to the concentration profile as a function of t
for a fixed coordinate x. The fitting is done using Newton’s
optimization technique in combination with the least-squares
method. In order to achieve such a fitting, the first and
second derivatives of the analytical solution must be known.
The initial guess of DL must be in the vicinity of the exact
value in order to establish a correct fitting.

In the numerical simulation, a fixed U and e were imposed
on the setup. Therefore, a fixed u for the estimation of DL

(as described earlier) was used. Another approach that is of-

ten applied in packed-bed column experiments is to simulta-
neously fit both u and DL to the measured breakthrough
curve. One reason for this is that the measured e before
experiments might slightly differ from that in the packed
bed during the experiments. For instance, consider the case
that the large pores in the packed bed are clogged by small
particles during the experiment, which can cause variation in
the e. Moreover, the material that is used in the packed-bed
column experiment can be heterogeneous, which can lead to
variations in u along the bed (see comparison between effec-
tive pore-water velocities in homogeneous and heterogene-
ous column experiments in Huang et al.40). In the current
numerical setup, however, there is a homogeneous porous-
medium model, and the particles are not allowed to move
during the numerical simulation; hence, e and u are constant
during the numerical simulations.

Transverse dispersion

In order to calculate DT in planar 2-D systems, a similar
method to that developed by Coelho and Guedes de Car-
valho22 was applied.

The model consists of a 2-D planar packed bed with uni-
form e through which the liquid flows at a superficial veloc-
ity of U (see Figure 2). The inlet concentration is set to
zero, whereas the concentration of the side walls is fixed to
a certain value c*. Due to natural transverse dispersion, a
mass-transfer boundary layer will develop across which the
solute concentration will drop from c ¼ c*, at y ¼ 0, to c !
0 at the opposite side of the boundary layer. By defining a
small control volume inside this boundary layer, a steady-
state concentration balance can be defined as follows22

u
@c

@x
� DT

@2c

@y2
� DL

@2c

@x2
¼ 0: (9)

There is no simple analytical solution for this planar prob-
lem; however, if DL is neglected, then the solution is easily

Figure 2. Schematic representation of the transverse
dispersion numerical simulation setup.
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obtainable. This can be done if L/d [ 10 22, a criterion that
is fulfilled in this numerical simulations since L/d[ 41.

Thus, the setup of the problem in the system 0 � x � L,
0 � y � a neglecting DL is

u
@c

@x
¼ DT

@2c

@y2
; (10)

c ¼ 0; 0 � x � L; 0\ y\ a; t ¼ 0;

c ¼ 0; x ¼ 0; 0\ y\ a; t � 0;

c ¼ c�; 0 � x � L; y ¼ 0 [ y ¼ a; t � 0;

(11)

for which an analytical solution for constant u and DT can be
derived as follows

c

c�
¼

erfc y

2
ffiffiffiffiffiffi
DT

x
u

p
� �

þ erfc a�y

2
ffiffiffiffiffiffi
DT

x
u

p
� �

1þ erfc a

2
ffiffiffiffiffiffi
DT

x
u

p
� � : (12)

In Eq. 12, the sum in the numerator approximates the side-
wall contribution, whereas the denominator normalizes the sum
such that boundary conditions at both side walls are satisfied.

The major difference between this method and that of
Coelho and Guedes de Carvalho22 is that in their 3-D experi-
mental method, the dissolving cylinder was placed along the
axis of the packed bed, and the magnitudes of DT were esti-
mated based on the mass transfer rates between the soluble
cylinder and the fluid flowing parallel to it.

System setup

The characteristics of the setups that were used for the nu-
merical simulations are shown in Table 1 and Table 2. The
flow was laminar (i.e., Re \ 100 42). The standard porosity
of the system (e) was 0.35; however, in order to study the
effects of porosity on the dispersion coefficients, porosities
of 0.25, 0.30, and 0.40 were also used in some setups. When

the system was not packed with isometric particles (d ¼ 12
mm), the diameters of the particles that were used in these
simulations ranged from 8 to 16 mm, 6 to 18 mm, and 4 to
20 mm. Variations of particle-size distribution were per-
formed to investigate its effects on the dispersion coeffi-
cients. In order to study the effects of packing structure on
the dispersion coefficients, randomly packed systems were
compared to piecewise-regularly packed systems (as in poly-
crystalline).

Results and Discussion

Transient and steady-state numerical simulations were per-
formed with the 2-D porous-medium model in order to cal-
culate DL and DT, respectively. For very low fluid velocities
(u ! 0), dispersion is dominated by molecular diffusion,
wherein the following condition is valid45

DL

Dm
¼ DT

Dm
¼ 1

s
; (13)

where s is a tortuosity factor. This tortuosity factor is different
than the purely geometrical tortuosity, as the former is the
square value of the latter.46 The cases for low velocities are
exemplified in Figure 3a and 3c for the longitudinal and
transverse dispersion simulations, respectively. Increasing the
velocity by two-orders of magnitude results in very different
concentration distributions (see Figure 3b and 3d).

As indicated in Figure 3b, the concentration front is far
from being a straight line in the direction perpendicular to
the primary flow direction. This is due to the natural disper-
sion that occurs in a random system of particles, as previ-
ously described.

The estimation of DL

Concentration profiles can be derived from the transient
longitudinal dispersion simulations, as exemplified in
Figure 4 for numerical simulation B4. By fitting Eq. 7 to
these concentration distributions (solid lines), the values of

Table 1. Characteristics of Setups used for the Longitudinal Dispersion Simulations

Case e
Particle

diameter [mm]
System
size [m2] s

DL /Dm at
Pem ¼ 0.02

DL /Dm at
Pem ¼ 0.2

DL /Dm at
Pem ¼ 2.0

DL /Dm at
Pem ¼ 20

A 0.30 12 5.0 � 0.5 1.47 0.68 0.78 2.98 33.6
B1–4 0.35 12 5.0 � 0.5 1.39 0.715 	 0.006 0.83 	 0.01 3.00 	 0.08 34.0 	 0.3
C 0.40 12 5.0 � 0.5 1.37 0.73 0.85 2.90 36.0
D* 0.35 12 5.0 � 0.5 1.15 0.87 0.92 1.38 8.06
E 0.35 8–16 5.0 � 0.5 1.40 0.69 0.84 3.23 38.0
F 0.35 4–20 5.0 � 0.5 1.40 0.69 0.83 3.45 44.0
G 0.25 8–16 5.0 � 0.5 1.61 0.62 0.73 3.18 39.80
H1–4 0.35 8–16 2.5 � 1.0 1.43 0.70 	 0.01 0.81 	 0.01 3.10 	 0.2 37.0 	 2.0

*Packing is piecewise regular as in polycrystalline.
The DL/Dm values are nondimensional longitudinal dispersion coefficients obtained from the effluent curves. The values behind ‘‘	’’ are standard deviations.
Cases marked with 1–4 consist of four simulations with the same setup but with different random positions of particles in the system. e is the porosity and s is
the tortuosity factor.

Table 2. Characteristics of Setups used for the Transverse Dispersion Simulations

Case e
Particle

diameter [mm]
System
size [m2] s

DT /Dm at
Pem ¼ 0.2

DT /Dm at
Pem ¼ 2.0

DT /Dm at
Pem ¼ 20

I1–6 0.35 12 1.0 � 1.0 1.47 0.74 	 0.04 1.43 	 0.25 10.4 	 2.7
J* 0.35 12 1.0 � 1.0 1.25 0.80 1.00 4.16
K1–4 0.35 6–18 1.0 � 1.0 1.46 0.75 	 0.02 1.85 	 0.28 13.7 	 2.6
L1–4 0.25 8–16 1.0 � 1.0 1.88 0.61 	 0.03 1.45 	 0.27 10.5 	 2.4
M1–6 0.35 12 0.5 � 0.5 1.49 0.67 	 0.03 1.60 	 0.60 12.0 	 6.0

*Packing is piecewise regular as in polycrystalline.
The DT/Dm values are nondimensional transverse dispersion coefficients. The values behind ‘‘	’’ are standard deviations. Cases marked with 1–4 or 1–6 consist of four
or six simulations, respectively, with the same setup but with different random positions of particles in the system. e is the porosity and s is the tortuosity factor.
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DL/Dm were obtained (shown beside each respective curve).
Note that the concentration may vary at any cross-section
normal to the x-axis, as indicated by the error bars in Figure

4, which denote the standard deviations. In this context, the
standard deviation is an important variable characterizing the
unevenness of the flow front that strongly affects the appa-
rent nonlocal dispersion. Equation 7 was simultaneously fit-
ted to the concentration distribution curves during each tran-
sient longitudinal dispersion simulations. Using such a pro-
cedure, the values of DL/Dm can be plotted as a function of
time for each simulation. Figure 5 represents the cases for
the numerical simulations A, B1, B2, C, F, and H1 for some
different Pem.

The 2-D system has to be fairly large to accurately calcu-
late a final DL. As can be seen in Figure 5, DL needs some
time, and, thus, also distance to stabilize, but toward the end
of the 5 m long system the fluctuations cease, suggesting
that a stable value of DL is nearly reached. When the con-
centration front reaches the outlet, the fluctuations increase
slightly due to the boundary condition at this end (i.e.,
@c=@x ¼ 0; x ¼ L; t � 0). However, it can be stated that the
system is in most cases long enough to reduce variations of
concentration at the cross-sections of the final parts of the
system. The fluctuations are reduced when the width of the
system is increased; see case H1 in Figure 5. However, an
even larger system is required for unevenly-sized particles as
for case F.

The initial peaks in Figure 5 are difficult to detect experi-
mentally because they occur only in the first or possibly the
second layer of the column, in which the thickness of a sin-
gle layer corresponds to the average diameter of one particle
d. Furthermore, the peak is not captured with the macro-
scopic advection-dispersion equation, which predicts a very
small initial spreading. The spreading distance in this equa-
tion (i.e.,

ffiffiffiffiffiffiffi
DLt

p
) is initially close to zero whereas in reality

the minimum spreading distance is always greater than d.
Thus, when applying a very short t in a discrete equation
d ¼ ffiffiffiffiffiffiffi

DLt
p

, DL must be very large to fulfill this equality,
which is unrealistic. If t is long enough such that d\

ffiffiffiffiffiffiffi
DLt

p
,

then the macroscopic equation is applicable.
The approximate solution to Eq. 1, given by Eq. 7, and

the exact solution obtained with the CFITM code44 were

Figure 4. Flow-averaged (o) concentration profiles at
various times vs. distance in the bed for a
system of size 5.0 3 0.5 m2, numerical simu-
lation B4 and Pem 5 0.66666.

The solid lines represent an approximation via the ana-

lytic formula of Eq. 7. The values of the estimated DL/

Dm are shown beside their respective curves. The error

bars represent standard deviation of relative concentra-

tion in each cross-section perpendicular to the x-axis.

Figure 5. The development of the nondimensional longi-
tudinal dispersion coefficients (obtained from
flow-averaged concentration profiles) at differ-
ent Pem vs. nondimensional time, numerical
simulations A, B1, B2, C, F, and H1; t0 5 L/u.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Concentration distributions in the calculation of
DL (snapshots): (a) Pem 5 0.2 and e 5 0.3 (simu-
lation A), (b) Pem 5 20 and e 5 0.4 (simulation
C), and concentration distributions in the calcu-
lation of DT, (c) Pem 5 0.3, and (d) Pem 5 30.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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used to fit the effluent curves for one numerical simulation
at low Pem (i.e., Pem \0.2) with the purpose of comparing
the two approaches. When one of the conditions in Eq. 8 is
satisfied, the CFITM code uses Eq. 7, in order to fit the
effluent curves. In this study, only at Pem \ 0.2 conditions
in Eq. 8 are not satisfied. Therefore, the CFITM code used
the infinite series solution to Eq. 1 in order to fit the numeri-
cal simulation effluent curves for Pem \ 0.2. The difference
between the fitting that was obtained by the CFITM code
and Eq. 7 was marginal; the fitted breakthrough curves
almost coincide with one another (see Figure 6). Comparison
between the estimated DL by the CFITM code and Eq. 7
showed that the latter estimated DL with three significant
digits accuracy. Therefore, the estimated values of DL that
were used to calculate PeL were obtained by fitting Eq. 7 to
the flow-averaged concentration effluent curves (see Figure

6). From this figure, it is also clear that flow-averaged and
volume-averaged concentration profiles coincide.

Parameter study

Simulations were performed for the cases presented in
Tables 1 and 2 and the calculated values of DL and DT are
shown as PeL and PeT plots vs. Pem in Figures 7 and 8,
respectively.

The Effects of Particle-Size Distribution. In the numeri-
cal simulations, four particle-size distributions were used:
uniform-sized particles and the distributions described in the
section system setup; it should be noted that d ¼ 12 mm
was used for calculations of PeL and PeT for all cases. At
very low Pem (wherein the dispersion is governed by molec-
ular diffusion), variation of particle-size distribution does not
affect the dispersion coefficients (see differences, at Pem \
1, between simulations B, E, and F in Table 1, and those
between I and K in Table 2). The reason is particle size
does not affect the tortuosity;39 thus, the effect of particle-
size distribution on dispersion coefficients at very low Pem is
marginal. For both longitudinal and transverse dispersion
simulations, at Pem [ 1, DL and DT increases as the particle-
size distributions become wider. More specifically, in the
case of longitudinal dispersion simulations, as the ratio of
maximum to minimum particle diameters goes from a value
of 1 (i.e., uniform-size particles) to 2, DL increases by 10%
(see the difference between simulations B and E in Table 1
and Figure 7 at Pem [ 1). Likewise, increasing the ratio of
particle diameters from 2 to 5 results in an increase of DL

by roughly 12% (see the difference between simulations E
and F in Table 1 and Figure 7 at Pem [ 1). For DT the effect
is even larger and the simulations yield a 31% increase
when different-size particles were used instead of uniform-
size particles (see the difference between simulations I and
K in Table 2 and Figure 8 at Pem [ 1). The increase of DL

as the particle-size distribution becomes wider is in agree-
ment with other studies.33–37 One possible explanation is
that as the particle-size distributions become wider the flow
front becomes more uneven, which in turn amplifies the dis-
persion. In the case of DT, 2-D calculations by Eidsath
et al.34 showed a reduction of the transverse dispersion with
increased distribution of particle diameters. Hence, the
results of this study contradict those in Eidsath et al. This

Figure 6. Flow-averaged (*) concentration effluent
curves for a system of size 5.0 3 0.5 m2, nu-
merical simulation B1, vs. nondimensional
time at various Pem.

The solid lines represent approximations via the analyti-

cal formula Eq. 7. The volume-averaged (þ) concentra-

tion effluent curve is shown as an example for Pem ¼ 20.

The box to the top right shows an expanded section of

the fitted effluent curve (dashed-dotted curve) via the

CFITM code for Pem ¼ 0.00666.

Figure 7. Calculated PeL in a packed-bed model from
numerical simulations B, D, E, F, and G in
comparison to 2-D theoretical data from
Edwards et al.47 and Bruining et al.48 and 3-D
experimental data from Raimondi et al.33

Miller and King,49 and Gunn and Pryce.50

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. Calculated PeT in a packed-bed model from
numerical simulations I, J, K, and L in com-
parison to 3-D experimental data from Has-
singer and Rosenberg51 and Blackwell.52

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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might be traced to the spatially periodic porous-medium
model that was used in Eidsath et al. The 3-D experiments
of Han et al.35 and Guedes de Carvalho and Delgado38

showed that the transverse dispersion did not change at all
with particle-size distribution. The difference between the 2-
D results presented, herein, and 3-D experimental data
obtained by Han et al. and Guedes de Carvalho and Delgado
might be related to the 2-D approach that was used to calcu-
late DT; nevertheless, in 2-D, this result clearly supports the
increase of DT with increase of particle-size distributions.

The Effects of Packing Structure. For both longitudinal
and transverse simulations, the differences between the
obtained dispersion coefficients were significant between the
randomly-packed systems and piecewise-regularly packed
systems. For both longitudinal and transverse simulations,
the tortuosity factor decreased when the system was packed
piecewise regularly and thus DL and DT increased at very
low Pem (see differences at Pem \ 1 between simulations B
and D in Table 1 and Figure 7, and between cases I and J in
Table 2 and Figure 8). The reason is the flow path is less
tortuous in the case of regular structure and thus the tortuos-
ity factor decreases. At Pem [ 1, the values of DL and DT

were much lower in the case of piecewise-regularly packed
systems compared to the systems that had been packed ran-
domly (see differences at Pem [ 1 between simulations B
and D in Table 1 and Figure 7, and between cases I and J in
Table 2 and Figure 8). The reason is the flow front in the
regular case is almost flat and the additional dispersion asso-
ciated with uneven flow front is relatively small; therefore,
the ordered structure gives less dispersion at high Pem.

The Effects of Porosity. Decreasing the porosity of the po-
rous medium increases the tortuosity factor,39 and, thus, reduces
the magnitudes of DL and DT for all cases studied at very low
Pem (say, Pem \ 1). Tables 1 and 2 provide comparison
between the values of s from simulations of I and K to L, C to
B, B to A, and E to G. The explanation for this observation is
that as the porosity decreases, the porous medium becomes
more densely packed, which in turn increases the sinuosity of
the flow path, resulting in increased tortuosity factor.

At higher Pem (Pem [ 1), the dispersion is nearly independ-
ent of the porosity. However, the various dispersion mecha-
nisms at high Pem make it not possible to easily determine the
effect of porosity on the dispersion coefficients.

