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Sammanfattning

En grundläggande först̊aelse för tillverkningens p̊averkan p̊a den slutliga kom-
ponentens egenskaper, ger ett teknologiskt övertag som kan vara viktigt ur
konkurrenssynpunkt. Mikrostruktur och restspänningar förändras av de termo-
mekaniska förh̊allandena under tillverkningen. Det är bland annat känt att
mikrostrukturen har betydelse för de ing̊aende komponenternas egenskaper,
gällande utmattningsh̊allfasthet, krypmotst̊and och spänning- töjningssamband.
För att kostnadseffektivt kunna avgöra en produkts slutgiltiga form och mek-
aniska egenskaper är det därför betydelsefullt att kunna modellera olika händ-
elseförlopp i tillverkningskedjan. Ett sätt att modellera detta är med hjälp av
finita element metoden.

Det är stundom nödvändigt att reparationssvetsa gjutna detaljer till flyg-
plansmotorer när defekter upst̊att p̊a grund av fel i gjutningsprocessen. Efter
svetsning är en värmebehandling nödvändig; detta för att återställa mikrostruk-
turen och reducera de restspänningar som uppst̊att. Den efterföljande värme-
behandlingen kan antingen vara global eller lokal. I en global värmebehandling
genomg̊ar hela arbetsstycket värthemebehandling, medan endast svetsen och
den värmep̊averkade zonen genomg̊ar värmebehandling d̊a denna är lokal. Ett
sätt att utföra en lokal värmebehandling är att använda sig av induktionsvärm-
ning. I detta projekt har möjligheten att använda sig av lokal värmebehandling
med induktion, istället för traditionell global värmebehandling i ugn, valider-
ats b̊ade med FE-modeller s̊a som med experiment. FE-modeller har ocks̊a
använts vid simulering av extrusion, där hela komponeneter värmts upp med
induktionsvärmning.

Det slutliga målet har därför varit att möjliggöra simulering av en kedja
best̊aende av reparationssvetsning och lokal värmebehandling med induktion
s̊a att deformationer, spänningar samt mikrostrukturutveckling kan studeras.
Till detta ha även en materialmodell utvecklats. Det är en mikrostrukturmodell
i kombination med egenskapsmodeller för alloy 718.
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Abstract

A thorough understanding on the effect of the manufacturing process on com-
ponent performance, is a competitive advantage in business. Microstructure
and residual stresses are changing due to the thermo-mechanical conditions
during manufacturing. It is, for example, known that the microstructure is
important for the performance of the components. In order to make a cost
effective prediction of a product’s final shape and mechanical properties, mod-
elling of the various processes in a manufacturing chain is of interest. The finite
element method is the best and most common tool used for this purpose.

The main route for manufacturing of structural components in aero engines
are either forging, casting or fabrication. During these steps, manufacturing de-
fects such as cracks or voids can occur. Repair welding is then necessary. How-
ever, welding changes the microstructure of the material. In order to restore
the microstructure, and reduce welding residual stresses an heat treatment of
the component is necessary. The heat treatment is usually performed by plac-
ing the component in a furnace, i.e. a global heat treatment, although it is only
a local region that needs to be restored. One method to perform a local heat
treatment is by induction heating. The possibility to replace global heat treat-
ment with local using induction heating has been evaluated in the project, both
numerically using the finite element method as well as with validation experi-
ments. Finite element models has also been used in order to simulate induction
heating in the manufacturing process chain of stainless steel tubes.

The aim of this work has been to simulate a process chain consisting of
repair welding and local heat treatment with induction heating. It is then
possible to predict deformations as well the residual stress state and the change
in microstructure. For this has a material model been developed. It is a
dislocation density based flow stress model in which precipitate hardening for
alloy 718 is taken into account.
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Chapter 1

Introduction

The main route for manufacturing of the structural components in aero engines
are either forging, casting or fabrication. During manufacturing defects such as
cracks or voids can occur. Repair welding is then necessary. Welding changes
the microstructure of the material and thereby it deteriorates the mechanical
properties of the component. To restore the microstructure, and reduce the
residual stresses, heat treatment of the local welded region is necessary. A
precipitate hardening alloy, commonly used in aircraft engines, is alloy 718. To
simulate the ageing process, a physical based material model has been coupled
with a model for growth and coarsening of precipitates. The model can then
be used to simulate the restoring processes during an heat treatment cycle.
Induction heating can be used to perform a local heat treatment.

Induction heating is a non-contact heating process involving a complex com-
bination of electromagnetics, heat transfer and metallurgical phenomena. The
basic concept, however, is quite simple. An alternating voltage is applied to
an induction coil that holds an electrically conductive material inside. The
voltage results in a coil current that generates an alternating magnetic field,
which induces a current inside the workpiece. The induced current, usually
called eddy current, will have the same frequency as the magnetic field at the
surface, but it is in the opposite direction and attenuates with a phase lag.
Due to ohmic power losses, the eddy current generates heat and it is the main
heat source in an induction heating process. Heat may also be generated by
magnetic hysteresis losses, but for a majority of induction heating applications,
heat losses due to hysteresis are small in comparison to losses form the eddy
current.

The eddy current distribution inside a workpiece, in general, is not uniform.
The magnitude of the eddy current attenuates exponentially from the surface
which implies that the current density at the surface is higher than in its core.
The surface will therefore be heated faster than its core, and this phenomena
is referred to the skin effect. The skin depth is defined as the depth at which
the magnitude of the currents drops e−1 from its surface. Its depth depends

1



2 CHAPTER 1. INTRODUCTION

on the frequency of the applied electromagnetic field and the electromagnetic
properties of the workpiece itself.

1.1 Aim and scope

The initial part of this work was to develop a model that can be used to
design the induction heating process in order to obtain a wanted temperature
field. This has later been expanded to thermo-mechanical modelling including
microstructure determination. Thus, the research question of this work is:

How can induction heating, deformation and microstructure evolution during
heat treatment be modelled?

Special emphasise is placed on modelling the ageing process of alloy 718.



Chapter 2

Magnetic material
properties

Each electron in an atom has a net magnetic moment originating from two
sources; orbiting and spin. The first source is related to the orbiting motion
of the electron around its nucleus. The orbiting motion of the electron creates
a current loop, generating a very small magnetic field that has its moment
through its axis of rotation. The second magnetic moment is caused by the
electron’s spin and can either be in a positive (up) direction, or in a negative
(down) direction. Thus, each electron in an atom has a small permanent orbital
and spin magnetic moment.

From the simplified Bohr atomic model, the electrons of an atom are located
in shells, denoted as K, L, M, and subshells (s, p, d), which are orbiting around
a nucleus. Each subshell has different energy states, consisting of electron pairs,
with opposite spins cancelling each others magnetic moment. This cancellation
also holds for the orbiting electrons. Therefore, for atoms with incomplete
electron shells or sub shells, a net magnetic moment occurs.

When an external magnetic field H is applied to the body, the magnetic
moment of the atoms tends to become aligned with this field, resulting in a
magnetisation M of the solid. Assume that there is a linear relation between
the magnetisation vector and the magnetic field. It is then possible to write
[1–3]

M = χmH (2.1)

where χm is a dimensionless quantity called the magnetic susceptibility. It
is more or less a measure of how sensitive (or susceptible) a material is to a
magnetic field. Let the magnetic flux density B represent the internal field
strength within a substance subjected to an external magnetic field H. Per
definition, the magnetic flux density and the magnetic field are related to each
other according to

B = μ0(H+M) (2.2)

3



4 CHAPTER 2. MAGNETIC MATERIAL PROPERTIES

which gives
B = μ0(1 + χm)H = μ0μrH = μH (2.3)

with the use of equation (2.1) and (2.2). The quantity μ is known as the
absolute permeability, or simply the permeability, and has the SI unit Henry
per meter [H/m]. μr is another dimensionless quantity, known as the relative
permeability, and is the ratio of the permeability of a given material to that of
free space, μ0. The relative permeability of a material is therefore a measure
of how easy a material can be magnetised, or how much better it conducts
magnetic flux to that in free space.

Depending to the response between the magnetic field and the magnetic flux
density, the material can roughly be classified into three main groups according
to their μr values [4]. A material is said to be:

� Diamagnetic, if μr < 1

� Paramagnetic, if μr ≈ 1

� Ferromagnetic, if μr >> 1.

A thorough understanding of the different classes requires a knowledge of quan-
tum mechanics. However, a qualitative description is given in the subsequent
sections based on the classical atomic model.

2.1 Diamagnetism

In a diamagnetic material, the net magnetic moment is cancelled by symmet-
rically filled orbiting and spinning electrons. Applying a magnetic field to this
material creates a perturbation in the angular velocity of the orbiting elec-
trons, which results in a net magnetic moment. This is a precess of induced
magnetisation, and due to Lenz’s law of electromagnetic induction, (the in-
duced magnetic moment always opposes the applied field) the magnetic flux
density is reduced. The macroscopic effect of this will result in a negative mag-
netic susceptibility. This effect is very small and χm is for the most known
materials (copper, water, silver, gold) in the order of −10−5 [3].

2.2 Paramagnetism

In many materials, the atoms possess a permanent magnetic moment due to
the incomplete cancellation of the electron spin and/or orbital motion. An
externally applied field thus tends to align the molecular magnetic moments
in the direction of the applied field. The magnetic flux density is then in-
creasing. The alignment process, however, is counteracted by the deranging
effects of thermal agitation, and the magnetic field increase is quite small. The
susceptibility is usually in the order of 10−5 where some known materials are:



2.3. COOPERATIVE MAGNETISM 5

aluminium, chromium, titanium and molybdenum [3]. Due to their low relative
permeability, μr, paramagnetic materials are treated as nonmagnetic. See Fig.
2.1 for an illustration of the orientation of magnetic moments in a paramagnetic
material.

Figure 2.1: Schematic illustration of the alignment of magnetic moments in
different types of materials.

2.3 Cooperative magnetism

There are a number of materials with atoms possessing a permanent magnetic
moment, as in paramagnetic materials, but in this kind of materials the atoms
are cooperate with each other. Ferromagnetism, antiferromagnetism and ferri-
magnetism are members of this family. Figure 2.1 shows how their magnetic
moments are aligned to each other for different classes.

2.3.1 Ferromagnetism

Ferromagnetic materials have a permanent magnetisation even in the absence
of a magnetic field, and this is due to the fact that they share the same net
atomic magnetic moment as paramagnetism. The difference with respect to a
paramagnetic material, however, is that the atoms are not randomly oriented;
they are interacting with each other in so-called magnetic domains. For an un-
magnetised material, the direction is for each saturated domain either randomly
distributed or in some way such distributed that the resultant magnetisation
of the specimen is zero. For a magnetised material, the domains are aligned.
See Section 2.4 for further discussions of the domain theory.

The magnetic susceptibility in a ferromagnetic material is several orders of
magnitude larger than the susceptibility of a paramagnetic material. Suscep-
tibility values as high as 106 are possible for ferromagnetic materials where
cobalt, nickel and iron (BCC structure) are examples [3]. Thermal agitations
of the atoms obsess the ability to magnetise the material. Above a specific tem-
perature, known as the Curie temperature, the ferromagnetic material behaves
paramagnetic. See Section 2.5.1 for further discussions.
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2.3.2 Antiferromagnetism and ferrimagnetism

The magnetic moment of an atom in an antiferromagnetic material is antipar-
allel to the neighboring atoms, resulting in zero net magnetisation. Nickel oxide
(NiO), manganese oxide (MnO) and iron manganese alloy (FeMn) are examples
of this material group [3]. A material that possess such magnetic properties
react as if they were paramagnetic.

Ferrimagnetism is a combination of ferromagnetism and antiferromagnetism.
However, in ferrimagnetic materials the opposing moments are unequal in
strength, resulting in a net magnetization. This phenomena can occur when
the sublattices consist of different materials or ions, such as Fe2+ and Fe3+ in
Fe3O4 [3]. See figure 2.1 for illustration.

2.4 Domains

As highlighted before is a magnetic domain a region where the individual mag-
netic moments of the atoms are aligned with each other. A ferromagnetic ma-
terial is composed of several domains, individually changing their alignment.
In a polycrystalline specimen the domains do not correspond with the grains,
as each grain can consist of more than a single domain. The magnitude of
the magnetisation M for the entire solid is therefore the vector sum of the
magnetization for all the domains.

In a permanent magnet, such as a magnet that holds notes on a refrigerator
door, the domains stay aligned and the vector sum is non-zero even in the
absence of a magnetic field. Materials that obsess this possibility is called hard
magnetic material; they are hard to demagnetise. Soft magnetic materials are
materials that lose their memory of previous magnetisation. Therefore, they
can not be permanent magnetics.

2.5 Hysteresis

When a ferromagnetic material is exposed to an externally applied magnetic
field, the relationship between B and H depends on previous magnetisation.
Instead of having a linear relationship between B and H (i.e. B = μH) it is
only possible to be represented by a magnetisation or an hysteresis curve. At
typical hysteresis curve is seen in figure 2.2.

In the unmagnetised specimen, the domains are such distributed that the
net magnetisation in the specimen is zero. When an externally magnetic field is
applied on the specimen, the domains start to line up in the same direction as
the applied magnetic field following line 1 in figure 2.2. This orientation process
will continue until the saturation point Bs is reached and all domains are lined
up. Further increase of the magnetic field will result in a linear relation between
the magnetic flux and the magnetic field.
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A reduction of the magnetic field will not follow the initial curve. It lags
behind, line 2 in figure 2.2a). This phenomena is called the hysteresis. When-
ever the magnetic field is zero, B is not reduced to zero but to Br. This point
is called the remanence or the remanent flux density; the material remains
magnetised in the absence of an external field. The existence of remanent flux
density in a ferromagnetic material makes permanent magnetisation possible.
To reduce the magnetic flux in the specimen to zero, a coercive magnetic field
of the magnitude Hc in the opposite direction (to the original one) must be
applied and is shown in figure 2.2b).

The size and shape of the hysteresis curve is of practical importance. The
area within a loop represents the energy loss per magnetisation cycle and ap-
pears as heat within the body. The hysteresis loss is the form of heat in
overcoming the friction due to domain wall motions. Ferromagnetic materials
with tall narrow hysteresis loops and small areas are called soft materials, since
they are easy to demagnetise. On the other hand, there are other types of ma-
terials that have larger loop areas. They need large coercive field strengths to
be demagnetised and they are therefore referred as hard ferromagnetic materi-
als, since they are hard to demagnetise. This means that a hard ferromagnetic
material can have a heat effect due to hysteresis losses. Nevertheless, Rudnev
et al. [5] states that in a great majority of induction heating applications, the
heat effect does not exceed 7% compared to the heat generated by the eddy
current.

2.5.1 Temperature influence

When the temperature increases in a ferromagnetic material, the ability to
magnetise decreases. This is due to the increase in magnitude of thermal vi-
brations of the atoms, which tend to randomise any magnetic moment. The
saturation point Bs has its maximum at 0K and decreases with increasing
temperature. For each material there is a temperature where the ability to
magnetise abruptly drops and the magnetic characteristics vanish; it becomes
paramagnetic. It is called the Curie1 temperature for ferromagnetic and ferri-
magnetic materials and Néel2 temperature for antiferromagnetic materials.

The Curie temperature differs for materials; for iron, cobalt and nickel are
Tc = 768, 1120 and 335 ◦C, respectively. The Currie temperature can be seen
as a peak in the specific heat capacity curve of the material itself. For SAF
2507, the peak is at approximately 500 ◦C. The material data can be seen in
Paper II.

The hysteresis curve for SAF 2507 at different temperatures are shown in
figure 2.3. It can be seen that above the Curie temperature, the material is
behaving as paramagnetic; it has the same slope as μ0 over the whole range
of the applied magnetic field. This is also true when the magnetic flux has

1After Pierre Curie.
2After Louis Néel
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(a) The virgin hysteresis curve. (b) A complete cycle of a hysteresis curve.

Figure 2.2: An initially magnetised specimen follows the virgin hysteresis curve,
denoted 1 in figure a). Whenever the magnetic field is reduced to zero it follows
the upper curve, denoted 2, and a residual magnetisation Br remains. Figure
b) shows a full magnetisation cycle. Hc is the coercive force showing how strong
the opposite magnetic field must be to demagnetise a material.

reached its saturation point. SAF 2507 is a soft magnetic material, since the
residual flux Br is close to zero.

2.5.2 The Frölich representation

There are a number of equations that mathematically can describe the hystere-
sis curve. One example is the Frölich representation

B =
H

α+ β||H|| (2.4)

which is a good compromise between accuracy and simplicity [6, 7].
If we know how the parameters α and β changes with temperature, it is

possible to calculate the hysteresis curve for different temperatures. In figure
2.4 shows the variation of α and β versus temperature for SAF 2507. When the
material becomes paramagnetic α tends to 1/μ0 = 1/(4π ·10−7) and β tends to
zero. The computed hysteresis curves are compared with the measured curves
in figure 2.5. The used value for α and β gives a good agreement. Since there
is a state of permanent magnetisation in the material, an initial magnetic flux
B0 is added for the temperature of interest to the Frölich equation.
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Figure 2.3: The hysteresis curve for SAF 2507 at different temperatures.
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Chapter 3

Electrodynamics

In this part we briefly review some basic concepts and equations of electro-
magnetic theory. In Section 3.1, Maxwell’s equations are summarised, which
follows with the constitutive relations in Section 3.2. Section 3.3 describes the
boundary between two mediums and Section 3.4 shortly gives the relation be-
tween the rate of change of energy stored in the fields and the energy flow,
known as Poynting’s vector. The electromagnetic diffusion equation is derived
in Section 3.5 followed by the derivation of the skin depth in Section 3.6.

3.1 Maxwell’s equations

Maxwell’s equations are a set of equations that describe the electric and the
magnetic fields and relate them to their sources, charge density and the current
density. The set consists of Faraday’s law and Ampère’s circuital law with
Maxwell’s extension. The extension in known as the displacement current.
The equations are expressed as

∇×E = −∂B

∂t
(3.1)

∇×H = J+
∂D

∂t
(3.2)

They consists of four different field variables; the electric field intensity E, the
magnetic flux density B, the magnetic field intensity H and the electric flux
density D. The unit of each quantity is: Volt per meter [V/m], Tesla, Weber
per square meter or Volt-second per square mater [T,Wb/m2,Vs/m2], Ampere
per meter [A/m] and Coulombs per square meter [C/m2].

The equation of continuity relates the time change of the free volume charge
density ρv and the current density J to each other as

∇ · J = −∂ρv
∂t

(3.3)

11
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It express the conservation of charges in any point [2, 8]. The current density
J has the unit Amperes per square meter [A/m2] and the free volume charge
density ρv has the unit of Coulombs per cubic meter [C/m3]. With this, two
further conditions can be deduced directly from Maxwell’s equations. The
divergence of equation (3.1) leads to

∇ · ∂B
∂t

=
∂

∂t
∇ ·B = 0 (3.4)

since the divergence of the curl of any two vector fields are identically zero. It
follows from equation (3.4) that at every point in the field is the divergence
constant. If the field sometimes in its past history has vanished, the constant
must be zero and the magnetic flux becomes solenoidal, i.e. [2, 8]

∇ ·B = 0 (3.5)

This equation is sometimes called Gauss’s law for magnetism. Similarly, the
divergence of equation (3.2) leads to

∇ · J+
∂

∂t
∇ ·D = 0 (3.6)

and if it is assumed that the field sometime in its past history has vanished,
we can write

∇ ·D = ρv (3.7)

which is known as Gauss’s law. Equations (3.5) and (3.7) are frequently in-
cluded as a part of Maxwell’s equations. Among these five equations, that are
included in Maxwell’s equations, only three of them are independent. Either
equations (3.1) - (3.3) or equations (3.1), (3.2) and (3.7). The other two equa-
tions can be derived from these three and are therefore referred as auxiliary or
dependent equations [9].

3.2 Constitutive relations

The relation between the magnetic flux and the magnetic field density was given
in equation (2.3). A similar relation, however, can be formulated between the
electric flux and the electric field density. Therefore, we can write

D = ε0(1 + χe)E = ε0εrE = εE (3.8)

and (equation (2.3) again)

B = μ0(1 + χm)H = μ0μrH = μH (3.9)

where ε is the permittivity of the dielectric and χe is the electric susceptibility
of the material, respectively. εr is the relative permittivity and is usually sat to
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one in an electrically conductive material [1]. Furthermore, μ0 = 4π ·10−7 H/m
is the permeability of free space1 and ε0 ≈ 8.854 · 10−12 F/m the permittivity
of free space. The permittivity and the permeability are related to the velocity
at which a wave propagate in a medium. The speed of light in free space, c0,
can therefore be written as

c0 =
1√
μ0 ε0

(3.10)

It is here assumed that the permeability of free space is constant and that the
permittivity is calibrated after the speed of light. A good approximation of the
permittivity, however, is2 ε0 ≈ 1/36π × 10−9 F/m.

