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Abstract  

Transportation and storage are important parts in the process chain for 
producers of iron ore pellets. Knowledge and optimization of these 
processes are very important for further efficiency progress and 
increased product quality. The existence of a numerical simulation 
tool with accurate material characteristics will significantly increase 
the possibility to predict critical forces in developing new and existing 
transportation and storing systems and thereby decrease the amount of 
damaged, fractured or crushed pellets (fines).  
 The objective is to increase the knowledge of the mechanical 
stresses in iron ore pellets and its effects on the level of damaged 
material in the handling chain. This includes a better understanding of 
the iron ore pellets mechanical properties and fracture behaviour. Both 
experimental and numerical modelling works have been completed to 
increase the knowledge in these fields. Modelling and characterization 
of iron ore pellets are carried out at different length scales. Material 
parameters for an elastic plastic granular continuum material model 
are determined for modelling large quantities of iron ore pellets. A 
flow model of iron ore pellets in silos using smoothed particle (SP) 
method is presented. From experimental two point load tests, a finite 
element (FE) model of single iron ore pellets is worked out with 
statistical data for an elastic plastic constitutive model with a fracture 
criterion. In order to find the relation between the behaviour of iron 
ore pellets at different length scales, e.g. compare the stresses in a silo 
to the critical stress inside a single iron ore pellet, mechanical testing 
and modelling of iron ore pellets on an intermediate length scale is 
established. A method of instrumented confined compression tests is 
developed for measuring the global response on a limited amount of 
iron ore pellets. The same experiment is virtually reproduced with a 
multi particle finite element model (MPFEM) consisting of individual 
discretized models of the iron ore pellets.  
 This work has given a better understanding of the mechanical 
behaviour and fracture of iron ore pellets. Another outcome is refined 
experimental methods to determine mechanical properties and fracture 
of iron ore pellets. Constitutive data and numerical models for iron ore 
pellets are also worked out. 



iv 

 
 



 

v 

Thesis  

This thesis consists of a survey and the following papers;  
Paper A  

Gustafsson, G., Häggblad, H.-Å., Oldenburg, M., Smoothed particle 
hydrodynamic simulation of iron ore pellets flow, Numiform 2007, 
Proceedings of the 9th International Conference on Numerical 
Methods in Industrial Forming Processes. Melville, New York, 
American Institute of Physics, 2007, pages 1483-1488.  
Paper B  

Gustafsson, G., Häggblad, H.-Å., Knutsson, S., Experimental 
characterization of constitutive data of iron ore pellets, Powder 
Technology, 194 (2009) 67-74. 
Paper C  

Gustafsson, G., Häggblad, H.-Å., Jonsén P., Characterization 
modelling and validation of a two point loaded iron ore pellet, 
Submitted for publication. 
Paper D  

Gustafsson, G., Häggblad, H.-Å., Jonsén P., Marklund P., 
Determination of bulk properties and fracture of iron ore pellets using 
instrumented confined compression experiments, Submitted for 
publication. 
Paper E  

Gustafsson, G., Häggblad, H.-Å., Jonsén P., Multi particle finite 
element modelling the compression of iron ore pellets with 
statistically distributed data, Submitted for publication. 
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Division of  work among authors 

All the appended papers were planned in collaboration with co-
authors. The work performed in each paper was jointly planned by the 
authors. Furthermore, the author of this thesis participated in the work 
according to the following. 
Paper A  

The present author carried out most of the numerical implementations 
and calculations except for the contact search algorithm. The present 
author wrote the major part of the paper. 
Paper B  

The present author evaluated the constitutive data from the 
experimental results and carried out the numerical implementations. 
The present author wrote the major part of the paper. 
Paper C  

The present author carried out the experiments, derived the 
constitutive data and did the numerical modelling. The present author 
wrote the major part of the paper.  
Paper D  

The present author carried out the confined compression experiments 
and the evaluation of the experimental data. The present author 
participated in the friction measurements and evaluated the friction 
data. The present author wrote the major part of the paper. 
Paper E  

The present author carried out the numerical modelling work and 
wrote the major part of the paper.  
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Chapter 1 

Introduction  

For trustworthy numerical simulations of the handling of iron ore 
pellets, physically realistic constitutive models need to be developed. 
To establish such models, the mechanical properties have to be 
investigated. This thesis describes the experimental and numerical 
work to investigate the mechanical properties for blast furnace iron 
ore pellets. The iron ore pellets are modelled in three length scales. 
From the global behaviour, in e.g. a silo, to the stress state inside a 
single iron ore pellet. 

1.1 Outline 

This thesis consists of an introductory survey and five appended 
papers. The survey gives a background and the objectives of the 
thesis, followed by an introduction to iron ore pellets, its 
manufacturing process and transportation and handling systems. 
Further, the experimental characterization and numerical modelling 
work is presented. The thesis continues with a summary of the 
appended papers and their relations to the thesis. Finally, the thesis 
ends up with conclusions, scientific contribution, application of 
results, suggestion to future work and the appended papers. 

1.2 Background 

Handling of iron ore pellets is an important part in the production 
chain for many producers of iron ore pellets. Knowledge about this 
sub process is very important for further efficiency progress and 
increased product quality. After production in the pelletising plants, 
the iron ore pellets are passing through a number of transportation and 
handling systems like conveyor belts, silo filling, silo discharging, 
railway and shipping. During these treatments, the pellets are exposed 
to different loads, resulting in degradation of strength and generation 
of fines. To study and optimize processes of transportation and 
handling of bulk material, traditionally half or full scale experiments 
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have been used [1, 2]. The focus of these studies is often the pressures 
on the surrounding structures and not the stresses in the bulk material. 
A reason for this is that it is difficult to measure the actual stresses 
inside the bulk material and analyse the mechanism behind the 
degradation. Numerical simulations of these processes give a 
possibility to study the processes in more detail. Two types of 
simulations are usually preferred: discrete element (DE) analysis [3-5] 
or continuum analysis [6- 9]. Each approach has its advantages and 
disadvantages. The DE method models each particle individually, and 
builds up a complete system of particles. This approach gives detailed 
information about the system but has its limitation in numbers of 
particles possible to use in practical applications. With a numerical 
solution method based on continuum mechanics modelling, a 
constitutive relation for the granular material is described and the 
governing equations are solved by an appropriate numerical method. 
By this, the problem can be solved with less computation nodes. This 
approach gives global information about the system but the state in the 
individual particles is lost. A lot of work has been done to compare 
these methods, see e.g. [10, 11]. One clear conclusion is that for large 
systems like 3D-simulations of silos, continuum based methods have 
to be used because of the computational cost for the DE method. Most 
of the work so far in simulation and constitutive modelling of granular 
materials are for fine materials like soils [12] and metal powders 
[13, 14] with the FE method. The present author has not found any 
published studies on simulating iron ore pellets as a granular 
continuum material, neither is the mechanical behaviour of single iron 
ore pellets found. The reason for this is the non-existence of 
appropriate material characterizations and models for iron ore pellets.  

1.3 Objective and scope 

The objective of the work presented in this thesis is to increase the 
knowledge of the mechanical stresses in iron ore pellets and its effects 
on the level of damaged material in the handling chain. This includes 
understanding the mechanical properties and fracture behaviour of 
iron ore pellets. The scope of the work is to develop experimental 
techniques to determine the mechanical behaviour and fracture of iron 
ore pellets at different length scales. The scope also includes 
development of numerical models for iron ore pellets to predict 
material flows and individual iron ore pellets fracture. 
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Chapter 2 

Iron ore pellets 

Iron, denoted Fe, is a common element in the earth crust (5-6%) and is 
the most used metal in the world when processed into steel. In nature, 
iron is bonded with oxygen, water, carbon dioxide or sulphur in a 
variety of minerals. Iron-rich minerals with sufficient iron content to 
be commercially available for exploitation are termed iron ores. The 
most common minerals are: hematite Fe2O3; magnetite Fe3O4; 
goethite FeO(OH); limonite Fe2O3·H2O; siderite FeCO3 and pyrite 
FeS2. To separate the minerals from gangue material the ore is crushed 
and grained. The remaining ore is to fine to charge in the blast furnace 
or for direct reduction. Therefore, the ore is sintered to a coarser 
material for better gas flows in the reduction process. On the market, 
iron ore is sold in different forms: lump ores, sinter fines, pellets feed 
and pellets. Iron ore pellets are sintered, centimetre-sized spheres of 
grained ore with high iron content (  6 % Fe) and are produced in 
two verities: blast furnace (BF) pellets and direct reduction (DR) 
pellets. The material tested within this thesis is BF iron ore pellets 
from LKAB (Luossavaara-Kiirunavaara AB) in Malmberget, Sweden. 

2.1 Manufacturing process  

LKAB has its mines in the northern part of Sweden in Kiruna and 
Malmberget. The ore body in Kiruna is a 4km single slice of magnetite 
with an average width of 80m and an estimated depth of 2km. The 
main level is at a depth of 1045m below surface level. The 
Malmberget mine consists of 20 ore bodies, of which 10 are mined. 
Most of the minerals are magnetite, but a minor part is hematite. 
Mining at Malmberget takes place at different levels, as there are 
many ore bodies. The main haulage levels are at 600m, 815m and 
1000m. The mining method used in both mines is sublevel caving 
[15]. A graphical overview of the manufacturing process of iron ore 
pellets from the mine to shipping of the products is given in Figure 1.  
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Figure 1. Manufacturing process from the mine to shipping. 

(Image from www.lkab.com, 2012)  
In the mines, the ore is blasted and then crushed into lumps of less 
than 100mm before it is hoisted to the processing plants at the surface 
level. The upgrading of the crude ore into pellets and fines continues 
at the processing plants. First, the ore is milled to a fine powder and 
the minerals are separated from the gangue by magnetic separators. 
Further separation is made by flotation. The concentrate is mixed with 
water and additives to form a slurry. In the pelletising plant the slurry 
is dewatered, filtered and binders are added. Examples of additives are 
olivine and limestone for BF pellets that improves the reducibility and 
mechanical strength in the blast furnace. For the DR pellets, dolomite 
is added to improve the characteristics of the pellets in the reduction 
process and the subsequent iron production. The mixture is then fed 
into drums or on discs and rolled into -16mm balls (green pellets). 
The green pellet is then dried before it is sintered. The sintering is 
either taking place in a rotary kiln at 1250°C or on a belt conveyor. In 
the sintering process the grains are bonded together into pellets with 
considerable higher strength. During this process, magnetite Fe3O4 is 
converted to hematite Fe2O3 and heat is generated. Thus, the oil 
consumption can be held low in the process. After sintering, the 
pellets are cooled to a temperature less than 50°C. The strength of the 
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iron ore pellets should withstand the long transports by rail, ship and 
storage in e.g. silos. They should also withstand the beginning of the 
reduction process in the blast furnace without fragmentizing in order 
to ensure a good gas flow. 

2.2 Transportation and handling systems 

The finished products from the processing plants in Kiruna and 
Malmberget are transported to the customers by rail and by ship via 
the ports at Narvik and Luleå. The railway connects Narvik in 
Norway, via Kiruna and Malmberget, with Luleå at the Swedish coast 
in the Baltic Sea. Iron ore products from Kiruna are transported to 
Narvik for customers in the European market and the rest of the 
world. From Malmberget the products are transported to Luleå for 
customers in the nearby and countries around the Baltic Sea. 26million 
tonnes per year (2011) are transported on the railways to the shipping 
ports. To increase the capacity of the railway system to 40million 
tonnes per year 2015, new investments have been decided. The cars 
that are currently in operation on the ore railway carry a payload of 
100tonnes and each train set consists of 68 cars. In the port in Luleå, 
ore products are mainly stockpiled in three silos, with a total capacity 
of 135 000tonnes. The annual iron ore passing is 10million tonnes 
(2011) for this port. The harbour in Narvik consists of a terminal for 
discharging the ore trains, 12 large storage silos in the form of rock 
caverns and quays where the vessels dock for loading. A schematic 
view of the transportation of iron ore pellets from Kiruna to Narvik is 
seen in Figure 2. The current capacity of the port is 1.5million tonnes 
with annual shipping of 19million tonnes. The silos are cylindrical 
with diameters of 40m and heights of 60m. Each silo has a capacity of 
110 000tonnes of pellets. Above the storage area, the ore trains enters 
a tunnel and bottom-discharge their loads into the silos. A belt-
conveyor transports the pellets to the ships via a screening station.  
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Figure 2. Transportation of iron ore pellets from Kiruna to Narvik.
(Image from www.lkab.com, 2012) 
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The strength of the pellet is sensitive to shearing at high pressures. 
When discharging a regular silo, a shear zone arises in the bottom of 
the silo when material at the side moves towards the opening in the 
centre, see Figure 3. In large silos like the Narvik silos, the pressure at 
the bottom is very high. Therefore, inner silos are constructed inside 
the silos in order to reduce the pressure on the pellets in motion. The 
silos are discharged from the inner silo and pellets from the outer silo 
will enter the inner silo from the top to the bottom via openings in the 
inner silo wall. By this, pellets transformations are taken place in the 
top of the silo where the pressure is lower and shear zones at high 
pressure are avoided, see Figure 3. In the design and development of 
these new silos knowhow from similar construction projects and small 
scale experiments were used as reference for the shape of the silos. 
The existence of a numerical simulation tool with accurate material 
characteristics will significantly increase the possibility to predict 
critical forces when developing new and existing transportation and 
storing systems. This tool will help to decrease the amount of 
fractured or crushed pellets (fines). 

Shear zone 

 
Figure 3. To the left: flat-bottomed silo. To the right: silo with inner 

wall. 



 Mechanical characterization and modelling of iron ore pellets  

8 

 

 
 



 Experimental characterization 

9 

Chapter 3 

Experimental characterization 

Iron ore pellets can be described in several different length scales. One 
scale is the individual pellet, next scale is a limited group of pellets in 
contact and the global scale is a larger amount of pellets (pellet bed) 
as a granular continuum. In this thesis, experimental characterization 
is carried out on these three length scales. 
 Three mechanical test methods for iron ore pellets are developed to 
make the characterization of iron ore pellets mechanical properties and 
fracture behaviour. In the Norwegian shear test a large amount of iron 
ore pellets is tested in each experiment to establish the continuum 
properties of the material. The confined compression test is designed 
for the intermediate length scale to measure the global stress state on 
limited amounts of pellets. Mechanical properties and fracture data are 
tested in two point load test measurements. 

3.1 Norwegian shear test 

The Norwegian shear test is a well-established test for geotechnical 
materials like sand and clay, see [16]. It is a compression and shear 
test, where the sample material is filled into a cylindrical container 
with a sidewall of some reinforced rubber material. The top and 
bottom are rigid supports with pins to prevent slip during testing. The 
total sample height is h and the distance between the pins called active 
sample height ha. A vertical force Fv is applied on the top surface. The 
shearing is then induced with a displacement d applied on the top 
surface. The shear force Fh together with Fv, h, and d are recorded 
during a test. The shear angle  is calculated from the displacement 
and the active sample height. In Figure 4, the Norwegian shear test 
and its properties are illustrated. The size of the test equipment is 
dependent of the granule size of the tested material. Normal 
dimensions of the Norwegian shear test for testing fine materials like 
sands, soils and metal powders have sample heights up to 20mm. Iron 
ore pellets are much coarser material with granules of -16mm. In this 
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thesis, Norwegian shear test equipment for iron ore pellets with 
sample heights around 600mm is dealt with. 

 
Figure 4. The Norwegian shear test. 

From the recorded data, elastic and plastic parameters for a 
constitutive model are evaluated. More details of the Norwegian shear 
tests of iron ore pellets are found in Paper B. 

3.2 Confined compression test 

The confined compressive test apparatus is developed from the 
principle of a closed die test for testing of powders, see e.g. [17]. The 
difference is the size and instrumentation. An instrumented confined 
compression test consists of an upper and a lower compressive platen 
of thick circular steel plates, surrounded by a floating cylindrical steel 
tube with strain gauges glued on to it, see Figure 5. There is a small 
gap between the steel tube and the compressive platens to avoid 
friction. Two setups ( 30 and 15) with equal height-diameter ratios 
but different dimensions of the apparatus are used in this thesis. Iron 
ore pellets are placed inside the steel tube and an axial force Fax is 
applied to one of the compressive platens. Measured data are the force 
and displacement of the compressive platen; the strain gauges are 
measuring the circumferential strain in the steel membrane.  
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Figure 5. Principal sketch of the instrumented confined compression 

test. 
The 30 setup is used for bulk characterization of the continuum 
behaviour of iron ore pellets. The smaller 15 setup generates and can 
withstand higher pressures. This equipment is used for the fracture 
behaviour study of iron ore pellets. The 15 setup is also used as a 
validation experiment for the intermediate length scale model in 
Paper E. For further details of the confined compression test, see 
Paper D. 

3.3 Two point load test 

A very common indirect tensile strength test method for rock and 
other brittle materials is the two point load test. The method is 
presented in [18] in a theoretical and practical study of the stress state 
in an irregular sphere-like test piece subjected to the two point load 
test. Their results show that the stress state in an irregular test piece 
subjected to concentrated loads may be, in the vicinity of the axis of 
loading, much the same as that in a perfectly spherical test piece 
compressed diametrically. According to their results the maximum 
tensile strength occurs near the centre of the test sample. In this thesis 
(Paper C) experimental two point load tests are carried out in order to 

H

d 

t 

Compressive platen x2 

Strain gauges  
30- x6  
15- x3  

Steel tube 

Iron ore pellets 

Fax 

Fax 
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determine the mechanical loading behaviour and fracture data of 
single iron ore pellets. The experimental setup for a two point load test 
consists of a frame with two flat parallel compressive platens and a 
load cell mounted into a Dartec 100 press. The maximum force 
capacity is Fmax = 100kN. To minimize the influence of friction in the 
pistons and the frame, the load cell is mounted under one of the plates 
inside the frame. The displacement is measured with a LVDT-
displacement transducer, mounted between the compressive platens. 
The experimental setup is seen in Figure 6. With this test method, the 
elastic and plastic response can be measured and evaluated. Also the 
fracture load is determined. 
 

 
Figure 6. Two point load test of iron ore pellets. To the left: Principal 

sketch. To the right: Picture of the testing machine, from [19]. 

F 

F 

2R=D 
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Chapter 4 

Numerical modelling 

In this thesis, numerical models of iron ore pellets at three length 
scales are worked out. This includes three different numerical methods 
and two different constitutive models. 

4.1 Numerical methods  

Granular materials like iron ore pellets have a complex structure and a 
highly non-linear behaviour. Depending on the problem type, e.g. iron 
ore pellets flow in a silo or single iron ore pellet compression, 
different numerical approaches are preferable. Within this thesis, 
different numerical methods are used and adapted for solving iron ore 
pellets problems. 

4.1.1 Smoothed particle method 

The smoothed particle (SP) method, also mentioned smoothed particle 
hydrodynamics (SPH) method, was invented independently by Lucy 
[20] and Gingold and Monaghan [21] 1977 to solve astrophysical 
problems in open space. It is a mesh free, point based method for 
modelling fluid flows, and has been extended to solve problems with 
material strength. Today, the SP method is being used in many areas 
such as fluid mechanics (e.g. free surface flow, incompressible flow 
and compressible flow), solid mechanics (e.g. high velocity impact 
and penetration problems) and high explosive detonation over and 
under water. The difference between SP and grid based methods such 
as the FE method, is the representation of the problem domain by a set 
of particles or points instead of a grid. Besides representing the 
problem domain, the points also act as the computational frame for the 
field approximation. Each point is given a mass and carries 
information about spatial coordinate, velocity, density and internal 
energy. Other quantities such as stresses and strains are derived from 
constitutive relations. The SP method is an adaptive Lagrangian 
method, which means that in every time step the field function 
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approximations are performed based on the current local set of 
distributed points. The mesh free formulation and the adaptive nature 
of the SP method result in a method that handles extremely large 
deformations. In this thesis, the SP method is used for simulating iron 
ore pellets flow, see Paper A.  More details of the SP method are 
found in [22, 23]. 