The Effects of Column Length. A comparison of longitudi-
nal dispersion simulations H to E shows that by increasing the
length of the setup from L ¼ 2.5 m to L ¼ 5 m, the magni-
tude of DL increased by roughly 3.5% at Pem [ 1 (see Table
1 for comparison between simulations H to E). This is
expected since DL increases as a function of the measurement
scale; however, the statistical error needs to be reduced further
to allow definitive conclusions. Comparison between transverse
simulations M and I shows the importance of the size of the
system, as the statistical variation increases substantially for a
smaller system such as case M with half the length and width
of system I (see Table 2 for comparison between simulations
M and I as well as their respective standard deviations).

Comparisons of calculated PeL, PeT, and s, to
experimental and theoretical data

The derived DL and DT (shown as PeL and PeT vs. Pem,
respectively) are here validated with previous theoretical
calculations,47,48 and experimental data33,49–52 from the liter-
ature for the high values of Sc and Pem � 200 (which is the

case in this study, see Figures 7 and 8). There is a lack of
reference experimental data for 2-D systems so the numeri-
cal results are presented together with 2-D theoretical calcu-
lations and 3-D experimental data for dispersion in packed
beds. In 3-D the fluid obviously has an additional dimension
to use but previous research has shown that regarding per-
meability several trends can be captured with a 2-D
approach despite the actual levels differ from a complete 3-
D modeling.53 The obtained values of s from this 2-D
packed bed of circular particles were compared to those of
3-D packed beds of spheres, because the reported values of s
in the literature are restricted to beds of spheres.39,54 An
exception is the study of England and Gunn55 who reported
a value of s ¼ 1.93 for solid cylinders. However, the way
that the particles in their experiment were positioned in the
packed bed (with sharp edges) is completely different than
this study (see Figure 6 in England and Gunn55). Moreover,
as stated later in Gunn,56 packing of solid cylinders in that
previous study (England and Gunn55) was noticeably poor.
Thus, this 2-D numerical-derived s for circular particles can-
not be compared to s ¼ 1.93 for solid cylinders. Addition-
ally, Gunn56 stated that there exist considerable experimental
difficulties in the measurement of dispersion in liquid phase
at small Re, as the usual method to achieve small Re is to
reduce the size of the particle, and the small particles
become prone to the disturbance by the flow of liquid.

At very low values of Pem, both longitudinal and transverse
dispersions are governed by molecular diffusion, and the val-
ues of PeL and PeT are the same (i.e., PeL ¼ PeT ¼ Pem � s,
see Figures 7 and 8). The estimated values of PeL and PeT at
very low Pem, are in agreement with those of 2-D theoretical
and 3-D experimental data (see Figures 7 and 8). The molecu-
lar diffusion line (shown in Figures 7 and 8) was calculated
assuming a tortuosity factor, s ¼ 1.4, as suggested by Gunn,56

which has been established for spherical particles.
In this study, the values of s for the piecewise-regularly

packed beds were 1.15 (longitudinal case D, Table 1), and
1.25 (transverse case J, Table 2). For randomly packed beds
s found to be in the range of 1.37–1.88 (Tables 1 and 2),
which was the decreasing function of porosity.39 The
obtained values of s for the randomly packed beds were in
the range reported in the literature for spheres (for an over-
view, see Lanfrey et al.39).

As can further be seen from Figure 7, the longitudinal dis-
persion numerical results are in excellent agreement with ex-
perimental data. Guedes de Carvalho and Delgado37 showed
that for Sc [ 750, the dependence of PeL on Sc is slight,
and in the range 100\ Pem \ 5,000, values of PeL are very
nearly constant, for each value of Sc. Unfortunately, their
experimental data did not cover the values of PeL for lower
values of Pem (i.e., Pem \ 100) for Sc ¼ 1930 or Sc ¼
1358. Nevertheless, their experimental result, that is, PeL �
0.4 for Sc ¼ 1930 and Sc ¼ 1358 is consistent with this nu-
merical results for PeL at Pem [ 1. As mentioned previously,
the value of Sc is assumed to be very large in this study.
The difference between the previous 2-D theoretical data47,48

shown in Figure 7 and present 2-D data at Pem [ 0.2 is per-
haps because of the simple porous-medium model (spatially
periodic array of cylinders) that was used in their calcula-
tions comparing to this randomly packed-bed model. The
PeT that were obtained from numerical simulations were
found to be lower than the experimental data at Pem [ 1.

Based on comparison of the simulated dispersion coeffi-
cients that were obtained by this 2-D packed-bed model to
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the 3-D experimental data, this 2-D approach to investigating
the DL in flow through packed beds for the high values of
Sc may be interpreted as acceptable. The observed larger DT

for a high value of Pem that was obtained by this model may
be explained by noting that the lateral fluid motion (which
strongly affects transverse dispersion) in a 2-D porous me-
dium is stronger than that in a 3-D case. Moreover, in a 3-D
case, there always exist gaps (even for closely packed par-
ticles) through which the flow can pass. In a 2-D case, flow
through closely packed particles is impossible, which means
flow must pass around the closely packed part of the system.
This, in turn, increases the magnitude of the transverse dis-
persion. Nevertheless, the 2-D longitudinal numerical data
agreed with the 3-D experimental data. A more objective
approach would be to compare this 2-D simulated data to 2-
D experiment-derived PeL and PeT, such as the obtained PeL
and PeT in a flow through a fibrous bed.

Conclusions

Longitudinal and transverse dispersion coefficients were
calculated via a detailed simulation of mass transport in 2-D
packed-bed models in the laminar flow regime. The 2-D
packed-bed model was found to be capable of investigating
the effects of particle-size distributions, packing structure,
and porosity on the dispersion coefficients. A summary of
the major findings is as follows:
• At Pem [ 1, increasing the width of the particle-size

distribution of the packed beds resulted in higher values of
DL and DT. However, at Pem \ 1, the effect of particle-size
distribution was marginal.
• At Pem [ 1, when the system was packed piecewise-

regularly (as in polycrystalline), the obtained values of DL

and DT were much lower compared to the identical system
that had been packed randomly. However, at Pem \ 1, the
piecewise-regularly packed system showed slightly higher
values of DL and DT.
• Decreasing the porosity of the random porous medium

increased the tortuosity factor, s, which in turn decreased the
dispersion coefficients in the molecular diffusion regime
(i.e., at very low Pem). The effect of porosity at high Pem
was marginal.
• At low values of Pem, both longitudinal and transverse mix-

ings were governed by molecular diffusion. These observations
were obtained by comparing this numerical results at low Pem
with previous 2-D theoretical and 3-D experimental data, as well
as the molecular diffusion line (i.e., PeL ¼ PeT ¼ Pem � s).
• The values of DL that were obtained using the 2-D

model agreed with the 3-D experimental data. Based on this
comparison, it is not possible to draw major conclusions for
the validity of this 2-D numerical data. Nevertheless, this 2-
D approach to study the DL in flow through packed beds for
the high values of Sc can be considered to be acceptable.
• At high values of Pem, the values of the DT that were

obtained using this model were several-fold larger than the
experimental values. This was possibly a result of the 2-D
approach that was used to study transverse dispersion in a
packed-bed model.
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Notation

a ¼ width of the packed bed
C ¼ solute concentration
C0 ¼ initial concentration
C* ¼ equilibrium concentration of the solute, i.e., solubility
d ¼ diameter of inert particles

ddis ¼ size of discrete element
DL ¼ longitudinal dispersion coefficient
Dm ¼ molecular diffusion coefficient
DT ¼ transverse dispersion coefficient
L ¼ length of the packed bed
t ¼ time
u ¼ interstitial velocity
U ¼ superficial velocity
x ¼ axial Cartesian co-ordinate
y ¼ transverse Cartesian co-ordinate

Greek letters

e ¼ porosity
l ¼ liquid dynamic viscosity
q ¼ liquid density
s ¼ tortuosity factor
x ¼ vorticity

Dimensionless groups

PeC ¼ column Peclet number, ¼ uL/DL

Pedis ¼ discretization Peclet number, ¼ uddis/Dm

Pem ¼ Peclet number based on the molecular diffusion coefficient, ¼
ud/Dm

PeL ¼ Peclet number based on the axial dispersion coefficient, ¼ ud/DL

PeT ¼ Peclet number based on the transverse dispersion coefficient, ¼
ud/DT

Re ¼ Reynolds number, ¼ qud/l
Sc ¼ Schmidt number, ¼ l/qDm
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Abstract 

The longitudinal (DL) and transverse (DT) dispersion coefficients for flow through randomly packed 

beds of discrete monosized spherical particles are studied. The three-dimensional (3-D) porous-

medium model consists of thousands of spherical particles that are divided into cells using Voronoi 

diagrams. The relationship between the variation of the dual stream function and the vorticity 

between neighboring particles is derived using Laurent series. The whole flow pattern at low 

particle Reynolds number is then obtained by minimization of the dissipation rate of energy with 

respect to the dual stream function. The DL is obtained by fitting the resulting effluent curve to 1-D 

solution of the continuous model. The DT is obtained by fitting the numerical concentration profile 

to approximate 2-D solution. The derived DL and DT values are in agreement with previous 3-D 

experimental data. In addition, the effects of pore structure and porosity on the DL and DT are 

studied.  

Keywords: longitudinal dispersion, transverse dispersion, mass transfer, dual stream function, 

Voronoi diagrams 
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Introduction 

Pore scale flow and dispersion in porous media and particularly in fixed beds of spheres has been 

modeled in different fields of engineering. One example of such fixed beds is compact-bed filters 

that are used for on-site sanitation systems. 1-3 Modeling the flow through such packed beds in 

laboratory scale is important for aspects such as geometrical scale-up and optimization of operation 

parameters. In chemical engineering, the modeling of packed-bed reactors, especially those with 

low-tube-to particle diameter ratio, which are used for highly exothermal reactions, has been 

studied extensively (see e.g., Nijemeisland and Dixon4). Another area of interest is the impregnation 

of fabrics during composites manufacturing, 5-9 in which the flow is often on several scales and 

different kinds of particles may be added to the fluid to add functionality to the molded composite. 

Manufacturing of new biocomposites and papermaking are other examples where dispersion 

matters. 10-13 

One way to numerically study the flow through fixed beds of spheres is to use traditional 

Computational Fluid Dynamics (CFD). The flow in fixed-bed reactors has, for example, been 

simulated with CFD with usage of finite volume discretization of the Navier-Stokes equations (see 

e.g, 4,14,15). Another approach for complex flow systems is the Lattice-Boltzman method, 16,17 that 

has been used to derive the detailed flow in porous media and in fixed-bed reactors (see e.g., 18,19). 

However, although such methods can be successfully used to simulate the flow and study 

transport/transfer properties in packed beds of spheres, there are some major drawbacks. One 

problem is the difficulty to study large systems due to mesh refinement problems and the 

requirements of large computational resources. Hence, many of the early simulations were 

performed on unit cells with periodic boundary conditions. 20,21 Today, despite the advances of 

computational power, CFD simulation of a large number of particles often becomes very time-

consuming and expensive. In addition, there are certain difficulties related to the discretization near 

the particle-particle and particle-wall contact points. Therefore, the suitability of the mesh in 

general and particularly near these contact points should be analyzed carefully and methods should 

be developed that are stable with regard to convergence, that are computationally efficient and with 

a geometrical configuration that can be altered in a simple way. 22,23 

In this article a model is developed that can be used to study the detailed pore-scale laminar flow 

and mass transport in 3-D packed beds consisting of thousands of randomly distributed spheres. 

Voronoi diagrams are applied to discretize the system into cells that each contains one sphere. 

Laurent series are used to find the local flow fields inside the Delaunay tetrahedrons. 24 The whole 
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flow pattern is then obtained by minimization of the dissipation rate of energy 25,26 for the dual 

stream function. As a result, a discretized 3-D packed-bed model is obtained that is employed to 

derive the longitudinal (DL) and transverse (DT) dispersion coefficients. The results are presented as 

DL/Dm and DT/Dm vs. Pem (= ud/Dm), and are further compared to experimental results from the 

literature. In these expressions, Dm is the molecular diffusion coefficient; d is the inert sphere 

diameter; and u is the average interstitial liquid velocity, defined as u = U/ε, where U is the 

superficial velocity and ε is the porosity.  

This work is founded on an earlier published article 28 that used a 2-D packed-bed model to derive 

the dispersion coefficients. Moreover, similar to the previous 2-D packed-bed model, 28 the model 

derived herein is generic and can be applied to a number of areas of application such as drying of 

iron ore pellets, 29 filtration mechanisms during composites manufacturing, 30 and internal erosion 

processes. 31 

Numerical Setup 

The type of packing in fixed beds affects the local fluid, heat, and mass transport, 27 and, thus, 

influences macroscopic variables such as dispersion coefficients and permeability. Therefore, the 

porous-medium model is used to derive the dispersion coefficients for a randomly packed bed, as 

well as for a bed with the same porosity and size distribution of spheres, but that is packed regularly 

(hexagonal close-packed). Most of the simulations that have been performed to study the flow and 

derive the dispersion coefficients in fixed beds of spheres use a fixed ε. However, the values of ε for 

a real packing of spheres are typically between 0.36–0.42 27 validating a study of the effects of ε in 

this range on the dispersion coefficients. The methodology used in this article to make a random 

packing of spheres, discretize the system of spheres, find the flow pattern in the packed-bed model 

and derive dispersion coefficients is robust and easy to implement. 

Packing procedure 

In general, the distribution of particles in natural systems has a random character. The porosity in 

such systems of equal-sized spherical particles varies typically from 36 % to 42 %. This is far from 

the minimum possible porosity of 1− π

3 2
≈ 26 % for the densest periodic packing. Hence, there is a 

structural difference between these two packings, implying that the transfer from a periodic system 

to a random one is not straightforward. 32 One way to get a random close-packing structure is to 

generate a dilute non-overlapping configuration. Then, an optimization procedure is launched, 
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where the particles are subjected to a random motion and the overall distance between the particles 

is minimized. 33 Another way is to use a raining process, in which new particles are inserted from a 

random position at the top of a predefined volume and are subsequently allowed to fall into local 

minima. 19,34 This, however, does not give low enough porosities. A third alternative is to use the 

Jodrey-Tory algorithm that is based on “repulsion” of overlapping spheres with a gradual reduction 

of their radii. 35,36 A fourth route is the Lubachevsky-Stillinger algorithm, where molecular 

dynamics are used on non-overlapping spheres, each having a radius that is allowed to gradually 

increase. 37 The approach in the current paper is slightly different, where an initial random 

distribution of overlapping particles is generated. The quantity of particles corresponds to the 

intended porosity of non-overlapping particles. Then, the system is virtually shaken until none of 

the particles overlap the others. The shaking of the system is made by a kind of Brownian motion, 

whereby particles can jump in a random direction at a random but small length in each step. 38 

However, the jumps that increase overlapping of the particles are set to be less frequent, W+, 

compared to jumps that decrease or do not change overlapping, W0-, according to a piecewise 

simulated annealing technique: W
+

W0− = 1− frac i / i0( )
2⎡

⎣⎢
⎤
⎦⎥

⎛

⎝
⎜

⎞

⎠
⎟exp −i i1⎡⎣ ⎤⎦ , where i is index of 

iteration, frac denotes fractional part, i0 and i1 are parameters that are chosen to be around 104. It is 

clear that the shaking time increases as a function of final particle fraction of the system. The 

default porosity in the current study is 40 %, which requires typically less than 104 jumps for each 

particle. However, as the porosity decreases the required number of jumps increases considerably. 

The minimum bulk porosity is, as previously stated, 36 % for uniform-sized spheres. 27 In this 

article, the lowest porosity studied for equal-sized particles is 36.5 %. It is possible to obtain lower 

porosities for random systems for different-sized particles, since the smaller particles can partially 

fill the spaces between larger particles.  

As previously mentioned, two types of packing were used in this study; random and perturbed 

regular hexagonal close packing (hcp). Note that the perturbations to regular packing are introduced 

because otherwise the Voronoi diagrams described in the next section would degenerate. To 

exemplify the difference between the two packings, the correlation functions around 2 and 3 close-

spaced particles for these systems are plotted in Figure 1. For the random system, the oscillations of 

average statistical porosity at a given distance from the reference particles quickly cease and 

become the average porosity of the system; see Figure 1a-b. Nevertheless, there are positions close 

to the reference particles where there is a high probability of having a particle. In the case of 

perturbed regular packed system, however, the oscillations of average statistical porosity are 
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substantial even at a rather large distance from the reference particles, as clearly seen in Figure 1c-

d.  

 

Figure 1: Correlation functions for large random (a, b) and perturbed regular hexagonal close-
packed (c, d) systems with equal-sized particles and porosity of 0.4: (a, c) around 2 close-spaced 
particles in axial cross-section, and (b, d) around 3 close-spaced particles in the plane of particles. 

 

Voronoi discretization of the random system 

The complete system has to be divided into smaller parts to build a discrete numerical scheme. 

Using Voronoi diagrams, the system of particles is divided into cells that each contain one particle; 

see Figure 2. The general methodology is based on the fast Bowyer-Watson algorithm as in 

Thompson 39 but with another initial tessellation. Voronoi diagrams are mutually related to 

Delaunay tessellation. Following Thompson, 39 the primary system is surrounded by 26 equal 

systems or domains to deal with the periodic boundary conditions for the Delaunay tessellation. A 

tetrahedron that connects the 4 closest particles can be such that the particles belong to different 

domains at the boundary of the system. Therefore, the particles in the tetrahedron have a position in 

the primary system as well as in the domain that they belong to. As the tetrahedrons are the same in 
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each domain, only tetrahedrons with the lowest index particle in the primary system need to be 

considered. Tessellation in this study starts from just 1 particle in the primary domain with 6 

tetrahedrons, whereas Thompson 39 used 8 initial particles in the primary domain near the 8 corners 

of the system to get an initial tessellation with 40 tetrahedrons. A parallelepiped may also be 

divided into 5 tetrahedrons, but this would destroy the periodicity, as each face of the tetrahedron 

should contact the same face of another tetrahedron either from the primary domain or neighboring 

domain. As the system in this study can have very different dimensions in different directions, 

tetrahedrons at the initial stage of the algorithm are nearly degenerated and may introduce 

numerical instabilities. If particles that are well inside an existing base tetrahedron are accounted 

for, then even more degenerate tetrahedrons could be created. It is therefore better to first select the 

particles that cross or are very close to the existing long faces of Delaunay tetrahedrons. Then, both 

facing tetrahedrons will definitely be included in the core according to the Delaunay criterion and 

the new tetrahedrons will be less degenerate. Unlike Thompson, 39 the visibility test and lost vertex-

test of the core is performed at each insertion of the new tetrahedron, 40 as opposed to afterwards. 

