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ABSTRACT 

The problem studied in this report is the jet formed from 

the impact between a two-dimensional liquid double-wedge 

with straight edges and a solid target. The solution of this 

problem gives a better understanding of jet formation re-

sulting from the impact of normal drops with continous sur-

face curvature. Use of a double-wedge allows the study of 

the transition between a supersonic and subsonic wetted 

contact edge point, super and sub-sonic referring to the 

acoustic wave speed in the liquid. The variations in density 

and velocity are assumed to be small. This results in an 

acoustic model for the wave-propagation and a linear rela-

tion between pressure and density. Similarity variables and 

conformal mapping is used to resolve the mathematical prob-

lem. General formulas for the pressure and the derivative of 

the velocity are presented. 

Of special interest is the velocity at and the deformation 

of the free edge, i.e. the "jet", which is computed by nu-

merical integration for some values of the angles. For one 

special case it is possible to derive analytical results for 

the conditions at the free edge. These results compare well 

with the numerical values. 

Experiments have been performed with wedges of this ge-

ometry. The experiments show excellent agreement with the 

theoretical results. 
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LIST OF SYMBOLS  

P 	density  

P 	pressure 

velocity (a vector quantity) 

time 

PO 	the density in the undisturbed medium 

Po 	the pressure in the undisturbed medium  

Ap 	p-p0  = the perturbation of the pressure 

entropy 

a 	sound speed 

a0 	the sound speed in the undisturbed medium  

Ui 	impact velocity 

Ue 	velocity of the contact point 

first angle 0 

second angle 

131, 	critical angle  

Mi  U./a0  = impact Mach-number 2.  

Me 	Ue/a0  = edge Mach-number  

n 	normal vector 

(x,y) 	cartesian coordinates 

(r,0) 	polar coordinates 

A 	arctan /Me2-1 	(see figure 5) 

Un 	the velocity normal to the shock front 

Pw 	p0  a0  U. = the water-hammer pressure 

Ps 	Me/ Me -1 = the non-dimensional pressure in the 

uniform region (see figure 5) 



THE TRANSFORMATIONS 

a t 0 

77-72- 

iejo  

2(:,) 	\\ 2  -iß- 
(e z) 	+1  

lT  

-iß" 
 2(.ff-8) 

(e z) 	-1/ 

The same notations are used for the pressure and velocities 

as a function of the transformed coordinates. 



1. INTRODUCTION 

Erosion by liquid impact is of interest in many technical 

applications. The resulting erosion is both desired as in 

the cutting of materials and undesirable as in turbine 

blades moving in drop filled environments. The problem has 

been treated in six international conferences "Erosion by 

liquid and solid impact", (ELSI), of which the last two were 

held in Cambridge, England, (Field and Corney 1983, Field et 

al 1979). 

A major part of the research in the area is carried out from 

a material science point of view. For understanding the 

damage mechanisms knowledge of the reactions in the liquid 

drop and the solid target is necessary. A recent review of 

the present stage of research in the area from a fluid 

mechanics point of view, can be found in (Lesser and Field 

1983a). 

The problem considered is a liquid drop striking a solid 

target. When the drop and the target collide waves propagate 

into both the liquid and the solid. These waves deform the 

original shapes of both the liquid and the solid. 

Figure 1 shows the impact geometries for a target striking a 

liquid for (a) supersonic contact with the shock envelope 

attached to the contact point and  (b)  subsonic contact with 

the primary shock advancing ahead of the contact point and a 
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jet forming. Supersonic and subsonic means that the velocity 

of the contact point is above respectivly below the wave 

speed in the liquid. As can be seen in the figure the con-

dition for getting a jet is that the velocity of the contact 

point is below the propagation speed of the waves, allowing 

the free surface to be reached by the waves. 

Water/gel wedge 	
Water/gel wedge 

Contact point 
Target 

Figure 1. Wave geometry for a) supersonic and  b)  subsonic 

edge speed. 

Figure 2. The relation between the impact velocity,  Ui,  

the angle, 130, and the edge velocity, Ue. 



Figure 2 shows the relation between the impact velocity,  Ui  

and the edge velocity, Ue  which is 

Ue = Ui.cotß  

The condition for jetting is that the speed of the contact 

point is larger than the wave speed. The earlier obtained 

velocity, Ue, is the horizontal component of the contact 

point velocity, Uc. The vertical component is the impact 

velocity,  Ui.  If we are interested in contact speeds of the 

order of the sound speed and restrict the impact velocity to 

be much smaller than the wave speed, the vertical component 

can for the most part be neglected. The critical angle for 

jetting, ßt, is then 

3 

(3 1, = arctan 
a0

Ui  
= arctan M. (1.2) 

where  Mi  . is the impact Mach-number. It is important to note 

that this formula is valid only when the target is rigid. 

The elasticity of the target influences the geometry and the 

pressure distribution, which results in a larger critical 

angle. 

Three phenomena are of special interest when damage mecha-

nisms are studied, the high pressure during the initial part 

of the contact, the jet spreading out from a free edge 

reached by a wave and the cavitation due to interacting 

expansion waves from the free edges. 



