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Abstract
The stabilising wall element of the Trä8-system is a deep box-type beam/column element
which is made of different types of timber composites including framing members of gluedlaminated timber (glulam) and sheathings of laminated veneer lumber (LVL). This element is
used as a ―shear wall‖ in multi-storey buildings up to four storeys. To be able to optimise the
composite stabilising element and use its maximum potential and efficiency, it is necessary to
have sufficient fundamental knowledge and information about the structural behaviour and
influences of different mechanical properties and geometrical parameters and dimensions of
the sub-elements.
In this thesis, structural analysis and design principles of the Trä8 stabilising wall element are
discussed, including the early stage of erection during assembly to the final usage and
residence. A list of required fundamental basic analyses are presented, including accurate
deflection analysis for the serviceability limit state, local pre- and post-buckling of the LVL
sheathings, global buckling as well as the lateral-torsional buckling of the stabilising element
in different design situations. This thesis is then focused on deformations and local
instability. For each type of structural problem, accurate, but simple and general methodology
is employed to incorporate a large number of effective geometric and property parameters. In
this way, a fast evaluation of the influence of different parameters is possible for a wide range
of values without needing several time-consuming 3-D finite element (FE) simulations. In
several cases, the accuracy and validity of the obtained solutions and formulae are examined
and confirmed by comparing their results to those based on the 3-D FE simulations.
First, different composite beam theories including shear effects are employed for deflection
analysis of the stabilising timber element. Next, an accurate energy-based methodology is
developed rendering an explicit formula that gives accurate predictions for the deflection of
the stabilising element within a medium range of sheathing or web thicknesses and/or
stiffnesses. For weak shear webs, however, this model is not sufficient. Therefore, another
new model based on the partial composite interaction theory is developed for accurate
deflection predictions of the element having weak shear webs. This model contains simple
but accurate formulae for deflection analysis of any similar composite box-type of element
with an arbitrary range of geometry and property parameters.
Next, shear buckling of the rectangular LVL-panel between the framing members are
analysed using differential quadrature (DQ) numerical technique as well as an explicit
analytical solution and a formula is established for accurate and fast prediction of the shear
pre-buckling of the LVL. This study is extended by considering the effect of each individual
lamina of the LVL as well as general orthotropic material properties using a laminated theory
and the DQ solution approach.
III

Further, the post-buckling of the LVL panel is studied based on a simple analytical method
with rotating stress fields together with the accurate 3-D FE simulations. A simple formula is
then proposed for accurate prediction of the shear post-buckling resistance of the LVL-panel
in the stabilising element.
As a result of the thesis concerning the two main focus areas, deformations and local
instability, explicit analytical formulae are presented for the design of the box-type stabilising
element with respect to deflections including shear effects in the serviceability limit state and
with respect to local shear buckling of the sheathings of the stabilising element including the
post-critical area in the ultimate limit state.

IV

Sammanfattning
Stabiliseringsväggelementet i Trä8-systemet utgörs av en balk-pelare med högt lådbalkstvärsnitt uppbyggt av reglar (flänsar) och kortlingar av limträ beklädda med LVL-skivor (liv).
Detta element används som ‖skjuvvägg‖ i flervåningshus upp till fyra våningar. För att kunna
optimera det sammansatta stabiliserande elementet och använda dess maximala potential och
effektivitet, är det nödvändigt att ha tillräckligt med grundläggande kunskap och information
om det strukturella verkningssättet och inverkan av olika mekaniska egenskaper och
geometriska parametrar och dimensioner av dess delelement.
I denna avhandling diskuteras förutsättningar och principer för analys och dimensionering av
det stabiliserande väggelementet, både under monteringsstadiet och för den färdiga
byggnaden. En lista över några grundläggande analyser presenteras, inklusive analyser av
deformationer i bruksgränstillståndet, lokal buckling av LVL-panelen, inklusive i överkritiskt
tillstånd, global knäckning samt vippning och böjvridknäckning i brottgränstillståndet. I
denna avhandling fokuseras sedan på deformationer och lokal buckling. För varje typ av
konstruktionsproblem används noggrann, men enkel och generell metodik för att kunna
införliva ett stort antal avgörande parametrar för geometri och materialegenskaper. På detta
sätt kan man möjliggöra en snabb utvärdering avseende inverkan av olika parametrar inom ett
brett värdespektrum, utan att behöva göra tidskrävande 3-D finita elementsimuleringar. För
flera av fallen bekräftas noggrannheten och giltigheten av de erhållna analytiska lösningarna
och formlerna genom jämförelse med 3-D finita elementsimuleringar.
För analys av det stabiliserande elementets deformationer används först olika etablerade
balkteorier inklusive skjuvkraftens inverkan. Därefter utvecklas en energibaserad metod med
en explicit formel som ger noggranna resultat på utböjningen av det stabiliserande element
med medelmåttiga värden på livets tjocklek och styvhet. För skjuvveka liv är emellertid
denna metod inte tillräcklig. Därför utvecklas en annan ny modell baserad på den partiella
samverkansteorin. Denna modell innehåller noggranna formler för analys av deformationer
för sammansatta höga lådbalkar med godtyckliga parametrar för geometri och
materialegenskaper.
Därefter analyseras skjuvbuckling av den rektangulära LVL-panelen mellan reglarna med
hjälp av den numeriska differentialkvadraturmetoden (DQM) såväl som en explicit analytisk
lösning, och en formel utvecklas för att noggrant och snabbt beräkna skjuvbucklingslasten för
LVL-beklädnaden. Denna studie utvidgas genom att modellera varje enskild lamell i LVLpanelen med generella ortotropa materialegenskaper genom utnyttjande av laminatteori och
DQ-lösningsmetoden.

V

Ytterligare studeras lokal buckling av LVL-panelen i överkritiskt område baserad på en enkel
analysmetod med roterande spänningsfält tillsammans med exakta 3-D finita
elementsimuleringar. En enkel formel föreslås för noggrann beräkning av skjuvbucklingslasten för LVL-panelen i stabiliseringselementet.
Som ett resultat av avhandlingen beträffande de två fokusområdena, deformationer och lokal
instabilitet, presenteras explicita analytiska formler för dimensioneringen av det
stabiliserande elementet med lådbalkstvärsnitt avseende utböjningar inklusive skjuveffekter i
bruksgränstillståndet och avseende lokal skjuvbuckling av skivbeklädnaden på det
stabiliserande elementet inklusive det överkritiska området i brottgränstillståndet.
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Part I

1 Introduction
1.1 Background
Composite box-type components are common elements used in engineering structures. Such
structural elements have great potential in design to gain maximum efficiency. This is
because of the flexibility of varying the material properties and geometrical configurations.
During the recent years, timber structures have increasingly been used in large-scale building
constructions, especially in multi-storey buildings.
Moelven Töreboda AB, a Scandinavian glued-laminated (glulam) manufacturer, has
developed a timber beam-and-post system named ―Trä8‖, especially for the market of nonresidential multi-storey timber buildings, cf. Fig. 2.2. The system is based on rectangular
modules, with maximum spans of 8 m (hence the name Trä8 = timber8), which offers
flexibility, variety and simplicity of building design. One special feature of the Trä8 system is
the use of special continuous, prefabricated, proprietary stabilising wall elements with a
composite box-type of timber cross-section. Since the box-type composite element is a
fundamental and key substructure of the Trä8 system, it is of interest to perform parametric
structural analyses for such elements as discussed in Chapter 3.
Due to the complexity of the geometry and material properties of deep composite box-type
stabilising wall element of the Trä8 system, simple analyses and design formulae are only
usable for some special cases. For more accurate and reliable results, finite element (FE)
simulations via some commercial softwares are usually performed. However, they are usually
time-consuming and, for a parameter study, several repetition of program runs need to be
done. In this thesis, accurate parametric structural analyses are developed and some simple
but accurate formulae are established for the composite box-type stabilising wall element
with respect to the chosen analysis and design problems discussed in Chapter 3.

1.2 Purpose of the thesis
The stabilising wall element of the Trä8 system is a deep box-type beam/column element (cf.
Fig. 2.6) which is made of different types of timber composites including glued-laminated
(glulam) framing members and sheathings of laminated veneer lumber (LVL), as will be
described in Chapter 2. The available design formulae have been provided for special cases
and are valid for a limited range of some effective parameters. To be able to optimise an
arbitrary composite box-type element such as the stabilising wall element and use its
maximum potential and efficiency, it is necessary to have sufficient knowledge and
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information about the structural behaviour of each sub-element and about influences of
different mechanical properties and geometrical parameters and dimensions. Gathering
accurate data usually necessitates comprehensive and time-consuming 3-D finite element
simulations. To avoid that, the aim of this thesis is to perform different types of analytical
studies, with an emphasis on elastic deflection in the serviceability limit state and instability
in the ultimate limit state, in such a way that:
1.

They are very accurate and reliable when compared to 3-D FE simulations.

2.

The results are general and can be implemented for design and analysis of any arbitrary
composite box-type beam/column element, including the proprietary stabilising wall
element of Trä8.

3.

The influences of various geometry and property parameters on the structural response of
the stabilising element can be easily investigated.

4.

They provide simple closed-from formulae to examine effect of a large number of
parameters at the same time, even for the problems that naturally need a numerical
solution technique like shear buckling. In this way, there is no need to use repetitive FE
solutions for performing a parameter study.

Therefore, some basic theoretical and idealised studies of the composite stabilising element
should be performed, starting with the elementary I-shaped and the T-shaped stabilising
element. Some explanation and discussion on the more practical aspects as a background are
provided, including deformations, local, global and lateral-torsional buckling and some
common aspects for the design issues. Depending on the method of manufacturing with
respect to gluing, screwing or glue-screwing of the sheathings to the framing members,
different suitable models are considered. A general box-type element, a simple or combined
element is considered and not necessarily restricted to geometry and dimensions of the Trä8
stabilising element. Then, no distinction is made whether the different failure modes are
likely or not with respect to the present geometry and dimensions of the Trä8 stabilising
element; they are general models of basic interest and can be used to develop a balanced and
optimised cross-section. A selection is made based on interest and with a focus on
deformations (serviceability limit state) and instability (ultimate limit state).
In this thesis, a set of analyses on elastic deformations is carried out for the serviceability
limit state. Moreover, local shear buckling as well as the post-buckling behaviour are studied.
Other types of structural analyses on the instability in the ultimate limit state, including
global buckling and lateral-torsional buckling will be studied in detail in a future work.
To be able to reach the aims of the thesis, some research questions need to be answered. In
the following these research questions are given.
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Research questions on elastic deformations and deflection:
(a) Which theories and hypotheses are reliable for the design of a general composite boxtype element in the serviceability limit state?
(b) How to establish simple formulae for deformations of composite box-type elements in
such a way that, on the one hand, they give accurate results compared to 3-D FEM
simulations and, on the other hand, they are valid for a wide variety of materials and
geometries?
Research questions on local pre/post buckling:
(a) How can we obtain analytical solution and explicit formulae to study the
mathematically difficult problem of shear buckling of composite LVL panel without
needing time-consuming computational algorithms?
(b) How do the material orientation and lay-up sequence pattern, established in the
manufacturing process of the LVL, influence its load capacity with respect to the local
shear buckling of the sheathings of the stabilising element?
(c) How to easily estimate, for the ultimate design, the post-buckling resistance of the
sheathings of the stabilising wall element based on the critical local pre-buckling
load?

1.3 Scientific approach
To achieve the objectives and answer the research questions of this thesis, the following
scientific approaches have been used.

1.3.1 Elastic deformations and shear deflection
The steps for this case can be represented as follows.
Step 1: Performing a deep literature review and gathering information on the static analysis
of deep composite box-type beam/column elements.
Step 2: Evaluating the contribution of normal bending and shear deformations in the total
deflection of such deep composite box-type elements.
Step 3

Employment of conventional ordinary and higher-order shear deformable theories
and obtaining exact analytical solutions for the shear deflection based on them.

Step 4

Validation of the achieved solutions by comparing their results with their
corresponding results in the literature.

Step 4

Performing accurate 3-D finite element (FE) modelling and simulations using
ABAQUS and ANSYS.
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Step 5

Evaluation of the validity of employed conventional theories for a deep composite
box-type element like the Tra8 stabilising wall element by comparing the obtained
solutions (from Step 3) with the 3-D FE results (from Step 4).

Step 6

Development of an energy-based formulation for the magnification factor based on
the shear strain equality assumption for deep composite box-type cross-sections.

Step 7

Establishment of a partial composite interaction model for shear deflection
prediction based on considering different shear strain in different components of
deep composite box-type elements.

Step 8

Clarifying the validity and applicable range of the two developed models.

1.3.2 Local pre-and-post buckling
The steps for this case can be represented as follows.
Step 1

A comprehensive literature survey and sufficient information collecting about the
available research studies of both local shear buckling and post buckling of the deep
composite box-type elements such as the Tra8 stabilising wall element.

Step 2

Simplifying the problem, considering the assumptions, and creating the appropriate
models for the local instability of such elements.

Step 3

Employment of a theory which properly suits the pre-buckling problem and
assumptions.

Step 4

Applying a numerical solution technique for solving the governing equations of the
employed theory.

Step 5

Development of an accurate programming code for extracting the critical prebuckling loads and plotting the mode-shapes using MAPLE software.

Step 6

Simulation of the pre-buckling problem of both the proposed simple mode and the
entire deep composite box-type elements using 3-D FEM.

Step 7

Comparison of the output of programing code to the performed 3-D FE simulations
for validation.

Step 8

Achievement of closed-form explicit formulae for critical pre-buckling of box-type
elements having long narrow sheathing surrounded by frames.

Step 9

Verifying the validity of the obtained closed-form formulae and increasing the
validity range for shorter elements by introducing a practical modification factor.

Step 10 Establishment of an algorithm together with corresponding APDL code (ANSYS
Parametric Design Language: a macro language for programming in ANSYS) for
geometrically-nonlinear FE solution of the post-buckling problem in ANSYS.
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Step 11 Deriving an analytical model and design formula for calculation of the post-buckling
resistance based on comparing the solution from the analytical model as well as
APDL code.

1.4 Outline of the thesis
This thesis consists of six chapters and four research papers published or submitted to peerreviewed international journals. Chapter 5 is a preliminary and not yet finished version of a
future refereed paper.
In Chapter 2, a new timber post-and-beam structural system with the commercial name of
Trä8, developed by Moelven Töreboda AB, is introduced. Further, a unique prefabricated
stabilisation element which acts as a ―shear wall‖ and load bearing is described and some
information about its structure, sub-components, geometrical configuration, composite
material constituents and its important role from the early assembly stage to the final
residence are provided.
In Chapter 3, simplified models for different types of structural analyses of the Trä8
stabilising wall element are presented and some basic theoretical and idealised studies are
listed. Some more practical aspects for the structural design based on the serviceability and
ultimate limit states are also provided. With respect to the instability issues, only local preand post-buckling will then be treated in detail in this thesis.
In Chapter 4, a brief description are presented for the performed comprehensive analyses on
shear deflection and local-buckling of the stabilising wall element, including basic
assumptions, employed theories and hypotheses, applied solution techniques, and some
obtained simple formulae.
In Chapter 5, as an example of a design procedure, where the theoretical analyses and results
presented in the thesis are applied, local post-buckling resistance of the LVL-sheathings
between the glulam framing members of the stabilising element is studied. A simple
analytical model and numerical verification are presented.
In Chapter 6, answers to the research questions are given as well as some scientific
concluding remarks and a proposal for future research study, especially on combined local
buckling, global buckling and lateral-torsional buckling.

1.5 Summary of the appended papers
In this section, a short summary of the research papers are presented.
Paper I: Girhammar UA, Atashipour SR. Analysis of shear deflections of deep composite
box-type of beams using different shear deformation models. Computers & Structures
2015;155:42–53.
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The deflection of deep box-type elements due to shear deformations is treated. A closed-form
expression for the shear correction factor/magnification factor is derived by using an energy
approach. The high accuracy and reliability of the developed procedure is demonstrated by
comparing its results with accurate 3-D finite element results and also with the results of the
conventional theories of Timoshenko with constant shear coefficient and of Reddy–Bickford
applied to this kind of cross-section. A comprehensive and comparative parametric study is
presented to investigate the effects of various mechanical properties and geometric
dimensions for the different models. It is shown in this paper that, unlike the higher-order
shear deformation theories, which are accurate only for beams with rectangular crosssections, there is a very good agreement between the results of the proposed method and the
3-D FE model. It is proven that the proposed energy method is applicable to more
complicated cross-sections, including those with abrupt changes in the geometry, e.g. due to
holes.