4.1.2 Finite element method 

Finite element (FE) analysis is the most widely used numerical tool 
today for simulating solid mechanics problems. The method is 
developed since the 1940’s. There are two major approaches for 
modelling with FE; the implicit formulation, primarily used for 
modelling relatively slow processes or where inertia effects can be 
neglected; the explicit formulation, mainly used to model dynamic 
processes. The numerical solution of highly non-linear problems like 
granular material processes often demands small time steps, giving 
explicit methods a computational time advantage compared to implicit 
methods, see [24]. For a comprehensive survey of computability in 
non-linear problems in solid mechanics, see [25]. The FE method is 
used within this thesis for modelling the compression of single iron 
ore pellets in Paper C and Paper E.  

4.1.3 Multi particle finite element method 

With the multi particle finite element method (MPFEM) all the 
particles in a granular material are discretized individually with a FE 
mesh. A contact interface handles the particle interactions. The 
MPFEM was introduced by Ransing, Gethin and Lewis [26- 30] for 
compaction of metal powder and has also been used and developed by 
Procopio and Zavaliangos [31]. Recently the method has also been 
used by Frenning [32, 33] in applications of compaction of spherical 
granules in 3D. The main advantage with this method is that a mixture 
of particles with different sizes, shapes and material properties can 
easily be analysed. However, the MPFEM generally require extensive 
computational capacity and has its limitations in number of particles 
possible to manage. In this thesis MPFEM is used for studying the 
compression of iron ore pellets in a confined compression test; see 
Paper E. Statistical data of the size, shape and material properties of 
the individual particles are implemented from experimental results in 
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Paper C. The MPFEM model is validated and compared with 
experimental results in Paper D.  

4.2 Constitutive models  

A constitutive model is describing the relation between the stresses 
and strains in a numerical model. The constitutive model is an 
approximation of a real physical behaviour and the constitutive 
parameters needs to be calibrated by experimental testing. In general, 
the more complicated the constitutive model is, the more experiments 
need to be done to find the parameters. The total strains are normally 
divided into elastic and plastic strains. The stresses are related to the 
elastic strains by Hooke’s law. A yield function (failure surface) limits 
the stresses due to plasticity of the material and the plastic 
deformation follows a flow rule for the yield surface. Within this 
thesis, material parameters for two types of constitutive models are 
determined. For the global length scale, i.e. large amounts of iron ore 
pellets, an elastic plastic model for granular material with a pressure 
dependent yield surface is adapted. For the single iron ore pellet 
models, parameters for an elastic plastic strain hardening model are 
determined. 

4.2.1 Global model for iron ore pellets 

The constitutive model for iron ore pellets on the global length scale 
adapted in this thesis is an elastic plastic model with a pressure 
dependent yield surface and plastic volumetric strain hardening. The 
constitutive model is described by two elastic independent parameters; 
a pressure dependent bulk modulus K(p) and Poisson´s ratio . The 
yield function is pressure dependent according to Eq. (1) 
 

( ) 0q F p  (1) 
 
where, q is the deviatoric stress related to the second invariant J2 of 
the deviatoric stress tensor sij according to Eq. (2) and F(p) is a 
function of the yield stress versus the isostatic pressure p. 
 

2
13
2 ij ijq J s s  (2) 
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1
1
3

p I  (3) 

 
In Eq. (3), I1 is the first stress invariant. In Paper B the function F(p) 
is determined from the Norwegian shear tests of iron ore pellets, see 
Eq. (4) with the constants  = 1030kPa and  = 3.5·10-6Pa-1. 
 

( ) (1 )pF p e  (4) 
 
 A schematic view of a failure surface is shown in Figure 7. 

q 

Tension 
cut-off 

Yield sufrace 

p 
 

Figure . Yield surface in the p:q stress plane . 
The elastic parameters are determined in Paper D with refined 
measurements of the bulk properties in instrumented confined 
compression tests. Poisson´s ratio is determined to  = 0.21 and the 
bulk modulus to a function of the pressure according to Eq. (5) with 
the constants a1 = 60.0MPa and a2 = 150.0. 
 

1 2( )K p a a p  (5) 
 
In the same paper the volumetric plastic strain hardening function is 
determined according to 
 

2
1 31c pp

v c e c p  (6) 
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where, p
v is the plastic volumetric strain and the constants are 

determined to; c1 = 0.0082, c2 = 15.0MPa-1 and c3 = 125.0MPa-1.  

4.2.2 Single iron ore pellet model 

A constitutive model with isotropic linear strain hardening described 
in [34] is adapted for the characterization of single iron ore pellets. 
The material parameters describing this model are; Young’s modulus 
E, Poisson’s ratio ´, initial yield stress 0 and tangent modulus Et. 
The yield condition is 
 

 
21 0

2 3
y

ij ijs s  (7) 

 
where y is the yield stress. The yield stress is dependent on the 
effective plastic strain, p

eff according to 
 

0
p

y effH  (8) 
 
where 0 is the initial yield stress and H is the plastic hardening 
modulus 
 

t

t

EEH
E E

 (9) 

 
The constitutive data with statistical spreads are evaluated from 
experimental two point load tests of iron ore pellets in Paper C. 
Constitutive data for single iron ore pellets are presented in Table 1 
with average values μ and 95% prediction interval. 

Table 1. Constitutive data for single iron ore pellets with  
statistical variation. 

Constitutive parameter μ-1.96S μ μ+1.96S 
  3686kg/m3  
  0.20  

E  0 Pa  
0  100Pa  

Et .0 Pa 19.5 Pa 3 .0 Pa 
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4.3 Numerical models 

There are mainly three numerical models of iron ore pellets at three 
different length scales developed in this thesis. A SP model of iron ore 
pellets flow in a flat-bottomed silo is presented in Paper A. In  
Paper C, a FE model of the single iron ore pellet behaviour and 
fracture is presented. The intermediate length scale is modelled with 
MPFEM and is presented in Paper E for determining the stresses and 
fractures in an assembly of iron ore pellets.   

4.3.1 Smoothed particle model of iron ore pellets flow 

An axisymmetric SP formulation and the continuum material model 
for iron ore pellets are implemented to solve a silo problem, see 
Figure 8. The SP model consists of 112 112 computational nodes and 
4800 virtual nodes to describe the boundaries. The computational 
model is a flat-bottomed cylindrical silo with concentric outlet. The 
dimensions and fill height is based on experiments by Chen et al. [1]. 
Their experimental silo had a diameter of 4.2m and a filling height of 
6.4m.  

 

                   

Figure 8. Comparison of flow pattern between the SP simulation 
results and computer visualizations of experiments at 0m3, 1m3 and 

5m3 discharged materials. 
To speed up the simulation time, the circular outlet is fully opened 
with a diameter of 480mm in contrast to the experiment where a 
segment of 110mm was used.  In the experiment, radio tags were 
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placed in seven layers in the silo. During discharging, the residence 
times of the tags are measured and computer visualisations of the flow 
pattern based on a funnel flow are made. The flow pattern in the 
simulation and experiment are compared in Figure 8 at different 
amounts of discharged materials. 

4.3.2 Finite element model of an iron ore pellet 

A finite element model of a single iron ore pellet in the two point load 
test is worked out to simulate the stresses at fracture. An optically 
scanned iron ore pellet is used as the experimental reference for 
validation. The same pellet is meshed and analysed with the 
constitutive data derived for iron ore pellets. The size of the iron ore 
pellet is 11.1mm between the load points. For the mesh, 229 3 6 
eight-node under integrated solid elements is used. The equivalent 
effective stress  according to Eq. (10) is evaluated at the fracture load.  
 

3

1
i

i

 (10) 

 
where, i , are the three principal stresses and  are the Macaulay 

brackets ( x x , if 0x  and 0x , if 0x ). The FE model 
together with the equivalent effective stress at fracture and a picture 
from the two point load test are shown in Figure 9. 
 

   
Figure 9. FE model of an optically scanned iron ore pellet. a, FE 
mesh. b, equivalent effective stress at fracture. c, picture from the 
experimental two point load test of the real pellet after fracture. 

4.3.3 Multi particle finite element model of iron ore pellets 

The multi particle finite element method (MPFEM) is used to model 
the confined compression test of iron ore pellets. The purpose is to 

a, b, c, 
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establish a virtual experimental method for studying the fracture of 
iron ore pellets. The confined compression test is modelled with 
MPFEM by 1680 discretized FE models of the iron ore pellets with 
randomly assigned FE meshes with geometrical, material and friction 
data found in Paper C and Paper D. Statistical distributions of the 
size, shape and material properties are taken into account. The 
MPFEM model is shown in Figure 10 with the equivalent effective 
stress  evaluated in the central elements of each particle, which 
represents the colour for the entire iron ore pellet in the fringe 
component plot. 

 
Figure 10. MPFEM result of the equivalent effective stress [Pa] in the 
centre of each iron ore pellet. To the left: lobal axial applied stress 

ax = 4.3MPa. To the right: lobal axial applied stress 
 ax = 11.0MPa. Results are shown on one half of the model. 

4.4 Numerical software 

The finite element code used within the thesis is LS-DYNA 971 [35]. 
LS-DYNA includes an explicit solver for non-linear FE problems. For 
solving smoothed particle method problems in Paper A, a code is 
developed based on the code written by Liu and Liu [22]. It is a 
FORTRAN code to be run in the Compaq Visual Fortran 6 Developer 
Studio [36]. This code is originally written to solve fluid dynamic 
problems with the SP method. To apply it for granular material 
problems it is implemented with a formulation to solve SP problems 
with material strength. Also an axisymmetric formulation has been 
included to increase the efficiency to solve silo problems. 
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Chapter 5 

Summary of  appended papers  

5.1 Paper A  

In Paper A, the smoothed particle (SP) method is used to simulate iron 
ore pellets flow. A continuum material model, describing the yield 
strength, elastic and plastic parameters for pellets as a granular 
material is used in the simulations. The most time consuming part in 
the SP method is the contact search of neighbouring nodes at each 
time step. In this study, a position code algorithm for the contact 
search is presented. The cost of contact searching for this algorithm is 
of the order Nlog2N, where N is the number of nodes in the system. An 
axisymmetric formulation is implemented in the SP code for 
simulation of iron ore pellets flow in a flat-bottomed silo. The 
simulation results are compared with data from an experimental 
cylindrical silo, where pellets are discharged from a concentric outlet. 
Primary the flow pattern is compared.  
 Relation to thesis: The paper is a numerical development and 
evaluation of the SP method for simulating iron ore pellets flow. The 
main results from this study show that it is possible to simulate large 
quantities of iron ore pellets with the continuum based SP method.  

5.2 Paper B  

In Paper B, an elastic-plastic continuum material model for blast 
furnace pellets is worked out from experimental data. The equipment 
used is a Norwegian shear test apparatus, designed for compression 
and shear test of granular material with a size less than 100mm. It 
consists of a cylindrical cell filled up with iron ore pellets surrounded 
by a rubber membrane and a rigid top and bottom. Two types of tests 
are performed. One test is pure compression and unloading and the 
second is shearing at different stress levels. Evaluation of these tests is 
done and the elastic-plastic behaviour of iron ore pellets is 
characterized. Constitutive data of two elastic parameters and a yield 
function is determined. The present material model captures the major 
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characteristics of the pellets even though it is too simple to completely 
capture the complex behaviour shown in the experiments. 
 Relation to thesis: The paper is an experimental evaluation of 
material parameters for a global constitutive model for iron ore 
pellets. It provides a yield function for the global continuum model of 
iron ore pellets. The experiments also increased the knowledge of the 
mechanical behaviour of iron ore pellets.  

5.3 Paper C  

This paper describes the experimental and numerical work to 
investigate the mechanical properties of blast furnace iron ore pellets. 
To study the load deformation behaviour and the fracture of iron ore 
pellets, a number of point load tests are carried out and analysed. 
Material parameters for an elastic-plastic constitutive model with 
linear hardening for iron ore pellets are derived and expressed in terms 
of statistical means and standard deviations. Two finite element 
models are developed for different purposes. For the material 
parameter determination, a perfectly spherical model is used. The 
constitutive model is validated with a finite element model based on a 
representative optically scanned iron ore pellet. The proposed 
constitutive model is capturing the force displacement relation for iron 
ore pellets in a two point load test. A stress based fracture criterion, 
which takes the triaxiality into account is suggested and calculated as 
the maximum equivalent effective stress dependent of the three 
principal stresses at fracture. The results of this study show that the 
equivalent effective stress in the vicinity of the centre of an irregular 
model of an iron ore pellet is very close to the results of a model of a 
perfectly spherical iron ore pellet. The proposed fracture criterion 
indicates fracture in the representative iron ore pellet model coincident 
with the location of the crack developed during the test of the optically 
scanned iron ore pellet. 
 Relation to thesis: This paper is a numerical and experimental 
development for characterization and modelling of single iron ore 
pellets behaviour and fracture. It provides constitutive data and a FE 
model including a fracture criterion for iron ore pellets. Results in this 
paper are used for simulations in Paper E. 
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5.4 Paper D  

In this paper, an experimental method for measuring the bulk 
properties and fracture load relation for iron ore pellets is presented. 
Instrumented confined compression tests are carried out for different 
load levels. Measurement data of the axial and radial stresses and the 
axial displacement are recorded in each test. Measurements of 
fractured iron ore pellets are carried out at different loads up to 20% 
crushed material. From the measured data, Poisson´s ratio, bulk 
modulus and a plastic strain hardening function are determined. In 
addition, friction measurements of iron ore pellets have been carried 
out for different loads and configurations. The determined constitutive 
relations reproduce the loading and unloading behaviour of the 
material with good agreement up to the critical fracture load. In 
conclusion the developed test method is usable for the determination 
of bulk properties and fracture of iron ore pellets. 
 Relation to thesis: This paper is an experimental investigation of 
iron ore pellets in compression. Constitutive data for the global 
continuum model of iron ore pellets are evaluated from the tests. Also 
the frictional behaviour is investigated, necessary as input for the 
simulations in Paper E. The load-deformation data and the fracture 
measurements are used as validation for Paper E. 

5.5 Paper E  

In this paper, the multi particle finite element method (MPFEM) is 
used to simulate confined compression of iron ore pellets. In the 
MPFEM model, the iron ore pellets are represented by 1680 finite 
element (FE) discretized particles ( -16 mm). The size, shape and 
material properties are statistically distributed. The contacts are 
modelled with the penalty stiffness method and Coulomb friction. The 
compression is simulated in two steps. In the first step, the iron ore 
pellet models are sparse placed in the computational model of the steel 
tube and a gravity driven simulation is carried out to make the pellets 
arrange randomly. In a second step, the compression is simulated by a 
prescribed motion of the upper compressive platen. From the MPFEM 
simulation, the stresses inside the individual pellet models are 
evaluated and the fracture probability of the iron ore pellets are 
derived and compared with experimental data. Also data of the global 
axial and radial stresses and axial displacement are presented and 
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compared with experimental confined compression test data. In 
conclusion, the MPFEM model can reproduce the fracture ratio of iron 
ore pellets in uniaxial confined compression and is a feasible method 
for virtual fracture experiments of iron ore pellets. 
 Relation to thesis: This paper is a numerical investigation of the 
intermediate length scale of iron ore pellets and is the tool to link the 
global length scale to the single iron ore pellet length scale. Model 
data of single iron ore pellets from Paper C is used as input to the 
model and the global response is compared to data in Paper D.  
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Chapter 6 

Conclusions 

The aim of the work presented in this thesis was to increase the 
knowledge of the mechanical stresses in iron ore pellets and its effects 
on the level of damaged material in the handling chain. This thesis 
presents the first models for the mechanical behaviour and fracture of 
iron ore pellets and is a good basis for further modelling works. 
Mechanical characterization and modelling of iron ore pellets on three 
different length scales has been carried out. Three experimental 
methods has been explored and developed with the following main 
conclusions drawn:  

 
 The Norwegian shear cell is an appropriate method for 

determining the deviatoric behaviour on a large amount of iron 
ore pellets. 
 

 The instrumented confined compression test is a robust test 
method for determining the bulk behaviour and a fracture load 
relation for iron ore pellets. Constitutive relations for iron ore 
pellets are derived with good agreement with the tests up to the 
critical fracture load. 
 

 The two point load test is a simple and effective method for 
determining constitutive data and fracture of iron ore pellets. 
Determining Young´s modulus from the unloading slopes and 
a Herzian relationship for spheres is concluded to give a good 
estimate.  
 

Numerical methods with implemented constitutive models for iron ore 
pellets on different length scales are developed and evaluated. Most of 
the numerical results have been compared with experiments. Main 
conclusions from the numerical results are: 
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 The smoothed particle method is an applicable method for 
simulation iron ore pellets flow. Flow patterns in the model 
and experiments are comparable. 
 

 The finite element model with the proposed constitutive model 
in Paper C, captures the force displacement behaviour of two 
point loaded iron ore pellets. The fracture criterion formulated 
indicates fracture coincident with experimental results. 
 

 The multi particle finite element model presented is capable of 
determining fracture in an assembly of iron ore pellets in 
contact. MPFEM can be used as a virtual experimental method 
for determining fracture of iron ore pellets subjected to 
different stress states. 
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Chapter 7 

Scientific contribution 

At the start of this research, in 2006 there were few published studies 
on iron ore pellets mechanical properties and fracture loads. The focus 
on the present research is material characterization and modelling of 
iron ore pellets on multiple length scales.  
 This thesis has resulted in new knowledge of a methodology for 
characterizing coarse-grained granular materials. It contributes with 
three experimental methods developed to characterize iron ore pellets 
mechanical properties including fracture. The experimental results 
also contribute as validation for numerical simulations.  
 Numerical models of iron ore pellets at different length scales have 
been established. This includes modelling flow, stresses and fracture 
prediction. The work can be a valuable contribution to further 
development of the handling and storing processes of coarse-grained 
granular materials and numerical simulations of such processes. 
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Chapter 8 

Application of  results 

The work within this thesis contributes with the first fundamental 
tools to predict fracture in the storing and handling chain for iron ore 
pellets. Paper A, Paper B and Paper D contributes with the 
fundamentals to utilize numerical simulations to predict the material 
flow and stresses on a global length scale, e.g. in a silo. Paper C 
contributes with experimental and numerical techniques to 
characterize and describe the mechanical behaviour including fracture 
on single iron ore pellets. Paper E contributes with the link between 
the two length scales.  
 A methodology of multiple scale modelling is applicable. In Paper E 
it was shown that the MPFEM model was capable to reproduce the 
fracture-load relation of iron ore pellets in uniaxial compression. The 
same model could then be used as a virtual experimental tool to test 
other load paths, e.g. hydrostatic loading and pure shear, and evaluate 
the fracture-load relation for those. By this procedure, iso-fracture 
lines for iron ore pellets at different stress states can be established. 
The iso-fracture lines can be used as a post processing tool to 
determine the fracture on local length scale for continuum simulations 
on global length scale. By tracing the stress history of the elements, 
see the principle sketch in Figure 11, the fracture ratio for each 
element is determined. The element following the marked stream line 
in Figure 11 with the corresponding stress history in the p:q diagram 
results in ~9% of fractured material for that element (as an illustrative 
example).  
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q
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15% fracture 

Stream line 

10% fracture 

5% fracture 

Figure 11. Principal sketch of an element’s fracture along a stream 
line with the corresponding stress history in the p:q stress plane with 

iso-fracture lines. 
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Chapter 9 

Suggestions for future work  

The work presented within this thesis shows the first models and 
methods for determining the mechanical behaviour and fracture of 
iron ore pellets. With the current models it is possible to evaluate 
different silo designs and compare differences in fractured material 
between different designs. One interesting application could be to 
simulate the large silos in Narvik, described in Chapter 2. One 
preliminary model of a Narvik silo with SP discretization of the iron 
ore pellets and the silo structure modelled with FE is shown in  
Figure 12. With the methodology of multiple scale modelling and iso-
fracture lines, a prediction of the amount of fractured iron ore pellets 
in the silo could be made. 