The problem has been treated with analytical, numerical and 

experimental methods. In the analytical  and numerical treat-

ment  of the problem assumptions have to be made, different 

in different approaches to the problem. One common assump-

tion is that the liquid and the solid are continous at least 

during the initial part of the collision. This assumption is 

violated at later stages due to cavitation in the liquid and 

crack propagation in the solid. The solid is usually assumed 

to be linearly elastic or rigid and the liquid to be 

inviscid. 

The problem can be linearized by assuming that there are 

only small variations in density, that the velocity is small 

compared to the sound speed and that the pressure variation 

could be expressed as a linear function of the density vari-

ation. This will give disturbances propagating as linear 

waves with a speed equal to the sound speed in the undis-

turbed medium. A further simplification is made by using 

ray-tracing or geometrical acoustics (Lesser 1981), which 

makes it possible to derive the pressure in the neighbour-

hood of the wave-front and to handle more complicated geo-

metries. 
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Experiments on idealized drops 

metric features have been done 

formed by adding small amounts 

et al 1979, Field et al 1983).  

that emphasize important geo-

with two-dimensional shapes 

of gelatine to water (Field 

The two-dimensional geometry 
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makes it possible to visualize the density variations with a  

Schlieren  technique. If a camera with very high framing rate 

is used (about 1 million pictures per second is needed), it 

is possible to photograph the propagation of the waves in 

the drop. This technique has been used for studying both 

circular drops and drops with straight edges. 

The main advantage of using gelatine is the possibility to 

control the geometry. The boundary of the drop can have a 

constant inclination instead of the continously varying 

angle of a spherical drop. This is of special interest when 

jetting is studied, because the commencement of jetting 

depends on the angle of impact, the velocity of impact and 

the material in the slider. This technique makes it possible 

to study the influence of the edge angle under controlled 

conditions. 



2. DESCRIPTION OF THE PROBLEM 

The problem treated in this report is the reactions of a 

two-dimensional liquid wedge that is impacted by a projec-

tile. 

Shock-envelope 	Liquid wedge 

I!! Corner  
region 

Ejet  

Corner  
region 

L -------------------- 	A 
Target 

Figure 3. Geometry of shock waves in the liquid-wedge. 

Figure 3 shows the geometry of the wedge, the position of 

the impacting target and the waves propagating into the 

wedge. The wedge has straight edges and two sharp corners, 

whose angles are chosen so that the initial angle presented 

to the target is below and the second angle is above the 

critical value for jetting. Around the two corners the 

impact produces non-uniform regions consisting of compres-

sion waves emitted from the impact with the target and their 

reflection as expansion waves at the free edges. Between the 

corner-regions there is a region with uniform conditions, 
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where the density variation depends on the first angle of 

impact, 130, and the impact Mach-number,  Mi,  but is indepen-

dent of time. The condition in a corner-region for the ini-

tial interaction is self similar in the sense that as the 

region grows with time, the properties are the same at 

points whose radii are proportional to the radii of the 

corner-region at corresponding times. This similarity pro-

perty holds because the only length scale provided by the 

problem is through the radius of the corner-region, aot. 

The compression waves from the impact with the slider re-

flects as expansion waves at a free surface. When the expan-

sion waves from the sides reach the center of the wedge the 

superimposed pressure disturbances are negative and cavita-

tion bubbles may form, which reduces the validity of the 

continuum model. 

This report treats the condition in the second corner-region 

before it is influenced by the first corner-region. The 

second angle is chosen to be subsonic, which means that the 

free surface ahead of the corner is reached by the waves 

before it is contacted by the projectile. Of special inter-

est is the velocity at the free edge, which corresponds to 

the jet velocity. 

In the theoretical model the effects of viscosity are ig-

nored and the disturbances in density are assumed to be 

7 
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small, which results in an acoustic model for the wave-

propagation in the wedge. The differential equation is the 

ordinary wave-equation and the propagation speed is the 

sound speed of the undisturbed medium. For the acoustic 

model to be valid the velocity has to be low compared with 

the sound speed. Only the initial part of the collision is 

studied, so if the impact velocity is low compared with the 

wave propagation speed, the target can be assumed to remain 

in the same position and the effects of the collision are 

observed through the propagating waves. This simplifies the 

boundary conditions, because the region of interest remains 

a circular section. The assumption that the movement of the 

target is neglible not only depends on the impact Mach-

number, but also on the second angle. The interesting part 

of the corner-region is the free edge. If the angle is just 

above the critical value, then the movement of the target is 

of the same order or larger than the part of the free sur-

face reached by the waves but not by the target (see figure 

4). This problem and its resolution is further discussed in 

(Lesser and  Finnström  1984). The wave-propagation in and the 

deformation of the target are ignored, i.e. the target is 

assumed to be perfectly rigid. 



Liquid wedge 

• .. 

I 	
............. 

..... 

Target 

Figure 4. The impact geometry for small values of the 

second angle ß. 