 

Figure 2: Example of a Voronoi mesh of a 3-D system with dimensions 0.36 × 0.06 × 0.36 m3 and 
with 5157 particles. Cross-sections in the x-z plane (main part), y-z plane (left) and x-y plane 
(bottom) are shown. Shaded particles have the center behind the cross-section, the others in front of 
it. The color represents the component of the stream function for each particle perpendicular to the 
corresponding cross-section.  
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Derivation of dual stream function 

In order to simulate a tracer dispersion experiment, to obtain the resulting dispersion coefficients, 

the flow field must be known for the complete system, for a particular configuration of particles. As 

the liquid is considered to be incompressible, the stream function and vorticity approach has certain 

benefits, such as automatic conservation of the continuity equation. The stream function, ψψ , and the 

vorticity, ω , are vectors with 3 components, making the derivation of the flow field rather difficult 

but still possible to carry out. The stream function ψ  is not strictly defined, as there are a number of 

possibilities to obtain the same velocity distribution 

ψu ×=∇∇ .      (1) 

In analogy with the magnetic vector potential, the following assumption is hypothetically useful  

,0=∇ψ       (2) 

since it makes it possible to express ωω  as 

ψψuω 2)( ∇∇∇∇ −=××=×= ,   (3) 

where a vector component of ω  is related only to the same vector component of ψ  in Cartesian co-

ordinates. The coupling of the vector components is then realized through the constraint (2). For 

low Reynolds number, the energy dissipation rate tends to decrease to a minimum 25,26 (see 

Appendix A). This can be expressed in the following manner: 

∫ =min,2dVωμ      (4) 

where µ is the fluid dynamic viscosity and the integral is taken over the total volume of the system. 

Assume a large porous system in the form of a rectangular parallelepiped according to 

⎪
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0
      (5) 

with a superficial velocity U directed along the z-axis. Proper boundary conditions should be 

specified for ψ  that yield the superficial velocity U, agreeing with the periodic boundary conditions 

for velocity, and fulfill constraint (2). One possibility is to set the following conditions: 
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.  (6) 

Then, the linear system of equations with respect to ψψ  can be solved independently, as previously 

done in the 2-D case. 28 Evaluating the z-component of ψ , it is clear that the trivial solution 0=zψ  

both satisfies the boundary conditions (6) and minimizes (4), which is another possible constraint 

for ψ  instead of Eq. 2. Following this finding, the 3-D flow field can be described by just two 

components of ψ , namely x and y. This is often called the dual stream function approach, which can 

in principle represent any 3-D Stokesian flow in a porous media. 24 This methodology is used in this 

article and the example of a dual stream function is illustrated in Figure 2. 

Local flow around particles 

The spherical particles are assumed to be impermeable; therefore, ψ  can be assumed constant inside 

the particles. Moreover, the boundaries of the solid particles have non-slip boundary conditions. 

Therefore, the change of ψ  is infinitesimal at the surface of each particle and the local ψ  varies only 

in the space between particles. 

Consider a Delaunay tetrahedron that has four faces with each face consisting of three spherical 

particles. If the tetrahedron has dense packing, then there are channel-like openings through each 

one of the faces. The flow distribution in it can be derived as in a channel with a slowly varying 

shape along its length. The assumption is valid also if the particles are not completely compact, 

which results in a shape of the cross-section channel as in Figure 3.  

The cross-section can be further separated into 6 sections (see Figure 3), i.e., two sections per 

particle. If the cross-section forms a regular triangle, then the flow pattern for a velocity component 

normal to the cross-section can be obtained by a Laurent series according to 

u = A R2 − r2

4
+ B0 ln r

R0

+ Bn

R0

r

⎛

⎝
⎜

⎞

⎠
⎟

kn

−
r
R0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

kn⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
cos knφ⎡⎣ ⎤⎦

n=1

∞

∑
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ .   (7) 

In this equation R is the polar radius of the particle as viewed in the given cross-section; r and ϕ are 

polar co-ordinates with respect to the reference point in the center of the particle; A, B0 and Bn are 
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constants; and k is the order of rotational symmetry, which for a regular triangle is 6, i.e., 6 regular 

triangles fit around one particle in the given plane. The Laurent series automatically satisfies the 

viscous-flow equation for the velocity component u normal to the cross-section according to: 

Δu = −A .      (8) 

This relationship is true for any constants B0 and Bn. 41 Moreover, the non-slip boundary condition 

and ϕ = const at the surface of the spheres are automatically satisfied. The constants B0 and Bn 

should be chosen to fit the boundary condition at r cosϕ = x0, where x0 is the position of the 

Voronoi surface as viewed from the particle. The summation over n in the Laurent series, Eq. 7, 

convergences very quickly, especially with less dense packing. 34 Therefore, it is adequate to take 

into account only the first few terms (n = 1, 2, 3) in the summation. Equation (7) is extended to a 

general case of a non-regular triangle, where the circumcenter of the triangle takes the role of the 

center-point. The order of rotational symmetry, k, is not an integer for the irregular case, but is a 

reciprocal of the angle of the triangle: ϕπ Δ= /k .  

The total flow through the face of the triangle can be expressed by a contour integral of ψψ  over the 

perimeter of the cross-section in the following manner: 

∫∫ = lψdudS .      (9) 

This makes it possible to determine the proportionality constant A. The vorticity can be readily 

calculated from Eq. 7 by differentiation. Thus, the integral of the dissipation rate of energy, Eq. 4, 

in a tetrahedron can be expressed in a quadratic form: 

∑∑ ∫∫∫
= =

=
4

1

4

1

2 )()(
i j

jiij
ntetrahedro

ddCdV lψlψω ,     (10) 

where id )(∫ lψ  is the total flow through the i-face of the tetrahedron, and Cij = Cji are coefficients 

for the particular shape of the tetrahedron. The diagonal terms Cii dominate for compact packing. 

The volume integral of ψ  derived from Laurent series (Eq. 7) enables the derivation of these 

coefficients. The other option would be to use CFD to obtain the coefficients Cij. This will be 

accomplished in later studies. The distribution of ψ  follows from the minimization of the total 

dissipation rate of energy which creates a system of linear equations.  

In order to test the flow solution as well as the packing generation method, the relationship between 

permeability and porosity in the present packed-bed model is compared to the Rump and Gupte’s 
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formula for packed beds of spheres; see Appendix B. As can be seen in Appendix B, the obtained 

permeability data fits well with Rumpf and Gupte's formula. 

 

Figure 3: (a) Division of the cross-section between 3 particles in triangles. (b) Cross-section of the 
space between 3 spheres. 

Molecular diffusion 

Molecular diffusion occurs primarily along the Voronoi faces. The vertex of each Voronoi face is 

the circumcenter of the corresponding Delaunay tetrahedron. Thus, the flow between two 

neighboring vertices goes through the face of three spheres of the corresponding tetrahedrons; see 

Figure 3b. The narrow gap between three spheres has a channel-like form with varying area of the 

cross-section, S(ξ), with the smallest area at ξ = 0 when S(ξ) = S0. If the absolute value of ξ is equal 

to the radius of the spheres, then the spheres do not reduce the area S and the maximum area, Smax, 

is obtained. In other cases, the area S(ξ) is 

S(ξ ) = Smax −
1
2

αk (R2 −ξ 2 )
k=1

3

∑ = S0 +
1
2

αkξ
2

k=1

3

∑ ≡ S0 +Λξ
2 ,   (11) 

where αk is angle of the triangle at corresponding sphere, S0 = Smax −
1
2

αk R
2

k=1

3

∑ , and 

22
1 3

1

π
α ==Λ ∑

=k
k . The total mass-transfer resistance to molecular diffusion between vertices with 

coordinates ξ1 and ξ2, through these three spheres in such a 1-D channel approach is  
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.    (12) 

The flow rate through the same face of three triangles is given by an integral 

∫∫ = lψdudS ,       (13) 

where the integration is taken along the perimeter of the triangle. Thus, the mass transport between 

two adjacent vertices can be calculated. Then, by collecting all of the adjacent vertice pairs, the 

global mass transport is obtained. 

Longitudinal dispersion 

In order to compute DL, a breakthrough experiment is simulated in a rectangular parallelepiped 

consisting of discrete randomly packed spherical particles, in which the main flow is directed 

upward. The 1-D problem for a system with a constant DL, fixed concentration, c0, at the inlet, and 

flux free concentration at the outlet is 

     ∂c
∂t
+u ∂c

∂z
= DL

∂2c
∂z2

,       (14) 

c = 0, 0 < z ≤ L, t = 0,

c = c0 , z = 0, t ≥ 0,

∂c
∂z

= 0, z = L, t ≥ 0.

     (15) 

where c is the mean solute concentration, t is time, z is the distance in the main flow direction, and 

L is the length of the packed bed. Equation 14 with boundary conditions (15) has the following 

approximate analytical solution 42 

   

c
c0

=
1
2

erfc z −ut
2 DLt

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+

1
2

exp uz
DL

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟erfc z +ut

2 DLt

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

+
1
2

2+ u(2L− z)
DL

+
u2t
DL

⎡

⎣
⎢

⎤

⎦
⎥exp uL

DL

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟erfc 2L− z +ut

2 DLt

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
.

−
u2t
πDL

exp uL
DL

−
(2L− z +ut)2

4DLt

⎡

⎣
⎢

⎤

⎦
⎥ 

    (16) 
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The 1-D profile of the concentration front is calculated as volume-averaged 

∫ ∫∫
Δ+

Δ−
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ
=

2/

2/

),,,(1),(
zz

zz S
vol

dzdxdytzyxc
xS

tzc , and flow-averaged 

∫∫∫∫=
S

z
S

zfl
dxdytzyxudxdytzyxutzyxctzc ),,,(),,,(),,,(),( , where Δz is a small interval in the 

main flow direction used for the volume averaging, and S represents the area of the cross-section of 

the system perpendicular to the flow direction. DL is then obtained by fitting (16) to this 1-D 

concentration profile for fixed u. The choice of using the fixed u and the method used to fit (16) to 

the concentration profile is discussed in Jourak et al. 28 The side walls of the 3-D packed-bed model 

have periodic boundary conditions; therefore, the DL that is obtained in this study corresponds to the 

bulk dispersion without the influence of the walls. 

Transverse dispersion 

Focus here is set on a 3-D rectangular parallelepiped with a fixed concentration of a substance on 

the walls parallel to the main flow field. The transversal dispersion coefficient, DT, is then derived 

by computing the extension of the concentration from the walls. Figure 4 depicts a schematic 

representation of the transverse dispersion simulation setup in the x-z cross-section. This method is 

similar to that developed by Coelho and Guedes de Carvalho, 43 and is explained, in detail, in a 

previously published 2-D study. 28  

 

Figure 4: Schematic representation of the transverse dispersion simulation setup, cross-section in 
the x-z plane. 
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System setup 

The parameters of the setups that were used for the simulations are shown in Table 1 and Table 2. 

The flow was Stokesian for all the setups. 44 The standard porosity of the system was 0.40. 

However, to study the effects of porosity on the dispersion coefficients, porosities in the range of 

0.365–0.45 were also used. This is the range of ε typically observed in real beds of spheres. 27 

Moreover, the effects of packing structure on the dispersion coefficients were studied by comparing 

the randomly packed systems to their counterparts that had been packed regularly (hexagonal close-

packed). The diameter of the uniform-sized spheres that were used in the present study was 12 mm.  

Table 1. Longitudinal dispersion: Cases and results of simulations. The DL/Dm values are non-
dimensional dispersion coefficients obtained from the effluent curves. The values behind “±” are 
standard deviations for the given number of simulations. ε is the porosity and τ is the tortuosity 
factor.

Case 
System Size 

Width × Depth × Length 
[m3] 

ε τ DL/Dm at 
Pem=0.01 

DL/Dm at 
Pem=0.1 

DL/Dm at 
Pem=1 

DL/Dm at 
Pem=10 

A1–5 0.12×0.12×0.50 0.40 1.45 0.688±0.003 0.697±0.006 0.802±0.006 2.76±0.03 
B 0.12×0.12×1.0 0.40 1.45 0.688 0.695 0.800 2.77 

C1–5 0.10×0.10×1.0 0.40 1.45 0.690±0.003 0.697±0.004 0.804±0.005 2.76±0.03 
D1–6 0.07×0.07×1.0 0.40 1.45 0.687±0.004 0.696±0.006 0.802±0.005 2.82±0.08 

E 0.07×0.07×1.5 0.40 1.45 0.690 0.701 0.810 2.80 
F1–6 0.07×0.07×2.0 0.40 1.45 0.689±0.004 0.703±0.007 0.814±0.007 2.83±0.03 

G 0.10×0.10×1.0 0.45 1.41 0.707 0.713 0.829 2.90 
H 0.10×0.10×1.0 0.39 1.46 0.685 0.689 0.794 2.78 
I 0.10×0.10×1.0 0.37 1.48 0.674 0.680 0.782 2.72 
J 0.10×0.10×1.0 0.365 1.49 0.669 0.677 0.779 2.72 

*K 0.10×0.10×1.0 0.40 1.29 0.773 0.782 0.852 2.27 
*The packing is perturbed regular hexagonal close-packed (hcp).  

Table 2. Transverse dispersion: Cases and results of simulations. The DT/Dm values are non-
dimensional dispersion coefficients obtained from the effluent curves. The values behind “±” are 
standard deviations for the given number of simulations. ε is the porosity and τ is the tortuosity 
factor. 

Case System Size  
Width × Depth × Length 

[m3] 

ε τ DT/Dm at 
Pem=1 

DT/Dm at 
Pem=10 

DT/Dm at 
Pem=100 

L1–6 0.18×0.18×0.18 0.40 1.49 0.87±0.01 2.7±0.1 21±1 
M1–6 0.36×0.06×0.36 0.40 1.41 0.85±0.02 2.3±0.1 18±1 

N 0.50×0.04×0.50 0.40 1.40 0.84 2.3 17 
O 0.50×0.04×0.50 0.45 1.38 0.89 2.5 19 
*P 0.40×0.07×0.40 0.40 1.36 0.91 1.8 9.50 

*The packing is perturbed regular hexagonal close-packed (hcp).  



14 

Results and discussion 

For Pem < 0.4, molecular diffusion dominates and DL < Dm, due to the tortuosity of the porous 

medium. 45 Figure 5a exemplifies this condition at Pem = 0.1 for a simulation of longitudinal 

dispersion. Increasing Pem to 10, which implies an increase in the velocity, makes the concentration 

gradient much steeper; compare Figure 5b to Figure 5a. For transverse dispersion, an increase in 

Pem from 1 to 10 results in a steeper concentration gradient at the wall; compare Figure 5c to 5d. 

Hence, the concentration gradients are highly dependent on the velocity of the fluid in the range 

studied. 

Figure 5: Concentration distributions for the derivation of DL (snapshots): (a) Pem = 0.1, Case B, (b) 
Pem = 10, Case A. Final concentration distributions for case L for the calculation of DT : (c) Pem = 1, 
(d) Pem = 10. 
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Estimation of DLL 

The estimation of DT is rather straight-forward as described in the previous section and in Jourak et 

al. 28 Transient longitudinal dispersion simulations of the breakthrough column experiments were 

performed in the 3-D packed-bed model. From these simulations, the 1-D concentration profiles can 

be derived, as described earlier. Figure 6 provides and example of the concentration profiles within 

a porous medium for setup C, in which the values of DL/Dm are shown beside each respective curve. 

These values of DL/Dm were estimated by fitting Eq. 16 to the concentration distributions (solid 

lines). Due to the unevenness of the flow front, the concentration may vary at any cross-section 

perpendicular to the main flow direction (z-axis), at a given time. This variation of concentration is 

indicated as error bars in Figure 6. A larger unevenness is characterized with longer error bars. Note 

that for the previous 2-D packed-bed model (see Figure 4 in Jourak et al. 28) the error bars were 

typically longer than the present case. This result is predicted and is related to the extra dimension 

that the flow can use in 3-D as compared to 2-D, resulting in a smoother flow front. The irregularity 

of the concentration gradient can also be examined by plotting the variation of the maximal 

standard deviation of the relative concentration in one cross-section vs. time; see Figure 7 for case 

C and K. This value is in the range of 0–0.5, where the latter corresponds to the theoretical situation 

when half of the cross-section has concentration 0 and the other half c0. For a consistent result, the 

maximal standard deviation should with time go towards a lowest possible value at one pore 

volume (= tu/L). The reason for this is that the extent of the concentration gradient increases in the 

longitudinal direction within the packed bed as the flow evolves and moves toward the end of the 

bed. This results in less variation of concentration in the perpendicular direction. As can be seen 

from Figure 7, the perturbed regular packing, case K, has a more even concentration gradient 

compared to the full random packing, case C. It is clear that the increase of velocity amplifies the 

unevenness of the flow front; see Figure 7.  
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Figure 6: Flow-averaged (O) concentration profiles at various times vs. distance in the packed bed 
for simulation C at Pem = 1. The error bars represent statistical variation of the concentration at a 
given cross-section perpendicular to the z-axis. The solid lines represent an approximation via the 
analytic formula (16). The values of the estimated DL/Dm are shown beside their respective curves.  