 
Figure 12. Model of a Narvik silo. To the left: Pressure distribution 

[Pa]. To the right: Velocity distribution [m/s]. 
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There are also possibilities to further improve the presented models. 
One possibility could be to include a damage model. With a damage 
model the change in behaviour due to fracturing could be captured 
with more realistic responses.  
 Another possibility is to go further down in length scale and model 
the inner structure of the iron ore pellets with pores, grains and cracks. 
With such a model the dependency of the inner structure on the 
strength of the iron ore pellet could be studied more deeply. 
Microtomography equipment could be used to make images of the 
structure which would be used as the geometrical frame for the 
modelling. Such collaboration has started where the crack sensitivity 
on the strength of reduced iron ore pellets are analysed with 
microtomography and finite element simulations. An iron ore pellet 
analysed with microtomography in this study is shown in Figure 13. 
 

Figure 13. An iron ore pellet analysed with micro tomography. a, 
photography of the pellet. b, tomographic reconstruction. c, 

visualisation of the 3D crack networks. 
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Abstract 

In this work the Smoothed Particle Hydrodynamics (SPH) method is 
used to simulate iron ore pellets flow. A continuum material model 
describing the yield strength, elastic and plastic parameters for pellets 
as a granular material is used in the simulations. The most time 
consuming part in the SPH method is the contact search of 
neighboring nodes at each time step. In this study, a position code 
algorithm for the contact search is presented. The cost of contact 
searching for this algorithm is of the order of Nlog2N, where N is the 
number of nodes in the system. The SPH-model is used for simulation 
of iron ore pellets silo flow. A two dimensional axisymmetric model 
of the silo is used in the simulations. The simulation results are 
compared with data from an experimental cylindrical silo, where 
pellets are discharged from a concentric outlet. Primary the flow 
pattern is compared. 

Keywords 

SPH; Contact search algorithms; Iron ore pellets; Flow pattern. 
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1 Introduction  

Many studies exploring flow patterns and stress fields in granular 
solids stored in silos are analysed with discrete element method 
(DEM), (see e.g. Ting et al [1], and Potatov and Campbell [2]) or 
finite element (FE) computations (see e.g. Haussler and Eibl [3] and 
Karlsson et al. [4]). The drawback with DEM calculations is its 
limitation in numbers of particles possible to use in practical 
applications. With a numerical solution method based on continuum 
mechanics modelling, the problem can be solved with less 
computation nodes. Once the constitutive relation for the granular 
material is described, the governing equations can be solved by an 
appropriate numerical method. In this work a continuum material 
model for iron ore pellets as a granular material is worked out from 
experimental tests on pellets and through finite element analyses of 
the experiments. For the numerical simulations of silo flow Smoothed 
Particle Hydrodynamic (SPH) method is used. This is a meshfree 
computational technique where each calculation node is associated 
with a specific mass, momentum and energy. Properties within the 
flow such as density and movements of the nodes results from 
summation of the neighbours of each node to solve the integration of 
the governing equations. The fact that there are no connections 
between the nodes in SPH, results in a method that can handle 
extremely large deformations. This is a major advantage versus FE 
analysis. This paper presents a simulation of pellets in a flat bottomed 
silo, where the flow pattern is compared with experimental studies of 
silo discharging. 

2 Material modelling 

Iron ore pellets are described as a coarse-grained granular material. To 
determine the proper parameters for the material model some 
experimental tests are needed. Normally the more complex the model 
is, the larger numbers of parameters is needed to describe it. Therefore 
it is of interest to use a simple model in order to identify the 
parameters from a limited number of tests. The material model is 
worked out from tests on screened iron ore pellets with a very small 
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amount of fines. The tests have been performed indoor in a dry 
environment. 

2.1 Constitutive model 

In this work a simple elastic-plastic model developed for concrete by 
Krieg [5] is used for the iron ore pellets material description. The 
material model is characterised by a constant shear modulus, G, a 
piece-wise linear loading curve describing the dependence of the 
pressure, p, as a function of the volumetric strain, v, and an unloading 
bulk modulus, K. The yield surface is written in the form 
 

03 ½2
210 papaaf vm  (1) 

 
where a0, a1 and a2 are yield surface parameters and vm is the 
provisional von Mises flow stress 
 

23Jvm  (2) 
 
where J2 is the second stress invariant. No strain hardening is 
assumed. 

2.2 Characterisation 

The material parameters describing the model above are worked out 
from experimental compression tests and shear tests on iron ore 
pellets. The tests were done at the Division of Soil Mechanics at Luleå 
University of Technology. By finite element analyses of the 
experiments, different yield surface parameters were tested to fit the 
experimental data. Values of the material parameters from the 
characterization are given in Table 1.  

Table 1. Material model parameters 
G [MPa] K [MPa] a0 [Pa2] a1 [Pa] a2 

7.0 32.0 0.0 7.8E3 0.3164 
v p [kPa] 

0 0 
0.0105 240 
0.0180 480 
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3 Numerical procedures 

The SPH numerical calculations are performed using an in-house code 
for simulation of flows with material strength, based on the source 
code provided in [6].  

3.1 Smoothed particle hydrodynamics 

In SPH the problem domain is represented by a finite set of nodes 
with specific mass, mi, and density, i. Except from representing the 
geometry, the nodes are also acting as the computational frame for the 
governing equations. The internal density and internal forces in solids 
with material strength are given by the conservation equations of 
continuum mechanics, where the nodal velocities, v , are the primary 
variables, according to 
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where  is the stress tensor and x  is the Cartesian coordinate. The 
field functions are converted to discrete form via a kernel function and 
a particle approximation, according to 
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where N is the number of pairs in contact and Wij a kernel function. 
Each node’s function value is a result of a summation of the 
neighbouring nodes where the influence is varying with the distance 
between the nodes and the value of the kernel function. The kernel 
function, Wij(R, h), depend on the smoothing length, h, which is of the 
order of the initial separation distance between the nodes. In this work 
a cubic B-spline is used for the kernel function   
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where R is the relative distance between two nodes x and x´ with 
respect to h and d is a constant equal to 1/h, 15/7 h2, 3/2 h3 in one-, 
two- and three dimensional space respectively. The stress tensor, , 
is described by a constitutive model. In solid mechanics the total stress 
tensor is usually divided into two parts, one part of the isotropic 
pressure, p, and the other part of the shear stress,  , as 
 

p  (6) 
 
The Jaumann stress rate is used as objective stress rate. The shear 
stress rate is then coupled to the strain rate deviator, , and 
rotational rate tensor, R , via the shear modulus, G, as 
 

RRG2  (7) 
 
The strain rate tensor and the rotational rate tenor are functions of the 
velocity gradient. They are in SPH formulation given by: 
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where ijv  is the difference in velocity between node j and i. 
 
 ijij vvv   (10) 
 
Here the pressure term is a piecewise linear function of the volumetric 
strain, v. The volumetric strain rate is given by: 
 

zyxv  (11) 
 
By time integration of the shear stress rate and the volumetric strain 
rate the shear stress and volumetric strain is obtained, according to 
 

dttdtt  (12) 
 

dtvv
t

v
dtt  (13) 

 
Yielding is controlled by the provisional von Mises flow stress. If von 
Mises flow stress exceeds the yield strength of the material, q, the 
shear stress is scaled back under the yield surface, according to 
 

23J
q  (14) 

3.1.1 Axisymmetric formulation 

A two dimensional axisymmetric SPH formulation is implemented 
according to [7, 8]. Here each node represents a torus ring with a 
specific density and mass. All nodes are given the same mass which 
leads to an increasing distance between the nodes towards the 
symmetry axis. The smoothing length, h, is set equal to the distance 
between the nodes and is therefore also varying with the radius, ri, 
according to 
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i
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The kernel function is divided with the circumference. A hoop stress 
is arising in the radial acceleration term.  
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Governing equations for 2D axisymmetric formulation are written 
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where ri, zi is the radial- and vertical coordinate in a cylindrical 
coordinate-system and ijZ is given by: 
 

22
jjjiiiij rr   (17) 

 
The strain and rotation rate tensors are in similar way divided with the 
circumference, according to  
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where uij and vij is given by Eq. (10) with  equal to r and z 
respectively. For a fully surrounded node, i, moving at constant 
velocity, ui, the equation for the tangential strain rate approaches  
 

iii ru  (19) 

3.2 Contact search algorithm 

An accurate and efficient procedure for the influence node search is of 
great importance for the computation time in SPH. In this work a 
position code algorithm developed for FE simulations by Oldenburg 
and Nilsson [9] is adapted for the influence node search in SPH. This 
is a contact search algorithm but is used to find influence nodes in the 
same manner. The cost of contact searching is for this algorithm in the 
order of Nlog2N, where N is the number of nodes in the system. With 
the position code algorithm, the problem of sorting and searching in 
three dimensions is transformed to a process of sorting and searching 
within a one-dimensional array. The contact search is divided in 
global search and local search. 

3.2.1 Global search procedure 

Each node in the model is interacting with other nodes in the vicinity. 
The smoothing length, h, is deciding how far from the calculation 
node the interaction occurs. The purpose of the global search 
procedure is to extract the nodes that are candidates for contact from 
other nodes. The criterion for matching a node with another is that it is 
found in the contact territory of the node. This territory is an 
expansion of the interaction volume. The expansion ensures that the 
contact nodes are found when they are approaching the influence 
volume. With a specific territory expansion, ht, a known maximum 
relative nodal velocity, vm, and a time step t, the number of time 
steps between global searches can be adjusted by the expression: 
 

tv
h

n
m

t
s int   (20) 

 
where ns is number of time steps between searches.  The segment 
territory is defined by the smallest cubic box that can hold the 
candidate contact nodes in the territory. Here the box length is set to 
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1.5h. The detection of contact nodes within the segment territories is 
performed with an algorithm based on sorting and searching in one 
dimension. The mapping from three dimensions to one is achieved by 
the definition of a discrete position code. Each cubic box is assigned a 
number relative to its position in the global coordinate system. All 
nodes are then assigned a position code corresponding to the position 
box where they are currently situated. The expression for the position 
code is given by: 
 

zyxc bbbp 102410242  (21) 
 
where  pc is the position code and bx, by, bz are the box number in each 
dimension. The position code is constructed by use of three 10-bit 
fields in a 32-bit integer variable. The binary search procedure (see 
e.g. [10]) is used to process the position code vector and find out the 
position code numbers that correspond to position boxes which are 
intersecting the expanded territory of the actual node. A necessary 
condition for binary search is that the position code vector is sorted. 
Initial sorting is performed after the first time step. The following 
incremental deformation cause little distortion of the nodes between 
each time step. The intervals between the global searches span a 
limited number of time steps. Thus only a few changes of the position 
code take place. With this in mind the straight insertion sorting 
algorithm (see e.g. [11]) can be used. The cost for sorting with this 
algorithm is close to O(N). This implies that the total cost for the 
global search remains O(Nlog2N). 

3.2.2 Local search procedure 

When global search procedure is completed the candidate contact 
nodes is matched with the influence distance in the local search 
procedure in order to see if the node is in contact. The procedure for 
this is by comparing all candidate nodes with the influence distance. 
Most of the nodes that are not in contact is sorted out in the global 
search procedure, therefore the cost of the local search is close to 
O(N). Local search procedure is performed at each time step. 
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4 Numerical simulations

Two simulation studies are carried out in this work. The first study is a 
test of the efficiency of the position code algorithm for the contact 
search in SPH. The second is a test of SPH in the application of 
simulating iron ore pellets flow. 

4.1 Comparison of direct search- and position code 
algorithm  

The position code algorithm described above is compared with a 
simple direct search algorithm where all nodal distances are compared 
with each other. The cost for contact search for this type of algorithm 
is of the order N2. The comparison is performed by a simulation of the 
deformation of a metal cylinder resulting from normal impact against 
a rigid wall (Taylor test). A 3D-SPH model with the same parameters 
for the two algorithms is used for the simulations. The initial length of 
the steel bar is 25.4mm and the initial diameter is 7.6mm. An elastic-
plastic material model with no hardening is used to describe the steel 
material, with following material properties: Young´s modulus, 
E=206GPa; Poisson´s ratio, =0.3; Mass density, =7850kg/m3; 
Yield strength y=500MPa. The impact velocity is 220m/s. Four 
simulations are made for each algorithm with different numbers of 
nodes, describing the cylinder. The simulations are computed on a 
2.0GHz Intel Centrino Duo processor. Figure 1 shows the initial and 
the final state of the computational model.  
 

 
Figure 1.  SPH model of the high velocity impact of a steel cylinder. 

Initial and final state. (10503 nodes). 
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The average computation times to compute one time step for the four 
nodal setups and the two algorithms are compared in Table 2. In 
Figure 2 the result is visualized by plotting the pairs in contact vs. the 
simulation time for one time step. 

Table 2. CPU-time data. 
Number of 
 nodes 

Total Pairs CPU-time/time step [s] 
Direct 
Find 

Pos. Code Algorithm 

2203 100000 0.52 0.22 
4636 215000 1.86 0.49 
10503 510000 8.72 1.11 
28135 1400000 55.74 3.42 

 

 
Figure 2.  CPU-time comparison between direct search algorithm and 

position code algorithm. 

4.2 Iron ore pellets silo flow 

The computational model is a flat bottomed cylindrical silo with a 
concentric outlet. The dimensions and filling height is based upon the 
full scale experiments by Rotter et al. [12, 13]. This means a diameter 
of the silo of 4200mm and a filling height of 6400mm. A major 
difference between the model and the test is the shape of the outlet. 
Due to limited computer capacity a fully opened circular outlet of 
480mm is used in the simulation. In the experiment a slide valve is 
controlling the discharge. This slide valve is during the test opened 
only 110mm, which make the outlet in a shape of a segment. A floor is 
collecting the discharged material under the silo. The simulation is 
performed with the SPH method described above with the 
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axisymmetric formulation. 112112 nodes are used to describe the 
pellets domain and 4800 virtual nodes to describe the walls of the silo 
and the floor. The virtual nodes have the same properties as the real 
nodes. A bulk density of 2260kg/m3 is used. The position code 
algorithm is used for the neighbour search and a time step of 60 s is 
used. To get a steady start after the gravity is applied the outlet is 
closed the first 0.5s of the simulation time. The initial and final 
configuration of the model is seen in Figure 3.  

 
Figure 3.  Computational model for the 2D axisymmetric silo 

discharge simulation, initial and final state. In order to get a better 
view of the nodal setup, only each fifth node is seen in the figure. 

4.2.1 Silo flow pattern 

There are different ways of visualizing the flow pattern in the silo. 
One way is by a vector plot showing the velocity distribution in the 
silo. Figure 4 shows a typical flow. An internal flow in the middle of 
the silo is discharging the silo while material at the sides is standing 
still. Top surface material is discharged before side material at lower 
levels of the silo. 

 
Figure 4.  Velocity field after 5m3 of discharged volume. 
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4.2.2 Comparison with experiment 

To compare the numerical results with experiment, seven layers in the 
silo is marked and traced through the solution. In the experiment (see 
[12]) radio tags were placed in the silo at these levels. The residence 
time in the silo for the radio tags is measured during the discharge 
process. By the assumption of funnel flow a computer program 
visualizes the flow pattern at different times.  The initial locations of 
the radio tags are marked in the simulation model and the positions at 
three different volumes of discharge are compared with the computer 
visualizations of the experiment in Figure 5. The reason for comparing 
the discharge volume instead of discharge time is the difference in 
outlets between the experiment and the SPH model. 

 

              
Figure 5.  Comparison in flow pattern between the SPH-simulation 

results and the computer visualizations of the experiment (from [13]). 
Upper row shows the SPH simulation results and the lower row shows 

the visualization of the experiment. From left to right the figures 
shows the state at start time, after 4min and after 10min of 

discharging (experimental discharge times). This is corresponding to 
1m3 and 5m3 of discharged material respectively. 
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5 Discussion and conclusions 

It is possible to simulate iron ore pellets flow with the SPH method is 
concluded in this work. Figure 5 shows a similar flow pattern of the 
simulation results and the visualization of the experiment. Differences 
in outlets give different discharge rates. According to this only the 
appearance in flow behaviour is comparable. 
 As SPH is an explicit method, the length of the time step is 
determined by the Courant criterion. This leads to very small time 
steps compared to the simulated process, resulting in long 
computation times. A faster process e.g. a silo with a larger outlet 
would reduce the number of time steps and be better suited for 
simulation with SPH. The number of nodes in the model is dependent 
of the smallest characteristic length in the geometry to resolve. In a 
silo the outlet is the smallest characteristic length, a larger outlet is 
therefore also reducing the number of nodes, and thereby the 
computation time. 
 The time to compute one time step is strongly dependent of the 
influence node search in SPH. The position code algorithm is well 
suited for this purpose in 3D-SPH is also concluded in this work. As 
can be seen in Figure 2 the computation time for large problems is 
remarkably reduced compared to the simple direct search algorithm. 

Acknowledgments 

Financial supports from the mining company LKAB, Sweden and 
Luleå University of Technology are gratefully acknowledged. 

References 

[1]  Ting, J.M., Khwaja, M., Meachum, L. R., and Rowell, J. D., An 
Ellipse-Based Discrete Element Model for Granular Materials, 
Int. J. Numer. and Analytical Methods in Geomech., 17(9), 603-
623 (1993). 

 



 Paper A 

A:15 
 
 

[2] Potapov, A. V., and Campbell, C. S., A Fast Model for the 
Simulation of Non-Round Particles, Granular Matter, 1, 9-14 
(1998). 

 
[3] Haussler, U., and Eibl, J., Numerical Investigations on 

Discharging Silos, J. Engrg. Mech., ASCE, 110(6), 957-971 
(1984). 

 
[4] Karlsson, T., Klisinski, M., Runesson, K., Finite Element 

Simulation of granular Material Flow in Plane Silos with 
Complicated Geometry, Powder Tech., 99, 29-39 (1998). 

 
[5] Krieg, R. D., A Simple Constitutive Description for Cellular 

Concrete, Sandia National Laboratories, Albuquerque, NM, 
Rept. SC-DR-72-0883 (1972). 

 
[6] Liu, G. R., Liu M. B., Smoothed Particle Hydrodynamics, 

World Scientific Publishing, Singapore, ISBN 981-238-456-1 
(2003). 

 
[7] Johnson, G. R., Petersen E. H., and Stryk R. A., Incorporation 

of an SPH Option into the Epic Code for a Wide Range of High 
Velocity Impact Computations, Int. J. Impact Engrg., 14, 385-
394 (1993). 

 
[8] Brookshaw, L., Smooth Particle Hydrodynamics in Cylindrical 

Coordinates, Aniziam J., 44(E), C114-C139 (2003). 
 
[9] Oldenburg, M., Nilsson, L. G., The Position Code Algorithm for 

Contact Searching, Int. J. for Numer. Methods in Engrg., 37, 
359-386 (1994). 

 
[10] Tenenbaum, A. M., and Augenstein, M. J., Data Structures 

Using pascal, Prentice-Hall, Englewood Cliffs, N.J., (1981). 
 
[11] Wirth N., Algorithms + Data structures = Programs, Prentice-

Hall, Englewood Cliffs, N.J., (1976). 
 



 Smoothed particle hydrodynamic simulation of iron ore pellets flow 

A:16 
 
 

[12] Rotter, J. M., Ooi, J. Y., Chen, J. F., Tiley, P. J., and 
Mackintosh, I., Flow Pattern measurement, Tech. Rep. R95-
008, The University of Edinburgh, Scotland (1995). 

 
[13] Chen, J. F., Rotter J. M., Ooi J.Y., and Zhong Z., Flow Pattern 

Measurement in a Full Scale Silo Containing Iron Ore, Chem. 
Engrg. Science, 60, 3029-3041 (2005). 