The relationship between the current density J, and the electric field density
E, are

J = σE (3.11)

where σ is the conductivity of the material. It has the unit of Siemens per
meter [S/m]. Equation (3.11) is the continuum form of Ohm’s law.

Note that if the medium is homogeneous then equation (3.7) can be written
as

∇ ·E =
ρv
ε

(3.12)

Combining the equation of continuity, equation (3.3), and Ohm’s law, equation
(3.11), we can write

∇ · σE+
∂ρv
∂t

= 0 (3.13)

and with equation (3.12)
∂ρv
∂t

+
σ

ε
ρv = 0 (3.14)

which is a first order differential equation. The solution of this gives, in medium,
the charge density of any time and

ρv = ρ0e
− t

τ (3.15)

where τ = ε/σ is the relaxation time of the medium and ρ0 is the charge density
at time t = 0. The initial charge distribution will therefore decay exponential
with a time equal to the relaxation time. A typical conductivity for a metal
is of the order 106 S/m with a permittivity of 10−11 F/m. Consequently, τ is
of the order 10−17 s, resulting in that the charges will vanish from an interior
point of a metal body and appear at the surface almost immediately. Even
for such a poor conductor as distilled water, the relaxation time is not greater
than 10−6 s [2]. Even at high frequencies no charges will be accumulated inside
the conductor and equation (3.3) can therefore be approximated as

∇ · J = 0 (3.16)

1A concept of electromagnetic theory, corresponding to a theoretically ”perfect” vacuum,
and is sometimes referred to as the vacuum of free space.

2If the speed of light in vacuum is approximated to be 3.0× 108 m/s.
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The relaxation time also allows an important simplification of Ampère’s
circuital law with Maxwell’s extension. Assume a time harmonic field with
an angular frequency of ω. Equation (3.2) will then have a magnitude of the
current and displacement current as J and ωε/σ, i.e. 1 and ωτ . Therefore,
a reasonable assumption is that the displacement current is negligible in a
conductor even for high frequencies and equation (3.2) can be written as [10]

∇×H = J (3.17)

This is consistent with equation (3.16), since the divergence of a curl is zero.
This important simplification makes it possible to derive the diffusion equation
for electromagnetic fields which is shown in Section 3.5.

3.3 Boundary conditions

Depending on the electric and magnetic properties, the electromagnetic field
can be discontinuous or continuous on each side of an interface between two
different materials. A derivation on the boundary condition can be found in
for example Sadiku [1] or Stratton [2]. At an interface between two mediums
the field must satisfy the following conditions

n̂× (E1 −E2) = 0 (3.18a)

n̂ · (D1 −D2) = ρv (3.18b)

n̂× (H1 −H2) = Js (3.18c)

n̂ · (B1 −B2) = 0 (3.18d)

where the boundary outward unit normal n̂ is directed from medium 2 towards
medium 1. The boundary conditions can also be formulated in words as:

� The electric field tangential components are continuous across the inter-
face of medium 1 and 2.

� The electric flux normal component is discontinuous across the interface
of two mediums with a magnitude of ρv. Note that for an electric con-
ductive medium is ρv = 0 and thus the field is continuous.

� The tangential components of the magnetic field strength are discontin-
uous across the two mediums with a magnitude of Js. In the case of a
zero surface current, as when the medium has a finite conductivity, the
tangential component is continuous [2, 8].

� The normal component of the magnetic flux density is continuous across
the interface of medium 1 and 2.
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3.4 The Poynting vector

Poynting’s theorem3 describes a relationship between the rate of change of
energy stored in the fields and the energy flow [2]. Multiply Faraday’s law,
equation (3.1), and Ampère’s law, equation (3.2), with the electric and the
magnetic field and subtract them from each other gives∮

s

(E×H) · dS = −
∫
v

(
E · ∂D

∂t
+H · ∂B

∂t

)
dv −

∫
v

E · J dv (3.19)

where the quantity E × H is known as the Poynting vector P and has the
unit Watt per square meter [W/m2]. Poynting’s theorem states that the sum
of the ohmic loss and the power absorbed by the electric and magnetic field in
the volume is equal to the power input of the body. To determine the time-
average Poynting vector Pave(r), which is of more practical value than the
instantaneous, the vector P(r, t) is integrated over the time period T = 2π/ω.
It can then be shown that the complex Poynting vector can be written as [2, 8]

Pave =
1

2
Re(E×H∗) (3.20)

where (H∗) is the complex conjugate of the magnetic field. Equation (3.19)
has then the complex form [2, 6]∮

s

Pave · dS = −j2ω
∫
v

(
1

4
μ|H|2 − 1

4
ε|E|2

)
dv −

∫
v

1

2σ
|J|2dv (3.21)

The real part of equation (3.21) determines the energy dissipated as heat
(Ohmic power losses) in the volume v per seconds, whereas the imaginary
part is equal to 2ω times the difference of the mean values of magnetic and
electric densities. Note that the electric densities is of no practical importance
in induction heating since it is related to the displacement current. The current
from the real part is known as the eddy current4 and is the main heat source
in induction heating.

3.5 The diffusion equation

To describe a vector field completely, both the divergence and the curl have to
be uniquely defined. Since the magnetic flux density satisfies a zero divergence
condition it can be represented as the curl of another vector,

B = ∇×A (3.22)

3After the British physicist John Henry Poynting.
4Discovered by the French physicist Léon Foucault. Localised areas of turbulent water

known as eddies give rise to eddy current.
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where A is called the magnetic vector potential. From Maxwell’s equations it
is known that

∇×E = −∂B

∂t
= − ∂

∂t
(∇×A) = −∇× ∂A

∂t
(3.23)

or

∇× (E+
∂A

∂t
) = 0 (3.24)

One solution to equation (3.24) is ∇× (∇ϕ) = 0. Thus we can write

E = −∂A

∂t
−∇ϕ (3.25)

where the negative sign in front of ∇ϕ is per definition [1]. Multiply equation
(3.25) with the electric conductivity σ we can write

J = σE = −σ∂A
∂t
− σ∇ϕ = −σ∂A

∂t
+ Js (3.26)

where Js is the source current density in the induction coil [5]. Substitute
equations (3.17), (3.22) into (3.26) we obtain

∇×∇×A = −μσ∂A
∂t

+ μJs (3.27)

for a homogeneous, isotropic medium independent of the field intensity. Expand
and use the Coulomb gauge condition ∇·A = 0 [9] equation (3.27) is simplified
to

σ
∂A

∂t
− 1

μ
∇2A = Js (3.28)

which is called the diffusion equation. The equation can also be expressed hav-
ing different vectors; instead of A we write J, E, H or B [10]. However, the
magnetic vector potential can be related to any physically observable electro-
magnetic induction phenomenon such as the eddy current, the induced voltage,
the coil impedance and the coil inductance etc. [11]. If the excitation current
is assumed to be sinusoidal, and the eddy current as well, a time-harmonic
electromagnetic field can be introduced into equation (3.28) and we gain

iωσA− 1

μ
∇2A = Js (3.29)

It should be noted that for a ferromagnetic material, the time-harmonic ap-
proximation is not valid anymore. This is due to the relative permeability
μr, which make the eddy current non sinusoidal [7]. In Paper II, however, is
an linearization of the permeability given. This makes it possible to use the
harmonic approximation for a ferromagnetic material.
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3.6 Skin depth

Assume that the material is linear, isotropic, homogeneous and charge free
(ρv = 0), Maxwell’s equations can be written as a set of two second order wave
equations

∇2E− γ2E = 0 (3.30a)

∇2H− γ2H = 0 (3.30b)

where γ is called the propagation constant of the medium and has the unit of
meter [m]. γ is a complex quantity chosen so that the imaginary part is always
positive γ = α+ iβ, where the terms α and β can be written as [1, 2]

α = ω

[
με

2

√
1 +

[ σ

εω

]2
+ 1

]1/2

(3.31a)

β = ω

[
με

2

√
1 +

[ σ

εω

]2
− 1

]1/2

(3.31b)

The solution of equation (3.30a) is, if it represents a uniform electric wave
propagating in the positive z-direction [1],

Ex(z, t) = Re[E0e
−αze−iβzeiωt] = E0e

−αz cos(ωt− βz) (3.32)

Consequently, if an electric or magnetic wave travels in a conductive medium
its amplitude starts to attenuate exponentially by a factor e−αz. The factor α
is therefore called the attenuation constant and has the unit of Neper/meter
[Np/m]. A good conductor is per definition if σ >> εω so that σ/ωε→∞ and
α and β can be simplified to

α = β =

√
ωμσ

2
=

√
πfμσ (3.33)

The skin depth is defined as the distance for which the amplitude of a plane
wave decreases a factor e−1 = 0.368. Thus it becomes

δ =
1

α
=

1√
πfμσ

(3.34)

and again we can write equation (3.32)

Ex(z, t) = E0e
−αz cos(ωt− z

δ
) (3.35)

where the instantaneous surface field is E0 cos(ωt). As we start move into the
surface, the field is not only attenuated according to the exponential term, but
does also lag behind the surface peak value. There is thus a exponential decay
and a linear phase shift with increasing depth.
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The total current in a conductor is given by [6],

I =

∫ 0

−∞
J dy =

Js
α

=
Js δ√
2
e−iπ

4 (3.36)

which is equal to the rms5 value of the surface current density flowing uniformly
in a layer of δ lagging the coil current (surface current) by 45◦ in an average.
However, it is important to remember that the electromagnetic field exists
below the skin dept.

5Root mean square



Chapter 4

Heat transfer

In this chapter the modes of heat transfer as well as the transient heat equation
are presented. We will also have a short discussion about the analogy between
the electromagnetic diffusion equation and the thermal diffusion equation.

4.1 Heat transfer modes

There are basically three modes of heat transfer in a system; conduction, con-
vection and radiation. Heat transfer by conduction, also called diffusion, occurs
inside a solid or fluid and is caused by the exchange of kinetic energy between
the atoms. Convection heat transfer, or simply convection, is the transfer of
heat from one place to another by the movement of fluids. The third mode of
heat transfer, which is heat radiation, is caused by electromagnetic radiation
emitted from the surface to its surrounding. This is the only mode that does
not require a material medium for heat transfer to occur.

4.1.1 Heat conduction

The empirical constitutive law for heat conduction is called the “Fourier law
of heat conduction” and is written as [12, 13]

qcond = −k∇T (4.1)

where k is the thermal conductivity in Watt per meter Kelvin [W/mK], ∇T
is the temperature gradient in Kelvin per meter [K/m] and qcond is the heat
flux by conduction in Watt per square meter [W/m2]. As seen in equation
(4.1) is the rate of heat transfer proportional the thermal conductivity of the
workpiece. The thermal conductivity k is usually a function of temperature.

19
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4.1.2 Convection

Heat transferred by convection is given by the Newton’s law of cooling as [12, 14]

qconv = h(Ts − T∞) (4.2)

where h is the convection surface heat transfer coefficient1 in Watt per square
meter and Kelvin [W/m2K], Ts is the surface temperature, T∞ is the ambient
temperature and qconv is the heat flux density by convection in Watt per square
meter [W/m2].

The value of the film coefficient depends primarily on the thermal properties
of the surrounding gas fluid, its viscosity and the velocity of the gas. In many
induction heating applications, the workpiece is moving at high speed (e.g.,
heating of rotating disk, wire heating, etc.) [5]. The convection can then be
considered as forced. This convection can be equal or exceed heat losses due to
heat radiation for low-temperature induction heat treatment. In figure 4.1 is
the radiation heat transfer mode compared with the convection heat transfer
mode.

4.1.3 Radiation

Heat losses transferred by radiation is governed by Stefan-Boltzmann Law writ-
ten as

qrad = σε(T 4
s − T 4

∞) (4.3)

if the surface having temperature Ts is completely enclosed by a much larger
surface (the ambient) having temperature T∞. σ is the Stefan-Boltzman con-
stant (σ = 5.67 · 10−8 W/m2K4) and ε is the emissivity of the surface. The
emissivity is defined as the ratio of the heat emitted by the surface to the heat
emitted by a black body. Since the radiation loss is proportional to the fourth
power of temperature it exceeds the forced convection loss at elevated temper-
ature, especially if the emissivity is large as is seen in figure 4.1. Note that the
value of the emissivity can vary for the same material. For example changes the
emissivity from 0.03 for a polished copper surface to 0.70 for a heavily oxidised
copper surface [15].

4.2 The heat conduction equation

The transient temperature distribution in a medium is governed by the heat
transfer equation [12]

ρc
∂T

∂t
−∇ · (k∇T ) = Q̇ (4.4)

where ρ is the density in kilo per cubic meter [kg/m3], c is the specific heat
capacity in Joule per kilo and Kelvin [J/kgK], k is the thermal conductivity and

1Also known as the film coefficient.
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Figure 4.1: The heat losses due to convection and radiation transfer modes.
The full lines represent the radiation heat loss due to an emissivity varying
from 0.1 to 0.8 with a 0.1 increase for each line. The dashed line represents
the convection heat loss according to equation (4.2) with the film coefficient
h = 15W/m2K.

Q̇ the energy generated in the material per unit volume and time [W/m3]. The
heat transfer equation determines the temperature distribution in a medium
as a function of space and time.

The solution of the heat conduction equation requires initial and bound-
ary conditions. The boundary condition can either be prescribed2, where the
temperature is known on the boundary, or/and as an imposed flux3, using
the radiation and convection boundary. The flux condition is related on the
boundary as

qn = −k∂T
∂n

(4.5)

where n is the outward direction normal to the surface and qn the constant
flux given as

qn = h(Ts − T∞) + σε[T 4
s − T 4

∞] (4.6)

if both the convection and the radiation boundary conditions are taken into
account.

2The Dirichlet condition.
3The Neumann condition.
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Note the diffusion equation, equation (3.28), has the same properties as the
heat conduction equation, equation (4.4). However, their time scales differs.
Materials with high thermal diffusivity rapidly adjusts their temperature to
that of their surroundings. The thermal diffusivity constant for alloy 718, for
example, is α = k/ρc ≈ 3 · 10−6 m2/s. This is a fairly small number. It
can be compared with the corresponding electromagnetic diffusivity constant
that is 1/μσ ≈ 1m2/s. Carslaw and Jaeger [16] gives the solution due to
sinusoidal heating of the surface. It is shown that the amplitude of the variation
attenuates with an increasing depth and with some time delay, i.e. a phase angle
[6, 10]. This is the same phenomena as for the electromagnetic wave case, but
the electromagnetic field has a much shorter relaxation time. Therefore, the
assumption that the electromagnetic field reaches steady-state, embodied in
equation (3.29), within each time increment in a thermal analysis is reasonable.



Chapter 5

Deformation

Finite element solutions for large deformation problems are described in Bonet
and Wood [17], Neto et al. [18] and Belytschko et al. [19] and in the context
of thermo-mechanics in Lindgren [14], for example. The material modelling
is crucial in this kind of analysis, and is particularly troublesome when the
material microstructure changes. In this work, a plasticity model accounting
for precipitate evolution during heat treatment is modelled. The model is a
so-called physical based, or a dislocation density based material model, that
accounts for precipitate hardening in alloy 718. The model can be used in a
stress-strain algorithm in a finite element code. The radial-return algorithm
can be applied in a straightforward manner in the same way as for a plasticity
model, based on the concept that the stress state must stay on a yield surface
during plastic deformation.

Plastic deformation occurs principally by shearing the atom planes, and is
facilitated by the introduction and movement of dislocations in the crystal lat-
tice. The hardening and softening process is associated with the interaction of
the material structure, which is the lattice itself, immobile dislocations, solutes,
precipitates, defects etc. It is common to assume that they give contributions
to the macroscopic flow stress by using expressions similar to

σy = σG + σ∗ + σp + . . . (5.1)

where σy is the flow (yield) stress, σG is an athermal stress due to long-range
disturbances of the lattice due to immobile dislocations, σ∗ is the short-range
interaction and is the stress needed to move dislocations past short-range obsta-
cles, σp results from the additions stress required to move dislocations around
or through precipitate and solutes. The dots tells that there may be other
contributions.

The different stress contributions are highlighted in the subsequently sec-
tions. First, the long-range contribution is shortly described followed with the
short-range stress contribution in Section 5.2. The stress contribution that
occurs because of precipitates are presented in Section 5.3.

23
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5.1 Long range contribution

The long-rang term in equation (5.1) is an athermal stress contribution. It is
called athermal since thermal vibrations cannot assist dislocations in overcom-
ing disturbance in the lattice. It is written as

σG = αGb
√
ρ (5.2)

where ρ is the dislocation density in length per unit volume [m/m3], b is the
burgers vector in meter [m], G is the shear modulus in Pascal [Pa] and α
is a proportional factor. The variation of the dislocation density consists of
two terms; hardening (+) and recovery (-) and have to be derived for each
type. Mobile and immobile dislocation densities are two of them. We assume,
however, that the mobile dislocation density is much smaller than the immobile
density [13]. The long rang term can then be expressed as

σG = αGb
√
ρi (5.3)

where
ρ̇i = ρ̇

(+)
i − ρ̇

(−)
i (5.4)

We will in the following sections describe the evolution of the immobile dislo-
cation density.

5.1.1 Hardening

It is assumed that mobile dislocations move a distance (the mean free path) Λ
before they become immobilised or annihilated. The mean free path depends
on different obstacles and their distribution. It is, for example, assumed that
grain boundaries act as a barrier, as well as subcells may stop the movement
of dislocations. The addition of precipitates may also act as a barrier. If we
assume that the terms are additive, thus

1

Λ
=

KHP

g
+

Kcell

s
+

Kprec

lp
(5.5)

whereKxx refers to parameters to be optimised. The mobile dislocation density
is assumed to increase proportionally to the plastic train rate according to the
Orowan equation. We can therefore write the rate of increase in immobile
dislocations as

ρ̇
(+)
i ∝ 1

Λ
˙̄εp (5.6)

There are several ways of calculating the particle spacing [20, 21]. Using
Kock’s assumption, which takes care of finite obstacle size effects, we have

lp =

√
2π

3

r̄p√
fp

(5.7)
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where r̄p is the average particle radius in meter [m] and fp is the particle volume
fraction. The theory for calculate the precipitates and their average radius is
done in Chapter 6.

5.1.2 Softening

Motions of vacancies is related to recovery of dislocations. The model for
recovery of dislocations by glide is based on the probability that a moving
dislocation will annihilate an existing immobile dislocation. The recovery term
by glide is given by Bergström [22] as

ρ̇
(−)
i = Ωρi ˙̄ε

p (5.8)

where Ω is a recovery function that is temperature and strain rate dependent.
This model accommodates only the recovery due to strain rate. However, va-
cancies are also created during plastic deformation. A model for static recovery
by diffusion climb is [13, 23]

ρ̇
(−)
i = cγDl

cv
ceqv

Gb3

kT
(ρ2i − ρ2eq) (5.9)

where ceqv and cv are equilibrium and current vacancy concentrations, respec-
tively, cγ is a calibration parameter, Dl is the temperature dependent lattice
self diffusion coefficient in [m2/s], k is the Boltzmann constant in Joules per
Kelvin [J/K] and T is the temperature in Kelvin [K]. The dislocation density
decreases towards an equilibrium value ρeq. For calculation of vacancy concen-
tration, see for example Lindgren et al. [13] or Svoboda et al. [24]. The model
for vacancy evolution that in this context was introduced by Lindgren et al.
[13], is taken from Militzer et al. [25].

5.2 Short range contribution

The second term in equation (5.1) is the stress needed to move dislocations past
short-range obstacles. It is based on the energy (Gibbs free energy) needed for a
particle to overcome an obstacle taking atomic thermal vibrations into account
[26]. It can be written as [13, 24, 27]

σ∗ = τ0G

(
1−

(
kT

Δf0Gb3
ln

(
˙̄εref
˙̄εp

))1/q
)1/p

(5.10)

where the quantity τ0 is depending on the strength of the obstacle (dimension-
less), Δf0 is a calibration constant, ˙̄εref is a reference strain rate and p and
q are calibration constants. The conditions for the exponents can be found in
Frost and Ashby [26].
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5.3 Precipitate hardening

The last term in equation (5.1) describes the flow stress contribution due to
precipitates. Precipitates, or second-phase particles, commonly act as geomet-
ric barriers to dislocation glide. A good overview to this theory is Nembach
and Neite [21]. The strengthening produced by the second-phase precipitates
are generally very complex and depends on many factors such as: the size of
the precipitates, the numbers of the precipitates, the shape of the precipitates
and the density of the precipitates [28]. There are several variants of models
describing the strengthening due to the precipitates. The dislocation are either
bypassing the precipitates, or cutting through them in a shearing process. The
first process is called Orowan looping.

