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ABSTRACT 

In almost all production of electricity the rotating machines serves as an important 
part of the energy transformation system. In hydropower units, a hydraulic turbine 
connected to a generator converts the potential energy stored in the water reservoir into 
electrical energy in the generator. An essential part of this energy conversion is the 
rotating system of which the turbine and the generator are crucial parts. During the last 
century the machines for production of electricity have been developed from a few 
megawatts per unit, up to several hundreds megawatts per unit. The development and 
increased size of the hydropower machines has also brought a need for new techniques. 
The most important developments are the increased efficiency of the turbines and 
generators, new types of bearings and the introduction of new materials. 

Vibration measurement is still the most reliable and commonly used method for 
avoiding failure during commissioning, for periodic maintenance, and for protection of 
the systems. Knowledge of the bearing forces at different operational modes is essential 
in order to estimate the degeneration of components and to avoid failures. In the 
appended Paper A, a method has been described for measurement of bearing load by 
use of strain gauges installed on the guide bearing bracket. This technique can 
determine the magnitude and direction of both static and dynamic loads acting on the 
bearing. This method also makes it possible to find the cause of the radial bearing force 
among the various eccentricities and disturbances in the system. This method was used 
in Paper C to investigate bearing stiffness and damping. 

A principal cause of many failures in large electrical machines is the occurrence of 
high radial forces due to misalignment between rotor and stator, rotor imbalance or 
disturbance from the turbine. In this thesis, two rotor models are suggested for 
calculation of forces and moments acting on the generator shaft due to misalignment 
between stator and rotor. These two methods are described in appended papers B and D. 
In Paper B, a linear model is proposed for an eccentric generator rotor subjected to a 
radial magnetic force. Both the radial force and the bending moment affecting the 
generator shaft are considered when the centre of the rotor spider hub deviates from the 
centre of the rotor rim. The magnetic force acting on the rotor is assumed to be 
proportional to the rotor displacement. 

In Paper D, a non-linear model is proposed for analysis of an eccentric rotor 
subjected to radial magnetic forces. Both the radial and bending moments affecting the 
generator shaft are considered when the centre of the generator spider hub deviates from 
the centre of the generator rim. The magnetic forces acting on the rotor are assumed to 
be a non-linear function of the air-gap between the rotor and stator. The stability 
analysis shows that the rotor can become unstable for small initial eccentricities if the 
position of the rotor rim relative to the rotor hub is included in the analysis. The analysis 
also shows that natural frequencies can decrease and the rotor response can increase if 
the position of the rotor rim in relation to the rotor spider is considered. 

In Paper E, the effect of damping rods was included in the analysis of the magnetic 
pull force. The resulting force was found to be reduced significantly when the damper 
rods were taken into account. An interesting effect of the rotor damper rods was that 
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they reduced the eccentricity forces and introduced a force component perpendicular to 
the direction of eccentricity. The results from the finite-element simulations were used 
to determine how the forces affect the stability of the generator rotor. Damped natural 
eigenfrequencies and the damping ratio for load and no-load conditions were 
investigated. When applying the forces computed in the time-dependent model, the 
damped natural eigenfrequencies were found to increase and the stability of the 
generator rotor was found to be reduced, compared with when the forces were computed 
in a stationary model. 

Damage due to contact between the runner and the discharge ring have been 
observed in several hydroelectric power units. The damage can cause high repair costs 
to the runner and the discharge ring as well as considerable production losses. 

In Paper F a rotor model of a 45 MW hydropower unit is used for the analysis of the 
rotor dynamical phenomena occurring due to contact between the runner and the 
discharge ring for different grades of lateral force on the turbine and bearing damping. 
The rotor model consists of a generator rotor and a turbine, which are connected to an 
elastic shaft supported by three isotropic bearings. The discrete representation of the 
rotor model consist of 32 degrees of freedom. To increase the speed of the analysis, the 
size of the model has been reduced with the IRS method to a system with 8 degrees of 
freedom. 

The results show that a small gap between the turbine and discharge ring can be 
dangerous, due to the risk of contact with high contact forces as a consequence. It has 
also been observed that backward whirl can occur and in some cases the turbine motion 
becomes quasi-periodic or chaotic. 

The endurance of hydropower rotor components is often associated with the 
dynamic loads acting on the rotating system and the number of start-stop cycles of the 
unit. Measurements, together with analysis of the rotor dynamics, are often the most 
powerful methods available to improve understanding of the cause of the dynamic load. 
The method for measurement of the bearing load presented in this thesis makes it 
possible to investigate the dynamic as well as the static loads acting on the bearing 
brackets. This can be done using the suggested method with high accuracy and without 
re-designing the bearings. During commissioning of a hydropower unit, measurement of 
shaft vibrations and forces is the most reliable methods for investigating the status of 
the rotating system. 

Generator rotor models suggested in this work will increase the precision of the 
calculated behaviour of the rotor. Calculation of the rotor behaviour is important before 
a generator is put in operation, after overhaul or when a new machine is to be installed. 
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1. INTRODUCTION 

In almost all production of electricity the rotating machine serves as an important 
part of the energy conversion system. In units for hydropower production of electricity a 
hydraulic turbine connected to a generator converts the potential energy stored in the 
water reservoir into electrical energy in the generator. An essential part of this energy 
conversion from the water to the grid is the rotating system. The main parts of the 
rotating system are the turbine, shaft and generator. In Sweden today, about 50 % of the 
electricity consumed in the community and industries is generated by hydropower and 
about 50 % by nuclear power stations. A small amount, 2-3 %, of the electricity is 
produced with other types of systems for power production, such as thermal and wind 
power. 

1.1. HYDRO-ELECTRICAL POWER SYSTEMS 

The first hydro-electric power system for generation and transmission of three-
phase alternating current was demonstrated at an exhibition in Frankfurt am Main,  
1891, in Germany [1]. The power was generated at a hydropower station located in 
Lauffen at the then incomprehensible distance of 175 km from the exhibition area. On 
the evening of 24th August 1891 the transmission of 175 kW at a voltage of 13000-
14700 V was successfully demonstrated. The experts had predicted in advance that the 
efficiency would be about 5-12 % but the demonstration showed that the total efficiency 
of the power system was about 75 %. The high efficiency of the three-phase system and 
the possibility of obtaining two levels of voltage led to the fast expansion of the three-
phase power production system. 

Hydro-electric power production in Sweden has a long history. The use of three-
phase power systems in Sweden started with the expansion of Hellsjön-Grängesberg 
where ASEA, on 18th December 1893, delivered four units with a power of 70 kW each. 
Three of the generators were three-phase generators, used to supply the motors at the 
mining industries in Grängesberg. The fourth generator was a single-phase generator 
that was used to supply the arc light lamps with power at the mining industry area. 

1.2. ROTOR DYNAMICS 

The occurrence and the effect of rotor eccentricity in electrical machines has been 
discussed for more than one hundred years [2] and is still a question of research. The 
research on rotor dynamics started in 1869 when Rankine published his paper [3] on 
whirling motions of a rotor. However, he did not realize the importance of the rotor 
imbalance and therefore he concluded that a rotating machine would never be able to 
operate above the first critical speed. De Laval showed around 1900 that it is possible to 
operate above the critical speed, with his one-stage steam turbine. In 1919 Jeffcott 
presented the first paper [4] where the theory of unbalanced rotors is described. Jeffcott 
derived a theory which shows that it is possible for rotating machines to exceed the 
critical speeds. However, in the Jeffcott model the mass is basically represented as a 
particle or a point-mass, and the model cannot in general, correctly explain the 
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characteristics of a rigid body on a flexible rotating shaft. Therefore, the 
eigenfrequencies of a Jeffcott rotor are independent of the rotational speed. De Laval´s 
and Jeffcott’s names are still in use as the name of the simplified rotor model with a disc 
in the mid-span of a shaft.  

The influence of gyroscopic effects on a rotating system was presented in 1924 by 
Stodola [5]. The model that was presented consisted of a rigid disk with a polar moment 
of inertia, a transverse moment of inertia and a mass. The disc is connected to a flexible 
mass-less over-hung rotor. The gyroscopic coupling terms in Stodola’s rotor model 
resulted in natural frequencies that depend on the rotational speed. The concept of 
forward and backward precession of the rotor were introduced as a consequence of the 
results from the natural frequencies analysis of the rotor model. When the natural 
frequencies of the rotor system change with the rotational speed, the result is often 
presented in a frequency diagram or Campbell diagram with the natural frequencies as a 
function of the rotational speed. 

1.3. HYDROPOWER ROTOR SYSTEM 

In rotating electrical machines, the rotor eccentricity gives rise to a non-uniform air-
gap, which produces an unbalanced magnetic pulling force acting on the rotor and 
stator. The large radial forces acting on the rotor will also affect the guide bearings, 
which are supporting the generator shaft. If these forces are not kept low, they can cause 
damage or bearing failures, with economical losses as a consequence [6]. Almost 40 % 
of the failures in electrical machines can be related to bearing failures [7,8]. When 
measurements of the bearing loads are performed in hydropower generators, the load 
sensors are usually built-in behind the bearing pads [9]. Measurements with strain 
gauges attached to the bracket base plates have been shown in [10]. But, on a great 
number of generators, the base plates are pre-loaded and therefore not suitable for 
measurement of the bearing force. A few hydropower generators are however equipped 
with facilities for monitoring the bearing loads. The reconstruction, which is necessary 
in order to install the load sensors behind the bearing pads, is associated with high 
expenditure. In Paper A an alternative method of measuring the radial bearing force is 
presented. The method is based on strain measurement using strain gauges installed on 
the generator bearing brackets and the bearing forces are then calculated from the 
measured strain by use of the beam theory [11]. 

Knowledge of the radial magnetic pulling forces acting in an electrical machine is 
important for the mechanical design of the rotor. A number of equations have been 
suggested for calculation of the magnetic pull due to disturbance of the magnetic field. 
In the early part of the 20th century, the suggested equation for calculation of the 
magnetic pull was a linear function of the rotor displacement [12][13][14]. Some 
equations for calculation of the magnetic pull have been improved by taking into 
account the effects of saturation of the magnetization curve [15] [16][17]. A more 
general theory has been developed for vibration in induction motors and it has been 
shown that the unbalanced magnetic pulling force acting on the rotor also consists of 
harmonic components [18][19][20]. An important and widely used approximation 
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method for obtaining the magnetic pulling force acting on the rotor is to solve 
Maxwell’s differential equation with the finite element method [21]. In Paper B, Paper 
D and in Paper E the magnetic pull forces have been calculated with the finite element 
method for a specific value of eccentricity, and the force has then been used to obtain 
the coefficient in the analytic expression of the magnetic pulling force. In Paper B the 
magnetic pulling force has been assumed to be a linear function of the rotor 
displacement, while in Paper D the pulling force has been assumed to be a non-linear 
function of rotor displacement. In Paper E the damping rods at the poles have been 
included in the analysis of the magnetic pulling force. The analysis showed that the 
radial pulling force will be reduced but that a tangential force component would appear 
that has a destabilizing effect on the rotor 

In Paper B a model is proposed for an eccentric generator rotor subjected to a radial 
magnetic pulling force. Both the radial force and the bending moment affecting the 
generator shaft are considered when the centre of the rotor spider hub deviates from the 
centre of the rotor rim. In Paper B the electro-mechanical forces acting on the rotor are 
assumed to be proportional to the rotor displacement. In Paper D the rotor stability as 
well as the rotor response have been analysed with non-linear magnetic pulling forces 
acting on the rotor, and the influence of stator eccentricity. The rotor model takes into 
consideration the deviation between the centre of the rotor hub and the centre-line of the 
rotor rim. 

In hydropower units there are several locations were the gap between the rotating 
and static parts is small. Typical locations where small gaps can be found are in 
bearings, seals, air gaps and between the turbine and the discharge ring. Sometimes 
contact between the rotating and static parts occurs, and as a consequence the unit can 
be seriously damaged. 

In Paper F a rotor model of a 45 MW hydropower unit is used for the analysis of the 
rotor dynamics phenomena occurring due to contact between the runner and the 
discharge ring for different grades of lateral force on the turbine and bearing damping. 
The analysis shows that a small gap between the turbine and the discharge ring can be 
dangerous due to the risk of contact, with high contact forces, as a consequence. It has 
also been observed that backward whirl can occur and in some cases the turbine motion 
becomes quasi-periodic or chaotic. 
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1.4. RESEARCH PROBLEM IDENTIFICATION 

To understand and to be able to predict the dynamics of rotating machines has 
always been important in order to manufacture and maintain reliable rotating machines. 
In the area of power production using hydropower technology, one of the demands for 
economical production is high reliability and availability of the units. To achieve these 
demands, it is necessary to improve computational methods as well as monitoring 
techniques.  

For gas and steam turbines, a lot of effort has been spent on improvements of the 
computational and measurement methods for the dynamic behavior of the rotor. In the 
field of hydropower technology, only a few papers have been written about rotor 
dynamics and the influence from the electro-mechanical interaction between the rotor 
and stator. The design methods used today are simplified stationary simulations without 
geometrical considerations, of components connected to the shaft, such as the generator 
rotor and turbine. There is also a necessity to improve the electro-mechanical models 
used for the interaction between the generator rotor and stator. The models must be able 
to handle the influence from damping rods, which produce tangential forces acting on 
the rotor.  

Another problem is that the operating conditions for many hydropower units have 
been changed from those that the machine was originally designed for. Today 
hydropower units are used for “peak loads” with a large number of start-ups and shut-
downs. This will significantly affect the lifespan of the machines. To reduce the risk of 
failure of components in the unit due to fatigue or overloading, it is necessary to have a 
condition monitoring system that can measure the forces acting on the involved 
components.  

The reliability of Swedish hydropower plants will be optimized in the future by 
individual programs for maintenance. These programs should be based on numerical 
simulations followed up by on-site measurements. By analysing the measured signals, 
decisions on maintenance can be made. The objective will then be, to perform 
maintenance when it is needed and to avoid expensive machine failures. 

However, all the methods, methodologies and recommendations needed to 
dynamically model a vertical hydropower unit in best way, have not been stated. Hence, 
the research problem is to provide the power industry with knowledge and 
methodologies concerning the dynamics of hydropower units, and methods for 
verification of the dynamic behaviour of such units. 

1.5. AIM AND SCOPE 

The work within this thesis spans over two different areas, rotor-dynamics and 
measurement techniques in hydropower units; but the identified research problem is 
much wider than the scope of this thesis. The research focus in this thesis has been 
limited to developing and analysing models of the electro-magnetic pulling forces 
acting on the rotor, and the interaction between the turbine and the discharge ring. The 
aim is also to develop and analyse methods for on-site measurement of the bearing 
forces.  
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1.6. RESEARCH QUESTION 

The overall question for this research is how rotor dynamics can be used for 
maintenance prediction and hydropower rotor reliability. It is of interest to evaluate how 
measurements and simulations can be combined in order to increase reliability and to 
support decisions regarding maintenance. However, to focus the research in this thesis, 
a research question was formulated as:  

How should the external loads be modelled and measured in order to increase the 
accuracy of dynamical analysis of hydropower rotor systems? 

1.7. SCIENTIFIC METHODOLOGY 

The methodology in this thesis has followed a clear strategy in order to obtain the 
scope of the work. The developed rotor models must be general and easily adapted to 
existing as well as new hydropower rotor systems developed in the future. Of course, all 
theoretical rotor models used in this thesis are mathematical models of real components 
and the obtained results can always be questioned if they reflect real behavior. It is 
therefore important to verify the developed models with measurements of the behavior 
of real components. 

The models in this thesis have been derived by applying the well known scientific 
method called Newton’s second law. To validate that the models can predict rotor 
behavior, and to fulfill the requirements of accuracy, some on-site measurements have 
been performed during the development phase of the models. 
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2. DYNAMICS OF ROTATING SYSTEMS IN HYDROPOWER UNITS 

The dynamics of rotating systems differs from non-rotating systems and is therefore 
treated as a separate research area in structural dynamics. The reason is that in rotor 
dynamics there are phenomena which are not usually found in other areas of structural 
dynamics. The most significant difference between a non-rotating and rotating system is 
that the natural frequencies in rotating systems normally depend on the spin speed of the 
system. Therefore it is necessary to investigate the natural frequencies and responses of 
the system over the entire range of operating speeds. Another difference between a 
rotating and a non-rotating system is that in rotor dynamics, the sign of the 
eigenfrequencies has a meaning. In rotor dynamics, the motion of the centre of the rotor 
is often considered, and its motion may be in the direction of the spin (forward whirl) or 
in the opposite direction of the spin (backward whirl). Hence, in the evaluation of 
eigenfrequencies the whirl direction must be determined since it plays a crucial role in 
rotor dynamics. 

In large electrical machines the electro-magnetic forces can in some situations have 
a strong influence on the rotor dynamics. One such case is when the rotor is 
eccentrically displaced in the stator bore. A strong magnetic pulling force will then 
appear in the direction of the smallest air gap and affect the characteristics of the rotor 
dynamics. In an electrical machine a combination of stator and rotor eccentricity is most 
common. Characteristics for the stator eccentricity is that the rotor centre will be in a 
fixed position in the stator bore under the action of a constant magnetic pulling force. In 
the case of rotor eccentricity, the rotor centre will whirl in an orbit. If a stator 
eccentricity is combined with rotor eccentricity the rotor centre will whirl around the 
fixed eccentricity point. 

2.1.  ROTOR MODEL 

To be able to create a good model of the physical system of interest, it is necessary 
to decide the objectives of the study. In many cases, a simplified model can predict the 
observed fundamental behaviour of the physical system with good accuracy. The main 
purpose for the model of a hydropower unit is to capture the fundamental behaviour 
rather than to investigate all details and events that can occur in the system. 

A model of a physical system in dynamics can be described in two basically 
different ways, discrete-parameter or distributed-parameter systems. Discrete-parameter 
models refer to lumped or consistent models, while distributed-parameter models are 
referred to as continuous models. The choice of model-type depends on the complexity 
of the system. A simple system may be solved directly with a continuous model while 
for a complex model it is preferable to use a discrete-parameter model. All rotor models 
used in this thesis are based on discrete model assumptions and all masses are treated as 
rigid. 

The derivation of the equation of motion can be carried out by methods of 
Newtonian mechanics or by methods of analytical dynamics, also known as Lagrangian 
mechanics. Newtonian mechanics uses the concepts of force, momentum, velocity and 
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acceleration, all of which are vector quantities. For this reason, Newtonian mechanics is 
referred to as vectorial mechanics [22]. The basic tool for deriving the equation of 
motion is the free-body diagram, namely, a diagram for each mass in the system 
showing all boundary conditions and constraints acting on the masses. Newtonian 
mechanics is physical in nature and considers boundary conditions and constraints 
explicitly. By contrast, analytical dynamics is more abstract in nature and the whole 
system is considered rather than the individual components separately, a process that 
excludes the reaction and constraint forces automatically. 

Analytical mechanics, or Lagrangian mechanics permits the derivation of the 
equation of motion from three scalar quantities, kinetic energy, potential energy and 
virtual work of the non-conservative forces. The most common method for obtaining 
the equation of motion from an energy consideration is the well-known Lagrange’s 
equation. The Lagrange’s equation can be expressed as 

n,...,iwereQ
q
W

q
V

q
T

q
T

dt
d

i
iiii

1,2  (1) 

where T represents the kinetic energy, V is the potential energy, qi is the generalized 
coordinate no: i and Qi are the generalized non-conservative forces [22] [23]. The 
parameter W represents the virtual work of the non-conservative forces performed 
under a virtual displacement qi. The advantage of Lagrange’s equation is that the 
whole system is considered, rather then the individual components separately, a process 
that excludes the reaction and constraint forces automatically. 

Newton’s laws were originally formulated for single particles but they can also be 
used for systems of particles and rigid bodies. In additional they can be extended to 
handle elastic bodies. The equation of motion can be obtained by using Newton’s 
second law. Newton’s second law states that the acceleration of a particle with constant 
mass is proportional to the resultant force acting on it, and it is oriented in the same 
direction as this force. With the help of the theories of momentum, and moment of 
momentum, the equation of motion can be expressed as: 

=i
i

dp
f

dt
 (2) 

i
i

dH
M

dt
 (3) 

where ip  is the momentum of the rigid body for the generalized coordinate no: i
and if  corresponds to the external forces. The parameter iH  represents the moment of 
the momentum, or angular momentum, of the rigid body and iM  represents the external 
moments acting on the body. 
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For a complex geometry such as a generator rotor it is preferable to use a 
discretized model of the rotor. The finite element method, FEM [24], is a method for 
discretization of a continuous structure and the method can be used for complex 
geometries. The matrix formulation of the equation of motion for a discretized rotor 
system can be formulated as 

Mx Cx Gx Kx f  (4) 

where x and f are the displacement vector and force vector respectively and  is 
the angular velocity of the shaft. The mass matrix or inertia matrix, represented by M,
can be formulated with a lumped or consistent approach [25]. The parameter C is the 
damping matrix, and K is the stiffness matrix which can be formulated for different 
element types. The most commonly used elements are Timoshenko element and Euler-
Bernoulli element. In this thesis the stiffness matrixes have been obtained from the 
inverse of the flexibility matrix for simple models while FEM formulation has been 
used in the more advanced models. The skew-symmetric gyroscopic matrix, G, contains 
the polar moment of inertia for the model. 

The equation of motion described in Equation (4) is an ordinary differential 
equation and if the equation is linear it can easily be solved by analytical methods. 
However, in many cases it is not possible to use a linear approach to describe the 
behaviour of the observed system. In rotating electrical machines the magnetic pulling 
force acting on the rotor can only be assumed to be a linear function for small rotor 
displacement. For larger rotor displacement or stator eccentricity a non-linear approach 
has to be adopted to describe the rotor behaviour. 



R. Gustavsson                   Rotor Dynamical Modelling and Analysis of Hydropower Units  

10

2.2.  MAGNETIC PULL FORCE 

Two basic methods are used for calculation of the electro-magnetic force acting 
between the stator and rotor in electrical machines [26]. The two methods are based on 
Maxwell’s stress tensor or on the principle of the virtual work. For calculation of force 
and torque in electrical devices, the finite element method is commonly used alongside 
the analytical methods. The analytical methods are commonly based on the Maxwell’s 
stress tensor [27]. The surface integral of the electro-magnetic force can be expressed 
as:

dSe
S

f   (5) 

2

0 0

1 1 dS
2e

S

f B n B B n  (6) 

where  is the Maxwell’s stress tensor, n is the normal vector to the surface S and 
0 is the permeability of free space, respectively. The magnetic flux density is denoted 

as B. The finite element method can also be based on the principle of virtual work for 
calculation of the magnetic forces acting in an electrical machine [21]. From the partial 
derivative of the coenergy functional with respect to virtual displacement, the force can 
be calculated as 

0

W dB H
H

c
V

dV  (7) 

T
W WWef c c

x y
 (8) 

where fe is the force vector and cW is the coenergy functional. 

The electro-magnetic pulling force acting on the generator rotor depends on the 
asymmetry in the air gap between the rotor and stator. In a perfectly symmetrical 
machine the radial pulling forces should add up to zero. However, all practical 
generators have some asymmetry in the air gap [28]. A common example of asymmetry 
is when the rotor centre and stator centre do not coincide with each other. The relative 
eccentricity is defined as: 

e
R

 (9) 
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where e is the radial displacement of the rotor centre and the average air gap R  is 
the radial clearance between the inner radius of the stator sR  and the outer radius of the 
rotor rR . The rotor eccentricity can be sketched schematically as shown in Figure 1. 

Figure 1. Schematic sketch of the air-gap with an eccentric rotor. 

Belmans et al. [19] and Sandarangani [28] have shown that in a three-phase 
electrical machine with an arbitrary number of poles the magnetic pulling force is 
composed of a constant part and an alternating part. The alternating part of the force 
alternates at twice the supply frequency for static eccentricity, and twice the supply 
frequency multiplied by the slip for dynamic eccentricity. Sandarangani [28] showed 
that the alternating force component decreases with an increasing number of poles in the 
generator. Hydropower generators usually have many poles and operate as synchronous 
machines. This implies that the alternating magnetic pulling force is negligible in 
comparison to the constant magnetic pulling force. The expression for the value of the 
constant unbalanced magnetic pulling force, fe, for a rotor parallel to the stator was 
found from the integration of the horizontal and vertical projection of the Maxwell 
stress over the rotor surface. The mean value of the magnetic pulling force can be 
expressed as: 

2 3
0 s s

e 2 2 32

S R hf =
2p R 1-

 (10) 

where Ss is the stator linear current density, p is the number of pole pairs, h is the 
length of the rotor and 0 is the permeability of free space. The result of Equation (10) is 
that the magnetic pulling force is a non-linear function of the air-gap eccentricity and 
the magnetic pulling force will destabilize the rotor system with an increasing rotor 
eccentricity.
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The air gap eccentricity can be divided in two categories; stator eccentricity and 
rotor eccentricity. In the case of stator eccentricity the rotor will be in a fixed position 
relative to the stator under a constant magnetic pulling force. That means that the 
smallest air gap will be in a same direction during the rotation of the shaft. 
Characteristic for the rotor eccentricity is that the rotor will whirl around the centre line 
of the rotor in an orbit. However, the most common case of eccentricity is a 
combination of stator and rotor eccentricity and the rotor centre will whirl around a 
fixed position in the stator bore with the angular speed of rotation. 