 



Paper B 





 Paper B 

B:1 
 
 

Experimental characterization of 
constitutive data of iron ore 

pellets 
 
G. Gustafsson1, H.-Å. Häggblad1 and S. Knutsson1 

 

1  Luleå University of Technology, Division of Mechanics of Solid Materials,  
SE-97187, Luleå, Sweden 

2  Luleå University of Technology, Division of Mining and Geotechnical Engineering, 
SE-97187, Luleå, Sweden 

Abstract 

For trustworthy numerical simulations of iron ore pellets flow, 
knowledge about the mechanical properties of pellets is needed. In 
this work, an elastic-plastic continuum material model for blast 
furnace iron ore pellets is worked out from an experimental data. The 
equipment used is a Norwegian simple shear apparatus, designed for 
compression and shear test of granular material with a grain size less 
than 100mm. It consists of a cylindrical cell filled with pellets 
surrounded by a rubber membrane and a rigid top and bottom. Two 
types of tests are performed. One test is pure compression and 
unloading and the second is shearing at different stress levels. 
Evaluation of these tests is performed and the elastic-plastic behaviour 
of iron ore pellets is characterized. Determined constitutive data are 
two elastic parameters and a yield function. The presented material 
model captures the major characteristics of the pellets even though it 
is too simple to completely capture the complex behaviour shown in 
the experiments.  
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1 Introduction  

Iron ore pellets are sintered, centimetre-sized spheres of ore with high 
iron content and are produced in two verities: blast furnace pellets 
(BF) and direct reduction pellets (DR). The pellets are used together 
with carbonized coal in production of iron. Handling of iron ore 
pellets is an important part in the converting process and knowledge 
about this sub process is very important for further efficiency progress 
and increasing product quality. The pellets are passing through a 
number of transportation and handling systems like conveyor belts, 
silo filling, silo discharging, railway and shipping in the handling 
chain. During these treatments, the pellets are exposed for stresses and 
abrasion resulting in degradation of strength and disintegration. To 
study and optimize processes of transportation and handling of bulk 
material, traditionally half or full scale experiments have been used 
[1, 2]. The focus of these studies is often the pressures on the 
surrounding structures and not the stresses in the bulk material. A 
reason for this is that it is hard to measure the actual stresses inside the 
bulk material and analyse the mechanism behind the degradation. 
Another drawback with full-scale experiments is that they are very 
time consuming and costly to perform. Numerical simulations of these 
processes give a possibility to study the processes in more detail. Most 
of the work so far in simulation and constitutive modelling of granular 
materials are performed on fine materials e.g. soils [3] and metal 
powder materials [4]. Extensive work have also been made on 
numerical simulations of silo flows with the finite element (FE) 
method and discrete element (DE) method, see e.g. [5]. To simulate 
and study the discharge of a silo containing iron ore pellets, a 
continuum based method like FE or smoothed particle (SP) method 
are preferable before DE methods because of the dimension of the 
problems, see page 565 in Brown and Nielsen [5]. For future 
trustworthy numerical simulations of such problems, knowledge about 
the mechanical properties of iron ore pellets is needed. This work 
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describes the elastic-plastic material characterization for blast furnace 
iron ore pellets from experimental data and brings some new 
knowledge for an appropriate material model for iron ore pellets as a 
continuum. Determined constitutive data for the pellets bulk material 
are two elastic parameters and a yield function. A Norwegian simple 
shear apparatus, principle see Banerjee and Butterfield [6] page 187, 
designed for axial compression and cyclic shear tests of granular 
material with a grain size up to 100mm is used.  

2 Experimental 

The experimental part of this work aims to evaluate constitutive data 
for an iron ore pellets material model, to be used for continuum based 
numerical simulations of iron ore pellets flows. Extensive work has 
been made on characterization and constitutive modelling on materials 
like soils [6, 7] and metal powder materials [8]. Data for iron ore 
pellets are lacking. In this work, the characterization is made on 
pellets, treated as a granular media with grain size of 9-16 mm, tested 
in a meter-scale Norwegian simple shear apparatus. The experimental 
data is gathered from three compaction and unloading tests and three 
shear tests of batches of iron ore pellets. The strategy of the 
characterization work is first to determine the deformation behaviour 
of the shear cell in order to compute the volumetric strain. Next, the 
complete stress state in the samples is determined. For this purpose, 
the elastic properties of the wire rope enforced rubber membrane were 
to be characterised. As the stress- and strain state is resolved, the data 
is fitted to an elastic-plastic material model [9]. 

2.1 Materials 

The material tested is customer ready blast furnace (BF) pellets, 
collected from the LKAB (Luossavaara-Kiirunavaara AB, Sweden) 
pelletizing plant in Kiruna, Sweden. In the pelletizing process are 
undesirable components separated from the raw material, and 
additives that can to a certain degree improve product characteristics, 
are added. Olivine (a magnesium silicate) is added to LKAB pellets to 
improve their reducibility and mechanical strength in the blast 
furnace. After separation and additives have been added, the ore is 
rolled into balls (green pellets) in drums or on discs. Last step in the 
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pelletizing process is the sintering where the green pellets are heated 
to a temperature of about 1250°C that gives the pellets considerable 
higher mechanical strength. The screen analysis and some other 
pellets data are gathered in Table 1. The smallest fractions (fines) are 
removed by screening before each test. 

Table 1. Product facts, blast furnace pellets, from [10]. 
Density [t/m3] Crushing 

Strength 
Screen analysis % passing 

Solid Bulk 10-12.5mm 
[daN] 

16.5 
[mm] 

12.5 
[mm] 

9 
[mm] 

3.7 2.2 250 99 78 3 

2.2 Experimental arrangement 

The experimental equipment used is a Norwegian simple shear 
apparatus designed for shear test of granular material with a size less 
than 100mm and thereby suitable for the testing of iron ore pellets, 
here 9-16mm. The test equipment consists of a top and bottom made 
of steel here considered rigid. The depths of the top and bottom are 
65mm and 60mm respectively. Inside the top and bottom, 
reinforcement bars are placed to prevent pellets to transfer in radial 
direction in these regions. The top and bottom are connected by a 
21mm rubber membrane enforced with a stainless steel wire rope of 
4mm. Inner diameter of the membrane is 645mm and the outer 
circumference is 2.158m before loading. This membrane carrying the 
hoop stress in the shear cell. The shear cell is adjustable to manage 
filling heights between 500mm and 700mm. To apply movement in 
vertical and horizontal directions, two piston cylinders are connected 
to the cell. The force controls the movement in vertical direction and 
the piston stroke is measured. The displacement controls the 
movement in horizontal direction while the force is measured. 
Maximum piston stroke lengths are 240mm, maximum vertical force 
500kN and maximum horizontal force 200kN. To the left in Figure 1, a 
picture of the test arrangement is shown and to the right, a schematic 
view of the testing cell. 
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Figure 1. Experimental setup. To the left: picture of the test 

arrangement. To the right: schematic view of the testing cell. 

2.3 Experimental program 

Two types of tests were performed. First, three compaction and 
unloading tests were performed (#C1-#C3). In these tests, the testing 
cell was loaded stepwise from zero to different maximum loads and 
then continuously unloaded. During the test the vertical force and 
displacement of the shear cell was continuously measured by logging 
the upper piston cylinder. In addition, the circumference was 
measured manually with a measure tape at each load step during the 
loading phase. Measurements were done on the middle of the 
membrane outside the 21mm rubber membrane. 
 The other type of test performed were three shear tests (#S1-#S3), 
where the cell were loaded vertical to different specified loads that 
were held constant during shearing. The shearing was controlled by 
the lower piston cylinder to a constant shear rate of 240mm/min. The 
maximum shear length was 120mm at each test. Measured data was 
the force and displacement of the two piston cylinders. This test was 
performed with a number of shear cycles. No circumference 
measurements were performed during these tests. A summation of the 
tests performed is gathered in Table 2. 
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Table 2. Summation of tests performed. 
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#C1 0.653 0.632 465 102 - 2.164 Compression  
& unloading 

#C2 0.633 0.603 451 298 - 2.195 Compression 
& unloading 

#C3 0.543 0.514 387 394 - 2.196 Compression 
& unloading 

#S1 0.705 0.706 502 15 9.55 Not  
measured 

Compression 
& shearing 

#S2 0.616 0.610 439 120 54.7 Not  
measured 

Compression 
& shearing 

#S3 0.553 0.538 394 205 80.3 Not  
measured 

Compression 
& shearing 

3 Test results 

Test results from the experiments performed are presented in the four 
subsequent figures. In Figure 2, the compression and unloading test 
data (#C1-#C3) is given as the relation between the vertical load 
applied and the axial strain. Because of different initial heights for the 
three tests, the axial strain, Equation 1, is computed to get a 
comparable measure of the deformation.  
 

0

0
ax

H H
H

 (1) 

 
In Equation 1, H0 is the initial height of the shear cell before 
compression and H is the actual height during the test. The initial 
volumes of the samples were computed by dividing the sample 
weights with the average bulk density for the unloaded pellets samples 
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(2.18 103 kg/m3). The initial heights of the samples are the quotients of 
the volumes and the cross section areas of the samples.  

 
Figure 2. Compression and unloading test. Axial force versus the 

axial strain. 
The circumference measurements during the loading phase are given 
in Figure 3 in relation to the axial force.  

 
Figure 3. Compression and unloading test. Circumference versus 

axial force. 
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The measurements were done manually a few times during the loading 
and the data is therefore linearly interpolated between these points to 
get continuous curves.  
 The data from the shear tests (#S1-#S3) are given in Figure 4 as the 
relation between the shear forces and shear angles. The shear angles, 
, are considered small and are computed by dividing the shear 

displacement, d, with the active shear height, Ha, according to: 
 

a

d
H

 (2) 

 
The active shear height is the length between the ends of the rigid top 
and bottom marked, Ha, in Figure 6. Here the data from the two first 
shear cycles is presented; that is from upright position of the cell to 
the maximum stroke of the horizontal piston cylinder and backward to 
the minimum stroke of the piston cylinder and again. 

 
Figure 4. Shear test. Shear force versus the shear angle. Two shear 

cycles. 

The deformation behaviour of the pellets continuum during shearing is 
given by the height change data in Figure 5. In this figure the relative 
height change, H0 divided by H, in relation to the shear angle at the 
first shear cycle is shown.  
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Figure 5. Shear test. Relative height change versus the shear angle. 

First shear cycle. 

4 Evaluation 

From the measurements, the axial stress and axial strain is estimated 
directly from the experiments. To get the complete state of stress, the 
properties of the membrane were characterized. An assumption of the 
shape of the cell during compression is performed to approximate a 
function to describe the volume and thereby the volumetric strain and 
density. When the complete state of stresses and strains is found, the 
material properties for the pellets continuum are analysed. The 
evaluation is based on the tests performed in Table 2. One test is 
performed at each evaluation point and no statistical margin of error is 
estimated. Only the first loading and unloading stage from the shear 
test results are considered in this study. 

4.1 Volume computation 

In the compression tests, the vertical displacement and the 
circumference at the middle of the body were measured. The volume 
is computed by assuming that the radius of the membrane has the 
shape of a sinus function during compression, see Figure 6. The upper 
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and lower part of the membrane is restrained from expansion by the 
rigid top and bottom of the cell. 

 

  
z   

r   
r 0 

  
r max 

  

Ha 
  

h 1 
  

h 2 
  

 
Figure 6. Assumed shape of the testing cell during compaction. 

 
By this assumption, the radius, r, is described by: 
 

max 0 0( )sin
a

zr r r r
H

     0 az H  (3) 

 
 The volume is computed by: 
 

2
2 2max 0

0 0 max 0 0 1 2
( )4 ( )

2
a

a a
H r rV r H H r r r r h h  (4) 

4.2 Membrane characterization  

The membrane is build up by a 21mm rubber material enforced with a 
wire rope, winded round the rubber with a pitch of 0.94 threads per 
centimetre. The wire rope is a 4mm Gunnebo 72-threads fibre-core 
stainless steel (AISI 316) wire rope with a steel area of  3.7 mm2, see 
[11]. It is assumed that the wire rope alone carries the hoop stress in 
the membrane. Therefore, a tensile test of the wire rope is performed 
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to characterise the membrane. A principle sketch of the wire rope 
cross section is seen in Figure 7.  
 

 
Figure 7. Cross section of a 72-threads fibre core stainless steel wire 

rope, from [11]. 
From the circumference measurement data in the compression tests, 
the extension of the wire rope is estimated by the three equations 
below. 

0

2
aH

mean
a

rdz
O

H
 (5) 

 
Equation 3 inserted in Equation 5 gives: 
 

)(42 0max0 rrrOmean  (6) 
 
Equation 7 then gives the strain: 
 

0

0max

0

0

2
)(4

2
2

r
rr

r
rOmean

wire  (7) 

 
The tensile test data gives the stress level in the wire rope, wire, in 
relation to the wire rope strain, wire, see the tensile test curve in  
Figure 8. 
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Figure 8. Tensile test curve of the membrane wire rope. Stress versus 

strain. 

4.3 Material characterization 

The compression and unloading test results (test #C1-#C3) gives 
information about the elastic and plastic behaviour during volumetric 
compaction. The relation between the pressure, p, and the volumetric 
strain, vol, in the body at the unloading stage gives a measure of the 
bulk stiffness. The difference between the loading- and unloading 
curves gives a measure of the plastic deformation of the material. In a 
cylindrical coordinate system the pressure is given by: 
 

2
3

ax radp  (8) 

 
The volumetric strain works out by comparing the volume, V, at each 
load step with the initial volume, V0, according to: 
 

0

lnvol
V
V

 (9) 
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In Equation 8, the axial stress, ax, is simply computed by dividing the 
axial force, Fax, with the cross section area, A, of the shearing cell 
according to Equation 10. The radial stress, rad, on the other hand is 
estimated by the circumference measurements and the characterization 
of the membrane. Making the assumption of the membrane as a thin 
shell and looking at the forces in radial direction, see Figure 9, a 
relation between the radial stress and the wire rope force, f, is worked 
out, see Equation 12. 

   

f       f       

    

H       
f      
f      
f     

r       

   rad   
    

f       
f     

f       
    
f      
f      
f      

f  
 

Figure 9. Membrane with wire forces. 
From the circumference measurements the wire rope strains are 
estimated, according to Equation 7. The wire rope stress is given by 
the tensile test curve, Figure 8. The wire rope force, f, is computed by 
the product of the wire rope stress and the cross section area, Awire, see 
Equation 11. The relation for the radial stress is given by Equation 12, 
where, n, is the number of turns the wire rope is winded round the 
membrane, r, is the radius and H is the height of the shear cell.  
 

A
Fax

ax  (10) 

 
wirewire Af  (11) 

 

rad
fn

rH
 (12) 

 
In Figure 10, the relation between the pressure and the volumetric 
strain for the three compression tests (#C1-#C3) is seen. The 
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circumference measurements were just performed during 
compression. In the computation of the volumetric strain for the 
unloading stage, an assumption that the relation between axial and 
radial strain is the same as for the compression part, is therefore made. 
The radial strain is computed in relation to the axial strain and the 
total volumetric strain is computed as the sum of the strains. The bulk 
modulus, K, is given by the slopes of the unloading curves, in Figure 
10. It is seen that these curves are not straight lines. There are 
different possibilities how to derive the bulk modulus from these 
curves. In this study, two different conventions are made. One is the 
initial slope of each curve, called the tangential values of the bulk 
modulus, Ktang, dashed lines in Figure 10. The other alternative is to 
take the secant value from the start to the end of the unloading, called 
the secant value of the bulk modulus, Ksec, solid lines in Figure 10. 

 
Figure 10. Compression and unloading tests. Pressure versus 

volumetric strain and density. 

A second order curve is fitted in least square sense to the compression 
and unloading tests in order to describe the relation between the radial 
stress and the axial stress, see Figure 11 and Equation 13 below. 
 

07 2 22.47 10 4.28 10rad ax ax  (13) 
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Figure 11. Compression and unloading tests. Relation between radial 

stress and axial stress during compression. Least square fit of the 
three curves. 

From the shear tests (#S1-#S3) the shear modulus, G, is worked out. 
The shear stress, , is computed by:  
 

shearF
A

 (14) 

 
In the unloading phase, the material response is assumed elastic; 
hence, Hooke’s law is valid and gives the relation between the shear 
stress and shear angle, according to: 
 

G  (15) 
 
The shear stress versus the shear angle is shown in Figure 12. Two 
conventions are made for the determination of the shear modulus. The 
initial value when changing direction of the shearing gives the 
tangential shear modulus Gtang, dashed lines in Figure 12. The secant 
shear modulus Gsec is taken as the secant between initial unloading 
and zero shear stress, solid lines in Figure 12.  
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Figure 12. Shear modulus estimation from shear tests. Shear stress in 

relation to the shear angle. 
A summation of the elastic parameters at different pressures and 
densities is gathered in Table 3. 

Table 3. Elastic parameters at different pressures and densities. 
p [kPa] 3] Ktang [MPa] Ksec [MPa] 

129 2230 111 22.8 
495 2258 255 - 
679 2265 527 47.2 

p [kPa] 3] Gtang [MPa] Gsec [MPa] 
14.8 2181 3.48 0.745 
155 2234 7.81 2.87 
292 2245 26.1 4.74 

5 Constitutive model 

In order to capture the characteristics of the material properties found 
in the previous section an elastic-plastic material model for soil and 
concrete [9, 12] is adapted to the data in previous section. The 
material model consists of two constant elastic parameters, a relation 
between pressure and volumetric strain and a non-linear yield 
function.  
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A piece wise linear function relates the pressure to the total volumetric 
strain, t

vol, according to Figure 13 and consists of two curves, a 
loading curve and an unloading curve.  

Figure 13. Pressure versus volumetric strain. Loading and unloading. 
The total volumetric strain is usually divided in to an elastic part, e

vol, 
and a plastic part, p

vol, according to Equation 16. The unloading curve 
is a linear curve described by the bulk modulus and is a measure of the 
elastic volumetric strain, see Equation 17. The difference between the 
loading and unloading curve gives the plastic volumetric strain. 
 

p
vol

e
vol

t
vol  (16) 

 

)(K
pe

vol  (17) 

 
A yield function (failure surface) limits the stresses due to plasticity of 
the material. The yield properties are derived from the shear tests 
(#S1-#S3). The maximum equivalent von Mises stress at the actual 
pressure in each test gives a measure of the yield surface location. The 
equivalent von Mises stresses, vm, are given by: 
 

1
2 2 2 22 3vm ax rad ax rad  (18) 
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The radial strain in the equation above is assumed to follow the 
relation in Equation 13, derived from the compression test data. The 
yield function is fitted to the experiments by the constants  

 = 1030kPa and  = 3.5·10-6Pa-1.  
 

, 1 0p
f vm vmf p e  (19) 

 
Figure 14 gives the relation between the von Mises stress and the 
pressure together with the yield function, Equation 19. 

 
Figure 14. Yield surface in p - vm plane. 

6 Numerical simulation 

The constitutive model for pellets described above is tested in the 
explicit LS-DYNA finite element (FE) analysis software [12]. The 
bulk- and shear modulus is given constant values of 47.2MPa and 
13.0MPa respectively. The FE model consist of a single 8 node solid 
element with the upper nodes constrained in both horizontal directions 
and the bottom nodes has one degree of freedom in one of the 
horizontal directions. This disables the element to expand to the sides 
but allows compression in vertical direction and shearing in one 
direction, which is close to the experimental conditions. As in the 
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experiments, the FE model is subjected for two types of tests, 
compression-unloading and shearing. In the compression and 
unloading test, the upper surface of the element is loaded vertical to 
three different loads and then unloaded. The cross section of the 
element is quadratic with an area same as the experiments. The height 
is set to 0.583m, which is the mean height of the experiments. The 
axial strains from the simulations are compared with the axial loads 
according to Figure 15.  