Figure 7 Variation of the maximal standard deviation in one cross-section normal to the z-axis vs. 
non-dimensional time for case C (solid line) and for case K, hexagonal close-packed packing 
(dotted) at different Pem values; t0 = L/u 
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Figure 8 shows the development of DL/Dm as a function of non-dimensional time obtained by fitting 

Eq. 16 to the concentration distributions during transient simulations. The simulations are 

performed for different sizes of the system, where case A is the shortest and thickest system and 

case F is the longest and thinnest one. For a randomly packed (uniform-size packing) homogenous 

packed bed, without structural variety as for all cases in this article, DL should stabilize within the 

porous medium, as long as the system is sufficiently long. 46 As can be seen from Figure 8, the 

length of the systems should be as long as possible to reduce fluctuations of DL far from the inlet 

and outlet. However, the fluctuations of DL increase when the Pem increases (see Figure 8). 

Therefore, for a mono-sized particle packed bed, the higher Pem the longer the required system to 

achieve a constant longitudinal dispersivity. 46 Note that the reasons for the initial peaks as well as 

the sudden increase of fluctuations of DL/Dm toward the end of the packed bed in Figure 8 are 

explained in the earlier study. 28 

 

Figure 8: The development of the non-dimensional longitudinal dispersion coefficients (obtained 
from flow-averaged concentration profiles) at different Pem versus non-dimensional time; t0 = L/u. 
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The estimated values of DL were derived by fitting Eq. 16 to the obtained effluent curves from the 

packed-bed model, since it represents the average value that pertains to the whole length of the 

packed bed (see Figure 9). As can be seen from Figure 9, the flow-averaged and volume-averaged 

effluent curves nearly coincide. When either of the conditions, uL/DL > 100 or uL/DL > 5+40 ut/L, 

are satisfied, Eq. 16 provides sufficient accuracy to Eq. 14 with boundary conditions in Eq. 15. For 

instance, as can be seen in Figure 9, Eq. 16 provides an excellent fit to all the effluent curves (solid 

lines) except at Pem = 0.01, where there is a minor deviation at larger times. To obtain an accurate 

value of DL at this range, the CFITM code 47 within the STANDMODE software, 48 which includes 

the exact solution of Eq. 14 was applied (see dashed curve in Figure 9 for Pem = 0.01).  

 

Figure 9: Flow-averaged (o) concentration effluent curves for simulation C vs. non-dimensional 
time at Pem = 0.01, Pem = 0.1 and Pem = 10. The solid lines represent approximations via the 
analytical formula (16). The volume-averaged concentration effluent curve (+) is shown as an 
example for Pem = 10. The dashed curve shows the fitted effluent curve via the CFITM code for 
Pem = 0.01; t0 = L/u.  
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Parameter study

Results of the simulations are presented in Tables 1 and 2 and the estimated values of dispersion 

coefficients are presented as DL/Dm and DT/Dm vs. Pem in Figures 10 and 11, respectively. The 

effects of packing structure, porosity and system size on dispersion coefficients are here examined.  

The effects of packing structure  

Similar to the previous 2-D study, 28 variation of packing structure from random to regular packing 

changes the obtained dispersion coefficients noticeably. When the system was packed regularly, the 

tortuosity of the porous medium deceased and thus DL and DT increased at very low Pem (see 

differences at Pem < 2 between simulations C and K in Table 1 as well as F and K in Figure 10, and 

those between N and P in table 2 and Figure 11). The reason is in the case of regular packing the 

flow path is less tortuous, which in turn decreases the tortuosity of the porous medium.  

At Pem > 2, however, the values of DL and DT are much lower for the regular systems compared to 

their counterparts for randomly packed systems; see the results for Pem > 2 between simulations F 

and K in Figure 10, and those between N and P in Figure 11. This is related to the lower dispersion 

associated with a less irregular flow front in the ordered structure system as in case K, which is 

clearly visible by the lower maximal standard deviation compared to the randomly packed system C 

in Figure 7 described earlier. For the regular case, there is an apparent anisotropy of the system 

related to orientation of the main flow direction with respect to the crystal orientation. The direction 

of the hcp crystal denoted by Miller index as [001] is oriented along the main stream direction (z-

axis) for longitudinal simulations and along x-axis for transverse dispersion simulations. A large 

irregular packing, however, is almost isotropic and orientation could be arbitrary. 

The effects of porosity  

As the system becomes more densely packed, that is, the porosity of the medium decreases, the 

sinuosity of the flow path increases. Therefore, decreasing the porosity of the packed bed results in 

an increase of the tortuosity, 49 which in turn reduces the magnitudes of DL and DT in the molecular 

diffusion regime. Tables 1 and 2 provide comparison of the values of τ from longitudinal 

simulations of G to C; C to H; H to I, and I to J; and from transverse simulations of O to N. 

Nevertheless, at Pem > 1, the effect of porosity on dispersion coefficients is marginal, confirming 

results in the 2-D study. 28 
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Figure 10: Computed DL/Dm in a packed-bed model for simulations F and K in comparison to 3-D 
experimental data from Edwards and Richardson, 52 Blackwell et al., 53 and Gunn and Pryce. 54  

 

Figure 11: Computed DT/Dm in a packed-bed model for simulations N and P in comparison to 3-D 
experimental data from Hassinger and Rosenberg, 50 Blackwell 51 and Coelho and Guedes de 
Carvalho. 43  
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The effects of system size 

For the longitudinal dispersion simulations, increasing the cross-section area of the system 

marginally decreases the statistical variations. See Table 1 for comparison of standard deviations 

between simulations C and D. As previously mentioned, for the DL to stabilize within the packed-

bed model, the system should be sufficiently long. Therefore, within the computational limit for a 

given number of spheres, in order to obtain a stabilized DL, the system can be kept relatively narrow 

with periodic boundary conditions on the side walls to avoid wall effects, whereas the length of it 

should be as long as possible. The size of the packed bed and the number of spheres therein can be 

increased keeping in-mind that simulation of a very large number of spheres is computationally 

expensive. In this study at Pem ≤ 100, however, for the given number of spheres, e.g., around 7000 

with the diameter of 12 mm, the length of 1 m is nearly sufficient, as the fluctuations of DL within 

the packed bed far from the inlet and outlet are marginal (see Figure 8). 

For the transversal dispersion simulations, the width (x-dimension) and length (z-dimension) of the 

system is more important than its depth (y-dimension). The reason is as the flow moves upward in 

the z-direction the solute is transversally dispersed mainly in the x-direction, due to the fixed 

concentration boundary condition at the side walls. Moreover, the DT is derived from an 

approximate solution, which works best for large systems. 28 Therefore, the length and width of it 

should be as large as possible, whereas its depth can be kept relatively low. In this study as the 

length and width of the system increase, the resulting DT value decreases (see Table 2 for 

comparison between simulations L, M and N). As the derived DT from simulation N is in good 

agreement with 3-D experimental data in the laminar flow regime, 43,50,51 it is believed that the size 

of system N is sufficient (see Figure 11).  

Comparisons of derived DL, DT, and τ, to experimental data 

The derived DL and DT are here validated with previous 3-D experimental data 43,50-54 from the 

literature in the laminar flow regime, i.e., low Pem; see Figures 10 and 11. The present simulations 

are in excellent agreement with the 3-D experimental data; see Figures 10 and 11. This suggests that 

the present approach to study flow and dispersion in 3-D packed beds of spheres in the laminar flow 

regime is acceptable. As a consequence of the random nature of the packing, and, thus, the uneven 

distribution of the flow, the mechanisms that cause dispersion in randomly packed beds are quite 

complex. 55 However, at very low values of Pem, dispersion is determined solely by molecular 

diffusion, wherein DL = DT = Dm/τ (see Figures 10 and 11 at Pem < 0.4).  
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In this article the porosity was varied from 0.365 for dense packing to 0.45 for loose packing, which 

is the typical observed value of porosity for random monosized spheres. 56,57 As previously 

mentioned in this article, the tortuosity decreases with increased porosity. 49 The obtained tortuosity 

factors for randomly monosized particles were in the range of 1.38–1.49, which is in agreement for 

normally observed values for packing of spheres (for an overview, see Lanfrey et al. 49) Moreover, 

the obtained values of τ in this paper are in agreement with the suggested value of τ = 1.4 for 

spheres by Gunn. 58  

Comparisons of derived DL and DT in 3-D to 2-D packed-bed model 

Relating the 3-D packed-bed model to its 2-D counterpart, the flow obviously has an extra 

dimension to use, which makes the flow smoother. In the 2-D case there is no flow through closely 

packed cylinders and the flow must go around such constrictions. This may increase the 

irregularities within the flow field and thus amplify the dispersion. Comparing the derived DL and 

DT from this 3-D packed-bed model to the previous 2-D models 28,59 yields that at very low Pem 

(molecular diffusion regime), both the 2-D and the 3-D approach correctly predict DL = DT = Dm/τ. 

At higher Pem,, when the dispersion due to convection is more important, the resulted DL and DT in 

a randomly packed 2-D system can be higher than the 3-D system. 28 However, this is obviously 

related to the 2-D porous-medium model that is used to simulate the dispersion. For instance, in the 

case of the 2-D periodic porous-medium model used in Edwards et al., 59 at Pem > 1 the DL is higher 

than the present study, whereas the DT is much lower. This is, as pointed out in Edwards et al., 59 

related to the unit cell approach that was used in their study to derive DT, which gives less 

intercellular lateral fluid motion, and, thus, lower DT. Nevertheless, there are several applications 

where the flow can be considered to be 2-D, and, thus, a 2-D system is required to derive dispersion 

coefficients. Moreover, as the computation time in a 2-D simulation is lower than a 3-D case the 2-

D case is appropriate to examine the effects of different parameters (such as particle-size 

distribution, porosity and packing structure) on dispersion coefficients. 29 

Conclusions 

The methodology presented in this article has proven to be an effective tool that is easy to 

implement and can be used as an experiment-instead of tracer dispersion in 3-D packed beds of 

spheres. Random and regular packing of spheres were generated applying appropriate numerical 

methods. Voronoi diagrams were used to divide the system of spheres into cells that each contains 

one particle. The local flow fields inside the Delaunay tetrahedrons were treated using Laurent 
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series. Then, the whole flow pattern was obtained by minimization of the dissipation rate of energy 

for the dual stream function. As a result, a discretized 3-D packed-bed model was obtained with the 

known flow field, which makes it possible to extract the longitudinal and transverse dispersion 

coefficients for Peclet numbers (i.e., Pem) in the laminar flow regime. A summary of the major 

findings is as follows: 

• The Thompson algorithm was found to be an effective means of handling the periodic 

boundary conditions for the Delaunay tessellation.  

• The Laurent series for treating the local flow field as well as the dual stream function 

approach to approximate the flow make it possible to apply the variation method to obtain 

the overall flow. This methodology is shown to be successful for modeling the flow in 3-D 

packed beds.  

• The tortuosity factor, τ, was found to decrease as a function of increasing porosity. 

Therefore, for identical systems, as the porosity decreases the tortuosity factor increases, 

which in turn decreases the DL and DT at very low Pem. Nevertheless, the effect of porosity 

at high Pem was insignificant.  

• Changing the pore structure from random to perturbed hexagonal close-packed packing 

decreased the tortuosity factor. Therefore, a perturbed hexagonal close-packed packing 

system shows higher values of DL and DT at low Pem. However, at higher Pem (Pem > 2) 

because of lower irregularity of the flow front in the case of an ordered structure, the 

resulting DL and DT are lower compared to the system that had been packed randomly.  

• The derived values of DL and DT in the 3-D packed beds of spheres are in good agreement 

with previous experimental data. Therefore, the present approach to investigate dispersion in 

the laminar flow regime and effects of different packing parameters on dispersion can be 

considered to be acceptable.  

• The use of dual stream functions enables effective flow visualization in porous media. 
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Appendix A: Minimization of dissipation rate of energy 

Let us prove that the following functional is minimal for Stokesian flow in the system with periodic 

boundary conditions and either non-slip or free slip conditions on particles: 

∫∫∫=Φ
V

dV
2

][
2ωψ ,      (A.1) 

where ),,( zyxψψ =  is the stream function vector dependent on spatial position and 

)( ψuω ×∇×∇=×∇=  is the vorticity vector. It is assumed that the stream function within each 

particle is a constant vector. Suppose that minimal value of the functional is achieved at the 

distribution of the stream function ),,(00 zyxψψ = . The vorticty corresponding to this stream 

function is 0ω . Let us add an infinitesimal perturbation to that stream function 

ψψψ δ+= 0 .      (A.2) 

The functional at the perturbed value neglecting higher order variations with respect to ψδ   is 
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dVdV ))((][))(())((][][ 0000 ψωψψψψψ δδ . (A.3) 

The extremum value of functional at 0ψ  is proven if the second term in the right hand side is zero 

at any infinitesimal perturbation that satisfies the boundary conditions. Using the identity of vector 

calculus 

)()()( BAABBA ×∇⋅−×∇⋅=×∇      (A.4) 

we can integrate the second term by parts and apply the divergence theorem 
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The first term in the right hand side vanishes due to non-slip boundary conditions at solid surfaces 

0=uδ and periodic boundary conditions at the walls. It cancels also for free surface flows like 

bubbles, where 0ω =0   at the surface. Doing the same procedure once more yields 
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The first term cancles for periodic boundaries if the total flow rate is fixed. As the stream function 

vector is constant and fixed within particles then 0ψ =δ  at the surface of particles and the first term 

cancels, too. The second term cancels  for Stokesian flow: 0ω =×∇×∇ )( 0 . It is clear that 

functional tends to be minimal globaly for fixed flow rate through the system giving the stream 

function values for all the particles except one, where it can be set freely. Also, note that an 

aditional constraint (e.g.,  0=∇ψ ) is required to get one and only one solution for the global 

stream function at given periodic boundary conditions. Thus, minimization of functional with 

respect to the stream function vector is acceptable. 
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Appendix B: Permeability 

A fluid can only generate tangential viscous stresses on a solid surface with a non-slip boundary 

condition. Thus, in order to calculate the drag force on the particle, the vorticity close to it must be 

known. The viscous force exerted on the particle is an integral of vorticity ωω sph at the surface: 

 dSf
sph

sph
viscous n×= ∫∫ωμ ,    (B.1) 

where n is the normal direction related to the particle surface, and index sph denotes the sphere. 

Then, normal force, in turn, depends on the pressure P distribution around the particle. The force, 

for example, in the z-direction is: 

 ddPRddPR = dSPnf
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where axis θ = 0 coincides with z-axis, and inner integral has been integrated by parts.  

According to the momentum equation, the change of pressure at the surface of the particle is 
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∂
∂ φωμ
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where n is coordinate in normal direction from the surface of particle. Combining viscous and 

normal forces results in the following force on the particle 
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Thus, the normal force dominates in highly packed systems. The sum of all drag forces on the 

particles should be equal to the driving pressure difference, as the system with periodic boundary 

conditions has no walls. Hence, Darcy's law can be rewritten as follows 

     v =
K
μ

fi
i
∑
V

,       (B.5) 
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where i is the sum over all particles, V is the volume of the system, and v  denotes the average 

velocity of the system. The permeability tensor K can be obtained from this relationship. Figure B.1 

shows the relationship between the obtained permeabilities and porosities in the packed-bed model 

that are compared to Rumpf and Gupte’s formula for packed bed of spheres. 
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Figure B1. Points – calculated permeability vs. porosity. Line – Rumpf and Gupte’s formula for 

packed bed of spheres: K
R2

=
ε5.5

1.4
R is radius of a sphere.  
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Abstract 

The effects of particle-size distribution on the longitudinal dispersion coefficient (DL) in 

packed beds of spherical particles are studied. The packed-bed models consist of uniform and 

different-sized spherical particles with a ratio of maximum to minimum particle diameter in 

the range of 1–4. The modified version of Euclidian Voronoi diagrams is used to discretize 

the system of particles into cells that each contains one sphere. The local flow distribution is 

derived with the use of Laurent series. The flow pattern at low particle Reynolds number is 

then obtained by minimization of dissipation rate of energy for the dual stream function. The 

value of DL is obtained by comparing the effluent curve from large discrete systems of 

spherical particles to the solution of the one-dimensional advection-dispersion equation. Main 

results are that at Peclet numbers above 1, increasing the width of the particle-size 

distribution increases the values of DL in the packed bed. At Peclet numbers below 1, 

increasing the width of the particle-size distribution slightly lowers DL.  

Keywords: longitudinal dispersion coefficient; packed beds; particle-size distribution; 

Euclidian Voronoi diagrams; mass transfer. 

  



1 Introduction 
The phenomenon of dispersion in packed beds and porous media in general has been of 

interest for researchers in a variety of engineering fields since the early experiments of 

Slichter (1905). Many experimental investigations have been performed to study the effects 

of variables such as fluid velocity on dispersion in packed beds of uniform-sized particles (for 

an overview see, Delgado 2006). Likewise, numerical studies that use Computational Fluid 

Dynamics (CFD) to simulate the flow have mostly been focused on packed beds of uniform-

sized particles (see, e.g., Freund et al. 2005; Magnico 2003; Nijemeisland and Dixon 2004). 

Hence, one aspect of dispersion in packed beds and porous media in general that needs more 

attention is the effects of particle-size distribution on the dispersion coefficients. This 

information is highly important for a wide range of flows, for instance, solute transport in 

soils, flow through reactors for shale oil retorting, and coal gasification and liquefaction 

(Carbonell 1979; Carbonell, 1980a; Carbonell 1980b). The usage of different-sized particles 

as well as an increase in the width of the particle-size distribution in a packed bed of spheres 

increases the randomness and inhomogeneity of the system. In a packed bed of spheres, any 

systematic inhomogeneity may lead to that the concentration front travel at different speeds 

and thus an amplification of the longitudinal dispersion coefficient (DL) in a long system (see, 

e.g., Huang et al. 1995). A consequence is that derived correlations to estimate DL from 

experiments performed with packed beds of uniform-size particles cannot be used to predict 

DL in packed beds of different-sized particles.  