Figure 2. Generator rotor displaced a distance u1+ u4  from the generator vertical line. 

The generator eccentricity causes a disturbance in the magnetic field, which results 
in a pulling force and torque acting on the generator spider hub. The magnetic force fe
depends on the rotor displacement u1(x – displ.),u2(y – displ.), inclination of the rotor 
u3(x – rot.) , u4(y – rot.) and the distance l between the generator spider hub and the 
geometrical centre of the generator rim. The inclination of the rotor is assumed to be 
small which gives the cosine of inclination angel to be approximately equal to 1 and the 
sine of the angle to be the angle itself. 

The magnetic pulling force acting on a unit length of the rotor rim has been 
obtained by dividing the magnetic pulling force in Equation (10) by the length h of the 
rotor rim. By assembling the constants in Equation (10) into the term ke, the Equation 
(10) can be rewritten for a load element as: 
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where the d  is the length of the element in the axial direction. The magnetic 
pulling force for a rotor not parallel to the stator can be obtained by substituting the 
rotor displacements ur( ) in Equation (11) with a function for the rotor displacement at a 
specific distance ( ) from the rotor hub. The magnetic pulling force in the x-direction 
can be found by substituting the rotor displacement ur( ) in Equation (11) 
with

1r 1 4u u u , and in the y-direction the substitution is 
2r 2 3u u u . The 

integration of Equation (10) over the rotor height h from the centre of the rotor hub 
gives 
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 (12) 

The torque acting on the generator spider hub depends on the vertical position l of 
the rotor rim, the rotor displacements 1 2u , u  and the inclinations ,3 4u u  of the rotor. The 
torque on the rotor hub due to the magnetic pulling force (as acting on a rotor element 
d  at a distance  from the rotor hub) can be found by calculating the torque from the 
magnetic pulling force acting on the rotor rim. The torque around the x coordinate axis 
can be formulated by substituting the displacements ur( ) in Equation (10) with 

3r 2 3u u u  and the torque around the y coordinate axis can be formulated by 

the substitution of 
4r 1 4u u u . Multiplication of Equation (10) with  and 

integration over the rotor height h from the centre of the rotor hub then gives 
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The usual way of calculating the influence of magnetic pull on a generator rotor is 
to apply a radial pulling force at the generator-spider hub. However a tangential 
magnetic pulling force, perpendicular to the radial magnetic pulling force, can also 
appear in a hydropower generator. In Paper D, the presence and the influence that the 
tangential magnetic pulling force has on rotor stability has been investigated for a 
specific rotor configuration. 

By replacing the constant ke for the radial magnetic pull with a constant kt
representing the tangential magnetic pull in Equation (11), (12) and (13) the tangential 
magnetic pull acting on the rotor can be obtained. The tangential magnetic pulling force 
in the x-direction can be found by substituting the rotor displacement ur( ) in Equation 
(12) with

1r 2 3u u u , and in the y-direction the substitution is 
2r 1 4u u u

and integration over the rotor height. In a similar way, the torque around the x
coordinate axis can be formulated by substituting the displacements ur( ) in Equation 
(13) with 

3r 1 4u u u  and the torque around the y coordinate axis can be 

formulated by the substitution of 
4r 2 3u u u  and integration over the rotor 

height. 
Equation (12) and Equation (13) describe the non-linear magnetic force and 

moment as acting on the rotor hub. However, in many cases it is sufficient to use a 
linear model of the magnetic pulling force. A linear model of the magnetic pulling force 
as acting on the rotor can be achieved by using the linear part of Equation (12) and 
Equation (13). The linear part can be formulated in matrix form as 

, , , ,
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, , , ,

, , , ,
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2.3. ANALYSIS OF JOURNAL BEARINGS 

Rotor dynamics has historically been a combination of two separate areas, structural 
dynamics and analysis of hydrodynamic bearings [29]. The theory of hydrodynamic 
bearings started with an experiment performed by Beauchamp Towers at the request of 
the British railways. He unexpectedly found that the pressure distribution in a journal 
bearing was not constant. The result of the experiment was reported to the Royal 
Society in 1883, [30]. Osborne Reynolds found Beauchamp Towers’ experimental 
results interesting and developed a theory for the oil flow in a thin oil film. The theory 
and the equations developed by Osborne Reynolds are today known as Reynolds’ 
equation and the equation is still widely used for calculation of journal bearing 
properties. Reynolds’ equation can be derived from a simplified version of the Navier-
Stokes’ equation by using assumptions which include those of Newtonian fluid, laminar 
flow, small inertia forces, and thin oil film. 

Figure 3. Plane journal and bearing segments. 

If the bearing moves with the velocity 1U , 1V  and the journal moves with the 
velocity 2U , 2V , Reynolds equation in Cartesian coordinates can be written according 
to Olsson [30] as 

3 3

6 6 121 2 1 2

h p h p
x x z z

h
U U h V V h

x z t

 (15) 

where h is the oil film thickness,  the viscosity and p is the oil film pressure. The 
pressure distribution in the bearing oil film can be obtained in closed form if some 
simplifications of Equation (15) are assumed. If the bearing is assumed to be in a 
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stationary position 0h
t

 and the velocity in the z direction is V1=V2=0 an analytical 

solution can be found for long and short bearings. For bearings that are very long in the 
axial direction it is possible to neglect the pressure gradient in the z direction. For short 
bearings the pressure gradient in the x direction is small and can be omitted. However, 
for many practical bearing geometries Equation (15) has to be solved by an approximate 
numerical method, for example finite-difference methods or finite-element methods 
[29]. From the rotor-dynamic point of view, the stiffness and damping of the bearing is 
of interest. The stiffness and damping coefficients are required for the analysis of the 
synchronous response as well as for the linear stability analysis for the rotor. The 
stiffness and damping coefficients can be developed from a Taylor-series expansion of 
the reaction force in the stationary position where the second- and higher-order 
differential terms have been omitted. The linear relation between the bearing reaction 
forces as acting on the shaft in the x- and y-direction, can be described by the linear 
model: 

F Kx Cx Mx  (16) 

where the K is the stiffness matrix, C is the damping matrix and M is the mass 
matrix. 

Figure 4 shows results from a calculation of bearing parameters for a bearing with a 
shaft diameter of 1.1 meter and 12 segments. Each pad has an axial length of 0.3 m, 
circumferential offset of 0.6 and an arc length of 26 degrees. The applied bearing load 
has been assumed to be proportional to the square of the shaft rotational speed and with 
a value of 30 kN at 150 RPM.  
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Figure 4. (a) Tilting pad bearing with 12 segments, (b) stiffness components, (c) 
damping components, (d) mass components. 

2.4. CONTACT MODEL 

The model of the vertical hydropower unit used in the analysis is shown in Figure 
5(a). The model consists of a shaft supported in three isotropic plain bearings with 
stiffness and damping. A generator rotor with the mass mG, polar moment of inertia JGp,
and transversal moment of inertia JGt is connected to the upper part of the shaft and 
supported by the upper and lower generator bearings. In the position of the lower 
generator bearing a trust block is connected to the shaft with the mass mTB, polar 
moment of inertia JTBp and transversal moment of inertia JTBt. The turbine with the mass 
mT, polar moment of inertia JTp and transversal moment of inertia JTt has been 
connected to the lower end of the shaft. The centre of gravity of the turbine has an 
eccentricity of e. The equation of motion Equation (17) for the rotor model, in terms of 
finite elements, can be written in matrix form as 
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TMx G C x Kx f ft  (17) 

where M is the mass matrix including the transversal moment of inertia for the 
generator rotor, trust block and turbine and G contains the gyroscopic terms. K is the 
stiffness matrix and the damping in the system originates from the bearings and is 
represented in the matrix C. The term f(t) is the time-dependent load vector containing 
the mass unbalance forces and fT is a constant force vector.  

The turbine amplitude is limited by the discharge ring, which has a diameter 2
larger than the turbine with the diameter 2R. The turbine is also subjected to a horizontal 
force fT in the positive x direction, due to the irregularity of the water pressure around 
the turbine. The origin of the coordinate system is chosen to the centre of the discharge 
ring according to the Figure 5(b). 

Figure 5: The left figure shows a simplified model of the analysed rotor. The numbers 
1-9 indicate the nodes in the FE- model used. The right figure shows the contact model 
used between the turbine and the discharge ring.  

The spin speed of the shaft is  and the coordinates x and y for the radial 
displacements and , for the angular rotations describe the position of the turbine 
centre. When the radial displacement of the turbine exceeds the radial clearance , the 
turbine comes in contact with the discharge ring. This contact is described by a stiffness 
kC and the friction coefficient  which results in the contact force fCx and fCy. The 
tangential velocity of the contact point c between the turbine and the discharge ring 
determines the direction of the tangential force at the contact point. The velocity at the 
contact point is given by  
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2 2
cv = R + xy - yx x + y  (18) 

The forces at the contact point are described by the equations  

2 2
Cx C c

2 2
Cy C c

2 2
Cx Cy

f k x y x ysign v

f k x y y xsign v

if x y otherwise f f 0

 (19) 

The equation of motion for the system including the constant force vector fT and 
the contact force vector fC can then be written 

( ) T CMx + G + C x + Kx = f + f + ft  (20) 

2.5. REDUCTION OF THE NUMBER OF DEGREES OF FREEDOM 

To simplify the analysis of the system described in Equation (20) the numbers of 
freedom can be reduced. Guyan introduced the simplest reduction method, the static 
reduction method. In this method the state and force vectors, x and f, and the mass and 
stiffness matrix, M and K, are split into sub vectors and matrix relating to the master 
degrees of freedom, which is retained, and slave degrees of freedom, which are 
eliminated in the reduction. The equation of the undamped motion of the structure when 
neglecting the gyroscopic matrix can then be written as 

M M x K K x f
M M x K K x f

ee ei e ee ei e e

ie ii i ie ii i i

 (21) 

The subscripts e and i relate to external (master) and internal (slave) co-ordinates 
respectively. If no force is applied to the internal degrees of freedom, the second set of 
equations in Equation (21) gives 

0M x M x K x K xie e ii i ie e ii i  (22) 
1-x K M x M x K xi ii ie e ii i ie e  (23) 

Neglecting the inertia terms in Equation (23) the internal degrees of freedom are 
eliminated
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1

x I
x T x

x K K
e

e S e-
i ii ie

 (24) 

Where ST  denotes the static transformation between the full state vector and the 

external co-ordinates. Pre-multiplying Equation (21) with TTS  on both sides, the 

external force vector fe  remains unchanged, and the reduced mass and stiffness 
matrices are given by 

andM T MT K T KTT T
R S S R S S   (25) 

where MR  and K R  are the reduced mass and stiffness matrices. The system 
Equation (5) can now be expressed in the reduced formulation as 

M x K x fR e R e e  (26) 

Note that any frequency response functions generated by these reduced stiffness 
matrices are exact only at zero frequency. As the excitation frequency increases the 
inertia term neglected in Equation (22) becomes more significant. 

The static reduction method can be improved by introducing a technique known as 
the Improved Reduction System (IRS) method. The method perturbs the transformation 
from the static case by including the inertia terms as pseudo-static forces. Obviously, it 
is impossible to emulate the behaviour of the full system with a reduced system and 
every reduction transformation sacrifices accuracy for speed in some way. The IRS 
method results in a reduced system which matches the low frequency responses of the 
full system better than static reduction. However, the IRS reduced stiffness matrix will 
be stiffer than Guyan reduced matrix and the reduced mass matrix is less suited for 
orthogonality checks than the reduced mass matrix from the Guyan reduction. 

The free vibration of the static reduced model corresponding to equation (26) is 
given by 

0M x K xR e R e  (27) 

which leads to 

1 0x M K x-
e R R e  (28) 
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By differentiating both sides of the second line of Equation (24) with respect to 
time and then using Equation (28), one obtains 

1 1 1x K K x K K M K x- - -
i ii ie e ii ie R R e  (29) 

This relation may now be inserted in equation (23) in order to define a 
transformation that generates the internal slave co-ordinates from the external co-
ordinates. 

1 1 1 1x K K K M - M K K M K x- - - -
i ii ie ii ie ii ii ie R R e  (30) 

Although only strictly correct when the co-ordinate vector xe  is a mode shape, it 
may be applied as a general transformation, TIRS  which may be conveniently written as 

x
T x

x
e

IRS e
i

 (31) 

where 

1-
RT T SMT M KIRS S S R   (32) 

and

0 0
S

0 K -1
ii

 (33) 

The reduced mass and stiffness matrices obtained by using the IRS method are then 

andM T MT K T KTT T
IRS IRS IRS IRS IRS IRS  (34) 

The transformation in Equation (32) relies on the reduced mass and stiffness 
matrices obtained from static reduction. Once the transformation has been computed, an 
iterative estimate of these reduced equations is available from Equation (34). These 
improved estimates could be used in the definition of the IRS transformation, Equation 
(32), to give a more accurate transformation. The subsequent transformations after the 
one based on the static reduction are 

1-T T SMT M KIRS,i+1 S IRS,i IRS,i IRS,i   (35) 
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where the subscript i denotes the ith iteration. In Equation (31) the transformation 
TIRS,i  and M IRS,i  and K IRS,i  are the associated reduced mass and stiffness matrices given 
by Equation (30). For each iteration, a new static transformation TIRS,i+1  is obtained 
which then becomes the current IRS transformation for the next iteration. 

In a similar way as seen for the transformation of the mass matrix, the damping 
matrix C and the gyroscopic matrix G can be transformed. In this case the IRS 
transformation matrix has been improved with 5 iterations. The reduced mass, stiffness, 
damping and gyroscopic matrices are then obtained by using the improved IRS method  

,R R

R R

M T MT K T KT

C T CT G T GT

T T
IRS IRS IRS IRS

T T
IRS IRS IRS IRS

 (36) 

The reduced equation of motion can then be written as 

tR R R R R R R R R R
T CM x G C x x f f fK  (37) 

Henceforth the equations will be written without the superscripts for the system 
reduction and subscript for nodes and displacements. All matrixes and vectors are 
related to the reduced system and displacement components are related to the turbine, 
unless otherwise indicated in the text. 
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3. ROTOR-DYNAMIC MEASUREMENTS 

3.1. MEASUREMENT OF BEARING AND SHAFT FORCE 

In a perfectly assembled vertical hydropower machine, all lateral forces acting on 
the bearings sum up to zero. However, in reality such machines don’t exist and are not 
possible to build. All units are equipped with some deviations that produce forces acting 
on the bearings. Examples of sources that can produce larger forces on the bearings are 
electromagnetic pull, flow induced forces and rotor mass unbalance. This means that the 
forces acting on the bearings can also be used to measure the condition of the unit with 
respect to stator and rotor eccentricity, disturbances from the turbine and rotor 
imbalance etc. 

In the case where the bearing brackets are built up as spokes of wheel, the total 
force acting on the bearing can be measured as the sum of the force in each arm. The 
force in each arm is proportional to the measured strain and by simple geometric 
relationships, the bearing force can be calculated as: 

cos
n

x i i
i 1

f EA  (38) 

sin
n

y i i
i 1

f EA  (39) 

where E is the Young’s modulus for the beam with a cross-sectional area A, i  is the 
angle to the x axis and i  the apparent strain measured in all n spokes. 

The apparent strain is the sum of strains from forces, moments and temperature 
variations in the bracket. If the bracket is symmetrical and the temperature variation is 
equal across the bracket, the temperature influence on the apparent stain will add up to 
zero. The influence of bending moment on the apparent strain has to be considered and 
if necessary the influence from the moment on the strain has to be eliminated. An 
example of an installation of strain gauges on a bracket arm is shown in the left photo in 
Figure 6, and results from measurement of the force on a bracket is shown to the left in 
Figure 7. 

The bearing loads can also be measured by installation of load sensors inside the 
bearing. In this case it is necessary to make some modification to the bearing or to 
replace the pivot point of each bearing pad with a load cell, see Figure 6. The total force 
as acting on the bearing can be measured as the sum of the force as acting on each 
bearing pad. The total bearing force can be calculated as: 

cos
n

x i i i
i 1

f k  (40) 

sin
n

y i i i
i 1

f k  (41) 



R. Gustavsson                   Rotor Dynamical Modelling and Analysis of Hydropower Units  

24

where ki is the calibration constant for segment i. Results from measurements with a 
modified bearing pin are shown in Figure 7 to the right. 

Figure 6: Left photo, installation of strain gauges on a bracket arm for measurements of 
bearing load. Right photo, pivot pin modified to a load cell. 

Figure 7: Left plot is the result of measurement with strain gauges on the bracket arms. 
Right plot, the force obtained with modified bearing pins. 

Useful information about the dynamic forces acting on the rotating system can be 
achieved by measuring the forces and moments acting on a cross-section of the shaft. 
Since the shaft rotates, the signals from the sensors have to be transmitted by a wireless 
system or by slip rings. All data from measurements from rotating parts presented in 
this thesis have been transmitted to the stationary parts with a wireless system. 

In a vertical unit the total axial force as acting on a cross-section of the shaft can be 
divide in two parts, forces related to the production and to the dead weight. However, it 
is not possible to measure the force due to the dead weight of the rotor, neither the 
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hydraulic force if the measuring cross-section is above the trust bearing. The hydraulic 
force as acting on the turbine can be obtained by measuring the axial strain ax in the 
shaft during the operation of the unit. From the axial strain the axial force can be 
calculated according to: 

2 2
ax ax o if E r r   (42) 

where E is Young's modulus, ri and ro are the inner and outer shaft radii at the 
measuring cross section respectively. 

Two examples from measurements of axial force, bending moment and Torsional 
moment are shown below. The output power from the unit at the time of measurement 
is shown in Figure 8. The first case, denoted as (a) in Figure 8, is during a load variation 
on the unit. The second case, denoted as (b) in Figure 8, is during the stop sequence 
after lateral resonance has occurred and the vibration protection devices disconnected 
the unit from the grid.  

Figure 8: The two diagrams in the figure show the output power from the unit. Diagram 
(a) shows a load cycle from 5 MW, and diagram (b) show disconnection of the unit 
from full load due to high vibration levels. 

The axial forces in the shaft for the two load cases shown in Figure 8 have been 
obtained by measuring the strain ax in the shaft. The measured strain is converted to 
force by using Equation (42) and the results from the two cases are plotted in Figure 9. 
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Figure 9: Axial shaft force. (a) Axial force vs. time during load variation, (b) axial shaft 
force vs. time at disconnection of load. 

The torsional moment in the shaft is directly proportional to the torsional strain v in 
the shaft. By using Equation (43) and the measured strand, the torsional moment can be 
calculated for the two load cases described above. Figure 10 shows the torsional 
moment in the shaft vs. time appearing for the two load cases. 

2 (1 )

4 4
v o i

v
o

E r r
M

r
 (43) 

where  is Poisson's ratio 

Figure 10: Diagram (a) torsional shaft moment vs. time during load variation, diagram 
(b) torsional shaft moment vs. time at load disconnection. 
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The bending moment Mb as acting in the measuring section can be obtained by 
measure the bending strain b in two perpendicular directions in the shaft. In Figure 11 
the bending moment Mb,x is shown and the moment has been calculated according to 
Equation (44) using the strain measured around the x axis in the local coordinate system 
fixed to the shaft. 

4

4 4
o i

b b
o

E r r
M

r
 (44) 

Figure 11: Diagram (a) bending moment vs. time during load variation, diagram (b) 
bending moment vs. time at load disconnection. 

The maximum bending stress as acting in the section can be calculated with help of 
the measured bending moments as 2 2

b,max bx byc I M M  where the c is the distance 
to the extreme fiber and I is the moment of inertia of the shaft. However, the maximum 
stress in the section is a combination of the torsional stress, bending stress and axial 
stress.
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The power produced by the turbine can be estimated from the measurement of the 
torsional moment when the power is a product of the torsional moment in the shaft and 
the rotating speed of the shaft. 

vP M  (45) 

where P is the power, Mv is the torsional moment in the shaft and  is the rotational 
speed of the shaft. 

Figure 12: Diagram (a) power vs. time during load variation, diagram (b) power vs. 
time at load disconnection. 
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4. ANALYSIS OF ROTOR-BEARING SYSTEM 

The purpose of this section is to present some methods for modelling and analyzing 
rotating machines. In the analysis of rotating machines, several special effects occur 
which do not usually appear in the analysis of other vibrating systems. Some of these 
effects will be only briefly discussed in this section, however effects occurring in 
hydropower generators are discussed in detail. The implications of these effects on the 
behaviour of the rotor dynamics are briefly demonstrated and discussed.  

This thesis deals with the influence of magnetic pulling forces acting on the 
generator rotors, and measurements of the bearing forces in hydropower units. The 
length of the rotor in a hydropower unit is much greater than the characteristic diameter 
of the rotor. This implies that the rotor has to be handled as a continuous body. Since 
the geometry of the rotor is too complex to be handled by continuous models, 
approximate discretized models are used instead. This section deals only with analysis 
of multi DOF (degree of freedom) models. The bearing brackets analyzed in this thesis 
are built up of beams and can be analyzed with simple beam theory. For a more detailed 
theory of rotor dynamics the reader is referred to the books by Genta [25] and Childs 
[29], and to Timoshenko [11] for the beam theory. 

4.1. DISCRETIZED ROTOR MODEL OF A HYDROPOWER UNIT 

The substitution of a continuous system, characterized by an infinite number of 
degrees of freedom, into a system with a finite number of degrees of freedom, is usually 
referred to as discretization. The number of degrees of freedom in the discrete system 
can sometimes be very large but is still finite. In practical problems this step is of 
primary importance because the accuracy of the results obtained is largely dependent on 
the feasibility of the discrete model to represent the actual continuous system. The 
discrete model of the rotor system consists of a discrete number of beam elements and 
connected nodes. Each of the nodes is usually described by two translational and two 
rotational degrees of freedoms to analyze the transverse vibration of the rotor system. In 
Figure 13 an example of a discrete representation of a hydropower rotor is shown. 
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Figure 13. Hydropower rotor with generator shaft, intermediate shaft, turbine shaft, 
bearings and added masses for generator and turbine. 

For each element, the equation of motion can be obtained by use of Newton’s 
second law, the law of conservation of momentum, or from energy considerations where 
Lagrange’s equation is the most common. Through the years, several techniques have 
been suggested to discretize and handle the differential equation of continuous systems. 

In the assumed–modes method, the deformed shape of the system is assumed to be 
a linear combination of n known functions of the space coordinates, defined in the 
whole space occupied by the body.  

In the lumped-parameters method the mass of the body is lumped in a certain 
number of stations in the deformable body. The lumped masses are then connected to 
each other by massless elements and the elements contain the elastic properties. The 
mass matrix for such systems can easily be found while it can be more difficult to 
obtain the stiffness matrix for the system. To avoid problems when dealing with large 
eigenvalue problems the transfer matrices method can be used. 

The transfer matrix method was generally used for calculation of critical speeds in 
rotor dynamics up to the recent past. The advantage of this method is that it is fast since 
large matrix operations are not required and the method could be implemented in small 
computers. The sizes of the matrices that need to be solved are the same as the matrices 
at the elemental level.  

Today the finite element method, FEM, is a popular and widely used discretization 
method used to solve partial derivative differential equations and the method is used in 
other fields than structural dynamics and structural analysis. Formulation and 
application of FEM to structural dynamics of mechanical systems can be found in books 
including Cook [31] and Hughes [32]. In FEM the model is divided into small, finite, 
elements and each element is a model of a deformable solid. The displacement field in 
each element is approximated with the help of shape functions. The overall system 
matrices are then assembled from the element matrices and the size of the system 
matrices is the same as the number of degrees of freedoms. 

If the mass matrix is obtained from a FEM approach it becomes consistent. 
However it is also possible to mix the FEM approach with the lumped-parameters 
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approach. If the lumped-parameter approach is used to obtain the mass matrix the mass 
matrix will be a purely diagonal one. 

4.2.  ANALYSIS OF THE EQUATION OF MOTION 

In large electrical machines the electro-magnetic pulling force can in some 
situations have a strong influence on the rotor dynamics. The magnetic pulling force is 
in general a non-linear function of the air gap between the stator and rotor. In both 
Paper B and Paper C a linear approach has been used to solve the equation of motion. 
However in Paper C the magnetic pulling force has been assumed to be a non-linear 
function of the air-gap and the analysis has been performed at the stationary point 
during operating conditions. 

In both Papers B and C the state space method for analysis of the equation of 
motion is used. The method has the advantage that it has no requirement on the shape of 
the involved matrices provided the mass matrix can be inverted. With this method it is 
also possible to handle anisotropy and damping. The skew-symmetrical gyroscopic 
matrix does not complicate the solution either. Introducing the magnetic pull as the 
linear force from Equation (4), the equation of motion can be written as: 

MG C u Ku f K uMu t  (46) 

where the KMu is the magnetic pulling force acting on the rotor. The solution of the 
second order differential equation of motion can be found by rewriting Equation (46) 
into a system of first order differential equations. By defining a state 
vector x u uT T T Equation (46) can be written in the state vector form as  

x Ax b  (47) 

where 

1 1 1and
M

0 I 0
A b

M K K M G C M f t
 (48) 

If the number of degrees of freedom in Equation (46) is N then the system has been 
expanded to 2xN in Equation (47) and hence the matrix A has been expanded to the size 
of 2Nx2N. The differential equation (47) has a total solution consisting of two parts, the 
homogeneous and the particular part. 