 
Figure 15. Simulation results. Compression and unloading from three 

different loads. 
In the shear test simulations, the cross section of the element is the 
same as previous but the height is changed to 0.458m, which is the 
mean of the active shear heights of the experiments. The upper surface 
of the element is loaded vertical to specified loads and then held 
constant during shearing. The shearing is carried out by applying a 
controlled movement to the bottom nodes. The simulations are 
performed at three different pressures corresponding to the 
experiments. From the simulations, the shear force is compared with 
the shear angle, see Figure 16, and the height change as a function of 
the shear angle is carried out, see Figure 17. 
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Figure 16. Simulation results. Shearing at three different vertical 

loads. 

 
Figure 17. Simulation results. Height changes during shearing at 

three different vertical loads. 
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7 Discussion 

Some approximations have been necessary to made in this study in 
order to work out the material parameters. An uncertain parameter is 
the radial stress. It is derived indirectly by the characterisation of the 
membrane and the measurement of the swelling of the body. The 
nonlinear behaviour of the wire rope that was found in the 
characterization of the membrane is expected and follows the 
characteristic behaviour of a steel wire rope with a fibre-core 
described in [13, 14]. The stretch in a wire rope with fibre-core 
derives from two sources: one constructional and one elastic part. 
When a load is applied to a wire rope, the strands are compressing the 
fibre-core and all the rope elements are brought into closer contact. 
The result is a slight reduction in diameter and an accompanying 
lengthening of the rope, constructional stretch. Further stretching is 
pure elastic and follows the elasticity of the wires in the strands. This 
explains the initially different slope in Figure 8. It is assumed here that 
the wire rope is completely unloaded before each test begins.  
 The initial heights of the samples were computed by using the 
average bulk density for unloaded pellets. This value agrees with the 
production data [10] but can differ slightly between the samples 
because of different packing and fractions of pellets. This affects the 
computed strains but not the shear- and bulk modulus evaluations as 
they are derived from the slopes of the curves. This can be one 
explanation why the experimental data from the three compression 
and unloading tests in Figure 2 and Figure 10 does not show exactly 
the same loading behaviour.  
 To see in which degree the model capture the behaviour of the 
pellets, some simulations were performed to compare with the 
experimental results. The simulation model differs a lot from the real 
experimental setup but it shows the characteristic response of the 
model. From the compression and unloading simulations, Figure 15, it 
is seen a similar behaviour as for the experiments, Figure 2, but the 
values of the axial strains differs. A reason for this is the constrains of 
the nodes in the simulations that prevents the element to expand to the 
sides. This gives the simulation model a stiffer behaviour than the 
experiment. Some numerical instability is seen at the lower part of the 
unloading phase. Another difference is the constant elastic parameters 
used in the simulations. Which value of the bulk and shear modulus to 
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use depends on the application. For applications where the material is 
completely unloaded, the secant value could be preferred while for 
materials that are just partly unloaded followed by loading the tangent 
value may be better. From the shear simulation results, Figure 16, it is 
seen that the model predicts a bit higher shear forces than the 
experiment, Figure 4. The stiffness from the constrained nodes in the 
simulation model could be an explanation, but also the uncertainness 
of the radial stresses. The simulation model gives a simple prediction 
of the shear force behaviour during the shear cycle. It does not capture 
the decreased shear force after a certain shear length; it is rising and 
then constant during the shear length. This is because the model does 
not allow the plastic strain to decrease. This model is just describing 
the first half of the shear cycle. For problems with cyclic loads, a 
model that captures the behaviour for the whole shear cycle is needed. 
The volumetric behaviour during shearing is quite complex for the 
pellets as seen in Figure 5. At high vertical loads the shearing cause 
compaction of the cell. For lower loads the shear cell expands, dilates. 
The behaviour for the lower loads is not captured with this material 
model while the behaviour for the higher loads is better, see Figure 17. 
The material model used here is too simple to completely capture the 
complex behaviour of the pellets shown in the experiments. 

8 Conclusions 

Axial compression and shear tests are performed on iron ore pellets. 
Evaluation of these tests is performed and the elastic-plastic properties 
of iron ore pellets treated as a continuum are characterized. A material 
model for pellets is worked out and tested on a single solid FE 
element. The presented material model captures the major 
characteristics of the pellets bulk behaviour. It is too simple to 
completely describe all the details of the complex behaviour of iron 
ore pellets. For example, the dilatancy behaviour at low pressures is 
not captured. The presented material model is best suited for 
simulation of large volumes of pellets subjected to high pressures. 
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Abstract 

Iron ore pellets are sintered, centimetre-sized spheres of ore with high 
iron content. Together with carbonized coal, iron ore pellets are used 
in the production of steel. In the transportation from the pelletizing 
plants to the customers, the iron ore pellets are exposed to different 
loads, resulting in degradation of strength and in some cases 
fragmentation. For future trustworthy numerical simulations of the 
handling and transportation of iron ore pellets, knowledge about the 
mechanical properties is needed. This paper describes the 
experimental and numerical work to investigate the mechanical 
properties of blast furnace iron ore pellets. To study the load 
deformation behaviour and the fracture of iron ore pellets, a number of 
point load tests are carried out and analysed. Material parameters for 
an elastic-plastic constitutive model with linear hardening for iron ore 
pellets are derived and expressed in terms of statistical means and 
standard deviations. Two finite element models are developed for 
different purposes. For the material parameter determination, a 
perfectly spherical model is used. The constitutive model is validated 
with a finite element model based on a representative optically 
scanned iron ore pellet. The proposed constitutive model is capturing 
the force displacement relation for iron ore pellets in a two point load 
test. A stress based fracture criterion which takes the triaxiality into 
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account is suggested and calculated as the maximum equivalent 
effective stress dependent of the three principal stresses at fracture. 
The results of this study show that the equivalent effective stress in the 
vicinity of the centre of an irregular model of an iron ore pellet is very 
close to the results of a model of a perfectly spherical iron ore pellet. 
The proposed fracture criterion indicates fracture in the representative 
iron ore pellet model coincident with the location of the crack 
developed during the test of the optically scanned iron ore pellet. 

Keywords 

Iron ore pellets; Mechanical characterization; Two point load test; 
Constitutive modelling; Validation; Fracture criterion 

1 Introduction 

Handling of iron ore pellets is an important part in the production 
chain for many producers of iron ore pellets. Knowledge about this 
sub process is very important for further efficiency progress and 
increased product quality. After production in the pelletizing plants, 
the iron ore pellets are passing through a number of transportation and 
handling systems like conveyor belts, silo filling, silo discharging, 
railway and shipping. During these treatments, the pellets are exposed 
to different loads, resulting in degradation of strength and generation 
of fines. To study and optimize processes of transportation and 
handling of bulk material, traditionally half or full scale experiments 
have been used [1, 2]. The focus of these studies is often the pressures 
on the surrounding structures and not the stresses in the bulk material. 
A reason for this is that it is difficult to measure the actual stresses 
inside the bulk material and analyse the mechanism behind the 
degradation. Another drawback with full-scale experiments is that 
they are very time consuming and costly to realize. Numerical 
simulations of these processes give a possibility to study the processes 
in more detail. Most of the work so far in simulation and constitutive 
modelling of granular materials like soils [3] and metal powders [4, 5] 
are implemented with continuum based methods like the finite 
element (FE) method. For iron ore pellets flow particle based methods 
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like the smoothed particle hydrodynamics (SPH) method [6] is used. 
Such models give the flow, stresses and strains on a continuum length 
scale but not the stress state inside the individual granules. To study 
the local contact behaviour of compressed granular material, detailed 
models of the individual particles are necessary. Such models are 
available for some granular materials in 2D, see e.g. [7, 8]. For future 
trustworthy numerical simulations of the local contact behaviour in 
flow problems with iron ore pellets, physically realistic constitutive 
models need to be developed. To further develop such models, the 
mechanical properties have to be investigated. This paper describes 
the experimental and numerical work to investigate the mechanical 
properties for blast furnace iron ore pellets. Material parameters for an 
elastic-plastic constitutive model for iron ore pellets are also 
determined in terms of statistical means and standard deviations. 

2 Theoretical considerations 

Iron ore pellets are hard and brittle porous material and can be 
compared with materials like rocks and ceramics. Theories developed 
for these materials have been used in this study. 

2.1 Contact between a sphere and a plate 

The elastic and elastic-plastic contact of a solid sphere and a plate, see 
Figure 1, is a fundamental problem in contact mechanics. The elastic 
contact of a sphere and a plate can be solved analytically according to 
the Hertz theory [9]. The elastic-plastic contact of a sphere and a plate 
is a more complex problem and can be studied analytically, see e.g. 
[10] or numerically with the FE method, see e.g. [11].  
 
 
 
 
 
 
 
 
 
 

F 

 

R 

Figure 1. A deformable solid sphere pressed by a plate. Definition of 
the contact interference .  
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The contact area Ap for a fully plastic contact is according to [12] 
equal to the geometric intersection of the plate with the original non-
deformed profile of the sphere 
 

2pA R  (1) 
 
where R is the radius of the sphere. The contact mean pressure P and 
contact load F can be expressed in terms of the contact interference  
(see Figure 1) as 
 

1/24
3

HzEP
R

 (2) 

 
and 
 

1/2
3/28

3

Hz

p
E RF PA  (3) 

 
where, EHz is the Hertz elastic modulus defined as 
   

2 21 1 1
HzE E E

 (4) 

 
and E, E’, , ’ are Young’s modulus and Poisson’s ratio of the two 
materials, respectively. Combining Eq. (3) and (4), substituting  
gives a relation for the elastic unloading interference e-unload of a 
sphere and a plate from a fully plastic contact 
 

22 2 2
3

9 1 1
64

e unload F
R E E

 (5) 

 
The total interference tot is the sum of the persistent interference after 
unloading p and the elastic unloading interference according to 
 

tot p e unload  (6) 
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Eq. (5) and (6) are used in the determination of Young’s modulus of 
iron ore pellets. 

2.2 Compression of an irregular test piece 

Two very common indirect tensile strength test methods for rock and 
other brittle materials are the Brazilian disc test [13] and the point 
load test [14]. In the Brazilian disc test a compressive force is applied 
diametrically to a thin disc. The maximum tensile stress occurs in the 
middle and is determined by the Brazilian disc theory. This method 
has for instance been used for the determination of tensile strength in 
metal powder compacts [15]. A drawback of this method is the shape 
of the test pieces that has to fulfil the plane stress condition. Such 
shape is hard to produce for many materials, also for iron ore pellets. 
 A theoretical and practical study of the stress state in an irregular 
sphere-like test piece subjected to the point load test is given in [14]. 
Their result show that the stress state in an irregular test piece 
subjected to concentrated loads may be, in the vicinity of the axis of 
loading, much the same as that in a perfectly spherical test piece 
compressed diametrically. According to their results the maximum 
tensile strength, St for an irregular test piece occur near the centre and 
is approximately given by 
 

22t
FS c
R

 (7) 

 
where, F is the applied force and 2R is the distance between the points 
of loading. The constant c is experimentally determined and takes a 
value between 1.21 and 1.36 in the centre of the test piece for rock 
materials. Following a vertical line from the centre to the load point, 
the value of c increase slightly with the distance to a maximum value 
of 1.4 near the centre for rock samples. For more details, see [14].  A 
schematic view of the two point load test is seen in Figure 2. 
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Figure 2. Explanatory sketch of a two point load test of an irregular 

test piece. 
As a measure of the irregularity of the specimens a shape index,  is 
derived. The minimum diameter, D is divided by the average 
diameter, D of the specimens according to 
 

D
D

  (8) 

 
The average diameter is calculated as the diameter of a sphere with the 
same mass, M and density,  as the specimen. 
 

3
6MD   (9) 

2.3 Constitutive model 

A constitutive model with isotropic linear strain hardening described 
in [16] is adapted for the characterization of iron ore pellets. The 
material parameters describing this model are; density , Young’s 
modulus E, Poisson’s ratio , initial yield stress 0 and tangent 
modulus Et. The yield condition is 
 

 
21 0

2 3
y

ij ijs s  (10) 

 

F 

F 

2R=D 
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where y is the yield stress. The yield stress is dependent on the 
effective plastic strain, p

eff according to 
 

0
p

y effH  (11) 
 
where H is the plastic hardening modulus 
 

t

t

EEH
E E

 (12) 

 
Iron ore pellets are sintered porous material mainly consisting of a 
network of hematite iron ore grains and pores. For the constitutive 
model, the density is taken as the apparent density for iron ore pellets 
i.e. the mass divided by the volume of the iron ore pellet, pores 
included. Average density of the pellets tested were  = 3686kg/m3. 
According to Bruno et al. [17], Poisson’s ratio for sintered porous 
material is invariant of the porosity and pore morphology and 
corresponds to the Poisson’s ratio of the dense material. Hematite iron 
ore (Fe2O3) is the main solid domain in iron ore pellets ( 95%) and its 
value of Poisson’s ratio  = 0.2 [18] is used in this study. Bruno et al. 
[17] also concluded that the Young’s modulus dependency of the 
porosity p, is given by 
 

(1 )m
dE E p  (13) 

 
where, m denotes a morphology factor and Ed denotes the Young’s 
modulus of the solid domain in the material. The morphology factor is 
m = 2 for overlapping spherical pores and m = 4 for overlapping 
spherical solids, see Figure 3.  
 

 
Figure 3. Morphology factor principal sketch. To the left: 

Overlapping spherical pores, m = 2. To the right: Overlapping 
spherical solids, m = 4. 
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The porosity for iron ore pellets is about p = 0.25 and Young’s 
modulus for iron ore is Ed = 160GPa [18]. With these values of p and 
Ed, Young’s modulus for iron ore pellets should be according to Eq. 
(13) in the range of 51GPa  E  90GPa for 4  m  2. 

2.4 Fracture criterion 

A stress based fracture criterion f which takes the triaxiality into 
account is used and calculated from the definition of the equivalent 
effective stress  in [19] 
 

3

1
i

i
 (14) 

 
where i , i = 1,2,3, are the principal stresses, and  are the 

Macaulay brackets ( x x , if x 0  and x = 0 , if x < 0 ), see  
Figure 4. From experiments and a simplified axisymmetric simulation 
model the fracture criterion is determined as the maximum equivalent 
effective stress at fracture 
 

max

max 0fF F
f  (15) 

 
The fracture stress, f is dependent on the stiffness of the iron ore 
pellets and is determined in terms of statistical means and confidence 
intervals. 

 
Figure 4. Fracture criterion f on the 3 = 0 plane of the stress space. 

f is the fracture stress. 

f 

f 

2 

1 
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2.5 Statistical measures 

Some of the analysed data will be expressed in terms of the statistical 
expectation values μ, standard deviations S, confidence intervals and 
prediction intervals. Assuming a normal distribution, the 95% 
confidence interval and 95% prediction interval are given by Eq. (16) 
and (17)  respectively 
 

ˆ ˆ1.96 1.96S S
N N  

(16) 

 
ˆ ˆ1.96 1.96S x S  (17) 

 
where, ˆ is an estimator of the expectation value, x is the measured 
data, N is the number of tests and S is the standard deviation, 
according to  
 

1

1ˆ
N

i
i

x
N

 (18) 

 
2

1

1 N

i
i

S x x
N

 (19) 

3 Materials and methods 

The material tested is iron ore pellets from LKAB (Luossavaara-
Kiirunavaara AB) in Malmberget, Sweden. In the blast furnace, iron 
ore is reduced and smelted to liquid crude iron. Fine-grained iron ore 
is too fine material for burdening in the blast furnace and must 
therefore be sintered into larger entities. Iron ore pellets are sintered, 
centimetre-sized spheres of grained ore with high iron content  
(  67% Fe) and are produced in two verities: blast furnace (BF) 
pellets and direct reduction (DR) pellets. In the ore processing plants 
the crude ore is upgraded to pellets. The iron ore is grinded into a fine 
powder in several stages, and then undesirable components are 
separated from the raw material. The concentrate is mixed with water 
and additives to form a slurry. In the pelletizing plant the slurry is 
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dewatered, filtered and binders are added. The mixture are then, rolled 
into balls (green pellets) in drums or on discs. Last step in the 
pelletizing process is the sintering where the green pellets are heated 
to a temperature of about 1250°C that gives the pellets considerable 
higher mechanical strength. This strength should withstand the long 
transports by rail, ship and storage in e.g. silos. They should also 
withstand the beginning of the reduction process in the blast furnace 
without fragmentizing in order to ensure a good gas flow. 

3.1 Tested iron ore pellets 

To obtain a more consistent quality and material characteristics in the 
iron ore pellets test samples, laboratory produced BF pellets are used 
in this study. In the laboratory, the iron ore pellets are produced in a 
small scale pelletizing process including all the steps in the pelletizing 
plants. In the last step the iron ore pellets are sintered in batches of 
about 50kg. In the laboratory production, the iron ore pellets are 
handled more careful and the production parameters are better 
controlled. The sizes of the iron ore pellets are screened out to a range 
of 9mm to 12mm before testing. 

3.2 Two point load tests 

The experimental setup for a two point load test consists of a frame 
with two flat parallel compressive platens and a load cell mounted into 
a Dartec 100 press with a maximum force capacity of Fmax = 100kN. 
To minimize the influence of friction in the pistons and the frame, the 
load cell is mounted under one of the plates inside the frame. The 
displacement is measured with a LVDT-displacement transducer, 
mounted between the compressive platens with an accuracy of 0.1% 
linearity. The load cell measures forces up to 5kN with an accuracy of 

0.5N. The experimental setup is seen in Figure 5. 
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Figure 5. Experimental setup for the two point load test of iron ore 

pellets. Picture from [15]. 
Two types of test series of two point load tests of iron ore pellets are 
accomplished. To study the load deformation behaviour and the 
breakage level of the iron ore pellets, fracture tests of 47 randomly 
chosen samples are carried out. In a test, the iron ore pellet is loaded 
between the platens at a speed of 4.8μm/s until it breaks. During a test, 
displacement and load is recorded by a computer. In the other test 
series, cyclic load tests of 16 randomly chosen iron pellets are made. 
During a cyclic test, the iron ore pellet is loaded and unloaded in a 
stepwise increasing manner until it breaks. With this test, the elastic 
response and the persistent deformations after unloading can be 
measured and evaluated. A summation of the sizes and number of 
specimens for the two test series is gathered in Table 1.  

Table 1. Test descriptions and specimen data. 
Test series Number 

of  
specimens 

Mass  
[g] 
average±S 

Diameter 
[mm] 
average±S 

Shape index, 
 

average±S 
1. Fracture 
tests 

47 3.25 0.51 11.02±0.66 0.928±0.024 

2. Cyclic 
load tests 

16 3.01±0.51 10.43±0.46 0.903±0.025 
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4 Experimental results and discussion 

The shape of the iron ore pellets is not perfectly spherical; they have 
an irregular smooth shape as seen in Figure 6. Nor has all iron ore 
pellets the same size as could be seen in Table 1. The diameter, D is 
defined as the distance between the loading points at each test, see 
Figure 2. To compensate for size variations the presented load 
displacements curves are scaled with the diameter of the specimens. 
The displacement,  is divided by D resulting in a strain measure. The 
load, F is divided by D2 resulting in a stress like measure. 

4.1 Fracture tests 

Fracture tests of 47 iron ore pellets are carried out. In a test, the load is 
constantly increasing until the iron ore pellet breaks and the load 
drops instantaneously to zero. The breakage is very fast and brittle. A 
typical breakage from one of the tests is seen in Figure 6. One or two 
vertical cracks usually break the pellet in two or three pieces. 
 

 
Figure 6. Iron ore pellet in the test machine before loading (to the left) 

and after breakage (to the right). 

The load displacement curves of the 47 tests are seen in Figure 7 
where the fractures are indicated with dots. All data are scaled with 
the diameter of the specimens. 
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Figure 7. Fracture tests. Load displacement curves and breakage 

points. Force and displacements are scaled with the diameter of the 
specimens. 