5.3.1 Shearable particles

If all the particles are sheared, it is possible to model the strengthening contri-
bution as [29]

σshear ∝
√

fp (5.11)

where G is shear modulus and fp is the particle volume fraction. In the shearing
mechanism, the dislocation passes through the precipitate and displace the
lattice on one side of the slip plane relative to the other as shown in figure 5.1.
If more than one dislocation passes through the precipitate, the dislocation will
eventually shear the particle into two or more subparticles [28]. Further slip
will reduce the resistance and softening will occur.

Figure 5.1: Dislocation passing through a precipitate, which results in shearing
of the particle.

5.3.2 Nonshearable particles

For large precipitates, it is assumed that dislocations bow around rather than
shear through the particles. The dislocation line intersects on the further side
of the precipitates and continues to move through the lattice, as shown in
figure 5.2. The process will leave a ring or loop of dislocations surrounding the
particle. Next dislocation line passing the precipitates will therefore need more
stress to overcome the resistance. This can be observed as strain hardening in
a stress-strain curve [28]. Ignoring the strain hardening, the stress contribution
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due to bowing can be modelled as [29]

σbow ∝
√
fp

r̄p
(5.12)

Figure 5.2: Dislocations bowing around the precipitates. It will form a dislo-
cation loop surrounding each particle.

5.3.3 Critical radius

The critical resolved stress needed to overcome a particle can be written as [21]

σ =
mF

blp
(5.13)

where m is the Taylor orientation factor, translating the effect of the resolved
shear stress in different slip systems in to effective stress and strain quantities,
F is the maximum of the absolute value of the interaction force in Newton [N],
b is Burgers vector and lp is the average particle spacing in meter [m]. The
obstacle strength depends on whether the particles are sheared or bowed. The
resolved stress become [21]: in the case of particle shearing

σshear ∝ rp (5.14)

and in the case of particle bowing

σbow ∝ 1

lp − 2rp
(5.15)

Equations (5.14) and (5.15) shows that for dislocation shearing, the radius rp
is proportional to the particle strength, whereas it is inversely proportional to
the particle strength for bowing the particles, see figure 5.3. This is consistent
with the discussion in Sections 5.3.1 and 5.3.2; at small particle radius, cutting
will dominate, while at large particle radius, bowing will dominate. Which
one of the two above described mechanisms that occur (shearing or bowing)
depends on the required stress. A critical radius, rc, for the shearing/bypassing
transition may then be obtained by equating the contribution due to each
strengthening mechanism and is illustratively seen in figure 5.3.
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The material is called under-aged, if the average precipitate radius r̄p is
smaller than the critical radius rc, and over-aged if the average particle radius
is larger than the critical radius. The optimum state, that gives the maximum
value of σ, is called peak-aged [20]. However, it should be noted, that in
practise, we have a distribution of radii and therefore shearing and bowing can
be activated simultaneously.

Figure 5.3: Critical radius for transaction between shearing and bowing. Which
one of the two described mechanism that occurs (shearing or bowing) depends
on the required stress. The one that require the lowest strength is favoured.

It is possible to express the critical resolved stress as a function of particle
volume fraction fp and the particle radius rp substituting an assumed parti-
cle spacing. Depending on the assumed particle spacing, different expressions
yields. This explain why equations (5.11) and (5.12) are not consistent with
equations (5.14) and (5.15).

5.3.4 Calculation of average particle strength

To avoid the discontinuity in yield stress that occurs when the average radius
becomes larger than the critical radius rc, we assume a weighted average of
contributions

σp = fbσbow + (1− fb)σshear (5.16)

where fb is the volume fraction of precipitates that contribute to precipitate
hardening by bowing. fb may be obtained by considering the distribution of
precipitate size and its relation to the critical precipitate size rc, above which
dislocation bowing becomes the dominant strengthening mechanism. The size
distribution function according to the LSW theory can be used to describe this.
See Chapter 6 and Paper V.



Chapter 6

Microstructure

During a phase transformation, at least one new phase is formed that has dif-
ferent physical characteristics and a different structure than the parent phase.
Most of the phase transformations do not occur instantly, rather they begin by
the formation of numerous small particles of the new phase, which increases
in size until the transformation has reached completion. Principally, one can
distinguish three stages of continuous precipitation process: 1) nucleation, 2)
growth of the nuclei until the matrices reaches its equilibrium concentration of
solute and 3) coarsening [21]. At least two processes will occur simultaneously,
nucleation and growth or growth and coarsening. The processes are briefly
discussed in Section 6.2 and Section 6.3. Nevertheless, we will first discuss the
homogeneous nucleation in solids.

6.1 Homogeneous nucleation in solids

There are basically two types of nucleation: the homogeneous type or the het-
erogeneous type. For the homogeneous type, nuclei of the new phase form
uniformly throughout the parent phase, whereas for the heterogeneous type,
nuclei form preferentially at structural inhomogeneities, such as insoluble im-
purities, grain boundaries, dislocations etc. [30]. We assume a homogeneous
nucleation.

First, we consider a given volume consisting of a single phase α with a free
energy G1, see figure 6.1 a). If some of the atoms in the volume starts to cluster
together to form a small sphere of phase β, figure 6.1 b), the free energy of the
system will change to G2, given by

G2 = VαGα + VβGβ +Aγ + VβΔGs (6.1)

where Vα is the volume of the α phase, Vβ is the volume of the β phase, A is
α/β interfacial area, Gα and Gβ are the free energies per unit volume of α and
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Figure 6.1: Homogeneous nucleation.

β phase respectively, and γ the interfacial free energy between the α/β phase.
In general the transformed volume β will not fit perfectly in the α matrix and
this gives rise to a misfit strain energy ΔGs per unit volume of β.

The free energy of the system only consisting of α phase is given by

G1 = (Vα + Vβ)Gα (6.2)

The formation of the β phase, therefore, result in a change in energy, ΔG =
G2 −G1, and

ΔG = −VβΔGV +Aγ + VβΔGs (6.3)

where ΔGV = Gα − Gβ . If we assume that the nucleus is spherical with a
radius of r, equation (6.3) becomes

ΔG = −4πr3

3
(ΔGV −ΔGs) + 4πr2γ (6.4)

Consequently, the first term on the right-hand side of equation (6.4) is de-
creasing with the third power of r and for the second term, on the right-hand
side in equation (6.4), the energy is increasing with the square of the radius.
Therefore, the energy first increases, passing a maximum, and finally decreases.
This means that it exists a nucleation radius, r∗, at which growth will continue
with the accompaniment of a decrease in free energy, i.e the nucleation occurs
spontaneously. A cluster of atoms with a radius less than this critical radius,
on the other hand, will shrink and redissolve. The needed energy, called the
critical energy ΔG∗, corresponds to an activation free energy. It is the free
energy required for the transformation of a stable nucleus [30–32].

Differentiate equation (6.4) with respect to r, set the equation equal to zero,
and then solve for r = r∗ gives the result

r∗ =
2γ

ΔGV −ΔGs
(6.5)

Substituting r∗ into equation (6.4) gives the expression for ΔG∗

ΔG∗ =
16πγ3

3(ΔGV −ΔGs)2
(6.6)
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From this, it is possible to calculate the homogeneous nucleation rate [31]

dN

dt
= ωC0 exp

(
−ΔGm

kT

)
exp

(−ΔG∗

kT

)
(6.7)

where ΔGm is the activation energy for atomic migration. It represents the
barrier to the transfer of atoms across the interface [33]. ω is a factor that in-
cludes the vibration frequency of the atoms and the area of the critical nucleus.
The nucleation rate is sometimes written a little bit different, but describes the
same phenomena.

The only variable that is strongly temperature dependent in equation (6.7)
is the critical energy ΔG∗. The main factor controlling ΔG∗ is the change
in ΔGV , the driving force of precipitation, and is obtained from the free-
composition diagram. Further discussions about this is given for example in,
Callister and Rethwisch [30], Porter [31] and Ratke and Voorhess [32]. How-
ever, one can understand that the nucleation rate is dependent on the solubility
of the solute, which is the driving force for nucleation. The solubility is highly
temperature dependent and the driving force for nucleation is therefore increas-
ing with decreasing temperature. On the other hand, the diffusion of atoms
decrease with decreasing temperature. Therefore, there must be a temperature
when the nucleation rate is at its maximum.

6.2 Nucleation and growth

The growth rate of the average particle depends on two components; the growth
rate of existing particles with mean radius rp and the nucleation of new particles
at the nucleation radius r∗ [34]. See figure 6.2 for an illustration.

Figure 6.2: Each sub figure represents a single state of the alloy, a) nucleation,
b) growth and c) nucleation and growth.

In the first stage, the average precipitate radius is equal to the nucleation
radius and we can write

dr̄p
dt

∣∣∣
n
=

1

N

dN

dt
r∗ (6.8)
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where N is the number of new precipitates, dN/dt is the nucleation rate and
r∗ is the nucleation radius. Next, figure 6.2 b), illustrate purely growth. It can
be written as [32]

dr

dt

∣∣∣
g
=

D

r

C − Ceq(r)

Cp − Ceq(r)
(6.9)

where D is the diffusion coefficient of solute atoms in the matrix in square
meter per second [m2/s], C is the current solute balance in the matrix, Ceq is
the equilibrium solute concentration in the matrix next to the phase boundary
to a precipitate of radius r and Cp is the mole fraction in the precipitate.
For small particles one need to consider the Gibbs-Thomson effect. It can
be shown that quite large deviation in the concentration from the equilibrium
concentration arises for particles in the range r = 1− 100 nm [31]. Therefore,

dr

dt

∣∣∣
g
=

D

r

C − Ceq exp
(

2γVm

RTr

)
Cp − Ceq exp

(
2γVm

RTr

) (6.10)

where R is the gas constant in Joules per mole and Kelvin [J/molK], γ is
the interfacial free energy of the particle/matrix interface in Joules per square
meter [J/m2], T is the absolute temperature in Kelvin [K] and Vm is the molar
volume of the precipitate in cubic meter per mole [m3/mol].

In the nucleation and growth stage, figure 6.2 c), which is a combination
between purely growth and nucleation, we can therefore write

dr̄p
dt

∣∣∣
n&g

=
dr̄p
dt

∣∣∣
g
− 1

N

dN

dt
(r̄p − r∗) (6.11)

The last term in equation (6.11) corresponds to the arrival of dN new particles
with radius r∗ during the time dt in the population of particles with radius r̄p.

6.3 Growth and coarsening

In order to archive a transformation from a metastable single-phase state to
a stable two-phase state, second phase particles must first nucleate and then
growth [32]. When the nucleation process ends, pure growth is valid. This is
valid until the concentration of solute is in equilibrium with the two phases.
After this, pure coarsening is valid.

Assume that we have a precipitate hardening alloy with a certain range of
particle size in the matrix. This is always true due to differences in nucleation
time and rate of growth. If the alloy now is held at a constant temperature,
large particles starts to growth on the expense of the small ones [32]. This
phenomena can be explained by the Gibbs-Thomson effect; the solute concen-
tration in the matrix increases next to a particle as its radius decreases [31].
Therefore, there will be a diffusion of solute from the small particles to the
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large. Since the system is closed is the particle volume fraction constant dur-
ing this process. The numbers of particles decreases and the mean particle
radius increases. This phenomena is called Ostwald ripening or coarsening.

The diffusion problem describing Ostwald ripening has been treated by
Lifshitz, Slyozov and Wagner under the assumptions that the volume fraction
is constant and the total volume fraction of precipitates are small [21, 31].
Wagner did this derivation separately from Lifshitz and Slyozo. The result is
usually referred as LSW

r̄3p − r30 =
8

9

DγV 2
mC∞

RT
t (6.12)

where D is the diffusion coefficient of the solute atoms in the matrix, C∞ is the
concentration of solute atoms in equilibrium with a particle of infinite radius
in mole per cubic meter [mol/m3], T is the temperature and r̄p is the average
particle radius at time t and r0 is the initial size of the particles.

According to the LSW theory, there is a corresponding size distribution
function

glsw =

⎧⎪⎨
⎪⎩

4
9ρ

2
(

3
3+ρ

)7/3 (
1.5

1.4−ρ

)11/3

exp
(

ρ
ρ−1.5

)
for ρ ≤ 1.5

0 for ρ ≥ 1.5

(6.13)

where ρ = rp/r̄p is the particle radius rp divided by the average particle radius
r̄p. It is then possible to calculate the number of particles smaller or larger than
the mean particle radius using this distribution. This can be used to describe
a linear transaction from a simple shearing of the particles to a simple bowing
of the particles, see equation (5.16). The volume fraction that contribute to
precipitation hardening by bowing can be obtained by taking the integral of this
function. The size distribution function and the integral of the size distribution
function can be seen in figure 6.3. As an example, when the mean particle radius
r̄p is equal to the critical radius rc, then 58% of the particles are sheared and
42% of the particles are bowed (fb = 0.42).
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Figure 6.3: Size distribution function and the integral of the size distribution
function. When the mean particle radius r̄p, is equal the critical radius for
shearing/bowing rc, 42% of the precipitates are bowed.



Chapter 7

Summary of papers

Five papers are appended to this thesis. A summary of each paper are given
below.

7.1 Paper I

The study done in this paper was aimed to provide a test case for validating
the induction heating model. It is the first step in a larger project where man-
ufacturing chains will be simulated. The test case consists of two experimental
arrangements; a cylinder heated along the circumference by a coil in the mid-
dle, or at its end. The published work in simulation of induction heating has
been limited to keeping the current constant in the coil during the heating
stage, allowing the temperature to varying [35–37]. However, in this work the
current is controlled in order to obtain a particular temperature history at a
specified location of the workpiece. The good agreement between simulation
and measurements shows that the model, the computational approach, as well
as used material properties is valid and can be used to study the induction
heating process for alloy 718.

7.2 Paper II

The entire extrusion manufacturing process chain of stainless steel tubes were
simulated in this paper. Axisymmetric finite element models of induction heat-
ing, expansion and extrusion, including cooling at the intermediate transports
have been combined. All models were developed in the finite element software
MSC.Marc and the nodal temperatures were transferred from one model to an-
other using an external mapping program. The aim of this work was to study
the temperature evolution in the billet during different manufacturing steps
and to predict the force in the forming stages.
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Two different materials are used in the process flow simulation: one austenitic
stainless steel and one duplex, austenitic/ferritic, stainless steel. Since the
duplex steel is ferromagnetic below the Curie temperature, the skin effect is
more pronounced compared to the paramagnetic austenitic material. Also the
magnetic non-linearity of the material properties leads to differences in the
induction heating modelling.

The temperature evolution in the billet during the induction heating pro-
cess was measured by thermocouples, which were placed in drilled holes at
different heights and depths inside the billet. The induction heating model
was shown to predict the temperatures from the thermocouple measurements
successfully. The agreement between computed force and the measured force
from the expansion and the extrusion process was satisfactory.

7.3 Paper III

In this work, the combined model from Paper IV was applied to extrusion of
AISI 316L tubes. In the same way as in Paper IV, the entire manufacturing
chain was simulated. The current and the heating times were recorded as well
as the extrusion force. The dislocation density based material model from
Lindgren et al. [13] was used in the expansion and extrusion process.

The computed extrusion force, using the simulated temperature field, was
compared with a case of uniform initial temperature field of 1250 ◦C and to
experimental data. It is shown that a uniform temperature field does not
predict the nonuniform extrusion force that is recorded during the process.
However, the extrusion force was well predicted by the combined model with a
computed initial billet temperature.

7.4 Paper IV

This paper describes validation measurements and simulations of repair welding
followed by heat treatment. The possibility to replace global heat treatment
with local heat treatment using induction heating is evaluated with respect to
obtained residual stresses. A physical based material model was used in order
to predict the thermo-mechanical properties.

The induction heating model was validated by measuring the temperature
using thermocouples. The agreement between computed and measured tem-
peratures were very good. The welding residual stresses were predicted well.
However, the computed stress relaxation during heat treatment is too small.
The used material model has only recovery due to dislocation climb and glide.
It seems that the model does not fully capture the stress relaxation during the
heat treatment, as the measurements shows larger stress reduction than in the
simulations.
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7.5 Paper V

A dislocation density based flow stress model accounting for precipitate hard-
ening was presented in this paper. Compression tests have been performed for
solution annealed, half-aged and fully-aged material at different temperatures
and strain rates.

A model for precipitate evolution accounting for simultaneously nucleation
and growth or growth and coarsening is presented. Small particles are sheared,
large particles are bowed when the dislocation passes. A particle size distri-
bution was successfully implemented in order to mix the particle shearing and
the particle bowing. Considering the simplifications that have be done, the
material model shows good agreement compared to the measurements and is
expected to be fit for its purpose; thermo-mechanical simulation of the ageing
process of alloy 718.
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Chapter 8

Conclusions and future
work

The initial part of the research work was focussed on developing a model that
can be used to simulate induction heating in order to obtain a wanted temper-
ature field. In most cases induction heating is only used for rapid heating and
the precise temperature history is not particularly important. This might be
the reason why few papers concerning the simulation of this process are pub-
lished. The developed finite element model of the induction heating process
was validated initially. The results are shown in Paper I. The measured and
computed temperatures, as well as the current, agree very well. This implies
that the assumption of steady-state electromagnetic conditions, during each
thermal step, is acceptable.

Induction heating is, in the current context, one step in a chain of man-
ufacturing processes. Finite element simulations of the entire manufacturing
process for extrusion of stainless steel tubes are presented in Papers II and III.
This is, as far as the author knows, the first work of this kind. This combined
model was developed in cooperation with S. Hansson [38]. It was found that
the temperature field from the induction heating step, is of importance in order
to predict the extrusion force of the stainless steel tubes in the final step.

The heat treatment after repair welding of alloy 718 is done in order to
restore the microstructure. It is an ageing treatment. Local heat treatment,
using induction heating, is in Paper IV compared with global heat treatment.
No differences between these heat treatments, with respect to relaxation of
welding residual stresses, could be found.

The work has later been expanded to include prediction of the microstruc-
ture evolution. In the age hardening process of alloy 718, intermetallic com-
pounds of different phases that inhibit slip and creep are formed [39]. The
ageing process can therefore be modelled by adding an additional term to the
yield stress as described in Chapter 5. It should depend on the particle radius
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and on the particle volume fraction. This makes it possible to simulate the
evolution of precipitates during an heating cycle. The modelling of this is pre-
sented in Paper V. It is thus possible to simulate the evolution of inclusions
during an ageing process of the filler material in the weld.

In order to further improve the usage of induction heating, the following
subjects are recommended for future work:

� Determine the evolution of precipitates during the ageing process of super
alloy 718 by use of the model developed in Paper V. It is then possible
to compare the evolution of precipitates between global and local heat
treatment in the filler material.

� Validate the model for particle nucleation, particle growth and particle
coarsening.

� Optimisation of the induction heating process. The wanted temperature
field is usually known over a specified area for a certain process. The
required shape of the induction heating coil, that can give the wanted
temperature field, can be difficult to determine. Therefore, optimisation
of the induction heating coil should be very valuable.
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Validation of induction heating model for alloy

718 components

M. Fisk

Abstract

The possibility to use induction heating for local heat treatment of
aerospace components is evaluated in a on-going project. This paper de-
scribes validation measurements and simulations of induction heating of
an axisymmetric rod made of alloy 718. The model was found to agree
well with experimental data. Furthermore, an approach combining finite
element code with a control algorithm for the current has been imple-
mented and is described. This algorithm makes it possible to determine
the variation of current needed to create a given temperature history.

1 Introduction

Welding changes the microstructure of materials, which may be detrimental
to the mechanical properties of a component. To restore the microstructure
and reduce the residual stresses introduced by the welding operation, a heat
treatment of the component is needed. For large components, local heat treat-
ment by induction heating is favoured over global, for economic and practical
reasons. The temperature distribution in the work piece depends mainly on
parameters such as coil position, electrical current through the induction coil,
frequency of the current and the thermal properties of the work piece. Induc-
tion heating is a non-contact heating process used when heating an electrically
conducting material by electromagnetic induction. In a thin layer of the work
piece, usually called the skin depth, the alternating electromagnetic field gen-
erates a current which is called eddy current. The eddy current generates heat,
due to ohmic power losses, and is the main heat source in induction heating.
The skin depth depends on the frequency of the electromagnetic field and the
material properties, resulting in changing temperature distribution for different
frequencies and temperatures.