Assuming now a homogeneous solution of the exponential form x q t
h t e and

inserting this in Equation (47), then an eigenvalue problem is obtained as  

, 0Aq q q   (49) 
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where i are the eigenvalues and qj are the corresponding eigenvectors. The 
obtained eigenvalues i and the corresponding eigenvectors qi are frequently complex 
valued and appear in complex conjugate pairs. The complex valued eigenvectors qi are 
referred to as complex modes. According to Inman [33], the physical interpretation of a 
complex mode is that each element describes the relative magnitude and phase of the 
degrees of freedom associated with the element. The homogeneous solution to Equation 
(47) is then  

2

h
1

x i
N

t
i i

i

t c q e  (50) 

where the constants cj are determined by the initial conditions. The solution of 
Equation (50) is real although there are complex quantities involved. 

An interesting part of the results from the analysis of the eigenvalues is the 
possibility of studying the damping ratio, stability, and the eigenfrequencies of the 
system. The complex eigenvalues i can be written as  

2
i i i i i

2
i+1 i i i i

=- - 1- j

=- + 1- j
  where the  

2 2

2 2

i i i

i
i

i i

= Re +Im

-Re
=

Re +Im

 (51) 

In Equation (51) the i is the undamped natural frequency of the ith mode and i is
the modal damping ratio associated with the ith mode. In the case the damping ratio  is 
less than 1, (0< <1), the system is an under-damped system and the damped natural 
frequencies can be obtained from the imaginary part of the eigenvalue 2

id i i= 1- .
From the analysis of eigenvalues it is also possible to investigate the stability of the 
system. Using Equation (51) and the Euler relation the homogeneous solution can be 
written in the following form: - t

h dx t =Ae sin t+  where A is a constant and  is 
the phase. This is an exponential damped oscillating motion as long as  > 0. If the 
damping ratio is less than 0 (  < 0) the motion will grow exponentially with time and 
the system will become unstable. The analysis of generator stability performed in Paper 
B and Paper C is based on the investigation of the damping ratio from the eigenvalue 
analysis of the generator rotor system. In Papers B and C the expression decay rate  is 
sometimes used and the relation to the damping ratio is  = .
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The unbalance rotor response can be studied with help of the particular solution to 
equation (46). The particular solution to the equation of motion describes the behavior 
of the rotor if it runs with constant speed and the transients have died out. For the 
rotating system in a hydropower unit the external forces are commonly connected to the 
rotational speed. Examples of such forces are rotor imbalance, hydraulic forces on the 
turbine and magnetic imbalance of the generator. For an external mass unbalance force 
f(t) the corresponding response x(t)p can be solved. If both force and response vectors 
are separated into two harmonic vectors, one containing the sine components and other 
containing the cosine components, the particular solution can be written in the form 

c sp

c s

x q q

f f f

t = cos t + sin t

and 
t = cos t + sin t

  (52) 

Combining Equation (52) and Equation (47) gives the solution. 

12

1

c
c s

s c c

AbAq I b

q Aq b

 where 
1

1

s
s

c
c

0
b

M f

0
b

M f

 (53) 

Taking the initial conditions together with the sum of the particular and 
homogeneous solutions the total solution to Equation (46) can be obtained. 

However a common practice in the analysis of generators and turbines in 
hydropower applications is to only examine the eigenvalues of the rotating system. 
From the eigenvalues the natural frequencies and mode shapes can be studied. The 
possibility of studying the rotor response is seldom considered in order to find rotor 
deflections or bearing forces. 

4.3.  NATURAL FREQUENCY DIAGRAM AND GYROSCOPIC EFFECT 

This section discusses how the magnetic pulling force on the generator affects the 
eigenvalues and what influence the moment of inertia (about the axis of rotation) has on 
the eigenvalues.  

The moment of inertia, introduced in the skew-symmetric gyroscopic matrix G,
causes the natural frequencies of bending modes to depend on the rotational speed. The 
gyroscopic matrices appear together with the damping matrix in Equation (46) and give 
a stiffening effect to the system. A result of the stiffening effect is that the natural 
frequencies of whirl modes changes with the rotational speeds of the rotor. However 
this is a general characteristic of all cross-coupled damping forces independent of their 
origins , Vance [34]. 
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The magnetic pulling force acting on the generator rotor, is generally a non-linear 
force depending on the eccentricity of the rotor. To illustrate the effect of magnetic 
pulling force on a generator rotor, the simplest form of magnetic pulling force is 
assumed in this section. This means that the force is assumed to be linear and has no 
influence from rotor inclination, rotor height or the position of the rotor rim compared 
to the hinge line of the rotor. The magnetic pulling force reduces the shaft stiffness and 
appears in the equations of motions as K-KM. This leads to a softer system and affects 
the eigenvalues as well as the rotor response. 

To illustrate the effects from the gyroscopic moment and the magnetic pulling force 
on the rotor, a frequency and a stability diagram are usually plotted versus the rotational 
speed. The frequency diagram is sometimes called a Campbell diagram. For this 
purpose a simple rotor, shown in Figure 14, is used as an example. 

Figure 14. Simplified model of a generator rotor. 

The simplified rotor model in Figure 14 consists of a uniform massless shaft 
supported by two bearings and the rotor is treated as a rigid body. The model of the 
generator rotor has 4 degrees of freedom and therefore also four natural frequencies will 
be obtained from the analysis. The results from the analysis of eigenfrequencies are 
usually presented in a frequency diagram sometimes also called a Campbell diagram. In 
Figure 15 an example is shown of a Campbell diagram where eigenfrequencies are 
plotted as a function of the rotational speed of the shaft.  

In this plot, the results from two analyses are plotted together to make it possible to 
compare the influence from the magnetic pulling force. The results obtained for a 
generator without magnetic pulling force are plotted with blue lines and in the case 
when the magnetic pulling force is acting on the rotor the lines are red. 
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Figure 15. Damped eigenfrequencies diagram of the 4-DOF generator rotor. Blue lines 
without magnetic pulling force and red lines with magnetic pulling force acting on the 
rotor. 

In Figure 15 it can also be seen that the eigenfrequencies will increase as a function 
of the spin speed and the reason is the stiffening effect of the gyroscopic moments. The 
whirl direction of the modes can be forward or backward. The eigenfrequencies with 
eigen mode whirling in a forward direction are plotted as positive values in the diagram 
and the eigenfrequencies with corresponding eigen mode that have a backward whirl 
direction are plotted with negative values. The directions of forward and backward are 
related to the rotational direction indicated by in the Figure 14. 

However, from the analysis of Equation (51) it is not clear if the sign of the 
eigenfrequencies would be positive or negative. Information about the whirling 
direction for a complex mode can be found from the corresponding eigenvector. 
Angantyr [35] demonstrate a method where the whirling direction for each mode can be 
found by studying the sign of xy - xy  in the corresponding eigenvector. In cases when 
a continuous rotor has been approximated with a discrete model, the meaning of the 
whirl direction is lost. This is due to the fact that the forward and backward whirl can 
coexist, see Figure 20, for a single mode in such rotors. For this reason the frequency 
diagram is usual plotted with only positive values of natural frequencies, as shown in 
Figure 16.  
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Figure 16. Damped natural frequency diagram for a hydropower rotor. 

The resonance speeds for the rotor, with respect to the unbalance force, is given by 
the dissecting point of the straight line  and the eigenfrequencies. In Figure 15 
the first resonance speeds are indicated for the two load cases, cr without magnetic 
pulling force and crEMP with magnetic pulling force acting on the rotor. In Figure 15 

there are also four asymptotes indicated, K m , p dJ J and the line 
0 , which is also an asymptote for the first backward mode. In Figure 15 the 

asymptotes are indicated for a rotor unaffected by the magnetic pulling force. Figure 15 
shows that the eigenfrequencies which have the K m as asymptotes have been 
affected by the magnetic pulling force. In Figure 16 the resonance speeds are indicated 
as 1x, 2x and 5x. The 1x is the resonance speed related to the unbalance response, 2x is 
excitation connected to rotor ovality and 5x is related to the frequencies of blade 
disturbances on the shaft. 

The analyses of the eigenvalues also gives information about the stability of each 
eigenmode. In Figure 17 an example of a stability diagram is shown where the damping 
ratio of each mode is plotted for the simplified rotor model shown in Figure 14. In 
Figure 18 a corresponding stability map is shown for the discrete rotor model shown in 
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Figure 3. If the damping ratio for any mode is less than zero the system will be unstable 
and the amplitude of the rotor response will grow exponentially in time. The diagram 
shows that the stability for an excited rotor decreases compared to unexcited rotor. 

Figure 17. Stability diagram of the 4-DOF generator rotor. Blue lines without magnetic 
pulling force and red lines with magnetic pulling force acting on the rotor. 
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Figure 18. Stability map for a discretized rotor model is shown in Figure 13. The 
diagram shows the damping ratio vs. rotor speed. 

A useful diagram can be obtained if the natural frequency diagram and the stability 
diagram are combined in a root locus plot. The root locus plot shows the damping ratio 
from each eigenvalue as a function of the natural frequency. The roots trace a curve on 
the complex plane, which is called the root locus. In Figure 19 the damping ratio versus 
natural frequency is plotted for the rotor shown in Figure 13. 
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Figure 19. Root locus plot for a discretized rotor model is shown in Figure 13. The 
diagram shows the damping ratio vs. natural frequency.  

As mentioned before, the forward and backward whirl can coexist for a single 
mode. This implies that the relevance of studying the whirl direction in the frequency 
diagram is lost. The investigation of the whirl direction for a rotor has to be performed 
with help of the mode shapes where the whirl directions have been indicated for each 
node. In Figure 20 an example of a mode plot for a hydropower shaft is shown. 
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Figure 20. Example of mixed mode plots for a hydropower unit. Forward whirl is red 
and backward whirl is blue. 

It should be observed that it is not only the gyroscopic moments that have effects on 
eigenfrequencies in Figure 15 and 17. Since the bearings properties (stiffness and 
damping) are frequently functions of the rotational speed for a constant bearing load, it 
is necessary to consider this in the analysis. In Figures 16, 18 and 19 the bearing 
stiffness and damping are calculated for each frequency. 



R. Gustavsson                   Rotor Dynamical Modelling and Analysis of Hydropower Units  

41

5. SUMMARY OF APPENDED PAPERS 

In this section three short summaries of the appended papers are presented and the 
scientific contribution in each paper from the author is given. 

5.1.  PAPER A 

This paper presents a relatively inexpensive way of determining the bearing load by 
using strain gauges installed on the generator bearing brackets. With this method it is 
possible to measure the static and dynamic bearing loads without any re-design of the 
bearing. 

Almost 40 % of the failures in hydroelectric generators result from bearing failures. 
A common cause of the failures is misalignment between the rotor and stator, rotor 
imbalance or disturbance from the turbine. The misalignment generates magnetic 
attraction forces between the stator and rotor which the guide bearings have to carry. 
Generally the magnetic pulling force can be divided into static and dynamic parts. 

The method is based on measuring the mechanical strain in each bracket arm with 
the use of strain gauges. On each bracket arm there are two strain gauges bonded to the 
surface at the centerline of the beam. Two other strain gauges are bonded to a steel 
block close to the measuring point and are used for determination of temperature 
compensation. The total force acting on the bearing has then been calculated with use of 
the measured strain at each point together with beam theory. The results show the force 
acting on the bearings in both magnitude and direction. 

The scientific contribution of the paper is to provide detailed information on the 
bearing loads which can be used to detect phenomena or to verify models. For the 
hydropower industry this paper contributes with a low cost tool for measurement of the 
bearing force with high accuracy. 

5.2.  PAPER B 

In this paper, the influence of magnetic pulling force is studied for a hydropower 
generator where the rotor spider hub does not coincide with the centerline of the rotor 
rim. The influence of stator eccentricity on the stability and rotor response is also 
studied for different rotor configurations. 

In many cases where a power station is upgraded, a new generator stator and rotor 
are installed but the existing shaft is re-used. That means, in many cases, that the rotor 
hub has a fixed position on the shaft but the stator and rotor have a changed elevation 
depending on the new construction. This implies that the center of the rotor hub and the 
center of the rotor rim do not coincide with each other. 

The usual way of calculating the influence of magnetic pulling force on a rotor is to 
apply a radial magnetic force acting at the position of the rotor hub. The bending 
moments that occur due to the inclination of the rotor are not considered. 

In this paper a linear model of the magnetic pulling force has been used for 
development of a model, which includes the bending moment due to the inclination of 
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the rotor. The model also considers the geometrical configuration between the rotor and 
the rotor hub. 

The stability of the generator has been analyzed for all possible rotor positions in 
the design space for the generator. 

The scientific contribution of the paper is the development of a linear generator 
model where the distance between the spider hub and the generator rim centre are taken 
into consideration. 

5.3. PAPER C 

In hydropower generators, the measurement of bearing load, vibration and shaft 
displacement are wildly used methods for indication the maintenance demand and for 
troubleshooting. When measurement of bearing load and shaft displacement is 
performed, the collected data make it possible to determine the bearing properties, such 
as stiffness and damping. In this paper a method is presented for determining the 
bearing stiffness and damping properties of generator journal bearings in hydropower 
units . 

The majority of hydropower generators are, however, not equipped with facilities 
for measurement of bearing loads. To provide the bearings with load sensors, it is 
necessary to reconstruct the bearings, which is associated with heavy expenditure. In 
this paper an alternative method to obtain the bearing load is utilize, in which strain 
gauges installed on the generator bearing brackets are used. The data collected in the 
experiment was obtained from measurements on a 238 MW hydropower generator 
connected to a Francis type runner. 

The bracket that holds the generator bearing consists of 18 spokes and each of these 
spokes has been provided with strain gauges for load measurements. The displacement 
of the shaft has been measured relative to the generator-bearing casing. The generator-
bearing model has been described as a system with two degrees of freedom containing 
both bearing stiffness and damping matrix, as well as the displacement and the 
displacement velocity vector. When the calculation of the bearing properties is based on 
measured data, the irregularity of the calculated stiffness and damping has to be 
eliminated. To eliminate the unrealistic values of the calculated damping and stiffness, 
the samples that cause high displacement condition numbers in the – velocity matrix are 
neglected. The result of the bearing stiffness and damping calculations are presented in 
polar plots. 

This method determines the bearing properties for the generator bearing at a certain 
point, the point where the generator shaft has its stationary position. The stationary 
position of the generator shaft depends on the static magnetic pulling force acting on the 
generator rotor and the influence of the turbine. The influence on the bearing 
characteristics of non-stationary loads acting on the bearing can be investigated. The 
non-stationary loads can for instance be rotor imbalance force, influence of thermal 
expansion and dynamic magnetic pulling force. It is thereby possible to evaluate the 
effect of different loads on the generator bearing, and the way in which the bearing 
properties are affected. 



R. Gustavsson                   Rotor Dynamical Modelling and Analysis of Hydropower Units  

43

5.4.  PAPER D 

In this paper, the method developed in Paper B has been formulated for a non-linear 
magnetic pulling force acting on the rotor. The rotor response and stability have been 
studied for different values of stator eccentricities.  

Rotor dynamics in the electrical industry has traditionally focused on turbo 
generators and high-speed motors. In such machines the rotor designs are significantly 
different and have other characteristic properties when compared with hydropower 
generators. Hydropower generators usually have a rotor with a large diameter and mass 
compared with turbo generators. Another difference between the two types is that 
hydropower generators usually have a small air-gap between the stator and rotor, which 
results in high electro-magnetic forces between stator and rotor. Therefore, the methods 
used for turbo generators cannot always be used in hydropower generators. 

In this paper the electro-magnetic pulling force acting on the rotor is assumed to be 
a non-linear force, which is dependent upon on the rotor eccentricity. An analytical 
model of the bending moments and radial forces acting on the generator hub has been 
developed where the distance between the spider hub and the centre of rotor is 
considered. Rotor stability and rotor response have been analysed under the action of 
the non-linear magnetic pulling force and different values of stator eccentricity. . 

The calculations of rotor stability have been made for the stationary points. The 
stationary rotor position has in this case been calculated with the Newton Raphson 
method. This stationary point is the rotor position during operating conditions under the 
action of stator eccentricity and the electro-magnetic pulling force. After the stationary 
rotor position has been found, the Jacobian matrix can be evaluated at the stationary 
point and the stability of the rotor can be analysed. 

The rotor response has been studied as function of stator eccentricity, for different 
rotor hub and rim positions. This analysis has been performed by numerical simulation 
of the system. 

The stability analysis shows that the rotor can be unstable for relatively small initial 
stator eccentricities if the rotor rim position relative to the rotor hub is included in the 
analysis. Analysis of rotor response shows that there are only a few rotor configurations 
that allow initial stator eccentricity which exceeds more than 5 % of the air-gap. 

The scientific contribution of this paper is the study of the influence of a non-linear 
magnetic pull in a hydropower generator where the generator spider hub does not 
coincide with the centre of the generator rim. 

5.5.  PAPER E 

The aim of this paper is to study the forces that arise in a large synchronous 
generator with an eccentric rotor and the influence that these forces have on the stability 
of the generator rotor. 

Forces associated with an eccentric, or off-centered, rotor in a rotating electrical 
machine have been a research topic for more than 100 years. However, most research in 
the area of rotating electrical machines has been performed on high-speed machines 
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such as motors or turbo generators. In hydropower applications, the relative air gap in 
the generator is small, the rotational speed is low and the numbers of poles is large, 
compared with other types of generator. 

The rotor eccentricity gives rise to a non-uniform air gap, which produces an 
unbalanced magnetic pulling force acting on the rotor. The influence of the unbalanced 
magnetic pulling force can be severe, since it can cause instability of the shaft. 
Therefore, it is of interest to calculate the forces that arise in large synchronous 
generators with an eccentric rotor and study the influence the forces have on the 
stability of the generator rotor.  

In these studies, a 74 MVA synchronous generator with 28 poles was simulated 
with an eccentric rotor, using a time-stepping finite-element technique. The forces were 
calculated using Coulomb’s virtual-work method and simulations were performed for 
no-load and load cases. To compute the electro-magnetic forces, the whole generator 
geometry has to be modelled. To achieve sufficient accuracy in the calculations when 
simulating such large generators, the finite-element mesh has to contain a very large 
number of nodes. In this case, this resulted in a finite-element mesh that consisted of 
over 100 000 nodes. 

The resulting force was found to be reduced significantly when a damper winding 
was taken into account. An interesting effect of the rotor damper winding was that it 
reduced the eccentricity force, the radial pulling force, and introduced a force 
component perpendicular to the direction of eccentricity, the tangential pulling force. 

The usual way of calculating the influence of magnetic pull on a rotor is to apply 
the radial magnetic pulling force obtained from a stationary calculation of the magnetic 
pulling force. In this paper, the influence of both radial and tangential magnetic pulling 
forces obtained from a time-dependent simulation has been considered in the analysis of 
the dynamic behavior of the rotor. 

Analysis of the stability of the rotor has shown that rotor stability has decreased, i.e. 
the damping ratio has decreased when the effect of the damper rods is taken into 
consideration. If the damper rods are not taken into consideration, the eigenfrequencies 
will be under estimated. 

The scientific contribution of this paper is the study of the electro-mechanical 
forces associated with an eccentric, or off-centered, rotor and the influence of these 
forces on the rotor stability. 

5.6.  PAPER F 

The purpose of this paper is to study and explain the dynamic properties of the 
hydropower rotor after contact between the turbine and the discharge ring. A possible 
explanation is given to observed damage to discharge rings and how uneven pressure 
distribution around the turbine can influence the rotor dynamics and the forces between 
the turbine and the discharge ring. The study has been performed using non-linear rotor 
dynamics for a few specific turbine load situations. 

To achieve maximum efficiency in a hydropower turbine it is essential to minimise 
the gap between the turbine and the discharge ring. Small gaps however increase the 
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risk of rubbing between the turbine and the discharge ring, which increases the risk of 
serious damage to the runner. This results in operational disruptions and production 
losses. Observed damage to Francis runners are located at the crown, however cracks 
have also been found at the blade junction. Blade losses have been seen in some cases. 
Corresponding damage on Kaplan runners are surface abrasion at the blade tip, and 
cracks in the blades. The contact between the blades and discharge ring will increase the 
risk for damage to the blade’s control mechanism in the runner hub. 

Transients from the generator or pressure from the draft tube can be one reason for 
contact between the runner and the discharge ring as well as rotor imbalance. Another 
situation that can bring the runner into contact with the chamber is uneven pressure 
distribution in the spiral casing. The uneven pressure distribution in the spiral casing 
can occur as a consequence of blocked gates and can apply lateral forces on the turbine. 
The gates can be blocked due to debris, or in cold climates the gates can become 
clogged with ice. 

In connection with overhauling or upgrading of old hydropower units, the turbine 
journal bearings are often replaced with modern preloaded tilting pad bearing. The 
damping capacities of the sleeve bearings are often higher than with the new preloaded 
tilting pad bearings. In this paper the consequences of different magnitudes of bearing 
damping capacities on the contact force between the turbine and the discharge ring are 
examined. The analysed unit is a typical 45 MW low head Kaplan with an assumed 
constant force of 55 kN acting on the turbine due to uneven pressure distribution in the 
spiral casing. 

When contact between the turbine and the discharge ring occurs, large contact 
forces arise that can explain the subsequent and observed damage. Large variations in 
the results can occur, dependant on the parameter values chosen for the analysis. It is 
however probable that the contact forces between the turbine and the discharge ring are 
always large, with considerable risks for serious damage as a consequence. 

The analysis shows that large impact forces can occur when there is contact 
between the turbine and the discharge ring. The result of the analysis also shows that 
accelerated reverse whirl can occur resulting in very large forces.  
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and the data post-processing. Gustavsson was the corresponding 
author.

Paper B Gustavsson initiated and wrote the paper with scientific guidance 
from Aidanpää. Gustavsson performed and develop the analytical 
model. Gustavsson was the corresponding author and presented the 
paper. 
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from Aidanpää. Gustavsson performed and develop the analytical 
model. Gustavsson was the corresponding author.
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6. CONCLUSIONS 

This section presents brief conclusions from each of the appended papers. 

Paper A presents a method for measurement of bearing loads on hydropower 
generators. The method is based on strain measurements on the beam surfaces of the 
bearing brackets. One advantage with this method is that the installation of the strain 
gauges does not require any reconstruction of the bearing. The presented results show 
that the method can be used for examination of both static and dynamic bearing loads. 
The bearing forces can be determined in both magnitude and direction for different 
types of disturbances such as vortex rope, magnetic pull force and turbine forces. 
Examples of results obtained from a 70 MW hydropower generator are presented in the 
appended Paper A. 

In Paper B a model is proposed for analysis of an eccentric generator rotor 
subjected to a radial magnetic pulling force. Both the radial force and the bending 
moment affecting the generator shaft are considered when the centre of the rotor spider 
hub deviates from the centre of the rotor rim. The electro-mechanical forces acting on 
the rotor are assumed to be proportional to the rotor displacement. The results show that 
the complex eigenvalues as well as the rotor displacement will be affected if the 
distance between the centre of the rotor rim and the rotor hub are considered in the 
analysis.

In Paper C the method for measurement of bearing loads presented in Paper A has 
been used for the calculation of bearing properties. The method is based on 
measurement of the apparent strain in the bearing brackets and shaft displacement. 
Examples of achieved results are shown using measurements of bearing properties on a 
hydropower unit of 238 MVA. Theoretical analysis of the bearing has been performed 
as a comparison to the measured bearing stiffness. In the actual experiment, the bearing 
clearance was dr  0.25 mm and the journal eccentricity 0.8-0.9. Comparison between 
the theoretical value of the bearing stiffness and the obtained values from measurements 
show good agreement between the theoretical and the experimental bearing stiffness. 

The results from the on-site experiment show that the method can be used to 
determine the bearing properties of tilting pad bearings operating at a certain load point. 
The load point depends mainly on the magnitude of the static magnetic pulling force 
acting on the rotor. The dynamic force components shall be added to this static load to 
obtain the total force acting on the bearing. The dynamic force component depends on 
the unbalanced forces and the dynamic magnetic pulling force. Variation of the bearing 
temperature also has an influence on the bearing properties. This is due to the effect on 
the clearance between the pads and the shaft. 

The load dependency of the bearing can be investigated by varying the magnitude 
of the dynamic load. It is thereby possible to obtain the load dependency of the bearing 
by changing the dynamic forces acting on the bearing. The dependency of the properties 
on the bearing temperature can also be investigated by changing the temperature of the 
bearing.  
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The bearing stiffness and damping have been determined from on-site measured 
data and plotted in polar plots for the generator bearing of a 238 MVA unit. It is thereby 
possible to evaluate the directional differences in stiffness and damping.  

In Paper D the radial magnetic force acting on the generator rotor is assumed to be a 
non-linear function of the air-gap between the stator and rotor. A non-linear magnetic 
force is then applied to the rotor model suggested in Paper B. The stability and rotor 
response have been analysed as function of stator eccentricity for different values of 
distance between the centre of the rotor rim and the centre of the rotor spider. The 
results show that there can be a large difference between the initial stator eccentricity 
and the actual rotor response. The non-linear effects from the magnetic pulling forces on 
the rotor response are evident from the results obtained. The rotor stability has been 
investigated for stator eccentricity from 1% up to 7 % of the nominal air-gap. The 
results from the stability analysis show that the rotor can be unstable for relatively small 
initial stator eccentricities if the rotor rim position relative to the rotor hub is included in 
the analysis. 