Paper II: Atashipour SR, Girhammar UA, Challamel N. A weak shear web model for
deflection analysis of deep composite box-type beams. Submitted to Computers & Structures.
Deep box-type beams, consisting of framing members and sheathings, are shown sensitive to
shear deformations and hence appropriate refined higher order shear deformation theories or
complicated and large magnification factors are needed to obtain accurate results. It is
demonstrated that, for sheathings or webs between the framing members that are weak in
shear, additional shear deformations occur corresponding to the relative axial displacement
between the framing members. These sandwich-type or partial interaction-type of in-plane
shear behaviour between the framing members, is taken into account, especially for the
elements having web with very low shear stiffness. The stabilising model is modelled as
composite box-type beam composed of three framing members with sheathings on both sides.
The sheathings interlayers are modelled as shear media with equivalent slip moduli
corresponding to a partially interacting composite beam model with three separated framing
layers and two web interlayers with slip in between. The minimum total potential energy
principle is employed to obtain the governing equilibrium equations and corresponding
boundary conditions. The coupled set of governing equations is recast into an uncoupled form
and solved explicitly. The obtained closed-form solutions are compared to those based on
different conventional beam theories as well as accurate 3-D finite element (FE) simulations.
It is shown that the model is capable of predicting accurately the deflection for a wide range
of geometry and property parameters. It is demonstrated that the deflection of such deep boxtype beams can be expressed as the summation of three different effects, namely bending
deformations, conventional shear deformations in the framing members and sheathings, and
additional in-plane shear deformations or shear slips of the sheathings or web interlayers
weak in shear causing relative axial displacements between the framing members.
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Paper III: Atashipour SR, Girhammar UA. On the shear buckling of clamped narrow
rectangular orthotropic plates. Mathematical Problems in Engineering 2015; Article ID
569356.
Local pre-buckling of stabilising wall element at thin sheathing is studied. The problem is
modelled as long narrow rectangular orthotropic thin plates subjected to uniformly distributed
shear load around the edges. Due to the nature of this problem, it is impossible to present
mathematically exact analytical solution for the governing differential equations, and
consequently, all existing studies in the literature have been performed by means of different
numerical approaches. An analytical closed-form approach is presented for simple and fast
prediction of the critical buckling load of narrow rectangular orthotropic thin plates. Next, a
practical modification factor is proposed to extend the validity of the obtained results for a
wide range of plate aspect ratios. To demonstrate the efficiency and reliability of the
proposed closed-form formulae, an accurate computational code is developed based on the
classical plate theory (CPT) by means of differential quadrature method (DQM) for
comparison purposes. Moreover, several finite element (FE) simulations are performed via
ANSYS software. It is shown that simplicity, high accuracy, and rapid prediction of the
critical load for different values of the plate aspect ratio and for a wide range of effective
geometric and mechanical parameters are the main advantages of the proposed closed-form
formulae over other existing numerical studies in the literature for the same problem.

Paper IV: Atashipour SR, Girhammar UA. Simple closed-form approximations for shear
buckling behaviour of laminated generally orthotropic long narrow rectangular plates.
Submitted to Computers & Structures.
A more general model for the local shear buckling of the sheathing of the stabilising wall
element is investigated. Long narrow rectangular laminates composed of generallyorthotropic materials under uniformly distributed shear load around the edges is considered.
Efficient approximate closed-form solutions are presented for simple and fast estimation of
their critical buckling loads and evaluation of layup effects. Also, an accurate computational
code is developed by means of differential quadrature method. Several finite element
simulations are performed via ANSYS software to demonstrate the high accuracy and
reliability of the developed DQ code itself. Numerical results are presented to investigate the
effect of the inclination of the grain direction to the geometrical axis of the LVL sheathing on
the shear buckling loads. Also, comparisons of the critical buckling mode-shapes
corresponding to the three methods, closed-form analytical, DQM, and FE solutions, are
provided and the effect of various layup sequence of the plies on the fundamental buckling
mode-shape is investigated.
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2 A Stabilisation Element for Multi-Storey Buildings
2.1 Introduction
There has been a long tradition of using timber in Nordic countries for construction of
houses. In recent decades, timber structural systems are increasingly used in construction of
multi-storey and large span buildings. This is due to the benefits and advantages of timber
composite structural products, such as being an environmentally friendly material, the
flexibility in the element and cross-section design, the simplicity in prefabrication of the
structural elements and easiness of erection on the construction site, etc. The structural timber
components can be used to an increasingly extent in building constructions with big heights
or large spans. Therefore, timber is finding its premier place as a viable structural material on
construction market.
Most of timber construction industries have concentrated on development and utilisation of
components, systems and construction techniques for the large market of residential buildings
and less attention has been focused toward development of non-residential and office-type of
multi-storey timber buildings.

2.2 Trä8 beam-and-post system
Moelven Töreboda AB, a Scandinavian glued-laminated (glulam) manufacturer, has
developed a beam-and-post system named ―Trä8‖, especially for the market of nonresidential multi-storey timber buildings (Fig. 2.1).

Fig. 2.1. Trä8 beam-and-post system developed by Moelven Töreboda AB for multi-storey buildings.
9
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The system is based on rectangular modules, with maximum spans of 8 m (hence the name
Trä8 = timber8), which offers flexibility, variety and simplicity of building design. The Trä8
system offers an alternative to concrete or steel based systems. The developed system is for
medium-rise buildings up to four storeys.

2.2.1 Elements and components of the Trä8 system
The Trä8 system is composed of several elements and components which are mostly
produced off-site. They are assembled after delivery to the building site. The main elements
of the system are continuous columns, beams, prefabricated wall elements, prefabricated
floor cassettes and roof elements (Fig. 2.2).

Fig. 2.2. Trä8 main components in a multi-storey timber building [1].

The floor elements are placed in a ‗zig-zag‘ configuration, so that the working direction of
floor elements of two neighbouring modules is perpendicular, as shown in Fig. 2.2.

2.3 Trä8 stabilising wall element
2.3.1 Stabilising element as “shear wall” and load bearing
Timber (and steel) structures are considered as light-weight structures in comparison with
concrete structures. Horizontal stability of the building and sound issues for and vibration of
the floors are some of the main problems. Horizontal forces from e.g. wind can cause large
deformations and vibrations in timber structures, which can be highly inconvenient for the
tenants. These problems become more severe in tall multi-storey buildings. There exist some
solutions to overcome these problems such as: diagonal bracing, use of heavy concrete stair
cases or elevator shafts, and shear walls. Diagonal bracing systems are often preferred not to
be visible and existence of concrete shaft could introduce problems due to differential
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settlements in the materials. In Trä8-system a special composite stabilising vertical element is
used as ―shear wall‖ (Fig. 2.3).

Fig. 2.3. Composite stabilising elements acting as ―shear walls‖ in Trä8 system (illustrated in brown
colour).

The stabilising element of the Trä8-system is a continuous, prefabricated, proprietary vertical
element with a composite box-type of timber cross-section (Fig. 2.6), which is installed
together with ordinary glulam columns and beams (post-and-beam system), and prefabricated
floor and roof elements. The stabilising walls are preferably placed along the facade of the
building or may even be used as the walls of elevator shaft or staircases. The beams are
connected to the continuous columns in a theoretically pinned manner and these ordinary
columns are also pinned connected to the foundation. However, the stabilising wall element
is theoretically clamped to the substrate. This fixing of the stabilising element to the
foundation can be designed as shown in Fig. 2.4.

Fig. 2.4. Anchorage device with glued-in rods for fixing the stabilising element to the foundation [1].
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2.3.2 Different shapes of the stabilising walls in combination
The stabilising element as a shear wall consists of a basic deep box-type element, here called
the I-shaped element, and this basic element can be connected to form T-, L- or X-shaped
configurations depending on their locations in the building (Fig. 2.5). The combined
configurations will enhance the stabilising effect of the wall element in both directions and
during the erection phase.

(a)

(b)
Fig. 2.5. Application of stabilising wall elements of different shapes in the Trä8 system; (a) an
example of building geometry based on the rectangular modules, (b) different configuration of the
stabilising wall elements (I-, T-, L- and X-shapes).

According to Fig. 2.2, the floor elements are placed in a ‗zig-zag‘ configuration, so that the
working direction of floor elements of two neighbouring module areas is perpendicular. This
pattern is alternated for each storey level. This imply that the location of the suspensions
between the floor elements, framing beams and stabilising elements will alternate in the
different module areas and storey level.
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In addition to the shear connections at the intersection of the sub-elements in the L-, T- and
X-shaped stabilising elements, different connections between the floor elements, framing
beam components and the stabilising elements are needed, such as attachment devices for (1)
floor beams to (a) the stabilising elements and to (b) the horizontal framing beams, and for
(2) framing beams to the stabilising elements. Also, shear connections between the floor
elements themselves for the horizontal shear transfer are needed.
In general these elements will be subjected to transversal and axial loads. In this thesis, the
focus is on deflections and instability. For the complex cross-sections, the shear centres
(centres of twist) are located at the crossing of the centre lines of the sub-elements at the
intersection. With respect to axial loads: if the shear centre does not coincide with the
centroid of the cross-section, twisting or torsional deformations may develop. For the Lsection, coupled lateral-torsional buckling will occur. For the cruciform section with equal
legs (double symmetric; the X-section), pure torsional buckling may occur in addition to the
conventional Euler column buckling (the same in the two directions). For the T-section (the
extreme version of the cruciform section with unequal legs), a singly symmetrical section,
coupled lateral-torsional buckling will occur in addition to the conventional Euler column
buckling in the plane of symmetry.

2.3.3 Sub-elements and constituents of stabilising element
The composite stabilising wall element is composed of frame members of glued-laminated
(glulam) GL28c and sheathing of laminated veneer lumber (LVL) with the commercial name
Kerto which are manufactured by the company Finnforest in Finland. The framing of this
wood-based panel element consists of three vertical members and short horizontal members
placed at the bottom and the top of the element, at the level of each floor. The sheathing is
glued and screwed to the framing members using phenol–resorcinol adhesive. The screws
both connect the sheathing to the skeleton and apply the pressure during bonding. The screws
also provide additional safety in case of failure of the glue. The empty spaces between the
frame members are filled with insulating material, e.g. mineral wool [1,2]. The length of the
element is dependent on the height of the designed building. Geometrical configuration,
dimensions and cross-section of the Trä8 composite stabilising wall element are illustrated in
Fig. 2.6.
Members of the glulam framing are connected only by means of sheathing on both sides
made of thick LVL Kerto-Q boards. The LVL Kerto-Q is a product that has high in-plane
shear strength due to about 20% of the veneers being laminated in the transverse direction
[1]. The main purpose with the intermediate vertical frame member and the horizontal
noggins is to prevent buckling of the covering sheets.
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Fig. 2.6. Geometrical configuration and cross-section of the Trä8 composite stabilising wall element.

The numerical values of mechanical properties of the stabilising element constituents are
represented in Table 2.1. It should be noted that the indices 1, 2 and 3 are respectively
referred to x-, y- and z- directions based on the coordinate system in Fig. 2.6. Also, the
subscripts L, R and T indicate longitudinal, radial and tangential directions, respectively.

Table 2.1. Mechanical properties of the constituents of the Trä8 stabilising element (glulam framing
members and the LVL sheathings).
Material 1: Glulam GL28c
(L:1, T:2, R:3)

Material 2: LVL Kerto-Q 27 mm
(L:1, R:2, T:3)

Elastic modulus
(N/mm2)

EL  12600

ET  244

E R  390

E L  10500

ET  2400

ER  130

Shear modulus
(N/mm2)

G RL  720

G TL  677

G TR  72

GTL  600

GRL  600

GTR  600

Poisson's ratio

 RL  0.05

 TL  0.03

 TR  0.34

 TL  0.05

 RL  0.03

 TR  0.74
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2.3.4 Load bearing of the stabilising element in assembly of the Trä8 system
In order for Trä8 to be an inexpensive system in assembly phase, the roof of the erected
section of the building should be assembled within half to one working day. In this way, there
is no need for the expensive system of protection of the open building against the weather
conditions. To this end, a consecutive assembly procedure is designed in the company with
the composite stabilising elements as the key parts. The steps are visually described in Fig.
2.7.

Fig. 2.7. Assembly method for the Trä8 system [1,2].

During every stage shown in Fig. 2.7, the tall stabilising elements carry different load
conditions and, for example, the horizontal stability needs to checked in principle for every
step in the erection process. This will be discussed in more detail in Chapter 3.

2.4 Some problems related to the Trä8 system with stabilising elements
There are several problems in connection with the stabilising element itself and with its
connections to the other elements and to the foundation. The element is subjected to
transversal loads as well as axial forces. Here the main focus is on deformations and
instability.
When dealing with taller structures it is necessary to assure for the users a good comfort
against horizontal deformations and vibrations of the structural system in the serviceability
limit state. In the ultimate limit state and in addition to different strength issues, global and
lateral-torsional buckling are especially critical issues for taller buildings. For the stabilising
15
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element itself, local buckling of the sheathings is important if an optimised and effective
cross-section is to be designed. This dissertation is devoted to the problems concerning
deformations and local buckling as a start to solve these design problems.
In the next chapter, basic design issues and analyses are briefly presented.
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3.1 Introduction
The composite stabilising wall element of the Trä8 system, described in the previous chapter,
can be subjected to different types of loading including the horizontal load from wind as well
as the vertical load from the roof and the floors. Such structural element might be susceptible
to different kinds of failures. Therefore, creating simple models and performing important
structural analyses, including deflection analysis, local pre- and post-buckling, global
buckling as well as torsional instability, would be necessary. In this chapter, a brief
description of the simplified models for different types of structural analyses and design
issues for the Trä8 stabilising element is presented.
3.2 Background to the analysis and design studies
As discussed in Chapter 2, the stabilising element is used in up to four-storey buildings
according to Fig. 3.1. Here the basic I-shaped and the combined T-shaped composite boxtype cross-sections are studied. The axial and transverse loading situation on this element is
also shown in Fig. 3.1.
A basic model for the stabilising element, representing the bottom storey of the building, is
shown in Fig. 3.2, where L represents the height of the bottom floor. The stabilising wall
elements are theoretically considered as clamped to the substrate, cf. Fig. 2.4. This
assumption is valid especially when the bending and deformation of the element about its
stronger axis is under study. In the weak direction, the element is considered as pinned
connected to the foundation.
In the following some basic theoretical and idealised studies of the stabilising element for
both the elementary I-shaped and the T-shaped stabilising element are listed (the more
practical aspects are discussed below). In general, depending on the method of manufacturing
with respect to gluing, screwing or glue-screwing of the sheathings to the framing members,
different models could be considered. A general box-type element, a simple or combined
element according to Fig. 3.1, is considered and not necessarily restricted to the geometry and
dimensions of the Trä8 stabilising element. Then, no distinction is made whether the different
failure modes are likely or not with respect to the present geometry and dimensions of the
Trä8 stabilising element; they are general models of basic interest and can be used to develop
a balanced and optimised cross-section. A selection is made based on interest and with a
focus on deformations (serviceability limit state) and instability (ultimate limit state).
17
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H4

P3
H3

P2
H2

P1
H1

Fig. 3.1. A four-storey building and different configurations of the cross-section of the stabilising
element

Fig. 3.2. Stabilising element clamped at x = 0 and free at x = L.
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(a) Bending and shear behaviour of basic element (model according to Fig. 3.2)
1. Deformations of the box-type of beam with rigid shear (glued) connections and rigid
shear web (fully composite section). Evaluation of the shear correction factor.
2. Deformations of the box-type of beam with rigid shear (glued) connections and weak
shear web (partially composite section with respect to the web).
[3.] Deformations of the box-type of beam with flexible shear (mechanical) connections
and rigid shear web (partially composite section with respect to the flange connection).
[4.] Deformations of the box-type of beam with flexible shear (mechanical) connections
and weak shear web (partially composite section with respect to the flange connection
and the web).
(b) Local buckling of sheathing (model according to Fig. 3.2 with and without axial forces)
1. Pure shear buckling of the sheathing in the box-type of beam where the sheathings are
glued to the framing members and no axial force.
2. Corresponding local buckling of the sheathing, but due to combined shear, normal and
bending stresses and subjected to a normal force and bending moment.
(c) Global buckling of basic element (model according to Fig. 3.1 for the whole building and
according to Fig. 3.2 for the bottom storey)
1. Global in-plane buckling of the glued box-type element (with or without weak shear
web) modelled as a multi-storey element in the strong direction subjected to
concentrated or distributed axial loads.
2. Global buckling of the screwed box-type element (with or without weak shear web)
modelled as a one storey element in both strong and weak directions (buckling in the
weak direction also corresponds to buckling in the weak direction between the storeys
for the four storey element; for a glued-screwed element, the screwed situation occurs
after glue failure, e.g. checking the behaviour with respect to robustness).
3. Global buckling in the plane of the web of glued box-type T-elements (with or without
weak shear web) with a rigid or flexible shear connection at the intersection.
(d) Lateral-torsional buckling of the T-section (model according Fig. 3.2 with respect to the
element with and without axial force, but with a T-cross-section as in Fig. 3.1)
1. Lateral-torsional buckling of the glued box-type T-element (with or without weak shear
web) with and without slip behaviour at the intersection in both x- and y-direction.
2. Corresponding lateral-torsional buckling of the T-element when also subjected to a
axial force.
3. Lateral-torsional buckling of the glued box-type T-element (with or without weak shear
web), where the shear connection prevents relative movements at the intersection (no
slip), but allows relative rotation between the flange and web.
In this thesis, focus is on deformations (a) and local buckling (b). Global buckling (c) and
lateral-torsional buckling (d) are in focus for later studies.
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3.3 Design principles
The analysis and design cases should include:
(1) Serviceability limit state
The criteria for the serviceability limit state are (a) limit on static deflection, e.g. L/500 for
only wind load; the limit should be rigorous; and (b) limit with respect to dynamic response,
e.g. concerning eigen-frequency and impulse. In this thesis only static deflections will be
studied.
(2) Ultimate limit state
In the ultimate limit state there are three aspects that need to be accounted for: (a) the
conditions in the final stage; (b) the conditions during erection stage; and (c) the conditions
with respect to robustness or progressive collapse. Robustness or progressive collapse will
not be addressed in this thesis.
Some background, principles and criteria for the serviceability and ultimate limit state are
discussed below.

3.4 Research studies on box-type elements with principle reference to Trä8 stabilising
element – chosen analysis and design issues
3.4.1 Static deflection including shear
Performing accurate deflection analysis for the stabilising wall element is important.
However, not only the simplest Euler-Bernoulli theory but also the conventional shear
deformable theories like Timoshenko with constant shear correction factor or ReddyBickford theories cannot properly predict the deflection of such deep composite box-type
elements subjected to transverse load. Therefore, a suitable correction factor is needed in
terms of different geometrical and mechanical property parameters. In Paper I, an accurate
general expression is introduced which can be used for accurately predicting the shear
deflection of a general composite box element with arbitrary geometric shape including a
wide variety of effective parameters. The introduced expression in fact based on the
assumption of considering an equivalent shear angle for the whole cross-section. Therefore,
that method is more applicable for any arbitrary deep composite box-type element in shear
with a medium range of web shear stiffnesses.
For the composite elements having weak shear webs, that shear correction factor expression
tends to a very large value in such a way that the magnification factor approaches infinity
when the web shear stiffness tends to zero for very weak webs. The results of accurate 3-D
FE simulations reveal a sandwich-type of behaviour for the deformation of such elements. In
other words, different shear angles can be observed from the simulated results. Thus, a new
simple model is established by considering the larger shear deformation of webs as shear slip
between the stiff framing layers based on a partial composite interaction theory. In this way,
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another simple general expression is obtained for the deflection of deep composite box-type
beams having weak shear webs.