Published work concerning simulation of induction heating has been limited
to a constant current in the coil during the heating stage, allowing the tem-
perature to vary [1, 2, 3, 4]. However, in this work, the current is controlled
in order to obtain a specific temperature history at a specified location in the

1



work piece. A local heat treatment is then possible, whereby the temperature
follows a given history to achieve full annealing or ageing processes [5].

The main objective of the current work is to validate a model for induc-
tion heating of a component made of the nickel alloy 718. The paper describes
measurements and finite element simulations of induction heating of an axisym-
metric rod. The computational model was validated using two experimental
arrangements; a cylinder was heated along the circumference by a coil placed
in the middle, or at its end. The first case is similar to the setup in [2, 6]. Luo
and Shih [6] performed inverse thermal analysis but did not solve the electro-
magnetic problem. Nguyen and Bendada [7] developed an inversion technique
to recover the temperature distribution along the radius of a cylindrical billet
at the end of the induction heating phase in a semi-solid process using surface
temperature measurement. Their approaches cannot be used to design general
induction heating setups as they did not include the electromagnetic problem
in their models. Wang et al. [2] compare their finite element analysis with
analytical solutions. Thus it can be noted that well controlled and documented
validation cases are few in the literature and non for controlled current to
create a more complex temperature history. The current study was therefore
performed as a first step in a larger project in which induction heating is one
step in a manufacturing chain to be simulated.

Finite element analysis was performed by controlling the current in the
model, producing a desired temperature history as the result. The calculated
temperature was compared with measurements; agreement was found to be
good. The reverse calculation was also performed. From the model, the cur-
rent was calculated from a specified temperature history. The calculated and
measured currents were compared and found to agree well. Additionally, sim-
ulations were performed to evaluate the sensitivity of the setup. These show
that a small change in the current produces a relatively large variation in the
temperature of the work piece. Frequency variation is also shown to affect the
temperature.

2 The coupled electromagnetic-thermal prob-
lem

The basic equations and the simplifications used in the finite element code are
summarised below.

2.1 Electromagnetism

Electromagnetic wave propagation is described by Maxwell’s system of equa-
tions

∇×E = −∂B

∂t
(1)
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∇×H = J+
∂D

∂t
(2)

∇ ·B = 0 (3)

∇ ·D = ρv (4)

where E is the electric field intensity, B is the magnetic flux density, H is the
magnetic field intensity, J is the current density, D is the electric flux density
and ρv is the volume charge density. The constitutive relations between the
aforementioned field quantities in an isotropic homogeneous medium are

B = μH (5)

D = εE (6)

J = σE (7)

where μ is the permeability, ε is the permittivity and σ is the electric conduc-
tivity of the material. The displacement current is neglected and a harmonic
solution is assumed. The latter means that the excitation current and its solu-
tions are sinusoidal functions. Furthermore, the magnetic vector potential A
is introduced. It is related to the magnetic flux density by

B = ∇×A. (8)

Maxwell’s equations can then be written as

iωσA− 1

μ
∇2A = J0 (9)

which is a complex diffusion equation where ω is the excitation frequency. J0

is the source current density in the induction coil. A similar equation can also
be formulated in terms of the electric field quantity [4, 8].

The domains for equation (9) are the rod, coil and surrounding air. Addi-
tionally, boundary conditions for the interface between solids and air as well
as the external boundary are required. Since there is no surface current in an
electrically conducting material, the tangential vector at the interface between
the media are continuous, which gives [9]

n̂ ×(E1 −E2) = 0 (10)

n̂ ×(H1 −H2) = 0 (11)

where the boundary outward unit normal is directed from medium 2 towards
medium 1. On the outer boundary of the region, the magnetic vector potential
is selected such that it is zero along the boundary (Dirichlet condition).

2.2 Heat conduction

Thermal conductivity in a solid is governed by [10]

ρc
∂T

∂t
−∇ · (κ∇T ) = Q̇ (12)
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where ρ is the density, c is the specific heat capacity, T is the temperature and
κ is the thermal conductivity of the material. Q̇ is the heat source density gen-
erated in the material per unit volume and time. The formulation accounts for
temperature dependent material properties. Solution of the equation requires
initial and boundary conditions; a general model for the Neumann boundary
conditions is [5, 11]

qn = h(Ts − Ta)
α + σsεw(T

4
s − T 4

a ) (13)

which is related to the gradient of the temperature field in the normal direction
of the surface, ∂T/∂n. h is the convection surface heat transfer coefficient, Ts is
the surface temperature, Ta is the ambient temperature, α is the potential for
the convection boundary condition, σS is the Stefan-Boltzmann constant and
εw is the emissivity of the surface. In the case of an harmonic electromagnetic
loading, the heat source term can be written as [1],

Q̇ =
1

2σ
|Je|2 =

1

2σ
Je · J∗e (14)

where Je is the induced current density in the conductor calculated by Je =
−iωσA. The heat source term, Q̇, is then solved for each node point whenever
equation (9) is solved, and used as input to equation (12) for a solution of
the heat distribution. Equation (14) may be used since the time scale of the
electromagnetic problem is much shorter than in the thermal problem.

3 Experimental

Figure 1 shows the experimental setup. Two different locations of the coil
were used, in the middle and near the end of the rod. The first case is denoted
A and the case with the coil near the end of the rod is called case B. The
system, induction heating equipment plus coil and rod, will then have different
electromagnetic properties for the two cases. Thus we will have two different
validation cases and can also evaluate if the parameters of the PID-controller,
section 4.1, need to be different for this kind of minor changes. The rod is
140mm long and has a diameter of 32mm. At different locations along the work
piece thermocouples were welded to measure the temperature. The numbers
in circles denote the different thermocouples with locations given in table 1.
The temperature was recorded at a frequency of two samples per second. Each
test was repeated three times to ensure reproducibility. However, the mean
values of the temperature for the three tests are plotted in the result figures
(see section 5). The maximum temperature difference between the replicated
tests was 7.3 ◦C at time 735 s for the coil located at position A, and 7.4 ◦C at
a time 176 s for the coil at position B. The thermocouples were checked before
and after use. The difference did not exceed 1.1 ◦C or 0.4% of its measured
value. Thus, the maximum error in the measurement did not exceed 3.0 ◦C for
a temperature of 760 ◦C.
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The induction heating equipment is a voltage-fed series load with a capacitor
at the input of the inverter and a series-connected output circuit. To transfer
maximum power from the DC-source to the load, the transformer must operate
at its resonant frequency. Therefore, during the first 50 s of operation the
induction heating equipment searches for its resonant frequency (see [5] for
more information). The induction heating equipment used in the experiments
is a Minac 18-5.

Figure 1: The geometry of the work piece and position of the thermocouples.
See table 1 for the distances. The coil has a dimension of 8 x 4 mm.

Table 1: Positions of the thermocouples.
Measurement Distance from Distance from

location centre [mm] end [mm]
1 0 0
2 8 0
3 16 1
4 16 12
5 16 39
6 16 60
7 16 70

The induction heating equipment uses a PID-controller (Proportional In-
tegral Derivative) to regulate the current to obtain a specified temperature
history. Therefore, a separate measurement thermocouple was fixed at the
work piece for feedback to the induction device. Its location was diametrically
opposite to thermocouple 7 for case A, and opposite thermocouple 4 in test B.
The prescribed temperature history in the two different cases comprises three
phases:

1. Linear heating at a rate of (760/180) ◦C/s.

2. Constant temperature of 760 ◦C for 120 s.
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3. Current turned off, and the work piece is allowed to cool down to a
uniform temperature.

The temperature-dependent electrical and thermal conductivity data for the
alloy 718 were obtained from Special Metals [12]. The specific heat capacity
was taken from Mills [13]. Alloy 718 is paramagnetic and therefore has a
permeability of unity [12].

4 Computational model

A commercial finite element program MSC Marc(2005r3 64 bit) was used to
solve the computational model. The finite element mesh shown in figure 2
comprises four-noded axisymmetric quadrilateral elements and was used dur-
ing the simulations. The different domains, air, coil and work piece, where
assigned different material properties. The work piece takes into account the
temperature dependency of the heat capacity, the thermal and the electrically
conductivity. The electrical conductivity of the coil and air were ignored. The
current was prescribed in the coil.

The frequency was registered from the heating equipment and varied for the
coil in position A from 26 kHz at the beginning of the experiment to 22 kHz. A
similar behaviour was also registered when the coil was in position B, figure 3.
The average frequency after 50 s was calculated to be 22.4 kHz for the coil in
position A, and 23 kHz for the coil located in position B. An average frequency
of 23 kHz was used in all the simulations.

Figure 2: Mesh created for coil position A. Air, coil and work piece are mod-
elled.

Heat generation was concentrated near surface through the skin effect and
is estimated to be 3.6mm: [14]

δ =
1√

πfμσ
. (15)

Therefore, a fine mesh was created near the surface of the work piece and
gradually coarsened towards the interior.
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Figure 3: Measured resonant frequency of the heating equipment.

Both natural convection and the radiation boundary condition were taken
into account during the simulation. The film coefficient h = 1.9W/m2 ·K and
the potential α = 1.3 were used on all boundaries between solid and the air
[5, 11]. The curved surface of the cylinder was not polished, and was therefore
assumed to have an emissivity factor of εw = 0.5. In contrast, the ends of the
cylinder were polished and an emissivity of εw = 0.25 is assumed here [15].

4.1 Control logic for current

The PID-controller was used to regulate the current to obtain the desired tem-
perature in the computational model. The proportional value stabilises tran-
sient errors, the integral is the sum of all the errors and the derivative term
determines the rate of change of errors. The weighted sum of all these three ac-
tions is then used to adjust the current. The deviation between the prescribed
and actual temperature is the instantaneous error e. This is used to compute
a correction u to the current according to

u(t) = K

[
e(t) +

1

TI

∫ t

0

e(τ)dτ + TD
de

dt

]
(16)

where K is the proportional gain constant, TI is the integral time constant
and TD is the derivative time constant. The algorithm is often illustrated by a
block diagram as shown in figure 4.

A discrete version of equation (16) is implemented in the FE-software as
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Figure 4: Block diagram of the PID-controlling system. The process, represents
by the FE-program, e is the error and u the correction.

[16],

un = K

[
en +

Δt

TI

n∑
i=0

ei +
TD

Δt
(en − en−1)

]
(17)

where the output value, un, is adjusting the coil current in a time step, n, as

Jn+1
0 = Jn

0 + un. (18)

Figure 5 shows the solution strategy during a time step. The PID-controller
is adjusting the coil current to a level so that the error, e, is minimized at
a selected location of the work piece. The electromagnetic solution is solved
with the new current using the material properties for the temperature at the
time step tn. Thereafter the heat load due to eddy current is calculated and the
thermal problem is solved - as described in section 2.2 - giving the temperatures
Tn+1 at the end of the time step.

If the PID-controller parameters are chosen incorrectly the controlled pro-
cess can be unstable. There are several methods to find the control parameters
(K, TI , TD) optimum value for the desired control response [16]. The used
method to find the control parameters was Ziegler-Nichols method, with man-
ual tuning for adjustment.

The following parameters were used in the PID-controller logic together
with a simulation time step of Δt=0.5 s

K = 6000

TI = 1080

TD = 210.

The parameters are specific for the properties of the system to be controlled.
This is the induction heating equipment including its interaction with the
heated work piece. It was found for the current case that the same set of
parameters could be used for case A and B.
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Figure 5: The coupling between the PID-controller, the electromagnetic and
the thermal problem.

5 Results

The two tests, A and B, differ with respect to the location of the coil (see figure
1). Table 1 gives the location of the different thermocouples. Thermocouple
numbers 5-7 were used in case A, and numbers 1, 4 and 5 in case B.

5.1 Controlling the coil current for obtaining a specified
temperature

The PID-controller logic was used to calculate the current required in the model
to obtain the desired temperature at a node located at thermocouple 7 in case
A, and thermocouple 4 in case B. The calculated current is then compared with
the measured current from the experiment. The current and temperature at
position A are shown in figures 6 and 7 respectively. For case B, the current is
given in figure 8 and figure 9 shows the temperature history.

5.2 Prescribing the measured current to the model

The current profile given from the measurement was used as input current
density i.e. J0(t) (see equation (9)). The calculated temperature was then
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Figure 6: Measured current (symbols) and calculated current (line) established
using PID-controller. The current is the rms value. Case A.

compared with measured temperature. See figure 10 for the temperature his-
tory when the coil is located in position A and figure 11 for the coil located in
position B. The frequency influence on the temperature was simulated. Three
different frequencies, 22, 23 and 24 kHz were used for excitation. The temper-
ature was calculated using a prescribed current amplitude history. Figure 10
shows the temperature history for different frequencies. In order to study the
influence of current on the temperature, a small change in the current ampli-
tude was made; a 1% reduction in case B. The experiment followed the same
procedure as in section 5.1 and the result is shown in figure 11.

6 Conclusions

The good agreement found between simulations and measurements shows that
the model, the computational approach, and the material properties that were
assumed, are valid and can be used to study the induction heating process.
The current can be controlled with a PID-controller or with a measured current
profile. Regulating the current works particular well when the aim is to find
the process parameters for a specified temperature history. This is a valuable
tool when designing the induction heating process needed to create a desired
temperature history.

For test case A, the analysis shows a significant difference in temperature
between the positions 6 and 7. This confirms that the induction heating pro-
cess can produce a desired temperature profile in at a selected region. The
temperature falls rapidly outside the region of the coil, indicating that local
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Figure 7: Measured and computed temperature for case A. The numbers refer
to the measurement locations given in table 1. The PID-controller uses the
temperature at position 7 as input.
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Figure 8: Measured current (symbols) and calculated current (line) established
using PID-controller. The current is the rms value. Case B.

heat treatment is possible.
The effect of uncertainty in the location of the thermocouples can be esti-

mated from the computed gradient of the temperatures. An offset of the ther-
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Figure 9: Measured and computed temperature for case B. The numbers refer
to the measurement locations given in table 1. The PID-controller uses the
temperature at position 4 as input.

mocouple location in the model of 1mm shows at most a change in temperature
of approx. 20 ◦C. This is for thermocouple 6. The other thermocouples show
a change of approx. 5 ◦C. The sensitivity of the temperature to variations
in process variables (current and frequency) was evaluated. When the current
amplitude was reduced by 1% of its original value, the maximum temperature
difference is estimated to be 15 ◦C. The difference in temperature between the
highest and lowest used frequencies used is approximately 50 ◦C. Although the
skin depth is small compared with the work piece diameter, an influence on
the temperature history is shown. This shows that variation of the frequency
during a heating cycle may be important in the computational model.

Acknowledgement

The financial support was provided by the National Aviation Research Pro-
gramme (NFFP), Lule̊a university of Technology and Volvo Aero Corporation.
I also would like to thank prof. Lars-Erik Lindgren for his advise and University
West for help with the measurements.

12



0 100 200 300 400 500 600 700
0

100

200

300

400

500

600

700

800

900

Time [s]

Te
m

pe
ra

tu
re

 [o C
]

Calculated data
Measured data

23 KHz
22 KHz

24 KHz

7

6

5

Figure 10: Calculated and measured temperatures for case A when applying
measured current. The current can be seen in figure 6. Frequencies of 22 and
24 kHz are shown and compared with a frequency of 23 kHz.

0 100 200 300 400 500 600 700
0

100

200

300

400

500

600

700

800

Time [s]

Te
m

pe
ra

tu
re

 [o C
]

Calculated data
Measured data

4

1

5

0.99 x curr. amp.

Figure 11: Calculated and measured temperatures for case B when using mea-
sured current to the model. The current can be seen in figure 8. The current
amplitude has been reduced by 1% and the temperature profile is compared
with the original.

13



References

[1] S. Clain, J. Rappaz, J. Swierkosz, and R. Touzani, Numerical modeling of
induction heating for two-dimensional geometries, Mathematical Models
and Methods in Applied Sciences, vol. 6, pp. 805–822, 1993.

[2] K.F. Wang, S. Chandrasekar, and Henry T.Y. Yang, Finite-element simu-
lation of induction heat treatment, Journal of Materials Engineering and
Performance, vol. 1, 1992.

[3] C. Chaboudez, S. Clain, R. Glardon, D. Mari, J. Rappaz, and
M. Swierkosz, Numerical modeling in induction heating for axisymmetric
geometries, Magnetics, IEEE Transactions on, vol. 33, pp. 739–745, 1997.

[4] F. Bay, V. Labbe, Y. Favennec, and J. L. Chenot. A numerical model
for induction heating processes coupling electromagnetism and thermome-
chanics, International Journal for Numerical Methods in Engineering, vol.
58, pp. 839–867, 2003.

[5] Valery Rudnev, Don Loveless, Raymond Cook, and Michan Black, Hand-
book of Induction Heating, p. 74, p. 156, pp. 640-657. Inductoheat, Inc.,
2003.

[6] Jie Luo and Albert J. Shih. Invers heat transfer solution of the heat flux
due to induction heating, Journal of Manufacturing Science and Engineer-
ing, vol. 127, pp, 555–563, August 2005.

[7] K. T. Nguyen and A. Bendada, An inverse approach for the prediction of
the temperature evolution during induction heating of a semi-solid casting
billet, Modelling and Simulation in Materials Science and Engineering,
vol. 8, pp. 857–870, 2000.

[8] B. Drobenko, O. Hachjevych, and T. Kournyts’kyi, A mathematical sim-
ulation of high temperature induction heating of electroconductive solids,
International Heat and Mass Transfer, 2006.

[9] Julius Adams Stratton, Electromagnetic theory, pp. 34-38, IEEE Press,
Piscataway, NJ, 2007.

[10] RolandWynne Lewis, Perumal Nitiarasu, and Kankanhalli N. Seetharamu,
Fundamentals of the finite element method for heat and fluid flow, p. 11
Wiley, Chichester, 2004.

[11] E. J. Davies, Conduction and induction heating, Number 0-86341-174-6
in IEE Power Engineering Series 11., pp. 209-211 Peter Peregrinus Ltd.,
London, 1990.

[12] Alloy 718, Technical Report SMC-045, Special Metals Corporation,
www.specialmetals.com, September 2007.

14



[13] K. C. Mills, Recommended values for Thermophysical Properties for se-
lected Commercial Alloys, p. 190, Woodhead Publishing Ltd and ASM
International, 2002.

[14] Mattew N.O. Sadiku, Elements of Electromagnetics, volume 3, p. 426,
Oxford University Press, Inc., 2001.

[15] H. S. Carslaw and John Conrad Jaeger, Conduction of heat in solids, 2nd
ed., p. 21, Oxford, 1959.

[16] Bertil Thomas, Modern reglerteknik, Liber, 4. uppl., p. 297, pp. 190-191,
Stockholm, 2008.

15



64 PAPER I



Paper II

Simulations and measurements of combined induction
heating and extrusion processes

65





Simulations and measurements of combined induction heating
and extrusion processes

S. Hansson a,b,�, M. Fisk c

a Sandvik Materials Technology, R&D Centre, 811 81 Sandviken, Sweden
b Dalarna University, 781 77 Borlänge, Sweden
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a b s t r a c t

The manufacturing process chain at glass-lubricated extrusion of stainless steel tubing is simulated

using the finite element method. The developed model includes sub-models of induction heating,

expansion and extrusion. An in-house mapping tool is used to transfer the temperature fields between

the electromagnetic-thermal and thermo-mechanical analyses. Using the combined model it is possible

to study the influence of different process parameters on the temperature distribution in the billet, and

how this affects the final extrusion properties. In this study, the model is applied to two cases of tube

extrusion, one using an austenitic stainless steel and one using a duplex, austenitic/ferritic, stainless

steel. It is shown that the induction heating model successfully predicts the temperatures obtained

experimentally from thermocouples placed in the steel billets during heating. The agreement between

models and experiments regarding extrusion force and expansion force is satisfactory.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

Seamless stainless steel tubes can be manufactured by hot
extrusion using powdered glass as lubrication. Before extrusion
the billet goes through several operations, including induction
heating, lubrication and expansion. Simulation of extrusion using
the finite element method (FEM) has become more common
during the last decade. The most common approach in these
simulations is to use a uniform billet temperature as initial
condition in the extrusion model. The initial stages of heating and
transport are often ignored. However, the major effects of
extrusion variables on pressure in steel extrusion are related
to their effect on the temperature of the billet, and hence the
flow stress of the material [1]. Knowledge of the billet tempera-
ture profile before extrusion is therefore significant to obtain
accurate simulation results. It is also important to understand the
heating process in order to eliminate unwanted temperature
gradients.