Paper E presents an analysis of the electro-mechanical forces that arise in a large 
synchronous generator with an eccentric rotor and studies the influences these forces 
have on the stability of the generator rotor. A 74 MVA synchronous hydropower 
generator was simulated with an eccentric rotor using a time-stepping finite-element 
technique. The starting value for the time-dependent equations is the corresponding 
stationary solution. The results show that the damper winding reduce the radial 
magnetic pulling force by approximately 38% compared with the stationary solution. 
The analysis also shows that a force component perpendicular to the direction of 
eccentricity is present in the time-dependent model. Without damper rods, no eddy 
currents would be induced in the laminated rotor-pole body, and no force component 
perpendicular to the direction of eccentricity would be present. The mechanical rotor 
analysis in the paper shows that the stability of the rotor decreases and the 
eigenfrequency will be under estimated when the effect of the damping rod is taken into 
consideration.

In paper F, an FEM model of a 45 MW hydropower unit has been studied. The 
model has been reduced from 36 degrees of freedom to a system comprising 8 degrees 
of freedom using an Improved Reduction System (IRS) method. The method provides 
good agreement with the systems natural frequency and damping for the 8 lowest 
modes. By using non-linear analysis, the contact forces between the turbine and the 
discharge ring have been studied as a function of a non-symmetrical flow load around 
the unit’s turbine and with variations of the unit’s damping. The results of the analysis 
show that the turbine has a similar impact behaviour and pattern that has been observed 
on the 45 MW unit in service. When contact between the turbine and the discharge ring 
occurs, large contact forces arise that can explain the subsequent and observed damage. 
Large variations in the results can occur, dependant on the parameter values chosen for 
the analysis. It is however probable that the contact forces between the turbine and the 
discharge ring are always large, with considerable risks for serious damage as a 
consequence. The result of the analysis also shows that accelerated reverse whirl can 
occur, resulting in very large forces. The results from the analysis show that the risk for 
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contact and damage are large even for relatively small lateral turbine loads, 40 – 70 kN, 
when the radial gap between the turbine and discharge ring is less than 1 mm. 

This thesis spans over two very different research areas - namely rotor dynamics 
and force measurements. In most cases rotor dynamics and force measurements are 
treated as two separate research areas. In this work the force measurement techniques 
developed have increased the understanding of the dynamic behaviour of the rotor and 
the forces acting on the rotor in different operational conditions. The measurement of 
the dynamic behaviour of the rotor is also important in the evaluation of the developed 
rotor models. Rotor models developed in this work have contributed to an increased 
accuracy in the prediction of rotor dynamic behaviour of hydropower generator rotors. 
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7. DISCUSSION AND FUTURE WORK 

In this section, some of the results achieved and experiences gained from the 
appended papers are discussed in more general terms. For a more detailed discussion 
and conclusions the reader is referred to the appended papers. 

7.1. DISCUSSION 

The rotor models used in the appended papers are models of generator rotors and 
turbines used in hydropower units. The aim of the models is to capture the fundamental 
behaviour of the rotor system influenced by magnetic pulling force for different rotor 
geometries as well as the contact between the turbine and the discharge ring. One of the 
more important simplifications is that the bearing properties are independent of the shaft 
rotation speeds and the load on the bearings. 

The stability and rotor response of a hydropower generator rotor are in most cases 
analysed with a linear magnetic pulling force applied at the centre of the rotor spider 
hub. The force is applied as a radial magnetic pulling force proportional to the rotor 
displacement in the radial direction, without influence from the inclination of the rotor. 
This implies that the forces and bending moment due to magnetic pull acting on the 
rotor do not take into consideration the rotor geometry or the difference in the air gap 
between the upper and lower part of the generator rotor. 

The suggested rotor model presented in this thesis includes both rotor inclination as 
well as the position of the rotor rim in relation to the rotor spider hub. The generator 
model can also be extended to handle the tangential magnetic pulling force as discussed 
in the appended Paper E. The advantage of the suggested rotor model is that it includes 
the configuration of the generator rotor directly into the stiffness matrix for the 
generator rotor. In linear cases this method can be implemented in programs used for 
calculation of rotor dynamics as a bearing with negative stiffness without modifying the 
program code. 

In the appended papers, the influences from different load cases have been 
calculated separately. However, in an actual generator the different load cases coexist 
and have to be calculated together to obtain the correct value for the parameters of 
interests. In this sense the calculated rotor displacement has been under-estimated and 
the rotor stability has been over estimated in the appended papers. 

To support the decision regarding the maintenance demands for a hydropower rotor, 
the knowledge of the forces and moments acting on the system is valuable. With the 
help of force measurements and structural models, it is possible to evaluate the risk of 
fatigue in the structural parts, such as rotor, bearings and stator. The advantage with 
force measurements compared to vibration measurements, is that force measurements 
can detect static loads acting on the shaft, which can cause fatigue in the rotor. 



R. Gustavsson                   Rotor Dynamical Modelling and Analysis of Hydropower Units  

52

7.2. FUTURE WORK 

The bearing properties are an essential part of the dynamics of the rotor and 
therefore it is of importance to verify these parameters both on-site as well as in the 
laboratory. With the help of force measurements and measurement of shaft 
displacement, it should be possible to develop a method for measurement of bearing 
stiffness and damping in hydropower generators. A first preliminary work has been 
performed in this thesis, to determinate the bearing properties. With more sensitive 
methods for force measurement of the bearing forces it should be possible to further 
develop the methods for determination of the bearing properties. One research area for 
future work is therefore to develop the method for determination of bearing properties 
with the help of on-site measurements of bearing forces and shaft displacements. 

Another field for future work is to study the influence of damping rods on the 
magnetic pulling force. In this thesis the influence of the damping rod was studied with 
an eccentric stator and the rotor in a static position. However, a more general study of 
the phenomena should be performed in the future. 

Essential parts of the rotating system in a hydropower unit are the bearings and the 
bearing supports. The bearing properties are usually calculated for a specific bearing 
load or for a specific bearing eccentricity in a fixed direction. However in a hydropower 
unit the shaft whirls around in the bearing with a frequency not necessary equal to the 
spin speed. An interesting research area is to study how bearings should be described in 
a rotor model for vertical hydropower generators. 

To increase the turbine efficiency and minimize the leakage in sealing devices it is 
desirable to minimize the gap between the rotating and static parts. The gap in the 
sealing devices and turbine will also work as a bearing and affect the rotating system 
with additional stiffness and damping. Small gaps will also increase the risk for rubbing 
between the static and rotating parts, with an increasing risk of damage to the 
components. A research are in the future could be to study the effect of different types 
of sealing devices on the dynamic behaviour of the rotating system in a hydropower 
unit. 
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Paper A 





B
earing failures account for
almost 40 percent of the fail-
ures of hydroelectric genera-
tors. A principal cause of

failures of generator guide bearings is the
occurrence of radial forces due to mis-
alignment between rotor and stator,
rotor imbalance, or disturbance from the
turbine. The usual way to measure bear-
ing load is to install load sensors behind
the bearing pads. However, because the
cost to reconstruct the bearings to install
the sensors is relatively high, a majority

of generators are not instrumented for
bearing load measurement.

By installing strain gauges on the
generator guide bearing brackets,
Vattenfall Utveckling indirectly mea-
sured static and dynamic bearing loads
on the 75-MW Unit 1 of Vattenfall
Generation’s 263-MW Porsi hydropower
plant in Sweden. The strain gauges used
were standard, relatively inexpensive
instruments, were easily installed, and
have high resolution. Computer displays
of the strain gauge signals clearly depict
variation of bearing load, allowing engi-
neers to interpret the cause.

Vattenfall Utveckling initially tested
the method on the 216-MW Unit 12 of
Vattenfall Generation’s 432-MW Porjus
hydropower plant. The company is
presently applying the method to mea-
sure bearing load on a third unit, at
Vattenfall Generation’s 153-MW Akkats
hydropower plant.

Understanding the problem

The primary cause of radial load in gen-
erator guide bearings is misalignment
between rotor and stator. The magnetic
flux in the generator’s air gap gives rise
to large radial, magnetic attraction forces
between rotor and stator. In a perfectly
symmetrical machine, the sum of all
those radial magnetic forces is always

zero. However, if — as shown in Figure
1 — the centerlines of the rotor and
stator do not coincide perfectly, the air
gap will be non-uniform (“air gap
eccentricity”), resulting in a non-uni-
form magnetic field. In turn, the net
radial force between rotor and stator
will not equal zero, and a radial force on
the bearings will result.

The most common cause of air gap
eccentricity is a combination of static
and dynamic eccentricity of the rotor
with respect to the stator. With static
eccentricity, the rotor centerline will be
in a fixed position in the stator bore,
and the smallest air gap will occur at a
constant position along the stator cir-
cumference. In the dynamic case, the
rotor centerline rotates around the sta-
tor centerline. The resulting time-
dependent force has both a constant and
an alternating component. The magni-
tude of the alternating component
depends on the number of poles and
can be neglected if the generator has
more than five poles as is typical for
hydroelectric generators.

Monitoring bearing load:
devising a new method

Bearing behavior, vibration, displace-
ment, and load often are monitored
after maintenance work or during trou-
ble-shooting of a hydroelectric genera-
tor. Bearing load usually indicates an
undesirable condition — an unbalanced
rotor or misalignment of the rotor with
respect to the stator. When measure-
ment of the bearing load is performed,
the load sensors are usually built in
behind the bearing pads. However, the
majority of hydro generators are not
instrumented for load measurement.

M E C H A N I C A L  E Q U I P M E N T

Using Strain Gauges to Measure Load 
On Hydro Generator Guide Bearings

By Rolf K. Gustavsson and Jan-Olov Aidanpää

Measuring the load on hydroelectric generator guide bearings — usually achieved 
by installing load sensors behind the bearing pads — can indicate poor operating
conditions or predict the need for maintenance. A relatively inexpensive way to
determine bearing load is to install strain gauges on the generator bearing brackets.
This method has been successfully tested on a hydro unit in Sweden.
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quently, the magnetic eccentric pull
consists mainly of the static load compo-
nent and, furthermore, the pull direction
is always toward the position of the nar-
rowest air gap between rotor and stator. 

The unit has upper and lower gen-
erator guide bearings, a turbine guide
bearing, and a thrust bearing. The
generator guide bearings are attached
to the powerhouse structure through
bracket frames, each designed in a
spoked-wheel arrangement. The spokes
are fabricated from hot-rolled steel I-
beams. The upper bearing bracket has
12 spokes arranged in a horizontal
plane; each spoke is 500 millimeters
(mm) high with cross sectional area of
25,040 square mm. The lower bearing
bracket has eight spokes inclined five
degrees to the horizontal; each spoke
consists of two I-beams 550 mm high
with a combined cross sectional area of
42,620 square mm. The spokes of both
the upper and the lower bearing
brackets are equally spaced circumfer-
entially.

The authors established one measur-
ing point in each spoke of the upper and
lower generator bearing brackets; Figure
2 shows the typical location of the mea-
suring point in each upper bearing
bracket. In addition, they measured shaft
displacement relative to the bearing
house. At each measuring point, two
strain gauges to measure mechanical
strain were bonded to the beam surface
at the centerline of the beam. Two other
strain gauges to determine temperature
compensation were bonded to a small
steel block mounted on the beam close
to the measuring point. Hottinger
Baldwin Messthechnik LY 41 10/350
strain gauges were used. The test
required 80 strain gauges, each costing
about US$15. The estimated total cost of
the installation was about US$7,500.

Simple geometric considerations
imply that the force acting on the gen-
erator bearing may be calculated ac-
cording to Equations 1 and 2: 

Equation 1:
n

RX = -EA � �i cos(�i)
i=1
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At the Porsi hydropower plant in Sweden, strain gauges bonded to Unit 1’s

upper generator bearing brackets at the position indicated by “SG” in this 

figure allowed the authors to indirectly measure bearing load. Strain gauges

were similarly positioned on the lower bearing brackets.

Figure 2

Redesign and reconstruction of bearings
to provide load sensors is relatively costly.
Because knowledge of bearing load is
important for optimal operation, bearing
load measurement is likely to become
even more common in the future.

A relatively inexpensive alternative
to installing load sensors for measuring
radial bearing force is now available.
This method involves measuring strain
in the bearing brackets and calculating

force by applying beam
theory. The method can
be used without costly
redesign or rebuilding of
the bearing housing or
other mechanical parts.
Standard-type strain
gauges can be used.

Applying, testing 
the new method

Vattenfall Generation
selected the Porsi hydro-
power plant, in the far
north of Sweden, for the
first full-scale application
of the new method
because of operational
problems during com-
missioning of the 75-
MW Powerformer gen-
erator on Unit 1. (The
Powerformer generator
supplies electricity di-
rectly to the high-voltage
transmission grid with-

out using a step-up transformer.) The
Porsi Unit 1 generator is a 50-Hertz
(Hz) machine with a rated voltage of
155 kilovolts (KV), a rated capacity of 75
megavolt amperes (MVA), a rated power
factor of 1.00, and a rated speed of 125
revolutions per minute. The turbine is a
five-bladed Kaplan-type propeller. 

The generator has 48 poles. This
large number of poles means that the
alternating load component of the bear-
ing force is approximately zero. Conse-

Air gap eccentricity in a hydroelectric generator 

may be visualized as shown in this figure, where e

represents the distance between the center of the

stator and the center of the rotor, Ds is the inner

diameter of the stator, and Dr is the outer diameter

of the rotor.

Figure 1
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Equation 2:
n

RY = -EA � �i sin(�i)
i=1

where:
RX is the force acting in the X direc-
tion;
RY is the force acting in the Y direc-
tion;
E is Young’s modulus;
A is the beam cross-section area;
�i is the apparent strain in spoke i;
�i is the angle to the spoke i; and
n is the number of measuring points in

the bracket (equal to the number of
spokes).

The apparent strain �i is determined
by Equation 3: 

Equation 3:
�i = �f + �t

where:
�i is the apparent strain;
�f is the strain dependent on the force
acting on the bearing; and
�t is the strain of the bracket spoke
depending on the temperature variation
in the bracket.

Equation 3 implies that if the bracket

is symmetric and the temperature varia-
tion is equal in each spoke, the tempera-
ture dependent strain sums up to zero
and the strain in the bracket will only
depend on the external force acting on
the bracket. 

Calibrating the gauges

At the Porjus Power Station, personnel
jacked the shaft radially with known
loads to check the strain gauges. At
Porsi, personnel calibrated the gauges
during balancing of the rotor; with the
rotating parts in balance, adding weight
at a given location allowed the load
response of the bearing to be compared
to the theoretical value. In this case,
Vattenfall Utveckling had access to a
finite-element model of the brackets,
including the bearings; this model al-
lowed the authors to study the strain dis-
tribution across the beam section as well
as strain as a function of bearing load.

Compensating for pre-load,
temperature, magnetic effects

Subtracting the mean strain value ac-
quired from a measurement with the
unit at standstill for each strain sensor
compensated the measured strain data for
pre-load on the brackets. The authors
made these measurements as closely as
possible before the measurements were
taken with the unit loaded. Then, im-
mediately after the test, they measured
strain in the bracket due to temperature
expansion, with the shaft rotating slowly
for a number of revolutions, and com-
pensated the test result by the mean value
of the temperature-dependent strain.

When the generator is running and
loaded, 50-Hz disturbances from the
magnetic field surrounding the genera-
tor can affect the measured data. Treating
the measured strain signals with a low-
pass filter having a cut-off frequency of
30 Hz produced a good quality signal.

Analyzing the results

The results from measurement of the
force acting on the upper and lower
bearing are shown as orbit plots in
Figure 3. Measurements were taken at
75 percent and 100 percent load with

Figure 3

These computer plots show the forces acting on the upper and lower genera-

tor bearing, as determined by the strain gauges installed on the bearing brack-

ets at Unit 1 at the Porsi hydropower plant. In these plots, the 75 percent load

case is plotted in red (outer load circle) and the 100 percent load case is plot-

ted in blue (inner load circle).

Figure 4

The plotted frequency spectra of bearing load for the 75 percent generator 

load test at Porsi Unit 1 show prominent spikes associated with the turbine

draft tube vortex rope (0.65 Hz), the operating speed frequency (2.08 Hz) and

the blade-passing frequency (10.4 Hz). Such plots help to analyze the source 

of bearing loads.
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the generator connected to the grid.
The magnitude and direction of the

static load on the bearings is represented
by the distance and direction of a vec-
tor from the origin of the plot to the
center point of the plotted load. As
noted above, the static load on the bear-
ings depends mainly on stator eccen-
tricity, causing a non-uniform magnetic
field operating on the rotor. From
Figure 3, at full load, the maximum sta-
tic forces acting on the upper and lower
bearings respectively can be seen to be
approximately 4 and 2 metric tons.
Plotted frequency spectra, such as
depicted in Figure 4, help to analyze
the nature and source of these loads. 

In Figure 4, the dominant load
component at the lower bearing ap-
pears at a frequency of 0.65 Hz. This
load component is the result of a vor-
tex rope in the draft tube beneath the
turbine. The vortex rope grows when
the turbine is not operating under opti-
mum blade angle and wicket gate
opening. From the frequency spectra
for the lower guide bearing at 75 per-
cent load, one can observe that the
vortex rope affects the lower bearing
with a dynamic load component of ap-
proximately 9 tons.

It is possible to de-
termine the magnetic
pull as well as the mass
unbalance on the rotor,
by comparing the loads
acting on the bearing
at different load fac-
tors. At no-load, one
can make a mechanical
balancing of the rotat-
ing system with this
method. It is impor-
tant to balance the ro-
tating system when
the generator is loaded
and thereby compen-
sate for the magnetic
unbalance force.

The authors also
measured bearing load
and shaft displacement
relative to the bearing
house at different gen-

erator output voltages, at 100 percent
rotation speed with no load on the gen-
erator. The measured bearing loads and
shaft displacement at varying voltages
from the generator are the effects of
magnetic forces due to the mass eccen-
tricity of the rotating system. As shown
in Figure 5, the bearing loads and the
displacements increase with increasing
generator output voltage.

The raw signals from the strain and
displacement gauges were treated with
a band pass filter with pass frequencies
of 1.8 to 2.2 Hz. Using the filtered sig-
nals allowed the mean value and the
standard deviation of the force and dis-
placement amplitudes to be calculated. 

The system also can be used to inves-
tigate the bracket connection to the
powerhouse structure by comparing
each sensor’s response for a known un-
balanced force.

As noted above, Vattenfall Utveckling
developed and tested the technique at
Porjus Unit 12, prior to the initial appli-
cation of the method at Porsi. Following
the work at Porsi, Vattenfall Utveckling
took similar measurements at the Porjus
unit during maintenance to correct
excessive vibration.

Thus far, the authors have compared

the bearing loads determined by the
method to the results of a finite-element
analysis of the brackets, including the
bearings; those results included stress dis-
tribution across the beam section, and
strain as a function of bearing load.

Conclusions

Measurement of loads on hydro genera-
tor guide bearings can help protect the
bearings from overload and thus avoid
possible failure. Installing strain gauges
on guide bearing brackets has been
shown to be a reliable way to measure
bearing load in the common case where
the generator lacks instrumentation for
direct measurement of bearing load. 

The technique can determine the
magnitude and direction of both static
and dynamic loads acting on the bear-
ing. It also makes possible the ability to
pinpoint the cause of the bearing radial
force from among the various eccen-
tricities or disturbances in the system.

The technique may have application
on machines where the thrust bearings
and guide bearings are on the same
bracket. The authors plan to test an
installation of strain gauges on the axial
bearing bracket connected to the tur-
bine cover. To establish a force-strain
relationship may require a finite-ele-
ment model of the bracket.

Since a generator cannot be operated
during installation of the strain gauges,
minimizing the installation time is desir-
able. Hydro plant owners and/or testing
or maintenance organizations need to
conduct further investigations to deter-
mine whether the number of gauges can
be reduced without loss of sensitivity of
the measurements. ▲

Mr. Gustavsson may be contacted at
Vattenfall Utveckling AB, SE-814 26
Älvkarleby, Sweden; (46) 26-83680; 
E-mail: rolf.gustavsson@vattenfall.
com. Dr Aidanpää may be reached at
Luleå University of Technology, Divis-
ion of Computer Aided Design, SE-
971 87 Luleå, Sweden; (46) 920-
491000; E-mail: joa@mt.luth.se.
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ABSTRACT

In large electrical machines the electromagnetic forces 
can in some situations have a strong influence on the rotor
dynamics. One such case is when the rotor is eccentrically 
displaced in the generator bore. A strong unbalanced
magnetic pull will then appear in the direction of the
smallest air gap. 

In this paper, the influence of magnetic pull is studied
for a hydropower generator where the rotor spider hub 
does not coincide with the centre of the rotor rim

The generator model consists of a four-degree-of-
freedom rigid body, which is connected to an elastic shaft
supported by isotropic bearings. The influence of magnetic
pull is calculated for the case when the rotor spider hub 
deviates from the centre of the rotor rim. A linear model of
the magnetic pull is introduced to the model by radial
forces and transversal moments.

In the numerical results typical data for a 70 MW
hydropower generator is used. Results are presented in
Campbell diagrams and stability diagrams. The results
show that this type of rotor design affects the complex
eigenvalues and in some cases it can become unstable. 

INTRODUCTION

The occurrence and the effect of an eccentric rotor in 
an electric machine has been discussed for more than one 
hundred years. During operation, the rotor eccentricity 
give rise to a non-uniform air-gap which produce an 
unbalanced magnetic pull acting on the rotor. The
influence from the unbalanced magnetic pull on the
rotating system can be severe since stability problem of the
shaft can occur. There are a number of documented cases 
where the rotor has been in contact with the stator due to
air gap asymmetry, “DeBortoli et al.(1993)”.

Knowledge of the radial magnetic forces acting on the
rotor in an eccentric machine is important for the 

mechanical design of the rotor. A number of equations
have been suggested for calculation of the magnetic pull
on the rotor due to a disturbance in the magnetic field.
Early papers such as “Behrend (1900)”, “Gray (1926)” and 
“Robinson (1943)” suggested linear equations for 
calculation of the magnetic pull for an eccentricity up to 
10% of the average air-gap. “Covo (1954)” and “Ohishi et
al. (1987)” improved the equations for calculation of 
magnetic pull by taking into account the effect of
saturation on the magnetization curve. A more general
theory was suggested by “Belmans et al. (1982a)” where
they developed an analytic model for vibration in two pole
induction motors. They show that the unbalanced magnetic
pull acting on the rotor also consist of harmonic
components. This harmonic component has double slip
frequency if the rotor is dynamically eccentric or double 
supply frequency for a statically eccentric machine.
Investigation of radial stability of flexible shaft in two
poles induction machines was performed by “Belmans et
al. (1987b)” to verify the theoretical results. They studied
the influence of magnetic pull on the rotor system for
various values of slip and supply frequency. A similar
study was performed of “Gou et al. (2002)”. They studied
the effects of unbalanced magnetic pull and the vibration
level in three-phase generators with any numbers of pole
pairs.

The usual way to calculate the influence of magnetic
pull on a rotor is to apply a radial pull force acting on the
rotor at the rotor spider hub. In this paper, the influence of
magnetic pull on the rotor stability is studied for a 
synchronous hydropower generator where the rotor spider
hub does not coincide with the axial centre of the rotor
rim. An analytical model of the bending moments and
radial forces acting at the rotor hub is developed where the
distance between the rotor spider hub and the rotor rim
centre is taken into consideration. A simple generator
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model is then combined with the developed load model.
Using this simple rotor model, numerical results are 
presented to describe the effects of unbalanced magnetic
pull acting on a displaced rotor rim.

UNBALANCED MAGNETIC PULL ON A

GENERATOR ROTOR

The air gap flux in an electrical machine gives rise to 
large radial attraction forces between the stator and the 
rotor. In a perfectly symmetric machine, the sum of all
those radial magnetic forces acting on the rotor is equal to
zero, which means that the there is no radial net force 
acting on the rotor. However, all hydropower generators
are associated with some degree of asymmetry in the air 
gap, ” Sandarangani (2000)”. 

The most common example of such asymmetry is the
so-called air gap eccentricity. Air gap eccentricity occurs if
the centre of the rotor does not coincide perfectly with the
centre of the stator bore. The relative eccentricity is 
defined as 

rRR rs Δ
δδε =

−
= (1)

where is the distance between the centre of the rotor and 
the centre of the stator. Rs is the inner radius of the stator,
Rr is the outer radius of the rotor and r is the average air
gap length, shown in Figure 1. 

Figure 1: Air-gap of a generator with an eccentric 

rotor.

Analytical expression for the unbalanced magnetic
pull caused by static and dynamic eccentricity was shown
by “Gou et al. (2002)” for a three-phase electrical machine
with any pole-pairs. The method is based on the idea of 
modulating the fundamental MMF wave by the air-gap
permeance expressed as a Fourier series. The magnetic
force equation becomes,
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where the f1 is the amplitude of the constant unbalanced
magnetic pull, φ is its direction angel,  is the angular
velocity of the supply, and p is the number of pole-pairs.
From Figure 1, one can observe that the direction of the
constant unbalanced magnetic pull is always towards the
smallest air gap between the stator and the rotor. The
component f1eiφ in Equation (2) is the mean value of the
unbalanced magnetic pull and the other components are 
oscillating ones. The functions f1, f2, f3 and f4 becomes

5
2

22

2
0

4

3
2

22

2
0

3

5
2

3
22

22

2
0

2

5
2

3
22

22

2
0

1

11

1

1

2

11

1

1

4

111111

1

1

2

111111

1

1

−−
−Δ

=

−−
−Δ

=

−−+−−+−−
−Δ

=

−−+−−+−−
−Δ

=

ε
ε

ε
πμ

ε
ε

ε
πμ

ε
ε

ε
ε

ε
ε

ε
πμ

ε
ε

ε
ε

ε
ε

ε
πμ

r
BhRf

r
BhRf

r
BhRf

r
BhRf

r

r

r

r

 (3) 

where h is the length of the rotor, μ0 is the air permeance
and B is the fundamental MMF amplitude of the rotor 
exciting current. 