4.2 Cyclic load tests 

Cyclic load tests of 16 iron ore pellets are carried out in a stepwise 
increasing manner until they breaks. The load cycle consists of four 
load levels from where the iron ore pellets are unloaded. After the 
fourth unloading, the iron ore pellet is loaded until it breaks.  

 
Figure 8. Cyclic load tests. Load displacement curves. Force and 

displacements are scaled with the diameter of the specimens. 
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The load displacement curves of all 16 tests are seen in Figure 8, 
where one of the tests is indicated with a black solid line. All data are 
scaled with the diameter. As seen in Figure 8, there is a persistent 
deformation after unloading that is increasing with the load level. 
After examining the specimens, the persistent deformation may be 
explained by crushing of material at the contacts of the loading points.  

4.3 Data evaluation 

All the test data from the two test series are sorted and evaluated in 
terms of statistical means, confidence intervals and prediction 
intervals according to Eq. (16) - (19) . From the fracture tests, all data 
from the 47 specimens are averaged to an average load curve, see 
Figure 9. The 95% confidence interval is indicated with bars on the 
average load curve and the 95% prediction interval is given by the thin 
black lines. The basic data and the reliability of the statistical 
evaluation of the load curves decreases with the number of broken 
pellets. The statistical data for the load curve is presented for 
displacements up to 0.011 /D. This is the smallest displacement where 
one of the iron ore pellets in the fracture tests breaks.  

 
Figure 9. Fracture tests. Average load displacement curve with 95%- 
confidence interval and prediction interval. Force and displacements 

are scaled with the diameter of the specimens. 
The fracture data is dependent on the stiffness of the iron ore pellet. 
An iron ore pellet with an initial steep slope of the load curve has a 
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higher breakage point statistically than a pellet with an initial lower 
slope of the load curve. Taking this dependency into account, the 
average breakage level together with the 95% prediction interval is 
given by the red lines in Figure 10. 

 
Figure 10. Fracture tests. Average breakage level with 95% 

prediction interval. Force and displacements are scaled with the 
diameter of the specimens. 

From the cyclic load tests, the unloading of the 16 specimens are 
analysed and evaluated. As the loading behaviour is already studied in 
the fracture tests, the loading data are removed when evaluating this 
test series. The remaining unloading data is sorted out and the 
unloading curves are adjusted to start from the average load curve 
from the fracture tests, see Figure 11. Four of the secant slopes from 
the start point of unloading until a decrease in force of 50% are 
indicated with the red lines in Figure 11. It can be seen that the slopes 
of the unloading curves are generally increasing with a higher start 
point of the unloading. This is the behaviour of a Hertzian contact, see 
Figure 15. 
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Figure 11. Cyclic load tests. Unloading curves are adjusted to start 

from the average load curve. Four typical 50% secant unloading 
slopes are indicated with red lines. Force and displacements are 

scaled with the diameter of the specimens. 

5 Numerical results and discussion 

Numerical simulations are computed in the FE analysis software LS-
DYNA 971 [20]. LS-DYNA includes an explicit solver for non-linear 
FE problems. Two models are worked out for different purposes. A 
perfectly spherical model is used for the material parameter 
determination. The other model is based on a representative optical 
scanned iron ore pellet used for validation of the constitutive model. 

5.1 Determination of material parameters 

Assuming that the unloading of the iron ore pellet is elastic, the slopes 
indicated with red lines in Figure 11 are related to the elastic stiffness 
according to Hertz theory [9]. The slopes,  defined here are the 
secants from maximum load, F to 50% of the load, F50% according to  
 

2 2
50% 50%

50% 50%( )
F D F D F F

D D D
 (20) 
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where,  and 50% are the displacements at the maximum load and 
50% of the load respectively. For a perfect sphere the same slopes can 
be calculated from Hertz theory with Eq. (5) and (6) inserted in Eq. 
(20) with the displacement expressed in terms of the interference tot 
as 
 

2 tot  (21) 
 

50% 50% 50%

50%

2 2
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where, e-unload and 50%

e unload are the elastic unloading interference at 
maximum load and 50% of the load respectively. In Eq. (22), p and 

50%
p are the persistent interference after unloading from maximum 

load and 50% of the load respectively i.e. 50%
p p . Inserting the 

Young’s modulus and Poisson’s ratio of steel, E´ = 210GPa and  
´ = 0.29 and Poisson’s ratio of iron ore  = 0.20 in Eq. (23), then 

adjusting E to the best fit to the experimental data gives an estimation 
of Young’s modulus for iron ore pellets of E = 70GPa, see Figure 15.  
 With the elastic parameters of iron ore pellets determined, the 
plastic parameters can be found with a numerical FE model of an iron 
ore pellet. The FE model is a half symmetry model of a spherical 
pellet and the compression platen. The elastic-plastic constitutive 
model with linear isotropic hardening described in section 2.3 is used 
for the iron ore pellet and an elastic model for the compressive platen. 
The iron ore pellet is modelled with 1700 four node axisymmetric 
elements and the compressive platen with 7200 four node 
axisymmetric elements. The radius of the iron ore pellet is 6 mm and 
the size of the steel plate 12 mm in thickness and 6 mm in radius. The 
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model is seen in Figure 12 where the mesh of the compressive platen 
is cut off at the middle in the figure. 

 
Figure 12. FE meshes of a spherical pellet and the compressive 
platen. Axisymmetric model. Compressive platen is cut off at the 

middle in the figure. 
As seen in Figure 8, there are persistent deformations after unloading 
even for low levels of loads. The persistent deformations are captured 
by the plastic behaviour in the constitutive model. The constitutive 
model consists of two plastic material parameters, initial yield stress 

0 and tangent modulus Et. The initial yield stress, affects the onset of 
the yielding and the tangent modulus affects the behaviour thereafter. 
To capture the persistent deformation at low loads the initial yield 
stress is set close to zero 0 = 100Pa. The tangent modulus is tested 
systematically in the FE model by comparing the resulting load curve 
with the experimental average load curve. The best fit of the 
numerical load curve and the experimental average load curve are for 
the tangent modulus Et = 19.5GPa, see Figure 13. With the same 
procedure, the tangent modulus is adjusted to fit the curves of the 95% 
prediction interval. A summation of the elastic-plastic material 
constants for iron ore pellets with statistical spreads are gathered in 
Table 2.  
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Table 2. Constitutive data for iron ore pellets. 
Material constant μ-1.96S μ μ+1.96S 

  3686kg/m3  
  0.20  

E  70GPa  
0  100Pa  

Et 7.0GPa 19.5GPa 37.0GPa 
 
A comparison of the statistical curves from the fracture tests and the 
results from the FE simulations with the material constants in Table 2 
are seen in Figure 13. 

 
Figure 13. Load displacement curves and fracture data from 

experiment and simulations. Average and 95% prediction interval. 
Force and displacements are scaled with the diameter of the 

specimens. 
A load cycle simulation is computed with the FE model and the 
average material parameters. The load displacement data is compared 
with the experimental data from the cyclic load tests. In Figure 14 the 
load displacement curve from the FE simulation is plotted with a blue 
line. Unloading curves and the average load curve from the 
experiments are plotted in grey.  
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Figure 14. FE simulation of a load cycle compared with experiment. 

Force and displacements are scaled with the diameter of the 
specimens. 

The 50% secant unloading slopes from the FE simulation in Figure 14 
are plotted and compared with the experimental and analytic Hertzian 
slopes in Figure 15. 

 
Figure 15. Unloading slopes from cyclic loading. Experiment, 

analytic solution and FE simulation. The abscissa show the scaled 
force at the start point of unloading and the ordinate show the 50% 

secant unloading slope. 
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In Figure 16, a fringe component plot of the equivalent effective stress 
according to Eq. (14) at the average breakage force F/D2 = 20.5N/mm2 
is shown for the FE simulation solved with the average material data. 
The stress is evaluated along two radial directions from the centre of 
the pellets according to the arrows in Figure 16. 
 

 
Figure 16. To the left, equivalent effective stress  [MPa] at the 

fracture force F/D2 = 20.5N/mm2 in the axisymmetric FE model. To 
the right, equivalent effective stress evaluated in two radial directions 

from the centre of the pellet. 
The maximum equivalent effective stress at F/D2 = 20.5N/mm2 is  
 = 29.5MPa and located 2mm in radial vertical direction from the 

centre of the pellet. At the vertical centre line where the maximum 
equivalent effective stress is located the first principal (hoop) stress 
and second principal (radial) stress are almost equal, 1 = 2 and the 
third principal stress (axial) is negative, 3 < 0. The maximum 
equivalent effective stress is evaluated at the three statistical breakage 
levels for the three different tangent modules simulations; see the 
points marked with nine black circles in Figure 13. The fracture 
stresses evaluated from the nine cases are gathered in Table 3. 

Table 3. Fracture stresses based on the equivalent effective stress for 
different tangent modules. 

Et [GPa] f, μ [MPa] f, μ-1.96S [MPa] f, μ+1.96S [MPa] 
7.0 22.0 7.3 38.0 
19.5 29.5 14.0 46.1 
37.0 43.9 22.8 58.9 
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5.2 Validation model of a representative iron ore pellet 

One representative iron ore pellet is scanned using the optical 
measuring system ATOS 3D scanner. It utilizes vertical 
scanning/white light interferometry. Three reference points are glued 
to the pellet for the orientation purposes. The iron ore pellet is then 
tested in a two point load test until fracture. The distance between the 
load points is D = 11.1mm and the shape index is  = 0.946. The 
scanned geometry is meshed with 229 376 eight-node under integrated 
solid elements. The iron ore pellet before and after failure together 
with the 3D FE mesh of the topography scan is shown in Figure 17. A 
microscope image of the crack surface is also seen in the figure.  

 
Figure 17. Optically scanned representative iron ore pellet before and 
after failure together with a 3D FE mesh of the topography scan and a 
microscope image of the crack surface. The crack surface is seen on 

the right part of the broken iron ore pellet. 
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Oriented in the same position, the numerical model is simulated with 
the elastic-plastic linear hardening constitutive model proposed. The 
best fit with the experimental curve is for the tangent modulus  
Et = 9.5GPa. A comparison of the experimental curve and the result 
from the FE simulation of the representative iron ore pellet is seen in 
Figure 18 together with the statistical data from the fracture tests.  

 
Figure 18. Load displacement curves for experiment and simulation of 

the optically scanned representative iron ore pellet. Force and 
displacements are scaled with the diameter of the specimen. 

The fracture point, marked with a black circle in Figure 18 is located 
0.96S from the average breakage line, i.e. the tested iron ore pellet has 
a higher strength than the average iron ore pellet.  Interpolating 
between the data for a perfect sphere in Table 3 for Et = 9.5GPa and 
μ+0.96S, results in a fracture stress f = 31.4MPa. Fringe component 
plots of the equivalent effective stress in the representative iron ore 
pellet model at the breakage force F/D = 23.9N/mm2 are shown in 
Figure 19. Stresses are shown on the surface together with three 
perpendicular cross-sections through the mid-point of the model. 
Stresses that is higher than 32MPa is marked with black in the figure. 
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Figure 19. Representative 3D FE model with the equivalent effective 
stress  [MPa] at the fracture force F/D2=23.9N/mm2. Stresses that is 
higher than 32MPa is marked with black. a, Stresses on the surface of 
the iron ore pellet. b, Cross-section at the middle of the iron ore pellet 
with normal in x-direction. c, Cross-section at the middle of the iron 

ore pellet with normal in y-direction. d, Cross-section at the middle of 
the iron ore pellet with normal in z-direction. 

In the representative iron ore pellet model there is a stress distribution 
with a local maximum of the equivalent effective stress 

max
interior = 29.4MPa  near the centre, to be compared with f = 31.4MPa 

for the model of a perfect sphere. Different from the perfectly 
spherical FE model the irregular FE model has the absolute maximum 
of the equivalent effective stress max

surf 35.3MPa  located on the 
surface, see Figure 19. Figure 19b-c also shows that the main contacts 
and the maximum interior stress have an offset in the z-direction. This 
affects the stress distribution in the iron ore pellet. Comparing  
Figure 17 and Figure 19, it can be shown that the position of the 
maximum equivalent effective stress coincide with the position of the 
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real crack. The direction of the crack also coincides with the direction 
of the largest stresses through the iron ore pellet. 

6 Conclusions 

This investigation has provided some new knowledge about the 
mechanical properties and behaviour of iron ore pellets. Quasi-static 
fracture tests and cyclic load tests has been done. Material parameters 
for an elastic-plastic constitutive model with linear hardening are 
derived. Estimating Young’s modulus with the unloading slopes from 
cyclic load tests and the derived Hertzian relationship Eq. (23) seems 
to give a good estimate when comparing with FE simulations. 
Statistical data for the plastic properties are derived from experiments 
and an axisymmetric spherical FE model of iron ore pellets. From the 
experimental measurements and numerical results, fracture stresses 
are evaluated for different stiffnesses and determined in terms of 
statistical means and confidence intervals. The proposed constitutive 
model captures the force displacement behaviour of iron ore pellets in 
a two point load test. An optically scanned iron ore pellet is tested and 
the load displacement data falls in the range of the prediction interval 
from the fracture tests. This indicates that the variation in material 
properties is taken into account sufficiently. A representative 3D FE 
model of the optically scanned iron ore pellet is used to validate the 
constitutive model. The results of this study show that the equivalent 
effective stress in the vicinity of the centre of the irregular model of an 
iron ore pellet is very close to the results of the model of a perfectly 
spherical pellet. The proposed fracture criterion indicates fracture in 
the representative iron ore pellet model coincident with the location 
and direction of the crack developed during the test of the optically 
scanned iron ore pellet.  
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Abstract 

An experimental method for measuring the bulk properties and 
fracture load relation for iron ore pellets is presented. Knowledge 
about the bulk behaviour and fracture data for iron ore pellets is of 
great importance for improving the transportation systems in order to 
increase the product quality. Trustworthy numerical simulations of 
iron ore pellets also demands reliable material data for the models. 
Instrumented confined compression tests are carried out for different 
load levels. Measurement data of the axial and radial stresses and the 
axial displacement are recorded in each test. Measurements of 
fractured iron ore pellets are carried out at different loads up to 20% 
crushed material. From the measured data, Poisson´s ratio, bulk 
modulus and a plastic strain hardening function are determined. In 
addition, friction measurements of iron ore pellets have been carried 
out for different loads and configurations. The determined constitutive 
relations reproduce the loading and unloading behaviour of the 
material with good agreement up to the critical fracture load. In 
conclusion the developed test method is usable for the determination 
of bulk properties and fracture of iron ore pellets.  
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1 Introduction 

Handling of iron ore pellets is an important part in the production 
chain for many producers of iron ore pellets. Knowledge about this 
sub process is very important for further efficiency progress and 
increased product quality. After production in the pelletizing plants, 
the iron ore pellets are passing through a number of transportation and 
handling systems like conveyor belts, silo filling, silo discharging, 
railway, shipping and filling in the blast furnace. During these 
treatments, the pellets are exposed to different loads, resulting in 
degradation of strength and generation of fines. To study and optimize 
processes of transportation and handling of bulk material, knowledge 
about the mechanical properties and fracture behaviour are needed. 
One possibility to optimize and study the process of transportation and 
handling of bulk material in more detail is to use numerical simulation 
tools. Extensive work has been made in numerical simulation and 
constitutive modelling of granular materials like soils [1] and metal 
powders [2, 3] with the finite element (FE) method. Also numerical 
simulation of iron ore pellets in silo flows [4] and constitutive 
modelling [5] has been done. Flow pattern measurements of iron ore 
pellets in silos have been carried out in [6, 7]. Trustworthy numerical 
simulations of iron ore pellets demands reliable material 
characterizations in order to capture the correct bulk properties and the 
fracture behaviour in the models. Also the friction between the iron 
ore pellets as well as between the pellets and the surrounding structure 
is of great importance for the models. For fine grained granular 
materials such as sand or soils traditionally tri-axial tests [8] are used 
for the material characterization. A need for new experimental 
methods is identified for courser materials like iron ore pellets. The 
test method worked out in this study for the material characterization 
of iron ore pellets is instrumented confined compression experiments. 
With this test method a sufficient amount of iron ore pellets to behave 
like a continuum can be tested and the axial and radial stress be 
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measured. This work determines the bulk properties of pressurised 
pellets and how the fracture increases with the deviatoric stress and 
the isostatic pressure. In addition, friction measurements are carried 
out for pellet to pellet contact and pellet to steel plate contact. The 
purpose of this study is to develop an experimental method for 
determining accurate bulk properties and fracture data for iron ore 
pellets in numerical modelling. 

2 Theoretical considerations 

Confined compression tests of iron ore pellets are carried out using a 
cylindrical steel tube and two compressive platens. The material is 
confined by the tools and compressed axially in a press. Making the 
assumption of the iron ore pellets as a continuum, the stresses and 
strains are derived and constitutive relations for a proposed material 
model are determined. 

2.1 Confined compression theory 

With a cylindrical coordinate system the axial stress ax is derived 
from the axial compression force Fax and the cross section area A as 
  

 ax
ax

F
A

  (1) 

 
The radial stress rad is evaluated from the theory of a thin-walled tube 
as a function of the circumferential strain in the steel membrane  as 
 

steel
rad

E t
r

 (2) 

 
where, Esteel is the Young´s modulus, t is the thickness and r is the 
mean radius of the steel tube respectively. The constitutive relation for 
the axial and radial stresses and axial and radial strains ax and rad are 
given by Hooke´s law in cylindrical coordinate system by Eq. (3) and 
Eq. (4). 
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pellets
ax ax rad

E
 (3) 

 

1 1 2
pellets

rad ax rad

E
 (4) 

 
where, Epellets and  is the Young´s modulus and Poisson´s ratio for the 
iron ore pellets continuum respectively. The steel tube does not 
expand to any larger extent in radial direction. Most of the 
deformation of the iron ore pellets bulk will act in axial direction.  
 

rad ax   (5) 
 
The total volumetric strain v is computed as the true strain evaluated 
from the actual sample height h and the initial sample height h0 
according to Eq. (6). The sample height is defined as the distance 
between the compressive platens. 
 

0

lnv
h
h

 (6) 

2.2 Constitutive relations 

From the measurement data, a number of the constitutive relations for 
an elastic plastic constitutive model described in [9] can be evaluated. 
With the assumption of radial strains much smaller than the axial 
strains, Poisson´s ratio is derived from Eq. (3) and Eq. (4) with the 
assumption in Eq. (5) and expressed in terms of the stresses.  
 

rad

ax rad

 (7) 

 
The isostatic pressure is evaluated from the mean stress of the axial 
and radial stresses.  
 

2
3

ax radp  (8) 
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The deviator stress q is an expression of the second invariant J2 
defined in terms of the deviatoric stress tensor sij and is equal to the 
difference between the axial and radial stress. 
 

2
33
2 ij ij ax radq J s s  (9) 

 
An additive composition of the elastic volumetric strain e

v  and plastic 
volumetric strain p

v  is assumed. 
 

e p
v v v  (10) 

 
The bulk modulus is determined from the isostatic pressure and the 
elastic volumetric strain. The bulk modulus is assumed to depend on 
the isostatic pressure. 
 

( )
e
v

p
K p

 (11)  

 
A plastic hardening relation for the plastic volume change as a 
function of the isostatic pressure is adapted. 
 

