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ABSTRACT

The objective of this thesis is to address the problems of modeling, path planning and path following
for an articulated vehicle in a realistic environment and in the presence of multiple obstacles.

In greater detail, the problem of the kinematic modeling of an articulated vehicle is revisited
through the proposal of a proper model in which the dimensions and properties of the vehicle can be
fully described, rather than considering it as a unit point. Based on this approach, nonlinear and linear
error kinematics models are proposed that are also able to account for the effect of the slip angles, a
factor that can cause dramatic deterioration in the overall performance of the vehicle.

Subsequently, two different concepts for addressing the problem of path following for articulated
vehicles are proposed. The first concept is based on a switching model predictive control architecture,
which relies on multiple switching linear error dynamics models of the articulated vehicle to account
for the effect of varying the slip angles and cruising speed as well as the mechanical and physical
constraints of the vehicle. The second proposed control concept is a novel nonlinear sliding mode
controller that introduces continuous sliding surfaces to reduce chattering effects while tracking a
reference trajectory. The sliding mode controller is utilized based on the extracted nonlinear error
coordinates of the articulated vehicle. The feasibility of this approach has been demonstrated through
multiple experimental tests on a small scale using a fully realistic articulated vehicle.

Finally, in the path planning part of the thesis, artificial potential field and bug algorithms are ad-
dressed. More specifically, the potential field path planning algorithm is modified by considering the
nonlinear kinematic model of the articulated vehicle and correspondingly adapting the repulsive and
attractive coefficients. In the case of the well-known bug algorithm, a suitable navigation method for
an articulated vehicle for local path planning based on a minimum set of sensors and with decreased
complexity for online implementation is also proposed. Furthermore, the performance of the modified
potential field method has been experimentally evaluated in multiple path planning scenarios using
the previously mentioned small-scale realistic articulated vehicle.
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CHAPTER 1

List of Publications and Contributions

The contributions of the research presented in this thesis have been analytically presented in the
articles appended in Part II. These research efforts have contributed to the fields of a) the modeling
of articulated vehicles in the presence of external disturbances; b) model predictive control schemes
for switching error dynamics models; c) sliding mode control based on a novel continuous sliding
surface for articulated vehicles; d) path planning in online formulations, in which the actual articulated
dynamics are considered; and e) experimental evaluations based on a large set of scenarios on a small
scale using a fully realistic articulated vehicle. Six publications related to the research presented in
this thesis are listed below:

1.1 Publications Appended to the Thesis

Paper A: Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”A Full Error Dynamics Switching
Modeling and Control Scheme for an Articulated Vehicle”, In the International Journal of Control,
Automation, and Systems, Springer, Volume 13, Number 5, DOI: 10.1007/s12555-014-0049-9.

Paper B: Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”Path following for an articu-
lated vehicle based on switching model predictive control under varying speeds and slip angles”, In
the Proceeding 17th IEEE International Conference on Emerging Technology Factory Automation,
(ETFA 2012), Krakow, Poland, September, 2012.

Paper C: Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”On-Line Path Planning for an
Articulated Vehicle based on Model Predictive Control”, In the Proceedings of IEEE International
Conference on Control Applications (CCA), Part of 2013 IEEE Multi-Conference on Systems and
Control (MSC 2013), pp. 772-777, Hyderabad Convention Center, India, August, 2013.

Paper D: Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”Real-Time Bug-Like Dynamic
Path Planning for an Articulated Vehicle”, Book Chapter In Informatics in Control, Automation and
Robotics, Lecture Notes in Electrical Engineering (LNEE) Springer-Verlag, Volume 325, pp. 201-
215, 2015.
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Paper E: Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”Effect of Kinematic Parameters
on MPC based On-line Path Planning for an Articulated Vehicle”, In the Journal of Robotics and Au-
tonomous Systems, Elsevier, Available online, pp. 16-24, DOI:10.1016/j.robot.2015.04.005, 2015.

Paper F: Thaker Nayl, G. Nikolakopoulos, T. Gustafsson, D. Kominiak, and R. Nyberg, ”Design
and Experimental Evaluation of a Novel Sliding Mode Controller for an Articulated Vehicle”, sub-
mitted to Control Engineering Practice, Elsevier 2015.

1.2 Publications Not Appended to the Thesis

The three publications below are also related to this research but have not been appended to this thesis.

[1] Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”Kinematic modeling and extended sim-
ulation studies of a load hull dumping vehicle under the presence of slip angles”, In the Proceedings
of (IASTED) International Conference on Modelling, Simulation and Identification, Pittsburgh, USA,
ACTA Press , pp. 344-349, November 2011.

[2] Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”Switching model predictive control for
an articulated vehicle under varying slip angle”, In the Proceedings of 20th IEEE Mediterranean
Conference on Control and Automation, (MED), pp. 884-889, Barcelona, Spain, July 2012.

[3] Thaker Nayl, G. Nikolakopoulos, and T. Gustafsson, ”On line Dynamic Smooth Path Planning
for an Articulated Vehicle”, In the 10th International Conference on Informatics in Control, Automa-
tion and Robotics (ICINCO), pp. 177-183, Reykjavik, Iceland, July 2013.

1.3 Summary of Publications

The contributions of the modeling, control, and path planning approaches proposed in each paper are
summarized as follows:

• Paper A: A Full Error Dynamics Switching Modeling and Control Scheme for an Artic-
ulated Vehicle
In this article, the established nonlinear kinematic model of the articulated vehicle is trans-
formed into an error dynamics model, which is then linearized in terms of multiple nominal
slip angles. The proposed control architecture consist of a switching control scheme based on
multiple model predictive controllers for varying slip angles. These controllers were developed
to improve the performance of the vehicle’s path tracking while compensating for the varying
slippage effect. The slip angle is used as the switching rule, and a corresponding switching
control scheme is defined to apply constraints on the states, the control signal and the out-
put variables. The proposed model predictive scheme is sufficient to provide very good path
tracking performance for the vehicle, even in the case of varying slip angles, which can cause
significantly deterioration in movement performance.
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• Paper B: Path following for an articulated vehicle based on switching model predictive
control under varying speeds and slip angles
This article focuses on the problem of path following for an articulated vehicle at different
speeds and under different slip conditions. The proposed control architecture consists of a
switching control scheme based on multiple model predictive controllers, fine-tuned for ad-
dressing different operating speeds and slip angles. The existence of slipping and varying
speeds has a significant effect on the vehicle’s path-following capability and can cause sig-
nificant deterioration in the performance of the overall control scheme. Based on the derived
multiple dynamics modeling, the current slip and the vehicle’s speed are considered as the sig-
nal selector for the proposed switching model predictive control scheme.

• Paper C: On-Line Path Planning for an Articulated Vehicle based on Model Predictive
Control.
In this article, a novel on-line path planning algorithm is presented for an articulated vehicle that
is moving in a partially known and sensory-based reconstructed environment relying on model
predictive control. The proposed algorithm belongs to the family of bug-like path planning al-
gorithms and is capable of considering the real dynamics of the articulated vehicle. Based on a)
a priori knowledge of the current and the goal points and b) a partial sensory-based awareness
of the surrounding environment, the proposed path planning algorithm is able to produce the
next reference waypoint in an on-line manner by solving the local and sub-optimal problem.
Subsequently, a model predictive controller is utilized to create the proper control signals based
on an error dynamics kinematic model of the vehicle.

• Paper D: Real-Time Bug-Like Dynamic Path Planning for an Articulated Vehicle
This article proposes a novel real-time bug-like algorithm for performing a dynamic, smooth
path planning scheme for an articulated vehicle under a limited and sensory-reconstructed sur-
rounding static environment. In the presented approach, factors such as the real dynamics of
the articulated vehicle and the geometry of the operational space are used to update the future
waypoints. Subsequently, the generated path planning results are iteratively smoothed online
using Bezier lines before the necessary rate of change for the vehicle’s articulated angle is pro-
duced.

• Paper E: Effect of Kinematic Parameters on MPC based On-line Path Planning for an
Articulated Vehicle
The objective of this article is to analyze the effect of kinematic parameters on a novel pro-
posed on-line path planning algorithm for an articulated vehicle based on model predictive
control. The kinematic parameters investigated are the vehicle’s velocity, the maximum allow-
able change in the articulated steering angle, the safety distance from obstacles and the total
number of obstacles in the operating arena. During the on-line path planning algorithm, the
model predictive controller controls the lateral motion of the vehicle by controlling the rate of
change of the articulation angle while driving it accurately and safely along the desired on-line
formulated path.
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• Paper F: Design and Experimental Evaluation of a Novel Sliding Mode Controller for an
Articulated Vehicle
This article presents the design and experimental evaluation of a novel sliding mode control
scheme, which is applied to the case of an articulated vehicle. The proposed sliding mode
controller is based on a novel continuous sliding surface that is introduced to reduce the chat-
tering phenomenon while achieving improved tracking performance and rapid minimization of
the corresponding tracking error. The derivation of the sliding mode controller relies on the
fully nonlinear kinematic model of the articulated vehicle, whereas the overall stability of the
control scheme is proven based on the Lyapunov stability condition. The performance of the
established control scheme is experimentally evaluated based on a large set of scenarios on a
small scale using a fully realistic articulated vehicle.

• [1] Kinematic modeling and extended simulation studies of a load hull dumping vehicle
under the presence of slip angles
In this article, multiple kinematic models of an articulated vehicle with the ability to consider
the slip angles are derived. Exhaustive simulation studies are presented to evaluate the perfor-
mance of the model under multiple design and operational variables, such as multiple sets of
parameters for slip angles, different steering angles, various wagon lengths, and various driving
paths.

• [2] Switching Model Predictive Control for an Articulated Vehicle under Varying Slip
Angle
A switching model predictive control scheme is presented for an articulated vehicle with vary-
ing slip angles. For the articulated vehicle, a nonlinear kinematic model is extracted that is able
to consider the effect of the slip angles. The existence of slip angles has a significant effect on
the vehicle’s path-tracking capability and can cause significant deterioration in the performance
of the overall control scheme. Based on the multiple error dynamic models that are derived, the
varying slip angle is used as the switching rule, and a corresponding switching model predictive
control scheme is designed that is also able to account for the constraints on the control signals
and the state constraints.

• [3] Online Dynamic Smooth Path Planning for an Articulated Vehicle
An online dynamic smooth path planning scheme based on a bug-like modified path planning
algorithm for an articulated vehicle is presented. In the general case, collision avoidance tech-
niques can be implemented by altering the articulated steering angle to direct the front and rear
parts of the articulated vehicle away from obstacles. The real dynamics of the articulated ve-
hicle, the initial and goal configurations, the minimum and total travel distances between the
current and goal points, and the geometry of the operational space are considered to calculate
updates of the future waypoints for the articulated vehicle.

1.4 Contributions

The contributions of the thesis arise from the formulation of novel developments in the areas of math-
ematical modeling, path planning and control system design, which can be summarized as follows:
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• Modeling and Control: This work addresses one of the main sources of environmental dis-
turbances to vehicles, namely, slip angles. The impact of the contributions to this aspect of
the research work can be summarized as follows: 1) nonlinear kinematic models for articu-
lated vehicles have been considered; 2) a comparison of the overall complexity of the proposed
models has been performed; 3) these models have been transformed into an error dynamics
model, which has then been linearized with respect to multiple nominal operation points; 4)
based on the multiple error dynamic models that have been derived, the varying slip angle has
been adopted as the switching rule for the switching control scheme; and 5) switching linear
model predictive control has been proposed to account for a) multiple constraints, b) model
uncertainties, and c) switching in the system model. During the course of this research, novel
criteria for coping with such disturbances during path following at varying speeds have been
developed, as presented in [4].

• Collision Avoidance Algorithm: Two novel online dynamic smooth path planning and col-
lision avoidance schemes based on a modified bug-like algorithm and a potential field path
planning algorithm for an articulated vehicle have been proposed in the course of this research.
These algorithms are based on limited-range sensing of the surrounding environment. The nov-
elty of the first algorithm stems from the proposal of a new bug-like path planning method based
on an articulated vehicle model that is able to consider a) the physical constraints of the vehicle,
b) proper obstacle detection and avoidance, and c) smooth path generation based on the online
processing of the produced waypoints using Bezier lines [5]. Second, a novel online dynamic
smooth path planning scheme based on a modified potential field path planning algorithm for
articulated vehicles has been proposed. The presented approach relies on a novel path planning
scheme based on the vehicle’s kinematics and a novel scheme for adapting the attractive and
repulsive coefficients to avoid local minima (trap situations). The efficiency of the proposed al-
gorithm has been evaluated on multiple experimental results based on a small-scale articulated
vehicle, in which the localization of the vehicle was performed by means of a highly accurate
motion capture system.

• Combining Path Planning with Control: Combined scenarios of feedback control and online
path planning algorithms for movement in a partially known and sensory-based reconstructed
environment have been considered. A model predictive controller has been utilized to create the
proper control signal simultaneously with path planning. The proposed model predictive con-
troller has the benefit of adaptability to achieve good path-tracking performance [6]. Another
important issue is the effect of the kinematic parameters of the vehicle model and path planning
on the behavior of the model predictive controller. Interesting conclusions have been derived
from various test scenarios to improve the ability of the path planning algorithm to identify
a collision-free path for an articulated vehicle. The efficiency of the proposed combined path
planning and control scheme has been evaluated for numerous simulated test cases, and exhaus-
tive simulations have been performed to analyze the dependence of the proposed framework on
the kinematic parameters [7].

• Experimental Implementation of Sliding Mode Control and Path Planning: An exper-
imental implementation of a nonlinear sliding mode control scheme based on a continuous
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sliding surface for an articulated vehicle has been demonstrated. A novel continuous sliding
surface has been proposed to reduce the chattering phenomenon and to improve the rapid track-
ing error of the controller. The controller was designed based on the nonlinear kinematic model,
and stability was proven based on the Lyapunov stability condition. Sliding mode control has
been implemented and applied to the system based on the small-scale articulated vehicle used
in other experimental tests.

1.5 Thesis Outline

The organization of this thesis is as follows. In the first part, Chapter 2 provides an introduction to the
problem and additional background information about autonomous vehicles. Chapter 3 introduces the
basic concepts of modeling such a vehicle, including the classical kinematic model and the kinematic
model with slip angles. Some background on control theory is provided in Chapter 4 with respect to
the suggested control scheme, whereas Chapter 5 describes the online path planning algorithms, and
Chapter 6 presents the conclusions and future work.

The second part contains the six research papers related to this thesis. In the first paper, a full
nonlinear kinematic model with the ability to account for the slip angles, with multiple sets of pa-
rameters for the slip angles and various steering angles, is proposed. A switching model predictive
control scheme for an articulated vehicle under varying slip angles and velocities is presented in
the second article. In the third paper, a combination of an on-line path planning algorithm for an
articulated vehicle moving in an unknown, sensory-based reconstructed environment with a model
predictive controller is presented. In the fourth paper, a novel online and sub-optimal bug-like path
planning algorithm for the case of an articulated vehicle is utilized to identify a collision-free path
and to generate smooth control points using a model predictive controller in online mode; this paper
has been selected for inclusion in the Lecture Notes in Electrical Engineering series published by
Springer-Verlag. The fifth paper analyzes the effect of kinematic parameters on a novel proposed
on-line motion planning algorithm for an articulated vehicle based on model predictive control. The
kinematic parameters that are investigated are the vehicle’s velocity, the maximum allowable change
in the articulated steering angle, the safety distance from obstacles and the total number of obstacles
in the operating arena. In the sixth paper, the design and experimental evaluation of a novel sliding
mode control scheme for application to the case of an articulated vehicle are presented. The proposed
sliding mode controller is based on a novel continuous sliding surface that is introduced to reduce the
chattering phenomenon while achieving improved tracking performance and rapid minimization of
the corresponding tracking error.



CHAPTER 2

Introduction

2.1 Background

Among the current vehicle types utilized in industry, articulated vehicles, such as the Load Haul Dump
(LHD) vehicle depicted in Fig. 2.1, are the most characteristic and most common. The advantages of
articulated vehicles can be understood in terms of the degrees of freedom available for the selection of
the directions needed to span the entire tangent space and reduce the difference between the trajecto-
ries followed by the front and rear parts of the vehicle when steering is applied. In this context, there

Figure 2.1: LHD vehicle utilized in industrial work

has been a significant focus on designing automated vehicles for utilization in the mining industry,
with the general objective of improving mining methods. For example, in the mining industry, most
autonomous systems are guided by cameras that follow an optical guide made of retro-reflective strips
or light-emitting rope on the tunnel roof [8]. Additionally, there is the high-speed autonomous vehicle
proposed in [9], which uses retro-reflective tape mounted on holders on the tunnel walls and a rotat-
ing laser scanner. These approaches are undesirable because they require the installation of a large
amount of additional infrastructure [10], whereas in most existing research approaches, the focus has
been placed on the remote operation of the articulated vehicle rather than on endowing the vehicles
with autonomy for accomplishing specific missions in controlled environments [11]. Currently, there
has been a continuous trend toward increasing the overall levels of autonomy in articulated vehicles,
especially in the field of on-line path planning and related control schemes [12].
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One of the autonomous tasks to be performed by an articulated vehicle in a dynamic environment
is to travel between two different locations. In such autonomous travel, the environment contains a set
of physical disturbances and various external limiting factors. In most common vehicle operations,
these external limiting factors degrade the system performance and introduce errors into the model
that propagate with time. These errors can also be regarded as external disturbances in the system
model and are caused by many factors, such as a) the general interaction between the vehicle and its
environment [13]; b) the noise and bias in the positioning and driving sensors [14] as well as other
sensor devices that may be mounted on mobile vehicles for various functionalities; c) the existence
or variation of slip angles between the front and rear parts of the vehicle, depending on the type of
driving ground as well as the type of tires used and their level of fatigue [15]; and d) dynamic effects
resulting from acceleration and braking [16].

With this scenario as a source of inspiration, this thesis focuses on the general area of modeling,
control and path generation for articulated vehicles. More specifically, improved linear and nonlin-
ear models are suggested for mathematically describing the kinematics of the vehicle in the case of
varying slip angles and varying traverse speeds. Based on these models, further control schemes
are proposed based on switching model predictive control and sliding mode control. All proposed
modeling and control approaches are further integrated into novel path planning schemes based on a
bug-like algorithm and the artificial potential fields approach.

The geometry of an articulated vehicle, as shown in Fig. 2.2, consists of two parts, each with a
width of d and with lengths of l1 and l2, linked at a rigid free joint h; each part has a single axle, and all
wheels are non-steerable. The centers of the two parts are denoted by p1 = (x1,y1) and p2 = (x2,y2).
The steering action is applied to the joint by changing the corresponding articulated angle, γ , in the
middle of the vehicle, and γ̇ is the rate of change of this articulated steering angle. The velocities v1
and v2 are considered to represent the same rate of change with respect to the velocity of the rigid
free joint of the vehicle, whereas θ̇1 and θ̇2 are the angular velocities of the front and rear parts of the
vehicle, respectively.

Y

X

W

P2=(X2,Y2)

v1

Ө1

ϒ 

l2

l1

Ө2

P1=(X1,Y1)

h

ϒ 
. 

ϒ 
- +

v2

Figure 2.2: The articulated vehicle model
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(a) System configuration in the presence of slip angles
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Figure 2.3: General representation of a system under various disturbances

2.2 Related Work

2.2.1 Mathematical Modeling

The model design involves the following: developing and analyzing a model to describe the behavior
of an articulated vehicle, designing and analyzing a suitable controller for the dynamic motion, sim-
ulating the dynamic motion, and deploying the controller. Because of the low speed of the motion of
the articulated vehicle, dynamic effects are neglected.

Several kinematic models have recently been proposed in the literature [17, 18] for articulated
vehicles with two- or multiple-body dynamics. A dynamic model for the general n-trailer problem
and one for the specific center-articulated vehicle problem have also recently been proposed [19, 20].

Most of these methods rely on simple models that do not account for the effect of the slip angles
because considering this effect complicates the problem and makes it more difficult to proceed to the
next stage of control development [21]. Fig. 2.3 shows a general block diagram of a system with
various disturbance factors and the effect of slip angles on the behavior of an articulated vehicle.

Many researchers have discussed the steering kinematics for a center-articulated vehicle using
various models that have been compared to and confirmed by empirical data [22]. A simple dynamic
model for the planar motion of an articulated vehicle, using the Lagrange equations with the incorpo-
ration of kinematic constraints to approximate the forces, can be found in [23]. Moreover, the authors
of [24] provided a summary of the derivation of a dynamic model of an articulated vehicle using La-
grangian dynamics in combination with a simplified tire model in an attempt to include the effect of
basic tire dynamics. The vehicle considered in this research [25] belongs to the category of articulated
vehicles for which the kinematic joints can be described by algebraic constraint equations. Research
has been conducted to model, simulate and control vehicles with a focus on explaining the nature
of their dynamic response [26–28]. The cited authors also derived an expression to illustrate the re-
lationship between the speed and stability of a vehicle, which can be used to optimize the dynamic
response of the vehicle by serving as a foundation for an adaptive tuning approach. Furthermore,
in the related literature, several research approaches have been reported to address the problem of
modeling articulated vehicles, either by considering their point kinematic properties or based on the
theory of multiple-body dynamics [29–32].
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Most of these approaches rely on simple models that do not account for the effects of external
disturbance factors. Moreover, a number of recent articles have focused only on the calculation
of such external factors and the manner in which the external environment affects them or on the
examination of the overall problem of kinematically modeling a multi-body vehicle with articulated
joints. To date, various efforts have been made to estimate or measure these effects [33, 34].

In this thesis, a novel approach to considering the side slip angles of a vehicle’s wheels is proposed
based on a) the presentation of full kinematic models for the specific case of articulated vehicles, b)
a comparison of the overall complexity of these models given the same configurations and condi-
tions, and c) a performance evaluation of the proposed models with respect to multiple design and
operational variables, such as multiple sets of parameters for the slip angles, different velocities and
steering angles, and various driving paths. Unlike other approaches, the proposed method explicitly
models the nonlinear slip dynamics in the state space. The proposed method can be applied to general
classes of four-wheeled vehicles, and it assumes only kinematic relationships.

2.2.2 Control Design

After the establishment of the kinematic model, the next challenges are to maintain the articulated
vehicle in the desired operating conditions or to track a reference path using a feedback structure.
Thus, the second task addressed in this thesis is to design a controller based on the analysis of the
kinematic model under varying slip angles. A variety of recent article proposals have focused on
formulating control schemes in terms of a linear state optimization problem to obtain a set of feedback
gains to serve as the control laws. In this approach, many traditional techniques for nonholonomic
vehicle control have been proposed based on error dynamics models in the absence of slip angles.
More specifically, in [35], linear control feedback has been applied, whereas in [36], a Lyapunov-
based approach has been presented.

Furthermore, in the literature, tracking control for an articulated vehicle has recently been studied
in [37], but the analysis was simplified by the assumption that the articulation control steering angle
lay on the front wheel of the vehicle. The application of fuzzy control for the same articulated vehicle
was proposed in [38]. Moreover, in [39], the authors presented a path-tracking controller based on
error dynamics, and the problem of designing a path-following controller for an n-trailer vehicle based
on nonlinear adaptive control was addressed. Classical fundamental problems of motion control for
articulated vehicles have been presented in [40].

The solution to such a problem requires a highly effective control scheme that can account for
multiple system model descriptions, uncertainties, and physical and mechanical constraints on the
system model parameters or the control signals. In [41], a control scheme based on linear matrix
inequalities (LMIs) has been evaluated, and in [42] and [43], a pole placement technique and a path-
tracking controller based on error dynamics, respectively, have been applied. In [44], a kinematic
tracking controller for mobile vehicles with kinematic uncertainty, which combines an input-output
linearization method and neural network control with adaptive and robust control techniques, has been
presented. A mobile vehicle may be highly controllable in its configuration space, as established by
various authors addressing path planning issues [45–47] and path planning using the kinematic vehicle
model presented in [48].

A common general vehicle stability system can be controlled by active steering [49]. Feed-
back control for nonholonomic mobile vehicles is currently attracting the interest of several research
groups [50–53], and a variety of other types of problems defined in the literature are described in [54].

The primary disadvantage of all these algorithms is the fact that in the presented approaches,
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the dynamics of the vehicle are treated as a linear, time-invariant system without any movement
constraints, whereas the actual kinematics limitations, which are especially important in the case of
nonholonomic vehicles, are neglected.

In many control problems, the true objective is to satisfy some constraint or to fall between certain
constraints. Thus, the problem of control design can be formulated as follows: to design a controller
based on the analysis of the kinematic model and the actuator limitations while allowing for operation
close to the constraints of the system. Two concepts for the control of articulated vehicle are proposed
in this thesis.

The first concept involves a control architecture consisting of a switching control scheme based
on multiple model predictive controllers. In this case, the multiple model predictive controllers are
utilized based on linear dynamic error vehicle models with different disturbances and complexities.

Model predictive control (MPC) is a technique that focuses on the construction of controllers that
can adjust the control action before a change in the output set-point actually occurs [55]. Multiple
MPC controllers can be fine-tuned for specific slippage operating conditions; however, the proposed
control scheme has the ability to consider the effects of real-world constraints on the control input
and the environmental restrictions. This predictive ability, when combined with traditional feedback
operation, enables the controller to make adjustments that are smoother and closer to the optimal
control action values [56]. In the current research effort, the MPC scheme was able to predict the
future values of a vehicle’s error dynamics parameters based on the present available information and
the current constraints [57].

In this control design approach, the present estimated slip angle of the front part of the articulated
vehicle is used as the mode selector for the switching MPC scheme. The resulting control scheme
provides optimal control for each slip angle region while ensuring smooth transitions of the control
effort as the articulated vehicle is driven over regions with different slippage. The MPC control
actions are the rates of change of the articulation angle and velocity, which are determined based
on a finite-horizon continuous time minimization of the predicted tracking error with constraints on
the control inputs and the state variables. A well-known technique for implementing fast MPC is to
compute the entire control law off-line; in this case, the controller can be implemented as a lookup
table, using on-line optimization. Full kinematic models that can integrate the slip angle effect are
still lacking for the case of articulated vehicles.

The second concept is a novel sliding mode controller based on a continuous sliding surface that
stabilizes the system, reduces chattering effects, and tracks a reference trajectory. This sliding mode
controller is a nonlinear controller that can apply a strong control action when the states of the system
deviate from the desired behavior [58]. The greatest advantage of sliding mode control (SMC) is its
insensitivity to variations in the system parameters, external disturbances and modeling errors. This
can be achieved by forcing the state trajectory of the system to the desired sliding surface as rapidly
as possible with the minimum tracking error.

The proposed controller can reduce the chattering in the SMC of the speed and steering angle.
To validate the performance of the novel proposed control law, a series of experimental scenarios is
presented, including cases demonstrating the tracking of reference paths shaped as a circle, a spiral,
and a figure-8 pattern. The chattering and tracking error of the system with the proposed controller
are much less than those of conventional SMC.
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2.2.3 Motion Planning

Motion planning algorithms and control theory are the most extensively researched subjects in the
field of autonomous vehicles. The purpose of motion planning is to search for a collision-free path
between a starting point and a final goal point. Thus, the third task addressed in this work is to design
a suitable path to reach a target point in a dynamic environment while maintaining a certain safety
margin from obstacles. Vehicle navigation requires proper interaction with the dynamic environment,
which can be modeled as a path planning scheme to determine how to reach the destination point
using a suitable criterion. In the general case, collision avoidance techniques can be implemented by
altering the articulated steering angle to direct the front and rear parts of an articulated vehicle away
from obstacles.

In what follows, a brief description of various approaches to path planning methods utilized to
generate collision-free paths in environments that contain obstacles and to optimize the path planning
with respect to some criterion [59] will be presented. For dynamic environments with moving obsta-
cles, limited work has been reported on optimal path planning for mobile vehicles [60, 61]. In [62],
a methodology has been introduced for intelligent path planning in uncertain environments using
vision-like sensors. The method has been shown to be successful for a mobile rover on completely
unknown terrain.

There are various approaches to the problem of directing a vehicle in a dynamic environment [63],
and these motion planning approaches are applied in this research filed to both global and local path
planning. The global method is computationally intensive and requires the robot to have comprehen-
sive information about its entire environment; thus, this approach is suitable only for off-line path
planning and cannot be used for real-time (online) obstacle avoidance [64].