Despite the importance of effects of particle-size distributions on DL, only a limited number 

of experimental investigations have been performed. Raimondi et al. (1959) and Niemann 

(1969) observed that DL is larger for a system with a wide particle-size distribution compared 

to one with a narrow particle distribution. Han et al. (1985) showed that for a ratio of 

maximum to minimum particle diameter (dmax/dmin) equal to 7.3, the values of DL are 2 to 3 

times larger than with uniform-size particles. The increases of DL due to the particle size non-

uniformities were also observed by Wronski and Molga (1987) during laminar liquid flow 

through packed beds with dmax/dmin = 2.13. The experiments of Guedes de Carvalho and 

Delgado (2003) also revealed the same conclusion using ballotini with a dmax/dmin = 3.15. 

Like the experimental works, few authors have studied the effects of particle size on DL 

numerically. Eidsath et al. (1983) performed some calculations on a two-dimensional (2-D) 

spatially periodic array of cylinders of two different radii that indicated a strong effect of 



particle-size distribution on DL. One result was that when dmax/dmin was enlarged from 2 to 5, 

DL increased by a factor of 1.5. Recently, Jourak et al. (2012) studied the effects of particle-

size distributions on DL in 2-D randomly packed beds of circular particles in a laminar flow 

regime. For Pem > 1 (Pem = ud/Dm) it was found that an increase in dmax/dmin from 1 to 2, and 

2 to 5, resulted in an amplified DL by 10 % and 12 %, respectively. Here, Dm is the molecular 

diffusion coefficient; d is the inert sphere diameter; and u is the average interstitial liquid 

velocity, defined as u = U/ε, where U is the superficial velocity and ε is the porosity.  

As mentioned earlier, traditional CFD methods could successfully simulate the flow in 

packed beds of uniform-sized particles. However, as pointed out in Jourak et al. (2012), CFD 

simulations of large systems of particles become very time-consuming. In addition, it is 

difficult to discretize the particle-particle and particle-wall contact points. These problems are 

likely to be enhanced if different-size spheres are used in a packed-bed model and is possibly 

a reason why the effects of particle size on DL have not been investigated with CFD. 

In the current study, the effects of particle-size distributions on DL via a detailed pore-scale 

simulation of flow and mass transport in randomly 3-D packed beds of spheres in a laminar 

flow is investigated. The 3-D packed beds consist of thousands of discrete spherical particles 

enabling new numerical results that can be compared to experimental results from the 

literature. A modified version of Euclidian Voronoi diagrams is used for discretization of the 

system of particles. The local flow distribution inside the Delaunay tetrahedrons is treated 

with the use of Laurent series. Then, the whole flow pattern at low particle Reynolds number 

(Re) is obtained by minimization of dissipation rate of energy (Berlyand and Panchenko 

2007; Hellström et al. 2010a) for the dual stream function. The particle-size distribution in 

the obtained discretized packed-bed model is varied systematically to give a dmax/dmin in the 

range of 1–4. In the different-sized packed-bed model, the small spheres can fill the gaps in 

the interstices between large spheres. Therefore, the effects of particle size on DL were 

studied both in a system with constant porosity, as well as a system with minimal possible 

porosity that can be obtained with given size distributions. The derived values of DL for both 

uniform- and different-sized particle systems are presented as DL/Dm vs. Pem, and are further 

compared to experimental results from literature. 



2 Numerical setup 

2.1 Random packing procedure 

Generally, the spatial distribution of particles in soil has a random character. In addition, the 

size distribution of particles increases this randomness. There are several ways to get a 

random close-packing structure. For example, by reduction of the size of initially dilute 

system after each random redistribution (Maier et al. 2003) or a raining process, in which 

new particles are inserted from the top of a volume and are allowed to fall into a local minima 

(Freund et al. 2005; Frishfelds et al. 2003). This does not, however, necessarily imply low 

porosities. The approach in this article is slightly different, where the initial distribution of 

particles is made random with overlapping particles, in which the quantity of particles 

corresponds to the intended porosity of non-overlapping particles. Then, the system is 

virtually shaken until none of the particles overlap the others. The shaking of the system is 

made by a kind of Brownian motion, whereby particles can jump in a random direction by a 

random small length at each step (Chen and Papathanasiou 2008). However, the jumps that 

increase overlapping of the particles are set to be less frequent according to the simulated 

annealing technique. It is clear that with lower intended porosity, longer shaking is required. 

The default porosity in the current study is 40 %, which requires typically more than 104 

jumps for each particle to get a non-overlapping configuration. The periodic boundary 

condition slightly hinders the formation of systems with very low random porosities. This 

turns out to be especially true at some relatively smaller values of the ratios of the system size 

to the particle diameter. The lowest porosity studied here for monosized particles is 36.5 %. 

Lower porosities for random systems can be achieved for different-sized particles, since the 

smaller particles can partially fill the spaces between the larger particles. However, this 

depends on the particle size. For instance, if the diameters of particles are equally distributed 

in the interval from the minimal diameter to twice the size of that, the lowest porosity that can 

be achieved is 35.5 %. Even lower porosities of 35.0 % or 34.5 % were achieved when 

diameters of particles were equally distributed in the interval from the minimal diameter to 

triple or quadruple the size of that, respectively.  

2.2 Voronoi discretization of randomly placed different-sized 
particles 

Voronoi discretization of a system of particles has several advantages: 1- it enables a 

geometrical division of the system so that each cell contains one particle, 2- Voronoi surfaces 



correspond approximately to positions of maximal velocity in a cross-section of the gaps 

formed between the particles (see Figure 1a) and has nearly zero vorticity, 3- the local 

porosity around a particle corresponds well to that enclosed by the Voronoi cell. Voronoi 

diagrams are mutually related to the Delaunay tessellation, which can be made by several 

algorithms. One of the fastest approaches is by the Bowyer-Watson algorithm. It can handle 

periodic boundary conditions for Delaunay tessellation (see, Thompson 2002), where the 

primary system is surrounded by 26 periodic systems or domains. A tetrahedron that connects 

the 4 closest particles can be such that particles belong to different domains at the boundary 

of the system. However, in this article tessellation starts just from one particle in a primary 

domain with 6 tetrahedrons, whereas Thompson (2002) used 8 initial particles in a primary 

domain near the 8 corners of the system to get the initial tessellation with 40 tetrahedrons. 

 

 

Figure 1 (a) The space between 4 particles in a Delaunay tetrahedron showing the normal 
component of the velocity distribution inside the gap. (b) Division of the cross-section 
between 3 particles in triangles.  

 

The usual Voronoi discretization works only if the radius of spherical particles is the same. In 

the case of different-sized particles, however, traditional Voronoi diagrams can penetrate 

through the larger particles. Therefore, Euclidian Voronoi diagrams are necessary, in which a 

Voronoi point is equal-distant from the two nearest surfaces of the spherical particles. In 

general, the Voronoi piecewise surfaces are hyperboloids (Kim et al. 2005) instead of planes 

as for a traditional Voronoi discretization. The Voronoi vertices are here placed in positions 

ϕ

a b 



with equal distance to the four nearest surfaces of particles. This distance acts as the radius of 

Delaunay sphere centered in the vertex. The Delaunay spheres define the Delaunay criterion, 

on which the Euclidian Voronoi tessellation is made for the system of unequal particles; i.e., 

a valid Voronoi sphere does not touch or cross any other particles than the four used for 

building of that Delaunay sphere. In other words, no other vertex of another possible 

Delaunay tetrahedron is within the given Delaunay sphere. The algorithm of finding the 

Voronoi vertex is given in Gavrilova et al. (2003). There could be degenerated cases where 

there are no vertices for four particles. However, these cases are handled by assigning a very 

large radius of the Delaunay sphere, so that 4 given particles will not form a Delaunay 

tetrahedron. Another problem that could appear in Euclidian Voronoi diagrams is the "big 

brothers problem" (Kim et al. 2005), when a tiny particle is placed in the middle of two huge 

particles. The Voronoi surfaces around the tiny particles can then be without any vertices. 

Therefore, a workaround presented by Kim et al. (2005) is applied and the tessellation is 

started with the largest particles, leaving the smaller ones to the final part of the 

discretization. The hyperboloid Voronoi surfaces can cause some difficulties. Therefore, 

planes replace hyperboloids after the Delaunay tessellation is made, so that each plane is the 

tangent of the hyperbola at the point where the two spheres are closest to each other.  

2.3 Flow field 

The flow field for the complete system of particles is seen as Stokesian flow of an 

incompressible fluid. It is clear that the flow field cannot be obtained by finite element 

method for the whole system consisting of up to 10,000 spherical particles. Therefore, 

Voronoi diagrams and Delaunay tessellations were used to sample the flow field through a 

specific local configuration. Once the sampling was made, the flow field with a proper 

technique could be extended to the whole system. A kind of network model can be used for 

that purpose, e.g., building a numerical scheme with respect to the pressure value at the 

center of each Delaunay tetrahedron. However, this approach limits possible improvement of 

the method if higher accuracy is required. The approach herein is based on minimization of 

the total dissipation rate of energy (Berlyand and Panchenko 2007; Hellström et al. 2010a) 

Φ[ψψ]= μ
2

ω2 dV∫ ,      (1) 

where ωω  is vorticity and µ is dynamic viscosity. As a variational method, it can be improved 

depending on available computational resources. The total dissipation rate of energy Φ 



should be considered as a function of the stream function ψψ , which is related to the vorticity 

in the following manner 

ω = ∇×u = ∇× (∇×ψ),     (2) 

where u is the velocity. The stream function ψ  is not strictly defined, as there are a lot of 

possibilities to obtain the same velocity distribution. One way is to use divergence free 

additional requirement for the stream function. Another method that was used in this study is 

the dual stream function approach, where the stream function has two components 

perpendicular to the main flow direction.  

Assuming a large porous system in shape of a rectangular parallelepiped 

zyx azayax ≤≤≤≤≤≤ 0,0,0  with an average superficial velocity U directed along the z-

axis, the following boundary conditions can then be specified for the dual stream function: 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

==

=+=

−==

).,,()0,,(),,,()0,,(

),,,(),0,(,
2

),,(),0,(

,
2

),,(),,0(),,,(),,0(

zyyzxx

yyy
y

yxx

x
xyyxxx

ayxψyxψayxψyxψ

zaxψzxψ
Ua

zaxψzxψ

Uazyaψzyψzyaψzyψ

    (3) 

Then, the linear system of equations with respect to the stream function can be solved 

independently, as previously done in the 2-D case (Jourak et al. 2012). An example of the 

distribution of the dual stream function is shown in Figure 2. 



 

Figure 2 Example of a Voronoi mesh of a 3-D system. Cross-sections are shown in the x-z 
plane (left) and in the y-z plane (right). Shaded particles have the center behind the cross-
section, the others in front of it. The color represents component of the stream function for 
each particle normal to the corresponding cross-section.  

2.4 Flow inside Delaunay tetrahedron 

The spherical particles used to form the porous bed are assumed to be impermeable; 

therefore, the stream function is constant inside the particles. Consider a Delaunay 

tetrahedron, which has four faces and each face consists of 3 spherical particles. If the 

tetrahedron is densely packed, then there are channel-like openings through each face. The 

flow distribution through a Delaunay face can be calculated as in a channel with slowly 

varying shape along the length of it. The dominant part of ωω  is in the position of the channel 

with the least cross-section, i.e., Delaunay faces, whereas ω  is insignificant near the center of 

the Delaunay tetrahedrons. The assumption is also valid if the particles are not completely 

compact and equal sized, which results in a shape of the cross-section channel as in Figure 1. 

The cross-section can be further separated into 6 sections (see, Figure 1), i.e., two sections 

per particle. If the cross-section makes a regular triangle, then the flow pattern up to a 

constant multiplier for velocity component normal to the cross-section can be obtained by 

Laurent series 



u ~ u0 =
R2 − r2

4
+ B0 ln r

R0

+ Bn

R0

r

⎛

⎝
⎜

⎞

⎠
⎟

πn
Δφ

−
r
R0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

πn
Δφ

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
cos πn φ

Δφ

⎡

⎣
⎢

⎤

⎦
⎥

n=1

∞

∑  (4) 

where R is the polar radius of the particle as viewed in the given cross-section; r and ϕ are 

polar coordinates with the reference point in the center of the particle; B0 and Bn are 

constants; and Δϕ is the angle of the selected triangle, which for a regular case is 30°. The 

Laurent series automatically satisfies the viscous flow equation for the velocity component u 

normal to the cross-section according to:   

10 −=Δu      (5) 

at any constants B0 and Bn (Drummond and Tahir 1984). Moreover, non-slip boundary 

condition at the particles and ϕ = const are automatically satisfied. Constants B0 and Bn 

should be chosen to fulfill the boundary condition at r cosϕ = x0, in which x0 is the position of 

Voronoi surface as viewed from the particle. Summation over n in the Laurent series (Eq. 4) 

convergences very fast especially at looser packing (Frishfelds et al. 2003); therefore, it is 

enough to take into account just the first three terms in the summation. Equation (4) is 

extended to a general case of a non-regular triangle, where the circumcenter of the triangle 

takes the role of the center-point. 

The total flow through the face of a triangle can be expressed by a contour integral of ψψ  over 

the perimeter of the cross-section according to: 

∫∫ = lψdudS .      (6) 

From this expression, the proportionality constant can be derived. The vorticity can be readily 

calculated from Eq. 4 by differentiation. Thus, the integral of dissipation rate of energy (Eq. 

1) in a tetrahedron can be expressed in the quadratic form: 

      ∑∑ ∫∫∫
= =

=
4

1

4

1

2 )()(
i j

jiij
ntetrahedro

ddCdV lψlψω ,    (7) 

where id )(∫ lψ  is the total flow through the i-face of the tetrahedron, and Cij = Cji are 

coefficients for the particular shape of the tetrahedron. The diagonal terms Cii are dominating 

at least for dense packing. The volume integral of ωω  as derived from Laurent series (Eq. 4) 



yields these coefficients. Another way would be to use CFD to obtain coefficients Cij, which 

will be done in later studies. The distribution of the stream function follows from the 

minimization of the total dissipation rate of energy, which creates a system of linear 

equations. 

2.5 Molecular diffusion 

Molecular diffusion occurs primarily along the Voronoi faces. The vertice of each Voronoi 

face is the circumcenter of the corresponding Delaunay tetrahedron. Thus, the flow between 

two neighboring vertices goes through the face of three spheres of the corresponding 

tetrahedrons; see Figure 1b. The narrow gap between three spheres has a channel-like form 

with varying area of the cross-section, S(ξ), with the smallest area at ξ = 0 when S(ξ) = S0. If 

the absolute value of ξ is equal to the radius of the smallest sphere, then area, Sm, is obtained. 

In other cases, the area S(ξ) is 
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where αk is angle of the triangle at the corresponding sphere, ∑
=

−=
3

1

2
0 2

1
k

kkm RSS α . The total 

mass-transfer resistance to the molecular diffusion is given by the integral (Lundström and 

Gebart 1995) 
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As can be seen, the most important part in the flow resistance originates just from a small 

interval 00 SS ≤≤− ξ for dense packing, which is typically much shorter than the radius 

of the particles. Therefore, arctangent yields just 2/π± . The flow rate through the same face 

of three triangles is given by the integral 

∫∫ = lψdudS ,      (10) 

where the integration is taken along the perimeter of the triangle. Thus, the mass transport 

between two adjacent vertices can be calculated. Then, by pairing all adjacent vertices, the 

global mass transport is obtained. 



2.6 Longitudinal dispersion  

The DL is obtained by comparing the effluent curve from the packed-bed model to the 

solution of the one-dimensional (1-D) advection-dispersion equation with constant DL, fixed 

concentration at the inlet, and flux free concentration at the outlet. The corresponding 

problem is set by the following 1-D advection-dispersion equation: 

∂c
∂t
+u ∂c

∂z
= DL

∂2c
∂z2

,     (11) 

with boundary conditions 

c = 0, 0 < z ≤ L, t = 0,
c = c0 , z = 0, t ≥ 0,
∂c
∂z

= 0, z = L, t ≥ 0.

    (12) 

In Eq. 11–12, c is the mean solute concentration, t is time, z is the distance in the main flow 

direction, and L is the length of the packed-bed model. The approximate solution to Eq. 11 

with boundary conditions (Eq. 12) is (van Genuchten and Alves 1982): 
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  (13) 

Equation 13 provides an accuracy to four significant digits when either uL/DL > 100 or uL/DL 

> 5 + ut/L (van Genuchten and Alves 1982). In the present simulations this condition is 

satisfied when Pem > 0.01. Thus, the comparison with the analytic formula (Eq. 13) yields an 

effective value of DL. Usually DL and the interstitial velocity u are fitted simultaneously to 

the effluent curve due to possible variation of porosity in the system (Huang et al. 1995). 

However, the total porosity of the whole system in this article is very well fixed. Therefore, 

the fitting of u is not required and fitting of Eq. 13 to the effluent curves is performed with a 

fixed u, i.e., u = U/ε in order to derive DL.  



2.7 System setup  

The dimension of the setups that was used for the numerical simulations is 0.1×0.1×1 m3 in a 

periodic box with the average flow in the z-direction. Previous results (Jourak et al. 

submitted; Jourak et al. 2012) have shown that the width of the system with periodic 

boundary conditions on the side walls is not an important parameter; it only reduces the 

statistical variations. Therefore, the system can be kept relatively narrow while the length 

should be as long as possible, since DL will not be constant as the flow front develops within 

the packed bed. Experimental observations suggest that DL increases with increasing the 

length of the system, but usually stabilizes after a certain length (Han et al. 1985; John 2006). 