In a generator, the most common case of eccentricity 
is a combination of stator eccentricity and rotor 
eccentricity. Characteristic for the stator eccentricity is that 
the rotor centre will be in a fixed position in the stator bore
under action of a constant magnetic force. Due to this, the
smallest air gap vector will always appear in the same
direction in relation to the stator. In the case of rotor
eccentricity, the rotor centre will whirl around the rotor
centre line in an orbit. If a stator eccentricity is combined
with rotor eccentricity the rotor centre will whirl around 
the static eccentricity point with the angular velocity of Ω
and hence the smallest air gap will fluctuate with an
angular velocity of Ω.

Rr

Rs

THE MODEL OF THE GENERATOR ROTOR

The rotor model consists of a massless uniform
vertical shaft of a length L, supported in bearings with
stiffness k1 and k2 at its ends. The shaft has the area 
moment of inertia I, and the Young’s modulus E. The
generator rotor, treated as a rigid body, consist of a rotor
spider, rotor rim and poles with the total mass m, polar
moment of inertia Jp, transversal moment of inertia Jt and a 
length of h. The distance between the centre of the rotor 
rim and the centre of the rotor spider hub is denoted with l.
The position of the rotor spider hub along the shaft is
denoted with αL where α+ =1. The rotor mass centre is
slightly eccentric, denoted e, from the elastic centre line of 
the shaft. Rotor geometry and dimension parameters are 
shown in Figure 2. The connection of the rotor to the shaft
is assumed stiff.
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Figure 2: Rotor geometry

ROTOR UNAFFECTED BY MAGNETIC PULL. 

From the simple model of the rotating system the
flexibility {u} = [a]{F(t)} of the rotor can be expressed 
with Euler-Bernoulli beam theory. With the parameters
shown in Figure 2, and the assumption that the bearings
and rotor are isotropic the flexibility matrix [a] can be 
formulated as 
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kF xδ=

The rotor stiffness matrix [K] can be formulated as the 
inverse of the flexibility matrix, [K] = [a]-1
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The equation of motion for the generator rotor model
shown in Figure 2 can be written in matrix formulation as 

[ ]{ } [ ] [ ]( ){ } [ ]{ } { })t(FuKuCGuM =+++ Ω  (6) 

where [M] is a diagonal mass matrix, including
transversal moment of inertia of the generator rotor, [G]

contains the gyroscopic terms, [K] is the stiffness matrix of
the shaft, [C] is the external damping matrix for the rotor
and the rotational speed of the rotor. In this paper a 
damping matrix of proportional type is used, C
γ M η[K] The excitation force vector {F(t)} which 
occurs at the rotor spider centre, contains the sinusoidal
mass unbalance forces and the couple unbalance, “Genta
(1999)”.
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ROTOR AFFECTED BY MAGNETIC FORCE 

Development of the rotor model described in Equation
(6) to include magnetic rotor pull as well as a rotor spider
hub which is not coincident with the centre of the rotor
rim, l  0, will be suggested.

The rotor eccentricity cause a disturbance in the
magnetic field, which results in a pull force and moment
acting on the rotor spider hub. The magnetic force FM
depends on the rotor displacement , inclination of the
rotor  and the distance l between rotor spider hub and the
geometrical centre of the rotor rim. For rotor eccentricity 
up to 10% of the air gap the magnetic pull force, according 
to Equation (2) and (3), can be linearized and the magnetic
stiffness can be obtained and denoted as kM [N/m]. For 
eccentricity larger then 10%, the non-linear effects of the 
magnetic pull will affect the results. The forces acting on
the rotor can be obtained by an integration of the radial
magnetic force distribution over the rotor height h which 
gives
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where is the magnetic stiffness.Mk

The moment acting on the rotor spider hub depends on the
vertical displacement l of the rotor rim and the inclination

of the rotor. The magnetic forces results also in moments
affecting the shaft with the magnitude of
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Assuming an exponential solution on the form

the homogenous part of Equation (14) results

in an eigenvalue problem defined as 

{ } { } teqQ λ
0=

[ ] [ ][ ]{ } { }00 =− qIA λ (15)

where [I ] is the identity matrix. The solutions consist of
eight complex eigenvalues and associated eigenvectors 

These eigenvalues can be expressed in the general

form

{ }0q
The magnetic force and moment, Equation 7 to 10,

acting on the rotor spider centre can then be written in
matrix form as
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where the matrix  is defined as[ ]MK
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where τ  is the decay rate, and ω  is the frequency of each
eigenvalue. The system is asymptotically stable, if all 
eigenvalues have positive decay rate.

UNBALANCE RESPONSE 

The unbalance response can be studied from Equation
(14). For an external mass unbalance force { , the 

corresponding response{ can be solved. Each of the 

vectors{ and { can be separated into two harmonic

vectors. The vectors { and { containing the cosine

and sine components of the force vector { and in the

same way the response { is separated into the vectors

and { } . For this load case a particular solution on

the form
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Stator eccentricity results in a constant magnetic pull 
force and moment acting on the rotor. This load vector is
denoted as {F}MK. The equation of motion for the
generator rotor model shown in Figure 2, including the
effects from the magnetic pull and the displacement of the 
rotor rim centre line from the rotor spider hub hinge line,
can be written in matrix form as 
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[ ]{ } [ ] [ ][ ]{ } [ ] [ ][ ]{ } { } { }MKFF(t)uKKuCGuM M +=−+++  (13) 

satisfies the differential Equation (14) and the initial
conditions. Combining Equation (17) and (14) gives,STABILITY AND NATURAL FREQUENCIES 

To simplify the analysis the constant magnetic pull
force {F}MK and the couple unbalance force in the vector
{F(t)} is omitted in the stability analyses.  Equation (13) 
can then be transformed into state equations according to 
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where
where{ is the state vector of the particular solution while

are vectors containing constants derived in

Equations (18) and (19). 
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NUMERICAL RESULTS

NATURAL FREQUENCIES OF THE UNDAMPED 

SYSTEM

The suggested method to include the magnetic pull in
the rotor analyse formulated in previous section, has been 
applied on the rotor model shown in Figure 2. In the
analysis, typically rotor and shaft dimensions and values of 
magnetic pull have been used for a 70 MW three-phase
synchronous hydropower generator. The influence of
magnetic pull on a generator rotor rim were the rotor 
spider hub and the centre of the rotor rim doesn’t coincide
has been studied. The natural frequencies  as function of
rotational speed  have been plotted for different values of
rotor spider hub position and displacement of the rotor 
spider hub from the centre of the rotor rim l/h.

Table 1

Dimensions and parameters used in the calculations Figure 3: Natural frequencies as function of rotor

speed for rotor position α=0.5. Rotor offset l/h=0, -0.2, -

0.4 and without electromagnetic pull EMP=0.

Item Values Unit
E Young’s modules 2.0·1011 N/m2

M Mass of rotor 336000 Kg
Jp Polar moment of inertia 5.3·106 kg m2

Jt Transverse moment of inertia 3.3·106 kg m2

L Length of shaft 6.5 m
h Length of rotor 3 m
kM Magnetic stiffness 331·106 N/m
I Moment of inertia 0.0201 m4

K1 Bearing stiffness 7·108 N/m
K2 Bearing stiffness 7·108 N/m

The influence of magnetic pull on a generator rotor,
were the rotor spider hub and the centre of rotor rim
doesn’t coincide (rotor offset), has been determined for the 
undamped system according to Equation (15). Four rotor 
spider positions on the shaft, α = 0.5, 0.6, 0.7 and 0.8 have
been analysed in Figures 3 to 6. The natural frequencies
for three displaced rotor rim positions have been
calculated in each figure, l/h = 0.0, -0.2 and -0.4. Also the
load case without electromagnetic pull (EMP=0) acting on
the rotor rim has been analysed with a rotor offset off, l/h
= 0.0 for each rotor position. Figure 4: Natural frequencies as function of rotor

speed for rotor position α=0.6. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.
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Figure 5: Natural frequencies as function of rotor

speed for rotor position α=0.7. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.

Figure 6: Natural frequencies as function of rotor

speed for rotor position α=0.8. Rotor offset l/h=0,-0.2, -

0.4 and without electromagnetic pull EMP=0.

UNBALANCE STEADY STATE RESPONSE OF THE

UNDAMPED SYSTEM 

In Figures 7 to 10 the rotor unbalance response as 
well as the static unbalance have been scaled with the
nominal air gap length r (  = u/ r and e’ = e/ r). Four 
rotor spider hub positions on the shaft, α = 0.5, 0.6, 0.7 
and 0.8 have been analysed in Figures 7 to 10. The rotor

response for three displaced rotor rim positions have been 
calculated in each figure, l/h = 0.0, -0.2 and -0.4. Also the
load case without electromagnetic pull (EMP=0) acting on
the rotor rim has been analysed with a rotor offset off, l/h
= 0.0 for each rotor position. In Figure 7 to 10 the rotor 
responses have been plotted as function of the static
unbalance according to Equation (18) and (19).

Figure 7: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.5.

Figure 8: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.6.
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Rotor spider hub position on the shaft α has been analysed 
for α = 0 to 1 and the rotor offset l/h has been varying
from -0.5 to 0.5. In the Figures 11 to 14 the rotor
configurations with negative decay rate τ have been 
marked with black dots. The magnetic pull constant kM
has been increased from 1.0*kM to 1.4*kM in Figures 11 to
14

Figure 9: Unbalance response  as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.7.

Figure 11: Stability region (white) for a magnetic

stiffness of 1.0*kM as function of rotor position α and 

rotor offset l/h.

Figure 10: Unbalance response as function of static

unbalance e’=e/ r for rotor position at the shaft α=0.8.

ROTOR STABILITY

Stability of the rotor system has been studied by use
of proportional damping [C] =0.2[M] + 0.5[K]. In Figures
11 to 14 the stability for different rotor configurations have
been analysed according to Equation (16). 

Figure 12: Stability region (white) for a magnetic

stiffness of 1.13*kM as function of rotor position α and 

rotor offset l/h.
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In the model the electromechanical forces and
moments acting on the rotor rim are calculated as
functions of rotor displacements as well as deviation
between centre of rotor spider hub and the centre of the
rotor rim. The force models appear as a negative stiffness
matrix in equation of motion (15) and affect the complex
eigenvalues as well as the rotor response.

The natural frequencies have been plotted in Figures 3 
to 6 for different rotor spider positions on the shaft. It can
be observed that the natural frequencies can decrease as 
much as 50 % depending on the rotor rim position in
relation to the rotor spider. The lower natural frequencies
in Figures 3 to 6 decrease while the upper natural
frequencies increase. For the opposite direction of the
rotor rim displacement, the lower natural frequencies will 
increase and the upper natural frequencies will decrease.
The unbalance rotor response in Figures 7 to 10, show that
the response is strongly dependent of the rotor rim position 
in relation to the centre of the rotor core. Therefore, it has
to be considered in the rotor design. Besides the rotor
unbalances the rotor response will be affected of the stator 
eccentricity. This has to be considered to avoid the non-
linear part of the magnetic pull.

Figure 13: Stability region (white) for a magnetic stiffness of 

1.26*kM as function of rotor position α and rotor offset l/h.

The magnetic pull on the rotor can be assumed to be 
linear up to 10% of the air gap. For larger eccentricity the
magnetic pull will increase exponential. For a rotor 
eccentricity of 17% the magnetic stiffness have increased 
to 15 % of the value for 10 % eccentricity. For 27 % rotor 
eccentricity the corresponding magnetic stiffness have 
increased up to 40 %. In Figures 11 to 14 the rotor stability
has been plotted for magnetic stiffness of 1.0 – 1.4 times
the linear magnetic stiffness. The figures show that the
rotor design can be unstable if the distance between the 
rotor rim centre and the rotor spider are not considered. 
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ABSTRACT
In hydropower generators, the measurement of bearing 

load, vibration and shaft displacement are wildly used methods 
for indication of maintenance demand and troubleshooting. 
When measurement of bearing load and shaft displacement is 
performed the collected data make it possible to determine the 
bearing properties, such as stiffness and damping. In this paper 
a method to determine the bearing stiffness and damping 
properties for generator journal bearing in hydropower units is 
presented.

The majority of hydropower generators are, however, not 
equipped with facilities for measurements of bearing loads. To 
provide the bearings with load sensors it is necessary to 
reconstruct the bearings, which is associated with heavy 
expenditures. In this paper an alternative method to obtain the 
bearing load is utilize, in which strain gauges installed on the 
generator bearing brackets is used. The collected data in the 
experiment were obtained from measurements on a 238 MW 
hydropower generator connected to a Francis type runner.  

The bracket that holds the generator bearing consists of 18 
spokes and each of these spokes has been provided with strain 
gauges for load measurements. The displacement of the shaft 
has been measured relative to the generator-bearing casing. The 
generator-bearing model has been described as a system with 
two degrees of freedom containing both bearing stiffness and 
damping matrix as well as displacement and displacement 

velocity vector. When the calculation of the bearing properties 
are based on measured data, the irregularity in the calculated 
stiffness and damping has to be eliminated. To eliminate the 
unrealistic values of the calculated damping and stiffness, the 
samples that cause high condition numbers of the displacement 
– velocity matrix are neglected. The results of the calculation of 
bearing stiffness and damping are presented in polar plots.   

This method determines the bearing properties for the 
generator bearing in a certain point, the point where the 
generator shaft has its stationary position. The stationary 
position for the generator shaft depends on the static magnetic 
pull force acting on the generator rotor and the influence from 
the turbine. The influence on the bearing characteristics of non-
stationary loads as acting on the bearing can be investigated. 
The non-stationary loads can for instance be rotor unbalance 
force, influence of thermal expansion and dynamical magnetic 
pull force.  It is thereby possible to evaluate different loads 
effect on the generator bearing and in which way the bearing 
properties are affected. 

INTRODUCTION
In a number of hydropower stations, it has been observed 

that large radial forces can affect the guide bearings in the 
generators. These forces can cause damage or a failure of the 
bearings with economical losses as a consequence [1]. It is 
furthermore known that in electrical machines almost 40% of 
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the failures can be related to bearing failures [2,3]. One reason 
for the existence of the radial bearing load is static or dynamic
misalignment between rotor and stator. This misalignment
results in a non-uniform air gap and consequently a non-
uniform magnetic field [4,5,6]. In electrical machines the 
measurement of the air-gap eccentricity is often based on 
measurement of the change in the air-gap field with loops or
coils [7,8].

Knowledge of the radial magnetic pull force acting on the
eccentric rotor is important for the mechanical design and
maintenance of a hydropower generator. A number of equations
are available for calculation of the magnetic rotor pull for an
eccentricity up to 10% of the average air-gap [9,10,11]. Some
equations have been improved by taking the effect of saturation
into account [12,13,14,15].

When measurement of the bearing loads or bearing
properties are performed in hydropower generators, the load
sensors are usually built in behind the bearing pads with a 
similar technique as the one described in [16]. Measurement
with strain gauges attached to the bracket base plates have been 
shown in [15]. But, on a great number of generators, the base
plates are pre-loaded and therefore not suitable for 
measurements. The majority of hydropower generators are 
however not equipped with facilities for load measurement and
the reconstruction, which is necessary to provide the bearings
with load sensors, is associated with high expenditures.

The influence of the preload effect on the bearing metal
temperature and the shaft vibration was investigated at a 
storage power plant [17]. At that investigation a single centered
thermocouple was used to measure the bearing metal
temperature and two perpendicular proximity probes of eddy
current type were installed in the bearing. Experimental
investigation on the performance characteristics of a tilting pad
journal bearing for small L/D ratios has been investigated in
[18]. In that work a non-contact electromagnetic exciter was 
used to excite the rotor mass in horizontal and in vertical
direction.

In this paper an alternative method to the load sensors
behind the bearing pads, is used for measuring of the radial
bearing force. This method is based on strain measurement at
the bearing supports [19] and the force is calculated from the
measured strain by use of beam theory [20]. The advantage of 
this method is that it can be used without installation of sensors 
inside the bearing house or the redesigning of mechanical parts
in the bearing. This method determines the bearing properties
for the generator bearing in a certain point; the point at which
the generator shaft has its stationary position. The stationary
position for the generator shaft depends on the static magnetic
pull force acting on the generator rotor and the influence from
the turbine.

EXPERIMENTAL ANALYSIS

Test object and measurement set-up.
The measurements of force and displacement were

performed on unit 12 at Porjus power plant in the far north of
Sweden. The generator has a rated capacity of 238 MWA and a 
rated speed of 83.3 rpm.

A Fancies type runner is connected to the generator via a
nine-meter vertical shaft. The rotating parts of the power unit
have two support bearings and one trust bearing which supports
the shaft. The generator guide bearing, which is located on the
top of the generator, is attached to the building structure
through a bracket frame. The trust bearing and turbine guide
bearing are integrated parts of the spiral-casing house.

The generator-bearing bracket is designed as a spoke
wheel consisting of 18 hot rolled I-beams. The height of those
I-beams are 500 mm, with a cross sectional area of 27300 mm2.
The generator bracket spokes are equally spaced which means
that the spacing between spokes is 20°. A schematic layout of 
the bracket is shown in Figure 1. 

Figure 1. Layout of the generator bracket. 

For measuring of the mechanical strain in the bearing 
bracket each spoke is provided with strain gauges arranged in a 
full Wheatstone bridge [21]. Two of the gauges in each bridge 
are used for measuring of the mechanical strain in the arms and 
two of the gauges are used for temperature compensation. The
two gauges used for measuring the mechanical strain in the 
beam are bonded to the beam surface in the centerline of the 
beam. The installation of the strain gages is shown in Figure 2.
A steel dummy with the dimension 100 x 70 x 15 [mm] is
attached close to the measuring point on each beam. On the
dummy two of the full bridge gauges are bounded and used for 
temperature compensation.



Figure 2. Strain gauge position SG.

Strain and displacement measurement
In a generator, the air gap eccentricity give rise to a large

radial magnetic pull force acting on the rotor. The air gap
eccentricity can be divided in two types, static and dynamic
eccentricity. In the generator, the most common case is a 
combination of those two types of eccentricity. Characteristic 
of the static eccentricity is that the rotor center will be in a 
fixed position from the bearing center. In the dynamic case the 
shaft center will whirl around the bearing center in an orbit 
with displacement vector of u. If the static and dynamic
eccentricity is combined the shaft center will whirl around the 
static eccentricity point. 

Figure 3. Generator bearing model. 

In Figure 3 u is the displacement vector, the angle to the 
rotor position is denoted  while k and c is the bearing stiffness
and damping respectively.

Bearing properties have been determined in the point
where the shaft has its stationary position. The numerical model
of the generator bearing has been described as a system with
two degrees of freedom containing bearing stiffness and 

damping matrix as well as displacement and displacement
velocity vector. This can be written as 
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where is the force components acting on the bearing,
represent the stiffness components of the oil-film, are the 

components in the damping matrix, are the components in

the displacement vector and the are the velocity 
components.
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In the general case, the stiffness matrix is not symmetric
while the damping matrix is on the other hand symmetric.

For symmetric tilting pad bearings with an even number of
pads both stiffness and damping matrix are symmetric. Tilting
pad bearings has generally a low cross-coupled damping and
stiffness. Therefore, it can be assumed that the cross-coupled
terms in both stiffness and damping matrix can be assumed to
be zero [22]. The stiffness and damping matrix components can 
be formulated as kkii , ,  and .0ijk ccii 0ijc

For rotating systems it can be more suitable to describe the
equation of motion in polar coordinates. The relation between
load, displacement, stiffness and damping for the bearing can
then be expressed as 
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the angle between the forces depending of bearing stiffness
and the bearing damping . The relation between the forces is 
shown in Figure 4. 
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Figure 4. Relation between forces in the generator 
bearing.
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Force estimation
To obtain the force acting on the generator bearing the

strain was measured at the bearing bracket in each spoke and
the shaft displacement was simultaneously measured in X and 
Y directions relative to the bearing house. The total numbers of
strain measuring points were 18 at the generator bracket.

Simple geometric considerations imply that the force
acting on the generator bearing in X and Y direction can be 
calculated according to following formulas:
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)cos(

(3)

where E is Young’s modulus, A is the beam cross-section area,
i  is the apparent strain in spoke i, i is the angle to the spoke i

and n is the number of measuring points in the bracket. For the
generator bearing n is equal 18. 

The apparent strain i is a sum of strain depending on both
the force acting on the bearing and the elongation of the
bracket depending on the temperature variation. The strain
depending on the bearing force is denoted as f and the
contribution from the temperature dependent strain is denoted
as t. The apparent strain can be written as

fti (4)

This implies that if the bracket is symmetric and the
temperature variation is equal in each spoke, the net
temperature dependent strain will be zero and the strain in the
bracket will only depend on the external force acting on the
bracket. The sources of the external forces are the rotor 
unbalance and the magnetic pull on the rotor.

Estimation of damping and stiffness
To obtain the bearing stiffness and damping, equation (2) 

has been used to create a system of equations. The parameters
( ssss uuf ,,, ) in each row in the equation system contain
data collected from one instance s. Each row represents 
consecutive measurements with one rotation period of the shaft
apart, i.e. all rows are with the axis approximately in same
position. The equation system can be written in matrix form as 
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The vector containing the bearing parameters p can be
found by solving the equation (5) and the solution can be 
written as

s
1fRp (6)

RESULTS
The acquired strain data can include some offset depending

on the temperature drift of the structure and pre-load in the 
bracket. The compensation of the strain gauges was done by
subtracting the mean value of the strain for an unloaded
generator. The measurement of the mean value of the strain was 
performed as closely as possible before the measurement of the 
load case of interest.

To reduce the disturbance from the generator on the
measurement all signals were low pass filtered by the hardware
with a cut off frequency of 200 Hz. To minimize the
disturbance effect on the result, the collected data was once
again low pass filtered. The cut-off frequency was 8 Hz and the
filtration was performed with the software MATLAB. The 
filtered result of the measured displacement is shown in Figure 
5 and in Figure 6 the calculated force obtained from the
measured strain data is shown. These two figures represent the
loads and displacements in the generator support bearing when 
the generator operates at zero load and 100% magnetization.
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Figure 5. Shaft displacement in generator support 
bearing, 0 MW, 100% magnetization. 

Figure 6. Force acting on the generator support 
bearing, 0 MW, 100% magnetization. 

The generator bearing properties, damping and stiffness,
are calculated according to equation (6) using the measured
bearing force and displacement shown in Figures (5) and 
Figure (6). Some of the data give irregular results and these
results have to be excluded from the calculation of damping
and stiffness. To be able to clean the collected data set from
irregular data the calculated stiffness is compared to the
condition number of the R-matrix in equation (6), were a
correlation between the unlikely high values of the stiffness and 
the high condition numbers can be found, see Figure (7). The

same relation between the damping and the condition number
of the R-matrix can also be found.

Figure 7: Condition number of matrix R vs. measured
stiffness (normalized), 0 MW, 100% magnetization. 

The results of the calculation of bearing stiffness and 
damping with the reduced data set are shown in Figure (8) and 
Figure (9). To further minimize the influence of irregular data
the displayed stiffness and damping in Figure (8) and Figure
(9) are mean values over an interval of 2.5 degrees.

Figure 8. Bearing stiffness obtained from measured
data in polar plot, 0 MW, 100% magnetization. 
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Figure 9. Bearing damping obtained from measured 
data in polar plot, 0 MW, 100% magnetization. 

In Figure 10 the force acting on the bearing is shown when 
the generator is loaded at 180 MW. The corresponding bearing
stiffness and damping are shown in Figure 11 and Figure 12.
The measurement of the bearing stiffness in Figure 10 was 
performed before the balancing of the generator rotor. The
figure shows that the unbalanced rotor causes large radial
forces acting on the bearing. 

Figure 10. Measured force acting on the generator 
support bearing at 180 MW for an unbalanced 
generator rotor.

Figure 11. Bearing stiffness obtained from measured 
data at 180 MW for an unbalanced generator rotor.

Figure 12. Bearing damping obtained from measured 
data at 180 MW for an unbalanced generator rotor.

NUMERICAL CALCULATION OF BEARING 
STIFFNESS

The measured bearing stiffness has been compared with 
numerical analysis of the actual bearing. The bearing stiffness
has been calculated for four different clearances, dr=0.15-0.3 
mm, between the shaft and the bearing segments. For each of 
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those clearances the bearing stiffness and the bearing force 
have been plotted vs. the journal eccentricity. In Figure 13 the 
bearing stiffness have been plotted vs. journal eccentricity and
in Figure 14 the bearing force have been potted vs. journal
eccentricity.

Figure 13. Theoretical bearing stiffness vs. journal 
eccentricity.

Figure 14. Theoretical bearing force vs. journal 
eccentricity.