For the case of a partially known and online reconstructed environment, the bug family of algo-
rithms are well-known navigation methods for mobile vehicles for local path planning based on a min-
imal set of sensors and with decreased complexity for online implementation [65]. Two of the most
commonly utilized path planning algorithms in this category are the Bug1 and Bug2 algorithms [66].
The Bug1 algorithm exhibits two behaviors: motion toward the goal with boundary following and a
corresponding hit point and leave point. The Bug2 algorithm presents behaviors similar to those of
the Bug1 algorithm, except that it attempts to follow a fixed line from the start point to the goal during
obstacle avoidance. Other bug algorithms that also incorporate range sensors are TangentBug [67],
DistBug [68] and VisBug [69]. DistBug is guaranteed to converge and will find a path if one exists;
it requires knowledge of its own position, the goal position and range sensory data [70]. The VisBug
algorithm requires global information to update the value of the minimum distance to the goal point
during boundary following and to determine the completion of a loop during convergence toward the
goal.

In all presented path planning algorithms, the vehicle is modeled as a point within the world space,
without any constraints on its movements; the actual kinematics of the vehicle, which are especially
important in the case of nonholonomic vehicles, are neglected.

Therefore, this thesis proposes two novel online dynamic smooth path planning and collision
avoidance schemes based on a modified bug-like algorithm and a potential field path planning algo-
rithm for an articulated vehicle. The modified bug-like and potential field algorithms are developed
by considering the nonlinear kinematic model and exploiting the constraints of the articulated vehicle
to generate the collision-free path with the shortest distance. Subsequently, the path produced using
the bug-like algorithm is iteratively smoothed online using Bezier lines before the necessary rate of
change for the vehicle’s articulated angle is calculated, as shown in Fig. 2.4.
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Figure 2.4: Modified bug-like path planning behavior

Potential field path planning is one of the most popular techniques for obstacle avoidance [71].
[72] has proven that the potential field technique is suitable for path following in an underground
mining environment and has asserted that such environment exhibits similarities with the traditional
indoor robotics environment.

The primary disadvantage of the local artificial potential field method is its susceptibility to local
minima, as shown in Fig. 2.5. These approaches are sometimes unable to produce the forces required
to avoid large, or several closely spaced, obstacles [73], and thus, the motivation in this work was to
find an efficient solution to the local minimum problem.

This work proposes a novel online dynamic smooth path planning scheme based on a modified
potential field path planning algorithm for articulated vehicles. This scheme is able to overcome the
local minimum problem and to gradually approach the goal by means of path smoothing to save travel
time and account for the physical limitations on the steering angle. In the presented approach, factors
such as the real dynamics of the articulated vehicle, the initial and goal configurations (displacement
and orientation), the minimum and total travel distances between the current and goal points, and the
geometry of the operational space are used to calculate updates of future waypoints for an articulated
vehicle.
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CHAPTER 3

Mathematical Model

3.1 Modeling of an Articulated Vehicle

In general, an articulated vehicle consists of two parts, a front and a rear, each with a width of w and
with lengths of l1 and l2, linked by a rigid free joint. A unique feature of articulated vehicles is their
method of steering, which is accomplished by rotating one unit against the other in the yaw plane
using an articulation joint. This technique will cause the front and rear parts of the articulated vehicle
to move on the same turning path, such that the off-tracking error of the vehicle is equal to zero when
l1 = l2. Therefore, articulated vehicles are often designed with similarly sized front and rear units
such that they will have a negligible off-tracking error, which simplifies the path-tracking problem.

In a model of such a mechanical system, the links and bodies may be interconnected by one or
more kinematic joints, whereas each body has a single axle and the wheels are all non-steerable. The
centers of gravity of the two parts are denoted by (x1,y1) and (x2,y2). The steering action is applied
to the joint by changing the corresponding articulated angle γ between the front and the rear of the
vehicle, as indicated in Fig. 3.1.
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Figure 3.1: Geometrical characteristics of the articulated vehicle
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3.1.1 Kinematic Model

Based on the assumption of rolling without slipping for the movement of the wheels of the vehicle,
the following nonholonomic constraints act on the front and rear axles:

ẋ1 sinθ1 − ẏ1 cosθ1 = 0 (3.1)
ẋ2 sinθ2 − ẏ2 cosθ2 = 0

To derive the vehicle’s kinematic equations, it is assumed that a) the steering angle γ remains constant
under small displacements; b) because of the low speed of the vehicle, dynamic effects such as tire
characteristics, friction, load and breaking force are neglected; c) each axle is composed of two wheels
that can be replaced by a single wheel; and d) the vehicle moves on a plane without slipping effects.
The vehicle’s velocity is bounded by the maximum allowed velocity to prevent the vehicle from
slipping. From the geometrical characteristics of the vehicle, it can be easily derived that the equations
that describe the translation of the articulated front part are as follows:

ẋ1 = v1 cos θ1 (3.2)
ẏ1 = v1 sin θ1

The velocities v1 and v2 are considered to have the same rates of change with respect to the velocity
of the rigid free joint of the vehicle, and thus, the relative velocity vector equations can be defined as
follows:

v1 = v2 cos γ + θ̇2l2 sinγ (3.3)
v2 sinγ = θ̇1l1 + θ̇2l2 cos γ

where θ̇1 and θ̇2 are the angular velocities of the front and rear parts, respectively. Combining the
above equations yields the following:

θ̇1 =
v1 sinγ + l2 γ̇
l1 cosγ + l2

(3.4)

For the case in which there is a steering limitation on the driving of the rear part based on the co-
ordinates of the point (x2,y2), the relationship between the front and rear coordinates is provided as
follows:

x2 = x1 − l1 cosθ1 − l2 cosθ2 (3.5)
y2 = y1 − l1 sinθ1 − l2 sinθ2

In the presented approach, the manipulated variable is the rate of change of the articulated angle,
whereas the vehicle’s speed is considered to be constant; the vehicle’s kinematic model can be pre-
sented in a general form as follows:

ẋ = f (x,u) (3.6)

The realistic dynamic motion behavior of the articulated vehicle with initial parameters [xi yi θi γ]
is depicted in Fig. 3.1. The state parameters of the articulated vehicle are x = [xi yi θi γ]T , where
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i ∈ [1,2], and the manipulated variables are u = [vi γ̇ ]T ; the kinematic model of the articulated vehicle,
in state-space form, can be written as follows:

ẋi
ẏi
θ̇1
γ̇

=


cosθi 0
sinθi 0
sinγ

l1cosγ+l2
l2

l1cosγ+l2
0 1

[
vi
γ̇

]
(3.7)

where γ̇ is the rate of change of the articulated angle. The angular velocity of the rear part can be
written as follows:

θ̇2 =
v1 sinγ − l1 γ̇ cosγ

l1 cosγ + l2
(3.8)

The corresponding angular velocity for the front part is θ̇1; these angular velocities have different
values when the two parts of the vehicle have different lengths.

3.1.2 Kinematic Model in the Presence of Slip Angles
One of the most important disturbances in the motion of an articulated vehicle is slip angles during
steering, which can cause a failure to achieve the desired movement while also introducing unpre-
dictable power requirements. The existence of slip angles affects the vehicle’s path-tracking capabil-
ity and can significantly degrade the performance of the overall control scheme. A slip angle can be
defined as an angular difference between the direction of the contact patch of a tire with the road and
the direction of the wheel. In general, slip angles are extremely difficult to model accurately because
they are generated as a result of the vehicle dynamics. For this reason, a variety of recent articles
have focused only on the calculation of slip angles and the manner in which the external environment
affects them or on the examination of the overall problem of kinematically modeling a multi-body
vehicle (multiple trailers) with articulated joints [74]. Methods of estimating vehicle body slip angles
have been extensively studied over the past few decades [75].

In this thesis, the existence of slip angles in the kinematic model is considered. In the presence of
slip angles, the kinematic model of the articulated vehicle can also be formulated based on a general
geometry that includes both ideal and slip behavior for the steering angles. There are two types of
slip angles: lateral and longitudinal. However, this research considers only lateral (side) slip angles.
Two slip variables are used to describe lateral slip angles, namely, β and α , which are defined as the
slip angles of the front and rear parts of the vehicle, respectively.

The vehicle configuration under the influence of slip is depicted in Fig. 3.2, where r1 and r2 are
the radii from the instantaneous centers of velocity of the front and rear parts, respectively. For the
initial center curvature of the trajectory, is assumed that the vehicle is moving forward without slip.

In the following derivation, the unit subscript ’s’ denotes variables in the slip angle case corre-
sponding to those defined previously for the non-slip case. The kinematic equations for the motion
under the influence of slip for the front part can be formulated as follows:

ẋ1s = v1 cos (θ1 +β ) (3.9)
ẏ1s = v1 sin (θ1 +β )

In this case, the vehicle’s motion depends not only on the velocities, the articulated angle and the
lengths of the two parts of the vehicle but also on the slip angles, and the resulting heading of the



20 CHAPTER 3. MATHEMATICAL MODEL

(a) Geometric configuration in the presence of slip an-
gles

(b) Tire slip angle

Figure 3.2: Configuration of the articulated vehicle model under the influence of slip

vehicle is determined by a combination of the slip angles and the orientation angles. The rate of
change of the orientation angle, θ̇2, can be defined as a function of the steering angle γ and both
slip angles. Based on the assumption that the vehicle develops a steady-state motion as it turns, this
rate can be calculated using a virtual center of rotation, which depends on the velocity. In the case
considered here, the speeds of the front and rear can be computed as follows:

v1 cosα = v2 cos(γ −α)+ θ̇2l2 sin(γ +β −α) (3.10)
v2 sin(γ +β −α) = θ̇1l1 cosα + θ̇2l2 cos(γ −α)

Thus, by solving the above equation, the angular velocities of the front and rear can be defined as
follows:

θ̇1 =
v1 sin(γ +β −α)+ l2 γ̇ cosα

l1 cos(γ −α)+ l2 cosα
(3.11)

θ̇2 =
v1 sin(γ +β −α)− l1 γ̇ cos(γ −α)

l1 cos(γ −α)+ l2 cosα

It should be noted that Eq. 3.11 is more accurate than Eq. 3.4 and Eq. 3.8 if the slip angles are known
a priori. In a state-space formulation, this relation can be expressed as follows:


ẋ1s
ẏ1s
θ̇1
γ̇

=


cos(θ1s +β ) 0
sin(θ1s +β ) 0

sin(γ+β−α)
l1 cos(γ−α)+l2 cosα

l2 cosα
l1 cos(γ−α)+l2 cosα

0 1


[

v1
γ̇

]
(3.12)

Before proceeding with the design of the control scheme, an appropriate kinematic model should first
be derived; thus, the procedure for modeling the error dynamics will be presented in the following
section.
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3.2 Error Dynamics Modeling

3.2.1 Error Dynamics Modeling
In the following derivation, three errors are defined as follows: a) ec is the curvature error, b) eh is the
heading error, and c) ed is the displacement error. Fig. 3.3 shows an overview of the definitions of the
curvature, heading and displacement errors between the actual path of the articulated vehicle and the
desired one. In this figure, both the displacement distance from the vehicle to the reference path and
the angle between the vehicle and the reference path are displayed.

The curvature can be expressed using the equation ec = (1/r−1/R), where r and R are the radii
from the instantaneous centers of the actual and reference circles to the front part of the vehicle,
respectively. The heading error eh is the angle between the lateral axis of the front part and the line
that connects the midpoint of the front axle to the center of the circular path. Finally, the displacement
error ed is the difference between the coordinates of the tractor and the coordinates of the desired
circular path.

Based on the assumption that the vehicle develops steady-state motion as it turns, or γ̇ = 0, the
rates of change in its orientation are described by r1 =

v1
θ̇1

and r2 =
v2
θ̇2

.

Figure 3.3: A graphical representation of the error dynamics transformation

With the derivative of the error states vector defined as ẋe = [ėc ėh ėd]
T , the error dynamics

description of the articulated vehicle can be presented as follows:
Under the assumption that the vehicle velocity v1 and the radius of the reference path R are con-

stant, ėc = d( vsinγ+l2γ̇
v(l2+l1 cosγ))/dt. The rate of change of the curvature error is defined as follows:

ėc = γ̇
l2 cosγ + l1

(l1 cosγ + l2)2 + γ̈
l2 (l1 cosγ + l2)
v(l1 cosγ + l2)2 − γ̇2 l1 l2 sinγ

v(l1 cosγ + l2)2 (3.13)

As defined in the graphical representation of the error dynamics transformation, the heading error is
defined as eh = θ1(1− r

R). By utilizing the relations (θ̇i =
vi
ri
) and ec = (1

r −
1
R), the rate of change of
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the heading error can be calculated as follows:

ėh = v ec + γ̇
l2

l1 cosγ + l2
(3.14)

The displacement error is defined as (ed = r · θ · eh), and taking the time derivative of this equation
yields the following:

ėd = v eh + γ̇ l1 sinγ (3.15)

Linearizing the error dynamics in Eqs. 3.13, 3.14 and 3.15 with respect to the reference path with a
small articulated angle measured in radians and redefining the state variables in a form that contains
a single control input yields the following:ėc

ėh
ėd

=

0 0 0
v 0 0
0 v 0

ec
eh
ed

+

k1
k2
0

 γ̇ (3.16)

where k1 = 1
l1+l2

and k2 = l2
l1+l2

are constants. This error dynamics model will be utilized later in
this thesis to develop the proposed bug-like path planning algorithm and the corresponding model
predictive control scheme.

3.2.2 Error Dynamics Modeling Under the Influence of Slip
When slip angles are present, the kinematic model of the articulated vehicle can be also formulated
based on a general geometry that includes slip behavior in the steering angles. With respect to the
origin of the local coordinate axis and under the assumption that the articulated angle is changing
at a constant rate, with forward velocities and non-zero slip angles for both parts of the vehicle, the
velocities at the rigid free joint of the vehicle are equal to the front velocity v1 rotated by γ degrees for
the front part and equal to v2 rotated by γ degrees for the rear part, plus the effects of the slip angles
on each part, their lengths and their angular velocities.

It is desirable to obtain the velocity of the point p(x1,y1) in the direction perpendicular to v1, as
depicted in 3.10 and 3.11. Under the assumption that the slip angles, the velocity and the curvature of
the trajectory are piecewise constant and by differentiating the equation ec =

v1 sin(γ+β−α)+l2 γ̇ cosα
v1 l1 cos(γ−α)+v1 l2 cosα

with respect to time, the rate of change of the curvature error can be determined as follows:

ėc = γ̇
l1 cos(β )+ l2 cos(α) cos(γ +β −α)

(l1 cos(γ −α)+ l2 cos(α))2 +

γ̈
l2 (l1 cos(γ −α) cos(α)+ l2 cos(α)2)

v1(l1 cos(γ −α)+ l2 cos(α))2 + γ̇2 l1 l2 sin(γ −α) cos(α)

v1(l1 cos(γ −α)+ l2 cos(α))2 (3.17)

The heading error eh is the difference in orientation between the centers of each part of the vehicle and
the circular path. The variation in the heading error is defined as eh , (θ −ϕ)+ (γ sin(γ +β −α)),
and it is assumed that θr w ϕR. From this equation, it can be derived that eh = θ(1− r

R)+(γ sin(γ +
β −α). The curvature error ec measures the difference between the vehicle’s path and the curvature
of the trajectory path, and it can be defined as ec =

1
r −

1
R . By utilizing these relations, the curvature

error can be defined as follows:

ėh = v ec + γ̇ sin(γ +β −α)+ γ̇γ cos(γ +β −α) (3.18)
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Furthermore, it is assumed that ϕ and θ are small and that the following can be defined: θ ,
( l1+l2 cos(γ+β )

r ) and eh , ed
l1

. The error in the displacement is ed = eh rθ − l1 cos(γ + β ), and tak-
ing the time derivative of this equation yields the following:

ėd = v eh + γ̇ l1 sin(γ +β ) (3.19)

As the final step, the following state-space error dynamics description for the articulated vehicle after
linearization is extracted:ėc

ėh
ėd

=

0 0 0
v 0 0
0 v 0

ec
eh
ed

+


1

(l1+l2)
l2+(β−α)(l1+l2)

(l1+l2)
l1β

 γ̇ (3.20)

In the case that the articulated vehicle is driven with varying speed over terrain characterized by
varying slip angles, multiple piecewise sets of operating parameters for the speeds and slip angles
should be also defined.

3.2.3 Error Coordinates Modeling

The overall geometry of the articulated vehicle is depicted in Fig. 3.4.

Figure 3.4: A path view of the error coordinates of the articulated vehicle model

It is assumed that the vehicle is driven without lateral slip angles on all wheels and that the lengths
of the front and rear parts are the same, l. Furthermore, it is assumed that the reference path coordi-
nates are denoted by xr = [xr yr θ2]

T and that the vehicle is moving with a constant velocity of vr. In
the following derivation, the three error coordinates, which express the deviation of the vehicle from
the desired position and heading, are denoted by xe = [ex ey eθ ]

T . In a state-space formulation, the
error dynamics model with respect to the reference path can be formulated as follows:
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ex
ey
eθ

=

 cosθ1 sinθ1 0
−sinθ1 cosθ1 0

0 0 1

x1 − xr
y1 − yr
θ1 −θ2

 (3.21)

Subsequently, it is again assumed that the vehicle is driven without lateral slip angles on all wheels
and that the lengths of the front and rear parts are of the same length l. Moreover, it is assumed that the
vehicle is moving on a flat surface and that the curvature of the reference path is denoted by cr =

1
R ,

where R is the radius of this path. Differentiation of the error dynamic equations given in Eq. 3.21
will yield the following:

ėx = −sinθ1θ̇1(x1 − xr)+ cosθ1(ẋ1 − ẋr)+ cosθ1θ̇1(y1 − yr)+ sinθ1(ẏ1 − ẏr) (3.22)
ėy = −cosθ1θ̇1(x1 − xr)− sinθ1(ẋ1 − ẋr)− sinθ1θ̇1(y1 − yr)+ cosθ1(ẏ1 − ẏr)

ėθ =
v1 sinγ

l(cosγ +1)
− v1cr coseθ

1− crey
+

1
cosγ +1

γ̇

By further assuming that the distance between the vehicle’s actual location and the reference path
takes a small value, the corresponding curvature can be calculated as cr =

sinγ
l . By substituting Eq. 3.2

into Eq. 3.22 and utilizing basic trigonometric principles, the final non-linear error dynamics of the
articulated vehicle can be written as follows:

ėx = θ̇1ey + v1 coseθ (3.23)
ėy = −θ̇1ex − v1 sineθ

ėθ = v1(
sinγ

l(cosγ +1)
− sinγ coseθ

l − ey sinγ
)+ γ̇

1
cosγ +1

Based on the the equations given in Eq. 3.23, the controller design will be formulated in Chapter 4
under the following assumptions: a) the velocity v of the vehicle is forward and bounded, b) the
heading and displacement error are bounded such that |eθ |< π/2, c) the articulated steering angle is
limited such that |γ |< π/4, and d) the rotation of the vehicle’s wheels is bounded and can give rise to
a maximum velocity of |v1|< vmax.



CHAPTER 4

Control Design

4.1 Switching Model Predictive Control

Model predictive controller has been very successful in practice and its a highly effective control
scheme that is able to take under consideration multiplicative system model descriptions, uncertain-
ties, nonlinearities and physical and mechanical constraints in the system model parameters and in
the control signals. The switching MPC scheme is able to consider the effects of the varying slip
angles and speed of the vehicle, as will be discussed later. The overall block diagram of the proposed
closed-loop system is depicted in Fig. 4.1.

Figure 4.1: Block diagram of the switching model predictive controller scheme for an articulated
vehicle

In this approach, a feedback control algorithm is combined with a path planning module, whereas
it has previously been assumed that the path has already been predefined (off-line). Thus, the path
planner generates the desired path, and subsequently, this path (in planar coordinates) is translated
into displacement, heading and curvature coordinates to act as a reference input to the MPC system.

The formulation of the MPC scheme is based on a) the current full state feedback, b) the active
constraints on the system, c) the estimated slip angles, and d) the mode selector signal, which depends
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on the slipping and velocity of the vehicle, to apply the necessary optimal control action.
The mode selector signal i ∈ S , with S , {1,2, · · · ,s}, is a finite set of indexes, and s denotes

the number of switching sub-systems.
For a polytypic description, Σ is the polytope: Σ : Co{[Ai Bi], · · · , [Ai Bs]}, where Co denotes the

convex hull and [Ai,Bi] represents the vertices of the convex hull. Any [Ai, Bi] within the convex set
Σ is a linear combination of the vertices ∑s

j=1 µ j[Ai Bi] with ∑s
j=1 µ j = 1, 0 ≤ µ j ≤ 1.

In the presented methodology for the design of the MPC scheme, only the front slip angle β is
considered because it has a more significant effect on the behavior of the vehicle than the rear slip
angle α; note that α has the opposite sign to that of β . As a result, the mode selector signals for the
MPC scheme are the measured velocity vi of the vehicle and the estimated slip angle βi. To define the
switching instances, the sets L1 and L2 are discretized into operating subspaces. The discretization
of the speed and slip angle operating sets can be formulated by defining multiple nominal values v0
and β0 and allowing them to take values in neighboring regions of lengths ξi and ψi. This can be
mathematically formulated as follows:

L1, i = vmin
0, i = v0, i −ξi ≤ v0, i ≤ v0, i +ξi = vmax

0, i

L2, i = β min
0, i = β0, i −ψi ≤ β0, i ≤ β0, i +ψi = β max

0, i

The sets X and U specify the state and input constraints. Let the set X contain the x states that
satisfy the following bounding inequality:

xmin = x−∆1 ≤ x ≤ x+∆1 = xmax (4.1)

where ∆1 ∈ ℜ(3,1)
+ is the vector that contains the selected state boundary conditions. The control

input bounding set U can be derived by considering the mechanical and physical constraints of the
articulated vehicle as well as the preference for or against aggressive maneuvers. These constraints
can be also formulated as presented in Eq. 4.2:

umin = u−∆2 ≤ u ≤ u+∆2 = umax (4.2)

where ∆2 ∈ ℜ+ is the vector that contains the selected control boundary conditions. Let the matrix
Hi be a zeroed 2×2 matrix with its i-th column equal to [1,−1]T and the other equal to 02,1, i.e., for
i = 2,

Hi =

[
0 1
0 −1

]
Then, the bounds previously expressed in (4.2) and (4.3) can be cast in a more compact form as
follows: [

H1
H2

]
4×2

·

 x
−−

u


2×1

≤

 xmax +∆1
−−−−−
umax +∆2


4×1

These constraints are embedded in the MPC computation algorithm to compute an optimal controller
that accounts for the physical and mechanical constraints that restrict the articulated vehicle’s motion.

The basic idea of a model predictive controller is to calculate a sequence of future control actions
in such a way that it minimizes a cost function defined over a predefined prediction horizon. More
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specifically, the (i)-th controller’s objective is to minimize the quadratic cost in Eq. 4.3 such that the
(i)-th linearized system remains within Σ. Special care must be taken to correctly tune the prediction
and control horizons, Np and Nc. A long prediction horizon increases the predictive ability of the
controller but also decreases performance and demands more computation.

Each model predictive controller V i
MPC corresponds to the i-th error dynamics model of the artic-

ulated vehicle, which is obtained by solving the optimization problem minJ(k) with respect to the
variations in the control actions, ∆u, and the error coordinates with a discrete time-sampling index,
where J(k) is defined as follows:

J(k) =
Np

∑
n=Nw

[ŷ(k+n|k)− r(k+n|k)]T Q[ŷ(k+n|k)− r(k+n|k)]+

+
Nc−1

∑
n=0

[∆uT (k+n|k)R∆u(k+n|k)] (4.3)

+
Np

∑
n=Nw

[u(k+n|k)− s(k+n|k)]T ·N[u(k+n|k)− s(k+n|k)]

where n is the index along the prediction horizon; Nw is the beginning of the prediction horizon;
Q is the output error weight matrix; R is the rate of change of the control weight matrix; N is the
control action error weight matrix; ŷ(k+ n|k) is the predicted system output at time k+ n, given all
measurements up to and including those at time k; r(k + n|k) is the output setpoint profile at time
k+ n, given all measurements up to and including those at time k; ∆u(k+ n|k) is the predicted rate
of change of the control action at time k + n, given all measurements up to and including those at
time k; u(k+ n|k) is the predicted optimal control action at time k+ n, given all measurements up
to and including those at time k; and s(k+ n|k) is the input setpoint profile at time k+ n, given all
measurements up to and including those at time k.

Once all controllers V i
MPC(k) are computed, the objective of the controller with index i ∈ S is to

stabilize the i-th system; as s increases, the error dynamics modeling becomes more accurate for a
larger range of speeds and slip angles and thus allows for the development of more efficient control
algorithms.

In the case that the articulated vehicle is being driven with varying speed over terrain characterized
by various slip angles, multiple piecewise operating sets of speeds and slip angles can be defined as
vi ∈ L1, βi ∈ L2 and αi ∈ L3, with L1, L2, L3 ∈ ℜ3 and i ∈ S+, leading to a switching state-space
description for the model as follows: ẋ = Aix+Biγ̇ .

4.2 Sliding Mode Control

In general, sliding mode control is a robust control scheme based on the concept of modifying the
structure of the controller in response to the changing state of the system to obtain a desired re-
sponse [76]. The greatest advantage of SMC is its insensitivity to variations in system parameters,
external disturbances and modeling errors [77], which can be achieved by forcing the state trajectory
of the system to follow the desired sliding surface as rapidly as possible and with minimum track-
ing error. Among the general advantages of SMC are its ability to achieve a fast response, its good
transient performance and its overall robustness with respect to parameter variations [78].
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However, to the author’s knowledge, the application and merits of an SMC scheme based on the
nonlinear error dynamics modeling of an articulated vehicle have not yet been reported in the litera-
ture. In the derivation of the proposed control scheme, the full nonlinear error kinematics model of
the vehicle will be considered, in contrast to the existing approaches in the field, which oversimplify
the problem by utilizing only the kinematics of a single point, ẋ = u. In general, the selected control
scheme is able to achieve rapid convergence and also demonstrates robustness against external dis-
turbances and uncertainties, such as localization errors and noise-corrupted measurements [79, 80].
Subsequently, a single-input nonlinear system of the following general form will be considered:

x(n) = f (x)+b(x)u, (4.4)

where x = [x ẋ . . . x(n−1)]T is the state vector and u ∈ R is the control input. The function f (x) is a
continuous nonlinear function, and b(x) is not exactly known, although the extent of its imprecision is
bounded. For this system, the control problem can be defined as the problem of tracking the specific
time-varying reference states xr = [xr ẋr . . . x(n−1)

r ]T . In the general case, the reference states xr can
vary randomly; however, in the real, application-specific case of the articulated vehicle considered
here, xr is provided by a corresponding path planner component. In the described general case, the
tracking error can be defined as xe = x− xr = [xe ẋe . . . x(n−1)

e ]T , where xe represents the tracking
error vector.

In general, the SMC design approach consists of two parts; control law, and sliding sur f ace (s).

u = ueq − k ·uht (4.5)

where u is the control input to the system, the equivalent control ueq is the continuous control law
which derives the states to the sliding surface in finite time, uht is the hitting control which acts to
keep the states in the sliding surface, and k = F +η , where η > 0, and | f̂ (x)− f (x)| ≤ F .

The SMC design procedure begins with the design of an appropriate control law to ensure sliding
conditions and stability or, equivalently, with the selection of a suitable smooth, discontinuous control
function to eliminate chattering problems while achieving robustness against disturbances. For the
tracking of the reference path, all errors should be driven to zero, or xe = 0, and thus, the following
sliding surface s is introduced, as (s(x, t) = ẋe +λxe) [81].

The convergence of the tracking error vector to zero can be achieved by choosing the sliding
surface to be s(x, t) = 0, which is often called the switching line, thus defining the set of points in
the phase plane where s = 0. The conventional sliding surface term sgn(s(x, t)) is a discontinuous
control function and is also defined as a sliding control, which acts to maintain the states on the
sliding surface.