( )p p
v v p  (12) 

3 Materials and methods 

Iron ore is reduced and smelted to liquid crude iron in the blast 
furnace process. Fine-grained iron ore is too fine material to be used 
in the blast furnace process and must therefore be sintered into larger 
entities. Iron ore pellets are sintered, centimetre-sized spheres of 
grained ore with high iron content (  67% Fe) and are produced in 
two verities: blast furnace (BF) pellets and direct reduction (DR) 
pellets. In the ore processing plants the crude ore is upgraded to 
pellets. The iron ore is grinded into a fine powder in several stages, 
and then undesirable components are separated from the raw material. 
The concentrate is mixed with water and additives to form a slurry. In 
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the pelletizing plant the slurry is dewatered, filtered and binders are 
added. The mixture are then, rolled into balls (green pellets) in drums 
or on discs. Last step in the pelletizing process is the sintering where 
the green pellets are heated to a temperature of about 1250°C that 
gives the pellets considerable higher mechanical strength. This 
strength should withstand the long transports by rail, ship and storage 
in e.g. silos. They should also withstand the beginning of the reduction 
process in the blast furnace without fragmentizing in order to ensure a 
good gas flow. The tare weight of the iron ore pellets in a silo with a 
height of 60m causes vertical pressure in the bottom up to 1.3MPa.  

3.1 Tested iron ore pellets 

The material tested is iron ore pellets from LKAB (Luossavaara-
Kiirunavaara AB) in Malmberget, Sweden. The iron ore pellets for the 
tests are collected from the conveyor belt directly from the pelletizing 
plant. The size distribution of the iron ore pellets used for the tests is 
measured by weighing 1294 randomly chosen iron ore pellets from the 
batch.  

 
Figure 1. Size distribution of the iron ore pellets test batch. 

Measurements and normal distribution curves.  
The average diameter is calculated from the weight and the density of 
iron ore pellets  = 3700kg/m3. A normal distribution curve is fitted 
from the average 11.86mm and the standard deviation 1.22mm of the 
measurements. The measured size distribution curve together with the 
normal distribution curve is shown in Figure 1. 
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3.2 The instrumented confined compression test 

An instrumented confined compressive test apparatus consists of an 
upper and lower compressive platen of thick circular steel plates 
surrounded by a cylindrical steel tube with strain gauges glued on to 
it, see Figure 2. There is a small gap between the steel tube and the 
compressive platens to avoid friction. The steel tube setup has the 
principle of a floating die, i.e. the steel tube is balanced by the friction 
from the iron ore pellets and free to move axially. 

 
Figure 2. Principal sketch of the instrumented confined compression 

test. 
Two setups ( 30 and 15) with equal height-diameter ratios and 
different dimensions of the apparatuses are available for the confined 
compression test. The 30 apparatus has a height H = 310mm, an 
inner diameter d = 299mm, a wall thickness t = 2.03mm and 
instrumented with six strain gauges. The 15 apparatus has the 
dimensions H = 160mm, d = 150mm and t = 4.45mm and three strain 
gauges. A predefined amount of 47.5kg and 5.70kg iron ore pellets for 
the 30 and 15 configurations respectively are placed inside the steel 
tube and an axial force is applied to one of the compressive platens. 
Measured data are the force and displacement of the compressive 
platen; the strain gauges are measuring the circumferential strain in 
the steel membrane. The axial stress is computed from the axial force 

H

d 

t 

Compressive platen x2 

Strain gauges  
30- x6  
15- x3  

Steel tube 

Iron ore pellets 



 Determination of bulk properties and fracture of iron ore pellets using instrumented confided compression experiments 

D:8 
 
 

according to Eq. (1) and the strain gauge measurements gives the 
radial stress according to Eq. (2). The 30 setup is used for the bulk 
characterization at lower loads and measures more accurate the 
behaviour of the iron ore pellets as the boundary effect are minimized 
and the membrane strains are larger which gives better gauge signals 
compared to the thick steel tube in the 15 setup. The smaller 15 
setup generates and can withstand higher pressures. This equipment is 
used for the characterization of the bulk properties at higher loads and 
for the fracture behaviour study.  A picture of the two setups is found 
in Figure 3.  

 
Figure 3. The instrumented 30 and 15 confined compression test 

apparatuses. 
The apparatus is mounted into a Dartec 200 press with a maximum 
force capacity of 200kN.  KYOWA foil strain gauges (KFG-5-350-
C1-11L1M2R) [10] are mounted in the measurement positions at three 
different heights on the steel membrane according to Figure 2. In each 
position two strain gauges are mounted in a half bridge circuit on each 
side of the steel tube to compensate for bending strains. The strain 
gauges are coupled into an amplifier with 10V supply voltage 
amplifying the signal such that one voltage is equal to 100μ-strains. 
Pictures from one of the tests with the 30 apparatus are shown in  
Figure 4.  
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Figure 4. The instrumented 30 confined compressive test apparatus 

mounted in the Dartec 200 pressing machine, during loading and 
afterwards.  

3.3 Friction measurements 

In order to investigate the frictional conditions in the confined 
compression tests, friction tests are carried out on a UMT-2 (Universal 
Micro Tribometer, CETR, USA) test machine. Friction in pellet-on-
pellet mode and pellet-on-steel plate mode is investigated, see  
Figure 5. The upper specimen is loaded against the lower specimen by 
means of a servomotor. In the pellet-on-pellet mode a spherical 
shaped iron ore pellet is loaded against a cylindrical shaped iron ore 
pellet. A constant vertical load is maintained by the servo controlled 
motor while the upper specimen is moved horizontally 5mm during 
60s by another servo motor. A force sensor measures the vertical and 
horizontal force with an accuracy of 25mN. Measurements at four 
different vertical loads are studied with three repetitions for each load 
except for the highest load where one test is performed. 
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Figure 5. Friction measurement. To the left: pellet-on-pellet.  

To the right: pellet-on-plate. 

4 Experimental results 

The measurement data from all of the tests accomplished is presented 
for the bulk characterization, fracture behaviour analysis and friction 
tests.  

4.1 Bulk characterization tests 

The bulk characterization is made with two types of tests at high and 
low loads with the two equipments available. In the low pressure 
region the 30 confined compression test apparatus is used. Loading 
up to 100kN ( ax = 1.4MPa) and unloading are run in four tests. In 
three tests a cyclic loading is run where the load is applied in 
increasing steps of 25kN up to 100kN with unloading in between. For 
axial stresses above 1.4MPa up to 11.2MPa the 15 compression test 
apparatus is used. Loading up to 200kN ( ax = 11.2MPa) and 
unloading are run in one test and cyclic loading in two tests. Loading 
velocity is 56.6 /ax kPa s  for all tests. The measurement data of the 
axial stress versus the axial strain are presented in Figure 6 for the two 
load regions. 
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Figure 6. Axial stress versus axial strain, from the bulk 

characterization tests. To the left: 30 confined compression tests.  
To the right: 15 confined compression tests. 

The measurements of the radial stresses versus the axial strain are 
seen in Figure 7 for the two load regions. The radial stress is 
computed from the average value of the strain gauges. In the unloaded 
positions the radial stress does not completely unload. This is not a 
measurement error as the strain gauges shows zero strain when the 
steel tube is emptied from iron ore pellets. The internal friction 
between the iron ore pellets and the friction between the pellets and 
the walls prevents a complete unload in radial direction. 

 
Figure 7. Radial stress versus axial strain, from the bulk 

characterization tests. To the left: 30 confined compression tests.  
To the right: 15 confined compression tests. 
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One uncertainty in the experiments is the packing that differs slightly 
between the tests. Before each test the mass and the filling height of 
the iron ore pellets is recorded, this gives a measure of the initial 
density, 0. A test with a high initial density gives a stiffer response in 
the start of the loading than a test with a looser packing. It can be seen 
as a pre-strained material with an additional strain term, ax .  
 

0( )ax ax ax  (13) 
 
The axial strains are shifted according to Eq. (13) until the maximum 
point of the load curves coincide in Figure 6. The additional axial 
strain term is plotted versus the initial density in Figure 8 where it can 
be seen that a sample with a dense packing has to be shifted more than 
samples with looser packing. This procedure was used for the 30 
tests. It results in an initial density for a non-pre-strained sample of  

0 = 2270kg/m3. 

 
Figure 8. Additional axial strain term plotted versus the initial 

density. 

The packing in the 15 test is more uniform with initial densities of 
2188kg/m3, 2204kg/m3 and 2208kg/m3 for the three tests. The 15 
measurement data were all shifted with an additional strain 

33 10ax  in order to fit the 30 measurements. From the axial and 
radial stress measurements the isostatic pressure is computed and 
presented is Figure 9. 
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Figure 9. Isostatic pressure versus axial strain, from the bulk 

characterization tests. To the left: 30 confined compression tests.  
To the right: 15 confined compression tests. 

4.2 Fracture tests 

Fracture tests at three different loads (100kN, 150kN and 200kN) are 
carried out with the 15 compression test apparatus with three tests at 
each load. For these measurements 5.5mm rubber material are placed 
between the iron ore pellets and the compressive platens to smooth out 
the pressure in the contacts. The Young´s modulus of the rubber 
material is measured to ERubber = 70MPa. The iron ore pellets are 
loaded axially in the compression test apparatus at 1kN/s to the 
predefined force and unloaded.  
 

 
Figure 10. Picture of the iron ore pellets inside the confined 

compression test apparatus after one of the fracture tests. Some 
broken iron ore pellets are visible in the steel tube. 
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After a test the iron ore pellets are examined one by one visually if 
broken or not. A picture of the inside of the 15 compression test 
apparatus after emptying half of the iron ore pellets from one of the 
fracture tests is shown in Figure 10. All the broken pellets from a test 
are weighed together and the fracture ratio is calculated as the mass of 
broken pellets divided by the total mass of the sample. The fracture 
ratios for different loads are gathered in Table 1. 

Table 1. Fracture ratios at different applied axial loads. 
Test no. Axial load [kN] Fracture ratio% 

1 100 2.2 
2 100 2.6 
3 100 2.4 
4 150 10.2 
5 150 7.5 
6 150 9.6 
7 200 19.7 
8 200 19.8 
9 200 19.5 

4.3 Friction tests 

The coefficient of friction μ is calculated using the ratio of the 
tangential force to the normal force.  

 
Figure 11. Example of friction versus sliding distance at a vertical 
load of 100N. Coefficient of friction μ is calculated as the average 

data of the last 70% of the data in the figure.  
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The total measured friction curve as a function of the sliding distance 
from one of the tests is shown in Figure 11. The first linear part of the 
friction curve comes from the machine response of the tangential 
loading of the lower specimen before tangential force overrides the 
friction force and the sliding begins. The value of μ is calculated as 
the average of the last 70% of the sliding distance, see Figure 11. All 
measurements of μ are presented in Table 2. 

Table 2. Coefficient of friction μ for pellet-on-pellet and  
pellet-on-plate modes. 

 Load 
 [N] 

μ -  
rpt. 1 

μ -  
rpt. 2 

μ -  
rpt. 3 

μ -  
average 

Pellet/ 
Pellet 

5 
10 

0.8729 
0.6883 

0.6840 
0.6623 

0.6705 
0.6638 

0.681 
0.67 

 100 0.6855 0.6937 0.6843 0.69 
 250 0.6387 - - 0.64 
Pellet/ 
Steel plate 

5 
10 

0.5797 
0.7552 

0.5904 
0.7357 

0.6027 
0.7167 

0.59 
0.74 

 100 0.7448 0.7594 0.7485 0.75 
 250 0.8079 - - 0.81 

 
The surface roughness of the iron ore pellet and the steel plate 
(scratched and unworn) was measured with an optical profiler 
(WYCO NT1100); see the visualizations in Figure 12. The average 
surface deviations Ra for the three measurements are calculated with 
the WYCO system. The surface roughness of the iron ore pellet is 
determined to Ra = 13μm, the unworn steel plate Ra = 2.5μm and the 
scratched steel plate Ra = 1.7μm. These are just indicative values as 
the surface roughness varies a lot between the different samples, 
especially between different iron ore pellets.  

 
 
 
 
 
1 Average computed from repetition 2 and 3. Repetition 1 is considered as an outlier. 
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Figure 12. WYCO surface profiles of the roughness. a, Iron ore pellet 
Ra=13μm. b, Unworn steel plate Ra=2.5μm. c, Steel plate in wear scar 

after friction measurement Ra=1.7μm. 
It can be seen from the surface profiles in Figure 12 a rather rough 
surface of the iron ore pellet and very clear scratch marks on the steel 
plate. 

5 Evaluation and discussion 

Data for the proposed constitutive model is evaluated from the tests. 
The determination of bulk properties is based on data up to an isostatic 
pressure of p = 2.5MPa. 

5.1 Poisson´s ratio 

Poisson´s ratio is determined from the relation between the axial and 
radial stresses. The radial stress is plotted versus the axial stress for 
the 30 and 15 confined compression tests in Figure 13. In the same 
figure, the relation for Poisson´s ratio according to Eq. (7) is plotted 
versus the axial stress. A nearly linear relation between the radial and 
axial stress for both of the experimental setups is shown. The relation 
for Poisson´s ratio gives slightly different values for the two 
experimental setups. One explanation to this is a larger influence of 
the boundary effects in the smaller 15 setup. The average value of 
Poisson´s ratio for the 30 measurements is determined to  = 0.21. 
 

a, b, c, max: 42.3 μm 
min: -56.9μm 

max: 7.6 μm 
min: -9.8μm 

max: 9.4 μm 
min: -5.2μm 
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Figure 13. Determination of Poison´s ratio, . To the left: Radial 

stress versus axial stress from the 30 and 15 confined compression 
test measurements. To the right: Poisson´s ratio according to Eq. (7) 

plotted versus the axial stress. 

5.2 Bulk modulus 

The bulk modulus is determined from the unloading data of the bulk 
characterisation tests. The bulk modulus is defined as the relation 
between the elastic volumetric strain and the isostatic pressure 
according to Eq. (11). Assuming that the unloading is elastic, the 
elastic volumetric strain is derived by removing the permanent plastic 
volumetric strains from the unloading data such that the curves start at 
zero strain for zero pressure. The isostatic pressure is plotted versus 
the elastic volumetric strain for the unloading data in Figure 14. The 
relation between the isostatic pressure and the elastic volumetric strain 
is not linear, i.e. the bulk modulus is not a constant. The bulk modulus 
is assumed linear dependent on the isostatic pressure. A best fit 
procedure of the curves is accomplished to find the constants  
a1 = 60.0MPa and a2 = 150.0 in Eq. (14), where a1 is the initial slope 
of the curve and a2 is the asymptotic value of 1 e

v .   
 

1 2( )K p a a p  (14) 
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Figure 14. Determination of the pressure dependency of the bulk 
modulus K(p). Unloading curves of the isostatic pressure versus 

elastic volumetric strain from the 30 and 15 confined compression 
test measurements at isostatic pressures up to 2.5MPa. 

5.3 Plastic strain hardening function 

A plastic hardening relation for the plastic volume change as a 
function of the isostatic pressure is adapted. The loading data up to  
p = 2.5MPa from the bulk characterization tests are analysed in terms 
of the isostatic pressure and plastic volumetric strains, see Figure 15.  

 
Figure 15. Determination of the plastic volumetric strain hardening. 
Isostatic pressure versus plastic volumetric strain from the 30 and 
15 confined compression test measurements at isostatic pressures up 

to 2.5MPa. 
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The plastic volumetric strain is derived by removing the elastic 
volumetric strain computed with Eq. (11) and the derived relation for 
the bulk modulus Eq. (14) from the total measured volumetric strain. 
A plastic strain hardening function Eq. (15) is derived from a best fit 
procedure of the curves in Figure 15. In Eq. (15) c3 is the slope of the 
asymptotic linear curve, c1 is the asymptotic intersection with the  
x-axis and c2 determines the curvature. Resulting constants for the 
equation are; c1 = 0.0082, c2 = 15.0MPa-1 and c3 = 125.0MPa-1. 
 

2
1 3( 1)c pp

v c e c p  (15) 

5.4 Fracture 

From the fracture measurement data in Table 1, the average fracture 
ratios with the spread of two standard deviations are calculated and 
plotted versus the axial stress in Figure 16. A quadratic function is 
fitted to the data. According to this extrapolation the initial fracture 
starts at a critical axial stress of ax = 3.7MPa. 

 
Figure 16. Measured amount of broken iron ore pellets from the 
fracture tests versus the applied maximum axial stress in the 15 

confined compression tests. The statistical spreads of two standard 
deviations are displayed with error bars on the measurement points. A 

quadratic trend line is fitted to the data. 
From the bulk characterization tests with the 15 apparatus the stress 
path for the fracture test is analysed.

 
The deviator stress is plotted 

versus the isostatic pressure in Figure 17. The fracture data from the 
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three analysed load levels are marked with circles in the figure. Initial 
fracture according to the extrapolation in Figure 16 is also shown in 
the figure. 

 
Figure 17. Loading path for the fracture tests in the p:q effective 

stress plane. Fracture ratios and initial fracture (from extrapolation) 
are indicated with circles. 

5.5 Validity of the material model 

The derived material data for the proposed constitutive model is 
compared with the experimental data for the isostatic pressure versus 
the total volumetric strain in Figure 18.  

 
Figure 18. Comparison between the experiments and the constitutive 
model response. Isostatic pressure versus volumetric strain. To the 

right: enlarged view of the area marked with a rectangle. 
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The material response of the constitutive model is simulated with a 
predefined axial stress. The radial stress is computed from Poisson´s 
ratio  = 0.21. The elastic and plastic volumetric strains are derived 
from Eq. (11), Eq. (14) and Eq. (15) with the determined constants. A 
good agreement between the constitutive model response and the 
experimental data up to p = 3.5MPa is shown in Figure 18. At this 
point (~2.5% fracture) the crushing of the material starts to have a 
significant softening behaviour on the material.  

6 Conclusions 

A test method for determining the bulk properties and fracture of 
pressurised iron ore pellets is worked out. Poisson´s ratio, a pressure 
dependent bulk modulus and a plastic strain hardening function for 
iron ore pellets is evaluated from the tests. The proposed constitutive 
model with the determined material data reproduces loading and 
unloading of the material with good agreement for isostatic pressures 
below 3.5MPa. The fracture of iron ore pellets in one known load path 
in the p:q stress plane are studied up to 20% crushing of material. The 
friction coefficient between two iron ore pellets appears independent 
of the load while the friction coefficient between an iron ore pellet and 
a steel plate increase slightly with the load. The developed 
instrumented confined compression test is a usable experimental 
method for determining bulk properties and fracture of iron ore 
pellets.  
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Abstract 

The multi particle finite element method (MPFEM) is used to simulate 
confined compression of iron ore pellets. The confined compression 
test consists of a cylindrical steel tube and two compressive platens. 
The iron ore pellets are confined by the tools and compressed.  In the 
MPFEM model of the test, the iron ore pellets are represented by 1680 
finite element (FE) discretized particles (7-16 mm). The size, shape 
and material properties are statistically distributed. The contacts are 
modelled with the penalty stiffness method and Coulomb friction. The 
compression is simulated in two steps. In the first step, the iron ore 
pellet models are sparse placed in the computational model of the steel 
tube and a gravity driven simulation is carried out to make the pellets 
arrange randomly. In a second step, the compression is simulated by a 
prescribed motion of the upper compressive platen. From the MPFEM 
simulation, the stresses inside the individual pellet models are 
evaluated and the fracture probability of the iron ore pellets are 
derived and compared with experimental data. Also data of the global 
axial and radial stresses and axial displacement are presented and 
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compared with experimental confined compression test data. In 
conclusion, the MPFEM model can reproduce the fracture ratio of iron 
ore pellets in uniaxial confined compression and is a feasible method 
for virtual fracture experiments of iron ore pellets. 