3.4.2 Local buckling – shear buckling of sheathing
In general it is appropriate to study (a) pure shear buckling, (b) uniform normal stress
buckling, (c) non-uniform normal stress buckling according to Fig. 3.3.

(a)

(b)

(c)

(d)

Fig. 3.3. LVL sheathing between the stiff glulam framing members as a long narrow rectangular
composite plate under different types of loading: (a) pure shear; (b) pure normal compression; (c)
linearly varying normal compressive load (combination of uniform pure compression and in-plane
bending moment); (d) combined loading including shear, compression and in-plane bending moment.

Buckling due to simultaneous shear load (a) and non-uniform normal stress (c) is the most
probable case as shown in Fig. 3.3d. In this thesis, the focus is on pure shear buckling
conditions (a).
The analysis and design procedure includes the following steps:
(1) Determining theoretically in the pre-buckling state  cr for the shear (and combined load
case (1) and (3)). These things are discussed in papers III and IV.
(2) Establish for practical design in the post-buckling state the real resistance,

 R   ( )  f resistance

(3.1)

where the relative slenderness parameter is given by



f resistance

(3.2)

 cr
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and the reduction factor for the resistance  R by

  function( ( cr ))

(3.3)

where the critical shear stress  cr is obtained from the results of point (1). Here, focus is on
shear resistance ( f resistance  f v and    v ). These issues are discussed in chapter 5 as an
application.
To establish the practical design procedure and its conditions for validity, it necessary to
investigate at least the following influencing parameters:
(1) Establish diagrams for different (a) shapes of the stress field and (b) geometries of the
plate. Traditional methods can be used;
(2) Evaluate the influence and/or criteria for the (a) bending and (b) torsional stiffness of the
framing members (the flanges) (including the intermediate member) on the ―clamping‖ or
restraining boundary conditions of the sheathing (the web). For this purpose, finite
element (FE) models are the most feasible to use. Most likely the total box-type crosssection of the stabilising element needs to be modelled (vary primarily the depth h1 and
establish diagrams showing the critical shear stress  cr as a function of the torsional
stiffness GJ flange and with the bending stiffness of the flange in the weak direction
( EI z ,flange ) as a parameter. Preferably, the stiffness of the framing member should be
related to the relevant stiffness of the sheathing,
(3) Evaluate in a corresponding way the influence of the stiffness of the ―stiffeners‖ (the
noggins; primarily the horizontal framing members at the top and bottom of the element
within each storey) on the development of a post-buckling stage. The critical shear stress
will be affected in the same way as in case (2). In addition, the bending stiffness of the
stiffeners (noggins) around the y-axis will affect the post-buckling capacity.
Also, care should be taken with respect to the modelling of the ―clamping‖ boundary
conditions for the stabilising element to the foundation. According to Fig. 2.4 (clamping
device), the boundary conditions as discussed in chapter 5 could be considered.

3.4.3 Global buckling
Consider the stabilising element subjected to horizontal and vertical loads according to Fig.
3.4. Only the basic I-section is considered here.
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(a)

(b)

(c)

Fig. 3.4. Stabilising wall element of a four-storey building; (a) the element under horizontal
(transverse) and vertical (axial) loads at each storey level; (b) global buckling in the strong direction;
(c) global buckling in the weak direction.

Theoretical (and generalized) analysis cases could be considered, such as the following:
(1) Determine the global buckling load for the stabilising element in the strong direction used
in a four-storey building (Fig. 3.4b). The vertical load is introduced at each floor level
(loads from suspended floor and roof at the end of the element). The element is primarily
analysed as a cantilever.
(2) Determine the buckling load in the weak direction according to Fig. 3.4c (the worst case
in the bottom floor of building). The element is primarily analysed as simply supported.
A practical analysis and second order design procedure could be considered, such as the
following one:
(3) Determine the effect of the shear deformation on the buckling load. The curvature is
given by

d 2 w d 2 wb d 2 ws
M dV 1
 2  2  
dx 2
dx
dx
EI dx S

(3.4)

where S is the shear stiffness. In the deformed state of an axially loaded column (N)
according to Fig. 3.5,
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Fig. 3.5. Deformed state of a small element of an axially loaded column

the shear force is given by

V N

dw
dx

(3.5)

and then

d2w
M N d2w



dx 2
EI S dx 2

(3.6)

i.e.
d2w
M
M


dx 2
1

N
/
S
EI
EI


S

(3.7)

where EIs is the equivalent bending stiffness including the shear deformations. The critical
load including shear effects is then given by

N cr,S 

 2 EI S  N cr,S   2 EI
 1
(  L)2 
S  (  L)2

(3.8)

where, for generality,  is introduced as the buckling length coefficient, i.e.
1

N cr,e
 1  2 EI   2 EI
N cr,S   1 

2 
2
N
S
(

L
)
(

L
)


1  cr,e
S

(3.9)

where the ordinary Euler buckling load is given by
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N cr,e 

 2 EI
(  L) 2

(3.10)

Knowing the critical buckling load including shear effects, the second order deflection and
moment can be calculated. For the box-type beam-columns, the shear stiffness can be
expressed as

S  Ks  GA0

(3.11)

where the shear correction factor K s and the basic composite shear stiffness GA0 are given
by Paper I or expressed in a corresponding way as in Paper II.

(4) Determine the second order deflection and bending moment. Consider a cantilever beamcolumn with, for example, an initial crookedness expressed as

w0  e0 (1  cos

x
)
2L

(3.12)

and subjected to an axial load (N). The bending moment at section x according to Fig. 3.6

Fig. 3.6. A cantilever beam-column with the initial crookedness subjected to an axial load.

is given by

M   N e0  wmax  ( w0  w)

(3.13)

The curvature is then given by
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d2w
M
N


e0  wmax  ( w0  w)
dx 2
EI S EI S

(3.14)

For generality, in order to avoid the use of variations of the moment equation above for
arbitrary boundary conditions, it is appropriate to differentiate this moment equation to
eliminate the constants as follows

d 3w
N  dw0 dw 




dx 3
EI S  dx dx 

(3.15)

and consequently,

d 3w N dw
 N
x


e0 sin
3
dx
EI S dx
2 L EI S
2L

(3.16)

Considering the particular solution of the above equation in the form

w  B(1  cos

x
2L

)

(3.17)

and substitute it into Eq. (3.16) the unknown coefficient B is obtained as

B

N /N cr,S
e0
1  N /N cr,S

(3.18)

where N cr,S is given by Eq. 3.9. Therefore, the total deflection is

wtot.  w  w0 

1
x

e0  1  cos 
1  N /N cr,S 
2L 

(3.19)

with its maximum value

wtot.,max 

1
e0
1  N /N cr,S

(3.20)

where (1  N /N cr,S )1 is a magnification factor for the first-order deflection. Thus, in general
we can write for the maximum deflection,

wII 

1
1
wI 
wI
1  N /N cr,S
1  N /N cr,e  N /S

(3.21)

where N cr,S according to Eq. 3.9 has been used. The first-order initial deflection wI is thus
expressed without the effect of shear forces. In general, the initial deflection can also be
caused by transversal loads.
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If the initial deflection is caused by a transversal moment (Mtrans) that varies sinusoidally, the
deflection will also vary sinusoidally, and then the magnification factor will be the same.
The maximum second order moment can then be written in a corresponding way as

M II 

1
1
MI 
MI
1  N /N cr,S
1  N /N cr,e  N /S

(3.22)

where the first order moment can generally be written as

M I  Ne0  M trans

(3.23)

If the transversal moment does not vary sinusoidally, the above equation is only an
approximation, usually considered acceptable for practical design work. If the moment
distribution is far from sinusoidal, a more accurate second order moment is given by

M II  M I  NwII

(3.24)

where the second order deflection wII is given by Eq. 3.21. In principle, this equation should
be evaluated at each floor; the bottom floor usually being the critical one.
Linked to the code, the design equation can be written as

N
M

1
kc N res kcrit M res

(3.25)

where the buckling load is less than or equal to the maximum resistance of the normal force,
kc Nres  Ncr,S  Nres and, correspondingly, if the compressed edge is not guided in the ydirection, the lateral-torsional buckling load kcrit M res  M cr,lat-tor  M res (discussed more in the
next section). The buckling coefficient kc can be evaluated from the results of the analyses
according to points (1) and (2) above and the lateral-torsional buckling coefficient kcrit from
the results of a corresponding lateral-torsional analysis (see further discussion in section
3.4.4).
Considering global buckling of the four storey stabilising element with an I-section, the
column buckling parameter should then be evaluated as kc,z in the weak direction (Fig. 3.4c)
or as kc,y in the strong direction (Fig. 3.4b) if the column is guided in the weak direction. The
lateral-torsional buckling parameter should be evaluated for bending around the y-axis. The
parameter kcrit will depend on the point of load action and on possible guidance of the edge
in tension. In this case, the axial load (N) and the first order moment ( M I ) is used.
Alternatively, instead of treating the design situation separately as discussed above, an
analysis could be conducted for the element subjected to an axial force and a bending
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moment acting simultaneously, i.e. treating a lateral-torsional buckling problem with the
presence of an axial load. This critical load (or expressed indirectly in the parameter, kcrit )
will depend on the relation between the axial load (N) and the bending moment ( M I ).
In the second order design, the bottom floor is studied where the maximum actions occur
(―local global buckling‖). For conservative values, the axial load (N) and the second order
moment ( M II ) at the level of the foundation is used, but applied at the top of the bottom
floor. The value for the parameter kc is evaluated in a corresponding way as above depending
on whether or not the wall is guided in the y-direction. If there is no guidance, the parameter
kcrit is basically evaluated for a simply supported element. If the outer edge of the element is
guided, e.g. by the exterior wall, the problem is referred to the lateral-torsional buckling
discussed in section 3.4.4.
Thus, in the second order design procedure, the problem is referred back to local global
buckling, local lateral-torsional buckling (with and without normal force), etc., where the
second order moment M II and pertaining normal force N are largest, usually at the bottom
floor, if instability is the failure mode, i.e. if kc  1 and kcrit  1 . If not, the problem is a
strength problem, i.e. crushing of the wooden parts at the most compressed edge.

(5) Determine the second order shear force and stresses. Here a very rough procedure is
illustrated. The method is not considered accurate, errors of 20-30 % can occur, and,
unfortunately, they can occur on the conservative as well as on the non-conservative side.
Still the procedure is not seldom used in practical design. In practice, one even needs to
check whether not the first order shear force value is greater than this proposed value. An
alternative way to calculate the second order shear force would be to use the
magnification factor as for the moment.
If the second order moment is assumed to vary as

M II  M II,max cos

x

(3.27)

2L

Then the shear force distribution is given by

VII  


2L

M II,max sin

x

(3.28)

2L

Since in general the moment distribution is only approximately sinusoidal, the approximation
for the shear force becomes even worse after the differentiation. The maximum shear force is
then obtained as (x = L)

VII,max  


2L

M II,max

(3.29)
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The design equation can be written as

 max 

VII,max ( ES )max
  res
EI d

(3.30)

where the different parameters are given in Paper I. The stresses are evaluated for each
lamina. Because of the variation of normal stresses for different laminas in the cross-section,
shear stresses with develop in the interlayers between the laminas. This will not be treated
here.
Global buckling will in detail be presented later and not be included in this thesis.

3.4.4 Lateral-torsional buckling
Consider the stabilising element subjected to horizontal and vertical loads according to Fig.
3.7. Only the I- and T-section is considered here.

Fig. 3.7. T-section stabilising wall element subjected to horizontal and vertical loads.

29

Structural Analysis of Deep Composite Box-Type Components

Depending on the type of analysis and design to be performed, two models for the shear
connection at the intersection of the two parts of the stabilising element will be considered,
see Fig. 3.8.

(a)

(b)

Fig. 3.8. Two models for the shear connection at the intersection of the T-section stabilising element.

When analysing the effect of the slip in the shear connection for a general idealized lateraltorsional bending and buckling problem, a slip modulus in the x- and y-direction is assumed (
K x , K y ) and the right angle between the sub-components is preserved during the
deformations, cf. Fig. 3.8a. When analysing the practical design case discussed below, the
shear connection is assumed to experience no slip, but on the other hand the two subelements are assumed to be able to rotate relative one another (the shear connection is not
easily designed in such a way as to restrain the rotation), i.e. it acts as a hinge, cf. Fig. 3.8b.
The following (idealized) theoretical analysis cases could be considered:
(1) Determine the lateral-torsional buckling load for a stabilising I-element with a box-type
cross-section with and/or without axial load. The I-element is primarily analysed as a
cantilever.
(2) Determine the lateral-torsional buckling load for a generalized (and idealized) stabilising
T-element with and/or without axial load by assuming the model in Fig 3.8a. The Telement is primarily analysed as a cantilever.
A practical analysis and second order design procedure could be analysed in the following
way with the aim of making a hand calculation possible. Consider the most stressed part of
the stabilising element in the bottom floor. Assume the model in Fig. 3.8b. Assume, on the
conservative side, a constant moment M tot and normal force N tot evaluated at the foundation
level, but applied at the top of the element.
(3) Determine the lateral-torsional buckling load for the case shown in Fig. 3.9. To the left,
the element is guided along its height with respect to the hinge shown in Fig. 3.8b above.
The top and bottom of the element is guided due to the floor elements or the foundation.
Lateral-torsional deformations will then occur according to Fig. 3.9b.
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(a)

(b)

Fig. 3.9. A model for the lateral-torsional buckling of the stabilising element; (a) situation of loads
and boundary conditions; (b) deformation of boundaries during the lateral-torsional buckling.

Two sub-cases can be considered:
(a) A simple conservative model: Neglect the load-sharing part taken by the flange and
subject the total moment and total normal force at the centre of the web and apply the
loads according to the model Fig. 3.10a, where the flange only restricts the deformations
in the y-direction.
(b) A more elaborated model: The flange is included only when evaluating the load-sharing
between the flange and the web according to Fig. 3.10b. The slip modulus in the xdirection K x  0 is used, while there is no slip in the y-direction, K y   (i.e. in practice
Ky is so large that guidance along the height of the element is attained, because of the
small displacements in the y-direction along the edge at the flange in relation to the
displacements at the opposite free edge). The division between M 1,tot and M 2,tot , and
N1,tot and N 2,tot , respectively, will thus depend on the slip modulus K x . With the reduced

moment and normal force, the case is then referred back to the model in Fig. 3.10a (i.e.
with the consequence that the stabilising T-element can carry higher loads).
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(a)

(b)

Fig. 3.10. Two sub-case for the lateral-torsional buckling of T- shape stabilising element; (a) a simple
conservative model; (b) a more elaborated model.

As before, the design equation, when the axial load and moment are treated separately, is
given by

N
M

1
kc N res kcrit M res

(3.31)

Again, the stability coefficients kc and kcrit are evaluated from the results of the buckling
analyses discussed above. The two coefficients are evaluated for the same structural case
using the boundary conditions according to Fig. 3.9; kc based on a global in-plane buckling
analysis and kcrit based on the corresponding lateral-torsional buckling analysis. (For
robustness, also the situation when the guiding edge along the intersection due to shear
connection failure, i.e. when that edge is a free edge, should be considered)
For proper evaluation of the analyses discussed under point (2) (on Page 30) and the
application of Eq. (3.31), a principle discussion of the instability problems at hand might be
helpful in order to illustrate the buckling behaviour for corresponding solid complex crosssections subjected to only axial loads acting at the centroid of the cross-section. With
different locations of the centroid and shear centre torsional deformations may develop. If we
assume a linearized version of the problem, the y-z coordinates being the principal coordinate
axes, the loading applied so that the bimoment is zero and assume simply supported
conditions, the coupled critical load (N) can be obtain from the following determinantal
equation

( N cr,Ez  N )( N cr,Ey  N )

IP
( N cr,T  N )  N 2ey2 ( N cr,Ez  N )  N 2ez2 ( N cr,Ey  N )  0
A
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where the subscript E refers to the Euler type of column buckling, T to torsional buckling and
where ey, ez is distance between centroid and the shear centre in the two directions, A is the
area and Ip the polar moment of inertia about the shear centre, i.e.
I P  I y  I z  (ey2  ez2 ) A

(3.33)

The torsional or twist buckling load is given by

N cr,T 

A
2
( ECω 2  GJ )
IP
L

(3.34)

where Cω is the warping constant and GJ the torsional stiffness.
For a doubly symmetric cross-section as the X-section, i.e. ey = ez = 0, the determinantal
equation is reduced to
( Ncr,Ez  N )( N cr,Ey  N )( N cr,T  N )  0

(3.35)

i.e. to three uncoupled buckling equations, two conventional Euler type of column buckling
loads, one in each direction (both being of equal value) and one pure torsional buckling load.
For a symmetrical section, the torsional buckling load tends to be smaller only for short
columns.
For a singly symmetrical section, i.e. ey = 0, the extreme case being the T-section, the
determinantal equation is reduced to

I

( N cr,Ey  N )  P ( N cr,Ez  N )( N cr,T  N )  N 2ez2   0
A


(3.36)

i.e. the first term corresponds to the Euler type of column buckling load in the plane of
symmetry and the second to a coupled lateral-torsional buckling load expressed as
N cr,CLT 

( N cr,Ez  N cr,T )  ( N cr,Ez  N cr,T )2  4(1  Aez2 /I P ) N cr,Ez N cr,T
2(1  Aez2 /I P )

(3.37)

These are the effects of the axial load alone. Then we have the effects of the moment alone
and/or of the axial load and moment combined. Since the focus is not on global and lateraltorsional buckling, only some overall comments are given here. As discussed in section 3.4.3,
the analyses and evaluations according to points (2) and (3) above should be considered for
the whole element as well as for the most strained part in the bottom floor together with the
proper first or second order moments. Also, both separation of the effects of axial loads and
bending moments and/or the combined effect of the two should be evaluated. For the Tsection as illustrated above, the Euler type of column buckling is represented by the
parameter kc,y , which should be evaluated as before, but now for a T-section instead of a Isection. The corresponding parameter kc,z needs to be related to and evaluated for the
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situation with lateral-torsional buckling in the presence of axil loads. With respect to kcrit ,
corresponding analyses and evaluations need to be considered.
To be more complete, the following design situation during the erection stage could also be
considered according to Fig. 3.11. This case corresponds to the one shown in Fig. 2.6e. Fig.
2.6e is the only case that needs to be considered in the erection stage. The situation
corresponding to Fig. 2.6a is self-stabilising for T-, L- and X- sections. Only if a single basic
stabilising element (I-section) would be used, some kind of bracing is needed during the
erection.