The utilization of such a function, sgn(s(x, t)), often causes chattering in practice, especially
once the sliding surface has been reached; this phenomenon degrades the overall performance of
the control system and can even damage the mechanical parts and actuators when implemented in
a real system [82, 83]. To avoid this chattering phenomenon, the saturation function, sat( s(x,t)

ϕ ), is
commonly utilized instead of the sgn(s(x, t)) function, where ϕ defines the thickness of the boundary
layer. Furthermore, various combinations of the sign and sat functions cannot be further utilized
to eliminate the chattering phenomenon. However, the resulting control law includes discontinuous
control functions in sgn(s(x, t)) and sat( s(x,t)

ϕ ), which lead to chattering, as depicted in Fig. 4.2.
Therefore, a novel SMC scheme without discontinuous control functions will be proposed below that
does not include a chattering phenomenon.
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Figure 4.2: Sliding mode control with the chattering phenomenon

In this thesis, one of the main contributions is the introduction and experimental verification of
a novel SMC non-linear sliding surface, which, as will be discussed, is capable of preventing these
chattering effects. Usually, the non-linear sliding surface introduced by the rapid excitations of the
control input signal is defined as follows:

s(x, t) = ẋe +λ1xe +λ2xe|xe|+λ3ẋe|xe| (4.6)

In Eq. 4.6, the sliding gains λi, with i ∈ [1,2,3], should be chosen appropriately to stabilize the sliding
surface vector s = 0. If s is asymptotically stable, then ẋe and xe asymptotically converge to zero. If
s = 0, then ẋe is calculated as follows:

ẋe =
−λ1xe(1+ λ2

λ1
|xe|)

1+λ3|xe|
(4.7)

Based on Eq. 4.7 and under the assumption that the parameter λ1 can be selected as a positive constant,
or λ1 > 0, it can be derived that the selection λ3 =

λ2
λ1

can satisfy the stability condition, as Eq. 4.7
transforms into

ẋe =−λ1xe, with λ1 > 0 (4.8)

In Fig. 4.3, the sliding surface of the proposed SMC scheme is displayed; it is distributed throughout
the entire phase plane and is capable of regulating the states of the system to the origin point. To
realize the concept of a general SMC scheme, two elements must be specified: the equivalent control
ueq and the sliding surface s(x, t).

For verifying the performance of the proposed the chattering part of the SMC, can apply the new
nonlinear function to a simple underwater vehicle model as in [81]. The underwater vehicle model is
as follows,

mẍ+ cẋ |ẋ|= u (4.9)

where x defines position, u is the control input, m is the mass of the vehicle, and c is a drag coefficient.
The parameters m and c are not known exactly, but with a prior bounds assumed as below,

1 ≤ m ≤ 5 1.5 ≤ c ≤ 2.5 (4.10)
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Figure 4.3: Sliding surface of the proposed sliding mode control scheme

In order to have the system track, a sliding surface s = 0 has been defined. Let design the SMC as
follow,

u = m̂(ẍr −λ ẋe)+ ĉẋ|ẋ|− ksgn(s), (4.11)
k = (F +βη)+ m̂(β −1)|ẍr −λ ẋe|,
s = ẋe +λxe

where F = 0.857ẋ|ẋ|, β =
√

2, and the reference trajectory is xr = sin(πt/2).
In case of using the proposed SMC, let design the control input of the SMC as follow,

u = m̂(ẍr −λ ẋe)+ ĉẋ|ẋ|− k · s, (4.12)
k = (F +βη)+ m̂(β −1)|ẍr −λ ẋe|,
s = ẋe +λ1xe +λ2xe|xe|+λ3ẋe|xe|

The simulation parameters are; m = 2.5, c = 2, η = 3, and λ = 10. In addition, the parameters of the
proposed SMC are; λ1 = 175, λ2 = 15 and λ3 = 0.085. Figures (4.4, 4.5, and 4.6) show the output
behaviour of the actual and desired path with tracking error, and control inputs of underwater vehicle
model. From these figures, it seems that the proposed SMC has good tracking performance and less
chattering in control input.

Based on the kinematic equations of the articulated vehicle, two control signals, namely, the
longitudinal velocity, v1, and the rate of change of the steering angle, γ̇ , are applied to the system.
Furthermore, the convergence of the tracking error vector to zero, s(x, t) = 0, can be achieved by
selecting the sliding surface to be s = [s1 s2]

T , with the proposed continuous sliding surfaces, in
accordance with Eq. 4.6 as follows:

s1 = ėx +λ1ex +λ2ex|ex|+λ3ėx|ex| (4.13)
s2 = ėθ +λ4eθ +λ5ey|ey|+λ6ėy|ey|
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Figure 4.4: Trajectory tracking.
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Figure 4.5: Control input.
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Figure 4.6: Tracking error.
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where si is used to keep the states on the sliding line while preserving a smooth sliding mode without
any chattering phenomena in the approach to the origin point. In Eq. 4.13, if s1 converges to zero,
then it is trivial to show that ex also converges to zero, according to the stability condition given in
Eq. 4.7.

To stabilize the sliding surface or set s2 = 0, a similar procedure can be utilized, and thus, it can
be derived that ėθ is calculated as follows:

ėθ =−λ4eθ −|ey|(λ5ey +λ6ėy) (4.14)

Consider Eq. 4.14, and assume that the parameters λ5 and λ6 have been selected to satisfy the follow-
ing criteria:

λ5 = α1sgn(ey) (4.15)
λ6 = α2sgn(ėy)

where the αi are positive key scaling factors and λ4 > 0. In this case, if ėy ≤ 0, then ey ≥ 0, and if
ėy ≥ 0, then ey ≤ 0; therefore, the equilibrium state of (ėy,ey) is asymptotically stable. Thus, if these
conditions for the sliding surface s2 are satisfied, then the convergence of the error state vector to zero
is guaranteed.

The sliding gains λi, with i ∈ [1,2,3,4], and the scaling factors αi, with i ∈ [1,2], should be chosen
appropriately in accordance with the conditions given in Eq. 4.7 and Eq. 4.15 to stabilize the sliding
surface. In this case, the general structure of the proposed SMC input ui, without sgn or sat functions,
for an articulated vehicle can be expressed as follows:

u1 = ueq1 − k1s1 (4.16)
u2 = ueq2 − k2s2

where u1 is the control longitudinal velocity and u2 is the control steering angle. The parameters
ki are the gains of the control law, which are chosen to be sufficiently large to satisfy the desired
goal condition. Moreover, Eq. 4.13 is utilized to satisfy the sliding conditions of the sliding surface
component and the equivalent control component ueqi, which is the solution to ṡ = 0, to cause the
system states to converge from any initial position in the phase plane to the sliding line.

The control laws (ueq1,ueq2) that stabilize the sliding surfaces (ṡ1, ṡ2) are calculated by solving
the equations ṡi = 0 for the corresponding control input ueqi. Therefore, from Eq. 4.13, after the
calculation of the first derivatives, the following can be found:

ṡ1 = ëx +λ1ėx +λ2ex
ex

|ex|
+λ2ėx|ex|+λ3ėx

ex

|ex|
+λ3ëx|ex| (4.17)

ṡ2 = ëθ +λ4ėθ +λ5ey
ey

|ey|
+λ5ėy|ey|+λ6ėy

ey

|ey|
+λ6ëy|ey|

For an articulated vehicle, the control law structure of the proposed SMC scheme will allow the
tracking error vector xe = [xe ye θe]

T to reach the sliding surface and will thus allow ṡi = 0 to be
achieved. The best approximation of the continuous component ueq of the control law, in the tracking
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case, can be constructed by utilizing the second derivatives of Eq. 3.23 to define the following:

ëx = θ̇1ėy + θ̈1ey − v1ėθ sineθ (4.18)
ëy = −θ̇1ėx − θ̈1ex − v1ėθ coseθ

ëθ = γ̇
v1

l(1+ cosγ)
+ γ̇2 cosγ

1+ cosγ
+ γ̈

1
1+ cosγ

−γ̇
v1l cosγ coseθ
(l − ey sinγ)2 +

v1ėθ sinγ sineθ
l − ey sinγ

From Eq. 4.17 and Eq. 4.18, the control laws u1 and u2, which stabilize the corresponding sliding
surfaces, can be proposed as follows:

u1 =
−(θ̇1ėy + θ̈1ėy)

ėθ sineθ (1+λ3|ex|)
(λ1ėx +

λ2e2
x

|ex|
+λ2ėx|ex|+

λ3ėxex

|ex|
)− k1s1 (4.19)

u2 =
−((l − ey sinγ)2 + cosγ coseθ + cos2 γ coseθ )

v1l cosγ coseθ
(λ4ėθ +λ5ey

ey

|ey|
+

λ5ėy|ey|+λ6ėy
ey

|ey|
+(−θ̇1ėx − θ̈1ex − v1ėθ coseθ )λ6|ey|)− k2s2

The gains of the control laws are computed such that the sliding surface is asymptotically stable.
By selecting a Lyapunov stability condition, based on the time derivative of the candidate Lyapunov
function [84], the Lyapunov function can be defined as follows:

V =
1
2

sT s (4.20)

V̇ = s1ṡ1 + s2ṡ2

From Eq. 4.13 and Eq. 4.15, V̇ can be derived:

V̇ = (ėx +λ1ex +λ2ex|ex|+λ3ėx|ex|)(ëx +λ1ėx +λ2
e2

x
|ex|

+λ2ėx|ex|+ (4.21)

λ3ėx
ex

|ex|
+λ3ëx|ex|)+(ėθ +λ4eθ +λ5ey|ey|+λ6ėy|ey|)(ëθ +λ4ėθ +

λ5
e2

y

|ey|
+λ5ėy|ey|+λ6ėy

ey

|ey|
+λ6ëy|ey|)

By replacing ėx, ėy, ėθ , ëx, ëy, and ëθ with their equivalent expressions from Eq. 3.23 and substituting
Eq. 4.16 into Eq. 4.19, it can be concluded that the negative definite function for the first derivative
of the selected Lyapunov function can satisfy the sliding condition because the right-hand term of
Eq. 4.19 can be made a strictly positive constant by selecting λi ≥ 0 [85]. Fig. 4.7 depicts an overview
of the implemented control scheme for achieving stable and smooth vehicle motion.

Details of the implementation and overall evaluation of the system as used for a small-scale artic-
ulated vehicle can be found in the appended PAPER F.
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Figure 4.7: Block diagram of the proposed and implemented sliding mode control scheme for an
articulated vehicle



CHAPTER 5

Path Planning

5.1 Bug Path Planning Algorithm

As in all path planning algorithms, the problem addressed in this section is related to the problem
of a vehicle moving from a starting point to a goal point while detecting and avoiding identified
obstacles based on the real kinematic equations of motion of the vehicle. As is common for bug-like
algorithms, in the proposed scheme, the vehicle initially faces toward the goal point, which is assumed
to be known a priori.

The proposed scheme is able to replan the intended path by generating new waypoints after the
identification of an obstacle and calculating the appropriate path deformations that need to be applied
to avoid it. In all cases, the produced set of new waypoints is utilized as control points, and the
algorithm has the ability to perform online tuning of the articulated steering angle while converging
toward the goal point.

The assumed sensory system is able to detect obstacles and the surrounding environment and
to measure the distance of the articulated vehicle from each obstacle dobs considering the sensing
radius θobs, reflecting real-world sensing limitations; the obstacle avoidance strategy becomes active
when the safety conditions dmin and θmin are violated. Furthermore, it should be noted that in the
presented approach, all obstacles and the surrounding environment are considered as point clouds in
a 2-dimensional space, and overlapping obstacles are merged and represented by a single, unified
obstacle. The notations utilized and the overall concept of the proposed path planning algorithm
are depicted in Fig. 5.1. In the following, four steps that can be used as a guide for completing the
proposed path planning algorithm will be presented.

[Step 1: Initialization] Define the initial conditions [Xr Yr θr γr] and the goal conditions [Xg Yg],
and define the articulated vehicle’s specific parameters V , dmin, θmin, dobs, and θobs. Define the path
update rate as T , and define the mechanical and physical constraints that must be taken into consider-
ation. Set [Xk Yk θk γk] = [Xr Yr θr γr], with k ∈ Z+ as the sample index.

[Step 2: Path Update] Update the coordinates of the next waypoint as follows:Xk+1
Yk+1
θk+1

=

Xk + vk cos(θk + γk)
Yk + vk sin(θk + γk)

θk +
vk sinγ+l2γ̇
l1 cosγ+l2

 (5.1)

Use these coordinates to determine β , with θg being the angle between the line that connects the
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Figure 5.1: Notation for and overall concept of the proposed path planning algorithm.

center of gravity of the vehicle’s front part to the goal point and the X-axis, whereas β is the angular
difference between θg and the angle of the vehicle’s orientation with respect to the X-axis. During the
application of this step, constraints can be imposed on the articulated vehicle by simply bounding the
allowable articulation angle as follows: γ− ≤ γ ≤ γ+, with + and − representing the maximum and
minimum bounds on the change in the articulated angle.

[Step 3: Obstacle Avoidance] The obstacle avoidance strategy becomes active when the safety
conditions dmin and θmin are violated. Their status can be evaluated by updating the distance from the
obstacle and the obstacle’s angle as follows:

disobs =
√
(Xk+1 −Xobs)2 +(Yk+1 −Yobs)2

θobs = tan−1 Yk+1 −Yobs

Xk+1 −Xobs
θobs,g = θobs −θg

Suppose that the following conditions are true:

(Dobs < dmin) and (θobs,g < θmin)

OR
(Dobs < dmin) and (θobs,g <−θmin)

In this case, the change in the steering angle is duplicated and Step3 is repeated until the condition in
Step3 is false, at which time the algorithm continues from Step2, or until the bounds on the articulated
angle cannot be met, in which case the algorithm proceeds to Step4.
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[Step 4: Reaching the Final Goal] If [Xk+1 Yk+1] = [Xg Yg]±Dtolr, set velocity = 0; at this
time, the path planning algorithm is terminated. Otherwise, the algorithm returns to Step2, and the
entire process is repeated to avoid collisions with obstacles until the vehicle reaches the goal within
its tolerance distance Dtolr.

During the execution of the proposed algorithm, especially in Step2, the proposed path planning
scheme always smooths the produced waypoints by means of Bezier curve filtering. The overall
flowchart diagram of the proposed path planning and obstacle avoidance scheme for the case of an
articulated vehicle is depicted in Fig. 5.2.
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Figure 5.2: Main flowchart for path planning motion

5.2 Modified Potential Field Algorithm

The fundamental concept driving the utilization of potential fields is that a vehicle’s motion in a
dynamic environment can be treated as movement in a dynamic force field [86]. Collisions between
obstacles and the articulated vehicle are avoided by means of a repulsive force between them, which is



38 CHAPTER 5. PATH PLANNING

simply the negative gradient of the potential field. In this approach, the potential fields are represented
by a repulsive force originating from the detected obstacles and by an attractive force originating from
the goal point; overall, these forces are regarded as the primary directional indicators for the vehicle.

In the potential fields approach, at any location of the vehicle, the total potential denoted by Ut
is computed as the sum of the attractive potential Uatt of the goal and the repulsive potential Urep
induced by the obstacles, as follows:

Ut =Uatt +Urep (5.2)

The vehicle follows the descending gradient of the potential field to reach the goal point while avoid-
ing obstacles [87]. The sum of the two gradient vectors provides the total force (including the direc-
tion) on the vehicle, Ft ; this force vector is able to push the vehicle away from obstacles while pulling
it toward the goal position:

Ft =−(∇Uatt +∇Urep) (5.3)

where ∇U is the gradient vector of U at the vehicle’s position. In the presented approach, the condition
of the minimum safety distance is also considered for all detected obstacles in the range of the vehicle;
this condition causes the collision avoidance algorithm to activate. All obstacles within this range
generate a repulsive potential Urep to push the vehicle away from these obstacles. This potential is
defined as follows:

Urep =

{
1
2η( 1

d(qx,o)
− 1

dmin
)2, d(qx,o)≤ dmin

0, d(qx,o)> dmin
(5.4)

where the term dmin is the minimum impact distance to any obstacle that can affect the vehicle path,
η is the gain coefficient scale factor of the repulsion function, and d(qx,o) is the distance between
the vehicle’s position and the area affected by the obstacles. Furthermore, the goal location generates
the gain coefficients for the attractive field ζ to pull the vehicle towards the goal position, where the
attractive potential is defined as follows:

Uatt =
1
2

ζ d(qx,g)
2 (5.5)

where d(qx,g) is the Euclidean distance between the vehicle location and the goal pose. When the
attractive potential of the goal point is calculated, the heading of the vehicle is directed along the
gradient of this potential.

By performing a simple differentiation, the force equation for the obstacles with respect to the
vehicle pose can be obtained. The descending gradient of the repulsive potential field is described as
follows:

Frep =

{
η( 1

d(qx,o)
− 1

dmin
) 1

d(qx,o)2
δd(qx,o)

δx , d(qx,o)≤ dmin

0, d(qx,o)> dmin
(5.6)

where δd(qx,o)
δx is the vector of the derivatives of the distance function d(qx,o) with respect to the

vehicle pose. Based on the error distance between the current pose of the vehicle and the goal point,
the attractive force of the goal point can be calculated; the gradient of the attractive field, which
depends on the distance from the vehicle’s current location to the goal pose, is given as follows:

Fatt = ζ
d(qx,g)

∥d(qx,g)∥
(5.7)
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where Fatt is the attractive force of the target. The negative gradient of the total potential is treated
as a modified force applied to the vehicle, and the sum of all obstacle forces Frep and goal forces Fatt
determines the overall direction of the vehicle as follows:

Ft =−(Fatt +Frep) (5.8)

The amplitude of the total force |Ft | represents the velocities of the left and right wheels of the front
part of the vehicle, where v1 =

vl+vr
2 . Based on the phase gradient of the total force, ∠Ft , the vehicle

is directed toward the goal point and away from the obstacles. In this case, the orientation angle of
the front part of the articulated vehicle can be calculated from the total gradient force as follows:

θ̇1 = tan−1 Fx

Fy
(5.9)

The vehicle’s mechanical constraints must be considered as well as the angular velocity θ̇1 of the front
part of the vehicle. The articulation angle of the vehicle, which represents the control signal for the
vehicle, is calculated as follows:

γ = tan−1(
l1
v1

θ̇1) (5.10)

During the path planning loop, constraints can be imposed on the articulated vehicle by bounding
the allowable articulation angle as follows: γ+ ≤ γ ≤ γ−. An overall illustration of the proposed
modification of the potential field algorithm for the case of an articulated vehicle is provided in the
flowchart depicted in Fig. 5.3. In the proposed algorithm, the goal pose has a low potential energy,
and the obstacles have a high potential energy; these energies directly depend on the scaling factors
η and ζ . Therefore, the coefficients η and ζ can be tuned online as functions of the safety distance
to the obstacles and of the vehicle’s velocity to enhance the effect of the attractive forces, thereby
preventing a trap scenario (local minimum). In the general case, it should be noted that the values of
the potential field coefficients (η , ζ ) are within the range of [0−1].

In the case in which the vehicle is approaching a local minimum, the destination point cannot be
reached within a certain amount of time. The following criteria are considered to judge whether the
vehicle is near a local minimum: v < vmin and dobs < dmin, where vmin is the minimum velocity.

When the vehicle is in the vicinity of a local minimum, it can be moved away from this trap
through the application of a repulsive potential that is higher than the attractive potential field. If
the vehicle is trapped in a local minimum, then the local minimum criteria will allow it to escape.
Therefore, the proposed adaptive coefficients will assist in generating the appropriate forces to move
the vehicle away from a potential trap situation. The proposed adaptation rule for the repulsive coef-
ficients is defined as follows:

η = k · f1(v1,dobs,qx,o) (5.11)

where the scaling constant k is utilized to scale the coefficients depending on the minimum and max-
imum safety distances for collisions: k = 0.1( dmin.dmax

dmin−dmax
)2. Using the same approach, the adaptation

rule for the attractive coefficients is defined as follows:

ζ = k · f2(v1,dobs,qx,g) (5.12)
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Figure 5.3: Flowchart of the modified potential field algorithm
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Figure 5.4: Experimental results obtained using the artificial and proposed potential field algorithms
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Figure 5.5: Experimental results obtained using the proposed potential field algorithm

Furthermore, the position vector of each obstacle is defined with respect to the center of gravity of the
front part of the vehicle, meaning that an obstacle’s location can be calculated as follows:

xobsi = x1 + cos(θ1 − (αi −π/2)) (5.13)
yobsi = y1 + sin(θ1 − (αi −π/2))

where the αi are the orientation angles of the sensor vector. Experimental results obtained using the
proposed potential field path planning algorithm are presented for comparison with the results of the
artificial method in Fig. 5.4 and Fig. 5.5.





CHAPTER 6

Conclusions and Future Work

This chapter summarizes the contributions of this thesis and possible future work on this topic.

6.1 Conclusions

The main objectives of this thesis were to implement and investigate modeling, control, and path
planning techniques for articulated vehicles and to evaluate their performance. Novel methods and
various approaches were investigated and evaluated in this thesis. In summary, this thesis yielded the
following contributions:

1. Modeling: This thesis presented the development of a model that is able to accurately depict
the effects of side slip angles on an articulated vehicle. Kinematic models both with and without
slip angles were introduced. It was concluded that slip angles have a notable effect on vehicle
behavior. The vehicle model is also applicable to any vehicle with the same articulated steering
angle as that of an LHD vehicle. To evaluate the modeling techniques, experimental tests were
performed on a small-scale articulated vehicle.

2. Control: In this research, two types of controllers were proposed that ignore dynamic effects
and are instead oriented toward the design of a robust control scheme to handle external dis-
turbances. The first method was a switching model predictive control strategy, which has been
extensively evaluated in simulations. The second was the design and implementation of a novel
sliding mode control scheme to achieve good tracking performance.

3. Path Planning: A novel online dynamic smooth path planning and collision avoidance scheme
based on a modified bug-like algorithm and potential field path planning algorithm for an articu-
lated vehicle was proposed in this research. Extensive experimental validations were performed
to demonstrate the efficiency of the suggested scheme.
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6.2 Future Work

One of the main directions for potential future work is the real implementation and evaluation of the
proposed modeling, control and path planning schemes for a full-size LHD vehicle that is currently
in the possession of the control engineering group at LTU.

Part of this future work will also include the experimental evaluation of the combined MPC and
path generation modules for an articulated vehicle, as it is expected that such an implementation will
have a major impact on related fields.

Furthermore, from a theoretical point of view, plans for future research include the utilization of
the LMI approach for the design of a control scheme with guaranteed stability.

The extension of the presented approach to the multi-vehicle test case and the proposal of appro-
priate collaborative schemes for the operation of multiple vehicles constitute an additional area of
significant future research.
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A Full Error Dynamics Switching Modeling and
Control Scheme for an Articulated Vehicle

Thaker Nayl, George Nikolakopoulos and Thomas Gustafsson

Abstract: In this article, a complete analysis towards the development of a switching modeling and
control framework for an articulated vehicle, under the effect of varying slip angles will be presented.
The established nonlinear kinematic model, of the nonholonomic articulated vehicle, will be trans-
formed into an error dynamics model, which in the sequel will be linearized around multiple nominal
slip angle cases. The proposed control architecture will consist of a switching control scheme, based
on multiple model predictive controllers, for the articulated vehicle under varying slip angles. The
controllers will be developed in order to improve the performance of the articulated vehicle’s path
tracking, while compensating the varying slippage effect. The current measured slip angle is being
considered as the switching rule and a corresponding switching control scheme is being defined, being
able to apply constraints on the states, the control signal and the output variables. Both the non-slip
and slip models will be derived to highlight the significance of accounting for slips in path follow-
ing control and their significant effect on deteriorating the performance of the overall control scheme
when not considered. Multiple simulation results will be presented to prove the efficacy of the overall
suggested scheme.

1 Introduction

Articulated vehicles, such as the Load Haul Dump (LHD) vehicle, consist of two parts, a front and a
rear, linked with a rigid free joint, while the steering action is performed on the joint, by changing the
corresponding articulated angle, between the front and the rear parts of the vehicle.

During the operation of the articulated vehicle, there are additional external factors that degrade
the overall system performance and introduce errors in the model that could be propagated with the
time. Such deteriorating factors are: a) the generic interaction between the vehicle and its surrounding
environment [1], b) the noise and bias in the positioning and driving sensors [2], c) the dynamic effects
resulting from acceleration and braking [3], and d) the existence of variation of slip angles among the
trailer and the tractor, which are also being influenced by the type of the driving ground, the fatigue
and the tyre’s type [4].

In the related literature there have been several research approaches for the problem of modeling
articulated vehicles, based on the theory of multiple body dynamics such as those in [5,6]. Moreover,
a mostly utilized kinematic model for the LHD vehicle, formulated from general geometry, that in-
cludes ideal and slip behaviour has been initially proposed in [7]. Most of these methods have been
derived based on simple models that were not taking under consideration the effects of varying slip
angles, or were considering them as static, as in the later case, the complexity of the overall problem
is being increased and it is more difficult to proceed to the next stage of the control scheme design
based on highly nonlinear articulated vehicle’s dynamics. Finally, in [8,9] it has been proposed an ap-
proximating off-axle kinematics by an on-axle system with a similar steady response, in which model
differences are regarded as perturbations for the path tracker, while classical fundamental problems
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of motion control for articulated vehicles have been presented. Many researchers have proposed a
variety of articles, focusing only on the measurement, modeling and estimation of slip angles and the
way that the external environment and dynamic models are affecting them [10, 11], or examining the
overall problem of kinematic modeling of a multi–body vehicle (multiple trailers), with articulated
joints [12].

From a control point of view, there have been proposed many traditional techniques for non-
holonomic vehicles, based on error dynamics models without the presence of slip angles. A control
scheme that combines a kinematic controller and a sliding mode for wheeled mobile robots has been
presented in [13, 14]. In [15] a general kinematic model of an articulated vehicle has been proposed
that described how heading angle evolved with time as a function of steering angle and velocity.
In [16] a Lyapunov based approach has been presented, that addressed the problem of asymptotic sta-
bilization for backward motion. A nonlinear control law based on partial state feedback linearization
and a Lyapunov method for the closed-loop path following problem of a nonholonomic mobile robot
has been appeared in [17, 18]. Finally, a control scheme based on linear matrix inequalities has been
presented in [19] and in [20] a pole placement technique has been applied.

The main contributions of this article are the following ones. Firstly, a complete vehicle kinematic
modeling framework for an articulated vehicle and in presence of slip angles is established. In this
framework, an error dynamics modeling procedure will be derived for the case of an articulated
vehicle operating under varying slip angles. Until now and mainly due to the increasing complexity
of the problem, only the case of non-slip angles affecting the movement of the vehicle has been
considered. In the proposed modeling framework, a linearized error modeling framework, being able
to take under consideration the effect of the varying slip angles, in order to improve the overall closed
loop performance is being presented.

The second contribution is related to the problem of controlling the articulated vehicle, under the
presence of varying slip angles. This problem is being addressed by proposing a switching Model
Predictive Control (MPC) scheme for articulated vehicles. The main advantages of the MPC, when
compared with the alternative established schemes, is the ability to handle constraints on the states,
the physical limitations (e.g. articulated angle) and the control signals in a straightforward way and in
full symphony with the real life operating articulated vehicles. As it will be analysed, in the presented
approach, multiple MPC controllers are being fine tuned for specific slippage operating conditions,
while the current estimated slip angle of the front part is considered as the mode selector for the
switching MPC. The resulting control scheme provides the optimal control for each region of slip
angles, while ensuring smooth transition of the control effort as the articulated vehicle is driven over
regions of different slippage.

Thirdly, the presented slippage modeling, combined with the MPC scheme, is being compared to
existing models that are not taking under consideration the effect of the slippage, and an overall anal-
ysis and proof of the proposed performance improvement are provided through extended simulated
real life test cases and the related discussions.

Finally, the fourth contribution concerns the evaluation and comparison of the proposed scheme
with classical and most commonly utilized control schemes in the area of articulated vehicles, such
as the Linear Quadratic Regulator (LQR) and the Pole Placement control approaches (PP).

At this point is should be highlighted that this research work will not focus on how we can model
the mechanics behind the generation of the slip angles or how the dynamic modeling of the vehicle
will effect the slippage. It is also further assumed that the slip angles can be either directly measured
(e.g. by an external motion tracking system or by a differential GPS) or can be directly estimated.
In general, the slip angles are extremely difficult to model accurately, as they are generated by the



2. ARTICULATED VEHICLE MODELING 59

vehicle dynamics [7], while their value is fully dependable to vehicle’s velocity, mass, tyre-terrain
interaction and articulation angle in a highly nonlinear way.