The problem as formulated can be solved with analytical 

methods. Because of the simplified geometry, and the self-

similar nature of the wedge-geometry the problem can be 

reduced to solving Laplace's equation on the upper half-

plane, which by the use of complex variables can be done 

with standard techniques. Explicit formulas can be obtained 

for the pressure and the derivative of the velocity. The 

velocity and the deformation are calculated by numerical 

integration using the trapezoid method, with due care being 

taken for singular points. For one special and somewhat 

degenerate case it is possible to derive an analytical solu-

tion for the velocity at and the deformation of the free 

edge. These formulas are compared with the corresponding 

numerical integrations. The calculated jet-velocities are 

compared with experiments, which have been performed at the 

Cavendish Laboratory, Cambridge, England with similar wedges 

of gel (Field et al 1983). 
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3. THE EQUATIONS OF MOTION 

The equations of conservation of mass and momentum for 

inviscid motion are 

.a-L)  + (ii•V)p + V•u = 0 	 (3.1) 
at 

— — 1 171  + (u-V)u + — Vp = 0 
at 	 P  

(3.2) 

where  

p  = density  

p  = pressure 

= velocity 

If the variation in density is assumed to be small then this 

quantity can be expressed as a constant term corresponding 

to the value in the undisturbed medium plus a small pertur-

bation term. The condition for this to be valid is that the 

perturbation term is much less than the constant value, i.e.  

Ap  << 1 	 (3.3) 
PO  

In most applications much smaller means less than ten per 

cent. 

For one-dimensional wave propagation the derivatives of time 

and length are proportional. The relation is 

1  d 
dx 	a0  dt 

or 	Ax =± a At 0 (3.4) 
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The convective part of the derivatives can be neglected, if 

the velocity is small compared with the sound speed. This 

can be seen if the convective and unsteady parts of the 

derivatives are compared using the above relation between 

derivatives of time and length. For one dimensional motion 

the magnitude of the derivatives are 

Au 	 Au  Au 
At 	a At 0  

and 

Ap 	 Ap  Au 
At 	a At 0 

The resulting linear equations are 

+ v.i = o 	 (3.5) 
at 

au _,_ 1 	" -- yp = o 
at 	po  

(3.6) 

If a power law relation is used for the pressure - density 

relation, the pressure can be expanded as a power series 

function of the density. If only the first term is kept in 

that series the result is 

AP = P -  P0  =  (12)  _ ap 	o
(P-Po) 	 (3.7)  

P-P  

The derivative in the expression above is the square of the 

sound speed, a2  

2  = ' % DP  a  
ap  s=const  (3.8) 
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The first restriction for the acoustic model to be valid was  

Ap  << [30. If this is used in the equation above for the 

pressure - density relation, the corresponding restriction 

for the pressure is 

2 	 2 
AP = a0 AP  << P0a0 (3.9) 

This means that if the sound speed is large, as it is for 

water/gel, then the pressure changes can be comparatively 

large and the acoustic assumption still valid. 

Combining equations 3.5, 3.6 and 3.7 results in the ordinary 

wave-equation for the disturbances in the pressure. 

a2p  _ 	2 
a0 V2  P 

at2 
(3.10) 

In this equation the earlier mentioned relation between the 

derivatives with respect to time and length can be seen. 

The conclusion is that the disturbances for the most part 

can be approximated in the regions of interest by waves that 

propagate with constant speed equal to the sound speed in 

the undisturbed medium. 

In the present work our main concern is with the early 

stages of impact, i.e. before the initial impact wave sweeps 

over the drop. If the drop length scale is L, this time is 

given by T = IL/a0. It is well known (Batchelor 1967) that 

viscous effect propagate in from the boundary a distance 77E-

in time t in a fluid with kinematic viscosity, v. Therefore 



the drop region effected by viscous stresses will have an 

extent /717,7-J0  and will be neglible if AL/a0  << L or /v/a0L 

<< 1. For the drops studied the values are of the order 

v = 10 m/s 

L = 10 mm 

a = 1500 m/s  

which gives 

10-4 << 1 

13 

The conclusion is that the above condition is satisfied. 
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4. BOUNDARY CONDITIONS 

This report treats the conditions in the circular region 

around the second corner.  

Figure 5. The boundary conditions. 

The target can be assumed to remain in the same position if 

restricted to low impact Mach-numbers,  Mi  = Ui/ao. Figure 5 

shows the boundary conditions. Along the x-axis (the target) 

the normal velocity is equal to the impact velocity and 

along the rest of the boundary the pressure has constant 

values. In the rest of this report the word pressure will 

be used instead of pressure variation. The pressure is zero 

at the free edge and along that part of the circular region, 

which is surrounded by the undisturbed medium. 

14 
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The left part of the boundary in the figure is surrounded by 

a uniform region, whose properties are determined from the 

earlier part of the impact. The pressure, Ps, and the angle, 

A, depends on the first angle, ßo, and the impact Mach-

number, M. The normal velocity being independent of time 

corresponds to the normal derivative of the pressure being 

zero. Along the x-axis the normal derivative is the same as 

the derivative with respect to 0. Mixed boundary conditions 

are more difficult to treat than boundary conditions on just 

the function or its derivative. Here it is possible to eli-

minate this by mirroring the region in the x-axis, i.e. the 

problem is physically identical to head on impact of two 

liquid wedges. 

The relations between pressure and velocity in the uniform 

region surrounding the corner-region (see figure 3) is 

treated in (Heyman 1969, Field et al 1979 and Lesser 1981). 

The problem is solved by setting up the non-linear equations 

using the shock-conditions for conservation of mass and 

momentum and the Tait-equation of state for the pressure - 

density relation. Then the density variations are assumed to 

be small, which results in an acoustic model, i.e. the waves 

propagate with the sound speed of the undisturbed medium 

and the pressure and density variations are linearly depen-

dent. 
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Here only the linearized part of the solution is shown, 

starting with assuming small density disturbances and 

acoustic wave-propagation. To complete the calculations the 

pressure, Ps, in the uniform region and the angle, A, which 

determines the extent of the affected region are needed. 