However, if the system has a changing structural character then DL may not stabilize, e.g., 

due to wall effects (Maier et al. 2003). In the case of different-sized particles an even longer 

system is required for DL to stabilize (Han et al. 1985; Jourak et al. 2012).  

The modeling was done with an incompressible liquid with Schmidt number Sc >> 1 (Guedes 

de Carvalho and Delgado 2003) and the flow was Stokesian for all the setups (Hellström et 

al. 2010b). In the simulations, four particle-size distributions were used: uniform-sized 

particles, and distributions of particle diameters in the range of 8–16 mm, 6–18 mm, and 4.8–

19.2 mm. These particle-size distributions gave dmax/dmin in the range of 1–4. The diameters 

of particles are equally distributed in the given interval. The average particle diameter  in 

these systems was 12 mm so that the number of particles in the system was around 7,000 

depending on the porosity and particle-size distribution. The porosities used in the 

simulations are described in section 2.1. 

3 Results and discussions 
A more uneven concentration front is obtained for different-sized particles as compared to 

equal-sized particles; see Figure 3. The reason to this is that the introduction of different-

sized particles creates an additional randomness to the system. Therefore, larger spatial 

variations are expected and thus higher dispersion is possible for the whole system.  

d



a  

b  

Figure 3 Development of concentration at Pem = 10. (a) dmax/dmin = 1 and  ε = 0.4, (b) 
dmax/dmin = 4 and ε = 0.345. Time is shown in units t/t0; t0 = L/u with L=1 m. 

For all simulations performed, the maximal standard deviation of the relative concentration in 

one cross-section becomes lower as the flow front evolves within the packed bed, as 

exemplified in Figure 4. This value can vary from 0 to 0.5, where the latter corresponds to the 

theoretical situation when half of the cross-section has concentration 0 and the other half c0. 

For a consistent result, the relative concentration in one cross-section should obtain the 

lowest possible value at t = L/u. However, to reach this status for Pem >> 1, a relatively large 

system is required (where Pem =
ud
Dm

). The larger Pem the longer system must be set up to 



obtain a constant DL. The variations in the particle size additionally increase the standard 

deviation in the cross-section (Figure 4) and an even longer system is required. The required 

length of the system can be obtained by analyzing the concentration front shape during the 

evolution (Jourak et al. 2012). If there is a significant variation of the concentration in the 

cross-section normal to the flow direction at the front, then DL has not yet stabilized. If the 

position of the front is further apart from the inlet, then front has spread considerably in the 

longitudinal direction, resulting in less variation in perpendicular directions. The given 

dimension of the system herein, however, is sufficient to determine a proper value of DL at 

Pem < 100 (Jourak et al. submitted). 

 

Figure 4 Variation of maximal standard deviation in one cross-section normal to the z-axis 
vs. non-dimensional time at different Pem values; t0 = L/u with L=1 m.  

The analytical formula, Eq. 13, fit the effluent curves from equal- and different-sized particle 

systems very well, and, thus, it was used to derive DL; see Figure 5. At Pem = 1, the effluent 

curves from equal- and different-size particle systems coincide with each other (see Figure 5). 

Hence, at this Pem the influence of particle-size distribution on DL is insignificant (see Figure 

6). However, there is a certain deviation at Pem = 10 and DL is higher for the system of 

different-sized particles (see Figures 5 and 6). Increasing the width of particle-size 

distribution resulted in higher values of DL for Pem > 1 (see Figures 6 and 7). More 



specifically, as dmax/dmin is allowed to increase from 1 to 4, DL increases by about 18%, which 

is a larger increase than for the 2-D system studied in Jourak et al. 2012 (see the 

introduction). The increase of DL as the particle-size distribution becomes wider is also in 

agreement with other previous studies (Eidsath et al. 1983; Guedes de Carvalho and Delgado 

2003; Han et al. 1985; Raimondi et al. 1959; Wronski and Molga 1987). For Pem << 1, the DL 

slightly decreases with an increase of dmax/dmin as a result of a higher tortuosity factor 

τ = lim
Pem→0

Dm

DL

 in the systems with different-size particles and constant porosity of 0.4 (see 

Figure 6). The increase of τ as the width of particle-size distribution increases (for a constant 

porosity) is probably related to the increase of sinuosity of the flow path, as a result of 

accumulation of small particles in the interstices between large particles. The effect of 

particle size on DL for Pem < 1 was marginal in the previous 2-D article (Jourak et al. 2012), 

which is likely to be related to the 2-D approach that was used in that study.  

 

Figure 5 Flow-averaged (solid lines) concentration effluent curves for a system ε = 0.4, 
dmax/dmin = 4, and L = 1 m vs. non-dimensional time at Pem = 0.1, Pem = 1 and Pem = 10. 
Symbols (○) represent approximations via the analytical formula, Eq. 13. Dotted line 
represent a case with equal-sized particles; t0 = L/u.  

 



 

Figure 6 Dependence of longitudinal dispersion on size variation of particles. Hollow 
symbols denote cases with ε = 0.4, filled symbols show cases with minimal achieved porosity 
for given size distribution. 

Figure 7 Calculated DL/Dm in a packed-bed model with L = 1 m for equal- and different-
sized particles in comparison to 3-D experimental data from Gunn and Pryce (Gunn and 
Pryce 1969), Edwards and Richardson (Edwards and Richardson 1968), and Blackwell et al. 
(Blackwell et al. 1959). 



As mentioned earlier, increasing the variation of particle-size distribution makes it possible to 

obtain lower porosities since the small particles can fill the interstices between large particles. 

Therefore, the effects of particle-size distribution on DL at reduced porosity for the compact 

random system with the given size distribution were also examined. In the case of reduced 

porosities, the values of DL are slightly lower than that of with constant porosities at Pem > 1 

(see Figure 6 for comparison between hollow and filled symbols at Pem = 10 and Figure 7 for 

comparison between solid and dotted lines at Pem > 1). However, a much higher dependence 

of DL on porosity is observed at Pem << 1. The systems with reduced porosities had much 

lower DL compared to those with constant porosities (see Figures 6 and 7). This is again 

related to the increase of tortuosity factor as the porosity decreases (Lanfrey et al. 2010), 

which in turn reduces the DL in the molecular diffusion regime; i.e., at very low Pem.  

The dependence of DL obtained from different-sized particles system on Pem is similar to the 

case of uniform-sized particles system. However, the slope is a bit larger for Pem > 1 due to 

the increase of DL as a result of increase in the width of particle-size distribution (see Figure 

7). As can be seen from Figure 7, the values of DL are in excellent agreement with previous 

experimental data from the literature (Blackwell et al. 1959; Edwards and Richardson 1968; 

Gunn and Pryce 1969). This implies that the present approach to derive DL and investigate 

the effects of particle-size distribution on DL can be considered to be acceptable for a laminar 

flow.  

4 Conclusions 
A new method to derive the 3-D flow field through packed beds of randomly distributed 

spheres of unequal size has been demonstrated. The method is based on modified Euclidian 

Voronoi diagrams with sampling of flow patterns for Delaunay tetrahedrons. By a proper 

selection of the first particles in the Bowyer-Watson algorithm, it was possible to consider a 

system with huge aspect ratios. The flow field was derived by the dual stream function 

approach enabling an application of the variational method to obtain the overall flow pattern. 

This methodology provided a discretized packed-bed model of spheres, in which the width of 

the particle-size distributions was changed systematically in order to investigate the effects of 

particle size on DL. A summary of major findings: 

• The Thompson algorithm was found to be an effective method to handle the periodic 

boundary conditions. 



• The dual stream function approach was found to be suitable to obtain the flow in packed-bed 

models of spheres. 

• At Pem > 1, for a system with constant porosity of 0.4, increasing dmax/dmin from 1 to 4 

increased the obtained DL by roughly 18%. This increase in DL was less when a system with a 

minimal possible porosity was studied.  

• In the molecular diffusion regime (i.e., Pem << 1), for a system with constant porosity, an 

increase of dmax/dmin decreases DL. DL decreases additionally when the system was packed to 

the minimal possible porosity, which is due to the increase in the tortuosity factor.  
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Abstract 
Phosphorus (P) filter units containing mineral-based sorbents with a high P 

binding capacity have been shown to be an appropriate passive method to treat 

domestic wastewater with respect to P in on-site facilities. Modeling column 

experiments containing mineral-based sorbents in laboratory scale can be a useful 

method to investigate their P removal mechanisms. A model could also be a tool 

for investigating new filter materials. In this study, the transport and removal of 

dissolved P in a laboratory-scale column experiment filled with a silicate-based 

sorbent was modeled, using the hydro-geochemical transport code PHREEQC. A 

kinetically constrained dissolution of lime (CaO) and wollastonite (CaSiO3) along 

with the precipitation of amorphous tricalcium phosphate could successfully 

simulate the removal of dissolved P that was measured in the laboratory 

experiments.  

 

Keywords: reactive transport modeling, on-site wastewater treatment, filtration, 

PHREEQC, Filtralite® P, phosphorus 
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1 Introduction 
 

Filters consisting of mineral-based alkaline materials have been shown to be a 

noteworthy option for treatment of pre-treated domestic wastewater with respect 

to phosphorus (P) in on-site facilities. A large number of filter materials have been 

investigated (Johansson Westholm, 2006; Vohla et al., 2011). The suitability of 

these P-filter materials for their use in on-site sanitation systems were mostly 

investigated in laboratory, by means of batch and column experiments (Vohla et 

al., 2011). Full-scale investigations are costly and time-consuming, which make 

them inappropriate for a rapid assessment of new filter materials. Therefore, it is 

worthwhile to develop methods to be able to assess the performance and longevity 

of filter materials from laboratory column experiments, although the conditions in 

full-scale applications differ from those on a laboratory scale.  

 

Modeling the transport of solutes and the removal of P in laboratory-scale filter 

columns might be a useful tool for assessing the performance and longevity of a 

material. Such a model could also have the potential to be used for scale-up and 

optimization of operational parameters. To successfully model the retention of P 

in a filter, it is necessary to assess possible P removal reactions as well as formed 

P products within the filter. In previous research, some reactive phases 

(Gustafsson et al., 2008) as well as some formed P products have been identified 

in different filter materials (Gustafsson et al., 2008; Eveborn et al., 2009). 

However, the path through which the P products are formed and retained is still 

not fully known. In general, calcium-based filter materials release calcium ions to 

the solution phase through kinetically constrained dissolution processes. Then, 

calcium-P compounds are precipitated at high pH (Gustafsson et al., 2008). 

 

The overall aim of this study was to develop a model describing the transport and 

removal of P within a reactive filter. In this paper, the modeling focused on the 

removal of the dissolved P within a compact filter filled with a calcium-silicate 

sorbent. Furthermore, the developed model should contribute with knowledge 

about possible reactions being responsible for the removal of dissolved P from the 
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filtrating solution. The hydro-geochemical transport code PHREEQC (Parkhurst 

and Appelo, 2012) was used for this purpose.  

 

2 Material and methods 
 

2.1 General description of method 

 

The hydro-geochemical transport code PHREEQC (Parkhurst and Appelo, 2012), 

was used to model the transport and reaction of solutes in a laboratory-scale 

column experiment. The code was designed to fit the set-up in the laboratory and 

also calibrated using data from the laboratory experiment with two filter columns 

(replicates) that were run at a loading rate similar to full-scale conditions. After 

calibration, the model was tested by increasing the loading rate and the model 

outcome was compared with effluent dissolved P concentrations from laboratory 

filter columns with the same increased loading rate. The laboratory experiments 

are described in chapters 2.4.2 and 2.4.3.  

 

2.2 Material 

 

The filter material investigated in this study was Filtralite® P. The material 

contained 269 g kg-1 silicon, 86.1 g kg-1 aluminum, 56.5 g kg-1 iron, 35.7 g kg-1 

calcium and 28.3 g kg-1 magnesium; for additional material properties see 

Herrmann et al. (submitted). Filtralite® P is made of Norwegian light weight 

aggregate. In the parent material of the light weight aggregate the clay mineral 

illite is the dominant clay fraction (Jenssen and Krogstad, 2003). 

 

2.3 Investigation of mineral phases in Filtralite® P  

 

X-ray powder diffraction (XRPD) and Fourier transform infrared (FTIR) 

spectroscopy analyses were performed to identify the reactive phases in the 

material. XRPD analyses were carried out on a fresh and a used sample of 

Filtralite® P. Both samples were wet ground (in ethanol) in a McCrone mill and 
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spray dried to produce random powders. XRPD patterns were recorded from 2-

75°2θ using Cobalt Kα radiation.  

 

For FTIR analysis, both a fresh and a used sample of Filtralite® P were ground in 

a mortar, mixed with potassium bromide, and pressed into pellets that were 

analyzed in a Bruker IFS66v/S FTIR spectrometer in diffuse reflection mode.  

 

2.4 Model 

 

The hydro-geochemical transport code PHREEQC (Parkhurst and Appelo, 2012), 

uses the following one-dimensional (1-D) advection-reaction-dispersion (ARD) 

equation: 

 

                                                                                 Eq. 1 

 

where C is concentration in water (mol/kgw), t is time (s), v is pore-water flow 

velocity (m s-1), x is distance (m) in the main flow direction, DL is the longitudinal 

dispersion coefficient [m2 s-1, DL = Dm/τ+ aLv, with Dm being the molecular 

diffusion coefficient, τ the tortuosity factor and aL the dispersivity (m)], while q is 

concentration in the solid phase (expressed as mol/kgw).  the time derivative of 

q in Eq. 1 represents changes of concentration in the solid phase due to reactions. 

A flux boundary condition was set at x = 0, as the inlet feeding tube was much 

smaller than the cross-section of the column (Parkhurst and Appelo, 1999). At the 

column outlet (x = L, where L is length of the column) a no concentration gradient 

condition was applied.  

 

The kinetically constrained dissolution of mineral phases from Filtralite® P was 

modeled with a general rate law for the change in solute concentration due to 

mineral dissolution/precipitation reactions (Appelo and Postma, 2005): 

 

,                                                                                    Eq. 2 
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where 

R = the overall reaction rate (mol L-1 s-1) 

k = the specific rate (mol m-2 s-1) 

A0 = the initial surface area of the mineral (m2) 

V = the volume of solution (m3) 

m0 = the initial molar concentration of solid 

m = the molar concentration of solid at a given time 

n = 2/3   

Ω = saturation state = IAP/K (IAP = ion activity product, K = solubility constant). 

 

The influent solution in the column experiment (Herrmann et al., submitted) 

contained 13 mg phosphorus L-1 in the form of dissolved KH2PO4, a redox 

potential of 304 mV and a pH of 5. Therefore, in the model, concentrations of K 

and P, the redox potential and the pH were adjusted to meet the above values. The 

solution was brought to equilibrium with atmospheric CO2 by adding carbon 

(C(4)) to the modeled influent solution, which was equilibrated with the 

atmospheric partial pressure of CO2.  

 

2.4.1 Model parameters 

 

Parameters used for model calibration 

 

To calibrate the model, three parameters were varied for each mineral phase until 

a good fit to the laboratory data was achieved: the specific rate constant k (Eq. 2), 

the initial molar concentration of solid (m0) and the initial surface area (A0). These 

parameters were varied for both mineral phases that were assumed to kinetically 

dissolve from Filtralite® P.  

 

Diffusion coefficient 

 

The molecular diffusion coefficient (Dm) was calculated using the Wilke and 

Chang equation (Wilke and Chang, 1955). The Dm of the PO4-P (phosphate) for 

the actual experimental condition in this study was determined to be 1.295×10-9 
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m2 s-1. It was assumed that all solutes that were transported had the same 

molecular diffusion.  

 

Dispersivity  

 

The longitudinal dispersion coefficient (DL) and thereby the longitudinal 

dispersivity (aL) were estimated based on derivations performed by Jourak et al. 

(submitted). First the Peclet number (Pe = vd/Dm) was calculated. Here, d is the 

particle diameter. The effective diameter, d10, of Filtralite® P that was used in the 

calculation of Pe was 0.0012 m, according to the Filtralite® P data sheet. Then, the 

DL, and, thus, aL can be estimated from DL/Dm plot vs. Pe (Jourak et al., 

submitted). The dispersivity of the packed bed, which is a geometric characteristic 

of the porous medium (Bear, 1972), was calculated to be 0.00033 m.  

 

Phases 

 

The phases included in the model, their solubility products and reaction enthalpies 

are shown in Table 1. Wollastonite (CaSiO3) and calcium oxide (CaO) were 

assumed to be the kinetically dissolving phases. The choice of these dissolving 

phases is discussed in section 3.2. Several phases were included as possible 

precipitating phases (Table 1): amorphous tricalcium phosphate (ATCP), dibasic 

calcium phosphate dihydrate (DCPD) and octacalcium phosphate (OCP), calcite 

(CaCO3) and amorphous silica (SiO2 (a)). 
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Table 1 Dissolving and possible precipitating phases included in the model. 
K solubility constant, ΔHr: reaction enthalpy. 
Compound 
name 

Formula log K 
[-] 

ΔHr 
[kJ mol-1] 

Reference 

Wollastonite CaSiO3(s) 12.996 -81.580 Allison et al. 
(1991) 

Calcium 
oxide 

CaO(s) 32.6993 -193.91 Cox et al. 
(1989) 

ATCP Ca3(PO4)2(s) -28.25 -87 Christoffersen 
et al. (1990) 

DCPD  CaHPO4:2H2O(s) -18.995 23 Smith et al. 
(2003) 

OCP Ca4H(PO4)3 (s) -47.95 -105 Christoffersen 
et al. (1990) 

Amorphous 
silicon  
 
dioxide 

SiO2 (a) 2.71 13.97 Parkhurst and 
Appelo 
(2012) 

Calcite CaCO3(s) -8.48 -9.611 Parkhurst and 
Appelo 
(2012) 

 

2.4.2 Laboratory data that were modeled  

 

The model was calibrated to fit data from a laboratory experiment with two filter 

columns (replicates) containing Filtralite® P. Results from this experiment, 

including breakthrough curves (Fig 2), can be found in (Herrmann et al., 

submitted). The loading rate of filter columns was 97 ± 3 Lm-2d-1, similar to 

loading rates used in full-scale filters. Breakthrough was reached after 16 bed 

volumes (10.4 days) and saturation was reached after 112 bed volumes (BV) (72.5 

days).  