In Rodrigues and Martins [2] the initial stages of a hot forging
cycle were modeled using a heat transfer FE model. The model
takes into account the heating of billets, transport of billet from

the furnace to the press and free resting of billets on the die. The
temperature distribution in the billets at the beginning of forging
was analyzed for three different heating equipments: a fuel-fired
furnace, an induction furnace and a direct resistance heating
system. It was concluded that the initial stages of the forging cycle
should be taken into account when the process is simulated by
FEM. The numerical modeling of the induction heating analysis in
this paper was performed by assuming that the specific rate of
energy generation is in the skin depth of the billet. The
electromagnetic problem was not solved.

Kim et al. [3] developed an induction heating program to calculate
the temperature distribution of the billet in the preheating process
before forging. Parameters such as heating time, frequency and
current density were considered for the temperature analysis. The
same simplification as in [2] was used. The resulting temperature
field of the billet was thereafter used in a FE simulation of hot forging.
The aim with the simulations was to estimate the die life.

A simple model for induction heating of a titanium billet was
also included in the paper by Damodaran and Shivpuri [4]. In this
work, different aspects of extrusion of titanium alloy shapes, such
as heating, billet transfer, glass lubrication and metal flow, were
modeled. The induction heating model was based on an analytical
solution for a one dimensional heat flow problem assuming an
infinitely long cylinder. The extrusion process was modeled using
FEM. The three-dimensional flow could not be simulated due to
long computational times and problems with mesh distortion and
remeshing. Instead slices of the section shapes were selected and
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each slice was treated independently of the other in a plane strain
2D simulation.

The simplifications that is used in the induction heating
models in Refs. [2–4] imply that the end effects are neglected.
However, in extrusion of stainless steel tubes these end effects
can have significant impact on the force required for extrusion. To
include the electromagnetic and thermal end effects a coupled
electromagnetic-thermal FE simulation of induction heating can
be performed. This approach is also suitable for materials having
poor thermal conductivity, such as stainless steels, and materials
possessing magnetic non-linearities.

In the present study, axisymmetric FE models of induction
heating, expansion and extrusion, including cooling at the
intermediate transports, have been combined. The process flow
was modeled using seven different sub-models, as shown in Fig. 1.
All models were developed in the commercial FE-software
MSC.Marc and the nodal temperatures were transferred from
one model to another using an external mapping program. The
aim of this work was to develop a tool to study the temperature
evolution in the billet during manufacturing and predict the
forces in the forming stages. No strains were mapped between
the different processes. It is assumed that the deformation
during expansion and heating has negligible effect on the final
extrusion force.

Extrusion of two different stainless steel materials was
studied. One was an austenitic grade, Sandvik 353 MA, and
one a duplex, austenitic/ferritic alloy, Sandvik SAF 2507. Since the
duplex steel is ferromagnetic below the Curie temperature,
the skin effect is more pronounced compared to the paramagnetic
austenitic material. Also the magnetic non-linearity of the
material properties leads to differences in the induction heating
modeling. Results from the numerical models have been validated
by experiments in production presses and induction furnaces.

2. Process flow

A schematic diagram of the process flow can be seen in Fig. 2.
The material is received as a hot rolled round bar which is cut into

lengths. A pilot bore hole is drilled in each billet, a nose radius is
machined at the front edge and a cone at the back end. The first
step in the manufacturing chain is to heat the billet in an
induction furnace. After heating, the billet is coated with a thin
layer of powdered glass which is used as lubricant in the
following expansion process.

The heated billet is inserted in a vertical expansion press in
which the pilot bore hole is expanded using a shaped nose. The
billet is elongated during this process. After expansion, the billet
is reheated, lubricated and extruded to the specified final
dimension. A glass-pad (a disc of compacted glass) is placed
between the billet and the die to assure sufficient lubrication
during the extrusion process.

The billet is heated in an induction furnace with the aim to
provide a uniform surface-to-core temperature. However, in
induction heating the core is heated slower than the surface.
This is due to the skin effect. The skin depth depends on the
frequency of the induction heating power as well as the material
properties of the billet [5]. It should be noticed that it is difficult to
achieve uniform temperature in stainless steel due to its poor
thermal conductivity.

3. The electromagnetic-thermal problem

The induction heating and expansion/extrusion processes are
simulated in a coupled electromagnetic-thermal and a coupled
thermo-mechanical analysis, respectively. Formulation of the
large strain elastic–plastic problem, assuming additive decom-
position of strain rates, can be found in textbooks on the subject,
for example [6].

Simplifications employed in the calculation of the heat
efficiency factor in induction heating and linearization of the
ferromagnetic material are summarized below.

3.1. Calculation of the heat efficiency factor

The magnetic field of the coil in the induction furnace induces
voltage in the workpiece as well as in the coil itself. The induced
voltage is in such direction that it tends to weaken the current
flowing in the coil. In order to simulate these phenomena using
the finite element method, a double connected conductor
formulation must be employed [7]. This is not implemented in
MSC.Marc and this effect is approximated as described below.

The resistance in an induction heating system is the sum of the
resistance of the coil and the reflected resistance of the workpiece
[8]. It is thus possible to represent the coil and workpieceFig. 1. Simulated process flow. Each box refers to one sub-model.

Fig. 2. The process flow for production of stainless steel tubes.
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resistance as a series circuit. This allows us to calculate a heat
efficiency factor

Z¼ Rw

RwþRc
ð1Þ

where Rc ½O� is the resistance of the coil and Rw ½O� is the
resistance of the workpiece. Details can be found in [9,10].
The heat efficiency factor is used to reduce the heat source term in
the heat conduction equation.

The resistance of a cylindrical workpiece and its coil can be
written as [10]

Rw ¼ KðmrpAwÞ ð2Þ

Rc ¼ K
krpdcdc

2

� �
ð3Þ

Here is K ½O=m2� a constant, mr is the relative permeability, p is
the power loss constant, Aw [m2] is the cross section area of the
workpiece, kr is the correction factor allowing spacing between
coil turns, dc [m] is the coil diameter and dc ½m� is the skin depth
of the coil. The skin depth of a material can be calculated as
[11,12]

d¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
pfms

p ð4Þ

where f is the excitation frequency, m the permeability and s the
electrical conductivity of the material.

The efficiency factor, Z, can now be calculated for a specific coil
and workpiece geometry and used to multiply the heat source
term in the heat conduction equation

rcp
@T

@t
�rðkrTÞ ¼ ZQ ð5Þ

where r is the density of the material, cp is the specific heat
capacity and k is the thermal conductivity of the workpiece. In the
case of a harmonic electromagnetic loading the heat source term
due to the eddy current can be written as [7,13]

Q ¼ 1

2s jJj2 ¼ 1

2s J � J� ð6Þ

where J is the induced eddy current in the workpiece and the star
(*) denotes the conjugated complex value of the current J. The
current is generated within the workpiece as J¼�iosA where A
is the magnetic vector potential calculated from the diffusion
equation. See Eq. (7) in Section 3.2. All material properties are
functions of temperature.

3.2. Magnetic co-energy density and non-linearity

In the finite element implementation, time variations of the
field quantities are assumed to be sinusoidal. To be able to use
this harmonic approximation, the magnetic material property
must be constant. Combining Maxwell’s equations, the linear
diffusion equation can be formulated as [14]

iosA� 1

m
r2A¼ J0 ð7Þ

where o is the angular frequency of the magnetic field, m is the
permeability of the material, and J0 is the current applied in
the coil.

The ferromagnetic material SAF 2507 has non-linear magnetic
properties and therefore Eq. (7) is not valid. The hysteresis curve
for SAF 2507 at different temperatures can be seen in Fig. 3.
The magnetic flux density, B, represents the internal field
strength within a substance, which is subjected to an external
magnetic field, H. This hysteresis behavior can be modeled by the

Fröch equation

B¼ H

aþbJHJ
ð8Þ

where a and b are variables dependent on temperature. Fig. 4
shows the values of a and b for SAF 2507. See [12] for the Frölich
curves using the calibrated a and b values compared with the
measured.

The non-linear electromagnetic behavior of the material can be
linearized following Labridis and Dokopoulos [15]. They have
shown that it is possible to approximate the non-linear material
with a fictive linear material that has constant relative perme-
ability, mf

r . The linear fictitious material should have the same
average heat density loss as that of the non-linear material at
every point i. It can be shown [15] that the fictive relative
permeability is

mf
ri ¼

w1iþw2i

m0 � ðHf
miÞ2

ð9Þ

where w1i and w2i is the magnetic co-energy density of the
material. w1i is related to the actual B�H curve and w2i is related
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Fig. 3. Magnetic hysteresis curve for different temperatures in SAF 2507. The Curie

temperature starts approximately at 500 1C.

0 100 200 300 400 500 600
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

β α

0

1

2

3

4

5

6

7

8

Temperature [°C]

× 105
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to the average value of the slope dB/dH during a quarter of a
period T. Hf

mi is the maximum value of the magnetic field intensity
in the fictitious material. The magnetic co-energy density can be
calculated as

w1i ¼
Hf

mi

b
� a
b2

ln
aþbHf

mi

a ð10Þ

w2i ¼
1

2

ðHf
miÞ2

aþbHf
mi

ð11Þ

Since both the relative permeability of the fictitious material
and the magnetic field intensity are unknown, an iterative process
is necessary. The starting value of mf

ri is set to the initial slope of
the Frölich curve, i.e.

mf
ri ¼

1

m0a
ð12Þ

Thereafter mf
ri is calculated from Eq. (9).

4. Materials

Two different grades of stainless steels, Sandvik 353 MA and
Sandvik SAF 2507, were considered in this study. The 353 MA
(UNS: S35315) is an austenitic chromium-nickel steel mainly used
in high temperature applications. The SAF 2507 (UNS: S32750) is
a high alloyed duplex grade, consisting of approximately 50%
austenite in a matrix of ferrite.

4.1. Flow stress

The deformation behavior at high temperature was determined by
mechanical testing in a number of compression tests. These tests
were performed in a Gleeble 1500 thermomechanical simulator at
several temperatures and strain rates, up to a total strain of 60%.
Cylindrical specimens of diameter 10mm and height 12mm were
machined from hot rolled round bars, with the rolling direction of the
bar corresponding to the loading axis of the test specimens.

Smoothed flow stress curves of SAF 2507 at 1000, 1100, 1200
and 1300 1C and strain rates 0.01, 1 and 10 s�1 are given in
Figs. 5 and 6.

No mechanical testing was conducted for 353 MA. Its flow
stress properties were assumed to be equal to those of Sandvik
Sanicro 28, a similar material. Smoothed flow stress curves of
Sanicro 28 at 1000, 1100, 1200 and 1300 1C and strain rates 0.01, 1
and 10 s�1 are given in Figs. 7 and 8.

The similarity in hot strength of Sanicro 28 and 353 MA is
illustrated in Fig. 9. These tests were carried out in tension at a
constant rate of 50mm/s. The test specimens were cylindrical
rods, length 50mm and diameter 6.3mm, which were strained to
fracture at different temperatures. The maximum force was
recorded and used as an estimation of the hot ductility in the
material.

5. Experiments

5.1. Induction furnace

Vertical induction furnaces with a water cooled coil surround-
ing the billet are used in the experiments. The furnace consists of
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refractory material and a metal shell to protect the coil liner from
damage and to reduce the heat loss to the environment. Flux
concentrators are applied at both ends of the billet in order to
obtain a required temperature uniformity through the length of
the billet. Using flux concentrators, the coil overhang can be
minimized and the possible billet length in a given furnace can be
maximized [5].

The billet is heated by applying an alternating current to the
coil. When the surface temperature reaches a specified value
(usually between 1170 and 1210 1C), the furnace is switched off,
letting the billet cool down inside the furnace. After a number of
seconds, the furnace is turned on again for a final heating before
the billet is ejected and transported for lubrication and expansion.
This cycling of the power leads to more uniform surface-to-core
temperature, which is desirable in the extrusion process. The
same type of furnace is used for the heating between expansion
and extrusion (Heating 2), although a different number of active
coil turns and no power cycling are used. See Fig. 1 for the
simulation steps.

The temperature of the billet during Heating 1 was measured
each second with K-type thermocouples using a PC-logger. The
thermocouples were placed in drilled holes at different heights

and depths of the billet. See Fig. 10 and Table 1 for the placement
of the thermocouples. The coil current was recorded each second
using a PC-logger and can be seen in Fig. 11.

The billet temperature during Heating 2 could not be
measured because the thermocouples would be destroyed in the
preceding expansion process. It is possible to use thermocouples
in heating of an expanded billet from room temperature and up.
But these measurements would not be useful since the billet in
reality has a temperature history based on Heating 1 and the
expansion process.

5.2. Expansion and extrusion

The expansion and extrusion processes are conducted in a
vertical hydraulic press and a horizontal hydraulic press,
respectively. All experimental data were recorded during produc-
tion in these presses. The transient force during expansion was
recorded for SAF 2507 and the peak forces for 353 MA.

The container diameter in the extrusion press was 250mm.
The mandrel and die geometries were chosen in accordance with
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Fig. 10. Placement of thermocouples (x) and notification for geometric properties

of the billet. See Table 1 for numerical values.

Table 1
Placement of the thermocouples.

Steel type Billet dimension L�R� r (mm) a (mm) b (mm)

353 MA 738�118.5�18.5 100 10, 20, 72

369 10, 20, 94

638 10, 50, 94

SAF 2507 946�118.5�22.5 473 5, 10, 20, 30,

40, 64, 78
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the dimensions of the final tube, see Tables 2 and 3. Transient
force and ram speed were recorded during the extrusion process.

6. Computational models

Separate models for the expansion, extrusion and induction
heating processes are used. The temperatures of the preceding
process step are mapped with an in-house code to the initial mesh
of the model in the following step. No stresses are coupled to the
electromagnetic-thermal analysis which means that the thermal
expansion of the material during heating is neglected. The billet
dimensions that are used in the induction heating simulations are
measured at room temperature. The simplification of no thermal
expansion during heating will mainly affect the surface tempera-
ture of the billet. A rough estimation gives a maximum radial
expansion of 5mm (at the end of the heating process) for a billet
that is heated uniformly to 1100 1C. The distance between the
billet and the coil is 27.5mm in Heating 1 and the influence of the
radial expansion is expected to be small.

The commercial finite element program MSC.Marc 2007r1
64bit is used for all calculations.

6.1. Induction heating

The FE-models are meshed with four-noded axisymmetric
quadrilateral elements. See Fig. 12 for the used mesh in Heating 1
of 353 MA. The radiation heat flux is ignored as the refractory
material inside the furnace is assumed to reflect back the heat
radiated from the billet. This approximation is assumed to be
relevant since the billet is positioned closed to the refractory
material and the difference in emissivity between the billet
material and the metal shell is expected to be small.

The heat transfer by convection from the surface of the
workpiece to the ambient air is taken into account. A good
approximation for a workpiece in open air is

qconv ¼ hðTx�TaÞa ð13Þ
using h¼ 1:54 ½W=m2 Ka� and a¼ 1:33 [5,10]. Tx is the surface
temperature of the billet and Ta is the ambient temperature. Since
the ambient temperature inside the furnace is changing during
heating, this temperature is a function of time. The coil liners have
a constant temperature of 60 1C.

In order to simulate the effect of the flux concentrators, the
material properties from SAF 2507 are used. The non-linear
electromagnetic behavior of the flux concentrator material is also
linearized as described in Section 3.2. The permeability is,
however, multiplied with a factor of 20, since the flux concen-
trators must have a higher permeability than SAF 2507 [5].

6.1.1. Sandvik 353 MA

The workpiece resistance and the coil resistance are calculated
using Eqs. (2) and (3)

Rw ¼ KðmrpAwÞ ¼ Kð1 � 0:35 � 0:043Þ ð14Þ

Rc ¼ K
krpdcdc

2

� �
¼ K

1:05 � p � 0:292 � 0:009
2

� �
ð15Þ

The heat efficiency factor can then be calculated from Eq. (1),
giving Z� 0:78.

The coil overhang (the distance from the first active coil turn to
the front end of the workpiece) during Heating 1 and Heating 2 is
115 and 185mm. The number of active coil turns is 48 and 58,
respectively. The nominal current in the coil is seen in Fig. 11. In
Heating 2, the efficiency factor is calculated to be Z� 0:74.

6.1.2. SAF 2507

A constant efficiency factor of Z¼ 0:85 is used throughout the
Heating 1 simulation. This is a simplification since the efficiency
factor for a ferromagnetic material changes with temperature. The
initial skin depth is smaller than in a paramagnetic material,
resulting in a higher efficiency factor. Above the Curie tempera-
ture, the efficiency factor will change to that of a paramagnetic
material, because of decreasing magnetism for increasing tem-
peratures. The effect of the approximation with a constant
efficiency factor on the calculated temperatures is expected to
be small.

The coil overhang in Heating 1 is 95mm and in Heating 2
155mm. The number of active coil turns is 59 and 72. The
nominal current in the coil is seen in Fig. 11. In Heating 2 the
efficiency factor was calculated to be Z� 0:73.

6.2. Cooling

Both radiation and convection heat losses are taken into
account in the cooling stages. The ambient temperature is fixed to
Ta¼303K. The convection losses are the same as in Section 6.1
and the surface emissivity is e¼ 0:3.

The transport time from the induction furnace to the
expansion press (Cooling 1) is 70 s. The expanded billet is
transported 60 s to the final heating (Cooling 2), and thereafter
70 s to the extrusion press (Cooling 3). See Fig. 1 for the
simulation process flow.

6.3. Expansion and extrusion

The expansion and extrusion models consist of four-node
axisymmetric quadrilateral elements. The volumetric strain in the

Table 2
Billet and tube dimensions used in 353 MA simulations.

Billet Outer diameter (mm) 237

Inner diameter (mm) 37

Length (mm) 738

Expanded billet Outer diameter (mm) 240

Inner diameter (mm) 112

Extruded tube Outer diameter (mm) 141

Wall thickness (mm) 22

Table 3
Billet and tube dimensions used in SAF 2507 simulations.

Billet Outer diameter (mm) 237

Inner diameter (mm) 45

Length (mm) 946

Expanded billet Outer diameter (mm) 240

Inner diameter (mm) 118

Extruded tube Outer diameter (mm) 114

Wall thickness (mm) 10

Fig. 12. FE-model of the induction furnace for Heating 1 of 353 MA. The smallest

element size is 2mm.
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element is assumed to be constant for von Mises plasticity to
overcome volumetric locking.

The tools are treated as rigid bodies with heat transfer
properties. This means that the heat transfer between the billet
and the tools is captured but the deformation of the tools is
ignored. Melting of the glass-pad is not taken into account in the
model and a constant die shape is assumed. This die shape is
based on an earlier experiment where cross-sections of stickers,
i.e. billets in the container that could not be extruded, were
measured [16]. The lubricating glass film acts as a thermal barrier
which prevents excessive heating of the tools and rapid cooling of
the billet [17]. The contact heat transfer coefficient is therefore
low relative to other lubricants. A coefficient of 1.5 kW/m2K is
used at the glass-lubricated contact areas in this context. The
tools in the models have thermal properties equal to the material
AISI H13 and an initial temperature of 400 1C at expansion and
300 1C at extrusion.

The Coulomb friction coefficient between the billet and the
tools is assumed to be mC ¼ 0:02 at all glass-lubricated contact
areas. This is in consistence with [18] where the friction coefficient
for hot extrusion using glass as lubrication is given as 0.03 for
stainless steels and 0.02 for steels. In extrusion, the friction
coefficient between the billet and the ram is taken as mC ¼ 0:35.

The ram (nose) speed in the expansion process is 160mm/s for
353 MA and 200mm/s for SAF 2507. In the extrusion process, the
ram speed is 260mm/s for 353 MA and 210mm/s for SAF 2507.

Generation of heat due to plastic deformation in the material is
taken into account and 95% of the plastic work is assumed to be
converted into thermal energy. Large deformations in
the Lagrangian code require continuous remeshing during the
analysis. This is controlled by automatic remeshing schemes
available in the software.

The first and last increments of the 353 MA expansion model
can be seen in Figs. 13 and 14, respectively. The FE mesh for
extrusion of the same material is shown in Figs. 15 and 16. Fig. 16
shows the extrusion at the final stage of the process. The figure
has been cropped at both sides. The models for SAF 2507
expansion and extrusion are identical to those with 353 MA
apart from differences in geometry (see Tables 2 and 3), ram
speed and material model.

6.3.1. Material model

The materials are modeled as elastic–plastic with isotropic
hardening using the von Mises yield criterion. The flow stress
dependence on temperature, plastic strain and strain rate is
tabulated. The underlying experimental data, see Figs. 5–8,
include temperatures between 800 and 1300 1C and strain rates
between 0.01 and 10 s�1. Linear interpolation is used inside this

domain. Outside the temperature, strain, and strain rate limits,
the extreme values are used and no extrapolation is performed.