These quantities depend on the impact Mach-number and the 

geometry of the first impact. The jump in the velocity nor-

mal to the shock front is proportional to the jump in the 

pressure. The velocity parallel to the shock front has to be 

continous across the shock. 

U. 

Figure 6. The relations between the angle, A, and the 

velocities in the uniform region. 

Figure 6 shows the relation between the angle, A, the veloc-

ity of the contact point, Ue, and the sound speed, ao. 



M. Me 

The angle, X, is 

a0  X  = arcsin ( 	= arctan /Me
2 — , 	 —1 s  

Me 
(4.1) 

To derive the jump in pressure across the shock-wave the 

jump in the velocity normal to the shock-front is needed. 

Figure 6 shows the relation between the impact velocity,  Ui,  

and the normal velocity,  Uni  which is 

U. 

sinX 

or in non-dimensional quantities  

Mn  - 1 ,/M 2 1  
e  

The relation between the jump in the pressure and the veloc- 

ity  is 

P-130 = ± P0a0(un-un0) 	 (4.4) 

The velocity and pressure in the undisturbed region is zero 

and the normal velocity is given above. The result is 

Me 
Ps = poa0U, 	 

Me -1 
(4.5) 

The pressure is non-dimensionalized with the quantity 

poaoUi, which is called the water-hammer pressure, Pw. This 

pressure is achieved when the edge of the wedge is normal to 

the impact velocity 03.0  = 00). The non-dimensional pressure 

is called,  ps  and is 

Ps 	Ps 	Me  
ps 

p 	a0  U.  le7e
717  

w p0  i   

(4.6) 
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sinX  

(4.2) 

(4.3)  
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It can be seen that this pressure is always larger than the 

water-hammer pressure, and goes to infinity when the edge 

speed is equal to the sound speed. 

The above described situation is valid only when A is larger 

than the edge angle ß. Figure 7 shows the situation for A 

smaller than ß. Then the compression wave separating region 

0 and 1 is ahead of the corner-wave. The compression wave 

reflects at the free surface as an expansion wave. The 

angles of the incident and reflected waves are equal. This 

results in a uniform region with zero pressure but nonzero 

velocity surrounding the corner-region. Across the reflected 

shock-wave the earlier mentioned relation between the jump 

in the pressure and the normal velocity and the continuity 

in the tangential velocity have to hold. 

Figure 7. The shock geometry when A is smaller than ß. 



Incident wave  

(i)  

Reflected wave 
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Figure 7 shows the geometry of the shock-waves when A is 

smaller than ß. The relation between the edge angle, ß, the 

earlier derived angle A and the angle between the incident 

compression wave and the free surface,  y,  is  

Y =-
2 
- ß (4.7) 

The extent of the region with zero pressure is the angle 

2ß-Ä as seen in figure 7. 

Wedge surface 

Figure 8. The velocities in the uniform regions. 

Figure 8 shows the relations between the velocities in the 

uniform regions. The normalized velocity and pressure in  

Mi  regionlgivenbyequations4.2and ,4.5areul ../sinÄ  

and pi  = Mi/sinÄ. The velocity component in region 1 normal 

to the reflected wave is 
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Unl = U1cos2y = -U1cos2(-A) 
	 (4.8) 

The velocity component parallel to this wave is 

Utl 	Uisin2y = U1sin2(8-A) 	
(4.9) 

Equation 4.4 gives the relation between the pressure and 

velocity jumps, which in this case gives the normal velocity 

in region 2 

Un2 = Unl + p1 = U1  (1-cos2(-A)) 	
(4.10) 

The tangential component is continous across the shock-wave, 

which gives 

Ut2 = Utl = U1  sin2(ß-X) 
	

(4.11) 

The total velocity in region 2 is 

U2 = n22  + Ut22  = U1  Al-00s2(-X)2+ sin22(ß-X) (4.12) 

The angle between the velocity components is 

Ut2 	sin2(ß-A)  tand -  
Un2 	1-cos2(Ø-X) 

(4.13) 

The use of trigonometric identities reduce equations 4.12 

and 4.13 to 

U2 = 2U1  sin(Ø-X) 

tand - 	 1 	 - tany 
tan(Ø-X) 

The angle  d  is equal to the angle  y.  In figure 8 it can be.  

seen that this is the condition for the velocity to be nor-

mal to the free surface. 



The conclusions to be drawn are that, when A is smaller 

than the edge angle ß, the initial value of the velocity 

is larger, but the velocity increase is less. The smaller 

increase is due to the decrease of the region with large 

pressure. The total effect is that the velocity increases 

as the second angle increases. 
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5. THE TRANSFORMATIONS 

By the use of the Tschaplygin transformation the wave-

equation can be transformed to Laplace's-equation. This 

transformation can be used when the geometry of the problem 

contains only one length-scale, and this length-scale is 

proportional to time. This transformation can be used for 

solving conical flow problems in supersonic aerodynamics 

(see figure 9). 

U
co 

-.0411Pr  

Figure 9. Conical flow problem. 

In this type of problem the length-coordinate in the flow-

direction plays the roll of time. 