The rest of the article is organized as follows: In Section 2, a non-slip kinematic model that
rejects all the elements that give rise to slippage is being presented, and secondly a kinematic model
that takes into account lateral wheel slippage that may be encountered in practice is being developed
and analysed in detail. In Section 3, the switching model predictive controller is being analyzed,
while in Section 4, multiple simulation results of the articulated vehicle, under the effect of various
slip angles are being depicted that prove the efficacy of the proposed scheme. Finally, the concluding
remarks are provided in Section 5.

2 Articulated Vehicle Modeling

For deriving the various kinematic models of the articulated vehicle, it has been assumed that each
body has a single axle. The vehicle’s wheels are all non-steerable. The steering action is performed
on the joint, by changing the corresponding articulated angle, between the front and rear parts of the
vehicle, while the articulated vehicle’s geometry is being indicated in Fig.1. The articulated vehicle
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Pf=(Xf,Yf)
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r2

vr
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Figure 1: The articulated vehicle model.

consists of two parts, with a width of w and the front and rear part has lengths (l f , lr) correspondingly
and are linked with a rigid free joint h, while each part has a single axle and all wheels are non-
steerable. The centers of the two parts are being denoted as Pf = (x f ,y f ) and Pr = (xr,yr) respectively.
The steering action is being performed on the joint, by changing the corresponding articulated angle
γ , in the middle of the vehicle, while γ̇ is the rate of change for the articulated steering angle.

The velocities v f and vr are considered to have the same changing with respect to the velocity of
the rigid free joint of the vehicle, (θ̇ f , θ̇r) are the angular velocities of the front and rear parts of the
vehicle respectively. The definition of this model has been initially proposed based on the derivation
in [21]. This model has included the perturbed factors in the vehicle position as two slip variables
β and α , which are the front and rear slipping angles of the vehicle and also the angles between the
linear velocities of the vehicle respectively.

Moreover, it is assumed that the steering angle γ remains constant under small displacement, the
dynamical effects due to low velocity, like tire characteristic, friction, load and breaking force are
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being neglected, each axle is composed of two wheels and each pair is being replaced by a unique
wheel. In what it follows the kinematic models for the articulated vehicle under study without and
with the presence of slippage will be derived.

Based on the assumption that the vehicle develops a steady–state motion turning, or γ̇ = 0, the
rates of the orientation change are being provided by: r1 =

v f

θ̇ f
, r2 =

vr
θ̇r

, θ̇ f =
v f sinγ

l f cosγ+lr
+ γ̇lr

l f cosγ+lr
, and

θ̇r = θ̇ f − γ̇ .
In Fig.2 it is depicted an overview of how the displacement, heading and curvature errors are

being defined, between the actual path of the articulated vehicle and the desired one, while for this
representation, an error dynamics state vector as ẋe = [ėc ėh ėd]

T , is being defined. Moreover, the
distance from the vehicle to the reference path displacement, and the angle between the vehicle and
the reference are also being displayed in Fig.2.

eh

ed
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Figure 2: Path Following kinematic error dynamics model for the articulated vehicle.

In the following derivation, three errors are defined as: a) ed is the displacement error, b) eh is
the heading error, and c) ec is the curvature error. The main assumptions to derive the error dynamic
model of the articulated vehicle are that the steering angle γ remains constant under small displace-
ment and dynamical slipping effects, while it is assumed that the vehicle lengths are equal, L= l f = lr.

The displacement error ed is the difference between the coordinates of the tractor and the coordi-
nates of the desired circular path. From the triangle (CBD), it is assumed that ϕ and θ are small, can
get the relation of,

ed = r θ .eh (1)

Furthermore, if the equation is divided throughout by dt and the substitution made that, v = r dθ
dt ,

afterwards, taking the time derivative of this equation yields:

ėd = v eh (2)

The heading error eh is the orientation difference between the centers of the vehicle and the circular
path. A change in the heading error is being defined as eh = θ −ϕ , while the relation between θ and
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ϕ with respect to L, after small assumptions, is defined as: (θ r = ϕ R). From this equation it can be
derived that ,

eh =
θ R−θ r

R
(3)

and by taking the time derivative results in:

ėh = θ̇r(
1
r
− 1

R
) (4)

The curvature error ec measures the difference between the vehicle’s path circle and the curvature of
the trajectory path, and it can be defined as:

ec = (
1
r
− 1

R
) (5)

By utilizing the relations in above equations, the curvature error is being defined as:

ėh = v ec (6)

With the assumption that the velocity and the curvature of the trajectory are constant and by differ-
entiating the curvature equation ec = (1

r −
1
R) with respect to time, the rate of the curvature error is

being defined as:

ėc =
γ̇ lrcos(γ +β −α)cos α + γ̇l f cos(γ +β −α) cos(γ −α)

(lr cosα + l f cos(γ −α))2 + (7)

γ̇ v l f sin(γ +β −α) sin(γ −α)− γ̇2 l f lr cos α) sin(γ −α)

v(lr cosα + l f cos(γ −α))2 −

γ̈ l f lr cos(γ −α) sin(α)α̇ +(l2
r cosα sinα α̇)

v(lr cosα + l f cos(γ −α))2

Linearizing the error dynamics in above equation around the reference path yields:

ėc = γ̇
(l f + lr)+ l f (γ2 + γβ −2γα)+ l f (α2 −αβ )

(lr + l f )2 (8)

where it can be observed that ėc is dependant on the slippage and the rate of change of articulation
angles. By performing the following change of variable:

´̇ec = ėc − γ̇
l f (γ2 + γβ −2γα)

(lr + l f )2 (9)

The following state space error dynamics description for the articulated vehicle is being extracted:

ėd
ėh
´̇ec

=

0 v 0
0 0 v
0 0 0

ed
eh
éc

+


0

l f (1+β−2α)

(l f+lr)2

lr+l f (1+α2−α β )
(l f+lr)2

 γ̇ (10)
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In the case that the articulated vehicle is being driven over terrains that are characterized by differ-
ent slip angles, multiple larger operating sets of slip angles, with the same characteristics, αi ∈L1 and
βi ∈L2, with L1, L2 ∈ ℜ2 and i ∈ Z+, can be defined, leading to a switching state space description
for the model in (10) as it follows:

ẋ = Ax+Biγ̇ (11)

where:

x =

ed
eh
éc

 , A =

0 v 0
0 0 v
0 0 0

 , Bi =


0

l f (1+βi−2αi)

(l f+lr)2

lr+l f (1+α2
i −αi βi)

(l f+lr)2

 (12)

and x ∈ X ⊆ ℜ3 is the state vector, γ̇ ∈ U ∈ ℜ is the control action, A ∈ ℜ3×3, Bi ∈ ℜ3×1, and full
state feedback is being considered, or C = I3×3.

If the effect of the slip angles is being neglected, or equivalently βi = αi = 0, the previous A
matrix remains unchanged, while the Bi matrix is significantly simplified into the constant matrix
Bns, defined as:

Bns =


0
l f

(l f+lr)2

lr+l f
(l f+lr)2

 (13)

The effect of considering the case of varying slip angles on the behaviour of the vehicle and the
overall change of the performance is depicted in Fig.3 during an overturned S-path manoeuvre in open
loop. From the obtained results, it is more than obvious that the slipping conditions can dramatically
deteriorate the performance of the articulated vehicle and thus a proper control scheme should be
designed being able to present robustness and performance attenuation under the case of varying slip
angles.

3 Model Predictive Control Design

Model predictive control is an optimal control strategy that uses the model of the system to obtain an
optimal control sequence of future control actions. At each sampling time, the model predictive con-
troller generates an optimal control sequence by solving an optimization problem. The first element
of this sequence is applied to the plant, while the problem is solved again at the next sampling time
using the updated process measurements and a shifted horizon.

Based on these predictions, an objective function is minimized with respect to the future sequence
of inputs, thus requiring the solution of a constrained optimization problem for each sampling inter-
val. Although prediction and optimization are performed over a future horizon, only the values of
the inputs for the current sampling interval are used and the same procedure is repeated at the next
sampling time. This mechanism is known as moving or receding horizon strategy, in reference to the
way in which the time window shifts forward from one sampling time to the next one [22].
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Figure 3: Open Loop Comparison of slippage effect on the articulated vehicle movements under the
same commanded S-path.

MP–controller has been very successful in practice and its a highly effective control scheme that is
able to take under consideration multiplicative system model descriptions, uncertainties, nonlineari-
ties and physical and mechanical constraints in the system model parameters or in the control signals.
In the current research effort, the MP–controller schemes are able to predict future values of the
vehicles error dynamics based on the present available information and the current constraints [23].

The overall block diagram of the proposed switching closed loop system is depicted in Fig.4. As
it analysed, multiple MPC controllers are being fine tuned for specific slipping operating conditions,
while the current front slip angle is considered as the mode selector for the switching MPC. The
parameters for the MP–controllers, for the state and control action weighings matrices, have been
tuned according to the different encountered slip angles. Moreover, the prediction horizon, the control
horizon, the states weight matrix, and the control weight matrix are tuned according to the different
assumed cases for the varying slip angles.

For efficiently controlling the articulated vehicle, the controller utilizes the current state of motion
of the vehicle as well as the next target points of the reference trajectory. In the sequel this path
(planar coordinates) is being translated to curvature, heading and displacement coordinates that act
as the reference input for the controller. The formulation of the switching MP–controller is based
on: a) the current full state feedback, c) the active constrains on the system, d) the current values of
the slip angles that act as the mode selector, while it is assumed that the vehicle is cruising under a
constant speed. The construction of the MP–controller is based on the system description defined in
the objective function equation. The mode selector signal i ∈ S with S , {1,2, · · · ,s} is a finite set
of indexes and s denotes the number of switching sub–systems.

For polytopic description, Σ is the polytope Σ : Co{[A Bi], · · · , [A Bs]}, Co denotes the convex
hull and [A,Bi] are the vertices of the convex hull. Any [A, Bi] within the convex set Σ is a linear
combination of the vertices ∑s

j=1 µ j[A Bi] with ∑s
j=1 µ j = 1, 0 ≤ µ j ≤ 1.

In the presented methodology, the mode selector signal of the switching MPC is the measured
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Figure 4: Switching model predictive control scheme block diagram for an articulated vehicle

slip angle for the front part of the vehicle β , while for defining the switching instances, the sets Li,
will be discretized into equal operating subspaces. The discretization of the slip angles operating set,
can be formulated by defining multiple nominal values α0, β0 and allowing them to take values into
neighbouring regions of lengths ξi and ψi. This can be formulated as:

L1,i = αmin
0,i = α0,i −ξi ≤ α0,i ≤ αmax

0,i +ξi = αmax
0,i

L2,i = β min
0,i = β0,i −ψi ≤ β0,i ≤ β max

0,i +ψi = β max
0,i

The sets X and U specify state and input constraints. Let the set X contain the x states that satisfy
the following bounding inequality:

xmin = x−∆1 ≤ x ≤ x+∆1 = xmax

where ∆1 ∈ ℜ(3,1)
+ is the vector containing the selecting state boundary conditions. The control in-

put bounding set U can be derived by taking under consideration the mechanical and the physical
constraints of the articulated vehicle, as also the preference on aggressive or not maneuvers, these
constraints can be also formulated as:

umin = u−∆2 ≤ u ≤ u+∆2 = umax

where ∆2 ∈ ℜ+ is the vector containing the selecting control boundary conditions. Let the matrix Hi
be a zeroed 2×2 matrix with its i–th column equal to [1,−1]T , and the other 02,1 i.e. for i = 2:

Hi =

[
0 1
0 −1

]
Then the previous bounds can be cast in a more compact form as:[

H1
H2

]
4×2

·

 x
−−

u


2×1

≤

 xmax +∆1
−−−−−
umax +∆2


4×1

These constraints are embedded in the MP–controller computation algorithm in order to compute an
optimal controller that counts for the physical and mechanical constraints that restrict the articulated
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vehicle’s motion. More specifically, the (i)–th MP–controller’s objective is to optimize the quadratic
cost in (14), while the (i)–th linearized system is within Σ.

Each model predictive controller V i
MPC corresponds to the i-th error dynamic model of the artic-

ulated vehicle, obtained by solving the following optimization problem minJ(k), with respect to the
control moves variations ∆u and the error coordinates, where k is the discrete time sample index and
J(k) is the objective function to be minimized, which can be stated as a quadratic function of the
states and control inputs:

J(k) =
Np

∑
n=Nw

[ŷ(k+n|k)− r(k+n|k)]T Q[ŷ(k+n|k)− r(k+n|k)]+ (14)

+
Nc−1

∑
n=0

[∆uT (k+n|k)R∆u(k+n|k)]

+
Np

∑
n=Nw

[u(k+n|k)− s(k+n|k)]T ·N[u(k+n|k)− s(k+n|k)]

where, n is the index along the prediction horizon, Nw is the beginning of the prediction horizon,
Q ∈ ℜn ×ℜn is the output error weight matrix, R ∈ ℜm ×ℜm is the rate of change in control weight
matrix, with Q ≥ 0 and R ≥ 0, N is the control action error weight matrix, where: ŷ(k + n|k) is
the predicted system’s output at time k + n, given all measurements up to including those at time
k, r(k + n|k) is the output set–point profile at time k + n, given all measurements up to including
those at time k, ∆u(k+ n|k) is the predicted rate of change in control action at time k+ n, given all
measurements up to including those at time k, u(k+ n|k) is the predicted optimal control action at
time k+ n, given all measurements up to and including those at time k, and s(k+ n|k) is the input
set–point profile at time k+n, given all measurements up to and including those at time k. Moreover,
Np is the prediction and Nc the control horizons respectively.

Once all V i
MPC(k) controllers are computed, as it has been indicated in Fig.4, the total switching

MP controller is constructed by implementing a switching among the difference controllers in relation
with the estimated or measured values of slip angles β and α . At this point it should be noted that
this article will not focus on how the slip angles are estimated or measured but it will assume that
during operation of the vehicle full measurement of the slipping angles can be obtained. Regarding
the stability of the proposed switching control scheme, for the case of a linear and constrained system,
as the articulated vehicle studied in this article, the stability of each separate MPC controller can be
directly proven as it has been indicated in [24]. For the case of switching MPCs, even if the stability
of the single MPC is guaranteed, no direct generalisation can be made for the overall closed loop
system [25]. Such kind of stability investigation is a research topic very interesting but is should not
be further investigated in this article since is is out of the scope of our contribution.

4 Simulation Results

The proposed switching modeling and control scheme will be performed with the following vehicle’s
indicative characteristics: l f = 0.6m, lr = 0.8m, and a constant velocity of v = 2m/sec, without a
loss of generality and a direct expendability and applicability of the presented simulated results in
different types of articulated vehicles. Moreover, a comparison will be performed among the cases
where a single or multiple MP–controllers have been utilized to control the performance of the vehicle
operating in an terrain under the existence of varying slip angles.
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In the simulated case, the constraints for the MPC scheme have been imposed as it follows: the
bounds on the articulated angle have been defined as −0.785 ≤ γ ≤ 0.785 rad, and the bounds for the
displacement error have been set at −0.2≤ ed ≤ 0.2, while the proposed controller has been evaluated
in several reference paths and indicative real life scenarios.

The parameters for the MP–controllers for the state and control action weighings matrices have
been tuned according to the changes of the state space models, and the different encountered slip
angles. Moreover, for all the simulated test cases, the prediction horizon has been set equal to Np = 10
and the control horizon to Nc = 5, with a control interval of 0.2 sec. In all the presented simulations,
the velocity has been set constant.

The first comparison concerns the demonstration of the slip angles and the effect in deteriorating
the overall tracking closed loop performance of the articulated vehicle. In this case two simulated
scenarios have been considered, where a fixed MPC controller has been utilized to control the vehicle
by utilising the error dynamics model, with and without taking under consideration the effect of the
slip angles. In Fig.5 the responses of the MPC control during tracking of a circular path are being
displayed for the front and the real parts of the articulated vehicle in the non-slip case.
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Figure 5: Single-MPC based circular path tracking for an articulated vehicle without considering the
effect of slip angles

As it can be observed, the obtained responses are very smooth and with a very good tracking of
the reference path, which leads to a zero tracking error. In the case that the error dynamics model,
under the following existing slip angles, is being utilized with: 0 ≤ β ≤ 0.1 rad and 0 ≤ α ≤ 0.3 rad
and with the same fixed MPC controller, Fig.6 displays the corresponding results.

In this simulated case it can be observed that the existence of the slippage deteriorates the overall
tracking performance of the vehicle, while the MPC controller does not manage to provide a perfect
path tracking behaviour for the articulated vehicle. Moreover, the effect of the slip angles is more
intense in the rear part of the vehicle and less in the front part.

Finally, in Fig.7 the fixed MPC control efforts needed for the non-slip and the slip case are de-
picted. Again it is obvious that the non-slip case contains more smooth control signals, since this case
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Figure 6: Single-MPC based circular path tracking for an articulated vehicle by considering the effect
of slip angles

is ideal and less complicated than the slip case, where more intense control efforts should be applied
to compensate the effect of slipping.

At this point it should be highlighted that this simulated test case is directly connected to the real
life applications, since the slippage is existing and dramatically affects the behaviours of the vehicle.
Based on the presented switching modeling and control approach established in this article, in the
sequel the effect and the performance improvement that could be achieved, by applying the suggested
scheme, under varying slip angles will be presented. The cases that have been considered are the
ones defined in (Table 1), while for each case a MPC has been tuned. The selected deviations for α
and β have been inspired by a typical real life scenario slippage conditions and based on the analysis
in [13,24], while the different parameter tuning for the utilized MPCs are being presented in Table 2.

Table 1: Varying slip angles scenarios under constant velocity

i-MPC α (degree) β (degree)
1 0 ≤ α < 8 0 ≤ β < 4
2 8 ≤ α < 16 4 ≤ β < 8
3 16 ≤ α < 24 8 ≤ β < 12

More analytically, in Fig.8, it is clearly presented that the proposed switching MPC has the merit
of adapting to the varying articulated reference angle and achieve a good path tracking performance.
Furthermore it should be highlighted that the utilization of only one fixed MP–controller fails to track
the circular reference path. In this simulation result, the fixed 3rd MP–controller has been utilized,
as this is the controller that had the best simulation output under constant velocity and varying slip
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Figure 7: Single-MPC control efforts for the circular path under (red) and without (black) the influ-
ence of slip angles respectively

Table 2: Tuning parameters for the i-MPC

i-MPC Q R Nc Np
1 100·I 0.1 5 10
2 10·I 1 4 8
3 I 10 3 6
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angles, while the utilization of different fixed type controllers has resulted in a system instability.
The presented results indicate the movement of the front part of the vehicle but similar results can be
extracted for the real part.
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Figure 8: Circle path following based on switching-MPC (black) and single-MPC (red) under slip
angles effects

In Fig.9 the corresponding time evolution of the vehicle’s error dynamics (ed, eh and ec), from
the path tracking response in Fig.8 are being displayed under a switching (black) and non-switching
(red) MPC scheme. Finally, in Fig.10, the corresponding responses for the simulated time varying
slip angles, for a path tracking response in Fig.8 has also been presented, with respect to the switching
mode selector, and control steering angle. Three operation sets for the slip angles have been defined
from the simulation results. The total switching MPC is constructed by implementing a switching
between the three controllers, indicated by the ”SW” signal in Fig.10, with respect to the current
values of the varying slip angles.

For evaluating the positioning errors among the actual path of the vehicle’s wagons and the desired
one, the path tracking errors have been utilized, that are calculated as the distance between the refer-
ence path and the position that the articulated vehicle experienced due to slip angles as presented in
Fig.11. In this figure, the results from the error performance of the path tracking by utilizing switching
and non-switching MPC under varying slip angles are being presented. As it can be observed there
is a significant tracking error, due to the effect of slippage angels deteriorating the overall controller
performance in the case of a single MPC. As it has been expected, again it is straight forward that the
switching MPC scheme has a better performance than the fixed one.

To extend the presented evaluation, the S-path curve has been utilized under the existence of
varying slip angles. In Fig.12 and Fig.13 the articulated vehicle’s tracking response under the same
controller configurations as in the previous case and the time responses of the system dynamics and
the control signal are being displayed respectively. At this point it should be noted that the lower
sub-figure of Fig.13 presents a zoomed detail (first 100 samples) of the overall response for the γ̇ to
highlight the form and the time evolution of this signal. The time evolution of the error corresponding
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Figure 9: Time evolution of the system error dynamics for both case studied.
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Figure 10: Time evolution of slip angles, switching mode selector and articulated angle as a control
signal.
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dynamics, (ed,eh,ec) from the path tracking response of the S-path, as in Fig.12 is being presented,
where it can be also observed that there is a significant error in the state tracking in the case one
utilized single-MPC.
As it can be observed from the obtained responses, the superiority of the proposed switching model-
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Figure 12: S-path following and switching (black) and fixed (red) MPC under varying slip angles.
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Figure 13: S-path following time evolution of error dynamics and corresponding control signal based
on a switching (blue) and a fixed (red) MPC.

ing and control scheme for the articulated vehicle is straight forward. The switching scheme is able
to provide an accurate and fast reference path tracking even in the case that we have sudden changes
in the slip angles. To conclude the evaluation in this scenario, as in the previous case, the position-
ing errors among the actual path of the vehicle’s wagons and the desired one are being presented in
Fig.14. From this Figure, it has been clearly indicated that the proposed switching MPC has the merit
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of adapting to the varying slip angles, while being able to achieve a good path tracking performance.
As it has been expected, again it is straight forward that the switching MPC scheme has a better
performance than the fixed one.
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Figure 14: The error distance for the S-path.

Moreover, the proposed modeling procedure and switch MPC scheme, has been compared with
the most commonly utilized control approaches in the field of articulated vehicles, which are the
LQR and the Pole Placement (PP) control approaches. During this comparison, a circular path has
been commanded, while for the switching MPC the previous presented tuning has been considered
(i = 3). The settings for the calculated LQR gain were Q = 10 · I, R = 4, while the selected poles for
the PP have been [−0.8,−0.9,−1.9]T . In Figure 15 the obtained path tracking results are depicted,
while Figure 16, the corresponding RMS path tracking errors have been also presented for a direct
comparison. From the obtained results it is obvious that the proposed switching MPC is superior to
the LQR and PP scheme, while it is able to track accurately the desired path.

0 5 10 15 20 25 30 35 40 45

−30

−25

−20

−15

−10

−5

0

5

10

15

X (m)

Y
 (

m
)

 

 
Ref. path
LQR
PP
MPC

Figure 15: Tracking Performance comparison for a circular path based on switching MPC, LQR and
PP under zero slip angles



4. SIMULATION RESULTS 73

0 20 40 60 80 100
0

1

2

3

4

5

6

Time (sec)

R
M

S
E

 (
m

)

 

 
MPC
PP
LQR

Figure 16: RMS Tracking errors comparison for a circular path based on switching MPC, LQR and
PP under zero slip angles

For a final evaluation scenario, a realistic path, which is usually find in mining applications will
be utilized, as the one presented in Fig.17, where additional boundaries (walls) have been included in
the simulated scenario. The reference path for this case (blue) line has been considered as provided
by a path planning algorithm.

As in the previous cases, the superiority and the capability of the switching MPC proposed scheme
is obvious. The controller achieves a good tracking behaviour, which is necessary for tracking paths
with an increased accuracy. The non existing overshoots and deviations from the desired path, makes
the proposed scheme an ideal one, especially for real life applications and operations that needs to be
performed in areas with constraints as the presented one.

As it has been presented until now, the effect of the slip angles on the overall performance of the
vehicle is significant. In general, this effect can be expressed as a normalized Positioning Error Ratio
(PER), which is the ratio of the slip radius against the ideal radius and can be defined as:

PERθ = 1− θ̇s

θ̇
(15)

where the subscript s denote the existence of slippage. As an example, the PER for the circular
examined path and for the turning angle of the vehicle’s front part is being presented in Fig.18, where
the normalized positioning error ratio behaviour of the slip angles and the corresponding produced
articulated angle are being displayed.

From a real life implementation of the switching MPC scheme presented, it should be emphasised
that the computational burden of the proposed methodology is being depended mainly by the selection
of the ad hoc tuned prediction and control horizon Np, Nc parameters. This selection might not have
been the optimal one, however based on numerous tuning efforts perfumed in this article and as it
has been reported in [26], the computational complexity is monotonically increasing with respect to
the increase of the Np and Nc parameters, while in general smaller values are generally preferable. In
Table 3 the computational burden is further analysed where the actual latency times, due to the MPC
calculations are being presented, based on the same set of Q = 100I and R = 0.1.

These results have been obtained based on a PC with a 2.67 GHz Processing Unit and 4 GB RAM
and with MATLAB R2014a. As it can be observed, an increase in the prediction horizons directly
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Table 3: Prediction Horizons for the i-MPC and related complexity in terms of computational latency
times

Nc Np Actual time loop(sec)
5 10 3.02405
4 8 2.31053
3 6 1.74104

affects the complexity, translated in actual loop latency time. However, it should be noted that in the
exhaustive simulations, for Nc ≥ 3 and Np ≥ 6 no significant performance improvement of the overall
closed loop system has been achieved.

5 Conclusions

In this article a complete analysis towards the development of a switching modeling and control
framework for an articulated vehicle, under the effect of varying slip angles has been presented. As it
has been indicated by the multiple simulated test cases the established nonlinear kinematic model, of
the nonholonomic articulated vehicle in cooperation with the proposed model predictive scheme are
sufficient to provide a very good path tracking performance for the articulated vehicle, even under the
case of varying slip angles that can significantly deteriorate the performance of the movement. The
proposed scheme should be further utilized and applied in experimental studies to prove the overall
efficiency and direct applicability of the suggested control scheme.
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Path following for an articulated vehicle based on
switching model predictive control under varying

speeds and slip angles

Thaker Nayl, George Nikolakopoulos, Thomas Gustafsson

Abstract: This article is focusing on the problem of path following for an articulated vehicle under
varying velocities and slip conditions. The proposed control architecture consists of a switching
control scheme based on multiple model predictive controllers, fine tuned for dealing with different
operating speeds and slip angles. In the presented analysis for the non–holonomic articulated vehicle,
the corresponding kinematic model is being transformed into an error dynamics model, which is
linearized around multiple nominal slip angle cases and various operating speeds. The existence of
the slipping and varying speed has a significant effect on the vehicle’s path following capability and
can significantly deteriorate the performance of the overall control scheme. Based on the derived
multiple dynamics modeling, the current slip and vehicle’s speed are being considered as the signal
selector for the proposed switching model predictive control scheme. The efficacy of the proposed
controller is being evaluated by an extended set of simulation results.

1 Introduction

In general the articulated vehicles consist of two parts, a front and a rear, linked with a rigid free joint.
Each body has a single axle and the wheels are all non–steerable, while the steering action is being
performed on the joint, by changing the corresponding articulated angle, between the front and the
rear of the vehicle.

In the relative literature, there have been several research approaches for the problem of modeling
articulated vehicles, based on the theory of multiple body dynamics [1, 2]. Most of these methods
contain simple models that: a) are not taking under consideration the effect of the slip angles, as the
complexity of the overall problem is being increased and it is more difficult to proceed to the next
stage of the control scheme design based on highly non–linear articulated vehicle’s dynamics, and b)
in these modeling approaches, speed has being considered as a constant, an assumption that it is not
globally valid, while at the same time the speed level is also effecting the slippage that the vehicle is
being experiencing.

As slip angle is one of the most important factor that degrades the overall performance of the
articulated vehicle, various efforts have been proposed until now for estimating or measuring these
effects [3], while still the existence of full kinematic models that will integrate the slip angle effect, for
the case of articulated vehicles, is obsolete. From a control point of view, there have been proposed
many traditional techniques for non–holonomic vehicles, based on error dynamics models without
the presence of slip angles. More analytically, in [4] linear control feedback has been applied, while
in [5] a Lyapunov based approach has been presented. In [6] a control scheme based on linear matrix
inequalities has been presented and in [7] a pole placement technique has been applied. Moreover,
in [8] the authors have presented a path tracking controller based on error dynamics, while in [9] the
general problem of designing a path following controller for a n–rear vehicle, based on non–linear
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adaptive control has been derived. Finally, classical fundamental problems of motion control for
articulated vehicles have been presented in [10, 11].