Young’s moduli for both materials are assumed to decrease
linearly from 195GPa at room temperature to 110GPa at 1300 1C.

6.4. Mapping between induction heating and extrusion

An in-house mapping tool for moving data between two finite
element models is used to map temperature fields between the
electromagnetic-thermal and thermo-mechanical analysis. First a
material identification is performed. Each material of the receiv-
ing model obtains temperatures only from corresponding materi-
al of the sending model. Materials in the receiving model, which
have no corresponding material in the sending model, are given a
user defined temperature.

The mapping method is based on the interpolation technique
used in finite element formulations. The nodal temperatures of
the receiving model are obtained by

Tnew ¼NoldðSlocÞTold ð16Þ
where Nold is the shape function of the element in the sending
model evaluated at the local coordinate, Sloc. In this procedure it is
required to determine where a node of the receiving mesh is
located in the sending mesh. A search is performed to determine
in which element of the sending (old) mesh the node is located,
and which local coordinate it corresponds to. The use of
isoparametric finite elements gives

Xnew ¼NoldðSlocÞXold ð17Þ
where Xold is the nodal coordinates of the sending element and Xnew

is the coordinate of the node which receives the temperature. This
mapping is a one-to-one mapping provided that the elements are
not too distorted. The remeshing during the thermo-mechanical
analysis assures this. The Jacobian of the isoparametric mapping is
also monitored in the data transfer code in order to check the
element distortion. The isoparametric mapping is the mapping
from the actual element geometry to the local coordinate system of
the element. A positive determinant of the Jacobian matrix is a
sufficient condition to ensure this one-to-one isoparametric
mapping. Furthermore, the temperature field is a nodal field and
continuous between elements. Therefore the data transfer is more
accurate than in the case of non-continuous fields like stresses.

Eq. (17) defines the mapping between the local coordinate
system and the global coordinate system of the mesh. However, in
the general case, it does not exist an analytical inverse mapping in
which the local coordinate, Sloc, can be written explicitly. Thus Sloc
must be evaluated numerically by solving

JXnew�NoldðSlocÞXoldJ¼ 0 ð18Þ
This is done by the Newton iterative method where the initial value
for the local coordinate is guessed. The initial guess for Sloc is taken at
the origin of the local coordinate system. The convergence criterion is

Fig. 13. FE-model of expansion of 353 MA (initial stage).

Fig. 14. FE-model of expansion of 353 MA (final stage).

Fig. 15. FE-model of extrusion of 353 MA (initial stage).

Fig. 16. FE-model of extrusion of 353 MA (final stage). The total length of the

extruded tube is approximately 3.5m.
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that the distance to the previous iterative estimate of Sloc is less than
10�7. The use of a correct derivative of Eq. (18) gives a 2nd order
convergence rate. This has been confirmed by numerical tests. The
convergence criterion is usually fulfilled within five iterations.

7. Results and discussion

The measured and computed values of temperatures and
forces are plotted in the figures below. Figs. 17–19 show the
temperatures for 353 MA and Figs. 20 and 21 show the
temperatures for SAF 2507. All the temperatures are measured
during manufacturing step Heating 1 with the thermocouples
placed according to Fig. 10.

The expansion force versus time for 353 MA is shown in
Fig. 22. The extrusion force versus the ram displacement for the
same material is shown in Fig. 23. Figs. 24 and 25 give the
expansion force versus time, and extrusion force versus ram
displacement for SAF 2507. The standard deviations of the
experimental values are shown as error bars in the figures.
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Fig. 17. The measured temperatures (dashed lines) compared with calculated

temperatures (full lines) at position a¼100mm in 353 MA.
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Fig. 18. The measured temperatures (dashed lines) compared with calculated

temperatures (full lines) at position a¼369mm in 353 MA.
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Fig. 19. The measured temperatures (dashed lines) compared with calculated

temperatures (full lines) at position a¼638mm in 353 MA.
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Fig. 20. The measured temperatures (dashed lines) compared with calculated

temperatures (full lines) at position a¼473mm in SAF 2507.
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Fig. 21. The measured temperatures (dashed lines) compared with calculated

temperatures (full lines) at position a¼473mm in SAF 2507.
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7.1. Induction heating

The results from the induction heating process show good
agreement between measured and computed values. For the
material 353 MA the temperature is measured at three different
heights and at three different depths as described in Section 5.1.
At the depth of 50–72mm in the workpiece, the measured and
computed values show maximum deviation.

For the material SAF 2507 the temperature is measured in the
middle of the workpiece at six different depths. The temperature
agreement for the duplex steel shows that the approach of
Labridis and Dokopoulos [15] to linearize the permeability is
valid. This approximation makes it possible to employ a harmonic
formulation for non-linear magnetic material. This is important
since a harmonic solution with a constant permeability is much
faster than a transient electromagnetic non-linear solution [7].

In Fig. 20 it can be seen that the heating rate is greater when the
material is ferromagnetic. When the material becomes paramagnetic,
the heating rate decreases. This can be seen as a knee in the

temperature graph that starts at different times for different depths,
depending on when the Curie temperature is reached.

Fig. 21 shows the last 140 s of the heating simulation of SAF
2507. From the figure it can be seen that the measured and
calculated temperatures closest to the surface (10mm) are
parallel during the power cycling. This shows that the heat flux
boundary condition is valid.

7.2. Expansion and extrusion

Experimental values were recorded for 14 tubes of 353 MA and
32 tubes of SAF 2507. The SAF 2507 tubes were manufactured at
two different occasions, 16 tubes at the first occasion and 16 tubes
at the second one.

The 353 MA billets in the models (and in the temperature
measurements during Heating 1) were shorter than the ones
on which the force measurements were carried out. The
experimental force recordings were performed on billets with
lengths of 810mm before expansion and 960mm before extru-
sion, compared to 738 and 890mm in the simulations. This
difference in length can be seen in Fig. 23.
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not known.

0 200 400 600 800 1000
0

5

10

15

20

25

30

35

Ram Displacement [mm]

E
x
tr

u
s
io

n
 F

o
rc

e
 [

M
N

] model

experiment

Fig. 23. Calculated and measured force for extrusion of 353 MA.
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Fig. 24. Calculated and measured force for expansion of SAF 2507.
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Only the initial peak force was recorded during expansion of
353 MA and this was measured to 4.2�0.5 MN. This is in good
agreement with the model prediction as shown in Fig. 22.

The initial peak force during extrusion of 353 MA is higher in
the model than in the experiments. This is probably due to errors
in the temperature estimation at the leading end. The flow stress
of 353 MA has pronounced temperature dependence and a small
change in temperature will result in a large difference in stress.
For comparison the same simulation was run using a homo-
geneous initial billet temperature of 1200 1C. The calculated peak
force was then only 1.5 MN higher than the flow force at
steady-state, compared to approximately 9 MN in the experi-
ments, see Fig. 23. This clarifies that a correct front face
temperature of the billet is important in determining the initial
peak in this extrusion case.

Figs. 23 and 25 reveal that the start-up phase of extrusion is
not fully captured in the model. The main reason is the
uncertainties of the conditions at the beginning of the extrusion
process. The glass-pad deforms in contact with the metal, making
it difficult to predict the interface between the billet, the glass-
pad and the die. In the model this is neglected and a constant die
shape and a constant friction coefficient is used. Furthermore,
gravity is neglected in the axisymmetric model. In the real
production case, the billet is placed at the bottom of the
horizontal press and gravity will influence how the metal fills
the container.

The accuracy of the friction coefficient is difficult to estimate.
A sensitivity analysis that has been performed on an extrusion
model similar to the 353 MA model shows that a change
of friction coefficient from 0.02 to 0.03 at all glass-lubricated
contact areas would lead to an increase in initial peak force
by approximately 2MN. The extrusion force at 475mm ram
displacement would increase by approximately 1.2MN for
the same change in friction. The friction coefficient between the
billet and the ram was shown not to have any impact on the
extrusion force.

The expansion force curves exhibit a u-shaped profile as can be
seen in Figs. 22 and 24. This profile is a result of the non-uniform
temperature distribution that is developed in the billet during the
induction heating. The temperature gradients in the two billets
after Heating 1 are somewhat different depending on differences
in billet length, induction furnace setup and material properties.
The decrease in force after the second peak is due to extrusion
of material at the bottom of the expansion press. This can be seen
in Fig. 14.

The experimental values from expansion of SAF 2507 are in
agreement with the model predictions as shown in Fig. 24,
although the peak forces are on the higher side. This indicates that
the billet ends are somewhat cooler in the model than in the
experiments. The same observation can be done in Fig. 25 where
the difference between modeled peak- and steady-state force is
large compared to experimental values. It was not possible to
measure the nose speed in the expansion press, and speed
variations during the process have therefore not been accounted
for. A constant nose speed is assumed in the model.

The calculated steady-state force in extrusion of SAF 2507 is
lower than the experimental. This can be expected since the
material model only accounts for strain rates up to 10 s�1 and the
strain rates in this extrusion are higher. The calculated force curve
is smoothed in Fig. 25.

To sum up, the expansion and extrusion models are able to
capture how the force develops during the processes for both the
austenitic and duplex steels. The accuracy is considered to be good
enough for the process flow model to be utilized in process
development, with the aim to study the influence of different process
parameters in the manufacturing chain on the extrusion properties.

The model provides a useful tool for designing the optimal heating
and metal forming procedure depending on material and tube
dimension.

8. Conclusions

A combined model of induction heating and expansion/
extrusion, consisting of seven different FE-models, was developed
in order to study the evolution of temperature gradients in
stainless steel billets for tube manufacturing. Simulations were
carried out for an austenitic stainless steel, Sandvik 353 MA, and
for a duplex (austenitic/ferritic) stainless steel, Sandvik SAF 2507.
The induction heating models were validated by heating experi-
ments using thermocouples placed in holes drilled at different
positions in the billet. The agreement between model and
experiments was good, both for the paramagnetic austenitic
material and the ferromagnetic duplex material. The agreement
for SAF 2507 confirms that the approach to linearize the
permeability is valid. The expansion and extrusion models were
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able to capture the force development during the processes for
both materials. When comparing to experimental recordings of
expansion force versus time, and extrusion force versus ram
displacement, the results were satisfactory.

The extrusion force is strongly dependent on the billet
temperature, which originates from the previous induction
heating, expansion and transport stages. Using this new combined
model it is possible to study the influence of different process
parameters on the temperature distribution in the billet and,
consequently, on the final extrusion properties.
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Summary. The manufacturing process chain for extrusion of AISI 316L tubes is simulated
using the finite element method. Models of induction heating and expansion is included and the
temperature field in the billet before extrusion is calculated. It is shown that a correct initial
temperature of the billet is needed in order to predict the extrusion force curve in the initial
stage of the process.

1 introduction

Seamless stainless steel tubes can be manufactured by hot extrusion using glass as lubrica-
tion. Before extrusion the billet goes through several operations including induction heating,
lubrication and expansion. In extrusion modeling, the initial billet temperature is often treated
as uniform. This is a rough calculation since temperature gradients in the billet will evolve in
the process steps prior to extrusion, and these gradients may have a significant impact on the
force required for extrusion. In this work, the whole manufacturing process chain for extrusion
of AISI 316L tubes is simulated using the finite element method (FEM). The simulated process
flow includes models of induction heating, expansion and extrusion, together with cooling at the
intermediate transports. The flow stress behaviour of AISI 316L is described by a dislocation
density based material model. The extrusion force prediction, using the combined model with
calculated initial temperatures, is compared to a case with a uniform initial temperature field
of the billet and to experimental data.

1.1 Process flow

The first step in the manufacturing chain is to heat the billet. This is done in a vertical
induction furnace with a water-cooled coil surrounding the billet. In order to obtain the required
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temperature profile along the length of the billet, flux concentrators are placed at both ends. An
alternating current is applied to the coil until the surface temperature has reached a specified
value (usually between 1170 − 1210 ◦C), then the power is switched off. After a number of
seconds the furnace is switched on again for final heating. To cycle the power like this will
lead to a more uniform surface-to-core temperature. When the billet is heated it is transported
for glass-lubrication and expansion in a vertical expansion press. In this process the pilot bore
hole in the billet is expanded by a shaped ram and the billet is elongated. After expansion, the
billet is reheated, lubricated and extruded to the specified final dimension. The same type of
induction furnace is used in the reheating process as in the initial heating, although no power
cycling is utilized.

2 Computational models

The process chain is modeled using seven different models: heating ⇒ cooling ⇒ expansion
⇒ cooling ⇒ heating ⇒ cooling ⇒ extrusion.

The temperature field of the preceding process step is mapped to the initial mesh of the
model in the following step using an in-house mapping program1. All models are axisymmetric
and developed in the commercial FE-program MSC.Marc. Billet and tube dimensions are given
in Table 1.

Table 1: Billet and tube dimensions.

Billet [mm] Expanded billet [mm] Extruded tube [mm]

Outer diameter 237 245 124
Inner diameter 37 112 100
Length 770 911 7600

2.1 Induction heating

The basic setup of an induction heating equipment consists of a coil with one or several
windings keeping an electrically conducting workpiece within. The magnetic field of the coil
in the induction furnace induces voltage in the workpiece as well as in the coil itself. The
induced voltage is in such direction that it tends to weaken the current flowing in the coil
and in order to simulate this phenomena using the finite element method, a double connected
conductor formulation must be employed2. This is not implemented in MSC.Marc and the effect
is approximated as described in1.

The FE-model is built up using four-node axisymmetric quadrilateral elements. By applying
a harmonic oscillating current in the coil, the magnetic vector potential and the eddy current
generated in the workpiece can be calculated1. The temperature field is solved for each time
step using the heat source term calculated from the current generated within the workpiece.
The coil lengths in first and second heating are 1010 mm and 1220 mm, using a number of 51
and 62 active coil turns. The distance from the first active coil turn to the front end of the
billet is 180 mm in the first heating and 140 mm in the second. The nominal current in the coil
(measured during production) is given in Fig. 1.

Cooling times and thermal boundary conditions are identical to those used in1.
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Figure 1: Nominal current amplitude in the induction coil during the heating procedures.

2.2 Expansion and extrusion

The expansion and extrusion models are built up by four-node axisymmetric quadrilateral
elements. The FE mesh during extrusion is shown in Fig. 2. The tools are modeled as rigid
bodies with a constant temperature of 400 ◦C, and the Coulomb friction coefficient between the
billet and the tools is assumed to be μC = 0.015 all glass-lubricated contact areas. A contact
heat transfer coefficient of 1.5 kW/m2K is assumed. This low value of contact heat transfer is
explained by the thermal insulation properties of the lubricating glass film.

The ram speed is 190mm/s in the expansion process and 250mm/s at extrusion. The con-
tainer diameter is 245mm in the expansion press and 250mm in the extrusion press. Generation
of heat due to plastic deformation in the material is taken into account and 95% of the plastic
work is assumed to be converted into thermal energy.

Figure 2: Model of extrusion of AISI 316L tube.

2.2.1 Dislocation density based model

The flow stress of AISI 316L is predicted by a dislocation density-based material model
described in3. The evolution equation for the dislocation density accounts for static and dynamic
recovery controlled by diffusional climb and interactions with vacancies. Since this model is based

3



Martin Fisk, Sofia Hansson

on the underlying physical processes that cause the deformation, it is expected to have a larger
range of usability and validity than empirical models. This is of special interest in the extrusion
process which is associated with large strains and high strain rates.

3 Results and discussion

The calculated extrusion force from the combined model is given in Fig. 3. It is compared to
a simulation where a uniform initial billet temperature of 1250 ◦C is used and to experimental
values. The experimental extrusion force is recorded during production in a 33MN hydraulic
press. As seen in Fig. 3 the difference between initial peak force and steady-state force is well
predicted using the combined model with a calculated initial billet temperature.
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Figure 3: Calculated and measured extrusion force. The error bars correspond to the standard deviation
of the experimental data.
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aLule̊aUniversity of Technology, Division of Material Mechanics, 971 87 Lule̊a, Sweden.

Abstract

This paper describes the simulation of repair welding and heat treatment together
with the measurements for validation. The possibility to replace global heat treat-
ment with local using induction heating is evaluated with respect to obtained resid-
ual stresses. A physically based material model is used in the analyses. The results
from the residual stress measurements shows that there are no significant differences
between local heat treatment and global heat treatment.

Keywords: Induction heating, heat treatment, Residual stress measurement,
Finite element simulation, Dislocation density based plasticity model.

1. Introduction

Alloy 718 is an age hardening alloy, which is widely used in aircraft engines,
power plants and gas turbines. This is due to its favourable properties such as
corrosion resistance, creep resistance and high strength at high temperatures [1].
The main route for manufacturing of the structural components in aero engines is
either forging, casting or fabrication. During the manufacturing, defects such as
cracks or voids can occur and to restore the material integrity, repair welding is
necessary. Components that are already in-service may also require repair welding.
Welding introduces residual stresses and changes the microstructure of the material,
which can be detrimental to the mechanical properties of the component. Therefore,
a subsequent heat treatment is used to restore the microstructure and reduce the
residual stresses. The heat treatment is usually performed by placing the component
in a furnace, i.e. a global heat treatment, although it is only a local region that need
to be restored. One method to perform a local heat treatment is by induction
heating.

This paper describes the simulation of repair welding and heat treatment together
with the measurements for validation. Two different heating methods, induction
heating and global heat treatment, are compared with each others. The used repair
welding process is similar to multi pass welding and metal deposition. The welding
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method used in this works was Gas Tungsten Arc Welding (GTAW). To mimic a
repair welding, the workpiece had a pre-milled groove. After the weld groove has
been machined, a number of layers with weld material are deposited. The method
used to simulate the repair welding is the same as for metal deposition described in
Lundbäck [2].

The temperature distribution in the workpiece due to induction heating depends
mainly on the coil position, electrical current through the induction coil, frequency of
the current, the electromagnetic and the thermal properties of the workpiece. Work
that has been published concerning simulation of induction heating are limited to a
constant current in the coil during the heating stage [3–6]. This is too limited for
achieving a full annealing or ageing of the material [7]. The method that is used here
for controlling the current is presented in more detail in Fisk [8], where validation
of the induction heating model is described.

P. Ferro et al. [9] investigated the influence of induction post weld heat treatment
and furnace post weld heat treatment on corrosion properties of SAF 2205. The
induction heat treated specimens showed a different morphology compared to the
furnace heat treated specimen. This was attributed to the variation in temperature
across the radius of the specimen. However, the induction heat treatment was
applied as a global in their case. Magnabosco et al. [10] performed numerical
and experimental analysis of the induction heat treatment of a C45 steel bar. This
was also a case of global heating using induction heating.

In this work, the residual stress state after local heat treatment using induction
and global heat treatment in a radiation furnace will be compared. The simulations
are validated by measurement of the residual stresses.

2. Experimental procedures

To mimic a repair welding, the workpieces had a pre-milled rectangular groove
which was filled by using GTAW welding. See Fig. 1 for the geometry of the
workpiece and the position of the groove. Table 1 shows the experiments carried
out on each plate. The plates were initially solution heat treated at 950 ◦C for
1 h and subsequently aged for 5 h at 760 ◦C. All experiments were duplicated to
ensure repeatability. The welded plates were then either locally heat treated by
induction heating, globally heat treated in a radiation furnace or in the initial state.
The residual stresses were measured using the hole-drilling method. The not heat
treated workpiece was used to validate the repair welding simulation.

Table 1: Experiments carried out on each plate.

Plate Welding Global Local
heat treatment heat treatment

P1 ∗
P2 ∗ ∗
P3 ∗ ∗

2



Figure 1: The geometry of the workpiece and the position of the weld groove.

2.1. Repair welding

The average current during the GTAW welding of the plates was about 47A
with a voltage of 9V. A thermocouple placed 5.5mm from the weld groove, see
Fig. 1, was used to calibrate the heat source. The welding was performed in three
sequences and the pause time between each sequence was determined by the time
it took for the plate to cool down to approximately 100 ◦C at the location for the
thermocouple. The timing for each welding sequence and the pause time between
them can be seen in Table 2.

Table 2: The duration of the welding sequences and the pause time between them.

Sequence Pause time [s] Sequence Pause time [s]

Welding 1 48 Pause 1 231
Welding 2 46 Pause 2 275
Welding 3 56 Pause 3 433

2.2. Heat treatment

Two different heat treatment procedures were performed; local heat treatment
with induction and global heat treatment in a radiation furnace. Each procedures
is described in more detail below.

2.2.1. Local heat treatment using induction heating

A PID-controller is used to control the coil current and thereby the temperature.
This makes it possible to obtain a pre-defined temperature history locally at the
workpiece [8]. A local heat treatment of the welded area is then possible.