Keywords 

Iron ore pellets; Granular material; Multi particle finite element 
method; Numerical analysis 

1 Introduction 

Handling and storing of iron ore pellets and other particulate bulk 
materials are widely used industrial processes. Iron ore pellets are 
passing through a number of transportation and handling systems like 
conveyor belts, silo filling, silo discharging, railway and shipping. In 
large silos the weight of the materials give rise to pressure and 
compression of the iron ore pellets which can cause fracture and 
generation of fines.  
 Numerical modelling and simulation of the compression of iron ore 
pellets gives a possibility to study the process in more detail. 
Traditionally, two computational procedures have been used to model 
the compression and compaction of particulate materials: the 
continuum and the discrete approach. In the continuum approach the 
granular material is considered as a continuous homogeneous 
medium. The problems are typically solved with a mesh based method 
like the finite element (FE) method or mesh free methods like the 
smoothed particle hydrodynamics (SPH) method. Continuum 
approaches have been extensively used for metal powder compaction 
with FE, see e.g. [1, 2] but also for iron ore pellets with SPH [3]. In 
the discrete approach the granular particles are described as 
interactions of individual particles. In the discrete element (DE) 
method the motions are determined by Newton´s laws and the contact 
forces are being functions of the particle overlap. In granular process 
applications like milling [4], conveyor transfer [5] and granular pile 
storage [6] the DE method is a widely used tool. Both methods have 
their advantages and disadvantages. A continuum based FE model can 
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handle large problems with lack of information on particle scale. With 
the DE method the interaction of the individual particles is considered 
but still lacking information of the stresses and strains inside the 
particles. Also, the coupling to the surrounding structure is missing as 
the DE method is using rigid walls as boundary condition.  
 From these limitations a new combined FE/DE method has 
emerged. With the multi particle finite element method (MPFEM) all 
the particles in a granular material are discretized individually with a 
FE mesh and the particle interactions are handled with a DE contact 
procedure. The MPFEM was introduced by Ransing, Gethin and 
Lewis [7- 11] for compaction of metal powder and has also been used 
and developed by Procopio and Zavaliangos [12]. Recently the 
method has also been shown by Frenning [13, 14] to be applicable for 
problems of compaction of spherical granules in 3D. The main 
advantage with this method is that a mixture of particles with different 
sizes, shapes and material properties are easily analysed. However, the 
MPFEM generally require extensive computational capacity and has 
its limitations in number of particles possible to manage.  
 In this work MPFEM is used for studying the compression of iron 
ore pellets in a confined compression test. Statistical data of the size, 
shape and material properties of the individual particles are 
implemented from experimental results. For computational efficiency 
the problem is solved with a commercial parallelized FE solver with 
an elastic-plastic material model for the particles. The stresses inside 
the individual iron ore pellet models are analysed and fracture 
predictions are estimated. The global behaviour of the model and the 
fracture are compared with experimental results in [15]. The purpose 
of this study is to explore the possibility and reliability to perform 
virtual fracture experiments of iron ore pellets with MPFEM. 

2 Theory 

2.1 Material model 

A constitutive model with isotropic linear strain hardening described 
in [16] is used for the iron ore pellets material description. The 
material parameters describing this model are; density , Young’s 
modulus E, Poisson’s ratio , initial yield stress 0 and tangent 
modulus Et. The yield condition is 
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where y is the yield stress and sij is the deviatoric stress tensor. The 
yield stress is dependent on the effective plastic strain, p

eff according 
to 
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where 0 is the initial yield stress and H is the plastic hardening 
modulus 
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2.2 Contact procedure 

In multi particle finite element simulations an efficient contact 
algorithm preventing penetration between particles and handling the 
friction is essential. Here a segment-based penalty formulation contact 
algorithm is used, described in [17]. In the penalty method, each slave 
node is checked for penetration through the master surface. If the 
slave node does not penetrate, nothing is done. If it does penetrate, an 
interface force is applied between the slave node and its contact point. 
The magnitude of the force is proportional to the amount of 
penetration. For a segment-based penalty formulation the contact 
stiffness kc is computed from the segment masses m1, m2 and the time 
step dt according to 
 

2
1 2

1 2

10.5c
m mk C

m m dt
 (4) 

 
where, C is a scaling factor. A Coulomb friction formulation controls 
the friction between the contact segments. Here a constant friction 
coefficient, μs is adopted. The contact search is carried out with a 
bucket sort algorithm. With the bucket sort algorithm nodes are 
grouped to concentrate sort operations to the nearest bucket instead of 
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the whole problem region. The frequency of sorting nodes into 
buckets depends on the relative velocity of the nodes in the problem 
and does not need to be done each time step. A typical value is every 
ten or fifteen time step. The cost of contact search with this algorithm 
is nearly linear with the number of nodes O(N).   

2.3 Fracture criterion 

The equivalent effective stress  which takes the triaxiality into 
account is used and calculated from the definition in [18] as 
 

3

1
i

i

 (5) 

 
where i , i = 1,2,3, are the principal effective stresses, and  are the 

Macaulay brackets ( x x , if x 0  and x = 0 , if x < 0 ). The 
equivalent effective stress is computed in the MPFEM model for each 
iron ore pellet and compared with experimental values of the fracture 
stress f in [19], see the fracture criterion f in Eq. (6).  
 

0ff  (6) 
 
A principle sketch of the fracture surface in the 1: 2 plane is shown in 
Figure 1.  

 
Figure 1. Fracture criterion f on the 3 = 0 plane of the principal 

stress space. f is the fracture stress. 
 

f 

f 

2 

1 
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3 Numerical modelling 

The non-linear FE analysis software LS-DYNA 971 [20] is used for 
the numerical simulations. The iron ore pellets are modelled as 
homogenous non porous material with the material model described in 
section 2.1. Variations in size, shape and material properties are taken 
into account. Quasi-static finite element analysis with time-scaling is 
accomplished in order to decrease the simulation time. The dynamic 
effect of time-scaling is investigated and controlled not to influence 
the solution.  

3.1 Material data for iron ore pellets 

The material data for iron ore pellets is taken from [19] and used in 
the MPFEM model according to; E = 70GPa,  = 0.20,  

0 = 100Pa,  = 3700kg/m3. Statistical distributed values of the 
material parameter, Et is taken from [19] and the geometrical 
parameters, mean diameter Dm and shape  from [15] according to 
Table 1. By scaling an initial spherical mesh in one direction,  is the 
ratio between the minimum diameter D and the mean diameter of the 
model according to Eq. (7).  
 

m

D
D

 (7) 

 
Definitions of the diameters, D and Dm are illustrated in Figure 2, 
where Dm is the diameter of a sphere with equal volume as the model. 
 

 
Figure 2. Illustration of the minimum diameter D and the mean 

diameter Dm. 

D Dm 
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In Table 1, the parameters Et, Dm and  together with the statistical 
distributions in percentage are presented where μ is the average value 
and S is the standard deviation. The tangent modulus is statistically 
distributed by nine different values. Nine variations of the mean 
diameter is modelled and three different shapes. A total of 243 
different variations of discretized FE models of the individual iron ore 
pellets build up the MPFEM computational frame.  

Table 1. Statistical data and distribution of iron ore pellets, from [15] 
and [19]. Mean diameter Dm, tangent modulus Et and shape .  

Stat. spread 
(Distribution) 

Dm [mm] Et [GPa]  

-2.0S 9.42 
(4.0%) 

6.80 
(4.0%) 

0.88 
(15.9%) 

-1.5S 10.03 
(6.6%) 

9.49 
(6.6%) - 

-1.0S 10.64 
(12.1%) 

12.50 
(12.1%) - 

-0.5S 11.25 
(17.5%) 

15.84 
(17.5%) - 

 11.86 
(19.7%) 

19.50 
(19.7%) 

0.928 
(68.2%) 

+0.5S 12.47 
(17.5%) 

23.49 
(17.5%) - 

+1.0S 13.08 
(12.1%) 

27.80 
(12.1%) - 

+1.5S 13.69 
(6.6%) 

32.44 
(6.6%) - 

+2.0S 14.3 
(4.0%) 

37.41 
(4.0%) 

0.976 
(15.9%) 

3.2 Finite element model of a single particle 

A spherical model of an iron ore pellet is meshed with a regular mesh 
consisting of 4096 hexahedral under integrated solid elements, 32 
tetrahedral solid elements and 4913 nodes. The same mesh is used for 
all granules in the MPFEM model but scaled to different shapes and 
sizes. For comparison, a reference mesh is used to reproduce the 
single iron ore pellet response. The reference mesh consists of 110592 
hexahedral elements, 32 tetrahedral elements and 117649 nodes. 
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Meshes of one half of the of the iron ore pellet models are shown in 
Figure 3. 
 

 
Figure 3. To the left: Finite element mesh of an iron ore pellet used 

for the MPFEM simulation. To the right: Reference mesh for 
comparison of the single iron ore pellet response.

3.3 The confined compression test 

The experiment modelled and analysed with MPFEM is the confined 
compression test described in [15]. The experimental setup consists of 
an upper and lower compressive platen of thick circular steel plates 
surrounded by a cylindrical steel tube, see Figure 4 for a principal 
sketch with dimensions. There is a small gap between the steel tube 
and the compressive platens to avoid friction. Iron ore pellets are 
placed inside the steel tube and an axial force is applied to one of the 
compressive platens. The experimental setup type is a floating die, i.e. 
the steel tube is balanced by the friction from the iron ore pellets and 
free to move axially. Measured data in the experiment are the axial 
force and displacement of the compressive platen; also, strain gauges 
are measuring the circumferential strain in the steel membrane at three 
positions.  
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Figure 4. Principal sketch of the confined compression test.  

Figure from [15]. The dimensions are: L = 160mm, d = 150mm and  
t = 4.45mm.

3.4 Multi particle finite element model 

The confined compression test is modelled with MPFEM by 1680 
discretized FE models of the iron ore pellets with randomly assigned 
FE meshes according to the statistical data in Table 1. The two 
statistical extremes of the iron ore pellet meshes, with Dm = 9.42mm 
and  = 0.88; and Dm = 14.3mm and  = 0.976 respectively are shown 
in Figure 5. The steel tube is modelled with 37760 hexagonal fully 
integrated elements. The compressive platens are modelled rigid.  
 The initial configuration of the confined compression simulation is 
accomplished by a gravitational simulation of the filling. The 
geometrical statistical distributed iron ore pellet models are regularly 
arranged in the MPFEM model. A gravitational field is applied and 
the iron ore pellets movements are controlled by contact and friction 
laws. To speed up the initial configuration procedure the iron ore 
pellets are modelled as rigid bodies and a viscous contact damping 
[20] dissipates the energy to gradually make the particles to come to 
rest. 

L 

d 

t 

Compressive platen x2 

Strain gauges  
x3  
 

Steel tube, free to 
move axially 

Iron ore pellets 
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Figure 5. FE meshes of the two statistical extreme iron ore pellet 
models with Dm = 9.42mm and  = 0.88  and Dm = 14.3mm and  

 = 0.976 respectively.  
As for the experiments, a procedure to smooth the iron ore pellets bed 
is done by applying a load and unloading cycle of 0.5kN to the upper 
compressive platen. A Coulomb friction coefficient of μs = 0.15 in the 
filling simulation gives the filling height h0 = 150mm for 5.70kg iron 
ore pellets to be compared with h0 = 147mm in the experiment, see 
[15]. The final configuration after filling and smoothing are exported 
as the start configuration for the compressive simulation, shown to the 
left in Figure 6. The complete model including the FE mesh of the 
steel tube and the compressive platens is presented to the right in 
Figure 6. 

 
Figure 6. MPFEM model of the confined compression test of iron ore 
pellets. To the left: Configuration of the iron ore pellets after filling. 

To the right: Complete model of the confined compression test. 
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The Coulomb fiction coefficients for the compression simulation are 
taken from [15] and are μs = 0.675 between the iron ore pellets and  
μs = 0.693 between the iron ore pellets and the steel tube. The 
material models for the iron ore pellets are switched to the proposed 
elastic plastic model with the statistical distributed data of the tangent 
modulus. The steel tube is linear elastic with Young´s modulus  
Esteel = 210GPa and Poisson´s ratio steel = 0.29.  

4 Numerical results and discussion 

All the input data for the MPFEM model is taken from previous 
published results, there are no fitting procedure for the parameters 
versus the experimental results. One exception is the friction 
coefficient in the filling simulation that is chosen to give a similar 
filling height of iron ore pellets as in the experiment. The reason for 
this is the difference in filling procedure between the simulation and 
the experiment. 

4.1 Response of a single iron ore pellet 

A prerequisite for the MPFEM model to give the correct global 
response is that the individual discretized particles have the correct 
response. For the fracture analysis it is important that the stresses 
inside the particles are correct. MPFEM modelling is always a matter 
of keeping the computational cost as low as possible to have 
reasonable computational times. Therefore the individual meshes for 
the particles have to be optimized with as few elements as possible 
and still give an appropriate material response. The focus of this work 
is to study the stresses inside the individual particles. The mesh is 
optimized to give as god resolution of the stress field in the middle of 
the pellet as possible with a limited number of elements. The response 
for one single iron ore pellet compressed between two rigid platens is 
tested. A discretized pellet used in the MPFEM model with 4128 
elements per pellet is compared with a high resolution mesh with 
110624 elements. The data chosen for both models are;  
Dm = 11.86mm,  = 1.0 and Et = 19.5MPa. A compression of 0.15mm 
is simulated together with unloading. The MPFEM pellet model is 
solved and compared for two configurations. In one configuration the 
model is oriented only to have the nodes in contact with the 
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compressive platens; see left mesh in Figure 7. In the other 
configuration the element faces are in contact with the compressive 
platens, see right mesh in Figure 7.  
 

   
Figure 7. Two point compression of one single MPFEM modelled iron 
ore pellet. To the left: Node to plane configuration. To the right: Face 

to plane configuration. 
The force displacement data for the two models and configurations are 
shown in Figure 8.  

 
Figure 8. Mesh sensitivity study on the force displacement response 

for a single iron ore pellet model compressed between two rigid 
platens. 

A smooth load- displacement curve for the fine mesh and piecewise 
linear curves for the MPFEM model is shown. The piecewise linear 
behaviour is explained by a change in stiffness when new elements 
comes in contact with the rigid wall and the contact area increases. 
With a fine mesh the elements comes in contact more continuously 
and resolves the Hertzian contact. The response of the two models is 
similar at large displacements but differs at small displacements. The 
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coarser MPFEM pellet mesh gives a considerable stiffer response in 
the face to plane configuration compared to the node to plane 
configuration at small displacements which should be kept in mind 
when evaluating the global response of the MPFEM model. 
 As the global load-displacement response is not the main objective 
of this study, the MPFEM pellet is considered to give a sufficient 
material response. To really capture the right load-displacement 
behaviour the MPFEM pellet has to be refined and optimized to a 
smoother surface of the model to resolve the Hertzian behaviour. The 
main objective is to evaluate the fracture in the model. Therefor the 
equivalent effective stress is evaluated and compared for the two 
models at the load F = 1.0kN in Figure 9. 
 

 
Figure 9. The equivalent effective stress,  [MPa]evaluated at  

F = 1.0kN for the FE mesh used for the MPFEM model (to the left) 
and a fine reference mesh (to the right). The stresses are shown in a 

cross-section through the iron ore pellet models. 
The fracture is evaluated from the stress in the center of the model as 
described in [19]. The equivalent stress for the MPFEM pellet in the 
center is  =10.41MPa to be compared with the fine mesh result of  
 = 10.44MPa. 

4.2 MPFEM global response 

The global response of the MPFEM model is evaluated in terms of the 
axial stress ax and radial stress rad and compared with experimental 
measurements in [15]. To make the comparison complete, also the 
axial strain ax is evaluated and compared. See the equations below. 
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where, Fax is the axial force, A0 the initial cross section area for the 
steel tube,  the circumferential strain in the steel tube, h is the 
distance between the compressive platens and h0 is the initial distance 
between the compressive platens. Fax, h and  are measured in [15] 
and are used as validation of the MPFEM model. The radial stress is 
plotted versus the axial stress, see left plot in Figure 10. Results are in 
good agreement between the MPFEM model and the experimental 
response. The stress flow seems to be well described by the model. To 
the right in Figure 10, the axial stress versus the axial strain is plotted. 
It is seen a stiffer response for the MPFEM model than the 
experiment. An explanation is the coarse meshes used for the 
discretization of the pellets. It is shown in Figure 8 a stiffer response 
for the MPFEM mesh at small displacements when the models are 
oriented face to plane. This is the most probable orientation when the 
pellets are arranged in the steel tube.  

 
Figure 10. Comparison of global responses from the MPFEM result 

and experimental results in [15]. To the left: Radial stress plotted 
versus axial stress. To the right: Axial stress versus axial strain.  
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In the experimental curve a knee on the curve is observed around  
ax = 4.5MPa due to the start of fracture of the pellets which cause a 

softening on the global response. The crushing is not modelled and 
thus no such behaviour is observed in the MPFEM response. 

4.3 Fracture determination 

The equivalent effective stress is evaluated for each discretized iron 
ore pellet in the MPFEM model. The fracture is assumed to depend on 
the equivalent effective is stress in the centre of each pellet, see [19]. 
The equivalent effective stresses for the iron ore pellets is plotted in 
Figure 11, where the stress evaluated in the central elements of each 
particle represents the colour for the entire iron ore pellet in the fringe 
component plot. The stress states are plotted for two global axial 
applied stresses ax = 4.3MPa and ax = 11.0MPa, respectively. 
 

 
Figure 11. MPFEM result of the equivalent effective stress [Pa] in the 
centre of each iron ore pellet. To the left: Global axial applied stress 

ax = 4.3MPa. To the right: Global axial applied stress  
ax = 11.0MPa. Results are shown on one half of the model.

The equivalent effective stresses in the MPFEM model is compared 
with statistical determined fracture stresses f in [19]. The fracture 
stress is dependent on the tangent modulus Et with the averages f  

and standard deviations S
f  according to Table 2.  
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Table 2. Statistical fracture stresses f, from [19] Averages and 
standard deviations as a function of the tangent modulus Et. 

tE [GPa] 
f  [MPa] S

f [MPa] 

6.80 21.9 7.46 
9.49 23.3 7.47 
12.50 25.0 7.51 
15.84 27.1 7.65 
19.50 29.5 7.91 
23.49 32.4 8.32 
27.80 35.76 8.93 
32.44 39.71 9.76 
37.41 44.29 10.86 

 
The probability of fracture for one iron ore pellet in the MPFEM 
model is determined by comparing the equivalent effective stress 
evaluated in the center of the pellet with the statistical fracture stress 
for the actual material, see Eq. (11). 
 

( ) f
f S

f

P  (11) 

 
where, P is the probability of fracture and  is the distribution 
function for a normal distribution. The fracture probabilities for the 
iron ore pellets in the MPFEM model are shown in Figure 12 at the 
two global axial applied stresses ax = 4.3MPa and ax = 11.0MPa, 
respectively.  
 The total fracture ratio is calculated as the sum of the fracture 
probabilities for each iron ore pellet divided by the number of pellets. 
In Figure 13, the prediction of the fracture ratio is given as a function 
of the applied load and compared with the experimental results in 
[15]. 
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Figure 12. MPFEM result of the failure probability. To the left: 

Global axial applied stress ax = 4.3MPa. To the right: Global axial 
applied stress ax = 11.0MPa. Results are shown on one half of the 

model.  

 
Figure 13. Prediction of the amount of broken iron ore pellets from 
the MPFEM simulation compared with experimental results in [15]. 

The simulation and experiment show similar results even though the 
experimental fracture is more escalating at higher loads. In reality 
when an iron ore pellet breaks it loses the ability to carry load and the 
loads are redistributed to the neighbouring pellets. In the simulation 
this is not handled which can explain the lower fracture ratio at higher 
loads. 
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5 Conclusions 

The multi particle finite element method (MPFEM) is used for 
modelling a confined compression of iron ore pellets. Statistical 
variations in size, shape and material properties are taken into account. 
 In conclusion, the presented MPFEM model of the confined 
compression test shows good agreement of the global stress response 
compared to experiments. Compared to the experimental 
investigation, the model is in close agreement in predicting the 
amount of fractured iron ore pellets. The FE discretizations of the 
individual particles are too coarse to fully describe the correct load 
displacement behaviour. The MPFEM model can reproduce the 
fracture ratio of iron ore pellets in uniaxial confined compression and 
is a feasible method for virtual fracture experiments of iron ore pellets. 
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