22 



The interesting part of the wedge is the circular region 

around the second corner. The radius of the region is 

r = a t . 	0 

If a new coordinate, r, is introduced 

(5.1) 

-  

  

(5.2) 

  

 

a t 0 

  

then the radius of the boundary is independent of time and 

has the constant value one. The disadvantage of the trans-

formation so far is that it results in a differential equa-

tion with variable coefficients. The equation written in 

polar-coordinates is 

(1-7.2 ) a2F • 1 
(1-22  ) + —P- - —2 2 ar 

	

ar 	r 36 	
- o  

Now another transformation is introduced named after 

Tschaplygin. The new radius is 

Jr-7T  
i.  _ 1-  1-r 	 i  - 	 2i  , (or 	 ) 7 	 -2 r +1 

(5.3) 

(5.4) 

In the equation it can be seen that radii one and zero 

remain the same. The transformation obviously does not 

affect angles. The conclusion is that this transformation 

does not affect the boundary of the region. 

Equation (5.3) reduces to Laplace's equation, which written 

in polar-coordinates is 

23 
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a2-15 	1 IL. 	1 a2i5 	0  

ai 2 	 r ae
2 (5.5) 

If the geometry and the boundary conditions are not too com-

plicated this equation is solvable. One technique is to 

transform the region by conformal mapping to a region where 

it can solved by standard formulas. 

In this case the problem can be reduced to the wanted one by 

mapping the region onto the upper half-plane with the trans-

formation  

n  
n-Ø)  

(e -343i) 
2( 
	1:1) 

n  
40 	2(n-ß) 

V e--L'E) 	-1 

2 

 

 

(5.6) 

  

Figure 10 shows the mapping of some points of special 

interest, like the points T and T', where the value of the 

pressure changes. In the z-plane those points get the coor-

dinates 

= -cot2  
4 n-ß  

(5.7a) 

and 

X 	= 	-COt2 1r (2 Tr -X-13  ) 0 	 4 	Tr-ß 
(5.7b) 



B  .1111- A 	B T C T'  

z-plane 

Figure 10. The conformal mapping. 
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0 p = p F(z) = — ln 	) s 	n 	z-x ' 0 

Z-X 
(6.1) 

	1 	I 	 
3 .4 	 .7 	.91.0 0 

6. THE PRESSURE 

The solution for the pressure as a function of the z-

coordinate is in complex form 

••• 
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The solution of interest is achieved by taking the real part 

of the function F(i), which is 

RpF(2) = 	(arg(2-i0)-arg(i-i-0') 	 (6.2) 

It is possible to express the solution as a function of the 

original coordinates. In the present work the transform-

ations are performed step by step and the results shown 

graphically. 

Figure 11 shows the pressure at the wall for a rectangular 

slug (80  = 00 and 8 = 900).  

Figure 11. The pressure at the wall for 80  = 00  and 8 = 90°. 



7. THE VELOCITY 

If 

After 

'relation 

the pressure 

au 	1 

is known, the velocity can be derived by the 

vp = 	0 	 (7.1) " 

first transformations this results in 

at 	ip0  

the two 

aü 
r _ M. 

-2 l+r (7.2) 

arl  

2i ai 

-2 

1 

0 - M. • 1-r 	. 	 (7.3) 
-2 
2r 	38 

1 

The velocities are non-dimensionalized with the sound speed, 

ao  and the pressure with the water-hammer pressure, poaoUi. 

The indexes r and 8 stands for the direction of the veloc- 

ity. 

The Cauchy-Riemann equations give the relations between the 

derivatives of the pressure and the complex function, F, 

which are 

= psRp(eie  -11) 	
(7.4) 

ai 	 aZ 

= 	j-„ie a"P) 
YsY(e 

 

ae 	 aZ 

The derivative of the function, F, is 

DP = aF 9z 
a2 aZ 

(7.5) 

(7.6) 

aF i i  
az

o 	2—ko  

(7.7) 
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—iß-  k 	-ik-k-1 3z _ 4k((e 	z) +1)e 	z 	 n , 	k -  	(7.8)  
-iß-  k 	3 	 2(71.-ß) a2 	((e 	z) -1) 

The velocity at the free edge, the "jet", is of special 

- interest. There 0 = ß, z =  reiß  and the derivatives of the 

velocities are 

(aar) 
= 0 

ar 0=B 

(aüe‘ 	2M. - 	- kp5(x(1)-x0)f(1) 
6-'43  

(7.9) 

(7.10) 

 

f(?) - 	  [(i.k.1.1) 2 (ik_1)2 ][(ik4.1)24-c(;(1.k_1)2] (7.11) 

The velocity at the point  i  = 1 is zero if A is larger ß and 

otherwise is given by equation 4.14. This point is chosen as 

the starting point of the integration. The velocity inte-

grals are 

Ur(ii) = 0 

üe(ia) = - I 	 di' 
1 

In the equations above it can be seen that the velocity at 

the free edge is normal to the edge. One consequency of this 

is that for angles of ß, other then 900, the moving liquid 

approaches the target at an angle and rebounds from it. This 

was first noted in (Lesser and Field 1983b) and is certainly 

consistent with experimental observations, which show the 

jet lifting up from the target surface. For small values of  

B,  the interaction between rebounding and incident liquid 

will be complex and the jet will probably break up into a 

spray. 
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The velocity is calculated by numerical integration using 

the trapezoid method. For comparing with experiments the 

mean value of the velocity is also calculated by numerical 

integration using the same method, but with the radius 7 as 

the integration variable. The change has to be made, because 

the mean value has to be computed in a region that is geo-

metrically similar to the physical region. 