A thermocouple was fixed 22mm from the edge of the plate for feedback to the
PID-regulator. The temperature was increased from room temperature to 760 ◦C in
1.5 h and then held constant for 5 h. After that it was cooled down to 650 ◦C in 2 h,
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held at 650 ◦C for 1 h and cooled to about 100 ◦C in 2 h. Thereafter it was cooled to
room temperature in open air.

Fig. 2 shows the experimental set up where the coil is placed above the groove.
Magnetic flux concentrators are applied at both ends of the coil to obtain an evenly
distributed temperature field over the area to be heat treated. The flux concentrators
are of the highly magnetic material Ferrotron 559H. The shape and location of the
coil was determined with the usage of preliminary finite element simulations.

Figure 2: The position and shape of the coil.

2.2.2. Global heat treatment

The global heat treatment was carried out with the same temperature history
as for the local heat treatment as described in section 2.2.1. This was achieved by
placing the workpiece in a radiation furnace.

2.3. Residual stress measurements

There are several methods for measuring residual stresses [11]. In this study, we
followed the hole-drilling method according to the ASTM E837-01e1 standard test
method [12]. The ASTM strain gauge type B rosette, where all the strain gauge
grids are located on one side, was used and drilled hole had a total diameter of
1.8mm. The position of the strain gage is shown in Fig. 1. It is located 166mm
from the origin in the x-direction and 25mm from the origin in the y-direction.

In ASTM E837-01e1, a specimen is considered to be thick if the dimension of
the specimen is at least 1.2D, where D is the mean diameter of the gauge circle.
A specimen whose dimension is less than 0.4D is considered to be thin. The hole
has then to be drilled through the entire thickness of the specimen. For a “thick”
specimen, increments of increasing hole depth up to the final depth of 0.4D has to
be done. The intermediate case, when the specimen thickness is in between 0.4D
and 1.2D, is not within this standard.

The strain gauge rosette “type B” has a mean diameter D=5.13mm of the gauge
circle. The specimen is then considered to be “thick” if its thickness is greater than
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6.16mm and “thin” if its thickness is less that 2.05mm. The plates used in this
work is in between these two standards; the thickness is 5mm.

However, in this work we consider the specimen to be ”thick” and the average
stress method [11] is used to determine the stresses. This implies that the stresses
are assumed to be uniform throughout the hole depth.

3. Computational models

Separate FE-models for the coupled electromagnetic-thermal (EMT) and thermo-
mechanical (TM) analyses are used. The temperature field from the induction heat-
ing model is mapped using an in-house routine onto the FE-mesh for performing the
welding and heat treatment thermo-mechanical analysis. See Fig. 3 for the process
flow. The commercial finite element program MSC.Marc is used for all calculations.

Figure 3: The simulation process flow of the local heat treatment and the global heat treatment. For
the local heat treatment, the temperature field is mapped from a separate electromagnetic-thermal
(EMT) analysis onto the thermo-mechanical (TM) analysis.

3.1. Repair welding

The FE-model used in the welding simulation contains of 10075 eight noded
brick elements and 12630 nodes. The plate is simply supported on a table during
the GTAW welding sequence, as well as the cooling sequences. All free surfaces are
given a convective heat loss using a heat transfer coefficient, h = 20Wm−2 and an
emissivity (radiative loss) using an emissivity factor ε = 0.4. The bottom surface is
given a higher convection number, h∗ = 60Wm−2, to simulate the heat transfer to
the table in a simplified manner. No radiative losses are added to this surface.

To simulate the addition of filler material, initially inactive elements are ac-
tivated. The thermal and mechanical activation of elements are separated, see
Lundbäck [2] for details. The criteria for thermal activation is that an element
should be inside the volume of the heat source.

The heat input model in this work was chosen to be an elliptic cone. It is very
similar to the double ellipsoid but it has a linear decay of the energy intensity through
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the thickness [13]. A thorough description of the heat source can be found in [14].
The values of the heat source parameters can be seen in Table 3. The welding speed
varied between each sequence, but were kept constant within each sequence. The
values of the different welding speeds are; v1=0.625mms−1, v2=0.652mms−1 and
v3=0.536mms−1. Remaining thermal boundary conditions are constant during the
entire process.

Parallel processing is used to reduce the computation time. The model was
splitted into four subdomains, as this will give a good speed up factor [14]. The
speed up factor was approximately three times.

Table 3: Values used for the elliptic cone heat source

Q [W] η [-] a [m] b [m] cf [m] cr [m] d [-]

420 0.75 0.0065 0.0006 0.002 0.002 0.75

3.2. Local heat treatment using induction

Induction heating is a non-contact heating process. In a thin layer of the work-
piece, usually called the skin depth, the alternating electromagnetic field generates
a current which is called the eddy current. The eddy current generates heat due to
ohmic power losses and is the main heat source in induction heating. The skin depth
depends on the frequency of the source current and on the material properties of the
electromagnetics, respectively. The skin depth can mathematically be described as:

δ =
1√

πfμσ
(1)

where f is the frequency of the electromagnetic field, μ is the permeability of the
material and σ is the electric conductivity of the material.

The temperature distribution in a medium is governed by the heat transfer equa-
tion [15, 16]

ρcp
∂T

∂t
−∇ · (k∇T ) = Q̇ (2)

where ρ is the density of the material, cp is the specific heat capacity, T is the

temperature, k is the thermal conductivity and Q̇ is the energy generated in the
material per unit volume and time. In case of a harmonic electromagnetic loading,
the heat source term due to the eddy current can be written as [3, 4]

Q̇ =
1

2σ
|J|2 (3)

where J is the induced eddy current in the workpiece. The current is generated
within the workpiece as J = −iωσA where A is the complex magnetic vector po-
tential calculated from the diffusion equation [17]

iωσA− 1

μ
∇2A = J0 (4)
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Here, ω is the angular frequency of the magnetic field, μ is the permeability of
the material and J0 is the current applied in the coil. Figure 4 shows the solution
strategy during a time step. A PID-controller in a subroutine to MSC.Marc is
adjusting the coil current to a level so that the error is minimized at a selected
location of the plate.

A solid mesh with eight-noded hexahedral elements is used for the model. Both
convective and radiative heat losses are taken into account. The ambient tempera-
ture is fixed to Ta = 293K. A film coefficient, h = 20Wm−2 ·K, and an emissivity
coefficient, ε = 0.4, is used.

Figure 4: The coupling between the PID-controller, the electromagnetic and the thermal problem.

3.3. Global heat treatment

The same mesh as used in the repair welding simulation is used in the global
heat treatment simulation. See Fig. 3 for the process flow. The initial condition
from the repair welding model is the initial state. The temperature on the boundary
nodes during the process are prescribed. The temperature history is the same as for
the local heat treatment as described in section 3.2.

3.4. Mapping between models

An in-house mapping tool for moving data between two finite element models is
used to map temperature fields between the electromagnetic-thermal and thermo-
mechanical analysis.

The mapping method is based on an interpolation technique commonly used
in finite element formulations. The nodal temperatures of the receiving model are
obtained by

Tnew = Nold(Sloc) ·Told (5)
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where Nold is the shape function of the element in the sending model evaluated at
the local coordinate, Sloc. A search is performed to determine in which element of
the sending (old) mesh the node is located, and which local coordinate it corresponds
to. The use of isoparametric finite elements gives

Xnew = Nold(Sloc) ·Xold (6)

where Xold is the nodal coordinates of the sending element and Xnew is the coordi-
nate of the node which receives the temperature.

Eq. (6) defines the mapping between the local coordinate system and the global
coordinate system of the mesh. However, in the general case, an analytical inverse
mapping in which the local coordinate, Sloc, can be written explicitly does not exist.
Thus Sloc must be evaluated numerically by solving

||Xnew −Nold(Sloc) ·Xold|| = 0 (7)

This is done by the Newton iterative method where the initial value for the local
coordinate is guessed. The initial guess for Sloc is taken at the origin of the local
coordinate system. The convergence criterion is that the distance to the previous
iterative estimate of Sloc is less than 10−7. The convergence criterion is usually
fulfilled within five iterations.

4. Flow stress model

A dislocation density based materal model is used in the thermo-mechanical
analyses, i.e. in the repair welding and heat treatment models. The material used in
this work is alloy 718 which is a precipitate hardening material. Since the plates are
initially solution annealed and then aged are we dealing with two different materials.
The material is solution annealed in the groove and aged in the rest of the plate.
The material model that is described in the subsequent section is therefore used for
both materials with different parameter sets. This is a simplification as we do not
account for the ageing process of the welded material during the heat treatment.
The material model is briefly described below. For a more complete explanation,
see Lindgren et. al. [18].

4.1. Dislocation density model

The plastic deformations are assumed to be deviatoric using von Mises yield
criteria and the associated flow rule. The internal variables that determine the
flow surface are rate-dependent and therefore the material can account for rate
dependency.

The flow stress σy is assumed to consist of two components [18]

σy = σG + σ∗ (8)

where σG is the stress contribution due to long-range interactions with the disloca-
tion substructure. The second term σ∗ is the short-range interaction and is the stress
needed to move dislocation through the lattice and to pass short-range obstacles [18].
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The long range stress term in Eq. (8) is written as [18–20]

σG = mαGb
√
ρi (9)

where m is the average Taylor orientation factor. Other parameters in Eq. (9)
are a proportionality factor α, the shear modulus G, the Burger’s vector b and the
immobile dislocation density ρi. The variation of the dislocation density consists of
two terms [18, 19]

ρ̇i = ρ̇
(+)
i − ρ̇

(−)
i (10)

The first term refer to the hardening process; it is assumed that the mobile disloca-
tions move a distance Λ before they become immobile or annihilated. The density of
mobile dislocations is assumed to be proportional to the plastic strain rate according
to the Orowan equation [18] and thus we get

ρ̇
(+)
i =

m

b

1

Λ
ε̇
p

(11)

where ε̇
p
is the plastic strain rate. The mean free path is assumed to be a combina-

tion of the grain size g and the dislocation subcell diameter s as

1

Λ
=

(
1

g
+

1

s

)
(12)

The initial grain size g0 is assumed to be constant in the current model, i.e. g = g0
(no recrystallisation). In this equation, the subcell diameter s, is considered to be a
characteristic length in general and is applicable to other structures. It is assumed
to follow [21]

s = Kcell/
√
ρi (13)

where Kcell is a calibration constant. The second term of Eq. (10) contribute to
the reduction of the dislocation density. It has two contributions. The first one is
recovery by glide; a moving dislocations annihilates an immobile dislocation. This
is written as

ρ̇
(−)
i = Ωρiε̇

p
(14)

where Ω is a recovery function that is temperature and strain rate dependent. The
other therm is recovery by glide and can be written as [18]

ρ̇
(−)
i = 2cγDl

cv
ceqv

Gb3

kT
(ρ2i − ρ2eq) (15)

where cv and ceqv is current and equilibrium vacancy concentrations, respectively, and
cγ is a calibration parameter. Dl is the temperature dependent lattice diffusion. See
Lindgren [18] for a description of the model for evolution of vacancy concentration
that is coupled to the diffusion term in Eq. (15).

The short range stress component from Eq. (8) can be written as [22, 23]:

σ∗ = τ0G

(
1−

(
kT

Δf0Gb3
ln
( ε̇ref

ε̇
p

))1/q
)1/p

(16)
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The quantity τ0 is the athermal flow strength; the shear strength in the absence of
thermal energy, k is the Boltzmann constant, T is the temperature in Kelvin, Δf0 is
the activation energy to overcome obstacles without aid from any external stress and
ε̇ref is the reference strain rate. The parameters p and q are calibration constants
and the conditions for the exponents can be found in [22].

5. Results

Figs. 5 - 6 shows the temperature field during welding. Fig. 7 shows the von
Mises effective stress at different stages. Figs. 8 - 9 shows the temperature field
during the local heat treatment. Table 4 shows the measured and computed residual
stresses after welding, global heat treatment and local heat treatment.

5.1. Welding

The welding is performed in three sequences. The computed temperature field
during welding of the first layer is shown in Fig. 5. The maximum value of the fringe
scale is 1300 ◦C and represents the liquidus temperature. In the FE-model some of
the elements are activated and represents the filler material.

The recorded temperature during the welding experiment together with the com-
puted temperature are shown in Fig. 6. The location of the themocouple can be
seen in Fig. 1. The von Mises stress field after the welding procedure are shown in
Fig. 7a).

Figure 5: Temperature field during welding simulation. The legend is shown in degree Celsius and
the top value is manually sat to 1300 ◦C to visualise the molten pool.

5.2. Heat treatment

During heat treatment, the temperature is measured at three different positions
along the weld. See Fig. 8 for the position of the thermocouples. Thermocouple
#1 is located 22mm from the short end of the plate, thermocouple #2 is located
35mm from the short end of the plate and thermocouple #3 is located 50mm from
the short end of the plate. Thermocouple #1 is used to feed the PID-controller.
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Figure 6: Measured and computed temperature history during welding.

Fig. 9 shows the temperature that is recorder by the three thermocouples during
the heat treatment experiment together with the computed results. The result is
from the same position as thermocouple #1. Fig. 7b) shows the von Mises stress
field after global heat treatment and Fig. 7c) shows the von Mises stress field after
local heat treatment by induction heating.

5.3. Residual stress measurements

Table 4 compare measured and computed stresses with each other at different
stages. The superscript a and b declare that the measurements is done on two
different plates (since the experiments were duplicated). See Table 1 for a summary
of the experiments carried out on each plate.

Table 4: Measured and computed residual stresses. The superscript a and b declare that the
measurements is done on two different plates.

Measured Computed

Plate σx [MPa] σy [MPa] σx [MPa] σy [MPa]

P1a 520 510
490 540

P1b 430 380
P2a 310 270

510 500
P2b 190 170
P3a 240 230

520 460
P3b 200 180

6. Discussion

The temperatures that was measured during the welding process is used to cal-
ibrate the heat source in the welding model. Since the welding was performed
manually, it is not possible to get the current weld speed or weld path during the
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Figure 7: Von Mises stress field after: a) welding, b) global heat treatment and c) local heat
treatment. The unit of the legend is in Pa.

welding process. An averaged value of these parameters was therefore used in the
model. A good agreement was still achieved, as can be seen in Fig. 6.

The stress field originating from the weld is shown in Fig. 7a). It shows that
the von Mises stress field in the weld is much lower than outside the groove. This
is due to the lower yield strength of the annealed material. The computed residual
stresses after welding agrees well with the measurement. The computed stress in the
longitudinal direction is within the interval of the two measurements, see Table 4.
In the transversal direction the simulation predicts a somewhat higher stress than
what is shown in the measurements.

Fig. 8 shows the temperature field computed from the electromagnetic-thermal
simulation limited to a temperature field of 760±14 ◦C. The measured and computed
temperatures during the induction heating agree well with each other and are shown
in Fig. 9. The temperature during the whole heating cycle did not exceed the range
of 760±14 ◦C. It is considered to be very good.
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Figure 8: The temperature field computed from the electro-magnetic thermal simulation at steady
state temperature of 760 ±14 ◦C. The numbers refer to the location of thermocouples measuring
the temperature during the heat treatment. See Fig. 9 for comparison between measured and
computed results.

The calculation of the residual stresses due to measurements is done by following
the ASTM E837-1e1 standard. However, the thickness of the plates did not follow
this standard. They were neither “thick” or “thin”. Since the aim is to compare
the residual stresses after global heat treatment and local heat treatment the chosen
method is not the most important. We assume the specimen to be “thick”. The
strain can then be calculated from increments of the hole depth and pooled together
in a weighted average which significantly reduces the effects of random strain mea-
surement errors [24]. This will probably give a more reliably result when comparing
the stresses. The measured results together with the computed can be seen in Table
4. The von Mises stress field after global and local heat treatment is shown in Figs.
7b) and c). These two results shows that there are no significant differences between
global and local heat treatment.

7. Conclusions

The possibility to replace global heat treatment with local using induction heat-
ing was evaluated with respect to obtained residual stresses. The results from the
residual stress measurements shows that there are no significant differences between
local heat treatment and global heat treatment.

The welding model was calibrated (and validated) using a thermocouple placed
5.5mm from the weld groove. The recorded temperatures agreed well with the
computed results. Also the computed residual stresses had good agreement with the
measured stresses. The induction heating model was validated by measuring the
temperature using thermocouples. The agreement between computed and measured
temperatures were very good.

The welding residual stresses were predicted well. However, the computed stress
relaxation during heat treatment is too small. The used material model has only
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Figure 9: Measured and computed temperature from the electro-magnetic thermal simulation. The
location of the measurement points can be seen in Fig. 8. The computed result is from the same
position as thermocouple #1.

recovery due to dislocation climb and glide. It seems that the model does not fully
capture the stress relaxation during the heat treatment, as the measurements shows
larger stress reduction than in the simulations. Future work will address this issue.
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Abstract: 
A flow stress model accounting for precipitate hardening is presented in this 

article. The interaction between precipitates and dislocations are included in a 
dislocation density based material model. Compression tests have been performed 
for solution annealed, full-aged and half-aged material. The two first sets were 
used in the calibration process whereas the test set on the half-aged material was 
used for validation purposes.  
 
Keywords: Precipitate, Dislocation density, Plasticity, Strain rate dependency 

1 Introduction 
A dislocation density based material model has been coupled with a model for 

growth and coarsening of  precipitates in alloy 718. The material model can be 
used in thermo-mechanical simulations of repair welding followed by heat 
treatment simulations in order to predict residual stresses and final microstructure 
of aeroengine components. It is assumed that the motion and immobilisation of 
dislocations are the most important mechanisms for plastic behaviour under these 
conditions. Thus the model must account for interactions between dislocations 
and solutes as well as precipitates. The model has been calibrated using Gleeble 
compression tests at various temperatures for three variants of alloy 718. One is 
solution annealed, one is half-aged and the last variant is fully aged. The condition 
for the half-aged material is that it should give a flow stress about half way 
between the annealed and full-aged materials. The tests on the half-aged material 
were only used for validation. The agreement between model and tests are good. 

Precipitate hardening of alloy 718 is described in Section 3. This is followed 
by a description of the dislocation density based flow stress model. The various 
contributions to the flow stress, and particularly the effect of precipitates are 
described. The models for the evolution of mean particle radius and the particle 
volume fraction are given in Section 4. The results and a short discussion follow, 
leading to the conclusions in Section 6. 



 2 

2 Background 
Alloy 718 is a precipitate hardening alloy commonly used in aircraft engines, 

power plants and gas turbines. The most important strengthening mechanism is 
precipitates forming around 13 vol.% coherent ordered disk-shaped body-centred 
tetragonal (BCT)  phase consisting of Nickel and Niobium (Ni3Nb). There is 
also a hardening contribution from precipitates forming about 4 vol.% of ordered 
FCC  precipitates (Chaturvedi and Han, 1987). We ignore the latter contribution 
in the current work. The size of the inclusions depends on ageing temperature and 
time and has been measured by a number of authors, for examples (Camus and 
Engberg, 1986; Chaturvedi and Han, 1987; Slama and Abdellaoui, 2000). 

The different contributions to the flow stress due to dislocation glide have been 
known for long time. A couple of examples are (Bailey and Hirsch, 1960; 
Livingston, 1962) and also references in the review by Gil Sevillano et al. (1980). 
Bergström integrated this into a dislocation density based flow stress model 
(1969/70) that was summarised later (1983). This paper and the work of Frost and 
Ashby (1982) give a very good background of the model summarised below. It is 
assumed that the motion of dislocations is the most important contribution to 
plastic straining of a material. The model has been developed and used by Estrin 
(1996) over the years.  

3 Dislocation density model accounting for precipitate 
hardening 

Plastic deformation is facilitated by the introduction and movements of 
dislocations in the crystal lattice, which depends on their interactions with the 
material structure. The latter is the lattice itself: immobile dislocations, solutes, 
precipitates, defects etc. It is here common to assume that they give a contribution 
to the macroscopic flow stress which is additive by using expressions similar to 
 

 (1) 
 
where:  is the flow (yield) stress;  is an internal friction stress caused by the 
movement of a dislocation through a perfect lattice (the Peierls-Nabarro stress); 

 is the grain size dependency (Hall-Petch effect), which includes the effect of 
stress concentrations at grain boundaries and the additional stress required to 
transfer plastic deformation across grains (Johnston and Feltner, 1970);  is an 
athermal stress due to long-range disturbances of the lattice due to immobile 
dislocations;  is the short-range interaction and is the stress needed to move 
dislocations past short-range obstacles;  results from the additional stress 
required to move dislocations around or through precipitates and solutes. There 
may be other contributions also. We ignore the internal friction stress and Hall-

σi

σHP



 3 

Petch effect in the current model. They are partly accounted for via the assumed 
initial dislocation density in the long-range contribution that defines the virgin 
yield limit. The yield stress can then be written as:  
 

 (2) 
 

Equation (2) is implemented in the user routine wkslp for the finite element 
code MSC.Marc. The radial-return algorithm can be applied in a straightforward 
manner in the same way as for plasticity models based on the concept that the 
stress state must stay on a yield surface during plastic straining. However, the 
yield surface is dependent on the plastic strain rate due to the recovery terms 
described later. It is also possible to formulate the relations in a visco-plastic 
framework. Then the different deformation mechanisms contribute to the plastic 
strain rate. Frost and Ashby (1982) present a theory using this approach. The 
details of the dislocation density model are summarised below.  