The novelty of the proposed article stems from: a) the derivation of an error dynamics modeling
framework for the case of an articulated vehicle operating under varying speeds and slip angles, and b)
adopting a switching model control scheme that is able to take under consideration the effects of real
life constraints on the control input (articulated angle) and mechanical restrictions, while at the same
time contains multiple switching model predictive controllers that are being fine tuned to optimize
path tracking under varying slip angles and speeds. The overall resulting control scheme is ensuring
smooth transition of the control effort as the articulated vehicle is driven with different speeds, over
regions of different slippage, while retaining the stability of the articulated vehicle.

2 Articulated Vehicle Modeling

2.1 Kinematic Model Without Slip Angles
First the case of an articulated vehicle, under no effect of slip angles (α = β = 0) is being presented,
as it is depicted in Figure 1, where (x f , y f ) and (xr, yr) denote the coordinates of the front and the
rear, p f and pr are the corresponding centers of gravity, l f and lr are the lengths of the front and
rear, while the angles θ f and θr denote the vehicle’s part orientation. The (x,y) axes represent the
fixed coordinating system, defined as [5]. By examining the vehicle’s depicted geometry, as also the
relation between the coordinates of p f and pr, it can be extracted that:

ẋ f = v f cos θ f (1)
ẏ f = v f sin θ f (2)

The velocities at the front and the rear parts has the same changing with respect to the velocity at
the rigid free joint of the vehicle for the two parts, then can being defined the relative velocity vector
equations as:

v f = vr cos γ + θ̇rlr sinγ (3)
vr sinγ = θ̇ f l f + θ̇rlr cos γ (4)

Where v f and vr are the velocities of the front and rear parts respectively, the articulated angle γ is
being defined as the difference between the orientation angles θ f of the front and θr of the rear part
of the vehicle, by combining the above equations using the relation θr = θ f − γ , the angular velocity
θ̇ f of the front is being calculated as:

θ̇ f =
v f sinγ + lr γ̇
l f cosγ + lr

(5)

The corresponding angular velocities for the front and rear parts, which are being defined as θ̇ f and θ̇r
respectively, have different values when (l f ̸= lr) or the vehicle is not driving straight (γ ̸=0). Finally,
the articulated angle γ is being defined as the difference between the orientation angle θ f of the front
and the orientation angle θr of the rear part of the vehicle (θ̇r = θ̇ f − γ̇), or:

θ̇r =
v f sinγ − l f γ̇ cosγ

l f cosγ + lr
(6)
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2.2 Kinematic Model Under Slip Angles
In the case of slip angles, the kinematic model of the articulated vehicle can be also formulated
from general geometry that includes ideal and slip behavior for the steering angles. The definition
of this model has been initially based on the derivation in [3], which included the perturbed factors
in the vehicle position as two slip variables β and α , being defined as the front’s and rear’s slip
angles respectively. Under the influence of slip angles, the vehicle’s configuration is depicted in
Figure 1. where (r1, r2) are the radiuses from instantaneous centers of velocity for the front and

Figure 1: Articulated vehicle modeling configuration under the influence of slip angles

the rear respectively. For the initial center curvature of the trajectory it is being assumed that the
vehicle is moving forward without slip conditions. In the following derivation, the unit subscript ’s’
denotes variables in the slip angle case as they have been defined previously in the non–slip examined
case. The kinematic equations, for the motion under the effect of slip angles, for the front part can be
formulated as:

ẋ f s = v f cos (θ f +β ) (7)
ẏ f s = v f sin (θ f +β ) (8)

In this case, the vehicle’s motion depends not only on vehicle’s velocities, the articulated angle and
the vehicle’s lengths, but also on the slip angles, while the resulting vehicle’s heading is provided by
a combination of the slip angles with the orientation angles. The rate of the orientation θ̇rs can be
defined as function of the steering angle γ and both slip angles. Based on the assumption that the
vehicle develops a steady–state motion turning, this rate can be provided by the utilization of a virtual
center of rotation, depending on the velocity [12]. In the examined case, the front’s and rear’s speeds
can be computed as:

v f cosα = vr cos(γ −α)+ θ̇rlr sin(γ +β −α) (9)
vr sin(γ +β −α) = θ̇ f l f cosα + θ̇rlr cos(γ −α) (10)

while, by solving the above equations, the angular velocities for the front and the rear can be defined
as:

θ̇ f s =
v f sin(γ +β −α)+ lr γ̇ cosα

l f cos(γ −α)+ lr cosα
(11)

θ̇rs =
v f sin(γ +β −α)− l f γ̇ cos(γ −α)

l f cos(γ −α)+ lr cosα
(12)
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It should be noted that equations (11,12) are more accurate than equations (5,6), if the slip angles are
known a priori, a task that is quite difficult as the slip angles are dependent of the vehicle’s velocity,
mass, tire–terrain interaction and articulation angle, in a highly non–linear way.

3 Error Dynamics Modeling

Based on the assumption that the vehicle develops a steady–state motion turning, the rates of the
orientation change are being provided by: r1 =

v f

θ̇ f
and r2 =

vr
θ̇r

. In Figure 2 it is depicted an overview
of how the displacement, heading and curvature errors are being defined, between the actual path
of the articulated vehicle and the desired one, under the effects of slipping. The distance from the
vehicle to the reference path displacement, the angle between the vehicle and the reference are also
being displayed.
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Figure 2: Articulated vehicle following error transformation

Based on [1], in the following derivation, three errors under the effects of slip angles are being
defined: a) ed is the displacement error, b) eh is the heading error, and c) ec is the curvature error.
The displacement error ed is the difference between the coordinates of the front and the coordinates
of the desired circular path. From the triangle (ABD), if it is assumed that ϕ and θ are small, and
can be defined that: θ , (

l f+lr cos(γ+β )
r ) and from the triangle (DBC), eh , ed

l f
, while the error in the

displacement is: ed = eh rθ − l f cos(γ +β ), and by taking the time derivative of this equation it is
derived that:

ėd = v eh + γ̇ l f sin(γ +β ) (13)

The heading error eh is the orientation difference between the centers of the vehicle and the circular
path. A change in the heading error is being defined as: eh , (θ −ϕ)+ (γ sin(γ +β −α)), and it is
being assumed that: θr w ϕR. From this equation it can be derived that eh = θ(1− r

R)+ (γ sin(γ +
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β −α). The curvature error ec measures the difference between the vehicle’s paths and the curvature
of the trajectory path, and it can be defined as: ec =

1
r −

1
R . By utilizing these relations, the curvature

error is being defined as:

ėh = v ec + γ̇ sin(γ +β −α)+ γ̇γ cos(γ +β −α) (14)

With the assumption that the slip angles, the velocity and the curvature of the trajectory are piecewise
constant and by differentiating the equation: ec =

v sin(γ+β−α)+lr γ̇ cosα
v (l f cos(γ−α)+lr cosα) with respect to time, the rate

of the curvature error is being defined as:

ėc = γ̇
l f cos(β )+ lr cos(α) cos(γ +β −α)

(l f cos(γ −α)+ lr cos(α))2 +

γ̈
lr (l f cos(γ −α) cos(α)+ lr cos(α)2)

v(l f cos(γ −α)+ lr cos(α))2 +

γ̇2 l f lr sin(γ −α) cos(α)

v(l f cos(γ −α)+ lr cos(α))2 (15)

Linearizing the error dynamics in the equations (13), (14) and (15) around the reference path with
constant articulated and slip angles under small displacement, yields:

ėd = v eh + γ̇ l f β (16)

ėh = v ec + γ̇ (β −α) (17)

ėc = γ̇
1

(l f + lr)
+ γ̈

lr
v(l f + lr)

+ γ̇2 l f lr(γ −α)

v(l f + lr)2 (18)

where it can be observed that ėc is dependant on the slippage and the rate of change of articulation
angles. By performing the following change of variable:

´̇ec = ėc − γ̇
lr

v(l f + lr)
(19)

The following state space error dynamics description for the articulated vehicle is being extracted:ėd
ėh
´̇ec

=

0 v 0
0 0 v
0 0 0

ed
eh
éc

+

 l f β
lr+(β−α)(l f+lr)

(l f+lr)
1

(l f+lr)

 γ̇ (20)

In the case that the articulated vehicle is being driven with varying speed, over terrains that are char-
acterized by different slip angles, multiple piecewise operating sets for the speed and the slip angles,
of the same characteristics, can be defined as: vi ∈ L1, βi ∈ L2 and αi ∈ L3, with L1, L2 L3 ∈ ℜ3

and i ∈ S+, can be defined, leading to a switching state space description for the model as it follows:

ẋ = Aix+Biγ̇ (21)

x ∈ X ⊆ ℜ3 is the state vector, γ̇ ∈ U ∈ ℜ is the control action, Ai ∈ ℜ3×3, Bi ∈ ℜ3×1, and full
state feedback is being considered, or C = I3×3. The variables γ and γ̇ can be measured with a great
accuracy, while an estimation algorithm or a look up table should be utilized for determining the value
of the slip parameters.
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4 Model Predictive Control Design

MP–controller has been very successful in practice and its a highly effective control scheme that
is able to take under consideration multiplicative system model descriptions, uncertainties, nonlin-
earities and physical and mechanical constraints in the system model parameters or in the control
signals [13]. In the current research effort, the MP–controller schemes is able to predict future val-
ues of the vehicles error dynamics based on the present available information and the current con-
straints [14]. The MP–controller action, which is the rate of articulation angle, is based on a finite
horizon continue time minimization of predicted tracking error with constraints on the control inputs
and the state variables. The overall block diagram of the proposed closed loop system is depicted in
Figure 3. For efficiently controlling the articulated vehicle, the controller utilizes the current state of
motion of the vehicle as well as the next target points of the reference trajectory. The path planner is
generating the desired path, while in the sequel this path (planar coordinates) are being translated to
displacement, heading and curvature coordinates that act as the reference input for the MP–controller.

The formulation of the MP–controller is based on: a) the current full state feedback, b) the active
constrains on the system, c) the estimated slip angles, d) the measured velocity and e) the mode
selector signal, which is depends on the slipping and the velocity of the vehicle, in order to apply
switching optimal control action.

Figure 3: Switching MP–controller scheme block diagram

The construction of the MP–controller is based on the system description defined in equation (21).
The mode selector signal i∈S with S , {1,2, · · · ,s} is a finite set of indexes and s denotes the num-
ber of switching sub–systems in (24). For polytypic description, Σ is the polytope Σ : Co{[Ai Bi], · · · , [Ai Bs]},
Co denotes the convex hull and [Ai,Bi] are the vertices of the convex hull. Any [Ai, Bi] within the
convex set Σ is a linear combination of the vertices ∑s

j=1 µ j[Ai Bi]with ∑s
j=1 µ j = 1, 0 ≤ µ j ≤ 1.

In the presented methodology for the design of the MP–controller scheme, only the front slip
angle β has been taken under consideration as it has the more significant effect on the behavior of
the vehicle than the rear slip angle α , while at the same time α has the opposite sign of β . As a



4. MODEL PREDICTIVE CONTROL DESIGN 87

result of this remark the mode selector signals of the MPC are the measured velocity vi of the vehicle
and the estimated slip angle βi. For defining the switching instances, the sets L1, and L2 have been
discretized into operating subspaces. The discretization of the speed and slip angle operating sets,
can be formulated by defining multiple nominal values v0, β0 and allowing them to take values into
neighboring regions of lengths ξi and ψi. This can be mathematically being formulated as:

L1, i = vmin
0, i = v0, i −ξi ≤ v0, i ≤ v0, i +ξi = vmax

0, i

L2, i = β min
0, i = β0, i −ψi ≤ β0, i ≤ β0, i +ψi = β max

0, i

The sets X and U specify state and input constraints. Let the set X contain the x states that
satisfy the following bounding inequality:

xmin = x−∆1 ≤ x ≤ x+∆1 = xmax (22)

where ∆1 ∈ ℜ(3,1)
+ is the vector containing the selecting state boundary conditions. The control in-

put bounding set U can be derived by taking under consideration the mechanical and the physical
constraints of the articulated vehicle, as also the preference on aggressive or not maneuvers. These
constraints can be also formulated as presented in (23).

umin = u−∆2 ≤ u ≤ u+∆2 = umax (23)

where ∆2 ∈ ℜ+ is the vector containing the selecting control boundary conditions. Let the matrix Hi
be a zeroed 2×2 matrix with its i–th column equal to [1,−1]T , and the other 02,1 i.e. for i = 2:

Hi =

[
0 1
0 −1

]
Then the previous bounds in (22) and (23) can be cast in a more compact form as:

[
H1
H2

]
4×2

·

 x
−−

u


2×1

≤

 xmax +∆1
−−−−−
umax +∆2


4×1

These constraints are embedded in the MP–controller computation algorithm in order to compute an
optimal controller that counts for the physical and mechanical constraints that restrict the articulated
vehicle’s motion.

The basic idea of MP–controller is to calculate a sequence of future control actions in such a way
that it minimizes a cost function defined over a predefined prediction horizon. More specifically, the
(i)–th MP–controller’s objective is to minimize the quadratic cost in (24), while the (i)–th linearized
system is within Σ. Special care must be provided in order to correctly tune the prediction Np and
control Nc horizons. A long prediction horizon increases the predictive ability of the MP–controller
but on the contrary it decreases the performance and demands more computations.

Each model predictive controller V i
MPC corresponds to the i-th error dynamic model of the artic-

ulated vehicle, obtained by solving the following optimization problem minJ(k) with respect to the
control moves variations ∆u and the error coordinates, while the discrete time sample index and J(k)
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defined as:

J(k) =
Np

∑
n=Nw

[ŷ(k+n|k)− r(k+n|k)]T Q[ŷ(k+n|k)− r(k+n|k)]+

+
Nc−1

∑
n=0

[∆uT (k+n|k)R∆u(k+n|k)] (24)

+
Np

∑
n=Nw

[u(k+n|k)− s(k+n|k)]T ·N[u(k+n|k)− s(k+n|k)]

where, n is the index along the prediction horizon, Nw is the beginning of the prediction horizon, Q is
the output error weight matrix, R is the rate of change in control weight matrix, N is the control action
error weight matrix, ŷ(k+n|k) is the predicted system’s output at time k+n, given all measurements
up to including those at time k, r(k + n|k) is the output set–point profile at time k + n, given all
measurements up to including those at time k, ∆u(k+ n|k) is the predicted rate of change in control
action at time k+n, given all measurements up to including those at time k, u(k+n|k) is the predicted
optimal control action at time k+n, given all measurements up to and including those at time k, and
s(k+n|k) is the input set–point profile at time k+n, given all measurements up to and including those
at time k.

Once all V i
MPC(k) controllers are computed, the objective of the i ∈ S controller is to stabilize

the i–th system, while if s increases, then the approximation of the error dynamic modeling is more
accurate for a larger part of speed and slip angle and thus allowing the development of more efficient
control algorithms.

5 Simulation Results

In the presented simulation results it is being assumed that direct measurements for both the velocity
and the position of the vehicle can be performed, so no estimation action should be applied to the
system, although in a real–life experimental setup, estimation of the slip angles should be performed,
by utilizing one estimation algorithm (e.g. Extended Kalman filter).

For simulating the efficacy of the proposed control scheme for the problem of path following
for an articulated vehicle, over a terrain with varying speed and slip angles, the following vehicle’s
characteristics have been considered: l f = 0.6m, lr = 0.8m. Twelve operating sets for the slip angle
β have been defined, in combination with three different vehicle’s velocities (1, 2 and 3 m/sec), as it
has been depicted in Table 1.

As a result the overall lookup table that rules the switching signal for defining the j active MPC
control (s = 12) is presented in Figure 4, while the total switching MP–controller is constructed by
implementing a switching among the difference controllers in relation with the values of slip angle β
and the velocity v respectively.

The constraints imposed on the input and output variables, has been defined as it follows: the
bounds on the articulated angle have been defined as −0.785 ≤ γ ≤ 0.785 (rad), and the bounds on
the error dynamics has been set for the displacement error −0.2 ≤ ed ≤ 0.2. The parameters for
the twelve MP–controllers for the state and control action weighings matrices have been fine tuned
separately according to the current active state space model. Moreover, in the simulation studies,
correlation between the articulated angle γ and the α slip angle, has been considered (derived from
the geometry of the vehicle), denoted as: α = arcsin( −lr

l f+lr
sinγ).
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Table 1: Active Regions for the Switching MPC

MPC No. Velocity(m/s) Front slip (rad)
1 0 ≤ v < 1 0.00≤ β <0.02
2 0 ≤ v < 1 0.02≤ β <0.04
3 0 ≤ v < 1 0.04≤ β <0.06
4 0 ≤ v < 1 0.06≤ β <0.08
5 1 ≤ v < 2 0.00≤ β <0.03
6 1 ≤ v < 2 0.03≤ β <0.05
7 1 ≤ v < 2 0.05≤ β <0.07
8 1 ≤ v < 2 0.07≤ β <0.09
9 2 ≤ v ≤ 3 0.00≤ β <0.04

10 2 ≤ v ≤ 3 0.04≤ β <0.08
11 2 ≤ v ≤ 3 0.08≤ β <0.12
12 2 ≤ v ≤ 3 0.12≤ β <0.16

The cost function definition provides several crucial pieces of information, which are: length of
the prediction horizon, variables included in this cost function and also the weights applied to each of
the two components of the cost function. In the presented simulation results, the prediction horizon
has been set to Np = 10 and the control horizon to Nc = 5, with a control interval (0.2 sec) for the all
controllers.

The effectiveness of the proposed switching MPC scheme will be evaluated on tracking a circular
reference path, while the significance and the important deterioration of the vehicle’s response, under
slip angles, has been already presented in [15]. In the presented simulations, a comparison will be
performed between closed loop path tracking results, obtained from the proposed switching MPC
scheme and the results obtained by having only one MPC fine tuned controller, under the existence of
varying velocities and slip angles, as it is being presented in Figure 5.

From Figure 5 it is clear that the proposed switching MPC has the merit of adapting to the varying
type of velocity and articulated angle and achieve a good path tracking performance, while the uti-
lization of only one fixed MP–controller fails to track the circular reference path. In this simulation
result, the fixed 2nd MP–controller has been utilized, as this is the controller that had the best simula-
tion output under constant speed (1 m/sec) and varying slip angles, while the utilization of different
fixed type controllers has resulted in a system instability.

In Figure 6 the time evolution of the error corresponding dynamics,(ed, eh and ec), from the
path tracking response in Figure 5 is being presented, where it can be also observed that there is a
significant error dynamic state tracking, for the case that the fixed MP–controller is being selected.

In Figure 7 the corresponding responses for the simulated time varying velocity, and slip angle,
for the path tracking response in Figure 5 are also being presented, with respect to the resulting mode
selector signal, from Figure 4. In addition in this figure, the response of the control effort (rate of
the articulated angle γ̇ and the pure response of the articulated angle is being also depicted. From
the obtained simulation results, the superiority of the proposed switching MPC scheme is clear as it
is able to achieve a good tracking of the reference path, under varying velocities and slip angles, a
problem that it is highly linked to the real–life application.

Finally, it should be noted that: a) in the presented simulation results, harsh switching and big
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Figure 6: Time evolution of the system’s states (error dynamics) with switching MP–controller and
single MP–controller

slippage angles have been considered, that simulate the translation of the vehicle under heavy road
conditions, and b) the same switching angles have been utilized as the testing scenario in all the
depicted simulation results (single and switching MP–controller).

6 Conclusions

In this article a switching model predictive control scheme for an articulated vehicle under varying
slip angles and different velocities has been presented. For the non–holonomic articulated vehicle, the
non–linear kinematic model that is able to take under consideration the effect of the slip angles was
extracted and been transformed into an error dynamics model. Based on the derived multiple error
dynamic models, the varying slip angle has been considered as the switching rule and a corresponding
switching mode predictive control scheme was designed. Simulation results have been presented that
prove the efficacy of the overall suggested scheme.
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On–Line Path Planning for an Articulated Vehicle
based on Model Predictive Control

Thaker Nayl, George Nikolakopoulos, Thomas Gustafsson

Abstract: In this article, a novel on–line path planning algorithm for an articulated vehicle, moving
in a partially known and sensory based reconstructed environment, and relying on Model Predictive
Control will be presented. The proposed algorithm belongs to the family of bug like path planning
algorithms and has the capability to take under consideration the real dynamics of the articulated
vehicle. Based on: a) an a priori knowledge of the current and the goal points, and b) a partial sensory
based awareness of the surrounding environment, the algorithm is able to tune online the articulated
steering angle in order to drive the front and the rear parts of the vehicle from avoiding collision
with obstacles, while converging to the goal point. The proposed path planning algorithm is able to
produce on–line the next reference way–point, solving the local and sub-optimal problem, while in
the sequel a Model Predictive Controller is being utilized for creating the proper control signal, the
rate of the articulated angle based on an error dynamics kinematic model of the vehicle. Multiple
simulation results are being presented that prove the efficiency of the suggested scheme.

1 Introduction

Automated articulated vehicles in the past and currently have received an increased scientific atten-
tion mainly for their utilization in the mining industry [1]. In these research efforts the aim has been
the overall increase of the production rate, while making the working conditions safer for the human
operators [2]. In most of the applications, these vehicles are remotely operated, while there is a con-
tinuous trend for increasing the autonomy level, especially in the area of path planning and obstacle
avoidance as it is required form the vehicle: a) to have awareness of the changing surrounding en-
vironment, based on the onboard sensory systems, and b) autonomously plan their route towards the
final goal point.

For the classical task of path planning, with an obstacle detection and avoidance capability, the
simplest technique to solve the problem is the altering of the vehicle’s orientation, while predicting
a non collision path, based on: a) the vehicle’s kinematic model, b) the sensing range, c) the safety
range, and d) the a priori information of the surrounding environment. In this approach an optimal
finite sequence of control inputs is being generated according to the initial vehicle position and the
desired goal point. In the case where the path planning algorithm needs to be performed on–line, since
the vehicle has a limited and in most of the time bounded sensory based awareness of the nearest
surrounding environment, e.g. an exploration mission, local path planning which is a sub–optimal
solution, needs to be generated and immediately applied to the vehicle [3].

Characteristic examples in the field of global path planning are the Road–Map algorithm [4], the
Cell Decomposition [5], the Voronoi diagrams [6], the Occupancy Grinds [7] and the Potential Fields
techniques [8], while in most of the cases, a final step of smoothing the produced path curvatures, by
the utilization of Bezier curves is being utilized [9]. These algorithms optimize the overall traveled
distance but may become computationally complex and maybe proven problematic when the global
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world model is inaccurate.
For the second case of a partially known and online reconstructed environment, the Bug family

algorithms are well known mobile vehicle navigation methods for local path planning based on a
minimum set of sensors and with a decreased complexity for online implementation [10]. Two of
the most commonly utilized path planning algorithms in this category are the Bug1 and Bug2 [11].
Bug1 algorithm exhibits two behaviors; motion to goal with boundary following and a corresponding
hit point and leave point, while Bug2 algorithm presents similar behaviors like the Bug1 algorithm,
except from the fact that it tries to follow the fixed line from a start point to the goal, during obstacle
avoidance. Other Bug algorithms that also incorporate range sensors are TangentBug [12], Dist-
Bug [13] and VisBug [14]. Tangent Bug algorithm is an improvement of the Bug2 algorithm since it
is able to determine the shorter path to the goal using a range sensor with a 360o infinite orientation
resolution. DistBug has a guaranteed convergence and will find a path if one exists, while it requires
the perception of its own position, the goal position and the range sensory data [15]. The VisBug
algorithm, needs global information to update the value of the minimum distance to the goal point,
during the boundary following and for determining the completion of a loop during the convergence
to the goal.

The main disadvantage of all these algorithms is the fact that in the presented approaches the
dynamics of the vehicle are considered to be the ones of as a single point, without any constraints
in the movement, while the actual kinematics, which are important especially in the case of non–
holonomic vehicles are being neglected.

The novelty of this article stems from the proposal of a new online and sub–optimal bug like
path planning algorithm for the case of an articulated vehicle, which is able to consider: a) the real
articulated kinematic equations formulated in a novel error dynamics model, b) physical constraints
and limitations during the vehicle’s movements, c) the initial and the goal configuration, d) the mini-
mum and the total travel distance between, e) the safety and sensing distances, and f) proper obstacle
detection and avoidance for producing on–line future reference way points. In the sequel a Model Pre-
dictive Control scheme (MPC) is being utilized that transforms the reference way points to the proper
control action for the articulated vehicle, the rate of the articulated angle, based on an error dynamics
kinematic model. The utilization of the MPC scheme is able to produce a smooth path tracking be-
havior with a relative low computational cost. In the related literature of path planning and control of
non–holonomic vehicles, the MPC scheme has been utilized before in various implementations and
different problem formulations [16–18], but to the authors best knowledge this is the first time that
the MPC scheme has been combined with an online path planner based on the real articulated vehicle
dynamics.

The rest of the article is organized as it follows. In Section 1, the articulated robot kinematic and
error dynamics model are being derived. In Section 2, the proposed on–line path planning is being
proposed in combination to the utilized MPC scheme, while in Section 3, multiple simulation results,
subjected to various conditions are being presented that prove the efficacy of the proposed scheme in
different arenas. Finally, the concluding remarks are provided in Section 4.

2 Articulated Vehicle Error Dynamics Modeling

Articulated vehicles consist of two parts, a front and a rear with a width of w and l1 and l2 lengths
correspondingly, linked with a rigid free joint, while each body has a single axle and the wheels
are all non—steerable. The centers of gravity for these parts are being denoted as P1 = (x1,y1)
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and P2 = (x2,y2) respectively. The steering action is being performed on the joint, by changing the
corresponding articulated angle γ , between the front and the rear of the vehicle as it is being indicated
in Figure 1.

Figure 1: Articulated robot’s geometry and graphical representation of error dynamics transformation

For deriving the vehicle’s kinematic equations, it is being assumed that: a) the steering angle
γ remains constant under small displacement, b) the dynamical effects due to low speed (like, tire
characteristic, friction, load and breaking force) are being neglected, c) each axle is being composed
of two wheels that can be replaced by a unique wheel, and d) the robot moves on a plane without
slipping effects, the robot’s velocity is bounded within the maximum allowed velocity, which prevents
the robot from slipping. From the geometrical characteristics of the vehicle it can be easily derived
that the equations describing the translation of the articulated front part are,

ẋ1 = v1 cos θ1 (1)
ẏ1 = v1 sin θ1 (2)

The velocities v1 and v2 are considered to have the same changing with respect to the velocity of the
rigid free joint of the robot and thus the relative velocity vector equations can be defined as,

v1 = v2 cos γ + θ̇2l2 sinγ (3)
v2 sinγ = θ̇1l1 + θ̇2l2 cos γ (4)

where θ̇1 and θ̇2 are the angular velocities of the front and rear parts respectively. By combining
equations (3) and (4) it yields,

θ̇1 =
v1 sinγ + l2 γ̇
l1 cosγ + l2

(5)

For the case that there is a steering limitation for driving the rear part according to the coordinates
of the point P2 = (x2,y2), the relationship between P1 and P2 is provided by,

x2 = x1 − l1 cosθ1 − l2 cosθ2 (6)
y2 = y1 − l1 sinθ1 − l2 sinθ2 (7)
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Figure 2: A graphical representation of the error dynamics transformation

In the presented approach, the manipulated variable is the rate of the articulated angle, while the
vehicle’s speed is considered to be constant, while the kinematic model can be presented in a general
state space form as,

ẋ = f (x,u) (8)

Based on [19], it is being assumed that the vehicle develops a steady-state motion turning, where the
rates of the orientation change are being provided by the following equations and R is the curvature
of the reference path,

r1 =
v1

θ̇1
, r2 =

v2

θ̇2
(9)

As it has been extensively presented in [20], the system representation can be formulated as a set of
error dynamics, described by the following parameters: curvature ec, heading eh and displacement ed
errors, also depicted in Figure 2. The curvature error is the difference between the curvature of the
desired and the actual paths, heading error is the angle between the centers of the desired and actual
paths with the front center of the robot and the displacement error is the difference between the two
paths, as it has been defined in Figure 2. By defining an error state vector as ẋe = [ėc ėd ėh]

T , the
error dynamics description of the vehicle can be presented as it follows,

ėc = k1 γ̇ (10)
ėh = v ec + k2 γ̇
ėd = v eh

where, k1 =
1

l1+l2
and k2 =

l2
l1+l2

are constants. In this formulation it has been assumed that the three
state variables are measured and that direct measurements for both the velocity and the position of the
robot can be performed based on the on–board sensory system and thus no estimation action should
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be applied to the system. As it will be presented in Section 3 the proposed MPC is utilizing this state
space representation for generating the proper rate of articulation angle for controlling the articulated
vehicle.