Fig. 3.11. A design model for the erection stage.

(4) Evaluate the lateral-torsional buckling when there is a free edge along the total height of
the four storey building. Otherwise, the case is the same as the previous one, except that
all vertical loads are concentrated at the roof level (the self-weight of each floor can be
neglected). The wind load is reduced corresponding to the width of the stabilising
element.
Lateral-torsional buckling will in detail be presented later and not be included in this thesis.
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4 Methodology of Analyses and Results – Initial Studies
4.1 Introduction
As described in previous chapter, some structural analyses are necessary to be performed for
the design of the Trä8 stabilising wall element. The set of required analyses should ensure
safety of the structure from the early stage of erection and assembly to the final usage and
residence. Therefore the set of structural analyses expressed in Chapter 1 and 3, should be
performed, here with a focus on deformations and local buckling of the sheathings.
To be able to optimise the structure for its maximum efficiency, it is reasonable to remove the
simplifying assumption to enhance the accuracy and reliability of the analyses and
incorporate the maximum number of effective geometric and material property parameters. In
the following, we represent a brief description of the basics of the performed comprehensive
analyses.

4.2 Deflection analyses of the stabilising element
Accurate deflection analysis of the stabilising element is of importance for design according
to the serviceability limit state. The goal is to obtain and introduce some explicit simple but
general and accurate formulae for the deflection of an arbitrary composite box-type element
covering a wide range of numerical values for the geometric dimensions as well as composite
material properties of the constituents. In this way, it would be very easy to examine the
influence of all parameters on the deformations which is important for an optimal design.

4.2.1 Analytical model for cases with medium values for web stiffness
The stabilising wall element of the Trä8 system in a multi-storey building, acts as a cantilever
beam subjected to point load from wind (Fig. 3.2). Different beam theories including shear
effects will be used and compared when analysing the deflection of this element.

4.2.1.1 Euler-Bernoulli theory for a composite cross-section
The first choice for deflection analysis of such structure is the simple Euler-Bernoulli theory
for composite cross-sections. In paper I, a simple analysis has been performed based on this

35

Structural Analysis of Deep Composite Box-Type Components

theory for comparison. Maximum deflection based on this theory is obtained as

w0,max 

H w L3
3Dxx

(4.1)

where H w is the point load from wind, L is length of the element corresponding to the
height between two floor levels, and Dxx is the equivalent bending stiffness of the element
about its stronger axis of the cross-section and is defined as

2
1
1
 1
Dxx  E1b  h 2h1  hh12  h13  h23   E2th 3  ( EI )eq
3
12  6
2

(4.2)

Parameters in Eq. (4.2) are some geometric or mechanical properties of the sub-elements and
are indicated in details in Paper I.

4.2.1.2 Timoshenko theory for a composite cross-section
The results of Euler-Bernoulli theory are of course unreliable for deflection analysis of the
stabilising element. Since the stabilising element has a deep cross-section, shear deformations
play an important role in addition to the normal bending deformations. The Euler-Bernoulli
theory only capture the bending deformations, and hence, a shear deformable theory like
Timoshenko can be proposed as a next choice for the deflection analysis of the structure. In
Paper I, the formula based on the aforementioned theory is obtained as

w0,max 

H w L3 1 H w L

3Dxx Ks Axz

(4.3)

where Axz is the equivalent shear stiffness of the composite cross-section along the depth
direction of the cross-section and is defined in terms of some geometric dimensions and
property parameters as follows
Axz  G1b  2h1  h2   2G2th  (GA)eq

(4.4)

In Eq. (4.3) an extra term to Eq. (4.1) turns up which represents the shear deformations. The
extra term has a coefficient 1/Ks , known as magnification factor or shear deformation
coefficient ( K s is the shear correction factor), used to compensate the error due to the
constant shear strain distribution through the depth of the beam.

4.2.1.3 Reddy-Bickford theory for a composite cross-section
Although, the Timoshenko theory includes the shear deformations, this theory gives a
constant transverse shear deformations through the depth of the element. Reddy-Bickford
theory as a more accurate shear deformable theory, also known as higher-order shear
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deformation theory, considers a non-uniform parabolic pattern for shear strain distribution
through the depth. In this way, zero-shear stress condition at the two sides of the element can
be satisfied. Therefore, more reliable deflection prediction is expected from this theory
compared to the Timoshenko theory with constant common magnification factor for
rectangular-type of cross-sections. In Paper I, the following explicit formula is introduced for
the deflection of the Trä8 stabilising element:
w0,max 

H w L3 H w L  D xx 



3Dxx
Axz  Dxx 

2

 tanh( L) 
1 
 L 

(4.5)

where the parameter  as well as the higher-order stiffness parameters and stress resultants
are defined as



3h 2
4

Axz Dxx
H xx Dxx  Fxx 2

(4.6)

and
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(4.7)
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H xx  E1b  h 6h1  h 5h12  h 4h13  h 3h14  h 2h15  hh16  h17 
h2  
E2th 7
16
8
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2
7
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This theory does not need any correction or magnification factor. However, its results are
valid only for deep composite elements with solid rectangular cross-sections.
4.2.1.4 Accurate energy-based formulation
It was shown in Paper I that the results of Reddy-Bickford theory gives more accurate values
for the deflection than the other theories for deep composite elements. However, its accuracy
is not adequate for the Trä8 stabilising element when the results are compared to accurate 3D finite element (FE) simulations with ABAQUS or ANSYS. Therefore, even this theory is
not reliable for design of such box-type composite element. Except from the considerable
shear deformations in a deep element, there exists another important effective issue. It was
observed that the ―error‖ of the Reddy-Bickford theory diminishes for elements with small
hollow areas in the cross-section. In fact, high jumps in the shear stress distribution through
the depth of a box-type beam causes a higher deflection than what was expected. In Paper I, a
simple energy-based analytical methodology is established by including a more realistic
pattern for the discontinuous shear stress distribution on the area of the cross-section of the
element.
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The model is based on linear elastic conditions as well as full interaction between the framing
and sheathing components in the composite section. It is worth noting that, although this
model has been established for a deep composite cantilever with symmetric box-type of
cross-section like the Trä8 stabilising element, it can be used for other similar cross-sections
with abrupt variations of geometry and properties. This model is based on using an equivalent
shear angle for the whole cross-section, as shown in Fig. 4.1.

Fig. 4.1. Equivalent shear strain (  eq ) uniformly distributed over the cross-section of a composite
beam subjected to a shear force V(x).

This model is also based on the assumption of Bernoulli‘s hypothesis of normality for the
whole cross-section. Therefore, this method is suitable for medium-rise web thickness and
shear stiffness ranges. Based on this model, the expression for the maximum shear deflection
for a cantilever is given as

wmax,shear 

1 HwL
Ks GA0

(4.8)

which is the same as the equation based on Timoshenko theory. In this equation, the total
shear stiffness of the different cross-sectional parts, GA0 , is given by
GA0   Gi Ai

(4.9)

where Gi and Ai are the shear modulus and the corresponding area of the i-th material,
respectively. This stiffness value can also be written as, GA0  Geq,tot Atot , where Atot is the
total area of the cross-section and Geq,tot is the equivalent shear stiffness for the whole crosssection. The expression for the derived shear correction factor (Ks) in Paper I was given as
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1

h/2


EI 2 
[ ES ( z )]2
EI 2 
[ ES ( z )]2
Ks    
d
A

dz 


2

GA0  A Geq ( z )[d ( z )]
GA0   h / 2 Geq ( z )  d ( z ) 


1

(4.10)

where EI  is the total bending stiffness (including the sheathings) of the whole cross-section
(corresponding to a fully composite cross-section with no interlayer slips), and ES ( z ) is the
first moment of the axial stiffness of the sheared area at the z-level, i.e.
ES ( z )   E x ( y, z ) z  dA 
As

h / 2

d /2



h / 2

  E x ( y, z ) z  dz   dy
 b / 2 t  z

b / 2t

   E ( y, z ) z  dz   dy  
x

d / 2

z

(4.11)

and d ( z ) is the width of the whole cross-section at the z-level, and the equivalent shear
modulus at the z-level, Geq ( z ) , is expressed as

Geq


( z) 

Az

G ( y, z )dAz



Az

dAz



[

d /2

G ( y )dy ]( z )

d / 2
d /2

[

d / 2

dy ]( z )



[ n Gn d n ]( z )
[ n d n ]( z )

(4.12)

where Gn, dn are the shear modulus and the corresponding width, respectively, of the n-th
material at z-level. This modulus is obtained by introducing a shear angle at the z-level
assumed constant over the whole width of the cross-section as  ( x, z)   ( x, z)/Geq ( z) for
d /2  y  d /2 , where  ( x, z ) is the equivalent shear stress assumed uniformly distributed

over the whole width d(z) at the z-level (independent of y). The shear modulus for a constant
composite cross-section varies in general with respect to both y- and z-axis, i.e. G( y, z ) , but
to be consistent with the assumption above an equivalent shear modulus valid for the whole
width of the cross-section at each z-level is needed, i.e. G( y, z)  [G( y )]( z )  Geq ( z ) . Thus, this
modulus is a kind of average shear modulus along the width of the cross-section, varying in
general in the z-direction. The equivalent shear modulus is evaluated as the shear stiffness
over the corresponding area at a certain z-level, i.e. for an area strip in the y-direction of unit
depth in the z-direction ( dAz  dy  1 ). Therefore, unlike the previously described conventional
composite beam theories, this model is capable of including the high jumps of the shear stress
through the depth of the element as a result of abrupt changes in the geometry of the crosssection like holes.
An explicit formula for the shear deflection of the Trä8 stabilising element based on Eq.
(4.10) is given in Paper I in the form:

Ks 

2
 1
( EI )eq
 b 2t 
1 
  (1  22 ) 
3 

2 
(GA)eq  (b  2t )  G1 G2 
G2t 

1

(4.13)

in which the coefficients i (i  1,2,3) are defined in details in Paper I. It has been
demonstrated in Paper I, that this model accurately predicts the deflection of a deep
composite box-type element like the Trä8 stabilising wall element.
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4.2.2 Analytical model for cases having weak shear web
Although the previous energy-based model gives accurate deflection estimation for such a
composite box-type element, it can be proven that it is valid for sufficiently large web
thicknesses or shear stiffnesses. In other words, for structures with weak shear webs, the
previous model assumption of equivalent shear angle will not be valid anymore. That model
works well for ordinary practical ranges of geometrical and property parameters, but not for
situations when the web is very weak in shear. Thus, another specific model is required
which is established and presented in Paper II.
For the previous model, by examining the parameter Geq ( z ) it becomes obvious that it equals

Gsh at the level of the sheathing (sh) or web (w) between the framing members. If this value
tends to zero for very thin shear webs or for very low shear rigidities, the shear correction
factor also tends to zero and, therefore, the shear deflections tends to infinity. Mechanically,
this means that the interaction between the framing members is decreasing and they will
increase in sliding relative one another. Evidently, the finite real deflection value of the
structure is corresponding to a case with non-composite interaction between the subelements. Therefore, another type of model is developed in Paper II to include small shear
stiffness or thickness values of the webs.

4.2.2.1 Deformation characteristics of elements having weak shear webs
Results of an accurate 3-D finite element simulation for the static deformation of a box-type
element like the Trä8 stabilising wall element with weak shear webs under transverse loading
show a relative displacement between the framing members, cf. contour plot shown in
Fig. 4.2.

Fig. 4.2. Relative displacement between the framing members in ANSYS simulation of bending of a
clamped stabilising wall element due to weak shear webs.
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This behaviour is similar to the behaviour of a sandwich-type of beam. There is an
equivalence with respect to the fundamental behaviour and governing differential equations
between shear connections (lap joints mechanically or adhesively jointed), see e.g. the
fundamental works [3-8], sandwich constructions (sandwich beams and columns with cores
of low shear rigidity), see e.g. the fundamental works [9-11], and composite structures with
interlayer slip, see e.g. the works [12-15]. The equivalent slip modulus for the sheathing
depends on its shear modulus, thickness and height.
In the new model, the shear effect of the web between the framing members is modelled as an
interlayer with a shear stiffness corresponding to a slip modulus in a partially interacting
composite beam and the relative displacement between the framing members corresponds to
a slip. This model for the shear deflections is valid for small thickness or very low shear
stiffness values of the web. Thus, three parallel framing members of glulam is considered
with Timoshenko-based shear strains. Additional shear strain is considered at the web
interlayers using a shear spring model for the weak shear web. A more realistic deformation
according to the new model in illustrated in Fig. 4.3.

Fig. 4.3. Perspective of the cross-section of a general non-symmetric in a deformed state due to ―shear
slip‖ between the framing members. The digits 1, 2, and 3 refer to the respective framing member
including the sheathing on each side.

4.2.2.2 Mathematical establishment of the new model
To mathematically establish the new model, an equivalent partial composite interaction
theory together with the Timoshenko assumption are employed here. To this end, the total
potential energy of the system is formulated, taking the bending and shear deformations
(according to the Timoshenko model) into account together with the additional shear weak
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behaviour of the webs. A basic uniform shear model is assumed, i.e. each framing member
and sheathing is supposed to deform equally in shear (cf. [14]). The additional shear
deformation of each web is modelled as an interlayer having a corresponding slip modulus.
However, the axial and bending stiffness of each web is also taking into account. These
effects are in general not always small, and therefore, cannot be neglected. In fact, the normal
force in the web affects not only the axial stiffness, but also the bending stiffness according to
Steiner‘s theorem. To cover all necessary effects in the new model, the total potential energy
is written by taking into account:
– strain energy due to axial displacement of each three framing members;
– strain energy due to axial displacement of the two sheathing interlayers;
– strain energy due to identical transverse deflection within the three framing members
and the two sheathing interlayers;
– strain energy due to identical shear angle within the three framing members and the
two sheathing interlayers;
– strain energy due to bending of the three framing members and the two sheathing
interlayers;
and
– strain energy due to shear slip at the two sheathing interlayers (additional shear
angle).
It is obvious from the above-explained energy terms that the shearing effects of the
sheathings are divided into two separate categories: (1) the same conventional shear
deformations for all different parts of sheathings (including the parts glued to the framing
members and the interlayer ones) as those of the framing members; and (2) the additional
shear deformations of the webs modelled as interlayer slips due to the relative axial
displacements between the framing layers. Details on potential energy equations as well as
implementation of the minimum total potential energy principle, for obtaining the set of
differential governing equations and pertaining boundary conditions, are presented in
Paper II.
To make the model mathematically simple, the axial displacements of the sheathing
interlayers or webs are defined in terms of those of the upper/lower framing members. In this
way, the number of unknown functions is reduced and the model and analysis is simplified.
Therefore, it is assumed that (see Fig. 4.4):
ush,1-2   u1

(4.14)

ush,2-3   u3

where  is a proportional factor. The above equation is based on the fact that the axial
displacement of any sheathing interlayer is proportional to that of the neighbour framing
member. Obviously, this assumption is valid for a linear elastic range of deformations.
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Fig. 4.4. Illustration of the axial deformations of the stabilising wall element with weak sheathings
and considering a symmetrical cross-section.

Fig. 4.4. shows the state of axial deformation of different framing layers and the interlayer
sheathings of the stabilising wall element with a symmetric cross-section. In this figure, a
straight dashed line in red shows the location of axial deformation vectors in absence of the
additional shear slip due to the weak shear webs. In fact, the additional shear deformations in
the web interlayers cause a relaxation in the axial deformations and reduce them. The
corresponding location of the axial deformation vectors is determined in Fig. 4.4 by some
continuous segment lines in blue having different slopes. To be able to present an
approximate simple engineering formula for the coefficient,  , a straight dashed line in black
is depicted approximately passing through the end points of the axial deformation vectors.
From the geometry of the vectors in Fig. 4.4, one can be obtained
ush,1-2 ush,2-3 hsh


u1
u3
h0

(4.15)

where hsh is the distance between the centroid of the corresponding interlayer web to the
centroid of the intermediate framing member. Comparing Eqs. (4.14) and (4.15), the
proportional factor can be expressed as


hsh
h0

(4.16)

Although the obtained equation for the proportional coefficient is not exact, it represents a
sufficiently accurate engineering formula. It has been shown in Paper II that Eq. (4.16) results
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in a correct definition of the bending stiffness corresponding to a full-composite interacting
cross-section.