3.1 Long range contribution 
The long-range term from Eq. (2) is an athermal stress contribution. It is called 

athermal since thermal vibrations cannot assist dislocations in overcoming 
disturbance of the lattice. It is given by: 

 
 (3) 

 
where  is the immobile dislocation density, b is the Burgers vector and  is the 
shear modulus that is temperature dependent. The proportional factor , which is 
temperature dependent, is assumed to not depend on the dislocation substructure, 
although it is known to be (Gil Sevillano et al., 1981; Kocks and Mecking, 2003). 
We also ignore the temperature dependency of the Burger’s vector.  

The variation of the immobile dislocation density consists of two terms, one 
hardening (+) and one recovery (-). 

 
 (4) 

 
Thus, we do not consider different types of dislocations in the model. We will in 
the following sections describe the evolution of the immobile dislocations. 

3.1.1 Hardening 
The density of mobile dislocations is assumed to increase proportional to the 

plastic strain rate according to the Orowan equation. It is also assumed that 
mobile dislocations move a distance  before they become immobilised or 
annihilated. We can therefore write the rate of increase in immobile dislocations 
as: 
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 (5) 

 
The mean free path  is assumed to be a combination of the grain size , the 
dislocation subcell diameter , and the distance between precipitates in the glide 
plane : 
 

 (6) 

 
where  refers to parameters to be optimized. The initial grain size  is 
assumed to be constant in the current model, i.e.  as no grain growth or 
recrystallization are accounted. The subcell diameter , is considered to be a 
characteristic length in general and is applicable to other Low Energy Dislocation 
Substructures (LEDS). In general is it proportional to  (Estrin, 1996), and 
Eq. (5) can therefore be written as: 
 

 (7) 

 
Thus, the different mechanisms give additive contributions to the increase in 
immobile dislocations. Using Kock’s assumption (Ardell, 1985), the particle 
spacing  along a dislocation line can be calculated as: 
 

 (8) 

 
where  is the average particle radius and  is the particle volume fraction. It 
takes care of finite obstacle size effects.  

3.1.2 Softening 
Motion of vacancies is related to recovery of dislocations. This occurs at 

elevated temperatures and is therefore a thermally activated reorganization 
process. The model for recovery by dislocation glide by Bergström (1983) is 
based on the probability that a moving dislocation will annihilate an existing 
immobile dislocation. Therefore, the recovery by glide term is written as: 

 
 (9) 
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where  is a recovery function that is temperature and strain rate dependent. In 
addition, a model for recovery by climb is included (Lindgren et al., 2008). It has 
a strong temperature dependency via the self-diffusivity term and is written as: 
 

 (10) 

 
where  and  are equilibrium and current vacancy concentrations, 
respectively,  is a calibration parameter and  is the temperature dependent 
lattice self diffusion coefficient. The model accounts for the increase in diffusivity 
due to vacancy generation (Lindgren et al., 2008). The model for vacancy 
generation and annihilation is given in (Militzer et al., 1994).  is the part of the 
immobile dislocations that never will recover. This term is taken to be the same 
value as the initial dislocation density.  

3.2 Short range contribution 
The second term in Eq. (2) is the stress that is needed to move dislocations past 

short-range obstacles. It is based on the energy (Gibbs free energy) that is needed 
for a particle to overcome an obstacle taking atomic thermal vibrations into 
account (Frost and Ashby, 1982). It can be written as (Lindgren et al., 2008): 

 

 (11) 

 
The quantity  is the strength of the obstacle, k is the Boltzmann constant, T is 
the absolute temperature,  is a calibration constant,  is a reference strain 
rate and  and are calibration constants. The conditions for the exponents can be 
found in (Frost and Ashby, 1982). 

3.3 Precipitate hardening contribution 
The last term in Eq. (2) describes the contribution to flow stress due to 

precipitates. Precipitates, or second-phase particles, commonly act as geometric 
barriers to dislocation glide. A good overview to this theory is Nembach and 
Neite (1985). See also their later work in (Nembach, 2006; Nembach et al., 1988).  

Dislocations may bypass the precipitates or cut through them in a shearing 
process. The first process is called Orowan looping. There exist several variants 
of models depending on types of precipitates. They can be expressed as a function 
of mean particle radius and its distribution as well as volume fraction of 
precipitates. If we make the assumption that the dislocations must pass all the 
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particles in the slip plane, the stress at which the particles need to overcome can 
then be written as (Deschamps and Brechet, 1998): 

 

 (12) 

 
where  is the Taylor factor,  is the mean obstacle strength,  is the 
obstacle strength of precipitate with radius ,  is the average particle spacing 
and  is the particle size distribution. By applying a particle size distribution, 
it is possible to calculate the stress when the particles are in the transition between 
shearing and bowing.  

3.3.1 Shearable particles 
The smaller a precipitate is, the easier it is for a dislocation to cut through the 

particle. If the obstacle strength is taken as proportional to the particle radius and 
the shear modulus (Deschamps and Brechet, 1998), then Eq. (12), together with 
Eq. (8), yields: 

 

 (13) 

 
where  is a calibration constant and  is the shear modulus.  

3.3.2 Nonshearable particles 
When the particles become larger, the dislocation finds it easier to bow around 

the obstacle rather than shearing it. If the particle strength is assumed to be 
 then Eq. (12), together with Eq. (8), gives the stress that is required to 

move a dislocation past a precipitate by Orowan bowing (Deschamps and 
Brechet, 1998): 

 

 (14) 

 
where  is a parameter close to .  

3.3.3 Critical radius for transition between shearing and bowing 
Which one of the two above described mechanisms that occur (shearing or 

bowing) depends the required stress. The one that requires the lowest stress is 
favoured. The critical radius, , for the shearing/bypassing transition may then be 
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obtained by equating the contributions due to each strengthening mechanism, Eq. 
(13) and Eq. (14): 

 

 (15) 

 
If the average radius is smaller than this value, then the material is called 
underaged. The optimum state that gives the maximum value of  is called the 
peak-aged and a larger average radius yields an over aged material (Ardell, 1985). 
However, it should be noted that in practice, we have a distribution of radii and 
therefore shearing and bowing can be activated simultaneously. 

3.3.4 Calculation of average particle strength 
Deschamps and Brechet (1998) assume a Gaussian particle distribution when 

solving Eq. (12). This avoids the discontinuity in yield stress that occurs when the 
average radius becomes larger than the critical radius . Another way to describe 
the transaction is to assume a weighted average of contributions:  

 
 (16) 

 
where  is the volume fraction of precipitates that contribute to precipitation 
hardening by bowing. If the distribution of precipitate sizes is known,  can be 
obtained by taking the integral of this function. We use the size distribution 
function according to the LSW theory, where the particle radius distribution is 
given by (Nembach and Neite, 1985): 
 

 (17) 

 
where  is the particle radius dived by the mean particle radius. The size 
distribution function and the integral of the size distribution function can be seen 
in Figure 1. As an example, when the mean particle size  is equal to the critical 
radius , then 58 % of the particles are sheared and 42 % of them are bowed 
around ( ).  
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Figure 1: Size distribution function and the integral of the size distribution function. When 
the mean particle radius, , is equal the critical radius for shearing/bowing , 58 % of the 
particles are sheared. 

4 Calculation of precipitate radii, particle nucleation 
and particle size distribution 

One can distinguish three stages of a continuous precipitation process: 1) 
nucleation, 2) growth of the nuclei until the matrix reaches its equilibrium 
concentration of solute and 3) Ostwald ripening (Nembach and Neite, 1985). At 
least two processes will occur simultaneously, nucleation and growth or growth 
and coarsening (Ostwald ripening).   

4.1 Nucleation and growth 
The growth rate of the average precipitate depends on two components; the 

growth rate of existing particles of mean radius  and the nucleation of new 
particles at the nucleation radius (Perrard et al., 2007). We can then write: 

 

 (18) 
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where  is the growth rate of average radius of existing particles,  is the 
critical nucleation radius,  is the homogeneous nucleation rate and N is the 
number of precipitates.  

The change in free energy associated with nucleation growth comprises three 
contributions: the reduction in energy  due to the creation of a volume  of 
precipitates; the increase in energy  from the creation of a particle area A and 
the increase in misfit strain energy  per unit volume of the particle (Porter and 
Easterling, 1992). If the nucleation is assumed to be spherical, the critical 
nucleation radius  is (Perez and Deschamps, 2003): 

 

 (19) 

 
where  is the matrix/precipitate interfacial energy,  is the driving force for 
nucleation,  is the atomic volume,  is the absolute temperature and  is 
Boltzmann’s constant.  is a thermodynamically parameter which has the 
dimension of a length.  

The activation energy barrier for creation of new precipitates is: 
 

 (20) 

 
where  is the energy reduction due to creation of a new phase. It depends on 
the driving force for nucleation, , as (Perez and Deschamps, 2003): 
 

 (21) 

 
where  is the current solute concentration in the matrix,  is the equilibrium 
solute concentration in the matrix and  is the mole fraction of the critical 
element in the precipitate. The nucleation rate will depend on the surface area of 
the nucleus and the rate at which diffusion can occur. Taking into account the free 
energy reduction due to phase transformation we can use the same equation as 
used by Perez and Deschamps (2003): 
 

 (22) 

 
where  is the number of atoms per unit volume in the phase, Z is the Zelodvich 
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factor ( ),  and  is an incubation time,  is the initial 
solute mole fraction,  is the lattice parameter and  is the diffusion coefficient of 
solute atoms in the matrix.  is the absolute temperature.  

The growth rate of existing particles is given by (Ratke and Voorhees, 2001): 
 

 (23) 

 
where  is the equilibrium solute concentration in the matrix next to the 
phase boundary to a precipitate of radius . The equilibrium concentration is 
given by the Gibbs-Thomson equation as (Nembach and Neite, 1985): 
 

 (24) 

 
Combining Eqs. (23) and (24) gives the expression for the growth rate of existing 
precipitates: 
 

 (25) 

 
where  is the current solute balance in the matrix: 
 

 (26) 

4.2 Growth and coarsening 
In order to achieve a transformation from a metastable single-phase state to a 

stable two-phase state, second phase particles must first nucleate and then grow 
(Ratke and Voorhees, 2001) as discussed above. Growth will continue until the 
concentration of solute is in equilibrium with the two phases. Thereafter 
coarsening occurs; larger precipitates grow and smaller disappear. A linear 
transition between the two states is applied in order to avoid a singularity. It is 
written as:  
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 (27) 

 
where  is a function which should is equal to 0 in pure growth and 1 in pure 
coarsening. We use the same equation for coarsening fraction as in Deschamps 
and Brechet (1998):  
 

 (28) 

 
During the stage of coarsening we use the LSW theory and: 
 

 (29) 

 
where  is the molar mass of the precipitate and  is the gas constant. The 
corresponding rate of precipitate density can be written as (Deschamps and 
Brechet, 1998): 
 

 (30) 

 
The precipitates are assumed to nucleate and growth as spherical particles 

creating an fcc structure. The atomic volume  for an fcc unit cell is then used. 
During the growth and coarsening stage, the LSW theory is used. This theory is 
confirmed to be valid for alloy 718 by Devaux et al. (2008) and Camus and 
Engberg (1986). During the coarsening, we use the molar mass  for creation of 
a  particle. It is measured by Devaux et. al. (2008). This takes care of the fact 
that the particle has a molar volume mass of a BCT phase. However, we use the 
LSW theory for spherical particles.  

5 Summary of model 
The relation described earlier makes it possible to calculate the yield stress for 

different ageing times. This is applied in an incremental fashion applicable in a 
finite element code. Initial data for an increment are: dislocation density , 
vacancy concentration , particle volume fraction  and mean particle radius .  
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The solution of the nucleation and growth and growth and coarsening is done 
numerical by a standard implicit Euler using a Newton-Raphson iterative scheme. 
The result is seen in Section 6. First is Eq. (18) and Eq. (22) solved 
simultaneously. The current solute balance is updated using Eq. (26). When the 
nucleation rate  decreases a pure growth and coarsening stage is valid. We start 
to solve for Eq. (27) (which is Eqs. (25) (29) and (30)) and evaluate the 
coarsening function  for each time step. This gives the number of precipitates  
and the mean particle radius  for different ageing times. The particle volume 
fraction can then be calculated by: 

 

 (31) 

 
Knowing the particle volume fraction and the mean particle radius the stress 
contribution from shearing the particles  and bowing the particles  can 
be calculated from Eqs. (13) and (14), respectively. The total particle 
strengthening can then be calculated using Eq. (16) where the volume fraction of 
precipitates that contribute to precipitation hardening by bowing  is calculated 
from the integral of Eq. (17). 

6 Results and discussions 
The aim of this work is to create a flow stress model for the superalloy alloy 

718 that is applicable when simulating the ageing process. The model consists of 
relations that describe the precipitate evolution needed in the dislocation density 
model according to the summary in the previous chapter. 

The model is calibrated with respect to compression test measurements at 400 
°C and 600 °C for two strain rates and three states; full-aged, half-aged and 
solution annealed. The initial state of the material was solution annealed. It was 
kept in a furnace at 950 °C for 1 h. The full-aged material was heated to 760 °C 
and kept for 5 h. The half-aged material was kept for 30 min at 760 °C. The strain 
rate was for 400 °C, 1.0 s-1 and 0.01 s-1 and for 600 °C, 0.1 s-1 and 0.001 s-1, 
respectively.  

6.1 The particle volume fraction 
During the simulation of the particle volume fraction we assume that Nb is the 

critical alloy element. Chemical analyses of the Nb component in the matrix of 
alloy 718 after ageing heat treatment are compiled by Devaux et al. (2008). They 
found a value of 1.7 at. % after ageing at 1033 K/8h/furnace cooled to 923 K/8h. 
The matrix had a Nb concentration of 3.2 at. % initially.  

In Figure 2 are the calculated evolution of precipitate radius and the particle 
volume fraction shown. Computed numbers of precipitates and the change of 



 13 

Niobium concentration in the matrix are shown in Figure 3. Table 1 shows the 
used data for computing the nucleation, growth and coarsening of the particles.  

In the nucleation stage are the mean particle radius  and the critical radius for 
particle growth  equal, but is different when the particle growth takes place, see 
Figure 2. In this stage, the number of particles increases and the Nb concentration 
decreases, as is seen in Figure 3. When the Nb concentration finds its steady state 
value, the process of Ostwald ripening (LSW) starts; the number of precipitates 
decreases and the mean particle radius increases. This occurs at the time of 
approximately 104 s.  

The calculated particle volume fraction is of the order 6.2 % and is lower than 
the volume fraction reported in the literature. The difference may be due to the 
fact that the  does not only contain Nb particles but also Mo and Ti (Devaux et 
al., 2008). The particle radius is hard to compare with measurements. This is due 
to that the particles are not spherical; rather they are disk-shaped. The 
height/length fraction changes with ageing time and ageing temperature (Camus 
and Engberg, 1986; Devaux et al., 2008; Han et al., 1982). However, Alam et al. 
(Alam et al., 2010) measured the Vicker’s hardness with ageing time at 706 °C. 
Their curve shows good agreement with the nucleation and growth part from our 
simulation.  

 
Table 1: Data for nucleation, growth and coarsening of the particles. 

Parameter Meaning Value Unit Reference 
 Lattice parameter of fcc material 3.54 Å (Callister, 2007) 

 Atomic volume  Vat = a3/4  m3 (Callister, 2007) 
 Molar volume of  precip.  m3/mol (Devaux et al., 2008) 
 Number of sites per unit volume 1/Vat 1/m3 (Callister, 2007) 
 Zeldovich factor 1/20 - (Devaux et al., 2008) 
 Interfacial surface tension of  0.095  J/m2 (Devaux et al., 2008) 
 Diffusion pre exponential constant    m2/s (Devaux et al., 2008) 
 Activation energy for  coarsening 272 000 J/mol (Devaux et al., 2008) 
 Equilibrium solute concentration of 

Nb in matrix 
0.017  - (Devaux et al., 2008) 

 Initial solute mole fraction of Nb in 
matrix 

0.032  - (Devaux et al., 2008) 

 Mole fraction of Nb in  0.25 - (Perez and 
Deschamps, 2003) 
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Figure 2: Evolution of precipitate radius and critical radius for dissolution ( ). The particle 
volume fraction starts to grow until the solute mole fraction find its equilibrium value; 

. The Oswald ripening process (starts approx. at 104 s) slightly increases the particle 
volume fraction but increase the particle radius. 
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Figure 3: The matrix solute concentration decreases and the number of precipitates 
increases. When the Oswald ripening process starts the number of precipitates decreases. 
The matrix solute concentration stays at its steady state.  
 

6.2 Yield stress 
Table 2 gives a list of obtained values for the calibrated parameters of the flow 

stress model and Table 3 shows known or assumed parameters. The calculated 
and measured stress-strain curves are shown in Figure 4 for 400 °C and in Figure 
5 for 600 °C. The curves exhibit negative stress-strain rate dependence for all of 
the curves. Camus and Engberg (1986) did also observe this phenomenon.  

The curves are first fitted by parameter optimisation to the solution-annealed 
material using an in-house toolbox implemented in Matlab. The stress 
contribution due to precipitates, , is then set to zero. Three different parameters 
are related to the precipitate hardening term;  in Eq. (7),  and  in Eq. 
(15).  is related to the mean free path and the particle spacing. However, we 
assume that the subcell spacing is smaller than the contribution to the mean free 
path due to precipitates in Eq. (7). Therefore, we ignore the hardening 
contribution from the precipitates, i.e. we set .  

The parameters  and  are both related to the critical radius for 
bowing/bypassing in Eq. (15). No measured value is known for this critical radius. 
A critical radius of 22 nm, however, is obtained in the calibration process for the 
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full-aged material. This is confirmed by comparison with the half-aged stress 
strain curves.  
 

Table 2: Parameters determined by calibration. 
Parameter Value 400 °C Value 600 °C Unit 

 0.6 0.6 - 
 0.0002 0.0002 - 
 65 55 - 
 0.008 0.015 - 
 1.2 1.0 - 

 3.5 5.5 - 
 0.4 0.4 - 
 1.7 1.7 - 
   m/m3 

 0.25 0.32 - 
   m 

 
 
Table 3: Known or assumed parameters. 
Parameter Meaning Value Unit Reference 

 Boltzmann’s constant  J/K - 
 Taylors factor 3.06 - For fcc material 
 Burgers vector  m (Han and Chaturvedi, 

1987) 
 Ref. strain rate  1/s - 

 Grain size  m - 
 Parameter 0 - - 

 Lattice self diff. coeff.  m2/s (Frost and Ashby, 
1982) 

 Energy for vacancy creation 250 kJ/mol (Chaturvedi and Han). 
 Energy for forming a vacancy  kJ/mol (Lindgren et al., 2008) 
 Energy for vacancy migration  kJ/mol (Lindgren et al., 2008) 
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Figure 4: Measured (smoothed) and computed stress strain curves at 400 °C for full-aged 
(heat treated for 5h at 760 °C), half-aged (heat treated for 30 min at 760 °C) and solution 
annealed alloy 718 material. The full lines correspond to calculated values and the stars are 
measured values.  
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Figure 5:  Measured (smoothed) and computed stress strain curves at 600 °C for full-aged 
(heat treated for 5h at 760 °C), half-aged (heat treated for 30 min at 760 °C) and solution 
annealed alloy 718 material. The full lines correspond to calculated values and the starts are 
measured values.  

7 Conclusions 
A dislocation density based flow stress model accounting for precipitate 
hardening was presented in this article. Compression tests have been performed 
for solution annealed, half-aged and full-aged material at different temperatures 
and strain rates. Considering the simplifications that have be done, the material 
model shows good agreement compared to the measurements and is expected to 
be fit for its purpose; thermo-mechanical simulation of the ageing process of alloy 
718.  

The model for precipitate evolution accounts for simultaneously nucleation and 
growth or growth and coarsening. However, no measurements were available for 
validation this part of the model.  
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