CONCLUSION
A method to investigate and measure the bearing properties

on hydro generator guide bearings has been presented in this
paper. The method is based on measurement of the apparent
strain in the bearing brackets and shaft displacement. Examples

of achieved results are shown using measurements of bearing
properties at a hydropower unit of 238 MVA. Theoretical
analysis of the bearing has been done as comparison to the
measured bearing stiffness. In the actual experiment the bearing 
clearance was dr  0.25 mm and the journal eccentricity 0.8-
0.9. Comparison between the theoretical value of the bearing
stiffness and the obtained value from measurement show good
agreements between the theoretical and the experimental
bearing stiffness.

The result from the on site experiment shows that the
method can be used to determine the bearing properties of 
tilting pad bearings operating in a certain load point. The load
point depends mainly on the magnitude of the static magnetic
pull force acting on the rotor. To this static load, the dynamic
force components shall be added to obtain the total force acting
on the bearing. The dynamic forces component depends of 
unbalance forces and the dynamic magnetic pull force. The
variation of bearing temperature has also an influence on the
bearing properties. This is due to the effect of the clearance 
between the pads and the shaft. 

The load dependency of the bearing can be investigated by
varying the magnitude of the dynamic load. It is thereby
possible to obtain the load dependency of the bearing by
changing the dynamic forces acting on the bearing. The
dependency of the bearing temperature on the properties can 
also be investigated by changing the temperature in the bearing. 

The bearing stiffness and damping have been determined
from on site measured data  and plotted in polar plots for the
generator bearing at a 238 MVA unit. It is thereby possible to
evaluate the directional difference in stiffness and damping.
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Abstract

In large electrical machines the electromagnetic forces can in some situations have a strong influence on the rotor

dynamics. One such case is when the rotor is eccentrically displaced in the generator bore. A strong unbalanced magnetic

pull will then appear in the direction of the smallest air-gap. In this paper, the influence of nonlinear magnetic pull is

studied for a hydropower generator where the generator spider hub does not coincide with the centre of the generator

rim.

The generator model consists of a four-degree-of-freedom rigid body, which is connected to an elastic shaft supported by

isotropic bearings. The influence of magnetic pull is calculated for the case when the generator spider hub deviates from the

centre of the generator rim. A nonlinear model of the magnetic pull is introduced to the model by radial forces and

transverse moments.

In the numerical analysis input parameters typical for a 70MW hydropower generator are used. Results are presented in

stability and response diagrams. The results show that this type of rotor configuration can in some cases become unstable.

Therefore, it is important to consider the distance between the centreline of generator spider hub and the centreline of

generator rim.

r 2006 Elsevier Ltd. All rights reserved.

1. Introduction

The occurrence and the effect of an eccentric rotor in an electric machine have been discussed for more than
one hundred years. During operation, the rotor eccentricity gives rise to a non-uniform air-gap which
produces an unbalanced magnetic pull acting on the rotor. The influence from the unbalanced magnetic pull
on the rotating system can be severe since instability of the shaft can occur. There are a number of documented
cases where the rotor has been in contact with the stator due to air-gap asymmetry [1].

Knowledge of the radial magnetic forces acting on the rotor in an eccentric machine is important for the
mechanical design of the rotor. A number of equations have been suggested for the calculation of the magnetic
pull on a rotor due to a disturbance in the magnetic field. Early papers such as Behrend [2], Gray [3] and
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Robinson [4] suggested linear equations for calculation of the magnetic pull for an eccentricity up to 10% of
the average air-gap. Covo [5] and Ohishi et al. [6] improved the equations for calculation of magnetic pull by
taking into account the effect of saturation on the magnetization curve. A more general theory was suggested
by Belmans et al. [7,8] where they developed an analytic model for vibrations in induction motors. They
showed that the unbalanced magnetic pull acting on the rotor also consists of harmonic components. This
harmonic component has a double slip frequency if the rotor is dynamically eccentric or double supply
frequency for a statically eccentric machine. Investigation of radial stability of a flexible shaft in two pole
induction machines was performed by Belmans et al. [9] to verify the theoretical results. They studied the
influence of magnetic pull on the rotor system for various values of the slip and supply frequency. A similar
study was performed by Guo et al. [10]. They studied the effects of unbalanced magnetic pull and the vibration
level in three-phase generators with any number of pole pairs.

The usual way to calculate the influence of magnetic pull on a rotor is to apply the radial pull force at the
generator spider hub, Fig. 1 gustavsson et al. [11] suggested a linear model where the distance between the
spider hub and the generator rim centre is taken into consideration. In this paper, the influence of nonlinear
magnetic pull on the rotor stability is studied for a synchronous hydropower generator where the generator
spider hub does not coincide with the axial centre of the generator rim. An analytical model of the bending
moments and radial forces acting at the generator hub is developed where the distance between the generator
spider hub and the generator rim centre is taken into consideration. A simple generator model is then
combined with the developed load model. Using this simple rotor model, numerical results are presented to
describe the effects of unbalanced magnetic pull acting on a displaced generator rim.

2. Unbalanced magnetic pull on a generator rotor

The air-gap flux in an electrical machine gives rise to large radial attraction forces between the stator and the
rotor. In a perfectly symmetric machine, the sum of all these radial magnetic forces acting on the rotor is equal
to zero, which means that there is no radial net force acting on the rotor. However, all hydropower generators
are associated with some degree of asymmetry in the air-gap [12].

The most common example of such asymmetry is the so-called air-gap eccentricity. Air-gap eccentricity
occurs if the centre of the rotor does not coincide perfectly with the centre of the stator bore. The relative
eccentricity, e0, is defined as

e0 ¼ ur

Rs � Rr

¼ ur

Dr
, (1)
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Fig. 1. Schematic figure of the generator rotor model consisting of (1) generator rim including the poles, (2) rotor spider, (3) rotor spider

hub connected to the (4) shaft, (5) the generator rotor is radial supported in the two bearings.
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where ur is the distance between the centre of the rotor and the centre of the stator, Rs is the inner radius of the
stator, Rr is the outer radius of the rotor and Dr is the average air-gap between the rotor and stator. See Fig. 2.

An analytical expression for the unbalanced magnetic pull caused by static and dynamic eccentricity was
presented by Belmans et al. [8] and Sandarangani [12] for a three-phase electrical machine with an arbitrary
number of poles. The time-dependent attractive force is composed of a constant force and an alternating force.
The alternating force oscillates with twice the supply frequency for static eccentricity, and with twice the
supply frequency multiplied by the slip for dynamic eccentricity. Sandarangani [12] showed that the
alternating force decreases with an increasing number of poles in the machine. For a hydropower generator
with many poles the alternating magnetic pull force can be neglected due to its insignificance in comparison to
the constant magnetic pull force.

The expression for the value of the constant unbalanced magnetic pull force, fe, for a rotor parallel to the
stator was found from the integration of the horizontal and vertical projection of the Maxwell stress over the
rotor surface.

f e ¼
m0
2

S2
s

p2
R3

s hp
Dr2

e0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02
� �3q , (2)

where Ss is the stator linear current density, p is the number of pole pairs, h is the length of the rotor and m0 is
the permeability of free space. Furthermore, the direction of the constant unbalanced magnetic pull is always
towards the smallest air-gap between the stator and the rotor.

In a generator, the most common case of eccentricity is a combination of stator eccentricity and rotor
eccentricity. The characteristic for stator eccentricity is that the rotor centre will be in a fixed position in the
stator bore under the action of a constant magnetic force. Due to this, the smallest air-gap vector will always
appear in the same direction relative to the stator. In the case of rotor eccentricity, the rotor centre will whirl
around the rotor centreline. If a stator eccentricity is combined with rotor eccentricity the rotor centre will
whirl around the static eccentricity point and hence the smallest air-gap will fluctuate with the whirling
frequency.

3. The model of the generator rotor

The rotor model consists of a massless uniform vertical shaft of length L, supported in a tilting-pad bearing
at each end with stiffnesses k1 and k2, respectively, as shown in Fig. 3. The shaft has second moment of area I,
and Young’s modulus E. The generator that is connected to the shaft is treated as a rigid body, consisting of a
generator spider, generator rim and poles. The generator is considered to have total mass m, polar moment of
inertia Jp, transverse moment of inertia Jt and length h.
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Fig. 2. Air-gap of a generator with an eccentric rotor.
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The rotor geometry and dimension parameters are shown in Fig. 3. The distance between the axial
centre of the generator rim and the centre of the generator spider hub is denoted by l. The position
of the generator spider hub along the shaft is denoted by aL where a+b ¼ 1. Let u1 be a positive displacement
in X-direction, u4 the rotation around the Y coordinate axis and x the distance from the centre of the
rotor hub to a cross section on the rotor rim. Then the displacement (small angles) of a specific section
of the generator rotor in the X-direction, is given by u1+u4x. In the same way, if u2 is positive displacement in
the Y-direction and u3 is the rotation around the X coordinate axis, the displacement (small angles) of the
generator rotor at a distance x from the rotor hub in Y-direction is u2�u3 x. The angular velocity of the
generator rotor about the Z-axis is denoted O. The connection of the generator rotor hub to the shaft is
assumed to be stiff.

4. Rotor unaffected by magnetic force

The displacement vector u ¼ u1 u2 u3 u4f gT of the shaft, which is simply supported in the bearings,
depends on the force vector f(t) acting on the shaft at the position of the centre of the rotor hub. The
displacement and the curvature of the shaft can be derived from the integration of the bending
torque distribution in the shaft. To obtain the total displacement and rotation of the generator rotor
(at the position of the rotor hub) the deflections in the bearings have been added to the shaft displacement.
From the simple model of the rotating system the flexibility u ¼ Af(t) with the parameters shown in Fig. 3,
and under the assumption that the bearings and rotor are isotropic, the flexibility matrix A can be
formulated as

A ¼

A 0 0 �B

0 A B 0

0 B C 0

�B 0 0 C

2
6664

3
7775, (3)

where

A ¼ L3a2b2

3EI
þ a2

k2
þ b2

k1
,

B ¼ L2ab a� bð Þ
3EI

� 1

L

a
k2

� b
k1

� �
,

C ¼ L 1� 3abð Þ
3EI

þ 1

L2

1

k2
þ 1

k1

� �
.
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Fig. 3. Generator rotor displaced a distance u1+u4x from the generator vertical line.

R.K. Gustavsson, J.-O. Aidanpää / Journal of Sound and Vibration 297 (2006) 551–562554



The rotor stiffness matrix K can be formaulated as the inverse of the flexibility matrix, K ¼ A�1:

K ¼ 1

AC � B2

C 0 0 B

0 C �B 0

0 �B A 0

B 0 0 A

2
6664

3
7775 ¼

k11 0 0 k12

0 k11 �k12 0

0 �k12 k22 0

k12 0 0 k22

2
6664

3
7775. (4)

The equation of motion for the generator rotor model shown in Fig. 3 can be written in matrix form as

M€uþ OGþ Cð Þ_uþ Ku ¼ f tð Þ, (5)

where M is a diagonal mass matrix, including transverse moment of inertia of the generator rotor, G is the
skew symmetric gyroscopic matrix, K is the stiffness matrix of the shaft, C is the damping matrix for the rotor
and O the rotational speed of the rotor. In this paper a damping matrix proportional to the shaft stiffness
C ¼ gK is assumed. The term f(t) is a time-dependent load vector.

5. Rotor affected by magnetic force

Extension of the rotor model described in Eq. (5) to include the nonlinear magnetic rotor pull as
well as a generator spider hub which is not coincident with the centre of the generator rim, la0, will be
presented.

The generator eccentricity causes a disturbance in the magnetic field, which results in a pull force and
torque acting on the generator spider hub. The magnetic force fe depends on the rotor displacement
u1 x� displ:ð Þ; u2 y� displ:ð Þ, inclination of the rotor u3 x� rot:ð Þ, u4 y� rot:ð Þ and the distance l between
generator spider hub and the geometrical centre of the generator rim. The inclination of the rotor is assumed
to be small which gives the cosine of inclination angle to be approximately equal to 1 and the sine of the angle
to be the angle itself.

The magnetic pull force acting on a unit length of the rotor rim has been obtained by dividing the magnetic
pull force in Eq. (2) by the length h of the rotor rim. By assembling the constants in Eq. (2) into term ke, Eq. (2)
can be rewritten for a load element as

df e ¼
keur xð Þ

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ur xð Þ=Dr� �2� �3

r dx, (6)

where the dx is the length of the element in the axial direction. The magnetic pull force for a rotor not parallel
to the stator can be obtained by substituting the rotor displacements ur(x) in Eq. (6) with a function for the
rotor displacement at a specific distance (x) from the rotor hub. The magnetic pull force in the X-direction can
be found by substituting the rotor displacement ur(x) in Eq. (6) with ur1 xð Þ ¼ u1 þ u4x, and in the Y-direction
the substitution is ur2 xð Þ ¼ u2 � u3x. The integration of Eq. (6) over the rotor height h from the centre of the
rotor hub gives

f ei ¼ ke

h

R ðh=2Þþl

�ðh=2Þþl

uriffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� uri=Dr

� �2� �3
r dx

� ke

h

R ðh=2Þþl

�ðh=2Þþl
uri 1þ 3

2

uri
Dr

� �2

þ 15

8

uri
Dr

� �4
�

þ35

16

uri
Dr

� �6

þ 315

64

uri
Dr

� �8
�
dx

9>>>>>=
>>>>>;

for i ¼ 1; 2. (7)

The torque acting on the generator spider hub depends on the vertical position l of the rotor rim, the rotor
displacements u1, u2 and the inclinations u3, u4 of the rotor. The torque o1n the rotor hub due to the magnetic
pull force (as acting on a rotor element dx at a distance x from the rotor hub) can be found by calculating the
torque from the magnetic pull force acting on the rotor rim. The torque around the X coordinate axis can be
formulated by substituting the displacements ur(x) in Eq. (6) with ur3 xð Þ ¼ �u2 þ u3x and the torque around
the Y coordinate axis can be formulated by the substitution of ur4 xð Þ ¼ u1 þ u4x. Multiplication of Eq. (6) with
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x and integration over the rotor height h from the centre of the rotor hub then gives

f ei ¼ ke

h

R ðh=2Þþl

�ðh=2Þþl

urixffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� uri=Dr

� �2� �3
r dx

� ke

h

R ðh=2Þþl

�ðh=2Þþl
xuri 1þ 3

2

uri
Dr

� �2

þ 15

8

uri
Dr

� �4

þ35

16

uri
Dr

� �6

þ 315

64

uri
Dr

� �8
�
dx

�

9>>>>>=
>>>>>;

for i ¼ 3; 4. (8)

The stator eccentricity results in a constant magnetic pull force and torque acting on the rotor. This load
vector can be calculated according to Eqs. (7) and (8) for a specific stator eccentricity. The equation of motion
for the generator rotor model shown in Fig. 3, including the effects from the magnetic pull and the
displacement of the generator rim from the spider hinge line, can be written in matrix form as

M€uþ OGþ Cð Þ_uþ Ku ¼ f tð Þ þ fe uð Þ, (9)

where f(t) is a time-dependent load vector and fe(u) is the magnetic pull force acting on the rotor due to the
rotor displacement u.

In hydropower applications it is not unusual that the generator stator centreline does not coincide with the
centreline of the rotor. The reason for the misalignment can for instance be a non-uniform thermal expansion
or non-circular stator shape. In this paper this deviation (without magnetic pull and zero rotational speed) has
a fixed direction and is denoted as initial eccentricity. If this initial eccentricity is denoted uie, the equation of
motion (9) becomes

M€uþ OGþ Cð Þ_uþ Ku ¼ f tð Þ þ fe uþ uieð Þ. (10)

6. Stability of stationary points

The stability of the second-order differential equation of motion can be found by rewriting Eq. (10) as a
system of first-order differential equations. By defining a state vector U ¼ u

_u

	 

, Eq. (10) can be written in

state vector form as

_U ¼
0 I

�M�1K �M�1 OGþ Cð Þ

" #
Uþ

0

M�1fe uþ uieð Þ þM�1f tð Þ

( )
. (11)

The stationary point Us can be found by assuming that f(t) is equal to zero and setting the time derivatives of
Eq. (11) equal to zero. This stationary point is the rotor position at operating conditions. By defining the
components of a matrix Dfe as

Df eij ¼
qf e uþ uieð Þi

quj
, (12)

the Jacobian matrix J evaluated at the stationary point Us can be expressed in standard form as

J ¼
0 I

�M�1 K�Dfeð Þ �M�1 OGþ Cð Þ

" #
, (13)

where the components of the matrix Dfe are defined as the magnetic stiffness and appear as a negative stiffness
matrix which affects the rotor stiffness matrix. Assuming a solution on the form U ¼ U0e

lt the stability of the
equation of motion (11) can be studied by the eigenvalue problem

J� lIð ÞU0 ¼ 0, (14)

where I is the identity matrix. The solutions consist of eight complex eigenvalues l and associated eigenvectors
U0. These eigenvalues can be expressed in the general form

l ¼ tþ io, (15)
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where t is the decay rate, and o is the damped natural frequency of each eigenvalue. The system is
asymptotically stable if all eigenvalues have negative decay rates.

7. Analysis of rotor response

The rotor response which depends on the magnetic pull force and the rotor eccentricity can be found by
numerical simulation of Eq. (10). The displacement vector Uie in Eq. (10) represents the initial stator
eccentricity. The stator eccentricity results in a constant magnetic pull force acting on the rotor.

Eq. (11) is a system of first-order differential equations which can be solved by ordinary mathematical
programs. To solve this system of equations MATLAB’s ODE solver has been used which is based on the
Runge–Kutta–Fehlberg method.

8. Numerical results

8.1. Rotor stability

The suggested method to include the magnetic pull in the rotor analysis formulated in the previous section
has been applied to the rotor model shown in Fig. 3. In the analysis, shaft dimensions and values of magnetic
pull have been selected to model a 70MW three-phase synchronous hydropower generator.

The influence of nonlinear magnetic pull on the generator rim where the generator spider hub and the centre
of the generator rim do not coincide has been studied. In Table 1 the numerical data used in the analysis are
presented.

The stability of a hydropower generator has been determined for the damped system according to Eq. (14).
The stability of the rotor system has been studied with the assumption of proportional damping C ¼ gK with
g ¼ 0.003. In Figs. 3–6 the stability for different rotor configurations has been analysed according to Eq. (15).
The generator spider hub position a on the shaft has been analysed for a ¼ 0 to 1 and the generator-offset l/h
has been varied from �0.5 to 0.5. The selected values of a and l/h cover all possible combination of spider hub
positions and generator rotor offset. In Figs. 4–7 the rotor configurations with negative decay rate t have been
marked with black dots. The rotor stability has been analysed for specific values of the stator displacement uie.
In these figures the stator displacement vector Uie has been defined as {ustator 0 0 0}

T and the value of ustator has
been varied between 1% and 7% of the nominal air-gap between the rotor and the stator in the generator.
A normally accepted value of the stator eccentricity ustator for a new generator is 3–4% of the air-gap, however
for old generators the eccentricity can exceed this value due to factors such as thermal expansion of the stator
and may appear in any direction in the X–Y plane.
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Table 1

Dimensions and parameters used in the calculations

Item Value

E Young’s modulus (N/m2) 2.0� 1011

m Mass of rotor (kg) 336 000

Jp Polar moment of inertia (kgm2) 5.3� 106

Jt Transverse moment of inertia (kgm2) 3.3� 106

L Length of shaft (m) 6.5

h Length of rotor (m) 3

ke Magnetic pull constant (N/m) 329.3� 106

I Moment of inertia (m4) 0.0201

k1 Bearing stiffness (N/m) 7� 108

k2 Bearing stiffness (N/m) 7� 108
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8.2. Rotor response

The rotor response has been analysed for rotor hub positions corresponding to a ¼ 0.5, 0.6 and 0.7 where
a ¼ 0.5 means that the rotor hub is at the mid-point between the two bearings and a ¼ 0.7 means that the
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Fig. 4. Stable region (black) for stator displacement uStator of 1% of the air-gap. Stable region as function of generator position a and

generator rotor offset l/h.

Fig. 5. Stable region (black) for stator displacement uStator of 3% of the air-gap. Stable region as function of generator position a and

generator rotor offset l/h.
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spider hub is closer to the lower generator bearing. The position of the spider hub on the shaft depends on the
selected design of the rotor spider. In the rotor response analysis a higher value of a means that the spider hub
is closer to the lower generator bearing which is common if the thrust bearing is located under the generator
rotor. The ratio l/h ¼ 0 means that the rotor rim centre is in the centre of the rotor spider hub. To adjust the
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Fig. 6. Stable region (black) for stator displacement uStator of 5% of the air-gap. Stable region as function of generator position a and

generator rotor offset l/h.

Fig. 7. Stable region (black) for stator displacement uStator of 7% of the air-gap. Stable region as function of generator position a and

generator rotor offset l/h.

R.K. Gustavsson, J.-O. Aidanpää / Journal of Sound and Vibration 297 (2006) 551–562 559



rotor rim relative to the stator core the rotor rim may have to be moved from the centre of the spider hub. In
the analysis of rotor response the rotor rim has been analysed for ratios ranging from l/h ¼ 0, centre of rotor
rim in centre of rotor spider hub, to l/h ¼ �0.4 lifted rotor rim. To compensate for a spider hub in lower
position the rotor rim centre has been lifted to keep the position of the rotor in between the bearings. In
Figs. 8–10 the rotor response as well as the stator eccentricity have been scaled with the nominal air-gap length
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Fig. 8. Rotor response e0 as function of stator eccentricity u0 for generator rotor position on the shaft a ¼ 0.5 and for the rotor rim

offset—— l/h ¼ 0, yy l/h ¼ �0.1, l/h ¼ �0.2, l/h ¼ �0.3, l/h ¼ �0.4.

Fig. 9. Rotor response e0 as function of stator eccentricity u0 for generator rotor position on the shaft a ¼ 0.6 and for the rotor rim

offset—— l/h ¼ 0, yy l/h ¼ �0.1, l/h ¼ �0.2, l/h ¼ �0.3, l/h ¼ �0.4.
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Dr, e0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u21 þ u22

q
=Dr and u0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2ie1 þ u2ie2

q
=Dr. In these figures, the rotor responses for three generator spider

hub positions on the shaft, a ¼ 0.5, 0.6 and 0.7 have been plotted as a function of the stator eccentricity.
The rotor responses for five displaced generator rim positions have been calculated in each figure, for

l/h ¼ 0.0, �0.1, �0.2, �0.3 and –0.4.

9. Discussion

The rotor stability and rotor response of a generator rotor are normally analysed for a linear magnetic pull
force applied in the centre of the rotor spider hub. The forces acting on the spider hub by a rotor where the
centreline of rotor spider hub and the centreline of rotor rim do not coincide are normally omitted. In addition
the inclination between the stator and the generator rotor is also normally omitted from analyses.

The rotor stability has been analysed for different rotor spider hub positions along the shaft and for each
hub position the centreline of the rotor rim position have been varied. The stability analysis shows that the
rotor can be unstable for relatively small initial stator eccentricities if the rotor rim position relative to the
rotor hub is included in the analysis. In Fig. 6 the rotor stability has been plotted for a stator eccentricity of
5% of the air-gap. This figure shows that a rotor with the rotor hub at the mid-point between the bearings
should be unstable if the rotor rim centreline deviates more than 15% from the centreline of the rotor hub.
Using an analysis that does not consider the deviation of the rotor rim from the centre of the rotor hub, the
result has shown that the rotor should be stable.

The rotor response in Figs. 8–10 has been calculated as function of stator eccentricity for three different
generator hub positions. In each figure, five response curves have been plotted for different distances between
centreline of generator spider hub and centreline of generator rim. The figures show that the rotor response
will be underestimated if the deviation of the rotor rim from the centre of the rotor hub is not included in the
analysis. For the mid span rotor in Fig. 8, with a deviation ratio of l/h ¼ �0.2, the rotor response will be
underestimated by 14% if the deviation between the rotor rim and rotor hub is not included in the analysis.
Fig. 10 illustrates the corresponding value for a rotor with rotor hub position of a ¼ 0.7 on the shaft and it can
be seen from Fig. 10 that the rotor response will be underestimated by 72% if the axial displacement of the
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Fig. 10. Rotor response e0 as function of stator eccentricity u0 for generator rotor position on the shaft a ¼ 0.7 and for the rotor rim

offset—— l/h ¼ 0, yy l/h ¼ �0.1, l/h ¼ �0.2, l/h ¼ �0.3, l/h ¼ �0.4.

R.K. Gustavsson, J.-O. Aidanpää / Journal of Sound and Vibration 297 (2006) 551–562 561



rotor rim to the rotor hub is omitted in the analysis. Figs. 8–10 show that there are only few rotor
configurations that are stable with an initial stator eccentricity that exceeds more than 5% of the air-gap if the
deviation of the rotor rim from the centre of the rotor hub is included in the analysis.

The analyses presented in this paper are based on simplified rotor geometries and bearing configurations.
One of the more important simplifications in the analyses is the assumption that the tilting-pad bearings are
isotropic, have proportional damping and are load independent. The bearing type and load dependency have
to be considered in the analysis when it can have significant influence of the result of the rotor response and
rotor stability. However, the behaviour and influence from the nonlinear magnetic pull on the rotor
configurations can be applied to several hydropower applications.