 

2.4.3 Laboratory data used to test the model 

 

In order to test the model, it was run at a loading rate that was considerably higher 

compared to the loading rate used for calibration that reflected full-scale 

conditions. The model output from this run was then compared to the effluent 

curves of the laboratory filter columns (n = 2) with loading rate of 651 ± 21 L m-2 

d-1. 
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3 Results and discussion 
 

The results of the analysis of the material will be presented followed by a 

comparison between the experiments and the modeling on the filter columns. 

 

3.1 XRPD and FTIR 

 

The XRPD analysis indicated a large share of amorphous material both in the 

used and fresh material, as the background noise in the XRPD pattern was rather 

high. The crystalline phases identified were quartz, feldspars, calcite, periclase 

and possibly spinel phases. Quartz and feldspar were presumably residual phases 

from the clay material that was used to produce Filtralite® P. Periclase and spinel 

phases could have formed during the high temperature process used to make the 

Filtralite® P. Calcite was presumably formed during hydration and carbonation of 

the material at a later time. No obvious crystalline calcium-bearing silicates were 

identified in the material. Quantitative analysis was not possible on the collected 

data due to the presence of a large amount of X-ray amorphous material. 

 

FTIR spectroscopy has previously been shown to successfully identify reactive 

minerals in some alkaline-based sorbents (Gustafsson et al., 2008). The FTIR 

spectra of both used and unused Filtralite® P are shown in Figure 1. The presence 

of calcite in both used and unused samples is visible as peaks close to 712, 877, 

1420, 1600 and 1793 cm-1, which is a characteristic of carbonate in calcite. The 

presence of silicate is visible in both samples because of the silicate peak at 

around 980 cm-1. Peaks due to Si-O stretching are visible also close to 465, 692, 

777 and 1003 cm-1, which are typical peaks for a clay mineral. The presence of 

OH stretching close to 3694 cm-1 can be possibly due to the presence of Mg-rich 

biotite in the unused sample. The OH stretching at 3642 cm-1 indicates the 

presence of CaO or Ca(OH)2 in the unused sample, which was not present in the 

used sample. The peak at 446 cm-1 may imply that there is hematite in the 

material, which would clarify the relatively high analytical determined Fe-

concentration in the Filtralite® P (ca. 7%). For the used sample, the appearance of 

a small new peak in the P-O stretching region, close to 1035 cm-1 suggests the 
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existence of a phosphate mineral. The peak is not sufficiently well resolved to 

allow identification, although the general position is consistent with what would 

be expected for ATCP (Gustafsson et al. 2008).  

 
Figure 1  DRIFT FTIR spectra for unused (blue) and used (red) Filtralite® P 

 

3.2 Mineral phases used in the model 

 

Based on the results of XRPD and FTIR analyses, lime (CaO) and wollastonite 

(CaSiO3) were chosen as the material phases in the model that were subject to 

kinetically constrained dissolution of Ca2+ and OH- ions necessary for Ca-P 

precipitation. Lime was detected using FTIR spectroscopy; it was also shown to 

have disappeared after using the material. Wollastonite was not detected with the 

above analysis techniques. However, there was a large amorphous component in 

the material whose composition remained unclear. The presence of calcium 

silicates (such as wollastonite) in Filtralite® P is very likely, considering its 

chemical composition (Herrmann et al., submitted) and the properties of the clay 

material used in the manufacturing process. Wollastonite (CaSiO3) is a calcium 

silicate with a simple composition and was therefore used as the dissolving phase 
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in the model. Wollastonite was also found in other filter materials such as 

Polonite® (Gustafsson et al., 2008). 

 

The possible precipitating Ca-P mineral phases included in the model were ATCP, 

DCP and OCP (Table 1). The more crystalline phase hydroxyapatite was not 

included in the model. Although it has been shown to form in many materials 

(Eveborn et al., 2009), it was assumed to form in small amounts only because of 

the rather short residence time of the solution in the laboratory filters. The 

chemical equilibriums in the filter are controlled by amorphous phases such as 

ATCP (Gustafsson et al., 2008). The hydro-geochemical calculations showed that 

in the model in fact only calcite and ATCP precipitated. The presence of ATCP in 

the used sample was also indicated using FTIR spectroscopy (Fig 1). 

 

The initial phases included in the model were merely wollastonite and lime. 

Although calcite was detected using FTIR spectroscopy, it was not included as an 

initial phase. Including it would have had a favorable impact on the modeled pH 

curve but a model containing calcite as an equilibrium phase could not 

satisfyingly describe the breakthrough curve measured in the laboratory. 

 

3.3 Discussion of the model 

 

The experimentally-derived breakthrough curve (Fig 2a) was composed of three 

parts: the first part (up to about 10 BV) until breakthrough with no dissolved P in 

the effluent and for which the pH was above 10.5 (Fig 2b), the second part (up to 

about 60 BV) with a rather steep slope of the breakthrough curve and pH 

decreasing to almost 9 (Fig 2b), and the third part (up to 110 BV) with a flatter 

slope and the pH staying just above 9. The major part of the dissolved P was 

retained in the columns during the first and second part of the curve when the 

effluent concentrations of dissolved P were comparatively low. Therefore, the 

calibration of the model primarily focused on the first and second part of the 

curve.  

 

The model (Fig 2) was calibrated with the laboratory data by adjusting the initial 

molar concentrations of the two minerals assumed to be present in the filter m0 
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(Eq. 2), their specific dissolution rate k (Eq. 2), and their initial surface area A0 

(Eq. 2). The values for these parameters that were found to lead to a model fitting 

the laboratory data are shown in Table 2. The dissolution rate was lower for 

wollastonite compared to CaO, whereas the initial amount of wollastonite was 

larger compared to that of CaO (Table 2). The assumed initial amounts of these 

phases were reasonable as the sum of the calcium content in these phases was 

lower than the determined calcium content of the material, which was 8.9·10-4 

mol g-1. 

 

 
Figure 2 Modeled and measured calcium and dissolved P concentrations (a) and 

modeled and measured pH (b) in the filter effluent vs. bed volumes at low loading 

rate (97 ± 3 L m-2 d-1) 
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Table 2 Values for the adjusted model parameters (m0: initial molar concentration 
of solid, k: = specific rate, A0: initial surface area of the solid) 
Dissolving mineral Parameter 
 m0 

[mol g-1] 
k 

[mol m-2 s-1] 
A0 

[m2 kg-1] 
Wollastonite 7.5·10-5 10-7.1 0.45 
Lime (CaO) 2.1·10-5 10-6.7 0.5 
 

The modeling yields that the high P removal before breakthrough (up to about 10 

BV) (Fig 2) was mainly associated with the very fast dissolution of lime (CaO) 

(Fig 3) and a subsequent precipitation of amorphous tricalcium phosphate 

Ca3(PO4)2. After the breakthrough in the model, the lime was depleted and only 

the dissolution of wollastonite governed the P retention (second part of the 

modeled curve), see Fig. 3. In the third part of the curve, at BV > 60, the model 

did not simulate any P retention at all, although the laboratory data still showed a 

certain dissolved P removal, which was possibly due to adsorption/absorption 

reactions happening at rather low pH levels (Gustafsson et al., 2008; Eveborn et 

al., 2009). In the model, however, adsorption reactions were not accounted for, 

and at BV > 60, wollastonite dissolution (Fig 3) and hence calcium concentrations 

were decreasing along with a substantially decreasing pH (Fig 2b). These 

conditions were not favorable for the precipitation of ATCP, as calcium has been 

shown to precipitate phosphate above pH 7 (Søvik and Kløve, 2005). Therefore, 

precipitation reactions in the model were observed to stop at that time (Fig 2a).  

 

The model was calibrated to fit the laboratory P breakthrough curve in the first 

place and the fit was rather good (Fig 2a). As for pH, the modeled values were 

generally lower than the measured ones and the difference between observed and 

fitted values increased with increasing BV (Fig 2b). Changing model parameters 

towards a better fit of the pH, however, would prolong the modeled Ca-P 

precipitation and thereby overestimate the P removal compared to the laboratory 

measurements. The fact that the P removal in the laboratory columns decreased at 

BV>10 (Fig 2a) despite a high pH (Fig 2b) could be due to disturbing factors such 

as particle wash-out from the column or preferential flow. Another reason for the 

higher pH in the laboratory might be dissolving substances in the filter material 

that increased the pH but did not contribute to the removal of P. 
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Figure 3 Modeled kinetically constrained dissolution of wollastonite and lime vs. 

bed volumes at low loading rate (97 ± 3 L m-2 d-1) 

 

3.4 Testing the model 

 

When the model was run at a higher loading rate, two aspects of the laboratory 

data were confirmed: increasing the loading rate shifted the breakthrough curve to 

the left and decreased the pH both in the laboratory experiment and in the model 

(Fig 4). A shift of the breakthrough curve to the left implies an earlier 

breakthrough and earlier saturation, which was observed in the laboratory 

measurements and confirmed by the model (Fig 4). Furthermore, the model for 

higher loading rate fitted the laboratory breakthrough curve reasonably well (Fig 

4) although model predictions for the higher flow rate showed a deteriorated P 

removal of the filter (earlier breakthrough and shorter lifetime) compared to 

laboratory measurements (Fig 4). The modeled pH was generally lower compared 

to the measured values (Figs 2b and 4b). These deviations between predicted and 

observed values at the higher flow rate might be due to simplifications in the 

model, e.g., the absence of calcite or other (amorphous) calcium compounds, 

which could be one reason for the lower pH and the immediate drop of pH (Fig 

4b). The laboratory column experiment was stopped in several intervals for 

sampling of the effluent. During these stops, a certain regeneration of the material 

with regard to P binding might have taken place as has been shown for slag 

materials (Drizo et al., 2008). However, such a regeneration of the experiment 
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effluent curve could not be captured by the model effluent curve that was 

simulated continuously until the saturation point. 

 

Calcium concentrations were not measured in the laboratory but the modeling at 

the higher flow rate gave valuable insights about calcium-related processes in the 

filters. Increasing the loading rate in the model decreased not only the pH but also 

the calcium concentration in the effluent before breakthrough (Figs 2, 4). 

Apparently, faster transport through the material and as a consequence the shorter 

residence time led to a decreased dissolution of calcium from the material. The 

dissolution of calcium from the material is a kinetically constrained process that 

possibly needed more time than available at high loading rate. Furthermore, a high 

pH is important for the precipitation of calcium-phosphates. The decreased pH at 

the higher loading rate probably decreased the precipitation of calcium-

phosphates, which deteriorated the performance of the filter reflected by an early 

breakthrough and saturation point (Fig 4).  

 

3.5 Practical implications and model restrictions 

 

The model was held comparatively simple, which may facilitate an adaption of 

this methodology to assessments of other (new) filter materials that could 

potentially be used for the removal of P in on-site wastewater treatment. The 

model accounts for the main P removal mechanism occurring in alkaline filter 

materials, which is the precipitation of Ca-P compounds (Eveborn et al., 2009). 

The mineral phases in the developed model that were subject to kinetically 

constrained dissolution, wollastonite and CaO, are probably also contained in 

many other filter materials. Therefore, the model is likely to be applicable to other 

filter materials. 

 

To be able to use the model for predicting the performance and longevity of full-

scale filters, the model needs to be further developed and tested. The model  

presented here is simplified and several aspects were not taken into account, such 

as adsorption processes that might play a role in some filter materials, the removal 

of particle-bound P from wastewater, and the effects of bacterial growth in the 
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filter on P removal. Furthermore, a scale-up of the filter within the model would 

need to be validated using data from full-scale facilities. 

 

 
 

 
Figure 4 Modeled and measured calcium and dissolved P concentrations (a) and 

modeled and measured pH (b) in the filter effluent vs. bed volumes at higher 

loading rate (651 ± 21 L m-2 d-1) 
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4 Conclusions 
 

The model developed in this study using the hydro-geochemical transport code 

PHREEQC could successfully simulate the removal of dissolved P in laboratory-

scale filter columns containing the calcium-silicate sorbent Filtralite® P. The 

simulations suggest that lime (CaO) and the calcium-silicate compound 

wollastonite were the responsible phases supplying Ca2+ and OH- ions necessary 

for the precipitation of P and that the only precipitated Ca-P compound suggested 

by the model was amorphous tricalcium phosphate (ATCP, Ca3(PO4)2). The 

presence of ATCP in the used Filtralite® P was in line with the results from the 

FTIR spectroscopy analysis.  
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Recent guidelines from the Swedish Environmental Protection Agency recommend stricter regulations for phosphorus (P)
reduction in small-scale wastewater treatment, which raises the need for additional and novel treatment steps in small-scale
facilities. Following a biological pretreatment, filter systems can be a convenient option. In this study, the P binding capacity
of the filter material Filtra P was investigated in batch tests. The batch test method was evaluated with respect to the effects
of liquid-to-solid ratio and particle size on P binding capacity. For initial concentrations (ci) between 3 and 100 mg L−1,
the P in the solution was completely and rapidly bound to the material, indicating that Filtra P was an efficient substrate
for this process. The maximum amount of bound P was 4.3 ± 0.64 g kg−1 at ci = 300 mg L−1. The P binding capacity
and turbidity measured in the supernatant correlated positively. Turbidity was probably caused by calcium–P precipitates,
suggesting precipitation was the major removal mechanism. Neither the liquid-to-solid ratio nor the particle size affected P
binding capacity significantly (α = 0.05) at ci = 1000 mg L−1, confirming that the conditions used in the batch tests were
appropriate. In full-scale applications, the precipitate formed may be at risk of being washed out of the filter, leading to low
total P reduction and recovery.

Keywords: reactive filter; sorption; liquid-to-solid ratio; particle size; turbidity

Introduction
Phosphorus (P) treatment and recovery from household
wastewater is a crucial process for recycling this impor-
tant element, since the available P resources of high quality
are limited and have been estimated to become depleted in
60 to 130 years [1]. In Sweden, there are about one mil-
lion private small-scale wastewater treatment facilities that
together deliver about the same amount of P to the envi-
ronment as all Swedish municipal wastewater plants [2]
while P is often the main nutrient causing eutrophication
in fresh water ecosystems [3]. Today, in c.24% of Swedish
small-scale facilities, wastewater is only treated in septic
tanks (sludge removal), [4] and further treatment aimed at
nitrogen and P removal is absent or insufficient because
existing systems have not been designed to remove P [5].
The Swedish Environmental Protection Agency (Swedish
EPA) has recommended stricter regulations for P reduction
(70 to 90%) in small-scale wastewater treatment plants [6].
This has provided an impetus for the development of fur-
ther and/or novel treatment steps in small-scale facilities.
Filter systems used downstream of biological pretreatment
can be a convenient option, in terms of cost, function and
maintenance requirements, for treating P in wastewater.
Additionally, P-containing filter materials could possibly

∗Corresponding author. Email: Inga.Herrmann@ltu.se

be reused for the amendment of soil in agriculture, in effect
recycling P into the environment [7–8].

Currently, there are relatively few such filter systems in
use, most of which are in Norway. However, many poten-
tially suitable filter materials have been tested to determine
their P binding capacity, which is an important parameter
when comparing and selecting filter materials [9]. The P
binding characteristics of a variety of reactive filter mate-
rials have been reviewed [10–12]. Two of these studies
classified the materials as natural products such as wollas-
tonite [13] and shellsand [14], industrial by-products such
as slags from steel production [15], or man-made products
such as Leca [16], Polonite� [7], Filtralite P� [17] and
Filtra P. Filtralite P� is commercially available and has
also been studied in a subsurface constructed filter bed in
a full-scale facility treating wastewater from a school [18],
and from a house with three family flats [19]. Although
these facilities had a reasonable estimated lifetime of 15
and 5 years respectively, they consumed rather large areas
of land, requiring 200 and 5 m2, respectively [18–19]. The
filter material Filtra P (Nordkalk, Finland) has recently
been developed for use in small wells as a tertiary treatment
step. According to the supplier, approximately 50 kg of
Filtra P is required for a single family house, and must be

ISSN 0959-3330 print/ISSN 1479-487X online
© 2012 Taylor & Francis
http://dx.doi.org/10.1080/09593330.2011.604878
http://www.tandfonline.com
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replaced on an annual basis. Filtra P was also shown to be
suitable for use as a soil amendment [8]. However, Filtra P
has only been investigated in a few studies to date. Eve-
born et al. [20] studied the speciation of P in Filtra P after
use, and Gustafsson et al. [21] have shown the P binding
characteristics of the material to be promising. In order to
compare Filtra P to other materials, further investigations
are needed.

In batch tests, the reactive filter material is brought into
contact with the P solution until equilibrium is reached.
The P binding capacity of the material is then determined
by the difference between the initial and final P concen-
trations. In many studies, the term ‘sorption capacity’ is
used; it is, however, avoided in this study because the
results point to precipitation as the main removal mech-
anism, and not absorption or adsorption. Batch tests are
widely used to make a first assessment of a material, as they
are comparatively easy and cost-effective to perform. Their
disadvantage is that they are performed under conditions
that differ substantively from those pertinent to real-scale
filters, e.g. extensive contact between P and the material
under aerobic conditions, excess P availability, and room
temperature. Therefore, they can overestimate the P bind-
ing capacity of the material [22]. However, in some cases
P binding can also be underestimated [23]. Furthermore,
batch results are highly sensitive to the test conditions in
the laboratory. Researchers have performed batch tests in
many different ways [10], with conditions differing in scale,
P concentration range, solution to material (liquid-to-solid)
ratio (LS), and shaking time and manner. Therefore, a com-
parison of findings is problematic, as a number of factors
may influence the result. The LS, for example, has been
shown to influence the maximum retained concentration of
P in shellsand [14] and soils [24].