4.2.2.3 Appearance of an extra shear deflection term
The set of differential governing equations of the new model has been solved analytically
using a powerful mathematical reformulation method. Also, all the required boundary
conditions were exactly satisfied (Paper II). An explicit formula was achieved for the
maximum deflection of the proposed partial composite model. This formula is written in the
form
w

H w L3 1 H w L 2(h0 EA1,sh )


3EI  Ks GA0
kEI 2

2

 tanh( L) 
1   L  H w L

(4.17)

Comparing Eq. (4.17) with Eq. (4.3) for the deflection of the same element based on the
conventional Timoshenko theory reveals the fact that the first two terms of both equations are
exactly identical. However, Eq. (4.17) has an extra term corresponding to the additional
deflection due to the weak shear web or weak sheathing interlayers. In fact, missing the third
term in the conventional theories explains their underestimation of the deflection. This error
grows as the shear stiffness of the webs decreases.
The upper and lower limit of the deflection according to Eq. (4.17) are related to noncomposite and fully composite situations, respectively. i.e.:
–

Upper limit: non-composite interaction:

lim w 
k 0

–

(4.18)

Lower limit: full-composite interaction:

lim w 
k 

H w L3 1 H w L

3EI 0 Ks GA0

H w L3 1 H w L

3EI  Ks GA0

(4.19)

In fact, Eq. (4.19) represents the deflection in an element without the additional shear strain
in the webs or sheathing interlayers. This model is more appropriate for composite elements
having a fully solid cross-section.

4.2.2.4 A simple model for determining the interlayer slip modulus
A simple formula has been introduced in Paper II for the slip modulus corresponding to the
additional relative slip of the sheathing interlayer. It is based on considering a panel of unit
length consisting of a web bounded by the framing layers subjected to pure shear  0 as shown
in Fig. 4.5.
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Fig. 4.5. A two dimensional model of the sheathing between the framing layers under pure shear.

The framing layers and the sheathing interlayer are of thickness b  2t and 2t , respectively.
Therefore, their equivalent shear moduli are different for identical shear load between the
framing and the web with different thicknesses. Consequently, additional shear strain and the
corresponding slip modulus of the sheathing can be calculated. In Paper II, the following
simple equation was proposed for the slip modulus of the shear webs:
k

 2tGsh  2t
2t
 1 
 Gsh
uslip 
bGf  hw

(4.20)

It is shown in Paper II that implementation of the obtained slip modulus together with Eq.
(4.17) gives accurate results for box-type composite beams with weak shear webs. Unlike the
previous energy-based model (Paper I), which gives accurate results only for box-type beams
with ordinary shear stiffness values for the sheathings (wooden box-type elements), the weak
shear web model (Paper II) gives adequate results for a wider range of shear stiffness values
including both wooden box-type and sandwich type of beams.

4.3 Local-buckling analyses of the sheathings of the stabilising element
As described earlier, the stabilising wall element of the Trä8 system has a box-type crosssection. The LVL sheathings on both sides of the element are thin narrow rectangular
composite plates between the relatively stiff glulam framing members. If we consider the
case in Fig. 3.2, the transverse point load will introduce shear and bending stresses, the LVL
sheathing between the framing members may be susceptible to local buckling. Here we will
start with the basic case when the element is subjected to pure shear stresses according to Fig.
3.3a. The aim is to derive simple but accurate formulae for the local buckling load that
include a wide range of the most decisive mechanical and geometrical parameters, and
thereby also be able to optimise the cross-section.
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Results of an accurate 3-D finite element in ANSYS software prove the fact that there exists a
quasi-uniform shear stress distribution around the boundaries of the LVL sheathings,
assuming that they are glued to the glulam framings. It means that the potential local buckling
of the LVL can be modelled as the shear buckling of a long narrow rectangular composite
plate; i.e. a plate subjected to uniformly distributed shear load around its edges.
Apart from the loading conditions and geometry, the material model should be clarified. In
fact, LVL is a laminated orthotropic composite, needing a suitable mathematical model for
the analysis. We will divide the analysis into two separate groups: (1) considering the LVL
sheathing between the frames as an equivalent single layer plate in shear with orthotropic
material characteristics. In this way, it would be possible to simplify the analysis and study
the effect of some parameters such as horizontal and vertical distance between the frames,
total thickness of the sheathings, equivalent longitudinal, transverse and shear stiffness of the
orthotropic material properties of the sheathings; such study has been performed in Paper III;
(2) modelling the LVL sheathings as a laminated generally orthotropic plate by including the
material properties of each individual layer into the analysis. In this way, it will be possible to
study the effect of some other parameters on the critical buckling loads like the number of
laminas, pattern of layup sequence, rotation angle of the layers or material orientation; this
type of study has been performed and presented in Paper IV.

4.3.1 Accurate shear buckling analysis of LVL as an equivalent plate
4.3.1.1 Fundamental assumptions of the model
First, we model the LVL sheathing between the framing members as a long narrow
rectangular plate subjected to pure shear stress around its edges. The plate is considered as an
equivalent single-layer specially orthotropic plate to make the analysis mathematically
simpler. It should be pointed out that a special orthotropic material is in fact a directional
composite material whose principal axes are parallel to the those of the coordinate system
(here parallel to the plate edges). Consider a narrow rectangular orthotropic plate of length a ,
width b and thickness t , subjected to a uniformly distributed shear load per length S xy as
shown in Fig. 4.6.

Fig. 4.6. Geometrical configuration and coordinate system of a narrow rectangular speciallyorthotropic plate subjected to a uniformly distributed shear load.
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A realistic type of boundary conditions might be the rotationally spring supports. Obviously,
the upper and lower limits of this type of edge conditions is clamped and simply-supported,
respectively. Therefore, consideration of hinged or simply supported type of edge conditions
results in the critical buckling loads on the safe side, whereas the clamped conditions yields
an overestimation for the critical loads.

4.3.1.2 Application of an appropriate theory for the model
Since the sheathing thickness-to-length ratio is less than 0.1 (e.g. this ratio is about 0.037 for
the reference LVL-panel) it can be considered as a thin plate, and hence, the classical plate
theory for orthotropic materials is utilised for the analysis of the model. This theory is also
known as Kirchhoff plate theory. It is worth to mention that this theory gives accurate results
for thin panels (usually with thickness-to-length ratios less than 0.1). The governing equation
of CPT for the orthotropic plates is expressed as

D11

4w
4w
4w
2w
 2( D12  2 D33 ) 2 2  D22 4  2S xy
4
x
x y
y
xy

where w

(4.21)

is transverse displacement, and D ij are stiffness coefficients of orthotropic

materials and are defined as follows
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12(1   12 21 )
12

(4.22)

in which E 1 and E 2 are modulus of elasticity of specially orthotropic material in x and y
directions, respectively; G12 is the in-plane shear modulus and  ij are the Poisson's ratios.

4.3.1.3 Solution strategy
Unlike the problem of normal buckling of plates, the shear buckling problem of plates is
mathematically described by differential equations having a term with odd-order of
derivatives with respect to each of the planar spatial coordinates. Therefore, their governing
equations cannot be solved exactly. Such problems are almost always analysed and solved
using different numerical approaches.
As described in Paper III, there are different types of numerical solution techniques, such as
Galerkin procedure, Rayleigh-Ritz, Lagrangian multiplier, finite strip, extended Kantorovich,
finite difference, finite element, differential quadrature, etc. Apparently, numerical solutions
have some deficiencies like convergence difficulties and being time-consuming compared to
analytical and closed-form solutions. Therefore, it is not easy and time-efficient to predict the
critical shear buckling loads and investigate the effect of various parameters by the use of
numerical solution approaches. In fact, the numerical solution procedure should be repeated
several times for investigating effect of a specific parameter. First, we utilise the differential
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quadrature method (DQM), as one of the mathematically simplest and efficient numerical
methods to accurately extract the critical buckling loads and their mode shapes. Next, we
introduce an approximate analytical solution for the problem.

4.3.1.4 Accurate DQ solution and programming
The differential quadrature method (DQM), as an appropriate method among various
numerical solution approaches, together with the classical plate theory of Kirchhoff for
specially-orthotropic materials is utilised here. This solution approach, like other full
numerical methods, is based on discretisation of the domain as illustrated in Fig. 4.7.

Fig. 4.7. Illustration of the DQ meshed narrow rectangular plate.

We define the transverse displacement w as a multi-polynomial through discretized points
W i , j  w (x i , y j ) in the domain:
Nx N y

w( x, y )  Wi , j f i ( x ) g j ( y )

(4.23)

i 1 j 1

where N x and N y are the number of grid points in x and y directions, respectively, and

f i (x ) and g j ( y ) are the Lagrange interpolation polynomials. Next, the governing partial
differential equation (4.21) is discretised in the form
Nx

Nx N y

Ny

Nx N y

k 1

k1 1 k2 1

k 1

k1 1 k2 1

D11  cik(4) Wk , j  2( D12  2 D33 )  cik(2)1 c jk(2)2 Wk1 ,k2  D22  c jk(4) Wi ,k  2S xy  cik(1)1 c jk(1)2 Wk1 ,k2 (4.24)

Definition of the Lagrange interpolation polynomials as well as the weighting functions c
and c are given in Paper III. After applying Eq. (4.24) for any grid point of the domain and
satisfying the boundary conditions, a set of algebraic equations is achieved in terms of W ij .
This set of equations can be written in the form of a matrix equation as follows

AW  Scr BW  0

(4.25)
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where A and B are two matrices of the coefficients, and W is the deflection vector in terms
of W i , j . Also, Scr is the critical shear load per length ( S xy ,cr ). The critical buckling loads and
their corresponding mode shapes can be extracted from a non-trivial solution for the matrix
equation (4.25).
A mathematical code is developed by programming in MAPLE software for to the described
DQ solution. It should be pointed out that this method is used to prove the accuracy and
reliability of the buckling loads predicted by a simple approximate closed-form solution,
presented in the next subsection.

4.3.1.5 An alternative approximate formula for the critical loads
As mentioned earlier, no exact analytical approach exists for the problem of shear buckling of
rectangular orthotropic plates. The computational numerical approaches are usually timeconsuming for obtaining the results with adequate accuracy. Therefore, it is reasonable to
find an efficient method for predicting the critical loads. This method should cover a wide
range of effective parameters and gives accurate results by an explicit formula for the critical
buckling loads.
The method we present here is based on assuming some simple two-dimensional functions
for the mode-shapes of the buckled panel. Results of some experimental studies reveal that
nodal lines between half-waves of mode-shapes of the buckled panel make an angle about 450
with the panel edges (see Fig. 4.8 [16]).

Fig. 4.8. A buckled long narrow rectangular plate in shear [16].

It is worth noting that the mentioned angle will deviate from 450 by changing the material
properties and orientation. Suitable functions which include the skew nodal lines in mode
shapes, for both types of simply supported and clamped edge conditions, can be represented
in the form [17-19]
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(4.26)
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where the subscripts ‗S‘ and ‗C‘ indicate the simply supported and clamped edge conditions.
We start by extending the method of Timoshenko and Gere [19] for the orthotropic narrow
rectangular plates and considering both simply supported and clamped boundary conditions
to obtain, respectively, lower and upper limits of the critical loads.
In Eq. (4.26) L and  represent the length of half-waves of the buckled plate and the slope
of the nodal lines with respect to the width direction of the plate. These two parameters will
be determined form minimisation of the mechanical energy equation. It should also be
clarified the fact that the assumed mode-shape functions approximately are not capable of
satisfying the boundary conditions at the two short edges, whereas the boundary condition of
longer edges are almost satisfied. This deficiency will result in a lower edge stiffness and
consequently, an underestimation might be expected for the obtained critical loads. However,
this error will be compensated by an overestimation due to considering straight nodal lines
assumption in the nature of the abovementioned shape functions, rather than curved nodal
lines observed from the exact solutions (see Fig. 4.9). Therefore, acceptable accuracy is
expected by this method for the long narrow plates.

Fig. 4.9. Curved nodal lines deduced from an exact solution for the long plate in shear [20].

The work done by the external forces and the strain energy during the buckling of the plate
should be set equal to each other; i.e. T  U . These energy terms, for speciallyorthotropic plate are expressed as
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Using the assumed buckled shape functions together with equating the work of external
forces and the strain energy during the buckling will result in some expressions for the
critical buckling loads in terms of the undetermined parameters length of half-waves ( L ) and
the angle of the nodal lines (  ). These two parameters should be determined in such a way
that minimise the buckling load. Details of the mathematical procedure have been presented
in Paper III. Eventually, a closed-form formula is obtained for the fundamental critical
buckling load in a compact form as

Scr  ks

 2 D11
b2

(4.28)

in which the dimensionless buckling coefficient k s is represented as

ks 
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(4.29)

Other parameters and coefficients in Eq. (4.29) are provided in Paper III. They can be
changed for either a simply supported or clamped plate.
Comparing the obtained results from the previously described DQ solution and those based
on this approximate method reveals that the obtained closed-form formulae accurately predict
the critical buckling load of a narrow rectangular orthotropic plate in shear, but, the accuracy
decreases when the plate aspect ratio decreases. To enhance the validity range of the obtained
formulae for lower values of the plate aspect ratio and generalize them, we propose a simple
practical modification factor ( Cmf ) to be multiplied by the dimensionless coefficient k s in the
form
Cmf  1 

3/E  1
4 (a /b)4  1

(4.30)

Comparing the numerical results obtained from the differential quadrature (DQ) code with
those based on the simple approximate buckling formula proves the high accuracy of the
proposed closed-form formulae for predicting the critical buckling load of the rectangular
orthotropic plates in shear for any arbitrary range of plate planar dimensions and aspect
ratios. Evidently, fast and easy prediction of the critical buckling load is the main advantage
of the obtained closed-form formulae over the numerical studies.

4.3.2 Shear buckling analysis of the LVL-panel using a laminated theory
Previous study for the local buckling of the stabilising element was on the basis of
considering the LVL as a single layer plate with equivalent especially-orthotropic mechanical
properties. That study provided a sufficiently accurate formulation for studying the effect of
various effective parameters. The validity of the proposed formulae was examined by the
developed DQ code, and the accuracy of the DQ solution itself, was verified using some FE
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simulations by means of ANSYS software. However, the previous study is not capable of
investigating some parameters such as the influence of different pattern of lay-up and the
material properties of each individual lamina in the LVL structure. Furthermore, the effect of
rotation angle of material orientation on the fundamental critical load is of interest. Therefore,
another model is needed for such analysis. That study has been performed in Paper (IV).

4.3.2.1 Basic assumptions of the new model
Target of this study is to incorporate the effect of each lamina of LVL and model it as a
laminate. In this way, it will be possible to study the influence of each layer properties, lay-up
pattern, etc. Moreover, the effect of rotation angle of the material orientation on the critical
buckling load can be investigated for reaching the maximum load capacity of the structure.
Linear elastic behaviour in deformation before buckling is assumed for the LVL sheathing.
The sheathing is sufficiently thin, and therefore, the out-of-plane shear stress components can
be neglected. Also, perfectly bounded condition is considered for the LVL laminate since the
laminas are glued and pressed during their production. Since all of the productions of Kerto
LVL are symmetrically laminated, we apply this assumption into our model.

Fig. 4.10. Coordinate system and geometry of a narrow rectangular generally orthotropic laminated
plate under pure shear load.

Again, we model the LVL sheathing between the framing members of the stabilising element
as a long narrow rectangular thin plate. However, the plate is a laminate composed of several
number of orthotropic layers. Therefore, a long narrow rectangular thin N-ply laminate of
length a , width b and total thickness t , subjected to a uniformly distributed shear load per
unit length S xy around its edges is considered, as shown in Fig. 4.10. It is assumed that the
LVL is, in general, fabricated in such a way that their edges are not parallel to the axes of
material orientation of each ply and an arbitrary angle  is considered between the long
horizontal edges and the fibre orientation of the face-plies. Such type of material can be
categorised as a generally-orthotropic material. As mentioned earlier, one of the other
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assumptions of our new model is symmetrically lamination of the LVL with respect to its
middle plane (Fig. 4.11).

Fig. 4.11. Through-thickness (transverse) location of each ply with respect to the mid-plane in a
symmetric laminated plate.

4.3.2.2 Application of a suitable theory for analysis of the new model
The classical laminated plate theory is utilized here to study the shear buckling of thin
laminates. The governing equation of this theory for a symmetrically laminated general
orthotropic plate is represented as
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where w is transverse displacement, and Dij are some stiffness parameters for the laminated
generally orthotropic material. It should be noted that for a symmetrically laminated plate, the
in-plane part of the governing equation is uncoupled from the transverse part and, therefore,
only Eq. (4.31) should be solved for the stability problem. An angle  is considered between
the principal axes of orthotropic material of face-plies and the longitudinal plate edges (Fig.
4.10). Therefore, the stiffness parameters Dij are defined as

Dij  

t /2

 t /2

Qij z 2dz 

1 N (k ) 3
Qij ( zk  zk31 ),
3 k 1

(i, j  1,2,6)

(4.32)

where zk and zk 1 represent the distance between the middle surface of the laminate to the
upper and lower surfaces of the k-th layer, respectively, as shown in Fig. 4.11. Also, Qij are
the coefficients of transformed stiffness matrix and are related to the stiffness coefficients of
the stress-strain matrix Qij (corresponding to a special orthotropic plate or the case in which
the principal material axes are parallel to the edges of the plate; i.e.   0 ) as
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The coefficients Qij , for the k-th layer, are expressed as follows
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in which E 1 and E 2 are modulus of elasticity in x and y directions, respectively; G12 is
the in-plane shear modulus and  ij are the Poisson's ratios.
The above-described theory can properly cover the model and the considered assumptions.
Next, an appropriate solution methodology should be utilised.