10. Conclusions

In this paper a model is proposed for analysis of an eccentric generator rotor subjected to a radial magnetic
pull force. The radial force as well as the bending torque, both of which originate from the magnetic pull force
affecting the generator shaft, are considered for the case in which the centre of the generator spider hub
deviates from the centre of the generator rim. The electromechanical forces acting on the rotor appear as a
negative stiffness vector, which affects the complex eigenvalues as well as the rotor response. Although a
number of simplifying assumptions about the rotor geometry and bearing properties are made some important
conclusion can be drawn from the analysis of the rotor stability and rotor response.

� The analysis of rotor stability shows that the generator rotor can be unstable for relatively small initial
stator eccentricities when the rotor rim position relative to the rotor hub is included in the analysis.
Analyses that omit the geometry of the generator rotor tend to overestimate the rotor stability.

� Analyses of rotor response show that the rotor response can be underestimated if the distance between the
centre of the generator spider hub and the centre of the generator rim is omitted from the analysis.

References

[1] M.J. DeBortoli, S.J. Salon, D.W. Burow, C.J. Slavik, Effects of rotor eccentricity and parallel windings on induction machine

behavior: a study using finite element analysis, IEEE Transactions on Magnetics 29 (2) (1993).

[2] B.A. Behrend, On the mechanical force in dynamos caused by magnetic attraction of the, Transactions of the AIEE 17 (1900) 617.

[3] A. Gray, Electrical Machine Design, McGraw-Hill Book Company, Inc., New York, NY, 1926 pp. 498–500.

[4] R.C. Robinson, The calculation of unbalanced magnetic pull in synchronous and induction motors, Electrical Engineering 62 (1943)

620–624.

[5] A. Covo, Unbalanced magnetic pull in induction motors with eccentric rotors, Transactions of the AIEE 73 (Part III) (1954)

1421–1425.

[6] H. Ohishi, S. Sakabe, K. Tsumagari, K. Yamashita, Radial magnetic pull in salient poles machines, IEEE Transaction on Energy

Conversion EC- 2 (3) (1987).

[7] R. Belmans, W. Geysen, H. Jordan, A. Vandenput, Unbalanced magnetic pull in three phase two-pole induction motors with

eccentric rotor, Proceedings, International Conference on Electrical Machines—Design and Application, London, 1982, pp. 65–69.

[8] R. Belmans, W. Geysen, H. Jordan, A. Vandenput, Unbalanced magnetic pull and homopolar flux in three phase induction motors

with eccentric rotors, Proceedings, International Conference on Electrical Machines—Design and Application, Budapest, 1982,

pp. 916–921.

[9] R. Belmans, A. Vandenput, W. Geysen, Influence of unbalanced magnetic pull on the radial stability of flexible-shaft induction

machines, IEE Proceedings 134 (2) (Part B) (1987).

[10] D. Guo, F. Chu, D. Chen, The unbalanced magnetic pull and its effects on vibration in a three-phase generator with eccentric rotor,

Journal of Sound and Vibration 254 (2) (2002) 297–312.
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Influence on the stability of generator rotors due to
radial and tangential magnetic pull force

L. Lundstr .om, R. Gustavsson, J.-O. Aidanp.a .a, N. Dahlb.ack and M. Leijon

Abstract: Forces due to nonuniform airgaps in rotating electrical machines have been a research
topic for over 100 years. However, most research in the area of rotating electrical machines has
been performed on motors. Large forces in hydropower generators can lead to expensive damage
and failures. Therefore, it is of interest to calculate the forces that arise in a large synchronous
generator with an eccentric rotor and study the influence these forces have on the stability of the
generator rotor. A 74MVA synchronous hydropower generator was simulated with an eccentric
rotor, using a time-stepping finite-element technique. The forces were calculated using Coulomb’s
virtual-work method and simulations were performed for no-load and load cases. The resulting
force was found to be reduced significantly when a damper winding was taken into account. An
interesting effect of the rotor damper winding was that it reduced the eccentricity force and
introduced a force component perpendicular to the direction of eccentricity. The results from the
finite-element simulations were used to determine how the forces affect the stability of the generator
rotor. Damped natural eigenfrequencies and damping ratio for load and no-load conditions are
presented. When applying the forces computed in the time-dependent model, the damped natural
eigenfrequencies were found to increase and the stability of the generator rotor was found to be
reduced compared with when the forces were computed in a stationary model.

1 Introduction

1.1 Background and problem
Forces associated with an eccentric, or off-centred, rotor in
a rotating electrical machine have been a research topic for
over 100 years. The rotor eccentricity gives rise to a
nonuniform airgap, which produces an unbalanced mag-
netic pull (UMP) acting on the rotor. The influence from
the UMP on the rotating system can be severe, since it can
cause instability of the shaft. In hydropower generators,
radial forces of large magnitude can arise in the generator
guide bearings and can lead to expensive damage or failures
[1, 2]. Knowledge of the radial magnetic forces acting on the
rotor in an eccentric machine is therefore important for the
mechanical design of the rotor.

Early papers such as [3, 4] dealt with the problem of
electromagnetic forces due to eccentricity and presented
analytical formulas for calculating the radial force caused
by eccentric rotors in rotating electrical machines. These
papers suggested equations where the magnetic force
depends almost linearly on the eccentricity for eccentricities
up to 10% of the average airgap. Covo [5] and Ohishi et al.
[6] improved the equations for calculation of the magnetic

pull by taking into account the effect of saturation on the
magnetisation curve.

Belmans et al. [7] presented an analytic model for
calculation of the forces caused by an eccentric rotor for a
two-pole induction motor. In their model, the forces consist
of one vibrational radial magnetic pull and one small
pulsating torque. This pulsating torque has double the slip
frequency for dynamic eccentricity and double the supply
frequency for a statically eccentric rotor. Investigation of
radial stability of a flexible shaft in two-pole induction
machines was performed by Belmans et al. [8] to verify the
theoretical results. They also studied the influence of
the magnetic pull on the rotor system for various values
of the slip and supply frequency.

Another study was performed by Guo et al. [9] where
they obtained analytical expressions for the UMP for
any number of pole pairs. They studied the effects of
unbalanced magnetic pull and the vibrations in three-phase
generators with any number of pole pairs under no-load
conditions using analytical expressions.

Most research in the area of rotating electrical machines
with asymmetric airgaps and associated eccentric forces has
been performed on motors. Tenhunen et al. [10] computed
and performed measurements on a four-pole induction
motor for different kinds of eccentricity. DeBortoli et al.
[11] investigated how to reduce the magnetic pull in an
induction motor with different kinds of stator winding,
while Kawase [12] made a force analysis in a permanent-
magnet synchronous motor.

Arkkio [13] showed, by simulating two motors, that
asymmetries in the airgap could cause forces larger than the
weight of the rotor. In another study by Arkkio et al. [14],
they showed, through both simulations and experiments,
the characteristics of radial and tangential forces for a
whirling cage rotor in an induction motor. In theseE-mail: ludvig.lundstrom@angstrom.uu.se
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simulations, a typical finite-element mesh contained about
10000 nodes.

Skubov [15] presented a method of calculating radial
and tangential forces caused by an eccentric rotor in
a synchronous electric machine. The appearance of a
tangential force component is demonstrated to be produced
by the eddy currents induced in the rotor.

In hydropower applications, the relative airgap in the
generator is small compared with other generators. Owing
to the large size, thermal expansion must be permitted. In
addition, the clearance in the bearings can increase in time.
Therefore eccentricities will always exist, which implies that
the electromagnetic forces must be considered. Gustavsson
et al. [16] suggested an inexpensive method of measuring the
bearing forces with high accuracy. From these measure-
ments, the electromagnetic forces were found to be of a
significant magnitude. Consequently, it is necessary to
simulate and analyse the electromagnetic forces acting on
the rotor, and how these affect the stability of the generator
rotor.

The usual way of calculating the influence of magnetic
pull on a rotor is to apply a radial pull force at the
generator-spider hub (see Fig. 1). Gustavsson et al. [17]
suggested a linear model where the distance between the
spider hub and the generator-rim centre is taken into
consideration.

In this paper, the influence of both radial and tangential
magnetic pull on rotor stability is studied for a synchronous
hydropower generator where the generator rotor is
eccentrically displaced.

The electromagnetic simulations in this paper are
performed using a time-stepping finite-element technique.
To compute the electromagnetic forces, the whole generator
geometry has to be modelled. To achieve sufficient accuracy
in the calculations when simulating such large generators,
the finite-element mesh has to contain a very large number
of nodes. In this case, this results in a finite-element mesh
that consists of over 100000 nodes.

In an extended study, one would have to consider all
parts of the generator and its turbine to understand fully
how the different parts affect each other. Such an analysis
should include turbine, shafts, bearings and generator.

1.2 Eccentricity
An eccentric rotor in a generator results in an asymmetry in
the airgap. In generators, there are mainly two types of
eccentricity that result in an asymmetric airgap: static
and dynamic eccentricity. Figure 2 shows a schematic
representation of a generator with an eccentrically displaced
rotor.

In the case of static eccentricity, the centre of the rotor is
also the centre of rotation but does not coincide with the
centre of the stator. Dynamic eccentricity is when the centre
of the rotor is not fixed, and the rotor-axis centre whirls
around in anorbit with a whirling frequency equal to the
rotation frequency of the rotor. The absolute static
eccentricity is denoted by e. The relative eccentricity e is
defined as the ratio between the eccentricity e and the length
of the nominal airgap d:

e ¼ e
d

ð1Þ

where the nominal airgap length is defined as the difference
between the stator inner radius Rs and the rotor radius Rr:

d ¼ Rs � Rr ð2Þ
When computing the electromagnetic forces in this paper, a
statically displaced rotor is considered.

2 Electromagnetic simulations

2.1 Method

2.1.1 Coupled field and circuit model: The
magnetic field in the core region of the generator is assumed
to be two-dimensional. The laminated iron core in the stator
and rotor is treated as a magnetically nonlinear material
with a single-valued magnetisation curve. End-region fields
are taken into account by coil end impedances in the circuit
equations of the windings. The time-varying field equations
for the stator were solved in the stator frame of reference
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Fig. 1 Generator-rotor geometry and dimension parameters for
the generator model
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and those for the rotor were solved in the rotor frame of
reference, thus avoiding a velocity term. In the airgap, one
line in the finite-element mesh is placed in the middle of the
airgap. The part of the airgap that is closest to the stator is
fixed with respect to the stator, and the part closest to the
rotor is rotating along with the rotor. Along the line in the
middle of the airgap there are moving boundary conditions.
This results in a combined field- and circuit-equation model.

2.1.2 Electromagnetic force: Electromagnetic forces
acting in a generator through the airgap are defined as the
derivatives of the magnetic coenergy stored in the airgap
[18]. The magnetic coenergy in the airgap of the generator is
defined as

Wc ¼
Z
V

B2dV
2m0

ð3Þ

where V is all space in the airgap of the generator, B is the
magnetic flux density, and m0 is the magnetic permeability of
free space. The general expression for the force vector is
defined as [18]

f e ¼ �rWc ð4Þ
The forces in x and y directions, respectively, can be written:

fex ¼ @Wc

@x
ð5Þ

fey ¼ @Wc

@y
ð6Þ

2.2 Numerical model
In order to compute the electromagnetic forces, a method
presented by Coulomb [19], based on the principle of virtual
work, is used.

The combined field- and circuit-equation model is solved
by a time-stepping finite-element technique. The finite-
element equations and the circuit equations are solved
simultaneously using a stiffly stable time-discretisation.

Because of asymmetry, the full machine must be
modelled, and for a hydropower generator this results in
over 100000 elements in the finite-element mesh. In a
symmetric case, only one pole has to be modelled, and the
resulting finite-element mesh issignificantly reduced.

The forces are first computed for a stationary, non-time-
dependent, model. Then the result from this simulation is
used as the starting value for solving the time-dependent
model. Observe that the damper winding is neglected in the
stationary model. When theforces are computed for the
time-dependent model, the damper winding is included in
the model. The numerical solution converges after simula-
tion of a number of electrical periods.

2.3 Generator model
The numerical simulations performed in this paper are
performed with data from an existing hydropower gen-
erator. The generator has a rated power of 74.15MVA and
has 28 poles. The main parameters of the generator are
given in Table 1.

2.4 Results
Numerical simulations, for both load and no load, with an
eccentric rotor are performed. The direction of eccentricity
is only in the y direction, and the absolute eccentricity e is
2mm. The co-ordinate system was introduced in Fig. 2.

Figure 3a shows the eccentric forces for the no-load case,
and Fig. 3b shows the eccentric forces for the load case. The

resulting magnitude of the force f e caused by the eccentric
rotor is defined as f e ¼ ðf 2

ey þ f 2
exÞ

p
.

The start value for these time-dependent equations is the
corresponding stationary, non-time-dependent, simulation
used both for the load case and for the no-load case. We
observe in Fig. 3a that the damper winding reduces the
eccentric force from approximately 320kN in the stationary
model to 200kN in the time-dependent model. One should
also pay attention to the fact that a force component
perpendicular to the direction of eccentricity is present
in the time-dependent model. Without damper bars, no
eddy currents would be induced in the laminated rotor-
pole body, and no force component perpendicular to
the direction of eccentricity would be present. This force
component is caused by the damper-winding bars in the
rotor poles in combination with the time-dependent
magnetic flux in the rotor pole caused by the asymmetric
airgap [5]. However, this force component does not have
much effect on the resulting force caused by the eccentricity
in magnitude, but its direction is declined 18.51 from the
direction of eccentricity.

In Fig. 3b we observe that the eccentric force has been
reduced in the load case, from 275kN in the stationary
solution to 180kN in the time-dependent model. Both the
stationary force and the resulting time-dependent force are,
in this case, lower than in the no-load case, because of the
armature reaction. In the load case, the direction of the
resulting force caused by the eccentricity is declined 17.41
from the direction of eccentricity.

3 Mechanical influence of electromagnetic forces

3.1 Mechanical model of the generator
rotor
The rotor model consists of a massless uniform vertical
shaft of length L, supported in a bearing at each end with
stiffness k1 and k2, respectively, as shown in Fig. 1. The
shaft has area moment of inertia I and Young’s modulus E.
The generator rotor that is connected to the shaft is treated
as a rigid body, consisting of a generator-rotor spider,
generator-rotor rim and poles. The generator is considered
to have total mass m, polar moment of inertia Jp and
transversal moment of inertia Jt.

The position of the rotor-spider hub along the shaft is
denoted by aL where a+b¼ 1. Let ux be a positive
displacement of the rotor in the positive X direction and uy
be a positive displacement in the positive Y direction. Let
uj and uy be the rotation in the positive direction of the
rotor around the X and Y co-ordinate axis, respectively.

Table 1: Main parameters for the generator model used in
the simulations

Apparent power 74.15MVA

Armature voltage 13.8kV

Frequency 60Hz

Speed 257rev/min

Power factor 0.9

Armature current 3102A

Stator inner diameter 6020mm

Stator outer diameter 6700mm

Airgap length 22mm

Overall length 1300mm

Number of poles 28
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The rotor-mass centre is slightly eccentric, denoted by em,
from the centre line of the shaft. The angular velocity of the
generator rotoris denoted by O. Rotor geometry and
dimension parameters are shown in Fig. 1 and the
connection of the rotor to the shaft is assumed stiff.

3.2 Rotor model
The displacement vector u ¼ fux uy uj uygT of the
shaft, which is simply supported in the two bearings k1 and
k2, depends on the force vector f (t) as acting in the centre of

the rotor hub. The displacement and curvature of the shaft
can be derived from the integration of the bending-moment
distribution in the shaft. The total displacement and
rotation of the shaft at the position of the rotor hub can
be obtained by adding the contribution from the deflection
in the bearings to the shaft displacement.

From the simple model of the rotating system the
flexibility u ¼ Uf ðtÞ of the rotor can be expressed with the
parameters shown in Fig. 1, and, under the assumption that
the bearings and rotor are isotropic, the flexibility matrix U
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can be formulated as

U ¼
a 0 0 �b
0 a b 0
0 b c 0
�b 0 0 c

2
664

3
775

where

a ¼ L3a2b2

3EI
þ a2

k2
þ b2

k1
ð7Þ

b ¼ L2abða� bÞ
3EI

� 1

L
a
k2

� b
k1

� �
ð8Þ

c ¼ Lð1� 3abÞ
3EI

� 1

L2
1

k2
� 1

k1

� �
ð9Þ

The rotor stiffness matrix K can be formulated as the

inverse of the flexibility matrix, K ¼ U�1:

K¼ 1

ac�b2

c 0 0 b

0 c �b 0

0 �b a 0

b 0 0 a

2
6664

3
7775¼

k11 0 0 k12
0 k11 �k12 0

0 �k12 k22 0

k12 0 0 k22

2
6664

3
7775

ð10Þ
The equation of motion for the generator-rotor model
shown in Fig. 1 can be written in matrix formulation as

M€uþ ðOG þ CÞ _uþ Ku ¼ f ðtÞ ð11Þ
where M is a diagonal mass matrix, including transversal
moment of inertia of the generator rotor, G contains the
gyroscopic terms, K is the stiffness matrix of the shaft, C is
the external damping matrix for the rotor and O is the
angular velocity of the rotor. In this paper a damping
matrix proportional to the shaft stiffness C ¼ gK is
assumed. The excitation-force vector f (t) is a time-
dependent load vector which occurs at the rotor-spider
centre and contains the sinusoidal mass-unbalance
forces [20].

3.3 Rotor affected by magnetic-pull force
The extension of the rotor model described in (11) to
include the radial and tangential magnetic-pull force acting
on the rotor will be presented. The generator-rotor
eccentricities cause a disturbance in the magnetic field and
the disturbance results in a magnetic-pull force, fe, as acting
on the centre of the generator-spider hub. The components
of the magnetic-pull force can be divided in one radial
component in the direction of the smallest airgap fR, as well
as one tangential component fT perpendicular to the radial
pull force. The direction of the tangential force is 901 after
the radial magnetic-pull force. The magnitude of the
magnetic forces fe depends on the rotor displacement u
and, in general, the forces are nonlinear functions of
displacement.

For rotor displacement up to 10% of the airgap, the
magnetic forces can be assumed to be linear and the
magnetic radial and tangential force can be formulated as

fR ¼ kRur ð12Þ

fT ¼ kT ur ð13Þ
where ur ¼ ðu2x þ u2yÞ

p
, and kR and kT are the magnetic

stiffness in the radial and tangential directions. The
components of the magnetic-pull-force vector f eðuÞcan be

obtained by replacing ur in (12) and (13) by the components
of the displacement vector u:

fex ¼ kRux þ kT uy ð14Þ
fey ¼ �kT ux þ kRuy ð15Þ

and (14) and (15) can be expressed in matrix format as

f e ¼ K eu ð16Þ
where

Ke ¼
kR kT 0 0
�kT kR 0 0
0 0 0 0
0 0 0 0

2
664

3
775

The equation of motion for the generator-rotor model
shown in Fig. 1, including the effects from the magnetic-pull
force, can be written in matrix form as

M€uþ ðOG þ CÞ _uþ Ku ¼ f ðtÞ þ f eðuÞ ð17Þ

3.4 Analysis of rotor stability and natural
frequency
The natural frequencies and stability of the equation of
motion can be found by rewriting the second-order
differential equation (17) into a system of first-order
differential equations. Defining a state vector and rewriting

(17) in state-vector qT ¼
n
u
_u

oT
form as

�S _qþ Rq ¼ F̂ ð18Þ
where

S ¼ K � K e 0

0 �M

� �

R ¼ 0 K � Ke

K � K e OG þ C

� �
and

F̂ ¼ 0

f

	 


Introducing an exponential solution on the type qh ¼ q0e
lt

the homogenous part of (18) results in an eigenvalues
problem defined as

ðA� lIÞq0 ¼ 0 ð19Þ
where I is the unity matrix and A ¼ S�1R. The solutions
consist of eight complex eigenvalues l and associated
eigenvectors q0. These eigenvalues can be expressed in the
general form

lj ¼ �tj þ ioj ð20Þ
where tj is the decay rate and oj is the damped natural
frequency of each eigenvalue. From the eigenvalue in (20),
the damping ratio z can be defined for each eigenvalue as [21]

zj ¼
tj

ðt2j þ o2
j Þ

q ð21Þ

A positive damping ratio (tj is negative) implies that the
rotor model is unstable and the amplitude of vibration
grows exponentially with time.

3.5 Results
The purpose of the analysis is to investigate the influence of
the radial and tangential magnetic-pull force on the rotor
stability and damped natural frequency, and how this
affects the mechanical behaviour of the generator rotor. The
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radial and tangential magnetic-pull forces formulated in
Section 3.4 have been adopted on the simple rotor model
shown in Fig. 1. In the analysis, typical generator rotor
dimensions and values of the magnetic-pull force have been
used for a 74MVA three-phase synchronous hydropower
generator. Forces caused by eccentricity have been com-
puted as described in Section 2. In Table 2 the numerical
data used in the analysis are shown.

Forces caused by the eccentricity for four different cases
have been analysed. The first case is load, i.e. the full rated
power output of the generator, with the rated armature
current in the stator windings. The second case is no-load,
i.e. no power output of the generator and no current in the
stator windings. These two cases, load and no-load, are
combined with two other ways of computing the forces,
time-dependent and stationary simulation, presented in
Section 2.2. Table 3 presents the magnetic-pull-force
coefficients for the different load conditions that are studied
in this paper.

The damped natural frequencies o and stability for a
hydropower generator, at different load cases, have been
determined for the damped-rotor system according to (19).
The rotor system has been studied with the assumption of
proportional damping C ¼ gK with g¼ 0.011 and the
connection of the generator-spider hub to the shaft set to
a¼ 0.7.

Figure 4 shows the ratio between the radial and
tangential forces and the angle between them. As can be
seen, the tangential component does not affect the resulting
force much in magnitude, but its direction is declined from
the direction of the eccentricity. At rated load, the resulting
force is declined 17.41 and for no load the resulting force is
declined 18.51.

3.5.1 Natural frequencies and stability: The
rotor stability and the damped natural eigenfrequencies of
a generator are usually analysed by consideration of the
radial magnetic-pull force acting on the generator rotor.
In this paper, a tangential force that is perpendicular to the
direction of the eccentricity has been considered in the
analysis of the rotor stability and the damped natural
eigenfrequencies.

The magnetic forces have been included in the equation
of motion, (17), as a negative stiffness matrix multiplied
with the displacement vector. The magnetic stiffness matrix
is a skew symmetric matrix if the tangential force is present
and makes the stiffness matrix for the system a skew
symmetric matrix.

The damped natural eigenfrequencies have been plotted
in Fig. 5 as the absolute value of the imaginary part of the
eigenvalue calculated according to (20). Modes numbered
1–4 belong to the stationary simulations and modes
numbered (i)–(iv) belong to the time-dependent simulations.
The eigenfrequencies for cases (1) and (2) in Fig. 5a have
been plotted and the eigenfrequencies for cases (3) and (4)
have been plotted in Fig. 5b. In all these cases, the
eigenfrequencies have increased for the time-dependent
simulations compared with the stationary simulations. This
is a consequence of the decrease of the magnetic-pull force
in the time-dependent simulations.

The stability of the rotor has been analysed according
to (21) and the damping ratio for each mode has been
plotted in Fig. 6 as a function of rotating speed.
The damping ratio for cases (1) and (2) has been plotted
in Fig. 6a, and the damping ratio for cases (3) and (4)
has been plotted in Fig. 6b. For the time-dependent
simulations [cases (2) and (4)], the stability of the rotor
system has decreased compared with the stationary
simulations. In both these cases, the eigenfrequencies as
well as the damping ratio have been divided in four distinct
values at zero rotation speed of the shaft. This is the effect
of the tangential-force component in the time-dependent
simulation.

Table 2: Dimensions and parameters used in the
calculations

Item Values Unit

E Young’s modulus 2.0�1011 N/m2

m Mass of rotor 103� 103 kg

Jp Polar moment of inertia 0.7�106 kgm2

Jt Transverse moment of inertia 0.4�106 kgm2

L Length of shaft 3 m

I Moment of inertia 0.00636 m4

k1 Bearing stiffness 2� 108 N/m

k2 Bearing stiffness 2� 108 N/m

Table 3: Magnetic pull force coefficients for different cases
considered

Case kR (N/m) kT (N/m)

(1) No-load, excited rotor,
stationary simulation

160�106 0

(2) No-load, excited rotor, time-
dependent simulation

94.8� 106 31.7�106

(3) Load at rated power,
stationary simulation

137.5� 106 0

(4) Load at rated power, time-
dependent simulation

85.9� 106 26.9�106

fey fe

17.4°

fey

18.5°

fe

fex fex
a b

Fig. 4 Proportions of the force in the direction of the eccentricity
and the force perpendicular to that
a For rated load
b For no load
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4 Discussion

Simulations performed by a time-stepping finite-element
technique have established that not only a force component
occurs in the direction of eccentricity, but also a compon-
ent perpendicular to it.

The eigenfrequencies for a generator rotor and the
stability of a generator rotor are normally analysed by
applying a radial magnetic-pull force in the centre of the
rotor-spider hub. The induced currents in the damper bars
and the tangential force are normally not considered in the
analysis of rotor dynamics. Analysis of the stability of
the rotor has shown that the rotor stability has decreased,
i.e. the damping ratio has decreased when the effect of the
damper bars are considered (see Fig. 6). If the damper bars
are not considered, the eigenfrequencies will be under-
estimated.