The aims of this study were twofold. Firstly, the P bind-
ing capacity of Filtra P at different concentrations and
reaction times was investigated by means of batch tests
and compared with previously characterized materials. Sec-
ondly, the batch test method was evaluated with respect to
the effects of LS and particle size on P binding capacity at
high initial concentration.

Table 1. Elemental composition of
Filtra P (TS = total solids).

Element Content in g kg−1 TS

Ca 355
Si 11.3
Al 4.57
Fe 3.24
Mg 2.22
K 1.44
Na 0.69
Ti 0.26
P 0.25
Mn 0.10

Table 2. Particle size distribution of Filtra P.

Percentage of material below
Particle diameter (mm) indicated particle diameter

4 0.5
5.6 27
8 89
11.3 99
13 100

Materials
The filter material Filtra P was supplied by Nordkalk,
Finland, and originated from the lime pit located in Pargas,
Finland. It is a calcium-based granular material with a
bulk density of 1079.3 ± 21.7 kg m−3; its composition and
particle size distribution are shown in Table 1 and Table 2,
respectively.

The sample received (about 100 kg) was first split by
fractional shovelling and then by using a riffle splitter. Sub-
samples of 28.9 ± 2.3 g were obtained and dried overnight
at 105◦C. From these subsamples, 25 g were randomly
selected and used for the tests.

Methods
Phosphorus binding capacity of Filtra P
An amount of 25.0 g of Filtra P was placed into 0.5 L Erlen-
meyer flasks and 500 mL of phosphate solution added to
obtain an LS of 20, as recommended in soil science [10] and
used by several other researchers. The samples were equili-
brated with P solutions containing KH2PO4 as the P source
at initial concentrations ci = 3, 12, 25, 50, 100, 300, 400,
500, 600, 700 and 1000 mg P L−1. The flasks were shaken
on a shaking plate at 100 rpm for 48 hours, and in some
cases P binding capacity was determined for various shak-
ing times of 0.5, 1, 2, 4 and 48 hours (at ci = 3, 12, 25, 50,
100 and 1000 mg P L−1) and additionally for shaking times
of 8 and 24 hours (at ci = 100 and 1000 mg P L−1). Eighteen
experiments were performed in duplicate. The experiments
were carried out at room temperature (c.20◦C).

Effect of LS and particle size on phosphorus
binding capacity
To assess the impact of LS ratio and particle size on P
binding capacity of Filtra P in batch tests, a 22 factorial
experiment [25] was performed in duplicate, shaking eight
bottles for 48 hours. Table 3 shows the LS values and
particle sizes used. The experiment was performed using
an initial P concentration of approximately 1000 mg L−1

(ci = 1010 ± 55 mg L−1). For the small particle size sam-
ples (i.e. the material’s smallest particles), Filtra P was
sieved through a 5.6 mm sieve and the fraction passing
through the sieve was used for batch testing (corresponding
to about 27% by weight of the initial sample, Table 2). To
generate samples with a larger particle size of ≥8 mm, (i.e.
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Table 3. Factors and their investigated levels.

Level

Factor Low High

LS 20 40
Particle size <5.6 mm ≥8 mm

the material’s biggest particles), the sample was sieved to
remove smaller particles (<8 mm, corresponding to 89% of
the initial sample, Table 1).

Analyses
After shaking, c.100 mL of the supernatant were immedi-
ately filtered through 0.45 μm filters, acidified and stored
at 5 ◦C. Phosphorus was analysed using an inductively cou-
pled plasma (ICP) technique, without prior digestion, as
the sample was assumed to be totally dissolved during the
procedure.

In the unfiltered supernatants, measurements of pH were
conducted using a WTW pH330 pH-meter with a WTW
SenTix41 pH-electrode. Turbidity was measured in neph-
elometric turbidity units (NTU) using a HACH 2100N
turbidimeter.

Statistical evaluation
The Pearson product-moment correlation coefficient was
used to assess correlation between variables. The factorial
experiment was evaluated using multiple linear regression
(α = 0.05). Statistical evaluations were performed using
Minitab 15 (Minitab Inc., 2007).

Results and discussion
Phosphorus binding capacity
The maximum amount of P bound to Filtra P was 4.3 ±
0.64 g kg−1 at ci = 300 mg L−1 (Figure 1A). For ci = 3
to 50 mg L−1, the initial P in the solution was com-
pletely and rapidly bound to the material (Figure 1B). The
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Figure 1. Amount of bound PO4-P (A) and PO4-P reduction in the supernatant (B) as a function of initial PO4-P concentration, for
different shaking times. When duplicates were performed, standard deviations are shown as error bars.
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Figure 2. Phosphorus binding capacity over the equilibrium con-
centration range tested. When duplicates were performed, standard
deviations are shown as error bars.

concentration of dissolved P in the supernatants in this
ci range was as low as 0.083 ± 0.357 mg L−1 (n = 23).
For ci = 3 to 25 mg L−1, binding was completed after 0.5
hours, and, for ci = 50 mg L−1, after one hour (Figure 1).
For ci = 100 mg L−1, P was completely removed after eight
hours (Figure 1).

The high maximum binding capacity at ci = 300 mg L−1,
coupled with the complete removal at ci = 3 to 100 mg L−1,
shows that Filtra P is an effective material for removing
P from aqueous solution. Therefore, interestingly, P was
bound completely by Filtra P at concentrations typical
for wastewater, around 12 mg L−1 [6]. At ci < 300 mg L−1,
even with complete removal, the amounts of bound P were
relatively small. To determine maximum P binding capacity
in this concentration range, higher LS values would have
been necessary but were not practical. The decrease in P
binding capacity for ci > 300 mg L−1 is probably due to
decreased pH levels.

The maximum amount of P was bound to the material at
ci = 300 mg L−1 (Figure 1 and 2), at which concentration
the highest turbidity in the supernatant was also observed
(Figure 3). The Pearson product-moment correlation coef-
ficient between the amount of bound P and turbidity of the
supernatant was calculated to be 0.816. Taking into account
only data from ci = 3 to 300 mg L−1, the correlation was as
high as 0.968. As the amount of bound P decreased at higher
concentrations, ci > 300 mg L−1 (Figure 2), the turbidity
also decreased (Figure 3).

Turbidity in water is caused by suspended matter and its
extent is manifested in the optical property that causes light
to be scattered and absorbed rather than transmitted directly
through the sample [26]. Since Filtra P is a Ca-based mate-
rial (Table 1), it is likely that Ca was released from the
material and reacted with P. Turbidity in the supernatants
in this study was most probably caused by precipitation
products containing calcium (Ca) and P. Additionally, we
show below that particle size of the material does not affect
P binding capacity in the batch tests at high ci. Assuming
that the particle size of the material is directly related to its
specific surface area (and neglecting the potential porous
degree of the particles), this suggests that P binding is not
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Figure 3. The pH and turbidity measured in the supernatants after
shaking. Where duplicates were performed, standard deviations
are shown as error bars.

related to specific surface area, which may indicate that
precipitation in the water phase is the dominant P retention
mechanism [17], rather than surface reactions.

The rapid reaction of P in solution (Figure 1) suggests
that the Ca contained in Filtra P (Table 1) could have been
present as CaO or Ca(OH)2, which reacts more readily with
phosphate than, for example, CaCO3 [27]. However, to a
great extent, Ca release from the material is certainly caused
by dissolving gypsum, as shown by Gustafsson et al. [21].
Furthermore, conditions in the supernatants were alkaline
at ci = 3 to 300 mg L−1, with pH between 11.4 and 12.1
(Figure 3), which encourages the precipitation of Ca phos-
phates [28–29]. It is unclear what type of Ca–P phases are
formed with Filtra P. Gustafsson et al. [21] found neither
crystalline hydroxylapatite (HA) nor dicalcium phosphate
or octacalcium phosphate (OCP) in Filtra P after use. The
phosphate phase formed in their experiment seemed to
be poorly crystalline in nature. The formation of Al or
Fe phosphates is also possible [21]. The XANES (x-ray
absorption near-edge structure) results of Eveborn et al.
[20] indicated the presence of amorphous calcium phos-
phate and crystalline calcium phosphates (OCP or HA) in
Filtra P. The decrease in P binding capacity and turbid-
ity at ci > 300 mg L−1 was concomitant with a decrease
in pH (Figure 3) and could be explained by the fact that
Ca phosphate solubility increases sharply with decreasing
pH [28].

By assuming that equilibrium was established when the
amount of bound P as a function of shaking times (Figure 1)
varied by less than ±0.1 g P kg−1 from the preceding time
point, it was shown that P binding was strongly dependent
on ci (Figure 2). For the samples with ci =1000 mg L−1,
equilibrium according to this criterion was never achieved,
and the amount of bound P after 48 hours of shaking time
was plotted (Figure 2). For ci = 300 to 700 mg L−1, only
48 hours of shaking was performed. The isotherm shows
a linear dependence on initial concentration for ci = 3 to
100 mg L−1 (Figure 2), owing to the fact that at this con-
centration range the entire amount of P contained in the
initial solution was removed by the material (Figure 1B).
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Table 4. Maximum P binding capacities of different materials determined in batch tests.

ci Amount of bound LS Shaking time
Material (mg L−1) P (gkg−1) (L kg−1) (hours) Reference

Filtra P 300 4.3 20 48 this study
Leca 320 2.2 25 24 [30]
Shellsand 480 9.6 30 24 [17]
Filtralite P� 480 2.5 30 24 [17]
Fresh blast-furnace slag 20 1.5 75 20 [15]
Sands 320 0.3–3.9 20 20 [23]
Fly ash 40 ∼0.65 24 [16]
Bauxite 40 ∼0.7 24 [16]

The isotherm was also plotted over equilibrium concen-
trations (Figure 2). The shape of the isotherm (Figure 2)
differs from a typical adsorption isotherm, since for ci >

300 mg L−1, the amount of bound P decreased with increas-
ing ci. Therefore, it was difficult to obtain a satisfactory
fit of the data to the Langmuir and Freundlich equations.
This suggests that adsorption is not the major P binding
mechanism of Filtra P at these concentrations.

Comparison with other materials
The maximum binding capacity of Filtra P in this study
was 4.3 ± 0.64 g kg−1 and a comparison with other mate-
rials is presented in Table 4. This data shows that a higher
maximum binding capacity has only been measured previ-
ously for shellsand [17]. However, a comparison between
materials is complicated by the fact that maximum binding
capacities for the different materials have been determined
at different initial P concentrations, LS values and shak-
ing times (Table 4). In particular, the initial concentration
used is important since higher concentrations are gener-
ally associated with increased P binding capacity [9,17].
Maximum binding capacities of the materials are typi-
cally determined using initial P concentrations that greatly
exceed the concentrations commonly present in munici-
pal wastewater, leading to conclusions that may not be
applicable to full-scale treatment. The maximum binding
capacity is sometimes used to assess a material’s total
retention capacity in the field, and thereby the lifetime
of the filter. However, this approach is not necessarily
useful, as conditions in laboratory batch tests differ con-
siderably from field conditions and the transfer of results
from the laboratory to the field is problematic. There-
fore, it can be more relevant to compare the materials’ P
binding capacities at initial P concentrations typical for
wastewater, around 12 mg L−1 [6]. In this study, however,
at this concentration range the material removed the entire
amount of P from solution, implying that the maximum
binding capacity of the material was not reached (equilib-
rium concentration in the supernatant after shaking being
very close to zero, Figure 2). Furthermore, in many pre-
vious studies, equilibrium was not demonstrated [17,23]
and data are often not reported for initial P concentrations

comparable to those in wastewater. Therefore it is not
possible to compare fully the P binding capacities of
all the different materials tested, at typical wastewater P
concentrations.

Effect of LS and particle size on phosphorus binding
capacity at ci = 1000 mg L−1

The pH in the supernatants appeared to be constant and
equal to 6.2 ± 0.1. The amount of bound P ranged from
1.64 to 10.64 g kg−1, the average being 4.84 ± 2.87 g kg−1.
For particle size >8 mm and LS of 40, an average bind-
ing capacity as high as 8.8 ± 2.6 g kg−1 was determined.
Turbidity ranged between 0 and 850 NTU, the average
being 176 ± 322 NTU. The histograms of the responses (i.e.
amount of bound P, pH and turbidity) were approximately
normally distributed; only turbidity was log transformed
because it showed a heavy tail to the right. Using ANOVA
and multiple linear regression, it could be shown that, within
the investigated LS and particle size range, neither LS nor
particle size significantly (α = 0.05) affected the amount of
bound P (Table 5).

Liquid-to-solid ratios have been shown to influence P
binding capacity in other studies, for values from 0.5 to 15.
Søvik & Kløve [14] investigated the influence of LS on
the maximum retained concentration of P in shellsand and
found the retention to be 10 times higher at LS = 15 than
at LS = 1. This observation is probably due to the fact that,
even at equal P concentrations, more P per gram of material
is available for binding at LS = 15 (higher P to material
ratio). Furthermore, adsorption on soils was observed to
be much higher at LS = 10 compared with LS = 0.5 [24].

Table 5. Estimated effects of LS ratio and particle size on the
amount of bound P to the material (coded units). T : t-statistic, P:
probability. R2 = 0.74; R2

adjusted = 0.54.

Term Effect T P

Constant 7.05 0.002
LS 2.320 1.69 0.167
Particle size 2.540 1.85 0.138
LS × particle size 3.060 2.23 0.090
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Therefore, LS should be chosen to be high enough to ensure
good P binding to the material for the initial concentra-
tion range of interest. Many authors have chosen LS = 20
for their batch tests [9,23], or even LS < 20 [21, 28–29,
31]. A value of LS = 20 is recommended in soil science
[10]. Therefore, the choice of LS = 20 for the batch tests
in this study seems reasonable, particularly since higher LS
values were shown to not affect the amount of bound P
for ci = 1000 mg L−1. However, for ci < 100 mg L−1 LS is
important, since at these concentrations the entire P con-
tained in the solution was bound to the material, therefore
a higher LS would lead to a higher amount of bound P.

In most studies, very small samples of material are
used for batch tests. Cucarella & Renman [10] recom-
mend a sample amount as low as 1 to 3 g. For the batch
tests in this study, a sample amount of 25 g Filtra P was
used, as smaller amounts would have contained only a
few particles. By rigorous sample splitting, the samples
tested were made as reproducible as possible, but a devia-
tion in the particle size distribution between samples could
not be completely eliminated. However, the fact that the
P binding capacity was not affected by particle size at ci =
1000 mg L−1 indicates that any difference in the particle size
distribution between samples would not significantly affect
the results obtained.

Within the data set for ci = 1000 mg L−1, the Pearson
product-moment correlation coefficient between turbidity
and amount of bound P was determined to be 0.916, indi-
cating that these two dependent variables are strongly
positively correlated (high turbidity is associated with a high
amount of bound P). This agrees with the trends shown in
the isotherm data.

Relevance for full-scale filters
Filtra P efficiently removed P from solution within the
concentration range common in wastewater (Figure 1B),
suggesting that the material may function well even in
full-scale treatment. However, alkaline conditions were
observed in the batch systems (Figure 3), indicating that
the outflow pH of full-scale filters may be high (pH > 9),
which can have negative ecological impacts on the receiv-
ing water and may exceed discharge limits [11]. The strong
correlation between P binding capacity and turbidity in the
supernatants, as well as the fact that the P binding capac-
ity was not affected by the material’s particle size, points
to precipitation as the main P removal mechanism. In the
batch test, the precipitate most likely consisted of small Ca–
P compounds, which were removed from the supernatant by
a 0.45 μm filter. In a full-scale filter, these particles are at
risk of being washed out from the filter, which would lead
to low total P reduction and recovery. As Filtra P filters
are operated up-flow, this risk is reduced, but it is crucial
to investigate the particles formed and their potential trans-
port through the filter. A possible solution to this problem

would be to use a low flow velocity in the filter, although this
may lead to clogging of the filter. Alternatively, washed-out
particles could be retained by a downstream particle trap.

Conclusions
We have shown using batch tests that phosphorus (P) was
completely and rapidly bound to Filtra P within the P
concentration range typical of wastewater, suggesting that
it is a suitable material for P retention in full-scale fil-
ters. The maximum P binding capacity was found to be
4.3 ± 0.64 g kg−1, which is higher than for filter materials
tested previously, e.g. Filtralite P�.

Several results indicate that dissolution of Ca and a sub-
sequent precipitation reaction with P in the water phase was
the main P binding mechanism: P binding capacity was
strongly positively correlated with turbidity in the super-
natants, lower P binding capacity at initial concentrations
≥400 mg L−1 was associated with low pH, and P bind-
ing capacity was shown to be insensitive to changing the
particle size of the material. Turbidity measurements con-
firmed that the precipitate was present as small particles,
which may be washed out from a full-scale filter. There-
fore, the design of the filter with regard to flow regime is
important.

Liquid-to-solid (LS) ratio and particle size did not
affect P binding to Filtra P at an initial concentration of
1000 mg L−1. The P binding capacity did not vary within
the particle size range of Filtra P. LS ratios between 20
and 40 did not affect the P binding capacity of Filtra P,
indicating that the LS of 20, which was used for the batch
experiment in this study, was sufficient at the initial con-
centration investigated (1000 mg L−1). However, at initial
concentrations <300 mg L−1, a higher LS would have been
needed to determine maximum P binding.
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