4.3.2.3 Solution approaches – accurate numerical and approximate analytical methods
Similar to the previous study for the shear buckling of single-layer especially-orthotropic
plate, we utilise the DQ technique to accurately solve the problem, and then, some closedform approximate solutions are presented for the problem for easy and fast study of the effect
of various parameters on the critical loads and mode-shapes for the optimal design.
The DQ discretisation method was applied to the governing equations described in
Subsection 4.3.2.2 as well as the set of boundary condition. Next, the set of resulted algebraic
equations recast into a matrix equation format. The determinant of the coefficient matrix
vanishes for a non-trivial type of solution and the eigen-buckling loads as well as the eigenfunctions for the corresponding mode-shapes are extracted. Details of the solution procedure
has been presented in Paper IV.
A programming code has been developed using MAPLE software and based on the foregoing
DQ solution procedure. This code is given in Appendix A.
Next, some closed-form approximate, but sufficiently accurate, solutions are introduced for
easy and fast estimation of the critical buckling loads as well as their corresponding modeshapes. The solution approach is based on the assumed shape functions by Eq. (4.26) and
minimisation of the energy equation for both types of the soft hinged and stiff clamped edge
conditions. Finally, some explicit formulae are achieved for the fundamental critical buckling
load as
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Scr  ks
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where the dimensionless buckling coefficient ks , for the simply supported panel (as an
underestimation for the critical loads) may be express as
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and for the clamped panel (as an overestimation for the buckling loads) is obtained as
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where the half-wave lengths can be calculated from the following equations
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The slopes of nodal line  S and  C can be determined from some algebraic equations.
Details on the procedure and parameters are provided in Paper IV.
It can be shown that the above equations are simplified for a single-layer isotropic case as
Scr  k s

 2D

(4.39)
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where
ks,S  4 2  5.7,

ks,C  (8/3)( 3  1) 4 3  9.6

(4.40)

It has been proven in Paper IV that the proposed closed-form formulae can be easily used for
efficient and reliable prediction of the critical loads of the laminated LVL in shear.
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5 Example of Application – Local Post-Buckling
5.1 Introduction
As an example of a design procedure, where the theoretical analyses and results presented in
the thesis are applied, local post-buckling resistance of the LVL-panels subjected to pure
shear is studied. A simple analytical model and numerical verification is presented.
The stabilizing element in Figures 2.5 and 3.2 with framing members of glulam and sheathing
of laminated veneer lumber (LVL). The thin LVL panels between the framing members are
modelled as narrow rectangular orthotropic plates under distributed shear load. Since the
point load acts as a shear load, the force on the framing members introduce a distributed
shear load along the edges of the sheathings. Therefore, the sheathings between the framing
members are susceptible to shear buckling.
Due to the existence of stiff framing parts in the stabilising wall element, the external load on
the structure can be increased after the pre-buckling of the sheathings until the ultimate
failure of the LVL panels. Depending on some parameters like thickness of the LVL panels,
the load capacity of the structure in some cases is considerably more than the calculated
eigen-buckling values. Therefore, it is reasonable to analyse the post-buckling of such boxtype beams.
Here, a simple explicit model is presented to estimate the post-buckling load capacity of the
structure. The sheathings between the framing elements are considered as narrow rectangular
orthotropic plates subjected to pure shear. Norris failure criterion is employed to estimate the
maximum shear load. Since the model is based on some simplified assumptions, several
accurate 3-D finite element (FE) simulations are performed using ANSYS software to
analyse the post-buckling behaviour of the structure and measure the final shear load
corresponding to the strength and failure of the LVL panels. A simple design formula is
proposed based-on the accurate FE simulations. It is seen that the simple design formula is
consistent with corresponding procedures given in the Eurocode.
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5.2 Problem analysis
Post-buckling phenomenon is inherently a nonlinear problem needing numerical algorithm
for solution. Therefore, simple analytical models can only be achieved by considering some
simplified assumptions. Such simple models should always be modified to lead to reliable
results. First, a simple closed-form formula is presented for predicting the maximum shear
load corresponding to failure of the LVL by using an analytical approximation. This simple
hand calculation model can capture the essential features of the post buckling resistance.
Some assumptions included in the model lead to an overestimation of the predicted postbuckling resistance, and therefore, the hand calculation results need to be compared to results
obtained by more advanced and accurate numerical or FE-analyses of the problem. Hence,
several accurate 3-D FE simulations are performed using ANSYS software to verify the
presented explicit formula. Finally, based on the 3-D FE results, a practical engineering
design procedure is proposed, which rests on the same basic principles as used for design
against instabilities in many design codes (e.g. the Eurocodes for steel, timber and
aluminium).

5.2.1 A simple analytical model
Suppose that a rectangular web panel is subjected to a state of pure shear, i.e. a uniform shear
flow acting along its four edges, as shown in Fig. 5.1. This state of stress is quite similar to
what a web panel in the Trä8 stabilising wall element system is affected by.

Fig. 5.1. Web panel subjected to uniform shear as a simplified model of the stabilising element.
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The web itself may fail in two different ways depending on its slenderness: either pure panel
shear – without any buckling – will limit the resistance if its slenderness is low or it will fail
in shear buckling if its slenderness is high (but not extremely high). Here a simple hand
calculation model – which can capture the essential features of the post buckling resistance –
is proposed. This model is based on the rotated stress field method developed by Professor
Torsten Höglund. The method is, in contrast to the tension field theory, capable of
determining the post-buckling resistance for webs without closely spaced stiffeners. He
originally proposed the method for thin steel webs using von Mises failure criterion [21,22].
He also applied it to wood webs [23]. Here this model will be applied to orthotropic LVLpanels using Norris failure criterion [24].
In Fig. 5.2a a part of the sheathing subjected to a state of pure shear is shown, i.e. a flat web
panel prior to buckling. Fig. 5.2b shows the assumed state of stress during post buckling. For
such a state to exist three basic assumptions must be made:
(1) Transverse web stiffeners must be present, at least at the supports and at any free end.
But no more stiffeners than that are needed, such that the free distance between them can
accommodate a number of shear buckles. If, however, the distance is small the true
resistance is greater than predicted by the presented model; as the framework comprising
flanges and stiffeners may themselves carry substantial shear forces. Observe that no
post-buckling resistance is possible at all if no transverse stiffeners are used. For such
cases the web panel would simply collapse as the shear stress  approaches the critical
stress for a linear elastic plate without imperfections.
(2) The flanges can move freely towards each other, such that the stress  90  0 . This is a
reasonable assumption away from transverse stiffeners, as long as the distance between
them is large.
(3) The longitudinal stress  0 must be anchored in the web stiffeners and by some
compression in the flanges.
Now, by considering the state of stress within a single buckle and by introducing a reasonable
failure criterion for such stresses a prediction of the resistance can be made. First, let us study
the stresses at the mid-thickness of the plate for a small triangular cut-out of length dx as
shown in Fig. 5.2c. The principal axes are indicated by 1 and 2, while the angle between the
longitudinal axis (x-axis or 0-axis) and axis 1 is denoted  . Observe that any stresses
because of flatwise bending of the plate are neglected; only membrane stresses are taken into
account. Force equilibrium in the 90-direction, remembering that  90  0 , gives

 2t cos 

dx
  t tan  dx  0
cos 

(5.1)

where the plate thickness is denoted t and  2 is the principal compressive stress. Eq. (5.1)
can be simplification as

 2   tan 

(5.2)
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τ
LVL

τ

(a)

σ90 = 0

σ0

σ0

σ90 = 0
(b)

dx

τ
β
2

σ0
1

σ2

(c)
Fig. 5.2. (a) Pure shear prior to buckling, (b) State of stress during post buckling (c) State of stress on
a small cut-out during post-buckling.
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Force equilibrium in the 0-direction gives

 0 t tan  dx   2 sin  t

dx
  t dx  0
cos 

(5.3)

which is simplifies, after introducing Eq. (5.2) into Eq. (5.3), to
 1

 tan  
 tan 


0   

(5.4)

Prior to buckling   45 and from Eq. (5.2) it is clear that  2   cr at the moment of
buckling. As the buckle starts to grow more rapidly it is reasonable to assume that  2 stays at
this value, while the longitudinal stress  0 or for that matter the principal stress  1 can grow
as the angle  changes. Indeed, this is the key assumption in this simple model. By setting

 2   cr in Eq. (5.2) we have
tan  

 cr


(5.5)

Note that  cr is the critical shear buckling stress for a linear elastic plate without any
imperfections. By substituting Eq. (5.5) into Eq. (5.4) the longitudinal membrane stress
affecting the web panel is expressed as
 

0   

  cr



 cr 

 

(5.6)

A failure criterion for the combined state of stress must be used to predict the resistance. The
Norris criterion reeds

(

0
f0

)2  (

 90
f90

)2  (

 0  90
f0

)(

f90

)(


fv

)2  1

(5.7)

where f 0 is the tensile strength in the longitudinal direction of the plate, f 90 is the
compressive or tensile strength (whichever is applicable) in the transverse direction of the
plate and f v is the panel shear strength of the web. In this case  90 is assumed to be zero (the
flanges are free to move towards each other in the area between the stiffeners, which are at a
long distance from each other). By using Eq. (5.6) in Eq. (5.7) we have a fourth order
polynomial in  that is
2

2

    cr    
 (  )     1
 f0  cr    f v 

(5.8)
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Solving Eq. (5.8) for  yields four roots (two real roots with opposite signs and two
imaginary roots). The positive real root is



1
fv

1
 f v  cr 2   f0  cr 2  f0  cr
2

1
 f0  cr 2  f v4   f v  cr 2
4

(5.9)

By rearranging in Eq. (5.9), it can be rewritten in a more compact form as

v 

R
1
2

1  2 

(1

) 2
( ) 1  1
4
fv
2

  4  2


(5.10)

where  is the relative slenderness parameter defined as



fv

(5.11)

 cr

and  is the strength ratio – between the tensile strength in the longitudinal direction and the
panel shear strength – defined as

 

f0
fv

(5.12)

and  v is the reduction factor that gives the panel shear resistance  R with respect to shear
buckling. Hence, Eq. (5.10) can be expressed as  R   v f v . It is clear that Eq. (5.10) equals
unity if   1 , which from definition (5.11) means that the pre-buckling shear load is
equivalent to the panel shear strength (i.e.  cr  f v ) and clearly, f v is actually is the upper
limit of the resistance. This means that Eq. (5.10) is only valid if   1 and that  v  1 if

  1.

5.2.2 FE simulations of the problem
The previously described simple explicit method is expected to overestimate the postbuckling resistance. Therefore, an accurate numerical simulation of the problem is needed.
Several accurate finite element simulations of the problem are carried out using some APDL
codes via ANSYS software. The entire stabilising wall element of the Tra8 system with
height between two stories at ground floor is modelled using 3-D solid elements to obtain
reliable results. Also, a fine mesh size is utilized (see Fig. 5.3).
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Fig. 5.3. Geometrical configuration and mesh size of the model.

The element is clamped to the substrate and is subjected to a transverse shear load at the
upper edge. Only half of the cross-section is modelled implying that torsion and lateral
bending of the framing members are restricted. Both web panels and framing stiffeners are
considered as orthotropic materials with equivalent mechanical properties. The equivalent
material properties used in the FE analyses are presented in Table 2.1.
Also, geometric dimensions of the element constituents are shown in Fig. 2.5. The planar
dimensions of each web rectangular panel between the framing members are 3000  727.5
mm. Different values of the web thickness are chosen for the analysis of the problem to
change the slenderness parameter. Both eigen-pre-buckling and geometrically nonlinear postbuckling problems are simulated to measure the shear load corresponding to the start of the
web instability as well as the final post-buckling resistance at failure. Fig. 5.4 illustrates the
solution and analysis algorithm of the problem.
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Linear elastic static solution of the
structure under uniform external load
including pre-stress effects

Eigen-buckling solution for
calculating the load coefficient
corresponding to the pre-buckling

Geometrically nonlinear static
solution of the structure under the
obtained coefficient load

The web panel fails
due to high stress
before instability

Yes

Checking the failure criterion if
the web fails at pre-buckling faze
or before
No
Incrementally increasing the external
load and continuing the nonlinear
static solution of the structure
No
Checking the failure criterion if the
web fails at this load intensity
Yes
Measuring the shear post-buckling
resistance

Fig. 5.4. Algorithm of the applied solution for the post-buckling analysis of the stabilising wall
element.

Recently, Atashipour and Girhammar [25] developed DQ solutions for the pre-buckling of
the web between the framing members. They considered the web as a narrow rectangular
orthotropic plate under pure distributed shear loads around the edges with two extreme edge
conditions. They provided the pre-buckling mode-shapes of the web. Eigen-buckling analysis
of the entire stabilising elements in ANSYS shows very similar mode shapes to those
presented by Atashipour and Girhammar [25]. For instance, the first two local pre-buckling
mode-shapes of the structure obtained from the FE simulations of the entire model are shown
in Fig. 5.5. These mode-shapes can be compared to those presented in Ref [25] based on a
simple model, re-illustrated in Fig. 5.6 for convenience.
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(a)

(b)
Fig. 5.5. The first two local pre-buckling mode-shapes of the stabilising wall element obtained from
ANSYS simulation; (a) symmetric mode, (b) anti-symmetric mode.
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(a)

(b)
Fig. 5.6. The first two pre-buckling mode-shapes of the web panel based on DQ solution for a
simplified model; (a) symmetric mode, (b) anti-symmetric mode, cf. [25].

In the next section, numerical values of the post-buckling resistance of the stabilising wall
element are compared with the results of the simple explicit model and a design curve is
proposed.

5.3 Results and discussion
In this section, the hand calculation numerical results are also compared to results obtained
by more advanced FE-analyses. Finally, a practical engineering design procedure is given,
which rests on the same basic principles as used for design against instabilities in many
design codes (e.g. the Eurocodes for steel, timber and aluminium).
Fig. 5.7 shows variations of  v from Eq. (5.10) as a function of  for different values of  .
Also, a comparison of the FE results of LVL panels is presented in the figure. The curve
labelled LVL has   26 MPa  4.5MPa   5.8 , which is typical for the kind of LVL
investigated here. The curve labelled   3 represents an isotropic material such as steel.
Fig. 5.7 also shows another extremely important curve, i.e. 1  2 , which exactly corresponds
to the critical stress. If reading  v from this curve, the two leftmost expressions in Eq. (5.10)
would give a resistance equal to the critical stress. Hence, the region between the critical
curve and the  -curves corresponds to the post buckling resistance.
It can be argued that the  -curves represent an upper limit of the possible resistance for long
web panels without transverse stiffeners except at each end of the panel. The reasons are:
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(a) The material must have some plastic response before failure, which especially will affect
the resistance when  is close to 1 (i.e.  cr is close to f v ). Clearly, this requires  v to
be slightly smaller than unity for   1 .
(b) The actual bending of the plate during buckling is not taken into account, not at the apex
of each buckle, nor at the flange-to-web and stiffener-to-web interfaces.
(c) The magnitudes of any initial buckles, i.e. geometric imperfections are not accounted for.
But, large initial buckles will reduce the resistance slightly more than small ones would.

1

v = R / fv

0.8

0.6

Kerto,  = 5.78
=5
=4
=3
Steel,  = 1.73
Euro code 5, design curve
Critical curve
3-D FE simulations

0.4

0.2

0

0

0.5

1

1.5

2

2.5

3

 = (fv /cr)

1/2

Fig. 5.7. Possible design curves for shear buckling of orthotropic plates. The theoretical curves
correspond to membrane stresses in the centre line of the sheathing and no bending stresses, and long
distance between the stiffeners.

However, it is important to realize that the geometry, boundary conditions and the shape of
the stress field affecting the plate can be effectively accounted for by using a critical stress in
Eq. (5.11) that actually captures these influences. The rest – when going for the real
resistance – is simply to establish one or more proper design curves that capture influences
(a) to (c) in the above list. This can be done by establishing design curves – probably located
between the lower bound 1/ 2 and the  -curves in Fig. 5.7. Such curves can be functions of

 and  that are fitted to experimental results and/or results from advanced FE-analyses. As
it is expected, it can be seen in Fig. 5.7 that the results of the 3-D FE simulations for  v are
lower than those based on Eq. (5.10) and higher than the critical curve from 1/ 2 . One
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particularly simple design curve would be ( 0.8  if   0.8 ), also shown in Fig. 5.7. This
design curve is in rather good agreement with the trend of the results obtained from the FE
simulations. Comparison of the design curve and the FE results reveals the fact that the
design curve is on the safe side.
This design curve is independent of the actual  -value. Its greatest merit is, however, that it
makes possible to derive an effective depth of the web panel that is simply a constant times
the thickness of the plate. Here this approach is demonstrated for the shear resistance of a
hypothetical girder with one web panel surrounded by flanges and transverse stiffeners. The
panel is subjected to a state of uniform shear around its four edges. Furthermore it is assumed
that the flanges and stiffeners do not contribute to the shear resistance, except that they
provide a restraining medium with respect to shear buckling of the web. The transverse shear
force resistance of such a panel is given by

VR   v tw hw f v

(5.13)

where tw and hw are the web thickness and depth, respectively. Assume now that shear
buckling is limiting the resistance such that  v  1 . With the shear buckling load expressed
as

 cr  ks

 2 D11
hw2 tw

 ks

2
 2 E1
tw
12 1  12  21  hw2

(5.14)

then the simplest design curve proposed in Fig. 5.7 together with Eq. (5.11) gives

v 

0.8



 0.8

 cr
fv

 0.8 ks

tw
 2 E1
 0.726 ks
12 1 12  21  f v hw

tw
E1
1



f
h
 12 21  v w

(5.15)

The shear resistance according to Eq. (5.13) can then be written as

VR  0.726 ks


E1

1 12  21 


tw  tw f v
f v 

(5.16)

in which the expression within the parenthesis can be considered as an effective depth of the
web panel, i.e.
hw,eff  0.726 ks

E1

1 12  21  f v

(5.17)

tw

With Trä8 as an example: E1  10.5 GPa, E2  2.4 GPa,  21  0.05 , 12   21 E1 E2 , and

f v  4.5 MPa, the effective width is reduced to

hw,eff  35 ks tw

(5.18)
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The dimensionless buckling coefficient ks is for a clamped plate given by Atashipour and
Girhammar [25] as

ks  Cmf

4
31

 3(  2 
1

2

2

  4 )   2  3 2



(5.19)

where the coefficients  and  are defined in Paper III [25] and are reproduced in Appendix
B, and where the correction coefficient Cmf is
Cmf  1 

3E1 /E2  1
4 (a /b)4  1

(5.20)

For a simply supported plate, the corresponding equations can be evaluated from Paper IV
[26] as a reduced expression when the general laminated model is reduced to a single layer
plate with equivalent material properties, i.e.

ks  Cmf

1

1

   2 
1

2

2

  4   2  3 2



(5.21)

where the coefficients  and  are reproduced in Appendix B. For Trä8 as an example, a
value between 17.2 MPa for a long simply supported plate and 30.2 MPa for a long built in
plate ( a /b   ) is obtained. These values are for illustration and mutual comparison only,
irrespective of the fact that they exceed the shear strength of the panel.
With a proper value of the buckling coefficient, ks , the effective depth in Eq. (5.17) is easily
evaluated for any orthotropic material (e.g. plywood) on the market. This procedure would be
very simple to use in practical design.
This procedure has been developed under the assumption that the stiffness of the framing
members is sufficiently high. It is necessary to evaluate the influence of the bending and
torsional stiffness of the framing members and web stiffeners, and possibly determine criteria
for sufficient stiffnesses. Also, it would be of interest to study in detail the concept of
effective width cf. Vilnay and Burt [27].
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6 Conclusions
[

6.1 Introduction
In this chapter, some scientific concluding remarks from the general analyses on deep
composite box-type elements together with answers to the research questions and proposal
for a future work are presented.