At the point = 0 there is a discontinuity in the boundary 

conditions. On one side the normal velocity is prescribed 

and on the other side the pressure. Because of the discon-

tinuity in the boundary conditions the solution for this 

point can be expected to be inaccurate, which it also is. 

The derivative of the velocity and the velocity are infinite 

at this point, which can be seen in the equations. When 

4- 0 the derivative of the velocity is proportional to 

-k-2 r 	. The value of the term  k  in the exponent is always less 

than one, so the value of the exponent is always less than 

minus one. This makes the derivative of the velocity infi-

nite at that point. After the integration the exponent is 

still negative, and thus is the velocity also infinite. But 

it is possible to integrate once more and obtain a finite 

mean value. The physical significance of the singularity is 

that it represents the effects of an inner solution at the 

contact edge, which accounts for the nonlinear convective 

process. In effect we invoke Van Dyke's (1964) principle of 

minimum singularity in our solution as a means of evaluation 
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this effect. Thus even though the infinite values introduces 

difficulties in the numerical integrations, they give some 

indication of the convective flow effect. This numerical 

problem has been solved by excluding the part near = 0 

from the numerical integration. Thus the formulas have been 

expanded near 	= 0 and integrated analytically. 

One of the problems, when the theoretical and experimental 

results are compared, is which part of the deformed side-

profile forms the jet. Here it has been chosen to integrate 

the velocity along the whole deformed part of the edge. 

Because the velocity becomes infinite at the center, it is 

possible to obtain any velocity above the earlier described 

mean value by chosing a suitable part to integrate along. 



ai- 

au0 	-k-2 = Kr (8.2) 

2Mikp5 (i0 —i0 1 )  
K= 

[1_(0)2][1_(o )2] 
(8.3) 

8. THE SINGULARITY AT  i  = 0 

As mentioned above the numerical integration cannot be per-

formed near the point  i  = 0 because the derivative of the 

velocity and the velocity itself increases without limit. 

Here it will be shown how this part can be lifted out of the 

numerical integration and that it results in a finite mean 

value of the velocity. The finite mean value corresponds to 

the physical condition of finite mass flux. The limit of the 

equation (7.10) when  i  4. 0 is 

 

auet 	
2M.kp5  (i0  -i0% 

.-k-2 
'r  

(8.1) 

or 

 

Tr[1_(i0)2][,,:2 	
) 

_ 	,N21 
Ix°  
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where  

This is integrated from the point io  where the numerical 

integration is stopped. The velocity near the point  i  = 0 

is 

üe 	= ü 1- 	-  f Kik-2di- r=r 

= 	+ K k-1 -k-1) ül- 	k * 1 	(8.4) er—r 	0 

0 < 



K k  I  "tiedr 	ia  I 	+ 2 	i o 0 r=ro  

0  
(8.8) 
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When  k  = 1 the formula above cannot be used, but in this 

case explicit formulas can be obtained, so it is not treated 

specially here. The contribution from the part near r = 0 

to the mean value is 

0 	0 
(a(3 )mean = I 10d7 = I (ü 1- -  

i= 	
(3 r=r

0  
0 	0  

K 	k-1 -k-1 
(io 	-r 	)) 1F di 

(8.5) 

The variable of integration has to be changed, because the 

mean value has to be calculated in a region, which is geo-

metrically similar to the physical region. The derivative 

di/dr is 

-2 di _  r +1  
df 

(8.6) 

If  i  4- 0, this gives 

(8.7) 

The integrated value is 



9. THE SIDE-PROFILE 

The shape of the liquid wedge during the collision is of 

major interest. As seen before the velocity at the free edge 

is normal to the boundary, which results in a displacement 

only in this direction. The displacement at the edge is 

d e = I u (r ß t)dt 
	

(9.1) 
t

o 

where t0  is the time it takes for the wave to reach the 

point (r,ß) and t is the present time. When the coordinate 

7 is used the corresponding limits of integration are 1 and 

7. The displacement is 

r_ 
= I u'n(r',ß)  e  

1 	' 

dt 
dis  

d7' 
(9.2) 

The derivative is 

a 72 0  
dt 

The displacement as a function of 7 is 

-r 
= I 71'(7',13) 	 

1 	 a0 ' 
(7,)2 

(9.3) 

(9.4) 

Here the radius r is a constant and can be lifted out of the 

integral sign. 
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If the displacement is normalized with the radius of the 

corner wave, a0  t, the equation is 

	

6' 	r 	 _ 
— 	e — 7 f tU 	dr' a e 
. 

a t 

	

0 	1 u
r',8)  (71)2 (9.5) 

This integration is carried out numerically. For the special 

case (3 = 00 and (3 = 900 an explicit formula can be  ob- 

tamed.  
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10. RESULTS 

In this chapter some graphs of the velocity at free edge and 

the deformed side-profile will be shown. Figures 12 and 13 

show the  x-component of the velocity as a function of the 

radius,  P.  l'he calculations are made for M. = 0.1, 8 = 450 

and different values of 80. The velocities are normalized 

with the sound speed, a0'  and the displacements with the 

radius of the corner-region, aot. The point 7 = 0 is the 

center of the corner-region (point A in figure 3) and the 

point 17  = 1 is on the circle (point  B  in figure 3). The mean 

values of these velocities are given in Appendix A. Figure 

14 shows the initial and deformed side-profiles for M = 0.1, 

t3 = 1o and ß = 450. 0 
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Figure 12. The  x-component of the edge velocity for 

M. = 0.1, 8 = 450 and 80  = 10, 30  and  5
o 
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Figure 13. The  x-component of the edge velocity for 

M. = 0.1, ß = 450  and ß = 5.3
0, 5.50  and 5.7°. 
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Figure 14. The deformed side-profile. M1  = 0.1, ßo  = 1°  

and ß = 450. 