3 On Line MPC based Path Planning for Articulated Vehicle

The proposed online path planning algorithm can be applied for the objective of moving a vehicle
from a starting point to the goal point, while detecting and avoiding identified obstacles based on the
real vehicle’s dynamic equations of motion and a Model Predictive Controller. As a common property
of the Bug like algorithms, the proposed scheme initially faces the vehicle towards the assumed
constantly known goal point. In the presented algorithm it has also been assumed that the vehicle
is able to online sense the surrounding environment, included in a sensing radius of robs. During
translation, the path planner is on-line generating future way points that act as a reference path for the
utilized MPC. Before feeding the MPC with the reference coordinates, a proper conversion is taking
place from the cartesian space to the curvature, heading and distance space, the states of the vehicle’s
error dynamic states [20]. The overall proposed concept of path planning and MPC control is depicted
in Figure 3.

Figure 3: The combined on–line path planning and MPC for an articulated vehicle

As it can be observed from this diagram the algorithm starts by defining the current position and
orientation of the vehicle, denoted by [Xr, Yr, θr] and the final goal position denoted by [Xg, Yg, θg].
Based on the onboard sensory system, the vehicle identifies the surrounding environment and obsta-
cles and generates on–line the way points for reaching the goal destination by solving the local and
by definition sub–optimal path planning problem. In the sequel the way points are been translated to
references for the error dynamics based MP controller. The control scheme generates the rate of ar-
ticulated angle, which is the control signal for the vehicle. In the presented architecture it is assumed
that accurate and continuous position and orientation measurements as well as corresponding updates
are being provided, without any loss of generality.

The assumed sensory system is able to provided a partially bounded information on the surround-
ing environment due to the assumption of a limited sensing range robs ∈ ℜ, while these measurements
are being transformed to relative distances and angles from the articulated robot to the identified sur-
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roundings or obstacles, defined as dobs ∈ ℜ and θobs ∈ ℜ correspondingly. It should be noted that
in the presented approach all the obstacles and the surrounding environment are being considered as
point clouds in a 2–dimensional space, while overlapping obstacles are being merged and represented
by a single and unified obstacle. In the path derivation a safety distance has been also considered,
denoted as rmin ∈ ℜ, for protecting the vehicle from approaching close to the obstacles. In the con-
sideration of this safety distance, the algorithm calculates the related distance and angle from the
identified obstacle, denoted as dmin ∈ ℜ and θmin ∈ ℜ and tunes the path planning accordingly. The
notations utilized and the overall concept of the proposed path planning algorithm are depicted in
Figure 4.

Figure 4: Notations and overall concept of the proposed path planning algorithm.

The operation and the sequential execution of the proposed path planner can be summarized as it
follows:
[Step 1: Initialization] Sample the current position and orientation of the vehicle [Xk Yk θk] and
define the goal [Xg Yg] points, the articulated vehicle’s specific parameters v, dmin, θmin, dobs, θobs,
and the vehicle’s mechanical and physical constraints that need to be taken under consideration.
[Step 2: Path Update] Calculate the desired proper orientation of articulated vehicle’s front part, in
order to face the goal point during translation with constant speed as,

θg(k) = arctan
Yg −Yk

Xg −Xk

β (k) = θg(k)−θk

where θg is the angle between the line that connects the center of gravity of the vehicle’s front part
to the goal point and the X-axis. The β is the difference angle among the vehicle’s orientation angle
with the X axis and θg.
[Step 3: Desired Movement Update] Calculate the update of the vehicle’s desired movement based
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on the following equations,

x(k) = vcos(θ(k)+β (k))
y(k) = vsin(θ(k)+β (k))
θ(k) = β (k)

[Step 4: Scan Area] Calculate the smallest distance and the angle from the obstacles to the current
location, as also the angle between the obstacles and the goal point, denotes by θobs,g ∈ ℜ, as it
follows,

dobs =
√
(Xk+1 −Xobs)2 +(Yk+1 −Yobs)2

θobs = arctan
Yk+1 −Yobs

Xk+1 −Xobs
θobs,g = θobs −θg

[Step 5: Obstacle Detection] The obstacle avoidance strategy becomes active when the safety con-
ditions dmin and θmin are satisfied. This can be evaluated by the following conditions,

(dobs < dmin) AND (θobs,g < θmin)

OR
(dobs < dmin) AND (θobs,g <−θmin)

[Step 6: Obstacle Avoidance] If Step 5 is being satisfied, the planned path should be updated with
respect to the following conditions and formulas,

if θobs,g > 0 : β (k+1) = β (k)+∆β (k)
if θobs,g < 0 : β (k+1) = β (k)−∆β (k)

It should be noted that in this step the desired angle update has been limited to increments or decre-
ments of only 0.5 radians for avoiding sudden updates that could lead to an algorithmic instability or
local minima.
[Step 7: Update Reference Path for MPC] The path update for the MPC controller is being calcu-
lated by,

x(k+1) = x(k)+ vcos(β (k+1))
y(k+1) = y(k)+ vsin(β (k+1))

[Step 8: Algorithm Termination] In case that the vehicle has not reached the final goal, or the
following equation is not true,

x(k+1) ∈ Xg ±T AND y(k+1)> Yg ±T (11)

with T the tolerance in the positioning accuracy, the algorithm returns to Step 2 and repeats, otherwise
the goal has been achieved and the speed is set to v = 0.

The utilized MPC controller produces the rate of the articulated angle (control signal for the
vehicle) based on the reference way points, generated from the path planner, the system model repre-
sentation in equations (10) and the following cost function cost, which reflects the reference tracking
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error and the control effort. In this formulation x̃ = x− x̂ reflects the reference tracking error and
ũ = u− û reflects the control action as,

J(x̂(i+1),Ut) =
N

∑
k=1

[x̃T (i+ k|i)Q x̃(i+ k|i) (12)

+uT (i+ k|i)R u(i+ k|i)]

and Q, R are diagonal weighting matrices. During the calculation of the control action at the current
time k, an optimal control actions sequence is being generated for the complete finite fixed horizon
[k,k+N], where N is the prediction horizon, while only the first prediction is being utilized as the
control input and the calculations are then re–iterated at the next time instant, [k+1,k+1+N].

4 Simulation Results

For simulating the efficacy of the proposed path planner, the following articulated vehicle’s charac-
teristics have been considered: l1 = l2 = 0.6m, w = 0.58m, while the vehicle’s speed is constant and
equal to 1msec. Moreover, the constraints imposed on the articulated angle γ have been defined as
±0.523 rad and random measurement Gaussian noise with a fixed variance was added to all mea-
surements of the range sensor to simulate the real life measurement distortion. The parameters of
the MPC have been tuned as: a) prediction horizon M = 10, b) control horizon N = 5, and c) a time
sampling of 0.2 sec. The constraints imposed on the input and control action weighings matrices
have been tuned according to the current active state space model as Q = 0.3I3×3 and R = 0.1 for
suspending aggressive maneuvers.

In Figure 5, a typical example of an articulated vehicle’s motion behavior in an open loop config-
uration is being presented, where the safety and the sensing radius have been also indicated with blue
and red color respectively.

From this movement it is straight forward that in the case that the vehicle’s dynamics are being
taken under consideration and due to the non–holonomic constraints, it is impossible for the vehicle
to reach the final destination in a straight line as it would happen in the case that single point dynamics
have been considered.

For evaluating the efficacy of the proposed online path planning and control scheme for an articu-
lated vehicle two simulation scenarios have been considered with: a) random distribution of obstacles
in an open arena and b) path planning within a multiple bounding surrounding environment, which
mimics the operation in a mining environment or a construction site.

In Figure 6, the case of movement from the start point to two different goal points, in an arena
with different shape obstacles, is being considered. In the examined case, the articulated vehicle
initiates from [0 0 45o 7.5o] and the multiple distinct goals have been set as [10, 35] and [20, 25],
with robs = 4m and rmin = 3. From the obtained results it is obvious that the vehicle is converging
to the goal points, while avoiding the encountered obstacles. In the depicted closed loop paths, the
articulated kinematics of the vehicle are obvious due to the existing curvature of the the vehicle
during translation. In Figure 7 the corresponding responses of the error dynamics states as well as the
articulated angle and the rate of the angle (control effort) are being depicted for both examined path
tracking scenarios.

In the sequel the case of movement within a multiple bounding surrounding environment is being
considered as it has been presented in Figure 8. In the examined case the articulated vehicle starts at
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Figure 5: Motion behavior of the articulated robot starting at [20 20 0 − 10o] with v = 1m/s, γ̇ =
0, l1 = l2 = 0.61m w = 0.58m, robs = 3m, and rmin = 2.

[0 0 15o 7.5o] with the goal points (1,2,3) at [10 15], [10 −15] and [40 10] respectively, with robs = 4m
and rmin = 3. As in the previously examined case, the proposed scheme manages to provides a smooth
path generation and tracking for the vehicle. The existence of a non–holonomic behavior due to the
articulated dynamics are again obvious due to the curvature of the obtained path. Finally, in Figure 9,
the corresponding responses of the error dynamics states as well as the articulated angle and the rate
of the angle (control effort) are being depicted for only the case of path generation and tracking to the
second goal point.

5 Conclusions

In this article, a novel on–line path planning algorithm for an articulated vehicle has been proposed.
The algorithm belongs to the bug like path planning algorithms and it is able to: a) consider the
real articulated vehicle dynamics, b) avoid online encountered obstacles, and c) converge to the goal
point based on a MPC scheme. For executing the algorithm it is assumed that the vehicle is aware
of the starting and the goal point, while during translation partial sensory based information of the
surrounding environment is being provided. Multiple simulation results have been presented that
prove the efficiency of the suggested scheme.
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lines for goal point 2.
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Figure 9: The system’s states error dynamics performance in meter, with respect the lines style of the
three goal points in Figure(8).
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[9] I. Škrjanc and G. Klančar, “Optimal cooperative collision avoidance between multiple robots
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Real-Time Bug-Like Dynamic Path Planning for an
Articulated Vehicle

Thaker Nayl, George Nikolakopoulos, Thomas Gustafsson

Abstract: This article proposes a novel real time bug like algorithm for performing a dynamic smooth
path planning scheme for an articulated vehicle under limited and sensory reconstructed surrounding
static environment. In the general case, collision avoidance techniques can be performed by altering
the articulated steering angle to drive the front and rear parts of the articulated vehicle away from the
obstacles. In the presented approach factors such as the real dynamics of the articulated vehicle, the
initial and the goal configuration (displacement and orientation), minimum and total travel distance
between the current and the goal points, and the geometry of the operational space are taken under
consideration to calculate the update on the future way points for the articulated vehicle. In the
sequel the produced path planning is iteratively smoothed online by the utilization of Bezier lines
before producing the necessary rate of change for the vehicle’s articulated angle. The efficiency of
the proposed scheme is being evaluated by multiple simulation studies that simulate the movement of
the articulated vehicle in open and constrained spaces with the existence of multiple obstacles.

1 Introduction

Recently, there have been significant advances in designing automated articulated vehicles mainly for
their utilization in the mining industry, where the aim has been the overall increase of the production,
while making the working conditions for the human operators safer [1]. In most of the cases, these
vehicles are remotely operated, while there is a continuous trend for increasing the autonomy levels,
especially in the area of path planning and obstacle avoidance as the vehicles need: a) to perceive the
changing environment, based on the onboard sensory systems and b) autonomously plan their route
towards the final objective [2].

For the classical task of path planning, with an obstacle detection and avoidance capability, the
simplest technique to solve the problem is the altering of the vehicle’s orientation, while predicting a
non collision path, based on the vehicle’s kinematic model, the sensing range and the safety range. In
this approach a finite optimal sequence of control inputs, according to the initial vehicle position and
the desired goal point is being generated, which is able to take under consideration positioning and
measuring uncertainties, such that the collision with any obstacle at a given future time never occurs.

From another point of view, path planning can be divided in two main categories according to the
assumptions of: a) global approaches where it is being assumed that the map is a priori available, and
b) a partially known and reconstructed surrounding environment based on reactive approaches, which
utilizes sensors like infrared, ultrasonic and local cameras. Characteristic examples of the first case are
the Road–Map algorithm [3], the Cell Decomposition [4], the Voronoi diagrams [5], the Occupancy
Grinds [6] and the new Potential Fields techniques [7], while in most of the cases, a final step of
smoothing the produced path curvatures, by the utilization of Bezier curves is being utilized [8].

For the second case of a partially known and online reconstructed environment, the Bug family
algorithms are well known mobile vehicle navigation methods for local path planning based on a min-
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imum set of sensors and with a decreased complexity for online implementation [9]. One of the most
commonly utilized path planning algorithm in this category is the Bug1 and Bug2 [10]. Bug1 algo-
rithm exhibits two behaviors; motion to goal with boundary following and a corresponding hit point
and leave point, while Bug2 algorithm presents similar behaviors like the Bug1 algorithm, except
from the fact that it tries to follow the fixed line from a start point to the goal, during obstacle avoid-
ance. Other Bug algorithms that also incorporate range sensors are TangentBug [11], DistBug [12]
and VisBug [13]. Tangent Bug algorithm is an improvement of the Bug2 algorithm since it is able to
determine the shorter path to the goal using a range sensor with a 360o infinite orientation resolution.
DistBug has a guaranteed convergence and will find a path if one exists, while it requires the percep-
tion of its own position, the goal position and the range sensory data [14]. The VisBug algorithm,
needs global information to update the value of the minimum distance to the goal point, during the
boundary following and for determining the completion of a loop during the convergence to the goal.
In all the presented path planning algorithms, the vehicle is being modeled as a point within the world
space, without any constraint in the movements, while the actual kinematics of the vehicle, which is
important especially in the case of non–holonomic vehicles are being neglected.

The novelty of this article stems from the proposal of a new bug like path planning algorithm based
on the model of an articulated vehicle, which is able to consider: a) the physical constraints of the
vehicle, b) proper obstacle detection and avoidance, and c) smooth path generation based on an online
Bezier lines processing of the produced way points. In the presented approach the solution to the path
planning problem is generated online, based on partial and online sensory information of the vehicle’s
surrounding environment, while the path is being calculated by solving the inverse kinematic problem
of the articulated vehicle or by calculating the optimal articulation angle. Moreover, as in the case
of all the exploration and final goal seeking algorithms, it is assumed that the vehicle is constantly
aware of the final goal coordinates. During the convergence to this goal and based on the limited
range sensing of the surrounding environment, the vehicle is able to detect and avoid obstacles, while
continuously converging to the optimum goal. This approach provides an online and sub optimal
solution, when compared with the global path planning techniques, and it can be directly applied to
the case of articulated vehicles. As it has been applied in the previous path planning algorithms for the
case of a priori known space configuration, in the proposed scheme, the Bezier curves are being also
utilized for filtering the produced way points and thus guarantee for an online smooth path planning
due to the Bezier’s line property of continuous higher-order derivatives.

The rest of the article is organized as it follows. In Section 1 the model of the articulated vehicle
and the corresponding state space equations will be presented. In Section 2 the proposed novel scheme
for smooth path planning and obstacle avoidance based on the articulated vehicle’s dynamics will be
introduced, while in Section 3 multiple simulation results will be depicted that prove the efficacy
of the path planning scheme in different test cases. Finally, the concluding remarks are provided in
Section 4.

2 Articulated Vehicle Model

An articulated vehicle is constructed by two parts, a front and a rear, linked with a rigid free joint,
while each body has a single axle and the wheels are all non–steerable, with the steering action to be
performed on the joint, by changing the corresponding articulated angle γ between the front and the
rear of the vehicle [15] as it being also presented in Figure 1.

The main assumptions to derive the kinematic model of the articulated vehicle are: a) the steering
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Figure 1: Articulated vehicle’s geometry.

angle γ remains constant under small displacement, b) dynamical effects due to low speed, like tire
characteristic, friction, load and breaking force are being neglected, c) it’s assumed that the vehi-
cle moves on a plane without slipping effects, during low-level control, the vehicle’s velocities are
bounded within the maximum allowed velocities, which prevents the vehicle from slipping, and c)
each axle is composed of two wheels and when replaced by a unique wheel, can get:

Ẋ1 = V1 cos θ1 (1)
Ẏ1 = V1 sin θ1 (2)

The steering angle γ is being defined as the difference between the orientation angles of the front θ1
and the rear parts θ2 of the vehicle.

The velocity V1 at the front and V2 at the rear parts have the same changing with respect to the
velocity at the rigid free joint of the vehicle, and it can be defined by the relative velocity vector
equations as it follows:

V1 = V2 cos γ + θ̇2l2 sinγ (3)
V2 sinγ = θ̇1l1 + θ̇2l2 cos γ (4)

where θ̇1, θ̇2 and l1, l2 are the angular velocities and the lengths of the front and rear parts of the
vehicle respectively. By combining these equations it yields:

θ̇1 =
V1 sinγ + l2 γ̇
l1 cosγ + l2

(5)

while the angles γ and θ1 can be measured with a great accuracy. For the case that there is a steer-
ing limitation for driving the rear part, according to the coordinates of the point P2 = (X2,Y2), the
geometrical relationship between P1 and P2 is provided by:

X2 = X1 − l1 cosθ1 − l2 cosθ2 (6)
Y2 = Y1 − l1 sinθ1 − l2 sinθ2 (7)

The realistic dynamic motion behavior of the articulated vehicle with initial parameters [Xr Yr θr γr],
is depicted in Figure 2, where the vehicle is requested to reach the goal destination with a specific
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Figure 2: Realistic dynamic motion behavior of the articulated vehicle starting at [0 0 0 −
100] with V = 1m/s and γ̇ = 0degree/sec for the first 5sec of movement, while γ̇ = 3.5degree/sec
for the next 6 sec to reach the goal point at [20 2]. The vehicle dimensions are l1 = l2 = 0.6m and
W = 0.58m.

orientation. As it can be observed, when the dynamics of the vehicle are being incorporated the
motion and the overall behavior of the vehicle significantly deviates from the case where the vehicle
is being considered of having the dynamics of an unconstraint point and this is one of the major
contributions of this article. Moreover another test scenario will be considered, in this case following
the 8-pattern in open loop. In Figure 3 the tracking of the desired path can be observed with respect
to the control signals γ̇ = 3.5degree/sec depicted in Figure 4.

The state parameters of the articulated vehicle are; X = [X Y θ γ ]T and the manipulated variables
are u = [V γ̇]T , while the kinematic model of the articulated vehicle, in a state space formulation can
be written as it follows: 

Ẋ
Ẏ
θ̇
γ̇

=


cosθ 0
sinθ 0
sinγ

l1 cosγ+l2
l2

l1 cosγ+l2
0 1

[
V
θ̇γ ,

]
(8)

where θ̇γ is the rate of change for the articulated angle.

3 On line Smooth Path Planning for an Articulated Vehicle

The introduced path planning algorithm can be applied for the objective of moving a vehicle from
a starting point to the goal point, while detecting and avoiding identified obstacles based on the real
vehicles dynamic equations of motion. As a common property of the Bug like algorithms, the pro-
posed scheme initially faces the vehicle towards the goal point, which it is being assumed to be a
priori known. In the proposed path planning module it is also being assumed that the vehicle is able
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Figure 5: Block diagram of the proposed path planning algorithm based on the nonlinear articulated
kinematic model.

to online sense the surrounding environment based on the available sensory systems. The proposed
scheme is able to replan the produced path, by generating new way points, after the identification of
an obstacle and produce proper path deformations that need to be done for avoiding it. In all these
cases the produced set of new way points are utilized as control points for a Bezier curve algorithm
for online smoothing of the suggested path. The overall proposed concept of the novel path planning
algorithm is being presented in the following Figure 5. As it can be observed from this diagram the
algorithm starts by defining the current position and orientation of the vehicle, denoted by [Xr, Yr, θr]
and the final goal position denoted by [Xg, Yg, θg]. Based on the onboard sensory system, the vehicle
identifies the surrounding environment and obstacles and generates the way points for reaching the
goal destination. In the sequel the way points are been smoothed by the utilization of Bezier filtering,
while as a last step and based on the vehicles dynamics, an open loop control signal (articulated angle)
is being generated to guide the vehicle. In the presented approach it is also assumed that the system is
fully observable and good and timely available measurements can be provided for the displacement
and orientation of the vehicle.

The assumed sensory system is able to detect the obstacles and the surrounding environment,
measure the distance of the articulated robot from the obstacle dobs ∈ ℜ, while a sensing radius
θobs ∈ ℜ is being considered, reflecting real life sensing limitations. In the presented approach all the
obstacles and the surrounding environment are being considered as point clouds in a 2-dimensional
space, while the overlapping obstacles are being clustered and represented by a single and unified
obstacle. The notations utilized and the overall concept of the proposed path planning algorithm are
depicted in Figures 6. The overall flowchart diagram for path planning and obstacle avoidance for the
case of an articulated vehicle is being depicted in Figure 7, while is can be summarized as it follows:
[Step 1: Initialization] Define initial [Xr Yr θr γ̇r] and goal [Xg Yg], define the articulated vehicle’s
specific parameters V, dmin, θmin, dobs, θobs, the path update rate defined as T and the vehicle’s
mechanical and physical constraints that needs to be taken under consideration. Set [Xk Yk θk ] =
[Xr Yr θr], with k ∈ Z+ the sample index.
[Step 2: Path Update] Utilize Equations (1), (2), (6), (7) and (8) to update the coordinates of the
next way point as:

[Xk+1 Yk+1 θk+1] = [Xk Yk θk]+T.[∆X ∆Y ∆θ ]
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Figure 6: Notations and overall concept of the proposed path planning algorithm.

calculate:

θg = arctan
Yk+1 −Yg

Xk+1 −Xg

β = θg −θk

to produce γ with θg the angle between the line that connects the center of gravity of the vehicle’s
front part to the goal point and the X axis, while β is the difference angle among the vehicle’s orien-
tation angle, with the X axis and θg. During the application of this step, constraints can be imposed
on the articulated vehicle just by bounding the allowable articulation within γ+ ≤ γ̇ ≤ γ−, with + and
− representing the maximum and the minimum bounds on the rate of articulated angle.
[Step 3: Obstacle Avoidance] The obstacle avoidance strategy becomes active when the safety con-
ditions dmin and θmin are satisfied. This can be evaluated by calculating the update of the distance
from the obstacle and the obstacle’s angle by:

Disobs =
√

(Xk+1 −Xobs)2 +(Yk+1 −Yobs)2

θobs = arctan
Yk+1 −Yobs

Xk+1 −Xobs
θobs,g = θobs −θg

while in the case that the following conditions are true:

(Disobs < dmin) AND (θobs,g < θmin)

OR
(Disobs < dmin) AND (θobs,g <−θmin)

the changing in the steering angle is being duplicated and Step 3 is repeated again till the condition
in (9) is false and the algorithm continues from Step 2 or the bounds on the articulated angle cannot
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Figure 7: Main flowchart of path planning motion.
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Figure 8: Bezier curves based on different number of control points resulting in different paths, (Black
line-solid path produced from the generated way points, red line-dots for 6 points, green line-dash dot
for 4 points and the blue line-dash for 3 points).

meet and the algorithm jumps to Step 4.
[Step 4: Reaching Final Goal] If [Xk+1 Yk+1] = [Xg Yg]± Distolr, set velocity = 0 and the path
planning algorithm has been terminated. Otherwise, the algorithm jumps to Step 2 and the whole
process is being repeated in order to avoid collisions with the obstacles until vehicle reaches the goal
tolerance distance.

During the execution of the proposed path planning algorithm, and especially Step 2, the proposed
path planning algorithm always smoothes the produced way points by the utilization of Bezier curve
filtering. The mathematical formulation of the applied Bezier smothering is denoted as:

B(t) =
n

∑
i=0

(n
i ) (1− t)n−i t i Pi , t ∈ [0,1] (9)

The number n of the considered control points for the Bezier curve generation plays a significant role
in the final shape of the produced smooth path as it can be observed from Figure 8, where multiple
Bezier lines are being displayed with respect to different number of control points. A n degree Bezier
line always passes through the first and last control points and it can be proved that it always lies
within the convex hull of the control points, while being tangent to the lines connecting the way
points [16].

4 Simulation Results

For simulating the efficacy of the proposed path planner, the following articulated vehicle’s charac-
teristics have been considered: l1 = l2 = 0.6m, W = 0.58m, while the vehicle’s speed is constant and
equal to 1msec. Moreover, the constraints imposed on the articulated angle γ have been defined as
±0.523 rad and random measurement Gaussian noise with a fixed variance was added to all mea-
surements of the range sensor to simulate the real life measurement distortion.
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Figure 9: Different shape obstacles placed in the workspace. During these simulations the vehicle
starts from different initial angles at [0, 0, 1200, 7.50] and [0, 0, 200, 7.50] to reach the goal points
located at [15, 40] and [35, 35] respectively, with safe distance dmin = 3m, dobs = 3m.

The effectiveness of the proposed algorithm will be evaluated in arenas of different types and
dimensions. More analytically, the algorithm is simulated on six types of environments with different
obstacle configurations, where the vehicle and obstacle geometry is described in a 2D workspace. The
obtained outputs of the path planning solutions from the indicated starting points to the goal points
is being depicted in Figures 9, 10, 11, 12, 13 and 14, displaying cases with the same sensing radius
dobs = 3m and various dmin.

As it can be observed in all the examined cases the vehicle is able to avoid all the obstacles,
including the bounding surrounding (e.g. walls), which can also be considered as obstacles without
loss of generality. In the presented simulations, the articulated vehicle reaches the reference final
goal, independently of the initial vehicle’s orientation, while in all the simulations the safety radius
has been also displayed with the red circle notation. The basic assumption in all these simulations
is that the articulated vehicle, in every time instant, is aware of the coordinates of the final goal and
thus the path is being tuned in every step based on the identified obstacles, while the vehicle explores
the surrounding environment towards the final goal. In an obstacle free environment, the optimal
solution to this problem would have been a straight line connecting the initial with the goal point, a
case that can be easily identified in the presented simulation in Figure 9. The online identification
of obstacles produces distortions from following the straight line, connecting the robot with the final
goal point, while the sensing and safety radius are having a major effect on the path calculation. As
it can observed in Figure 12, the safety radius plays a very significant role in shape of the path. In
this Figure, different paths with different safe distances dmin and with the same sensing radius dobs
are being presented. In the case that the vehicle is moving in a bounded space, the selection of a
relatively big safety radius introduces oscillations in the translation of the robot due to sequential
safety violations that produce corresponding change in the direction of the vehicle for avoiding the
obstacle. In case that small safety radius are being selected, this effect vanishes and smooth and
shorter, non oscillatory, paths can be produced.
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Figure 10: Path planning in an arena having boundaries on both sides of the road a fact that restricts
the articulated vehicle motions. During this simulation scenario the vehicle is starting from the initial
posture [5, 25, −90o, 7.5o] and the goal is located at [65, 5] and dmin = 0.5m, dobs = 3m.

10 20 30 40 50 60 70 80 90 100
10

20

30

40

50

60

70

80

X (m)

Y
 (

m
)

Start point 3

Goal point 3
Start point 2

Start point 1

Goal point 1

Goal point 2

Figure 11: Path planning in an arena having more complicated boundaries on both sides of the road,
with noise measurement. The scenario is starting from different initial postures [15, 45], [15, 25] and
[35, 15] with initial [θ , γ ] = [10o, 7.5o] and the goals are located at [65, 75], [95, 65] and [65, 25]
respectively with dmin = 1.0m, dobs = 3m.
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Figure 12: During these simulations the vehicle is starting from the initial posture [15, 45, 0, 50] and
the goal point is located at [45, 85], while during movement different safe distances dmin have been
utilized as 0.5, 1.5 and 3.5m, with the same dobs = 3m
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Figure 13: Different boundaries on both sides of the road, the scenario is starting from the same initial
postures [5, 75] with initial [θ , γ] = [0o, 7.5o] and the goals are located at [130, 75] and [120, 40]
respectively with dmin = 3.0m, dobs = 2m.
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Figure 14: Path planning in different arena having different boundaries on both sides of the road. The
vehicle starting from the same initial postures [5, 45] with initial [θ , γ ] = [10o, 7.5o] and the goals
are located at [45, 80] and [65, 30] respectively with dmin = 2.0m, dobs = 3m.