6.2 Some scientific concluding remarks
As described earlier, the research studies performed in this thesis are general in nature and
can be utilised for a wide variety of different composite box-type deep elements. The
stabilising wall element of the Tra8 system, as a special case and example falls within the
valid and applicable range of the established models and formulae. In the following, some
selected scientific points from the research Papers I through IV are presented.

6.2.1 Concluding remarks from Paper I
– The lowest value of the magnification factor is for the cross-sections in which the depth of
the upper/lower glulam framing member parts has its minimum (non-box-type H shape) or
maximum values (fully-solid shape). This is due to the fact that in these cases the shape of
the cross-section is much simpler and of non-box-type compared to the other cases.
– All curves corresponding to different material property values for the variations of the
magnification factor approximately approach 6/5 when the depth of the framing members
increases and approaches that of a solid rectangular cross-section. It means that, unlike the
box-type beams, changing the material property parameters does not really affect the
magnification factor.
– The influence of the modulus of elasticity of the constituents on the magnification factor is
small even for a box-type element. In contrast, the shear modulus values of the
constituents considerably affects this coefficient.
– The shear effect and magnification factor significantly increases when the sheathing
thickness to glulam width ratio decreases. Therefore, the effect of sheathing thickness is
observed to be more important than other geometrical dimensions.
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– The Euler–Bernoulli theory neglects the effect of shear deformations, leading to an
underestimation of the deflection of more than 100% for the Tra8 reference case and more
than 50% even for a rather high value of length-to-depth ratio as L/h = 5.
– Although the Timoshenko and Reddy–Bickford theories consider the shear deformation
effects, their accuracy is not acceptable for deep cross-sections with discontinuities as
holes (i.e. box-type elements).
– Unlike even higher-order shear deformable theories, the introduced energy-based
formulation accurately predicts the deflection when compared to the 3-D FE simulations,
even for the elements with the length-to-depth ratios less than 2 (quasi square elements).
– The deflection results of the different conventional theories as well as the energy-based
approach and the 3-D FE simulations approach that of the Euler–Bernoulli when the
length-to-depth ratio sufficiently increases (more than 10).
– Deflection of the stabilising element decreases as both the elasticity and shear modulus of
sheathing-to-framing ratios increases. However, the effect of the shear modulus ratio is
more dominant than that of the elasticity modulus ratio.
– Except for the Euler–Bernoulli theory, the discrepancy between the results of the other
theories for the deflection diminishes when the shear modulus ratio increases. Apparently,
there is a considerable difference between Euler–Bernoulli results and the results of the
other theories, even for the higher values of the shear modulus ratio, due to the neglect of
shear deformations.
– The accuracy of the shear deformation theories of Timoshenko and Reddy–Bickford, as
used here, suddenly decreases by increasing the area of empty spaces in the cross-section.
Therefore, these conventional shear deformable theories will not be reliable for elastic
analysis of box-type elements.
– Deflection reduces by increasing both upper/lower and intermediate framing heights.
Nevertheless, the effect of the height of upper/lower framing is greater than that of the
intermediate framing member. This is due to the fact that the influence on the flexural
rigidity of upper/lower framing members is higher than that of the intermediate one.
– All the models including the proposed energy-based approach, except the 3-D finite
element one, are not capable of considering the effect of width-to-depth ratio for the crosssection. For this kind of composite cross-section, the effect of the width exceeds 8% for
the ratios larger than 0.2. Therefore, the introduced energy-based formulation can be used
for different kinds of composite deep box-type element with the limitation of the width-todepth ratios up to 0.2.
– The results obtained from accurate 3-D FE simulations reveals that there is a relative
horizontal deformation between the upper and lower flanges due to the weak shear web.
This issue becomes more severe for weaker sheathings due to lower thickness or lower
shear stiffness values. However, in the real element noggins are placed at the end.
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6.2.2 Concluding remarks from Paper II
– It was demonstrated that, for a deep box-type beam with weak shear webs, three
distinguished phenomena play role in determining the deflection: (1) normal bending
deformations; (2) conventional transverse shear deformations in the framing layers and the
interlayer sheathings; and (3) the additional in-plane shear deformations in sheathing web
modelled as interlayer slip.
– The established partial composite interaction model, similar to the previous energy-based
method, are in good agreement with those based on the accurate 3-D simulations, whereas
the conventional Reddy-Bickford and Timoshenko theories highly underestimate the
deflection and the Euler-Bernoulli results are very weak and inacceptable.
– The effect of bending deformations will be more dominant by increasing the length-todepth ratio of the beam. For short beams with the length-to-depth ratio less than about 2.5
to 3, the influence of both the shear deformations in the beam and the additional shear
deformations at the sheathing interlayers are more dominant than the bending
deformations.
– It was shown that one reason for underestimation of conventional shear deformable
theories can be attributed to missing the extra deflection term related to additional sliptype of shear deformations within the sheathing interlayers.
– As expected, the results of the aforementioned conventional shear deformable theories will
be accurate for an element having cross-section without the upper/lower framing members
or with full solid cross-section. Because, the interlayer slip effect vanishes when there is
no upper/lower framing members and when the cross-section is fully solid (without the
sheathing webs and the slip).
– The effect of bending deformations on the deflection greatly increases by decreasing the
height of the upper/lower framing layers (i.e. increasing the height of the web). Obviously,
this is due to the fact that the upper/lower framing members have considerable influence
on the bending stiffness of the beam.
– The Young modulus ratio of constituents, does not affect the shear deformations in the
framing members at all, but it has a weak effect on the deflection due to the relative
interlayer shear deformations.
– Increasing the sheathing-to-framing shear modulus ratio will result in a decrease in the
maximum deflection of the structure. Although the conventional theories of ReddyBickford and Timoshenko with constant shear correction factor predicts the similar trend
behaviour, their error increases by decreasing the shear modulus ratio. Clearly, this
parameter does not affect the bending deformations (consequently, the Euler-Bernoulli
theory).
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– The influence of the shear modulus ratio on the deflection due to the relative interlayer
shear deformations (slip type of shear deformations) is more dominant than that on the
shear deformations in the framing layers (conventional type of shear deformations).
– The results of the earlier energy-based method seem to be more accurate than those based
on the developed partial composite interaction model for ordinary values of geometry and
property parameters, whereas other conventional beam theories are not reliable.
– The deflection according to the energy-based box-type model tends to infinity for small
values of the web shear stiffness, while the developed equivalent slip-type or sandwichtype of model gives finite asymptotic values for both high and low extreme values which
are in good agreement with the 3-D FE simulation.
– For wooden box-type of beams the practical parameter range is of the order of 0.1 < G2/G1
= E2/E1 < 3. The practical example of Trä8 (G2/G1 = E2/E1 = 0.833) falls within this range.
In that range the present slip-type model, like the box-type model, gives close results
compared to the 3-D finite element analysis.
– For sandwich type of beams the practical parameter range is usually in the order of
0.001 < G2/G1 = E2/E1 < 0.02. It is also proven that, unlike the previous energy-based
equivalent strain model, the agreement between results of the equivalent slip-type model
and the 3-D finite element analysis would also be very good for thin faces as is usually
used in sandwich beams (the ratio is of the order of 0.02 < hface/hcore < 0.1).

6.2.3 Concluding remarks from Paper III
– The obtained critical loads of the locally buckled sheathings of the stabilising element
from both closed-form formulae and the developed DQ programming code are in a very
good agreement with the results obtained from FE simulations for different values of the
aspect ratio.
– Predicted critical buckling loads from the fast closed-form approach together with the
proposed modification factor are in very good agreement with those of the timeconsuming computational DQ solution for all cases, even for shorter lengths and square
plates.
– Mode shapes predicted by the DQ code for both symmetric and anti-symmetric modes are
exactly the same as those obtained by ANSYS simulations.
– Number of half-waves in the buckling mode-shape of the LVL panel increases by
increasing the aspect ratio.
– Mode shape predicted by the approximate formulae, except at the two short edges, is
similar to those of the other methods.

74

6 Conclusions

– The critical buckling stress of the LVL sheathing considerably decreases as the width of
the LVL plate increases, whereas decreasing the length results in a small increase of the
critical buckling stress.
– The critical stress of the composite LVL significantly increases when the thickness of the
plate increases.
– As is expected, increasing any of the material properties, the critical buckling stress
increases.
– The transverse Young‘s modulus has the largest effect and the in-plane shear modulus the
smallest effect on the critical buckling stress of the composite narrow LVL panel.
– The Poisson‘s ratio has a small influence on the critical buckling loads in such a way that
increasing it can slightly increase the critical shear stress.

6.2.4 Concluding remarks from Paper IV
– The critical buckling loads obtained from the developed DQ programing code are in very
good agreement with those of the FE simulations in ANSYS, for different patterns of
layup sequence, confirming the stability, high accuracy and reliability of the DQ solution
for laminated panels in shear.
– Good agreement between the predicted fundamental shear buckling loads based on the
closed-form approach and other methods shows the validity of the introduced approximate
formulae for such long narrow laminated plates in shear.
– Regardless of the type of edge conditions, both the number of half-waves and the slope of
the nodal-lines are significantly affected by changing the lay-up pattern.
– Increasing the number of layers having the fibre direction parallel to the longer edge of the
plate (here 0-layers whose fibres are parallel to the longitudinal edge) will cause an
increase in the slope of nodal-lines and a potential decrease of the number of half-waves
and vice versa.
– In addition to the number of layers with specific fibre alignment, the type of layer at the
faces of the LVL plays an important role in the appearance of the fundamental modeshape and the corresponding critical load.
– Number of half-waves of the critical shear buckling mode-shapes increases with an
increase in the plate boundary constraints and rigidity.
– The mode-shapes obtained from the DQ method are exactly the same as those based on
ANSYS simulations, and the mode-shapes predicted by the fast closed-form approach,
except from the zones near the shorter edges, can properly estimate the mode-shapes of the
laminated long narrow plates in shear.
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– Both number of half-waves and the slope of the nodal-lines are correctly predicted by the
closed-form method.
– The simple and fast closed-from approximations described in section 3 can predict the
fundamental critical shear buckling loads of a generally orthotropic thin long narrow
laminates like LVLs with acceptable accuracy.
– Regardless of the edge conditions and the lay-up sequence pattern, there exists a
maximum value for the critical shear buckling load when the LVL plies are oriented in
such a way that   120 . Another relative maximum value can be detected corresponding
to   30 .
– Increasing one of the maximum values by changing the lay-up pattern can cause the
decrease of the other peak value.
– Compared to other types of lay-up sequence, the patterns such as [90/0/0/0/0]s or
[0/90/0/0/0]s might be efficient for applications in which the shear load direction can be
changed.

6.3 Answers to the research questions
In this section, based on the performed analyses, answers to the research questions in Chapter
1 are presented.
Research questions on elastic deformations and deflection:
(a) Which theories and hypotheses are reliable for the design of a general composite boxtype element according to the serviceability limit state?
None of the conventional composite beam/column theories namely the simplest EulerBernoulli, Timoshenko with constant shear correction factor and Reddy-Bickford higherorder shear deformation theories are reliable for deflection prediction of a composite boxtype element. In fact, they all underestimate the deformations for box-type elements and
therefore, their results might be dangerous for design purposes. The Timoshenko assumptions
with a variable magnification factor in terms of geometric dimensions, etc. of sufficiently
high values, such as the one proposed in Paper I based on the energy relations gives accurate
prediction for deflection. However, their results will not be valid for box-type elements with
weak shear webs. For such cases a layer-wise hypothesis like the theory established in Paper
II for weak shear web elements should be used to obtain accurate values for predicting
deflections.
(b) How to establish simple formulae for deformations of composite box-type elements in
such a way that, on the one hand, they give accurate results compared to 3-D FEM
simulations and, on the other hand, they are valid for a wide variety of materials and
geometries?
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This can be achieved by considering reasonable assumptions for such problems and removing
hypotheses which make the analysis complicated without gaining a considerable increase in
the resulted accuracy of the predicted deformations. From Paper I, it was shown that not only
considering non-linear shear stress distribution based on the higher-order shear deformation
theories will not considerably increase the accuracy of the results in comparison with the
simpler Timoshenko theory with constant shear correction factor, but it makes the analysis
mathematically much more difficult.
Instead of considering such redundant and unreasonable assumption, an appropriate
hypothesis should be considered for inclusion of high shear stresses at the webs compared to
that of the framing members. Such assumptions were considered in Paper I by introducing a
magnification factor based on calculating the mechanical energy of a sheared composite
cross-section using a more realistic function for shear stress distribution.
That analysis was shown to give accurate results with the limitation of the composite boxtype elements with weak webs in shear due to either their thickness or shear stiffness of the
material. For such cases, the assumption of different shear strains in different composite parts
should be considered. A simple Timoshenko-based partial composite interaction theory was
established in Paper II to incorporate such effects. It was shown in Paper II that a simple
formula based on the proposed simple theory can accurately predict the deformations and
shear deflection in a composite box-type element having weak shear webs.

Research questions on local pre/post buckling:
(a) How can we obtain analytical solution and explicit formulae to study the
mathematically difficult problem of the shear buckling of composite LVL panel
without needing time-consuming computational algorithms?
It is achievable by employing the simplest theory where the assumptions cover the conditions
of our problem. The classical laminated theory, as one of the simplest theories for thin plates,
was employed since their thickness limitation fits the thickness range of the LVL sheathings.
Next, the simplest solutions should be utilised. However, it is proven as a fact that exact
analytical solution for the shear buckling problem is mathematically impossible.
Therefore, an approximate closed-form solution should be introduced. First, an accurate
numerical solution should be developed. Obtaining such a numerical solution is of
importance to verify the validity of a new approximate closed-form method. Since the
buckling mode-shape and its energy during deformation plays a very important role in
determining the critical loads, a simple but accurate shape function should be considered. The
substitution of the energy equations based on the considered simple shape functions and
minimising them lead to approximate closed-form solutions. Simplicity and accuracy of the
final buckling formulae depend of the simplicity and accuracy of the considered mode-shape
function.
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Such closed-form solutions are presented in Paper III by modelling the LVL as a single-layer
plate with equivalent properties, and in Paper IV by modelling the LVL as laminated plate
including the effect of any individual layer.

(b) How do the material orientation and lay-up sequence pattern, established in the
manufacturing process of the LVL, influence its load capacity with respect to the local
shear buckling of the sheathings of the stabilising element?
In Paper IV, the LVL panel was modelled as a laminated generally orthotropic long narrow
plate with the incorporation of the effect of each layer separately. Based on that analysis,
different types of lay-up patterns and material orientation of the LVL layers are considered
and their critical shear buckling loads were provided comparatively. The analyses in Paper IV
show that changing the layup pattern can considerably change the load capacity of the LVLpanel with respect to shear buckling. Also, it was shown in Paper IV that there are at least
two relative maximum shear loads for the buckling of the LVL-panel depending on the
rotation of the material orientation.