11. ANALYTICAL SOLUTION 

For one special and somewhat degenerate case explicit for-

mulas car be obtained for the velocity at and the deforma-

tion of the free edge. This is when the first angle is 00  

and the second angle is 900, (the case treated in Lesser and 

Field 1974), which makes the value of the exponent  k  equal 

to one. The formula for the derivative can be simplified 

because of the special values ;i0, xo' and  ps  have for those 

angles. These values are  

x.,,  = -cot2 	(—) = -cot20 

	

0 	4 n-Ø  

	

X  I 	= -cot IT ( 
Zir -ß ) - cot2 Tr— = 0 

	

0 	4 	ir -ß 	 2 

Ps =  

The derivative is 

aü 	2 Ø Mi 1 = 	• _ 
ai 	n  

After integration the velocity becomes 

2M. 
U - --I lnr  

n  

(11.3) 

(11.4) 

(11.5) 

When the mean value of the velocity is derived, the integra-

tion cannot be performed in the 2-plane, because these coor-

dinates are stretched compared with those of the real physi-

cal plane. The integration variable has to be geometrically 
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2M1  
Tie 	ln ( 	_ 	)  (11.6) 

2Mir  r 1-1.77J7, di' de  - 	 f ln ( 
n  1 	 (r') 

(11.9) 
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similar to the original length. If the (i.d) coordinates are 

used this can be satisfied and the non-dimensional length 

scale kept. The velocity as a function of r is 

The mean value can be derived from 

 

1 214 
t—  N  =  f 	ln  ( 1  	)  dr 'tie / mean 	0  n  (11.7) 

See appendix  B  for details of the integration. The result 

is 

(u) 	=M. mean  i  (11.8) 

The analytical and numerical solutions have been compared 

for an impact Mach-number of 0.1. The results differ in the 

fourth decimal for the velocity at a special point and in 

the third for the mean value. The result can be regarded as 

good because this is the most difficult variant of the nu-

merical calculations. Figure 15 shows the velocity as a 

function of the radius  E.  The numerical calculations gives 

a mean value of 0.1023 and the analytical 0.1000. 

The displacement of the edge can be derived analytically. 

Equations 9.5 and 11.6 gives for ßo  = 00  and ß = 90o 



. 3 

s
I 	 171 

1.0  . 6 .4 . 2 

See appendix  B  for details of the integration. The result 

is 

2M. 7-7717 
6

0 = - 	(ln 172-r  + 1-r ) 

The results have been compared with those from numerical 

calculations. Figure 16 shows the deformed sideprofile. The 

results are not as good as the earlier ones but they are 

acceptable. For example for 7 = 0.02 the displacement is 

= 0.278 and 	 0.229. ;Ian 	 1Vnum = 
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it 	 r 

Figure 15. The velocity at the edge for  Mi  = 0,1, fio  = 00 

and ß = 90°. 
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Figure 16. The deformed side-profile for  Mi  = 0.1, 

(3. o 	 o = 0 and 	= 90. 0 
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12. THE EXPERIMENTS 

Experiments have been done with two-dimensional drops of gel 

at the Cavendish Laboratory, Cambridge, England. Gel can be 

regarded as having the same properties as water at the 

velocity of interest (Field et al 1979). The two-dimensional 

technique makes it possible to visualize the density changes 

in the liquid with the  Schlieren  technique. The use of gel 

makes it possible to cast or cut out close approximations to 

the desired geometry the difficulty being in cutting edges 

perfectly straight and corners perfectly sharp. The com-

plexity of the geometry can be reduced, and special features 

emphasized which is important when jetting is studied. 

Figure 17 shows the experimental set-up. The two-dimensional 

drop is cut out of gel and placed between two glass-blocks. 

A projectile is accelerated with gas of high pressure in a 

long barrel. The exit velocity is about 150  m/s  when using 

a metallic projectile. The sound speed in water/gel is 

1500  m/s,  so this velocity corresponds to an impact Mach-

number,  Mi,  around 0.1. 

The projectile breaks a laser beam, which triggers the light 

source and camera. When the wedge is impacted, waves propa-

gate into the liquid. The density changes caused by these 

waves are photographed with the  Schlieren  system and an 

Imacon-camera. The framing rate used is one million frames 

per second. 
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Figure 17. The experimental set-up, (a) side and  

(b)  top view. 

Some photographs of those impacts will be shown. The jet 

velocities will be estimated from the photographs. The 

experimental jet velocities will be compared with those 

theoretically obtained. 