It should be stated that the arenas in Figures 10 and 11 are typical realistic examples of areas
where articulated vehicles operate, as the mine tunnels and the civil roads are. In the presented
simulations the consideration of the articulated vehicle’s dynamic motion is obvious especially in
the time instances where the vehicle is turning towards the goal and while performing at the same
time obstacle avoidance. This effect is of paramount importance for the case of articulated vehicles
as classical point dynamic approaches in path planning will obviously results in non-realistically
achievable paths that would directly lead to collisions.

5 Conclusions

In this article a novel online dynamic smooth path planning scheme based on a bug like modified path
planning algorithm for an articulated vehicle under limited and sensory reconstructed surrounding
static environment has been proposed. In the presented approach factors such as the real dynamics of
the articulated vehicle, the initial and the goal configuration, the minimum and total travel distance
between the current and the goal points, the geometry of the operational space, and the path smoth-
ering approach based on Bezier lines have been taken under consideration to produce a proper path
for an articulated vehicle, which can be followed by correspondingly altering the vehicle’s articulated
angle. The efficiency of the proposed scheme has been evaluated by multiple simulation studies.
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Effect of Kinematic Parameters on MPC based
On-line Path Planning for an Articulated Vehicle

Thaker Nayl, George Nikolakopoulos, Thomas Gustafsson

Abstract: The aim of this article is to analyze the effect of kinematic parameters on a novel proposed
on–line motion planning algorithm for an articulated vehicle based on Model Predictive Control. The
kinematic parameters that are going to be investigated are the vehicle’s velocity, the maximum al-
lowable change in the articulated steering angle, the safety distance from the obstacles and the total
number of obstacles in the operating arena. The proposed modified path planning algorithm for the
articulated vehicle belongs to the family of Bug-Like algorithms and is able to take under consider-
ation, the mechanical and physical constraints of the articulated vehicle, as well as its full kinematic
model. During the on-line motion planning algorithm, the MPC controller controls the lateral motion
of the vehicle, through the rate of the articulation angle, while driving it accurately and safely over the
on-line formulated desired path. The efficiency of the proposed combined path planning and control
scheme is being evaluated under numerous simulated test cases, while exhaustive simulations have
been made for analyzing the dependency of the proposed framework on the kinematic parameters.

1 Introduction

In general path planning and obstacle avoidance algorithms, coupled with control schemes, are one
of the major areas of focus in the field of autonomous vehicles [1]. Regarding the specific area
of Articulated Vehicles (AV) as the one depicted in Fig.1, their autonomous operation has received
considerable attention from researchers lately such as in [2]. However, in most of the existing research
approaches, the focus has been in the remote operation of the AVs rather than embedding autonomy
into the vehicles for accomplishing specific missions in controlled environments [3]. Currently, there
is a continuous trend for increasing the overall levels of AVs’ autonomy, especially in the field of
on-line path planning and in related control schemes.

Figure 1: Type of an articulated vehicle

The specific geometry of the AV is more suitable to a free space constrained environment, than
a car-like vehicle [4]. Furthermore, an articulated vehicle is able to perform sharper turns from an
Ackerman vehicle of a similar length, while it is being characterized in general by a higher maneu-
verability [5] and thus AVs are commonly found in multiple applications in the fields of mining and
construction sites [6].
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Regarding the area of path planning, one of the major challenges is to satisfy the vehicle’s kine-
matic constraints, while applying the generated planned path, a problem that to the authors best knowl-
edge is still an open research issue. Towards this direction, common and rather oversimplified and
non-realistic approaches have been the cases where the vehicle has been considered as a unit point,
with the major kinematics of the vehicle neglected for simplicity reasons, while the AV has been con-
sidered of having full translation capabilities with a general state space representation of ẋ = u, with
u the actuating control signal.

For a path planning approach compatible with the vehicle’s constraints, a non–holonomic path
planning method, for minimizing the traveling length and curvature constraints, has been presented
in [7], while in [8] it has been investigated the utilization of polar polynomial curves to produce a
continuous path changing, under specific curvature constraints. In [9–11] extensive work focusing
on the systematic error to achieve minimal path planning errors has been evaluated, while in [12]
an algorithm for minimizing the maximum path length in real time has been presented. Furthermore,
in [13], a new scheme based on calibration equations, introducing fewer approximation errors in order
to reduce kinematic modeling errors, was proposed.

From a control point of view, there have been proposed many traditional techniques for non-
holonomic vehicles, based on error dynamics models without the presence of slip angles. A control
scheme that combines a kinematic and a sliding mode controller for wheeled mobile robots has been
presented in [14, 15]. In [16] a general kinematic model of an articulated vehicle has been proposed
that described how heading angle evolved with time as a function of steering angle and velocity.
In [17] a Lyapunov based approach has been presented that addressed the problem of asymptotic sta-
bilization for backward motion. A nonlinear control law based on partial state feedback linearization
and a Lyapunov method for the closed-loop path following problem of a nonholonomic mobile robot
has been appeared in [18, 19]. Finally, a control scheme based on linear matrix inequalities has been
presented in [20] and in [21] a pole placement technique has been applied.

The main contributions of this article are the following ones. Firstly, a modified novel Bug like
algorithm will be coupled with the MPC in order to establish a smooth and efficient path planning
scheme for an AV. The proposed scheme is based on a partial sensory-based awareness of the AV’s
surrounding environment and a priori knowledge about the current goal points. Secondly, the full
kinematics of the vehicle and especially its non-linearities will be considered in the proposed online
path planning algorithm. Thirdly, a sensitivity analysis of the proposed combined online path planning
and MPC scheme will be presented.

The rest of the article is organized as follows. In Section 1, the AV kinematic and error dy-
namics models are being presented, while in Section 2, the proposed on-line path planning is being
demonstrated in combination to the utilized MPC scheme. In Section 3, multiple simulation results,
subjected to various conditions, are being analyzed examining the sensitivity of the proposed scheme,
while proving the overall efficacy in different arenas and in different configurations. Finally, the
concluding remarks are provided in Section 4

2 Articulated Vehicle And Error Dynamic Models

The AV’s geometry is represented in Fig.2. It consists of two parts, a front and a rear, with lengths
l1 and l2 respectively, linked by a rigid free joint, while the overall vehicle’s width is denoted by w.
Each body has a single axle and all wheels are non-steerable. The centers of gravity for these parts are
being denoted as P1 = (x1,y1) and P2 = (x2,y2). The steering action is being performed on the center
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joint, by changing the corresponding articulated angle γ . Furthermore, the velocities v1 and v2 are
considered to have the same change, with respect to the velocity of the rigid free joint of the vehicle,
while C is the instantaneous center velocity of the front and rear parts with different radiuses (r1,r2).
For the described non-holonomic AV, the kinematic model, including the vehicle’s configuration has
been extendedly introduced and analyzed in [22].

Y
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P2=(X2,Y2)

v1

r1

r2

v2

Ө1
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l2

l1

Ө2 C

W

P1=(X1,Y1)

Figure 2: Articulated vehicle’s geometry.

This kinematic model deals with the geometric relationships between the control parameters and
the overall behavior of the vehicle, while it has been assumed that the vehicle is traveling forward
without slip, by controlling the rate change of the steering angle γ̇ .

The non-holonomic constraints acting on the front and rear axles, can be expressed as it follows:

ẋ1 sinθ1 − ẏ1 cosθ1 = 0 (1)
ẋ2 sinθ2 − ẏ2 cosθ2 = 0 (2)

For deriving the vehicle’s kinematic equations, it is assumed that a) the steering angle γ remains con-
stant under small displacements, b) the dynamical effects due to low speed (like tire characteristic,
friction, load and breaking force) are being neglected, c) each axle is being composed of two wheels
that can be replaced by a unique wheel, and d) the vehicle moves on a plane without slipping effects.
Furthermore, it is assumed that the vehicle’s velocity is bounded within the maximum allowed veloc-
ity, which prevents the vehicle from slipping. From the geometrical characteristics of the vehicle it
can be easily derived that the equations describing the translation of the articulated front part are:

ẋ1 = v1 cos θ1 (3)
ẏ1 = v1 sin θ1 (4)

The velocities v1 and v2 are considered to have the same changing with respect to the velocity of the
rigid free joint of the vehicle and thus the relative velocity vector equations can be defined as:

v1 = v2 cos γ + θ̇2l2 sinγ (5)
v2 sinγ = θ̇1l1 + θ̇2l2 cos γ (6)

where θ̇1 and θ̇2 are the angular velocities of the front and rear parts respectively. Combining equa-
tions (5) and (6) yields:

θ̇1 =
v1 sinγ + l2 γ̇
l1 cosγ + l2

(7)
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For the case that there is a steering limitation for driving the rear part according to the coordinates of
the point (x2,y2), the relationship between front and rear coordinates is provided by:

x2 = x1 − l1 cosθ1 − l2 cosθ2 (8)
y2 = y1 − l1 sinθ1 − l2 sinθ2 (9)

Based on the full modeling approach presented in [22] and from (3), (4), and (7) the state space
vector for the AV is defined as x = [x1 y1 θ1 γ ]T , with the following kinematic model representation
for the front part: 

ẋ1
ẏ1
θ̇1
γ̇

=


cosθ1 0
sinθ1 0

sinγ
l1 cosγ+l2

l2
l1 cosγ+l2

0 1

[
v
θ̇γ

]
(10)

where θ̇γ is the rate of change for the articulated angle, denoted also as γ̇ . As it has been extensively
presented in [23], the system representation can be formulated as a set of error dynamic equations.
These error dynamics are described by the following parameters depicted in Fig.3, which are the
curvature ec, the heading eh, and the displacement ed errors.

eh

ed

r1

r2

R

r

Actual path

Reference path

ec = 1/r – 1/R

h

c

Figure 3: A graphical representation of the error dynamics transformation.

In the presented error dynamics approach, the ec is the difference between the curvature of the
desired and the actual path. The eh is the angle between the centers of the desired and actual path,
when considering the front center of the vehicle. Finally, the ed is the difference between the two
paths with respect to the vehicle’s location.

The curvature error can be presented using the equation ec = (1/r−1/R). By assuming that the
vehicle velocity v and the radius of the reference path R are constant, then; ėc = d( vsinγ+l2γ̇

v(l2+l1 cosγ))/dt.
Furthermore, the rate of the curvature error is being defined as:

ėc = γ̇
l2 cosγ + l1

(l1 cosγ + l2)2 + γ̈
l2 (l1 cosγ + l2)
v(l1 cosγ + l2)2 − γ̇2 l1 l2 sinγ

v(l1 cosγ + l2)2 (11)
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As defined in Fig.3, the change of heading error is: eh = θ1(1− r
R), by utilizing the relations (r = v

θ̇ )

and ec = (1
r −

1
R), the rate of heading error is being calculated as:

ėh = v ec + γ̇
l2

l1 cosγ + l2
(12)

The displacement error is being defined as: ed = rθeh − l1 cosγ and by taking the time derivative of
this equation it can be derived that:

ėd = v eh + γ̇ l1 sinγ (13)

By linearizing the error dynamics in the equations (11), (12) and (13) around the reference path and
by considering small changes in the articulated angle, measured in radians, and by redefining the state
variables into a form containing a single control input (the rate of the articulation angle) it yields
into [23]:

ėc
ėh
ėd

=

0 0 0
v 0 0
0 v 0

ec
eh
ed

+

k1
k2
0

 γ̇ (14)

where k1 =
1

l1+l2
and k2 =

l2
l1+l2

are constants and the derivative of the error states vector can be further
denoted by ẋe = [ėc ėh ėd]

T . This error dynamics model in Eq. (14) is going to be utilized in the
sequel for developing the proposed path planning algorithm and the corresponding MPC scheme for
the AV’s motion planning.

3 Path Planning and Motion Control

As it has been mentioned before, in the related literature of AV’s and especially in the area of path
planning, the vehicle is being modeled as a unit dynamics point and this approach is mainly due to
simplicity and for avoiding the non-linearities of the AV model. However, one of the contributions of
this article is to present an overall and complete motion planning approach for an AV, based on the full
kinematics of the vehicle, combine it with a MPC scheme, evaluate the performance of the motion
planning algorithm in more realistic scenarios and present an extended analysis of the algorithms sen-
sitivity based on numerous simulation results, while extending and strengthening the results presented
in [24]. The sensitivity analysis, which will be presented in the next Section is considered as the most
important contribution of this article since instead of providing a couple of simulation results, it eval-
uates the presented scheme from an extended point of view based on multiple simulation results and
based on significant algorithmic parameters that dramatically effect the performance of the proposed
scheme, while providing direct insights and discussions. However, before the sensitivity analysis, the
complete and extended approach on the motion planning, which includes the steps of path planning
and path tracking will be presented in this Section.

3.1 Modified Path Planning
The proposed online path planning algorithm can be applied for the objective of moving a vehicle from
a starting point to the goal point, while detecting and avoiding identified obstacles based on the real
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vehicle’s dynamic equations of motion and the Model Predictive Controller. As a common property
of the Bug like algorithms, the proposed scheme initially faces the vehicle towards the assumed
constantly known goal point. In the presented algorithm, it has also been assumed that the vehicle
is able to on-line sense the surrounding environment, included in a sensing radius of robs. During
translation, the path planner is on-line generating future way points that act as a reference path for the
utilized MP-controller. Before feeding the MPC with the reference coordinates, a proper conversion
is taking place from the Cartesian space to the curvature, heading and distance space, which consist
the states of the vehicle’s error dynamic model [23]. The overall proposed concept of path planning
and MPC control is depicted in Fig.4.

Figure 4: The combined on–line path planning and MPC for the AV

As it can be observed from this diagram, the algorithm starts by defining the current position and
orientation of the vehicle, denoted by [Xr, Yr, θr] and the final goal position denoted by [Xg, Yg, θg].
Based on the onboard sensory system, the vehicle identifies the surrounding environment and obsta-
cles and generates on–line the way points for reaching the goal destination, by solving the local and
by definition sub–optimal, path planning problem. In the sequel the way points are been translated to
references for the error dynamics based MP controller. The control scheme generates the rate of ar-
ticulated angle, which is the control signal for the vehicle. In the presented architecture, it is assumed
that accurate and continuous position and orientation measurements as well as corresponding updates
are being provided, without any loss of generality.

The assumed sensory system is able to provide a partially bounded information on the surround-
ing environment due to the assumption of a limited sensing range robs ∈ ℜ, while these measurements
are being transformed to relative distances and angles from the articulated robot to the identified sur-
roundings or obstacles, defined as dobs ∈ ℜ and θobs ∈ ℜ correspondingly. It should be noted that
in the presented approach all the obstacles and the surrounding environment are being considered as
point clouds in a 2–dimensional space, while overlapping obstacles are being merged and represented
by a single and unified obstacle. In the path derivation a safety distance has been also considered,
denoted as rmin ∈ ℜ, for protecting the vehicle from approaching close to the obstacles. In the con-
sideration of this safety distance, the algorithm calculates the related distance and angle from the
identified obstacle, denoted as dmin ∈ ℜ and θmin ∈ ℜ, while tuning the path planning accordingly.
The notations utilized and the overall concept of the proposed path planning algorithm are depicted
in Fig.5.
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Figure 5: Notations and overall concept of the proposed online path planning algorithm

The operation and the sequential execution of the proposed path planning and control scheme can
be summarized as it is depicted in the following table, while in [24] a full analysis of the presented
approach can be found:

3.2 Model Predictive Control

The proposed MPC is utilizing the state space representation (14) for generating the proper rate of
articulation angle for controlling the articulated vehicle. In order to design the MPC controller for
path following, the linearized system (14) will be discretized as:

xe(k+1) = Axe(k)+Bue(k) (15)

where A ∈ Rn ×Rn, n is the number of state variables and B ∈ Rm ×Rm, m is the number of input
control variable, xe is the error dynamics state vector and with ue is the control signal (the rate of the
articulated angle). The overall aim of the MPC is to calculate a proper control signal that minimizes
the quadratic objective function of the states and control input with predictive horizon M, which is
being described by:

J(k) =
M

∑
j=1

(xT
e (k+ j|k)Q xe(k+ j|k))+

N

∑
j=1

(uT
e (k+ j−1|k)R ue(k+ j−1|k)) (16)

where Q ∈ Rn ×Rn is the weighting matrix for predicted errors and R ∈ Rm ×Rm is the weighting
matrix for control input. The Q and R weighting matrices are positive diagonal matrices with largest
elements corresponding to the most important variables, while an increase in the values of weights
tends to make the MPC controller more conservative. In the presented approach, the widely utilized
ad-hoc tuning procedure for these weights have been followed in order to optimize the simulated re-
sults obtained. Finally, the control action is being obtained by solving on-line the optimization J(k)
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Path Planning Algorithm
Initialization

• Set parameters: [Xk Yk θk], [Xg Yg] and [v, γ̇, dmin, θmin, rmin, dobs, θobs, T ].

Path Update

• Calculate orientation to the goal θg(k) = arctan Yg−Yk
Xg−Xk

and the difference angle β (k) = θg(k)−θk

Goal Update

• Update, x(k) = vcos(θ(k)+β (k)), y(k) = vsin(θ(k)+β (k)), and θ(k) = β (k)

Scan Area

• Compute smallest distance, dobs =
√
(Xk+1 −Xobs)2 +(Yk+1 −Yobs)2

• Compute angle to the obstacle, θobs = arctan Yk+1−Yobs
Xk+1−Xobs

• Compute angle between the obstacle and the goal, θobs,g = θobs −θg

Obstacle Detection

• Evaluate the risk of collision, (dobs < dmin) AND (θobs,g < θmin)

• Evaluate the angle to the obstacle, (dobs < dmin) AND (θobs <−θmin , θobs > θmin)

Obstacle Avoidance Conditions

• If being satisfied, θobs,g > 0 : β (k+1) = β (k)+∆β (k), and if, θobs,g < 0 : β (k+1) = β (k)−∆β (k)

Update Reference Path for MPC

• Update, x(k+1) = x(k)+ vcos(β (k+1)), and update, y(k+1) = y(k)+ vsin(β (k+1))

Algorithm Termination

• If, x(k+1) ∈ Xg ±T AND y(k+1)> Yg ±T

• Go To Step ”Path Update”

Otherwise

• Vehicle Reaches Goal and Velocity = 0
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with respect to the control variation ∆u and the errors coordinates.
To handle the state and input constraints, let the bounds in the states variables as the following bound-
ing inequality:

xmin = x−∆1 ≤ x ≤ x+∆1 = xmax (17)

where ∆1 ∈ Rn ×Rn is the vector containing the selecting state boundary conditions, which are the
maximum and minimum allowable limits for AV’s error dynamics. Furthermore, the control input
bounds could be derived by taking under consideration the mechanical and physical constraints of the
articulated steering angle, while these constraints can be formulated as:

umin = u−∆2 ≤ u ≤ u+∆2 = umax (18)

where ∆2 ∈ Rm ×Rm is the vector containing the selecting control boundary condition. These con-
straints are embedded in the MPC computing algorithm in order to compute an optimal controller that
counts for the constraints that restrict the articulated vehicle’s motion.

During the deviation of the MPC, special care should be provided in order to correctly tune the
prediction M and the control N horizons. A long prediction horizon increases the predictive ability of
the MPC controller but on the contrary it decreases the performance and demands more computations.
The control horizon must also be fine-tuned since a short control horizon leads to a controller that
tries to reach the set–point with a few conservative motions, a method that might lead to significant
overshoots. On the contrary, a long control horizon produces more aggressive changes in the control
action that tend to lead to oscillations. Obviously the tuning of prediction and control horizon is a
coupled process. For the aforementioned reasons the control horizon must be chosen short enough
compared to the prediction horizon. Additionally, the response of the system can be also shaped using
weight matrices on the system outputs, the control action and the control rates.

4 Simulation Results

For simulating the efficacy of the proposed path planner and evaluating its sensitivity against the
motion parameters, the following AV’s characteristics have been considered as: l1 = l2 = 0.61m, w =
0.58m, while the vehicle’s velocity for this part of simulation is in the range of (0.5 ≤ v ≤ 2)m/sec.
Moreover, the constraints imposed on the articulated angle γ have been defined as: −30o ≤ γ ≤+30o

and random measurement Gaussian noise with a fixed variance has been added to the measurements
of the range sensor to simulate the real-life distortion.

The parameters of the MPC have been tuned as: a) prediction horizon (number of predictions)
M = 10, b) control horizon (number of future control moves) N = 5, and c) a time sampling period
of 0.2 sec. The constraints imposed on the input and control weighting matrices have been tuned
according to the current active state space model as: weighting matrix for predicted errors Q= 0.3I3×3
and weighting matrix for control movement R = 0.1 for suspending aggressive maneuvers.

In Fig.6, a typical example of the AV’s motion behavior in an open-loop configuration is being
presented. The simulation of the non-linear model has been performed by considering the AV to start
translating from a start point of [x = 20, y = 20, θ = 0, γ =−10o], while γ̇ is changing with respect
to time, in positive and negative orientations.

The case of movement from a starting point into two different goal points, in an arena with dif-
ferently shaped obstacles, is being considered in Fig.7. In this case, the AV’s states initiate from
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[0 0 45o 7.5o] and the multiple distinct goal points have been set as [10, 35] and [20, 25] respectively,
with robs = 4m and dmin = 3. In the depicted closed loop paths, the articulated kinematics of the vehi-
cle are obvious due to the existing curvature of the vehicle during translation. Furthermore, in Fig.8
the corresponding responses of the error dynamics states, as well as the articulated angle and the rate
of the angle (control effort) are being depicted for both examined path tracking scenarios, (blue-lines
for Goal point 1 and red-dashed lines for Goal point 2).
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Figure 7: Path tracking in an open arena with different shape obstacles.

In the second scenario, the case of movement within a multiple bounding surrounding environment
is being considered, as presented in Fig.9, which mimics the operation in a mining environment or
a construction site. In the examined case, the AV starts at [0 0 15o 7.5o] with the goal points (1,2,3)
at [10 15], [40 10], and [10 − 15], respectively, with robs = 3m and dmin = 2. As in the previously
examined case, the proposed scheme manages to provide smooth path generation and tracking for the



4. SIMULATION RESULTS 139

0 10 20 30 40 50 60 70 80
−1

0

1

Time (sec)

γ̇

0 20 40 60 80 100
−0.2

0

0.2
γ

0 20 40 60 80 100
−0.2

0

0.2

e
c

0 20 40 60 80 100
−0.5

0

0.5

e
h

0 20 40 60 80 100
0

0.2

0.4

e
d

Figure 8: Vehicle’s error dynamics response and corresponding articulated angle γ and MPC’s effort
γ̇ .

vehicle. The existence of non-holonomic behavior, due to the articulated dynamics, is again obvious
due to the curvature of the obtained path. The corresponding responses of the error dynamics states,
as well, the articulated angle and the rate of the angle (control effort), which are being depicted for
only the case of path generation and tracking to the second goal point are being presented in Fig.10.

In the sequel the sensitivity of the proposed scheme will be evaluated with respect to the cor-
responding Kinematic Parameters (KP) defined by the vehicle’s velocity v, the maximum allowable
change in the steering angle ∆β suggested by the path planner, the safety distance dmin and the over-
all number of obstacles in a fixed size arena. The arenas that are going to be considered are: a) an
open area with dimensions (15× 15)m, with 9-obstacles in fixed locations and b) an open area with
dimensions (35× 35)m and with a random number, (0− 400) or 0− 200, and positioning of fixed
size obstacles. In all the examined test cases, the obstacles are of a squared shape with sides of (1m).
The aim of the proposed on-line path planning scheme was to generate a collision free path, from
the initial posture to the destination point. The previous selected KP are the ones that could be tuned
and have a direct effect on the overall maneuverability of the AV. In all the simulated test cases, an
important efficiency indicator will be the AV’s length of route or translated distance (m), during the
translation from the initial posture to the final one.

In the beginning of the sensitivity analysis, the case of having a fixed β = 12deg and with varying
dmin and v is being considered for the case of an open area with 9 fixed obstacles. In this case the AV
starts from an initial point of [0 0 10 7.5] and with a final goal point at [15 15], while no demand on
the orientation, when reaching the goal point has been set. The obtained simulated results are being
depicted in Fig.11, while for comparison reasons, it should be stated that the shortest distance in this
problem is the straight, and free of obstacles, path of 21.2m. During the described simulations, the
variation of the KP has been set as 0.5 ≤ v ≤ 2m/s with a step change of 0.1m/s and 0.5 ≤ dmin ≤ 2m
with a step change of 0.1m. In the presented results, when the traveling distance is equal to 0m it
indicates that the AV failed in reaching the desired end goal, with the selected KP configuration.

From the obtained results in Fig.11 it is obvious that in general low-velocities and smaller safety
distances can achieve an accurate and short-distanced path to reach the goal point, while in the exam-
ined scenario, from the 225 iterations, only 64 cases failed to reach the indicated target goal.
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change of path planner’s steering angle and varying speed and safety distance (open area with 9 fixed
obstacles).

In Fig.12, the case of fixing the velocity at v = 1m/s and having the rest of KP varying as 10 ≤
β ≤ 25deg, with a step change of 1deg and 0.5 ≤ dmin ≤ 2m with a step change of 0.1m is being
presented. As it has been indicated from the obtained simulation results, at small safety distances,
the allowable changing of the steering angle has the same effect during the movement towards the
goal position. In these simulations, 68 cases out of in total 225 iterations have failed in reaching the
target goal. However, in contrast to the previous test case, it should be highlighted that in general the
constraint on the steering angle is not so significant on the AV’s steering responses under a constant
velocity and small safety distances.

In Fig.13, the final case for the first scenario has been considered, where dmin has been fixed at
1.2m and the rest of the KP are considered varying as 10 ≤ β ≤ 25 deg, with a step change of 1deg
and 0.5 ≤ v ≤ 2 m/s with a step change of 0.1m/s. The obtained results indicate that the combination
of a small rate for the steering angle with high velocities are sufficient proper for reaching the goal
point at short distances. Overall, in these simulated test cases, there have been in total 27 failed cases
out of the total 255.

As a general outcome, from the obtained sensitivity results, in order to increase the performance
of the proposed on-line path planning and control scheme and allow the vehicle to reach the goal
point successfully, it is better to travel at low velocities and at smaller safety distances, for avoiding
the collision with obstacles, while normal (mean value) for the rate in the articulation angle are being
suggested. As illustrative examples, from the presented analysis, in Fig.14 the AV motion is being
displayed under a fixed low-velocity of (v= 0.5m/s), a fixed allowable change in the steering angle of
(γ = 12deg) and in four cases with a different range of safety distance as: case-a (dmin = 0.5), case-b
(dmin = 1.0), case-c (dmin = 1.5), and case-d (dmin = 2.0). From the obtained results it is obvious that
in the cases-a and b the AV can reach the goal at the location [15 15] in a shortest traveling distance.
In case-c, the AV reaches the goal point with a longer distance, while case-d could not reach the goal
point.

In the sequel the sensitivity of the proposed scheme will be evaluated in the scenario of an open
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Figure 14: Illustrative examples from the scenarios in the arena with fixed obstacles

area being populated by moving and varying number of obstacles. As in the previous case, the cases
of having varying β , dmin and v with respect to a varying number of obstacles will be considered. In
this case the vehicle again starts from an initial point of [0 0 10 7.5] and with a final goal point at
[15 15], while no demand on the orientation, when reaching the goal point has been set.

For the first simulation, the case of having a varying speed and varying number of obstacles will
be considered. The obtained results are being depicted in Fig.15 with a corresponding variation of
0.5 ≤ v ≤ 2m/s and with a step change of 0.1m/s, while the number of obstacles is between 0-400.
From the simulated results it is obvious that the speed is of paramount importance, especially in the
cases with a high number of obstacles. For speeds higher than 1.5m/s the proposed algorithm cannot
reach the end goal, while for lower speeds the performance of the path planning is satisfactory. In
the presented results there have been in total 122 out of 400 iterations where the proposed on-line
path planner did not achieve to reach the final goal. At this point it should be highlighted again
that this simulations concern the on-line and closed loop (MPC) path planning, incorporating the full
kinematic constraints of the AV.

In case that the safe distance is being considered with respect to the varying number of obstacles,
the results are being depicted in Fig.16. From the obtained results is is obvious that smaller safety
distances are creating more flexibility to the AV and prevents it from falling into local minimums,
while large safety distances, in combination with an increased number of obstacles are causing the
proposed scheme to fail. In the presented results there have been in total 56 out of 255 iterations
where the proposed on-line path planner did not achieve to reach the final goal.