(c) How to easily estimate, for the ultimate design, the post-buckling resistance of the
sheathings of the stabilising wall element based on the determined critical local prebuckling load?
In Chapter 5, a simple analytical model validated by 3-D finite element simulations was
presented. It was shown that, by introducing the appropriate dimensionless parameters, the
post-buckling strength of a composite panel in shear like the LVL-panel can be accurately
predicted by using simple design curves depending on the relative slenderness parameter
including the previously determined pre-buckling load parameters. The proposed simple
formulae in Chapter 5 provide a fast and simple way of estimating the post-buckling strength
of the LVL-panel in terms of the pre-buckling load with adequate accuracy.
6.4 Future research studies
Analyses of the instability problems discussed in Chapter 3 should be the focus of the future
studies, including combined pre- and post-buckling of the sheathings, and global and lateraltorsional buckling of the whole and of the most strained part of the stabilising element. These
type of studies are already underway.
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Appendix A
One of the developed DQ code for the local shear buckling of the stabilising element at LVL
sheathing, using MAPLE software:
restart;
with(linalg):
Digits:=200;
N_layer:=9:
N:=15;
M:=15;
a:=3.:
b:=0.7275:
t:=0.027:
theta:=(0/100)*(Pi):
E1:=11.0:
E2:=0.5:
G12:=0.68:
nu21:=0.02:
nu12:=E1/E2*nu21:
Q11_0:=E1/(1-nu12*nu21):
Q22_0:=E2/(1-nu12*nu21):
Q12_0:=nu21*E1/(1-nu12*nu21):
Q66_0:=G12:
Q11_90:=E2/(1-nu12*nu21):
Q22_90:=E1/(1-nu12*nu21):
Q12_90:=nu21*E1/(1-nu12*nu21):
Q66_90:=G12:
t_layer:=t/N_layer:
Q11:=
Q11_0*(Heaviside(z+(1/2)*t)-Heaviside(z+(1/2)*t-t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-t_layer)-Heaviside(z+(1/2)*t-2*t_layer))
+Q11_90*(Heaviside(z+(1/2)*t-2*t_layer)-Heaviside(z+(1/2)*t-3*t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-3*t_layer)-Heaviside(z+(1/2)*t-4*t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-4*t_layer)-Heaviside(z+(1/2)*t-5*t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-5*t_layer)-Heaviside(z+(1/2)*t-6*t_layer))
+Q11_90*(Heaviside(z+(1/2)*t-6*t_layer)-Heaviside(z+(1/2)*t-7*t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-7*t_layer)-Heaviside(z+(1/2)*t-8*t_layer))
+Q11_0*(Heaviside(z+(1/2)*t-8*t_layer)-Heaviside(z+(1/2)*t-9*t_layer)):
Q22 :=
Q22_0*(Heaviside(z+(1/2)*t)-Heaviside(z+(1/2)*t-t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-t_layer)-Heaviside(z+(1/2)*t-2*t_layer))
+Q22_90*(Heaviside(z+(1/2)*t-2*t_layer)-Heaviside(z+(1/2)*t-3*t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-3*t_layer)-Heaviside(z+(1/2)*t-4*t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-4*t_layer)-Heaviside(z+(1/2)*t-5*t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-5*t_layer)-Heaviside(z+(1/2)*t-6*t_layer))
+Q22_90*(Heaviside(z+(1/2)*t-6*t_layer)-Heaviside(z+(1/2)*t-7*t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-7*t_layer)-Heaviside(z+(1/2)*t-8*t_layer))
+Q22_0*(Heaviside(z+(1/2)*t-8*t_layer)-Heaviside(z+(1/2)*t-9*t_layer)):
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Q12 :=
Q12_0*(Heaviside(z+(1/2)*t)-Heaviside(z+(1/2)*t-t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-t_layer)-Heaviside(z+(1/2)*t-2*t_layer))
+Q12_90*(Heaviside(z+(1/2)*t-2*t_layer)-Heaviside(z+(1/2)*t-3*t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-3*t_layer)-Heaviside(z+(1/2)*t-4*t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-4*t_layer)-Heaviside(z+(1/2)*t-5*t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-5*t_layer)-Heaviside(z+(1/2)*t-6*t_layer))
+Q12_90*(Heaviside(z+(1/2)*t-6*t_layer)-Heaviside(z+(1/2)*t-7*t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-7*t_layer)-Heaviside(z+(1/2)*t-8*t_layer))
+Q12_0*(Heaviside(z+(1/2)*t-8*t_layer)-Heaviside(z+(1/2)*t-9*t_layer)):
Q66 := Q66_0*(Heaviside(z+(1/2)*t)-Heaviside(z+(1/2)*t-t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-t_layer)-Heaviside(z+(1/2)*t-2*t_layer))
+Q66_90*(Heaviside(z+(1/2)*t-2*t_layer)-Heaviside(z+(1/2)*t-3*t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-3*t_layer)-Heaviside(z+(1/2)*t-4*t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-4*t_layer)-Heaviside(z+(1/2)*t-5*t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-5*t_layer)-Heaviside(z+(1/2)*t-6*t_layer))
+Q66_90*(Heaviside(z+(1/2)*t-6*t_layer)-Heaviside(z+(1/2)*t-7*t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-7*t_layer)-Heaviside(z+(1/2)*t-8*t_layer))
+Q66_0*(Heaviside(z+(1/2)*t-8*t_layer)-Heaviside(z+(1/2)*t-9*t_layer)):
Q_11:=Q11*(cos(theta))^4+2*(Q12+2*Q66)*(sin(theta))^2*(cos(theta))^2+Q22*(sin(theta
))^4:
Q_12:=(Q11+Q224*Q66)*(sin(theta))^2*(cos(theta))^2+Q12*((sin(theta))^4+(cos(theta))^4):
Q_22:=Q11*(sin(theta))^4+2*(Q12+2*Q66)*(sin(theta))^2*(cos(theta))^2+Q22*(cos(theta
))^4:
Q_16:=(Q11-Q12-2*Q66)*(sin(theta))*(cos(theta))^3+(Q12Q22+2*Q66)*(sin(theta))^3*(cos(theta)):
Q_26:=(Q11-Q12-2*Q66)*(sin(theta))^3*(cos(theta))+(Q12Q22+2*Q66)*(sin(theta))*(cos(theta))^3:
Q_66:=(Q11+Q22-2*Q122*Q66)*(sin(theta))^2*(cos(theta))^2+Q66*((sin(theta))^4+(cos(theta))^4):
D11:=int(Q_11*z^2, z = -(1/2)*t..(1/2)*t):
D22:=int(Q_22*z^2, z = -(1/2)*t..(1/2)*t):
D12:=int(Q_12*z^2, z = -(1/2)*t..(1/2)*t):
D16:=int(Q_16*z^2, z = -(1/2)*t..(1/2)*t):
D26:=int(Q_26*z^2, z = -(1/2)*t..(1/2)*t):
D66:=int(Q_66*z^2, z = -(1/2)*t..(1/2)*t):
alpha:=sqrt(D11/D22)*(b/a)^2:
beta:=(D12+2*D66)/sqrt(D11*D22):
eta16:=D16/sqrt(D11*D22)*(b/a):
eta26:=D26/sqrt(D11*D22)*(a/b):
for i from 1 to N do
xx[i]:=evalf(1/2*(1-cos(Pi*(i-1)/(N-1)))*1);
end do:
for j from 1 to M do
yy[j]:=evalf(1/2*(1-cos(Pi*(j-1)/(M-1)))*1);
end do:
for i from 1 to N do
r[i]:=product((x-xx[k])/(xx[i]-xx[k]),k=1..i-1)*product((x-xx[k])/(xx[i]xx[k]),k=i+1..N);
end do:
for j from 1 to M do
s[j]:=product((y-yy[k])/(yy[j]-yy[k]),k=1..j-1)*product((y-yy[k])/(yy[j]yy[k]),k=j+1..M);
end do:
unassign('i');
unassign('j');
W:=sum(sum(WW[i,j]*r[i]*s[j],i=1..N),j=1..M):
MM[1]:=product(xx[1]-xx[j],j=2..N):
for i from 2 to N-1 do:
MM[i]:=product(xx[i]-xx[j],j=1..i-1)*product(xx[i]-xx[j],j=i+1..N);
end do:
MM[N]:=product(xx[N]-xx[j],j=1..N-1):
PP[1]:=product(yy[1]-yy[j],j=2..M):
for i from 2 to M-1 do:
PP[i]:=product(yy[i]-yy[j],j=1..i-1)*product(yy[i]-yy[j],j=i+1..M);
end do:
PP[M]:=product(yy[M]-yy[j],j=1..M-1):
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for i from 1 to N do
for j from 1 to N do
if (i<>j) then
c[1,i,j]:=MM[i]/(xx[i]-xx[j])/MM[j];
end if;
end do;
end do;
unassign('i');
unassign('j');
c[1,1,1]:=-sum(c[1,1,j],j=2..N):
for i from 2 to N-1 do
c[1,i,i]:=-sum(c[1,i,j],j=1..i-1)-sum(c[1,i,j],j=i+1..N);
end do:
c[1,N,N]:=-sum(c[1,N,j],j=1..N-1):
for i from 1 to M do
for j from 1 to M do
if (i<>j) then
c_[1,i,j]:=PP[i]/(yy[i]-yy[j])/PP[j];
end if;
end do:
end do:
unassign('i');
unassign('j');
c_[1,1,1]:=-sum(c_[1,1,j],j=2..M):
for i from 2 to M-1 do
c_[1,i,i]:=-sum(c_[1,i,j],j=1..i-1)-sum(c_[1,i,j],j=i+1..M);
end do:
c_[1,M,M]:=-sum(c_[1,M,j],j=1..M-1):
for qq from 2 to 4 do
for i from 1 to N do
for j from 1 to N do
if (i<>j) then
c[qq,i,j]:=qq*(c[1,i,j]*c[qq-1,i,i]-c[qq-1,i,j]/(xx[i]-xx[j]));
end if;
end do;
end do;
end do;
unassign('i');
unassign('j');
for qq from 2 to 4 do
c[qq,1,1]:=-sum(c[qq,1,j],j=2..N):
for i from 2 to N-1 do
c[qq,i,i]:=-sum(c[qq,i,j],j=1..i-1)-sum(c[qq,i,j],j=i+1..N);
end do:
c[qq,N,N]:=-sum(c[qq,N,j],j=1..N-1):
end do:
for qq from 2 to 4 do
for i from 1 to M do
for j from 1 to M do
if (i<>j) then
c_[qq,i,j]:=qq*(c_[1,i,j]*c_[qq-1,i,i]-c_[qq-1,i,j]/(yy[i]-yy[j]));
end if;
end do;
end do;
end do;
unassign('i');
unassign('j');
for qq from 2 to 4 do
c_[qq,1,1]:=-sum(c_[qq,1,j],j=2..M):
for i from 2 to M-1 do
c_[qq,i,i]:=-sum(c_[qq,i,j],j=1..i-1)-sum(c_[qq,i,j],j=i+1..M);
end do:
c_[qq,M,M]:=-sum(c_[qq,M,j],j=1..M-1):
end do:
unassign('i');
unassign('j');
for i from 3 to N-2 do
for j from 3 to M-2 do
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Eq1[i,j]:=alpha*sum(c[4,i,k]*WW[k,j],k=1..N)+2*beta*sum(sum(c[2,i,k1]*c_[2,j,k2]*WW
[k1,k2],k1=1..N),k2=1..M)+1/alpha*sum(c_[4,j,k]*WW[i,k],k=1..M)2*Tcr*sum(sum(c[1,i,k1]*c_[1,j,k2]*WW[k1,k2],k1=1..N),k2=1..M)+4*eta16*sum(sum(c[3,
i,k1]*c_[1,j,k2]*WW[k1,k2],k1=1..N),k2=1..M)+4*eta26*sum(sum(c[1,i,k1]*c_[3,j,k2]*W
W[k1,k2],k1=1..N),k2=1..M);
end do;
end do;
unassign('i','j');
for j from 3 to M-2 do
WW[2,j]:=1/AXN*sum((c[2,1,k]*c[2,N,N-1]-c[2,1,N-1]*c[2,N,k])*WW[k,j],k=3..N-2):
WW[N-1,j]:=1/AXN*sum((c[2,1,2]*c[2,N,k]-c[2,1,k]*c[2,N,2])*WW[k,j],k=3..N-2):
end do:
unassign('i','j');
for i from 3 to N-2 do
WW[i,2]:=1/AYM*sum((c_[2,1,k]*c_[2,M,M-1]-c_[2,1,M-1]*c_[2,M,k])*WW[i,k],k=3..M-2):
WW[i,M-1]:=1/AYM*sum((c_[2,1,2]*c_[2,M,k]-c_[2,1,k]*c_[2,M,2])*WW[i,k],k=3..M-2):
end do:
WW[2,2]:=1/AXN/AYM*sum(sum(
(c[2,1,k2]*c[2,N,N-1]-c[2,1,N-1]*c[2,N,k2])*
(c_[2,1,k1]*c_[2,M,M-1]-c_[2,1,M-1]*c_[2,M,k1])*
WW[k1,k2],k2=3..M-2),k1=3..N-2):
WW[N-1,2]:=1/AXN/AYM*sum(sum(
(c[2,1,2]*c[2,N,k2]-c[2,1,k2]*c[2,N,2])*
(c_[2,1,k1]*c_[2,M,M-1]-c_[2,1,M-1]*c_[2,M,k1])*
WW[k1,k2],k2=3..M-2),k1=3..N-2):
WW[2,M-1]:=1/AXN/AYM*sum(sum(
(c[2,1,k2]*c[2,N,N-1]-c[2,1,N-1]*c[2,N,k2])*
(c_[2,1,2]*c_[2,M,k1]-c_[2,1,k1]*c_[2,M,2])*
WW[k1,k2],k2=3..M-2),k1=3..N-2):
WW[N-1,M-1]:=1/AXN/AYM*sum(sum(
(c[2,1,2]*c[2,N,k2]-c[2,1,k2]*c[2,N,2])*
(c_[2,1,2]*c_[2,M,k1]-c_[2,1,k1]*c_[2,M,2])*
WW[k1,k2],k2=3..M-2),k1=3..N-2):
AXN:=c[2,N,2]*c[2,1,N-1]-c[2,1,2]*c[2,N,N-1]:
AXK1:=c[2,1,k]*c[2,N,N-1]-c[2,1,N-1]*c[2,N,k]:
AXKN:=c[2,1,2]*c[2,N,k]-c[2,1,k]*c[2,N,2]:
AYM:=c_[2,M,2]*c_[2,1,M-1]-c_[2,1,2]*c_[2,M,M-1]:
AYK1:=c_[2,1,k]*c_[2,M,M-1]-c_[2,1,M-1]*c_[2,M,k]:
AYKM:=c_[2,1,2]*c_[2,M,k]-c_[2,1,k]*c_[2,M,2]:
for i from 1 to N do
EQUATION[(N-4)*(M-4)+i]:=WW[i,1];
end do:
for i from 1 to N do
EQUATION[(N-4)*(M-4)+N+i]:=WW[i,M]:
end do:
for j from 2 to M-1 do
EQUATION[(N-4)*(M-4)+2*N+j-1]:=WW[1,j]:
end do:
for j from 2 to M-1 do
EQUATION[(N-4)*(M-4)+2*N+M-2+j-1]:=WW[N,j]:
end do:
unassign('i');
unassign('j');
unassign('y');
unassign('z');
unassign('i','j','k');
for i from 3 to N-2 do
for j from 3 to M-2 do
EQUATION[(j-3)*(N-4)+i-2]:=Eq1[i,j]:
end do;
end do;
for i from 3 to N-2 do
for j from 3 to M-2 do
WWW[(j-3)*(N-4)+i-2]:=WW[i,j]:
end do:
end do:
for i from 1 to N do
WWW[(N-4)*(M-4)+i]:=WW[i,1]:
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end do:
for i from 1 to N do
WWW[(N-4)*(M-4)+N+i]:=WW[i,M]:
end do:
for j from 2 to M-1 do
WWW[(N-4)*(M-4)+2*N+j-1]:=WW[1,j]:
end do:
for j from 2 to M-1 do
WWW[(N-4)*(M-4)+2*N+M-2+j-1]:=WW[N,j]:
end do:
for i from 1 to N*M-2*(N+M)+12 do
for j from 1 to N*M-2*(N+M)+12 do
CC[i,j]:=coeff(EQUATION[i],WWW[j]):
end do:
end do:
Mat:=Matrix(N*M-2*(N+M)+12,N*M-2*(N+M)+12);
for i from 1 to N*M-2*(N+M)+12 do
for j from 1 to N*M-2*(N+M)+12 do
Mat[i,j]:=CC[i,j]:
end do:
end do:
unassign('Tau_xy'):
Tcr1 := Tcr1*a*b*t/(10^(-6)*sqrt(D11*D22)*10^9):
Tcr2 := Tcr2*a*b*t/(10^(-6)*sqrt(D11*D22)*10^9):
Tcr := Tcr1: AAAA1 := (det(Mat)):
print(evalf(AAAA1, 10)):
Tcr := Tcr2: AAAA2 := (det(Mat)):
print(evalf(AAAA2, 10)):
for iii to 30 do
Tcr := (Tcr1+Tcr2)/(2.): AAAA3 := (det(Mat)):
if AAAA1*AAAA3 < 0 then Tcr2 := (Tcr1+Tcr2)/(2.) else Tcr1 := (Tcr1+Tcr2)/(2.) end
if:
print(evalf(Tcr*10^(-6)*sqrt(D11*D22)*10^9/(a*b*t), 10), evalf((det(Mat)), 10)):
end do:
Tcr:=Tcr*a*b*t/(10^(-6)*sqrt(D11*D22)*10^9);
for i from 1 to N do
WW[i,1]:=0:
WW[i,M]:=0:
end do:
for j from 2 to M-1 do
WW[1,j]:=0:
WW[N,j]:=0:
end do:
WW[3,3]:=1;
L:={seq(seq(Eq1[i,j],i=3..N-2),j=4..M-2)}:
for i from 3 to N-3 do
L := {op(L),Eq1[i,3]};
end do:
LL:={seq(seq(WW[i,j],i=3..N-2),j=4..M-2)}:
for i from 4 to N-2 do
LL:= {op(LL),WW[i,3]};
end do:
QQ:=solve(L,LL):assign(QQ):
unassign('Y');
x:=X/a;
y:=Y/b;
with(plots):
contourplot(W,X=0..a,Y=0..b,scaling=constrained,filledregions=true,axes=none,colori
ng=[black,white]);

83

Structural Analysis of Deep Composite Box-Type Components

Appendix B
Shear buckling coefficient ks , for both types of edge conditions are expressed as
2
f1    f 2  (2 f 3  )   2
2
3

f2  ( f4  )  
3





3

f5 
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in which, for a clamped orthotropic plate:
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and for a simply supported orthotropic plate:
3
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(B.3)

In Eqs. (B.2) and (B.3), the coefficients 1 and 1 are defined as

1 

E1
,
E2

 2   21

E1
G
 2(1   12 21 ) 12
E2
E2

(B.4)

where E1 and E 2 are modulus of elasticity of orthotropic material along the longitudinal and
transverse (width) directions of the plate, respectively; G12 is the in-plane shear modulus and

 ij are the Poisson's ratios. Clearly, both coefficients 1 and 1 will be equal unity for a
single-layer isotropic plate.
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