Figure 18 shows the waves propagating in a double-angle 

wedge with the first angle just subcritical and the second 

angle about 450. A jet starts to form in frame 2. Its veloc-

ity averaged between frames 2 and 8, is 600±100  m/s.  The 

theory gives for ß = 5.50 and ß = 450 a jet velocity of 0 

715  m/s.  Near the critical angle the linear theory is very 

sensitive, a small change of the angle results in a very 

large change of the velocity. For details of the mean veloc-

ity for different angles see appendix A. 

Figures 19 and 20 show impacts where the first angle is 

subcritical and the second angle is around 90°. 

In figure 19 ßo  was ca. 30  and a jet velocity of ca. 

2000  m/s  was observed. In figure 20, ß0  was 60±0.50  and jet 

velocity of 2500  m/s  was recorded. The thdoretical results 

are for 	= 30  285  m/s,  ß = 5.6o 1575  m/s  and for ß = 0 	 0 	 0 

5.680  2900  m/s.  Comparison shows that the second of these 

results is in excellent agreement. However, the jet velocity 

recorded for the 30 wedge is far higher than predicted. The 

explanation for this is that as the right-hand boundary is 

approached the wedge angle increases. If, for example, it is 

curved up to ca. 50  this would sharpen the shock and give 

the higher jet velocity. It emphasizes how critical the 

pressures and jet velocities are to small changes in contact 

angle. 
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Figure 18. Double-angle wedge. 130  just subcritical, 

ß = 45°. 
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Figure 19. Double-angle wedge. First angle 3°, 

second angle 90°. 
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Figure 20. Double-angle wedge. First angle 6°, 

second angle 900. 
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13. CONCLUSIONS 

A liquid two-dimensional wedge has been studied. The wedge 

has two sharp corners and straight edges. The initial angle 

is below and the second angle is above the critical value 

for jetting. Jetting is achieved if points on the free edge 

are reached by a wave before by the projectile surface. The 

waves deform the surface and the resulting velocity is large 

relative to the impact speed and forms a jet. The velocity 

of the jet depends on the impact Mach-number and the geo-

metry. The initial angle determines the pressure in the uni-

form region between the corner-waves. It also determines the 

angle of the part surrounding the corner-region. The press-

ure increases with increasing initial contact angle and so 

does the surrounding part of the corner region. This result 

in a jet-velocity which increases as the first contact angle 

increases. The jet-velocity also increases with the impact 

Mach-number. 

The problem is solved by noting the small density variations 

at low impact Mach-number and the linear relation between 

variations in density and pressure, which result in an 

acoustic model for the wave propagation in the liquid. In 

the model used the velocity becomes infinite at the center 

of the region, but it is possible to integrate the velocity 

and thus obtain a finite mean value. 

The computed jet velocities are compared with experiments. 

The agreement is good. 
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APPENDIX A 

The mean values of the velocities. 

Table 1. 

ß o e x 

1 

3 

5 

5.3 

5.5 

5.7 

1 

3 

5 

5.3 

5.5 

5.7 

45 	0.079 

45 	0.122 

45 	0.321 

45 	0.454 

45 	0.674 

45 	3.332 

90 	0.121 

90 	0.189 

90 	0.415 

90 	0.549 

90 	0.765 

90 	3.318 

0.056 

0.086 

0.227 

0.321 

0.477 

2.356 

0.121 

0.189 

0.415 

0.549 

0.765 

3.318 

The mean values of the jet velocity. The calcula-

tions are made for an impact Mach-number of 0.1. 
_ 	. u 	is the velocity normal to the surface. 71x is 

the component in the  x-direction. The velocities 

are normalized with the sound speed, which for 

water/gel is 1500  m/s.  
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APPENDIX  B 

The  integrals  to  be  solved  are  

I1  = I ln( 	) dr  
1 

and 

12  = 	ln(1- 
 1  F-7  -r  ) dr  

f  
1 	 r2 

The problem can be solved with the method of integration by 

parts. For the first integral  this  gives 

1-li 	-r2  I1  =  f  ln( 	) dr=  
1 

r 
- 

r 
I 

2 r 2 r 

(1-/1 _r2)r2 '17177 1 

=  

1 

r r  2 _A _r  2 +1  _  r  2  = ln( 	)r  - I 	  dr =  
r 	1 (111_1.2  )/i_r2 	 

ln(
1-/717)r - I )dr  

1  il-r2  

= ln( 	)r - [arcsinr] 
1 

      

1-72777  n = ln( 	)r - arcsinr + — 
r 	 2  

When the radius r is equal to zero the integration gives 

I (1-.0) . 1 	2 
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1_,/1-1., 2 = [1n( 	)r] 

- (1-/(1-r2))  dr 

7:;17  1- 3[ 



For the second integral the integration gives 

1- 1-r 
 ) 

N  dr  12  = ln( 	 --  1 	 r2  = 
 

r 	r 1- 1-r 	-1 	+ = [ln( 	) 	] 	I 	 
r  1 ir/i7 

= - [ln( 1-A71;1")  + 1 /l-r2r 

1 

= - 1 — (ln(1-1-r2)  + /l-r2) 

The results are 

1-/l-r2  = I ln( 	) dr =  1 
1 

(1-  -lr  
72 	

)  = - - arcsinr + rin(  
2 

1-/l-r2  dr  12  =  1  ln(  
1 	 r2  =  

/-77 
= - -1  (1n(1-  1-r   ) + /l-r2 ) 
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