In the last case, the maximum allowable change in path planner’s articulation angle is being con-
sidered with respect to the varying number of obstacles, while the results are being depicted in Fig.17.
From the obtained results is has been indicated that the proposed scheme operates with a very good
performance, as long as the number of obstacles remain below 200 and the allowable change of the
articulation is limited up to 20deg. For a bigger number of obstacles, the space is populated in an
extremely dense manner and thus the AV is arriving into local minimums, independently of the allow-
able change of the articulation angle. In the presented results there have been in total 22 out of 255
iterations where the proposed on-line path planner did not achieve to reach the final goal.
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Figure 15: Successful reaching of the final goal and overall distance traveled under varying speed and
number of obstacles

0.5
1

1.5
2

0
100

200
300

0

5

10

15

20

25

30

 

dmin (m)Number of obstacles 

 

D
is

ta
n
c
e
 (

m
)

0

5

10

15

20

25

30

Figure 16: Successful reaching of the final goal and overall distance traveled under varying safety
distance and number of obstacles



5. CONCLUSIONS 145

10
15

20
25

0
100

200
300

0

5

10

15

20

25

30

35

40

 

∆β(deg)Number of obstacles

 

D
is

ta
n

c
e

 (
m

)

0

5

10

15

20

25

30

35

Figure 17: Successful reaching of the final goal and overall distance traveled under varying allowable
change in the path planner’s suggested articulated angle and number of obstacles.

As an illustrative example from the presented analysis, in Fig.18 the AV motion is being displayed
with v = 0.4m/s, β = 12deg/s, and a safety distance of 1m, in a geographically bounded area of
50×50m and with 50, 100, 150 and 200 randomly positioned obstacles.

5 Conclusions

In this article the effect of kinematic parameters on a novel proposed on–line path planning algorithm
for an articulated vehicle based on Model Predictive Control (MPC) have been presented. The kine-
matic parameters that were considered have been the vehicle’s velocity, the allowable change in the
articulated angle from the path planner, the safety distance from the obstacles and the total number of
obstacles in the operating arena. The proposed modified path planning algorithm, for the articulated
vehicle belonged to the family of Bug-Like algorithms and was able to take under consideration, the
mechanical and physical constraints of the articulated vehicle, as well as its full kinematic model. The
efficiency and the sensitivity of the proposed combined path planning and control scheme has been
evaluated under numerous simulated test cases, while the dependencies to the selected kinematic
parameters have been indicated.
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Design and Experimental Evaluation of a Novel
Sliding Mode Controller for an Articulated Vehicle

Thaker Nayl, George Nikolakopoulos, Thomas Gustafsson, D. Kominiak, R. Nyberg

Abstract: This article presents the design and experimental evaluation of a novel sliding mode con-
trol scheme, being applied to the case of an articulated vehicle. The proposed sliding mode con-
troller is based on a novel continuous sliding surface, being introduced for reducing the chattering
phenomenon, while achieving a better tracking performance and a fast minimization of the corre-
sponding tracking error. The derivation of the sliding mode controller relies on the fully nonlinear
kinematic model of the articulated vehicle, while the overall stability of the control scheme is proven
based on the Lyapunov’s stability condition. The performance of the established control scheme is
being experimentally evaluated through multiple path tracking scenarios on a small scale and fully
realistic articulated vehicle.

Recently, there has been a significant focus in designing automated vehicles for their utilization in
the mining industry, with the general focus to be on improving the mining methods and increasing
the technological readiness in autonomous operations. Among the current vehicle types utilized in a
mining field, articulated ones are the most characteristic type that can be found most frequently, such
as the Load Haul Dump (LHD) vehicles. In general the articulated vehicles consist of two parts, a
tractor and a trailer, linked with a rigid free joint. Each body has a single axle and the wheels are
all non–steerable, while the steering action is performed on the joint, by changing the corresponding
articulated angle, between the front and the rear part of the vehicle.

In the related literature there have been several research approaches for the problem of modeling
articulated vehicles, either by considering point kinematic properties or based on the theory of multi-
ple body dynamics [1–4]. Furthermore, from a control point of view, there have been proposed many
traditional techniques for non–holonomic vehicles as the articulated vehicles are. In [2, 5] a linear
control feedback has been applied, while in [6] a Lyapunov based approach has been presented. In [7]
a control scheme based on LMIs has been evaluated and in [8] a pole placement technique has been
applied. Moreover, in [9] a path tracking controller based on error dynamics, and in [10] a Switching
Model Predictive Control framework has been established. However, to the authors’ best knowledge,
the application of sliding mode control scheme and its merits, based on the non-linear error dynamics
modeling of the articulated vehicle, has not appeared yet in the related literature.

In general, Sliding Mode Control (SMC) is a robust control scheme based on the concept of
changing the structure of the controller, with respect to the changing state of the system in order to
obtain a desired response [11]. The biggest advantage of the SMC is its insensitivity to variations
in system parameters, external disturbances and modeling errors [12], a fact that can be achieved by
forcing the state trajectory of the system to follow the desired sliding surface as fast as possible and
in a minimum tracking error. Among the general advantages of utilizing the sliding mode control,
it should be mentioned the ability of achieving a fast response, a good transient performance and an
overall robustness regarding parameters’ variations [13].

The aim of this article is to present a novel SMC scheme, being tuned and developed based on
the nonlinear kinematic equations of an articulated vehicle model. Following this aim, the main
contributions of the article are three. Firstly, a novel continuous sliding control surface for controlling
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the articulated vehicle, while reducing the chattering effects, and improving the reference tracking is
being presented. Secondly, the overall stability of the proposed novel SMC is being proven based
on Lyapunov’s theory. Thirdly, the SMC’s overall performance is being extensively evaluated by the
utilization of a realistic small scale articulated vehicle.

The rest of the article is structured as it follows. In Section 1 the non-linear full kinematic model
of the articulated vehicle will be presented. The novel sliding mode control scheme, based on the
error dynamic model of the articulated vehicle, is extensively presented in Section 2. In Section 3,
the architecture of the overall experimental platform is being presented, followed by multiple exper-
imental results that prove the applicability and the overall performance of the proposed scheme in
Section 4 . Finally, concluding remarks are mentioned in Section 5.

1 Articulated Vehicle Model

The articulated vehicle, considered in this article, can be described by two parts, linked with a rigid
free joint, with lengths l1 and l2 respectively, while each part has a single axle and all wheels are non—
steerable. The steering action is being performed on the middle joint, by changing the corresponding
articulated angle γ in the middle of the vehicle, and γ̇ is the rate of change for this articulated angle.
The velocities v1 and v2 are considered to have the same changing with respect to the velocity of the
rigid free joint of the vehicle, indicated by θ̇1, θ̇2, which are the angular velocities of the front and
rear parts of the vehicle respectively. Overall, the articulated vehicle’s geometry is depicted in Fig.1.

P2=(X2,Y2)

v1

Ө1

ϒ 

l2

l1

Ө2

P
1=(X

1,Y
1)

ϒ 
. 

ϒ 
- +

v2

d

r

V22V21

V11

V12

Figure 1: The articulated vehicle model

Based on the modeling approach presented in [14], the full kinematic model of the articulated
vehicle, under the non-holonomic constraints, can be provided as it follows:

ẋ1 = v1 cosθ1 (1)
ẏ1 = v1 sinθ1

θ̇1 =
v1 sinγ + l2γ̇
l1 cosγ + l2
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where x1 and y1 are the position variables and θ1 is the front orientation angle. In the presented
approach, the longitudinal velocity v1 and the steering angle γ̇ are the control signals, while the
kinematic equations in a state space formulation can be given as:

ẋ1
ẏ1
θ̇1
γ̇

=


cosθ1 0
sinθ1 0

sinγ
l1 cosγ+l2

l2
l1 cosγ+l2

0 1

[
v1
γ̇

]
(2)

In the experimental setup, the articulated vehicle has five DC-motors, four of them are dedicated on
each wheel and one for controlling the articulated angle in the middle joint. The velocities of the
motor wheels are being controlled individually, but in a coordinated manner and in fully symphony
with the overall dimensions of the articulated vehicle and the articulation angle (γ and γ̇), as depicted
in the following geometrically derived equations [15]:

v11 = v1 +
v1 sinγ

4l(1+ cosγ)
− v1 γ̇ d

2(1+ cosγ)

v12 = v1 −
v1 sinγ

4l(1+ cosγ)
+

v1 γ̇ d
2(1+ cosγ)

(3)

v21 = v1 cosγ +
v1 sin2 γ

2(1+ cosγ)
+

d sinγ
2l(1+ cosγ)

+
γ̇(2l sinγ −d cosγ)

2(1+ cosγ)

v22 = v1 cosγ +
v1 sin2 γ

2(1+ cosγ)
− d sinγ

2l(1+ cosγ)
+

γ̇(2l sinγ +d cosγ)
2(1+ cosγ)

Furthermore, it is assumed that the reference path coordinates are being denoted by xr = [xr yr θr]
T

and that the vehicle is moving with a constant velocity of vr. In the following derivation, the three
error coordinates, expressing the deviation of the vehicle from the desired position and heading, are
denoted as xe = [ex ey eθ ]

T , while in a state space formulation this error dynamics modeling, with
respect to the reference path, can be formulated as it follows:ex

ey
eθ

=

 cosθ1 sinθ1 0
−sinθ1 cosθ1 0

0 0 1

x1 − xr
y1 − yr
θ1 −θr

 (4)

In the sequel it is being assumed that the vehicle is driven without lateral slip angles in all wheels
and that the lengths of the front and rear parts are of the same length l. Moreover, it is assumed that
the vehicle is moving on a flat surface and the curvature of the reference path is denoted by cr =

1
R ,

where R is the radius of this path. Differentiation of the error dynamic equations in (4) will lead into:

ėx = −sinθ1θ̇1(x1 − xr)+ cosθ1(ẋ1 − ẋr)+ cosθ1θ̇1(y1 − yr)+ sinθ1(ẏ1 − ẏr)

ėy = −cosθ1θ̇1(x1 − xr)− sinθ1(ẋ1 − ẋr)− sinθ1θ̇1(y1 − yr)+ cosθ1(ẏ1 − ẏr) (5)

ėθ =
v1 sinγ

l(cosγ +1)
− v1cr coseθ

1− crey
+

1
cosγ +1

γ̇

By further assuming a small value of the distance between the vehicle’s actual location and the ref-
erence path, the corresponding curvature can be calculated as cr =

sinγ
l . By substituting (2) into (4)
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and by utilizing basic trigonometrical principles, the final non linear error dynamics of the articulated
vehicle can be presented by:

ėx = θ̇1ey + v1 coseθ − vr

ėy = −θ̇1ex − v1 sineθ (6)

ėθ =
v1 sinγ

l(cosγ +1)
− v1 sinγ coseθ

l − ey sinγ
+

1
cosγ +1

γ̇

Based on the the equations in (6), the controller design, will be formulated in the next Section 2,
under the following assumptions: a) the velocity v of the vehicle is forward, b) the heading and
the displacement error is bounded |eθ | < π/2, c) the articulated steering angle is limited, and d) the
rotation of the vehicle’s wheels is bounded and assumed to achieve a maximum velocity of |v1|< vmax.

2 Sliding Mode Control for an Articulated Vehicle

In this Section, an articulated vehicle based Sliding Mode Controller (SMC) for tracking a reference
path will be proposed. In the derivation of the proposed control scheme, the full nonlinear error
kinematics model of the vehicle will be considered, in contrast to the existing approaches in the field
that are oversimplifying the problem by utilizing the kinematics of a single point ẋ = u. In gen-
eral, the selected control scheme is able to achieve a fast convergence and also presents robustness
against external disturbances and uncertainties, such as localization errors and noise corrupted mea-
surements [16, 17]. In the sequel, a single input nonlinear system, having the following general form
will be considered [18]:

x(n) = f (x)+b(x)u, (7)

where x = [x ẋ . . . x(n−1)]T is the state vector and u ∈ R is the control input. The function f (x) is
a continuous nonlinear function and b(x) is not exactly known but the extents of the imprecision are
bounded. For this system, the control problem can be defined as the problem of tracking the specific
time varying reference states xr = [xr ẋr . . . x(n−1)

r ]T . In the general case, the reference states xr can
vary randomly, however in the real application specific case of the articulated vehicle, xr is being
provided by a corresponding path planner component. In the described general case, the tracking
error can be defined by:

xe = x−xr = [xe ẋe . . . x(n−1)
e ]T , (8)

where xe represents the tracking error vector. The SMC design procedure will start with the design
of the proper control law for ensuring sliding condition and stability, or equivalently by selecting
a suitable smooth discontinuous control function to eliminate chattering problems, while achieving
robustness against disturbances. For tracking the reference path, all the errors should be driven to
zero, or xe = 0 and thus the following sliding surface s is being introduced as:

s(x, t) =

(
d
dt

+λ
)n−1

xe (9)

The forward gain value λ is the slop of the switching line, which is a strictly positive constant,
switched as a function of the state and time and denoted in the conventional sliding mode control by:

s(x, t) = ẋe +λxe (10)
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Based on the above formulation of the sliding surface s and for the commonly utilized value of
λ = 1, the sliding surface can be graphically illustrated as depicted in Fig.2, while the surface in the
phase plane is characterized by a straight line with a slop of −λ .
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Figure 2: Sliding surface of the conventional sliding mode control

The convergence of the tracking error vector to zero can be achieved by choosing the sliding
surface as s(x, t) = 0, which is often called as the switching line, defining the set of points in the
phase plane where s = 0. A common selection for the structure of the sliding mode controller for
such a system can formulated as:

u = ueq − k sgn(s(x, t)) (11)

where ueq is the continuous control law, which derives the states to the sliding surface in finite time,
and k is the forward gain value switched by the sgn function, while it is being chosen to satisfy
the desired reaching condition. The conventional sliding surface term sgn(s(x, t)) is a discontinuous
control function and also its defined as a sliding control, which acts to keep the states in the sliding
surface.

The utilization of a sgn(s(x, t)) function, often causes chattering in practice, especially when
the sliding surface has been reached, a fact that degrades the overall performance of the control
system and can even damage the mechanical parts and the actuators, especially when implemented
in real life [19, 20]. For avoiding the chattering phenomenon, the saturation function, sat( s(x,t)

ϕ ), is
commonly utilized instead of the sgn(s(x, t)) function, where ϕ defines the thickness of the boundary
layer. Furthermore, various combinations of the sign and sat functions can not be further utilized for
eliminating the chattering phenomenon. However, the control law has discontinuous control functions
in sgn(s(x, t)) and sat( s(x,t)

ϕ ), which leads to chattering.
In this article, one of the main contributions is the introduction and the experimental verification

of a novel SMC non linear sliding surface, without discontinuous control functions, which as it is
going to be presented is capable of preventing the chattering effects. Usually the non linear sliding
surface is being introduced by the fast excitations of the control input signal and is being defined as:

s(x, t) = ẋe +λ1xe +λ2xe|xe|+λ3ẋe|xe| (12)
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In Eq. 12, the sliding gains λi with i∈ [1,2,3] should be chosen appropriately for stabilizing the sliding
surface vector s = 0. If s is asymptotically stable, then ẋe and xe converge to zero asymptotically. If
s = 0, then ẋe is being calculated by:

ẋe =
−λ1xe(1+ λ2

λ1
|xe|)

1+λ3|xe|
(13)

Based on Eq. 13 and by assuming that the parameter of λ1 can be selected as positive constant, or
λ1 > 0, it can be derived that the selection λ3 =

λ2
λ1

could satisfy the stability condition, since Eq. 13
is transformed into:

ẋe =−λ1xe, with λ1 > 0 (14)

In Fig. 3 the sliding surface of the proposed SMC is being displayed, where as it can be observed it
is distributed in all the phase plane, while being able to regulate the states of the system to the origin
point.
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Figure 3: Sliding surface of the proposed sliding mode control

To realize the concept of a general SMC, two parts needs to be specified, the equivalent control
ueq, and the sliding surface part s(x, t). Based on the kinematic equations of the articulated vehicle
in Eq. 2, two control signals, the longitudinal velocity v1 and the rate of steering angle γ̇ are applied
to the system. Furthermore, the convergence of the tracking error vector to zero s(x, t) = 0 can
be achieved by selecting the sliding surface as: s = [s1 s2]

T , with the proposed continuous sliding
surfaces, according to Eq. 12, as it follows:

s1 = ėx +λ1ex +λ2ex|ex|+λ3ėx|ex| (15)
s2 = ėθ +λ4eθ +λ5ey|ey|+λ6ėy|ey|

where si is utilized to keep the states on the sliding line, while retaining a smooth sliding mode,
without chattering phenomenon in reaching the origin point. In Eq. 15, if s1 converges to zero,
trivially ex also converges to zero, according to the stability condition as described in Eq. 13.

For stabilizing the sliding surface or setting s2 = 0, a similar procedure can be utilized, and thus
it can be derived that ėθ is calculated by:

ėθ =−λ4eθ −|ey|(λ5ey +λ6ėy) (16)
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Based on Eq. 16 and by assuming that the parameters λ5 and λ6, are selected to satisfy the following
criteria:

λ5 = α1sgn(ey) (17)
λ6 = α2sgn(ėy)

where αi are positive key scaling factors, and λ4 > 0. In this case, when ėy ≤ 0 then ey ≥ 0 and if
ėy ≥ 0 then ey ≤ 0 and therefor, the equilibrium state of (ėy,ey) is asymptotically stable. Thus, if these
conditions for the sliding surface s2 are satisfied, the convergence of the error state vector to zero is
guaranteed.

The sliding gains λi with i ∈ [1,2,3,4], and αi with i ∈ [1,2] should be chosen appropriately
according to the conditions in Eq. 13 and Eq. 17, for stabilizing the sliding surface. In this case, the
general structure of the proposed SMC input ui without using sgn or sat functions for an articulated
vehicle can be expressed as it follows:

u1 = ueq1 − k1s1 (18)
u2 = ueq2 − k2s2

where u1 is the control longitudinal velocity, and u2 is the rate of control steering angle. The parame-
ters ki are the gains of the control law, which are chosen large enough to satisfy the desired reaching
condition. Moreover, Eq. 15 is utilized to satisfy the sliding condition of the sliding surface part and
for the equivalent control part ueqi, which is the solution of ṡ = 0, in order to bring the system states,
from any initial position in the phase plane, to the sliding line.

The control laws (ueq1,ueq2) that stabilize the sliding surfaces (ṡ1, ṡ2) are calculated by solving
the equations ṡi = 0, for the corresponding control input ueqi. Therefore, from Eq. 15 after calculating
the first time derivatives it can be obtained that:

ṡ1 = ëx +λ1ėx +λ2ex
ex

|ex|
+λ2ėx|ex|+λ3ėx

ex

|ex|
+λ3ëx|ex| (19)

ṡ2 = ëθ +λ4ėθ +λ5ey
ey

|ey|
+λ5ėy|ey|+λ6ėy

ey

|ey|
+λ6ëy|ey|

For the articulated vehicle, the control law structure of the proposed SMC will allow the tracking
error vector xe = [xe ye θe]

T to reach the sliding surface and thus achieving ṡi = 0. The best ap-
proximation of the continuous part ueq of the control law, in the tracking case, can be constructed by
utilizing the second derivatives of Eq. 6 and thus defining:

ëx = θ̇1ėy + θ̈1ey − v1ėθ sineθ (20)
ëy = −θ̇1ėx − θ̈1ex − v1ėθ coseθ

ëθ = γ̇
v1

l(1+ cosγ)
+ γ̇2 cosγ

1+ cosγ
+ γ̈

1
1+ cosγ

−γ̇
v1l cosγ coseθ
(l − ey sinγ)2 +

v1ėθ sinγ sineθ
l − ey sinγ

From Eq. 19 and Eq. 20, the control law u1 and u2, which stabilize the corresponding sliding surfaces
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are proposed as:

u1 =
−(θ̇1ėy + θ̈1ėy)

ėθ sineθ (1+λ3|ex|)
(λ1ėx +

λ2e2
x

|ex|
+λ2ėx|ex|+

λ3ėxex

|ex|
)− k1s1 (21)

u2 =
−((l − ey sinγ)2 + cosγ coseθ + cos2 γ coseθ )

v1l cosγ coseθ
(λ4ėθ +λ5ey

ey

|ey|
+

λ5ėy|ey|+λ6ėy
ey

|ey|
+(−θ̇1ėx − θ̈1ex − v1ėθ coseθ )λ6|ey|)− k2s2

The gains of the control laws are computed in a way that make the sliding surface asymptotically
stable. By selecting a Lyapunov stability condition, with the time derivative of the Lyapunov function
candidate [21], the Lyapunov function is defined as:

V =
1
2

sT s (22)

V̇ = s1ṡ1 + s2ṡ2

From Eq. 15 and Eq. 19, V̇ can be derived as:

V̇ = (ėx +λ1ex +λ2ex|ex|+λ3ėx|ex|)(ëx +λ1ėx +λ2
e2

x
|ex|

+λ2ėx|ex|+ (23)

λ3ėx
ex

|ex|
+λ3ëx|ex|)+(ėθ +λ4eθ +λ5ey|ey|+λ6ėy|ey|)(ëθ +λ4ėθ +

λ5
e2

y

|ey|
+λ5ėy|ey|+λ6ėy

ey

|ey|
+λ6ëy|ey|)

Replacing ėx, ėy, ėθ , ëx, ëy, ëθ from Eq. 6, and Eq. 20 in Eq. 23, it can be concluded the negative
definite function for the first derivative of the selected Lyapunov function, while this selection can
satisfy the sliding condition, since the right side term of Eq. 23 is a strictly positive constant by
selecting λi ≥ 0 [22].

3 System Architecture

The vehicle used in this experimental setup is called Artibot and is being presented in Fig.4, while
the dimensions and the features of the vehicle are depicted in Tables 1 and 2. This experiment setup
has the same structure as in Fig. 1, with four driving wheels with DC-motors and one DC-motor for
the steering angle. In the presented design, the wheels are mechanically decoupled, and their motors
are being controlled by Speed Motor Controllers (SMCs) through an Xbee for establishing a wireless
serial link, with a baud-rate 57600 bps, with the central control station, while the main embedded
computer onboard is an Arduino Due, running at 84MHz. The sensing of the environment is being
performed based on multiple infrared sensors, circularly placed around the front part of the vehicle,
while these measurements, including the low-pass filtering and the corresponding calculations for
defining the wheel velocities, are all performed on the Arduino as well. Additionally, the Arduino
is utilized to calculate the feedback velocity of the wheels’ DC-motors, and for sending the actual
wheel-velocities and steering angle back to the base station (for tracking) over the Xbee wireless link.
To measure the rotational velocities of the wheels four magnetic encoders were mounted on each
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Figure 4: The feature of the Artibot model.

wheel-shaft, while a potentiometer has been properly mounted on the articulation joint in order to
measure the articulating steering angle. Finally, the base station is running the main control program,
which has been completely developed in National Instruments LabView, while in Fig.5, an overview
of the implemented control scheme, for achieving a stable and smooth motion of the vehicle is being
depicted. For capturing the movement of the vehicle a motion tracking system from VICON with

Figure 5: Block Diagram of the proposed and implemented Sliding Mode Control for the Articulated
Vehicle

twenty T-60 cameras have been utilized as it is being presented in Fig. 6 (the overall concept of the
system). In this approach, the base station is sending the control commands, through the Xbee, to
the on-board Arduino, and at the same time the VICON system streams to the base station the real
position and speed of the vehicle through a dedicated UDP connection.

4 Experimental Results

In this section the experimental validation of the proposed SMC will be presented based on different
trial scenarios. The real values of the articulated vehicle were the ones depicted in Table 1 and have
been extracted from the geometrical characteristics of the vehicle.

Furthermore, the utilized SMCs’ parameters have been determined by considering the desired
tracking performance of the velocity and steering angle and were the following ones: λ1 = 0.9, λ2 =
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Figure 6: Overview structure of control and motion capture system.

Artibot Parameter Length
Front length, l1 110 mm
Rear length, l2 110 mm

Artibot width, d 220 mm
Wheel radius, r 60 mm

Table 1: Geometrically extracted parameters for the articulated vehicle

0.09, λ3 = 0.001, k1 = 0.9, λ4 = 7, λ5 = 0.7, λ6 = 0.01, and k2 = 0.5. It should be also noted that in all
the performed experimentations, the following safety limitations have been applied on the vehicle’s
velocity v, the steering angle γ , and the rate of changing for the steering angle γ̇ as described in Table
2, and in fully accordance with the hardware and physical limitations of the articulated vehicle’s
structure. In all the experimentations, the reference trajectory has been generated based on Eq.(2).

Parameter Maximum Value
Rate of steering angle, γ̇ 0.75 rad/sec

Velocity, v 0.9 m/sec
Steering angle, γ ±30o

Table 2: Safety limitations considered

The experimental scenarios that have been considered were the ones concerning a circular, a spiral,
and an 8–pattern path in the X −Y coordinate frame system, while in all the cases the same controller
configuration has been utilized and the articulated vehicle is starting its movement from halt.

In the first set of experiments, the circular reference path has been considered where the Artibot is
starting at a general pose [x1 y1 θ1 γ ] defined as [0m, 0.25m, −45o, 3o]. The obtained experimental
results are indicated in Figs.7, 8, and 9 for the path tracking, the speed and steering control signal
respectively.

From the path tracking results in Fig 7 it is obvious that the control scheme has a very good
performance in tracking, while the trajectory is smooth and a fast convergence is being achieved.
Furthermore, as it have been indicated in both Figs 8 and 9 the control signals do not contain chattering
phenomena and achieve a fast and smooth convergence. The velocity control signal accelerates in the
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Figure 7: Circular path tracking performance
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Figure 8: Speed control time responses for the right and left wheel of the vehicle and for the corre-
sponding circular path
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Figure 9: Steering control response for the corresponding circular path
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beginning of the experiment and in the sequel it retains a rather steady speed in tracking the circular
path, as it has been expected for such paths. Finally, it should be noted that in this scenario, as well
as in the following ones, instead of displaying the rate of change for the articulation, it has been
selected to present the articulated angle itself for demonstrating a more straight forward and simpler
presentation of the vehicle’s movement.

In the sequel, the 8-pattern path has been considered, where the tracking performance and the
control signals for the speed and steering angle with the tracking performance of the reference velocity
and the steering angle are depicted in Figs.10, 11, and 12 respectively, while for this case, the initial
pose of the Artibot has been [0.85m, 1.1m, 120o, −10o].
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Figure 10: 8–pattern path tracking performance
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Figure 11: Speed control time responses for the right and left wheel of the vehicle and for the corre-
sponding 8–pattern path

As in the previous case, the proposed control scheme is able to provide a very good tracking
performance of the reference path, with a very small limited chattering phenomena that show no
effect on the articulated vehicle’s real movement. Furthermore, from Figures 11, and 12 it can be
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Figure 12: Steering control response for the corresponding 8–pattern path

observed that the speed and the steering angle are corresponding fast to the changing reference path
and are able to provide a very good tracking scheme and with almost a non-existing chattering effect.

In the last scenario, the spiral path was evaluated, where [2.1m, 1.45m, 120o, 10o] is the vehicle’s
initial pose, while in Figs. 13, 14, and 15 the corresponding responses for the path tracking, speed and
articulation angle are presented.
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Figure 13: Spiral path tracking performance

From the obtained results it is obvious, as in the previous cases, that the proposed SMC scheme
is able to provide a very good tracking performance, while minimizing the chattering effects of the
classical SMC scheme. The vehicle has a fast response to path alterations and it is able to track the
paths with a rather steady velocity, after reaching the desired path line.

5 Conclusions

In this article the design and experimental evaluation of a novel sliding mode control scheme, being
applied to the case of an articulated vehicle has been presented. The proposed SMC was based on a
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Figure 14: Speed control time responses for the right and left wheel of the vehicle and for the corre-
sponding spiral path
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Figure 15: Steering control response for the corresponding spiral path
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novel continuous sliding surface, which has been introduced for reducing the chattering phenomena,
while achieving a better tracking performance and a fast minimization of the corresponding tracking
error. The derivation of the sliding mode controller relied on the fully nonlinear kinematic model of
the articulated vehicle, while the overall stability of the control scheme was proven based on the Lya-
punov’s stability condition. The performance of the established control scheme was experimentally
evaluated through multiple scenarios on a small scale and fully realistic articulated vehicle.
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