5 Conclusions

The force caused by an eccentric rotor in a large
synchronous generator is calculated by a method presented

by Coulomb based on the principal of virtual work.
It can be seen that the damper winding in the rotor
poles reduces the force significantly and also introduces
a force component perpendicular to the direction of
eccentricity.

In this paper the influence of the radial and tangential
electromagnetic-pull force s acting on the rotor have also
been analysed. The analysis shows that the stability of the
rotor is affected significantly, as are the eigenfrequencies of
the rotor.
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ABSTRACT 
Damages due to contact between the runner and the discharge ring have been observed in 

several hydroelectric power units. The damage can cause high repair costs of the runner and the 
discharge ring as well as considerable production losses. 

In this paper a rotor model of a 45 MW hydropower unit is used for the analysis of the rotor 
dynamical phenomena occurring due to contact between the runner and the discharge ring for 
different grade of lateral force on the turbine and bearing damping. The rotor model consists of a 
generator rotor and a turbine, which is connected to an elastic shaft supported by three isotropic 
bearings.  The discrete representation of rotor model consist of 32 degrees of freedom, to increase 
the speed of the analysis the size of the model has been reduced with the IRS method to a system 
with 8 degrees of freedom.    

Results are presented in bifurcation diagrams, maximum contact force, Poincaré map and 
phase portrait. The influence of transversal turbine load and system damping on the maximum 
contact force, bifurcation and the rotor response were investigated. 

The results show that a small gap between turbine and discharge ring can be dangerous due to 
the risk of contact with high contact forces as a consequence. It has also been observed that 
backward whirl can occur and in some cases the turbine motion becomes quasi-periodic or 
chaotic. 

KEY WORDS 
Rotor dynamics, rubbing, hydropower, turbine, contact 

1. INTRODUCTION 
To achieve maximum efficiency in a hydropower turbine it is essential to minimise the gap 

between the turbine and the discharge ring. Small gaps however increase the risk of rubbing 
between the turbine and the discharge ring, which increases the risk of serious damage to the 
runner. This results in operation disruptions and production losses. Observed damages on Francis 
runners are located at the crown, however cracks have also been found at the blade junction. Blade 
losses have been observed in some cases. Corresponding damage on Kaplan runners are surface 
abrasion at the blade tip, and cracks in the blades.  The contact between the blades and discharge 
ring will increase the risk for damage at the blades control mechanism in the runner hub. 

Transients from the generator or pressure from the draft tube can be one reason for contact 
between the runner and the discharge ring as well as rotor unbalance. Another situation that can 
bring the runner into contact with the camber is uneven pressure distribution in the spiral casing. 
The uneven pressure distribution in the spiral casing can occur as a consequence of blocked gates 
and causes a lateral force on the turbine. The gates can be blocked due to debris, or in cold 
climates the gates can become clogged with ice. 

mailto:gustavsson@vattenfall.com
mailto:joa@cad.luth.se


*Corresponding author. Tel.: +46-26-8360; Fax: +46-26-83670, E-mail address; rolf.gustavsson@vattenfall.com
 Co-author. Tel.: +46-920-492531; Fax: +46-920-492531, E-mail address; joa@cad.luth.se

2(12) 

In connection to overhaul or upgrade of old hydropower units the turbine journal bearing are 
often replaced with a modern preloaded tilting pad bearing. The damping capacities in the sleeve 
bearings are often higher than in the new preloaded tilting pad bearings. In this article the 
consequences of different magnitudes of bearing damping capacities on the contact force between 
the turbine and the discharge ring are examined. The analysed unit is a typical 45 MW low head 
Kaplan with an assumed constant force of 55 kN acting on the turbine due to the uneven pressure 
distribution in the spiral casing.   

There are few public reports regarding damage due to rubbing between stationary and rotating 
parts originating from the hydropower industry. Figure 1 shows an example of damage due to 
rubbing between a Kaplan runner and the discharge ring. Several studies have however been 
undertaken and reported from other industrial sectors. Several of these are described below, with 
focus on findings and development of methods. 

Figure 1: The marked area in the photos shows damage on the discharge ring after impact with the turbine.

Contact problems in rotor dynamics have been studied for decades and there are a large 
number of reports in which nonlinear dynamics of rotor-stator interaction have been analysed and 
discussed. In the references below some results related to this paper are summarized. The 
influence of radial clearance between the rotor and stationary parts and the circumstances under 
which the rubbing phenomena occur were studied analytically in [1]. A modified HBM (Harmonic 
Balance Method) method has been used to predict the concurrence and to analyse the stability of 
quasi-periodic motion [2]. The non-linear vibration characteristics of a rub-impact Jeffcott rotor 
were investigated in [3]. For the analysis of global bifurcation and stability the Fourier series and 
Floquet theory were used. They also reported three kinds of routs to chaos; from a stable periodic 
motion through periodic doubling bifurcation, grazing bifurcation and a sudden transition from 
periodic motion to chaos. An analytic study of rotor stability was performed for the case of full 
annual rub and cross coupling stiffness in [4]. Chaos has been reported to exist over large 
parameter ranges and different solutions can coexist [5]. In [6] approximate analytical solutions 
were developed for non-linear dynamical responses and in [7] the harmonic balance method was 
used to calculate periodic responses of the non-linear system. In most cases the contact was 
modelled with an increased stiffness and Coulomb friction. However, other frictional models 
where the material behaviour in the contact spot has also been considered [8]. Other examples of 
similar rotor-stator contact problem can be found are e.g. [9-20]. 

To decrease the time for calculation of a large finite element model a reduction of the degrees 
of freedom is desirable. A widely used method is the static or Guyan method to reduce the number 
of degrees of freedom of large finite element model. However this method only generate correct 
values to the response function at zero frequency. At higher excitation frequencies the neglected 
inertia term become more significant. An improved method that makes some allowance for the 
inertia terms and produces a reduced model that more accurately estimate the modal model of the 
full system is the Improved Reduced System (IRS) method. The IRS reduction method as well as 
the Guyan reduction have been discussed and compared to each other and to the exact solution in 
several papers, e.g. [21-24]. 
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2. THE MODEL  
The model of the vertical hydropower unit used in the analysis is shown in Figure 2. The 

model consists of a shaft supported in three isotropic plain bearings with stiffness and damping. A 
generator rotor with the mass mG, polar moment of inertia JGp, and transversal moment of inertia 
JGt is connected to the upper part of the shaft and supported by the upper and lower generator 
bearings. In the position of the lower generator bearing a trust block is connected to the shaft with 
the mass mTB, polar moment of inertia JTBp and transversal moment of inertia JTBt. The turbine with 
the mass mT, polar moment of inertia JTp and transversal moment of inertia JTt has been connected 
to the lower end of the shaft. The centre of gravity of the turbine has an eccentricity of e. The 
equation of motion for the rotor model, in terms of finite elements, can be written in matrix form 
as

U TMx G C x Kx f f  (1) 

where M is the mass matrix including the transversal moment of inertia for the generator rotor, 
trust block and turbine and G contains the gyroscopic terms. K is stiffness matrix and the damping 
in the system originates from the bearings and is represented in the matrix C.  The term fU is the 
time-dependent load vector containing the mass unbalance forces and fT is a constant turbine force 
vector. 

The turbine is amplitude limited by the discharge ring, which has the diameter 2  larger than 
the turbine with the diameter 2R. The turbine is also subjected to a horizontal force fT in the 
positive x direction, due to the irregularity of the water pressure around the turbine. 

The origin of the coordinate system is chosen to the centre of the discharge ring according to 
the Figure 2. 

            
Figure 2: The left figure shows a simplified model of the analysed rotor. The numbers 1-9 indicate the nodes in the used 
FE- model. The right figure shows the used contact model between the turbine and the discharge ring. 

The spin speed of the shaft is  and the position of the turbine centre is described by the 
coordinates x and y for the radial displacements and ,  for the angular rotations. 

When the radial displacement of the turbine exceeds the radial clearance , the turbine gets in 
contact with the discharge ring. This contact is described by a stiffness kC and the friction 
coefficient  which results in the contact force fCx and fCy. The tangential velocity of the contact 
point vc between the turbine and the discharge ring determines the direction of tangential force in 
the contact point. The velocity at the contact point is given by 
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2 2
cv = R + xy - yx x + y  (2) 

The forces at the contact point are described by the equations 
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 (3) 

The equation of motion for the system including the constant force vector fT and the contact 
force vector fC can then be written 

U T CMx x Kx f f fG C  (4) 

3. REDUCTION OF THE NUMBER OF DEGREES OF FREEDOM 
To simplify the analysis of the system described in Equation (4) the degrees of freedom have 

been reduced from 36 to 8. Guyan introduced the simplest reduction method, the static reduction 
method. In this method the state and force vectors, and the mass and stiffness matrices are split 
into sub vectors and matrices relating to the master degrees of freedom indicated with indices e,
which is retained, and slave degrees of freedom indicated with indices i, which are eliminated in 
the reduction. The stiffness matrix obtained by the static reduction method gives only exact 
frequency response functions at zero frequency. When the excitation frequency increases the 
neglected inertia term in the static reduction becomes more significant. 

The static reduction method can be improved by introducing a technique known as the 
Improved Reduction System (IRS) method, [21-24]. The method perturbs the transformation from 
the static case by including the inertia terms as pseudo-static forces. Obviously, it is impossible to 
emulate the behaviour of the full system with a reduced system and every reduction transformation 
sacrifices accuracy for speed in some way. The IRS method results in a reduced system which 
matches the low frequency responses of the full system better than static reduction. In this paper 
an improved IRS method have been used with five iterations to achieve a more accurate 
transformation. The transformation matrix can be written according to [24] as 

1
IRS, j+1 S IRS, j IRS, j IRS, j

-T T SMT M K  (5) 

where 

1S -
ii ie

I
T

K K
,     -1

ii

0 0
S

0 K
,     T

IRS IRS IRSM T MT    and    T
IRS IRS IRSK T KT

The reduced mass, stiffness, damping and gyroscopic matrices are then obtained by using the 
transformation matrix obtained from the improved IRS method. The reduced equation of motion 
can then be written as 

e e e eU eT eC
T TT TT MTx + x + T KTx = f + f + fT GT + T CT  (6) 

Henceforth the equations will be written without the superscripts for the system reduction and 
subscript for nodes and displacements. All matrixes and vectors are related to the reduced system 
and displacement components are related to the turbine, otherwise it is indicated in the text. 
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4. STABILITY AND EIGENFREQUENCIES OF THE ROTOR SYSTEM 
The reduction of degree of freedom of a dynamical system implies some shortage in the 

accuracy of the predicted characteristics of the system. To evaluate the difference between the 
reduced and the unreduced system a comparison of the stability and eigenfrequencies has been 
made.  The stability and eigenfrequencies of the second-order differential equation of motion can 
be found by rewriting Equation (4) and (6) to a system of first-order differential equations. By 
defining a state vector T T T=q x x , Equation (4) and (6) can be written in state vector form as 

11 1
U T C

00 I
q q Aq Bf

M f f fM K M G C
 (7) 

where 1

0 0
B

0 M
 and 

U T C

0
f

f f f

Assuming an exponential solution on the form e0q q t  the homogenous part of Equation (7) 
results in an eigenvalue problem defined as 

0A I q 0  (8) 

where I is the identity matrix. In the un-reduced system the solution consists of 72 complex 
eigenvalues  and associated eigenvectors 0q  corresponding for the reduced system are 16 
complex eigenvalues. These eigenvalues can be expressed in the general form as 

di (9) 

where  is the decay rate, and d is the damped natural frequency of each eigenvalue. The 
undamped eigenfrequencies  can be calculated as  

2 2 and damping ratio = -d  (10) 

5. ANALYSIS METHOD  
Different simulations are performed in order to evaluate the rotor system when the turbine gets 

in contact with the discharge ring. In these simulations a fifth-order Runge-Kutta-Verner 
integration with adjustable time-step is implemented in an in-house code written in Fortran.   

As a check of the validity of the reduced model, the undamped eigenfrequencies as well as the 
damping factor of the simplified model have been compared with the original un-reduced model. 
With the selection of master degree made for the reduced model, the eight lowest eigenfrequencies 
of the original un-reduced system can be represented with acceptable accuracy.  

The dynamics of the rotor system has been investigated with variation in magnitudes of the 
radial force acting on the turbine as well as with variation of the damping in the system. For the 
studied cases it has been found that the motion can be considered to be in a steady state when 400 
rotor revolutions have passed. In the bifurcation diagrams 200 Poincaré sections were collected at 
the phase =2  after 400 periods of the unbalance force at each rotor speed. The phase can be 
restricted to the interval of [0,2 ] and can be described as a circle S1 with a period time of 2 / .
The data for the bifurcation diagrams has been calculated from lower speed to higher speed and 
the final data at each rotor speed have been used as the start value for next rotor speed.  

The projected Poincaré maps have been built up of 30000 Poincaré sections  chosen as the 
cross section of the state space and collected at the phase =2  were displacement in x direction 
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have been plotted versus the velocity x . As a start value for the calculation of the Poincaré map 
the final value of the state vector obtained from the calculation of bifurcation diagrams is used. 

The maximum contact force between the discharge ring and the turbine have been collected 
for the same 200 rotor revolutions as building up the bifurcation diagrams. The maximum contact 
force occurring at each of the 200 rotor revolution has been calculated according to Equation 11 
and the highest value of these contact forces has been reported for each rotor speed. 

2 2
Cmax Cx Cyf =max f +f  (11) 

6. RESULTS 
In Table 1 the numerical data used in the analysis are presented. 

Table 1: Dimensions and parameters used in the calculations. 
 Item Rotor Trust Block Turbine 
m Mass (kg) 175500 12230 65170 
Jp Polar moment of inertia (kg m2) 1523000 6853 104800 
Jt Transverse moment of inertia (kg m2) 700000 3426 60060 

    
 Upper Guide 

Bearing 
Lower Guide 
Bearing 

Turbine Guide 
Bearing 

kxx, kyy Bearing stiffness (N/m) 1.5·108 7.0·108 3.0·108

kxy, -kyx Bearing stiffness (N/m) 5.0·105 7.0·106 1.7·107

cxx, cyy Bearing damping (Ns/m) 3·106 2·106 1·106

cxy, -cyx Bearing damping (Ns/m) 5·103 4·104 1·104

    
E Young’s modulus (N/m2)   2.0·1011

Friction coefficient    0.2 
kC Contact stiffness (N/m)   1.0·1011

Clearance (m)   0.001 
e Mass eccentricity (m)   0.0002 

6.1   Rotor Stability
To verify that the dynamical characteristics of the reduced model can represent the full model 

the eight lowest eigenfrequencies and damping ratios have been compared. In Figure 3a the 
eigenfrequencies and in Figure 3b the damping ratio for the rotor systems have been plotted for 
both the reduced and the full system. The eigenfrequencies and damping ratio have been 
calculated according to the Equation 10. Maximum difference between eigenfrequencies in the 
non-reduced and reduced system is 5.4 % and corresponding difference for the damping ratio is 
14.3 % in the rotor speed range 0 – 4 0.

Figure 3a: Eigenfrequencies vs. normalized rotating 
speed. Solid line represents reduced model and 
circles represents full model. 

Figure 3b: Damping ratio vs. normalized rotating speed. 
Solid line represents reduced model and circles represents 
full model. 
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6.2   Bifurcation
The bifurcation diagrams shown in Figure 4 have been obtained by using the rotating speed as 

the control parameter. The diagrams (a)-(c) in Figure 4 have been calculated with increasing speed 
ratio / 0. Black regions in these diagrams are long period, quasi-periodic or chaotic motion. 
Since the classification is not the issue in this paper all these regions are hereinafter denoted LoC-
motion (Long-periodic or Chaotic motion). The values of the lateral turbine force fT used in the 
analysis are [41.25, 55.0, 68.75] kN and the results from the analysis are shown with increasing 
value of the force from the left to the right in Figure 4. 

Figure 4: Bifurcation diagrams of the system (a) – (c) for increasing frequency vs. normalized displacement. Force fT
acting on the turbine in diagram (a) is fT = 41.25 kN, (b) is fT = 55.0 kN and (c) is fT = 68.75 kN

At low rotating speed the system vibrates in its linear stationary response until the amplitude 
limit is reached for the turbine. After the first contact between the rotor and the discharge ring the 
rotor is going into a period-four, p4, motion for a low load, fT = 41.25 kN acting on the turbine, see 
Figure 4a. With increasing rotor speed a transition to a p3 motion occur before the rotor enters a 
region with LoC motion in the speed range / 0 = 1.989-2.054. After the LoC region the rotor 
enters a narrow region of p10, passes a narrow speed range with LoC motion before the rotor 
enters into a p5 motion in a broader speed range / 0 = 2.058-2.112, see Figure 5. A new narrow 
region with LoC motion occurs before the rotor enters a second p10. After the second p10 the rotor 
motion is either LoC or p5 motion. 

Figure 5: Bifurcation diagram, Poincaré map and phase portrait for a period-ten rotor motion at / 0 = 2.125 and  
fT = 41.25 kN

If the lateral force acting on the rotor increases to fT = 55.00 kN, the rotor enters in to a p3 
motion after the first contact between the rotor and discharge ring, see Figure 4b. Increasing the 
speed ratio the rotor motion passes a LoC region before a transition occurs to a short speed range 
of p4 motion. A wide speed range / 0 = 1.862-1.951 of p2 motion occur before the rotor enters a 
region with p4, p6, p12 and LoC motion, see Figure 6. From / 0 = 1.978, the system enters a p2 
motion before the system re-enters a broad LoC region at / 0 = 2.1. After the LoC region, / 0
= 2.216, the system enters a wide region with p4 motion. 
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Figure 6: Bifurcation diagram, Poincaré map and phase portrait for rotor motion at / 0 = 1.97 and fT = 55.00 kN 

Increasing the lateral force acting on the rotor to fT = 68.75 kN, in this case the rotor directly 
enters a LoC region after the first contact with the discharge ring, / 0 = 1.645, see Figure 4c. 
The rotor leaves the LoC region at / 0 = 1.68 and enters a p2 motion before a transition to a p1 
motion at / 0 = 1.766. The p1 motion suddenly bifurcate to a p6 motion at the speed ratio / 0

= 1.915, see Figure 7, before the transition to a p3 motion at speed ratio / 0 = 1.922. The p3 
motion transit in to a narrow LoC region, / 0 = 2.074-2.092, before the rotor enters a narrow 
region of p6 motion which ends in a third LoC region at / 0 = 2.11. A typical figure of this LoC 
region is shown in Figure 8 where the Poincare’s map builds up a complicated pattern with the 
corresponding folds.  After the third LoC region the rotor enters a second p2 region at the speed 
ratio / 0 = 2.266. 

Figure 7: Bifurcation diagram, Poincaré map and phase portrait for a period-six rotor motion at / 0 = 1.92 and fT = 
68.75 kN

Figure 8: Bifurcation diagram, Poincaré map and phase portrait for a LoC rotor motion at / 0 = 2.25 and  
fT = 68.75 kN 
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6.3   Maximum Contact Force
Maximum contact force between rotor and discharge ring as function of rotor speed ratio / 0

has been analysed for three different magnitudes of turbine loads. For each of the three load cases, 
the applied force as acting on the turbine, fT, has been assumed to be acting in positive x-direction 
and with constant magnitude. In the diagram (a), (b) and (c) in Figure 9 the applied forces on the 
turbine are fT,= 41.25 kN,  fT,= 55.00 kN and fT,= 68.75 kN respectively.  

In the diagrams (a)-(c) in Figure 9 the maximum contact force between the discharge ring and 
the turbine have been collected for the same 200 rotor revolutions as building up the bifurcation 
diagrams. The maximum contact force, fCmax, occurring at each of the 200 rotor revolution has 
been calculated according to Equation 26. The highest of these contact forces has been reported 
for each rotor speed. 

Figure 9: Maximum contact force, fCmax, between the rotor and discharge ring. Force fT acting on the turbine in diagram 
(a) is fT = 41.25 kN, (b) is fT = 55.0 kN and (c) is fT = 68.75 kN 

6.4   The influence of rotor damping 
The influence of damping on the rotor’s dynamics has been studied for three cases, by scaling 

the system’s damping matrix with factors of 0.75, 1.0 and 1.25. The bifurcation diagram from the 
analysis is shown in Figure 10 and the maximum contact force in Figure 11. The horizontal turbine 
load fT is assumed to be 55.0 kN for all curves in Figures 10 and 11. 

The rotor will exhibit a p9 motion before changing to a p3 motion after the first contact 
between the rotor and the discharge ring, in the case with low damping, 0.75C. In cases with 
higher damping of 1.0C and 1.25C, the rotor will start with a p3 motion directly after the first 
contact.  

In cases where the system has a high degree of damping, 1.25C, the speed ratio between  
/ 0 = 1.95-2.0 is mainly periodic with a periodicity of 6 while the corresponding speed ratio 

with lower damping exhibits a more LoC behaviour. With increased damping, this LoC region is 
displaced, / 0 = 2.06-2.17 Figure 10(a), to higher frequencies. 

The maximum force between the turbine and discharge ring after first contact, / 0 = 1.84, is 
approximately 400 kN for all three damping cases. With high rotational frequencies, the maximum 
contact force is higher for a low damped system than it is for a highly damped system. In Figure 
11(a), the maximum force that arises at / 0 = 2.27, will be a considerably higher value due to the 
rotor receiving an accelerated backward motion. 
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Figure 10: Bifurcation diagrams of the system for increasing frequency vs. normalized displacement. Force fT acting on 
the turbine in diagram (a)-(c) is fT = 55.0 kN. Damping in diagram (a) is 0.75C, in diagram (b) is the damping 1.0C and 
in diagram (c) is the damping 1.25C.

Figure 11: Maximum contact force, fCmax, between the rotor and discharge ring. Force fT acting on the turbine in diagram 
(a)-(c) is fT = 55.0 kN. The damping in the system is 0.75C in diagram (a), 1.0C in diagram (b) and in diagram (c) the 
damping is 1.25C 

7. DISCUSSION 
The purpose of this article is to study and explain the dynamic properties of the hydropower 

rotor after contact between the turbine and the discharge ring. A possible explanation is given to 
observed damage to discharge rings and how uneven pressure distribution around the turbine can 
influence the rotor dynamics and the forces between the turbine and the discharge ring. The study 
has been performed using non-linear rotor dynamics for a few specific turbine load situations. 
Parameters such as friction, contact stiffness, the gap between the turbine and the discharge ring 
has been assumed to be constant for this analysis. 

The gap between the turbine and the discharge ring has been reduced to a minimum in order to 
achieve maximum turbine efficiency. The disadvantage with small gaps in the turbine is that the 
risk for contact between the rotating and static parts increases. When such a contact occurs, it 
often means that the unit is shut down due to the high vibration levels. This shut down leads to 
turbine inspection and subsequent production losses. The degree of damage after such a contact 
can vary from scratch marks to serious cases of control mechanism and blade breakage. 

The system will exhibit large variations in dynamic properties dependant on the selected 
parameter values used in the analysis. The rotor can exhibit either periodic or LoC motion after 
contact between the turbine and the discharge ring, depending on the frequencies and turbine loads 
being studied. The bifurcation diagram from the analyses shows that there are a number of rotor 
speed ranges with high periodicity that can explain the damage patterns shown in Figure 1. 

Using the selected contact rigidity and with a relatively small horizontal load on the turbine, 
the contact will normally be an impact with high contact forces. The graphs in Figures 9 and 11 
show that the forces at the first contact are approximately 30–40 tons, which subside to 10–20 tons 
before increasing once again to higher values. 

The system’s sensitivity to variations in damping has been investigated by scaling the damping 
matrix with a factor. Figure 10 shows that the maximum contact force can only be influenced 
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marginally by a change in the rotor system’s total damping. With low damping, 0.75C, the 
simulation was stopped at a frequency of / 0 = 2.27 due to the accelerated reverse rotor 
displacement, see Figure 12. This type of behaviour can result in very high forces and can cause 
serious damage to turbines and discharge rings. 

Figure 12: Phase portrait and force orbit for accelerated backward motion at / 0 = 2.28 and with damping 0.75C 

8. CONCLUSION 
An FEM model of a 45 MW hydropower unit has been studied in this article. The model has 

been reduced from 36 degrees of freedom to a system comprising 8 degrees of freedom using an 
Improved Reduction System (IRS) method. The method provides good agreement with the 
systems eigenfrequencies and damping for the 8 lowest modes. By using non-linear analysis, the 
contact forces between the turbine and the discharge ring have been studied as a function of a non-
symmetrical flow load around the unit’s turbine and with variations of the unit’s damping. 

The result of the analysis shows that the turbine has an impact behaviour that can be seen in 
Figure 4, which can explain the damage shown in Figure 1. When contact between the turbine and 
the discharge ring occurs, large contact forces arise that can explain the subsequent and observed 
damage. Large variations in the results can occur, dependant on the parameter values chosen for 
the analysis. Simulations indicate that it is likely that the contact forces between the turbine and 
the discharge ring are always large, with considerable risks for serious damage as a consequence. 

The analysis shows that the impact force is of similar magnitude for the six investigated cases.  
However, some differences in the magnitude of the impact force can be seen between the analyzed 
cases after the first contact between the rotor and discharge ring. Simulations also indicate that 
accelerated reverse whirl can occur resulting in very large forces.  

The analysis shows that the risk for contact and damage are large for relatively small lateral 
turbine loads when the gap between the turbine and discharge ring is small and the contact 
stiffness is high. 
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